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Abstract

The Frohlich polaron model is defined as a quadratic form, and its discrete
spectrum is studied for each fixed total momentum ¢ € R? in the weak
coupling regime. Criteria are determined by means of which the number of
discrete eigenvalues may be deduced. The analysis is based on relating the
spectral analysis of the Frohlich polaron model to an equivalent problem in
terms of a family of generalized Friedrichs models. This is possible by employ-
ing a combination of the Birman-Schwinger principle and the Haynsworth
inertia additivity formula. The number of discrete eigenvalues of a general-
ized Friedrichs model is analyzed explicitly. In order to determine the family
generalized Friedrichs models induced by the Frohlich polaron model, it is
necessary to compute a certain Feshbach operator.

A method for computing Feshbach operators in bosonic Fock space is de-
veloped. The focus is on obtaining a framework which unifies and generalizes
frameworks that have appeared previously in the literature. The end result is
a calculus for creation/annihilation symbols, where Wick’s theorem provides
a formula for the product of finitely many symbols. The framework is then
applied to the Frohlich polaron model. The framework is also applied to the
spin boson model. The application to the spin boson model is based on the
spectral renormalization group.

It is shown that the spectral renormalization group scheme can be natu-
rally posed as an iterated Grushin problem. While it is already known that
Schur complements, Feshbach maps and Grushin problems are three sides of
the same coin, it seems to be a new observation that the smooth Feshbach
method can also be formulated as a Grushin problem. Based on this, an
abstract account of the spectral renormalization group is given.
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Resumé

Frohlich polaronen defineres som en kvadratisk form, og dens diskrete spek-
trum studeres for hvert fastholdt totalt momentum ¢ € R? i svag-kobling
regimet. Der bestemmes kriterier som kan benyttes til at udlede antallet af
diskrete egenveerdier. Analysen er baseret pa at relatere den spektrale anal-
yse af Frohlich polaron modellen til et sekvivalent problem for en familie af
generaliserede Friedrichs modeller. Dette er muligt ved at benytte en kom-
bination af Birman-Schwinger princippet of Haynsworth inertiadditivitets-
formlen. Antallet af diskrete egenveerdier for en generaliseret Friedrichs
model analyseres explicit. For at bestemme den familie af generaliserede
Friedrichs modeller som Frohlich polaron modellen inducerer, er det ngd-
vendigt at udregne en bestemt Feshbach operator.

En metode til at udregne Feshbach operatorer i bosonisk Fock rum ud-
vikles. Fokus er pa at udvikle et maskineri som forener of generaliserer
maskinerier der tidligere har optradt i literaturen. Slutresultatet er en cal-
culus for kreations/annihilations-symboler, hvor Wick’s seetning forsyner en
med formlen for produktet af endeligt mange symboler. Maskineriet anven-
des efterfglgende pa Frohlich polaron modellen. Maskineriet anvendes ogsa
pa spin boson modellen. Anvendelsen pa spin boson modellen er baseret pa
den spektrale renormaliseringsgruppe.

Det vises at metoden bag den spektrale renormaliseringsgruppe naturligt
kan formuleres som et gentagent Grushin problem. Altimens det allerede
er kendt at Schur komplementer, Feshbach afbildninger of Grushin proble-
mer er tre sider af samme sag, lader det til at veere en ny observation at
den glatte Feshbach metode ogsa kan formuleres som et Grushin problem.
Baseret pa denne observation, gives en abstrakt gennemgang af den spektrale
renormaliseringsgruppe.
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Introduction

In this thesis, the spectral analysis of certain models of bosons in non-
relativistic quantum field theory will be discussed. The purpose of this intro-
ductory chapter is to provide an introduction to the topics that occur in the
later chapters. Most definitions and arguments will be heuristic and formal
(or absent).

Creation/Annihilation Operators

Since this thesis deals with bosonic non-relativistic quantum field theory, it
seems in its place to start out by introducing creation/ annihilation operators

in bosonic Fock space. Let M := R? denote by F{) = QL L*(M) the

space of symmetric, square integrable functions on M", and denote bosonic

Fock space by Fyym 1= @, F. Sym Consider a measurable function
wfg’)n:/\/lmx/\/lnxj\/lr%@ (1)

which is separately symmetric. By separately symmetric is meant that if
S; denotes the set of permutations of the I-point set {1,2,...,l}, and o €
S, T € 5,, ™€ S,, then

Wi (kg kg k) = Wi (kg b i k) (2)
where
:(kla"'7km)7 //Z:(ka(l)a"'7k0(m))7

k ; k
k - (QIJ s 7qn)7 k TN = (QT(1)7 s 7QT(TL))7
k (tl,...,tr), /{j:(w(l),...,tﬂ(r)).

Due to symmetry of wmn, the ordering of, say, the m-tuple k ; does not
matter. To emphasize this, introduce the notation k_,, where the ordering
is not specified. One may consider k , to be the equivalence class of k£ ; €
M™ with respect to permutation of the variables. Denote, for each fixed
(ka ky), by W@ (k4. k) the operator of multiplication by the function

kg = W) (kg k‘/, k) in F{). Similarly, put

Wm,n k//lak/i/ @w(nk///ak/i/>
r=0

With these conventions, for each (k:///, k/), Winn(K.w, kv ) is an operator in
Fsym, which acts in each summand F) as a multiplication operator.

sym
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Suppose for each m,n,r € Ny that w{) is as in (1) and satisfies (2). If

Wi = / dk.ydky a* (k.o 0™ (g Yomm(nrs kg VT (kg Yalky ), (3)

then W = >2° >  W,,, will be referred to as a creation/annihilation
operator. Here, v : M — C is some measurable function. Formula (3) should
be interpreted as a quadratic form by means of the formula, for f € Fyym,

(@l ) O a) = PR 0 1y ), (@)

so that
(Y, Winn@) = /dk(//[dk/(i’;@m(k%)a(k%)w, Wi (ks K )02 (kg )a(ky ) ).

The triple sequence (w%?n)m,nmeNO of functions will be referred to as the

symbol of the creation/annihilation operator W.

The Frohlich Polaron Model

The Frohlich polaron model [12], which describes an idealized system of a
single electron interacting with a polar crystal, is defined in dimension d by
the Hamiltonian

1 ®
Hyon = —§A + N — \/a/ dz ®(v,), (5)

zcRd

acting in the direct integral space

D
/ dt Fapm = LA(RY, Fup) = L*(RY) ® Fop.

cRd

The parameter @ > 0 is a coupling constant whose value depends on the
particular type of crystal under consideration, v, (k) := v(k) - e=*®, with
v(k) == |k|~"F denoting the coupling function in dimension d [33], and

@(f) = [ dk[F(k)a(k) +a" (k) F(R)].

The free electron is modelled by the Laplacian —A/2 acting in L?(R¢), while
the number operator N := [, cpa dk a*(k)a(k) acting in bosonic Fock space
Fsym models the free polar crystal. Modelling the polar crystal in this way
corresponds physically to considering only a single type of excitation of the
crystal: Longitudinal optical phonons with fixed frequency w = 1 [31, 33].
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The interaction between the electron and the polar crystal is modelled by
the third term on the right hand side of equation (5),

Va v dx / dk [T)(k)eik"”a(k‘) + a*(k‘)v(k)e_ik'x} :
zeR? keRd
which 'mixes’ the electron position x with the single-phonon momentum k.
An important property of the Frohlich polaron model is that it is trans-
lation invariant [15, 31], in the sense that the Hamiltonian Hgs, commutes
strongly with the total momentum operator, P, := —iV+dI'(p), where —iV
is the momentum operator of the electron and dI'(p) := [ga dk a*(k)ka(k) is
the momentum operator of the phonon field. This can be verified by means
of the canonical commutation relations

la(k),a(k)] =0, [a"(k),a"(K)] =0,  [a(k),a"(K)] = o(k — k).

As a consequence, it is possible to simultaneously diagonalize the total mo-
mentum operator and the Frohlich polaron Hamiltonian. Such a simultane-
ous diagonalization can be implemented by the Lee-Low-Pines transform [26],
defined by

(SY)(@) i= @m) =2 [ dgetmeemi ey c)

£€Rd

Computation reveals that S*P,otS = f;ﬁRd d€ &, i.e. the Lee-Low-Pines trans-
form indeed diagonalizes the total momentum operator. Furthermore, if one
recalls the pull-through formula, which ensures that we have

a(k_)e—idl"(p){ _ e—idl"(p)f—ik-ga(k)’ ez’dl"(p){a*(k) _ a*(k)eidl"(p)f-&-ik-g’

one may also deduce that
@
S*HFréhS :/ df HFrbh(€)7
£€Rd
with
1 _
Hwn(€) = 3|6 — dT@)F + N = Va /R Cdk[o(k)a(k) + a*(R)o(k)].  (6)

In this sense, in order to understand the spectral properties of the Frohlich
polaron model, it suffices to consider the family of so-called fiber Hamilto-
nians Hgen(€) for total momentum & € R?, acting in bosonic Fock space
Feym-

Irrespective of whether one takes formula (5) or (6) as the starting point
of the analysis of the Frohlich polaron model, the question of well-definedness
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of the model must be adressed. The problem one is confronted with is that
the coupling function v(k) := |k|~“= is not square integrable in R One
way to remedy this flaw is to introduce an ultraviolet cutoff A > 0 in the
coupling function, thereby rendering the coupling function square integrable
and thus yielding well-defined Hamiltonians HZ,, and HA, (€). Employing
a unitary transform due to Gross [19], it is then possible to show that there
are self-adjoint operators Hrg, and Hgesn(€), such that, as A — oo, one has
HA . — Hrpyon as well as HA 4, (€) — Hpon(€) in norm resolvent sense [15, 18].
There is also an alternative route, by means of quadratic forms. Starting from
formula (5), it has been observed by Griesemer and Wiinsch [18] that a simple
commutator estimate due to Lieb and Thomas [27] is sufficient to show that
the interaction term of Hpgyp, is infinitesimally relatively form bounded with
respect to the non-interacting Hamiltonian. Thus, Hges, can be uniquely
defined by means of the KLMN theorem.

Another remark is in order concerning the removal of the ultraviolet cut-
off. It has been shown by Mgller [31] that the essential spectrum of Hi, (€)
fulfills the identity oess(Hd e, (€)) = [Bess(H s (€)), 00), where the quantity
Yess(Hirsp, (€)) := inf 0o (Hi s, (€)) denotes the bottom of the essential spec-
trum of Hig,(€). Since HA4 (€) — Hpon(€) in norm resolvent sense, it
follows that one also has Tess(Hren(§)) = [Zess(Hron(€)), 00) without the ul-
traviolet cutoff. Therefore, the eigenvalues of Hpg,(§) below the bottom of
the essential spectrum are precisely the discrete eigenvalues of Hgsn(E).

The topic of the first chapter of this thesis is the energy-momentum spec-
trum of the Frohlich polaron model, by which is meant the set

{(€.B) e R! xR|E € o(Hrun(€))} -

More specifically, the discrete part of the energy-momentum spectrum is
studied, with the aim of counting the number of discrete eigenvalues in the
weak coupling regime at each total momentum & € R% We take formula (6)
as the starting point of our analysis. The analysis has 4 essential ingredients:

1. A relative form bound, which allows a simple definition of the model
as a quadratic form by means of the KLMN theorem.

2. A version of the Birman-Schwinger principle, by means of which the
spectral analysis of the Frohlich polaron Hamiltonian is transformed
into an equivalent problem in terms of a Birman-Schwinger operator.

3. An extension of the Haynsworth inertia additivity formula to the set-
ting of unbounded, self-adjoint operators, by means of which the study



of the Birman-Schwinger operator is further transformed into an equiv-
alent problem in terms of a Feshbach operator, which turns out to have
the form of a generalized Friedrichs model.

4. A direct analysis of the spectrum of the induced generalized Friedrichs
model.

The relative form bound of part 1 is closely related to the commuta-
tor estimate of Lieb and Thomas [27]. Instead of a commutator estimate,
our proof is based on a pointwise estimate for the symbol of a particular
creation/annihilation operator. More precisely, and with a slight change of
notation, if we put g := y/a and define

1
Ty = o6~ dU(p)P + N — B, 7)
Hype =Tge— g®(v), (8)

then showing that ®(v) is relatively form bounded with respect to Tg¢ is
equivalent to deriving a norm bound for the creation/annihilation operator

Byre = g|Trel 20 (0)|Tre| 9)

for an appropriate choice of E. Note that if v € L?(R?), then boundedness
of By ge follows from standard estimates, but the case v ¢ L*(R?) is more
subtle.

The version of the Birman-Schwinger principle needed in part 2 is very
similar to the version obtained by Birman [5] (an English translation ex-
ists [6]).

As for part 3, the procedure we employ is closely related to a procedure
employed by Minlos [28]. An essential difference is that we assume much less
regularity of v, i.e. we do not introduce infrared or ultraviolet cutoffs, nor
do we assume that v is differentiable. The generalized Friedrichs model is
defined by an operator A, in H := C & L*(R?) which has the form

(Agt)o = eotio — g [ dk (k) (k)
(Ag)1(k) i= —gu(k)o + M(k)n (k) — ¢* [ dgu(k)C(k,)i(a)1(a),

with a real parameter ey € R, a real coupling constant ¢ € R, a coupling
function v(k) = |k|="=", and functions M,C corresponding to a multipli-
cation and an integral operator [25]. The spectral properties of A; depend
on the specific form of the functions M and C. A main technical ingredi-
ent of our analysis is a method for computing the functions M and C' of the
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generalized Friedrichs model induced by the Frohlich polaron model, without
relying on regularity of v. This technical ingredient is presented in the second
chapter of the thesis. As for the Haynsworth inertia additivity formula [23],
our observation that it remains true in the setting of unbounded, self-adjoint
operators seems to be new.

The analysis given in part 4 is closely related to an analysis of the
Friedrichs model on the torus given by Ikromov and Sharipov [24]. Again, we
have to deal with additional technical challenges due to the lack of regularity
of v.

Feshbach Maps in Bosonic Fock Space

Given a closed operator H in a Hilbert space H along with a pair of orthog-
onal projections P, P := 1 — P, suppose that the restriction of Hy = H — F
to the range of P, Hp = PHp ldom()nran(P)s 18 invertible for some £ € C.
Then the Feshbach reduction method [7] allows one to reduce the spectral
study of Hg to the spectral study of the Feshbach operator

Fg:= PHpP — PHPH;'PHP.

The advantage of analyzing the Feshbach operator as compared to analyzing
Hp, directly lies in the fact that Fg acts in a reduced subspace ran(P). On
the other hand, the disadvantage is that the dependence on the spectral
parameter £ is more complicated.

The Feshbach reduction method was applied by Minlos [28] in order to
reduce the Frohlich polaron Hamiltonian Hpgg,(§), which acts in bosonic
Fock space Foym = D,— F. (") o0 a generalized Friedrichs operator acting in

n=0"Y sym>

FSD = FO ¢ F) = C @ L*(R?). With notation as in equations (7), (8)

sym sym sym
and (9), one must compute the Feshbach operator

Fype:=PH,peP — g>PO(v)P(Hy p¢) ' PO(v)P
= PH,peP — Y ¢*PO(v)PTy ¢ (Bype)" Ty *PO(w)P,  (10)
n=0
where P denotes the orthogonal projection onto fs(ygnll), P=1—P,and A
denotes the restriction of A to ran(P) for any operator A in Fi,,. This
computation was carried out by Minlos [28] for the case v € L*(R?) (see also
the related work by Angelescu et al. [2]), but his derivation is not directly
applicable to the case v ¢ L?(R%).
The Feshbach reduction method also forms the basis of the spectral renor-

malization group introduced by Bach et al. [4]. A crucial improvement to the
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technique was made by Bach et al. [3] with the introduction of the smooth
Feshbach map, which was further developed by Griesemer and Hasler [17].
Here, one assumes that H, g := T — gW, with T := T — E for some closed
operators H,T and a coupling constant g € C. The orthogonal projections
P, P are replaced by a smooth partition y, ¥ satisfying y? + y?> = 1. Under
appropriate conditions, the spectral study of Hy p is then reduced to the
spectral study of the smooth Feshbach operator

Fyp:=Ts — gxWx — ¢>XWx(Tp — gxWx) 'xWyx,

= Ty — gxWx =Y gXWXT P (gT XWX T )" T vy, (1)
n=0

acting in the reduced subspace ran(x). The map Hy p — Fy g is called the
smooth Feshbach map, and one may say that the smooth Feshbach map
decimates the degrees of freedom of the system [3]. The hope is that the
smooth Feshbach operator has a simpler structure than the original opera-
tor, in some appropriate sense. For applications to bosonic non-relativistic
quantum field theories, the operator W is usually a creation/annihilation op-
erator. In proofs that rely on the spectral renormalization group, it is usually
a main technical step to compute the sum (11), and to show that the result
is again a creation/annihilation operator in a certain class, such that one is
able to iterate the smooth Feshbach map.

In the second chapter of the thesis, a framework is developed for the
computation of operators such as (10) and (11). The main result is a version
of Wick’s theorem, which generalizes a result due to Bach et al. [4]. It is a
main focus that the framework should be applicable to

1. The study of the spin boson model by means of the spectral renormal-
ization group.

2. The case v ¢ L*(R?) of the Frohlich polaron model.

For part 1, the immediate goal is to generalize a formula for the product
of finitely many creation/annihilation symbols due to Bach et al. [4]. In order
to write down the formula, it is necessary to introduce some more notation.
For a creation/annihilation symbol w(") = define

m,n?

Wi (k. ki, ka)) (ka ey boy) = w%i&ﬂ(kl//u%, kyur, kauw),

where k 49 = (k.g,ks) etc. One may consider to to be a symbol valued
symbol, and thus define the creation/annihilation operator valued functions

W ol ko kz)

m,

— / dky dhy a* (k)0 (k)00 (ks Ko e Yo (ki By Y0 (e YRy ).



Let W1 ..., W7 be creation/annihilation operators. The formula of Bach
et al. [4, Theorem A.4] may be written in the notation introduced here as
follows: W7 ... W1 = W, where the symbol of W is given by the symmetriza-
tion .

Wy (Boars by big) 1= — s ESZES O kot vy, ki)

of the function

o0 (hanky k)= 3 2 ﬁ<mj+pj><nj+qj>

mit...+mj=mpi,..,pyENg j=1 pj 5
Nt FRg=n gy, 7‘1J6N0

Q H W](TJ k///j>k=/1/jak%j)9>7

mj,pPj,1j,9;5

where H;J:laj:a‘]'--al, ]{3///:<k{///‘],...,]{3///1), k/:(k%,,k/ﬁ) and

ka, = (ks skw ks ks k).

A version of this formula will be derived which is completely explicit, in
the sense that the vacuum expectation values

Q H g’L(JerprnJ q; k;'//[j’ k%’ kﬁJ)Q>

are also evaluated. The result is a formula in which the product symbol w
is expressed directly in terms of the factor symbols w”,...,w'. Based on
this formula, it is possible to introduce a calculus for creation/annihilation
symbols, by defining a product # on the space of symbols such that one has
w = w/# - F#w'. Furthermore, a formula is derived for the symbol valued
symbol to in terms of the symbol valued symbols ro”, ..., w!. By means of
this formula, it is possible to show for instance that differentiability in the
variables (k 4, k. v, k) is preserved by the product #.

Having obtained such a formula for the product of finitely many symbols,
a treatment is given of the existence and uniqueness problem for the ground
state of the spin boson model in the weak coupling regime. The treatment
is an adaptation of a proof given by Hasler and Herbst [20], based on the
spectral renormalization group. We are able to treat a slightly more infrared
singular coupling function with the use of our symbol calculus. The spectral
renormalization group is discussed in the third chapter.

As for part 2, i.e. being able to treat the case v ¢ L2?(R?) of the
Frohlich polaron, the problem largely boils down to choosing an appro-
priate norm on the space of creation/annihilation symbols. The aim is to

8



pick a norm which controls the operator norm of the corresponding cre-
ation/annihilation operator, while also ensuring that the symbols have cer-
tain differentiability properties. In the case of the spin boson model, it suffices
to consider creation/annihilation operators that act in a reduced subspace
Hrea 1= 1an(lyp11(dl(|p]))), where dI'(|p|) := [ dk a*(k)|k|a(k). For the treat-
ment of the Frohlich polaron, however, the creation/annihilation operator

By ¢ which appears in (10) acts in 2 = @p2, F{4,. The norms consid-
ered by Hasler and Herbst [20] are therefore not appropriate. On the other
hand, the norm considered by Minlos [28] is only useful if v € L?(R?). An ap-
propriate choice of norm is made, and it is demonstrated that the framework

applies to the Frohlich polaron model.

Spectral Renormalization

The Feshbach reduction method is a variation on the Schur complement
method, which goes back at least to Schur [36]. It is based on a block version
of the Gaussian elimination algorithm,

Mo [A B] - l 1 0] [A o] [1 AlB]
“|C D| |cA7t 1|0 S||0 1 |’

where A is assumed invertible, and S := D — CA™'B denotes the Schur
complement. From this formula, it follows that M is invertible if and only if
S is invertible, and one finds an isomorphism ker(M) = ker(S) as well as an
isomorphism coker(M) = coker(.S).

A related notion is that of a Grushin problem. Here, one has invertible
operator block matrices M, & := M~ with

M = [é g] , £ = [gl 5122] . (12)

In this setup, one finds that A is invertible if and only if F5 is invertible,
along with isomorphisms ker(A) = ker(FE;2) and coker(A) = coker(E13).

Another related notion is that of the smooth Feshbach method. In the
treatment given by Griesemer and Hasler [17], one considers two closed oper-
ators H,T on common domain dom(H) = dom(7) along with W := H —T.
Furthermore, one fixes two bounded operators y, y such that

+x'=1  xT'CTx, xTCTx

One assumes that T, H := T+ YWy are bijective maps from dom(7’)Nran(¥)
to ran(Y). Finally, one assumes that YH 'YW is bounded. Then, with

F=T+xWx—xWxH 'YW,

9



it is found that H is invertible if and only if F' is invertible, along with an
isomorphism ker(H) = ker(F).

The third chapter of this thesis starts out with a treatment of the Schur
complement theorem and its relation to the Grushin problem, based on a
work by Sjostrand and Zworski [39]. It is then shown how to pose the smooth
Feshbach method as a Grushin problem as well. Having two mutual inverses
M, & as in formula (12) corresponds precisely to having 8 componentwise
identities, corresponding to the two matrix identites M€ =1 and EM = 1.
In this relation, it is worth noting that 6 of these identites are contained in
the work by Griesemer and Hasler [17], while the remaining two identities
needed to form a Grushin problem seem to be new.

The spectral renormalization group is based on iterated applications of the
(smooth) Feshbach map. In this relation, we note that while there is a simple
formula for the compsition of two Feshbach maps, no such formula exists for
the smooth Feshbach map. On the other hand, iterated Grushin problems are
well understood [39]. We provide a treatment of iterated Grushin problems.
We then provide an abstract treatment of the spectral renormalization group,
formulated as an iterated Grushin problem.
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1 On the Discrete Energy-momentum
Spectrum of the Frohlich Polaron Model

Jonas Dahlback, David Hasler and Jacob Schach Mgller

Abstract

The number of discrete eigenvalues of the Frohlich polaron Hamil-
tonian H, ¢ is counted. The method applies in any dimension d € N
and for any total momentum ¢ € R%, but relies on a weak coupling as-
sumption |g| < 1. The method does not require infrared or ultraviolet
cut-offs.

In any dimension, there is at most 2 discrete eigenvalues, and out-
side a region of small total momentum there is at most 1 discrete
eigenvalue. In dimension d = 1,2, there is at least one discrete eigen-
value for all £. In dimension d > 3, there is bounded region of total
momenta outside which there are no discrete eigenvalues.

The analysis consists in an application of the Birman-Schwinger
principle, coupled with an application of the Feshbach method, re-
ducing the model to a generalized Friedrichs model. In order to keep
track of the number of eigenvalues below the bottom of the essential
spectrum, the Haynsworth inertia additivity formula is employed.

1.1 Introduction

In this paper, we study the lower part of the spectrum of the Frohlich polaron
model [12], which describes an electron in an ionic crystal. Although this
model has been extensively studied in the literature, there are still open
questions regarding its spectral properties, even in the weak coupling regime.

The Frohlich polaron Hamiltonian commutes strongly with the operator
of total momentum, and using a unitary transformation due to Lee et al.
[26], it may be fiber diagonalized with respect to total momentum, so that
the study of its spectral properties is reduced to the study of the family of
fiber Hamiltonians

Hype = 5(€ —dT(p)Y + N — g®(0) — . (13)
acting in the bosonic Fock space Fyym [15, 31]. Here, g € R is a coupling con-
stant, £ € R is a spectral parameter, £ € R? labels the total momentum, N
is the number operator, v(k) = |k|~“= is the coupling function in dimension
d [33], and we put p(k) = k. Further definitions are given in Subsection 1.2.

Analysis of the Frohlich polaron model is made complicated by the fact

that v ¢ L*(R?). In fact, for the full model Hy = [iga Hyoedé, it has been
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demonstrated by Griesemer and Wiinsch [18], based on a bound due to Frank
and Schlein [9], that the domain of the Frohlich polaron model satisfies the
formula dom(H,)Ndom(Hy) = {0} whenever g # 0. On the other hand, they
also show that the quadratic form domain satisfies qfd(H,) = qfd(Hp). In
other words, the perturbation is singular on the level of operator domains, but
well-behaved on the level of quadratic form domains. It is further observed
by Griesemer and Wiinsch that a simple commutator estimate due to Lieb
and Thomas [27] suffices to define H, as a quadratic form.

We will define H, g ¢ as a quadratic form by means of an estimate that
is closely related to the commutator estimate by [27]. Our proof of the esti-
mate is different, and based on a simple pointwise estimate of the Birman-
Schwinger kernel. It is well known that if one introduces an ultraviolet cutoff
A > 0 in the coupling function, then H;\,Eﬁ — H, pe in the norm resol-
vent sense as A — oo [13, 15, 32]. It has been shown by Mgller [31] that
OeSS(Hé\,Ef) = [ZGSS(H;EE{), 00), where Zess(HﬁE7§) = inf aeSS(H;E,g) denotes
the bottom of the essential spectrum of H, 5\7 g 1t follows from norm resolvent
convergence that gess(Hy pe) = [Less(Hg pe), 00). Therefore, the eigenvalues
of Hy g ¢ below the bottom of the essential spectrum are precisely the discrete
eigenvalues of Hy .

The spectrum of the free model is given by o(Hoge) = {3[£[*} U [1, 00),
so it was suprising when Spohn [40], using techniques from stochastic in-
tegration, proved that, in dimension d = 1,2, the bottom of the spectrum
Yo(Hyo¢) =info(H,o¢) is in fact a discrete eigenvalue for all ¢ € RY, when-
ever g € R\ {0}.

Minlos [28] studied a class of operators similar to (13), but imposing the
ultraviolet condition v € L*(R?) as well as some amount of smoothness of v.
For the class of operators he studied, he was able to verify and improve the
analogue of the result of Spohn in the weak coupling regime. Specifically,
he managed to give a condition in terms of which the number of eigenvalues
below the bottom of the essential spectrum is characterized in any dimen-
sion. In dimension d > 3, Minlos was in particular able to decide from his
condition that there can be at most 1 eigenvalue below the bottom of the es-
sential spectrum, counted with multiplicity. Surprisingly, the result of Minlos
suggests that, in dimension d = 1, 2, there may be a second eigenvalue below
the bottom of the essential spectrum for small total momentum in the weak
coupling regime.

The method of Spohn is effective for arbitrary values of the coupling
constant, and applies to a class of linearly coupled models containing the
Frohlich polaron model. The method of Minlos is also effective for a class of
linearly coupled models, but this class does not contain the Frohlich polaron
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model, and the analysis reveals only information in the weak coupling regime.

Our analysis is based on the approach of Minlos, but modified in such
a way that it applies to a class of models containing the Frohlich polaron
model. Our method is only applicable in the weak coupling regime. We
will now give a short account of the similarities and differences between the
method of Minlos and our method.

Minlos imposes the ultraviolet regularity condition v € L?(R%) and shows
that when the number |g|(3 + [|v|| f2(ra)) is suitably small, one may use the
Feshbach method to reduce the Frohlich polaron model to a generalized
Friedrichs model [25]. He then carries out a direct analysis of the discrete
spectrum in terms of Fredholm determinants. For this analysis, sufficient
smoothness of the coupling function v is demanded. Due to the condition
that the number |g|(3 + ||v[/;2(re)) be suitably small, one cannot directly
remove the ultraviolet regularity condition without taking g — 0, i.e. the
method does not directly apply to the Frohlich polaron model.

In our approach, since we treat a more singular case, we first apply
the well known Birman-Schwinger principle [5, 37], which allows us to re-
late the polaron Hamiltonian to a bounded self-adjoint operator acting in
a weighted Fock space. We then apply a Feshbach map similar to the one
applied by Minlos, which yields a generalized Friedrichs model. Unlike the
analysis of Minlos, our analysis of the generalized Friedrichs model is based
on a second application of a Feshbach map, which reduces the model to a
Friedrichs model [10]. We count the number of discrete eigenvalues of the
Friedrichs model by means of the Birman-Schwinger principle. In order to
relate the number of discrete eigenvalues of the Friedrichs model to the num-
ber of discrete eigenvalues of the Frohlich polaron model, we make use of the
Haynsworth inertia additivity formula [23], which does not seem to be well
known in our context.

The Birman-Schwinger principle has been extensively studied and gener-
alized in the literature, see e.g. [35, 16, 8] for recent developments. For our
purpose, we need a version of it which is very similar to the one obtained by
Birman [5], whose work has been translated into English [6].

The Haynsworth inertia additivity formula is not so well known in our
context. The formula was obtained for matrices by Haynsworth [23], but does
not seem to have appeared previously for unbounded, self-adjoint operators.
We demonstrate that, with suitable definitions, it applies equally well to the
setting of unbounded, self-adjoint operators.

The Friedrichs model, introduced by Friedrichs [10, 11], has also been the
object of extensive study. We remark that much of the work on the Friedrichs
model has been carried out under relatively strong regularity assumptions.
An exception is the work by Ikromov and Sharipov [24], where a method
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related to the technique we employ is used. Contrary to the situation we
are concerned with, Ikromov and Sharipov consider the case where the un-
derlying space is a torus rather than R¢, and they assume that the coupling
function is square integrable.

The generalized Friedrichs model was introduced and studied by Lakaev
[25]. The discrete spectrum has been further studied by Minlos [28], and the
essential spectrum has been further studied in dimension d > 3 by Angelescu
et al. [2]. For a recent work on the generalized Friedrichs model in dimension
d = 3, see the work by Akchurin [1]. In these works, it is assumed that the
coupling function v is square integrable, typically along with some amount
of smoothness. In a work by Miyao [29], a generalized Friedrichs model
with non-integrable coupling function is studied. This generalized Friedrichs
model, for which Miyao coins the term ’0, 1-phonon polaron model’; is ob-
tained from the Frohlich polaron model by neglecting terms with 2 or more
phonons. In our analysis, we do not neglect these terms.

In dimension d = 1, 2, we recover the result of Spohn (note, however, that
Spohn considers the general coupling situation) that the ground state energy
is a discrete eigenvalue for any total momentum ¢ € RY, and we improve
this result by showing, except for a region of small total momentum, that
the ground state energy is in fact the unique discrete eigenvalue. Similarly,
in dimension d > 3, we recover the result that there is a bounded region
outside of which there are no discrete eigenvalues, and we improve the result
be showing that there can be at most 2 discrete eigenvalues. Furthermore,
the second eigenvalue, if it appears, can only appear in a region of small total
momentum.

Similarly to Minlos, whose result we improve by treating a class of models
containing the Frohlich polaron model, we are able to give a condition which
characterizes the number of eigenvalues below the bottom of the essential
spectrum. In our singular setting, we are not able to rule out the existence
of a second discrete eigenvalue for small total momentum even in dimension
d> 3.

1.2 Frohlich Polaron Model

In the following definitions, we collect basic notation for self-adjoint operators
and quadratic forms in Hilbert spaces.

Definition 1.1. Let @ be a quadratic form on a vector space qfd(Q). If
Y € qfd(Q), we will denote the value of @ at ¢ by Q[¢] € C.

Definition 1.2. Let A be a self-adjoint operator in a Hilbert space H.
We will denote by ker(A),ran(A), dom(A),qfd(A) := dom(|A['/?) the ker-
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nel, range, operator domain and quadratic form domain of A, respectively.
We denote by 0(A) and oes(A) the spectrum and essential spectrum of A,
respectively. We denote by ¥¢(A) := info(A) and es(A) = inf 0egs(A)
the bottom of the spectrum and the bottom of the essential spectrum of A,
respectively. Finally, we will write

Al] = (JAp, sen(A)|A]24) = [ AY26]” = [AY29)7, o € qfd(A),

for the quadratic form corresponding to the self-adjoint operator A. Here,
AL = denotes the positive/negative part of A, defined by functional calculus.

Having settled on basic notation, we will now introduce notation which
is more specific to the Frohlich polaron model.
Let 7 := L2 _((RY)") denote the Hilbert space of complex valued

sym sym
functions 1™ : (R%)" — C which are symmetric, i.e w(”)(kg(l), ko)) =
Y™ (ky, ..., k,) whenever o € S, is a permutation, and additionally satisfy

boundedness of the norm

1/2
W, = (/dkl---dkn|¢‘")(k1,...,kn)|2>  n=l

This notation is also consistent for n = 0, if we let (R%)? = {x} be the
one-point measure space with counting measure. Then we denote bosonic
Fock space by Fgm = @p_ F. (") The inner product on Foym 1s given by

sym"*
1]

Fom = (02 0][0™]|2) )2, When there can be no confusion, we will
omit the subscripts F) and Fsym from our notation, and we will likewise

)
Fo
sym

supress the variable *, putting 1 := () (x).
For E € R,¢ € RY, define a self-adjoint, lower semi-bounded operator
TE‘,& in Fsym by

1 X n
Tpe = §|5 —dl(p)P+N — E := @Tﬁjg’

n=0

where p(k) := k for all k € R, dI'(p) denotes the second quantization of the

maximal multiplication operator corresponding to p, N denotes the number
operator, and we define T]E;ng) to be the maximal operator of multiplication by

the function Tglg)  (RY)"™ — R, given by Tg?% = %\§|2 - E,

n 1
Téé(k‘l,---,kn) = §|§—k‘1—...—kn|2+n_E’ n>1.

The non-interacting fiber Frohlich polaron model at spectral parameter E €
R and total momentum ¢ € R? is defined by the Hamiltonian Hy g ¢ := T .
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Suppose that v : R — C is a measurable function, define, for £ < 1,

.7 dk v(k)[*
Lp = $ / e ot (14)

and assume that v is rotation invariant along with 0 < Ly < oo. Note that
the condition Ly > 0 ensures that v is not identically zero, and rotational
invariance means that v(k) = v(Ok) for any orthogonal d x d matrix O.
Furthermore, Ly < oo implies Ly < oo for all £ < 1. It will be shown in
section 1.5 that we have the relative form bound

la(v)[]] < €| Tp e

Fom T Cell¥|

S ¥ Eqfd(Th),

where the constants C. do not depend on &, and the form a(v) defined by

()] = Dot [y dhy 90D,k )OO R, )
n=1
is the annihilation form corresponding to v. In particular, the quadratic form

HypelY)] = TpeY] — 2grea(v)[y], ¢ € qfd(Toe), (15)

is well defined, and by the KLMN theorem defines a unique self-adjoint
Hamiltonian H, g ¢ with form domain qfd(H, p¢) = qfd(Toe). The choice
v(k) = ]k\’% yields the fiber Frohlich polaron Hamiltonian.

Since U*Hy peU = H_4 e, where U denotes the unitary transformation
defined by (U))™ = (—1)"™ one may assume g > 0 whenever convenient.

The set {(5, E) e R? x R‘O € U(Hg,Eé)} is usually referred to as the
energy-momentum spectrum of H, := f;’éRd Hgoed€. Since v is rotation-
ally invariant, we have U5H, pcUo = H, g oe, where (Upt)(k) = ¢ (Ok),
and we therefore have o(H, g¢) = 0(H, pe) whenever || = |¢'|. Thus, the
energy momentum spectrum may be recovered from the set

{(€,B) € [0,00) xR € R, 0 € 0(Hype) } -

1.3 Statement of the Main Result

Before stating our main result, we recall that for the non-interacting model
in any dimension d € N, the bottom of the essential spectrum is given by
Yess(Hop,e) = 1, and there is precisely one eigenvalue, counted with multi-
plicity, namely 1[£|?. This information about the discrete energy-momentum
spectrum in the non-interacting case may thus be summarized in a simple
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Figure 1: g = 0.

graph, plotting the discrete spectrum against the norm of the total momen-
tum:

For the case d = 1,2 of our main result, we impose the extra condition

dk |v(k)|?
/§|s|1fk)||2 -

for all £ € R. This is satisfied if, say, for any compact set C' C R?, there is
a constant Mc > 0 such that |v(k)| > M¢ for k € Mg. In particular, the
d—1

coupling function v(k) = |k|~ 2 of the Frohlich polaron model satisfies this
condition.

(16)

Theorem 1.3. Consider the Frohlich polaron operator Hyq ¢ introduced in
Subsection 1.2. There is gy > 0 such that, for all ¢ € R?, and all g € R
satisfying |g| < go, Hgoe has at most two discrete eigenvalues. Furthermore,

1. In dimension d = 1,2, there is go > 0,C > 0 such that, for all g € R
satisfying 0 < |g| < go, we have:
(a) If 1[E]* < Cg?, Hyog has at least one discrete eigenvalue.
(b) If Cig? < %|§|2, Hg o has precisely one discrete eigenvalue.
2. In dimension d > 3, there is go > 0 and Cy,Cy,C3 > 0 such that, for
all g € R satisfying |g| < go, we have:
(a) If 3|€]* < Cg?, Hype has at least one discrete eigenvalue.

(b) If Cig* < 3|1 < Bess(Hyog) + Cog?, Hgoe has precisely one
discrete eigenvalue.

(C) [f Eess(Hg,O,g) + ng2 < %|§|2 § Eess(Hg,0,§> + 0392, Hg,O,é has at
most one discrete eigenvalue.

(d) If Sess(Hgo) + C39® < 3|E1%, Hyoe has no discrete eigenvalues.
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The result may be summarized by the following graphs, where the discrete
spectrum is plotted against the absolute value of the total momentum. The
dashed line represents the bottom of the essential spectrum, the grey boxes
represent areas that contain at most one eigenvalue, and the dotted lines
represent the picture in the non-interacting case, as seen in Figure 1.

E E
1A_.
R et S
0 % % %
1 2 [¢l 2 [¢l
Figure 2: g # 0 and d = 1,2. Figure 3: ¢ # 0 and d > 3.

In the weak coupling regime of the Frohlich polaron model, this result
clearly extends the result of Spohn [40] by ruling out the existence of excited
states below the bottom of the essential spectrum, except for a small total
momentum regime.

Our main result should be compared to the result of Minlos [28], which
we improve by treating a class of models containing the Froéhlich polaron
model. Note that in our singular setting, contrary to the setting of Minlos,
the analysis does not rule out the existence of an additional eigenvalue for
small total momentum in dimension d > 3.

1.3.1 Outline of Proof

In this subsection, we give an outline of our proof of the main result.

In Subsection 1.4, we cover the eigenvalue counting arguments that will
be essential for our proof. More precisely, we recall the Birman-Schwinger
principle and we give a treatment of the well known Feshbach method with
an emphasis on the less well known Haynsworth inertia additivity formula.

In Subsection 1.5, we cover the self-adjointedness of the model by means
of relative form estimates. The results of this section do not rely on a weak
coupling assumption.

In Subsection 1.6, we apply a Feshbach map, which reduces the Frohlich
polaron model to a generalized Friedrichs model. Furthermore, we give a
precise analysis of the discrete spectrum of the generalized Friedrichs model
in the weak coupling regime.

Finally, in Subsection 1.7, we derive the main result.
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1.4 Eigenvalue Counting Arguments

Our analysis of the Frohlich polaron model consists in a twofold reduction,
first to a Birman-Schwinger operator, next to a Feshbach operator. In Sub-
subsection 1.4.1, we recall the well known Birman-Schwinger principle in a
form which is useful for us. It is not so well known that a similar principle
is true of the Feshbach operator. In Subsubsection 1.4.2, we will recall this
less well known result, which is due to Haynsworth [23], along with some
properties of the Feshbach map.

First, we recall a version of the min-max principle known as the Glazman
lemma. It is usually stated for semi-bounded operators, though the proof
applies equally well in the generality stated here. In relation to our appli-
cation to the Haynsworth inertia additivity formula, it is useful to drop the
condition of lower semi-boundedness. For the convenience of the reader, we
provide a proof.

Definition 1.4. For a self-adjoint operator A : dom(A) — H in a Hilbert
space H, we let

N(AA) = tr[l(—oo ) (A)] == dimran(1(_ ) (A)) € Ng U {oo},
n(A, A) == tr[l ) (A)] := dimran(1y ) (A)) € Nog U {oo}.

If A < Yes(A), then N(A, A) is the number of eigenvalues of A strictly
below A.

Lemma 1.5. Let A be a self-adjoint operator in a Hilbert space H. Let
E C qfd(A) be a subspace which is dense in qfd(A) with respect to the norm

[l qacay = (JAY 20|12 + | AY20]12 + [0]12)V2. Then

N\, A) =sup {dim F | F C & finite dimensional subspace, A < \ on F},
n(A, A) = sup {dim F | F C & finite dimensional subspace, A > X on F}.

Proof. Since n(\, A) = N(—\, —A), the second identity follows from the first.
Furthermore, since N(\, A) = N(0, A — \) and A[¢] < M|¢|? if and only if
(A —N)[¢] < 0, we may without loss of generality assume A = 0. We note
also that the norm induced on qfd(A) by A coincides with the norm induced
on qfd(A) by A — A, so £ is dense with respect to the first norm if and only
if it is dense with respect to the second norm.

From AY? = 1(_0070)(14)141_/2, we see that ran(Al_/Z) C ran(1(—o,0)(A)).
Suppose then that F C £ is a finite dimensional subspace such that A[¢] < 0
whenever 0 # ¢ € F. Since ||AY%¢||2 — | AY%¢|2 = A[¢] < 0, we find that
o ¢ ker(Al_/2) if 0 % ¢ € F. Thus, AY? is injective on F, and therefore
dim F = dim A”*(F) < dimran(4"?) < N(0, A).
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Next, assuming N(0,A) > k € N, we have dimran(1x)(A)) > k for
some K < 0, and thus find a subspace F C ran(l(Ko)(A)) C qfd(A) of
dimension k such that A[¢] = HAl/QqﬁH2 <0if 0 # ¢ € F. In fact, since F

is finite dimenional, there is 0 < e < 1 such that [|AY?¢||2 > ¢||¢||? for ¢ € F.
Let 1, . .., ¢y be an orthonormal basis of F and plck approx1mat1ng vectors

Ot n € E with |6 — &yl < 0 6 = X5, ¢ and ¢ = S5, 565,

then we have

k

[l = 1611 < ll¢ = llaacay < 8 Xlej| < 3VE|9)).

J=1

Thus, if =0 and § < 1/\/%7 we find gE = 0, and therefore c; = ... = ¢, = 0.
We conclude that F = span(¢y,...,¢y) C € has dimension k. Additionally,
if § < 1/(2vk), then we have ||¢||/2 < ||¢] < 3||¢||/2. Thus,

1Al = €|l d]l = 16 — Bllatacay = (€ — 30VE) 0]l /2,
IAY %] = |AY? (¢ — @)l < BM kllol /2,

and we therefore have, when 0 < ¢/(6v/k) and ¢ # 0,

Alg] = A0 — | A2¢)% < 0.

1.4.1 Birman-Schwinger Principle

In this subsection, we recall the well known Birman-Schwinger principle,
which we need in a form very close to the one obtained by Birman [6]. First,
we introduce some useful notation. Let H be a fixed Hilbert space.

Definition 1.6. Let T be a self-adjoint operator in #. Define H'/?[T] to
be the topological vector space with underlying vector space qfd(7) and
topology induced by the norm [|¢||31/2177 := [[(T? 4 1)"*4)||. Define H~/2[T]
to be the topological vector space obtained by completing H with respect to
the norm [[¢-1/zqz) = (T2 + 1)~/

This definition introduces H*'/2[T] as topological vector spaces. For our
treatment of the Birman-Schwinger principle, it is convenient to consider
certain families of norms on H*'/2[T], to be introduced in the following two
definitions.
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Definition 1.7. Let T be a self-adjoint operator in H. For A € C\ 0es(T),
let Py, denote the orthogonal projection in H onto the finite-dimensional
subspace 2, := ker(T — \), and define a self-adjoint, positive operator in H
by

= |T — A\ + Pq,.
Write Uy/? : HY2[T] — 4, and let Uy : H — H~Y2[T] be the unique
continuous extension of U ;/ % to H.

Definition 1.8. Let A, U;/Q and U;/Q be as in Definition 1.7. Define 7-[:\:1/2 [T
to be the Hilbert space with underlying topological vector space H*'/2[T] and
norm

1/2 rr—1/2
192y = 10260 Wllyyvrngy = 10524

For notational simplicity, define also ||¢|, = HwHHl/g for ¢ € qfd(T).

Remark 1.9. The topologies of ’Hf 12 [T], respectively, manifestly coincide
with the topologies of H*'/2[T], respectively. Therefore, the inequalities

[y = IO U PO < NUYUG 2 1 (17)

(T

—12 1/277—1/2 F—1/2751/2
[l a2y = 10X 20205l < N0 PO g2y

which hold true for all A, N € C \ 0es(7), ensure that the topologies of

Hﬂ/ 2[ ], respectively, coincide with the topologies of H*'/2[T, respectively,
for all A\, € C\ 0ess(T"). Note that

[l2 = 102017 = 1T =il > ))?, ¢ € ofd(D), (18)
Combinging the elementary inequality |x —i| < |z] +1 < 2|z —i| for z € R
with formulas (17) and (18), we find that there are constants Ly, L) > 0 such
that

Lal[wll} < NTI201P+ 0l < LA IR, ¢ € afd(T), A € C\ oes(T). (19)
Finally, there is a natural pairing of ¢ € H/2[T] and v € H~Y/?[T], given by

(6,0) = (U0, 0,0, (20)
where A € C \ 0e(7T) is arbitrary.
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Theorem 1.10. Let T, H be self-adjoint operators in H with qfd(H) =
qfd(7T"), define the quadratic form W] = T[] — H[¢] on qfd(T), and
suppose that there is a positive constant L > 0 such that

(WAL < LAITI2002 + 191%), ¢ € afd(T).

Then there is a unique continuous linear operator W : HY?[T] — H~'/?[T)
such that

(0, Wip)' = WL, o € ofd(T). (21)

For A € C\ 0es(T), define the bounded operator By := U_l/QVVU)\_l/2 on H.
If B; is compact, then 0ess(H) = 0ess(T'). Let Jy denote the partial isometry
from the polar decomposition T — X = Jy|T — A|. If A € R\ 0es(T), then
N(\ H) = N(0, Jy — By).

Theorem 1.10 is essentially due to Birman [6]. Birman, however, only
considers A < ¥y(7'), in which case Jy = 1, and therefore N(\, H) = n(1, B)).
We will refer to the operator B) as the Birman-Schwinger operator. Note
that if, say, W > 0, then it is most common in the literature to refer to
the 'sandwiched resolvent’ Ky = WY2(T — X\)"'W¥2 (considered by both
Birman [6] and Schwinger [37]) as the Birman-Schwinger operator.

For the convenience of the reader, we give a proof of the result, although
it is very similar to the proof given by Birman [6].

Proof. From inquality (19), we find L, > 0 such that |[W[¢]| < L ||¢||x» when
(NS 7—[1/ 2[ T). Thus, there is a unique bounded operator By on H}\/ 2 [T] with

(¥, By)r = W], o e HY[T].

Define Wy : HY2[T] — #;*[T] by Wy = U,*Uy?B,. Note, for all ¢ €
qfd(T"), that

(W, W) = (U0, U PWa) = (UY 3, Uy Baib) = (1, Bab)r = W],

where we made use of formula (20). In particular, Wy does not depend on
A, and it is therefore well-defined to put W := W,. Furthermore, we see that
By = U;UQWU;UZ = Ui/zé,\U;U is unitarily equivalent to By, so that B;
is compact if and only if B, is compact. Additionally, if we define the operator
Ty = Uy P02 = il aery, we have N(0,Jy — By) = N(0, J, — By).

By the Weyl criterion, if C; = (T'—i)~' — (H —4)~! is compact, then
Oess(H) = 0ess(T'). But we have, for ¢» € dom(H),

(W, |T =i~ (H —i)e); = (, (H = i)e) = (&, (J; = Bi)u)i,
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which implies (T —i)~"(H — i) = 1 — J;'B; on dom(H). It follows that
C; = —J 'By(H —i)~'. Since (H —i)~! is bounded as an operator from H
into )2 [T, and J;* is bounded as an operator from #; /2 [T] into H, we see
that C; is compact if B; is compact.

Finally, since

(W, (Jr = B = T[] = A9 |* = W] = H] = M[¢l*, ¢ € afd(T),
the Glazman lemma, Lemma 1.5, ensures that N(0,.Jy— By) = N(\, H). O

1.4.2 Haynsworth Inertia Additivity Formula

Let Hi, Ho be Hilbert spaces and assume that D; C H, Dy C H, are dense
subspaces. Suppose that we are given a block operator matrix

An A
A =
[Am Az

Let P denote the orthogonal projection in H; & Hy onto Hy C Hy & Ho and
suppose that Asy : Dy — Hs is invertible. The Feshbach map with respect
to P maps A to the Feshbach operator F' := A — A12A2_21A21 : Dy — H;.
The Feshbach operator F' is also called the Feshbach map of A with respect
to P.

It is sometimes convenient to employ a notation where the matrix de-
composition (22) is implicit. In that case, we introduce also the orthogonal
projection P in H, ® H, onto H,, and note that Ay, = PA [ran(p)m)z.

Theorem 1.11. Let A and P be as described above. Suppose that A is
self-adjoint and that A13A, is bounded. Then the Feshbach operator F is
self-adjoint, and we have 0 € 0(A) < 0 € o(F). Furthermore, we have

dimker(A) = dim ker(F),
N(0, A) = N(0, F)) + N(0, As),
n(O, A) = n(O, F) + ’17,(0, AQQ).

‘| D1 & Dy — Hi B Hs. (22)

For matrices, this result goes by the name of the Haynsworth inertia ad-
ditivity formula, and our proof below is essentially the same as the one given
by Haynsworth [23], except for technical complications associated with un-
bounded operators. For unbounded, closed (but not necessarily self-adjoint)
operators, the closedness of F' and the relations 0 € 0(A) < 0 € o(F) and
dimker(A) = dimker(F') are due to Bach et al. [4], albeit with a slightly
different proof and imposing slightly different conditions. The two final rela-
tions of the theorem do not seem to have appeared previously in the literature
for the case of unbounded, self-adjoint operators.
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Proof. We will first argue that the Aitken block diagonalization formula,

1 —ApAL] [An Al 1 of _[F 0 (23)
0 1 A21 A22 —A521A21 1 0 A22

holds true in the sense of unbounded operators. With obvious choice of
notation, we write this formula as S(A15A455)AS (A5 Asy) = diag(F, Ag).
It is clear that diag(F, Ay) C S(A1pAs)AS (Ay Asr), so we must prove
that dom(AS’(Ay Ag)) = dom(diag(F, Asy)) = D; @ D,. By inspection,
we find that S'(A5 A1) : Dy @ Ho — D1 @ Hy is a bijection, with inverse
Sl<—A2_21A21). It follows that dOIn(AS/<A2_21A21)> = SI(_AZ_QIA21)(D1 D Dg)
Furthermore, S'( A5y Ay1) and S’'(— Ay Asy) both map Dy @D, into Dy @ D,
and their restrictions to that subspace are therefore also mutual inverses.
The Aitken block diagonalization formula (23) follows.

Next, we observe that, since A is self-adjoint, we have Ay C (A455)*
and A;; C A}, and therefore also Ay Ay C (A1pA5)*. We conclude that
S'(Agy Ag1) C S(A1pA5)*, and therefore diag(F, Ay) C SAS*, where we
put S = S(ApAy). But S(A;xA5), and therefore also S(AjpA5 )", is
bounded with a bounded inverse on H; @ Hs. It therefore follows as be-
fore that dom(SAS*) = (S*)"Y(D; ® Dy) = D; @ Dy = dom(diag(F, Az)),
and therefore that we have SAS* = diag(F, Ay) in the sense of unbounded
operators.

We now argue that 7' = diag(F, Ass) = SAS* is self-adjoint, from which
it follows that F' and Ags are self-adjoint. It is clear that T' is symmetric, so
it suffices to show that dom(7™) C dom(7T'). If b € dom(7T™), then the linear
functional A defined by

(S*)"!(dom(A)) 3 ¢ = A(¢) = (¢, SAS*¢)
is bounded. It follows that the linear functional
dom(A) 3 ¢ — (S*y, Ag) = A((S*)'¢)

is also bounded, and therefore that S*i) € dom A* = dom A. In conclusion,
Y € dom(AS*) = dom(7T), and this was what we wanted. Note that self-
adjointedness of Ay implies closedness, which in turn implies closedness of
Asy. The closed graph theorem therefore ensures boundedness of A, .

The assertions 0 € 0(A) < 0 € o(F) and dimker(A) = dim ker(F") now
follow directly from the formula SAS* = diag(F, As2), as do the assertions
N(0,A) = N(0,F) 4+ N(0, Agz) and n(0, A) = n(0, F) + n(0, Ayy) according
to the Glazman lemma, Lemma 1.5, with £ = D; @ Ds. O
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1.5 General Coupling Considerations

In this section we will make some considerations for general coupling g € R,
in particular regarding the definition of the model we consider. The starting
point of our analysis is the following bound, which is related to a commutator
bound due to Lieb and Thomas [27] (see also [18, Lemma 2.1]). Recall from
formula (14) the definition of the constants Lg for £ < 1.

Lemma 1.12. Let v : R? — C be a measurable function satisfying Ly < co.
For ¢ € R, we have qfd(Ty¢) C qfd(a(v)), and for any E < —1, we have the
inequality

la(o)[]] < 2LEHTéf§w f ¥ € qfd(To). (24)

Proof. Define, for n > 0, ¢ «/T ™) (k)™ | and

1/2
F ) = ( [ s TEED R, b )l R, i) l2)

where £ = (k;,...,k,). Then we have, for £ < 0,£ € R% n >0,

Aty i= VT [ AR [ b [0 6o )6 D (), k)|

1/2
< /dk<n> / dhiniy (n+ Dfo(kni1) ) (BM) ™ (k).
T(n (k'(n )T n+1)<k(n)7 kn+1)

With €™ .= ¢ —k; — ... — k, and E < —1, the pointwise estimate

(n + D)o(knsr) < Aokn)l®
GIEWE +n = E)GIE™ —kpsaP+n+1=E) = Gl +1-E

follows by noting that we must have |k, 1| < 2|6 — k41| or [knp1| < 2/€™).
Thus, after an application of the Cauchy-Schwarz inequality, we deduce that

S AY < 2Ly zn (T8 12D o ([THD Y2
n=1

n=1

Another application of the Cauchy-Schwarz inequality finishes the proof. [

Corollary 1.13. Suppose v satisfies Lo < oo. Then we find, for any e > 0,
a positive number C. > 0 independent from & € R? such that

la() [l < el Tyevl|%,, + Cllvl%,., € dfd(Toe).

In particular, a(v) is infinitesimally relatively Tp ¢ -form-bounded.
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Proof. Recall that ||Té/§2¢||2 = ||T01§@/)||2 — E||¢||* for ¢ € qfd(Tye). This
corollary therefore follows from inequality (24) by picking E sufficiently neg-
ative that 2L < ¢, in which case we may take C. = 2|E|Lg. O

It now follows from the KLMN Theorem that there is a unique self-
adjoint operator Hyp¢ in Fiym such that formula (15) holds true. We
may therefore apply the Birman-Schwinger principle, Theorem 1.10, with
H = H,o¢,T := Tye. For the convience of the reader, we write down the
conclusion of Theorem 1.10 as applied to this setting, including the explicit
form of the corresponding Birman-Schwinger operator, denoted B, g .

Theorem 1.14. For E < 1, we have N(E,H,o¢) = N(0,Jge — By pge)-

Here, Jpg = @y Jul, with J§'L = 1ifn > 1, while Jy} := sgn(|¢]>— E).

The Birman-Schwinger operator By ¢ has the structure Bype = g(bpe +

bip¢), where, for ¢ € Fyym,

dkn+1 (TL + 1)1/25<kn+1)w(n+1) (kla ) knJrl)
UGk, k) USTY (R b

n o (k) D (ke Ky K

(b)) ™ (ki, ... k) = /

9

(b e)™ (k. k) =

LUS ks k) USE  ershgy K)
and the notation l%j indicates that the variable k; is omitted. Here, we denote
by Uglg the function

. 1
UG, ) = GlE— by = = kP 40— B), forn > 1,

. 0 ) 0 .
while Uy = [316* = B[ if 5|7 # B, and Uy = 1 if §|¢]* = E.

It is also convenient to introduce notation which mirrors the notation
introduced in Subsection 1.4.2

Definition 1.15. In F,,, define orthogonal projections P<; onto ]-"S(yﬂ) =
FO @ FU C Faym, and Psy = 1 — P<; onto fs(y%fl) = @0, F C Fapm.

sym sym sym

Given an operator A in Fyyy,, denote by A= Po,A]
tion of A to FZ2.

sym

Corollary 1.16. If ¢ € FG? and E < 1, then

sym

la(v)[¥]] < 6Ly || Tz

Proof. Considering inequality (24), note simply that in F(2), we have the

sym

inequality N+1 < 3(N—FE) whenever £ < 1, and thusalso 71 ¢ < 3Tge. O
Corollary 1.17. In F2), we have | By pell .2 < 6gL_;.

sym ’

FC2) rdom(4) the restric-

2
]'—sym.
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1.6 Generalized Friedrichs Model

In the following definition, we introduce the generalized Friedrichs model
(with a singular interaction). The definition is justified by Proposition 1.19.
The remainder of the section is devoted to clarifying the precise relation
between the generalized Friedrichs model and the Frohlich polaron model.

Definition 1.18. Fix ky;, € R? and a measurable function M : R? — [0, 00)
satisfying 1|k — kmin|* < M (k) < |k — kmin|®. Let C € CZ(R? x R?) be a func-
tion with two continuous, bounded derivates satisfying C'(ki1, kg) = C(ka, k1),
and let v : R — C be a measurable function which is not identically zero
and satisfies Ly < oo, with Ly given by formula (14). We denote also by M
the maximal operator of multiplication by the function M in L?*(R¢) and by
C the quadratic form on qfd(M) C L*(R?) defined by

(M) (k) =M (k)i (k), C[¥] 1=/dk‘1dk‘z D(kn)v(k)C (ko )o(ka)tb(Ks). (25)

The non-interacting generalized Friedrichs model is defined by the Hamil-
tonian Ay := diag(eg, M), acting in the direct sum space H := C & L?(R%).
Here, ey € R is a real parameter. The generalized Friedrichs model (with a
singular interaction) at coupling strength g € R is defined by the quadratic
form, for ¢ = (¥ 1)) € qfd(Ay) = C @ gfd(M),

Agf] = el + M) = 2gve [ dk b O5(k)D (k) — PCWO]. (26)

Proposition 1.19. There is a unique self-adjoint operator A, in the Hilbert
space H = C®L*(R?) with quadratic form domain qfd(A,) = qfd(Ay) defined
by the quadratic form (26). We have oess(A,) = [0, 00).

Proof. The bounds % |k—kmin|? < M (k) < |k—kmin|* and Ly < oo ensure that
¢y € L2(RY), with ¢y (k) := v(k)|M (k) —A|7Y/2. Putting ¢ = (¥©@ ) € H
and defining the interaction term

AR = Aolw] = Aw] = 2gve [ dkGOTRYOE) + g T,
we have, whenever A\ < min(eg, 0), the inequality

LA < glloall e (2(eo = N2 + gllall 2l Cll )| (Ao = AV,

The monotone convergence theorem ensures ||y 2rey — 0 as A — —o0, so

this shows that Ai(f{t) is infinitesimally relatively form bounded with respect
to the non-interacting term Ay. By the KLMN theorem, the quadratic form
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A, induces a unique self-adjoint operator in C & L*(R?) with form domain
afd(A,) = afd(Ao).

We will now show that oess(Ay) = Tess(Ao) = [0,00). According to Theo-
rem 1.10, it suffices to show that the Birman-Schwinger operator is compact
for A =i. We have

By = 0 —gleo = A7V (¢
—gloadleo — A[712 —g%C, ’

where, (¢, : L*(R?) — C denotes the bounded linear functional defined
by (dA|(f) == (&, f) and |¢y) : C — L*(R?) denotes the bounded rank
1 operator |¢y)(z) = z¢x. Finally, Cy : L*(RY) — L*(R?) is the inte-
gral operator with integral kernel ¢, (k1)oa(k2)C (k1, k2), which is seen to be
Hilbert-Schmidt. It is now clear that B; is compact. O

We now turn to the relation between the generalized Friedrichs model and
the Frohlich polaron model. Recalling Definition 1.15 and Corollary 1.17, we
find that 1— Bg’ B¢ is invertible when g is sufficiently small. We may therefore
consider the Feshbach map of Jg ¢ — By g ¢ with respect to P<;. The Feshbach
operator, F, ¢, acts in the direct sum space F(&Y = FO ¢ FU)

sym sym sym’

_ [ren3ler - ~obig

Theorem 1.20. There is gy > 0 such that, for |g| < go, E < 1, £ € RY,
there is a unique choice of kmin(9, E,€), Mype,Cyre and N\gpe € R such
that

kmin = kmin(ga E:’S)a M = Mg,E,£7 C:= CQ,E:57
1
A= NgEg, €0 = €CogEg = §|5|2 —E+ N g,

fulfill the conditions of Definition 1.18 and F, ¢ is the Birman-Schwinger

operator corresponding to the choice of operators T := diag(5/|¢|* — E, T}g)),
H:= Ay at X := A\ pe.

A detailed account of this result will be given in Subsection 2.5 based on
a creation/annihilation calculus developed in that chapter. Here, we provide
instead a sketch, based on well established methods in the field.

Sketch of Proof. We use the notation Py := dI'(p). We define
1 _
tpe(k,n) = 5(1{: — &2 +n—E, Tgelk,n) :=tpek,n)l,>s.
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Then, using a generalized version of Wick’s theorem [4, 21|, one obtains the
following formulae:
Aope(k) = —minftpe(k, 1) — 6> My pe(k)),
keR
My pe(k) = tpe(k, 1) — *Mype(k) + Ao pee,

gE§ Zg QCL tEg(Pf—i—k‘ N—|—1)
L+1

H{¢ V)tpe(Pr+k, N + 1) }a*(0)Q)

Copelb,g)i= > gMQ,a()Tge(P; +mi(k, q), N + 1) 7"
LENONL+2 L+1
m,n,p,q€ )
meba o=l H{a (0)"Epe(Pr + m(k, q), N+ 1)}
m1+p1=0
R o),
ZL:_’I—Q nll:I

=1

where we defined

m(k, q) := kl@rsierm,=1) + ¢l@r<in,—1),

Vi = l@arsittmy=1) T l@ar<in,=1)-

Using these formulae, it is possible to show that C, p¢ and M, g ¢ are well
defined for small g and have the desired properties. To estimate the deriva-
tives of Mg, g and Cy g ¢, we use the Leibniz rule and we write differentiated
factors as

r+k—¢

TS (e Eon) Y2,
tpe(z+k,n) B )

thE,g(.T + k:,n) = tEé((L’ + l{?, n)_1/2

where we note that the middle factor on the right hand side is bounded.
Analogously, we can show that also second derivatives (as well as higher
derivatives) are bounded. Factors which are twice differentiated can be writ-
ten as

8kJ6thE(Jc + k, n) :ZfEé(l' + k, n)fl/Z
_ Jij L k= iat k=8,
tpe(x+ k,n) tpe(z+k,n)?
. tEé(ﬁ + ]{3, n)_1/2,

where we note that the term in the bracket on the right hand side is bounded.
[
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Definition 1.21. In the setting of Theorem 1.20, the generalized Friedrichs
model at coupling strenght g € (—go, go), denoted A, := A, g ¢, will be re-
ferred to as the generalized Friedrichs model induced by the Frohlich polaron
model Hg,E,§~

Theorem 1.22. For |g| < g0, E < 1,€ € RY, the generalized Friedrichs
model induced by the Fréhlich polaron model satisfies

N(Agpe Agre) = N(E, Hyppe). (28)

Proof. For the case £ < 1, we have by combining the Glazman lemma,
Lemma 1.5, and the Haynsworth inertia additivity formula, Theorem 1.11,

N(Agpe, Agre) = N0, Fype) = N(0,Jpe — Bype) = N(E, Hyop).

For £ =1 and g = 0, we have A\g1¢ = 0 and epp1¢ = %|§\2 — 1, and it
therefore follows from direct observation that

P <
N(O, Ap1e) = N(1, Hype) = 4 = 2 !
Similarly, for £ = 1 and g # 0, we have 1 > Eo = Yess(Hy0,¢) along with
)\97175 > 0= Eess(Ag,1,§)7 and thus N()\g,l,§> Ag,l,f) = N(l, Hg,O,f) = Q0. ]

Remark 1.23. The Frohlich polaron model in our regime has thus succesfully
been reduced to a family of generalized Friedrichs models. As is typical of
the Feshbach method, we have obtained a simpler effective model at the price
of a more complicated dependence on the relevant parameters, as evidenced

by formula (28). If one neglects the term ¢*bp (1 — By pe)~'by; ¢ in formula
(27), then one obtains the quadratic form considered by Miyao [29].

The following lemma can be proven by using the same tools as were used
in the sketch of the proof of Theorem 1.20. A detailed proof is given in
Subsection 2.5.

Lemma 1.24. With notation as in Definition 1.21, we have, for fized |g| <
9o, € € RY, that the function E — N\, ¢ is strictly increasing and continuous.
There is a unique number B == Fess(9,€) < 1 such that Ay p..e = 0. In
particular, Eess = Yess(Hgoe). If 0 < |g| < go, then Eos < 1. Finally, we
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have the expansions in g

Fanin = € + ¢'kC (9, B, €),

dq g*[v(q)|”
Eess:l_/ +9 ess

2 2
C(ky, ko) = T(2)1 +/ = Cg)g [v(q)] o
pe(k, k2) T ¢ (K1, ko) Ty (ks k2, @) T g (ks K2)
+/ dq g*|v(q)|”
T (ky, ko) Tk (ks Kooy @) T 2 (q, ko)
+/ dq g°|v(g))?
T3 (ko @) Tk (k. ko, ) TS (e, ko)
+/ dq g*|v(g)|® L g O (k. k).

TJ(EQ,g(kh Q)Tgé(lﬁa ka, Q)Tg%(q, k)
where the remainder terms satisfy
4 4 4
sup (|/\§;,)E,§| + |e(073,E§| + | ess (g’ §)| + |kr(m)n(ga E7 £)|) < 00,

lg|<g0,E<1,£€R

(6% 2 Q 4
sup (Z 10 M) |l ey + 2110 c;,}é,gumdmd)) < 0.

lgl<go, E<LEERY \ |o|<2 lal<2

1.6.1 Discrete Spectrum Analysis

In this subsection, we give an analysis of the discrete spectrum of the gener-
alized Friedrichs model, see Definition 1.18. The number ¢q := C'(kmin, kmin)
will play an important role in our analysis, and it is useful to introduce the
notation C’(k:l, ko) := C(ky, ko) — co.

Before giving the main result of this section, we derive a simple conse-
quence of the fundamental theorem of calculus.

Lemma 1.25. Let C' € CZ(RxR?) and M : R? — [0, 00) be as in Definition
1.18. Then we have

Lk — kpm|2+ 1~ -
=i EA L G ) <2V Y [0°C i, (29)
\J M(k) (%1 L>° (R4 xR9)

and we have C(ky, ky) = co + C(k1, kmin) + C (kmin, k2) + R(k1, k), where the
remainder term R : RY x RY — C satisfies

J (ka2 + 1) (L kol + 1)
M (k) M (k)

[R(k1, ko) 16 > [|0°Cllpe@ixray-  (30)

|a|<2
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Proof. Assume without loss of generality that kyi, = 0. When |k| > /2,

S|k +1
M)

kP2 +1

C(k,0
C00) < | 2

|C (K, 0)] < 2/1C|l oo (raxmay.

If |k| < v/2, then the identity C(k,0) = Jy £C(tk,0)dt implies

slk?+1
M (k)

Sk2+1

(k. 0)
OIS\ T1pp

C(k,0)] <2v2 3 [|10°C| oo maxa)-

|la=1

Combining these two bounds, we obtain inequality (29).
For the second relation, we have

R(ky, ko) = C(ky, ko) — C(k1,0) — C(0, ky)

' C(tiky, ko)d ' C(t1ky,0)d
—/0 i (t1k1, k2) tl_/o b (t1k1,0)dt;
1 d - 1 d .
:/ 70(]{31,752]{32)6#2—/ 7C(O,t2k2>dt2
d2 0 dtQ

_//dtgdtl (t1k1, toks)dt dts,

which leads us to the four bounds

N R(k1, k o
R(lr, k)| < 31 ol <4 57 1 Ol
2 la|=1
| R (K1, ko) iy | R (k1 k2)| o
12 2L <4 Y 07O oo ety ﬁ <4 Y 0°C| oo ity
2| 2| le|=1 2’ 1|2| 2| |or|=2

After a small amount of patchwork as above, this implies the bound (30). O

Lemma 1.26. Consider the generalized Friedrichs model A, defined by for-
mula (26). Define, for A <0,

O = T Balk) = ROk ), 1= Pada = 6 -

(dr, D)
3]l

where Py = 1 — Py, Py denotes the orthogonal projection onto the subspace
spanned by ¢y, and we put (o := ¢g if ||po|| = co. Furthermore, define, for
e <A< 0orA<0< e,

O,

Uy = oy + ;((60 — A7+ ), (31)

= re{6x, ¥a) £ IO IGI2 + refor, 622 (32)
Then the limit E+ :=limy_o EY € [0,00] exists. In fact, we find:
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1. If g =0, then E* = o0

2. If eg # 0 and ||¢o|| < oo, then formulas (31) and (32) extend to A =0
by continuity.

8. Ifeg # 0, ||gol| = 00, and eg* + ¢y > 0, then B+ = oo.
4. Ifeg # 0, ||¢o]| = o0, |||l # 0 and ey + co = 0, then ET = co.
5 Ifeg #0, ||doll = 00, ||doll =0 and eg* 4 co = 0, then Et = 0.

6. If eg £ 0, ||go|| = 00 and ej' + co < 0, then B+ = Lgol’_

\eo “+col

Proof. Assume without loss of generality that ky;, = 0. We will give a case-
by-case derivation of the limiting behavour of EY as A — 0, thereby also
proving existence of the limit £,

L: If g = 0, we have 2(¢x,1n) = (co — A71)[|6all* + 2(¢x, &a). For [
sufficiently small, cg — A™! > —\71/2 and

A 0all/2 = 2010l = =27 |l /4

s0 By = 2(¢x, ) = —A7'|a[|/4 — 00 as A 0.

2.: This is clear from the formula for Ey .

Before considering 3.—6., we observe that ||¢y|| " ¢ — 0 weakly as A 7 0,
due to the condition [|¢p|| = oo. In fact, if f € L?(R?), then

(@i ol [0

for any 6 > 0, which suffices to prove the claim. In particular,

<¢/\a¢~)/\>| < |<¢A>¢~50)
[N N

as A 0, and therefore also ¢, — ¢g as A 0.

3.: If eg # 0, HQSOH = oo and ey + ¢y > 0, then 2<m’;ﬁ§> —egl 4o >0,
H¢ H2 — (egt + o). Thus, EY — oo as A 0.

4.: Since eyt + ¢ = 0 and ||¢y|| # 0, we have H%i\ — ||do]l > 0 as A 0.

5.: Since ||¢o|| = 0, we have

By < 2fre(ox, )] = [[oal*l(e0 = A) 7" + col.

on )l <27 [

‘ =

|+ [|éx = doll = 0

and therefore
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We note that if e;! 4 ¢o = 0, then we have
[(eo = A) 7 +col = [(eo = A) 7"+ co —eg " — ol < [A[leo] %,

and therefore

- dk [v(k)|* A
2 -\t </ )
JoalPlten =)+ < [ e A
Since the function A — 7( ] is decreasing for every k # ki, the dominated

convergence theorem ensures that EY < oallPl(eo—A) "t +co] — 0as A 0.
6.: As in 3., H¢> H2 — 60 4+ co < 0. On the other hand, we have the

. . $ 2
identity Ej\“E)\ = —loallPlIGall?, so E;\r - % =

The proof of the following result is closely related to a proof by Ikromov
and Sharipov [24].
Theorem 1.27. Consider the setting of Lemma 1.26, put

dk |U )|2 o ¥a
Li=16 [ 4 T — W51 2|0 Cllim@ose,

lal<2

and assume g*°L < 1. In terms of the number ET € [0, 00], we find:

(i) If g = 0, then N(0,A,) < 1. Ifeg > 0 and ¢*E* > 1+ ¢°L, then
N(0,A,) =1. Ifeg = 0 and g*E+ < 1 — ¢*L, then N(0,4,) = 0.

(i) If eg <0, then 1 < N(0,A4,) < 2. Ifeg <0 and g?E* > 1+ ¢*L, then
N(0,A,) =2. If eg < 0 and g*ET < 1 — g°L, then N(0,A,) =1

Proof. Assume without loss of generality that k., = 0. Theorem 1.10 allows
us to reduce the problem to a study of the Birman-Schwinger operator B)
for A < 0. Putting Jy := sgn(A4p — A), we have the relation N(\, A4,) =
N(0, Jy — By). With notation as in Proposition 1.19,

sen(eg — A) —gleo — A~ Uz(%\]

Jy— By =
TN gloaleo — AT 1 - g%Cy

Since A < 0 < egoreg < A < 0, we have sgn(eg—A) # 0, and we may therefore
consider the Feshbach map with respect to the orthogonal projection P, in
H onto L?(R?). The Feshbach operator is given by

Fyp=1-g° ((60 — A7) (dal = CA)
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Noting that N (0, F, ) = n(1, ((eo — A)"Hoa) (o] — Cy)), it follows from the
Haynsworth inertia additivity formula, Theorem 1.11, that we have

N(A, Ag) = n(1,9%((eo = A) " da){dal — Cn)), e =0,  (33)
N\ Ag) =n(l,6%((eo = N) ' oa){dal = Ca) +1, e <0 (34)

Defining Dy = |¢x) (¥a] + |¥2) (62|, we find from Lemma 1.25 that

(eo — A) M oa)(@a] + Cx = Dy + Ry,

where R, is the integral operator with integral kernel ¢y (k1)px (ko) R(ky, k2).
Thus, [|(eg—A) " o) (dr|+Cx— Dyallus < L. Due to the the Glazman lemma
(Lemma 1.5), equations (33) and (34) therefore imply

n<1 +g2L792D/\) g N<)\ A ) X ( 92L7g2D)\)7 €0 2 07 (35)
n(1+g¢*L,¢*Dy) + 1< N\, A4,) <n(l—¢°L,g>Dy) +1, ey <0. (36)

Parts (i) and (i) now follow, if we can show that EY given by formula (32)
is the unique non-negative eigenvalue of D).

We first observe that (, = ¢ — <¢|)|;;§Z’”*> . Thus, if 1, and ¢, are linearly
A

dependent, then (, = 0, and therefore D, = 21"€<€Z5A,¢,\>|¢”A;§(ﬂ” is a rank
A

1 operator with spectrum o(D,) = {Ey, EY} (note that either Ey = 0 or
EY =0). In particular, E is the unique non-negative eigenvalue of D,.

Next, assume that ¢, and ¢, are linearly independent, so the operator
D, is a rank 2 operator

Pr) (@
Dy = 2re(i)y, ¢») | Hsz;' + 1) (Da] + [da) (Gl
with eigenvalues Fy < 0 < EY given by (32). Again, it follows that EY is
the unique non-negative eigenvalue of Dy, which finishes the proof. n

1.7 Proof of the Main Result

In this section we present the proof of our main result, Theorem 1.3. We first
show that there is gy > 0 such that, when |g| < §o, F = Eus(g, ), £ € RY,
eo 7 0 then eg! + ¢y has the same sign as e.

Lemma 1.28. Consider the situation of Definition 1.21, and fit E = Feg.
If ey # 0, then we have

1 5 2 U 2N 5

—1
O T T® e
Eebb
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4 (4
where Sup‘g‘<g07§€Rd|K§7€)| + |Ké$)| < 00, and

Dyelq) == [T2 (6,6 [T (€. TS (e €. q> (38)
Nyela) i= [ 2 +qf +2(1 - F } 20T dea)  (39)

+2IeP [12 (6. 0) + [4\512 Slal [ 2 o)
2
+ 16l [31e? = 5P
Proof. According to Lemma 1.24, we have

[v(q)[*dg

1 2
= 5 _E6857 mln +O Eesszl_ 2 +0 47
and if we define K g(f) C’;%ess f(k‘mm, Emin ), we have
O (i Ko
T~ =~ Fess, min; 'vmin
%’5‘2 - Eess g ¢
I S 1
1 2
§|€|2 - Eess Téezs7§(kmina kmin)
L dg [v(q)|?
D) 7D i ) T (it Konts @) T2 (o o
ECSS@( min m1n> Ecss,g( min; min; Q) ECSS@‘( min mln)
P dq [v(q)|*
2 3 2
Té‘ezs7§(k:min7 kmin)Téezs,g(kmina kmina Q)Té‘ezsg(k:min; Q)
dq |v(q)” = (4)
2 4
+g ® +g ngg.

3 2
TEess,é(kmim Q>Téezs,g<kmina kmina Q)Té‘ezs7g(kmin7 Q)

We see that there is K(g) with supg i<y, cera| K, £| < oo such that

1 1 1 1
- = +
2‘5’2 ess Téizs,g(kmim kmin) %lfP - Eess %’5 - kain’2 + 2 — Eess
1 ’kmin’2+ |§_km1n‘2+2<1 _Eess)
€0 L %‘5 - 2kmin|2 + 2 — Eess

|v(9)*dq
- l & e 1 zlal?+1

€0 %|£‘2+2_Eess %|§|2+2_Eess

4 7-(4)
+K§
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Defining D, ¢ by formula (38) and N, ¢ by

Nye(q) = 2T (6.6, )T, (€. O)TE (¢, q>+eo[ @ (Eq)
+ 26T (EOTE ((€.q) +eo [T ((€.6)]

we find formula (37) with N, replaced by ]\Nfg,g. We finish the proof by
showing that N, ¢ = N, ¢. Noting that

2T (&€ OTE, (& OTE ¢ <s Q)
[ |5+q|2+2+s | T, (€ OTEL (€0

) 60 [T 6.0] + T8 (60 [TE. (& )]

we see that
Nyela) = [S16l + laP + 26 - g+ 201 — Bo)| T2 € OTE (6.0

W;Iql[ T (6.0 +16P [T €.a)]

Since 3|¢|? + 1[q]* +2¢ - ¢ = —3|¢]* + 1]2€ + ¢|?, this finishes the proof. [

We come to the proof of the main theorem. Let us first consider the case
d < 2, where we note that condition (16) ensures in the setting of Lemma
1.26 that ||¢o|| = oo, since 1/4 < M < 1.

Proof of part 1 of Theorem 1.3. From Theorem 1.22, we have the identity
N(Eess, Hy0¢) = N(0,A,), so we will proceed by computing N (0, A,).

(a): This follows from part (ii) of Theorem 1.27.

(b): Consider first 1[(]* = Ee, ie. eg = 0. From part 3 of Lemma
1.26 and part (i) of Theorem 1.27, we have N(0, A;) = 1. Next, find C' > 0
such that if Cg? < %]ﬁ |? < FEes, then there is precisely one eigenvalue.
Using Lemma 1.28, pick C' > 0 (independent from &) sufficiently large that
eot +co < —Cg?/2 for all |g| < gy, and also sufficiently large that ¢?E+ =

‘QSL% < 1/2. Thus, combining part 6 of Lemma 1.26 with part (ii) of

Theorem 1.27, we find go such that when |g| < §o, have N(0,4,) =

Finally, consider the case 3|¢|? > Fes. According to Lemma 1.28, we have
ey +co > 0. Combining par 3 of Lemma 1.26 with part (i) of Theorem 1.27,
we therefore conclude that N(0, 4,) = 1. O
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Proof of part 2 of Theorem 1.3. As in the previous proof, we proceed by
computing N (0, A,).

(a): This follow from part (ii) of Theorem 1.27.

(b): We will first find C; such that when Cig? < 3[|¢[? < Fes, there
is precisely one eigenvalue. According to Lemma 1.28, we have a bound of
the form e;' + ¢y < —C19%/2, assuming C; is sufficiently large. Assuming
legt + collldol| < 2||¢ol|, we find Et < C’ for an absolute constant. On the
other hand, if |eg >+ co|||do|| = 2||do]|, then we find Ey < —|egt+ ol ||dol|?/2.
and therefore ET = ||¢ol|?[|Coll?/|Ey | < 4]|¢0]|?/Chg?. Combining part 2 of
Lemma 1.26 with part (ii) of Theorem 1.27, we then have N(0,A4,) = 1 if
C is sufficiently large. Next, consider 3|¢|* = Eeoq: Combining part 1 of
Lemma 1.26 with part (i) of Theorem 1.27, we have N(0, 4,) = 1. Finally,
we pick Cy such that if F.s + ¢?°Coy > %|§ | > E.s, then there is precisely
one eigenvalue. According to Lemma 1.28, we have ey 4+ ¢ > 0, and we
also have eg' + ¢y > eg' = g72Cy ', This ensures that E* > ¢72Cy'/2 if Cy
is sufficiently small. Thus, combining part 2 of Lemma 1.26 with part (i) of
Theorem 1.27, we have N (0, A;) = 1 if we pick C; sufficiently small.

(c): This follows from part (i) of Theorem 1.27.

(d): We will find C3 such that if %|§|2 > FEo + g2Cs, then there is no
eigenvalue. According to Lemma 1.28, we have e;' + ¢y > 0, and there is an
absolute constant ¢ > 0 such that ey’ + co < ¢(g72C5" + g*) < 2¢g72C5 !
assuming gy is sufficiently small. Note that |kess| > 1, so we have a £&-uniform
bound ||¢g|| < oo, [[1ho]| < ¢'g72C5|¢o]| for an absolute constant ¢/ > 0. This
implies g? £+ < ¢’C3 ! for an absolute constant ¢”, and thus, combining Part
2 of Lemma 1.26 with Part (i) of Theorem 1.27, we have N (0, A,) = 0 if we
pick Cj5 sufficiently large. O]

1.8 Concluding Remarks

By going to the next order in g2, we hope in the future to be able to de-
cide whether or not the Frohlich polaron Hamiltonian has a second discrete
eigenvalue at £ = 0 in the weak coupling regime.

In dimension d = 1, 2, it would be interesting to obtain an expansion of the
ground state energy in the weak coupling regime for large total momentum.
It has been shown by Moller [31] that lime oo [Sess(Htoc) — Zo(H )] = 0,
where A > 0 is a suitably implemented ultraviolet cutoff. We conjecture that
Limyg| o0 [Bess (Hg0,e) — Xo(Hgp,e)] = 0 also without an ultraviolet cutoff.

In this paper, we only obtain information about the discrete part of the
energy-momentum spectrum. It would be natural to attempt to probe the
essential spectrum. This has been done by Angelescu et al. [2] in extension
of the work by Minlos [28]. Unfortunately, their work does not apply to the
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Frohlich polaron model for technical reasons very similar to why the work
of Minlos does not apply to the Frohlich polaron model. A natural first
question to ask would be whether ¥q(H, ) is an eigenvalue if 3o(Hy o) =
Yess(Hg o). Note that Mgller [31] has shown, in dimension d = 3,4, that
So(H,\¢) is not an eigenvalue if Xo(Hpo ) = Sess(Hpoc)-

A natural generalization of the Frohlich polaron model is the bipolaron
model. Miyao and Spohn [30] have given an analysis of the strong coupling
regime of this model, and it would be interesting to examine whether our
analysis of the weak coupling regime of the Frohlich polaron model can be
applied to the bipolaron model.
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2 Creation/Annihilation Operators and
Feshbach Maps in Bosonic Fock Space

Jonas Dahlbaek and Oliver Matte

Abstract

A symbol calculus for creation/annihilation operators is developed.
Wick’s theorem provides the formula for the product of two symbols.
It is demonstrated that the framework can be used to compute Fesh-
bach maps in models of non-relativistic quantum field theory. Specifi-
cally, the Frohlich polaron model is reduced to a generalized Friedrichs
model, and a main technical step in the study of the spin boson model
by means of the spectral renormalization group is carried out.

2.1 Notation

Let (M, X, 1) be a measure space with measure p: ¥ — [0,00). We assume
that M is o-finite, and in our notation for integration, we suppress the pu,
ie. if f: M — C is integrable, then we write

[k g (k) i= [ () k).

Denote by L%(M), LT(M), respectively, the spaces of measurable functions
fiM—=C,f: M—]0,00], respectively. If f, g € LO(M)ULT (M), we put

I lezan == U Derans Fg)erow = [ dklf(ha)g(ka)l.  (40)

We denote by £*(M) C L°(M) the subspace of functions f € L°(M)
that satisfy ||f|lz2m) < oo. We denote by L°(M), LT (M), respectively,
the spaces of equivalence classes of functions from £°(M), L1 (M), respec-
tively, that agree almost everywhere, and we denote by L?(M) C LY(M) the
Hilbert space of equivalence classes of function from £2(M) with respect to
the semi-norm (40). As is standard, we will sometimes pass from equivalence
classes to representatives without mention, and vice versa.

When working with explicit expressions for products of creation and an-
nihilation operators, one quickly ends up with expressions involving large
quantities of variables being integrated, permuted or otherwise nontrivially
manipulated. It is therefore useful to introduce a notation suited for the pur-
pose of working with creation and annihilation operators. Such a notation
will be introduced presently.
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Consider the space M™, where m € N. For elements of this space, we
employ the notation = ; € M™, where 4 = (j1,...,Jm) is an ordered set

of m elements, and x ; = (xj,,...,7;,). Suppose ki,...,k, are n distinct
elements of the set {j1,...,jm}, and put A = (ky,...,k,). Then we define
Ty = (T, Tk,). Letting Sy, denote the set of permutations of the m-

point set {1,...,m}, we define 0. = (j,(1),- - -, Jo(m)) Whenever o € S, is
a permutation. If m = 0, we let M™ = {x} be the 1-point set, and we put
M = () and z 7 = If m € N, we consider in the space M™ the product
measure p®™, and if m = 0, we let u®° denote counting measure on the
one-point set.

Our notation introduced thus far has a bar on ., which is there to remind
us that ./ is an m-tuple. The lowercase letter m denotes the corresponding
number of elements of the m-tuple .. It is important to emphasize that the
m-tuple .# consists simply of m distinct ’elements’, and we do not identify
M with the m-tuple of integers (1,...,m). When we introduce different such
tuples, say .# and .4, then it is always assumed that these tuples have no
common elements, unless otherwise explicitly stated. With this convention,
when we write z ;, € M™ and z € M", there is no a priori relation
between the vectors = ; and z ;. Had we instead made the identification
M ={1,...,m} and A = {1,...,n}, then this would imply that the first
min(m, n) components of = ; and = _;z would coincide.

Suppose f: M™ x .. x M™ — C is a function. Then we say that f is
separately symmetric if, for all oy € Sy, ..., 0, € Spp,, we have

F@oitis s o) = T @2 4,)-

It is then clear that, for a function such as this, we need not keep track
of the ordering of, say, .4, = (j1,--+,Jm), and so we introduce instead the
notation .#; for the (unordered) set .#, = {j1,...,jm}. Thus, we may write
formulas such as, say (z.4,,-.-,%.ux,) = [(@.m,---,T.4,). We will make use
of both the notation with the bars, .#, as well as the un-barred notation,
M , depending on whether the functions under consideration are separately
symmetric or not. If n = 1 and if f : M™ — C is separately symmetric,
then we say that f is totally symmetric.

Denote by L3 (M™), LE  (M™), L2, (M™), respectively, the sets of

functions of LO(M™), LT (M™), L*(M™), respectively, that have a totally
symmetric representative.
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2.2 Preliminaries

We put (F°)™) := LY(M™) and (F*)™ := L+ (M™) and define the spaces
FO= @ (FO)™ and F+ = @>_(FH)™. If ¢, ¢ € F°, we put

m=0

6l = 00 00 = (32 [l ™00 @) )

For ¢ € FYUF*, we do not demand that the number ||¢|| be finite, i.e. 1 is
simply a formal sequence 1) = (¢, M .. ). We put F™ := L?(M™) and
denote by F := @°°_, F™ C F° the un-symmetrized Fock space, consisting
of those 1 € F° which satisfy |17 < oc.

Similarly, put (FJ,,)™ = L{ (M™) and let FJ = @p_o(F,)™
without demanding finiteness of the number ||[¢]|# if ©» € F*. Finally, put
Fim) = L4 (M™) and denote by Fym = Bpe_o Fim) the bosonic (sym-
metrized) Fock space, where we do impose finiteness of the norm ||4|

16l it 6 € Fagm.

It is important to emphasize that we distinguish between the inner prod-
uct in F, given by (¢, ¢)r = %, [ dk.4 "™ (k.4)¢"™ (k. 4), and the pos-
itive number (1, ¢) 7, , given by formula (41). Of course, if 1,¢ > 0, then
no confusion can occur, since the two numbers coincide, and in this case we
shall often write simply (¥, ¢).

]:sym -

Definition 2.1. Let f : M — C be a measurable function and let (f,,)nen
be a sequence of measurable functions f, : M — C. We say that f, — f
locally in measure provided that lim,, .. u(FN{|f— f.| = €}) = 0, whenever
F C M is measurable with u(F') < co. We say that the sequence (f,)nen is
Cauchy locally in measure provided that

Ve, 0 >0:IN eN:Vn,m = N : u(FO{|fm — fu] = €}) <0.

We regard the following results as well known and therefore omit the
proofs. The statements are given for the convenience of the reader, because
we will refer to them later.

Proposition 2.2. Let (f,)nen be a sequence of measurable functions. If f,
is Cauchy locally in measure, then there is a measurable f : M — C such
that f, — [ locally in measure. Furthermore, there is a subsequence (fn;)jen
such that f,, — [ almost everywhere.

Proposition 2.3. Let f be a measurable function and let (f,)nen be a se-
quence of measurable functions. Then f, — f locally in measure if and
only if every subsequence (fy;)jen has a subsubsequence (fu; )ien such that
f”n — [ almost everywhere.
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Proposition 2.4. Let (f,)nen be a sequence of measurable non-negative func-
tions f, : M — [0,00) and let f : M — C be a measurable function. If
fn — [ locally in measure, then [ fdu < liminf, , [ fodp.

2.3 Standard Creation/Annihilation Symbols

For ease of later reference, we pick a measurable function v : M — C. In
applications, v is typically chosen to be a coupling function. There is no
essential loss of generality in assuming v = 1; see Remark 2.7. We first have
a long definition. Recall for the following definition our convention M® = {x}
from Subsection 2.1.

Definition 2.5. Whenever given m,n,r € Ny, we will denote by W% and
W(’” *. respectively, the spaces of separately symmetric, measurable functlons

ﬁg)n t M X M x MY — Cand W), M™ x M™ x M” = [0,00],
respectively. Let
W= @ Wi wh= p wii
m,n,r€Ng m,n,r€Ng
denote the spaces of (formal) triple sequences of the respective spaces.
If we WUW?' and f: M — C is measurable, we define

fulk i) = " (k)
fun(k gk ) = f5" (k) fom (k).
(frn )k ok kz) = Fun(k g ko om (. ki, ki),
(F - @ioom = Fonntin
If w € WO, we define [w| € W by |w|%), = |w() |, and we say that w > 0
if w e WH. If (w)en is a sequence in W? and w € WP, then We say that

w; — w locally in measure if, for all m,n,r € Ny, (wl)(’") — W locally in
measure.

Given w GW UW

m, ’I’L ’
terms of representatlves by

(O (Wi )8 N D (k 7, kz)
= [ b o) K B ) |67 (K ).

Let W,Sz)n C WT(,Z?T? consist of those elements wﬁ,’;)n € WT(,;),? satisfying
finiteness of the number
lo@lyer == sup (U, 0pL (W) (42)
’ ¢(m+r)€(f+)(m+'r)

Gt E(]:+)(n+r)
[ ||= || g ||=1

define Op/, (wi),) + (FH)+) = (F5)0+) in
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Remark 2.6. Note that if /(™) € £2(M™F), then we have the pointwise
inequality [™*+")| < (m + r)!1¢™*") | where ¢(™*+") denotes the symmetriza-
tion of |p™*7)|. Since we have ||¢U™ || sopgmry < [H]| g2 pgmtr), OnE
obtains the same space Wm ", With an equivalent norm, if one only considers
symmetric functions ™+, $("+7) in the supremum (42).

Remark 2.7. We include the function v : M — C because it will make it
easier for us to refer back to results of this subsection later on, where v will
be an explicitly fixed function. However, from the abstract point of view, it is
sometimes useful to be able to change the function v at will. Let us therefore
for a moment consider the dependence of the space W) = W) (v) on the
function v. Suppose u : M — C is measurable and satisfies

p({u =0} \{v=0})=0.
Letting W,(,f)n(u) denote the similarly defined space but replacing everywhere
v by u, we see that the mapping B : Wg)n(v) — Wf,f)n(u) given by

U®(m+n) (k/[u/>

kaur)

B(wf?:,)n)(k//la ki/Vy k%) = wg,)n(k//fa k'(/V, k’y)

u®(m+”)<
is an isometry. This isometry is surjective if and only if

p({u=03\{v=0HU{v=0}\{u=0})) =

Furthermore, since any isometry is injective, we may always recover results
concerning W) (v) from corresponding results concerning W), (u) with u =
1. At times, it is also convenient to take, u € L*(M), [Jullz2(pm) = 1 and
u > 0 or v > 0. Note that such a function u > 0 exists, since we assume that
M is o-finite.

Remark 2.8. In applications, the function v will often not be differentiable.
The symbols wﬁ,’;n on the other hand will usually enjoy certain regularity
properties. It is in order to capture these regularity properties that we include
the function v in our framework. This is also the reason why we remain on
the level of semi-norms and do not pass to the quotient space with respect
to the semi-norm HHW (r)

It follows from our ch01ce of semi-norm in W(T that w(r e W\ ’“7 defines
a unique bounded operator in the following way.

Definition 2.9. If w{") € W) then Op'(w()) : F) — Fmin) s the
operator defined in terms of representatlves by

(Op' (W) )" ™ (K 7, kz)
= / dk 7 (Um0 ) k7, k7, k)0 (K pLz)
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Theorem 2.10. Let (w;)ien be a sequence in W,(,;),?. If Vi — V€
WO locally in measure, then [l < Hminfy o fJer],, 0 -

Proof. Due to Proposition 2.4, we have, whenever (") ¢ (]:Jr)(mﬂ),
pH) € (FH)H7) satisfy ||| = ||¢™+7)|| = 1, the inequality

(@0, Op!, ()" 7) < lim inf (7, Op, ()¢ ") < lim infla|, e -

l—o00

Here, we used that if v, nw; — vy nw locally in measure, then we also have
[VUm.nwi| = [Umnw| locally in measure, as follows from Proposition 2.3. H

then there is w €
W) such that w, — w in W,(Tf?n and Vp, nw; — U aw locally in measure.

m,n

Theorem 2.11. If (w;)iey is a Cauchy sequence in W)

m,n’

Proof. Let (w;)32; be a Cauchy sequence in W) and fix a measurable set
F' of finite measure. Since M is o-finite, we may pick a sequence £; C M
of measurable sets of finite measure such that £; C F;; and U?L E; =M.
Then the sets F; = ET" X ET X E7 form a sequence of measurable sets of finite
measure with F; C Fjyy and U2, F; = M™ x M™ x M". In particular,

1(E N {|vmnwr — Umnwi| 2 €})
< p(F N {|ompwi — Ompwi| 2 €}) + p(F\ F})

1
St U dk.qdk.y dkz L, [vmn(wi = wi)[ | + p(E\ Fj)

L |11 ||

[Jwr — wkHW;;}n + u(F\ Fy),

N

€

Thus, (Vmnwi)ien is Cauchy locally in measure. Then Proposition 2.2 im-
plies that there is w € W9 such that UpnWp — U pw locally in measure.

m,n

Theorem 2.10 then ensures that |lwl|, ) < liminfieoflwill,, e , i-e. that
w e W) and similarly that [lw, — Wy < liminf; o llwr — wjll,,0 e
that w; = w in W,(,;)n. ]

We have now covered the preliminary notions, and wish to define proper
creation and annihilation operators. These come with combinatorial prefac-
tors. Consider the operator Op(w{),) : F{ut™ — F{mt) | defined by

(ntr) _ \/(m +r)(n+r)!
B 7!

Op(w) ) Op' (Wi, )"+,

While the operator Op'(w),) acts between the full (un-symmetrized) spaces
Frtr) 5 Fmin) e emphasize that the operator Op(w(”) ) acts between

m,n

the bosonic (symmetrized) spaces FS(;LHJ{") — fg;fj”. Explicitly, we have
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Definition 2.12. Let w{), € W{),. Then Op(w(y),) : FUim — Flmer) is
the operator defined on representatives by

(Op( )¢(n+r) (a) ]{?Q{

n—+r
= \l:/dkﬂ Umnw(r) Ykt bons k)9 (ki)
//Zuj o

where a = m 4 7, and Op, (w$)) : (Fhn)™™ — (Flho)™) is defined

sym
similarly, but with vy, ,w{"), replaced by [V nwi), |-

Remark 2.13. According to subsection 2.1, sets such as &, .# and # are
disjoint unless otherwise explicitly specified. In the formula above, however,
we explicitly specify 4 LI % = /. The sum ranges over all choices of
partitions of &/ into two disjoint subsets .# and % with #.# = m and
#% = r. That is, it is a finite sum, with (;) = nf,'r,

At this point we fix a measurable function € : M — (0,00). In applica-
tions, € is typically a boson dispersion relation.

Definition 2.14. Let W;, = @72, W,(;)n denote the space of standard cre-
ation/annihilation symbols with m creations and n annihilations, endowed
with the semi-norm

[e.o]

Jomnlw, = sup 3@, O (G els) )" ),
¢eFt r=0

plI=lsl=1

1

where v = 1V e~2. Let W = Ui ®inen Wi, denote the space of
standard creation/annihilation symbols, with the semi-norm

lwolbse == >~ |

m,n€Ng

mn

Definition 2.15. Let wy,, € Wii,. Then Op(wp,,) denotes the possibly
unbounded operator in Fyy given by Op(wmn) == Yoo, Op(w),) on the

domain
l

Dyin = J B FLh- (43)
1=0 k=0

Remark 2.16. In formal notation, Op(w) = >0 >0 o Wy, where

Wi = / dk g dky a* (k. Y0 (k. Yo (Kot oy YT (K (g ).
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Here, Wy (ks kv ) = @2 wh) (ks ky), where w() (k.4 k.y) denotes the
operator of multiplication in F{), by the function kg — w() (ks ks, ka).
Furthermore, for f € Fyym,

(n+r)

(k) /) (k) = | —= " ki, k),

so that
(W, Win) = /dkﬁdkw@@m(kﬁ)a(kﬂ)w,wm,n(k/nkw)@m(/ﬂw)a(kﬂ)@-
Definition 2.17. Whenever f : M — C is measurable, we define

dU(f)" (k) =3 f(k

JEN
Theorem 2.18. Let wy,, € Wi . We have the sesquilinear form bound
(B0, Op(wii) )™
< lwmnllwge N[AD (LA )T I [dD (1A €)™+ 2 g4,

m4+n

In particular, we have for all ¢ € D(dI'(1 Ne) 2

) the bound

10P (i)l < llwmnllwge, [(dD(L A ) +m)Zdl(LA€)20].

m4+n

Thus, Op(wm,,) extends uniquely to a bounded operator in D(dI'(1 ANe) 2 )
with respect to the graph norm.

Proof. Assume without loss of generality that v = 1. We have

[, Op(wip,)e"™ )]

! 1
< [ dk adbydhs [ L0 A €l B g )

(LA E)mn(ks bn)?

' 1
1 7)ol 1O v )

< NS lwse NP1 zomsn |0l £t

where
gk = 1) 0N R (kg k),

rl
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and similarly for ¢. Now, if ¢ € Feym, symmetry of ™) implies

[ ki (1A )l i i)

r! m
< (mW/dk‘//dk‘% {dF(l As)(m”)(k%,kﬁ)} W+ (e k)2
Performing a similar computation for ¢, it follows that we have

|<¢ m4r) Op( )¢(n+7~)>|
[dD(1 A €)™ ]2 mE|||[dD(1 A €)™ H]E ) |

w || t
|| W’fn n

This takes care of the sesquilinear form inequality.
Next, we prove the second inequality. We have the pointwise inequality
A1 A )™ (kg kg) = dT(1 A )™ (ky) +dT(1 A )" (ky)
<m+dU(1LA )" (kyp),
which implies the pointwise bound
AU A )™ (kg k) 2 |l (ki kow, i)
< wiha (ks ko k) (A0 (LA €)™ (By s kig) +m)

m
2

This allows us to conclude that
(7, Op(wy), )™+
[{dT(1 Ae) 2™ ) dD(1 Ae)2 Op(wl), o™ )|
(DL Ae) [ D] dl (L Ae)s Op(!wm,nl)w(””)b
< (dr(1 A ) E [P, Op(wlf) NAT(L A ) + m] ¥ 60,

After an application of the Cauchy-Schwarz inequality, the sesquilinear form
inequality then implies

10P (i)l < llwmnllwge, [(dD(L A €) +m)Zdl(LAe)20].

2.4 Bounded Creation/Annihilation Symbols
Definition 2.19. For w € WP, we define

lolw =" sup 37 (", Op, (wy),) "),

Y,$EFdbm mn,reNg
llvl=ll¢ll=1

and we define the space of bounded creation /annihilation symbols, W C W°
by w € W if and only if ||w|jy < oco.
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Remark 2.20. We emphasize that the supremum here is with respect to
bosonic Fock space vectors only.

Lemma 2.21. Suppose (w;)ien is a sequence in WP and v-w; — v-w locally
in measure. Then we have ||w|lyw < liminf;,_, . [|w||w-

Proof. We have vmn(wl)(” — Upn, 2w locally in measure. Thus, if ¢, ¢ €
Fbm and |[Y] = [|#]| = 1, we have by first applying Proposition 2.4 and then
applying Fatou’s Lemma for sums,

Z <1/} m+r) Op+( 7‘) )¢(7L+T)>

m,n,r€Ng

<X tminf (), Op. () f)e ")

m,n,r€Ng

< h}Ei}}f Z W m+r) Op+((wl)( r) )¢(n+r)> < 1ilﬁ_l>glf||wl||vv-
m,n,r€Ng

]

Theorem 2.22. Suppose (w;)ien is a Cauchy sequence in W. Then there is
w € W such that w; — w in W and v - w; — v - w locally in measure.

Proof. Suppose (w;)ien is a Cauchy sequence in W. According to Remark
2.6, we have

(s = @)l < Ty Om 4+ )+ )l — willw,

so we find that ((w;){),)ien is a Cauchy sequence in W) . It follows from
Theorem 2.11 that there is wlr) such that (w)®), — w{) in W) and
Um,n(wl)(r) — Up, nw locally in measure. This last convergence may also
be written simply v - wl — v - w locally in measure. But then Lemma 2.21
ensures that ||w|lyy < liminf; . ||w||w, so that w € W, and then also that
l|lw; — wllw < liminf;,_,||w; — wi|lw, such that w; — w in W. O

Due to our choice of semi-norm in W, any w € W induces a unique
bounded operator Op(w) : Feym — Fsym by the formula

Op(w) = Y. Op(wP)).

m,n, €Ny

The operator Op(w) is called a bounded creation/annihilation operator, and
explicitly, we have
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Definition 2.23. Given w € W, we define Op(w) : Fgym — Feym in terms of
representatives by

(Op(w

= mu / Ak o) (ks Ko Kia) 9 (),
manNo

yar=
and we define Op, (w) : Ff, — F,, similarly, with vy, ,w(7), replaced by
’Um nwm n‘

Remark 2.24. The sum here should be understood as described in Remark
2.13.

Remark 2.25. Note that we have the essential identity

|wllw = |0p(w)|l = sup (¢, Op,(w)e).
V,PEFHm
IPll=ll¢ll=1

2.4.1 Wick’s Theorem

In this subsubsection, we compute the product of finitely many bounded
creation/annihilation operators.

Theorem 2.26. Given w? w! € W, we may define w?*#w* € W by

(W H#D) (ko by, kig) (44)
B i Z melmy! nalng! (ng + l> <m1 + l)l'
= .///!V2U-%1:% m! n! l l
UM = mi4r
o '/dk:ﬂv@l(k:fﬂz 2 (ks koisizs ks

1(na+r)
wml—l—l ni (k'//lluj, kJVla kJVQLIZ)

The mapping # : W x W — W is an associative product, and we have

Op(w’#w') = Op(w?) Op(w'),  [lw*#w'llw < [lw?[lwllw!{w-
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Ifw’,...,w! €W, then we have the formula

( J# #UJ ) (k’///,k:/i/,k‘j)

S SRR A ERIHES | eRlN A
“ leN/;/ P m!jzl ”!j:1 I! Jzk>i>1
L.l =
J
u{if s ﬁ(mj+Pj> (”j+qj> [HFlpﬂ'%']
>1 ?
j=1 pj 4a; [Lisksis1 lei!

®l 2 ri+s;)
'/dkf|v (ke Hwmjip]]nﬁq](k///juf@j’k/‘/jue@j?k%uﬂ)’
with

@j: I_l gkj, |_| iz (I)
>i>1

JZ2k>j
J=k>j ]>’L>1
N (111)
JZ2k>j5>i>1

Remark 2.27. As will be evident from the proof, the theorem remains true if
one replaces everywhere W by W* and Op by Op,.

Remark 2.28. The formulas in the statement of the theorem should be un-
derstood in the sense that, for each fixed value of [ € Ny, we fix a set £ with
#.% = [. Other than this, the formulas should be understood in a fashion
similar to that described in Remark 2.13.

Remark 2.29. The formula for the iterated product may equivalently be writ-
ten

Wh )= S E W Wl (45)

J mM,p,n,q
0

sl

m,n,p,qeN

where #;]h@ﬁ’q : W’ — W is the multilinear form defined by

J
H# Wl w0 (ke ke k)
m!p’,rL?q
J J
_y iyt ﬁ(mﬁ%)(nﬁ%) I pyla;!
MU =M m|n' j=1 p] QJ l'
AU UMm=N
Pyl L’?l—

270..02 ®l 2 g(rj+s5) ;
]kag @1k> /dkfh} kjf | me3+p],nj+qj(k% ijakJVU,Z]7k:/ I_Lfﬂ)
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with Z%; given by (II) and

= U 2|n| U 2| (IV)
J2k>j j>iz1
This formula should be understood in the sense that if
l'=pi+...4ps=q+...+q, mi~+...+my=m,n1+...+ny; =n, (46)

then we fix a set .Z with #.Z = [ and interpret the formula in accordance
with Remark 2.13. On the other hand, if the relations (46) are not satisfied,

then we put #2, [w‘] wl} " _ 0. We observe that
m,p,n,q rrtt m,n :
7 J 1 J 1
”m#ﬁq {w oW ] “W S ||me+PJ,nJ+tIJ||W T mel—i-m,m-i-th HW (47)

In order to see that formula (45) indeed coincides with the one given in
the statement of the theorem, note that decomposing . into J(J — 1)/2
sets %, with J > k > ¢ > 1, corresponds precisely to decomposing &
into J sets &, ..., and J sets 2;,..., 2, satisfying Z, N2, = 0 if
k > 1. Explicitly, a correspondence is given by putting %, = 2 N Z; in
one direction, and by defining &;, 2; by equation (I) in the other direction.

Proof. Making use of Remark 2.7, we observe that the statement of the
theorem for general v > 0 follows from the statement of the theorem for
v = 1. We may therefore without loss of generality assume v = 1.

We will first show that we may define w € W? by formula 44, i.e. that
the formula yields a well defined measurable function w,(g)n in the sense that,
for any choice w?,w! € W, the integrand is integrable for almost every
(k.a,ky,kz). In order to show this, it suffices to consider w?, w! >0, since
the integrand in the formula for |w?|#|w!| dominates the integrand in the
formula for w = w?#w'. But then we realise that it suffices to show that
|lwlhyv < oo. Namely, if we have [|w||y < oo and we fix v € £L2(M) such that
v >0 and ||v]| =1 (as we may, because M is o-finite), then we may define
.6 € Faym with 9,6 > 0 and [[¢]] = [[¢] = 1 by 9 = ¢ = 277—Lyen,
But if ||w|y < oo, then

/ dk by dkp 0 (ki kg )0 (B, by b)) (K g
r!

<
\/(m +7)(n+r)!

lwllw < oo,
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which of course implies that w,(nn is finite almost surely. We will therefore

proceed by showing that ||w|lw < [|w?||w]|w!|w when w? w! > 0.
Unraveling our definitions reveals, for any ¢ € Fgm with ¢ > 0, that

(Op(w?®) Op(w")) (k)

lQ + 7“2
= Y my! - /dk: wm ) (ks by, bny)
ma,l2,r2€Ng mQ ’l“

M\ Ta =l p(w")) ) (k gy, ka,)
ny+r r
= Z ma!l;! ((m1 + 7“1 /dki"zdlﬁ/ﬁ Trszlz (kars Kz k)
ma,la,r2 €N 2 2 r
ll?nf,rfGN(? s Wy 7111) (kiﬂl ) k/V1 ) k@l )¢(n1+7"1) (k/Vl ) kz@l )

MoV Ry=d
AT = LU
Decomposing a set %5 LI %5 into two sets .2, %, corresponds precisely
to decomposing %, into two sets A5, P51 and decomposing %5 into two sets
X, M, so we continue our computation with an application of the Tonelli-
Fubini Theorem for positive functions,

niy +no +1)!
_ 3 mgl(ml—i—pgl)!\l (n 412 +7)

ma,la,r2€N (my +my +1)!

n2,M1,P21,T nleNO 2(ma+r)
AZZEL;Z; dk/‘/?dk/’/ldk}ﬂ ma,n2+p21 (k///zv k%u]mu k//lll_l%)
A= L(na+r)
" Wy +par,ma (k///1U93217 kJVla kJVgI.WZ)
+ng+
C @M (B i),

and here we note that first decomposing o/ into two sets .#5, % followed
by decomposing %, into two sets Z,.#, corresponds precisely to directly
decomposing &7 into three sets .#5, M1, %,

ny + ng +1)!
= Z mQ!(ml +p21)!\l ( ! 2 )

|
ma e (my +mg +1)!
ng2,m1,p21,m,n1€Ng

m1+r
”/%Uu/fz};j o /dk«/‘/zdke/ﬁdk«@m Wima,no+pa1 (k///zv k/V2UJ217 k///ﬂ—hf?)
1(n2+r)

Wiy +pa1,m1 (k'/flu<@217 kJVu k/VgI_Wi)

CpUmAn2 T (B ).

33



Here, with [, no, po; fixed, all terms in the sum

ny +ng +17)!
Z mg!(m1+p21)!\l ( ! 2 )

NUPo1 =L (ml + mao + T)'
2(mi+r)
[k sadk i b D (s Kotsin s Fetiiin)
1(n2+r)
Wi +p21,n1 (kJ/hl—lg”zn ke/Vu k/VgI_IPZ)
. ¢(n1 +na+r) (kA/gu/Vl u%) .
coincide, and there are ("QIE’”) terms, allowing us to simplify our expression

further,

_ Z (nz +P21>m2!(m1+p21)!J ((n1+n2+r)!

ma,m1,7€Np Pb21 mi 4+ mo + T)'
n2,p21,m1ENg

MoV M IR =A 2(m1+7‘)
' / dk s dk 4 dk 2,y Wing iyt (Kotty K ro2005 kst i)
1(n2+r)
Winy+parins Kanuzn s koais K asuz)
+n2+
,¢(n1 2 T)(lﬁ/%u/i/lu%)a

which finally allows us to conclude, after another application of the Tonelli-
Fubini Theorem for positive functions, for any ¢ € Fyy, with ¢ > 0, that

(¥, Op(w?) Op(w')¢)

m+r)!
oy Vm + )l

|
m,n,r€ENg T

n+r)!
: [ Ak by i ) (ke r hia) 6 (k)

i (kw kr, kg)

with w defined by the formula (44). But then we have

lwllw = sup [(, Op(w?) Op(w")¢)]
V,$EFHm
lpll=lloll=1

< [[Op(w?)]

FaymosFaym |OP(W) |y Fryen = [[0? [l Iy,

which was what we wanted.

We have therefore shown, for each w? w! € W, that w?#w! € W is
well defined and satisfies ||w?#w||yw < [|w?||wl|w (. But if we now repeat
the argument, this time for arbitrary ¢, ¢ € Fsm and without imposing
w?, w' > 0, then we also find Op(w?#w') = Op(w?) Op(w'). The only change
one has to make to the argument is that one must appeal to the Tonelli-Fubini
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Theorem for integrable functions instead of the Tonelli-Fubini Theorem for
positive functions.
Now, we compute the symbol (w3#w?)#w!. We have

(W H#Hw)# D (ku ko, k)

Z Z "ml‘ a'm <a +p1> <m1 +p1>p |
1!

| |
p1= 0///’|_|///1 m: n: P Dh

AUN = mi4r
/dkjl (WP H#w?) 10,—:-])1(]{;///’ kovz,, k.uz)

1(a+r)
wml—i-pl N1 (k',///luﬁl ; kZ/V1 ) k&?fl_l%)7

where
(w3#w2)£§?n/ (k’lﬂ’a kJV’7 k%’)

. i Z m3!m2! n'g‘n’g' (né + l32> (mg + l32>l |
- n/! 32-

l32=0 M5 tMo=M1" m/| 32 32

JV/Ll /V/ N ’
3(ma+r’)
: /dkfg,g wm37ng+l32 (k://fg,? k/V’IJ_%;;Q) k?///2|_|%/)

2(nf+r")
wm2+l32 nl, (k//QUJ327 kJV' kJV’ %”)

Combined, this yields

(WP H#Hw)#MND (kp kv, k)

_ > m/l(a + p1)!(ma + p1)tnag ! ma!nb!(nf + ls2)!(ma + I32)!
//I/)}Ji;/fggfz m'n'p1 i) m/!(ng + ny)lls,!
AUM=N dkﬂl dkf?&? ms, 'r?, +l312 (ku%:;? k%/ufgzu kiﬂzui///ﬂ_lﬂ)
MU M= M"
NNt 0P . wfé:iz?;zr)( kottastins vy ko mo)
1(a+r)

Winy+p1,n1 (k»///ﬂ—lﬁ’u k%a k,;zil_ll%’)

Before proceeding, we point out that the integrand in this forrnula is
integrable for almost every (k.4, ks, kz). Indeed, if we pick v € F{) with

sym
v > 0,||v]| = 1 and define functions (™ = ¢ = 277=1y®M > () then the
integrand of (w3#w?)#w! is dominated by the integrand of (|w?|#|w?|)#|w?],
and we have

3 / dk gk y i ) (K, k@?)¢("+r)(k/,kz)
mmreto (PPN NG, R s Kz
= (¢, Op((|w®|#|w?|)#|w']) ) <
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by what we have already shown. We are therefore justified in envoking the
Tonelli-Fubini Theorem.

Now we see that first decomposing .# into two sets .#', . #; and then
decomposing .#’ into two sets .#5,.#> corresponds exactly to directly de-
composing .# into three sets .43, #o, #,. Additionally, decomposing the
set o/ LI &7 into two sets A5, A5 corresponds exactly to decomposing o7
into two sets

Ny = NN, Ny = NN
and decomposing &7 into two sets
Ly = P NN, Loy = PN N
That is,

(WP Hw)#D (kg by, k)
Z ms! (ng + l32 + l31) (m2 + l32> (ng + lQl) (m1 + l31 + l21>'n1'

p1,l32€Ng m'n‘plllgz
MU Mo Uty =M Bt )
f/u 3/1/7 /dk;y1 dk”%’? m3,n3+lza+ls1 (k///m kc%ufmufgl, ki/éu//lu%)
U2
LUl =P _, 2(na+lzi+matr)
R Winytaz,nata (ks ks kv o.muz)

1(ng+na+r) ]
Wiy 431 +la1,m1 (k‘«//fl\—lfiﬂ\—lg21’ k:/V17 kZ/V3L|</V2|—L%)'

Once again, we may directly decompose .4 into the three sets A3, 45, A1,
thereby removing & from the summation. If we then envoke the Tonelli-
Fubini Theorem for integrable functions to make the substitution

)> — / Dy 5 S [ dkz,
Ior Uy

l32,l31,l21€Np plENo 1=0 l32,l31,l21 ENg
L31UL 1= «]1 I32+131+l21=]
followed by the substitution

o0

1
> ey [dke =Y Y ] ke
1=0 l32,l31,l21E€Ng “32°*31 21 1=0 L3 L3 ULo1= :
l32+131+121=1

we arrive at the conclusion

(W) #)D (ka ky k)
. Z ms!(n3 + Isg + I31) (Mg + I32)!(n2 + 121)! (M1 + 31 + lo1) !0y !

In ]|
Pl - m!nll!
M3 Mo M 3(ma+my+r
JV:;UJVQQU /1/11 JV dkf wm:} n3+l32+131 (k///:a? k/i/;),ua(f32ua(f31, k///zu//huﬂ)
LU L\ UL = 2(m1+nz+r+li31) k k k
* Wino 430 motlat ( MU L2 5 NN Loy 5 ///1|JJV3|J%U5/31)

1(n3+na2+r)
Wi +l31+l21,m1 (k<///1un(f31L|f21 ) k% ) kJV:sUL/VQU%) :
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Inspection reveals that this formula coincides with the formula of the theorem
for J = 3.

Finally, we derive the given formula for w’/# - - - #w?' inductively, by defin-
ing w/# - Fw! = w/F#(w! 14 - - #w!). Notice that due to how we put the
parenthesis, even the case J = 3 has not yet been covered at this point in
the proof.

It is straightforward to check that the formula given in the statement of
the theorem for arbitrary J > 2 agrees with the formula already derived for
the special case J = 2. Assume therefore that the formula holds true for fixed
J > 2, then we prove that it holds true for J+ 1. Note that the first step, i.e.
when we go from J = 2 to J + 1 = 3, thereby computing w3#(w?#w'), takes
care of the proof of associativity of the product, since we already computed
(w3#w?)#w! and observed that the result coincided with the formula given
in the statement of the theorem.

Fix w/t ... w' € Wand let © = (w/# - - - #w") be the symbol defined
by our induction hypothesis. Then we may employ our formula for J = 2 to
compute w = w/ T #w, ie.

W (ko ky k)
3 my!(ny1 + qre)(a+ qr)in'!

In! |

47+1€No mmn:qj+i:

My U =M {J+1} a+r)
Ny UN =N / Ak oy, Wiy es gy Bt s a0, Kaug)

~(ngt1+r)
Dopgrrm Kavos kv ko o)

Noting that

HJ 1(my + pi)l(n; + g;)!

m!n!l!
1 min! L (me 4.\ (s +a.\ | TT- pilg,!
_ =1 TRty H( j pj)( j q]) j=1Pj*4;
we have from our induction hypothesis the formula
oD (ks ey, )
_ Z Z H}]: (m +p]) (TL] +%)
V=0 O = m/ 11"t
/VJu u/1/1 N J (T +s)
|_|J>Ic>z>1 L=< |:/ dk$,:| wm +IJ i+ (k//fll_l]/ k/‘/l_,e@], k'%/uy/>

J=1
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where, for 1 < j < J, &}, 2;, respectively, is given as in formula (I) for
P, 2;, respectively, Z/ is given as in formula (II) for %Z;, with .#; replaced
by .}, and .7 is given as in formula (III) for .. All in all,

Wi (k.pr ks ki)

/
_ >y my!(ng + qre)(a+ qr)in'!
o In! |
//;11+1,l’€N<)/// ; mmn.qj41-
. J+1|_J.577:, m N
gzt s (mg 4Py + g5)!
AU ] = ﬂu,zzﬂ (a+ qyypqp) N
/Vu |_|/V
J lek dkj {J+1} a+1”) (k’ k} k’ )
J>k>i>1 i mJ+1 MI+1+qT+1 %J+17 </VJ+1|_1,O.2J+17 AR

r +s )
/dklf’ Wit sty b (k.auzs kyue;, kasr)-

Firstly, instead of first splitting the set .4 into two sets .47, and A",
and then splitting A4 into J sets A7,...,. 4, we may directly split .4
into J + 1 sets AJ41q,...,.4. Secondly, splitting the set &/ U 2;,1 into
J sets A, ..., M| corresponds precisely to splitting the set &7 into J sets
My, ..., A and splitting the set 2., into J sets L1 7, ..., Ly411. The
correspondence is given by

My = M;N, L= MN2D

in one direction and by .#; = .#; 1) £, ; in the other direction. We note
that

(@jzﬁﬁuﬁfjﬂd, .///]{:.///]-LIXJHJ,
Ry =R || Ly, Si=S0 | L,
§>i>1 j>iz1

where, for 1 < j < J+1, &;,2; is given by formula (I), #; is given by
formula (II), and .%; is given by formula (III). In particular,

MNP = MU P, RS =R U,
These remarks reveal that

W) (k. kw, k)

= 2

HJ+1 (mj +pi)H(ny + ¢;)!

m!n! 1
q7+1,I'€Ng 97+
Myi1U.. U//fl— 1)
Nyl U= dk«JJH mJ+1,nJ+1+QJ+1(k//[J+1’kf/‘{f+1'—'31+1’ij+1)
Lyp1,0U..ULy 0, 1—3J+1
I_I.]>k>1>1 ki= J(ri+s;)
/dki” meﬁpg,nﬁqg k///juy]-,k?.%ugj,k@ju%)-
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In this expression, we make the substitution

1 > 1
) TP JEZPRUED SRS SR K
Ggj+1- Pk

U,q7+1€No =0 | Li=
J+1zk>iz1 “ki
Ly, g4 UL 1=251
ot
|—|J2k>i21 Lyi=2Z

and thus arrive at the end of our induction step. Here, we once again invoked
the Tonelli-Fubini Theorem for integrable functions. O]

Combining Theorem 2.22 and Theorem 2.26, we obtain the following
corollary.

Corollary 2.30. The space of bounded creation/annihilation symbols VW with
semi-norm ||w|| = ||lw|lw and product w*w' = W?#w' is mapped to a Banach
algebra under the quotient mapping defined by w? ~ w' & ||w? — Wy = 0.

2.4.2 Summable Creation/Annihilation Symbols

Throughout this subsubsection, X denotes a metric space.

Definition 2.31. Let w : X — W be a mapping into the space of bounded
creation/annihilation symbols. We put

W (ko by ks @) = w(@)0) (ko by, k),

and define symbol valued symbols

mg?n(k//a kv, ka; x)iwu) (b by by ) = ngzlz)nﬂ(k///u%, kyiy, kauw; x).

Any w € W may be considered a mapping w : X — W with X = {x}
the one-point set. If w € W, we also use the notation mﬁ;;}n(kj,, ky, kaz) =

N

Definition 2.32. For w € W, we define

lwlws =D 4" [lwuellw,
u,vENQ

and denote by W* the Banach space of all w € W for which the number
lw|lw= is finite, where we, in the standard way, identify w! with w? if we
have [jw! — w?||)y» = 0.

For nn > 0, the space of summable creation/annihilation symbols, denoted
W,]E’X , is the space of all mappings w : X — W which additionally satisfy
boundedness of the norm

|wllyysx = Z n~ " "sup  sup ||m£2?n(/€///,k‘/,k‘g;$)”w2.
m m,neNO reNp k‘//t,k,ﬂ,k‘%,m

Finally, we let Wy = W)»*, with X = {x} the one-point set.
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Remark 2.33. Tt follows from Lemma 2.22 that if (w;),en is a Cauchy sequence
in W*, then there is w € W such that w; — w in W (where we abuse
notation in the standard way, and also denote by w; an arbitrarily chosen
respresentative of w;), and it follows from Lemma 2.21 and Fatou’s Lemma
for sums that we have

lwllye < liminfljw s and  [|w; — wllyye < Hminfljw; — wilf)y=.
l—00 l—00

Thus, W” is indeed a Banach space.

Remark 2.34. We have introduced the parameter n > 0 in order to obtain
pointwise control over the symbol w. Explicitly, we have

W s B s )| < (008, (R Ko B )50 < ™ [y
Remark 2.35. For w € W,IZ’X, we have
10p(w ()] < [lw(@)w < llw@)lhws < flwllyyzx.

In this sense, the parameter n which provides us with pointwise control over w
is not related to the control of the operator norm. In previous presentations,
a similar parameter was often introduced, and the condition 7 < 1 imposed in
order to obtain nice control over the operator norm and the norm of products
of creation/annihilation symbols, but the condition n < 1 is unnecessary in
the framework discussed here. This is one way in which the norm defined
here differs essentially from the norms previously studied in the literature.

Remark 2.36. Another way in which the summable creation/annihilation
symbols differ from spaces commonly studied in the literature is that we
do not impose the support condition, which is the condition

) (kb k)
= Lyar(eymtn <1y (ko k) Lar ) ner <1y (kw s ki) (Ko, e, Kig).

Lemma 2.37. For eachz € X, let (w;())ien be a sequence in W°. If we have
pointwise convergence (wl)(r) (k. ko, ka;x) — WO (kg ki, ka;x) for all
m,n,r € Ny, then we have Hw||wz,x < liminfl_melHWz,x.

n n

Proof. We have, for fixed m, n,r, u,v,w, (k. gz, ks, ka;x), the pointwise con-
vergence (ml)mn(k;//,k/y,k@, ) — t’o(’” (k.a by kg 2)®). Then Propo-
sition 2.3 ensures that the convergence also happens locally in measure.
Lemma 2.21 therefore ensures that

10" (k. kr s ke ) < hmmf||<ml>mn<k//,m,k/, Tuwllw,

and Fatou’s Lemma for sums ensures that ||wl[,,sx < lminf;.[fwi[,)sx.
n n
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Theorem 2.38. W~ is a Banach space.

Proof. Let (w;)eny be a Cauchy sequence. From Remark 2.34, we see that
((w)%) (k. kv, kz, ) )ien s also Cauchy. Denoting the corresponding limit
point by wﬁ,’;}n(k%, ky,ka,x), it follows from Lemma 2.37 that

ol < liminllorlyysox,  llo =l < lminflo; — ol

For the next theorem, recall the notation introduced in Remark 2.29.

Theorem 2.39. Let w',...,w’ € W and let w = w/# ---F#w' € W. Then

w), (ko by k)l

J Am 1 (mj+“j) (”J +UJ> J (mJ+“]+P]> (”j-‘rvj-‘rq]')
. Z H]:l m]'nJ' uj ] [H q;

_ m!n! (m+u) (n+v) (UJH)J) (vj+qj)
AT w/N = AR

= J
pr Sy I (kg b 100 (kg kg g )]0
# [mmJnJ( My VAT jJ) mm1 nl( M5 VN jl)]uv’
pJ,---p1E€Ng W,0,0, ’
qJ""qleNO

with Z; given by formula (11). In particular, ||w||W;zn,x <47 1||aﬂ||wzx
Remark 2.40. Introduce the notation

Wit uno (ks by biz) = Op(w() (K, kv o)),
which in the notation of Remark 2.16 may be written as

Wf,fu no K Ky kz)

= /dk%dk‘% a* (ka )o=" (ke )00 (Kar Ken s ko (b oy )02 (Ry ) a(liy ).
If Q= (1,0,0,...) € Fiyym denotes the vacuum vector, then we have
bt d(r) (0)
#g [tor.7: nJ(/’WzJ, koaykay)s 00 (ks ko ka)og

QH Wi By by kea))Q),

0,

where H;I:l a; = ay---a;. Then the case u = v = w = 0 of the theorem
reveals that w is the symmetrization
1 A (7
wfﬁ,)n(k//z, ky, k@) = — Z wﬁn?n(k‘a//;, ij’ k’%?)

In!
m:n.: 0ESm TES

61



of the function (which is already symmetric in k)

A (r m; +p n; +q
o0 (kg k 7 kg) = > H ( ! ]>< ’ J)

mi+..+myj=m j=1 pj QJ
ni+...+nj=n
P1,---,pJ ENo

](T . _
a1,a7€No . () H m]fpwnj,q] //pkl/vjakr%j)g%

where A = (M, ..., M), N = (N},..., M) and
'%7] = (%7"'7%—&-17%—17%17‘%?)'

Thus, the theorem presents a direct generalization of a result due to Bach
et al. [4, Theorem A.4].

Proof. Due to Theorem 2.26 and Remark 2.29, we have the identity

W (kb ka) ) (kv oy

e [t e )
e (m + u)!(n + o)

M. A=

I dk
”Z/JL’...H@/l_O]/ ' L
Yl U=

PyU. U2 f

Q U.u2,=%¢
PN2;=0,k>i

with the placeholder notation

0% (k)P0 3;)15 sk by by, ky ky)

wfngpzl salka ko ku by, ky)

J(rj+wj+s;)
- Wi +psns+vj+a; (k%j wzL2;5 Kaurue; s Kaurug, )

and Z; given by (II), .#; given by (IV), and

J=k>j 7j>1>1

The first formula of the theorem now follows from another application of
Remark 2.29.

It remains to derive the inequality. Recall first that we have the inequal-
ity H}']:1 (mﬂu”:uﬂ ) < (m;r“), as follows from Vandermonde’s identity. Further-

(m+u+p)
more, we have (uip)
P

— (iﬁ%xiz)' < (mﬂ’) In order to see that this last
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inequality holds true, note that if u > 1, then

(m+u—1+plu—1!  (m+u+p)ul
(m+u—Dlu—=1+p)!  (m+u)(utp)
_(m4u—1+p)(u—1)
B (m +u)!(u+p)!
~(mtu—1+p)(u—1)
IR

[(m +u)(u+p) — (m+u+p)ul

We conclude that

(W) Op, (00 (kg by, ks 2) )T

B e

Dy Dpj

u
ijr...J’rvl:v ) HHW’%J%J (k//l 7kJV7 kl’w )uj“!‘pjyvj"!‘Qj“W'
qJ,.--,92€Ng Jj=1

Recalling the bound (m;rp ) < 2™*P we find

[0 (kg kv kg )|y

4J 12m+nH m:ln
< ¥ T JHHmfn?%J AL ] e

My Dt =M min!
JVJLl...LL/Vl:JV
which implies the inequality HWHWQXX < 47— 1H _q||w? ||W2X ]
n

2.4.3 Smooth Creation/Annihilation Symbols

In various applications, it is useful to impose various regularity conditions on
the space of symbols. In the following examples, we discuss simple types of
regularity conditions. We will use the notation W;? for a subspace of WUE’X
(possibly with a stronger norm) corresponding to some extra regularity condi-
tion, and refer to the space Wg as the space of smooth creation/annihilation
symbols.

Ezample 2.41. Consider the subspace WS € W»¥ consisting of all w € W»¥
such that w: X — an is continuous. If (wl)leN is a sequence in VV8 and we
have w; — w in W»*, then we have wi(z) = w(z) € W) unlformly, which
ensures that w € VV‘9 Thus, ]/V8 is a closed subspace of VVE X,
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Example 2.42. Suppose X = O C C” is an open set. Let W? denote the
space of all w € W)»* such that the mapping w : O — W is analytic.
Now, if (w;)en is a sequence in W;? and w; — w in WHE’X, it follows that
w(x) — w(z) uniformly, and therefore that w is analytic. Thus, WY is a
closed subspace of W?X .

Since the map (w”, ..., w') = w/# - #w! is multilinear, we find from
Theorem 2.39, if w”, ..., w' € WY, that w/# - - - #w' e WY,

2.5 Frohlich Polaron Model

In this subsection, we apply the framework of bounded creation/annihilation
symbols to the spectral analysis of the Frohlich polaron model. Specifically,
we compute a certain term which appears in relation to a Feshbach reduction,
reducing the Frohlich polaron model to a generalized Friedrichs model [25].
The argument is a refinement of a method employed by Minlos [28] and
Angelescu et al. [2].

2.5.1 Smooth Creation/Annihilation Symbols

The following class of smooth creation/annihilation symbols is useful in rela-

tion to the Frohlich polaron model. Suppose M = R? and let X = O C R” be
an open subset. Let Wg C W,]E’X be the subspace consisting of all w € WUE’X
such that, for m,n,r € Ny, the mappings

(k//,k{/,kg;x) — mﬁ,’;?n(k///,k//,kg,x) e W= (48)
have two continuous Frechét derivatives, endowed with the norm

HC"')H’VV,%9 - Z U_m_n Sup max sup ”aamg?n(k///ak/i/akﬂvx)”wzv
m,n€Ng reNo [a1S2 k4 ky ko x

where o € NI+,

Letting (w;);en be a Cauchy sequence in WT’? , Theorem 2.38 implies exis-
tence of w € WWE’X such that w; — w in W,]E’X . Furthermore, it is a standard
result that m%?n(k%, k y,kg;x) is twice continuously differentiable, and that
we have

0% (1)) (ko ky kg ) = 0°0) (ki by, kg )
in W*. A combination of Lemma 2.21 and Theorem 2.22 ensures that

100 (kg kv kg ) s < liggf\lé’“(mz)%?n(w, ko, ka;x)llws,
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so that we find [lw|lywe < liminfi,ollwi|lwe, and therefore w € WY, and
similarly w; — win )/V8 We conclude that Wa is complete.

Ifw/ ... whe )/Va we find from T heorem 2.39, since # o, 1s multilin-
ear, that w‘] # #w € WQU, and

o3t - Fw g < T4 1HHwJHw6 <2-8"7 H||wj||w8 (49)

Jj=1 Jj=1

It can be quite laborious to verify explicitly that a symbol w € VVE X lies
in VVa For the class of smooth symbolds Wa considered in this example
there is, however, a simple set of conditions ensuring that w € )/Va which we
will now describe.

Definition 2.43. Fix m,n,r € Ny. Let f{%) : ROntntndtatd 5 Rlutvtw)d
C be a triple sequence of functions. With the notation k = (k. 4, ks, k#, ),
q = (ku,ky, ky), suppose fl(;’j)) is three times continuously differentiable in
k, and denote partial derivatives with respect to k£ by 0f'. Suppose that there
are constants C, ¢ > 0 (independent from w, v, w) such that

LTk — K] < 6, then | F&)(K, q)] < CL() (k, )]
2. If |o| < 3, then |8a ( q)] < C’|fl(tf‘7j)(k:,q)|.

Then we say that the family (f{%)

D) uwwen, 18 self-controlling.

Remark 2.44. Tt is straightforward to show that if h(") ¢*) are two self-

’U,U’ u,v

controlling families, then huwv) gqfw) is a new self-controlling family, and if

h(w), q! v) > 0, then \/hgﬂ), 1/ hgwg and hz(j‘;) + g&f’jj) are also self-controlling

u
families. Tn our application to the Frohlich polaron model, we will consider

combinations of the form

u v - 1/ gu 'U
with huw : gu ) two self-controlling families.

Lemma 2.45. Fix w € WnE’X and m,n,r € Ny and define a family of func-
tions

FN (K by k@), (B vy ko)) 2= b o (ki s kvt ks ©).

If (f$))uowen, is self-controlling, then w € WY,
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Proof. We find, if |k’ — k| < 4, that
K q) — f2) (koq) — Y0 088 (ke ) (K — k)°|
la|=1

< Y0 sup |0 (K + (1= t)k, q) — O (k, q)| |k — K|

laj=1 0<t<1
Z Z sup la‘lﬁﬁfﬁ‘ﬁ(tk’+(1—t)/<r7q)||l~ﬁ/—/f|2

o<t<1
< ((m+n+r+1)d+2)>C?f) (k;,q)Hk;’ — kJ%.
If we define, for |o| =1,
(003 (ks b b, ) (R ey By 1= 000 (Rog) (50
and put C” := ((m +n +r+ 1)d + 2)2C?, we conclude, if |k’ — k| < ¢, that
05, (') = vl (k) — D7 0%l (k) (K — k)l
=1

<K = KPC" [l () s < K = KPC" [wiD, s,

which ensures that mgnn is differentiable in the Frechét sense. The second

order of differentiability and continuity of the second derivatives are obtained
similarly. We note that formula (50) holds true whenever |o| < 2. Finally,
we find

HWHW,?: Z n ™" sup max  sup Haamﬁ;?n(k/{,k,/,kg;x)]\wz

m,n€Ny re€Ng |or|<2 kg kv kap,x

<C > n™"sup  sup ||mm?n(ki///,]€&/1/,k?@;[)3)||wz

m,neENy r€No k_y kv ka v

= Cllwllygx < ox.

and therefore w € WUE’X . O]

2.5.2 The Feshbach Operator

Recall that for the application to the Frohlich polaron model, one considers
the Birman-Schwinger operator By g¢ = g(bg¢ + b ¢), where

. dkpi1 (n 4+ D)Y20(kp )0 D Ky, )
(bE,ﬁw)( )(klu te kn) = / +1(n) +(1n+1) x

n —1/2 v(k; )W 1 (k;l,... ki k)
TUS ks k) USY (Ryhy e k)

Y

(U ) (ko k) =
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and the notation l%j indicates that the variable £; is omitted. Here, we denote
by U g@ the function

Uik, .. k) = (|§ ki —...— ko> +n—E)Y2  forn>1,

while UY) = [3[¢2 — E|"2 if 1|¢|* # B, and UY) = 1 if }|¢]? = B. Further—
more, we denote by P, the orthogonal projection onto ]:S(;ﬁ) =®, ]-'S(;Ql

and by BgE{ = P>2B9E§[~ (>2) .

sym

Recalling Definition 1.15 and Corollary 1.17, the operator 1 — B, g is
invertible when ¢ < 1/6L_;, and we may therefore consider the Feshbach
map of Jg¢ — By g ¢ With respect to P<1 The Feshbach operator, Fy, g ¢, acts
in the direct sum space F&D = FO @ F a5 a block operator matrix

sym sym sym
o [senGlEP - B) —9br¢
9B - —gbi 1= g*bpe(l — Bype) 'bpe|

In this subsection, we wish to determine the form of the operator

§*PWbpe PEI(1 = Bype) ' PEIb, PY = 37 g?PWbp e By by P,
J=2

along with some of its properties. Here, P(") denotes the orthogonal projec-
tion in Fyym onto ]:Sym

We first define X = (—go, go) X (—o0, 1) x R? for some gy > 0 to be chosen
later. We let w = w; o + wo 1, where, for r > 2,

—(r) . . 9
w *7k:L 7k02ag)Ea§ = )
0,1( N K ) Uéi)g(k%)U(T-Fl (k/u@)
g

—(r) . =
wiolka, x ka9, E,€) = Ugf) (/f///u%)Ui(«Jr){(k%") '

Furthermore, for fixed E' < 1, we let

1
UL (k) U (k. yin)
1

USL(k aua) U (k)

According to the proof of Lemma 1.12, &(g, F,&),b(g, E,& | E') € W,

Y

b&%(*a k/VakPZag7E75 ‘ El) =

bg}())(k///7*7 k%ag,E,f | El) =
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and we have
PPIB, 5 PP? = Op(a(g, E, €)),
P(l)bE,g = Op(bo,l(ga E,§ | E))?
bEfP(l) = Op(brolg, E, | E)).

It therefore follows from Theorem 2.26 that gzP(l)bE@B;’ggb*EfP(l) is a
bounded creation/annihilation operator with symbol w;(g, E,¢ | E), where

WJ(ngag ’ El) = 92b0,1<gaE7£ ’ E,)#@(ELEvg)#(Jiz)#bl,0<gaE7£ | EI)?

Furthermore, w;(g, E,& | E') = 0 unless J € 2N, and wy;(g, £,€ | E') only
has two nonvanishing terms, one with r = 1,m = n = 0 and one with
r=0,m =n =1 and it follows from Theorem 2.22 that

w(g7E7£|E/):ZW2J(97E7§’E/)GW_ (51)
J=1
In fact,
o
W (k: B oy 9 Mype(k)
(A)0,0( ) 797£| ) %|§_k|2_’_1_El
2
G*Cy ek, k
win (k1 ko B, 9,6 | B') = —5 sl o 2 ,
UE’,E(I{;1>UE/7§(I§2)
with
- g2(l—1) ) 2 . ,
MEE(k) - /dkyw (kff” N O
g l% - =2 T (ks,)
|—|21>k>¢>1 L=<
where

D =% U |_| Lis
2A>k>j>iz1

and the sum is further restricted to run only over those integers which satisfy

d]>27 p]+q]:17 pJ:07 QI:O7

where p; = 3" ok lkjs @5 = 21 i Similarly, we have

21 20—1
g l 2 1
Copelku ky):= [/d/fz 0¥ (kg)|* - —
g 2 o I
M. M =M

Agu..UM=n

|_|zz>k>z>1 Lei=2
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with m =n =1 and

oL ool ]

J2k>j>i>1 Jzk>j >i>1

and the sum is further restricted to run only over those integers which satisfy
dj>2, mj+pj+nj+qj:1, mJ+pJ=0, n1+q1:0,

where p; = 3 jops kg @5 = 2z biie

We now observe that (k;g, E,§) — Mg,Eé and (k1,ko; 9, E,&) — Cype
are both twofold continuously differentiable. In fact, the symbols w and b
(for fixed E/ > 0) are constructed in accordance with Remark 2.44, so due
to Lemma 2.45, it suffices to show that they are in WnE’X. We provide the
argument only for w, since the argument for b is very similar.

In order to see that w € WWE’X , note first that

ot e, n+v(k//ll_l%7 kyiuy, kauw; (9, E,€))

< @£1+un+u(k/zu%,k/m%k% (9,E,6 =Y kj)
JER

which implies

sup  sup Hl‘ﬁg)n(k//, ks ka;x)|lws
reN k_//[,kk/v,k@,x

< sup ||t57(2?n(k///,k/=*§$)||wz‘
k‘//lvkﬂ

But then we find
1&]lyys.x < sup[5)(x, %, % )|y
i rxeX ’

7l sup [[RS (% kyx @) s
keERd zeX
_ — (0
b sup [k, x @) s
kERd zeX

0 240

2
\ SupHBg’EgH + z GQQL 1 + 7

We are now ready for the

Proof of Theorem 1.20. According to formula (49), we can pick go sufficiently
small that the series (51) converges. It follows, for fixed £’ < 1, that
(ka ki, ka; g, E, &) — w(g, £, | E') is twice continuously differentiable,
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which implies that (k;g, E,§) — MQ,E@ and (ki,ko;9,E,8) — Cype are
both twice continuously differentiable.

Note that the mapping (E, k) — —[ng(k;) —g*M, (k)] is jointly contin-
uous, and strictly increasing in £. Furthermore, since it is twice continuously
differentiable, it is easy to check that it is strictly convex if |g| is sufficiently
small and that it is also unboundedly increasing for large |k|. Thus, the
function

Ew— Npei=— mln[Tgé(k) — ¢*M, me(k)]

kERd

is well-defined, continuous and strictly increasing. Define

M, (k) == THL(k) — ¢* M, pe + \.

Since My g ¢(k) is strictly convex, any minimum point is necessarily unique,
so by the arguments above, it has a unique minimum point, k,;,. Putting
f(t) = My pe(thk + (1 — t)kmin), we find f(0) = f/(0) = 0, so if we denote by
[Hilji = 82];;’773&(@ the Hessian of M, p¢ at k € R? Taylor’s formula with
remainder ensures that

1

My pe(k) = /o (k — Fmins Hips (1—t)kmin (K — Kmin)) (1 — t)dt.

Noting that 1/2 < Hj < 2 in the sense of quadratic forms, we conclude that
we have 1|k — kpw|? < M (k) < |k — Kin|*-

It follows by construction that if £ < 1, then F, g, is the Birman-
Schwinger operator corresponding to the choice of operators

1
T = diag(5¢[* - BE.TH)), H = A,

at A = /\g,E,f' ]
We may also give the

Proof of Lemma 1.24. We first consider the monotonicity and continuity as-
sertions for £ +— A\, g¢, along with the existence and uniqueness of Fe.

Noting that the mapping (£, k) — —[Tg) (k) — g?M, ¢ (k)] is jointly contin-
uous, and strictly increasing in E, the function

E = Ay =~ min[Tig (k) = g My, (k)]

is continuous and strictly increasing. For g = 0, we have \gp¢ = F — 1, so
Eess = 1 is the unique number E < 1 such that A\ g = 0. If g # 0, then

o1 - -
Agie = —min[=|& — k> — ¢* M1 ¢(k)] = g° My (€) > 0.
keRd 2
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On the other hand, if we plck E sufficiently negative that E < g M, g ¢(k)
for all k£ € RY, then Ag.pe < —1. By continuity, there is a unique Fe < 1
such that \; g, ¢ = 0.

It remains to obtain the expansions in g. Evaluation in the minimum
point ki, of the derivative of the function My g ¢ yields

dq\v 5 kmln_ ) 4 (2)
Fin = €+ g / e kmm s 0 (I,

Noting that, since v is reflection symmetric,

dq ‘U(Q)P(f - kmin - CI) o dq ‘U(q)Pq oy )

the expansion of k., follows.
Second, evaluation in the minimum point ky;, of the function M, g, ¢
yields, noting that A = 0,

dq|v(q)?

_ 2 4 57(2)
eSS a ’5 kmm‘ e g / |§ - kmin - Q|2 +2 - Eess * g Mg’E7£(k).
Since
1|§—/€ . ‘2+1_/ dq92|’U(Q)|2 _ 1_g2/dQ|U(Q)|2+O(94)
2 - %|€_kmin_q|2+2_Eess %|Q|2+1 ’

the expansion of F. follows.
Third, evaluation of M, g ¢ in the minimum point K, yields

dq lv(q)|? 477(2)
—qg°M k).
min_q|2+2_E g 97E7§( )

1
:ff—k‘min2+1—E+)\—g2/

Using the expansion of E., we obtain the expansion of \.
Similarly, the expansions of M and eq follow from the expansion of A\. [J

2.6 Spin Boson Model

Throughout this subsection, M = R? and e(k) = |k|. We will give a very brief
overview of selected results on the spin boson model and then give an outline
of the remainder of this subsection. We denote by v € L*(R?) the coupling
function of the spin boson model. In order to ensure self-adjointedness of the
spin boson Hamiltonian, we impose the condition e~ 2v € L2(IR3).

Over the years, many papers have been published on the spin boson
model, and we will not attempt to give a thorough historical review. We are
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mainly interested in the application of the operator theoretic renormalization
group method to the spin boson model, and our choice of works mentioned
below reflects this. For further references, see those contained in the works
referenced below.

Bach et al. [4] introduced the BFS operator theoretic renormalization
group method, and applied the technique to a model of an atom interacting
with a massless boson field. The renormalization map consisted of a Fesh-
bach projection combined with a suitable rescaling. Non-differentiability of
the spectral projection 1jg1)(H) of their Hamiltonian H, made the analysis
technically difficult.

The difficulties related to non-differentiability were overcome by Bach
et al. [3], with the introduction of the smooth Feshbach map, which allows
one to replace the sharp projections of the Feshbach method by a smooth
partition of unity. They demonstrated that the operator theoretic renormal-
ization analysis is vastly simplified from the technical point of view if one
makes use of the smooth Feshbach map instead of the Feshbach map. They
applied the new framework to the infrared regular spin boson model, and
proved that if one imposes the condition e 717y € L*(R?), with a > 0, then
there is a ground state in the weak coupling regime.

Later, Hasler and Herbst [20] gave a treatment of the infrared singular
spin boson model, imposing the condition civ € L>(R3). Note that this con-
dition is weaker than the condition e 'v € L?(R?), but it is strong enough
to ensure e~2 v € L2(R?) for all € [0,1/2). For their proof, it is essential
that the interaction of the spin boson model has no diagonal terms. It was
remarked upon by Hasler and Herbst [20, Remark 2.2|, that they expected
that, with a different choice of norm, one would be able to relax their con-
dition e2v € L®(R3) to the weaker condition e 2 v € L2(R3) for some
a > 0. The method employed by Hasler and Herbst was a modification of
the operator theoretic renormalization group method based on the smooth
Feshbach method of Bach et al..

In this subsection, we will pick a norm which allows us to treat the case
v e LAR3),e 27 € LA(R3),a > 0, thereby verifying the expectation of
Hasler and Herbst. For a concise treatment of the smooth Feshbach map,
see the paper by Griesemer and Hasler [17].

Abstractly, the analysis we present is essentially the same as the one given
by Hasler and Herbst. Technically, the presentations differ slightly, since we
apply the framework developed in Subsection 2.4. In the first subsubsection
below, we carry out a preparatory Feshbach reduction in accordance with
the procedure of Hasler and Herbst. The second subsubsection below deals
with the contraction property of the renormalization map.
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In the final chapter of the thesis, an abstract account of the spectral the-
oretic renormalization group is given, which, coupled with the contraction
property that the renormalization map is shown to have in this subsection,
suffices to give a proof of existence and uniqueness of the ground state eigen-
value of the spin boson model in the weak coupling regime.

2.6.1 Smooth Creation/Annihilation Symbols

Throughout the subsection, we will consider the following class of smooth
creation/annihilation symbols. Let X = [0,00) x X, with X = O C C”
open. Consider the subspace Wf? C WHEX consisting of all w € WWE’X such
that:

Wi (kg by kit 8) = WO, (kg kit + dU(e) 7 (ka), 2), (52)

such that the mapping = — w(x) € VVnE is continuous, such that (for fixed
& € O) the mapping [0,00) 3 ¢ — w(t,Z) € W,” has one continuous Frechét
derivative with a one-sided derivative at ¢ = 0, and such that (for fixed t > 0)
the mapping O 2 7 — w(t,z) € an is analytic. We impose additionally
finiteness of the norm

lwlhws = lollyox + [10elyzx.

and note that it is a standard result that W;? is complete with respect to this
norm. Furthermore, it follows as in Example 2.42 that, if w”/, ..., w! € Wg ,

then w4 ! € W, with o'+ 30! lag < 477 Ty o7 ag, and
we have the Leibniz product rule

O[w?#w'] = [Ow]#w! + W #[0w']. (53)
Due to equation (52), it is consistent to write
Op(w0,0<07 j)) = w(()(,)g (dr(5)7 j)? (54)

where the right hand side is defined in terms of the spectral calculus. Fur-
thermore, we have

0 ~ 0 ~
lwoollws = suplewto(t, )| + sup| Al (t, 7)]. (55)

t, t,T
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2.6.2 Preparatory Feshbach Reduction

Let M = R3. The spin boson model is defined in the space Fyym @ Feym by
the Hamiltonian

H;m_E:lz O]JrldP(a) 0 ]_mg[ 0 @(v)],

00 0 dI(e) o) 0
where v € L2(R?), ®(v) = a(v) + a*(v) is the field operator and (k) = |k|.
We assume that [|(1Ve27)o| r2(m) = 1. Here, v is fixed in accordance with

remark 2.7, g€ Cis a dlmensmnless coupling constant and £ E C is a spec-
tral parameter. We have ®(v) = Op(w), where w; O(k; k) = wo 1(k kz) =1,
is a standard creation/annihilation operator in the sense of Subsection 2.3.
That is, w € Wi @ Wi, and [Jwl[yys < 2[|(1V e72)v| z2(a0). We find from
Theorem 2.18 that H,, is self-adjoint on the domain D(dI'(¢)) & D(dl'(¢)).

If |EF| < 1/2, we may consider the Feshbach projection to the second
factor. We find the effective Hamiltonian, acting in Fgym,,

Hyp=dl(e) = E — g*®(v)(2 +dl(e) — E) ' ®(v),

Defining standard creation/annihilation symbols, in the sense of Subsection
2.3, by

O (ko by kat, g, B) = 09 (kay,kyit +d0(e)" (kz), 9, E),
(

4O [ [ dklo(b)? k()
t,g, F) =
woo(ts g, E) 9[ 2+t+ek)—E J 2+¢ek)—E|’
(0) g a
wll( 1451, 3, ) 2+t_E+2—|—t—{—€(k’)+5(Q)_E’
2 2
Ok, git, g, E) = ~ 0 ;
ok ait, g, E) = 5 Yrtte(k)—F  2tt+e(g)— B

and @é?%(k,q;t,g, E) = @5?8(k,q;t,g,E), we have, by Theorem 2.49 the for-
mula

ﬁgE=dF<> AgE—Op< (0 9.E)),

+

on Dy, and the extension to D(df(s)) is unlquely determined by continuity

with respect to the graph norm, according to Theorem 2.18. We have

g°(m +n)!
mln!

n

[1 + dF(l N 5)(n+r)(kWu%)]—§.

m
2

[14d0(1 A )™k guz)]”

~X
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Therefore, by Theorem 2.18, we find @(¢, g, E) € W. Specifically,

~ ~ (0 _1
(6,9, Blaolw = suplafi(s + £, B)| < 2l elaqun <
. 1
H(W(t,g, E)m,n)m+n:2HW g 492“(1 Ve 2)””%2(/\/{) < 4927
where the second bound is a consequence of Theorem 2.18. In fact, we find
that @ € an for any 1 > 0, with the bound

3 o (m+u+n+wv)l 44t

m4n+utv=2 g (m + u)‘(n + U)' nm+n .

1@, 95 E)mn)min=allws < (56)

We now observe that, since g\, g = 1+ O(g?), the mapping \;(E) = \j g
is bi-holomorphic from the set A;l(Dl /1) to the set Dy ,4. More precisely,

Lemma 2.46. Let A : Dy — C be holomorphic and let 0 < ¢ < 1. Suppose

IAN0)] + sup |ME) - E| <27 (57)

EGDl/Q

Then the mapping )\[Afl(Dw) : AN (Dyy4) — Dy is biholomorphic.

Proof. when |E| < 5/16, it follows from Cauchy’s estimate, where we use a
contour of radius 3/8, that |\ (E) — 1| < ¢. It follows that the real part of A
is injective in D5/16. Furthermore, if E € A™*(Dy4), then we have

1/4> IME)| > |E| - INE) - E| > |E| - 277,

which implies E' € D5/16. We conclude that A[y-1(p, 1) is injective.

We will now argue that )\[,\_1(]1)1/4) : )\_1(]1))1/4) — Dy /4 is surjective, so
pick Ey € Dy,4. Consider the auxiliary function g : D5/ — C given by
g(E) = E+ [Ey — AM(F)], which satisfies |¢/(E)| = |1 — N (E)| < ¢. If we can
show that there is ¢ € (0, 1) such that g maps Dt5/16 into Dts/m, we conclude
that ¢ is a contraction on Dys /16, and therefore, according to the Banach fixed
point theorem, that ¢ has a unique fixed point, say E’. But g(F’) = E’ if
and only if A\,(E) = Ej, so this implies that A, [A;1(D1/4) is onto.

It remains to show that g maps ]]3),55/16 into ]li)tg,/lﬁ for some ¢t € (0,1). But
this is true for any t > 3/5, as follows from the inequality

l9(E)| < |g(E) — g(0)| + [g(0)] < |E|Ese%p IAE) — E| + [Ey + A(0)]
1/2
5t 69

ot 4

X
16 E€D1/2
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which in turn is consequence of inequality (57). Thus, when ¢ > 69/80, we
conclude that g maps Dys/16 into Dy5/16. Since any bijective holomorphic
function is biholomorphic, this finishes the proof. O]

Defining w(t, g, E) = O(t, g, A\, '(E)) and Hy p = ]:Ig’)\?(E), we then find
Hyp=dl'(e) — E— Op(w(0, g, E))

= dl(¢) — Wi (dT(), 9, E)) = E = > Op(whna(0, 9, E))
=T, e(dl'(¢)) — Wy B, =

Tg,E(t) =t— w(()(,](%(t>g>E> - E7
Wyp = Z Op(wm.n (0,9, F)).

m+n=2

where we recall formula (54). We see that E is an eigenvalue of H™" if and
only if 0 is an eigenvalue of Hy, (g. If we put X = [0,00) X X, with X =
{(9, E) € C*||E| < 1/4}, then we find w € W»* and now it is not difficult
to realize that w € WJ. We have the bound [wllwe < 2||wHW%-:,x, with
||w||W§,x bounded by the right hand side of (56). Whenever convenient, we
will write T, p = T, p(dI'(¢)), identifying the function T, i with the operator
it induces by spectral calculus. We now want to argue that w lies in a certain
set which will allow us to set up an iterated Grushin problem for H, g, and
in order to do this, we introduce some notation.

Definition 2.47. Fix n = 1/4 and p € (0, 1) such that max(p, p*) =
Let # € C'(R) be a function such that 0 < 6 < 1, 0(t) = 1if 0 < ¢t

X(t) = cos(50(t)), and denote also x = x(dI'(¢)),x = x(dI'(¢)). Finally, let

Xp(t) = X(t/p), X,(t) = X(t/p) and put x, = x,(dI'(€)), X, = X,(dI'(€)).
Define a unitary operator U, in Fgm, by

(Up¢)(”)(k1, k) = p*gz/,(n)(p—lkh o ,pflkn).
and set 2" =% = Fym, Z = D(dI'(¢)) along with

X1 =U, X, = xU,, X2 = Xplp = UpX,
X1 = Z/[:;)_(p = )_d/{;, X2 = Xpup = upi(»
W = ran 1[3/4700) (dI‘(a)), ¥ =ran 1[3p/4,oo) (dF(s))

Let Sy p = U;T, pU, and define

T,e=Tyrly VYV ND =V,
Hyp= Sy —xiWXa)ly : # ND =W
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Making the dependence on v explicit, in accordance with Remark 2.7, we
finally define B(d, €, u) to consist of those w € WY, (u) which have an even
number of creations and annihilations, i.e. w = (W, n)mtne2n, and addition-

ally fulfill

Sup‘atw(()?(%@aga E)‘ g (57 H(wm,">m+n€2NHW1@ < €,
t,g,F /4
w0, 9, B) =0, 11V e™ " )ullp2mey < 1.

Here, we recall formula (55).
Having introduced all of the relevant definitions, we see that we have

w € B(2¢?,2'9%% v). Furthermore, we have in ¥ the relation

dl'(e) — E = ZidF(s) + ng(s) — E > -dl'(¢)

if |E| < p/2, so dl'(e) — E = (d'(¢) — E)[, is invertible. We conclude that,
if 0 < p/8, then
Ty = [1 - wo0(dl(e), g, E))(dL(e) — E)')(dl(e) - E)

is invertible. Furthermore, since we have ||[x1 W, gX2|lop < €, we find similarly
that

Hyp =1 = x1WypX2S, 15155

is invertible if € < p/16. Thus, whenever |E| < p/2, 0 < p/8 and € < p/16,
we find that T g and H, g are bijective, and

1 16 o 32
X1 T, 5X2llop < rE IX2H, pX1llop < s (58)
2.6.3 Contraction Property

Throughout this subsubsection, we will write wss = (W n)m+neoy Whenever
w e W.

Theorem 2.48. Suppose w € B(d,¢,v) with § < 273p, ¢ < p?271 and
\E| < p/2. Then (Hyp, Ty 5, Sy 5, X1, X1, X2: X2, %, V') is Feshbach data, so
we may define the Feshbach map

Fyr = Sep — XxiWopx2 — XiWoeXeH, ;X1 W EXo-

Defining X, : Dyp — C by \(E) = p Y (E + (Q, Wy pXoH, pxi Wy 59)),
we find that the mapping A, (D) /\;1(]])1/4) — Dyy4 4s biholomorphic,

-1
p
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so we may consider the renormalization map Ry p = %ng/\;l(E). We find
W' € B(0+ §,5,v") such that

R,p=dl'(e) — E — Op(w' (0,9, F)).

Proof. We already argued that (Hy g, T, g, SyE, X1, X1 X2, X2, %, V) is Fes-
hbach data in the previous subsubsection, so we turn to the statement about
the function A\,. We find from equation (58) that

3262 _g
|<Qan7EX2H EXiW, Q)| < ; < 27%,

We may conclude from Lemma 2.46 that the mapping A : Dy, — C given by
A(E) = A\, (pFE) induces a biholomorphic map Alr-1Dy,) AT Dy 4) = Dy

But this is equivalent to A [ D) - A;l(Dp/4) — ;4 being biholomorphic,

which was what we Wanted
Next, we observe that

Sg.z = (0 Wy eXaHy ;X1 W, 29)
= pdl'(e) — wip (pdT(e), 9, B) = pA,(E),
SO
Fy\oiim = pdl(e) — ws?a (pdl'(c), 9, )\, (E)) — pE
- [XlW S — (€, Wg A, (E)Q>]7
sip)t W SN H o W )

We will now find @ € W9, such that Op(@(0, g, E)) = ng/\;l(E), where
]z < 2e, 0@l yzx < 3-2%7 e,
< pe, Hatwmo”W <2

||5J0,0||W,§7X

Note first that

which implies

00 =2 J-1
o X
Wyg + Wy pXoH, pxiWop = (Wg,E’D ) Wy
J=1
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We will take the notatlonal liberty of identifying the direct sum of multipli-

cation operators Wlth its symbol, i.e.
[ 922 1) g 1) = Xa(t+dT ()" (kg))
Tpe 20" Ty 5t +dl(e)") (k)

From the definition of y, we have

=2 —2
2 4 166 8-4 98 11
||m||w§7x < 3 10 EHW’%X S92 <

3p "9 T p
Then we find from Theorem 2.39 that

J—1
4
flosa# ]#J psallyz < [4] c< e

)
so Theorem 2.38 ensures that @ = 37 | [wso # TX"E]?%U*1 # wso is well de-
9,

fined and satisfies

fe'e) =2 J-1
X N
= Jz::l (W%Ejjp_E’) Wg,Ea H(JJHWZET;X g 2¢.

g9,E

Furthermore, according to formula (53), we have

8

~ X5
10y x < Z )47~ 1H@t s IIWEXH H"n
- 2
+ Z JJ4J IH HJ
J=1
<Z€JJ4J 12 <i J72_12€Z 166 z“e.
3p P = p

Finally, noting that @ o = > 5o ([ws2 # 7 E]#J Lt ws2)0,0, we find similarly

>, 16 16
Jnalhyzx < €3 (50 63; <27pe,
12 16 12e 64
||0tw00||wzx NS ‘ Z J E 7676 < 2_36.
J=2 p 3p

We now observe that
X1 0p(@)x2 = xU, Op"(0)U,x2 = Op™ (X # ) # X),
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where we put v,(k) := p'~*1j0,1)(|k|)v(pk) and

(@p)%?n(k///, kt/Va k%; ta g, E) = p( +a)(m+n) (,Ok///, pk/V? pkj’v pt g, E)

and made the dependence of Op on v explicit. Note that

Y

Hé‘i%iav ”2 :/ dk;,O3|U(,0k?)|2 :/ dk|U< )|2 H 7%7041)"2 <1
P k<1 e(pk)it2e kj<p €(k)1+2e S h

and that we have, according to Theorem 2.18, the inequality

1Dt pol| oo | (1 V €3 Yol

/AN (7] ¥

<

Recalling that n = 1/4 and p* < 278, we find
~ Liaym4n ozuvaUﬂUHL"O
l@alsallwmx < X (2p3F0)m I (dn - 2p3 o)t fromatr L

m~+n—+u+v
m-+n+ut+ve2N (2?7)

< ||(:)>2||WE»X Z (Qp%-i-a)m-‘rn—&-u-kv
1 mtntutveaN

pE

< ?H@ﬂ”wg;x < 5%

where we used that

Z (2p%+a)m+n+u+v < Z(4p1+2a Z ] 32p1+2a
mA4n+u+ve2N =1 =1

V)
_1_25p1+2a\ P = 97

Similarly, we find || [@(Dp];gﬂwnz,x < 2*7p||([8t®p]>2||w22,x < 273 pe, along with
n

l&oloollyzx <277pe,  N0@ploollysx < plld@oollyzx < 27%pe.

Putting everything together, we define w;, ,, = P X F# @y # X)mm for m +
n € 2N, and

wWho = p~ wip (pt, 9, 2 () — p (X #@p(t, 9,25 (E)) # X)oo

_/fl(Q?Wg,)\p )X2H7 (E)Xlwg,/\;l(E)Q»'

With these definitions, we have R, p = dI'(¢) — E — Op(w’), and we find

loallwe < 07" [1601E sl + 1B Tsllysr] < 272 +27%e < €/2.
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We now want to argue that [|gwpllws < 0+ €/2. Note first that

w,)65(t.9. B) + X7 (B)[B:J50 (¢, 9. EIX (1) — [0,)50(0. 9. B)
P

woo (t,9, E) =

where [|9¢[w,loollwe = pllGwoollwe < pd by assumption. Furthermore, ac-
cording to formula (53), we have

10:0x #[@ploo # X) hyzx < 2M[@loollyzx + O@ploollyex < 272 pe,

and therefore in particular [|Oiwglws < 04 €/2. This was what we wanted.
O]

2.7 Appendix
2.7.1 Standard Version of Wick’s Theorem

It is sometimes useful to have Wick’s Theorem available for standard cre-
ation/annihilation symbols. We observe that if w € W*' then R(Op(w)) C
D(Op(w)), so one may ask if the composition of finitely many standard
creation/annihilation operators Op(w?”)---Op(w') is again a standard cre-
ation/annihilation operator, i.e. if there is w € W* such that Op(w) =
Op(w”) - -- Op(w').

Note that the standard creation/annihilation operator Op(w”) - - - Op(w?)
is uniquely determined by the action of the operators Op(w?’)---Op(w') P,
as [ ranges over all integers, where P, is the projection onto fs(}l,m How-
ever, any standard creation/annihilation symbol is turned into a bounded
creation/annihilation symbol when restricted to a subspace of finite particle
number. That is, if we have w € @, ncpn Wit ., and P is the projection

m,n?

onto @k_, F¥) | then we have the identity Op(w)P, = Op(w<;), where

sym?

wh o ifn+r<lm+n<h
(wgl)%?n = e

0, otherwise

But the conditions m +n < h and n + r < [ force only finitely many com-
ponents of w¢; to be non-zero. In fact, any non-zero component must have
r <I,m < h,n < h, and therefore HW<1HW (h + D)|wl||yst. Furthermore,
Op(w) Pet = P Op(w) P

In conclusion, if we put

m,n

wh o ifn+r=Im+n<h
(wl>(fr) _ m,n
0, otherwise ,
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and we have w’,...,w' € @D incn Wﬁ}fm, we may compute the action of
the standard creation /annihilation operator Op(w”) - - - Op(w') by computing
the action of Op(wiH_(j_l)h) ---Op(w}') as [ ranges over all integers. But
this problem now has a solution in terms of Theorem 2.26, and all that
remains to be checked is that the resulting symbol is in fact a standard
creation/annihilation symbol.

Theorem 2.49. Ifw’,... ,w' € W, we may define w/# - - - #w' € W5 by
the formula given in Theorem 2.26. The mapping # : W x WSt — W5t s
an associative product, and we have Op(w?*#w') = Op(w?) Op(w').

Proof. In light of Theorem 2.26, it remains only to check that w € W#', where
we put w = w’/#---F#w'. For this, it suffices to assume w?!, ..., w’/ > 0.
Define U; = I to be the identity, and, for 1 < 7 < J — 1, define

U; . Flmitpitrits;) _y F(njyi+gi11+rj+1+s541)

to be the unitary permutation operator given by

(Uj¢)(k%+17 k3j+17 k=g/j+17 k‘yj_‘q) - ¢<ki//fj7 kij kﬁ,ja keyj)v
Note that U; depends on the partitions

MU UM = M, AU UM =N,
P UP =, 2,U.. U2 =2,

where 2, N2, =0,k > 1.
Using Remark 2.29, we have, with the notation H;-’Zl a; = ay---ap, the
inquality

> ! i m;+pi\ (N + g

Op' (Yt < Hm-!n-!p!q-!( i+ (ni+ 4

’ Ny mlnl(l1)? 2 PRI ;i g
MU =M

AU .UM=N J .

ﬁ“]]u...uﬁl:f . H U: O /( wJ(Tj+8j) )
2;u.u2=2 " | 3 YP Umjtpjni+a;Wm;+pjmi+a; ) | -
P.N2;=0.k>i Jj=1

Here, A < B should be understood in the sense A¢p™+") < Bp™*7) for all
¢+ > 0. We have put v = 1V e~ 2 and

j—1

= mi+ Y gt sp=> (pi— q)

j>i=1 J=2k>j =1
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In conclusion,

J . . . .
lomalbug, < S |11 (m” fp’) (“ *,q’)
i—1 bj 4;

mj+..+mi=m
nj+..4+ni=n

J
> ;!
— j=1
PJ,--P1ENg J

q75q1€Ng . H J
seey ||wmj+pj,nj+(Ij ||W”Srfj+pjﬁnj+qj .
J=1

There is h € Ny such that, for all 1 < j < J, we have m; +p; +n; +¢q¢; < h
for all non-zero components of w’, so this bound suffices in order to ensure

that w € W4, O
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3 Schur Complements, Feshbach Maps,
Grushin Problems, and Spectral
Renormalization

Jonas Dahlbaek and Oliver Matte
Abstract

It is shown that the smooth Feshbach method can be posed as
a Grushin problem, and that the spectral theoretic renormalization
group can be phrased in the language of iterated Grushin problems.
Based on this, an abstrat account of the spectral theoretic renormal-
ization group is given.

3.1 Overview

We review some standard tools related to the inversion of block operator
matrices as relevant for applying spectral theoretic renormalization group
techniques. In Subsection 3.2 we start with the classical Schur complement
theorem [36] which essentially results from applying the Gauss algorithm
to a two-by-two block operator matrix. The Feshbach projection method
[7] is an example of the Schur complement theorem; see Corollary 3.2. In
Subsection 3.3 we infer another theorem on the inversion of block operator
matrices from the Schur complement theorem that gives rise to a general
strategy in spectral analysis which is commonly referred to as the Grushin
problem method, mainly following J. Sjostrand’s nomenclature; see [39] and
the references given there. We shall demonstrate in Subsection 3.4 that the
smooth Feshbach method introduced in [3] and generalized in [17] can be seen
as a special case of a Grushin problem, which might reveal a handy framework
for the method. After that, in Subsection 3.5, we consider iterated Grushin
problems following the presentation in [39]. While all preceding results are
pure linear algebra, the corollary on inductive applications of infinitely many
Grushin problems in Subsection 3.5 will actually be the first point in this
appendix, where norms are introduced on the involved vector spaces. In
the final Subsection 3.6 we explain how the spectral renormalization group
strategy based on the smooth Feshbach map [3] fits into the framework of
iterated Grushin problems.
The following presentation is mainly motivated by [3, 17, 39].
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3.2 Schur complements

To recall the Schur complement theorem [36] we let 27, 23, %1, % denote
real or complex vector spaces and suppose that

A2 —%, B:2— %,
C: 2 =%, D:25— %,

are linear operators with A being bijective. We define the operator block
matrix

¢ D

We further introduce the canonical projections 7y @ 2 & 25 — 2 and
injections 1y, : 2 > 241 ® %5, 2, € {2, %}, i = 1,2, and write

—-A"'B
1o,

M::(A B):%@g%ﬁ%@%. (59)

Q(B) := ) L QHO) = (-CATY 1g,).

Finally, we introduce the Schur complement of A in M by
S:=D—-CA'B: 2, — %.

The first formula given in Part (4) of the following theorem is known
as the (Schur-)Banachiewicz inversion formula; see, e.g., [34] for a histori-
cal discussion of early developments related to the Schur complement and
references.

Theorem 3.1 (Schur complement theorem). Under the assumptions of the
preceding paragraphs the following assertions hold true:

(1) The maps
Q(B)lxers: ker S — ker M and 7, [xer 2 ker M — ker S
are mutually inverse bijections.

(2) Q*(C) mapsran M intoran S, 1p mapsran S into ran M, and the induced
maps

Ly, : coker S — coker M, ys +ranS — tgys +ran M,

—

Q4(C) : coker M — coker S,  y +ran M — Q*(C)y + ran S,

between coker M := (% @ %)/ran M and coker S := %/ ran S are mu-
tually inverse bijections.
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(3) M is bijective, if and only if S is bijective. In the affirmative case
M™ =19, A 1y, + Q(B)S™'Q*C), TayM gy = S7h

Proof. Applying a block operator analogue of Gauss’ algorithm we obtain

1y, 0 1o, —A"'B - A 0
<—OA1 ﬂ%>M< 0 135'2 —\0 S/ (60)

—:R¥(C) =:R(B)

Here R(B) is a bijection on 27 & £ and R*(C) is a bijection on #; & %; in
fact, their inverses are given by R(—B) and R*(—C), respectively. Moreover,
the resulting identities

MQ(B) = RY(—C),S, 7o R(C)M = Sty,R(—B) = S7my,,  (61)
L%ﬁAil,}r{%Rﬁ(C)M = L%17%1R(_B) = 13?16933’2 - Q<B>7TL%”27
and the trivial relation 74,Q(B) = 1y, imply Part (1). If M and S are
injective, then the formulas asserted in Part (3) are obtained by solving (60)
for M~!. Part (2) follows from the immediate Q*(C)iz, = 14, the bijectivity
of R(B), and
MQ(B) = t9,S, QCYMR(B) = S7y,,
MR(B)iay A 1oy = RH(=C)eam Ty = Layoss — 1o, QF(C).

Here the first relation follows trivially from the first one in (61) and the other
two can again be read off from (60). O

The previous theorem can be applied to the spectral analysis of a Hamil-
ton operator H in case a good guess for a projection P onto an approximate
spectral subspace is at hand [7]:

Corollary 3.2 (Feshbach projection method). Let 2 be a wvector space,
dom(H) C 2 a subspace, and let H : dom(H) — 2 be a linear operator.
Assume that P : 2" — 2 is a projection such that Pdom(H) C dom(H).
Set P := 14 — P and assume further that H := PH/|_ 5 is bijective from
Pdom(H) onto ran P. Finally, define the Feshbach operator on the domain
dom(F) = Pdom(H) by

F = PHrranP _PHﬁilpHrranP .
Then the following maps are mutually inverse bijections,

(P — HAFHP) Mker 2 ker F' — ker H, Plyer i ker H — ker F.
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Proof. Choose 2 := Pdom(H), 25 := Pdom(H), % = PZ", and % =
P%Z and A := H, B := PH |yanp, C := PH| .5 D := PH |ynp in

Theorem 3.1. Then F' = S is the Schur complement of H in H = M. O]

In fact, the analogue of the Schur-Banachiewicz formula is usually stated
as a part of the Feshbach projection method as well. We leave its straight-
forward translation into the setting of Corollary 3.2 to the reader.

Often the projection P in Corollary 3.2 is a spectral projection of a self-
adjoint operator T in a Hilbert space and H — T is a small perturbation
of T" in the operator or form sense. A detailed formulation of the Feshbach
projection method taylor-made for this situation can be found in [4]; see also
Example 3.5(2) below.

3.3 Grushin problems

In a Grushin problem one assumes invertibility of a block matrix M as in
(59) and exploits a resulting criterion for the invertibility of A to analyze the
given operator A. The entries B, ', and D of M stem from some clever,
problem-dependent ansatz. Often, D = 0, B is the projection onto a space
spanned by approximate eigenvectors of A for the eigenvalue 0, and C' is the
map dual to B. For a discussion of various examples we refer to [39].

We again consider a situation as in the beginning of the previous subsec-
tion, but with no assumptions other than linearity imposed on A.

Theorem 3.3 (Grushin problem). Let M be a block operator matriz of the
form (59), assume that M : 27 ® Z3 — %4 © % is bijective, and write the
block matriz decomposition of M~ : % ® % — 27 S X5 as

1 e (E B
e (B B, o

Then the following assertions hold true:
(1) The maps
Cliera: ker A — ker F19  and  Esyer gy, ker Ejg — ker A
are mutually inverse bijections.

(2) E;1 maps ran A into ran E15, B maps ran Eis into ran A, and the induced
maps

E’l : coker A — coker E5  and B : coker E5 — coker A

are mutually inverse bijections.
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(3) A: 21 — 2 is bijective, if and only if Eig @ % — 25 is bijective. In
the affirmative case Ery- = S is the Schur complement of A in M and
A" =F - E,ELE,.

Proof. We consider the larger block operator matrix

A B 0
M:=|C D —lyg|: 2102:0%—KeHhoLs.
0 —1g O
Here the sub-block M = (é g) is bijective by assumption and D= ( b L %*]1%2>
2

has the obvious left and right inverse D~' = (Eﬂ?y*]}%?). In view of (62),
2

the Schur complement of M in M is —Ej5. The Schur complement of D in
M is A. Hence, by Theorem 3.1, the maps

1y
0 :ker A — ker M and my, :ker M — ker A
OrkerA

are mutually inverse bijections, and so are

E2 rkcrElg . R
0 cker B1g — ker M and 7y, : ker M — ker Ey,.

Ly,

This implies Part (1), and Part (2) can be proved in a similar fashion. If A
and FEj, are bijective, then we can employ the Schur-Banachiewicz formula
in Theorem 3.1(4) to both M and £ to find that Ej5 = S~ and A™! =
E — E\EL'Es. O

Remark 3.4. The Schur complement theorem and the above theorem on
Grushin problems are equivalent. For we derived Theorem 3.3 from The-
orem 3.1 in the preceding proof, and to go in the opposite direction we only
have to observe that, for bijective A : 27 — %4, the block operator matrices

- S —CA! ]1@/2 0 0 _]1,%'2
M:=|A"'B A1 0 and 0 A B (63)
1, 0 0 L1y, C D

are left and right inverses of each other. Then Parts (1) and (2) of The-
orem 3.3 imply the corresponding parts of Theorem 3.1, and the Schur-
Banachiewicz formula follows upon computing the Schur complement of S in

M.
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The statements of Theorem 3.3 can alternatively be read off from the
eight relations expressing that ME and EM are block identity matrices; see
[39].

For a better understanding of the smooth Feshbach method introduced
in the next subsection we demonstrate how the Feshbach projection method
fits into the framework of Grushin problems [39]:

FExample 3.5. Under the hypotheses of Corollary 3.2 the following holds:

(1) Define F' as in the statement of that corollary. Then, as a special case of
(63), the block matrix

F P— PHPH 'P
—P+H 'PHP PH'P ’
which maps (Pdom(H)) & 2" into (PZ") & dom(H) is invertible with in-

verse (33 _;) Applying Theorem 3.3 we re-obtain the assertion of Corol-
lary 3.2.

(2) Insome applications of the Feshbach projection method the fact that P is a
projection may cause technical issues [4]. Hence, it is desirable to have the
freedom to choose more general operators in 2" replacing P and P. Since
no distinguished subspace like P2 might then be available anymore, it is
natural to start from the formulation of the Feshbach projection method
as a Grushin problem and try to extend the matrices appearing in Part (1)
to the full spaces dom(H) & 2" and £ @ dom(H), respectively, before
generalizing P.

To do so, let us assume, in addition to the hypotheses of Corollary 3.2, that
H=T+W,where T,W : dom(T") := dom(H) — 2" and T is reduced by
PZ in the sense that TP C TP and TP C PT. Then PTP = PTP =0
on dom(T"). We further suppose that T := T'1% dom(r): Pdom(T) - PZ

is bijective. Adding the mutually inverse blocks T and T ' as direct
summands to the two matrices appearing in Part (1), we then observe
that

PT'P -P\ F' P—-PWPH 'P (64)
P H —P+H 'PWP PH'P

are left and right inverses to each other, where the extended Feshbach
operator F’ : dom(T) — % is given by

F' :=T+PWP— PWPH PWP,
From Theorem 3.3 we now obtain the assertion of Corollary 3.2 with F'

replaced by F’.
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3.4 The smooth Feshbach method

As anticipated in Example 3.5(2) the smooth Feshbach method has been in-
troduced in [3] as a tool to overcome technical issues caused by the choice of
a sharp spectral projection P in the application of the Feshbach projection
method in [4]. It is a generalization of Example 3.5(2). In its original formu-
lations [3, 17] the projections P and P are replaced by two linear operators x
and x satisfying xx = Yx and x? +x? = 1. In important examples, y and Y
are given by a smooth partition of unity on the spectrum of some self-adjoint
operator, which explains the nomenclature “smooth Feshbach method”.
We shall consider a slightly generalized setting:

Definition 3.6. Let 27, % be real or complex vector spaces, dom(T) C 2
and dom(S) C & subspaces, and let H,T : dom(7T) — 2, S : dom(S) — ¥/,
X1, X1 : £ = %, and xo, Xy : ¥ — Z be linear maps satisfying

X2X1 = XoX1, X2X1+ XoX1 = Lo, (65)
X1X2 = X1X2, X1X2 + X1Xo = 1o, (66)
xiT € Sx1, XiT CSx1, x2S CTxz, XoS CTXo. (67)

This includes the assumptions y; dom(7") C dom(S), x; dom(7") C dom(S)
and xo dom(S) C dom(T'), X, dom(S) C dom(T"). Assume in addition that
VYV C X, W C % are subspaces such that rany, C ¥, rany, C #, x1¥ C
W, xo¥ C ¥, T maps dom(T) N ¥ into ¥, and S maps dom(S) N# into
# . Then we abbreviate

T:=Tly: ¥ Ndom(T) =¥, S:=8ly:dom(S)N¥ — ¥,
H:=(S+x3.WxXo)lw: # Ndom(S) — ¥,

with W := H—T. In case H is bijective from # Ndom(S) to # , we further
introduce the associated smooth Feshbach operator,

F=5+x1Wx: - XlWY2F_1Y1WX2-
which is well-defined on the domain dom(S), as well as the operators
— -1
Q= (x2a = XoH X1Wx2)ldom(s): dom(S) — dom(T'),
Q=1 — XlWXQHAYI X =Y.

In the case W = 0 with bijective T and S, analogues of the matrices in
(64) are (after some block permutations) now given by

T —x ) . (xS”x —x)
‘Z = P 3 T - 2 1 2 9 68
(‘Xl X1 T 1?2 —X1 -5 ( )
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where T : dom(T") @ ¥ — 2 @ dom(S). Here the second relation in (68)
can easily be verified with the help of (65)-(67) and the definitions of T’ and
S. To see what happens when we add the perturbation W we first prove a
lemma:

Lemma 3.7. In the situation of Definition 3.6, assume that S : dom(S) N
W — W is bijective. Then X =14 + Wy2§71y1 : X — X is bijective, if
and only if H : # N dom(S) — # is bijective. In the affirmative case

X '=1, -Wx,H X (69)

Proof. On the one hand, X is the Schur complement of S in

— S X1 .
N = <—WX2 1?) (W Ndom(S)) e X — W & 2.

On the other hand, H is the Schur complement of 1, in N. Since both S
and 14 are bijective, Theorem 3.1 thus implies that X is bijective, if and
only if N is bijective, and that this is true, if and only if H is bijective. In the
affirmative case X! is given by the lower right block of N=!. Computing
this block by applying the Schur-Banachiewicz formula to 14 and its Schur
complement H, we arrive at (69). O

The assertion in the next theorem that M and £ are inverses is equivalent
to the validity of eight algebraic relations. In the case x1 = x2, X1 = X3, two
of them go back to [3], another four appear in [17], while the remaining two
seem to be new. The proof of the next theorem differs from the arguments
used in [3, 17].

Theorem 3.8 (Smooth Feshbach method). Let p > 0. In the situation of
Definition 3.6, assume in addition that T, S, and H are bijective. Then the
operator block matrix

H —X2 )
M = i cdom(T) ¥ — Z @ dom(S 70
(—pxl T X @) (5) (70)

is bijective, and the block decomposition of its inverse, denoted &, reads

S S —
£— (XZ]thiXI :Z_ig) : X @ dom(S) — dom(T)®#.  (71)

As a consequence the following statements hold true:
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(1) The maps
X1lkermg: ker H — ker ' and  Qlyer r— ker H
are mutually inverse bijections.

(2) Q° maps ran H into rtan I, xo maps ran I into ran H, and the induced
maps

Q" : coker H —» coker F and X2 : coker ' — coker H
are mutually inverse bijections.

(3) H :dom(T) — Z is bijective, if and only if F' : dom(S) — ¥ is bijective,
and in the affirmative case

_ _ ==—1__ _ _ _ =—1__ _
F = X1 Xo+ x1H 1X2> H™ ' = X2H X +QF 1Qﬁ-

Proof. If the first assertion holds true, i.e., if (71) is the inverse of (70), then
Statements (1)—(3) immediately follow from Theorem 3.3.

To verify that (71) is indeed the inverse of (70) it suffices to treat the
case p = 1. Then we observe that M is the Schur complement of 1444 in

W 0
ﬂ-%@%- 0 O
Mm .= ,
Ly 0 o
0 0

which maps 2" & 2 @ dom(T) & ¥ into Z° & Z & Z & dom(S). In view
of (68) the Schur complement of ¥ in 9t is
_ W 0\ o (Lo 0\ _ (1o +Wx,S 'xy 0
Y‘_MW+<0 0)z (0 o)‘( 0 1)
By Lemma 3.7, Y is bijective with Y1 = (OXEO ) Since T is bijective,
Theorem 3.1 now implies that 91 is bijective. Since 1444 is bijective, we
further conclude that M is bijective and that & = M~! is given by the lower

right block of 9M~!. Computing the latter block by applying the Schur-
Banachiewicz formula to ¥ and its Schur complement Y, we find

- —1 —1 :H.g{ 0 Xil 0 _W 0 —1

£=37+% (0 0)(0 1,) o0 ofF

i <x25‘1x1X—IWx2§‘1x1 —XQS‘IXIX-IWM)_ (72)
-1 XTWx,S X, 1 X W xs
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Here we again used the second relation in (68). On account of (69),
ypre Tl _ =—1_ R W
XTWXS X =WxoS X —WoH WS X
= WS T - WH (H-5)5 %
= WXQH71YD (73)

which further implies

e DU S IR R
XoS X1 X IWXQS X1=X25 XiWxoH X
[ [
=X25 (H—-9S5)H X,
=11
=X25 X1— X2H X (74)
Analogously to (73) we finally deduce that
=l [
Y25 i XT'W=xH x,W. (75)

Inserting (69) into the lower right block of the last matrix in (72) and re-
writing its remaining blocks by means of (73)—(75), we arrive at (71). O

3.5 Iterated Grushin problems

As a next step towards the spectral theoretic renormalization group we dis-
cuss iterated Grushin problems in this subsection. We learned the next
theorem (in the case D) = 0 and D® = 0) on a second order Grushin
problem from [39, Prop. 3.4]. Combining it with a straightforward induction
argument, we shall obtain the subsequent theorem on a successive iteration
of Grushin problems. A particularly virtuous application of higher order
Grushin problems can be found in [38].

Theorem 3.9. Let Z;,%;, 1 =1,2,3 be real or complex vector spaces, assume
that the block operator matriz

1) A B®
MY = o pw DX — DY (76)
is bijective, and denote its inverse as
. EM RV
(M) =& = (E(l) E%l) NOY — D 2. (77)
1 12

Assume further that

g pE
YO ( o o) e % — Lo
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is bijective with inverse

@
(M) = &2 = (E £y ) 20— %o Ls.

B EY
Then
A BM B2
Mz = <C<2>c<1> DO 4+ @ pO) B<2>> 00— Hed  (T8)

is bijective with inverse
EW + ENEOEY BV EP
& = () 0 0 ) (79)
By Ey Ey

Proof. Of course, it would be a pure matter of patience to directly verify by
block matrix multiplication that & is a left and right inverse of M. It is,
however, more convenient to argue as follows: Consider the block operator
matrices

I, 0 0 0 1, O
Jy = :|:E£1) 1o, O , Pyi= |1y 0 0 , Ze {‘%7@}a
0 0 1y 0 0 1g

and enlarge M and M® in a canonical fashion to bljectlve maps M1 @
lo, : 210 2,0 % > Y 0% & Xy and 1y, ® MY - 2 0 % X3 —
X D Zs® Y5 which can be composed. The bijective map J_ has been chosen
in such a way that E( ) is cancelled for in the product

—1g, 0
M :=PyJ_(lg, ® MDY MD @ 1,,)Py = | BY A 0
c@pl) c@cm pe

by virtue of the relations EMA + EDC® = 0 and EOBY 4+ ED DO =
]1ggr2 Obviously, M is bijective with inverse M~! = P,* (& & ]l%)(]l@/l <)
£@)J, P, . Since M, is the Schur complement of —1 4 in M, we conclude
from Theorem 3.1 that M is bijective and that its inverse is given by the

lower right two by two block in M1, which is given by (79). O
In what follows, every empty product of operators equals the identity
operator in the respective vector space by definition; e.g., [T}, X; := 1,
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Theorem 3.10. Let Z,,,%;,, n € N, be real or complex vector spaces. Again
we consider a bijective block matriz MY as in (76) with inverse (77). Fur-
thermore, we assume that we are given a sequence of bijective block matrices

_ p(n=1) (n)
M(n) = ( -21(721) g(n)> . % D %n+1 — %‘n SY) %4—17 n e N, n > 27

with inverses

(M(n))—l —. g(n) _. (E( ) EQ

Ep" E&O

Then, for any n € N, the block operator matric M,, : Z1 ® Zni1 —
% @ Y1 given by

M. = < A é é [T, B é )
[T, =0 o {1 ¢ =03 D) e BY)

is bijective with inverse

o (zzf:l{nf;% EYLEO T B T E§€)>' (80)
My By Efy

Proof. By assumption the assertion is true for n = 1 and, by Theorem 3.9,
it is true for n = 2.

So assume that the assertion holds true for some n € N, n > 2. Then
we can apply Theorem 3.9 to the matrix M,, with inverse &, given by (80)
and the matrix MV with its inverse £, Computing M, and &E,44
according to (78) and (79), we may then verify the assertion for n +1. [

3.6 Iterated smooth Feshbach reductions

Next, we employ Theorem 3.8 and Theorem 3.9 to study a repeated appli-
cation of the smooth Feshbach projection method. In the two lemmas and
the example at the end of this subsection we provide conditions under which
conclusions can be drawn from letting the number of iteration steps go to
infinity. Essentially, the content of this subsection is part of the general
strategy of the spectral renormalization group analysis based on the smooth
Feshbach map as introduced in [3]. More precisely, we shall consider the
general situation encountered after a successful adjustment of the spectral
parameter along the iteration steps as described in the succeeding subsection.
We added some minor abstractions and variations, however, and tried to iso-
late model-independent aspects. (For instance, a reduced subspace in which
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the Feshbach operators are bounded appears only in Lemma 3.12 below (the
space %), while earlier works put some emphasis on viewing the renormal-
ization group as a fixpoint problem on a space of bounded operators; see in
particular [3, 14].)

It also seems that the simple proof of Lemma 3.11 below has not been
noticed before. This lemma reveals that, thanks to their general structure,
infinite iterations of smooth Feshbach reductions are amenable to control
the degeneracy of eigenvalues. A similar observation has been made in [22],
under closely related but slightly different assumptions and by means of a
different proof.

Let p € (0,1), 2 be a real or complex vector space, 2,V , # C Z
subspaces, and

HnaTnasn 7 %a Xn,laXnQ?Yn,l?Yn,Z P X — %7 (81)

be linear operators, for every n € N. Assume that, for every n € N, the
data in (81) together with ¥ and # fulfills all hypotheses postulated in
Definition 3.6. Define the operators W,,, Ty, H,,, F,,, Q,, and Q% according
to Definition 3.6 applied to the data in (81). Finally, assume that pH,, =
F,, is the smooth Feshbach operator associated with the data in (81), for
every n € N. Then a combination of Theorem 3.8 (applied for each n) and
Theorem 3.10 (with 27 = %, = P and % = 2, = 2", n > 2) shows that,
for every n € N, the block operator matrix

/\/ln::< i _lez“'X"=2);@@%—>%@@ (82)
—P Xn,a---X1,1 D,
is bijective with inverse given by
E, —p7"Q1...Qn
En::< ﬁ i P Q):%@@%@@%, (83)
—Q, ... Q) — M

where

n—1
. L n—(+1 — il
Dy = =pXp1 T Xpa— D P Xnd - Xer1aXe1 Lo XeaXew12 -+ - Xn2s
(=1

n B - 7_17
E, = Z Pl ZQI e Qz-lXe,sz X£,1Q§_1 S jS-
=1

We further conclude from Theorem 3.10 and Theorem 3.3 that H, : 9 — 2
is bijective, if and only if some (and hence all) H,,,; are bijective, and that

Xnd---Xiilkerm,:  ker Hy — ker H, 44, (84)
Ql . Qnrkean_g.l: ker Hn+1 — ker Hl, (85)
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are mutually inverse bijections, for every n € N.

Next, we note conditions permitting to draw conclusions in the limit
n — oo. Criteria to check these somewhat implicit conditions are given in
the example below.

Lemma 3.11. In the situation considered in the preceding paragraphs, as-
sume in addition that 2 is a Banach space, that Hy is a closed operator in
', and that Xni, X, € B(Z), n € N, i € {1,2}, all have norm < 1. Define
an operator Hy, in Z by dom(Hy,) := {¢ € Z : lim,_,, H,pexists} and
Hootp = lim,, o, Hytp, ¥ € dom(Hy,). Assume that D, € B(X") are uni-
formly bounded in n € N and that the strong limit C 1= s-limy, 00 Xn1 - - - X11
exvists. Finally, assume that, for every 1 € ker Hy, the limit Q0 =
lim, oo @1 ...QnY exists. Then Q. maps ker Hy, injectively into ker Hy

and CooQoo - :H-kerHoo-
Proof. Since &, in (83) is the inverse of M,, in (82),

HiQy...Qn= —PnXLz . Xn2Hpi1 on 2.

Let 1 € ker H,,. Then the previous relation shows that H1Q...Q,¥ — 0
(recall 0 < p < 1) and by assumption Q) ... Q1Y — Qut, as n — oo. Since
H; is closed, this implies Q¥ € ker H;. Using again that &, is the inverse
of M,,, we further observe that

CooQoo¢ - nhﬁnolo Xn,1--- Xl,lQl ce anvb = 77/} + nhﬁIglo Dan+177Z) - ¢
Here we also employed that sup,, || D,|| < co and H,p — 0, n — oo. O

Lemma 3.12. In addition to the hypotheses of Lemma 3.11 assume that
the closure in & of Upenran xn1, call it €, satisfies € C 2, that H, [¢€
B(C, X)), for all n € N, and that the sequence (H, |4 )nen has a strong
limit in B(€,Z), denoted Hy, |¢. Furthermore, assume that every Q,,
n € N, is bounded and that sup,, ||Q1 ... Q|| < co. (Here we always equip
2 with the norm on Z".) Then Cy maps ker Hy injectively into ker Hy, and

Qoocoo = ﬂkerHl .

By our definitions, H..[¢ is indeed the restriction to % of the operator H,
appearing in Lemma 3.11. The relations CoQoo = lier ., and ranCy, C €
proved in Lemma 3.11 further show that ker H,, C %.

Proof. Let ¢ € ker Hy. In view of the uniform boundedness principle applied
to (Hpl%)nen and (84) we then obtain

Hole Coop = lim Hyp1Xni - X119 = 0.
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Thus, Cy¢ € ker Hy,. Let € > 0. Then, by definition of ()., we find some
no € N such that [|QeCod— Q1 ... QnCood|| < €/2, for all n = ng. Let ¢ > 0
be an upper bound on the norms ||Q; ... Q,||, n € N. Then, by definition of
Cw, we find some mg € N such that ||Cood — Xm1--- X1,10] < €/2¢, for all
m = mg. Hence,

|QocCocd — Q1 ... QuXm1---X110] <€, 1 =ng, m=mg.

Since the maps in (84) and (85) are inverse to each other, we know, however,
that Q1 ... QnXn1---X11¢ = @, for all n € N. Considering indices n = m >
max{ng, mp} in the previous estimate we conclude that ||QCo¢ — ¢ < €.
Since € > 0 was arbitrary, QsCo® = ¢. O

The arguments in Part (2) of the next example appeared in [3]:
FExample 3.13. Under the hypotheses of Lemma 3.11 the following holds true:

(1) Assume that ||yn,1T;1Xn,2|| < ¢/p, for all n € N and some ¢ € (0, 00).
Then

n—1
Dl <eXpf <, neN
=0 1=p
(2) Assume that Hyngﬁglyn’anXnQH < ¢y, n € N, where the constants
¢, € [0,00) are summable, ¥ := 3>, ¢, < 0o. Then [|Q,| < 1+ ¢, and

n

1Q1.. Qul| <JJ(1+c) < [[e* <e” <0, neN.
=1 =1

Next, assume in addition that x,, 2 ker Ho, = ker H,, for every n € N. Let

¥ € ker H,,. We shall show that Q. ¢ = lim, .. Q1 ...Q,¢ exists. In
fact, the right hand side of

191 - Qu(1 = Qus) ¥l < €¥l[(Xn412 — Quan)¥l < €™ Cnsa [

is summable with respect to n € N. Therefore, the existence of Q.9
follows from the Weierstrass test and telescopic summations.

3.7 Spectral renormalization group scheme

Suppose we wish to employ iterated smooth Feshbach reductions as described
in the previous subsection to prove that some semi-bounded Hamiltonian H
has an eigenvalue at the bottom of its spectrum, Ey := info(Hy). Then
H, = Hy— Ey would be the right choice for the initial operator in the iterated
smooth Feshbach analysis. The relation ker Hy, # {0} would then imply the
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existence of some non-zero vector ¢ in the domain of Hy with Hyy = Eyi).
Of course, the precise value of Ey is usually unknown in applications and
its computation or characterization is part of a given problem. However,
we might at least have a good idea of where Ejy should approximately be
located like, for instance, in a perturbative situation where Hj is close to an
operator whose spectral properties are well understood. Let us thus assume
in what follows that, perhaps after an appropriate energy shift, we expect
Ey to be located in the disc D,, = {z € C : |z| < rp}, for some p € (0,1)
and » > 0. Then all we can do is to consider iterated smooth Feshbach
reductions involving an additional free spectral parameter £ € D,, and to
hope that, along the iteration process, we gather sufficient information to
uniquely characterize Ej in terms of relevant quantities.

Proceeding in the manner just described, we might find the following
objects in the n-th iteration step, where n € N, 2" is a vector space, ¥ C Z
a subspace, and O(D,,) denotes the set of holomorphic functions on I,,:

(a) A set 7, of linear operators from 2 to 2" and a class ., of maps from
D, , into 7, such that h[®] = ho© € 4, for all h € 4, and © € O(D,,)
with ©(D,,) C D,,.

(b) A map %, : 4, xD,, — 5, x C of the form
Rn(H,E) = (Ry(H,E),\y(H,E)), M(H,E):=p " (E—7,(H,E)),

where D,, 5 E — R, (h[E], E) is in M, 11 and D,, > E — 7,(h[E],E) is
holomorphic, for every h € .#,,.

In particular, we obtain induced maps R,, : 4, — My and N\, M, —
oD,,),

Ro(h)[E) = Ru(h[E],E), M(R)[E] = M(h[E),E), h€ M, E€D,,

For example, we might have R, (H, E)+ \,(H, E) = p~'F,,(H, E), where
F,(H,FE) is the smooth Feshbach operator associated with some Grushin
problem for H — E. In practice, we often find uniform bounds

sup sup |v,(H, E)| <a, €[0,0), neN. (86)
E€D,, He

Obviously, the question arises whether, for a given H € 7, there is
any E € D,, such that (%, o---0%)(H,E) is defined for all n € N. To
answer this question it is convenient to exploit the holomorphy of the maps
D,, > E — v,(h[E],E) with h € #,. Notice, however, that the map
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E — R,.1(R,(h[E], E), \y(R[E], E)) does in general not belong to 4,1,
because its domain is given by

Un(h) :={E €D,,: \,(h[E],E) € D,,},

which might be a proper subset of ID,,. To remedy this we may use the
following result, which is essentially due to [3]:

Lemma 3.14. In the situation described in the preceding paragraphs, let
p € (0,1) and r,e > 0 be related in such a way that re < (r —r1)* and
e <rip—rp*, for somery € (rp,r). Assume that the numbers in (86) satisfy
a, < ¢, n € N. Then %,(h) CD,,, and \,(h) is biholomorphic from %,(h)
onto D,,, for alln € N and h € #,.

Proof. The assertion follows from Part (1) of Theorem 3.17 below. O]

Under the conditions of the preceding lemma we know in particular that

Ry(h) == Ry(h) o A\p(h)™' € Mpn, h e .M, neN.

The composition with A, (h)~! is referred to as a renormalization of the spec-
tral parameter, since the second component of %, (h[\, (k) [E]], \u(h) "1 [E])
is just E. Moreover, }?n . My — My is called spectral renormalization
group map at step n, at least in more specialized situations arising in math-
ematical quantum field theory. While the latter objects do not define an
actual group, all compositions ]%n 0---0 ]:21 s My — My are well-defined
by construction.

Lemma 3.15. Under the conditions of Lemma 3.14, let H € 76, E € C,
and n € N. Set ho[z] = H, z € D,,, and h, = (R, o --- 0 Ry)(ho),
and define Mg, € O(D,,) by Agn(2) == M(ha)[2], for all z € D,,. Then
(H,E) € dom(Z, 0---0%), if and only if E € dom(Ag,0---0Apq1). In
the affirmative case,

(B0 0 B)(H, E) = (hu(Asin 00 Aga(E)), Asin 0 -+ 0 Mg (E)).

Proof. The assertion can be proved by induction and turns out to be a tau-
tological consequence of our definitions, of course. n

The notation introduced in the preceding lemma is more convenient than
the one given in (a) and (b) when it comes to proofing the following main
result of this subsection, which again is essentially due to [3]:
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Theorem 3.16. Under the conditions of Lemma 3.14, assume in addition
that a, — 0, as n — co. Pick some H € 4. Then there exists precisely one
Ey € C such that (H, Ey) is contained in the intersection of the domains of
definition of all compositions % 0 ---0 %, n € N. If Eg, = (Agp0---0
A1) (E), n € N, where we use the notation of Lemma 3.15, then

lim By, =0 and Eg =) p"vunr1(Enn),
n=0

with Y n(2) := Yn(hn-1(2],2), 2 € D,,, n € N.

Proof. Take Lems. 3.14 and 3.15 into account and apply Part (2) of Theo-
rem 3.17 below to the functions vy, € O(D,,), n € N. O

The statement of the next theorem and its proof are slight elaborations
of corresponding results in [3]:

Theorem 3.17. Let p € (0,1) and r,e > 0 be related in such a way that
re < (r—mry)? and € < rip —rp?, for some ry € (rp,r). Let a, € [0,¢,
n € N. Assume that, for every n € N, we are given a holomorphic map
Dry, 3 2 = ya(2) € C with supy,  |yn| < an. Define X,(2) := p~ (2 — 7a(2)),
z € D,,. Then the following holds true:

(1) Letn € N and set U, == \,;*(D,,). Then %, C D,,, and A, := N\, |4, is
biholomorphic from %, onto D,,.

(2) Assume in addition that a,, — 0, as n — oco. Then there is precisely one
point ey contained in the intersection of the domains of all compositions

Ano...oAl) n € N. [f@n = ()\no ---O)q)(@o), then

lime,=0 and e,= Zpg’ynMH(enM), n € Np. (87)

n—o00
=0

Proof. Step 1. To prove Part (1), we employ the Cauchy estimate

_ r anT
() < inf g max |7, (Q)] <

—"— =b,, z€D,, (88
ro€(ry,r) (TQ - T1)2 [Cl=r2 (T - rl)z : g ( )

Here b, < 1, whence A, is locally biholomorphic from I, , onto the domain
An(Dyy,). In fact, p|Ny] = 1—10b, > 0 on D,,,. Let zp € D,, and put
9(2) ==z — pzo — pAu(2) = Tn(2) — pzo, 2 € D,,. Pick ry € (0,71) such that
e < rop —rp?. Then g(Dy,,) C D,,, since |g| < €+ rp* < rop. On account of
(88), g thus is a contraction on D,,, and, by the Banach fixpoint theorem,

it has a unique fixpoint z, € D, ,. Since ro < r; can be chosen arbitrarily
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close to 7, we see that z, is actually the only fixpoint of ¢ in D, ,. Since
any 2z’ € D,,, is a fixpoint of g, if and only if A, (') = 2o, this shows that A,
maps D,,, N A, (D,,) biholomorphically onto D,,. Since €/p < r; — rp, the
membership z € D,, \ D,,, entails, however, |\,(2)| > (|z| —€)/p = rp, i.e.,
U, = th A A;I(Df‘p)'

Step 2. According to Part (1), each A,' maps D,,, continuously into
U, C D,,,. Consequently, the sets K,, := (A;'o---0A1)(D,,,) are compact,
non-empty, and satisfy K,,; C K,, for all n € Ny. Therefore, K, :=

> K, # 0. Let us observe for later reference that Step 1 also implies
K,=(\'o--0o\1)(D,,,), forall n € N.

Step 3. We fix some eg € K, and assume that a, — 0, n — o0, in the
rest of this proof. We set e, := (A, 0---0A\)(ey) € Dy, n € N. Then
Peni1 = €n — Ynr1(en), n € N, which implies

m—1

€n = P enym + Z p€7n+€+1 (en—&-Z)a m € N, n € Ny.
=0

Since |e,,| < r1p™t! + sup,.,, as/(1 — p), this proves the relations in (87).

Step 4. Next, we show that K., = {eg}.

Suppose for contradiction that there exists e € K \ {eo} and set e}, :=
(Ano- -0 X)(ey) € Dyyp, n € N. In view of (88), [(A,1)| < p/(1 —by,) on
An(Dy,,), for all n € N. Since the line segment connecting e, and €, lies in
D,,, and D,,, C D,, = \y(%,) C A\u(D,,,), we obtain

p

ewmr =l = N (o) = ()] < 25

’€n - erIn’a n € N.
Since b, — 0, we further find p; € (p, 1) and ny € N such that p/(1-b,) < p1,
for all n > ng. Therefore, there exists a constant C' > 0 such that |ey — ej| <
Cpi ™e, —el| <ripCpi™™ — 0, n — oo; a contradiction!

Step 5. Finally, let ef be any point in the domain of definition of all
compositions A\, o --- 0 Ay, n € N, and set e} := (A, 00 A)(ep), n € N.
By Step 1, e/, € \,}(D,,) = %, C D, ,, for all n € N. The last remark of
Step 2 now implies ej € K, for all n € N, thus e = ey by Step 4. O]
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