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ABSTRACT. Let L and N be two smooth manifolds of the same dimension.
Let j: L — T*N be an exact Lagrange embedding. We denote the free loop
space of X by AX. In [Vit97], Claude Viterbo constructed a transfer map
(Aj)': H*(AL) — H*(AN). We prove that this transfer map can be realized
as a map of Thom spectra (Aj);: (AN)™TN — (AL)~TL+7 where 7 is a virtual
bundle defined by the embedding. In [CJ02], John D.S. Jones and Ralph L.
Cohen proved that the celebrated Chas-Sullivan product for a manifold N can
be realized as a product on the Thom spectrum (AN)~TN turning it into a
ring spectrum. We prove a generalized, “twisted” version of this, proving that
the target of (Aj): is a Chas-Sullivan type ring spectrum. This leads to the
natural conjecture that the Viterbo transfer is a ring spectrum homomorphism.
We will describe partial results on this conjecture.






1 Introduction and Statement of Results

Let L and N be closed n-dimensional smooth manifolds, and let 7: T*N — N
be the projection. Let j: L — T*N be an exact Lagrange embedding. That
is, 7%\ = 0, where A is the canonical one form satisfying d\ = w the canonical
symplectic form. A trivial example of this is the zero section of N. This leads
to a lot of other trivial examples, because any time-dependent Hamiltonian
H, : T*N — R leads to a Hamiltonian flow ¢, and ¢;(L) is an exact Lagrange
embedding for all t. We denote the free loop space of a space X by AX. In
[Vit97], Viterbo constructed a transfer map (Aj)' on cohomology, such that
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commutes. Here (mo7)" is the standard transfer map on cohomology, Evg is the
evaluation at base point, and i is the inclusion of constant curves. In this paper
we call this map the Viterbo transfer. Viterbo uses this transfer as obstruction
to the existence of exact Lagrange embeddings. This is of course related to the
classification of exact Lagrange embeddings. It is still not known whether or
not any non-trivial examples exist.

Because j: L — T*N is Lagrange we get a Maslov class in H'(L). This
defines a map AL — Z called the Maslov index, and it turns out that the
Viterbo transfer is graded on each component by this Maslov index. We prove
the following theorem in this paper.

Theorem 1 The Viterbo transfer can be realized as a map of spectra
(Af): (AN)"TN — (AL)~TE+,

where 1 is a bundle defined by the embedding j: L — T*N, with local dimension
the Maslov indez.

In the original construction by Viterbo, the Thom isomorphism is used on what
turns out to be 7 in this paper. However, n is not necessarily oriented, but if
we assume that (7o j): L — N is relative spin it will be.

In [CJ02], the authors construct the Chas-Sullivan product as a map of
spectra, making (AN)~T¥ into a ring spectrum. We construct a generalized
version of this. Let £(n) be the Grassmannian of Lagrangian subspaces in
R?". Tt is well-known that £(n) is homeomorphic to U(n)/O(n), and taking
the direct limit £ = lim, .o, £(n), we get the sixth space Q60 in the eight
Bott periodic spaces (see e.g. [Mil63]). Because this is a loop space there is a
projection mq: AL — QL. We prove the following in this paper.

Theorem 2 Let M be a closed smooth manifold. For any homotopy class
[f] € [M, L] = [M,U/O] there is a Chas-Sullivan type ring spectrum structure
on

(AM) =M,



where n 1s the virtual bundle induced by the map
AM — AL — QL ~ 7 x BO.

We note that the virtual bundle in theorem 1 is in fact produced by such
an f: L — L. We therefore conjecture that the Viterbo transfer is a ring
spectrum homomorphism, and in the last section we outline some progress
towards proving this.

Only the last section is devoted to Theorem 2, and in short the construction

is the same as the construction of the Chas-Sullivan product, but because the
map to Z x BO is a loop map we can extend this product to the Thom spaces
given by adding the bundles classified by the map. The majority of the paper
consists of the construction of the map in Theorem 1, and since this is a quite
extensive construction, we outline the general ideas.
Outline of proof of Theorem 1: We define the space T*A, N as the cotan-
gent space of piecewise geodesics. On these we define functions A, : T*A,. N —
R depending on a parameter x4 > 0 and other parameters. These functions have
all their critical values in an interval (a,b), and are essentially approximations
of the action integral on finite dimensional manifolds.

In the actual construction, we use the theory of homotopy indices described
in section 2, but for the purpose of this overview we assume that A, is a Morse
function. Because the manifold on which it is defined is not closed, we also
assume that the unstable manifold of any critical point intersected with the set
A~ Y([a, b)) is compact. This means that if we define B = A-'({a}), and take
the critical point with the lowest critical value, then the unstable manifold of
this critical point intersected with B is a sphere of dimension the Morse index
m minus one. If we identify B with a 0O-cell, this defines the gluing of an m-cell
to this 0-cell. Taking the critical point with the second lowest critical value,
we can use the unstable manifold of this to glue a new cell onto the first two.

So by working our way up through the critical values, we construct a CW
complex Z associated to A,, and in section 4 we prove that Z is homotopy
equivalent to the Thom space

Th(TAPN),

where A#N is the manifold of piecewise geodesics, with r pieces each having
length less than u/r.

Because j: L — T*N is a Lagrange embedding, by use of the Darboux-
Weinstein theorem, we can extend j to a symplectic embedding of a small
neighborhood of the zero section in 7% L. Using this neighborhood and the fact
that j is exact, we can adjust the definition of A,, such that all the critical
points with critical values above ¢, for some ¢ with a < ¢ < b, are curves inside
the neighborhood of L. In fact, if we quotient by the subcomplex Y defined by
cells in Z coming from critical points with critical values less than ¢, we get

Z|Y ~ Th(TA L @ n). (1)

This is the main result of sections 5 through 7. It involves a lot of technical
details, but the most important aspect of this calculation is that the function
A, depends on the cotangent space structure in 7*N, and one can define a
similar function A! on the the cotangent space of L, where the associated



CW-complex is
Th(TAXL).

The two functions A, and A are different because they depend on the foliation
given by vertical directions in the cotangent bundle, and close to L there are two
different choices of vertical direction, one coming from 7L and one from T*N.
The definition of A;‘Z’Sﬁ in section 5 is a generalization of A,, where S, is a
generalization of having a choice of vertical directions. Now, one can homotope
S¢, and relate functions defined by different vertical directions. However, the
two choices are not homotopic, because if so, the associated CW complexes of
A, and A! would be the same. So instead we stabilize by trivial factors, and
homotope the “difference” between the two choices onto the trivial factor. On
the trivial factor we can calculate the homotopy type of the associated CW
complex, and see that the difference is indeed given by the Thom suspension
in equation (1).
The quotient Z — Z/Y then defines a map

Th(TA“N) — Th(TA L & n),

and by adding an appropriate Thom bundle on both sides it turns out that
this is a map of Thom spectra

(AN)TN — (Apep) L,

The rest of the construction is checking that this commutes with inclusions
into spaces defined by a larger u, ur, and r, so that we get a map

(AN)™TN — (AL)~TE®n,

2 The Homotopy Index

Most parts of this section are well-known, and done in more generality in
[Con78]. However, we will not need it in such generality, we have altered the
theory slightly to suit the purpose of this paper, and it is a vital part of the
construction.

Let M be a smooth manifold without boundary, and let f: M — R be a
smooth function. A pseudo-gradient X for f is a smooth vector field on M
such that the directional derivative X (f) is positive at non-critical points and
X = 0 at critical points. Since the convex combination of pseudo-gradients
are pseudo-gradients, and since the choice in a single fiber is contractible, the
choice of a pseudo-gradient is a contractible choice. We will denote the flow of
—X by .

Let a and b be regular values of f which are isolated from the critical values
of f. We wish to define the homotopy inder I°(f, X). In [Con78] this is called
the Morse index, but we adopt the name homotopy index to avoid confusion.

Definition 2.1 An index pair (A, B) is a pair of subspaces of M satisfying the
following properties



I1: BC AcC f~Y(a,b]).
12: A and B are compact.
13: int(A) contains all critical points of f with critical values in (a,b).

1j: There is a function ¢: A — R U {oo} such that for all x € A we have
{t 20| ¢r(x) € A} = [0, c(x)] and {t | () € B} = {c(z)} NR.

When such index pairs exist we define the Homotopy index
I(f, X) = [A/B),
where [—] denotes homotopy equivalence class. If X = V f we write I°(f).

This is slightly different from [Con78|, but we use this definition for sim-
plicity. Note that it can be shown that the function ¢ in 14 is continuous. B is
called the exit set.

The following lemma shows that the homotopy index does not depend on
the choice of index pair (A, B).

Lemma 2.2 I°(f, X) is well-defined.

Proof: If (A,B) and (A4’,B’) is any pair of index pairs, we construct the
intersection pair as follows

B"=(BUB')N(AnA")
A" = (AN A).

This is an index pair with ¢”(z) = min(e(x), ¢/(x)), thus reducing to the case
where A and B are subsets of A’.

Given any index pair (A, B), we can by using the flow ¢); create new index
pairs

Ag = 9(A)
By = v4(B)

provided we stay within f~!([a,b]). Being careful, one can choose ¢ as a func-
tion of points in A and still get diffeomorphic pairs. If B is not a subset of
B’, the function ci p Is not the zero function, and we can use the flow and the
function ¢’ to get the index pairs into a position where B C B’, thus reducing
to AC A and BC B'.

Because (AUB') /B’ ~ A/B, we can replace (A, B) with (AUB’, B') which
is a new index pair. This further reduces to the case (4, B) C (4’, B).

For any index pair (A, B) we can define a “flow” P;: A — A by

Pt(x) = (pmin(t,c(x))(m)'

This map flows the set {x | ¢(z) < ¢t} into B. In particular it fixes B. This
gives us a new pair (P;(A), B) with an equivalent quotient. In fact, the induced
map

P A/BHA/B



is homotopic to the identity. In our case, the flow P, for the small pair is the
restriction of P/ for the large pair.

Since A’ — A is compact and X A=A is non-zero, it has a lower bound, and
we can thus find #g > 0 such that P/ (A’) C A. This defines a homotopy
right inverse to the inclusion from A / Bto A / B. Doing the same for the pairs
(P{ (A"), B) C (A, B) gives a homotopy right inverse to this map. O

We will need the concept of a good index pair (A, B). The definition uses
a Riemannian metric on M, but does not depend on it.

Definition 2.3 An index pair (A, B) is called good if B C f~1(a) and if there
is an € > 0 such that when sup,e 4[| X, — X|| < & then the flow defined by —X'
exits A only through B.

This, together with an assumption on the critical points, will ensure that
perturbing the data involved in defining the homotopy index does not change
the homotopy index.

Lemma 2.4 Let fs,s € I be a homotopy of smooth functions, and Xs,s € I a
homotopy of vector fields such that X is a pseudo-gradient for fs. Let a,b be
regular values isolated from the critical points for all f.

Assume that for all sy € I we have a good index pair (As,, Bs,) defining
I’(fsy, Xso,) and an € > 0 such that int(As,) contains all critical points of fs
with critical value in (a,b) for s € [sg —&,80 + €]. Then

I2(fo, Xo) = I(f1. X1).

Proof: Given sg, we wish to prove that the good index pair (A, B) = (As,, Bs,)
is an index pair for I°(fs, X) when s is sufficiently close to so. However, this
is not possible because we cannot be certain that I1 is satisfied. Because a and
b are isolated critical points, we can replace a and b by a — ¢ and b+ § for some
small § without changing the indices. Now I1 is not a problem.

12 is obvious and I3 is part of the assumptions in the lemma. Since the
good pair assumption makes sure that we only exit A through B, we only need
to prove that for any point x in B we have {t > 0 | ¥j(z) € A} = {0} and 14
will follow. This is equivalent to proving that the flow does not return to A
when exiting.

Since — X, (fs,) restricted to B is negative, the same is true for —X(fs,)
for s close to sg, and thus we can find 6 > 0 such that fs, (7 (p)) is strictly
decreasing for ¢ € [0,6] and p € By,. Because f5,(B) = {a} and fs,(A4) C [a,b]
we get for p € B and t € (0, 6] that ¢7(p) is not in A and there is an £ > 0
such that fs,(¥3(p)) < a —e. This implies (for s possibly closer to sg) that
fs(W3i(p)) < a —¢e/2. We can similarly assume that fs(As,) > a —¢/3, so
the flow for — X, has exited Bs, and will not return to A,, because it is a
pseudo-gradient for f,. (I

As the following lemma shows, there is a way of producing good index pairs
by using what we will call cut-off functions.
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Lemma 2.5 Assume that M has a Riemannian metric and that there exists
non-negative functions gi,gs,...,9n: M — R and constants s1 < t1,85 <
to, ..., 8y < tn such that

A=l 8) N € M| gy(a) < 55+ 22 (6~ f(2)))
B=fYa)NnA

are compact and the interior of A contains all the critical points of fi(ap)- If

t. — .
~Xa(7) < LX) ©)
for all x € OA that satisfy
() = 55+ T2 b~ [(@))

then (A, B) is a good index pair.

We will use this lemma repeatedly. In some cases when X = V[ we will

prove |Vg,|| < tg:zj IV £, which implies (2). Often (2) will be proven on

much larger sets than needed.

Proof: At any point z € A we must have f(z) —b <0 and

gi(x) — 55 — tz—sj(b —f(x)) <0
—a
satisfied. The assumptions in the lemma and the fact that X is a pseudo-
gradient ensure that for any vector v close to X, we have: If any of these
inequalities is an equality then the directional derivatives of the left hand side
in direction —v is negative. So —v points into A, except if the equality f(z) = a
is satisfied in which case —v must point out of the set. The boundary is compact
so there is an € > 0 such that this holds for ||jv — X, || <€ O

Some very important aspects of homotopy indices are the natural inclusion
and quotient maps

i I(f, X) — I5(f, X)

q: 15(f, X) = Iy (f,2)
where a < b < ¢. These maps are constructed as follows. If (A, B) is a good
index pair, for I¢(f, X) then (ANf~1([a,b]), B) is a good index pair for I%(f, X),
and the inclusion is the obvious one. Similarly, (AN f=1([b,c]), AN f~1({b}))
is a good index pair for If(f, X), and the quotient is the map collapsing the
set AN f~*([a,b])/B.

One can create similar constructions for any index pair, not necessarily

good, but we will not need that.

3 The Action Integral in Cotangent Bundles

All parts of this section are well-known, but the methods are vital to the
construction, and we need to introduce the notation anyway.
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Let M be a smooth n-dimensional manifold. We denote points in the cotan-
gent bundle T*M by (g, p), where ¢ is in M and p is a cotangent vector. Given
any coordinate chart h: U C M — U’ C R™ we define the induced trivialization
of the cotangent bundle T*U by the pullback of cotangent vectors

(q.p) = (h(q),p o Dy (h™1)) € T*U' 2 U’ x R™.

We denote points in T*U’ C R™ x R™ by (z,y), and the standard symplectic
form on R?" is wy = Y_;"_, dy; A dz;. One can check that the 1-form A defined
below does not depend on the chart h. So

A =pdq = E*(Z yidz;)
i=1
w=d\= E*wo

defines a canonically exact canonical symplectic structure on T*M.

Given any Hamiltonian H: T*M — R, we can define the associated Hamil-
tonian vector field Xy by the formula dH = w(Xg,—). This is well-defined
because w is non-degenerate. The flow of Xy will be denoted ¢; and is called
the Hamiltonian flow.

Given any metric on M we can induce a metric on T*M in the follow-
ing way: At each point (g,p) we split the tangent space T{4 ) (T*M) in two
components, the vertical, which is canonically defined without the metric as
the fiber directions, and the horizontal defined by the connection given by the
metric on M. This identifies T{y,)T*N with Ty M x T;M, on which we use
the metric from M to define the inner product on each factor - making this
splitting orthogonal. We can also define an almost complex structure J in this
splitting by using the isomorphism ¢q: TgM — T,/ M induced by the metric on
M

J(6q,6p) = (—¢~"(6p), #(5q)).

This is be compatible with the symplectic structure and the induced metric.
The formula for Xz can be rewritten using this metric and almost complex
structure as

Xy =—JVH. (3)

For any smooth manifold X, let AX be the space of piecewise smooth curves.
The action Ag: AT*M — R is defined by

An(y) = / X~ H((t))dt.

It is known that the critical points of this integral are precisely the 1-periodic
orbits of the Hamiltonian flow (a calculation in the following section proves
this).

For a moment we look at the special case in which H only depends on the
length of the cotangent vector - that is

H(q,p) = h(lpl)
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where h: [0, 00] — R is smooth and all derivatives vanish at 0.
In this case we calculate the gradient of H in the orthogonal splitting:

VH = (0,1'(|lplDp)

We get 0 in the first factor because parallel transport does not change the norm
of p. Using equation (3) we see that

X =—J(0, 1 (|plhp) = (7' (Ip[)e~" (p).0) = (B ([lp])p, 0)-

As hinted, from now on we will suppress ¢ from the notation.

Because this vector field is 0 in the last factor, it will parallel transport p
and hence this becomes a reparametrization of the geodesic flow. This describes
the 1-periodic orbits as closed geodesics with lengths corresponding to A/ (||p|)-
In particular we get the formulas:

©1(q,p) = exp(g ) (th'(IIpl)(p, 0))
©1(q,p)q =exp, (th'([p])p).

The action of these orbits is calculated to be ||p||h’(||p]l) — ~(||p||). This corre-
sponds to taking minus the intersection of the y-axis with the tangent of h at
the point (x, h(x)) as in figure 1. This geometric way of calculating the action

A

—(@h'(x) = h(x))r™

|
|
|
|
|
|
|
|
|
|
l
T
Figure 1: Geometric calculation of critical values.

is very useful for this type of Hamiltonian, and will be used repeatedly.

4 Finite Approximations of the Action Integral in
Cotangent Bundles for a Hamiltonian Linear at Infinity

This section is inspired by work in [Cha84] and [Vit97], which use the broken
geodesic approach to do what Floer homology later did more generally. We
will define finite dimensional approximations of the action integral in cotangent
bundles, and compute their homotopy indices. This is the approach used by
Viterbo to construct his transfer in [Vit97]. He uses the theory of generating
functions, but we will more explicitly construct the functions and obtain more
control over the homotopy indices.

We assume that N is a closed manifold with a Riemannian metric and an
injective radius 3¢g. On T*N we have the induced metric. We also assume
that H: T*N — R is a smooth Hamiltonian with the following property: There
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exist R, pu,c € R, p not a geodesic length, such that H(g,p) = pl/p|| + ¢ when
lp|l > R. The Hamiltonian flow of H is denoted .

We assume that C'}; > p is an upper bound for ||VH]|| on all of 7*N, and
C% is an upper bound for the norm of the covariant Hessian ||[V2H]|| on the set
THEN = {(¢,p) € T*N | |lp|| £ R}. We define the space of piecewise geodesics
as

AN = {(gj)jez,. € N" | dist(qj, qj4+1) < €0},

where dist(—, —) is the distance in N. This implies
T*ArN = {(g5,pj)jez, € (T"N)" | dist(g;, ¢j+1) < eo}-

We will denote a point in this space by 2" = (¢, P), and a single coordinate by
zj = (gj,p;) € T*N. These two spaces are given the product of the Riemannian
metrics.

We will define functions resembling Ay on T*A,.N having the same critical
points (the 1-periodic orbits) with the same critical values, and we will prove
that for r large enough these functions admit good index pairs.

Definition 4.1 For C},/r < 2e¢ we define

A7) = Z(/ A= Hdt)+ Y p;eg,

GELy JELr
where ;: [0,1/r] = T*N is the curve v;(t) = v:(q;,pj),
(,0;) =¢1e(g-1,p-1)  and &g, =exp (q;) € T,-N,
J

with exp: TN — N the exponential map.

The term p; ey, is the pairing of cotangent vectors with tangent vectors. This
function is well-defined because C};/r < 2e( implies that the distance between
q; and g; is less than 3g¢. In fact, from now on we will assume that Ch/r <
eo/3. Notice that if |[p;[| > R, then p,,, is the parallel transport of p; by
a geodesic in the direction of p;, and thus |[p; [l = [[p;[l (see the previous
section for details).

When evaluating the function A, on an r-pieced dissection of a 1-periodic
orbit, we see that the last term vanishes because the ;s fit together to a closed
curve. So A, equals the action integral on such a curve.

Before the next lemma we need a few more definitions and a few abbrevia-
tions. Consider the commutative diagram of isomorphisms

P/
T,N 5 TN

l 1
P
q,q9

’

TiN —“ T N.

The isomorphism ¢ is the one induced by the metric, which we suppressed
from the notation in the previous section. We will do so again. Py 4 and Py,
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are defined by parallel transport along the unique geodesic connecting ¢ and ¢’
when dist(q, ¢’) < 3g9. We use P, .- to define
45

€p; = qu7q;(pj> —p; € T(;‘]‘,Nqu;N

both ¢, and ¢, are vectors in the (co)tangent space at q; - We can parallel

transport any vector in the (co)tangent space at q; to the (co)tangent space at
g; and gj—1. The resulting vectors will by further abuse of notation be denoted
the same. So e.g. for g, this means

€p; =Pj —Dj =Dj 7Pq;7qy‘(pj_) € To, N
and
€p; =Pj —P; = Pq;vqy‘—l (pj - Pijq; (p;)) < T;J‘HN'
We also define P = max;(||p;]]).

Lemma 4.2 There erxists a constant K' > 0 which is independent of r, Ck
and C% such that for K = K'(C% + Ck) we have

Vg, Ar + €p, || <K max(R, P)([leg || + lleg 1)
K
HVPJ'AT - Eq]‘+1H §7|‘€¢Ij+l|‘a

where Vg, Ar®Vp, A = V., A, is the gradient with respect to the jth component
in T*A.N. Furthermore, for r > K the only critical points of A, are the r-
pieced dissections of the 1-periodic flow curves for the Hamiltonian flow.

Note that the r-pieced dissections of the 1-periodic orbits correspond to the
points where €., = ¢, = 0 for all j.

Proof: We start out by considering one of the integration terms. In the
following &+, is a variation of the curve v; (a tangent field along ~;).

V([ A~ HaoGy)

J

1/r
- / i (Ve8%3a) + (5501 — Vst H (5, (0))
1/r
(DO + / o (5%ia) + (i)l — Vo0 H (5 (0))

1/r
= — P00 +Pj10¢5 41 — /O (J75(8) + Vo, ) H) (075 ()t (4)
=—p;j0¢; +D;100544

The integral vanishes because ; is a flow curve, and thus v/ (t) = —=JV., ;) H.
This is a standard calculation, and it is also a proof that the 1-periodic orbits
of the flow X are the critical points of the action integral.
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Our function depends on (¢;,p;),j € Z,, but it is convenient to continue for
a while calculating the gradient as if the function depended on both (g;, p;)jez.
and (g; ,p; )jez, as independent variables. Formally we define

T*ALN ={(qj,pj, q; »p; ) € T*N?" | dist(g;, q; ) < 2e0,dist(q; , gj41) < 20}
We have an embedding
t: T*AN — T*AIN

defined by setting (g; ,p; ) = ¢1/r(qj—1,p;j-1) for all j.

We wish to extend the function A, to a function A} defined on T*A/ N, and
calculate the gradient of A!. on the image of ¢. So, for each point (¢,p,q~,p~) in
T*N? with dist(q, ¢~) < 2e0, we choose a curve connecting (g, p) with (¢=,p~),
such that if ¢1,.(¢,p) = (¢7,p~) then we chose the flow curve ¢;(q, p) used
in the definition of A,. By integrating over the chosen curve, we extend the
definition of the integration term of A, to T*A/ N. The calculation above shows
that the gradient of this term on the image of ¢+ does not depend on the choice
of curves, and we have in fact already calculated it.

The second term we extend simply by using the same expression

ij_ exp ' (g)).
, 95
j
So we need to calculate the gradient of the function

flaa=p ) =p expl(q) =p~eqy  gEN,(¢,p7) €T*N.

One of the components is obvious:

V- f=¢q,
however, when moving ¢ and ¢~ we get some interference from the curvature
of N. Assume that |[p~| = 1. If ¢, = 0 we see that
Vq*f =-p
Vof=p".

So by compactness we can find k > 0 such that
V- f+p71I < Klleg]|
IVaf —p~ || < Elleg]l.

Here we have used the abuse of notation discussed just before the lemma to
define p~ as a tangent vector at ¢. Using that f(q,q—,sp™) = sf(¢,q,p~) we
get a bound in the general case:

IVg-f+p~ || <kllp~ [lllegll
VoS —p~ I <klp~[lllegll

Adding the two terms of the gradients we obtain

Vo, ppar wr Ar = (=€p; +bo(klpy lllleq; 1); 0, bo(kllp Illleq; 1), £4;),  (5)
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where the notation bo(c) means some term bounded by ¢, i.e. a = b+ bo(c) is
equivalent to |la — b < c.

If H =0 we have (g; ,p; ) = (¢j—1,pj—1), and the gradient is just the sum
of the two components:

Va,.p,Ar = (—€p, +bo(k(llp; Illleg, | + 7 llleg 1), €g,0)-

However, if H is non-zero we need to understand the differential of the function
©1/r, and use that for v e T, ,. (T*N)

v(Ar) = (Dg, p, (Id xp1,) (0)) (A7) (6)

Assume (¢7,p~) = ¢1/r(¢,p). We would like to compare Dg @1/, to the
parallel transport of (co)tangent vectors from ¢ to ¢~ used in defining ¢,, , at
Ty, N. That is, by using the splittings

Ty pT*"N=T,N & Tq*N, Ty-p-T"N=T,-N® Tq*,N
and the parallel transports we define
Typ=Pyq- @ P;.,q* t Ty pT™ N — Ty p- T*N.

First consider the compact set T/N. On this set we have || Dy 01/, — Tyl <
ko/r for some ko. The question is how ko depends on C} and C%. Take a
normal neighborhood of (g,p) (this identifies the tangent spaces locally). In
this, T, is Cks/r close to the identity because the length of the flow curve is
less than C%/r, and therefore k3 only depends on the metric on the compact
set ||p|| < R. On the other hand, we have D, 1/, is also close to the identity,
but how close depends on the first order derivatives of Xy = —JV H, which is
the vector field defining the flow ¢;. This is bounded in the normal chart by
c1C}; + c2C%, for some ¢y depending on the metric and some ¢; depending on
how parallel the complex structure is. We conclude that ks can be chosen as
some constant times (Cl + C%).

On the rest of the cotangent bundle we will get a bound using the action
of Ry given by t(g,p) = (¢,tp) and the fact that

T

ap =

Tyep  and  @1.(q,tp) = te1.(q,p).

The latter only applies when ||p|]| > R and ||¢tp|| > R, because this is where H
has the special form u||p||+ ¢. Let ai(¢,p) = (q,tp). Then the differential of a;
in (g, p) splitting is

Id 0
Dapar = [ 0 tId ] '
So by decomposing

e1/r(¢:p) = ([Ipll/R)1/r(a: (R/1IPI)P) = ap/r © P1/r © aryp)

whenever ||p|| > R, and using the bound we already have on the compact set
p < R, we get the bound

rmax(R,|lp|l)

Dypp1/r — Typ = [ bo(k2 mang,,np”)) bo(ﬁ)

bo(4) bo( ) 1 -
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for all (¢,p) € T*N. Using equations (5), (6) and (7) together with

P54l

— e <1
max(R, |[p;)

we get the estimates
Vo, Ay = (=25, + bo(E max(R, P)(lzq, || + llz0,.. 1))
K
Vo Ar = (000 +b0( Nl 1)

with K some real number proportional to ky. This proves the first part of the
lemma.

The last part of the lemma is simple: Assume % < 1, then V,, A, is zero
if and only if €, , is zero, and having that for all j we can conclude the
same for Vg A, and ¢,,. So the critical points are exactly the ones where
lleg, || = llep, || = 0 for all j. O

The function A, with its gradient does not necessarily have index pairs,
but we define a pseudo-gradient X with which it does. On the set where
max;||eq, || < €0/4 we use the gradient of A,, and on the set max;|le,, || > £0/3
we keep the non-zero p-component of the gradient of A,, but use 0 as the
g-component. In between we use some convex combination of them. So

X VA =z |XIP = Y IV, AR (8)

J

and as we only made X different from the gradient on a set where this is
non-zero, it is indeed as pseudo-gradient.

Lemma 4.3 Let a and b be regular values of A,., and let K be as in the previous
lemma. If r > K then (A,,X) has a good index pair, which will contain all the
critical points of any A, coming from a small C'-perturbation of H fiving H
on the set where ||p|| > R. Furthermore, if we do a compactly supported change
of X to another pseudo-gradient, it will not change the homotopy indez.

Proof: We will need a global lower bound for || X|| on the set where P >
2R. First we prove this on the set where X # VA,. Here we have some
lleg, || > €0/4, and from the previous lemma we have || X|| > (1 — K/7)|lgq, || >
(1—K/r)eo/4.

So now we look at the case where X = VA,.. We will get a lower bound if
we show that there exist k1, k2 € Ry such that if Gy, = >°,||Vp, Ar|| < k1, then
Gy = ZjHquATH > ko. Define

Lq= ZHquH and L, = Z||5pj||-
J J

The statement can, because of the approximation of V), A, in the previous
lemma, be reduced to: There exist ki, ko such that L, < k; implies G, > ko.
This is the statement we will prove.



18

Define P = min,||p;||. There are no 1-periodic flow curves on the compact
set R < |[p]| < 2R, so there must exist 0 < ¢ < 1 such that L, + L, > ¢
for curves with all z;’s contained in this set. Claim: ki = min(c/2, 1%, 755)
works. We will divide the proof of this claim into two cases.

First case: P < P/2. We know that for some j we have ||p;|| = P > 2R and
for some j’ we have ||p;/|| < P/2. The “curve” Z has to move this distance in
p-direction and back again. So because |[|p;{| —[|pj-1ll| = [llpjll = llp; Il < llep, |
when ||p;|| > R, we get that L, > P. With the bound L, < 1/(4K) we see
that this implies

Gy > > ll=gp, + bo(KP(lleg, | + lleg,.. D)l
j

> D lewsll = KP(leg | + legpn ) > (P~

J

P)>R
2 )

which is a positive constant.

The second case: P > P/2. In this case we can, because the flow is equivari-
ant with respect to the R action on the set ||p|| > R, multiply our “piecewise
flow curve” with 2R/P to obtain a piecewise flow curve on the compact set
R <||p|| £ 2R. This does not change any of the ,4,’s, but it scales the €;,,’s so
we can conclude that the original curve satisfies

2R
?Lp + Lq > C.
Because Ly < ¢/2 this implies that L, > %, which implies by using the bound

Ly < gxg that

Gy > D llep Il = KP(lleg; Il + llegin ) > 75 — 55 >
J

This is again a positive constant.
So we have proved that there exists C' > 0 such that

X1 >c

on the non-compact set where P > 2R.
Because of equation (8) we obtain

X - Vilp;ll] < IX] < CTHIX|]? < CTIX - VA,

So we can use ||p;|| as a cut-off function with s; > 2R and ¢; —s; > C~'(b—a)
(see lemma 2.5).

Define f;(Z) = dist(g;,qj+1). If f; < 2e0/3 we will, because of the as-
sumption Cp /1 < €0/3, get [|eg, || > €0/3. The way we defined X is such that
at a point like this we have X - Vf; = 0. So we can use f; as a cut-off function
with any 9 > t; > s; > 2¢9/3. We now have enough cut-off functions to
ensure that when using lemma 2.5 we get a compact index pair inside our open
manifold.

The fact that our pair contains the critical points of A, when perturbed
in C! follows from: As long as C};/r is less that £¢/3 we can only get critical
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points when f; < &9/3, and we get no critical points with p; > R because of
the way we defined H on ||p|| > R.

The last statement follows because any compact subset can be contained
in an index pair constructed in this way, and changing the pseudo-gradient on
the interior of an index pair will not change the homotopy index. (]

Because all critical points of A, lie in the compact set P < R, the set of
critical values must be compact. So the total index I(A,, X) is well-defined.
The lemma above tells us that changing the Hamiltonian within the proper
bounds and conditions does not change the total index. So we define a specific
Hamiltonian and calculate the total index. To do this we first need part of the
small lemma (we will use the rest later):

Lemma 4.4 The set of lengths of geodesics in N is closed and with measure
zero.

Proof: For any c there is a compact manifold inside the space of curves con-
taining all geodesics with energy less than ¢. On this manifold the energy is
smooth, and has the geodesics as critical points, so by Sards theorem the en-
ergy spectrum below ¢ of geodesics is closed and with measure zero. But since
c is arbitrary this is true for the entire spectrum. For geodesics the length is
easily related to the energy. So we conclude that the length spectrum is closed
and with measure zero. O

Define Ho(q,p) = h(||p|l) where h(t) = £¢? when ¢ < 2= for some € > 0
such that [u — €, ] does not contain any geodesic lengths.

We still need h(t) = ut + ¢ outside a compact set, but we also want h to be
convex so that all the 1-periodic orbits will lie in the set where h is quadratic.
In fact we want h” to be a bump function constantly equal to p on the set
Ipll < ”H;E and zero on the set ||p|| > Hui such that it integrates to p. Notice

that “TJFE < 2, so for this Hamiltonian we can choose R = 2.

Lemma 4.5 There exists a constant C > 0 such that for any Hamiltonian Hg
described above we have that r > Cu implies existence of index pairs and

I(A,, X) = Th(TA¥N),

where AN is the manifold of piecewise geodesic curves in N, each piece having
length less than p/r.

We define KZN to be piecewise geodesics, each piece having length less than
or equal to a/r.

Proof: We start by defining an embedding
i: AN S TAN

(the € and p coming from the definition of Hy above) by

(i(7)); = (g5, 1 'rexpg, (gj41))-



20

This is a section in the bundle T*A, N — A, N restricted to Kiﬂ_a)N. Because
lw=tr equ_jl(qjﬂ)H < EZ=, the point (i('¢)); will lie in the set where h is
quadratic. This means that the flow curve ; is easy to understand, and in
fact we have chosen p; in such a way that ¢j+1 = ¢j+1- This implies that on
the image of 7 all €4, are 0. In fact, this is the unique point in the fiber over
g; that flows to the fiber over g;11. The image of this embedding contains all
the critical points of A,, because it contains all the curves with ||p;|| < p—e¢
and g4, = 0.

We will use the fiber directions (p directions) as a normal bundle. In fact
because €4, = 0 for all j, lemma 4.2 tells us that V), A, = 0, and because this
is the only point in the fiber that flows to a point over g;j41, this is the only
critical point when restricting A, to the fiber.

Claim: Let ¢ € A2 °N be fixed. The function A4,(¢,7) goes to —oo if
7]l goes to oco.

This makes the point of the embedding the global maximum in the fiber.

Proof of claim: The condition ||| — oo is equivalent to ||p,| — oo for
some j. So we look at the terms in the definition of our finite approximation
that involves p;:

f(pj) = / (A — Hdt) +Pj11€q;4 -
Vi
Assume that ||p;|| > 2. The integration part was already calculated in the
previous section and is (||p; |2’ (|lp;||) — R(llp;ll))/r, which is constant on the set
lp;ll > 2. Because dist(q;, gj+1) < (u—¢)/r and dist(g;, q;, 1) = p/7, we are in
the situation depicted in figure 2. Take the metric we have on N and multiply

Figure 2: Position of points when the norm of p; is larger than 2.

it with r/u, and take a normal chart around ¢; in this new metric. Then the
circle in the picture is mapped to the unit circle. If the metric on the unit disc
is “flat enough” then the paring p;eq, , will be negative, so by making w/r
smaller than some constant depending on the metric, we know that the second
term is negative when p; > 2. However, multiplying p; with a constant larger
than 1 scales this term by the same constant. So, A, goes to —oco if ||p;|| goes
to oo.



21

On the image of the embedding the last term vanishes, and

1 _
Z/ (pdg — Hdt) = QMZT||equj1(qj+1)ll2-
i

J

This is 4! times the energy functional

1 1
=5 | I
0

evaluated on the piecewise geodesic . This is positive and we conclude that
if we look at the set defined by A, > —1 intersected with one of the fibers, we
get a bounded set diffeomorphic to a closed disc. This is true over every point

in the compact set Ki“_g), so the set
A={(T. 7)1 T X INAT P) = -1}

is compact and has points in each fiber.
We now change the pseudo-gradient X to another X’. We do this on a
neighborhood of A - say the interior of the compact set

A'={(7. 7)1 7 e AN A(T, D) < -2}

Lemma 4.3 tells us that this does not change the homotopy index. We will
only specify X’ on A, because the choice of a pseudo-gradient is contractible,
and so it is easy to extend and interpolate. As we noted before, the P part of
the gradient of A, is non-zero except on the embedding, so we will use this as
X'’ except in a small neighborhood of the embedding. On this set we will use
the gradient of the energy functional, which we proved coincided with A, on
the embedding. Since minus the gradient of the energy functional on piecewise
geodesics defines a flow that flows in a direction in which the longest geodesic
piece gets shorter or stays the same length, we know that the gradient of the

energy will preserve Xisi#)N . This implies that the pseudo-gradient X’ will
point into or be parallel to the boundary of A close to the embedding. So the
points at which the flow of — X’ exits A is precisely the points where A, = —1.
In each fiber this is the boundary of the disc defined by A, > —1. So if we
define

B={(T.7)| T er" N A(T.P) =1},

then (A, B) is an index pair for I(A,, X'), and they are the appropriate disc
and sphere bundles needed to prove the lemma. [l

This proof can be slightly modified to prove that the homotopy index of
this specific Hamiltonian with respect to an interval (a, b) (simply by using the
same argument for the embedding restricted to an appropriate subspace) is

1°(A,, X) = Th(TAM(V28000 ) / Th(A™(VZ.00 )

Here the z +— /2uz is the conversion from p~! times energy to length. This
is needed because the critical value corresponding to a geodesic was calculated
in the proof to be p~! times the energy.

It seems that increasing r by 1 gives a Thom suspension of the total homo-
topy index. The next lemma proves this for any a,b and H.
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Lemma 4.6 Assume thatr > K (from lemma 4.3). The index I°(A, 41, X,11)
is the relative Thom suspension of I2(A,, X,.) by the bundle

Evi TN.

Note that the relative Thom suspension of A/B with a bundle ¢ over A is
defined to be D(/(SCU D(p).

Proof: Previously we indexed the points in A,.;1T*N by j € Z,, but for the
purpose of this lemma, we index them by 0,1,...,r in Z, and the points in
AT*N by 0,1,...,7— 1. So we think of z, as the extra point, and define the
projection

m: T*Np g N — T*AN

by forgetting z,.

Recall the definition of A,;1: We defined v; as the flow curve ¢;(z;),t €
[0,1/(r + 1)], but we could just as well have defined v; = ¢:(zj),t € [0,¢;]
where >, ¢; = 1 (and of course z; = ¢¢,(z;)). This would mean that instead
of bounding D¢, (,41) we would have to bound Dpmpax; ¢, in lemma 4.2, but
this is no problem if we assume something like ¢; < 2/r for all j. Similarly,
all other lemmas are also true in this slightly more general case. Because
> jti =1, the critical points will still be the 1-periodic orbits, but they are
dissected differently. The critical values of these points also stay the same.
This modified construction is needed because we wish to define an alternate
Artq by t; = 1/r for j # r and ¢, = 0. Effectively this means that z; = z,.
We can always change the A, 1 back to the standard one by homotoping the
t;’s, and we get the same homotopy index because we have good index pairs
during the homotopy for any interval (a,b).

Fixing all points zy, ..., z-—1 and g,, but taking two different values of p,,
say pr1 and pro, we get

Ary1(pr1) — Arp1(pr2) = (pr1 — pra)eg, = (pr1 — pr2) exp, (q0), (9

which implies that for all parameters except p, fixed and ¢, = qg, the function
A, 41 is constant, and the gradient V,, A,11 as a function of p, has a unique
zero. We use this to define an embedding i,.: T*A, N — T*A, 1N by putting
the new point ¢, = ¢p and p, equal to this unique critical point. Checking the
terms in A,4; and A, we see that we have a commutative diagram

T*AN —— " s T*A, N

N

We defined 4, such that on the image we have V4, A, 11 = 0, but from lemma 4.2
we see that also V, A,41 = 0. Also, the embedding 4, maps critical points
bijectively to critical points.

We would like to understand the Hessian with respect to variations of z,
on the embedding. This would give an understanding of how A, behaves on a
small normal bundle of the embedding. Equation (9) tells us that by changing
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pr changes the gradient V, A,11 by —p,, and the expression in lemma 4.2 tells
us that by changing ¢, we approximately change V,. by —¢;, so in a normal
chart and (g, p) splitting we approximately have the Hessian

et

o]

So the negative eigenspace and positive eigenspace of this as a bundle over the
embedding are both isomorphic to EVZ0 TN. This is a very good indication
that the lemma is correct, but formally we need to define an index pair and a
pseudo-gradient showing this. These can be constructed in much the same way
as we constructed the index pair and pseudo-gradient in the previous proof.
This case, however, is a bit more technical, because in the other case we had
only negative directions in the normal bundle, but the essential ideas are the
same. (|

which is similar to

We summarize the most important facts of this section in the following
proposition.

Proposition 4.7 There exist constants K’ > 0 and rg > 0 such that: If H is
any Hamiltonian with the properties and bounds described in the beginning of
this section and r > max(K'(Cy + C%),rou) then

I(A,, X) = Th(TA*N).

Proof: We will prove that the K’ from lemma 4.2 also works as K’ in this
case. Let Hy be as in lemma 4.5, and choose o > C' from that lemma such that
we can use the result. Also, choose rg large enough for us to use lemma 4.3
on Hy. For this we need that rg > K’(C}i,0 + C?{U), but the bounds on Hy can
be chosen to be C}{U = p and C% = C'p, where C’ is a constant depending
only on the metric. So this choice is also linear in p as the lemma requires.
We define H; = (1 — t)Hp + tH, and then by the assumption on r we can use
lemma 4.3 on H; for any t (we can use convex combinations of the bounds on
H and Hy as bounds on H;). Thus if we chose a and b large enough to contain
all the critical points of AL for all ¢ € I, then by lemma 2.4 we see that the
total index is defined for all ¢ and is constant as a function of . O

5 Generalized Approximations for Hamiltonians
Defined Near the Zero Section

In this section we introduce a more general family of finite dimensional ap-
proximations to the action integral. For now we still assume that T*N has
an induced Riemannian metric. The Hamiltonians we will focus on are of the
specific type

H:T; N — R,
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where T N = {(q,p) € T*N | [|p| < e1} and H(q,p) = h(|pl]). We use
two parameters ¢ > 0 and § > 0 to define h. We want h(0) = h'(0) =
0, and we want h” to be a positive function with upper bound 2ué~! and
support in [0,6], such that h’ is constantly equal to p on [d,e1]. Note that
any tangent to h intersects the y-axis above —ud and below 0. This means
that the action integral for this Hamiltonian has critical values in [0,0u] (see
section 3). Because of this we will assume that ¢ = —ud and b = 2ud when
calculating homotopy indices. We will prove that for any p > 0 not a geodesic
length, we can find §; > 0 small enough such that when §p > § > 0, we
get cut-off functions (for appropriate 7’s). This will imply that the homotopy
index is constant during continuous variations of the not yet defined parameters
needed to define these more general finite dimensional approximations. Of
course the homotopy index will also be constant when perturbing H within the
specifications above.

The first parameter we need in the definition of the approximations is a
symplectic compatible and complete Riemannian metric g on T*N. Note that
we want the metric defined on the entire cotangent bundle. This is to make it
possible to use compactness arguments on T N, e.g. we get an injective radius
on T N, although the geodesics may exit the set. The metrics we will look
at later are, however, not all defined on more than a neighborhood of T NV,
but it is easy to extend them. This metric may be different from the induced
metric we have on TN, which we will no longer use unless specified.

For us to get good index pairs, we will in this section and the next restrict
our attention to a specific subspace of the previously defined loop space T*A,.N.
We define

AvgTi N = A gTEN = {7 € (T4 N)" | ¢g(7) < B},
where e,(7Z) = Y distg (2, zj+1)? is the energy of the closed piecewise geo-
desic curve connecting the z;’s in cyclic order.

We need another parameter, but this requires some definitions: For any
symplectic bundle ¢ — M denote by £(§) — M the fiber bundle with fiber
L&), the Grassmannian of Lagrangian subspaces of &,,. If £ has a metric and
the manifold has a Riemannian metric, we can induce a Riemannian metric on
L(€): Each fiber is a Grassmannian of Lagrangian subspaces of a vector space
with a metric, which means it has an induced metric. We define the orthogonal
complement to the fiber by parallel transport of the Lagrangian subspaces, and
use the metric on M to define the inner product on this complement.

The second parameter we need is a section S, in the bundle

AL(T(T? N)) — AT N. (10)

This section should have the property that there exists a constant C¢ such that
for any curve v € AT N with energy less than 3 we have

e(Sc(v)) < Ce
supl| (Dy S (0v)(B)] < Ce supl[dv(B)]] (11)

where e is the energy functional e(y) = f01|\7’(t)|\2dt on the total space in the
induced metric on L(T(T7 N)), and év is a variation of 7. Note that this
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definition depends on (3, and later when we choose 3 we will make sure that
the choice is independent of C.
In the bundle

L(T(T5,N)) = T2 N,

we have a canonical section s given by the vertical directions (the p-directions).
We get a section in the bundle in equation (10) by looping s. We denote this
canonical section Srg, and it has the bounds from equation (11) because it is
the loop of a smooth map.

Given a Lagrangian subspace L C T.(T*N) we define the wedge map

v : T.(T*N) - T*N

by decomposing u € T, (T*N) as u = ur, +up. (L+ = JL) and then exponen-
tiating uy, to a point in T*N say 2z’. Now parallel transport u;. to z’ using
the exponential curve and exponentiate that to get 2" (see figure 3). We define

ur

u
Figure 3: The wedge map.

vr(u) = 2"”. This is a diffeomorphism at u = 0, so by compactness of T N
there is an € > 0 such that: For any z,2” € T} N with dist(z,2"”) < ¢ and
L a Lagrangian in T,(T*N) there is a unique u € T,(T*N) close to 0 with
vr(u) = 2”. In this case, we define the L-curve y-(z, 2", L) by the curve start-
ing at 2, going to 2’ by the exponential curve, and then continuing to z by the
other exponential curve. We do not care about parametrization. Notice that
this curve may not be fully contained in 77 N.

We will use these L-curves to define our approximations. Figure 4 illustrates
many of the aspects of the definition.

Definition 5.1 For any Z € A, gT7 N let Sp(Z') be the section evaluated at
the piecewise geodesic connecting the z;’s in cyclic order. For large r we define

(1) = ¢i(z), te0,1/7]

and
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Figure 4: Curves involved in definition of A9°%.

If S; = Sro and the metric is induced from a metric on N, we compare
this to definition 4.1: In this case the curve 75 will be the curve first going in

direction exp (q]) parallel transporting p; , and when reaching the fiber over

gj it is a line i in the fiber down to p;. Integrating this over A, one gets the term
Pj Eq;- So this is indeed a generalization albeit only on a subset. From now on
we will simply denote A95% by A,..

We use the gradient of A, and not a pseudo-gradient. We will need cut-off
functions, and so we define an energy type functional

= Zdist(zj, z;)
J
This is zero if and only if 7 is a 1-periodic orbit.

Lemma 5.2 There exist constants K > 0 (only dependent on the metric) and
8o > 0 such that: If 0 < 6 < 8o and r > K61 then

IVE|? <5E < 15| VA, | <45E,
equalities only if E =0

This lemma has a very interesting implication: The critical points of A,
are the 1-periodic orbits regardless of the metric and S,. We will, however,
later see that in the case of a non-degenerate critical point, the Morse index
will depend on Sg.

Proof: We start by proving the second and the third inequality. To do this
we need a bound on F, so we calculate

—> 2M2 + 28
(7)< Z + dist(zj, 2j41))* < Z C o+ 2dist(z5,2j+1)%) < —

Like in the proof of lemma 4.2, we need the gradient of A, with respect to
zj. First we prove a special case: Assume that all the Lagrangian subspaces
Sc(Z)(j'/r) C T.,T7 N for any j' # j is constant to the first order in z;.

We can now look at the problem locally, since the gradient of A, with
respect to z; only depends on H and the positions of z;_1 and z;11. Because
TZ N is compact, we can choose ball shaped Darboux charts h for all points
z such that h(z) = 0, and assume that they have a radius bounded from
below by some small positive number. This is not a continuous family of
charts, but just a choice for all points with this common bound. We can pick
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r large enough such that the points z;_1, 275 % Zig and zj41 lie inside
the chart centered at z;. By composing the chart at z; with a symplectic
linear map we may assume that the differential D, h is an isometry. We can,
by further composing with an element of U(n), assume that the Lagrangian
Lj = (D.;h)(Sc(q)(j/r)) C ToR?" is equal to the imaginary part iR" of
R2" ~ C™.

To further simplify the case, we assume for the moment that the chart is in
fact also a Gaussian coordinate chart, and that the Lagrangian S (Z)(j/r) €
T.,(TZ N) is the parallel transport to the first order in z;. So in fact, to the
first order in z; the Lagrangian (D.,h)S,(7q)(j/r)) C ToR*" is constant.

Fixing all z;’s except z; we replace the function A, by

f(zj)/v_l(xoﬂdtw/w /\0+/7.()\0Hdt)+/7 Yo,

L
5+1

where we think of the points and curves as lying in R?" and \g = > y y;dx; is
the standard 1-form in R?", with d\g = wg the standard symplectic form. The
function f is just A, as a function of z; plus a constant.

As in the proof of lemma 4.2, we now assume that f depends on the in-
dependent coordinates z; = (x;,y;) and 2;,; = (¥;,,Y;41), and equation
(4) used on the cotangent bundle T*R™ = R?" calculates the gradient of the
integral along ~y; to be

(/, Mo — Ht) = (0,0,47,,,0). (12)

J

ZTj,Yj 7Z;+1 7y;+1

We will only need the fact that the first two factors are zero, because we will deal
with the gradient with respect to z;” later. Because we are in R2" and the metric
at 0 agrees with the standard metric, we can, by making r larger, assume that
the tangents of the four geodesics in the two relevant L-curves 7 and vj,; are
close to being parallel to either R™ or i{R™. This uses the first of the two bounds
on the section Sz because we want L1 = Sz(Z2)((j + 1)/r) C T,,,R*" to
be close to L;. This is possible because as r grows, the points z; and 241,
at which L; and L;;; are Lagrangians, move closer to each other, and we
know that the energy of the curve defined by the section is bounded by Cp.
So increasing r will force L; and L;4, closer. We can also, by increasing 7,
assume that each of the four geodesic pieces are close to being linear in R2",
meaning: The tangent vectors in R?" along each of the geodesic curves do not
vary much along the curve compared to its length.

If the metric were flat, then ., and e,, would both be linear and parallel
to R™ and iR™ respectively, and we would get

Varos [ Y0 = Veonles,s2,) = (6,,0)
V5
Since the geodesics €,;, and e;; are close to being linear and close to being

parallel to the real or the imaginary part, and since the chart is Gaussian at
z;, we get that

VZ]. / )\0 = A(Eijo)a
vE

J
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where A is close to the identity.

To calculate the other part of the gradient we linear translate the coordinate
such that z;\; = 0. This changes the gradient of the individual integration
parts, but not the overall gradient of f at the point z; ;. Even though this
new chart is not necessarily Gaussian, for now we assume it is and by similar
arguments we get that

VZ;+1 /L Ao = B(Eyj“’o)’
Vi1

where B is close to the identity. In these coordinates, the gradient of the

integral is

sz,z;rl (/ AO — Hdt) = (7yj+1a 0, 0, 0) (13)
Yi

Thus the actual gradient of f as a function of z; is
Vij = A(Eyj ) 0) - (I)T(B(Oa 5Ij+1 ))

where @, is the differential D, ;.. By increasing r this will be close to the
identity in our coordinates. This is where we choose K, because if we change
H, we also need to make r larger for ®,. to be close to the identity, and it is not
difficult to prove that » > K§~! is good enough for some K depending only on
the metric g. All other bounds on r has not depended on H, and can now be
taken care of by decreasing dy.

We conclude in this special case that ||V, A,[|* = (¢} +¢
see that E/2 < ||VA,|| < 2E, equality only when E = 0.

If the Lagrangian at any of the points did move as a function of z;, we
would get an additional summand in the gradient of A,.. This summand, how-
ever, is negligible: The second bound on the section S, implies that when
differentiating at z; in a unit direction, the corresponding variation in any of
the Lagrangians is bounded in norm by C,. Changing the Lagrangian by an
“angle” no bigger than C at a point z;; changes the overall integral over V5

2

2,.1)- In fact we

of Ag by a maximum of C(e2 | + Ei, ). So the overall norm of this summand
in the gradient is bounded by 2C - E. If E is small then this is small compared
to the length of the already computed summand where || A,.|| > /E/2.

In much the same way we need to see what happens if the two charts are not
Gaussian. This means that the metric changes to the first order as a function
of z; (in R®™). But once again, a variation of the metric g can change the
integral over ; by no more than

2
Yi+1

+ &2

09(6’3]' + Eij + € Zj+1) S QCQE’

where Cy comes from a compactness argument involving g. This terms is also
negligible.

We use this to realize that if F is small enough compared to the constants
C, and C¢, we get that E/3 < ||[VA,||? < 3E, equality only when F = 0.

The first inequality in the lemma follows from the fact that we can easily
calculate the gradient of E with respect to the coordinates z; and z; , again
thought of as independent variables, and get

vzj7z;E = (_ eXij (Z;)’expz; (z])))
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which implies that
Ve, B = —exp, (277) + Prexp, (2+1)).

Since @, is close to the identity we get [|[VE||? < 5F, equality only when E = 0.
O

We also need cut-off functions that keep us away from the boundary defined
by ||p;jll = €1. The next lemma provides just that.

Lemma 5.3 Let K be as in the previous lemma. Given any k > 0 we can find
So > 0 such that: If 0 < § < &g and r > K&, then |p;|| > €1/2 for any j
implies

VA, Vllp; || < rkl[V A2,

where the function ||p;|| is defined using the original Riemannian metric on N.

Proof: |(Vlp; DIl = (V4 lpsll)|] has an upper bound ¢; > 0 on the set
llp;ll > €1/2. If we have a lower bound of the type

C2
A — 14
v T|I>\/; (14)

on the same set, then we can divide the proof into two cases:
First case: If ||V, A.|| > & then

VA Vlp;l < IV, Al (ViR DI < exll Ve, Arll < 7kl V2, Arl? < rkl| VA%

Second case: If ||V, A, < 2 then

2
C
VA - Vipsll < IV AN (VIR DI < eallVe, Al < i < key <R[ VA

The second-to-last inequality is true for r large enough, and this can be ac-
complished by decreasing dg.

So we need a bound like (14). If we pick dy smaller than the above lemma
needs then 3||VA,||?> > E. So a lower bound on E of the type ¢/r will do the
trick. This follows if we prove that }, dist(z} , z;) < v/c. However, because
we are on a compact set we can do this in any metric. So we choose to do this
in the original, induced metric.

There are two parts of this argument, similar to the two parts of the proof
in lemma 4.3, stating that ||p;|| could be used as a cut-off function.

First case: Assume that ||p;/|| < &1/4 for some j'. By picking §y < €1/4 we
get that the Hamiltonian flow preserves ||p|| if ||p|| > &1/4. Since the curve has
to go from ||p;|| > €1/2 to |lpjy/|| < €1/4 and back, we can conclude that the
sum of the lengths of the geodesics connecting the z;’s with the z;’s is more
than e1/2.

Second case: Assume that ||pj/|| > e1/4 for all j. Now the situation is
this: We have a vector field X = Xy on a compact Riemannian manifold
M = {(¢,p) € T*L | e1/4 < |Ip|| < €1}, the flow ¢, of X has no 1-periodic
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orbits, and we want a lower bound for the the sum of the lengths of r geodesics
needed to close an r-piecewise flow curve. Consider the functional

Q(v)/o 17/ (t) = Xy lldt

on piecewise smooth curves. We can approximate the sum of the lengths of
the geodesics using this integral in the following way: If 2" is a piecewise flow
curve, define 7, as the piecewise smooth curve, which on [j/r, (7 + 1 — 1/k)]
is the flow curve re-parametrized and on [(j + 1 — 1/k)/r,(j + 1)/r] is the
geodesic. For k going to infinity the parametrization of the flow curve goes to
the standard parametrization and thus the integral goes to zero on this part,
and on the geodesics the integral goes to the length of the geodesic. So all we
need is a lower bound on Q.

This is obtained by relating it to a more well-known functional. Let () =

$_o(3(¢)). Then

1 1
Q(y) > C/ | Dyt (7' (t) = X)) ||dt = C/ 16'(t)||dt > ¢
0 0

where C' < || D 1| for all z € M. The last inequality comes from the fact that
for 7 to be closed we need 3(1) = ¢_1(6(0)), which means that 3 is a curve
starting at some point x and ending at the point « # y1(x). However, x is in
a compact set, so the distance from x to ¢1(z) must be bounded from below
by a positive constant. ]

Lemma 5.4 For K > 0 large enough (only dependent on the metric) there
exists 0p > 0 small enough and B > 0 large enough (B only depends on K
and p) such that: If 0 < 6§ < &g and v € [K§~1,2K571], then we have a good
index pair for the total index of A: A g1 N — R. Furthermore, for all small
C'-perturbations of H within the provided properties, the good index pair will
contain all of A,’s critical points.

Proof: If we choose K larger and dy smaller than needed in lemma 5.2, we see
that VA, - VE < 15V A,. - VA,, and that E = 0 for critical points. So we can
use F as a cut-off function with 0 < s and ¢ — s > 45ud = 15 - (b — a).

We wish to use ||p;|| as a cut-off function with s; = £1/2 and t; = 3¢, /4.
Looking at lemma 2.5 again, we see that we need

VA; - Vipill < G2 IVANP = 551V A,

The assumptions in the lemma, tells us that %;5 > 24%7}(’ so putting k = 2;?
and using the previous lemma, we get what we want, provided that g is small
enough.

When using the formula in lemma 2.5 to try and create good index pairs
using E and the functions ||p;|| as cut-off functions (with the prescribed s’s and
t’s), it is not clear that one gets a compact subset of A, gM,,. This is because
we need to prove that the functions we chose separate the pair we create from
the “boundary”. The functions ||p;|| take care of one type of boundary, but we

need to see that E takes care of the other type. That is, the one coming from
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e(Z') < /r. This is proven by calculating e on the boundary of the index pair
coming from using F as a cut-off function

e(7) < TZ(% + dis‘c(,z*j_,zj))2 < 2‘“T—2 +2E(7) < 2“72 + 2t.
J

We were able to choose t as close to 45ué as possible, say 46ud. This is smaller
than 92K p/r, so if § is larger than (92K + p)2u then E will keep us away
from the boundary, and our index pair is compact. The last statement in the
lemma, follows from the fact that E is continuously dependent on H € C! and
for critical points we know E = 0 and ||p;|| < 4. O

6 Stabilization of Approximations Defined Near the
Zero Section

The setting is as in the previous section, except that now we look at N x D for
some k. We define H: T N x (D?** wg) — Rby H(z1,22) = Hy(21)+Hp(22),
where Hy is as in the previous section (dependent on a d), wy is the standard
symplectic form on D?" and

Hp(z2) = ||z

The Hamiltonian flow for Hp is circular around 0 with revolution time 27, but
we only flow for a time period of 1, so the only orbit is 0, and this orbit has
action 0. So the 1-periodic orbits for H are the same as in the previous section
on the first factor and constantly equal to 0 on the second factor, and they
have the same action.

There are no difficulties in defining finite approximations just as in the
previous section. Note that this requires a section

Se: A(T N x D**) — AL(T(T N) x (R**,wp))

with the same type of bounds as before on curves with energy less than 3, and
it requires a compatible metric g on the space T*(N x D¥). However, in this
case we assume that this metric is the product of a compatible metric with
the standard metric on R?*. The corresponding finite version of the loop space
A g(TZ N x D?*) will consist of curves denoted by 2" = (27, 23).

The lemmas (with proofs) from the previous section still hold, except we
need more cut-off functions to keep the index pairs away from the boundary
of D?*. However, the techniques used in lemma 5.3 can be copied directly to
prove that we get a similar result for the function ||(22);]|. So we conclude that
the lemma at the end of the previous section still holds in this slightly more
general case.

Definition 6.1 A section S is said to be of product type if it factors through
AT N) and AL(T(TIN)) x L(K)),

where L(k) is the Grassmannian of Lagrangian subspaces of R?*.
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Factoring through the first of the two spaces is equivalent to the section not
depending on the second (contractible) factor AD?*. Factoring through the
second space is equivalent to all Lagrangians defined by the section split as
direct sums of two Lagrangians, one in each factor. On the level of fibers this
corresponds to the section being in the subspace similar to (AL(n))x (AL(k)) C
AL(n + k).

For the rest of this section, S, will be of product type. In this case A,
splits into two factors

A3, 3) = AV (F) + AP (7, %)

where ALY is the function defined in the previous section by restricting our
section to the first factor, and AP (%7, —) is the finite approximation on D2*
defined by the constant section, which is the restriction of Sz (z7) to the second
factor.

This gives us

V;{AT = VA,{V + VZ—fATD

vz_ﬁAr = VZ—2>ATD (15)

It would be nicer if we did not have the second term in the first line, but looking
back at the proof of lemma 5.2, one can check that this is one of the parts of
the gradient that were negligible (this will be proven later). We will show that
changing the gradient to the pseudo-gradient

X =X ®Xs=VAL o Vg5 AF,

will not change the validity of the lemmas in the previous section. This is
made more precise and more general in the following technical lemma, which
is a small generalization of lemma 5.4.

Lemma 6.2 For K > 0 large enough (only dependent on the metric) there
exist 69 > 0 small enough and B > 0 large enough (8 only dependent on K and
w) such that: If0<t<1,0<s5<1,0<8§<0dy andr € [K671,2K57 1], then
the vector field

X = (sVAY +tVzAP) o v AP

is a pseudo-gradient for A,: A, gT} N — R and (A, X) has good index pairs.

Proof: First we notice that the energy splits
E(Z) = E(7) + B2 (%),
where F1(Z) = E(z1,0) and Ey(Z) = E(0, 23). So the gradient of F is
VE =VE; & VE;,.

Because of the bounds in equation (11), taking a variation of z; in a unit
direction will not change the angles of the Lagrangians on the second factor by
more than Cz. This changes A, by no more than CFEs, so the norm of the
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gradient VAP is less than CzE». Using this, equation (15) and lemma 5.2
on both By, AN and Ey, AP we get

X -VE<(s|IVa A + VR A INIVE + IV AP [V Bl

<(sv/3E1 +tCrE2)\/5E1 + \/3E2\/5E,

S 4(8E1 + tCﬁEQ\/ E1 + Eg)
and

X VA, = (VgAY +tV5AD) - (VaAY + V5 AD) + V5 AP

> $E1 /3 — (t + $)\/E1 [3CeEs — t(CrEs)? + Ea /3. (16)

By making §p smaller we make r larger and this makes F = F; + Fy smaller.
So for small g we can assume

This proves that X is a pseudo-gradient, because at non-critical points we have
FEi1 + E5 > 0. We also see that we can still use E as a cut-off function in the
same way we did in the proof of lemma 5.4.

Similarly, the functions ||p;|| only depend on z; and so by using lemma 5.3
on AY we get on the set ||p;|| > 1/2 that

X Vpjll < sV AY - Vipjll + tCeEal| V|
< srk||Vz AN|? + 2tC Esc
< rk(X - VA,).

To get the last inequality we may have to further increase r.

The result for the cut-off functions ||z2 || is easier: We bound X - V|| 27|
by rkE, using the same argument as in the proof of lemma 5.3. Now we have
enough cut-off functions to get compact sets, just as we did in the proof of

lemma 5.4. O

Because V., Hp = uV,,Hp, we see that flow curves for the Hamiltonian
flow of Hp is preserved under scaling: If 7y is a flow curve then u~ is a flow curve.
This means that the curve over which we integrate A\ scales proportionally with
Z3, so the integral scales quadratically. Also, H}, is quadratic so we get

This is a smooth function, so it must be equal to its Hessian at 0. So AP (z7, —)
is in fact a quadratic form in zz. If the critical point 0 were degenerate then
it would not be an isolated critical point. So it is in fact non-degenerate. We
define ¢ over A, g7 N by taking for each point z1 the bundle of negative
eigenspaces for the Hessian of AP (%7, —) at the point 0 in D2*" (recall that we
gave D?* the standard metric and the finite loop space the product metric).

Lemma 6.3 Assume that 3, § and r satisfy the conditions in the previous
lemma. Then the total homotopy index of A, is the relative Thom suspension
of ¢ (¢ defined above) of the homotopy index of AN.
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Note that the relative Thom suspension of A/B of a bundle ¢ over A is
defined to be D(/(S¢CU D(p).

Proof: First choose an index pair (A, B) for AY, but with a = —ud/2 and
b = 3ud/4. We will extend this to an index pair for A,. Let Ezfl be the

negative/positive eigenbundle of AP (%7, —). It is easy to construct index pairs
very close to zero for a non-degenerate quadratic form on D?*", so we do this
fiber-wise

Az = D.FZ x D.E%

_ - +

B = S.EZ x D.EZ.
Since e(A) € [0, 3) and A is compact we have e(A) € [0, 3 — ¢], so we can find
an € > 0 such that Az is contained in A, g(T7 N x D?¥) for all z{ € A. Also,

because the index pair was made with a more narrow choice of a and b, we can
assume that A, on Az is in the interval [—pd, 2p10]. Define

A’:UA?I

ZIEA
B'=(J Amu(l B=)
Zi€EB Zi€A

for such an €. Claim: We can find 0 < s < 1 and put ¢ = 0 in the previous
lemma such that (A,, X) has this as an index pair. I1 and I2 from the definition
of index pair have been taken care of. I3 is as noted before because critical
points of A, are of the form (27,0), where z7 is a critical point for AY. To get
14 we choose s, because s controls the speed of the flow on the base compared
to the flow in the fiber. For s very small, any point in Bz will flow entirely
out of A, g(T*N x D?F) before the quadratic form A,(z7,—) has a chance to
change much. O

For us to use this lemma we would like to be able to compute the isomor-
phism class of the negative eigenbundle, and the next lemma helps us do just
that.

Lemma 6.4 Let BP(z1,—) be the quadratic form defined like AP (z{,—), but
with Hp = 0. Let (g be a choice of negative bundle over A, gT*N for BP then

(=(poR™.

Note that BY is degenerate in each fiber, because in the fiber over z7,
the quadratic form BP(Z7, —) is a finite approximation, which has the 2k di-
mensional subspace of the constant curves as degenerate points (the 1-periodic
orbits). We did not use this Hamiltonian in the definition of our finite approx-
imation because we wanted index pairs, but the negative eigenbundle is easier
to calculate for the quadratic form BP.

Proof: We define a continuous family A° of quadratic forms by finite dimen-
sional approximation of the Hamiltonians Hs = Hy +H3,, where H$, = s||22|%.
Then BP = A% and AP = A'. The same argument as before shows us that
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these are quadratic forms. Since the Hamiltonian flow for these only has the
trivial 1-periodic orbit for 0 < s < 27, the negative eigenbundles are isomor-
phic, but we need to see what happens at s = 0. The critical points of A°
are precisely the constant curves, so the Hessian is degenerate, and the kernel
as a bundle over A, gT*N is the trivial bundle of dimension 2k. We prove
the lemma by proving that for a small perturbation of s = 0 in positive direc-
tion, this kernel becomes part of the negative eigenspace. This is a point-wise
calculation, so assume z; is fixed.

Denote by F_, Ey and E, the negative, zero and positive eigenspace of a
representing matrix for A°. It is enough to prove that the first order change
in s at s = 0 of A} is negative definite on the kernel Ey. Indeed, if so we can
restrict AY to the sphere of Ey @ E_ and what we see is a non-positive function
on a closed manifold, which is then perturbed to the first order to be negative
on the set where it is zero. This will imply that the function is in fact going
to be negative on the entire sphere for very small s, and thus A7 is negative
definite on Ey @ E_ for small s > 0.

So to prove this negativity on Ep, we look at A7 on Ey for s close to zero.
The kernel Ej is the set of constant curves, so we assume that z; = z;11 for
all j € Z,. We need to take a look at the precise definition of

A=/

j Vi

Xo —Hsdt+/ o)

%

For s = 0 all of this is zero (on Ey) because +y; and 7; are constant, and H is
zero. We want to prove that the dominating term when perturbing to positive
s is —Hyg, which is negative.

Because any time independent Hamiltonian is constant on its flow curves,
we can rewrite this as

1
A :/ o+ = S Hy(z) =
25 0u+5) " z]:

= / )\0 - HS(ZO).
> (ts)

The curves vy, are the 1/r time flow curves of H,, so they have lengths of order
[V Hs||/r which is of order s|zol|/r, and since 2; = zj41, and 7j connects
the endpoint of v; with z;41, the same is true for 7;. This means that the
integral, which is the symplectic area enclosed by the closed curve obtained
by concatenating ; and 7%, is of order (s||z[|/r)?. We have r of these terms
summed, but this is still of order (s||z])?/r. The term H(z) is equal to
s||20]|?, so this is the dominating term in s and the lemma follows. O

7 The Maslov Bundle and Index of Related Finite
Actions

Let j: L — T*N be a Lagrangian embedding. We will define the Maslov
bundle relative to this embedding. It is a generalization of the Maslov index
related to curves of Lagrangian subspaces in R?" (see e.g. [MS98]). In fact the
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bundle is a canonical virtual vector bundle over AL, such that the dimension
of this bundle on each component is precisely the Maslov index.

The projection T*N — N will be denoted w. For any point ¢ € L the
tangent space T, L is mapped by j. to a Lagrangian subspace of T}, (T*N),
and by abuse of notation we define

jut L — L(T(T*N)).

See the previous section for definition of L(T(T*N)). A stabilization of this
map with a vector bundle { — N will be denoted by j. @ ¢ and is defined by

(e ® (@) = 4= (T4L) © (77°C) C Tj(q)(T*N) @ (77C) @ (7" ()",

which is also Lagrangian (in the obvious symplectic structure).
If ¢ is the normal bundle of N for some embedding iy: N — R™, we get a
canonical symplectic trivialization

ni: T(T*N) @ (7%¢) @ (7*¢)* — T*N x (R*"™, wy).

This is defined by using the Riemannian metric induced from ¢y to split the
tangent space of T*N at z into T,T(Z)NEBT;(Z)N, then mapping V, = Tr(,) N @
Cr(z) isomorphically to R™ by the obvious map, and mapping V" = T:(Z)N @
;(z), by the inverse of the dual to this map, to iR™. If we compose this map
with j. @& ¢ we get a map from L to £(n) (the Grassmannian of Lagrangian
subspaces in R?"), and since all embeddings are isotopic for n sufficiently large,

we have a map unique up to homotopy
Jo: L — L(n).

If we stabilize this map to get a map to £(2n), then we can homotope it to
be a map into £(n) x £(n) C L(2n) which is constant on the first factor.
This means that if we further stabilize this map by the tangent space of T*N
and choose to trivialize this copy of T*N with its normal bundle, we have
a different interpretation of the map J,: For any point [ € L we have two
different Lagrangian subspaces of T;(T*N), the tangent space of L and the
horizontal part of T'(T*N). So we have two different sections in the bundle
L(T(T*N))|,. If we stabilize both sections with R" C R*" to make them
bundles of Lagrangian subspaces in a higher dimensional symplectic bundle
over L, we can - if n is large enough - homotope their “difference” through
Lagrangian subspaces to the R?" component. It is this difference that .J,
measures.

Because lim,,_,o £(n) = L ~U/O ~ Q60 (see e.g. [MS98]| for the first ho-
motopy equivalence and [Mil63] for the last) is an H-space we have a homotopy
equivalence

Evo xma: AL — L X QL, (18)

where Evg is evaluation at the base point, and 7o is homotopic to point-wise
multiplication with the homotopy inverse of Evy.

Definition 7.1 The Maslov bundle i is the virtual bundle defined by the map

AL 25 AL () AL 25 QL —=5 7 x BO.
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The latter equivalence comes from Bott periodicity (see e.g. [Mil63]). The Z
corresponds to the dimension of the virtual bundle or 71 (L), the latter being
one of the many definitions of the Maslov index (see [MS98]).

We want to use this to calculate the type of homotopy indices defined in
the previous section. To do this we need to put the loop of J, on a standard
form.

For any V; C R™, V_ C R™ and Vy C R” pairwise orthogonal and V; &
V_ @ Vy =R" C R*™, we define the curve vy, v_ v, € QL(n) by

7(V+7V77V0)(t) = eiﬂ-tv‘i’ @ eiiﬂ-tvf @ ‘/0 S ‘C(TI’))

for ¢ € [0, 1]. The space of such curves will be denoted Q;£(n) (s for standard
form). Over this space we have the three canonical bundles V, V_ and V.

Lemma 7.2 Any map f: K — AL, where K is of compact homotopy type,
can be homotoped to factor through

E(nl) X Qéﬁ(ng) C AE(nl + ng) — AL

for large enough ni and no. Furthermore, the virtual bundle defined by the map
f over K by composing it with wq is the pullback of Vi — V_.

Proof: The map factors through £(n1) x QL(n) because the map in equation
(18) is a homotopy equivalence and because K is of compact homotopy type.
So we can consider a map f’ to QL(n) and show that it factors through Qs£(n)
for large n. We may have to stabilize by a number of Q¢,’s, where

in: L(n) — L(n+1)

is the standard stabilization which gives the limit L.

This part of the proof is standard Morse theory as in the proof of Bott
periodicity (see e.g. [Mil63]): Multiplication with e="*/2 on the curves in £(n)
gives a homeomorphism of QL(n) = Q(L(n),R™, R™) to Q(L(n),R™,iR™). We
now think of f’ as mapping into this space. In [Mil63] part IV paragraph 24
the space of minimal geodesics for this space is computed to be (with some
interpretation into the current context)

Qun(n) = Qo (L(n), R, iR™) = {7 | y(t) = ™/ 2W @ e ™/ 2W+ W c R"}.

The embedding of this space into Q(L(n), R™,iR™) has high connectivity on
the components where dim (W) and dim(W =) are both high.
To get high connectivity we stabilize f’ by

’y(t) — eiﬂ't/QR@ e—iﬂ't/QR C R4.
That is, we compose with the map
©v: QL(n, R™iR™) — QL(n + 2, R"T2 iR"2)

given by direct sum with ~. If we do this k£ times, we can homotope the map
(®7)°% o f’ to factoring through Q,,(n + 2k).
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Going back with the homeomorphism to 2£(n) we see that the stabilization
we did corresponds to having stabilized with

eiwt/?,y(t) — eith o R

k times. We have argued that we can homotope the map after such a stabi-
lization to the following subspace

eiwt/2Qm — {’7 | 7(1&) — eiﬂ'tW e WL},
so by further stabilizing with
2(t) = (e R)PF,

one has in total stabilized f with something homotopic to a standard stabi-
lization, because it is easy to get the two “twistings” to cancel out. We have
now homotoped the map f, stabilized in the standard way, to a map into
Q(L(n+ 3k)). The last statement follows from the fact that these highly con-
nected inclusions of Grassmannians into QL ~ Z x BO used in the proof, are
the standard way of identifying the stable bundle with the difference of two
actual bundles. 0

What we in fact proved was that the map is homotopic to a map factoring
through QsL(ns), where V_ is the trivial bundle of dimension k. This is equiv-
alent to the fact that any stable bundle over a compact space can be written
as the difference between a bundle and a trivial bundle.

If we want to use this together with lemmas 6.3 and 6.4, we need to calculate
negative bundles for the quadratic form BP whenever S, is of product type
and on standard form on the factor AD?".

Lemma 7.3 Assume that r is odd and large enough. For any point v in
X = L(n1) X QsL(n2) C AL(n1 + n2) we have an associated quadratic form
BY: Cmitn2)r . R defined by the Hessian of the finite approximation for
Hp = 0. The negative eigenbundle over X of this quadratic form is isomor-
phic to

R(n1+n2)(r72)+n1 ® V+ ® V_J_’
where V- =V, @ ;.

We use the notation V= to emphasize that it is a complement bundle to V_,
making the bundle in the lemma isomorphic to V. — V_ plus a trivial bundle
of dimension (n1 + na).

Note that even though these quadratic forms have kernels, there is indeed
a negative eigenbundle, because the kernel is the same for all the forms.

Proof: Given any v we will describe a choice of subspace on which B is
negative, and argue that it has maximal dimension. It will be obvious that this
choice is continuous as a function of X.

Because v(t) = L @ v1(t) with L € C™ and 71 (t) C C™ we see that B)
splits as a sum of BL: C™” — R and B)1: C™" — R.

For now we restrict our attention to BL. Note that for any quadratic form
2T Az, the set of critical points is precisely the kernel of A. We wish to define
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real vector spaces E_, Fy and E on which B is negative, zero (to the second
order) and positive respectively. Because E_ @ Ey ® E4 will be all of C™" we
conclude that dim(FE_) is maximal.

Let p = €"?™/7 be the standard r’th root of unity. Use this to define the
real vector spaces E,, by

Em ={(bp"™)jez, | b C™} C CM7,

for any m € Z,. The action of U(nq) preserves E,,.
Let M_ be the subset of Z, containing the classes [1],[2],...,[(r — 1)/2],
and My = —M_. These are disjoint and Z, = M_ U My U {0}. Use this to

define
E_ = @ Em
meM_
E, = @ Epp.
meMy

We have already defined Ej as the constant curves, which we know to be critical
points of BL, because for r large enough the only critical points of B are the
1-periodic orbits.

Since H = 0 we get no flow and the first term in the definition of the finite
dimensional approximation vanishes (see the definition of the finite approxi-
mations in section 5). So BE is in fact just a calculation of the symplectic
area, for the concatenation of the L-curves connecting z; to z;11 defined by L.
The action of U(n1) just rotates the curves and preserves the symplectic area
and the spaces E,,, so we can assume that L = iR™. This means that B
splits as a sum A; + A -- -+ A,,, where Ay only depends on the k’th complex
coordinate of the z;’s. We now look at one A; at a time. In fact we assume
for the time being that n; = 1, so that we do not have to redefine F,,. This
means that symplectic volume is now the normal area in C (with sign).

We will need the following facts about the spaces E,,, which because of the
assumption ny = 1 are subspaces of C". For (z;) ez, € Em, (w;)jez,. € Em; we
have

(zj+1)jez, € Em
(z7)jez, € E—m
Re(zj)jez, € Em ® E_m
Im(z;)jez, € Em ® E_n,
(ZJ' 'wj)jGZr € Enym.

and if m # 0
ZZJ‘:O.
J

Notice that the second to last fact makes sense only because we have n; = 1.
Any vector Z = (2;)jez, € E— can be written as

- E mj
zj = AP

meM_
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with «,, € C. Since L = iR, the L-curves are parallel to the real axis on the
first geodesic piece and parallel to the imaginary axis on the second. So we
have

BHZ) =) yj(wjp —xj),
J
where z; = x; + iy;. Rewriting this we get:

ABF(Z) =2 Z((yj-i-l +y) (@41 — x5) = (Y1 — y) (@501 — 75))

= Z(Z(yj-i-l + ;) (@41 — x5) — Tm((2j41 — 2)*)) (19)

J

= ZQ(%‘H +yi) (@1 — x5).

J

The last equality holds because of the facts stated for the spaces F,, and
because we restricted Z to E_, so that no term involving Fy occurs in the
expression.

This splitting of the sum into two terms has a geometric interpretation:
Take the area enclosed by the curve defined by just connecting the points z;
by straight lines, but then subtract the area defined by the triangles that are
defined by the L-curves and this straight line. So what we just argued was that
the areas of the triangles cancel each other out (on E_). Using our expression
for Z we also see that all terms involving products of terms with different
values of m cancel out. This actually means that B restricted to E_ splits
orthogonally on the subspaces F,,, m € M_. All we need now is to calculate
BL on each of the E,,’s, but here the geometrical interpretation tells us that
the area is simply

2B (amp™)jen,) = — Z||am||2sin(2ﬂ'm/r) = —7||a||? sin(27m/r),
J

which is negative because m € M_.

The same arguments show that Bl is positive on E, but be warned: The
spaces E,, is not an orthogonal splitting of BL. This is because F_ and E,
are not orthogonal, since canceling the terms really used the assumptions on
M_ and M+.

If ny is not 1 it is easy to see that the F,,’s are just direct sums of the E! ’s
and thus see that a E_ is a maximal negative subspace for BZ.

We now turn our attention to A = B)*. It is easy to see that because of
the form of =7, we can again split A into a sum of

A+I (C®V+)T4>R
AQZ (C@Vg)rHR
A_: (Ce V)" - R,

where (C@V1)® (CoVy) @ (C®V_) =C" since V; &V & V_ = R,
In the case of Ag we see that this is very similar to the previous case of BE.
In fact, using an isometry Vo = R we see that Ay is actually the same as BL.
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So a choice of maximal negative subspace for Ay is

E°= P E)

meM_
ES = {(bp™)jez, | b€ C® Vo).

Similarly, we take an isometry V; ~ R"™. We now split this as a sum and
assume again that n = 1, and find a maximal negative subspace.

Recall the geometric interpretation of splitting BZ into two terms in equa-
tion (19). We see that the difference between having L constantly equal to iR
and having the Lagrangian curve ¢ — e’ is only that the triangles, whose
areas we have to subtract, are different. The area of the triangle defined by
zj+1 and z; and some Lagrangian L is given by

darea = Im(u?(zj41 — 2;)?),

1

where ™" is a unit vector in C with real span L. This means that the expression

for A4 is

AAL(Z) =D 1 + i) (@i — 25) —Im(p ™ (241 — 2)°)),

J

and this time the last sum does not sum to zero, and there is no symmetry
between the previously defined positive and negative spaces. This is because
multiplication by p‘j takes us from FE,, to E,,_1.

We first prove that the spaces F,, are in fact orthogonal with respect to
the bilinear form defined by the first part of the sum - that is, define:

Q(7) = Z(yj+1 +yi) (@41 — x5)
q(z1,22) = Q(z1 + 23) — Q(Z1) — Q(z3).

By once again using the properties of the spaces F,,, we immediately see that
E,, is orthogonal to E,, if m # £m/, so all we need to consider is z] = a,,p™
and z3 = a_,,p~ "™ and prove that ¢(z7, z5) = 0. By expanding the expression
for Q(z1 + z3) and comparing with Q(%3) + Q(z71), we are left with two terms
that are symmetric in changing the sign of m. Call these 77 and T>. We reduce
one of these terms by

1 mj( . m — —mj(,—m
:4—1.Z(amp T(p™ +1) —@mp™ ™ (p +1))~

T
(amm™ (o = 1) T " ~ 1),
and by using the properties we get

T, = %(ama_m(Pm +1)(p ™ = 1) —@mam(p~™ + 1) (p™ — 1))

glm(ama_m(pm +1)(p~™ —1)) = glm(ama_m(p_m —-p™)).

Since T» was the same but with —m and m interchanged we see that

T, 4+ 15 =0.
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Now we look at what happens on the previously positive subspace - that is,
assume that 2 € E. The first part of the sum is the same as before. Looking
at the last part we see that when summing we only get a contribution from the
Eo part of p™7(zj41 — 2;)%. This means that we only get a contribution from
the By = E_(,_1y part of (zj41 — 2;)%. Since (zj41 — z;) is in B4, we only
get a contribution from the E_(,_qy/o part of it. Define m; = [(r +1)/2] =
[—(r—1)/2] € Z,. From all this we get

24, (%) = (— Z r|\am||2sin(2ﬂ'm/r)) - rlm((am1 (p™ — 1))2)

meM

for Z' € E,. For r large enough we will have p™ approximately —1, so we get

24, (%) =~ (— Z r||am|\25in(27rm/r)) —4rIm((am1)2).

meMy

Denote by @ C E; the one-dimensional subspace where Im(a2, ) = ||ovn,, ||?
and a,, = 0, m # my. Also denote by Q' C E the (r—2)-dimensional subspace
given by Im(a?, ) = —||am,||?>. We now have Q & Q' = E,, and because the
positive term coming from the sum is much smaller numerically than the “new”
term on @, we see that A, is negative on @ and positive on Q.

The kernel of A, is the set of constant curves because it is still a finite
approximation for Hp = 0.

Now assume that 7 is in the space E_ @ Q. Because the E,,’s were orthog-
onal with respect to the first part of the expression we get the same first term.
We also notice that the second part of the sum is again non-vanishing only
when dealing with products from E_(._1)/2, so in fact we get a very similar
expression:

24, (7)) =~ (— Z r|\am||2sin(2ﬂ'm/r)) - 4rIm((am1)2).

meM_U{m,}

Again, because of the assumption that [|am,, [|* = Im(aZ, ), we see that this is
negative. There is one positive term in the sum, but this as before is smaller
numerically than the “new” negative term.

This leads us to define:

Bt= (@ B eqt

meM_
Ef, ={(bp™)jez, |be CoVy}
Q" ={(bp™)jez, | b€ C@Vy, [b]* = Im(b*)}.
From the above arguments it is clear that ET is a maximal negative subspace

for A,. Note that QT is canonically isomorphic to V.
We also define:

Ec=( P E,oQ
meM_—{m1}

B, ={(bp™)jez. [beCoV_}
Q™ ={(bp"™ )jez, [ be Co V-, [|b* = — Im(b*)}.
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A similar calculation shows us that E_ is a maximal negative subspace for
A_. Note that as before Q~ is isomorphic to V_, but in this case it is more
important that £~ @ V_ is canonically isomorphic to

P E..

meM_

which leads us to introduce the notation E~ = (®pmem_ FE,,) © V_.
Putting all this together we see that

W=E ¢ETeELeE-=( P Wa)aV,oV.
meM_

Wi = {bp™ | b e C™ 2}

is a choice of maximal negative subspace. ([

8 Construction of the Viterbo Transfer as a Map of
Spectra

Let L and N be closed smooth n-manifolds and let j: L — T*N be an exact
Lagrange embedding, i.e. the canonical one form Ay on T*N is pulled back to
zero by j. In this section we construct the Viterbo transfer (see [Vit97]) as a
map of spectra
(Aj): ANT'N s AL-T' L0,

where 7 is the Maslov bundle defined in section 7, and AN ~T'N is notation
for the Thom-spectrum defined by a complement bundle to TN = Evy T'N.
The construction is similar to that of Viterbo, but the lemmas in the previous
sections make it much easier to control and understand the actual Thom spaces,
and thus get the map as a spectrum map.

Start by giving both N and L Riemannian metrics. The Darboux-Weinstein
Theorem tells us (see e.g. [MS98|) that for a small €1 > 0, we can symplectically
extend j toamap j: T3, L — T*N. To distinguish between coordinates in T L
and T* N, we denote them by (qn,pn) and (¢, pr). It is very important for the
construction that exactness of the embedding implies that pydgn — prdqr =
AN — Ap defined on T3, L is exact. It is closed but not exact for a non-exact
Lagrange embedding. This implies that the two action integrals f,y Ay — Hdt

and [ Ap—Hdt are equal on closed curves in 75, L. This means that if we have
a Hamiltonian on 7% N, which restricted to our neighborhood of L depends only
on ||pL||, then we can use the method at the very end of section 3 to calculate
the action integral on closed curves. In the following definition it is important
to keep this method in mind.

First we define H near L. Here we define the Hamiltonian in terms of the
coordinates (qr,pr). In fact we want it to be like the ones we looked at in
section 5. So we want it to be a function of ||pg||, convex and linear with
slope pr outside some small §-neighborhood of the zero section. As before,
we assume that pp is not the length of any geodesic in L. This is only the
definition of H on T7 L. On the rest of T3 L we want it to be concave and
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“level oft” to be a constant ¢ near the boundary (see figure 5). We want this
leveling off to happen so fast that any 1-periodic orbit in T3, L — T L has
action below —du . By using lemma 4.4, this can be done if § is small enough,
as seen in figure 5, where p} < pr is the maximum of geodesic lengths less

A y
slope pfy, /7 777 1
/ S1o
) o pe iy
,7/ slope pr, .
§,uL 5/LL ’
e 2 > [IpL % > [lpnll
—20pr,

Figure 5: Definition of H.

than pr. It is clear that the larger pr, is, the larger ¢ becomes.

Outside 15, L, we define H to be the constant c on Ty N — T3, L for a fixed
R > 0, such that the embedding of Ty, L is inside Tz N. Outside Tz N, we
define it to be a function of ||py||, convex and linear outside some R’ > R with
slope pn. Again we want the action of the 1-periodic orbits coming from this
part to be less than —duy. So the larger c is, the larger we can choose py (see
figure 5).

We want to pick all the parameters such that we can use the lemmas in
all of the preceding sections, but first we concentrate on section 4, and assume
that 7% N has the induced metric. Notice that C'}; = max(kur, un) works as
a bound on the gradient of H. The k is there because we used the induced
metric from L to define H near L. For small § we can assume that §~! times
some constant is an upper bound C% on the covariant Hessian of H. For small
§ we can further assume that C% > C};. So using proposition 4.7, we conclude
that there exist a K > 0 and dp > 0 such that: If 0 < § < 6y and r > K&~ !
then

I(A,, X) = Th(TA*V N),

where X is defined in the section.

Because of the way we defined H, we see that the natural quotient map,
defined in the end of section 2, gives a map from the total index to the index
Is=1 i%‘;LL (A, X). Recall that the action of H restricted to T L has all of its
critical values in this interval, and all other critical values are below —dur,.

Lemma 5.4 tells us that by possibly making K larger and Jy smaller, we
can find 8 such that we get a good index pair for the index I5 on the subset
A, gT7 L, provided r € [K6~1,2K6~ ] and 0 < § < &y. For this to make sense,
we recall that X in section 4 was defined to be the gradient of A, when the
max;||eg, || were small, so we may assume that X is the gradient of A, on the
subset A;. g7 L, which was the assumption in section 5. Furthermore, a good
pair defined inside a subset is also a good pair on the entire set, provided that
it contains all the critical points, and we already accounted for that.
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We have two metrics on T; L: One from 7™ N, which we will denote gy, and
one from 7% L, which we will denote gr,. We also have two canonical sections in
the bundle in equation (10) (with N replaced by L), which come from taking
the vertical directions with respect to T*N and T*L. We denote these S év and
S [L: respectively. This data produces two finite approximations

N

Al = APVSE CANTEL - R
L

A2 = AJSE L NRTEL S R

We assume that K and ( are large enough for all of our lemmas to work for
both approximations. We will use most of the lemmas in the previous sections
to relate them.

Proposition 8.1 Assume that r is odd and large enough. The total index of
AL, which we denoted Is, is stably equivalent to

Th((TAY"L) @ n),

where 1 is the Maslov bundle defined in section 7.

Proof: First we argue that the homotopy index does not depend on the metric:
Use the convex change to get a smooth family g; of metrics relating one with
the other. Make sure that K > 0 and 8 > 0 are large enough for lemma 5.4
to work for all metrics g¢. Then fix dg such that the lemma works for this K,
0 and all metrics g;. We now have good pairs for all ¢, but it is a problem
that the spaces AifﬂTg‘lL depend on t. However, this can be resolved locally:
Given any t € [0, 1] we want to argue that the homotopy index is constant in
a small neighborhood of ¢ even though the manifold changes. This is because
the boundary of the manifold is given by a continuous function on a bigger
manifold, so by going to a slightly smaller manifold still containing our good
index pair, we can use lemma 2.4.
Let sy and sy, be the sections in the bundle

L(T(T: L)) — TZ L

given by the vertical foliations from of T*N and T L respectively. Then S év =
Asy and S£ = Asy.

Redefine A} as the finite approximation defined by S év but using the metric
induced from L. As we just argued, this does not change the index.

We stabilize the section S to the section of product type (see definition 6.1)

SPy =57 @R

and get a new finite dimensional approximation from section 6. Lemma 6.3 tells
us that since we chose this section to be independent of the point in A, g7 L
on the second factor, this new approximation has as its total index the m-fold
suspension of Is for some m.

If we chose k large enough we can as in the beginning of section 7 homotope
the difference of sy and sy, into L£(k) - that is, we can homotope sy through
sections in LT(T7 L x D**) — T L x D** to

sp D Ju,
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where s7, and J, do not depend on the point in D?*. So when looping this we
get a section of product type.

Because we can assume that this homotopy is smooth, by looping it we
get a homotopy of sections in the bundle (10) with the bounds in equation
(11). However, we need lemma 7.3 to identify the negative eigenbundle of the
quadratic form given the finite approximations defined by stabilizing sy with
Ji. For this we need to homotope AJ, to the subset of curves in lemma 7.3,
and this can be done by lemma 7.2 if k£ was chosen large enough. The catch is
that we need this homotopy to fulfill the bounds in equation (11). If we do not
have this bound, we cannot argue that the homotopy index is constant during
the homotopy, because we do not know if good index pairs exist. The map, we
are homotoping AJ, to, is not the loop of a differentiable map. So we must
argue in some other way that this can be done within the bounds. Indeed, there
exists a deformation retraction fi,t € [0, 1] of the set of curves with energy less
than 3 onto a finite dimensional compact manifold satisfying a bound like the
second one in (11)!. The homotopy f; o AJ, fulfills the bounds, because A.J,
does and f; fulfills the last of them, and maps the set with energy less than §
to itself. The image of fi is a compact manifold, so homotoping AJ, only on
this subspace into the set we need it to lie in, will ensure the needed bounds
for the composition.

This homotopy is a compact family of sections, so there is a Jy > 0 small
enough to make lemma 5.4 and lemma 6.2 work for all of them simultaneously.
So we use lemma 6.3 to conclude that the index I is the relative Thom sus-
pension of the total index of A2 by the negative eigenbundle of the quadratic
form added. We then use lemma 6.4, lemma 7.3 and lemma 7.2 to conclude
that this bundle is a trivial bundle of dimension m plus the Maslov bundle. [J

Corollary 8.2 The index quotient map to Is induces a map of spectra
(AMNN)~T'N _ (Are )T E@n,
where A* X is the loop space of curves with lengths less than p in the Rieman-
nian metric on X.
Proof: First we note that the space
Th(TAXYN)
can by parallel transport along the curve be identified with
(A NP3 TNET

Here we switch notation for Thom bundles, because the name of the base space
is not included in the bundle name. This identification makes sense in light of
lemma 4.6.

Let 9» — A be any bundle over A where (4, B) is an index pair defining the
total index of A,: T*A, N — R. Then any quotient map f: A/B — A/B’ has

Ljust pick an s such that 3/4/s is smaller than the injective radius and contract onto
piecewise geodesics
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a relative Thom suspension using v defined by

D/ (Dipp U SY) — D/ (Dyypr U S9).

If A/B is already a Thom space of some bundle ' — Y, then the left hand side
is the Thom space of ¢’ © ¢y — Y. Similarly for the right hand side. So using
lemma 4.6 but adding on top of the index quotient a copy of a complement to
the bundle Evj;0 TN, we do a standard suspension of the indices instead of the
Thom suspension by the bundle. So the new quotient map obtained is just the
suspension of the old one. This, however, looks a bit confusing considering the
previous lemma: When increasing r by 2 we Thom suspended the index Is by
the bundle 2 EVZ0 TL, but we just added two times a complement to Ev;‘U TN,
so why should this be a suspension? This can be explained by the fact that
since T7, L is embedded into TN, they have isomorphic tangent bundles and
two copies of T'L is thus isomorphic to two copies of the pullback of TN.

Since the previous lemma worked only for r» odd we see that removing two
copies of EVZU TN and two copies of EVZ0 TL on each side of the map

Th(TA“N N) — Th(TA" L & 1)

cannot fully convert all the tangent spaces to suspensions on both sides si-
multaneously, so we choose the convention of removing an extra on each side,
making both sides into spaces representing the wanted spectra. (I

As noted earlier, the larger uy, is, the larger we can choose iy, which is a
good indication that these maps glue together into something non-trivial.

Theorem 1 The Viterbo transfer can be realized as a map of spectra

(Aj): (AN)TN - (AL)TEbs

Proof: The map is the same as the Viterbo transfer because the construction
is the same. The difference is that in our construction we actually calculate the
homotopy type of Is (not the same name as in [Vit97]) and add appropriate
bundles to both sides.

We need to argue that the maps from the previous corollary are compatible
with inclusions when increasing either py, or py. Since we already proved that
the quotients induce the maps, we only need to prove that they are compatible
with inclusions.

First we establish two facts about the inclusion maps for Hamiltonians with
two different slopes 1 < po not geodesics lengths. For the Hamiltonian H; in
figure 6 we can use lemma 4.7, lemma 4.5 and the note right after the proof
of lemma 4.5 to conclude that the inclusion of homotopy indices I¢;(A4,,X)
into the total index induces the Thom suspension of the inclusions defined by
including curves with length less than p into the set of curves with length less
than po.

For the approximation associated to the Hamiltonian H, in figure 7 we
have a natural quotient map from the total index to IE’:L% (A, X). We show
that this is homotopic to the inclusion as above. In the case of Hj we can,
by making the part with slope p; long enough, assume that the new bend has
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Figure 6: The Hamiltonian H;.

Associated critical values in [a, — 6]
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Figure 7: Hamiltonians Hy and HJ,.

its associated critical points above 2458. The inclusion of I2#29(A,, X) into
the total index is the same as the previous inclusion. Now by shortening the
linear part with slope p1, and then letting the bends cancel out, we remove
the critical points with critical value less than —psd. If we think of this in
terms of Morse theory and CW-complexes, we see that the new cells glued on
in the inclusion effectively kill of the subcomplex I;#29(A,, X), so collapsing
this subcomplex is homotopic to the inclusion. This argument can be made
precise by doing a small perturbation of A, to make it Morse. So the two maps
are indeed homotopic.

Now look at the problem of increasing pr,. This can be done by a homotopy
that simply multiplies the part of H close to L by a; € R increasing in ¢t where
ap = 1 and a; is the ratio between the new and the old pr. Outside T3, L
we simply translate H upwards so we do not change the slope py. During
this process we move the critical points, and when a;uz, is a geodesic length
we create new critical points. We create two critical points per geodesic with
this length: One down by the bottom bend very close to the zero section of
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L, and one up in the concave part of H. At their creation they have the same
critical value, which is larger than all the other critical values. We assume
that our bounds for the index pair are chosen such that this is within Is. One
of these new critical values stays above zero, but the other (from the concave
part) moves below zero and through —urd, effectively collapsing this part of
the homotopy index, but as we saw, this collapse induces the inclusion.

The case of changing pn is much easier, because by looking at the Hamil-
tonian on figure 8, taking the quotient from the total index to I5 is the compo-

A

5,Ll,r

> [lpx ]l

Figure 8: Lowering pn .

sition of two quotients where one is the inclusion and the other is the quotient
for the larger uy. O

9 Twisted Chas-Sullivan Products

Let Evg: AM — M be the map defined by evaluation at the base point. Define
T'M = Ev{TM. For any virtual bundle n — X we denote the Thom spectra
of n by X". In the case where 7 is an actual bundle we use the same notation
for the Thom space.

In [CJO2], the authors prove that the Chas-Sullivan product on an n-
manifold M can be realized as the product on a ring spectrum

(AM)™T'M A (AM)™T'M — (AM)~T'M,

We will create a slightly more general construction of this, and thereby prove
that both source and target of the Viterbo Transfer is a ring spectrum.

Theorem 2 Let M be a closed smooth manifold. For any homotopy class
[f] € [M, L] = [M,U/O] there is a Chas-Sullivan type ring spectrum structure
on

(Adg)=T M,
where 1 is the virtual bundle induced by the map

AM — AL — QL ~7Z x BO.
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Note that the case in which f is null homotopic produces the standard
Chas-Sullivan product.

Proof: Define
AX xx AX = {(’)’1,’}/2) e AX x AX | ’}/1(0) = ’)/2(0)}
This has a concatenation map px to AX, defined by

1(2t) tel0,1/2
px (71,72)(t) :{ ;E%* 1) te {1/2,/1}-

For bundles 7; and 72 over AX, we define 171 X x 12 to be the restriction of
m X2 to AX xx AX.

We will need a lot of structure on M, and a very natural way of getting all
the structure we need is to choose an embedding i: M — R!. This induces a
Riemannian metric on M. Let ¢ < 0 be small enough to make any ball with
radius € geodesic convex. So for any points mi, me € M with dist(mq,mz) < ¢,
we define tmy + (1 —¢)ms by using the unique geodesic connecting m; and ma.
Define

AM x5 AM = {(71,72) € AM x AM | dist(71(0),72(0)) < ¢}
and
AM x5, M ={(v,m) € AM x M | dist(v(0),m) < e} ~ AM.

We have the obvious projection Py: AM x5, M — AM. However, we define
P;(, m) by taking the point m’ = (1 —t)y(0) + ¢tm and conjugating v with the
unique geodesic curve, parametrized by arc length, connecting m’ and ~(0),
and then reparametrizing in the obvious way. So P;(y,m) is a closed curve in
M starting at m.

Regardless of base we will denote the trivial bundle, with the standard
metric, of dimension k£ by [k]. Let v — M be the orthogonal complement
bundle to TM in R! and let ¢: v @ TM — [I] be the induced isometry of
bundles. We define v/ = Evj;v. On the space AM x p; AM the two base points
are the same, so v/ and T'M define bundles here as well.

In [CJ02], the authors appeal to Hilbert space versions of the loop spaces to
get a Pontrjagin-Thom collapse map. We will do a more explicit construction
using a little trick. Simply define a map

AM x5, AM — T'M,

where T"M is the bundle over AM x»; AM, by

(y1,72) — (p(vl,’yg),exp;l(o) (72(0)))7

where p(v1,72) = (P1(71,72(0)), v2). We see that the boundary of AM x5, AM
is mapped to vectors in T’ M with length ¢, so if we multiply the last factor by
e~1, this is mapped to the sphere bundle. Thus we can extend the map to all
of AM x AM, provided that we map to the Thom space of 7'M and map the
complement of AM x5, AM to the base point. Because this is not surjective,
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it is not a Pontrjagin-Thom collapse map, but it is homotopic to one. We will
use this construction with two copies of v/ added on both sides to get a map

7 (AM x AM)”'™>¥" — (AM x 5y AM)IE

Explicitly we define 7 by

(71,72, 01, v2) = (p(%,w), P exp ) (12(0)) @ ’Ul);UQ)-

On the left hand side we use the Thom space defined by the bundle Dv’' x D/,
and on the right hand side we use D([I] & v'), where all discs have radius one.
The fact that p is not defined on the entire space is not a problem, because we
map this part to the base point.

Since the diagram

Nev —"C e
l l
AM xpp AM —2— AM
is pullback we can compose 7 with
PV (AM oy ADMDISY — (AD)HEY
to get a map
(AM)” A (AM) = (AM x AM)”*"" — (AM)I®Y" =~ 5L AM)Y .

This is the Chas-Sullivan product on the (21)-fold suspension of (AM)~T'M.
Now we need some technical tools for the case in which f is not null homo-
topic. Define

X= || Gr(2hk),
keNU{0}

where Gry(2k) is the Grassmannian of k-dimensional subspaces in R?*. This
is a strictly associative monoid with product

Grkl (2]€1> X GI‘k2 (2]€2> — Gr(k1+k2)(2(k1 + kQ))

given by direct sum. In [May77], it is proved that the loop structures on Zx BO
coming from the two homotopy equivalences

OBX ~7 x BO ~ QL
are equivalent. This implies the homotopy equivalence
BX ~ L,

so we might as well assume that f maps to BX. We use the H-space structure
of BX to define the projection

mq: ABX — QBX.
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It is possible to construct o such that the diagram

ABX xpx ABX 22 ABX

lﬂ'g XTQ lﬂ'ﬂ

OBX x OBX —X—~ QBX

commutes, and such that mq of any constant curve is the constant curve in
OBX. We define Aqf =mqoAf: AM — QBX.
Recall the definition of BX as

BX :( p€R|E|{O} A, % XP) /e

The space X embeds into QBX by the adjoint of the map XX — Ay x X/ C
BX. This maps Gri(2k) into the component identified with {k} x BO C
Z x BO. The embedding has high connectivity on the components for large k,
because up to homotopy it is the standard embedding Gry(2k) — BO. We now
embed X x X into QBX by the composition X x X — QBX x QBX — QBX.
We define the curve e € QBX by the inclusion of the point (R C R?) in
Gri(2) € QBX. Concatenations with e on either side of a curve defines a
map QBX — QBX that up to homotopy is the map that adds one to the
Z component of Z x BO. For any map h into 2BX we will denote the map
H composed with k; pre-concatenations of e and ks post-concatenations by
ki1 + h+ ks.

The space of curves in M with lengths less than y is denoted A* M. This
has compact homotopy type and so k1 +(Aqf)|axn can be homotoped to factor
through X for large k1. Let G§' be such a homotopy with G = k1+(Aq f)|aunm-
By pulling back the canonical bundle over X with G/ we define a bundle over
A* M, which stably represents the virtual bundle . We will denote this by
([k1] + n). We use this to define the spectrum (AM)~T"M+7 by letting

(AMM)V’GB([kl]JrU)
be the (I + k1)th space. By increasing k1 we get a suspension, after which we
can increase p and extend the homotopy G} and the limit of this defines the
spectrum. Different choices of the homotopy G} gives different identifications
of this part of the spectrum with a Thom space. In fact, if G} had factored
through X x X instead of X we would have an identification of the bundle
with a direct sum of bundles. Let F}* be a homotopy of F}' = (Aqf)annr + ka,
such that F!" factors through X, and use this to define the bundle (1 + [k2]).
Since the diagram
AM xpp AM 22 A0
(kl"l‘AQf)XAJ(AQf"I‘kZ)J/ Jkﬁ-/\of-‘rkz

OBX x QBX —— OBX
commutes and pys is a cofibration, we get that

H{': paro (GY xar FY) Opz_wl
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is a homotopy on the image of pys from Hy = k1 + Aqf + k2 to a map HY' that
factors through X x X. This defines a representative of the bundle 7 over the
image of py; which we will denote ([k1] 4+ n + [k2]). We constructed H/* such
that the diagram

AM x 0y AM —22 5 A0r

G?X}uFtHl JH#

XXxX—XxX

commutes. This gives an identification of ([k1]+mn) X as (n+[k2]) as the pullback

P ([k1] + 1 + [k2]). Adding this bundle to the map p%@”/ we get the map

(AP M x5 AuM)[l]®v$(([k1]+n)m(n+[k2])) N (A2uM)[l]$u®([k1]+n+[kz])_ (20)

If we choose other homotopies G and F}* we get another identification of the
Thom space on the right hand side, but this cancels out due to the fact that
we also get another identification on the left hand side.

In the definition of 7 we used the map p to map AM x5, AM to AM x AM.
This map was canonically homotopic to the identity using P, so inserting this
homotopy before (G x f1')|anrxs, an; We get an identification of the bundles
([k1] +m) x (1 + [ka]) | au—2c arxcs, anar and the pullback pf([k1] +n) x ar (n+ [k2]).
With this added on top of 7 we get the map

F[kal+m) x (n+[k2]) . (AP=25 M x AMM)(VGB([kl]Jrn))X(VGB(Wsz])) N

— (APM X AuM)[l}GBVﬂB(([kl]Jrn)XM(nJr[kﬂ)),

Composing this with the map in equation (20) we define the map
Torpor s SITR(ARM) =T MAn A Sk (AB ) =T MeAn _y 5320462k (A p ) =T MoAn,

which is the definition of the product on a subset of the spectrum. If we make
k larger we get a suspension of the same map, which we can extend to a larger
subset, so this indeed defines a map of spectra. There are some subtleties
involving reordering of suspensions, but this is a well studied aspect related to
the construction of the spectra and its smash product with itself.

The unit of this ring spectrum is given by the map from the sphere spectrum
induced by the Pontrjagin collapse map S' — MY — (AM)’/*”. The latter
inclusion is the standard inclusion using the fact that the bundle 7 restricted
to constant curves is trivial of dimension zero. Indeed, this is because the map
T projects constant curves to the constant curve. It is easy to check that
inserting this on either side of the product produces a map homotopic to the
identity. (I

The following lemma is well-known, but the construction we present is in-

teresting in light of our construction of the product. It also provides insight
into the conjecture following it.

Lemma 9.1 The Chas-Sullivan product is Ax.
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Proof: We start by describing a homotopy from 7o (7 AId) to 7o (Id AT).
On the level of base spaces we look at the map p: AM x5, AM — AM Xy
AM — AM. The compositions po (p x Id) and po (Id xp) are not well-defined,
because we only defined p on a subset of AM x AM. However, on the set
AM >3 = {y1,72,73 € AM | dist(;(0),7;(0)) < £/2}, both compositions are
well-defined. The first picture in Figure 9 shows three curves in AM*<3, and

3 71,’72 p(y1,p 727%

72(0 V3 0)

71(0
RaReit

Figure 9: Connecting curves in different order.

the two others illustrate the difference between the two different compositions.
After a reparametrization, the two curves differ only on the inserted geodesic
pieces, and it is easy to define a homotopy between them using a parameter
s € [0, 1] that specifies at which point on the geodesic, which is horizontal in
the figure, the other geodesic starts. Recall that the curve runs through both
geodesics in each direction. Figure 10 illustrates how to define the curve for
s=1/2.

Figure 10: Geodesic overlap.

Adding the bundles v’ on the factors, we see that the two maps we wish to
compare are

7(71, T(72, 73, 1, v2),v3) =

(P71, P(v2,73)), ™ exp g (13(0)) @ w1, e~ expl ) (713(0)) @ w2, v3)
(

(p(

T 7(7 72,1)1,1)2) 73,1)3) =

p(p(11,72),73)) €™ exp] ) (72(0)) ® w1, 67" exp ) (13(0)) @ vz, v3),

where the outer 7 is the identity on the trivial components produced by the
inner 7. Indeed, this corresponds to identifying the outer 7 with a suspension
of the original 7. We only looked at the compositions of p on a subset, but
this is easily remedied by inserting a homotopy that shrinks the part of the
space which is not sent to the base point. We do this by using a homotopy
that increases the ¢! factor on the inverse exponentials to 4¢~!. This has
the result that everything outside (AM)*<3 is sent to the base point by either
map. Now it is easy to use the homotopy we constructed for the p’s, and at
the same time homotope the factor 4e~! exp;ll(o) (2), by letting 2 be the point
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on the one geodesic at which the other geodesic starts. This does not change
the fact that the complement of (AM)*<3 is sent to the base point.

We conclude that the Chas-Sullivan product is homotopy associative. But
what about higher associativity homotopies? We generalize the above con-
struction to ¢ curves 71, ...,7;. For the purpose of doing this we define spaces
K;, for ¢ > 2, homeomorphic to and with the same boundary maps as the
spaces Stasheff defines in [Sta63]. Define

K; = {(Si_Q,Si_3, L. ,81) S R*—2 | Si_9 € [0, 1],Sj S [O, 1+ Sj+1],j <17— 2}.

This space has a useful geometric interpretation. Place 4 distinct clockwise
ordered points pi,...,p; on the unit circle. Now draw the line segment from
p; to p;—1 parametrized by the interval [0,1]. Then draw a new line segment
parametrized by the interval [s;_o,1 + s,_2], starting at the point on the first
segment corresponding to s;,_o and ending at p;_o (see figure 11). We wish to

S6

1+ s6

Figure 11: Line segments for ¢ = 8 and parametrizations of the first two seg-
ments.

continue by drawing a line segment starting on either of the two existing line
segments and ending at p;_s, but it should only intersect the other segments
at its starting point. We see that because of the way we parametrized the
second line segment, the parameter s;_3 uniquely defines a starting point for
such a curve. Furthermore, by parametrizing this third segment by the interval
[si—3, 1+ s;—3], we see that the next parameter s;_4 uniquely defines a new line
segment starting at a point on the first three segments and ending at p;_4, not
intersecting the other segments except at its starting point. Continuing this
down to and including p; we identify K; with a space of diagrams. Figure 11
illustrates a point in Kg. This geometrical interpretation is valid no matter
how we space the points around the circle.

The points in the space K; are generalizations of choices of parentheses on a
product of ¢ terms, and the points where the line segments both start and end at
the points p; correspond to actual choices of parentheses. For instance, the dia-
gram where all the segments start at p; corresponds to (v1 (y2(- -+ (i—17i)) -+ ),
and the one where they join neighboring points all the way around the circle cor-
responds to ((--- (y172)73) - - - ¥:). The boundary of K; divides up into natural
subsets, each related to fixing one set of parentheses. In the geometrical inter-
pretation the boundary component given by v1 - - vj—1(Vj = - Yjtr ) Vitr+1 - - Vi
is defined as follows: The subset of K; where the sub-diagram defined by points
p; through p;4, and the segments ending at the points p; through p; 1 is in
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fact a viable diagram representing a point in K., and the complement of this
sub-diagram together with the point p;, is also a viable diagram representing
a point in K;_,41. It is easy to check that the union of all these components is
the entire boundary of K;, because the boundary consists of the points where
there is a segment either going from p;41 to p; or from p; to p;, and all such
can be divided. Conversely, if such a subdivision is possible then one of the
segments must be in such a position. Also if there are two possible subdivisions,
then we can in fact divide it into three diagrams d;, ds and d3 where d; and ds
have a point in common and as do d; and ds. This means that these boundary
components only intersect at their own boundary, and so we have a system of
inclusions satisfying the same relations as the spaces defined by Stasheft.
To prove A,, we need to define maps

M;: Ki x (AM)=T"M)N — (AM)~T'M

for 7+ < m, which are compatible with these identifications of the boundary of
K, as a union of products of the form K, x K;_,+1. That is,

Mi—r+1(k7$17 sy Ty MT(k/7xj+1; ey :Ej+r)7xj+rr+1, ey £171) =
Ml(g(kv k/)v'rlv s 7xi)7

where g: M, x M;_,+1 — M; is the inclusion of this particular face.
First homotope the factor e ! in the definition of 7 to be n2¢~!. This will
imply that the maps constructed below send all but the interior of

(AM) <" = {(7y1,++, %) € (AM)*" | dist(v;(0),7(0)) < e/n}

to the base point, for any ¢ < n. So we restrict our attention to these spaces.
The geometrical interpretation of the spaces K; makes it easy to define the maps
on the level of base spaces, simply by using the same idea as before. That is,
given a point in K; and ¢ curves vy, . . . v;, we identify the first segment between
pi—1 and p; with the geodesic connecting ~;—1(0) and v;(0). Then we identify
the second segment with the geodesic starting at the point corresponding to
$i—2 on the first geodesic and ending at v;_2(0). We continue this pattern and
identify each segment with a geodesic. This defines a map from the union of the
segments to M. Now imagine a small line segment emanating from the circle at
each point p; as in figure 12. We then define a curve in M by defining a curve

Figure 12: Emanating line segments.

following the line segments in the diagram and mapping it to M. Starting at
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the point p; corresponding to 7;(0) we follow the segments, and when hitting
a fork of segments we always take a left turn. We start by assuming that we
just came in using the emanating segment at p;. When exiting the figure at an
emanating line segment at a point p; we do not have a map to M, but instead
we run once around the curve ;, and then we reenter using the same emanating
line segment. Eventually we return to the point p; and exit via the emanating
segment and run once around ;. We end up having followed each segment
exactly once in each direction at all generic points. From this description it is
clear that we run through the curves 71,... 7; in order, but with a number of
various geodesic pieces put in at their starting points to connect them. The
choice of parametrization is a contractible choice, and we have already defined
it on Ko, so it is not difficult to inductively choose parametrizations of the
curve we just described on all the spaces K; up to K,. We have thus defined
maps m;: K; x (AM)*¢? — AM. As before, for each curve v; we can take the
starting point of the geodesic associated with the segment ending at p;, and
use that to define the map on the level of Thom spaces, such that we get the
inverse exponential of the correct points at the points actually corresponding
to a choice of parentheses. O

Conjecture 3 The twisted Chas-Sullivan product is As.

To prove this we need to insert the bundles, used in defining the product,
over the construction in the lemma above, but for now the details of this
construction seems obscure.

The construction of these twisted products and theorem 1 also motivates
the following conjecture.

Conjecture 4 The Viterbo transfer is a ring spectrum homomorphism using
twisted Chas-Sullivan products.

We have yet to discover a complete proof of this statement. There is,
however, a construction of the Chas-Sullivan product using the methods from
section 4 that will commute with the collapse map used in defining the Viterbo
transfer. We will use the rest of this section to outline the construction.

In section 4 we defined the function A, and the pseudo-gradient X for any
Hamiltonian, and in section 8 we defined the Hamiltonian H depending on
uwr > 0,uy > 0 and ¢ > 0 for which we took the total index IE‘Z“(AT,X),
for some large k, and collapsed to an index I5. This was the construction of
the Viterbo transfer. Any good index pair (A, B) for the first of these indices
would have B C A, '(—k), and we know from section 4 that such exist. We
also define the similar map As,41. However, unlike in section 4, we define
Asy41 to approximate flow curves parametrized by the interval [0, 2] instead of
[0,1]. This we do by using the same construction as in the proof of lemma 4.6,
defining t; = 1/n if j # n and t,, = 0. This way we have Zj t; = 2 instead of
1, and the critical points of As.y1 will then be 2-periodic orbits. The goal is
now to construct a good index pair (A, Bg) for this function and construct a
map f: A X A — Ay which will induces a map of quotients

A/BAA/B — As/Bo.
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Lemma 4.7 tells us that the right hand side is homotopic to Th(TA#NN) A
Th(TA#N N) and the left hand side is homotopic to Th(T'A%, ,; N). In the con-
struction of the Viterbo map, we formally inverted the bundles on the quotients
by adding inverse bundles. Doing this for the above map we get a map

SHAN) TN ASHAN)TN o 52H(AN)T'N,

which turns out to be the Chas-Sullivan product on curves of length less than
ur.

The construction of f on points where the two base points are near each
other is as follows: Take two curves z_f, Zs in T*A,.M. Then the first n factors
of f(z1,7%) are the factors of z;, and similarly the last n factors are the factors
of z3. The remaining middle factor (g,,p,) is defined by letting ¢, = go and
letting p,, be the parallel transport of po, from gs, to ¢, = qo. One can check
that this approximately produces the identity

AT(Z_l)) + AT(Z_2)) = A2T+1(f(z_1), Z_2>))

This is why we need the extra point. In the proof of lemma 4.3 we saw that we
can create good index pairs containing any compact subset of T*A,.N, and by
choosing the value k very large he get that (Az,110 f)jaxBuBxa < —k+20pu is
below the lowest critical value for As,.11, so this induces a map of the quotients.

The only problem with this map so far is that we did not really define it if the
points ¢, and ¢ay, are to far apart. These points are the base points of z; and 23,
so this is similar to the problem defining the Chas-Sullivan product. However,
in section 4 when we defined the pseudo-gradient for As,11, we defined it such
that if these points get too far apart, the flow of X will flow to By, and thus by
using the flow of —X we can get the space, where dist(g,, g2r) is large, mapped
to By which is our base point on the left hand side. In fact, we can do this
by only flowing the point p,, and thereby mapping these points into the disc
bundle of the copy of Ev{; TN that comes from adding the extra point (¢, pn),
proving that this is indeed a realization of the Chas-Sullivan product.

So this is an A, product on the spectrum, and by being careful when
taking the quotient to I, one can retain this fact and get an A, product on
the left hand side of the Viterbo transfer. However, we still need to relate this
construction on the index I5 to the construction of the twisted Chas-Sullivan
product. This would also prove that in such a case the twisted product is in
fact A.
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