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Abstract

We develop parametric classes of covariance functions on linear networks and
their extension to graphs with Euclidean edges, i.e., graphs with edges viewed
as line segments or more general sets with a coordinate system allowing us to
consider points on the graph which are vertices or points on an edge. Our co-
variance functions are defined on the vertices and edge points of these graphs
and are isotropic in the sense that they depend only on the geodesic distance
or on a new metric called the resistance metric (which extends the classical
resistance metric developed in electrical network theory on the vertices of a
graph to the continuum of edge points). We discuss the advantages of us-
ing the resistance metric in comparison with the geodesic metric as well as
the restrictions these metrics impose on the investigated covariance functions.
In particular, many of the commonly used isotropic covariance functions in
the spatial statistics literature (the power exponential, Matérn, generalized
Cauchy, and Dagum classes) are shown to be valid with respect to the resis-
tance metric for any graph with Euclidean edges, whilst they are only valid
with respect to the geodesic metric in more special cases.

Keywords: Geodesic metric, linear network, parametric classes of covariance
functions, reproducing kernel Hilbert space, resistance metric, restricted co-
variance function properties.

1 Introduction

Linear networks are used to model a wide variety of non-Euclidean spaces occurring
in applied statistical problems involving river networks, road networks, and den-
drite networks, see e.g. Cressie et al. (2006), Ver Hoef et al. (2006), Ver Hoef and
Peterson (2010), Okabe and Sugihara (2012), and Baddeley et al. (2015). However,
the problem of developing valid random field models over networks is a decidedly
difficult task. Compared to what is known for Euclidean spaces — where the results
of Bochner and Schonberg allow practitioners to develop stationary Gaussian ran-
dom fields using covariance functions, see e.g. Yaglom (1987) — the corresponding
results for linear networks are few and far between. Even the fundamental notion of



a stationary covariance function is, at best, ambiguous for linear networks. However,
the notion of an isotropic covariance function can be made precise by requiring the
function to depend only on a metric defined over the linear network. Often the eas-
iest choice for such a metric is given by the length of the shortest path connecting
two points, i.e., the geodesic metric. Still there are no general results which establish
when a given function generates a valid isotropic covariance function with respect
to this metric. Indeed, Baddeley et al. (2017) concluded that spatial point process
models on a linear network with a pair correlation function which is only depending
on shortest path distance “may be quite rare”.

In this paper, we use Hilbert space embedding techniques to establish that many
of the flexible isotropic covariance models used in spatial statistics are valid (i.e.,
positive semi-definite) over linear networks with respect the geodesic metric and a
new metric introduced in Section 2.3. This new metric is called the resistance metric
because it extends the classical resistance metric developed in electrical network
theory. The validity of these covariance models do not hold, however, over the full
parametric range available in Euclidean spaces. Moreover, we show the results for
the geodesic metric apply to a much smaller class of linear networks and can not
be extended to any graph which have three or more paths connecting two points on
the linear network. This is in stark contrast to the resistance metric where we show
there is no restriction on the type of linear network for which they apply.

We develop a generalization of a linear network which we call a graph with Eu-
clidean edges. Essentially, this is a graph (V, £) where each edge e € £ is additionally
associated to an abstract set in bijective correspondence with a line segment of R.
Treating the edges as abstract sets allows us to consider points on the graph that
are either vertices or points on the edges, and the bijective assumption gives each
edge set a (one-dimensional) Cartesian coordinate system for measuring distances
between any two points on the edge (therefore the terminology Euclidean edges).
The within-edge Cartesian coordinate system will be used to extend the geodesic
and the resistance metric on the vertex set to the whole graph (including points on
the edges). Our objective then is to construct parametric families of isotropic covari-
ance functions over graphs with Euclidean edges with respect to the two metrics (in
fact our covariance functions will be (strictly) positive definite). Thereby isotropic
Gaussian random fields on the whole graph can be constructed; in turn, a rich class
of isotropic point process models on the whole graph can be constructed via a log
Gaussian Cox process (Mgller et al., 1998; Mgller and Waagepetersen, 2004). We
leave this and other applications of our paper for future work.

1.1 Outline

The paper is organized as follows. In the remainder of this introduction we present
the definition of a graph with Euclidean edges and finish with a summary of our
main results. Then, in Section 2, the details of the geodesic and resistance metric on
a graph with Euclidean edges are given. Section 3 establishes conditions for Hilbert
space embeddings of our two metrics. This is the key result — used in Section 4 —
for establishing that our parametric families of isotropic covariance functions are
valid. Finally, Section 5 discusses restrictions of the parameters of these covariance
functions. Technical details of our proofs are deferred to Appendix A.
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1.2 Graphs with Euclidean edges

A linear network is typically defined as the union of a finite collection of line seg-
ments in R? with distance between two points defined as the length of the shortest
path connecting the points. This definition, although conceptually clear, does have
limitations that restrict their application. For example, in the case of road networks:

e Bridges and tunnels can generate networks which do not have a planar repre-
sentation as a union of line segments in R2.

e Varying speed limits or number of traffic lanes may require distances on line
segments to be measured differently than their spatial extent.

A graph with Euclidean edges, defined below, is a generalization of linear networks
that easily overcomes the above-mentioned limitations while still retaining the salient
feature relevant to applications: that edges (or line segments) have a Cartesian
coordinate system associated with them.

Definition 1.1. A triple G = (V, &, {@e}ece) which satisfies the following conditions
(a)—(d) is called a graph with Euclidean edges.

(a) Graph structure: (V, &) is a finite simple connected graph, meaning that the
vertex set V' is finite, the graph has no multiple edges or loops, and every pair
of vertices is connected by a path.

(b) Edge sets: Each edge e € £ is associated with a unique abstract set, also
denoted e, where the vertexr set V and all the edge sets e € € are mutually
disjoint.

(c) Edge coordinates: For each edge e € £, if u,v € V are the vertices connected
by e, then p. is a bijection defined on e U {u,v} (the union of the edge set e
and the vertices {u,v}) such that ¢. maps e onto an open interval (e,€) C R
and {u,v} onto the endpoints {e,e}.

(d) Distance consistency: Let dg(u,v): V x V +— [0,00) denote the standard shor-
test-path weighted graph metric on the vertices of (V,E) with edge weights given
by € —e for every e € £. Then, for each e € £ connecting two vertices u,v € V,
the following equality holds:

dg(u,v) =€ —e.

We write w € G as a synonym for v in VU |J .. e, the whole graph given by the

union of V and all edges e € £.

el

If we consider a linear network J,.; ¢; consisting of closed line segments ¢; C R?
which intersect only at their endpoints, we can easily construct a graph with Eu-
clidean edges as follows. Let V be the set of endpoints of the line segments. Let
the edge sets e; € £ correspond to the relative interior of the corresponding line
segment ¢;. Let the bijections ¢., be given by the inverse of path-length parameter-
ization of ¢;. Then conditions (a)—(d) are easily seen to hold.

Any triple G = (V, &, {¢e}ece) for which (V,E) forms a tree graph is automat-
ically a graph with Euclidean edges given that conditions (b) and (¢) hold. In this
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case, G is said to be a Fuclidean tree. Figure 1 shows an example. If the graph (V, £),
associated with a graph with Euclidean edges G, forms a cycle, then G is said to
be a Euclidean cycle. Conversely, if (V,€) forms a cycle graph with edge bijections
{@e}ece, then the resulting triple G := (V, £, {@. }ece) satisfies the conditions of Def-
inition 1.1 whenever there are three or more vertices (to ensure there are no multiple
edges) and for every e, € £ the following inequality is satisfied:

€ =€, < Z(é_ﬁ)' (1.1)

ecf

e#e,
The above condition guarantees that no edge spans more than half of the circumfer-
ence of the cycle, implying that distance consistency holds for G. Figure 2 illustrates
examples of Euclidean cycles (the two first graphs) and an example of a graph
violating both conditions (a) and (d) in Definition 1.1 (the last graph).

In all the above examples we have used spatial curves and line segments to
represent the edges. It it worth pointing out that this is simply a visualization
device. Indeed, the structure of a graph with Euclidean edges is completely invariant
to the geometric shape of the visualized edges just so long as the path-length of each
edge is preserved. This concept is important when considering the example given in
Figure 3, where the edge represented by the diagonal line in the leftmost drawing
represents a bridge or tunnel bypassing the other diagonal edge. Hence the lack
of vertices at the intersection with that edge. Note that it is impossible to avoid
this intersection when lengths of edges are fixed. This implies that this graph with
Euclidean edges can not be represented as a linear network in R2.
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Figure 1: A Euclidean tree constructed from the linear network of grey lines. The blue
dots represent the vertices.
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Figure 2: The two graphs on the left are Euclidean cycles. However, the right most graph
is not a graph with Euclidean edges.
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Figure 3: The two diagrams above show a graph with Euclidean edges G which can not
be represented as a linear network in R2. The diagram on the left is drawn in a way
that visually preserves edge length but forces an intersection that does not correspond
to a vertex in G (the dashed segment indicates that one edge passes under the other).
The diagram on the right is drawn without non-vertex intersections but requires curved
segments that have length which do not correspond to the lengths determined by the edge
bijections for a linear network.

1.3 Summary of main results

This section presents our main theorems explicitly, leaving the proofs and precise
definitions for later sections.

Our first contribution is to establish sufficient conditions for a function C' :
[0,00) — R to generate a (strictly) positive definite function of the form C(d(u,v))
where d(u,v) is a metric defined over the vertices and edge points of a graph with
Euclidean edges G; then we call G x G > (u,v) — C(d(u,v)) € R an isotropic
covariance function and C' its radial profile. We study two metrics, the geodesic
metric, dg g, as defined in Section 2.2, and a new resistance metric, dg g, as developed
in Section 2.3, which extends the resistance metric on the vertex set — from electrical
network theory (Klein and Randi¢, 1993) — to the continuum of edge points on G.
As is apparent from the following two theorems, there are fundamental differences
in terms of the generality of valid isotropic covariance functions when measuring
distances under the two metrics.

Figure 4: Examples of finite sequential 1-sums of cycles and trees. Left: A 1-sum of two
Euclidean cycles. Right: A sequential 1-sum of four Euclidean cycles and one Euclidean
tree.

In Theorem 1.2 below, we consider the 1-sum of two graphs with Euclidean edges
Gi and G, having only a single point in common, G; N Gy = {xo}. This is defined
explicitly in Section 3, but the concept is easy to visualize as the merging at =y and
the concept easily extends to the case of three or more graphs with Euclidean edges;
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Figure 4 gives two graphical illustrations.

Theorem 1.2. For a graph with Euclidean edges G and any function C : [0,00) — R
from the parametric classes in Table 1, we have the following:

o C(drg(u,v)) is (strictly) positive definite over (u,v) € G X G;

o C(dgg(u,v)) is (strictly) positive definite over (u,v) € G x G if G forms a
finite sequential 1-sum of Euclidean cycles and trees.

Table 1: Parametric classes of functions C' : [0, 00) — R which generate isotropic correla-
tion functions C(drg( -, -)), i.e., when distance is measured by the resistance metric and
C(0) = 1. Note: K, denotes the modified Bessel function of order .

Type Parametric form Parameter range

Power exponential — C(t) = exp(—[5t®) O<a<l, pg>0.

Matérn C(t) = (Bt)*K.(Bt) 0<a<i 8>0.

Generalized Cauchy C(t) = (pt® +1)~¢/ 0<a<l, p,£>0.

Dagum C’(t):{l—< b )g/a} D<a<1,0<&<1,8>0.
1+ pgte

Theorem 1.2 shows that many of the commonly used isotropic covariance func-
tions in the spatial statistics literature are valid with respect to the resistance metric
for any graph with Euclidean edges G. In contrast, the 1-sum restriction for the
geodesic metric suggests a degeneracy when modeling isotropic covariance function
in terms of the geodesic metric. The next result, Theorem 1.3, shows that for the
geodesic metric, Theorem 1.2 can not be extended to the generality given for the
resistance metric. Here, for S = R or S = G, if there exists some g > 0 so that
e~ Pdsa(wv) i5 not a positive semi-definite function over (u,v) € G x G, we say that
G is a forbidden graph (for the exponential class) with respect to the metric dsg.
Figure 5 shows examples in case of the geodesic metric. Note that if a forbidden
graph is present as a subgraph of G, then G is forbidden as well.

e
| N '\./-’

Figure 5: Examples of forbidden graphs for the exponential class with respect to the
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geodesic metric.



Theorem 1.3. If G is a graph with FEuclidean edges for which there exists three
distinct paths connecting two points u,v € G, then G is a forbidden graph for the
exponential class with respect to the geodesic metric.

In Section 2.3, our resistance metric dr¢ is constructed to circumvent the ap-
parent degeneracy seen in Theorem 1.3 for the geodesic metric. In particular, we
connect dr ¢ to the variogram of a canonical Gaussian random field. This connec-
tion provides the following key Hilbert space embedding result.

Theorem 1.4. If G is a graph with Fuclidean edges, there exists a Hilbert space H
and an embedding ¢: G — H such that

\drg(u,v) = [Jo(u) — )], (1.2)

for all u,v € G where drg 1is the resistance metric developed in Section 2.5. If, in
addition, G forms a sequential 1-sum of a finite number of Euclidean cycles and
trees, then the above result also holds for the geodesic metric dg g.

Theorem 1.4 is proved in Section 3 and forms the main tool used in Section 4 to
establish Theorem 1.2 and Theorem 1.3. Finally, in Section 5 we establish constraints
— depending on the graph structure of G — for features of any radial profile which
generates an isotropic covariance function with respect to either metric, resistance
or geodesic.

2 The geodesic and resistance metric on ¢

In this section we develop the geodesic and resistance metric over graphs with Eu-
clidean edges. The geodesic metric, developed in Section 2.2, is easily constructed
once a concrete notion of a path is defined. The resistance metric, in contrast, re-
quires decidedly more work and is developed in Section 2.3.

2.1 Notation and terminology

Let G = (V, €, {@e}ece) be a graph with Euclidean edges. To stress the dependence
on G, write V(G) = V and £(G) = £. If u,v € V(G) are connected by an edge
in £(G), we say they are neighbours and write u ~ v. If u € e € £(G), we let u,u
denote the neighbouring vertices which are connected by edge e and ordered so that
u corresponds to e and @ corresponds to €. When u € V(G), we define u = u = u. The
distinction between u,w and e, € can be seen by noting that e, € € R but u,u € V(G).

Let e € £(G) and I C (e, ) be a non-empty interval. Then ¢_*(I) is called a
partial edge, its two boundaries correspond to the two-point set ¢ (I \ I°), where
I is the closure of I and I° is the open interior of I, and its length is given by the
Euclidean length of I. Thus the edge e is also a partial edge and its length is denoted
len(e).

Two partial edges are called incident if they share a common boundary in G.
A path connecting two distinct points u,v € G is denoted p,,, and given by an alter-
nating sequence i, €1, Us, €9, . .., Up, €y, Upi1, Where uy, ..., u,11 € G are pairwise
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distinct, uy = u, u,11 = v, and ey, eq,.. ., e, are non-overlapping partial edges such
that each e; has boundary {u;,u;+1}. Moreover, the length of p,, is denoted len(p,,)
and defined as the sum of the lengths of ey, es, ..., €,.

2.2 Geodesic metric

For a graph with Euclidean edges G, the geodesic distance is defined for all u,v € G
by
de.g(u,v) = inf{len(py,) } (2.1)

where the infimum is over all paths connecting u and v. Using the consistency
requirement given in Definition 1.1 (d), the following theorem is easily verified.

Theorem 2.1. If G is a graph with Euclidean edges, then dg g(u,v) is a metric over
u,v € G satisfying the following.

e Restricting dgg to V(G) results in the standard weighted shortest-path graph
metric with edge weights given by len(e).

o dg g is an extension of the Euclidean metric on each edge e € £(G) induced by
the bijection .. That is, dg.g(u,v) = |pe(u) —@e(v)| whenever u,v € e € £(G).

2.3 Resistance metric

The resistance metric typically refers to a distance derived from electrical network
theory on the vertices of a finite or countable graph with each edge representing
a resistor with a given conductance, see e.g. Jorgensen and Pearse (2010) and the
references therein. By definition, the resistance between two vertices v and v is the
voltage drop when a current of one ampere flows from u to v. For a graph with
Euclidean edges G, there are two reasons why it is natural to consider an extension
of the resistance metric, defined on just the vertices and edge conductance given by
inverse geodesic length, to the continuum of edge points and vertices of G. The first
reason is purely mathematical: The resulting metric solves the degeneracy problem
found in Theorem 1.3. Second, resistance may be a natural metric for applications
associated with flow and travel time across street networks: For example, the total
inverse resistance of resistors in parallel is equal to the sum of their individual inverse
resistances; correspondingly, multiple pathways engender better flow.

In developing this extension, we take a somewhat non-standard approach and
define a metric over G with the use of an auxiliary random field Zg with index set G.
The resulting metric is then defined to be the variogram of Zg:

drg(u,v) = var(Zg(u) — Zg(v)), u,v € G. (2.2)

Theorem 2.2 and 2.3 below show that dgr g does in fact give the natural extension
of the electrical network resistance metric: dgg evaluated on any additional edge
points will result in the same metric that would be obtained on the resulting discrete
electrical network.



Before presenting the formal construction of Zg and our results, we give a brief
outline. The form of Zg will be defined as a finite sum of independent zero-mean
Gaussian random fields:

Zg(u) = Z,(u) + > Ze(u), u€g. (2.3)
e€€(9)

The field Z,, is characterized by the multivariate Gaussian vector (Z,(v);v € V(G))
whose covariance matrix is related to the so-called graph Laplacian in electrical
network theory; this vector is linearly interpolated across the edges so that Z,(u)
is defined for all points u € G. For each e € &, the random field Z, is only defined
to be non-zero on edge e and Z.(u) = B.(pc(u)) if u € e or u is a boundary point
of e, where B, is an independent Brownian bridge defined over [e, €]. Although the
construction of Zg appears ad-hoc, we will show that the variogram of the resulting
random field Zg results in the continuum extension of the resistance metric found
in electrical network theory.

2.3.1 Construction of Z,

The random field Z,, is constructed via analogy to electrical network theory and using
the following ingredients. We view each edge in G as a resistor with conductance
function ¢ : V(G) x V(G) — [0, 00) given by

(i, v) = 1/dgg(u,v) if u~w, (2.4)
’ 0 otherwise. '

Let RY©) denote the vector space of real functions h defined on V(G); when conve-
nient we view h as a vector indexed by V(G). Also let u, € V(G) be an arbitrarily
chosen vertex called the origin; this is only introduced for technical reasons as ex-
plained below. Define L : V(G) x V(G) — R as the function/matrix with coordinates

L+ c(uy) if u=v=u,,
L(u,v) = ¢ c(u) if u=uv+# u,, (2.5)

—c(u,v)  otherwise,

where c(u) == )" c(u,v) =), _, c(u,v) corresponds to the sum of the conductances
associated to the edges incident to vertex u. Obviously, L is symmetric and a simple
calculation shows that for z,w € RY(9),

2P Lw = 2(up)w(u,) + % Z(z(u) — 2(v))c(u, v)(w(u) — w(v)), (2.6)
so 2Lz = 0 if and only if z(u) = 0 for all uw € V(G). Thus L is (strictly) positive
definite with (strictly) positive definite matrix inverse L~'. Notice that the matrix
L is similar to what would be called the “Laplacian matrix” from electrical network
theory, see e.g. Kigami (2003) and Jorgensen and Pearse (2010), except that L has
the additional 1 added at u,. The role of the origin u, is to make L (strictly) positive



definite, but the resistance metric will be shown to be invariant to this choice and
have the correct form (see Theorem 2.2).
Now, the random field Z, is simply defined by linearly interpolating a collection

of Gaussian random variables associated with the vertices V(G): Let vy, va, ..., v,
denote the vertices in V(G) and define Z,, at these vertices by
(Zu(v1)s oy Zu(vn))T ~ N(0,L7H). (2.7)

To define the value of Z,(u) at any point u € G we interpolate across each edge as
follows

Zu(u) = (1= d(u)) Zu(u) + d(u) Z,(w) (2.8)

where d(u) denotes the distance of u from w as a proportion of the length of the
edge containing u, formally given by

aw) = {gc,g(%u)/da,g(% ) gtﬁfw]fs(f)’ (2.9)

Notice that the covariance function R, (u,v) := cov(Z,(u), Z,(v)) can be computed

explicitly: For any u,v € G,
Ry, (u,v) = d(u)d(v)L™(
+d(u)[l —d

@, 7) + [1 = d(u)][1 — d(v)]L ™ (u, )
(0)IL7H (@, v) + [1 — d(w)]d(v) L™ (u, D). (2.10)

2.3.2 Construction of Z,

The definition of Z, in the previous section used explicitly an analogy to electrical
network theory. So it should come as no surprise that the variogram of 7, gives
something related to the resistance metric. However, this will only be true at the
vertices. What we want is the electrical network property to hold for all points of G
without the necessity of re-computing the matrix L for additional edge points. By
simply adding Brownian bridge fluctuations over each edge, this turns out to give
the right amount of variability.

To formally define a Brownian bridge process over each edge e € £(G), we use the
edge bijection ¢, which identify points on e with points in the interval (e,e) C R.
For all e € £(G), let B, denote mutually independent Brownian bridges which are
independent of Z,,, where B, is defined on [e, €] so that B.(e) = B.(€) = 0. For any
u € G, we define

Ze(u) = Belpe(u) ifuce, (2.11)
‘ 0 otherwise.

Letting R.(u,v) = cov(Z.(u), Z.(v)), we have for any u,v € G,

R(u,0) = {([)d(zo N i daow ) Huve

Note that the covariance function Rg for the random field Zg, defined in (2.3),
satisfies
Rg(u,v) = R, (u,v) + Z R.(u,v), u,v € G. (2.13)
ec&(9)
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2.3.3 Properties of d;¢ and drg

The following Theorem 2.2 shows that dr g is indeed the extension of the classical
effective resistance on electrical networks and it is invariant to the choice of origin u,
(used in the construction of L in (2.5)). Further, Theorem 2.3 shows that dgg is
invariant to the addition of vertices and removal of vertices with degree two. Finally,
Theorem 2.4 characterizes drg via an associated infinite dimensional reproducing
kernel Hilbert space. The proofs of the theorems are given in Appendix A.2.

Theorem 2.2. For a graph with Euclidean edges G, drg 1is indeed a metric, it
is invariant to the choice of origin u,, and it simplifies to the classic (effective)
resistance metric over the vertices when G is considered to be an electrical network
with nodes V(G), resistors given by the edges e € £(G), and conductances given by
1/len(e) for e € £(G).

An important property of the geodesic metric on graphs with Fuclidean edges
is that distances are, in some sense, invariant to the replacement of an edge by two
new edges merging at a new degree 2 vertex. This is illustrated in Figure 2 where
it is clear that geodesics are the same for the left-most graph and the middle graph
(when the edge lengths are scaled so the circumferences are equal) regardless of the
fact that the left-most graph has more vertices and edges.

Perhaps surprisingly, this important property also holds for drg. To state the
result, we need to be precise about what it means to add a vertex on an edge
and correspondingly remove a degree 2 vertex (merging the corresponding incident
edges). The operations will be generically referred to as splitting and merging: For
u € e € £(G), define the partial edges uu = {p;'(t) : e < t < p.(u)} and vu =
{p(t) : pe(u) < t <€}, and partition e = {uu} U {u} U {uuz}. Then the operation
of splitting an edge e € £(G) at u € e results in a new graph Gy with Euclidean
edges which is obtained by adding u to V(G) and replacing e € £(G) with new edges
uu and uu. The operation of merging two edges ey, es € E(G) which are incident to
a degree two vertex v € V(G) results in a new graph with Euclidean edges Guerge
simply obtained by removing v from V(G) and replacing e, es € £(G) with the single
merged edge given by e; U {v} U es.

Clearly, G, Gmerge and Ggpii¢ are equal as point sets. It is also clear that the geodesic
metric is invariant to splitting edges and merging edges at degree two vertices in the
sense that

de.g(u,v) = da,g (u,v)
for all u,v € G whenever G’ is obtained from G by a finite sequence of edge splitting
operations and edge merging operations which meet at a degree two vertex. The
following theorem shows this property also holds for the resistance metric.

Theorem 2.3. For a graph with Fuclidean edges G, the resistance and geodesic
metrics drg and dgg are invariant to splitting edges and merging edges at degree
two vertices.

Theorem 2.2 and 2.3 show that drg is the appropriate extension of the classic
resistance metric over finite nodes of an electrical network to the continuum of
edge points over a graph with Euclidean edges. Indeed, the following theorem is an
extension of a well-known result from electrical network theory.
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Theorem 2.4. For a graph with Fuclidean edges G,
drg(u,v) < dgg(u,v), u,v € G,
with equality if and only if G is a Fuclidean tree, in which case
Rg(u,v) = {dag(u,u,) + dgg(v,u,) — dgg(u,v)} /2 + 1, u,v €G.  (2.14)

The inequality in Theorem 2.4 is intuitively clear because multiple pathways
engender better flow. Moreover, the explicit form of Rg in (2.14) not only gives an
illustration of where u, appears in Rg (and disappears in dgg), but also illuminates
the deep connection with the independent increments of a Brownian motion on
R started at the origin 0. For example, if G has vertices 0 and 1 connected by
a single edge e = (0,1), . is the identity and ug = 0, then (2.14) gives that
Rg(u,v) = 1+ (Ju] + o] = [u — v])/2

Our final result on the resistance metric, although stated last and verified in
Appendix A.1, gives the above three theorems as near corollaries and does so by
characterizing the reproducing kernel Hilbert space of functions over G which is
associated to the Gaussian random field Zg (see e.g. Wahba (1990)). To state the
result we need some notation for functions defined over G. For f : G +— R and
e € £(G), we let f. : [e,e] — R denote the restriction of f to e, interpreted as a
function of the interval [e,€]. If f. has a derivative Lebesgue almost everywhere, we
denote this by f/; recall that the existence of f/ is equivalent to absolute continuity

of fe.

Definition 2.5. For a graph with Fuclidean edges G and an arbitrarily chosen origin
u, € V(G), let F be the class of functions f : G — R which are continuous with
respect to dg.g and for all e € E(G), f. is absolutely continuous and f! € L*([e,e]).
In addition, define the following quadratic form on F:

s = fugtw) + 3 [ poaloar, (2.15)
ec(G) V¢

Theorem 2.6. For a graph with Euclidean edges G, the space (F,(-, - )x) is an
infinite dimensional Hilbert space with reproducing kernel Rg(u,v) (given in (2.13)).
Moreover, for u,v € G,

drg(u,v) = Rg(u,u) + Rg(v,v) — 2Rg(u,v)
= sup { (F(u) = F(@))* : | £l < 1. (2.16)
feF

3 Hilbert space embedding of d¢g and drg

This section proves the key Hilbert space embedding result given in Theorem 1.4. For
this we first need to recall a theorem by Schoenberg (1935, 1938a) on relating Hilbert
spaces and positive definite functions and establish a new theorem on embedding
1-sums of distance spaces. The exposition of both of these results are kept as general
as possible, since they hold for arbitrary distance spaces.
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Recall that (X, d) is called a distance space if d(z,y) for x,y € X is a distance
on X, i.e., d satisfies all the requirements of a metric with the possible exception of
the triangle inequality. Let Range(X,d) = {d(z,y) : z,y € X}.

Definition 3.1. Let (X,d) be a distance space and g : Range(X,d) — [0,00) a
function. Then (X, d) is said to have a g-embedding into a Hilbert space (H, || - ||x),
denoted (X,d) <= H, if there exists a map ¢: X — H which satisfies

gld(z,y)) = lle(x) — ()|l a

for all x,y € X. The special case when g is the identily map is denoted simply
(X,d) — H.

The following fundamental theorem shows the connection between Hilbert space
embeddings and positive semi-definite functions; it follows from Schoenberg (1935,
1938a). This turns out to be an extremely useful tool, both for constructing positive
semi-definite functions and for proving the existence of Hilbert space embeddings.

Theorem 3.2. Let (X,d) be a distance space and xo an arbitrary member of X.
The following statements are equivalent.

(I) (X,d) < H for some Hilbert space H.
(1) d(z,20) + d(y,z0)? — d(z,y)?* is positive semi-definite over z,y € X.

(ITT) For every B > 0, the function exp(—pBd(z,y)?) is positive semi-definite over
z,y € X.

(IV) The inequality D7) . cxcjd(xy, x5)* < 0 holds for every a1,...,x, € X and
1y Cp € R for which > ¢y =0.

It is common (in Wells and Williams (1975) for example) to call any distance
space (X, d) which satisfies condition (IV) a distance of negative type. In the geo-
statistical literature, however, if d satisfies (IV), then d? is said to be a generalized
covariance function of order 0. In particular, for any random field Z, condition (IV)
is a necessary property of the variogram d(u,v)* = var(Z(u) — Z(v)).

The last concept needed to show Theorem 1.4 deals with the notion of the 1-
sum of two distance spaces (Deza and Laurent, 1997). This operation allows one
to construct new distance spaces (which are root-embeddable) by stitching multiple
root-embeddable distance spaces together.

Definition 3.3. Suppose (Xi,d;) and (Xa,dy) are two distance spaces such that
X1 N Xy = {xo}. Then the 1-sum of (X1,dy) and (Xa,ds) is the distance space
(X1 U X5, d) defined by

dl(ajay) if$ayEX17
d(ﬂ?,y) = dZ(xay) zfa:,y € X2> (31)
dl(‘rux(]) + d2(‘r07y) fo € Xl and Y€ XZ-

The key fact about 1-sums, for our purposes, is summarized in the following
theorem, which is verified in Appendix A.3.
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Theorem 3.4. Suppose (Xi,d1) and (Xa,ds) are two distance spaces such that
XiNXo ={xo}. If (X1,dy) 5 H, and (Xo,ds) s Hy for two Hilbert spaces H,
and Hsy, then there exists a Hilbert space H such that (X; U Xs,d) s H where
(X1 U Xs,d) is the 1-sum of (X1,dy) and (Xa,ds).

We are now ready to prove Theorem 1.4, which is our key result for verifying
Theorem 1.2 and 1.3.

Proof of Theorem 1.4. Suppose G is a graph with Euclidean edges. By (2.2), we
trivially have

d(u,v)? = var(Zg(u) — Zg(v))

where d(u,v) := \/drg(u,v). The fact that d(u,v)? is a variogram implies that
Theorem 3.2 (IV) holds. Since (I) < (IV) we have that (G, d) — H for some Hilbert
space H, and hence (G,drg) <y H as was to be shown.

For the geodesic metric, first assume G forms a tree graph. In this case, The-
orem 2.4 implies dg g = drg and therefore (G, dgg) s H by the corresponding
result for drg. Second, assume G forms a cycle graph (such as the left two graphs
of Figure 3). For some constant A > 0, there clearly exists a metric isometry be-
tween (G, Adgg) and the unit circle S' equipped with the great circle metric dg:.
Since exp(—QBdg: (z,y)) is positive semi-definite over S! x S! for all 8 > 0 (see Gneit-
ing (2013), for example), the function exp(—/Sdg(u,v)) is positive semi-definite over
G x G for all B > 0. Now, setting d := \/dg g, the equivalence (I) < (III) in The-
orem 3.2 implies (G,d) — H, hence (G,dgg) s H for some Hilbert space H.
Finally, for the general result where G is a 1-sum of cycles and trees, we simply use
Theorem 3.4 to conclude that (G, dgg) <~ H for some Hilbert space H. O

4 Parametric families of isotropic covariance
functions with respect to dgg and drg

In some sense Theorem 1.2 follows easily from the results presented in the previous
section and the seminal work of Schoenberg and von Neumann (Schoenberg, 1938a,b;
von Neumann and Schoenberg, 1941) connecting metric embeddings, Hilbert spaces
and completely monotonic functions, but we review the necessary results for com-
pleteness. First, it will be convenient to adopt the following definitions.

Definition 4.1. Suppose that (X,d) is a distance space. Then a function
C': Range(X, d) — R is said to be a p.s.d. respective p.d. radial function on (X, d) if
Cd(z,y)): X x X — R is positive semi-definite respective (strictly) positive definite.

Definition 4.2. A function f : [0,00) — R is said to be completely mono-
tonic on [0,00) if f is continuous on [0,00), infinitely differentiable on (0,00) and
(=1 f9(t) > 0 over (0,00) for every integer j > 0, where fU) denotes the jth
derivative of f and f© = f.

There is a distinction, in the literature, between complete monotonicity on [0, co)
versus on (0, 00), the latter being fundamentally related to Bernstein functions and
variograms (see Berg (2008); Wells and Williams (1975)). The following result shows
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that completely monotonic functions on [0, 0o) are characterized as positive mixtures
of scaled exponentials (see Theorem 3 and 3" in Schoenberg (1938b), for example).

Theorem 4.3. The completely monotam'c functions on [0,00) are precisely those
which admit a representation f(t) fo e~ du(c), where p is a finite positive
measure on [0,00). Moreover, if f is completely monotonic on [0,00) and f'(t) is
not a constant function of t on (0,00), then [0,00) > r +— f(r?) is a p.d. radial
function over any Hilbert space.

The following corollary is the main tool when verifying Theorem 1.2.

Corollary 4.4. Let (X,d) be a distance space which satisfies
(X,d) > H

for some Hilbert space H. Then C' is a p.s.d. radial function on (X, d) whenever C
is completely monotonic on [0,00). If, in addition, C'(t) is a non-constant function
of t over (0,00) and for all z,y € X, d(x,y) = 0 if and only if x =y, then C is a
p.d. radial function over (X, d).

Proof. Since (X,d) < H for some Hilbert space H, there exists a map ¢: X — H
for which d(z,y) = |lp(z) — ¢(y)||% for all z,y € X. Assume C is completely
monotonic on [0, 00). Then

Cd(z,y)) = / " exp (= ollole) — oW dulo)

where p is a finite (positive) measure on (0, 00). By a fundamental fact established in
von Neumann and Schoenberg (1941), [ exp(—ot?) du(o) is a p.s.d. radial function
on any infinite dimensional Hilbert space (since p is a finite positive measure on
(0,00)). This clearly implies that C'(d(x,y)) is positive semi-definite. To finish notice
that if d(z,y) = 0 < o = y and if C’(¢) is not a constant function of ¢ € (0, 00),
then Theorem 4.3 implies C' is a p.d. radial function. O]

Now, we turn to the proofs of Theorem 1.2 and 1.3.

Proof of Theorem 1.2. Suppose G is a graph with Euclidean edges and let C' be any
radial function from the parametric classes given in Table 1. Notice that C’(t) < 0
for all t > 0 and dgg(u,v) = 0 < w = v (similarly for dgg). By Theorem 1.4 and
Corollary 4.4, it will therefore be sufficient to show that C' is completely monotonic.

Note that ¢ — f(St* + A\) is completely monotonic on [0, 00) whenever f is
completely monotonic on [0,00), « € (0,1], and S,\ > 0 (see equation (1.6) in
Miller and Samko (2001)). Therefore, exp(—/3t®) and (3t 4+ 1)~¢/* are completely
monotonic on [0, c0) for 3,& > 0 and o € (0, 1], since both exp(—t) and (t+1)~¢/* are
completely monotonic. This establishes the desired result for the power exponential
class and the generalized Cauchy class in Table 1. For the Matérn class notice that
equation 3.479 on page 365 of Gradshteyn and Ryzhik (2007) gives

VT /°° B exp(—tv/T+ B)
22 D(v) VvI+3
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for all v,¢t > 0. This implies

K, (t) = 20—\/E) /100 A 1)_1/_1 exp(—to)do

F(%—a

which is completely monotonic on [0,00) when o € (0,3), cf. Theorem 4.3. The
boundary case o = % is resolved by noticing limayy t*K,(t) = oge Pt for some
o, > 0. This establishes the desired result for the Matérn class in Table 1. Fi-
nally, Theorem 9 in Berg et al. (2008) establishes that C(t) = 1 — (t*/(1 + t%))’
is completely monotonic whenever 5y € (0,1] and 5 € (0, 1], which establishes the

desired result for the Dagum class in Table 1. O]

Proof of Theorem 1.3. Let the situation be as in Theorem 1.3. By scaling d¢ ¢ and
possibly selecting new vertices on G by edge splitting operations (Theorem 2.3),
we can obtain 6 vertices {uy,...,us} with edge lengths as given by the following
geodesic pairwise distance matrix where 0 < t < % and 0 < r <1:

0 t 1 r+1 1 t+1
t 0 1—¢t r—t+1 t+1 1

{dG’g(u“uJ)}"’j:l Clr+1 o r—t+1 T 0 r  r+t
1 t+1 2t T 0 t

t+1 1 t r+t t 0

corresponding to the following subgraph:
1-t

2 ou3

Forming the matrix ¥ = 1{dg g(u;, w1) + dag(u1,u;) — dag(us, u;)}9 iy gives

t t t 0 t
t 1 1 1—-t 1
Y= |1 1 r+1 1 1
01—t 1 1 1
t 1 1 1 t+1

Setting € = (=1, —§,£,—1,1)T, we have £73€ = £(ré — 2t), so £€7X€ < 0 when 0 <
€ < 2t/r, implying that c(u;, u;) = 2 (dg.g(us, w) + dag(uj, w1) — dag(u;, uj)) is not
positive semi-definite over {uy,...,us}. Then Theorem 3.2 gives the existence of a
S > 0 such that exp(—/fdg.g(u, v)) is not positive semi-definite over {uy, ..., ug}. O

16



5 Restricted covariance function properties

The restriction on the parameter o in Table 1 agrees with results for similar families
of covariance functions for isotropic random fields on the d-dimensional sphere S%
(Gneiting, 2013). This may be no surprise, since a Euclidean cycle is similar to the
circle S*. Below Corollary 5.2 shows that the restriction is in general also needed
when considering a Euclidean tree G, noting that if G has maximum degree n < oo,
then G has a star-shaped subgraph with n+ 1 vertices and n edges. Moreover, Corol-
lary 5.4 shows that there are some quite severe limitations on the kind of covariance
function that are valid for arbitrary Euclidean trees (and thus also arbitrary graphs
with FEuclidean edges).

In the following we only consider Euclidean trees. Then, by Theorem 2.4, dg g =
drg and we use d. g as a common notation for the two metrics.

Theorem 5.1. If Z is a random field on a FEuclidean tree G which contains a star-

shaped tree subgraph S,, with n + 1 vertices and n edges, and &, 3 > 0 are numbers
so that var(Z,(u) — Z,(v)) = Bd.g(u,v)* + o(d.g(u,v)) when d.g(u,v) — 0, then
a <log(2n/(n—1))/log(2).

Proof. Let ug be the vertex in S,, with degree n and consider the variogram d(u, v)? =
var(Z(u)—Z(v)). By Theorem 3.2, C'(u,v) = d(u, ug)*+d(v, ug)*—d(u,v)? is positive
semi-definite over §,, x §,,. For ¢ = 1,...,n and € > 0 sufficiently small, let u;, be
the point on the i™ edge which has d.g distance € from uy. The assumption on

var(Z(u) — Z(v)) implies
d(t.e, Uo)2 = Bd~7g(ui,e, up)® + o (d.g(Uie; uo)) = BE& +o (‘fd)
AU e, uj0)? = Bd.7g(ui7e, i )* 4 0(d.g(Uie uj.)) = B2%e™ + o (€d>
when i # j. Let ¥, be the n x n covariance matrix with (i, j)'" entry
(B)ij = Cluie,uze) = B2 — 2%)e™ + f2%€%6;; + o(”),

then ) o o )
Ve = B(2 =29 1, 17 +52%% 1, + o(e*) A
where I, is the n xn identity matrix, 1,, is the vector of length n with each coordinate
equal to 1, and A is some n X n matrix not depending on €. Now,
0 < det(S.) = 2% det (2% — 1) 1, 12 +1,, + o(1) A)
— Bn2ndgl&((217d - 1)n + 1) + O(End).

Consequently (2!7% — 1)n + 1 > 0 as was to be shown. O

Corollary 5.2. Let C be one of the functions given in Table 1 but with a outside
the parameter range, i.e., o > % i case of the Matérn class and o > 1 in case of
the other three classes. Then there exists a Euclidean tree G so that C(d.g(u,v)) is
not a covariance function.

17



Proof. Suppose Z, is a random field on a Euclidean tree G which contains a star-
shaped graph &, with n + 1 vertices and n edges, with an isotropic covariance
function with radial profile C' and o > 0.

If C' is in the Matérn class, let

ﬂa+1—\a—1|r(|oé _ 1|)2|a—1|—a
al'(«) '

a=a+l-|a-1, f=

By L’Hospital’s Rule, equation 24.56 in Spiegel (1968) and equation 9.6.9 in Abramo-
witz and Stegun (1964),

var(Z(u) — Z(v))

li -
d.’g(lll,l,ll’)l)ﬁo d.g(u,v)®
_ o 20 e (B g v) Ko (A g (u, )
d,yg(u,v)ﬁo d7g (u, /U)&
ﬂa—i—l B
= lim —————d g(u,v)* *" K, 1(8d ¢(u,v))

d. g(u,w)—0 F(&)Qaild
' Ba+1—|a—1\r(|a _ 1‘)2\a—l|—a
= lim —
d..g (u,0) =0 al'(«)

d.,g(u,v)a—&+l—|o¢—l| _ B

Hence Theorem 5.1 applies, and letting n — oo we obtain & < 1 or equivalently
a < %, thus proving the assertion.

If C is in one of the other three classes, it follows directly from L’Hospital’s Rule
that the requirement of the variogram var(Z,(u) — Z,(v)) of Theorem 5.1 is satisfied
for @ = o when B = 20 in case of the power exponential class and B = 26¢/a in
case of the generalized Cauchy or the Dagum class. Letting n — oo in Theorem 5.1,
we get that o < 1, thus completing the proof. n

Theorem 5.3. Suppose (u,v) — C(d.g(u,v)) is a covariance function on a Eu-
clidean tree G containing a star-shaped tree subgraph S, with n > 2 edges of length
larger than or equal to to > 0. For all t € (0,to], we have

c(0 C(t)? — C(0)?
_CO oy <o), mCOT=COF _ cgyo. (5.1)
n—1 n—1
Proof. Denote ey, ..., e, the edges of S,,, and u, 1 their common vertex. Let t €

(0,%9) and u; € e; such that d. g(un41,u;) =tfori=1,...,n. Note that d. g(u;, u;) =
2t for 1,5 =1,...,nand i # j. Let ¥ denote the (n+ 1) x (n + 1) matrix with the

(i,7)™ entry equal to C(d. g(u;,u;)), i.e.,

C(0) ifi=yj,
Sy =1 CQ2t) ifiAjandi,j<n+l,
C(t) otherwise.

As ¥ is a covariance matrix, its principal minors are non-negative determinants;
these are of the form det(X;) with £ € {1,...,n} or det(X}) with k € {2,...,n+1};
here, ¥; denotes a k x k submatrix of ¥ with the same rows and columns removed
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and where the (n + 1)™ row and column have been removed; and Y}, is defined in a
similar way but where the (n + 1) row and column have not been removed. It is
easily verified that

det(Sx) = (C(0) = C(2)" " {(k = 1)C(2t) + C(0)}

for k = 1,...,n, and hence either 0 < C(0) = C(2t) or both C'(0) > C(2t) and
(k—1)C(2t) + C(0) > 0, implying the first inequality in (5.1), where we have let
k = n to obtain the highest lower bound. Moreover,

det(3},) = {C(0) — C(20)} 2 {C(0)* + (k — 2)C(2t)C(0) — (k — 1)C(t)*}

for k = 2,...,n + 1, and so either |C(t)] < C(0) = C(2t) or both C(0) > C(2t)
and C'(0)2 + (k —2)C(2t)C(0) — (k — 1)C(t)? > 0, implying the second inequality
in (5.1), where we have used k = n + 1 to get the highest lower bound. ]

Corollary 5.4. A function (u,v) — C(d.g(u,v)) which is a covariance function on
all Euclidean trees has to be non-negative, and furthermore either have unbounded

support or fulfill C(t) =0 for all t > 0.

Proof. Letting n — oo and ¢ty — oo, the first inequality in (5.1) implies non-
negativity of C, and the second inequality in (5.1) implies C(0)C'(2t) > C(t)? for all
t > 0. Thus, if for some ¢; > 0 and all ¢t > t; we have C(2t) = 0, then C(t) = 0 for
all ¢ > ¢, from which it follows by induction that C(t) = 0 for all ¢t > 0. O

As an example of the severity of the restrictions, consider the “bounded linear
model” for a variogram suggested on page 205 in Okabe and Sugihara (2012) in con-
nection to linear networks. If there is a corresponding isotropic covariance function,
its radial profile is given by

Bo+ Bife ift=0,
Clt)y={b(Ba—t) ifO<t< P
0 if ¢ > 52,

where [y, 81,82 > 0 are parameters. As this function has bounded support, by
Corollary 5.4 this cannot be a valid covariance function on an arbitrary graph with
Euclidean edges (or an arbitrary linear network). Of course this does not imply that
the variogram for the bounded linear model is invalid, but numerical calculations
show that the variogram is in general not conditionally negative semi-definite in the
case of most star-shaped graphs. Therefore we believe it is not a proper variogram
for an arbitrary graph with Euclidean edges.

A  Proofs

A.1 Proof of Theorem 2.6

To verify Theorem 2.6, recall Definition 2.5. We use the notation /4 for an indicator
function which is 1 on a set A and 0 otherwise. We need the following lemmas.
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Lemma A.1. (F,(-, -)r) is an inner product vector space, with metric || f|r =

(f, f)F given by
2= 1 Xj/f‘ (A1)

ec&(G)

Proof. From (2.15) we obtain (A.1). Note that (f, f) = 0 implies both f(u,) =
0 and for any e € £(G), f. is almost everywhere constant on e. The continuity
requirement of f € F then implies (f, f) =0 < f = 0. Finally, (-, - )r is clearly
symmetric, bilinear and positive semi-definite over f € F. O]

For f € F,u e G and e € £(G), define

f(u) — fu(u) ifuee,

0 otherwise,

) = (1~ d(w) F () + d(uw) £ (), ﬁﬂw:{

where d(u) is defined in (2.9). It will be convenient to denote the operations f — f,
and f — f., with operator notation &, : F — F and &, : F — F given by
P,.f = f,and Z.f = f.,. In addition, the inner product (-, - )z restricted to the
function spaces &, F and Z.F will be denoted (-, -), = and
<.’ .>e7r:<.7 >
Lemma A.2. If G is a graph with Euclidean edges, then for all e € £(G), &, and
P, are mutually orthogonal projections and F is a direct sum:

F=2F0 P 2.7 (A2)
ec€(9)

(- >f‘%fx%f

Proof. This is straightforwardly verified as soon as it is noted that &2, and &, are
self-adjoint operators, which follows from the fact that

()0 =D ccege o (A3)

]

Lemma A.3. Let G be a graph with Fuclidean edges with vertices V and edges &.
Also let

o (RV, (-, )r) denote the finite dimensional Hilbert space with inner product
given by (z,w)r = 2T Lw as in (2.6);
e H, denote the infinite dimensional Hilbert space of absolutely continuous func-
tions f : [e, €] — R such that f' € L*([e, €]) with boundary condition
f(e) = f(e) =0, and with inner product (f,g)n, == [ f'(t)g'(t)dt.
Then we have the following.
(A) (ZuF, (-, -)u) is a finite dimensional Hilbert space which is isomorphic to

(RY, (-, - )1) and has reproducing kernel R, (defined in (2.10)). Its inner
product has simplified form for all f,g € P, F:

<f 9> Juo) g(uo) + Z Uel®) = /e 16)31(( )( >_ge(§))‘ (A4)

ec&
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(B) Foreache € &, (PF,(-, - )er) is an infinite dimensional Hilbert space which
is isomorphic to (He, (-, -)p.) and has reproducing kernel R, (given by (2.12)).
Its inner product has simplified form for all f,g € P.F:

(f.9)., /f )g.(t (A.5)

(C) (F, (-, -)r) is an infinite dimensional Hilbert space which is isomorphic to
RY ® Q. e He and has reproducing kernel Rg (given by (2.13)). Its inner
product has simplified form for all f,g € F:

(F19) 5= Fus ), + D (fers o), (A.6)
ec&
Proof. (A): There is a bijective correspondence between z € RY and f, € 2, F
which simply corresponds to interpreting z as the values of f,, on the vertices of G.
Then
fu(u) = (1 = d(u))z(u) + d(u)z(w), Vueg
z(v) = fu(v), Yve.

The bijection also preserves inner product because if w € RY corresponds to g, €
2, F, then

1 3 (2(u) — 2(v))(w(u) — w(v)) (by (2.6))

(z,w)r = 2(u,)w(u,) +5 — de.g(u,v)

2
= fulu) gyl + 5 3 LI 0:00 =0

= <fuagu>u (by (A'3))7

where the above sums are over adjacent w,v € V. This establishes (A.4) and that
(P, F. (-, -),) is isomorphic to (RY, (-, -)z). It then remains to show that the
reproducing kernel of (RY, (-, -)1), namely L™1, is in bijective correspondence with
R,,. Indeed, for each u € G,

fu( ) [z@ufu](u) (Since 332 — 4@#)
= (1 = d(w)) fu(w) + d(u) fu.(@)
= (1 —d(u))z(u) + ( )2 ()
= (1= d(u)(z L7'(+,w)), +d(u){z, L7(-,0)),
= (z,(1 —d(u))L~ ( ,_)+d( )L~ (.,g»L (A7)
=R (-u)

where the function Ry(-,u) is a member of RY. By (2.10), we can simply linear
interpolate Ry ( -, u) to find the corresponding member in &2, F as follows

(1 —d(- ) Re(u) +d(-)RL(+,u) = Ru( -, u),
Therefore, by (A.7),
f#(u) = <Z’RL< ’ 7U)>L = <f#7R#( ’ 7U)>“

21



where the second equality follows by the fact that inner products are preserved under
the bijective correspondence. This completes the proof of (A).

(B): Let e € £. Note that H, is equal to the constrained space {f € J2 :
f(€) = 0} where 5 = {f € C([e, €]) : f' € L*([e, €]), f(e) = 0} corresponds to
the Cameron-Martin Hilbert space (using inner product (-, - )y, ) with reproducing
kernel (s—e)A(t—e). Therefore, by Saitoh (1997) page 77, the subspace (He, (-, -) . )
is also a Hilbert space with reproducing kernel given by

A _(s=ot—¢)

Re(s,t) :==(s—e)A(t—e) — e<s,t<e. (A.8)

Clearly, f € H, and f., € & F are in a bijective linear correspondence by the
relation f.,(u) = f(pe(u))le(u). By (2.12),

R.(u,v) {Re(goe(u),goe(v)) if u,v € e, (A.9)

0 otherwise.

Finally, for f.,, ge, € &.F with corresponding f, g € H,, we obtain <fe7r, gw>
<f,g>H , and so

<fe,r7Re( ’ ’U>>e,r = <f7 Re( ’ ’(pe(v)>H5 - f(SOG(,U)) = fe,r(v)'

Thereby (B) is verified.
(C): This follows immediately from Lemma A.2 and (A)—(B). O

e,r

Proof of Theorem 2.6. As Rg is the covariance function of Zg,
var(Zg(u) — Zg(v)) = Rg(u,u) + Rg(v,v) — 2Rg(u,v). (A.10)

By Lemma A.3, Rg also serves as the reproducing kernel for (F, (-, -)#). Therefore,
(F, (-, - )r)is the RKHS associated to Zg (see Wahba (1990)). Now, to finish the

proof we use standard Hilbert space arguments to show
var(Zg(u) — Zg(v)) = ?2}3{(““) —f@)*:fll <1} (A.11)

Let u,v € G with u # v, and f € F with || f||z < 1. Use the reproducing property
of Rg along with the Cauchy-Schwartz inequality to obtain

(f(u) = f(0))* = (£, Rg( ,u)—Rg(,v))5 < |[Rg(-,u) — Rg( -, v)|3
= var(Zg(u) — Zg(v))
by (A.10). Note that the function f, € F defined by
folw) = (Rg(w,u) — Rg(w,v))/|[Rg( - ,u) — Re(-,v)|
has norm ||, | = 1 and satisfies
(folt) = fol0))* = var(Zg(u) — Zg(v)).

This proves (A.11) as was to be shown. O
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A.2 Proofs of Theorem 2.2, 2.3, and 2.4
We start by verifying Theorem 2.3 as it is used to prove Theorem 2.2.

Proof of Theorem 2.3. Since the operation of merging two edges at a degree two
vertex v is the inverse of splitting the resulting edge at v, it will be sufficient to
show that G’ is isometric to G under the resistance metric when G’ is obtained from
G by splitting edge e € £(G) at u € e.

Let e; and ep denote the partial edges formed by splitting e € £(G) at u € e
such that e; = e. Since the sets G and G’ are identical, their corresponding spaces
of functions F and F’ as given in Definition 2.5 are identical, however, G and G’
induce different inner products on F, denoted (-, - )7 and (-, - ) spit, respectively.
By Theorem 2.6, dr ¢ and dr g are completely determined by their inner products
(f, 9)Fspit and (f, g) . Therefore, we may suppose that both G and G’ use the same
origin u, in their respective inner products. Then, for any f,g € F, the difference
between the two inner products is

f 9 F,split

/f )ol(t dt—/ 12 (B)gl (¢ dt—/ 1 (BgL(

since the splitting operation on e € £(G) at u € e only affects the term corresponding
to e in (2.15). By Theorem 2.6, to show drg = drg, it will be sufficient to show

<f7 g>.7: = <f7 g>.7:,split for all f’g € F.
For any f € F and t € [e, e|, define

fl(t) = fe(t) I[gl,a)(t)a f ( ) fE( )I[eze ( )

Both f; and f, are almost everywhere differentiable and satisfy f/, f; € L*([e, €]).
Moreover, for any f,g € F, the fact that f](t)gs(t) = 0 and f;(t)g{(¢) = 0 implies
that

/ gl (r) dt = / A0 + £ [00) + gi(0)] dt

- ["rogoas [ oo

Note that for Lebesgue almost all numbers ¢, f/ (t) = f{(t) if t € [e;,&] and
fo,(t) = f5(t) if t € [ey, €] (and similarly for g.,, ge,). Therefore,

/ F(0)g!(t) dt = / (gl (1)t / ()l (1)t

which implies (f, g) 7 spiit = (f, g) 7 as was to be shown. O

Proof of Theorem 2.2. In the literature on resistance networks and metrics (see e.g.
Kigami, 2003; Jorgensen and Pearse, 2010), given a conductance function ¢ (i.e.,
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a symmetric function associated to all pairs of adjacent vertices), the (effective)
resistance distance between u,v € V(G) is defined by

dei(u,v) = sup {(z(u) —2(v))?: L Z c(uy, ug) (2(ur) — z(ug))? < 1} (A.12)

2
2z€RV(9) Wy~

(this is one of several equivalent definitions, cf. Theorem 2.3 in Jorgensen and Pearse
(2010)). To relate deg and dp g, recall (2.16) and that we have defined ¢ by (2.4). Also,
by Lemma A.3, each f € F has an orthogonal decomposition f = f, + Zeeg(g) fer

where
1% = WAl + D2 M ferllZ,
e€€(9)
and f.,(u) = fe,r(u) = 0 for all u,v € V(G). Therefore, if u,v € V(G), the term
(f(u) — f(v))? in (2.16) simplifies to (f,(u) — fu(v))? and hence the supremum can
be taken over f € F such that ||f..||?, = 0 for all e € £(G). By Lemma A.3 (A),
when u,v € V(G), drg(u,v) is equal to

(@ — [flel))” _ 0

sup {(Fulw) = Sy ulwe)® >0 S

fesuF ec&(09)

Since the constant functions are all members of &2, F, we can subtract f,(u,) from
each f, € &,F and easily see that the supremum above can be taken over all
f € &, F which satisfy f,(u,) = 0. It is now easily seen that

def'f(ua U) = dR,g(u, U)> u,v € V<g)

This also establishes that dp ¢ does not depend on the choice of origin and that dg g
is a metric on V(G) (see e.g. Jorgensen and Pearse, 2010, Lemma 2.6), and hence by
the splitting operation on edges (Theorem 2.3) dpg is a metric on G as well. O

Proof of Theorem 2.4. Theorem 2.2 and the theory on electrical networks imply
drg(u,v) < dgg(u,v), u,v € V(G), (A.13)

with equality if and only if G is a tree graph (see e.g. Jorgensen and Pearse, 2010,
Lemma 4.3). The fact that drg and dg g are invariant to splitting edges (by The-
orem 2.3) implies that (A.13) extends to any additional finite collection of edge
points. Thereby, the first part of Theorem 2.4 is verified, where the if and only if
follows since the tree property of G is also invariant to edge splitting. _

Suppose G is a Euclidean tree with origin u,. We show Rg(u,v) = R(u,v) where

R(u,v) := 5 [deg(u, uo) + dag(v,uo) — dag(u,v)] + 1, u,v €G.

To make it easier to distinguish fixed arguments of R, let Ry(-) := E( -,v) and
R,.(-):= [Rv]e( -), where R, : G — R and R, : [e,€] — R. Clearly, R, € F, and
so by uniqueness of reproducing kernels, to establish R(u,v) = Rg(u,v), it suffices

to show (f, §U>; = f(v) for every f € F and v € G.
Suppose v € V(G) and let p,,, denote the unique geodesic path connecting v
to u,. For every e € £(G),
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e if eNpyy, =@, then é;e = 0;
e if e C p,,, and e is oriented toward u,, then Rﬁe =1

e if e C p,,, and e is oriented toward v, then Rje = —1.

This follows since as w is moving along e, the rate of change of dgg(u,u,) and
—dg g(u,v) cancel when e Np,,, = @ but are both equal to 1 or —1 when u € p,,,

depending on the orientation of e. Since év(uo) =1,

(f, Ro)F uo+2/f

ec&(G

and hence by the items above and a telescoping sum cancellation,

(f, Ro)r = fuo) + f(v) — fuo) = f(v).

A similar argument holds for the additional partial edge in p,,, when v is not a
vertex of G. Hence the proof is completed.
m

A.3 Proof of Theorem 3.4

Theorem 3.4 follows from the proof given in Proposition 7.6.1 in Deza and Laurent
(1997). We include a proof here for completeness and to resolve the fact that Deza
and Laurent (1997) uses a slightly different nomenclature.

Proof of Theorem 3.4. We need to show (X; U X5, d) <X+ H or equivalently (X; U
X, \/E) < H for some Hilbert space H. Since v/d is a distance whenever d is, the
equivalence of (I) and (IV) in Theorem 3.2 implies that it is sufficient to show that

Z CiCj< d(ui,uj) )2 S 0 (A14)
i,J€I1
when uq,...,u, € X3 UXs and ¢1,...,¢, € R, with )", ¢4 = 0. Define Z;, = {i :
U; = ZE()}7 Il = {Z TuU; € Xl}, IQ = {Z U € XQ}, and

C; 1fz€Il\Io, C; ifieIQ\Zo,
(1) _ (2 _

Cc, ' = [
i |IO|ZCJ if 1 € I, i |10’Zc] if 1 € Iy,

J€EL2 J€T1

2)

where |Zy| denotes the number of indices in Z,. Note that ZzEIl D= D e, CE = 0.

By assumption and the equivalence of (I) and (IV) in Theorem 3.2,

Z @ c d1 (ui,uy) Z ¢ c dz (ui,uj) <0. (A.15)

1,J€11 1,j€L2
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Therefore,

> al G diu ) = Y Ve di () + Y Ve d (i)

1,7€11 1€Z1\Zo €2y
jETY J€I1
1
— E czg)d(ul,u] \I| g E ckc d1 (@0, uj)
€T\ To 01 iezy ket
JjET JjET
_ 1) 1)
= E cicy d(ui, uj) + g crc; [d(ug, uj) — da(wo, ug)]
i€I1\Io kEIQ
Jj€TL JEL
_ d 1) d
= CzC (s, 1) — Crda(To, Ug).
i€{l,...,n} J€T kely
jEZl N——

=0

Applying a similar argument, first applied to the index j above, then to the second
term below, gives

Z cgl)cg-l)dl(ui, uj) + Z C,EQ)C;Q)CZQ(U,Z‘, u;) =2 Z cicid(ui, uyj). (A.16)
i,J€11 i,j€T2 ij=1
Now, (A.15) combined with (A.16) implies (A.14) as was to be shown. O
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