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Resumé

I denne afhandling undersgges to forskellige modeller beslaegtet med mange-legeme
kvantemekanik. Vi betragter store systemer af fermioniske partikler i en middelfelt-
skalering og med meget generelle potentialer. Ved brug af de Finetti-teknikker intro-
duceret for nylig i en artikel af Fournais, Lewin og Solovej, udledes effektive teetheds-
funktionaler i graensen hvor antallet af partikler vokser mod uendelig, imens systemet
er koblet til en semiklassisk graense.

Den ene model, som betragtes, omhandler systemer af spin—% fermioner i steerke,
homogene magnetfelter, og med generelle betingelser pa bade det eksterne poten-
tial og interaktionspotentialet. For enkelthedens skyld betragtes dog kun eksterne
potentialer, som vokser mod uendelig i uendelig (pa engelsk "confining potenti-
als"). I den semiklassiske graense bevises konvergens af grundtilstandsenergien for
store systemer i forskellige parameter-regimer mod grundtilstandsenergien for ba-
de et Thomas-Fermi-funktional og et Vlasov-funktional pa faserummet, til ledende
orden. Derudover opnar vi konvergensresultater for positionsteethederne for approk-
simative grundtilstande mod konvekse kombinationer af produkter af minimerende
funktioner for det tilsvarende Thomas-Fermi-funktional.

Den anden model, som betragtes i denne afthandling, beskriver store systemer af
spinlgse fermioner ved positiv temperatur. Vi introducerer og analyserer et Vlasov-
funktional pa faserummet ved positiv temperatur, og vi beviser eksistensen af mini-
merende funktioner. Med generelle betingelser pa det eksterne potential (som dog skal
vokse i uendelig), og under antagelse af, at Fouriertransformationen af interaktions-
potentialet er ikke-negativ, beviser vi konvergens til ledende orden af den minimale
frie energi for kvantesystemet mod den minimale energi af Vlasov-funktionalet in
den semiklassiske graense. Vi opnéar ydermere konvergensresultater af positionsteet-
heder for fplger af approksimative Gibbs-tilstande mod produkter af den (entydige)
minimerende funktion for et Thomas-Fermi-funktional ved positiv temperatur.

Afslutningsvis indeholder afhandlingen ogsé et kort kapitel om termodynamiske
graenser for systemer af ikke-interagerende fermioner ved positiv temperatur.






Abstract

In this thesis, two different types of operators related to many-body quantum me-
chanics are investigated. We consider large systems of fermionic particles in a mean-
field scaling and with very general potentials. Coupled to a semi-classical limit, ef-
fective density functional theories are derived in the limit as the number of particles
tends to infinity, using de Finetti techniques introduced in a recent paper by Four-
nais, Lewin, and Solovej.

The first model considered concerns confined systems of spin—% fermions in strong
homogeneous magnetic fields, and with general assumptions on both the confining
external potential and the inter-particle interaction potential. In the semi-classical
limit, in different scaling regimes, we prove convergence of the ground state energy
of large systems to that of both a Thomas-Fermi type functional and a Vlasov type
functional on phase space, to leading order. We also obtain convergence results for the
position densities of approximate ground states to convex combinations of products
of minimizers of the corresponding Thomas-Fermi functional.

The other model considered describes large systems of spinless fermions at pos-
itive temperature. We introduce and analyse a positive temperature Vlasov type
functional on phase space, and we prove the existence of minimizers. With general
conditions on the (confining) external potential, and under the assumption that the
interaction potential has non-negative Fourier transform, we prove convergence of
minimum free energy of the quantum system to the minimum energy of the Vlasov
functional in the semi-classical limit, to leading order. Furthermore, we obtain re-
sults on the convergence of states for sequences of approximate Gibbs states towards
products of the (unique) minimizer of a positive temperature Thomas-Fermi func-
tional.

Finally, the thesis contains a short chapter on thermodynamic limits of systems
on non-interacting fermions at positive temperature.
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Preface

I present in this thesis the results that I have obtained during my time as a graduate
student at the Department of Mathematics at Aarhus University. The project was
supervised by Sgren Fournais.

The thesis contains a short introduction to de Finetti theorems and their appli-
cations, a presentation and discussion of the results obtained during my studies, and
two papers which are to be considered the main contribution of the dissertation. The
papers are

e Paper A: Semi-classical limit of confined fermionic systems in homo-
geneous magnetic fields. Submitted to Annales Henri Poincaré. Available
at arXiv:1907.00629.

e Paper B: Semi-classical limit of large fermionic systems at positive
temperature. Submitted to the Journal of Mathematical Physics. Available
at arXiv:1902.00310.

Paper A is co-authored with my supervisor, Sgren Fournais. While we had many
fruitful discussions and did many of calculations in cooperation, I was the one to
actually write the paper (except maybe for a few paraghraphs). Parts of the contents
of Paper A were contained in the progress report for my qualifying exam, but the
results have since been considerably generalized. The version included here is the
same as the version on arXiv (which is the same as the version submitted to AHP),
except for the appendiz, which is only included in this thesis. Apart from adding the
appendix, only cosmetic changes have been made to the paper, such as formatting
and numbering of equations, and a few typos have been corrected as well.

Paper B is the outcome of a longer reseach stay at the University of Paris-
Dauphine where I visited Mathieu Lewin to work with him and his graduate student,
Arnaud Triay. Mathieu and Arnaud are both co-authors on the paper, and we all
took equal part in the research, as well as the writing. The version of the paper
included here is, modulo cosmetic changes and correction of a few typos, the same
as the version submitted to JMP.

Finally, I have also for completeness included a supplement to the second paper
where I recall and prove a few results that we use in the paper without proof. The
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contents of the supplement are to be considered well-known, and they do not repre-
sent new research. I have included it here because I do not know any good references
that contain the exact results that we need in Paper B.
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Chapter 1

A short introduction to de Finetti
theorems

In this first chapter, I briefly introduce the theory of de Finetti theorems, mostly
without proof. I will mainly follow [38] which contains a thorough introduction to
the subject, and I refer the reader to this set of notes for additional details and
references.

Classical de Finetti theorems

Denote by € a locally compact and separable metric space (one may think of  as
being a locally compact subset of R?). For any topological space X, we let P(X)
denote the space of Borel probability measures endowed with the weak-* topology.
Finally, for N € N we let P,(Q") denote the space of symmetric Borel probability
measures on 2V, i.e. the set of measures yu € P(QY) satisfying

:u(Alv s ’AN) = ILL(AO'(l))’ . 'aAo(N))

for any permutation ¢ in the symmetric group Sy, and for all Borel sets A; C €.
This definition extends in an obvious way to measures on Q.

Classically, de Finetti theorems (in the context of this thesis) describe the struc-
ture of sequences of symmetric probability measures. Loosely, one might say that a
symmetric measure p € Ps(QY) is close to a convex combination of product mea-
sures when N is large. The following theorem, due to Hewitt and Savage [14], is a
generalization of de Finettis original theorem [7, 8.

Theorem 1.1 (Hewitt-Savage). Suppose that Q0 is a locally compact, separable
metric space, and that p € Ps(QY). Let p\™ be its n-th marginal,

M(n)(AlX"'XAn):M(AIX"'XAnXQX"')‘

1



2 Chapter 1. A short introduction to de Finetti theorems

Then there exists a unique Borel probability measure P, on P(§) such that for all
n €N,

) = / P dP(p),
P(©)

where p®™ is the n-fold product measure of p.

The Hewitt-Savage theorem may be proven in several different ways. One ap-
proach is to use a quantitative approximation result at finite N, due to Diaconis
and Freedman [9]. The approximation is given in terms of the total variation norm,
which for non-negative measures p on €2 is given by

ey = sup | [ odu] = suplu(a),
pcC()'JQ ACQ
#lloc<1

where the last supremum is taken over all Borel subsets A C €.

Theorem 1.2 (Diaconis-Freedman). Let uy € Ps(QN) be a symmetric probability
measure. There exists a measure P, € P(P(Q)) such that, denoting

ivi= [ o dPulo)
P(Q)

we have
(n—1)

n ~(n n
I = A oy < 27 (L1)

for1<n<N.

The measure P, can be constructed explicitly using empirical measures (convex
conbinations of Dirac delta measures). For compact 2, one can easily prove existence
in Theorem 1.1 by applying Theorem 1.2 to the marginals of p. Because P(P(f2))
is also compact in this case, the de Finetti measure P, arises as a weak limit of the
measures from Theorem 1.2. When €2 is only a locally compact, separable metric
space, one can still conlude through a compactification argument.

The usefulness of de Finetti theorems has long been known in classical statistical
mechanics |5, 42, 36, 6, 17|. Sometimes, the qualitative bound (1.1) can be useful for
more than just proving the Hewitt-Savage theorem. Classical log-gases in a mean-
field limit coupled to low temperature is an example of this [38].

The following version of the theorem, which is the one applied in the papers
included in the thesis, is essentially [10, Theorem 2.6]. Because I will need a slightly
more general formulation, I also include the proof, which is still essentially the proof
in [10], only with a few more details.

Theorem 1.3. Let € be a locally compact, separable metric space, and w any non-
zero, outer regular, and o-finite Borel measure on Q. Furthermore, let m®) e Ll(Qk)



be a family of symmetric positive densities (with respect to w) satisfying for some
c>0and allk > 1 that()gm(k) <1, and

c/ m® (&, 6) dw(&) = mPV (&, 6 (1.2)
Q

with m(® = 1. Then there exists a unique Borel probability measure P on the set

S={nel'@|o<pu<y, c/Qms)dw(f):l}

such that for all k > 1, in the sense of measures,

m(k):/,u@de(u). (1.3)
S

Proof. Denote by %(2) the Borel o-algebra on 2. By the Kolmogorov extension
theorem (see e.g. [44, Theorem 2.4.3|), there is a unique Borel probability measure
m on QY such that

Ckm(k)(Ah e ,Ak) = m(Al, N ,Ak,Q, .. )

for all £ > 1 and Borel sets A; € Z(2). Note that the measure m is symmetric since
all the m(®) are. Because 2 is a locally compact separable metric space, Theorem 1.1
now yields a unique Borel probability measure P on P(f2), satisfying

Fm) :/ pPFdP(p). (1.4)
P()

Hence we just have to show that P is supported on S. To this end, we will show that
the set {p € P(Q) | A € Z(Q) such that p(A) > cw(A)} is a null set with respect
to the measure P.

Since the bound m®) < 1 implies for all A € %(Q2) that

m(k)(Ak) < w®k(Ak),

we get for fixed A with 0 < w(A) < oo, and all k£ > 1 that

AANE e mB (AR
/mm(cw(A)) P0) = Carar /p(m PAVAP) = Carramy < T

Consider for n € N the sets

By :={p € P(Q) | p(4) = cw(A)(1+1/n)}.

Then, since P is a probability measure,

1= /P(Q)<ciféi)>kdp(p) = /Bn<cp¢522)>kdp(p)
> (14 1/n)*P(B,).
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Since k is arbitrary, this forces B, to be a P-null set for each n € N, implying that

{peP(©)|p(4) > cw(4)} = | Ba

neN

is also a null set with respect to P.

Since €) is a separable metric space, there exists a countable base ¥ for the
topology of € (one can e.g. choose ¥ to be a collection of open balls). Let &7 C Z(Q2)
be the collection of finite unions of sets from #. Then we have:

Claim. If p € P(1) satisfies p(A) > cw(A) for some A € £(Q2), then there is a set
A € of such that p(A) > cw(A).

The validity of this claim is easily checked using the outer regularity of the
measure w, along with the fact that ¥ generates the topology on 2. Indeed, suppose
that p(A) > cw(A), and assume for simplicity that p(A) is finite. Then by the
outer regularity of w we may choose an open set B satisfying A C B and cw(B) <
cw(A) +¢e < p(B) +¢e. Writing B = |J,~, B; with B; € ¥, we may choose n such
that cw (U, Bi) < p(Uiy Bi) + 2e. Now, simply choosing ¢ < $(p(4) — cw(A))
proves the claim.

The claim implies that

{p e P(Q)|3A € B(Q) such that p(A) > cw(A)}

c U toeP@|p(A) > cw(A)}.
Aed
Note that .o is the union of countably many countable sets, so it is itself countable.
Hence the right hand side above is a countable union of P-null sets, so P is supported

on

{peP(Q)]p(A) <cw(A) for all A e B(Q)}.

Each measure p in this set is absolutely continuous with respect to w, so since w
is o-finite, p is given by a density function u € LY(Q). Now, p(A) < cw(A) for all
A € B(Q) implies that the density p satisfies 0 < u < ¢, and thus (up to scaling by
¢ 1) lies in S. Finally, combining this with (1.4), we obtain (1.3). O

In Paper A we will take Q = R3 x R x Ny x {£1} with w being the product of
the Lebesgue measure in the continuous variables with the counting measure in the
discrete variables. In Paper B, Q is the usual phase space = R? x R? equipped
with the Lebesgue measure.

If the measures m®*) do not satisfy the compatibility relation (1.2), or are not
probability measures, then we still have a weak version of the theorem. This is useful
for handling non-confined systems where mass can be lost at infinity. The theorem
below is taken verbatim from [10, Theorem 2.7].



Theorem 1.4 (weak de Finetti). Let mg\jfv) be a sequence of symmetric positive

densities in L*(M™N), with M C R?, and let mgl\;) be its marginals defined recursively
by (1.2). We assume that m®) = 1, that 0 < mg\]f) <1 foreveryl <k <N, and

that mg\lf) — m®) weakly for every fized k > 1, as N — oo. Then there exists a Borel
probability measure P on the set B := {p € L*(M) |0 < p <1, ¢y, n < 1} such

that
m*) = /B pEr P (p),

forall k > 1.

Quantum de Finetti theorems

There are also quantum versions of the de Finetti theorem, applicable to symmetric
quantum states instead of measures. However, since quantum de Finetti theorems
are mostly useful for dealing with bosons, and this thesis is concerned exclusively
with fermions, I will only briefly mention them in passing.

The first versions of the quantum de Finetti theorem were proven by Stgrmer
[43] and Hudson-Moody [15]. The theorems formulated below, however, are taken
from [38]. The second theorem (weak quantum de Finetti) was proven in [18] (see
also [1, 2, 3] for more general results implying Theorem 1.6 below).

Let ‘H be a complex, separable Hilbert space and for n € Ny, denote by H :=
&~ H the corresponding bosonic (symmetric) n-particle space (with the convention
HY = C). A bosonic state with infinitely many particles is a sequence (’Y(n))neNo
of bosonic n-particle states, that is, satisfying that v e S1(H?) is self-adjoint,
positive, and Tryn 'y(”) = 1, and furthermore satisfying the consistency relation

(n+1) (n)

Trp1y =",

where Tr,, ;1 denotes the partial trace with respect to the last variable in H"**.

Theorem 1.5 (Strong quantum de Finetti). Let H be a separable Hilbert space
and (’Y(n))neNo a bosonic state with infinitely many particles on H. There exists a
unique Borel probability measure pn € P(SH) on the sphere SH = {u € H | ||u|]| =1}
of H, invariant under the action of S*, such that

A0 — / ) (™| dpa(u)
SH

for alln > 0.

Theorem 1.6 (Weak quantum de Finetti). Let H be a separable Hilbert space
and (T'y)Nen, @ sequence of bosonic states with Ty € &1(HY). We assume that for

alln e N
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in &1(HY). Then there exists a unique probability measure y € P(BH) on the unit
ball BH = {u € H | ||ul| < 1} of H, invariant under the action of S*, such that

A — / ®™) (") dja(a)
BH

for alln > 0.

When dealing with bosonic systems, one has the advantage that the quantum
de Finetti theorems are applicable directly to the quantum states of the system.
However, in the case of fermionic systems, one usually has to reduce the problem to
a case where a classical de Finetti theorem is applicable, since the quantum theorems
do not work on anti-symmetric states. Hence, in the fermionic case, one tends to only
obtain information on position (or momentum) density functions, instead of the true
quantum states.

The parts of the de Finetti theorems concerning uniqueness will not be important
in the context of this thesis, since we will be considering only stationary problems.
In time-dependent cases, however, uniquess can be very useful |1, 2, 3].



Chapter 2
The papers

In this chapter, I summarize the results obtained in the papers included in the thesis.
Even though one paper concerns systems in strong magnetic fields while the other
deals with systems at positive temperature, the models considered and the methods
used in the papers feature many similarities. Both papers concern the semi-classical
limits of large fermionic systems in mean-field scaling in a canonical setting. The
operators considered are of the form

N
1
NI S RTNIE SN S 21)
j=1 1<j<k<N

where T is a kinetic energy operator acting on a one-particle Hilbert space H (in
both papers some appropriate L? space), V is an external potential, and w models a
pairwise particle interaction. The operator acts a priori on the N-fold tensor product
HEN = ®N H, but since the papers deal exclusively with fermions, we restrict Hy
to the subspace of anti-symmetric tensors /\N H. In the notation above, T; denotes

the operator
Tj — ]l®(j—1) QT ® ]l®(N—j)

acting on the jth component of H®Y, with 1 being the identity on #. The kinetic
energy T is coupled to a semi-classical parameter (omitted from the notation here)
that we let tend to zero in the large N limit.

In both papers the aim is to evaluate the ground state energy to leading order in
N, as well as to obtain convergence results for sequences of approximate minimizers in
the large N limit. We ignore all questions concerning dynamics, and deal exclusively
with the stationary case. Many-body operators like (2.1) quickly become difficult
to handle explicitly when N is large, so it is natural to derive effective theories
exhibiting properties similar to the true quantum mechanical model. In the context
of fermions, these are usually density functional theories like Thomas-Fermi or Vlasov
type theories [26, 37, 13, 10]. For bosons, the mean-field limit can usually be described
using Hartree or Gross-Pitaevski theory [18, 40, 4, 31, 32].

7



8 Chapter 2. The papers

A crucial tool in both Papers A and B is the application of a de Finetti theorem to
achieve good lower bounds on the energy, and to obtain information on the structure
of approximate ground states in the N — oo limit. The idea of using de Finetti
theorems in the context of many-body quantum mechanics was recently developed
in a series of papers by Lewin, Nam, and Rougerie for bosons [18, 19, 20|, and
by Fournais, Lewin, and Solovej for fermions [10]. However, applications in classical
statistical mechanics have been known for a longer time |5, 42, 36, 6, 17|, as previously
mentioned in Chapter 1.

De Finetti techniques are particularly useful for controlling the contribution of
general interactions to the ground state energy. In the case of Coulomb systems, one
would typically resort to the Lieb-Oxford inequality [23], or something similar, to
achieve a good lower bound on the interaction energy using a one-body potential.
However, the application of de Finetti techniques opens up the possibility of handling
much more general interactions that cannot easily be approximated using one-body
potentials.

Various versions of the Lieb-Thirring inequality [29, 30, 28, 24] constitute another
important, though well-known, tool. Being able to control the kinetic energy in terms
of one-body position densities is extremely useful, and forms the backbone of many
approximation arguments.

2.1 Paper A: Semi-classical limit of confined fermionic
systems in homogeneous magnetic fields

In this paper, we consider three-dimensional systems in the presence of a strong
homogeneous magnetic field, at zero temperature. For simplicity, we deal only with
confined systems, but our results should be easily generalizable to also include non-
confining external potentials. Because we want to allow for strong magnetic fields,
it is important to account for the spin of the particles. Therefore, the kinetic energy
of a particle is described by the Pauli operator

H(h,b) = (o - (—ihV + bA(x)))?

acting on spinor-valued functions L?(R3; C?), where i > 0 is a semi-classical param-
eter, b > 0 the magnetic field strength, and o = (01,092, 03) denotes the vector of
Pauli spin matrices

(01 (0 i (10
1=\1 o) 2=\ o) 57 \o -1/

The magnetic potential is denoted by A, and since the magnetic field is homogeneous,

we settle on the canonical choice A(z) = (—z2, 21, 0) giving rise to the constant field

B = curlbA = (0,0,b). Because of the well-known decomposition of the spectrum of
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H(h,b) into Landau bands
p? +2hbj,  peR,jeNy,
the phase space naturally becomes
Q=R3xRx Ny x {£1}.

Here, R3 is interpreted as position variables, R x Ny as momentum variables, and
{#1} as a spin variable.
The Hamiltonian for the N-body system is

N N
. 1
Hypp = Zl(ff (—ihVj 4+ bA(x))))? + V(2;) + N ; w(r; — ),
J= J

acting on the Hilbert space A" L2(R?; C2) ~ AN L2(R3 x {£1};C), where V and
w are functions on R3. This operator has been considered in [46, 27, 28| in the case
where w is a Coulomb interaction, w(z) = |z|~!. In [27] the magnetic field strength
grows so quickly that semi-classical analysis breaks down, and this regime is not
considered in our paper. The main motivation for this work is partly to generalize
the results obtained in [28], and partly to generalize de Finetti techniques [10] to
magnetic semi-classics.
In the regime we consider, the parameters i and b can be parametrized by

h=NT"5(1+8y)5, b=N3By(1+8y) %, (2.2)

where (Bn)n is a sequence of positive numbers with 5 := limy_, Sy € (0, 00),
and we denote Hy gy = Hypp when ko and b satisfy (2.2). This choice of scaling
may seem strange at first glance, but it ensures that the terms of Hy g, are of the
same order in N, and furthermore, it coincides with the notation in [28]. I refer the
reader to Section A.1 for some heuristic arguments explaining why this scaling is
reasonable. We also deal with the extreme cases § = 0 and 8 = oo, but for simplicity
I will omit the finer details of these cases from this summary and refer the reader to
the paper.
The ground state energy of Hy g, is denoted by

In the N — oo limit, we find that E(N,Sx) to is described leading order by a
magnetic Thomas-Fermi type functional. It is given by

génp(p) — Z /}R3 T8(p(x, 5),s) dx + Z /R3 V(z)p(z,s)dx

s==+1 s=+1

t3 X[ wl =t s dsdy,

s1,s2==+1
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defined on an appropriate set of densities p € L'(R3 x {£1}). The kinetic energy
density 73 is given by the Legendre transform of a scaled pressure function,

75(t, s) = sup(tv — (1 + ﬂ)fglskﬁ(y, s)),
v>0
where kg := (1 + 5)_2/5 = limy_ o hb is half the distance between the Landau
bands in the limit, and for B,v > 0, and s = £1, the pressure is given by

o0

3

Pg(v, s) = Z (27 4+1+s)—v2.
=0

The corresponding Thomas-Fermi ground state energy is
EMT(8) = inf {EY™ (p) | 0 < p € L'(R® x {ﬂ}),/p —1).

This magnetic Thomas-Fermi functional is very similar to the one in [28], the only
difference being that we keep account of the spin variable. The functional in [28] is
recovered by instead using the spin-summed pressure Pg(v) = Pg(v, —1) + Pg(r, 1)
in the definition of the kinetic energy density above.

The main results of the paper are the following (in the case 8 # 0, 00):

Theorem 2.1 (Convergence of energy). Let w € L>?(R3) + L2°(R?) be an even
function, and V € L5/2(R3) with V(x) — oo as |x| — oo. Let (Bn) be a sequence of
positive real numbers satisfying By — B € (0,00). Then we have convergence of the
ground state energy per particle

lim
N—o0

E(N,ﬁ]v) _ AMTF
L) e )

Recall that L%2(R3) + L°(R3) is the space of functions f satisfying that for
each € > 0 there exist f; € L>?(R3) and fo € L%®°(R?) such that ||fa]|ec < € and
f = fi1+ fo. I also recall the k-particle reduced position density of a wave function

v e \V L2(R%;CY),

N
Pék)(zl,---,zk) = <k> / W (z1,. .., 2n)|* dzpyr - - daw.
(R3x {+1})(N—h)

Theorem 2.2 (Convergence of states). Suppose that the assumptions of Theo-
rem 2.1 are satisfied. Let Uy € /\N L?(R3;C?) be a sequence of normalized approz-
imate ground states, i.e. satisfying (¥, Hy gy VYn) = E(N, fn) + o(N). Denote by
Mg the set of minimizers of the magnetic Thomas-Fermi functional,

Mg = {0 < pe LR x {£1}) | E¥™(p) = B (), /p ~ 1,



2.1. Paper A 11

Then there exist a subsequence (Ny) C N and a Borel probability measure & on
Mg such that for ¢ € L¥2(R3 x {+1}) + L®(R? x {£1}) if k = 1, and for any
bounded and uniformly continuous function @ on (R3 x {£1})* if k > 2, we have

k-'
Z /R3 p\l,Né x,8)p(x,s)dr

se{£1}k
Z /RSk p®k({l/‘78)gp(l"5) d:n) dZ(p),

- (
M se{£1}k

as £ tends to infinity.

We also obtain analogous results if the parameter Sy tends to either zero or infin-
ity, where, in the latter case, we also impose the additional condition N—1/3 6]1\,/5 — 0,
in order to stay in the semi-classical regime, i — 0. In the § = 0 case, we derive
the usual non-magnetic Thomas-Fermi functional in the limit, and for 8 = oo, the
limit is described using a strong-field Thomas-Fermi functional where only the lowest
Landau band contributes to the kinetic energy.

If the interaction potential w is of positive type (i.e. has non-negative Fourier
transform), then the limiting Thomas-Fermi functional is convex, so any minimizer
is in this case unique. Hence the de Finetti measure &2 above is forced to be a Dirac
delta & = 6, where p minimizes g 5. In other words, the integral over Mg above
disappears, and the k-particle pomtlon densities pé,k) factorize completely in the
limit. This is the case e.g. for Coulomb interactions, which corresponds nicely to the
convergence of states result in [28| for k£ = 1. Our results for the convergence of states
for k > 2 seem to be new. To the best of my knowledge, the convergence of energy
was until now only proven for Coulomb interactions in the case where the external
potential vanishes at infinity [28], and the same goes for the convergence of states
for k = 1.

The upper bound on E(N,Sy) is shown by constructing a sequence of trial
states, utilizing the Weyl asymptotics for the Pauli operator obtained in [28]. The
trial states can all be taken to be Slater determinants, also known as Hartree-Fock
states [25, 33, 41], which are the simplest form of trial states for fermionic systems.

To prove the corresponding lower bound on the energy, a crucial step is the
construction of a coherent state map (u,p,j,s) — P from the phase space

u,p,7,8
Q =R3 xR x Ny x {£1} to the bounded operators on L2(R3 C?), satisfying

27Th o3\ Z Z// ,p,deUdp_ ]1L2(R3 (CQ),

s==x1 j=0

and allowing us to calculate the kinetic energy of a state (wave function) in terms of
semi-classical measures on phase space.

Our coherent state operators are very similar to the ones used in [28], but there
is one key difference. While the coherent states in [28] are constructed directly using
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Landau band projections for the Pauli operator, our construction is instead based
on Landau band projections for the magnetic Laplacian (—ihV + bA)? acting on
L?(R3;C), in order to separately keep track of contributions from spin.

Using the coherent states, we define k-particle semi-classical (Husimi) measures
corresponding to a state ¥ € /\N L?(R3; C?) on phase space QF as in [10] by

N!

(k) _
mflfq/(gla oo &) = m

7,b Bb
(U P @ @ P @ ANk T) o gan o)
where & = (ug, pe, je, s¢) € Q2. The presence of f on the left hand side is explained by
the fact that we use some auxiliary function f € L?(R3) in the construction of the
coherent state operators, for localization purposes. The measures have the following
useful properties:

Lemma 2.3 (Position densities and kinetic energy). Let ¥ € A" L2(R?;C?)
be normalized, and suppose that f € C°(R3) is real-valued, L?-normalized and even.
Then we can recover the k-particle reduced position density of ¥,

e 3 [ p ) dp = K () 00,

JG(NO

where the convolution on the right hand side is the ordinary position space convolution
in each spin component of ﬁék) Furthermore, the kinetic energy in the state ¥ can
be calculated by

N
<xp, S (o - (—ihV; + bA(a:j)))Q\I/> = —hN [ (Vf(u)?du

3
j=1 R

zmz 2 Z// P* + hb(2) + 1+ 8))m{y (u,p,j, ) dudp.

s==x1j

Then, after analysing sequences of such semi-classical measures, we apply a clas-
sical de Finetti theorem (Theorem 1.3) to a hierarchy of limiting measures, obtaining
a de Finetti measure supported on the set of minimizers of a Vlasov type functional
on phase space.

Having the external potential V' to be confining simplifies the last part of the
argument significantly, since the sequences of semi-classical measures in this case are
tight at infinity, meaning that no mass can be lost in the limit. If V' is not confining,
but instead just satisfies V € L'T42(R9) + L>°(R?), then Theorem 2.1 should still
hold exactly as stated, and Theorem 2.2 should still hold with minor modifications.
In this case, a weak version of the de Finetti theorem (Theorem 1.4) is still applicable,
but the convergence of the interaction energy term is more subtle. Convergence of
states for non-confining V' is dealt with in [10] in the case of weak magnetic fields,
and the methods applied there (which are based on localization methods in Fock
space) should also work for homogeneous magnetic fields.
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2.2 Paper B: Semi-classical limit of large fermionic
systems at positive temperature

In this paper, we consider large systems of spinless fermions in R%, at positive tem-
perature. As in Paper A, we work in a mean-field scaling. The system (at zero
temperature) is described by a Hamiltonian of the form

N
. 1
Hyp= Y [ihVa, + Alw)? + Via) + Y. wla;— ),

j=1 1<j<k<N

acting on the anti-symmetric space /\N L?(R%). We allow for a magnetic potential in
the kinetic energy, but like in [10], the assumptions on A will be weak enough such
that its presence has no effect on the ground state energy to leading order. We call A
a magnetic potential, even though it can also have a different physical origin (which
is the case e.g. when describing the Coriolis effect for gases in a rotating frame). At
inverse temperature g > 0, the free energy functional is given by

1
ENMT) := Tr(HyuT) + 3 Tr(I'logT),

defined on the set of fermionic quantum states I' € &1 (A" L2(R%)) satisfying 0 < T
and TrI' = 1. Because of the presence of the entropy term, we have to assume that
the external potential V' is confining, in order for the free energy to be bounded from
below. More precisely, we work under assumptions ensuring that Tre #HNr < oo, If
this is satisfied, the infimum of 5CNa’f over all fermionic states is attained uniquely at
the Gibbs state

Inpg = %6_61{”7

where Z := Tre N1 is the partition function, and the minimum energy is
1
(B, N) = i%f o) = ] log Tr e~ PHN.A,

The main purpose of the paper is to investigate egan(h,N ) to leading order in the
coupled limit where N — oo and A*N — p for some p > 0. The mean-field limit
for fermions at positive temperature is different from the similar mean-field limit for
bosons, where the free energy is known to not be affected to leading order by the
temperature, but that an effect can be observed to next to leading order [18, 22].
In the coupled limit where N — oo and A — 0, we derive a Vlasov type density
functional on phase space R? x R3. For 3, p > 0, the Vlasov functional is defined on
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measures m on phase space by

£itm) = sz [ (0 A@P + V@)m(a.p) de do

2p //RZd w(@ = y)pm(x) pm(y) dz dy
27r dﬂ //de )) dx dp,

where s(t) = tlogt + (1 — t)log(1l — t) is the fermionic (Fermi-Dirac) entropy, and

1
pm() = W/Rdm(:c,p) dp

is the position density of m. The functional is defined on measures satisfying

<271r)al//Rw'm(aﬁ,p)dalcdp: /dem(x)dx =p,

along with the Pauli principle 0 < m < 1. The minimal free energy is denoted by

egla(p) = 022@21 5515( ) (2'3)

2m) =7 [[z2a m=p

To aid us in the analysis of the mean-field problem, we do a thorough analysis of
the Vlasov functional under very general assumptions on the potentials. In particular,
we want to be able to include a delta distribution in the interaction w. This is useful
when dealing with dilute limits of the quantum system, where the range of the
interaction becomes small as N — oco. The main result for the Vlasov functional is
the following.

Theorem 2.4 (Minimizers of the Vlasov functional) Fiz p, By > 0. Suppose
that V_ € LY2(RY) N LIFH2(RY), A € L} _(RY) and that Vi € Li (RY) satisfies
Jra e PoVe(®) dr < 0o, Let

we LME(RY) + L(RY) + R.5.

Then, for all 5 > Py, there are minimizers for the Vlasov problem (2.3). Any mini-
mizer mq solves the nonlinear equation

1
L+exp(B(lp + A(@)]? + V(@) + p~ 1w * poy () — 1))
for some Lagrange multiplier . The minimum can be expressed in terms of mgy and
1 as

mo(z,p) = (2.4)

1 - 2 T 71w* xr)—
egla(p) = - W//de log(l + e AlpIP+V (@) +p pmg (%) M)) dz dp

+up— o // Y)Pmio (2) pmo (y) dz dy.
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Furthermore, if W > 0, then 55{5 is strictly convexr and therefore has a unique
minimazer. In this case, for p' > 0 define

Fu(p,p) == ,Jnf &L (m).

(2m)— ffR%l m=p

Then, for any p’ > 0, Fﬁa( -, p') is C' on Ry and the multiplier appearing in (2.4)
s given by

_OFg,

/
op (p,p')

I

p'=p

The conditions on the external potential in the theorem are chosen exactly such
that the minimizer mg has both finite mass and finite free energy. In the case where
there is no interaction, the assertions of Theorem 2.4 follow easily from simple con-
vexity arguments. The case w # 0 is more cumbersome, but can still be dealt with
using standard functional analysis techniques.

Of course, the minimization problem (2.3) can also be stated in terms of a pos-
itive temperature Thomas-Fermi model by first minimizing over measures with a
fixed position density, and afterwards minimizing over a set of appropriate position
densities. See Subsection B.2.1 for details.

In the canonical setting (as in the present paper) there is not much to be found in
the mathematical literature concerning the mean-field limit for fermions at positive
temperature. However, there are multiple rigorous works at zero temperature for
atoms [25, 26] and for pseudo-relativistic stars |31, 32|, along with the very general
recent paper [10]. Positive temperature Thomas-Fermi theory has been treated before
[37, 35, 45], and it has been derived rigorously from quantum mechanics in the case
atoms in a grand canonical setting in [37], and also in the presence of a constant
magnetic field [13].

The main result of the paper is the convergence of energy and of approximate
minimizers in the mean-field limit. In the statement of Theorem 2.5 below, two
different types of semi-classical measures appear. One of them is the Husimi measure
[16, 10] defined using the usual coherent states

Py
h

h ) =R f(h 3 ()

where f € L*(R%) is normalized and real-valued, and (z,p) € R x R% Denoting
Pa’ip = | f£7p>< f;}’p| the projection onto fgp, the k-particle Husimi measure of a state
I' is given by

k N!
mgf}(xlvplv s )xkapk) = (N — ]{7)' Tr(P-ThLPI K& Pf?k’pk &® ]].N_kr)7



16 Chapter 2. The papers

for z1,p1,..., 2k, pe € R The other measure is the k-particle Wigner measure
[34, 11, 10] of " defined by

k
WIE) (21,p1, -+, T, Pr)

h h
= —ipy
/de /Rd(N k) l’ - 2y’ ) (:U an )) dz dy,

where x = (z1,...21),p = (p1,...,pr) € R%, and I'(-; -) is the kernel of the operator
I". Both types of measures were studied at length in [10].

Theorem 2.5 (Mean-field limit). Let Sy, p > 0. Assume that V € LHd/Z(Rd)
such that V(x) — oo at infinity and that fe_BOVJr(I) dx < oco. Furthermore, assume
|A]2, w € L'2(R?) + LX(RY) with w even and satisfying @ > 0. Then, for all
B > By we have the convergence

lim hdeCan(ﬁ N) = €v1a(p)

N—o0
heN—p

Moreover, if (T'ny) is a sequence of approzimate Gibbs states, that is, satisfying
ESN(Tw) = elun(h, N) + o(1),
then the one-particle density of I'y satisfies the following convergence
hdpg]i — Pmo weakly in L*(R?) N L'*2/4(RY),

and

mE}%N — myo strongly in L'(R??),

P T Pmg strongly in L' (R%) N LH'Q/d(Rd),
My
where mgck%N 18 the k-particle Husimi function of I'y and my is the unique minimizer
of the Vlasov functional in (2.4). The k-particle Husimi functions converge weakly

/RQdk fFN@%/ m

for all ¢ € LY(R*™*) + L(R*™*). Similarly, if we denote by Wy, the k-particle
Wigner measure of I'y, we also have,

Wk, / &k,
/R2dk rn¥ R2dk Mo ¥®

for all ¢ satisfying O} - - -8356;@11 . --6;’?,?@ € L®(R?™), where oy, 3; < 1 for all
1<j<k.

i the sense that
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We prove the upper bound on the free energy by constructing a sequence of trial
states for the variational problem, following ideas of [39]. The strategy is to divide
R? into cubes and use the minimizer of the free energy in each cube with periodic
boundary conditions. This choice allows us to control the one-body density, which
will be almost constant in each cube. We then add correlations by hand (which are
only needed to handle the dilute limit, see Theorem 2.6 below), and anti-symmetrize
to obtain a trial state on the whole space.

Our proof of the lower bound on the free energy relies on the strong assumption
that the interaction potential is of positive type (w > 0), but the proof of the upper
bound works for general w. Without the assumption @w > 0, we still have weak
convergence of the semi-classical measures to an average of measures with respect
to a de Finetti measure. That is, there exists a measure P on the set of densities
S={me L' R¥)|0<m <1, (2r)~¢ [[ m = p}, such that, along a (not displayed)
subsequence,

m}k%N - / m®=k AP (m),
’ S

in the same sense as in Theorem 2.5. If the entropy satisfies the following Fatou-type
inequality
1

liminf A Tr Ty logDy > —— (/ s(m )dP m),

int KT log Ty > g [ ([ s(m)) aP(m)

RN —p
then we can remove the assumption @w > 0 from the theorem. In our proof we only
obtain the weaker bound

1
im inf A% > )
lmlonofh TrTylogTy > @)l /Rms(/smd?)(m))
hN—=p

However, when @w > 0, it is possible to show that P is a point measure supported
on the unique minimizer of the Vlasov functional, in which case the right hand sides
of the two inequalities coincide. We do this by first proving the strong convergence
of the one-particle Husimi measures towards the Vlasov minimizer, using coercive
properties of the entropy. Afterwards, we use a perturbation argument inspired by a
new technique recently introduced in [21] to conclude that P is a point measure.
Finally, we also obtain results for dilute systems where the range of the interaction
depends on N. Usually, this is modelled by choosing an interaction of the form

wy (x) := Nw(N"z)

for some fixed parameter > 0. In the dilute regime, the interaction often has a
trivial effect in the limit, due to the Pauli principle, except in the presence of spin,
or if the system contains multiple species of particles [12]. Our result in this case is
as follows:
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Theorem 2.6 (Dilute limit). Let Sy,p > 0. We assume that V € L1+d/2(Rd) is

loc
such that V(x) — oo at infinity and that [ e PV+(®) dzx < co. Purthermore, assume

that |A]? € LY /2(RY) + L2(RY) and w € L' (RY) N L'*2(R?) is even.

e I[f0<n<1/d and w > 0 then, for all § > Py we have

lim 7%l (7, N) = eging v (p)

N—o0
RN —p
ﬁ7(f]Rd w)(SO . .. . . .
where ey, (p) is the minimum of the Viasov energy with interaction po-

tential ([paw)do.

e Ifn>1/d,d>3 and w > 0 is compactly supported, then for all f > By we

have
. .0
J\}EEIOO hdegan(h‘7 N) = e\éla (Io)
hEN—p
where egig(p) 18 the minimum of the Viasov energy without interaction poten-
tial.

In both cases, we have the same convergence of approximate Gibbs states as in The-
orem 2.5.

Compared to Theorem 2.5, the proof of Theorem 2.6 does not rely on any addi-
tional techniques, the only exception being the construction of trial states, where we
take correlations into account.
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Abstract

We consider a system of N interacting fermions in R? confined by an external poten-
tial and in the presence of a homogeneous magnetic field. The intensity of the interac-

tion has the mean-field scaling 1/N. With a semi-classical parameter A ~ N —1/3

, wWe
prove convergence in the large N limit to the appropriate Magnetic Thomas-Fermi

type model with various strength scalings of the magnetic field.

A.1 Introduction and main results

We consider a system of N fermionic particles in R? with an exterior potential V,
and with the particles interacting pairwise through a potential w. The system is in
the presence of a homogeneous magnetic field pointing along the z-direction, i.e. of
the form B = (0,0,b) for some b > 0. That is, we can take the magnetic vector
potential to be bA(z) = 5(—x2,21,0).

A.1.1 The quantum mechanical model

Given parameters h,b > 0, we consider the mean-field Hamiltonian operator

N N

HN,h,,b = Z ((cr . (—ihvj' + bA(:L‘])))Q + V(l‘])) + %Zw(xj — :Uk), (Al)
j=1 J<k
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where o = (01, 02, 03) is the vector of Pauli spin matrices

(01 (0 =i (10
=81 0) 27\ o) T \o -1/

Since we are dealing with fermions, the operator Hy 5, must be restricted to the sub-
space /\N L?(R3;C?) C L? (R3N : (CQN) of anti-symmetric wave functions. The anti-
symmetry is due to the Pauli exclusion principle, stating that two identical fermionic
particles cannot occupy the same quantum state. The fact that the system is in a
mean-field scaling is expressed by the prefactor 1/N in front of the interaction. In
mathematics, many-body fermionic systems in strong homogeneous magnetic fields
have been considered before [19, 20, 21, 27, 7, 6] with Coulomb interactions, and also
at positive temperature [8] in the context of pressure functionals. For references to
the physics literature, see e.g. [19, 20].

Remark A.1 (Relation between parameters). If the magnetic field strength
is small or vanishing (more precisely, if hb — 0), and the system is confined to a
bounded domain, then the kinetic energy satisfies the usual Lieb-Thirring inequality

<W,§E(a«(—ihvj%-bACQ)»2W>

J=1

zcﬁf/ (o ()% dz — BbN > GH2NS — BbN,
R3

(here the boundedness of the domain is used to get the second inequality) where ,051,1)
is the one-particle reduced position density of the normalized wave function ¥ €
AN L2(R3;C2), defined in (A.22) below. This means, in order for the terms in (A.1)

to be of the same order in N, that we need to take h of order
h~ N3, (A.2)

In the opposite case with a strong magnetic field (that is, hib > 1), one expects, by
the magnetic Lieb-Thirring inequality ((A.24) below),

N
. 1 1 3
<\If, j;(a - (—ihV; + bA(xj)))2\If> > ch? OLE /(p&,)(w)) dz.
This inequality is mot rigorous, but it is reasonable in a strong magnetic field where
all particles are confined to the lowest Landau level. Assuming the inequality to hold,
we get
h4

N . 2
<\IJ’ Z(U - (—ihV; + bA(ZL‘j)))2\IJ> > 6b7N3 _ é(izhé\)fg

N,
=1

so in order to have energy balance we take in this case

B3N ~ hb. (A.3)
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Based on the observations of Remark A.1, we introduce a new parameter 3 > 0
and define i and b by

hi=N"3(1+8)5, b:=Nip(l+8)s, (A.4)
or, equivalently, by the relations
hb:B(1+B)_% BN = (1+5)% b = L (A.5)
’ ’ RN 1+

This scaling convention interpolates between the two extreme cases (A.2) (8 = 0) and
(A.3) (8> 1). The notation is chosen to fit the notation in [20], see also Remark A.2
below.

In this paper we analyze the semi-classical limit of (A.1) as the number of par-
ticles tends to infinity and % tends to zero. In light of (A.4) we must thus require
that

lim N~385 =0, (A.6)

N—o00
in order to stay in the semi-classical regime, h — 0.
When h and b satisfy the scaling convention (A.4), we will instead denote the
Hamiltonian (A.1) by Hy g, and the ground state energy of Hy g restricted to
AY L3(R3;C?) will be denoted by

Remark A.2. Physical systems do not usually come with a mean-field scaling, but
the Hamiltonian in question can sometimes be put in the form (A.1) by rescaling
appropriately. This is true e.g. for atoms [17, 18, 20] and non-relativistic white dwarfs
[22, 23], with or without magnetic fields. In the case of an atom in a homogeneous
magnetic field of strength B, the Hamiltonian is

al Z 1
Hypz =Y ((0 - (=iV; + BA(;)? = =) + S —
;] zj — i

j=1 1<j<k<N [

Choosing parameters 3 == BZ~*3 and ¢ .= Z=Y3(1 + B)~2/5, then Hy B,z is for
Z = N unitarily equivalent to Z{ Hy 5, where Hy g is given by (A.1) with V(z) =
w(z) = |z|7t, and h and b defined by (A.4).

The analysis naturally splits into three cases, depending on the asymptotics of
the parameter . In the first case, when 8 — 0, the presence of the magnetic field
has no effect on the ground state energy of Hy g to leading order, and the energy in
the limit is described by the usual non-magnetic Thomas-Fermi theory. In the second
case, when  — [y for some [y € (0,00), the energy in the semi-classical limit is
described by a magnetic Thomas-Fermi theory, as already seen in [20] in the case of
Coulomb interactions. In the third case, when § goes to infinity, corresponding to a
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strong magnetic field, all particles are forced to stay in the lowest Landau band of
the magnetic Laplacian, and the limit is described by a strong-field Thomas-Fermi
theory.

Suitable upper bounds on the energy E(N, ) will be provided by constructing
appropriate trial states. Corresponding lower bounds are obtained using coherent
states along with a fermionic (classical) de Finetti-Hewitt-Savage theorem. The use-
fulness of classical de Finetti theorems [3, 9, 4| has been known for a long time in the
context of classical mechanics (e.g. [1, 28, 25, 2, 11]). Recently, quantum de Finetti
type theorems |29, 10| have also been used to study mean-field problems in quantum
mechanics in works by Lewin, Nam and Rougerie [13, 14, 15], where the ground state
energy of a mean-field Bose system under rather general assumptions is shown to
converge to the Hartree energy of the system. The idea is further developed by Four-
nais, Lewin and Solovej in [5], where it is used to treat the case of spinless fermions
in weak magnetic fields, and by Lewin, Triay, and the second author of the present
article to treat the case of Fermi systems at positive temperature, also in weak mag-
netic fields [12]. See also [26] for a thorough discussion of de Finetti theorems. One
of the main motivations for the present work is to extend the de Finetti technique
to magnetic semiclassics.

We briefly remind the reader of the well-known fact that the spectrum of the
Pauli operator (o - (—ihV; + bA(z;)))? is parametrized by the Landau bands

p>+2hbj, peR,jeN,.
Therefore, the phase space naturally becomes
Q=R3 xR x Ny x {1}, (A.8)

where R3 is interpreted as position variables, R x Ny as momentum variables, and
{£1} as a spin variable. We will denote components of vectors ¢ € QF by & =
(ug, pe, je, se) € Q. For notational convenience, we will sometimes rearrange the vari-
ables by separating them into position and momentum components, i.e.

§= (U,p,j, 8)) (A9)

with u € R?*, p € R¥, j € NE, and s € {£1}*. Integration over QF will be done
with respect to its natural measure, using the Lebesgue measure in the continuous
variables and the counting measure in the discrete variables.

A.1.2 Magnetic Thomas-Fermi theories

We recall that the pressure of the free Landau gas [20, equation (4.47)], i.e. a gas
of non-interacting fermions in a homogeneous magnetic field, at chemical potential
v > 0 is given by

Py(v) = %(V% +2Z[2jB—V]%), (A.10)
j=1
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where B > 0 is the magnetic field strength, and v_ := max(—+, 0) denotes the nega-
tive part of a number « € R. Clearly, Pp is a convex and continuously differentiable
function with derivative

Ph(v) = ;; (V% +2Z[2jB—u]%). (A.11)
j=1

In the mean-field scaling we will take B = 8(1 4 3)~%/°, and the pressure will come
with an additional prefactor (1 + 8)~3/5.

Definition A.3 (Magnetic Thomas-Fermi energy). Let V' € Lf’o/f (R3) satisfy
V(z) — oo as || — oo, and let w € L?(R3) + L®(R3) be even. We define the
magnetic Thomas-Fermi energy functional with parameter 5 > 0 by

&) = [ malpla)da+ [ V() da

1
+3 [ e —upt@ot) deay (A1)
on the set .
DM ={pe L'R*)NL3(R*)|0< p, Vpe LI (R},

where the energy density 73 is given by the Legendre transform of the scaled pressure
_3
T(t) = Sglg(tv — (14 )75 Py, (v)), (A.13)
v>

with kg = B(1 + )~2/5. Furthermore, the magnetic Thomas-Fermi ground state
energy is defined as the infimum

EMT(8) = inf{€5"F (p) | p € DM, / p(z)dz = 1}. (A.14)
R3
Recall that the space L2(R3) + L®(R3) consists of functions f satisfying that
for each ¢ > 0 there exist fi € L>?(R3) and fo € L®(R?) with || fa|ec < € and
f=h+f.
Remark A.4. For any 0 < p € LY(R3) and B > 0 it is well known [20, Proposition

4.2] that p € L/3(R3) if and only if [75(p(x)) dx is finite. In particular, we have
the bound

[ o@idr<ma )i [ o)
R3 R3

Fra(52) ol ([ mtotenan)' as)

((.:MTF

for some constants k1, ks > 0. It follows that the domain of indeed is as stated
above. Furthermore, it is not difficult to show that the functional is bounded from
below on DM {p| [ p < M} for each M > 0, when V and w satisfy the assumptions

stated abowve.



28 Paper A

Similarly, we also define the strong Thomas-Fermi functional

B 47t

3 /R3 p(x)®dz + » V(z)p(z)dz
1

+3 //RG w(z —y)p(z)p(y) dz dy,

¥ (p)

along with the ordinary non-magnetic Thomas-Fermi functional

&(p) = ere [ p@idat [ V(oo

T % //RG w(z —y)p(z)p(y) dz dy,

2/3

where crp = (372)%/3, and with corresponding ground state energies ES™ and E™F,

both defined in complete analogy to (A.14).

MTF theory with spin

We also introduce a version of the magnetic Thomas-Fermi functional that keeps
better track of the spin dependence. We will mostly need this for the formulation of
our main result, and most of the proofs in the paper will be done using the spin-
summed version defined above. We use a tilde (~) to distinguish the relevant spin-
dependent quantities from the corresponding spin-independent (or spin-summed)
ones. The pressure of the free Laundau gas with complete spin polarization is

Py, s) = %Z[B(2j+1+s)—y] , (A.16)

where B > 0 is the magnetic field strength and s € {£1} denotes the spin variable. As
in the spin-summed case, Pp is convex and continuously differentiable with derivative

~ OP, B & 1
Ph(v,s) == TB(V,S) = ﬁZ[B(QHHS)fV}z. (A.17)
j=0

v

Again, the kinetic energy density is the Legendre transform of the scaled pressure

Fa(t,s) = ,S;‘i%’(t” — (14 )3 P, (v, 9)), (A.18)

and the corresponding energy functional

ggnp(p) — Z /}R3 T8(p(x, 5),s) dx + Z /R3 V(z)p(z,s)dx

s==+1 s=+1

+ % Z //RG w(r —y)p(x,s1)p(y, s2) dz dy (A.19)

s1,s2==+1
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is defined on the set of densities
DM = {pe LR x {+£1}) N L3 (R® x {£1}) |0 < p, Vp e L'(R? x {+1})}.

The fact that SNE}ATF is well defined on DMTF is easily seen by showing the elementary
bounds

2775(@ -1) < Tg(2t) < 7~'g(t, —1)+ 7~'g(t, 1) < Z?g(t, 1)+ 4kt

for each ¢ > 0, and combining with the description of the domain of the spin-
summed magnetic Thomas-Fermi functional in Remark A.4. In Section A.2 we will
argue that the spin-dependent functional has the same ground state energy as the
spin-independent functional,

EMTF (5) — EMTF (6)7

and that they both also coincide with the ground state energy of a Vlasov type
functional on the phase space Q = R? x R x Ny x {41}, which will be introduced in
(A.39).

A.1.3 Main results

The main results of this paper are the asymptotics of the ground state energy of the
N-body Hamiltonian (A.1) to leading order in N, along with weak convergence of
approximate ground states to convex combinations of factorized states.

Theorem A.5 (Convergence of energy). Let w € L°/?(R3) + L®(R3) be an
even function, and V € Lfo/CQ(R?’) with V(z) — oo as |x| — oo. Let (Bn) be a
sequence of positive real numbers satisfying Sy — [ € [0,00] and (A.6). Then we

have convergence of the ground state energy per particle

E(N ETF7 lf/B = 07
R (NﬁN) = EMTR(B), if0< B < oo, (A.20)
‘ESTF7 Zf,B = 00,

For the next theorem we recall that the k-particle position density of a function
U e AV L2(R3;,C?) ~ AV L2(R3 x {#+1};C) is given by

~ N
W)y, ) = <k> / W (z1,. .., 2n) P dapyr - day. (A21)
(R3x {£1})(N=F)
We will also need the spin-summed densities

k N
p&,)(xl,...,mk) = (kz) Z /R3(Nk)]\IJ(a:l,...,xN;s)dekH--- dey. (A.22)

se{x1}N
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For the result on convergence of states below, we would like to call attention to the
fact that the phase space changes in the extreme cases 8 = 0 and 8 = co. When
By — 0, the distance between the Landau bands (which is 2hb = 28x (1 + Bn) /%)
also tends to zero, in which case we recover the usual phase space R? x R3. In the
other extreme case, where Sy — oo, the magnetic field is so strong that all particles
are confined to the lowest Landau band with spin pointing downwards, so the phase
space here becomes R? x R.

Theorem A.6 (Convergence of states). Suppose that the assumptions of The-
orem A.5 are satisfied. Let Uy € /\N L2(R3;C?) be a sequence of normalized ap-
prozimate ground states, i.e. satisfying (W n, Hn gy VYN) = E(N, Bn)+0(N). Denote
by Mg the set of minimizers of the corresponding classical functional describing the
ground state energy in the limit, that is,

{0<pell|[p=1, " (p) = E™}, if B=0,
Mpg=q{0<pel'|[p=1, Ef™(p) = EN™(B)}, #f0< B < oo,
{0<pelL'|[p=1, E7(p) = E5T}, if B = oo,

where p € L* means p € LY(R3) if 3 =0 or B = oo, and p € LY(R3 x {£1}) if
0< B <o0.

Then there exist a subsequence (Ny) C N and a Borel probability measure & on
Mg such that for ¢ € L¥2(R3 x {#1}) + L®(R? x {£1}) if k = 1, and for any
bounded and uniformly continuous function ¢ on (R3 x {£1})* if k > 2, we have as
£ tends to infinity,

k! ~(k)
Niéc Z /]R?’k ,O\I,NZ(ZU,S)(P(-%,S) dz —
se{x1}*k

GIE(x) dx) d2(p).  (A.23)

Mﬁ( R3k

The function G,B,;!; is given by

> 2R (x)p(x,s), if B=0,

se{£1}k

Gri@) =1 5 pMa@,s)p(s), if0<B <o,
se{£1}k
p®k(x)§0(x> (_1)Xk)7 Zfﬁ = 00,

where (—1)*F denotes the k-dimensional vector whose entries are all equal to —1. Its
presence is an expression of the fact that all the particles in this regime are confined
to the lowest Landau band, with all spins pointing downwards.

The convergence of energy and the convergence of states for £ = 1 were both
previously known in the case where the interaction w is Coulomb, and V € L%/2 (R3)+
L>(R3) with V tending to zero at infinity [20, Theorems 5.1-5.3]. The convergence
of states result for k£ > 1 and the generality of the interaction w seem to be new.
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Remark A.7. If the interaction w is of positive type, that is, if it has non-negative
Fourier transform (which is the case e.g. for Coulomb interactions), then the limiting
Thomas-Fermi functional is (strictly) convex in all three cases. This implies that any
minimizer must be unique, so the de Finetti measures in Theorem A.6 are forced to be
supported on a single point. In other words, the outer integral in (A.23) disappears,
and thus in this case the k-particle densities converge weakly to pure tensor products
of the unique Thomas-Fermi minimizers.

Remark A.8. Analogues of Theorems A.5 and A.6 also hold if the external potential
V' is not confining, but for brevity we will omit this generalization. In this case,
the convergence of energy is the same as in Theorem A.5, but the statement for
convergence of states is slightly different. Instead of being supported on the set of
minimizers of the classical functional, the de Finetti measure in Theorem A.6 will
be supported on the set of weak limits of minimizing sequences for the functional. In
this case, the lack of compactness at infinity forces one to use a weak version of the
de Finetti theorem. See [5] for details in the case where there is no strong magnetic

field.

Organization of the paper

In Section A.2 we will recall a few results and preliminary observations that will
be important for the later analysis. Section A.3 is devoted to proving the upper
energy bounds of Theorem A.5 through construction of appropriate trial states. In
Section A.4 we will construct semi-classical measures which in Section A.5 will allow
us to prove the lower energy bounds of Theorem A.5 along with Theorem A.6 in the
case of strong magnetic fields, i.e. when Sy — 3 € (0, 00]. Finally, in Section A.6 we
will treat the case Sy — 0 where the spin is negligible, so we can in this case use
the semi-classical measures constructed in [5] on the usual phase space R? x R3.

Acknowledgement
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A.2 Preliminary observations

We start out by recalling a few results on Pauli operators and the magnetic Thomas-
Fermi functional that will be important for our analysis.
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A.2.1 The semi-classical approximation and Lieb-Thirring bounds

Here we briefly recall a few useful tools obtained in [20]. We denote by V_(z) =
max(—V (z),0) the negative part of the potential V. Supposing that V_ € L3/?(R3)N
L/2(R3) and denoting by e;(h,b, V), j > 1, the negative eigenvalues for the operator

H(h,b) = (o - (—ihV + bA(x)))* + V (), (A.24)
then we have the magnetic Lieb-Thirring inequality [20, Theorem 2.1]

1

W V- (z) dz, (A.25)

- b
> lej(h.b, V)] <L12/ V_(2)3 de + Lo
j=1 h R3

where for each 0 < § < 1 one can choose L; = %(77(1 —6))"! and Ly = 8v/6(576%) 1.
The inequality can also be stated in terms of the 1-particle position density pEI,l ) of
a many-body state ¥ € /\N L?(R3;C?). Namely, letting Fp denote the Legendre
transform of the function v — Ly Bv3/2 + Lyv®/2, that is,

Fp(t) = sup(tv — LiBvs — Lg'l)g), (A.26)
v>0

then we have the lower bound [20, Corollary 2.2]

N
<quz(a-(—mvj —I—bA(:cj)))2‘ll> > h2/ Fo (o) (2)) da (A.27)
=1 RO

on the kinetic energy of the state W. We also have Weyl asymptotics for the Pauli
operator [20, Theorem 3.1]

Z ] ej(hv b7 V)
lim =2 =

RCARRCR A A28
h—0 Fg(h,b, V) ’ ( )

uniformly in the magnetic field strength b, where Eg(h,b, V) is the semi-classical
expression for the sum of negative eigenvalues

Faa (1,5, V) = —% /IR Py (V- () d, (A.29)

with Py given in (A.10). In our case, with the scaling relations (A.5), the Weyl
asymptotics take the following form:

Corollary A.9. Suppose V_ € L3?(R*NLY2(R3), let () be a sequence of positive
real numbers satisfying Sy — B € [0,00] and (A.6), and define h and b by (A.4).
Then the Weyl asymptotics (A.28) take the form

. —w%fv_(x)gdx, if =0,
lim > e b, V)= —(1+8)7% J Py (V- () dw, if 0.< B < o0, (A30)

N—oo

j —ﬁfv_(x)%d:c, if B = .
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The details of the proof, which mainly consists of applying the dominated con-
vergence theorem to (A.28), will be omitted.

Remark A.10. The Weyl asymptotics in (A.28) and Corollary A.9 also hold true
if the Pauli operator (o - (—ihV + bA(x)))? is replaced by the Pauli operator in a
cube Cr = (—%, %)3 with Dirichlet boundary conditions, denoted by (o - (—ihV +
bA(x)))%R, (and V' is replaced by a potential defined on Cr). For further details on
this, see e.g. [24].

Applying the generalized Lieb-Thirring inequality Eqgs. (A.24) and (A.27) yields
the following important estimates. The proof is a step-by-step imitation of the proof

of [5, Lemma 3.4].

Lemma A.11. I[f V_,w_ € L°/?(R3) + L>(R3) and By > 0, then

Hygy > Z( —ihV; + bA(z))? + V+(xj)) C’N(I;i;er + 1) (A.31)

and for any normalized fermionic wave function U e N~ L2(R3; C2),

(v

-

(o - (—ihV; + bA(2;)))* + Vi (x))) —|—h2/Fb
1

J

+1
2(W, Hy 5, ¥ )+CN(h2N +1), (A.32)

with Fyp, given by (A.26). Furthermore, if U € /\N L?(R3;C?) is a sequence
satisfying (Y, Hn gy UN) < CN, then for any f = fi+ fa € L3/2(R3) N L2 (R3) +
L>®(R3), we have that

;f/RSf(x)psplN dx—i—// flz—y p\p ) (2,y) dz dy

1

~(b+1
< O(omr + e+ 1)Ul + 1Als +Ifelle) (A33)

Proof. The argument goes along the same lines as the proof of [5, Lemma 3.4]. We
write V. = Vi + Vo and w_ = w; + wy with Vi, w; € L%?(R3) N L¥?(R3) and
Va,we € L*®(R3). We clearly have that

N
(0,3 ~Valw;))¥) = ~|[Va] NV (A.34)
j=1

for any normalized wave function W. Briefly denoting by Hy, the operator Hy, :=
1(o-(=ihV +bA))? — V1 and applying the magnetic Lieb-Thirring inequality (A.24),
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we obtain

< ZHVl > > Tr(Hy, )

2L1h2/ Vi(z 2d:p—8L2h3/ Vi(z)? da. (A.35)

Note that by symmetry we have

<\II,% Z w_(xg — J:g)\I/> = ¥<\I/,w_(x1 - 1:2)\1/>

1<k<t<N
1 N
= §<‘11, z;’w(ﬂ?l - CL‘j)\I’>,
J:

so applying what we have just shown to the last N — 1 variables, we get

<qf(zN:i( - (—ihV; + bA(2;))) _7zw1 xl_%) >
¥ (3 Mo (ih, 4 bAG))? — bun(ar — ) )
:24 2

b
_017“22/ 1(z )2 da;—CQhS/ wl(x)gdx.

v

Hence we see that

.4;

1 1
Z - —ihV; + bA(z;)))? + N Z w(xg — xp)
j:l 1<k<€SN

b N-—-1
_olhz)/ (e )2dx—C2h3/‘ wi(@)} de = = walloe.  (A.36)

Combining (A.34)-(A.36) yields (A.31). We obtain (A.32) directly from (A.31) by
applying the Lieb-Thirring inequality (A.27).

Let us turn our attention towards the proof of (A.33). Note that it suffices to
prove the estimate for non-negative functions f. We will prove the one-body part of
the estimate first. Clearly, since ¥ is normalized,

[, 2@, )45 < 1l (437

so we may consider only fi € L32(R3) N L5?(R3). For any v > 0 we have by
definition,

b 3 5
pus (@ — Lizv? — Ly < Fu(py) (),

I3
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so we replace v by lfl(;zc), integrate and apply (A.32) to obtain

32
/f 1 @) - B2 f@)d - 22 )t da

implying the bound

CN (b+1
/f x)ply) (x §W<h2N+3>s+L1h

With the choice € = (Hf1||% + Hf1||g)h2, we get

1£11l5 : 4 Loy 3 ||f1|

M\Cﬂ N

1
2

1

5 [ @ik @ < (5 + 3

o+ e+ D (IAlly + 1Al (A39)

for some constant C' > 0, showing the one-body part of (A.33). To obtain the two-
body estimate, we apply (A.36) with w replaced by % f1 and use the anti-symmetry
of Uy to get

3 5
- sda — 5d
Clh2€2 RSfl(ﬂf)2 x 02h35§ Rsfl(f’/’)2 z
N1 1 L1
. 2
< (v, <; 4(0 (=Y + bA())* - 5 ]Z; ~filer - ;cj)>x1/N>
b+1 (2)
< —_
—CN<h2N // file = y)pl (-%',y)dxdy,

where the second inequality holds by (A.32). Now we simply take € = || f1]|s s+ Il fills 5
and rearrange to obtain

b+1 1
w2 [ e =0 e dedy < (a5 + g + 1) (Al +1l).

Combining this with the fact that
1 (2) 1 /N 9 1
w2 [, e = 0 oy < ol gz (5 ) 19018 < 1Al
we get the two-body estimate in (A.33), finishing the proof. O

Corollary A.12 (to LT inequality). If ¥ € A" L2(R3;C2) is an N-particle state
with finite kinetic energy, then pg) € L5/3(R3).

Proof. Note first that for any M > 0, we have by Markov’s inequality,

0 (W12 5 ()
1 < M >1
[ @1 oy @) o < /{p%}(p@ (@)F do -+ M5 (o) > 1}

wlot

< (1+M§)/R p () de,
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o) pSI,l)]l{pE;)SM} € LP/3(R3). Since ¥ has finite kinetic energy, it follows from (A.27)
that

(M1

[ @@ - L @)} - Laf@ids < 0
RS

for any 0 < f € L3?(R®) N L?(R3), where C is independent of f, and Ly can
be chosen such that 0 < Ly < 1 by the Lieb-Thirring inequality (A.24). Choosing

[= (p$)1{p$)§M})2/3’ we get

5 b
(1- Lz)/ " pP(2)3dz < C + Llh/ o Py () dz.
{p)) <M} {py) <M}

Taking M to infinity finishes the proof. O

Lemma A.13. Suppose that ¥ € /\N L?(R3; C?) is a sequence satisfying the kinetic
energy bound

N
<\I/N, (Z(a (=ihV; + bA(xj)))2> xpN> < CN,

j=1
where h and b satisfy the scaling relations (A. 4) Then there exists a C > 0 such
that Hp(l) H5 < CN for all N. In particular, if - Np\l, — p weakly as functionals on
C.(R3), then p € LY(R3)NLY3(R3) and for any test function ¢ € L5/?(R3)+ L2 (R3)

1
we have f%p&,}vgp = [ pp.

Proof. For the duration of the proof we will denote py = pEI}J)V For any 0 < f €
L32(R3) N L5/%(R3) we have by (A.27) that

N

i [ ov(@)f@) - L f@)} - Laf(@) do < ON.

Hence, noting by (A.24) that we can take Lo < 1, and choosing f = gzp%s with
0 < e <1, we obtain

~ N b
e2(1 - L263)/ pn(z)3 de < Cﬁ + 53L1h/ pn(z)dz.
R3

Inserting the definitions of h and b (A.4) yields

37 e2(1— Lo) \ I h e2(1+8n)5 (14 Bw)

lon|

[S{F

—1/5 gives the desired bound.

so simply choosing ¢ = (1 + By)
The last part of the lemma follows easily from standard methods in functional

analysis, and the details will be omitted. O
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A.2.2 Energy functionals on phase space

Instead of working with a functional on position densities, it will in some situations
be much more convenient to use a functional defined on densities on phase space.
Hence we introduce the Vlasov energy functional, and note its connection to the
magnetic Thomas-Fermi functionals.

Definition A.14 (Magnetic Vlasov functional). We put = R3xRxNgx {1},
and for g > 0,
DV ={me L'(Q)|0<m <1, Vo, (w*pm)pm € L'(R?)},

where
1 B >
Pm\T) = T—5 75 /TTL $7p7j78 dp
(2) <2ﬂ>21+5s§1;@ [ m )
Putting kg = 3(1 + 8)~2/%, we define a functional

1 B 2 : '
@r21+8 ;) /R/M(P + ks(2] + 1+ 8))m(z,p, j, 5) dz dp

s==+1

Egla(m) =

+ [ V@pula)do+ 5 / /R w(r — ypn(@)pm(y) drdy. (A3

Furthermore, we define the Vlasov ground state energy
1B

— d¢ =15.
@r)?1+5 /Qm@ =1

Lemma A.15. Suppose that p € DM and define a measure on Q = R3 x R x Ny x
{1} with density

EV*(8) = inf{&Y"(m) | m € D™,

mp(m7p7j7 S) = ]l{p2+k’ﬁ(2j+1+s)§r(x)}7 (A40>
where for (almost) each x € R3, r(x) is the unique solution to the equation
1B 1 > , N 3,
o) = gy (10} + 2302k —r@lt) = 1+ 9) B AL e, ()

Then m, € DV and satisfies for almost all z € R?

1 B Nt .
Pm, (x) == (2ﬂ)2w821;4mp(w,p,3,8) dp = p(z),

1 b

— p? +ks(2j + 14 8))my(z,p,j,s)dp =T xz)), (A.42
<2ﬂ>21+6§1§3/ﬂ@( 5(2) + 1+ 9)my(,p,3,5) dp = Talp(e),  (A.42)
and E5 (p) = €5 (my).

On the other hand, if m € DY, then pyp € DM and EF (pp) < E57(m). In
particular,

EMTF (B) — EVla(,8>.
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Remark A.16. The assertions of the lemma also hold true when the magnetic
Thomas-Fermi functional is replaced by the spin dependent functional Sg‘TF. In par-
ticular,

EMTF(B) — EVla(/B) — EMTF(B)

The proof is exactly the same is in the spin-summed case, except that in this case,
the equation

pla.s) = (1+B) 75 B, (7. 5).s)

does not uniquely define v everywhere, because ]Béﬁ(y, 1) =0 for 0 < v < 2kg.
However, this can easily be remedied by instead defining

Pz, s) = max {r > 0| 75(p(x.5), 5) = p(z,s)r — (1 + 8)75 Py, (r,5)},
but we omit the details.

Proof. The idea is to fix a position density and minimize the Vlasov problem for
each fixed position z € R3. For any v > 0, we calculate the measure of the set

{(p,7,5) € R x Ng x {£1} | p* + ks(2j + 1+ ) < v}

=Y H{p* <v—2kg( + )} + D> _{p* < v —2ksj}|
§=0 §=0

(2m)?
ks

s 1
=203 +4 [2kpj — V]2 =
j=1

P (v). (A.43)

Supposing that p € DM then for each z € R® we may choose r(z) > 0 to be the
unique solution of (A.41) and define m, as in (A.40). The calculation above then
clearly shows

1 o0 ‘
o D ID I LNCIN LY

s==+1 j=0

1 B = /
= —_ 1,2 ; dp = p(x).
(27T)2 1+ 8 SZ:H ]z:% R {p?+kg(2j+1+s)<r(x)} (

To see that (A.42) holds, note that the supremum in (A.13) is attained exactly at
the point r(z) > 0, that is,

75(p(x)) = pla)r(x) — (14 B) 75 Py (r(x)). (A.44)

Furthermore, using [2kgj — r(x)]3/2 = (r(x) — 2kgj)[2ksj — 7"(33)]1_/2 along with the

definition of the pressure Py, we also have
272 372

2;2kﬁ][2kﬁj - T(ZE)]E = ?ﬁpl;ﬁ (T(JI))T(CC) — EP]% (’r‘(gj))
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With this in mind, we calculate, using the definition of m,,,

> D /R(PQ +kg(27 + 1+ s))my(z,p, j,s)dp

s=+1 j=0

N /Rp pecr@y o +2) /R(p2 + 2k 22k j<r(a)} AP
j=1

7T2 3
_ 2]%13,% (r(x) +4 ) 2ksj[2ksj — r(@))2
j=1
(27T)2 /
- EEE P, @) @) = Py (@) (A.45)
148

= (2m) 3 8(p(2)),

showing (A.42). This implies that m, € DV and &' (p) = £5"(m,), and hence
EMTF(B) > EV*(B).

On the other hand, for any m € DY'* we may consider p,, € DM™ and construct
as above the measure m,,, € DV'*. Then for each z € R, m,,  (z, -) is by construction
a minimizer of the functional

E) = Ty o O L0+ ka2 + 1+ 8o 0) dp

s==£1 j=0

defined on the set of densities m € L'(R x Ny x {41}) satisfying 0 < m < 1 and

1 e ~ .
Wlfﬁ Z Z/Rm(p,],s)dp:pm(l‘).

s==£1 j=0

(This is the bathtub principle [16, Theorem 1.14]). Hence for almost every = € R3,

S0 [0 Kol + 1+ 5D mg .9.55)

s==+x1 j=0
(o]
< Y3 [P ka2 L+ sl o) d
s=+1j=0 /R
implying that £ (pn) = E5%(my,) < E5%(m). We conclude that EMTF(8) <
EY'=(3), so we have the desired result. O

To handle the extreme cases where Sy — oo or Sy — 0, we need to introduce a
couple of extra Vlasov type functionals.
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Definition A.17 (Strong field Vlasov energy). Define a functional by
1
EX*(m) = // p’m(z,p)dedp+ [ V(2)pm(z)da
(27)% Jr Jrs R3

+ % //RG w(x —y)pm(z) pm(y) da dy

DY ={me 'R xR) [0 <m <1, Vpp, (w* pm)pm € L'(R?)},

on the set

where

1
pm(T) = (27T)2/Rm(:17,p) dp.

The functional has ground state energy

EV'(00) = inf{€)*(m) | m € D“a

m(x,p dxdp—l}

RS

Lemma A.18. Suppose that p is in the domain of the strong Thomas-Fermi func-
tional E™F and define a measure on R? x R with density m,(z,p) = Lipe<arip@))-
Then m, € DY and satisfies

1
Pm, (T) = W/Rmp(m,p) dp = p(z),

7.‘_4
Gz [P mela)dp = Top(e)’ (A.16)

and E5F (p) = EY*(m,). On the other hand, if m € DY, then E5F (py,) < EL*(m).
In particular, ES™ = EV'*(c0).

This result is proved in exactly the way as Lemma A.15, using the bathtub
principle.

Definition A.19 (Weak field Vlasov energy). Let b > 0 and define a functional
by

E(m 27r3 Z//Rep+bA m(z,p,s)dzdp
+ [ V@ s [ /R il — 9)pm(@)pm () e dy

RS

on the set

DY = {m e LIRS x {£1}) [0 <m <1, Vpm, (w * pm)pm € LR},
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where

1
;wm:@wgg@mw@mm

The functional has ground state energy

1
Ey"™ = inf{&"(m) | m € D", 2n)? Z //Rﬁ m(z,p,s)dzdp =1},

s==+1

Lemma A.20. Suppose that p is in the domain of the usual Thomas-Fermi func-
tional E™ and define a measure m, on R3 x R3 x {£1} with density m,(z,p,s) =
Lt (ptbA(2))2<crpp(z)2/3}s Where cre = (372)2/3. Then m, € DY'* and satisfies

1
P, (T) 1= @) szj;l /R3 mp(z,p, s)dp = p(x),

1

@) > /Rg(er bA(x))*my(x,p, s) dp = gcTFp(x)g, (A.47)
=+1

and E™(p) = £)"*(m,). On the other hand, if m € D™, then E™ (pm) < EY'*(m).
In particular, E™" = Ej'™.

Remark A.21. For any fized density 0 < p € L*(R3), it follows from the uniqueness
statement in [16, Theorem 1.14] that for each fived x € R3, the measure m,(z, -) on
R3 x {£1} constructed above is the unique minimizer of the functional

1
o G 3 [0 4G i) ap

under the constraints 0 < m <1 and >.,_; [psm(p,s)dp = (27)3p(z). In particu-
lar, if mo is a minimizer of the Viasov functional £, then the uniquess statement
implies that

M0(2:2:5) = Lt 10A(0)2 <errpmo (2)2/9)

Vla

so the minimizers of £y'* are independent of the spin variable.

A.3 Upper energy bounds

This section is devoted to proving the upper bounds in Theorem A.5, i.e.

Proposition A.22. With the assumptions in Theorem A.5, we have

ETF7 Zf 5]\/ — 07
< {BMT(g), if By — B € (0,50), (A.48)
EPTT, if BN — oo.

lim sup
N—o0

E(N, Bn)
N
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We will prove Proposition A.22 by constructing an appropriate trial state for
the variational problem. Let ( fj)év:l be functions in the magnetic Sobolev space
H} ., ,(R3%C?), orthonormal in L*(R3 C?). Consider the corresponding Hartree-
Fock state (abbrv. HF state) ¥ € AN L2(R3; C2) defined by

2

1
U(z,s) = mdet[fi(xj,s] Z sgn(o H o) (T4, 85),

O'GSN 7=1

where Sy is the symmetric group of N elements. The function ¥ is normalized in
L? (R3N; CQN) and its one-particle density matrix is vy = Zjvzl | fi) (fil, so Tr[ye] =
N and vy is the orthogonal projection onto the subspace in L?(R3; C?) spanned by
the f;’s. Furthermore, vy has integral kernel

Yo (x1, s1; 22, 52) = i(x1, s1) fi(x2, s2),

an

and the one-particle position density is pEI,l)(x) => 1 Z;-V:ﬁfj (7, )]?. Note that
|vel3 = Tr[ye] = N since the f;’s are orthonormal. One easily calculates the ex-
pectation of the energy in the state ¥ to be

(U, Hy 5, W) = Tr[(o - (—ihV + bA))?yg] + g V(x)p (z) da
+ % //RG w(z — )y (2)p§ (y) do dy
v X[ e phesip s (a0

81782 +1
We proceed to derive a bound on the exchange term involving |yy|?.

Lemma A.23 (Bound on the exchange term). Let w € L%?(R%) + L>(R?).
There is a constant C > 0 such that for each N > 1,

v X[ o= nlhetesi )P dedy
s1,82==+1
1
< ON3 (N Te[(o - (—ihV + bA))2yg] + By (1 + Bn) "5 + 1) (A.50)
Proof. We mimic the proof of the analogous bound in |5, Proposition 3.1]. Writing

w = wy + wy with w; € L3?(R3) N LY%(R%) and wy € L>(R3). Note that the
contribution from ws is bounded by

. Y 7
v X[ plbstesisPary < M2 )

s1,520==%1
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so we concentrate on controlling the contribution from w;.

Now, for any function f in the magnetic Sobolev space H}_,, ,(R?), the diamag-
netic inequality implies that |f| € H'(R?). Defining f.(z) := 51/2f(€x) for e > 0, we
have || £-lls = [ lls. | fol3 = 2] £13, and [ V| £]Il} = [ V|£]]3, so by the diamagnetic
and Gagliardo-Nirenberg-Sobolev inequalities,

IF1IE = I1£15 < CAVILIE + 1 £113) = CAVIFIE + 721 £12)
< C(R2||(=ihV + bA)FI5 + eI £113)-

Combining this with the Holder inequality, we obtain
/R3\wl(fv)llf(w)l2 dz < Cllwi]|s (2 (=AY + bA)fI5 + 2 £3).

We will apply this to the function vy ( -, s1;y, s2) for fixed y, so we calculate

S [N+ bA@ 0 152 dy = TH(—iRY +4) ).

s1,89==*1

Briefly noting that (o-(—iAV+bA))? = (—ihV+bA)?1c2+hbos and Tr[ozyy] > —N,

we combine the bounds above to obtain

Z // ’U)l ‘T— ny\lf(x 31;9732)’ dxdy

s1,820==%1

<C|]w1|]3( Tr[(o - (—ihV + bA))2vy] — mhbam]+s—2N)

1

h?
1 R 2 b )

< Cllwrlly (55 (@ - (~ihV +bA)Pya] + N +72N).

Now, choosing €2 = h/b and recalling the definitions of & and b (A.4), we get

v 2 [ e plhute s )P dedy

51,82 =+1
= C”wl”%N% <N Te[(o - (—ihV +bA))*ye] + By (1 + BN)%),

so combining with (A.51), we obtain (A.50). O

15

Continuing (A.49), recalling (A.6) (the assumption N~ 1/ 36 — 0), and apply-

ing the min-max principle, we get the bound

A
N—oo N
1
1 N3
< limsup 1nf {ﬁrﬁ[(d - (—ihV + bA))*vy]
N—o0 N

state

N/ dx+2N2// w(z —y (x)p$)(y)dxdy}. (A.52)
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We proceed to construct an appropriate trial state for this variational problem. For
R > 0 we denote by (o - (—ihV + bA))%R the Pauli operator in the cube Cp =
(—=R/2, R/2)3 with Dirichlet boundary conditions.

Lemma A.24. Suppose that fy — 5 € (0,00) and let 0 < p € C.(Cgr) be any
function with [gps p(x) dz = 1. Define r(x) to be the solution to the equation

p(x) = (1+ B)75 P, (r(x)),

where Py, is the pressure of the free Landau gas (A.10) and kg = B(1 + B)~2/3,
cf. Lemma A.15. Then the sequence of density matrices vy given by the spectral
projections

YN = Lo ((0 - (=iAV + bA))ZCR —r(x)), (A.53)
satisfies .
Jim (o (Y +bA) ] = /R s(p(a)) da (A.54)
and
]\}gnoo N Tryn] = /RS p(x)der = 1. (A.55)

Moreover, the densities -py converge to p weakly in L*(R3) and L5/3(R3), and the
same conclusions also hold if yn s replaced by the projection 4N onto the N lowest
eigenvectors of the operator (o - (—ihV + bA))%R —r(z).

Proof. For the duration of the proof, we will employ the notation T gg = (o (—ihV+
bA)) . By domain inclusions it is not difficult to see that in the sense of quadratic
forms Tr [TgN yn] = Tr[(o - (—ihV +bA))?vy], and that the same equality holds when
~n is replaced by 4n. Thus, it is sufficient to show (A.54) using TB ™ instead of the
Pauli operator on the whole space.

Note also that the quadratic form domain of TBN —r(z), Hi(CRr; C?), is compactly
embedded in L?(Cg;C?), so that Tﬁ N—r(x) has compact resolvent, and hence it
has purely discrete spectrum. This 1mphes that vy is a projection onto a finite-
dimensional subspace of L?(Cg), and hence p., is an L!-function.

Using the Weyl asymptotics from Corollary A.9 and Remark A.10 and recalling
(A.44), we obtain in the semi-classical limit

. 1 3 _3
Jm T @yl =048 [ Ao

_ / ra(p(x)) dz — / p@)r(z)de.  (A.56)
Cr

Cr

Let now g € L*°(CR) be real and non-negative. We shall see that

N—oo

lim %Tr[ (x)yN] = /CR g(x)p(x) dz. (A.57)
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To see this, note first for any real § that any function in the range of vy is also in
the domain of ng —r(x) 4+ dg(x). Hence we have by the variational principle

Te((TEY = r(x) + dg(x))n] > Te(TEY — r(z) + dg(x))-,
so that
8 Te[g(w)yw] > Tr(TEY — r(x) + dg(x))— — Te(TEN — r(@))—. (A.58)

Hence for § < 0, we get by Corollary A.9,

, 1
lim sup Tr[g(z)vN]
N—o0

<1 %(Tr(ng — (@) + 8g(2)) — Te(TEY — r(x))_)

~— 0 Nooo
[ Py(r(@) — dg(@) - Piy(r(a))
— (118 /C = ey ) da

Since g is non-negative and Py, is convex and increasing, the integrand above de-
creases pointwise to P,;B (r(xz)) as 6 — 0_, on the set where g(z) # 0. This implies
by the monotone convergence theorem and definition of r that

s 3 Telgtr)n] < (048)7 [P0 @)gte) do
— [ p)gla)da.
Cr

In the same way we get from (A.58) for positive d, that

1
lim inf N Tr[g(z)vnN]

N—oo
3 r(x) —dg(x — r(x
svart [ Py, () gég)(];)) Pl
2 @+ [ P e@@ = [ )

since the fraction in the integral this time increases to P,;ﬁ (r(x)) on the set where
g(z) # 0. It follows that (A.57) holds, and by extension that for arbitrary g €
L>(R3), we have

[ o2 4 = Laigie) @i - [ g,

as N tends to infinity, so %pfm — p weakly in L!(R?), as advertised. Taking g = 1¢,,
in (A.57) yields (A.55), implying that TY —r(z) has N +o(IV) negative eigenvalues.
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Noting that r is bounded by construction, we can take g = r in (A.57) and combine
with (A.56) to obtain

N—oo

lim %Tr[ngyN] _ /C (o) (A.59)

Finally, applying Lemma A.13 to get weak convergence in L5/ 3(R3), we have proven
the lemma for .

We want to see that the assertions of the lemma also hold for 4. The fact that
the dimension of the range of vy is N+o(N) immediately implies that || o,y —psx |1 =
Tr[|yn — An|] = o(IN). Hence for any g € L*®(R3) we have

Trlg(x)(yv — n)] = o(NV). (A.60)

In other words, +p5, has the same weak limit in L'(R3) as 3;p,,. Note by (A.11)
that PIQB is continuous and increasing, which along with continuity of p implies that
r is continuous. Also, it is clear that suppr = suppp C Cg, so we get by uniform
continuity that for each ¢ > 0 there is some ¢ € (0, 0] such that for all z € Cg, we
have

(1+ 8)31PL, (Ir(@) £ £]4) — P (r(@)] < 6. (A.61)

Use this € to define

We = Lo e (TEN = 1(@)) = L(_ooq)(TEY — (r(z) £ ).

Redoing the argument used to prove (A.57), we obtain

N—oo

o1 _3

lim_ Tl = (14 )78 [ P (r(e) £ el da,
Cr

and since P,;B strictly increasing on [0, 00), we have

ne = +(1+5)73 | P (r@) £ ely) = P, (@) do > 0

as long as ¢ is small enough, implying
lim — Ty ] <15 <145y < lim — Trfyn.]
im — Tr[yny — —n- im — Tr .
N—oco N N, el = == = N—oco N Ne
These bounds yield for N large enough that Tr[yy,—.] < N < Tr[yn.], so
YN~ SIN < INge- (A.62)

Similarly, using (A.61) along with the fact that P,gﬁ is increasing, we have

1 1
—0R®* < lim — ] < lim = < .
1-0R° < A}gl(l)o N Tr[yn,—] < ]\}gl(l)o 7 Trlyne <14+ 6R
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Now, for each IV > 1, there are two cases; either 4 is a subprojection of v, or the
converse is true. In case Yy < vy, we have vy — yn > YN — YN,—e, Where the latter
is the spectral projection of T, gg —r(x) corresponding to the interval (—¢,0]. Hence
we have

0> Te[(TEY — (@) (v — An)] = Tr[(TEY = r()) (v — v ,—2)]
> —e Tr[yy — YN—e] > —e(6R*N + o(N)).

The other case, where vy < Ap, is handled similarly. Here we get the bound

0 < —Te[(TEY — (@) (v — )] < T[[TEY — r(2)](7nv.e — )]
< eTrlyne — Y] < e(SRPN + o(N)).

In either case,
Te[(TZY —r(x)) (v — )] = o(N),

so combining with (A.60), we obtain Tr[ng (v~ —An)] = o(N), meaning that (A.59)
also holds for 4y, finishing the proof. O

In the regimes where either Sy — 0 or Sy — oo, we modify the proof above to
obtain similar results:

Lemma A.25. Let 0 < p € C.(CR) be any function with [g; p(x)dz = 1.

(1) If By — 0, then the sequence of density matrices vy given by the spectral
projections

) 2
W = Lao g (0 (—iRV +bA))Z, — crrp(z)3)

satisfies

. 1 . 2 3 5
]\}1_1}1100 N Tr[(o - (—ihV + bA))*yN] = £ Ot /R3 p(x)s dz.

(2) If By — oo and (A.6) holds, then the sequence of density matrices YN given
by the spectral projections

W = 1o (- (=AY + DAY, — 47 p(x)?)

satisfies
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Moreover, in both cases we have

1
lim — T = der =1
Jim 5 Ton] = [ pla)do =1,
and the densities +-p, converge to p weakly in L'(R3) and in L%/3(R3). The same
conclusions also hold if vy is replaced by the projection yn onto the N lowest eigen-
vectors of the operator used to define yn.

Proof. The proof of Lemma A.24 also holds mutatis mutandis for this lemma, and
we omit the details. O

Using the trial states constructed above we can now show the upper bound on
the energy.

Proof of Proposition A.22.. Let 0 < p € C.(R?) with [ p(z)dz = 1, and take y
as in either Lemma A.24 or Lemma A.25, depending on the sequence (Sy). Since
Ve Li)/ C2 (R3) and p5y is supported inside the box Cr, we get by weak convergence
of %p5, that
v L V@@ — [ V)i
N Cr

as NN tends to infinity. By the Stone-Weierstrass theorem, we may approximate
w(z—y)in L3 (C%) by a function of the form wy = Z§:1 gj®hj with gj, h; € C(Cg).
By a standard approximation argument we conclude that

N2 / / Y)pin (@) 3y (y) dz dy — / /C | W@ —y)p(x)ply) dz dy.

Hence, continuing from (A.52) with vg = 4, we find (for instance in the case where

By — B € (0,00)) BN, )
limsup =5 < 7).

If By — 0, or By — 00, we obtain analogous bounds by appealing to Lemma A.25.
This concludes the proof since the Thomas-Fermi ground state energy can be ob-
tained by minimizing over compactly supported, continuous functions, and p €
C.(R3) is arbitrary. O

A.4 Semi-classical measures

Having established the upper bound on the energy, we turn our attention towards
proving the lower bound. In order to do this, we will construct semi-classical measures
using coherent states, and see that these measures have some very nice properties
in the limit as the number of particles tends to infinity. Afterwards, a de Finetti
theorem may be applied to yield general information about the structure in the
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limit. The constructions in this section are only useful for dealing with the case
where Sy — 8 > 0. In the case where Sy — 0, it is more convenient to use the same
semi-classical measures as in [5]. This case is treated in Section A.6.

The first step is to diagonalize the three-dimensional magnetic Laplacian, i.e., we
consider

HA:(—iV+A)2=HAL—a2

T3

(A.63)

where AL (21,22) = 3(—22,21), and Hy1 = (—iV + A1)? acts on L?(R?). Letting
F» denote the partial Fourier transform in the second variable on L?(R?), and T
the unitary operator on L?(R?) defined by (T'p)(x1,£) = o(x1 +£,€), an elementary
calculation shows that
1 1 d?
Hyue3m FT = 630 T (< +0}) @ Lage) ). (A.64)
1
It is very well known that the harmonic oscillator admits an orthonormal basis of
eigelznfulnctions (fi)j>0 for L*(R), with (—dd—;? +22)f; = (25 + 1)f; and fo(z) =
m—1e” 2% . In particular, equation (A.64) means for any j > 0 and any normalized
Schwartz function v on R, that ei%mx?}';lT(fj ® v) is a normalized eigenfunction
for H 4. with corresponding eigenvalue 2j + 1.

Suppose that ¢ is an eigenfunction for H,1 corresponding to 25 + 1. If we
scale the magnetic field and instead consider Hp 41 = (—iV 4+ BAY)2, and denote
T Xy = x1y2 — T2y1 for z,y € R?, we see for any fixed y € R? that ¢, p(z) :=
\/Eefigyxwuj(\/g(x —y)) is an eigenfunction for Hp 41 corresponding to the eigen-
value B(2j5 + 1).

A.4.1 Coherent states

Throughout this subsection, A and b will denote arbitrary positive numbers, that is,
the scaling relations (A.5) will not be needed. For f € L?*(R3) we denote by f" the
function

fiy) = n=5 f(h2y).

Definition A.26. We fix a normalized f € L*(R3), and for each j € Ny we choose
any normalized eigenfunction ¢; in the j'th Landau level of H 4. . For fixed x € R?,

uweR3 peR, and h,b > 0, we define functions @Z? on R? and f;’ip’j on R? by

NI

) = B hbhe g, (1 hb (- ), (A.69)

and
h,b h,b i PY3
Frupi W) = @0a(wi) fM(y —w)e' ™, (A.66)

where y; = (y1,y2) denotes the part of y orthogonal to the magnetic field.
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Note that QOZ? is an eigenfunction for the operator Hj-1,41 corresponding to the
eigenvalue A~1b(2j + 1). Later we will put further assumptions on the function f,
but for now it can be any normalized L?-function.

We will use (A.65) and (A.66) to build Landau level projections and some reso-
lutions of the identity. Recall that for any normalized function v € L?(R) we have a
resolution of the identity

1
/ Vz,p) (Vap| dz dp = 112 (R), (A.67)
™ JR2

where vy ,(y) = v(y — 2)e®¥, x,p € R. We will use shortly that if u € L?(R) is any
other function, then

3= [ e ey 0} do
= 5 [0 i) dadp = () (A.69)

Lemma A.27. Let H§2) denote the projection onto the j’th Landau level of the op-
erator Hy—1,41. We have that

27771/| 73 9%3

Proof. For ¢ € L?(R?) we denote @,(y) = e 2"”><yg0(y — z), and recalling the iso-

-1
morphism (A.64), we furthermore define a unitary operator U := T* Foe iz ()2,
Utilizing the usual properties of the Fourier transform, we have for any function ¢
that

and
o
] ) (A.70)

Rl 80025, 31,
= emamm2 Fy [ 3 (e (O2mm) (L )] (3, €)
= il £ [ 3OO () — o, ()a)] (41,)
_ e imm2 izl [6*%(')1(')2@] (y1 — x1,& + 1),

and so

(UG (1, €) = e 371726728 (U) (y1, € + 21). (A.71)

Introducing the parameter « := b/h and denoting by V,, the unitary operator given by
(Va)(y) := Vap(y/ay), then cpZ”?- (y) = (Vagp%xyj)(y). Since Uy, is an eigenvector
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corresponding to the j’th eigenvalue of (—dd—;g + x%) ® 12R), we can write
1

o0
Upj = crfj @,

where (vy) is any orthonormal basis of L?(R), and >, |cx|> = 1. Combining this with
(A.71) and using (A.68), we obtain

27Tﬁ/’ (et do
2 /RZKU%'(( 1, (4)2 = Vaz)e Va2 gvy) [ d

- iﬂ' /R? chk<fj ® (U£)$1,$27 UVJ¢><UV§¢, fj & (Uk)$17x2> dx
= ZCECk<UV* (F)(fil @ (vo, )T g2y U V)

= <UV; () © L2 @) UVEY).

This actually shows (A.70), since H§-2) = VoU*(1f5)(fil ® L p2(m)) UV, by the unitary
equivalence (A.64). Summing over all j, we also get

- . .
s 3 [ Kt b = Vel = i,
i=0

concluding the proof. O

Definition A.28. Using the functions from (A.66), we define operators on L?(R3)
by

717,] = / | T u,p] T u,p,]| dz. (A72)
Applying the lemma above and using (A.67), it is easy to show the following

Lemma A.29. The P™° yield a resolution of the identity on L*(R3), i.e

w,p,j
27rh (Orh)2 Z/ /R3 udeUdp Lrzrs)-
Furthermore, Pu’p] 15 a trace class operator with Tr(Pf’;;j) =1.

Proof. Recall that for y € R we denote by y1 = (y1,y2) € R? the coordinates of y
orthogonal to the magnetic field. Let v € L?(R?) and define an auxiliary function

gh ) =y — i, - —ug)e' RO p(y ., ')>L2(R)

VoA [ — ) (v1, 2), (A7)
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with F3 being the partial Fourier transform in the third variable. Using Lemma A.27,
we calculate

Pty = [ it p0)f? o

2rch
/ (b gh | da = %(gﬁ,p,ﬂf)gﬁ,p : (A.74)

implying that

b — .
(i) Z/R/HN’ Pupt) dudp
- 27rh2// gup’H( )gup> dudp

N // ]:3 fﬁ o )w](yb )| dy, dudp
R3 JR2

= [, L1 = v P dydu = .0,

To calculate the trace of P:: 2 j» we take an arbitrary orthonormal basis () of

L?(R?) and use the definition of the coherent states (A.65) and (A.66)

Tr(PZEJ) Z<¢Z, up]1/14> / Hf;ing‘b

1
— —2)
/Rz Lt

A.4.2 Semi-classical measures on phase space

m\‘_-

b2 (yr — )Py —w)|*dy da = 1.

Let P41 denote the projections onto the spin-up and spin-down components in C?,

that is,
10 0 0
n=loo) P()

We recall that the phase space is @ = R3 x R x Ny x {#1}, and that we use the
notational convention (A.9). We define k-particle semi-classical measures as follows.

Definition A.30. For Uy € A" L%(R3;C2) normalized and 1 < k < N, the k-
particle semi-classical measure on QF is the measure with density

mgc]f\)I/N (g) ( <‘IIN’ (® Piiiszz Je ) ® ]lN_k\IJN>L2(R3N;(CzN)’

where 1 _j is the identity acting on the last N — k components of ¥ .
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The semi-classical measures have the following basic properties. The upper bound
in (A.75) below is a manifestation of the Pauli exclusion principle.

Lemma A.31. The function mgfk\)p]\, is symmetric on QF and satisfies

0<myy, <1, (A.75)
o k N!
@rh)2E o mgz,\)pN(f) d§ = VRl (A.76)
and for k > 2,
b
(2ﬂ—h)2 /Qm;]f\)I/N(fla &) déy = (N -k + )mfk\l,;)(fl, ooy &kl1)- (A.77)

Proof. We will start out by proving (A.75), and we will concentrate on the case
k = 1, since the proof easily generalizes to k > 2. Note that 0 < m;\)p obviously

holds, as the P s are positive operators. Since Pu’p j is trace class, we may write

PZ};J => )\k|¢k> (1|, where the 1)), constitute an orthonormal basis of L?(R?), and

Yok = Tr(Pupj) = 1. Note that for any v € L?(R3) we can rewrite, as operators

acting on AV L2(R3; C?),

N
N9 @IPs @ In-1) = Y Tgm1 @ [9)([Ps @ Ly,

k=1
where

N N
(Z L1 @ [Y)(Y|Ps @ ]1ka)2 =Y 11 @ V)P @ Ty

k=1 k=1
Y L1 @ )P @ Lyp1 ® [1h)($|Ps @ Ly_y.
1<k<t<N
Each term in the last sum acts as zero on anti-symmetric functions, implying for any
¢ € L2(R3) that N|¢)(1h|Ps ® 1y_1 is an orthogonal projection on A™ L2(R3; C?).
We arrive at the conclusion that

m', (o, s) = S NN (T, () (el Ps © Ly_1) ) < 1.
k=0

The result for general k follows by applying what we have just shown k times, so
(A.75) holds.
The compatibility relation (A.77) follows by applying Lemma A.29:

b
(27Th)2 / f‘I’N(gl""agk) dgk
k—1

N! -
- (N —k)! Z <\IJN’ ( Pvae,jepse) ® Psp, @ ]lek\IIN>
sp==x1 /=1

= (N —k+1)m{ (k= 1)(51,...,§k,1).
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Finally, (A.76) is obtained by repeating this k£ — 1 more times. O

The next two lemmas assert some particularly nice properties of the semi-classical
measures, which will prove to be of great importance later. The first one states that
the position densities of the measures are like the position densities (A.21) of the
wave function .

Lemma A.32 (Position densities). Let ¥ € A" L2(R3;C2) be any normalized
wave function, and suppose that that f is a real, L?-normalized and even function,
we have for 1 <k < N that

-3 / m) (u,p, iy s dp = RS « (D) (w,s),  (ATS)

JG (Ng)*

where the convolution in the right hand side is the ordinary position space convolution
in each spin component of ﬁék).

Proof. For notational convenience we introduce an arbitrary ® € L?(R3Y). Think of
® as being one of the spin components of W. Note first that

h,b h,b o
u1,p1,J1 ® ®P“k7pk:jk _/ ‘®£ 1 Izvubpede)(@f 1f$eﬂ~te,mdz‘ dz,

and that for each fixed y € R3V=F) we have as in (A.73) that

ﬁb
<®€ 1 fe,uemm'z’ ®(- ’y)>L2(1R3k)

= (@m) 5 (@bt FE MR — W@ 0)] (- 30)) gy

Combining these observations and using Lemma A.27, we get

1 b b
(2m)k Z /Rk <(I)’ (Pullypl a® 0 ® Puk Dk ]k) ® ]IN*’“(I)> dp
)k

jG(No
Z /Rk /RS(N k) /R2k ”’W’p"”’ Y } da dy dp

E(N

o GNP = 0@ )] 2D [y dy dp
(27T)kh2k

- /R o P w2y v
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Applying this to ¥ and using that f is even, we obtain

/ mf\p U pa]a )d
j€(No)*
k-1
Z Z / ( ;T)’ (® ug pwepsl> ( ' ,7’)> dp
re{+1}V je(N =1
~ (27h)** N / 5
RN T = w) V(Y8 T) dy
bk(N k !TE{EN . Jrsv- k) HL2(R3k)
(2rh)%k &
= SR = () (s s),
concluding the proof. O

Lemma A.33 (Kinetic energy). Let ¥ € A\ L2(R3;C2) be normalized, and sup-
pose that f € C°(R3) is real-valued, L?-normalized and even. Then we have

N
<\II,Z(0' (kY + bA(:cj)))2‘ll> = N | (Vf(w)?du

RS

27rh2 Z Z// P>+ hb(2j + 1+ s))m %é(u,p,j,s)dudp. (A.79)

s==£1 j=0

j=1

Proof. The assumption that f is both smooth and compactly supported is far from
optimal, but it will be sufficient for our purposes. The assertion of the lemma will
hold as long as f” satisfies the following version of the IMS localization formula |20,
equation (3.18)]

(¢, f1(—ihV + bA)? 1) = (b, (f")*(=ihV + bA)2Y) + K2 (3, (Vf)?y)  (A.80)

for any ¢ in the domain of (—iAV + bA)2. Since f is normalized, the IMS formula
yields

(¥, (—ihV + bA)* ) = /RS@;, (- = w)?(—ihV + bA)*Y) du
:/ng,fh(- u)(—ihV + bA)? f1(- — u)y) du
~blwlB [ (V40 du (A81)
R3
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Returning to the semi-classical measures, note by (A.73) and (A.74) that
2 h,b 2
27%22// <¢’Pum dudp—// <9up’gup>dUdp

//]Rd/]RQp ‘_,T3 fﬁ }(y,h p‘ dydudp

B hQ/JR/Rs /RQ]]-';; 83(]‘7”(. —u)z/))] (y,P)‘Qdydudp
:Ag(fﬁ(. ), —RRR(F( - — w)) du.

Similarly, also using (A.73) and (A.74), and recalling (A.63), we get
h,b
27rh22// hb(25 + 1)(¥, P,y o) dudp

h (2) n
— H;_ II;
W;)/R/R3<gu7p, h-1paL 1L gu7p> dudp

_ h h H h dud

- 7 R R3<gu,pa ﬁ*leigu7p> udap

N /11§3<fh( - = W), WA (Hyorp e @ L) (f'(- — w)eh)) du

Since (—ihV 4+ bA)? = h*(Hy-1,41 — 03), combining these with (A.81) yields
(1 (=i +5A7%0) = =hl1§ | (V5 ()2 du

QMQZ// p? A+ Bb(2j + 1){w, PLb ) dudp.

Now, since (a-.(—z'hV—i—bA))? — (—ihV+bA)2]1(C2 + hbos, we get for ® € LQ(R3; C2),
(®, (0 - (—ihV 4 bA))*®)
_ ml%y;io/lk/lw(pz + (2] + 1))(®, P 1o ®) + hb(D, P 03) dudp
I oy [ (V)
%ha > Z// p?+ hb(2j + 1+ 5))(®, P P.®@) dudp

s==x1 j=0

s gcey [ (V1) du
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Applying this to the first component of the wave function ¥ while keeping all other
variables fixed, we finally obtain

<\11, i(a (—ihV; + bA(a:j)))z\Il>

j=1

=N (U(-,2), (0 (—ihV +bA))*T( -, 2)) dz

(R3x {£1})N-1

b 3 2 ; b
~ (2rh)? > Z/R/Rg(p +1b(2j + 1+ s))N(¥, P, /Ps¥) dudp

s=%1 j=0

L2(R3;C2)

N [ (V) au

finishing the proof. O

A.4.3 Limiting measures, strong magnetic fields

We now fix a real-valued, even and normalized function f € L?(R?), along with a
sequence (¥y)n>1 of normalized functions with ¥y € AN L2(R3;C2) for cach N.
We investigate the measures mgck\)I,N in the limit as N tends to infinity, when Sy is
a sequence with Sy — £, 0 < 8 < oo. This corresponds to the regime where the
distance between the Landau bands of the Pauli operator remains bounded from
below.

Lemma A.34. For each k > 1 there is a symmetric function mgck) c LY N

L®(QF) with 0 < m;k) < 1 such that, along a common (not displayed) subsequence
m N,
k k
| @e@as— [ mP©eae (A.82)
Ok Ok
for all p € LY(QF) + L2(QF), as N tends to infinity.

The proof of this lemma is a standard exercise in functional analysis, using the
boundedness of the sequence (mgpk\)I,N)Nzk both in L'(QF) and in L>®(QF), and we
leave the details to the reader.

If the sequence of measures (mgckq,N) N>k 1S tight, that is, if

- k)
lim hmsup/ m! (€)d¢ = 0.
R0 Nosoo Jigufantigelzr Y
then all the properties of the measures in Lemma A.31 carry over to the limit, and
the weak convergence in Lemma A.34 is strengthened. We collect these observations
in the lemma below, but the proof (which is elementary) will be omitted. The key
ingredient for the proof is the fact that

(2wh)%k NI

(k) R—o0 (k) _
[y as T [ as = S




58 Paper A

uniformly in N as R tends to infinity, whenever (m;k\)I,N) N>k is tight.

Lemma A.35. Suppose that (mgpl\)I,N)NeN s a tight sequence. Then we have

(1) (m}]f\)I,N)Nzk is also tight for each k > 1.

(2) The limit measures m;k) are probability measures. More precisely,
1 BF

2m)% (1+ B)F Jou mi) (§) dé = 1. (A.83)

(8) The compatibility relation (A.77) is preserved in the limit, that is, for k > 2
and almost every & € Qk_l,

21 £ 5 | m () dg = mi ). (A.84)

(4) The convergence in (A.82) holds on all of L*(QF) + L>(QF).

We now formulate the de Finetti theorem which serves as the main abstract tool
in our proof of the lower bound of the energy in Theorem A.5. The version of the
theorem below is essentially [5, Theorem 2.6] For some additional details, see e.g.
[24].

Theorem A.36 (de Finetti). Let M C Q be a locally compact subset, and m*®) ¢
LY(M*) a family of symmetric positive densities satisfying for some ¢ > 0 and all
k>1 that 0 <m®) <1, and

c/M m® (&1, &) dg = mE V(&L G)
with m©® = 1. Then there exists a unique Borel probability measure P on the set

S={peLl'(M)|0<p<1, c/Mu(E)dﬁzl}

such that for all k > 1, in the sense of measures,

m(k):/,u@)de(u). (A.85)
S

A.5 Lower energy bounds, strong fields

Throughout this section we suppose that the potentials V and w satisfy the as-
sumptions of Theorem A.5, and that (By) is a sequence satisfying Sy — [ with
0 < 8 < oo and (A.6). We further assume that the auxiliary function f is smooth
and compactly supported.
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Lemma A.37. Suppose that Uy € /\N L?(R3;C?) is a sequence satisfying the en-

ergy bound (U, Hy g, ¥n) < CN. Then the corresponding semi-classical measures
k .

(mgf,\)I/N)NZk are tight.

Proof. The proof is straightforward, and we only outline it. One first uses the energy

bou(ngl combined with (A.6) and the Lieb-Thirring bound (A.32) to conclude that
1

%,5\1,]\, is a tight sequence. It is essential at this point that V' is a confining potential.

Then, applying Lemma A.32 and the fact that f is well localized, it follows that
1) P . .

(m} g, )N>1 is tight in the position variable.

On the other hand, using (A.32) to bound the kinetic energy and then combin-
ing with the expression for the kinetic energy from Lemma A.33, it follows that
(m 5‘1\)11 Jn>1 is also tight in the momentum variables (p,j) € R x Np. Now by
Lemma A.35, the sequences (m;\)l, )n>k are all tight for £ > 1. O

We once again remind the reader of the notational convention (A.9).

Proposition A.38 (Convergence of states). Let Uy € A\ L2(R?; C2) be a se-
quence satisfying the energy bound (Y, Hy g, ¥n) < CN. Then there exist a sub-
sequence (Ny) € N and a unique Borel probability measure P on the set

_ 1 B _
8—{M€L1<Q)‘OSMS1; (27T)21+B/Q'u(§)d€_1}’

such that for each k > 1 the following holds:
(1) For all ¢ € LY(QF) + L*°(QF),
(k) k
T, ()9(8) A& — /5 ( /Q 1 E)e(9) d§> dP(p). (A.86)

as £ tends to infinity.

(2) For U € LP2(R3 x {#1}) + L®(R? x {£1}) if k = 1, and for any bounded
and uniformly continuous function U on (R® x {£1})¥ if k > 2, as £ tends to
mfinity,

k!
7 Z /}ngp\ywxs U(z,s)dx

e{£1}k

_>/ > /ng (z,5) dw) dP(p), (A.87)

se{£1}*k

where p, is the position density

1 o~
P (1:78) 1, A x p7]7 dp
: WL
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Proof. Consider the subsequence (Ny) along with the limit measures (m}k)) from

Lemma A.34. Throughout the proof, we will suppress the subsequence from the
notation. By Lemma A.37, the measures (mgfk\)l/N)NZk are tight, the limit measures
are ensured by Lemma A.35 to satisfy the compatibility relation

C/ngck)(gl,. .. 7€k) dé-k - mg“k_l)(glv o 75k71)7

with ¢ = ﬁ% Hence by the de Finetti Theorem A.36 we have a unique Borel

probability measure P on S such that

e

It follows that (A.86) holds, since

Qde= [ ([ u©e(e)a) ap(

for each ¢ € L'(Q%) + L>=(Q), by definition of the measure [ u®* dP(p).
Now, if U is a bounded function on (R3 x {£1})¥, we define ¢ € L>(QF) by
o(x,p,J,s) :=U(z,s). Then by (A.86) we have as N tends to infinity,

Z/ ) (x,8)U(x,s)dx
RBk

v
se{£1}k TN

— ml)%(lf’;)k / ( /Q HEHE)p(€) dg ) dP(w)
/ Z / U(z,s) dx) dP(p), (A.88)

se{£1}*k

so in order to show (A.87) it suffices to see that %ﬁgj\z has the same weak limit
as p on the set of bounded, uniformly continuous functions on (R3 x {£1})*.
f ‘I’N

However, by Lemma A.32,

Bk h2ka: k!
g 0= e e P 1))
Bk p2kNk

where — 1 when N — oo, so it suffices to show that - ,B(k) and

(1+B)F ok NFEFPU N

]\’?'k ~\gj\, (172 )®k have the same weak limit. However, this follows easily from the
boundedness of 58" in L'((R? x {£1})¥), and from the fact that limy_o|U —
U (| f"?)®%| s = 0 whenever U is a uniformly continuous and bounded function on

(R3 x {£1})F.
For £k = 1 we appeal to Lemma A.13 and the tightness of ]{,ﬁ{q}) to obtain
convergence for test functions U € L¥2(R3 x {£1}) + L®(R3 x {£1}). O
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In the case where By — oo we can further refine the assertions of Proposition A.38
above.

Corollary A.39 (Convergence of states, strong field regime). Suppose that
(BN) satisfies By — 0o and (A.6), and that Uy € NV L2(R?;C2?) is a sequence sat-
isfying the energy bound (U, Hy g ¥n) < CN. Then the measure P from Propo-
sition A.38 is supported on the set

S 1
S={nel'®xR)|0<pu<1, 2// p(z,p) dedp = 1},
(2) R3xR
where each 11 € S is identified with a density p € S by

. w(z,p), ifj=0ands=—1,
u(z,p, j, s) =

0, otherwise,

and for each k > 1 the following holds:
(1) For all ¢ € L'(QF) + L>®(QF), as ¢ tends to infinity,

[ i, ©et0ae
@k (., T Xk (_1y%kY dgp .
— (L, #7 @ potap 07, (1)) dodp) aP),  (A89)

where 0%% and (—1)** are the k-dimensional vectors whose entries are all equal
to 0 and —1, respectively.

(2) For U € LP?(R3 x {£1}) + L®(R3 x {£1}) if k = 1, and for any bounded
and uniformly continuous function U on (R® x {£1})* if k > 2, as £ tends to

infinity,
k!
~F Z /3 p\I,N[xS U(z,s)dx
Ng sc{z1}k /R
— ([ @V (-1*) ds) P, (a0
S R3k
where

1
pul) = W/Ru(w,p) dp.

Proof. Using that hb — oo since Sy — 00, along with the expression for the kinetic
energy in Lemma A.33, the Lieb-Thirring bound (A.32), and the energy bound from
the assumptions, we obtain in particular for any n € N that

Z 2/3 /R(j+1+S)m§c1)(ac,p,j,8)dpdx

s==£1 j=0

= hm ZZ// i+ 14+ s)m ) (x,p,j,s)dpda::()

s:tl
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(1)<

implying that my x,p,j,8) = 0 unless j = 0 and s = —1. It follows that

/S(/R3><R><{0}X{ 1}#(5) d&) dP(p)
:/ngcn ) dé = // ) de) dP(n).

so for P-almost every u € S, we have

/ u(e)de = [ o) e
R3xRx{0}x{-1} Q

and hence P is supported on S. The rest of the corollary follows directly from Lemma

A.38. O

We now finally have the tools to give a proof of the lower bounds in Theorem A.5
in the case when Sy — 8 € (0,00]. The proof will be split into a few lemmas, each
giving a lower bound on part of the energy. Note that if ¥ € AY L2(R3;C2) is a
sequence of fermionic wave functions satisfying (¥ n, Hy gy Yn) = E(N, Bn)+0o(N),
then by the upper energy bound of Proposition A.22 we have (U, Hy g, ¥Yn) < CN,
so that Proposition A.38 and Corollary A.39 are applicable.

Lemma A.40. Suppose that the assumptions in Theorem A.5 are satisfied, and that
we have a sequence Uy € N~ L2(R3; C?) with (U, Hypgy¥N) = E(N,Bn)+o(N).

(1) If By — B € (0,00), then, with S as in Proposition A.38,
N

C > lim inf<\I/N, % Z( (iRY + bA(z)) P )

:>

= / Pt ks(2) + 1+ $)p()de) AP, (A91)

(2) If By — oo, then, with S as in Corollary A.39,

N—o0
> (2;)2 /S ( /R . PPila.p) dpdz) dP(s). (A.92)

Proof. Suppose first that Sy — 5 < oo. By Lemma A.11 the kinetic energy per
particle is bounded, so applying Lemma A.33 and Proposition A.38 we obtain for

N
C> hm1nf<\IlN %Z(O’ - (—ihV + bA(xj)))2\I/N>
=1
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any positive R,

N

.. 1 . 2

€= tmint (. 55 3o+ (<19 +bA(z) )
=

b
> liminf —— ——
N—o0 (27T)2 2N [u|+|p|+i<R

__1 B 2 . \
- @)1+ /5(/UI+IPI+J'<R(p +hy (2] + 1+ 8)() de ) dP ().

Taking R — oo, monotone convergence implies (A.91).
The bound (A.92) follows in exactly the same way by simply discarding the term
hb(2j + 1 + s) in the integrand above, and applying Corollary A.39. O

(p? + Hb(2j + 1 + 5))mly, (€)de

Lemma A.41. Suppose that (Bn) satisfies (A.6) and By — B € (0,00]. With
the assumptions in Theorem A.5 and a sequence Uy € A~ L2(R3 C2) satisfying
(YN, HnpgyVUN) = E(N,BN) + o(N), we have

N—oo

1iminf<q/N,]1Vj§V(mj)\yN> > /S(/R?) V(2)pu(a) dx) dP(p), (A.93)
and

=5 L wle =@ drdy) apo). (A.94)

Proof. By Lemma A.11 the potential energy per particle is bounded, so for R > 0
large enough we have by the weak convergence of % pSI,l])V in L% 2(R3) that

N
C > 1}@£f<qw, % ; V(:L«j)\pN>

N—o0

> lim inf 1 /|x|§R V(:L“)p&,l])v (x)dx = /s(/:qu V(x)pu(x) d:c> dP ().

Taking R — oo yields (A.93) by the monotone convergence theorem.

For the interaction part, write w = w; + wy € L3/?(R%) N L5/2(R?) 4+ L (R?)
and approximate w; in L32(R?) and L%2(R?) by some wy € C.(R?). By the Lieb-
Thirring estimate (A.33), we have

‘<\IJN’ % i (w —wo) (2 — xk’)\l/N>’
i<k

= ]\M//Rs(w—wo)(w—y)pg)N(x,y)dwdy

< C([lwr = wolls + [wr —wol|s + [lwello)- (A.95)



64 Paper A

Note that by the bathtub principle (Lemmas A.15 and A.18) and the upper bound
on kinetic energy Lemma A.40 it follows that either

JA /R ot dx) ap ()

= (L + ko2 1+ 9l d€) dP() < o

S

21+/@

or

43”4 g(/RgpM(:c):idx)dP( ) < (277/ //RSXR u(z, p)dpd:b) dP () < oo,

depending on the sequence (Sy). Applying either the bound (A.15) or Markov’s
inequality leads to the conclusion that

ol ap() < o
S 3

Hence we can use Young’s inequality to obtain

‘/S (/RG (w —wo)(z = y)pu(@)pu(y) dz dy) dp(ﬂ)‘
< / lwr = wolls llpull s + llwalloc AP () < oo.
S

This bound together with (A.95) implies that it suffices to show (A.94) for w €
C.(R3). However, the convergence holds in this case by Proposition A.38 and Corol-

lary A.39, since the function (z,y) — w(x —y) is bounded and uniformly continuous
on R3 x R3. O

Proof of Theorem A.5 (and Theorem A.6) for strong fields. Assume first that Sy —
B € (0,00). It follows from Lemmas A.40 and A.41 that for any sequence Uy €
AN L2(R3; C?) satisfying (¥, Hypgy¥N) = E(N,Bn) + o(N), then along the sub-
sequence Ny from Proposition A.38,

lim inf (Un,, HNZ:ﬁNZ Un,)
{—00 Ny

> /S E5 () AP () > EMTF(B),

where the last inequality follows from Lemma A.15 and the fact that P is a probability
measure. Assume for the sake of contradiction that EM™ () > liminfy %
take a sequence M} € N satisfying

o B(M, Bur,)
k—o0 Mk

, and

.. E(N,Bn)
= 1 f .
im in N
Since we might as well have proven Lemma A.34 and Proposition A.38 starting from

this sequence, we may assume that Ny is a subsequence of Mj. Hence

EYTF(8) > lim inf E(N, Bn) — liminf (U, HNZ:ﬁNl Un,)
N—oo —o0 Ny

Z EMTF(/B)’
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which is absurd, so we must have equality everywhere (using the already proven
upper energy bound in Proposition A.22), concluding the proof of Theorem A.5 for
0 < B < o0o. In particular, we also have

[ & = B (@) ap) <o,

so P is supported on the set of minimizers of the Vlasov energy functional. Hence P
induces a probability measure on the set of minimizers of the magnetic Thomas-Fermi
functional, completing the proof of the first part of Theorem A.6.

In the case where () satisfies Sy — oo and (A.6), we apply the same argument,
obtaining

Un. Hy 5. U
ESTthminf< Ny Hn gy Y N)
N—o00 N

> [ e dp(n) = B
S

In this case P induces a measure on the set of minimizers of the strong Thomas-
Fermi functional, completing the proof of Theorem A.6, except for the case when
By — 0. ]

A.6 Lower energy bounds, weak fields

Here we consider the case where Sy — 0 as N — oo. Again, suppose that V' and
w satisfy the assumptions of Theorem A.5, and let f € C°(R3) be a real-valued,
even and L?-normalized function. Since the distance between the Landau bands of
(o - (—ihV +bA(x)))? is 2hb, and By — 0 is equivalent to hb = By (14 By)~2/5 = 0,
we can argue without diagonalising the magnetic Laplacian as in the beginning of
Section A.4. In other words, we get the usual phase space R x R3 x {£1}.

This means that we can follow [5] in our construction of the semi-classical mea-
sures, but we do, however, need a slight rescaling. In addition to A > 0, we also
introduce an auxiliary parameter « > 0 and put

by

T () = (ha) i (P )

and we further define ' = f()i o and g™ = Fy[f"]. Then we have a resolution of

the identity
1 // ‘ h,oz>< h,a
@R J Jasms 7777

Now, denoting P’ = |f00) (i1 ez, we define the k-particle semi-classical mea-

dz dp = ]1L2(]R3)-

sures

N k

(k) _ IR
My (00 8) = m<q% <§ Pxe,pﬂ’w) ® HN_’“‘I/N>L2(R3N;<C2N)’
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where Uy € AV L2(R3;C2?) is any wave function. The parameter « is arbitrary for
now, but later we will settle on a specific choice, see (A.101) below. Going through
the proofs of Lemmas 2.2, 2.4 and 2.5 in [5] we get the same properties of the semi-
classical measures as before:

Lemma A.42. The function m;k\)I,N is symmetric on (R® x R3 x {£1})* and satisfies

0< m}’“}/ <1, (A.96)

|

N!
Z //ng LAY (z,p,s)dzdp = m, (A.97)

se{£1}*

and for k > 2,

$17p17817 oo ’-Tkaphsk) dl’k dpk
> //Ms "

sp==%1
(N —k+ 1)m! 71)($1ap17317~-axk—hpk—lask—l)- (A.98)
Lemma A.43 (Position densities). Supposing that f is real, L?>-normalized and
even, we have for 1 <k < N and any normalized ¥y that

1 (k

BT o T o8) dp = KA 5 (1)) 0, 9) (A.99)

Lemma A.44 (Kinetic energy). Suppose that Uy € A\ H}, 1 (R?) is normalized
in L? and satisfies AUy € L?*(R3;R3), and that f € C°(R3) is real-valued, L?-
normalised and even. Then we have

N
<qu, S (o - (~ihV; + bA(xj)))QIIJN>

j=1

1
= o 2 [ Lo+ pAG@PmE @ s) dr
s==+1

h
+ th<\I/N,03\IJN> — aN/|Vf’2

N
+ 2bRe<\IIN, S (A - A [f12) () - (_mvj)qu>
j=1
N
02U, D (1A = AR 5 [ £12) ()0 ). (A.100)
j=1

Lemma A.45 (Estimation of error terms). With our specific choice of magnetic
potential, A(z) = 3(—x2,21,0), we have

N

<‘I’N’ > (A=A | f1P) () - (—ihvj)‘I’N> =0,

Jj=1
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and

(7% i(ff” — AP £ [ f12) (2;) ¥ )| < CNa

j=1
Proof. By direct computation,

[AP() ~ [AP() - VIAP() (2~ 9) = (e~ 90

implying for any = € R3, since f is even, that
1AP(@) ~ | AP 5 | ')
— | [14P@) - 1P @ )P ay

~ | [(V14P @) = 9) - Jer — w0 = )P ay
— 1 [ Rl wP ay = cha

On the other hand, since A is linear and f is even,
Afe) = Ax|f"(z) = /(A(l’) — AWz — )1 dy
~ [Awir=wPay =0,
so the error term in (A.100) involving A — A * |f"®|? is simply not present in our
case. O

At this point, we need to distinguish two cases, depending on how fast the pa-
rameter Oy tends to zero. If b = Nl/?’ﬂN(l +BN)_3/5 is bounded from above, we can
take a = 1. If, on the other hand, Sy goes to zero slowly enough such that b — oo,
we instead take a = b~!. Then all the error terms in (A.100) will be of order at most
hb, and furthermore ha — 0, so |f"*|? is still an approximate identity. For the sake
of brevity we will treat both cases simultaneously by choosing

a=(1+b"" (A.101)
By combining Lemmas A.44 and A.45 we have, since also ha™! — 0,

N
(Un, Y (o (=i + bA(w;))* Uy )

Jj=1

1
= @nh)p Z //RG Ip + bA(a;)|2m§c17\)I,N(x,p, s)dzdp + o(N). (A.102)
s==x1
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When b is unbounded, a slight complication arises from the fact that we cannot
obtain tightness in the momentum variables of the semi-classical measures, due to
the presence of bA(x) in the above approximation. We can, however, circumvent this
by doing a simple translation in the momentum variables. Note that doing this will
not change the position densities of the measures.

For z € R3* we denote A(x) = (A(z1), ..., A(zy)) and define

m

S\kf:)($apa ) S‘\)II (.’E,p—bAV(ZE),S)

Then the family of sequences (ﬁzg\lﬁ)) N> still satisfies Lemmas A.42 and A.43, and
in exactly the same way as in Lemma A.34, we obtain (symmetric) weak limits
m*) € LY(RS x {#1})*) N L®((RS x {£1})¥) with 0 < m*) < 1 such that

se{il}k

— Z / N(k (z,p,s)p(x,p,s)dzdp (A.103)
se{1}k

for all o € L'((RS x {£1})¥) + L((RS x {£1})¥), as N tends to infinity.

Lemma A.46. Suppose that ¥y € /\N L?(R3; C?) is a sequence satisfying the energy
bound (Y, Hy gy ¥n) < CN. Then we have

(1) The sequence (ﬁ%))Nzk is tight for each k > 1.

(2) The limit measures m*) are probability measures, i.e.,

Z // (z,p,s)dzdp = 1. (A.104)
RstR‘sk

se{il}k

(3) The compatibility relation (A.98) is preserved in the limit, that is, for k > 2
and almost every (z,p,s) € (R? x R3 x {£1})F1

)5 Z/ (@, 23 p, prs s, sx) dag dp, = MV (2, p, ). (A.105)
sp==+1

(4) The convergence in (A.103) holds for any ¢ in L*((R® x {£1})F) + L>=((RS x

{£1H)").
Proof. We will only prove that (7%5\1,)) is a tight sequence. The rest follows in exactly
the same way as in Lemma A.35. Supposing that f is supported on a ball with radius
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K centred at the origin, we have by Lemma A.43 for ha small that

/ / ﬁ’LS\}) (z,p,s)dpdz
|z|>R

e [ [ 5w sl dy s
|z\>R supp fhe

<C (1) d.
o> R—K N%N( ?)

Now, combining Lemma A.11 with the fact that V' is a confining potential, it follows
that the right hand side above tends to zero uniformly in N as R tends to infinity,
implying that (ﬁlg\p) is tight in the position variable. Using the kinetic energy bound
(A.32) combined with (A.102) we also obtain

/ m xp, Ydadp = // ) (x,p,s)dpda:
lp|>R JR3 ]R3 |p+bA(z \>R e

C
A(x () —
// Ip + bA( My (z,p,s)dzdp < 7

showing that (m (1 )) is also tight in the momentum variable. O

Proposition A.47 (Convergence of states). Suppose that Sy — 0, and that
Uy € /\N L?(R3; C?) is a sequence of normalized wave functions satisfying the energy
bound (U, Hy gy YN) < CN. Then there exist a subsequence (Ng) C N and a unique
Borel probability measure P on the set

1
S={pe 'R x {£1})|[0<p<1, 7(%)3”#“1 =1},
such that for each k > 1 the following holds:
(1) For all o € L'((RS x {£1})F) + L2 (RS x {£1})¥), as £ tends to infinity,

> /R%mw z,p, 8)p(x,p, 5) dz dp

se{£1}*k
7 / Z //Rsk .’IJ P S QD(J?,p, 3) dx dp) dP(M)

se{£1}k

(2) For U € L52(R3 x {£1}) + L®°(R3 x {£1}) if k = 1, and for any bounded
and uniformly continuous function U on (R3 x {£1})* if k > 2, as £ tends to
infinity,

> /]R N % VU (z,s)dx

se{£1}*k

_>/ 2 /de Uz, s) dw) dP(p), (A.106)

se{x1}*k

k!
NFE
Ny
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where
1

pu(@,s) = (27)3

/ (@, p, s) dp.

R3

Lemma A.48. Suppose that we have a sequence Vy € /\N L?(R3;C?) satisfying
(YN, Hn gy VU N) = E(N, Bn)+0(N). Then, denoting by p, the spin-summed position
density of u, we have

hmlnf<\I/N, iv: ihV+bA(xj)))2\I/N>
p w(z,p, s dpdat) dP(p),
5 +1
ggljgof@]v,;[ivgj)m@ > /S(/RS V(@)pu(x) de) dP(p)

Jj=1
and

. 1
lim <\IJN,m Z w(a:j—xk)\I/N>

N—00 .
1<j<k<N

=5 L (L wle =@ drdy) P,

Proof. For the kinetic energy term, simply use that

N
(Wn, Y (o - (<ihV; + bA(z;)) W )

j=1
1 ~
W Z //RG p2m§\1/)($ap» s)dz dp + o(N),
s=%1

and proceed as in the proof of Lemma A.40. The convergence of the potential energy
terms follows exactly as in Lemma A .41. O

Proof of Theorem A.5 and Theorem A.6, weak fields. We find exactly as in the pre-
vious cases that

H v
EVla > 1}\1711 mf < N> ]JX;BN N> Z / ga/la(u) dP(,u) Z EVla,
—00 S

finishing the proof of Theorem A.5, and implying that the de Finetti measure P is
supported on the set of minimizers of E[Y 12 GQince these are independent of the spin
variable by Remark A.21, the convergence of states (A.106) becomes

k' Z /ng (@.8)U(z,5)dw

se{£1}*

/ . /M Uz, s) dx) dP(p).

se{x1}*k
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Using P to induce a measure on the set of minimizers of the Thomas-Fermi functional
concludes the proof of Theorem A.6. O

A.7 Appendix: Weyl asymptotics for the Dirichlet Pauli
operator

Here we give a proof of the generalization of Corollary A.9 advertised in Remark A.10.
The idea of the proof is the same as in [20], but we spell out the details here for
completeness. Assume that A C R3 is an open and connected set, and let V be any
potential with V_ € L32(A) N L5/?(A). We denote by (o - (—ihiV + bA))3 the Pauli

operator acting on L?(A) with Dirichlet boundary conditions, and consider
H(h,b,A) = (o - (—ihV +bA))3 + V.

We denote by ej(h,b,A), j > 1, the negative eigenvalues of H(h,b, A). Recall that

the semi-classical expression for the sum of negative eigenvalues of H (h, b, A) is

Fer(h b, A) = —% /A Pu(V_(2)) da, (A.107)

with the pressure Pp given in (A.10).
Proposition A.49. For any potential V on A with V_ € L3/?(A)NL?(A), we have

Z ] ej(hv b, A)
lim =L~~~ —1 Al
ho0 Esa(h, b, A) (A.108)

uniformly in the magnetic field strength b.

Remark A.50. It actually follows from the proof that we have the error bound

S ej(hb,A) = Ega(h,b,A) + o(% n %)

J

Proof. For the lower bound on the eigenvalues we will make use of the fact that the
result is well-known for the Pauli operator

H(h,b) = (o - (—ihV 4 bA(z)))? + V(z)

on the full space [20, Theorem 3.1| (where we extend V' to be zero outside of A).
Denoting by e;(h, b) the corresponding negative eigenvalues, we immediately get by
the min-max principle and inclusion of quadratic form domains the inequalities

ej(h7 b, Q) = ej(hv b): J=1,
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and hence

lim sup —Zj ¢i(h, b, 4) < lim sup 7Zj j(h.0)
hso  Esa(h b, A) T hno Esa(h,b)

In fact, it is shown in the proof of [20, Theorem 3.1] that

= 1.

Zej(h, b) > Escl(hv b) + 0(% + %)’

J

implying one of the bounds in Remark A.50.

We will use the coherent states from Section A.4 to construct an appropriate
trial state for the corresponding upper bound on the sum of eigenvalues, using the
construction in [20] as a guide line. Let f € C2°(R?) with support contained in the
unit ball B(0,1), and denote by Ay, = {x € A |d(x,dA) > 2kY/?}. We furthermore

introduce
Kip ={(u,p,4,5) € R® x R x No x {£1} | p* + hb(2j + 1+ 5) < V_(u)},

and let My, be the characteristic function of Kjpp N {(u,p, j,s) | u € Ap}. We define
the trial state v, by

b . hub
V= @nh)? Z Z/RS /RMH/,Z,(u,p,j,s)Pu:p,jPS dpdu. (A.109)
s=+1j>0

Note by (A.74) for any ¢ € L?(R3;C?) that
s (Pl Py = 2m [ 0P @ B [FC =il ) h )P d
271h 'L up,g s = 4T R? j 3 U ;S Y, p Y,

where supp f = h'/2 supp f € B(0, h'/?). Hence, if u € Ay, and d(supp (-, s), Ay) >
1'/2, then we have (1), PjﬁjPS@Z)) = 0, because in this case f"(- —u)y(-,s) =0. It
follows that 75 indeed is a suitable trial state for the Dirichlet problem on A, so by

the variational principle,

> ej(h,b, A) < Tx[H (h, b, A)y)
j=1

TN RIS z
= — My, p(u, p, j,s) Tr[H(h, b, A) P, Ps] dpdu.
(2h)? s=+1 ;>0 /R* /R ( )T H( ) P ]

We proceed to estimate the terms on the right hand side individually. For the po-
tential energy term, note that by definition of the coherent states,

1 1 1
VPl ] = TVEPLLVE] = [ VA, e

= [, [ V@l Pl - wl dyds = Vi s 7P,
R2 JR3
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with the same equality also holding for V_. For the kinetic energy term we have,
using the IMS localization formula (A.80),

Tr[(—ihV + bA)2 P! | = H —ihV + bA) f!

up7]

/ <gom®e' 0 ,fh( w)(—ihV + bA)2 fi( . — )%] ®6%>dx

upJHQ

(")
/ Ca ® e |1 —u)2(—ihV + bA)?l @ ¢F)
+ R @ VA - )\2% ") da
R2 P R3

=p>+hb(2j+ 1)+ h/ IV f|?,
R3
implying that
Tr[(o - (—ihV + bA))2 P P.] = Tr[((—ihV + bA)* 12 + hbos) Pl Py

U,p,J u;psJj

4B s [ (VAP
]R3

Collecting the terms and using (A.43) and (A.45), we have shown

> ej(h.b,A) < 27Th2 Z/AhXRp +1b(2) + 1+ 8))1g,, dudp

j>1
s -+1

h 2
(V +h ||V 1k, ,dud
27Th2 /AﬁxR *|f ) /’ f|) Kﬁ,b udap
1

s i

- % V() Py (V- (u)) — Pip(V-(u)) du
Ap

i [ VIR b [1952) B ) du

To compare with the semi-classical expression for the sum of eigenvalues, we will
need the bounds [20, Theorem 3.1]

b

h2 h3 h3
valid for all y > 0, where ki, ko, K1, Ko are positive constants. These bounds also
imply

b

h3y2

1
h3

5

2

Njot

1 b
< =Py ( )<Clh2y2 + Cy

b 1
C1h2y2+02 Y2 =93 Y

and

c(%jL%) h3p’”’(v (u ))duﬁé(%—i—%). (A.110)
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We obtain for the leading term

1
- = Pp(V_(u)) du
h3 )y,
3 5
= h3/Phb du+ A\AECIFLQV_( )2 +0253V—(u)2 du,
and applying Holder’s inequality for the subleading terms,
: 4
1
3
_hguv 12 +Ch2|A| (/ ()} du) ",
and
1 1
5 [ V@ + VPR PV () du
h
<C (V. +V*]fh\2)(bv2+ v)du
- B Rz - m

supp V-

eb{[ vt ([, re-via’
+;(/V_gdu)g</suppv ‘V*|fh V‘Qdu>g

_CﬁHV_HEHV*‘fH‘Q_ HL%(suppV,)

C 3
+ﬁHV_H§HV*‘fh‘2_ HL%(suppV_).

Collecting these bounds, we have

S ej(1,b, A) g;ﬂ/APhb( " (u ))du+c(£’2 hlg)e(h), (A.111)

Jjz1

where €(h) is independent of b, and lim;_,g €(h) = 0. Finally, by the upper bound in
(A.110), we conclude
Z : ej(h, b, A)
liminf =2 —— "~ >
B0 Ba(hbA)

uniformly in b. O
Lastly, we also include a proof of Corollary A.9, elaborating on the Weyl asymp-

totics when A and b satisfy the scaling relations (A.5). For this, it is very useful to
know the error bound in Remark A.50.
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Proof of Corollary A.9. We start out by considering the case 0 < 8 < co. We wish to
apply dominated convergence to the sequence Py,(V_(x)). Note for each j > 1 that
limy 00 (28] — V_(z)]— = [2kgj — V_(z)]— for almost every = € R3. Note also for
each z that the number of non-zero terms in the sum in the semi-classical expression
(A.107) is bounded by V_(z)(2hb)~1, and for each j > 1 we have [2hbj — V_(z)]_ <
[2hb — V_(z)]-. Hence we get the integrable pointwise bound

= 3 _ V(o) 3 _ V(@)
[2hb] — V_(2)]2 < 2rb —V_(2)]2 <
o V-] < St = V- (@]E < S
so by dominated convergence,
li hb [2hby — V_ 2d = k [2kgj — V_ : d
Am [ Z j )2 dz = /R ﬁZ 8J )2 da.

Combining this with the error bound in Remark A.50 and the definitions of 4 and b
by (A.4), we obtain

. 1 . 1
Jim ; ¢j(i,b,V) = lim —Fea(h,0,V)

, 1 hb 5N 3
= VTN Jra g (V)7 + 2; 2htj = V-(@))" ) da

~+8)7F [ Py (Vo) da

For the case f = 0, note that the sum in the semi-classical expression becomes a
Riemann sum, i.e.

00 \ V- (@) (2hb) ,
. . b _ . . )
Jim 27 ;[271117 Vo(@))? = lim 2nb ; [2hbj — V_()]2

so we obtain the result in the same way by applying Remark A.50 as above.

In case By — o0, the contribution from all the higher Landau levels to the
pressure Py, goes to zero pointwise as N goes to infinity, so we conclude by monotone
convergence and Remark A.50. O
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Semi-classical limit of large
fermionic systems at positive
temperature

By M. Lewin, P. S. Madsen, and A. Triay

Available at arXiv:1902.00310.

Abstract

We study a system of N interacting fermions at positive temperature in a confining
potential. In the regime where the intensity of the interaction scales as 1/N and with
an effective semi-classical parameter i = N~Y¢ where d is the space dimension,
we prove the convergence to the corresponding Thomas-Fermi model at positive
temperature.

B.1 Introduction

In this article we study mean-field-type limits for a system of IV fermions at tem-
perature T > 0 in a fixed confining potential. We assume that the interaction has
an intensity of the order 1/N and that there is an effective semi-classical parameter
h = N—1/d where d is the space dimension. In the limit N — oo we obtain the
nonlinear Thomas-Fermi problem at the same temperature T > 0. This paper is an
extension of a recent work [18| by Fournais, Solovej and the first author where the
case T' = 0 was solved.

Physically, the Thomas-Fermi model is a rather crude approximation of quantum
many-body systems in normal conditions, and it has to be refined in order to obtain
a quantitative description of their equilibrium properties. However, certain physical
systems in extreme conditions are rather well described by Thomas-Fermi theory.
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It then becomes important to take into account the effect of the temperature. For
instance, the positive-temperature Thomas-Fermi model has been thoroughly studied
for very heavy atoms [17, 20, 30, 13, 53]. It has also played an important role in
astrophysics, where the very high pressure encountered in the core of neutron stars
and white dwarfs makes it valuable for all kinds of particles [48, 47, 12, 5]. Finally,
the Thomas-Fermi model is also useful for ultracold dilute atomic Fermi gases, but
the interaction often becomes negligible due to the Pauli principle, except in the
presence of spin or of several interacting species [21].

In the regime considered in this paper, a mean-field scaling is coupled to a semi-
classical limit. This creates some mathematical difficulties. Before [18], this limit has
been rigorously considered at 7' = 0 for atoms by Lieb and Simon in [41, 40| and
for pseudo-relativistic stars by Lieb, Thirring and Yau in [44, 45]. Upper and lower
bounds on the next order correction have recently been derived in [26, 7], for particles
evolving on the torus. The positive temperature Thomas-Fermi model was derived
for confined gravitational systems in [29, 28, 50, 49, 51| and for atoms in [53]. There
are several mathematical works on the time-dependent setting [52, 62, 4, 16, 1, 19,
10, 9, 6, 2, 54, 8, 22, 23, 15], in which the Schrédinger dynamics has been proved to
converge to the time-dependent Vlasov equation in the limit N — oco. Finally, the
first two terms in the expansion of the (free) energy of a Fermi gas with spin in the
limit p — 0 was provided in [39] at 7= 0 and in [60] at T" > 0.

The mean-field limit at positive temperature for fermions is completely different
from the bosonic case. It was proved in [32| that in the similar mean-field regime for
bosons, the leading order is the same at T' > 0 as when 7' = 0. Only the next (Bogoli-
ubov) correction depends on T' [37]. In order to observe an effect of the temperature
at the leading order of the bosonic free energy, one should take T' ~ N, a completely
different limit where nonlinear Gibbs measures arise [24, 33, 35, 36, 34, 57]. Without
statistics (boltzons), the temperature does affect the leading order of the energy [31],
and the same happens for fermions, as we will demonstrate.

Our method for studying the Fermi gas in the coupled mean-field /semi-classical
limit relies on techniques previously introduced in [18]. Assuming that the interaction
is positive-type (w > 0), the lower bound follows from using coherent states and
inequalities on the entropy. We discuss later in Remark B.6 a conjectured inequality
on the entropy of large fermionic systems which would imply the result for any
interaction potential, not necessarily of positive-type. The upper bound is slightly
more tedious. The idea is to construct a trial state with locally constant density in
small boxes of side length much larger than A, and to use the equivalence between
the canonical and grand-canonical ensembles for the free Fermi gas. Finally, the
convergence of states requires the tools recently introduced in [18] based on the
classical de Finetti theorem for fermions.

The article is organized as follows. In the next section we introduce both the N-
particle quantum Hamiltonian and the positive-temperature Thomas-Fermi theory
which is obtained in the limit. We then state our main theorems, Theorem B.2 and
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Theorem B.8. As an intermediate result for the upper bound, we show in Section B.3
how to approximate a classical density by an N body quantum state. In Section B.4,
we use this trial state and some known results about the free Fermi gas at positive
temperature to prove our main result in the non-interacting case. The interacting case
is dealt with in Section B.5. Finally, in Section B.6 we study the Gibbs state and the
minimizers of the Thomas-Fermi functional at positive temperature (Theorem B.1).

B.2 Models and main results

B.2.1 The Vlasov and Thomas-Fermi functionals at T" > 0

For a given density p > 0 and an inverse temperature 8 > 0, the Vlasov functional
at positive temperature is given by

(2717)d //de(|p + A(z)|? + V(z))m(z, p)dzdp

+ 21,0//de w(x — y)pm () pm(y) dr dy

where s(t) = tlogt + (1 — t)log(1l — ¢) is the fermionic entropy, and

ggl’f(m) =

1
pm(z) = W/Rd m(z,p)dp

is the spatial density of particles. Here m is a positive measure on the phase space
R? x R, with the convention

@jr)d//wmw)dxdp = [ puta)dz=p.

and which is assumed to satisfy Pauli’s principle 0 < m < 1. For convenience we have
added the factor 1/p in front of the interaction energy, because it will naturally arise
in the mean-field limit. This dependence of the Vlasov functional is emphasized by
adding the index p on 55;;’ , this density coincides with the mass constraint we impose
on the semi-classical mesures even though it could be considered as independent. We
denote the Vlasov minimum free energy by

egla(p) = 0<i}711f<1 gglf(m)- (B-Q)

(2m) =4 [fgoa m=p

Precise assumptions on A,V and w will be given later.
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Similarly as in the case T = 0, we can rewrite the minimum as a two-step
procedure where we first choose a density v € L'(R% R,) with Jgav = p and
minimize over all m such that p,, = v, before minimizing over v. For any fixed

constants v € R, and A € R? we can solve the problem at fixed z and obtain

0<m(p)<1
(2m)=? fLqa m(p) dp=v

_ _(273)(16 ) log (1 + e—ﬁ(pz_.“‘FG(BvV))) dp + ppc (B, v)v
R

where ppg(8,v) is the unique solution to the implicit equation

min ((27]1-.)01 /Rd Ip + A|2m(p) dp + (27r1)dﬂ iy s(m(p)) dp)

1 1 dp —
(27)d Joa 1+ PP —nrc(Br) P =Y
and with the unique corresponding minimizer

1
" 1+ AUt AP—prc(Br)”

my,A(P)
This is the uniform Fermi gas at density v > 0. For later purposes we introduce the
free energy of the Fermi gas
1
(2m)?8 Jga

Note that A only appears in the formula of the minimizer. It does not affect the

Fg(v) == — log(1 + e_B(pQ_“FG(B’”))) dp + pec (B, v)v. (B.3)

value of the minimum Fg(v).
All this allows us to reformulate the Vlasov minimization problem using only the
density, leading to the Thomas-Fermi type minimization problem

egla(p) = min ){/]Rd Fg(y(x))dx—i—/Rd V(z)v(z)dx

veL'(R4R4
Jpa v(z) dz=p

+21p //de w(z — y)()v(y) de dy}. (B.4)

The Vlasov minimization (B.2) on phase space will be more tractable and we will
almost never use the Thomas-Fermi formulation (B.4) of the problem.

Now we discuss the existence of a unique Vlasov minimizer for (B.2), under appro-
priate assumptions on V, A, w. We use everywhere the notation Vi = max(+V,0) for
the positive and negative parts of V', which are both positive functions by definition.

Theorem B.1 (Minimizers of the Vlasov functional). Fiz p, 5y > 0. Suppose
that V_ € LY2(RY) N LIFH2(RY), A € L} _(RY) and that Vi € Li (RY) satisfies
Jra e PV (@) dr < 0o. Let

w e L'E(RY) + LP(RY) + Ry 6.
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Then, for all B > By, there are minimizers for the Viasov problem (B.2). Any mini-
mizer mq solves the nonlinear equation

1
L+ exp(B(|p + A(@)[2 + V(@) + p~tw * py (x) — 1))

mo(z,p) = (B.5)

for some Lagrange multiplier . The minimum can be expressed in terms of mgo and
I as

By L low(1 + e~ BUPPHV (@) +p~ wspmg (2)—1)
eVla(p) (27_(_ dIB //RZd Og( +e 0 )dxdp

+up— o // Y) Pimo (%) pme (y) dz dy. (B.6)

Furthermore, if w > 0, then 5{?{5 is strictly convexr and therefore has a unique
minimaizer. In this case, for p' > 0 define

Fl.(p,p') = ot e8¢ (m). (B.7)

271) ¢ JJz2a m=p

Then, for any p' > 0, F{ﬁa( -, p) is O on Ry and the multiplier appearing in (B.5)
s given by
aF\éla

/
p (p,p")

p= (B.8)

p'=p

We recall that, for p > 1, f € LP(R3) + L°(R3) if and only if for all € > 0 we can
write f = f1+ fo with f; € LP(R3) and | f2ll oo (r3) < €. The proof of Theorem B.1 is
classical and given for completeness in Section B.6. Note that the magnetic potential
A has only a trivial effect on the minimization problem. The minimizers for a given
A are exactly equal to the mo(z,p + A) with mgy a minimizer for A = 0. The value
of the minimal energy, the density p,,, and the Lagrange multiplier ;¢ are unchanged
under this transformation.

The two conditions e #¥+ € L (R?) and V_ € LY?(R%) N L'+%/2(R?) have been
chosen to ensure that the minimizer has a finite total mass and a finite total energy.
This is because

1
//Rgd | T PP va@ vy P

// BE*/24Ve@) 4 | < 2V (2)}]) de dp
R2d

Rd(ﬁ 2o PVi() 4y (x )%) dz (B.9)
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and, similarly,

// log(l + 6—5(p2+V+(x)—Vf(x))) dz dp
]R2d
< // e B /2+V () 4y dp+C / (1+BV_(x))dxdp
R2d {p?<2V_(2)}

< c/d(ﬁ—ie—ﬁwﬂ”) + V()% + BV ()2 da
R

B.2.2 The N-body Gibbs state and its limit

The aim of this paper is to understand the large—/N limit of fermionic systems in a
mean-field-type regime. We will end up with the Vlasov problem Eq. (B.1) introduced
in the previous section.

The mean-field limit

Here we analyze the ‘mean-field’ limit where the interaction has a fixed range and a
small intensity. We consider the following Hamiltonian

N
. 1
Hyp = thvxj + A(z) >+ V(x) + v Z w(z; — ) (B.10)
j=1 1<j<k<N

acting on the Hilbert space /\iv L?*(R%) of anti-symmetric functions. For simplicity
we neglect the spin variable. In the mean-field regime considered here, spin could be
taken into account without changing the result (in the dilute limit considered later
in section B.2.2 the presence of spin would affect the result). We suppose that

AP, w e L5 (RY) + L (RY)

and that w is an even function. We also assume that the potential V' € Lllotd/ 2 (R%) is
confining, that is, V() — oo when |z| — oo, and that the divergence is so fast that
i e PoVi(@) dz < oo for some By > 0. Note that this implies that V_ has a compact
support, hence in particular V_ € L% 2R N Litd/ 2(R%). At inverse temperature
B > Bp, the canonical free energy is given by the functional

1
ESN(T) = Tr(Hy iT) + 5 Tr(Tlog D), (B.11)

defined for all fermionic quantum states I' = I'* > 0 with Tr(I') = 1. The minimum
over all I' is uniquely attained at the Gibbs state

Pth75 = ZileiﬁHNjL’
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where Z = Tre #HNn which leads to the minimum free energy
1
elun(hy N) 1= min £81(T) = — 5 log Tre™ 211N,

Our main result is the following.

Theorem B.2 (Mean-field limit). Let By, p > 0. Assume that V € LL."7?(R?) is

ocC
such that V(x) — oo at infinity and that fe‘ﬁow(x) dx < oco. Furthermore, assume

|A?,w € L'Y42(RY) + LX(RY) with w even and satisfying @ > 0. Then, for all
B > By we have the convergence

]\}E}IIOO hdegan(h7 N) = eéla(p)‘ (B12)
heN—p

Moreover, if (I'y) is a sequence of approximate Gibbs states, that is, satisfying
Eeil(TN) = €un (B N) + 0(1), (B.13)
then the one-particle density of I'y satisfies the following convergence

hdpg) — Pmo weakly in L*(RY) N L1+2/d(]Rd)7

N
and
mgcl%N — my strongly in L'(R??), (B.14)
pm;l)r — Pmo strongly in L*(RY) N L1+2/d(]Rd), (B.15)
TN

where mgckllN 1s the k-particle Husimi function of 'y and mqg is the unique mini-

mizer of the Vlasov functional in Eq. (B.5). The k-particle Husimi functions converge
weakly in the sense that

k k
mge’l)qN@ — /dek my e (B.16)

R2dk

for all p € LY(R2F) + LR, Similarly, if we denote by ngjv) the k-particle
Wigner measure of I'y, we also have,

k
ngl\?@ — / m(?kgp, (B.17)
R2dk R2dk

for all ¢ satisfying O} - - -63156;?11 . --6;’?,?@ € L®(R?™) where oy, 3; < 1 for all
1<j<k.
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We have denoted by pg) the one-particle density of the state I', which is the
unique function such that

N
Tr (Z F(a:j)>F = /R3 F(x)p(rl)(x) dz.

for all bounded functions F' € L>®(R3).
(k)

The Husimi function m P (based on a given shape function f) and the Wigner

measure ngjg are defined and studied at length in [18]. These are some natural

semiclassical measures that can be associated with I'y in the k-particle phase space
R24kWe will recall their definition in the proof later in Section B.5.3.

Remark B.3. For simplicity we work with a confining potential V' but Theorems B.1
and B.2 hold the same when R® is replaced by a bounded domain § with any boundary
conditions.

Remark B.4. Our lower bound relies on the strong assumption that w > 0, but the
upper bound does not. It is classical that a positive Fourier transform allows to easily
bound the interaction from below by a one-body potential, see Eq. (B.42) below.

Remark B.5. As mentioned in (B.13), we can handle approzimate Gibbs states with
a free energy close to the minimum with an error o(1), although the energy is itself
of order N. Our proof actually applies to the one-particle Husimi function under the
weaker condition that ELM(Tn) = €l (B, N)40(N) but our argument does not easily
generalize to higher order Husimi functions. Of course, for the exact quantum Gibbs
state we have equality Séif(rm,ﬁ) = egan(h, N).

Remark B.6. Without the assumption w > 0, the Viasov functional Sel’ap can have
several minimizers and the limit in Eq. (B.16) is believed to be an average over the
set of minimizers of 551’5. Namely there exists a so called de Finetti measure P [18],

concentrated on the set M of minimizers for eéla, such that
k
mfh, = [ meap(m).

in the sense defined in Theorem B.2. We conjecture the following Fatou-type inequal-
ity on the entropy

N—o0

liminfthrFNlogI’NZ/ (/ s(m))dP(m) (B.18)
M \JR2d
N —p

for general sequences (I' ) with de Finetti measure P. Should this inequality be true,
we could remove the assumption w > 0 in Theorem B.2. In fact, in our proof we
show that the above inequality holds when the right-hand side is replaced by

/R2ds</MmdP(m)).
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When there is a unique minimizer, the two coincide.

A completely different route for handling non positive-definite potentials would be
to extend the method in [29, 28] where the (attractive) Newton potential was covered,
using an approrimation by a finite sum of rank-one interactions.

Example B.7 (Large atoms in a strong harmonic potential). The Hamilto-
nian in Eq. (B.10) can describe a large atom in a strong harmonic potential. Indeed,
consider N electrons in a harmonic trap and interacting with a nucleus of charge
Z. In the Born-Oppenheimer approximation, the N electrons are described by the

N
Ay + 6 — Z
Z Zj +w ‘x]‘ ‘l’] _$k|

Jj=1

Hamiltonian

-1/3

Scaling length in the manner z; = N 1‘3 we see that this Hamiltonian is unitarily

equivalent to

N
ZN-1 1 1
N4/3( CNTEAL, (N2 - o >
2 N A Nl - T R L

Hence taking Z proportional to N and w proportional to N, we obtain the Hamil-
tonian of Eq. (B.10) with d =3, A =0, V(z) = |z|? and w(x) = |z|~!. In the limit
we find the positive-temperature Thomas-Fermi model for an atom in a harmonic
trap, which has stimulated many works in the Physics literature [17, 20, 30, 13]. This
convergence has been proved for the first time by Narnhofer and Thirring in [53],
but starting from the grand-canonical model instead of the canonical ensemble as we
do here. This was generalized to strong magnetic fields in [27].

The dilute limit

In this section we deal with the case where the interaction potential has a range
depending on N and tending to zero in our limit N — oo with i*N — p. This is
classically taken into account by choosing the interaction in the form

wy(x) == Nw(N"z) (B.19)

for a fixed w and a fixed parameter n > 0. In our confined system, the average
distance between the particles is of order N~1/4 ~ p=1/4} The system is dilute when
the particles interact rarely, that is, 7 > 1/d. For bosons in 3D, the limit involves
the finite-range interaction 4rady where a = [pow/(4m) for n < 1 and a = a,,
the s-wave scattering length as when 1 = 1. Due to the anti-symmetry the s-wave
scattering length does not appear for fermions, except if there are several different
species, e.g. with spin. This regime has been studied in [39] for the ground state
and [60] at positive temperature, for the infinite translation-invariant gas. Here we
extend these results to the confined case but do not consider any spin for shortness,
hence we obtain a trivial limit. Our main result for dilute systems is the following.
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Theorem B.8 (Dilute limit). Let 8y, p > 0. We assume that V € Li"7*(Rd) s

loc

such that V(x) — oo at infinity and that [ e=PV+(®) dzx < co. Purthermore, assume
that |A]? € L' /2(RY) + L2(RY) and w € L' (RY) N L'*2(R?) is even.

e I[f0<n<1/d and w > 0 then, for all § > By we have

lim el (5, N) = et % (p)

N—o0
RN —p
ﬁ7(f]Rd 'LU)(SO . .. . . .
where ey, (p) is the minimum of the Viasov energy with interaction po-

tential ([pa w)do.

e I[fn>1/d, d>3 and w > 0 is compactly supported, then for all 5 > By we
have

) 0
A}lm hdegan(ﬁ, N) = egla (p)
hdlviop

where eeig(p) s the minimum of the Vlasov energy without interaction poten-

tial.

In both cases, we have the same convergence of approrimate Gibbs states as in The-
orem B.2.

The proof of Theorem B.8 is given in Section B.5.

B.3 Construction of trial states

In this section we construct a trial state for the proof of the upper bound. In the dilute
case this construction is similar to the one in [60| where the thermodynamic limit of
non-zero spin interacting fermions were studied in the grand-canonical picture. This
construction allows us to prove the following proposition.

Proposition B.9 (Trial states). Let pg € C°(R?) be such that [, po = 1. Assume
|A? € LM Y2(RY), w e LNRYNLMY2(RY). Ifnd > 1, we assume w to be compactly
supported. Then, there is a sequence of states 'y on /\fil L2(RY) satisfying

N
hd(TrZ(ihV—l—A)QFN—|—T&“I‘NlogFN> — / Fs(po), (B.20)
i=1 hjgﬁii Re

H%pg - ,00’ L@ N (B.21)
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and
o o Jra(w*po)po if =0
2 .
N o wy (@ = y)pry (@ y)dedy — 4 (fpew) Jpapf 0 <dn<1
hIN=1 | 0 if dp>1,d> 3.
(B.22)

(1

Furthermore, we can take 'OF137 to be supported in a compact set which is independent
of N and uniformly bounded in L>®(R?) so that the convergence (B.21) holds in fact
in all LP(RY) for 1 < p < oo.

Proof. The proof consists in dividing the space into small cubes in which we take a
correlated version of the minimizer for the free case (correlations are only needed for
the case dn > 1) and then do the thermodynamic limit in these cubes (or equivalently
the limit where the effective Planck constant in front of the Laplacian tends to zero).
This choice allows us to control the one-body density, which will be almost constant
in these boxes. Without loss of generality, we will write the proof for A = 0. The
proof is the same for A # 0.

Step 1. Definition of the trial state

Let pg € C2°(R?) and take R > 0 such that supp pg C [~R/2, R/2)? =: Cg. Divide
Cr in small cubes of size £ > 0, Cr C U, cp(pe-1)nze A= With A; = 20+ [—£/2,0/2)¢
and B(R(~') the ball centered at the origin with radius R¢~1. We will take later
1> £>> h. For all z define N, := |A%?mingep, po(x)] so that >, N, < N. For
0 <& < /4 and for all z, define the box

~ {—e 0 —e\d
AZ::zé—l—[— — ) c AL
and denote by
~ —B(E —h2 AP
e i=1 i
I, = 7. = Z )\k\ekl/\---/\esz><ek1/\---/\6sz|
kePn, (Z9)

the canonical minimizer of the free energy at inverse temperature 8 of N, free
fermions in the box A, with periodic boundary conditions, where P, (FE) denotes
the set of all subsets of E with n elements. For j € Z,

ej(x) = (£ —£) U2 E

are the eigenfunctions of the periodic Laplacian in A, and Ar the eigenvalues of .
associated with e = ex, A -+ A €k, - Note that we omit the z dependence of Ag
and eg. We now regularize these functions and construct a state in the slightly larger
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cube A, with Dirichlet boundary condition. Let x € C*°(R?) such that xy = 0 in
R?\ B(0,1), x > 0 and [, x = 1, denote x. = %x(c7" - ) and define for j € Z¢

fi = ej\ U5, * Xe-

Note that
[;ﬁ&—/q%@&*%%i/AfNWM@%@—@QMx

:/~ €j€k/ X = 0j k-
A Rd

Hence the family ((;); is still orthonormal and one can check that it satisfies f; = e;
in [—(¢ —2¢)/2, (¢ — 2¢)/2)¢ and as well as the Dirichlet boundary condition on
A.. Besides from having a state satisfying the Dirichlet boundary condition, we also
want to add correlations in order to deal with the dn > 1 case. Let ¢ € C°(R?)
such that ¢ = 0 in B(0,1), ¢ = 1 in B(0,2)¢ and ¢ < 1 almost everywhere and
for s > 0 denote ¢s = ¢(s~! - ). Following [60], we define the correlation function
F(z1,...,2n,) = [[;o; ps(zi — z;) and the state

r,= Z AkZl:1|ka1/\"'/\kaz><ka1/\"'/\kaZ‘7
k‘E'PNZ(Zd)

where Zp = ||[Ffr, Ao A fry, HiQ(ANZ are normalization factors. Now consider the

)
R:AD.

We will show that I' satisfies the three limits Eq. (B.20), (B.21) and (B.22). This
state does not have the exact number of particle N but satisfies >, N, = N—O((N).
Hence we will only have to correct the particle number by adding O(¢/N)) uncorrelated

state

particles of low energy, for instance outside the support of pg. This will not modify
the validity of the three limits. Now we focus on I' and compute its free energy.
In the case nd < 1, we choose the following regime for the parameters introduced
above.
s<h<e< <N and sl < h?

One could in fact take I'p—; (removing the factor F', see below) and remove the
dependence in s. In the case nd > 1, the convergence holds in the regime

NN« s<h<e<l and sl<h.

Step 2. Verification of (B.20)

We fix z and work in the cube A,. Let us first compute the kinetic energy of the
correlated Slater determinants appearing in the definition of I', (note that this is
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not a eigenfunction decomposition due of the lack of orthogonality). Let us denote
X = (\/W)®NZ so that W} := fr, A- -+ A fry, = Xeg, Av - Aegy, (we will omit
the superscript z when there is no ambiguity) and denote V, —A the gradient and
the Laplacian for all coordinates z1,...,zy, in the box A, with Dirichlet boundary
condition, we can check that
N onk;
V(FXery A Aeky,) = (XVF+ FVX +iF Xy 2
j=1

)ekl/\---/\esz.

Hence,

>\k 2
Tr(-A)T. = Y Z(ek + |(XVE + FVX)er, A Ak (7552
kePn, (Z4)

where
N, )
€ 1= ‘27T(€ —e)t Z kj‘
j=1

is the eigenvalue of —AP® associated with the eigenfunction eg. Note that Ap o
e~PMe We will show that S AZy e = S e = Tr(—AP)T and that the
second summand above is an error term. For that we first need to estimate the
normalization factors Z;, and then bound the factor with the VF and VX. We will

use several times that for any sequence 0 < aq,...,a, <1 we have
P P
1> [0 =an) 21-) an. (B.23)
n=1 n=1
Hence,

Zk = / | | @s(xn - xm)z‘qjdeX
A=
z2 1<n<m<N;

2 2
>1—/Agz ST (1= pu(an — 2D W dX

1<n<m<N,
> 1= [ (0= pular = 22l o)) (a2) o
>1-— Cszdédh—%, (B.24)
where we used that ,051,22 (z,y) < p&}i(m)pgz (y) because ¥y is a Slater determinant,

and that p§) = N.6~M5 #y. < Oh
Then we compute

N, N.
|Vx1F\2 _ Z Vs(r1 — 2m) - Vs (11 — 20) P24 Z Vs (21 — xmg|2F2
men Ps(T1 — Tm)ps(T1 — Tm) 2 ws(x1 — Tm)

m,n>2
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and obtain

||VF\IIk||iQ(AéVz)

< C/Agd\W)s(xl — 22)||Veps(z1 — xg)lp&,li (xl)pfl,li (:cz)pfplz (z3) dzy dzs dzs
ol Voo — a2 1o (o) i d
+ | ()05(%1 $2)| quk(ml)pq}k(xQ) x1dxo
A2d
< Os7 (2 4 s ih ),

Now we turn to the VX part. We have

V. /T *xe(z
Vo X o) = SVIR XD

]lf\z * Xe(l'l)

Ziy.., TN,)

and

N

Aery, |? :/ > . /7]17\2 ey
? A= j=1 ]17\2 * XE(-:Ul)

2
Wy |?

J X Plety A

_/ VVIE #X=@)
_ v o
A-

]le * Xa(xl)

< C/AZ‘V, /ﬂxz * Xs($1)|2Nz£_d

< CN.(™ / / IVyx:I? < Ctinde?,
A,

where we used the pointwise bound |V, /T5 % xe(z1)[* < [|V,/xz|*. Since X and
F' are both bounded by 1 we obtain

Tr(—A)T, = Tr(—AP)T,
SQ(d—l)gdh—i%d + gd—2pdp—2d +€dﬁ_d€_2
1— Csdp—2d

+0o( + NIy,

We proceed with estimating the entropy of I',. Thanks to |60, Lemma 2| we have

TrT,logl, <Tr fz log fz — log m}in 7,

= TrT. log T, + O(s%?h29),
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where we used the estimate (B.24) on Zj. Combining the last two estimates gives
Tr(—h*A)T + TrT'log T
= Z Tr(—h?A)T, + TrTlog T,

< Zeg;[:ler szh, Nz) +£—d0(5d£dh—2d) + O((h_d€d>1+2/d5d€dh_2d)

+_h2€dcj(82gb_nfdh_3d%—Sd_2€dﬁ_2d—kfdh_d€_2),
1 — Csdgdp—2d

where we used that N, < ||po|| o (Rd)ffdﬁd. It is a known fact [56, Proposition 2.1.3|,
[58, Part 3.4] (see also [46, 64] for more details) that

R (Asy by N) = B Fy(NL /(R %%) + o(h %) (B.25)

locally uniformly in p, := N,h% % as i — 0 under the condition / < ¢. This is the
thermodynamic limit of the free Fermi gas. By the continuity of Fjg and the estimate

N./(h=4(t — )?) = p(2) + O(el~1) we obtain

W (Tr(=h?A)L + TrTlogT) < £7 ) F(p(2)) + o(1) + O(c/0)
2€74

S 2(d—-1) S d—2 2
(st /1'%) + (s + 0P D),

If s € h < € < ¢ with the extra condition that s¢ < h? we obtain the upper bound
in (B.20) by passing to the limit and by identifying the first term above as a Riemann
sum. The lower bound is obtained in the same fashion by seeing I', as a trial state
for the periodic case.

Step 3. Verification of (B.21)

Let us recall that I'p—; is the uncorrelated version of the trial state (which corre-

sponds to taking ¢ = 1) and that we denote by pgfil its k-particle density, for k£ > 1.

From (B.23) and using that I'p—; is a sum of Slater determinants we have

1
1HPr - P%) 1z (R%)

<NTY Y Az//w 1= pa(ar — 2)2)p2 (1, 22) day drs

2€Z% k€Pn,, (Z4)

<CN~™ 1 Z // 1_905(371_5132) )NZZ 2ddl‘1dl’2
A2

z€Z4
<CONT'Y sUINZe
ze74

< C(s/h)%.
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We also used that p%) < pg.z)@pq,z < [lpoll oo (rey N2¢=24_ Finally, denoting by ', p—;
1)

the uncorrelated version of I',; and by p, _; its one-body density we have

1 1
1N 1pg;):1 = pollpr(ray < ZHN 1p;1);:1 — pola.ll L (e
< CZ(HVPOHLOO(Rd)eCH_l + H,OoHLoo(Rd)ﬁd_le)

<Cl+¢e/b).
We have used that in 2£ + [~ (¢ — 2¢)/2, (£ — 2¢)/2)¢,
Ny = N e min o] = po + O + OV po | e ey )
and that
1Ny = oot lieasy < Cllpoll ey,
Under the stated conditions on A, ¢, s and € we have N‘lp%) — po in LY(RY).

Step 4. Verification of (B.22)

Let us first turn to the case 0 < nd < 1. Note that the two-particle density matrices

satisfy
= 1@+ rWer)
zeZ4 272!
=W er® 4 3" r® rdgrd. (B.26)
2€74

In particular we obtain for the two—particle reduced density
1
P(F) = Pr Ty Z PF FZ ® (Fz) (B.27)
z€Z4
The second term above is negligible in our regime. Indeed, using the triangle inequal-

ity, the Lieb-Thirring inequality [42, 43] (the reader can refer to |18, Lem. 3.4] for
the exact version of the LT inequality we use) and Young’s inequality we obtain

NS [ e (el - ol 0 )

2€Z4

_ 1 1
< ON“2ljuw i 3 {||p§3||L1+2/d(Rd)||p‘rjHum

z€Z4
1
—I—NZ (TrF (zjlj 1 AZ].)> 1+2/d}
+2/d
N,

< CN_QNdnﬁ Z NZQK_ 1+22/d
2€7Z%
< O(N"0) 20~ 732)
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where we used that p(Flz) < CN L~ < Clpo| Loo(Rd)ﬁfd almost everywhere and the

estimate on the kinetic energy of I', computed before. Hence, if N _1p1(~1) — po in

LY(R?) and if £ = o(N~"), since both N_lpg) and pp are bounded (uniformly in
N) in L®(R9), by (B.27) and the use of Young’s inequality we obtain (B.22) for
0<nd<1.

The case nd > 1 is easier to handle since in this case N="7 = o(s). Indeed,
due to the correlation factor F' and because w is compactly supported we will have
Trwy(x —y)I' =0 for N sufficiently large. O

B.4 Proof of Theorem B.2 in the non-interacting case
w=0

In this section we prove the convergence (B.12) of the free energy in Theorem B.2 in
the case where the interaction is dropped, that is w = 0. We study the interacting
case later in Section B.5. The convergence of states will be discussed in Section B.5.3.

The non-interacting case is well understood since the Hamiltonian is quadratic in
creation and annihilation operators in the grand canonical picture. The minimizers
are known to be the so-called quasi-free states [3|. For those we have an explicit
formula and the argument of the proof is reduced to a usual semi-classical limit.
The upper bound on the free energy is a consequence of Proposition B.9 from the
previous section. The proof of the lower bound relies on localization and the use of
coherent states.

We start with the following well-known lemma, the proof of which can for instance
rely on Klein’s inequality and the convexity of the fermionic entropy s [63].

Lemma B.10 (The minimal free energy of quasi-free states). Let 8 > 0, and
let H be a self-adjoint operator on a Hilbert space $) such that Tre " < co. Then

1 1
. L _ 1 —BH
Qi (Tr Hy + ﬁTrs(y)) B’I‘rlog(1+e )
vEG1(H)

with the unique minimizer being vo = H%

With Lemma B.10 at hand we are able to provide the

Proof of Theorem B.2 in the non-interacting case.. Suppose that w = 0. We start
out by proving the upper bound on the energy, using the trial states constructed
in the previous section. Let p > 0 and 0 < v € CP(R?) with [, v(z)dz = p.
By Proposition B.9 we then have a sequence (I'y) of canonical N-particle states
satisfying

N hd

hd Tr(Z]ithj + A(xj)|2rN) + ’l TrTylogly — /d F(v(x)) da.
=1 R
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The one-particle densities hdp(rlji converge to v strongly in L'(R?) and are uniformly

bounded in L>°(R%). Hence they converge strongly in all LP(R?) for p € [1, 00). Since
Ve Lllotd/ 2 (Rd) and p}lj\)[ are, by construction, supported in a fixed compact set, we
have

hd Tr V(a:)l“g\l,) =nd V(m)p(rlgj (x)dox — V(z)v(x)de.
R4 R4

This means that
niel, (h,N) < hENMTN) = | Fs(w(a))de+ [ V(e)v(z)da,
R4 R4

and, since v is arbitrary, we have shown that

lim sup hdegan(ﬁ, N) < €€1a(P)~
N—oo
heN—p

To prove the lower bound, we use the following bound [3, 63] on the entropy
TrTlogT > Tr(TM log M + (1 — TMYlog(1 — TM)) = Tr s(T M)

which follows from the fact that quasi-free states maximize the entropy at given
one-particle density matrix I'M. The bound applies to any N-particle state I" whose
one-particle density is ). Applying Lemma B.10 above, we have for any p € R and
any N-body state T’

1
ENMT) > Te(|inV + A(z) > + V() — ))T'D + 3 Trs(TM) 4+ uN
> ;Tr log(1 4 ¢ PIMVHADELV @Y N,

Thus, we are left to using the known semi-classical convergence (whose proof is
recalled below in Proposition B.11)
. hd —B(l3 A 2 -
liminf —— Tr log(l + e~ AV+A@)P+V (2) “))
h—0

3
1 2
> - log(1 4+ e B +V(@)=1)Y 4z d B.2
> (%)dﬂ//w og(1+ ¢ ) de dp, (B.28)

and to take p = pvi.(p). Recognizing the expression of the Vlasov free energy on the
right-hand side we appeal to Theorem B.1 and immediately obtain

lim inf h%eZ,, (A, N) > e{1.(p),
N—o0
AN —p
concluding the proof of (B.12) in the non-interacting case. O
In (B.28) we have used the following well-known fact, which we prove for com-
pleteness.



B.4. Proof of Theorem B.2 in the non-interacting case w = 0 97

Proposition B.11 (Semi-classical limit). Let By > 0, we assume that |A]> €
LYH/2(RY) 4 LR, V € Lllotd/Q(Rd) is such that V(z) — oo at infinity and that

fe_BOVJr(“:) dx < oo. Then for any chemical potential u € R and all 8 > Py,

he .
lim sup — Trlog(1 + 6*5((|ZhV+A|2+Vﬁu))
h—0 6

(273)% // log(1+ 6_5(p2+v(’”)_“)) dz dp. (B.29)
R2d

This result is known [63] and the proof we provide here is essentially the one
in [61], where however the von Neumann entropy xlog(z) was used instead of the
Fermi-Dirac entropy zlog(x) + (1 — z)log(1l — ). In fact, Theorem B.2 shows that
the inequality (B.29) is indeed an equality.

Proof of Proposition B.11. Without loss of generality we may assume that p = 0.
We also assume in a first step that V_ € L>°(R?) and then remove this assumption
at the end of the proof. Due to technical issues involving the potential V', we need to
localize the minimization problem on some bounded set. Let x,n € C®(R?) satisfy
x2+n?=1,suppx C B(0,1) and suppn C B(0, %)C For R > 0, denote xz = x(3)
and ng = n(%). Let Hy = [ihV 4 A|* +V and take = as in Lemma B.10.
By the IMS localization formula we have

1
14-efHn

Tr Hiy" = Tr(Huxay"xz) + Tr(Hinzy"ng) — h° Te(|Vxal® + [Vnel*)2",  (B.30)
and using the convexity of s and [11, Theorem 14|,
Trs(v") = Trxas(Y")xr + Trnes(Y")is
> Trs(xaY"xr) + Tt s(nay"15). (B.31)

We first deal with the localization outside the ball. The operators we consider in
B(0, %)C are the ones with Dirichlet boundary condition. We obtain by Lemma B.10
that the remainder terms are bounded by

1
ﬂWWM%M+BﬂM%W%)

1 i, ~
> = 5 T (o, log (1 -+ ¢ AT HARHTE)
C —B((ihV+A)2
Z—gqhﬂma%ﬂeﬁav+)+m
C B(_2AD
> _E TrLQ(B(O,%)C) e B(—h*AP+V) (B32)
C .
> 8 Trr2(ray e AEIEAT(A-a)V +aintpope V) (B.33)
Ce BOL 1nfB(O R)C 14
> _ AP’ +(1-a)V(2)) 4z 4 B.34
- 27rh //de e (B:34)
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where a > 0 is such that S(1 — «) > fy. The inequality (B.32) comes from the
diamagnetic inequality [14] and (B.33) is obtained by the min-max characterization
of the eigenvalues. The last inequality follows from Golden-Thompson’s formula [55,
Theorem VIII.30].

The error term in the IMS formula can be estimated by

C C
—Tr(\VXR]2+ \Vanz)’yh RTrV > ——Tre BHp

BP*+V (x)) B
27rh //de dz dp, (B.35)

where we used again the diamagnetic and Golden-Thompson inequalities.

Next we derive a bound on the densities Pl where v = yzy"xr, using the
Lieb-Thirring inequality [42, 43]. Combining (B.30), (B.31), (B.34) and (B.35) we
have shown

1 e(R 1
ﬁﬁf&%§+ﬂ1}qy@__gﬂ)gﬁ&f&7m+51wdvg
1
:-—Efnﬂogu.+e—5ﬂﬁ)5;0 (B.36)

where e(R) — 0 when R — co. By Lemma B.10 we have

1
— Trs(v})

Tr Hh’yg + ,B

1 2 o1 —B(|ihV+A|?/2+V c
> §Tr(fh A)vg — BTrlog(1+e BllihV+AF*/2+ )) ~
where, as in (B.34),
) —aﬁme
Trlog(1 + e~ IMVHAR/247)) < // B2 /2+(1-0)V(@) 4y dp.
o 27Tﬁ R2d
This implies the following bound on the kinetic energy
N TN B.37
NN (B.37)
By the Lieb-Thirring inequality [18, Lem. 3.4, we obtain
1+2
/Rd p,hg(x) idr < CTr(—Ayh) < WC (B.38)

We return to the estimate on the localized terms in (B.30) and (B.31), using
coherent states. Let f € C2°(RY) be a real-valued and even function, and consider
the coherent state fI'(y) = R4 f(h=Y2(y — 2))e’" . The projections |fh) (fh
give rise to a resolution of the identity on L?(R%):

1
(27rh)d/R | :v,p> <fm,p| Idp2gay- (B.39)
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Using this in combination with Jensen’s inequality and the spectral theorem, we
obtain

1
Trs(xay"Xr) = W //de<f£’p’s(%2)ffvp> dzdp
1
Z (27 h)d //des«f;?,pﬁgff,p»dz:dp. (B.40)

On the other hand, applying |18, Corollary 2.5] we have

1
Tr HyxnY"Xn = W //RZd<f.§,paHﬁ7]zf:Zp> dx dp
1
= AP +V Lo Ve ) dad
it | [ o+ AR+ V@)L ol ded

+/ o (A2 = A% [ f1?) = 2R Tx(A — Ax | f"?) - ibVy),

Ra T

b [ VIR [ o v V1) (B.41)
Rd Rd 'R

Since hdp%ﬁ2 is supported in B(0, R) and is uniformly bounded in L't?/¢(R%) by
(B.38), and Vx| f"|? converges to V locally in L'*%/?(R%). The same argument applied
to A and |A|? combined with Holder’s inequality, the Lieb-Thirring inequality and
(B.37) shows that the remainder terms above are o(A~%). At last, combining (B.36),
(B.40) and (B.41) as well as a simple adaptation of Proposition B.16 to finite domains
(Remark B.17) yields

lim sup A Trlog (1 + e—ﬂ(\ihv+A\2+v))
h—0

1
< @n //de log(1+ e_ﬂ(p2+v(“’))) dzdp + (R),

where £(R) — 0 when R — oo. This concludes the proof in the case V_ € L>®(R%).
We now remove this unnecessary assumption: let us consider a potential V satisfying
the assumptions of Proposition B.11 (possibly unbounded below). For K > 0, we
take the cut off potential Vx = V1, »_g) and for any 0 < & < 1 we obtain using
Lemma B.10

- ; Trlog(1 + e~ PUIT+AP+V)
1
> i _ ; 2 1
> 0%121(%((1 e)|[ihV + A|* + Vi )y + 5 Trs(v))
+ min Tr(e|ihV + AP +V — Vi)y
0<y<1
I Trlog(1 + e*ﬁ((lfs)\ihV+A\2+VK))

— Tr(eihV + A2 +V — Vi) _.
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Applying the Lieb-Thirring inequality, we obtain

Tr(elih¥ + AP +V = Vie)- < CH= [ (v - v P da.
R4

This means that for any K and ¢

lim sup R Tr log(l + e—ﬁ(|z’hv+A|2+v))

h—0
1 2
< - log(1 + ¢ P(1=8)P"+Vk ()} 14 d
(27T)d//R2d0g( +e ) zdp

yed20 [ (V- V)2 g
R4
First taking K — oo and afterwards € — 0, the result follows using the monotone
convergence theorem. O

B.5 Proof of Theorem B.2 in the general case

In this section we deal with the interacting case w # 0. We first focus on the proof
of Theorem B.2 (mean-field limit) before proving Theorem B.8 (dilute limit).

B.5.1 Convergence of the energy in the mean-field limit n = 0

Here we prove (B.12) in the case of general w € L'*%2(R%) + L2(R%). The upper
bound on the canonical energy follows immediately from the trial states constructed
in Proposition B.9, so we concentrate on proving the lower bound. This is the content
of the following proposition.

Proposition B.12. Let By,p > 0, V € Lllotd/Q(Rd) such that V(z) — oo when
|z| = o0 and [ e PV+(@) dz < co. Furthermore, let |A?,w € L'*9/2(R?) + L2 (RY),
w be even and satisfy w > 0. Then we have

liminf A%’ (7, N) > e, (p).

N—o00

hEN—p
Proof. The main idea of the proof is to replace w by an effective one-body potential,
and then use the lower bound in the non-interacting case.

We begin by regularizing the interaction potential: let ¢ € C°(R?) even and
real-valued, define x = ¢ * ¢ and w. = w * x. with x. = e %y (e™ ) for ¢ > 0.
Note that w; > 0. Moreover, if « > 0 and w = wy + we with w; € LHg(Rd) and
w2l poo(ray < o then wi . = wy * x. satisfies wy. € LY(R?) and wa . = wa * Xe
satisfies ||wael|foo(ray < . Then, using the Lieb-Thirring inequality, we can replace
w by we up to an error of order ||wi — w1l p1tas2gay + Cav, see for instance [18,
Lem. 3.4|. It remains to let € tend to zero and then let a tend to zero. We therefore
assume for the rest of the proof that w satisfies @ € L'(R%).
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Now, with 0 < @ € L'(R?), it is classical that we can bound w from below
by a one-body potential, see, e.g., [18, Lem. 3.6]. More precisely, we have for all
r1,...,2x € RT and ¢ € CX(RY)

N 2
I SR

i=1

with F[-] also denoting the Fourier transform. After expanding, this is the same as

N
> wlw—a) =Y wipln) -3 [ (prop-Gu0). (B4

— ; 2 2
1<i<j<N i=1

Let mg be the minimizer of the semiclassical problem with density p, whose existence
is guaranteed by Theorem B.1. For any N-body trial state I' we obtain from (B.42)

Tr Hy I > Tr((ihv + A(nv))2 +V(z)+ p tw x pmo(x))I‘(l)
N 1

(pmo * w)pmo - 7w(0)7

_ﬁ Rd 2

where T is the 1-particle reduced density matrix of I". Let jiy,(p) be the chemical
L Pmo (1' ) -

tvia(p). Denoting by e’gfnﬂ(h, N) the minimum of the canonical energy with potential
Vel and with no interaction, we obtain using the convergence shown for the non-

potential corresponding to the minimizer mg and define Ve = V 4 p—

interacting case in Section B.4,

. h'N
K1 N) 2 WG (B N) = 25 | (pmg 5 0)pmg + pa ()N
1 // *6( 2 Veﬁ
- log(1 + e AP +VE@)) g dp
i, PO e ( |
- % Rd (pmo * w)pmo + H\/la(p)p
= eela(p)a

where the last equality is due to Theorem B.1. This concludes the proof of the
convergence of energy in Theorem B.2. O

B.5.2 Convergence of the energy in the dilute limit n > 0

Here we prove the convergence of the energy in Theorem B.8 where 7 > 0. We first
state a lemma about the regularity of the minimizers of (B.4) when the interaction
has a Dirac component. It will be needed in the proof of the convergence of the
energy in Theorem B.8 below.
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Lemma B.13. Let B,a,p > 0, let A,V satisfy the assumptions of Theorem B.1, let
w = ady for some a > 0. If m € L' (R??) satisfies the non-linear equation (B.5), then
Dm € L1+d/2(Rd).

Proof. For simplicity and without loss of generality, we assume that a = p = 1,
p =0 and we take w = &y and A = 0. Since p,, € L'(R%), it is sufficient to show
that pr Ly, (2)>1y is in L'd/2(R?), Recalling that m satisfies the equation

1

1 + eBE?+V (@) +pm (@)’ (B.43)

m(x,p) =

we immediately have
=BV (x)+pm(x
pm(x) S e((;));())/ e—ﬁp2 dp — Cd7ﬁ6_ﬂ(V(m)+pM(x))g
Y R4

implying that
pm(a:)eﬁpm(m) < Cd’ﬁeﬁV—(ﬂf)_
Hence .
plip, 51y < (Vo +1og Cap)ly,, >1y € L2 (RY),

since V_ € LH%(RC[) and {p,, > 1} has finite measure by Markov’s inequality. [

Case 0 < n<1/d

In this case, we take w € L'(R?) with 0 < @ € L'(RY). Take wy = N%w(N".)
and consider the canonical model with this interaction. Denoting a = [, w(z) d,
Proposition B.9 implies that

limsup h'ef.,, (N, h) < el (p).
N—o0
hEN—p
To show the lower bound, we follow the argument of Proposition B.12. Denote by
mo the minimizer of the Vlasov functional with the delta interaction adg, and let I' 5
be the Gibbs state minimizing the canonical free energy functional. Applying (B.42)

with ¢ = %pmo, we obtain

1
Ty HN,EFN > Tr((ihV + A)2 + Veﬁ)rg\}) + ;TI"(U)N * Pmgy — aPmO)FE\})

N

- 2p2 Rd(pmo *WN)pmo + 1910 (P)N + o(A™7), (B.44)

where Veff =V + % Pmo — uf‘,?g (p). Here, by Holder’s inequality, we have
1
BT (Wi * g — ame)Fg\,)
= hd/ ('UJN * Pmy — apmo)pr(l)
Rd N

< thppg\p HL1+2/d(Rd)HwN * Pmo — aﬂmoHLHd/?(Rd)v
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which tends to 0 since ||hdpr<1) | p1+2/a (rdy is bounded, by the Lieb-Thirring inequality,
N

and since pp,, € L1+%(Rd) by Lemma B.13. Finally we have,

/ (Pmo * WN) Py — a/ Pono
R4 R4

Hence, continuing from (B.44), we conclude that

N—oo

1 e
lim inf hdegan(N, h)> — ——— // log(l 1 e APV ff(”5))) dz dp
(2m)8 ) Jr2a
hN—p

a
+ 20 (p)p — — / =
]Rd

_ %
,ad
= e\ﬁllg 0(p)'

Casen >1/d

Here we treat the dilute limit. Assume that d > 3, 0 < w € LY(R%), and that w is
compactly supported. Then, since w > 0, we have the immediate lower bound

lim inf hdegan(]\f, h) > liminf hdegfn(N, h) = eéig(p).
N—o0 N—o0
N —p RN —p
On the other hand, it follows from Proposition B.9 that we also have the correspond-
ing upper bound, so
lim A%l (N, h) = ¢4 (p)-

N—o0
heN—p

This finishes the proof of the convergence of the energy in the dilute limit.

B.5.3 Convergence of states
Strong convergence of the one-particle Husimi and Wigner measures

Here we concentrate on proving the limits (B.14) and (B.15) for the one-particle
Husimi measure and the associated density. We start by briefly recalling the defini-
tions.

For f € L%(R%) a normalized, real-valued function and (z,p) € R?! h > 0,
we define f! (y) = h™¥*f((x — y)/h'/?)eP¥/" and denote by Pl = [fI ) (f |
the orthogonal projection onto fgp. For k£ > 1, we introduce the k-particle Husimi
measure of a state I'

(k) N!

mﬁl"(xlvplv e )xkapk) = m Tr(PIhl,pl ® tte ® Pf?k,Pk ® ]].N_kr)7
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for 1, p1,..., 2k, pr € R?¥. See [18] for alternative formulas of m;kll We also recall

the definition of the Wigner measure,

k
W( ) (x1,p1, -+, Tk, Pk)

h h .
_ = —ip-y
/de /Rd(N k) ((z+ 9¥ 7 2)i (@ oYz z))e dzdy,

where x = (x1,...2%),p = (p1,...,pr) € R% and T'(-, -) is the kernel of the operator
.

Using [18, Theorem 2.7| and the fact that the Husimi measures are bounded both
in the x and p variables, we obtain the existence of a Borel probability measure P
on

S:{ueLl(RQd)‘Ogugl,/ ,u:p}
R2d

such that, up to a subsequence, we have

( ®k
/dek MyrN® - / R2dk mn ‘P) dP( )

for any ¢ € LY(R?%) 4 L°°(R?%) and similarly for the Wigner measures. There is
no loss of mass in the limit due to the confining potential V. Our goal is to show
that P = d,,,, where my is the Vlasov minimizer from Theorem B.1.

We begin with the case n = 0. Using coherent states, the tightness of (m f,FN) N
and a finite volume approximation we obtain

Jim Wl (N > o [ ([ 0P+ V@) apm)

REN;—p

wo (L weemen) P+ o [ ([ mapm). B4

The lower semi-continuity of the entropy term can be justified as in the proof of
Lemma B.19. The case 0 < 7 < 1/d can be adapted using (B.42) with ¢ = Npy,,
and the case n > 1/d is even easier since the interaction is assumed non-negative
and can therefore be dropped.

If we denote m = [¢mdP(m), the right side of (B.45) is not exactly Ec..(7m)
because of the interaction term. In the case 0 < 1 < 1/d we assumed w > 0, hence
the following inequality follows from convexity:

/ (/ w * pmpm> dP(m) > / W * Pr P (B.46)
S NJR2dk R2d

The case 1/d < 7 is immediate since we assumed w > 0 and the limiting energy has
no interaction term. Gathering the above inequalities we have
lim  hel,, (A, Nj) > EG0° (M) = evil (o),

Nj—oo
N —p
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where 5515 " and eVla *(p) are the appropriate limiting functional and energy: i.e. @ = w

if n =0, = ([gaw)dp if 0 < dp < 1ande=0ifdy>1andd > 3 Now,
by Theorem B.2 and Theorem B.8 the above inequalities are in fact equalities and
m is therefore the unique minimizer of 5515 " that is mg. Since this limit does not
depend on the subsequence we have taken, we conclude that the whole sequence
m;l%N converges weakly to mg, and similarly for the Wigner measure.

Note that, when w > 0 and 0 < dn < 1, the equality in (B.46) gives that
P is concentrated on functions m which all share the same density p,,, by strict
convexity. But this is the only information that we have obtained so far on P. If the
conjectured entropy inequality (B.18) was valid, then we would conclude immediately
that P = d,,,. Since we do not have this inequality, we will have to go back later to
the proof that P = 6,y,.

So far the convergence of mE}%N is only weak but it can be improved using the
(one-particle) entropy. Going back to the previous estimates we now have

hel, (h,N) = ed2(p) + (27T1)d5 //RQd(s(m%%N) — s(mo)) + o(1) (B.47)

As before we denote by ewa( ) the appropriate limiting energy, depending on the
choice of 1. Recall that in the case n > 1/d, the interaction potential is assumed to
be non negative, so the interaction term is just dropped. We now focus on the second
term in (B.47). Let us remark that

mt
my,
1-m
+ (mo — mS}%N log< 0)

(1)
m 1
> my log<7f;’EN> + Blmo — mil} )P+ V + SN K Pmo = i F 7Y,

where we used the expression of mg (B.5) and the pointwise inequality xlog(z/y) +
(y —x) > 0 for any z,y > 0. Integrating over = and p, we obtain on the right side
the sum of the relative von Neumann entropy of mgcl%N and mg, and a term which
tends to zero, due to the weak convergence we have proven. By Pinsker’s inequality

and (B.47) we obtain
hdel  (h,N N () ? o
Gl N) = e0206) 2 5 ([ i, = mol) "+ o(0)
The convergence of the energies gives the strong convergence in Ll(RQd) of m;l%N
towards the Vlasov minimizer myg, hence in LP(R??) for all 1 < p < oo since the
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Husimi measures are bounded by 1. This automatically gives that P, = Pmg
fI'N
strongly in L' (R?). The weak convergence in L'*2/4(R%) follows from the (classical)
Lieb-Thirring inequality
g pre
2 2
HpmHLHd/?(Rd) < CHmHLT(demz dxdp)HmHL;(]RQd)
for any m in L'(R??).
Finally, by the Lieb-Thirring inequality hdp(rlji is bounded in L' (RY)NLH/2(RY),
hence this sequence is weakly precompact in those spaces. On the other hand, for
any o € C°(R?) we have by [18, Lemma 2.4]

d_ (1 h
Lot o= ki

Let p be an accumulation point for hdpél

obtain

). By passing to the limit in both sides we

N

/pmosoz/ pep-
R4 R4
(1)

The test function ¢ being arbitrary, we conclude that hdpFN has a single accumula-

tion point and therefore converges weakly in L!'(R%) N L 4/2(R%) towards py,,.

Weak convergence of the k-particle Husimi and Wigner measures

At this point we have proved the strong convergence of mE}%N towards mg in LP(R??)
for all 1 < p < oo. Our argument works for any sequence of approximate Gibbs states
(I'x) in the sense that

ENMTN) = ebun(B, N) 4 o(N).

Here we discuss the weak convergence of the higher order Husimi functions. This is
not an easy fact in the canonical ensemble case. For instance, when w = 0 one can
use Wick’s formula in the grand canonical case but there is no such formula in the
canonical ensemble [59, 25]. Here we will use a Feynman-Hellmann-type argument,
which forces us to consider the exact Gibbs state, and not only an approximate
equilibrium state. We will come back to approximate Gibbs states at the end of the
proof but our argument will require that they approach the right energy with an
error of order o(1) instead of o(N).

In order to access the two-particle Husimi function, the usual Feynman-Hellmann
argument is to perturb the N-body Hamiltonian by a positive two-body term of order
N, multiplied by a small parameter €. This modifies the effective Vlasov energy and,
after taking the limit, one then look at the derivative at ¢ = 0. The problem here
is to control negative values of . For atoms one can use the strong repulsion at
the origin of the Coulomb interaction to control a negative two-body term, as was
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done in [53].! For a general interaction or even when w = 0, such an argument
fails. Another difficulty is the need to re-prove the existence of the limit with the
perturbation, since in the canonical ensemble trial states are not so easy to construct.

We follow a different route and use instead an argument inspired of a new tech-
nique recently introduced in [34]|. The idea is to perturb the energy by a one body
term of order 1. This will not modify the leading order in the limit and will force
us to look at the next order. Since we are only interested in deviations in €, the
existence of the limit for the one-particle Husimi measure will help us to identify the
deviation. Then, in order to access the two-body Husimi measure, we look at the
second derivative at € = 0 instead of the first derivative.

Let us detail the argument. Let b € C°(R? x R?, R ) be a non-negative function
on the phase space and introduce its coherent state quantization

1
Byi= s P!
" @en? s Pl

where we recall that P!' = |fI ) (fI | is the orthogonal projection onto fI . We

then consider the operator
N

Byni= Y (Bn); (B.48)
j=1
in the N-particle space. Note that By is a bounded self-adjoint operator with

0 < By < |[bll oo reayh? (B.49)

due to the coherent state representation (B.39) and that it is trace-class with

Tr(By, // b(z,p) dz dp. (B.50)
27T R4 xRd

In particular By j is bounded uniformly in IV, with
IBN Al g AN p2®sy) < min (N A?||b]| oo (r2ay, (27) ~)1b]| 11 () ) -
This is because

HZ H BN L&) < [ICller(z2®sy) (B.51)

for any trace class operator C'. In the sequel we will just denote by [|-[| = || - ||5(5) the

operator norm and omit the underlying Hilbert space $) which could be /\N L?(R3)
or L?(R?). We introduce the perturbed Hamiltonian

Hyp(e) .= Hyp+ B,

! After inspection one sees that the argument used in [53] works under the condition that @(p) >
alp|~® for some a > 0 for large p. Not all interaction potentials can therefore be covered.
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for € € R. The perturbation is uniformly bounded, hence will not affect the limit
N — oo for fixed €. More precisely, let us call

e—BHN 1(e)
Do) = g

the associated Gibbs state and

log Tr(e=PHN ()
FN’h’ﬁ(g) = g ( /B )

the corresponding free energy. Everywhere we assume that ANY/4 — p and 8 > 0 is
fixed. By plugging I'n . g(¢) into the variational principle at ¢ = 0 and conversely,
we obtain immediately that

€ )
Fnnp(0) + @n //R% b1 b s ()

€ 1)
< FNﬁﬂ(é) < FNﬁﬁ(O) + W //RM bmf,FN,h,ﬁ(O)' (B.52)

We have used here that Tr(B,I'V) = (27)7¢ [[p bmgcl% for all states I'. Since

0< mgcl% < 1, this proves that

Fynple) = EL(Tnnp(e)) = elun(hy N) + O(e)

where O(¢e) is even uniform in N. Hence from the analysis in the previous section,

we deduce immediately that
(1)

mFN,h,ﬁ(E)

— My

strongly in L'(R2) for any fixed . Going back to (B.52) we infer that

Fnnp(e) = Fnpp(0) + ﬁ //]R2d bmg + o(1).

A different way to state the same limit is

Tr e~ BHN.r—BeBN A ef
In(E) = = Hexp(—w / /R 2dbm0>. (B.53)

It turns out that the so-defined function fx is C* on R with all its derivatives locally
uniformly bounded in N. This follows from the following general fact.

Lemma B.14. Let A be a self-adjoint operator such that Tr(e?) < oo and let B be
a bounded self-adjoint operator, on a Hilbert space §. Then the function

Tr(eA—i-aB)

R
ceRm Te(ed)
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18 C'° and its derivatives are bounded by

d7k Tr(eA+eB)
dek Tr(eA)

i Tr(€A+aB)

< ||B] W

< ||B|FellI Bl

for k> 0.

Proof. Note that Tr(eAe8) < efllBlI Tr(e4) since A +eB < A+ |¢|||B||. We have for

the first derivative
d Tr(eAteB) _ Tr(BeteP)

de Tr(ed) —  Tr(ed)
which is then clearly bounded by ||B]|. The second derivative is given by Duhamel’s

formula

dt (B.54)

d? Tr(eAteB) L Ty(Bet(A+eB) Be(1-t)(A+<B))
& A /0 T
and we have by Holder’s inequality in Schatten spaces

&

|Tr(Bet(A+sB)Be(l—t)(A—i—aB))| < HB||2H€t(A+eB)|| L ”e(l—t)(A—i-sB) H L
- St —z
= ||B|]* Tr(e*+<P) < ||B*el WP Tr(e),

as claimed. The argument is the same for the higher order derivatives. The function
is indeed real-analytic on R but this fact is not needed in our argument. O

Since By is bounded uniformly in N and A, we conclude from the lemma that

fn is bounded in I/Vﬁ’coo for all k. This implies that f ](\;C ) converges locally uniformly
to the kth derivative of the right side of (B.53) for all k. In particular, we have

N (0) — ((2i)d //RM bmo)Q. (B.55)

On the other hand, we can compute the second derivative f{(0) explicitly, us-
ing (B.54):

1 Tr(B e~ tPHNL B e—(l—t)BHN,n)
" _ Q2 N,h N,k
n(0) =8 /0 Te(e ) dt. (B.56)
We claim that this indeed behaves as
g2 2)
1
N(O) = W //R4d b® bmfer,ﬁ,ﬂ + 0(1) (B.57)

and first explain why this is useful before justifying (B.57). From the weak conver-
(2)

FONns mentioned in the previous section, we obtain
) Jh,

Jim f4(0) = (2i§2d/s</nw )" P (B.58)

gence of m



110 Paper B

with the de Finetti measure P. Comparing (B.55) with (B.58) and using mg =
JsmdP, we conclude that

/3</R2d )" dP(m) = (/S /RM b dP(m

for every non-negative b € C°(R??). This proves that P = §,,, as desired. The
limits (B.16) and (B.17) then follow for all & > 2. Therefore, it only remains to
prove (B.57).

The idea of the proof of (B.57) is simple. Since we are in a semi-classical regime,
the order of the operators in the trace (B.56) should not matter. If we put the two
By, together, we obtain after a calculation

2 _ 2 1) (2)
Tr((Bnp)*Tnnp) = Tr((Br) Ty (2 //RM b@bmyp,
The first term tends to zero since
Tr((Bi)*T),) < NIBall? < [1B]13 o oo NE,

whereas the second term converges to (27)~2¢ Js ([ [gea bm)2d73(m) due to the weak

convergence of m(z) . Therefore we have to compare f%(0) with Tr(By#)?T' v 5.5
fTNng N ) 1,8

In [34], it is proven that the function
t— TI‘(BNﬁ eitBHN’hBNﬁ 67(17t)ﬁHN’h)

is convex on [0, 1], non-increasing on [0,1/2] and non-decreasing on [1/2,1]. Using
that the function is minimal at ¢ = 1/2 and above its tangent at ¢ = 0 provides the
bound

Tr(By e PHNn By o= (IDBHN)
> Tr(By e 2HN0 By e~ 2HNn)
> Tr((Byp)%e 1) + ng([[HN,n, By, By e 1)

for all ¢ € [0; 1], see [34]. Inserting in (B.56), we find that

3

N (0) > B2 Tr((Bns)*Tnng) + % Tr([[Hn,n, Bnp)s By Tvng) - (B.59)

Hence (B.57) readily follows from the following result.

Lemma B.15 (Convergence of the double commutator). With By, defined
as in (B.48), we have

Z\}iinoo TI'([[HNﬁ, BNﬁ], BN,h] FNﬁﬂ) =0. (BGO)
Nhi—p
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Proof. We have

[[H N1, BNop), B o)
N

=D [[Hin Bl Bul, + > [lwes (Ba)j], (Br)j + (Bu)x]  (B.61)
Jj=1 1<j#k<N

1

with Hyp = [ihV + A|? +V the one-particle operator and wjj the multiplication
operator by wy (z;—xy). The commutators have been used to dramatically reduce the
number of terms, but will not play any role anymore. We will estimate separately the
terms (BpHypBp)j, (HinBj)js wik(Br)j(Bn)y and (Bp)jwik(By)y with j" € {k, j}.

First we deal with the kinetic energy. For instance we can bound, by Hélder’s
inequality in Schatten spaces,

HBf h2A Bh”61+” h2A )(Br) HGl

1 1 C
< 2Bl | Bl & | (722 B |2 < &

We have used here our estimates (B.49) and (B.50) on the norm and trace of the
non-negative operator By. The last Hilbert-Schmidt norm is equal to

1(=1*2) B} |-

|(=R8)B7 |2, = Tr((—K2A) By(~2A))

— L 2 hoq2
gt [ He AL P ds

Using that
) — =Y ip-
WAL () = R VHAS) (F 5 ) = o £ )
, —d/4, L~ Y\ ipy/n
+ 2ivVh k= 4p (Vf)( \/ﬁ)e ,
we find that

1
(12808 g < € [[ (ol + Hpl? + 12z, p) .

This is uniformly bounded since b has a compact support in the phase space. Us-
ing (B.51), we conclude as we wanted that

(FNWZ —h2A, By), By ) O(NY).

For the potential term we have to use more information on the state 'y 5 5. We
first estimate

. 1
Tr(rg\lf,)h,BVBng) < HBHH%H(Fg\lf,)h,ﬂ)%|v‘%H62|HV’%BT3 -
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Using the Lieb-Thirring inequality for V. € L't%/2(R3) as in (B.38) and that the
energy is O(N) for V., we see that

|05 VI G =TT, 4lV] = O(N).

2
s
Hence we can deduce that

(1) 2 < Ot pt

(e, VB < SviEB|

Like for the kinetic energy, we compute the Hilbert-Schmidt norm
1
[[VI2BE % = TV Byl V|2

1 Lon 12

= W //RdXRd b(£7P)H |V‘ 2fx,pHL2(Rd) dzx dp
1 B2

= gt L, an) VI ol @) dady

< c/ V()| de (B.62)
Br

where Bp is a fixed large ball, chosen large enough such that supp(b) C Bgr—1. We
are using here that f(él,o has compact support, hence supp( f&o) C By, for h small
enough. Since V € Llloc(]Rd) by assumption, this proves that

Te(1), sV B3) = O(N7Y).

The argument is similar for Tr(I‘g\lf)h BB%V). Finally, we also have

1
(T, s BV By) < | Ball|[ BE VI3[, = OV ) (B.63)

by (B.62). This concludes the proof that the potential terms tend to 0. The argument
is exactly the same for |A|?. For ihV - A + A - ihV, we argue similarly, using that

1 1
1418} s + 14~ (1B ew < © [ 14
R

191y T

Let us finally turn to the interaction. First we look at

and

2 2 Ay (D)
(62 = Tr(~R2ATY), 5 = O(N).

1
TY(FN,h,BN > (Bh)jwjk(Bﬁ)k> = (N — 1) Tr(Tn,n,8(Br)1wia(Br)2)
1<jAR<N

and use the Cauchy-Schwarz inequality to estimate

+(Bp)1wi2(Bn)2 < (Bp)1|wiz|(Br)1 + (Br)2|wiz|(Bn)2-
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We look for instance at

N

(N = 1) Tr(T x5 (Br)awia(Bn)2) = TY<FN,h,ﬁ Z(Bh)jwlj(Bh)j)-
j=2

For fixed 1, the operator E;VZQ(Bh)jwlj (Bp); (acting on the remaining N — 1 vari-
ables) is estimated as in (B.51) by

N

C
|SoBnswn B < [Bilostn — Bl < 5 sw [ fuwl,
j=2 z1€ERY B(a:l,R)

When 7 > 0 the supremum can be bounded by [pa|wn| = [pa|w|, since we assume
that w € L'(R%) in this case. When 1 = 0 (hence wy = w) this can be controlled by

2
sup / |w| < |Brll|wall oo ray + | Br|"{|wi]
B(z1,

1+d d
(EleRd L 7(R )

since w = wy 4+ wy € L'4/2 4 [2°(RY). In all cases, we have proved that

T(Cwsy 3 (Buwge((Bu + (Bie) = O(N )
1<j#k<N

It then remains to look at
[(N = 1) Tr(Tn,8(Bn) j (Br)owiz) |
< (N - 1)\/TT(FN,E,B(Bﬁ,)j/(Bh)2|w12\(3h,)2(3h)j/) \/TT(FN,h,B|w12D,

where j' € {1,2}. The first term is estimated as before by

C
Tr (T n,n,5(Bn)j (Bn)2lwiz| (Br)2(Bn)jr) < 3 Sup / [w |-
xERd B({L‘,R)

The supremum is uniformly bounded. Hence

C
|(N = 1) Tr(Cvn,6(Bn) jr (Br)awiz) | < iz V v plw). (B.64)

The estimate on Tr(I'y s glwi2|) depends on the value of n. If n = 0, then wy = w
and we have Tr(I'y p glwi2|) = O(1) by the Lieb-Thirring inequality. If > 1/d,
we have assumed that w > 0, hence Tr(I'n 1 3

wiz|) = Tr(I'y 5 pwi2) is uniformly
bounded since this term appears in the energy. Finally, when 0 < n < 1/d, the
Lieb-Thirring inequality implies

d d/2
Tr(Cn pplwiz]) < Cllon | preaegay = CNTTF2 lw]| prias gay-

1 d 1
When inserted in (B.64), we obtain an error of the order N “2 T2 TR 0. This
concludes the proof of Lemma B.15. O
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At this point we have finished the proof of Theorems B.2 and B.8 for the exact
N-particle Gibbs states I'y 5. It is possible to handle approximate Gibbs states
using the relative entropy and Pinsker’s inequality as we did for the one-particle
Husimi functions. Indeed, consider a sequence of states I'y such that

ENMTN) = b (B, N) + 0(1).

We can write ]
3
where H(A, B) = Tr A(log A — log B) if the relative entropy. From the quantum
Pinsker inequality #(A, B) > ||A — B||%,/2 we infer that

ELMTN) — €2, N) = — H(Tn, T )

TI“‘FN — FN,h,,B’ —0

in trace norm. Since ngck%HLoc(Rgdk) < Tr|T| by [18, Eq. (1.15)], we conclude that

k k
ngcyl)ﬂN — mgc’l)ﬂNﬁﬁ HLOO(Rde) — 0.

(k)

PN has the same weak limit as the exact Gibbs state. The proof of
Theorems B.2 and B.8 is now complete.

Therefore m

B.6 Proof of Theorem B.1: Study of the semiclassical
functional

This section is devoted to the proof of Theorem B.1 and some auxiliary results on the
semiclassical functional. We begin our analysis with the free particle case (w = 0)
and then generalize to systems with pair interaction. We recall that the magnetic
potential does not affect the energy, only the minimizer, and can be removed by a
change of variables so we do not consider it here. For this section and for p > 0 we
denote by

d
Svia(p) = {m e L'R**) |0 <m < 1, @/}R%m_p}.
the set of admissible semi-classical measures.

B.6.1 The free gas

Proposition B.16 (Minimizing the free semi-classical energy). Suppose that
w = 0, and that V. € L%OC(Rd) satisfies [pa e A+ @) dx < 0o for some B > 0 and
V_ € LY2(RY) N LYHY2(RY). Fiz p > 0 and define mg € Syvi(p) by

. 1
mo(2,p) = 14+ eBP*+V(z)—p)’
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where 1 1s the unique chemical potential such that

1
W / o mo(z,p)dzdp = p.

Then
v (p) = EG0 (mo)
1 2
S log(1 + e PP V@)=Y 4z 4 . B.65
@n)75 Juss og(l+e ) dadp + pp (B.65)
Proof. The map
R: R—R

— (2m)~¢ ffR2d mo(z, p) dadp
is well-defined on R, using that

1 max(1, e##)
1+ eBPP+V()—p) = 1 4 BP*+V(2))

which is integrable under our conditions on V', by the remarks after Theorem B.1.
In addition, R is increasing and continuous with

lim R(p) =0, lim R(p) = +oo.
U—>—00

H—>—+00

Therefore we can always find p so that the density of mg equals the given p. Note
then that

1
1 4+ e=BE*+V(z)—p)’

Bp*+V (z)—p)

1—m0(33,p) =€ mO(x’p):

so that
€0 m0) = s [, (80° + V(@) = wmo + mologmy
— mg 10g(66(p2+v(x)—u)mo)> dzz dp
+ (27'rl)d/8 » (log(1 —mg) + Bumg) dedp
= - (27‘[‘1)‘1/8 » log(1 + e P@*+VE) =1 da dp + pup,

showing the second equality in (B.65). That mg is the minimizer follows from the
fact that the free energy is strictly convex. For instance, for any other m € Sy, (p),
since the function s(t) = tlogt + (1 —t)log(1 —t) is convex on (0, 1) with derivative
s'(t) = log(1%;), we have pointwise

s(m) > s(mg) + s'(mo)(m — mo)

= —B(P* + V(x) — pym + B(p* + V(x) — p)ymo + s(mo), (B.66)
replacing mg by its expression implies that 55{5 ’O(m) > 55;;’ 0 (mg). That mg is the

unique minimizer follows from the fact that 83 0 is a strictly convex functional. [

la
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Remark B.17. For an arbitrary domain Q C R?¢, we have by the very same argu-
ments that

meniilr(lg){ (2;)d /Q((pz + V(z))m(z,p)dz + ;s(m(x,p))) dx dp}
0<m<1

= —(21)%/ log(1 + e_ﬁ(sz“V(x))) dz dp.
Q Q

with the unique minimizer mo(z,p) = (1 + PP +HVE@N=1 gnd no chemical potential
since we have dropped the mass constraint.

B.6.2 The interacting gas

We now deal with the interacting case. When w # 0, to retrieve the existence of
minimizers as well as their expression, we need to use compactness techniques and
compute the Euler-Lagrange equation. We divide the proof in several lemmas. We
start by proving the semi-continuity of the functional in Lemma B.18 and then prove
the existence of minimizers on Sy.(p) in Lemma B.19. To obtain the form of the
minimizers we compute the Euler-Lagrange equation but because the entropy s is
not differentiable in 0 and 1 we first need to prove in Lemma B.20 that minimizers
cannot be equal to 0 nor 1 in sets of non zero measure. The proof of Theorem B.1 is
given at the end of this subsection.

Lemma B.18. Fiz p, 5y > 0. Suppose that w = 0, and that Vi € Lloc(Rd) V_ €
LY2(R%) 0 LY/2(RY) satisfies Jrae —PoVi(*) dz < co. Then for all B> By, & 5{5’0 is
L!-strongly lower semi-continuous on Syi.(p).

Proof. We have to show that for any Cp € R
L(Co) == {m € Svi(p) | E52°(m) < Co}

is closed with respect to the L'-norm on Sy (p). Let (my) € £(Cp) be a sequence
converging towards some m € L'(R?) with respect to the L'-norm. By the L' con-
vergence we immediately have (2# | fde m = p, we can also extract a subsequence
converging almost everywhere and obtain 0 < m < 1. Applying Remark B.17 with
Q = {|z|+ |ly| > R}, we have for any R > 0 that

1
w|+\p|>R (0 + V(2))mn(z,p) + 5

s(mn (2, p)) dz dp

\
> // log(1+ e~ B +V(z))) dzdp = or(1). (B.67)
[z[+[p|=R
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Now we use that (m,,) is bounded in L>°(R??) to obtain that m,, — m in LP(R??)
for all 1 < p < co. By Fatou’s lemma and dominated convergence we obtain

n—oo

lim inf // (p? + Vi (2))mp(z, p) dzdp
|z[+|p|<R

2
> [ /MKR@ Vi ())m(e, p) dee dp,

// V_(z)my(z,p)dedp — // V_(z)m(z,p) dz dp.
|z[+p|<R e S Jlal+Ip|<R

It remains to deal with the entropy term: by continuity of s and by dominated
convergence we have

// s(mp(z,p))dedp — // m(z,p))dzdp.
|z|+IpI<R nree \rl+\p|<R

All in all we obtain

Co > liminf €57 (my,)

n—oo

L 2 X))mlx X
e / /W'SR(p +V(@)ym(z, p) dz dp

1

(p* + Vi (x))m(z, p) dz dp + o(R)

|z|+IpI<R

27r //R?d m(x,p dxdp+ﬁ//RQd )) da dp.

Finally, we use the monotone convergence theorem and let R tend to co to obtain
g\éff’o(m) < Cp. [
Lemma B.19. Fiz p, 8y > 0. Suppose that w € L't¥2(R?) 4+ L®(R?) + R, do,
Vi € LL (RY),V_ € L1*9/2(RY) satisﬁes Jpa e PV+@) dz < oo and Vi(z) — oo as
|x| — oo. Then for all § > py, & Vla 1s bounded below and has a minimizer mg in
SVla( )

Proof. Let (my) C Syi(p) be a minimizing sequence, i.e. E27(my,) — eb.(p) as

n — oo. Since (m,,) is bounded in both L'(R??) and L*°(R?), one can verify that
up to extraction the sequence has a weak limit mg € L'(R??) N L>°(R?) satisfying

(2, p)o(, p) da dp — / mo(s, D)o, p) dz dp (B.68)
RQd RQd

for any ¢ € L'(R??) + L°(R2?). Moreover, the weak limit mq satisfies 0 < mg < 1
and fRQd my < p(27r)d. Note that we do not have pointwise convergence a priori.
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Let us prove that mg is a minimizer of 55;;’ in Syi..(p). Our first step is to show the
tightness of the sequence of probability measures (my,) to obtain [g.0 mo = (2m)%p,
then we argue that mgy € Sy1.(p) and minimizes 55;5 using weak lower-semicontinuity.

We start out by bounding the interaction term using some of the kinetic energy.
Let ¢ > 0 and let us write w = wy +wg + ady with w; € L'+T4/2(RY), [wal| oo (ray < €
and a > 0. We use Young’s inequality to bound the interaction term

/Rd W * Py, Py, = ||w1||L1+d/2(Rd)||Pmn”L1+2/d(Rd)||PmnHLI(Rd)
+ Hw2HL°°(Rd)HpmnH%l(Rd)

> Ce // p2mn(w,p) dedp — C. (B.69)
R2d

In the last inequality we have used the well-known fact [38| that

/ p’m(z,p)dp > inf / p*m(p) dp
R4 R4

0<m<1
S m=2m)"ppm (z)

d
= (2m) ere o pm(2) T, (B.70)

which gives the Lieb-Thirring inequality for classical measures on phase space. Sim-
ilarly we have

1+d/2 14+2/d
[ V@), (@) de < O PIVA R oy + ellom | e ) (BT

Now using Proposition B.16, (B.70), (B.69) and (B.71), denoting oo = (8 — £o)/(20)

we have

B.p « 9 1
> > |74 —
C > &l (my) > ) //R%(p + V(x))m, + 2% /Rd(w * P ) P,

1 o
+ 638 ")

_a—cg//ﬂwp + Vi (2))my — C (B.72)

Note that by construction, S(1—«) > . Taking € > 0 sufficiently small but positive,
the above inequality shows the tightness condition

J [0+ Ve@ma(ep) dedp < (B.73)

Therefore [ [g2amo = (2m)9p.
Now we prove that lim inf,,_ec E57(mn) > €5 (mg). From the tightness condi-
tion it is easy to verify that p,,, — pm, and that

/ (w — ado) * pm,, Pm, — / (w = ado) * PmgPmo-
Rd Rd
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To finish, we deal with the delta part of the interaction as well as the entropy part.

We use that a continuous convex function is always weakly lower semi-continuous.
We obain

2 s 2 : 2
= <
o [ oha= [t < i [ o
/ s(mo):/ lim s(my,) Sliminf/ s(my,).
Rd Rd n—o0 n—o0 ]Rd
O

Lemma B.20. Fiz p,3y > 0. Suppose that w € L'*¥2(R%) + L®(R?) + R d,
Vi € LI (RY),V_ € L'*¥/2(RY) satisfies Jga e V(@) dg < 0o and Vi (x) — oo as

loc
|x| = co. Then any minimizer mo € Syi.(p) of EBP satisfies

0 <m(z,p) <1, for (z,p) € R%? almost everywhere.

Proof. Define 1 := {mg = 1} and Qg := {mo = 0}. Our goal is to prove that O
and 2y have 0 measure. To this end, we will first show that |Q2;||€29] = 0. Then we
use that at least one of them is a null set to prove that so is the other one. Let us
first assume neither of them are null sets. Let r > 0, 0 < A < % and for almost every

(&1,&2) € Q1 X Qo define

01 = A& r)na.s P2 = M p(g, 1000

where 7/ := min{s > 0| |B(&2,5) N Q| = |B(&1,7) N Q1] }. We will use the notation
v(r) = |B(&1,7) N Q4]. Note that by Lebesgue’s density theorem, for almost every
(&1,&2) € Q1 x Qo we have v(r) > 0 and 7' < co. In order to obtain a contradiction,

we will use mog — @1 + @2 € Svi.(p) as a trial state and that mg is a minimizer of

55;;’. Let us estimate the entropy, using that s(0) = s(1) = 0 and s(t) = s(1 —t), we

obtain
//]R?d s(mo — @1+ p2) = //de s(mo) + s(p1) + s(p2)

=2s(AN)v(r) + //R?d s(my).

It remains to estimate the contribution to the interaction energy, we have

/ Pmo—p1+p2W * Pmg—p1+p2 = / PmoW * Pmg + 2/ Pp2—p1W * Pmg
R4 Rd Rd

+/ Poz—p1 W * Ppo—epy -
Rd
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Let € > 0 and let us write w = wy 4wy + ady with w; € L*4/2(RY), [wal| oo (ray < €
and a > 0. We first use Young’s inequality to bound the last term

/ w * (p<P2 - p@l)(psﬁz - p<P1)
]Rd

< leuLler/Z(Rd) [P — Per ||L1(Rd) s — ps@1||L1+2/d(Rd)
+ [lw2l Lo rayll 2 — Pm”%l(Rd) + allpgy — Py H%?(Rd)

4
< C)\2(HU)||L1+d/2(Rd) v(r)1+d+2 + ||w2||Lgo(Rd)v(r)2 + av(r)).

Next and similarly we estimate the second term (minus the delta interaction)

[ w1+ w5 s = )

< ”wl”LHd/?(Rd) HmeHLlJr2/d(Rd) [ps = P ”Ll(Rd)
+ llwall pgo ray [lomoll L1 (ray P02 = Por ll 1 Ry

< C)\(HUJIHLHW(W) ||Pmo||L1+2/d(Rd) + HwZHLgO(Rd) ||Pmo”L1(Rd))U(T)~

Since myg is a minimizer, these estimates imply that

g\élf( ) < g\é)lf(mo — Y1 + 902
55 P

Vla

p + V(x) + apmg)(p2 — ¢1)

+ON (I!wHL1+d/2<Rd)v(7“) T || e ey v (r)? + av (1))

+ C)‘( Hw1HL1+d/2(Rd) Hpm0HL1+2/d(Rd)

+ w2l Leo ey [|omoll 1 (ray Ju(r) + (zﬁ)dﬂv(r)

Now we divide the last inequality by v(r) and we let r tend to zero and use the
Lebesgue differentiation theorem (and the Lebesgue density theorem), to obtain that
for almost all (£1,&) € Q1 x Qo

_25(>\) < 2

NS TP V(21) — apmy (21) + D5 + V(22) + apmy (22)

+C ”w||L1+d/2(Rd) [[Pmo HL1+2/d(Rd) :

Now letting A tend to zero, we have that for almost all (&,&) € Q1 x Qo, p3 +
V(z2) + apmy(z2) — p? — V(1) — apm,(z1) = oo which, since V € L1+d/2(]Rd) and

loc

Pmo € Lllot2/d(Rd), implies that [©; x Qp| = 0. Therefore, at least one of them is
a null set, we will treat the case where [Qp| = 0 and |Q;]| # 0, the other one can

be dealt with similarly. Because m has finite mass we can find € > 0 such that
Qoo :={1—¢e <m(x,p) <1—¢/2} is not a null set. Defining ¢; and 2 (replacing
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Qo by Qy.) as before and doing the same computations we obtain that for almost
all (§1,82) € Q1 x Qo

s(A
Y 2 V(@1) — apmo(@1) + B2+ V(w2) + apu (22)

)
4 slm(&) = ) = s(m()

b\ +C Hw||L1+d/2(Rd) [[omo HLlJr?/d(]R’i) :

Because s is continuously differentiable on [1 — 2e,1 — £/2], the difference quotient
above is bounded uniformly in & € Q3. and A > 0 small enough. Letting A tend
to zero, we end up with the same contradiction as before showing that €y is a null
set. O

Proof of Theorem B.1. We assume A = 0 without loss of generality, since it can be
removed by a change of variable.

We will first show that the expression (B.5) of the minimizers is correct by com-
puting the Euler-Lagrange equation associated with any such minimizer mg. This
gives automatically the expression of the minimum energy (B.6). We conclude, in
the case w > 0, by showing that the chemical potential y is given by (B.8).

Let ¢ > 0 small enough and ¢ € L' N L>®({e < mg < 1 — €}) such that
[fg2a p(x,p) dzdp = (2m)%p. For § = TS We have

mo + tp
= ——" € Svn
B via(P)
for all t € (—6,6). Since mg is a minimizer, we must have %Egla(mt)]tzg = 0. Using
that %mt = (¢ —mo)(1+1t)~? and &'(t) = log(7%;) we obtain

//R2d <p2 +V(z) + ;w * P (T) + ;log(%))w(x,p) dx dp

- //Rw <p2 +V(x)+ ;w * Pmg ()

( mo(z, p)

1
—1 da dp.

B

Denoting the right hand side by (27)%uvi.(p)p, We have shown for any ¢ verifying
the above conditions that

1
// (p2 + V(@) 4+ —w * g ()
{e<m<l—¢} p

( mo(z2) )) - Mwa(ﬂ))‘ﬁ(%?) dzdp = 0.

+ 11
J— O S —
8 l—mo(x,p

B

This is enough for the left factor in the integrand above to be zero almost everywhere
on {e¢ < mp < 1—e}. But € can be taken arbitrary small and by Lemma B.20 we
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have |J..o{e <mo <1—¢} ={0<mg < 1} =R* almost everywhere, from which
we obtain (B.5).

That pm, € L?(R?) N L'*42(R%) follows from Lemma B.13 and the fact that mq
satisfies (B.5).

It remains to prove (B.8) when it is assumed that @w > 0. This is a classical
argument and we only sketch it, we refer to [41]| for further details. First note that
the assumption w > 0 ensures the convexity of 551’5 , hence for p’ > 0, Fﬁa(p’ ,p) is the
minimum of a convex function under a linear constraint, it is therefore convex. This
implies that, for p’ > 0, the function F\ﬁa( -, p') is continuous on R and continuously
differentiable except maybe in a countable number of values of p. We first show that

RY > p— p(p) €R

defines a bijection, where u(p), defined in (B.5), is the Lagrange multiplier associated
to the constraint p. Consider, for ¢ € R, the unconstrained minimization problem

1 ﬁ7pl — M — ] ﬁ / —
odnf | v (m) o) / o Inf Fou(p,p') = pp. (B.74)
This yields a minimizer m* and hence a density p(u) := (2m)~? [[ mH, see Re-

mark B.17. The expression of m* can be computed through the Euler-Lagrange
equation,
1

p—
1 + eB@*+V+p " prprw—p)

From (B.74), the density m* must also satisfy gbp ,(m”) = F{?la(p(u), p') and since
w > 0, we conclude that m* is also the unique solution of this equation and must
satisfy (B.5) where u(p) appears. By identification, u = u(p) is the Lagrange multi-
plier associated to the minimization problem at density p. This proves the bijective
correspondance between u(p) and p.

Finally, if F{ia( -, p') is differentiable in some py, the above discussion shows (B.8)
for p = pg. But because of the one-to-one correspondance between p and p, 8,,F51a
cannot be discontinuous, this concludes the proof. O
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Supplement B

Thermodynamic limits

In this chapter, I collect and prove a few useful results that were applied in Paper B,
some of them without reference. The contents of the following cannot be considered
new results. However, since I do not know any good references for the precise results
that we need, I have decided to include them here for completeness. The main purpose
of the following is to provide a proof of the existence of the thermodynamic limit
for a system of non-interacting fermions in cubes, with periodic boundary conditions
and at positive temperature. In order to provide an expression for the free energy in
the limit, I will also need to consider the thermodynamic limit in the grand canonical
model, where many expressions are explicitly computable. Proposition BB.16 below
is used in the proof of Proposition B.9 in Paper B.

Along the way, I also recall a few useful results on the anti-symmetrization of
general quantum states in the canonical model. Corollaries BB.7 and BB.8 below are
also used in the proof of Proposition B.9 in Paper B.

Parts of the calculations in this chapter were carried out in cooperation with
Mathieu Lewin and Arnaud Triay during my stay at Université Paris-Dauphine.
The results contained here can also be found in [7].

BB.1 The grand canonical model

Even though we are primarily interested in canonical models, where the number of
particles is conserved, it is convenient to also introduce corresponding grand canon-
ical models, which is the content of this section. Most of the definitions and basic
facts below can also be found e.g. in the more comprehensive works |1, 3].

Let H be any separable Hilbert space (think of H = L?(A) for some domain
A C R%), and denote by H" := A" H the n-fold anti-symmetric tensor product of H,
with the convention that /\0 ‘H = C. The fermionic (or anti-symmetric) Fock space
over H is then defined by

F =Fu(H)=PH"

n>0
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Let 8 > 0 and suppose that H is a self-adjoint operator on H satisfying Tre #H <
0o. Then the second quantization of H is defined by

dr(H)=H:=0e P> Hj (BB.1)
n>1j=1

where H; acts on the 4 component of #". Introducing the number operator N :=
dI'(1), the grand canonical free energy functional at inverse temperature 5 and chem-
ical potential p € R is defined by

EBLT) = Tr dT'(H — p)T + ; TrTlogD = Tr(dL(H) — pN) + ; TrTlogT' (BB.2)

on the set of grand canonical states

The energy functional has minimum energy
1
Bo(u) = inf E5,(T) = 1o T ¢~ BTN

which is achieved uniquely by the Gibbs state T'g := Z e A(dl'(H )=#N)  where Z is
the grand canonical partition function

Z = Trp e BN N) 2 3™ Ty ¢=A(s Hympim)

n>1

Minimizers of functionals of the form (BB.2), with H being a one-body operator, are
also called quasi-free states.

For ¢ € HN' and ¥y € HN? the anti-symmetric tensor product 11 Aty € HM N2
is defined by

Y1 Ay = Ny + Ny Y. sen(o) Po(thr @),

vV N1IN!

U€3N1+N2

where Sy, 4+, is the symmetric group, and P, for o € Sy is the permuation operator
on ®N ‘H acting on pure tensors by

Py(u1 ®--- @ up) = Ug(1) @+ D Ug(N) (BB.3)

for any set of vectors uq,...uy € H. Given a vector f € H, the fermionic creation
operator is defined on N-particles sectors al(f) : HY — HN+! by

al (f)v = f A,
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and the annihilation operator a(f) : HY — HN~! by a(f)H" = {0} for N = 0, and
through the relation

(Un-1,a(f)n) = (@' (F)Yn-1,¥n)

for N > 1, where ¢¥y_1 € HV~! and ¢y € H". In the anti-symmetric case, these
operators extend to bounded operators on the whole Fock space F, with ||a’(f)|| =
lla(f)]l = || f|l, and they satisfy the canonical anti-commutation relations

a(f)a’(g) + a'(g)a(f) = (f,9)1,
al(f)al(g) + a’(g)a’ (f) =0, (BB.4)
a(f)a(g) + a(g)a(f) = 0.

Using the creation and annihilation operators, one can also define the k-body reduced
density matrices I'®) : ¥ — #* of a grand canonical state T’ € S by the relation

(ur A+ A, T®up A Aoy = Tez(Tal (vr) - af (v)a(ug) - - a(ur)).  (BB.5)

We always have ') >0, but I'®) need not be a trace-class operator [3], since

Try TR = Trz < </Z > r> (BB.6)

is not finite for all I' € Sgc.

BB.1.1 The grand canonical Gibbs state

Here I will introduce a unitary operator of the anti-symmetric Fock space that is
very useful for calculations. Suppose that (u;) is an orthonormal basis of the Hilbert
space H. We will use that the anti-symmetric Fock space generated by a single vector

u is Fo(Cu) = C & Cu, and that F,(H1 & Ha) ~ Fu(H1) @ Fu(H2), such that
M) ~ (X) Fo(Cui) = X) C.
i>1 i>1

Here the infinite tensor product on the right hand side should be interpreted as the
closure of the linear span of vectors of the form ®;>1v; with v; = (1,0) for all but
finitely many 4, with respect to the inner product (®;v;, ®;w;) = [[,;(vi, wi)c2. More
precisely, the isomorphism above is given by the operator defined on the canonical

basis of F,(H) by

") — Q) C?

i>1

L1 =6
u“ <A Usy, — ® mp) 7
p 1 1—(52'71'1))

i>1
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where 6; j, is the Kronecker delta. In other words, U(u; A --- A w;,) has a (0,1) in
the j*® component if and only if ip = j for some p, and a (1,0) in the 4* component
otherwise.

Denoting ay, := a(uy) and a]: := a'(uy,), the creation and annihilation operators
in this representation of the Fock space become

. 1—0ix ik tox 1—0ig 0
Ua U _(X)( 0 1_%), UaU _®< 5 1_%).

i>1 i>1 ik
Furthermore,
Uafalt* =) L= 0k O (BB.7)
ROk . o 1)’ :
i>1
and for j # k,
tooae 1—0;;—0ix 0i & BB
Udaplt* = (X) ( 5 b)) (BB.8)

i>1

Proposition BB.1. Let T'g = Z te PAVH =) be the Gibbs state corresponding to
the Hamiltonian H at chemical potential . Then

(1) The grand canonical minimal free energy satisfies

coln) = —; log Ty e (AT =1N) — —; Try log (1 + e AH—1),

(2) The 1-body reduced density matriz of T'g is given by

1 _ 1
FO - 1+ eﬂ(H_N) ’

(3) The entropy of Ty is given by
e olog Ty = Ty (1 g+ (1 14) g1 ~T3").

)

(4) Ty mazimizes the entropy fized 1“(()1 , de, if I' € Sge is any grand canonical

state with T(H) = I‘él), then

Tl"]: r log r> TI‘]: Fo log Fo.
Proof. By absorbing 8 and p into H, we can assume that 5 =1 and pu = 0. Because

e~ is trace class, we can write H = >, hy|u;)(u;], where (u;) is an orthonormal basis
of H, and hence the second quantization of H can be written d['(H) =), hia;rai. It
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T

follows easily from the canonical anti-commutation relations (BB.4) that (a;a;) is a

family of commuting projections, so

e~ dN(H) — He*hiazt“i = H((l — agai) + e*hia;rai).

i>1 i>1

Combining this with (BB.7), we have

1 0) 1-6; 0 Y 1-6; 0
(@ 1)-®(' ) N+ ("7 )
1Nj>1 j>1 j>1
1 0 1—9,; 0
B ealan)
1(, 1(0 1—5,,]) §< 0 1+ 6 (e —1)

(0 10t -)) =@ ),

This implies Z = Tre~ ') = [Lis(1+ e~ "), and hence

Ue—dT(H) g+

<
|

'

\Y

]

\Y

Il
E S

]

<
I\

\%

I
E |

]

<
I\

log Z = log Tre™ 4T(H) — Zlog(l + e M) = Trlog(1 + e~ 1), (BB.9)
i>1

showing that (1) holds. Furthermore, denoting Z; = 1 4+ e~", we can now write

, 1 /1 0
UT U _®Z¢<0 e_hi>’

i>1

so using (BB.8), we conclude that Foa;ak = 0 whenever j # k. Also applying (BB.7),
we calculate

1 /1-6; 0
{uj, D) = Tr(Doalag) = o TT(@ 7 < 0 i h))
i>1 7 ¢
e he

T 1te O

showing (2). Now noting that 1 — F(()l) = %, we calculate

Tr dD(H)To = Tr HT(Y + Tr TV log TV — Tr (M 10g T

= TYI‘(()I) (log et +log ) — TYF(()I) log I‘(()l)

1+ef

=TT log (1 - T§") = Tr 1§V 10g TV,
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so using (BB.9),

o dI(H)
TrTglogl'y = TrI'glog —
= TrT§) 1og TV — Tr T 1og (1 — T{V) + Trlog (1 — TV)
= Tr(T 10g TV + (1 = T(M) 1og (1 = T(MY),

=—Tr dI'(H)T'o — log Z

which is (8). Finally, to obtain (4), we simply use that I'g minimizes the grand
canonical energy functional, so if I' is any other state with the same 1-body reduced

density matrix I(t) = Fél), we have

TrTlogT = Eqo(T) — Tr HTW > £.0(Ty) — Tr HT(Y = Tr Ty log T.
O

Proposition BB.2. For any grand canonical fermionic state T’ € Sqe with Tr T =
Tr NT < oo, we have the bound

TrrTlog D > Tryy (T log I + (1 — TW) log(1 — T M)).

Proof. The basic idea of the proof is to use I'D to construct a quasi-free state
(on a possibly smaller Hilbert space) with entropy equal to the right hans side
above, and then apply Proposition BB.1. By the spectral theorem we can write
['=>"51A1¥;)(¥;], where (¥;) is an orthonormal basis of the Fock space F,(H),
and the eigenvalues \; satisfy 0 < A\; < 1 and ) A =1 Similarly, since the one
body density matrix also satisfies 0 < T() < 1, we can write I'") = > j>1 Hilei) (il
with 0 < pj < 1and 37, p; = TrT'™W, and with (p;) being a basis of the Hilbert
space H. We will construct a quasi-free state whose one particle density matrix has
spectrum {p; | 0 < pj < 1}, so we order the eigenvalues p; such that pu; = 1 for
1<) <k

Fixing for the moment a jo < k and recalling the notation a; = a(yp;), a; =
a’(¢;), we have by definition of T'") that

ZA \Ilja ]Oajo > Tr(raj'oajo) = <(pj07]~_‘(1)‘10j0> =1,
j>1

so since TrI' = 1, we must have (V;,a ;fajo‘lf ) = 1 for all j such that \; # 0,
implying for these j that ¥; = a}OaJO\I/]. Thus, using the canonical anticommu-
tation 1r(?}ations7 we can write U; = aJ{ . -azak---al\llj = aJ{ . ~azlffj, where the
vectors W; := a---a1¥; are orthonormal and can be regarded as vectors in the
smaller Fock space JF,((span(g1,...,¢r))") generated by the orthogonal comple-
ment of v1,..., Vg.
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On the other hand, supposing that p;, = 0, then we obtain as above

Z)‘ \Ijjv ]Oajo > Tl"(ra ajo) <90j071_‘(1)§0j0>:0a
7>1

implying that aj, ¥; = 0, and hence also ajo\fl = 0 for all j with A; # 0. This means
that \Il does not see any of the kernel of TV, so if we define the smaller Hilbert
space 7—[ (span(ep1, . .., ¢r) Uker TM)E C H, and a state

D= A 0,)(0,]

A; 70

on the Fock space ]-"a(’l:z), then I' has the same entropy as I', and the one-body
density matrix of I' is by construction

T = 3" pjl0;) (w5,

0<p;<1

At this point, we can define a self-adjoint operator H on H by

Z log

O<p;<1

log Isoj><sog|

Then by Proposition BB.1 the quasi-free state on fa(ﬁ) generated by H has the
same one body density matrix as I', and we conlude that

Trllogl = TrTlogT > Tr(TW logTM + (1 — TW) log(1 — TM))
= Tr(TW1log I + (1 — W) log(1 — T'V)),

finishing the proof. O

BB.1.2 The grand canonical thermodynamic limit

Definition BB.3 (n-regularity). A subset A C R is said to have n-regular bound-
ary if there exists a 9 > 0 such that for all ¢ € [0,ty) we have

[{z € RY | d(x,00) < [AJa1}] < |Aln(®),
where 7 : [0,%9) — Ry is a continuous function with 7(0) = 0.

Proposition BB.4. Let A, C R? be a sequence of bounded, connected domains with
|An| — o0, and suppose furthermore that A, has n-regular boundary, where 1 is
independent of n. Denoting by

1 n_
ebo(Ap, p) = 3 Trlog(1 + e A=At “))
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the corresponding grand canonical free energy at chemical potential u, then we have
for any u € R in the thermodynamic limit

. 1 1 _B(p2—
fac(B,p) == lim me'gc(/\mﬂ) = 2B Jpa log(1+e s ”)) dp

n—o0

independently of the sequence (A,,).

Proof. The proof is done using Dirichlet-Neumann bracketing. For the duration of
the proof we will for any set A C R? denote by —A% the Dirichlet Laplacian on A,
and by —Aﬁ the Neumann Laplacian on A. Decompose R? into a union of cubes C;
of side length ¢ > 0. To provide an upper bound on egc (Ay, 1) we will approximate
A,, from the inside by a union of cubes and consider the Dirichlet Laplacian on each
cube. For the corresponsing lower bound, we will instead approximate A,, from the
outside and use the Neumann Laplacian. Recall (e.g. from [5, Sec. XIII.15]) that for
any A D A we have

and if A; and As are disjoint open sets, then —Agl/LKIAQ = —Agl/N P AD/N
Define
U ¢ica
CJgAn

to be the union of all the cubes C; completely contained in A,, and note that
if x € C; NA, is any point, with C; intersecting the boundary of A, (that is,
C; N AS # 0), then d(x,0A,) < diam C; = v/dl. Thus, using the n-regularity of A,,

we estimate

Anl =[Anl = > 1Ci N AL > M| = [{ ] d(z,0A,) < VdL}]
CiNAG#D

> [Au|(1 = n(Val|A,| 1)), (BB.10)

so |Ay, | is comparable to |A,| in the n — oo limit, for any fixed ¢ > 0. Note also
that A, consists of exactly K, = |A,|/ |C;| cubes. Since the eigenvalues of -Ap €
are explicitly determined (e.g. using formula (114) in [5]) by the numbers 7> >n? for
n € N¢, we have for each cube

~Trlog(L+ ¢80 #) = 37 —log(1+ 0",
ne(fN)d

where, since t — — log(1+e~7") is increasing, the sum can be recognised as an upper
Riemann sum for the integral —log (1 + e_ﬁ(pQ_“)) on the set {p € R?|p; > §}.
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Hence we obtain by operator monotonicity of the function t — — log(1 4 e=#%),

1 4 1 5 K,
—€ac(MAn, 1) < ——ecc(An, 1) = 14 e B8 N
‘An|€GC( ,/.,L)_ ‘An‘eGC( Mu‘) ‘A ’,8 ( +e )
¢ 2
B L e Py gy
> | n’ﬂ-dﬁ pz% Og( +e ) p

Since K, 0% = |A,| ~ |Ay|, we can take first n — oo while keeping ¢ fixed, and then
take ¢ — oo to obtain on the right hand side

1 2
log(1+e —B*-m)) q - log(1 + e~ P =) qp,
d5/>0 g ) P (2m)2B Jpa g( ) b

which concludes the proof of the upper bound.
For the lower bound we instead define

A= |J G2,
CjﬁAn#Q)

a union of K,, = |A,|/|C}| cubes of side length ¢ > 0. Exactly as before, we have by
the n-regularity

Anl < [Anl+ >0 1G5 NAS] < M| + [{ ] d(z, 0A,) < Vde}]
ijAn;A(Z)

< M| (1 + n(Val|An|9)), (BB.11)

SO Kn is again a good approximation of A,. The eigenvalues of the Neumann Lapla-
cian in a cube are the same as for the Dirichlet Laplacian, except that they are
indexed by n € Ng instead of N%. Thus we have in the same way as before

~Triog(1+ ¢ PN ) = S log(1 4 M0 ),
nE(%No)d

so this time recognising the right hand side as a lower Riemann sum for the integral
of —log (1 + e_ﬁ(pQ_”)) on the set {p € R%|p; > —% ,

1L s 1 (A
— Ap,p) > —— An,p) =
‘An|€GC( ) ‘An‘ ( /,L)

K 0
|An’ Wdﬁ pi>—

B(-Ay 1)
|A ’ﬂTrlog(l—i-e )

log(l + efﬁ(pl”)) dp.

Y

=

First taking n — oo followed by £ — oo finishes the proof. O
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BB.2 The canonical model

Let H be a self-adjoint operator on a separable Hilbert space H, and consider the
operator

acting on HY = /\N ‘H. The N-particle fermionic free energy functional at inverse
temperature 8 > 0 is defined by

1
g8 (D) :=Tr HyD + 5 TrTlog T

on the set of N-body fermionic states
SN ={Pe&(HY)|0<T <1,TxT =1}.
As in the grand canonical case, the minimal free energy is

€can(IN) := inf (TrHyI'4+ = TrT'logl') = —=log Tre 7N,
can(IV) FeSéVan( N 3 g ) 3 g

where the infimum is achieved uniquely when I' is the Gibbs state

Iy := ie*ﬁHN, (BB.12)
ZN

where Zy = Tre PHN is the partition function, ensuring that TrT'y = 1. Since
any canonical state I' is automatically also a grand canonical state on the Fock
space F,(H), we can define the k-particle reduced density matrices as in (BB.5).
However, we can also define the k-particle density matrix using partial traces k) .=
N!
—k

=R Tri+1-n5 [, or, by duality, as the unique operator INQNS &1 (H") satisfying

|
Tr AD®) — (NN_W Tr(A® 1y_p)T

for all bounded operators A € B(HF).

BB.2.1 Anti-symmetrization of states

In the following, we recall the anti-symmetrization of two canonical fermionic states
living in orthogonal subspaces of the same Hilbert space, as well as some useful
properties. Let H be a separable Hilbert space. Using the permutation operators P,
defined in (BB.3), we define the projection IT : @ H — A" H onto the fermionic
subspace by

1= % Z sgn(o)Py.

) ogeSN
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Let N = Ny + Ny and ¥; € /\Ni H for + = 1,2, and recall the anti-symmetrization

of the two wave functions ¥ and Wy

(N 1+ Ng)!
N- 1!N2!

We want to carry this anti-symmetrization procedure over to general fermionic states.

Beginning with pure states, notice that
Ni!INo!

(N1 + Na)!

Based on this we make the following definition.

1
\Ill/\\IIQ:( )21'[(\111@\1/2).

H‘\II1®\I/2> <\I/1®\I/2|H: ’\Ifl/\\I/2> <\I/1/\\I/2’. (BBl?))

Definition BB.5. For i € {1,2}, let N; > 1 and I'; be a fermionic state on A" H.
We define the anti-symmetrization of the two states to be
(Nl —+ Ng)'

R AT

H(Fl ® FQ)H. (BB.14)

We may write I'y = ), pg V%) (x| with ¢y, € /\N1 ‘H being an orthonormal basis
of AMH, and similarly 'y = 3, A; ;) (¢;]. Then by (BB.13) it follows that

D1 ATy = s [ A oj) (ke Ayl (BB.15)
k7j

Generally, I'y A I'y need not be a state, in the sense that TrI'y AT's = 1 does not
necessarily hold (because ¢; A 1, may not be normalized). However, when I'y and
I'y live on different (orthogonal) subspaces of the Hilbert space H, then I'; A T’y is
a fermionic N7 + Nao-body state, as the following lemma demonstrates, among other
things.

Lemma BB.6 (One- and two-body densities). For i € {1,2}, let N; > 1 and
Q; orthogonal projections on H satisfying Q1Q2 = 0. Let I'; be a fermionic state on
/\Ni QiH. Then the one-body reduced density matrixz of I'y AT’y is

Ty ATy)M =1 4 1l (BB.16)

In particular, T'y A Lo is a state on /\N1+N2 H. Moreover, for any W € B(H ANH)
such that [W,Q; ® Q4] =0 fori,j € {1,2} we have

W (T AT = Tew (T 418 + 1V o) + 1V @ 1V). (BB.17)

Proof. Because of (BB.15), it is enough to show (BB.16) and (BB.17) for pure states
[ = |¥;)(¥;]. Suppose that A € B(H) and denote N = N1+ Ny and Ay = AQ1n_1.
By definition of the anti-symmetrization I'y A I's we have

Tr ATy ATy = (Uy AWg, A1y A W)

1
= NNV > sen(o7)(Pr(¥y © y), A1 Pr(T1 @ Uy)), (BB.18)
’ T o reESN
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where, since Pi P, = 0, each term

(Pr(V1 @ W), A1 P (V1 @ Uy))
= (P(QF™M ® QY™ (1 @ W), A1 PH(QF™ @ QF™?) (¥ ® )

can be non-zero only if o and 7 satisfy the conditions

7({1,...N1})
T({N1+1,...,N})

o({1,...,Ni1})U{1},

-
Co({Ny+1,...,N}) U1},

which are equivalent to 7({1,...N1}) = o({1,...,N1}). With o fixed, there are
exactly N1!Ns! permutations 7 satisfying this. If 7 is one of these, we can write 7 = o6&
for a unique permutation & with 5({1,...,N1}) = {1,..., N1} and sgn(5) = sgn(o7).
Then by anti-symmetry we have P,V @ Wy = P,P;V; ® Uy = sgn(d) P,V ® Vs,
so continuing from (BB.18),

1
Tr AT ATy = N Z (Pr(¥1 ®@ W3), A1 P, (V1 ® Ug)).

ceSN
Now, if for instance o=1(1) € {1,..., N1}, then

(Pr(U) @ U9), A1 Py (U1 @ Wa)) = (Pp(W1 ® U), Py Ay—1(1)(¥1 ® ¥y))
= (U, A1 01) = Tr ATy,

and similarly if c=1(1) € {N; +1,..., N}, so finally we have

Tr Ay (Ty AT9)Y = Z (Pr(V1 @ W3), A1 P, (U1 @ Uy))

cESN

= Ny Tr ATy + Ny Tr ATy = Tr AT + e 4,70,

1
(N - 1)

Consider now an interaction W € B(HAH) with [W,Q;®Q;] = 0 for i,j € {1,2}.
Expanding as in (BB.18), we have

1

TI'WLQFl /\FQ = W

Z sgn(o7)( Py (U1 @ Wa), Wi 2P (U1 @ Uy)),

o, TESN

where W12 = W @ 1 y_3. Since W commutes with the projections @Q; ® @, the per-
mutations o and 7 must satisfy the same condition 7({1,...N1}) = o({1,..., N1 })
as before, in order for the corresponding term in the sum above to be non-zero. Now,
if for instance o~1(1),071(2) € {1,..., N1}, then

1
Sgn(UT)<Pa(‘I’1 @ WUy), Wi oPr (¥ @ ‘112)> = m Tr WF%Q).
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Similiarly, if c=(1) € {1,..., N1} and 0=(2) € {N7 + 1,..., N}, we have

1
sgn(o7) (P (W1 © Wy), Wy o Py (U @ Wy)) = o T WV oM,

Hence, collecting terms and counting permutations, we conclude
T W AT9)? = N(N — 1) Tr Wi ol AT,
—Trw (P +18 4V o 4TV @ ).
O

The two following corollaries are used without reference in the proof of Proposi-
tion B.9 in Paper B.

Corollary BB.7. In particular, if H = L*(R%) we have

p(p?AFQ (z,y) = p(pgf(af, y) + p(p? (z,y) + p(pll) (x)p(pl,j (y) + p(p12) (@)pt) (y).

Corollary BB.8 (Additivity of entropy and kinetic energy). Denoting by
Hyn = sz\il —A} the N-body Laplacian on A (with Dirichlet boundary conditions),
and let I'; be an N;-body fermionic state on A;, i = 1,2, where A = A1 U As is a
disjoint union. Then the anti-symmetrization of I'1 and 'y satisfies

TI"(F1 A Fg) log(F1 AN FQ) =TrI'1logl'y + TrI's log 'y, (BB19)

and
Tr HA,N1+N2F1 ANT9 =Tr HAI,Nll“l + Tr HA2’N2F2. (BB.QO)

Proof. Using (BB.15) along with the spectral theorem it is obvious that (BB.19)
holds, and (BB.20) follows directly from (BB.16). O

BB.2.2 The canonical thermodynamic limit

Given an open, connected subset A C R, we denote by —A” the Dirichlet Laplacian
on L?(A), and

N

§ A
HA,N = _Az )

=1

acting on the Hilbert space # = A" L2(A). In this subsection, the existence of the
thermodynamic limit of the canonical free energy is proved for general sequences of
domains (Ay) with [Axy| — oo and N/|Anx| — p for any density p > 0. Recall the
notion of n-regularity from Definition BB.3.
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Theorem BB.9. Let p,3 > 0 and Ay C R? a sequence of bounded, connected
sets such that |[An| — oo and N/|An| — p as N tends to infinity, and suppose
furthermore that Ay has n-regular boundary, where n is independent of N. Then the
thermodynamic limit

1
fean (B, p) := lim —egan(AN,N) = lim — log Tre PHany (BB.21)

N-oo [Ay] N—oo  |AN|B
exists, and is independent of the sequence (An).

Remark BB.10 (Periodic boundary conditions). With the existence of the
thermodynamic limit established for the Dirichlet Laplacian, it is not difficult to
generalize to the Laplacian on cubes with periodic boundary conditions. Denoting
by egz’f,er(A(L),N) the free energy for the periodic Laplacian in a cube A(L) =
(—L/2,L/2)¢, it is clear that

eZPT(A(L), N) < b, (A(L), N),

since any state on A(L) satisfying Dirichlet boundary conditions also automatically
satisfies periodic boundary conditions.

On the other hand, following steps 1 and 2 in the proof of Proposition B.9 in
Paper B (but neglecting correlations) yields for any £ > 0 an N-body Dirichlet trial
state T' on A(L + 0) satisfying

N

1
Tr(—AMEAT 4 5 TrTlogD < €SP (A(L), N) + Ch

for some constant C' > 0. Taking 1 < ¢ < L, we conclude that the thermodynamic
limit with periodic boundary conditions is the same as with Dirichlet conditions,

lim ieﬁ;}i’f“(A(L), N) = foan(B, p).

To prove Theorem BB.9, we follow ideas from [2, 4] based on sub-additivity of
the canonical free energy. The existence will be proved first for a special sequence of
cubes, and afterwards it will be generalized to arbitrary sequences of domains. We
start out by making some introductory observations on the free energy

Lemma BB.11 (Basic properties of the free energy). We have the following
basic properties of the canonical free energy:

(1) The free energy is monotone in the sense that
Bun(A1, N) > €5, (Ao, N
€Can( 1 ) - €Can( 25 )

whenever A1 C Asg.
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(2) Suppose that A1 and Ao are disjoint subsets of R?, B > 0, and Ny, Ny are
positive integers. Then the free energy is sub-additive in the sense that

el (M1 U Ay, Ny + No) < el (A, Ny) + €l (Ag, Ny).

(8) Finally, for any p >0 and p € R we can bound the free energy from below by

1 1 2
liminf ——e5, (An,N)>————— [ log(1+e P¥*~1)q :
}\I}Ii}glé |AN|eCan( N )— (27T)dﬁ Rd Og( +6 ) p—f—/j,p
N‘AN| —p

Proof. (1). This is trivial since any N-particle state on the domain A; is also an
N-particle state on As.

(2). Denote by I'y and T'y the Gibbs states on A; and Ag, respectively, and
consider the anti-symmetrization I' := 'y A 'y, which is a suitable trial state on
A := A1 UAs. Since both the kinetic energy and the entropy behave additively under
anti-symmetrization by Corollary BB.8, we obtain with N := Ny 4+ No,

1
egan<A7N> S TrHAJVF—i_ BTI‘F]OgF

1 1
= TrHAl’NlI‘l + B TrTlogT'y + TI'HA%N2F2 + B TrTslog Ty
= €0un(A1, N1) + €2, (A2, Na).

(8). Since any N-particle fermionic state is automatically also a state on anti-
symmetric Fock space, we can always bound the canonical free energy from below
by the grand canonical energy. More precisely, for any u € R

1
el (A,N) = inf (TrHpynT+ =TrTlogTl)
FGSIC\I&D /6

N
1
— inf <Tr (—A} — )T + =T'log r) +uN
Fesgan =1 ’B

Z egC(A> ,U) + ”Na

so utilizing the thermodynamic limit of the grand canonical free energy Proposi-
tion BB.4,

1 1 )

liminf ——e2 (An,N)>——— [ log(1+e PP ~1)q .

im in ‘AN|ecan( N, N) > @15 e og(1+e )dp + pp
N|AN|[T!=p

O]

Lemma BB.12. If A is a disjoint union of k identical cubes, then for any N > k,

we have the upper bound
]\[14*g
(A N) < Ca -~ (BB.22)
a
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Proof. We prove first that the bound holds for any single cube and then generalize
to unions of cubes. Suppose that A = (0, L)?. We will construct a trial state for the
variational problem by splitting A into at least N smaller cubes and placing a single
particle in N of these cubes. Defining ¢ = L[Nﬂ_l, we can split A into exactly
(Le—1)d = (N%]d > N smaller cubes of side length £. Let u € C°°((0,1)%) be any
L?-normalized function on the unit cube satisfying Dirichlet boundary conditions,
and define for n € Z¢ a function vl (z) = ngu(%) on the cube A, := (0,£)% + nt.
By choosing N different indices ni,...,ny € Z% with A, € A, we can define a
normalized N-body wave function by

\Il:zuﬁl/\---/\ufw

on the union of cubes |J; A,,;, and extend it by zero to the rest of A. Since V is a
pure state, and using the additivity of kinetic energy Corollary BB.8, we calculate

Elun(A, N) < (U, H\NT) = N/oe d]Vug(x)\de

1+ 4
N Vu@)tde < 2 / Vu(e)? d,
2 (0,1)¢ L? (0,1)4
showing that (BB.22) holds when A is just a single cube.
Suppose now that A = Uf 1 A; is a union of cubes. Since N > k, we can write
N = Nik + ri, where N, > 1 and 0 < e < k. Then we can define integers
N; € {Ng, Ni + 1} such that N = N; 4 - -- + Nj, and because |A| = k|A;|, we have

N; (Nk—i-l)k < 2N

< < =
Al kAl Al
Thus, using sub-additivity,
~1+%
B AT N;
eCan (A N < Z eCan (3] N ) S Z Cd 2
=1 i=1 |Al|d
ON\3 o Nt
<> CaNi(T) " = 28—,
Z Al |A|3
concluding the proof. O

We now prove Theorem BB.9 in the case of a special sequence of cubes.

Proposition BB.13. Let p, 8 > 0 and consider the sequence of cubes A, with side
lengths L, = 2"p~Y/%. Then the limit

— 1 1 B dn
fCan(/va) T nll_?go T%€Carl(An52 )

exists.
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Proof. The idea is simply to argue that the sequence on the right hand side above
is decreasing and bounded from below. Dividing A,, into 2¢ smaller cubes of side
length %Ln = L,_1, and putting 24(n=1) particles in each of these cubes, we obtain
by sub-additivity and translation invariance

1 1 _
fegan(An7 2dn) S ﬁQdegan (ATL*17 2d(n 1))
n n
1 _
= LTelgan (ATL—17 2d(n 1)) *

n—1

Noting that L%egan(An, 29"} is bounded from below by Lemma BB.11 finishes the
proof. ! O

Proof of Theorem BB.9.. Fix B,p > 0 along with a positive integer n € N, and
suppose that we have a sequence of domains (Ay) as in the theorem. Split R? into a
union of cubes Cj}, all of side length /,, = 2np=1/dAn upper bound to e'gan(AN, N)
will be given by approximating Ay from the inside using the cubes C}, and a lower
bound will be obtained by approximating from the outside, see Fig. BB.1. Let us
consider the upper bound first.

We define as in the proof of Proposition BB.4

Ay = U C; C An,
Ci;CAN

and recall that by regularity we have the estimate (BB.10), that is,
~ 1
[An| > [AN|(1 = n(Vdly|Ax| 7)),

Note that Ay consists of exactly Ky = \KN\/]CH cubes, and that N/ Ky — 29" as
N — oco. Fix now any 0 < £ < 1 and put 2% particles each in Ky — |[eKy] of the
cubes in Ay. Place the N := N — (K — |eKx|)2% remaining particles in the union
AN = U|cky Cj of the last [eKn] cubes, and note thatﬁ > |eKn] for N large
enough (so that we can apply Lemma BB.12), and that N/N — e. We obtain by
monotonicity and sub-additivity of the free energy

egan(A]\h N) < egan (KN7 N)

Av] AN
B dn B e N
e an 072 € an(A 7N
< (Kny — |eKnN]) - (Azjv\ ) + = ‘A]i[v| )
[A| = LKw)IC)l edun(Cs. 2 - N
= A ] G5l IAN|(leKn]|Cil)E

where the last inequality uses the upper bound in Lemma BB.11. First taking N to
infinity yields

lim sup

1
TR oo (A N) < (1= €)1 e€un(C5,2) + cwap! 4,
N—o0 |AN|

|C]
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so afterwards taking e — 0 and n — oo using Proposition BB.13, we conclude the

upper bound
1

lim sup egan(AN,N) < fean(B, p)-

Nooo |AN|

Figure BB.1: Strategy for proving lower and upper bounds on the free energy. On the left, for
the lower bound, a set Ax approximated from the inside by a union of cubes. On the right, for the
upper bound, Ay is placed in a large cube and approximated from the outside by smaller cubes.

For the lower bound, the general idea is the same, but Ay will instead be ap-
proximated from the outside by a union of cubes, that is, we now define

Av=|J C2Ax
CjﬂANaéQ)

as in the proof of Proposition BB.4. Again we have the estimate (BB.11), i.e.
e _1
[An| < [AN](1+ n(Vdl, | Ax|77)).

By the connectedness and n-regularity of Ay, it follows from [2, Lemma 1| that the
volume of the smallest cube containing Ay is of order |Ay|. By possibly translating
and enlarging this cube a little, we can choose a cube C}; containing KN such that
fv is a union of a number of the smaller cubes C; for some ky > n, and such that

for some a > 2,
2|An| < |Cy| < alAn]. (BB.23)

Then C’}V has volume 27k~ p~ ! for some ky > n, and C}V \ A ~ is a union of exactly

Ky = |CJ|VCYTN | cubes. We will now put N particles in KN and approximately 29"
J

particles in each of the cubes in C \ 1~XN, such that there are exactly 27N particles
in C; in total. More precisely, we again fix 0 < ¢ < 1 and place 247 particles each
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in Ky — [eKpy] of the cubes of C\ \ /N\N, and N :=2dkv — N — (Kn — |eKn])24"
particles in the union A%, of the remaining |eKy | cubes of Cly \ Ay.

Before we proceed, let us argue that this number N is at least |eKy | when N
is large enough (so that Lemma BB.12 is applicable). To see this, note by definition
of Kn and (BB.23) that

En2" = |Cy \ Anlp > [An]p,
and since N/ \K ~| — p, we have for any § > 0 and N large enough that
N —|Anlp < 8|An|p < 6K 29"
Thus, using that
2%V — N — Ky2™ = |Clp— N — |Ciy \ Ax|p = [An|p — N,
we easily obtain
N = [An|p— N + |eKn |29 > [e Ky |27 — 6K N2,

which is greater than |eK | if we choose § < g(1 — 279").
Now, as before, we obtain by sub-additivity

€Cun (Cliy, 2%) < € (A, N)
+ (K = [eKn])ecan (05, 27) + (AR, N). (BB.24)
We have by definition of K

O \ An| €0,.(C;,297)
|AN| (e

KN — LE,‘KNJ
|An|

€an(C3,2™) = (1 —¢) +o(1)

so using that egan(Cfv, 20kN) > £ (B, p) |C'y| (which follows from the proof of Propo-
sition BB.13) and continuing from (BB.24), we obtain

egan(AN)N) > |CJ,\7‘
An| AN

B e N

_ 6Can(/\N’]\[)

fCan(ﬂ?p) |AN|

B (1 N 5) |C§V \ AN| €gan<Cj, an)
[AN| (e

Ay _ elm(AR V)

- |AN’fCan(/B7p) |AN|

3\ Al L dha(cy 2

Let us estimate the second term above. Since

e Ky |24n
leEnj2™

|CJ,V\KN|P [Anlp
— e < LA L,
N 0(1) 9 —|—0(1) [Sye’ N +O(1),

N_
N N
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and

Al _ LN lICH | Al (G e
N N - N N p
we have by the upper bound in Lemma BB.12 that
~ ~i.2
(A%, N) N'*td 142 14

lim sup < lim sup wy > < ewga Tdp i
N—oo |Aln N—oo  |AN||AS]4

|C7\A |

s is bounded, we obtain for some constant ¢ € R that

Hence, because

(AN, N
hmlnf 6Can( N> )

> _ 1+2 142
N—soo |AN| - fCan(/BJ p) E'LUda p

egan (C]7 2dn) )

"'I_C(fCan(ﬁ?p)_(]‘_E) |C]‘

Finally, taking n — oo and € — 0 yields the desired bound, finishing the proof. O
Lemma BB.14 (Properties of fc..). Let 8 > 0.

(1) fean(B, -) is continuous at p = 0, with fc..(5,0) = 0.

(2) fean(B, -) is convex (and hence also continuous) in p € Ry.

(8) Fiz a domain Ag C R? and consider sequences of the type Ay = LnAo,
where (Ly) is a sequence of positive numbers. Then the convergence in the
thermodynamic limit (BB.21) for fixred Ay is locally uniform in the density

i N
p=lmy_ Zayk
Proof. (1). We will argue both that the thermodynamic limit is

1
lim  ——eb. (Ay,N) =0,
N—r00 |ANW
N|Ay|~1=0
and that lim, o fe..(8, p) = 0. Because of the lower bound on the free energy from
Lemma BB.11, we have for any u € R and non-negative p that

B

. . e (AN’fV) 1 _ 2

liminf —Ceni A - log(1 + e AP =M ¢

Moo Anl 2 @ng e ) dp+ pup

N|AN|_1~>p
1 2

> _ —BP*—1n) q — —_(CrePr i
= T 2n)ip Rde P+ pup ge™" + up

Hence, for p = 0, we simply take 4 — —oo to obtain

8
liming  Cem@AN.N)

N—o0 |AN| B
N|AN|71—>0
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On the other hand, choosing p = %logp in the case p > 0, we have

1
fea(B,p) > —Cap + Bplogp LaiNi)

Taking the thermodynamic limit along a sequence of cubes, the two corresponding
upper bounds follow from the upper bound on the free energy in Lemma BB.12.

(2). Let p1,p2 > 0and 0 < t < 1 be arbitrary, and put p = tp;+(1—t)p2. Suppose
further that Ay is a sequence of boxes such that the assumptions of Theorem BB.9
are satisfied. Cut each box into two smaller boxes Ag\l,) and Ag\?) such that ]Ag\lf)\ =
t|Ax| and [AY| = (1 — £)|Ax|. Putting respectively Ny = |¢{Ay]|p1]| and Ny :=
|(1 —1t)|An|p2] in each box we have that Ni|A§\if)| — pi as N tends to infinity, so by
sub-additivity,

. 1
fCan(B?p) = hm 7e€an(AN7N)

N—o0 ’AN’
. 1 2)
S hm t eﬁan(A(l)? Nl) + (1 - t) eﬁan(A( 7N2)
Ve A AR

= tfoum(Bs p1) + (1 — 1) foan (B, p2),

showing convexity.

(8). The uniform convergence in p for this particular type of sequences follows
from a simple change of variables along with an elementary fact. Given a p > 0 we
denote A, = (%)%Ao and by changing variables,

1 p BN AN
Cou(p N) 1= me&nmp,m = —yglogTre e
P

= —NL log Tr 6_5 Zfil _(%)%A?O'

This means with py 1= 2 =

Ay % that we can write
N

1
= lim ——eb, (Ay,N) = lim e N).
fCan (B? ,0) Ngnoo |AN| eCan( N> ) Ngnoo eCan(pN7 )

We can now to conclude that the convergence is locally uniform in p by applying the

following elementary fact, which is easily shown by contradiction:

e Suppose that X is any locally compact metric space, and let (g,,) be a sequence
of functions on X with values in a metric space Y. If there exists a continuous
function g on X satisfying that g, (x,) — g(x) for any convergent sequence x,
in X with limit point z, then g, converges to g locally uniformly on X.

O]
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Proposition BB.15 (Equivalence of ensembles). Let 5,p > 0 be any positive
numbers and define p(p) to be the unique solution to the equation

0 1 1
p= @fGC(BnU'(p)) = (27[-)d /]R‘i 1 + B2 —u(p) dp. (BB'25)

Then we have

. N
fCan(/Bap) = hm 6€C(AN7M(p))+IU’(p)7
N-r00 |AN|
N|AN|"1=p
1 2
- __ - log (1 4+ e B@*—1P)Y q ] BB.2
@175 Jes og(1l+e ) dp + u(p)p (BB.26)
Proof. Because of Lemma BB.11 we only need to give an upper bound on fe..(5, p).
For this I will follow the idea of [6], using the fact that fc..(8, -) is its own double
Legendre transform due to convexity. Thus we introduce the Legendre transform of
fCan(Bv : )7
feaw(Bsp) == sup (up — fean(B,p)),  peER (BB.27)

0<p<o0o

If we can bound the grand canonical free energy from below using this function, i.e.
if
. 1 X
foo(B,p) = lim —ele(AN, 1) > = f5..(B, 1), (BB.28)
—oo |[AN|

then we have the following series of inequalities, using the already established lower
bound on fe..(5,p),

fean(B,0) = sup(fac(B, 1) + pp) > sup(pp — fEn (B, 1) = foan (B, p)-
JUSN nER

From this we conclude that (BB.26) holds when p satisfies the equation

0 1 1
p = @fGC(ﬁnu’) - (27T)d /Rd 1 + eﬂ(pQ_M) dp

The rest of the proof is thus devoted to proving (BB.28). Since the thermody-
namic limit is independent of the sequence of domains, we can fix a sequence of the
form Ay = LyAg, where Ay C R? is some basis domain, and Ly is a sequence of

positive integers with — p. Recall that the grand canonical free energy is

_N
) L Aol
given by

egC(ANv N) = _; log (Z Ty e_fB(HAN,n—un)> .
n>0

We will fix a number C' > 0 and estimate the terms with n < C|Ay| and n > C|Ay]
separately, starting with the low n terms.
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Because of the locally uniform convergence of Lemma BB.14, and by continuity
of the thermodynamic limit we can pick N large enough such that for n < C|Ay],
we have for some arbitrary € > 0,

1
—BlogTrefﬁHAN*” = eCan(An, 1) > |AN|(feun (B, n|AN|T) —€).

This means that

Z TI‘ e— HAN n un < Z 5‘AN‘ /J,’IlIAN| ! fCan(B n‘AN‘ 1)+5)
n<C|AN| n<C|AN|
< Z eBIANI(fEan (Bo1)+e)

n<C|AN|
< C|An PN (Bm)te), (BB.29)

For the terms with n > C|Ay/|, we will take advantage of the fact that the kinetic
energy grows faster than n, by the Lieb-Thirring inequality:
i}
HAN, r > CLT 2
[An|

for any n-particle fermionic state I'. Using this, we get the estimate

1 1
_B log Tr e BPHANn — rnFin(Tr Hppynl' + 3 TrT'log F)
1 +3
> =Cur " d2 — —logTr e_gHANv”,
2 7 Ayl B

where, by choosing N large enough, we can bound the last term by

2H, | N

——logTre ——(fec(B/2,21) — €) + un.

B

Thus, since fqc is negative, we obtain for n > C|Ay]|,

"> §e€é2<AN, 2p) + pn >

Tr e—BHaxm < g=Bumg—5 (Cran® 3 [Ax|" 3 +|AN | (Fac(8/2.2m) —))
< o=Bun—En(CinCE+C (fac(8/2,20) <))
Hence, choosing C' sufficiently large (independently on N) to make the exponents

above as negative as we want, the contribution from the terms with n > C|Ay| can
be bounded by, say,

Z Tre PHANn—11) < Z

n>C|AN| n>C’\AN|
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which becomes small when N tends to infinity. Combining with (BB.29), we conclude
for large N that

1 1 .
——edo(An, 1) > — log(C|A | IUan B +e) 4 (1))
[AN] BIAN]
log(ClAN|)
=—— 1 — Jeau(Bipu) —e+o(1).
5|AN’ c (B, 1) (1)
Since ¢ is arbitrary, taking N to infinity shows that (BB.28) holds, finishing the
proof. -

Finally, combining Remark BB.10, Lemma BB.14, and Proposition BB.15 we
immediately obtain the following result, which (up to a rescaling) is used in the
proof of Proposition B.9 (the construction of trial states for the upper energy bound
in Paper B):

Proposition BB.16. Let 3, p > 0, and denote for L > 0 the cube A(L) = (—%, %)d.
Then, locally uniformly in the density p, the thermodynamic limit for cubes with
periodic boundary conditions is

1 2
] B.per A - _ log(1 4+ e BE*—1P)) q
A gl (MD).N) =~ | los(L+e ) dp -+ u(p)p,

where ((p) is the unique solution to the equation (BB.25).
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