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THE CONNES-HIGSON CONSTRUCTION IS AN ISOMORPHISM
VLADIMIR MANUILOV AND KLAUS THOMSEN

ABSTRACT. Let A and B be separable C*-algebras, B stable. We show that the
Connes-Higson construction gives rise to an isomorphism between the group of
unitary equivalence classes of extensions of SA by B, modulo the extensions which

are asymptotically split, and the homotopy classes of asymptotic homomorphisms
from S2A to B.

1. INTRODUCTION

The fundamental homotopy functors on the category of separable C*-algebras are
all based on extensions - either a priori or a posteriori . So also the E-theory of
Connes and Higson; in the words of the founders: 'La E-theorie est ainsi le quotient
par homotopie de la théorie des extensions’, c¢f. [CH]. The connection between the
asymptotic homomorphisms which feature explicitly in the definition of E-theory,
and C*-extensions, appears as a fundamental construction which associates an as-
ymptotic homomorphism SA — B to a given extension of A by B. While it is easy
to see that the homotopy class of the asymptotic homomorphism only depends on
the homotopy class of the extension it is not so easy to decide if the converse is also
true; if the extensions must be homotopic when the asymptotic homomorphisms
which they give rise to via the Connes-Higson construction are. A part of the main
result in the present paper asserts that this is the case when A is a suspension and
B is stable. Rather unexpectedly it turned out that the methods we developed for
this were also able to characterize E-theory as the quotient of all extensions of SA
by B by an algebraic relation which is very similar to the algebraic relation which
has been considered on the set of extensions since the way-breaking work of Brown,
Douglas and Fillmore, [BDF]. Recall that in the BDF-approach two C*-extensions
are identified when they become unitarily equivalent after addition by extensions
which are split, meaning that the quotient map admits a x-homomorphism as a
right-inverse. In the algebraic relation, on the set of all C*-extensions of SA by B,
which we will show gives rise to E-theory, two extensions are identified when they
become unitarily equivalent after addition by extensions which are asymptotically
split, where we call an extension

p

0 B E A 0

asymptotically split when there is an asymptotic homomorphism m = (7¢)scp1,00) :
A — FE such that pom, = id, for all £. We emphasize that with this algebraic
relation all extensions of SA by B admit an inverse. In contrast, Kirchberg has
shown, [Ki], that there are C*-algebras A (e.g. A = C}(SLy(Z))) for which the
unitary equivalence classes of SA by I, modulo the split extensions, do not form
a group. Since our results show that the algebraic relation we have just described
is the same as homotopy, our main result can also be considered as a result on
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2 VLADIMIR MANUILOV AND KLAUS THOMSEN

homotopy invariance and it is therefore noteworthy that the proof is self-contained,
and in particular does not depend on the homotopy invariance results of Kasparov.

Since there is also an equivariant version of E-theory, [GHT], which is being used
in connection with the Baum-Connes conjecture, we formulate and prove our results
in the equivariant case. With the present technology this does not require much
additional work, but since some of the material which we shall build on does not
explicitly consider the equivariant setting, notably [DL| and [H-LT], there are a few
places where we leave the reader to check that the results from these sources can be
adapted to the equivariant case.

2. AN ALTERNATIVE TO THE BDF EXTENSION GROUP

Let G be a locally compact, o-compact group, and let A and B be separable G-
algebras, i.e. separable C*-algebras with a pointwise norm-continuous action of G
by automorphisms. Assume also that B is weakly stable, i.e. that B is equivariantly
isomorphic to B ® K where IC denotes the compact operators of [, with the trivial
G-action. Let M(B) denote the multiplier algebra of B, Q(B) = M(B)/B the
corresponding corona algebra and ¢z : M(B) — Q(B) the quotient map. Then G
acts by automorphisms on both M (B) and Q(B)'. It follows from [Th1] that we
can identify the set of equivariant *-homomorphisms, Homg (A, Q(B)), from A to
Q(B) with the set of G-extensions of A by B. Two G-extensions ¢,1 : A — Q(B)
are unitarily equivalent when there is a unitary w € M(B) such that ¢p(w) €
(Q(B) is G-invariant and Adgp(w) o ¢ = 1. Since B is weakly stable the set of
unitary equivalence classes of extensions of A by B form a semi-group; the addition
is obtained by choosing two G-invariant isometries Vi, Vo € M(B) such that V; V" +
VoVyt = 1 and setting o @& ¢ = gp(Vi)pgs(V1)" + qs(Va)bgp(V2)*. A G-extension
¢ : A — Q(B) will be called asymptotically split when there is an asymptotic
homomorphism 7 = {m}icp00) : A = M(B) such that gg o m = ¢ for all ¢.
All asymptotic homomorphisms we consider in this paper will be assumed to be
equivariant in the sense that lim; , ¢g-m(a) —m(g-a) =0 for alla € A and g € G.
As in [MT2] we say that a G-extension ¢ : A — Q(B) is semi-invertible when there
is a G-extension ¢ € Homg (A, Q(B)) such that p®vy : A — Q(B) is asymptotically
split. Two semi-invertible extensions, ¢, 1, are called stably unitary equivalent when
they become unitarily equivalent after addition by asymptotically split extensions,
i.e. when there is an asymptotically split extension A such that ¢ & A is unitarily
equivalent to ¢ @ A. This is an equivalence relation on the subset of semi-invertible
extensions in Homg (A, Q(B)) and the corresponding equivalence classes form an
abelian group which we denote by Ext™"/ 2(A, B). For any locally compact space
X we consider Cy(X) ® A as a G-algebra with the trivial G-action on the tensor
factor Co(X). When X = ]0,1] we denote Cj]0,1]® A by cone(A). Similarly, we set
SA=Ch0,1)® A.

Lemma 2.1. Let A : cone(A) — Q(B) be a G-extension. It follows that there is an
asymptotic homomorphism T = (T¢)en 00) : cOne(A) — My(M(B)) such that

M, (B) © Tt = ()‘o)

for all t € [1,00).

IThese actions are not pointwise normcontinuous in general.
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Proof. The proof is based on an idea of Voiculescu, cf. [V]. Let p : cone(A) — M (B)
be a continuous, self-adjoint and homogeneous lift of A such that ||u(x)|| < 2||=|| for
all z € cone(A). p exists by the Bartle-Graves selection theorem, cf. [L]. Define ¢ :
cone(A) — cone(A) such that ¢s(f)(t) = f((1 — s)t),s € [0,1]. Choose continuous
functions f; : [1,00) — [0,1],: =10,1,2,---, such that

1) fo(t) =0 for all ¢t € [1, 00),
2) fn < fug for all n,
3) for each n € N, there is an m,, € N such that f;(t) = 1 for all i > m,,, and

allt € [1,n +1],
Let Fy C Fy, C F5 C - be an increasing sequence of finite subsets with dense union

in cone(A). Write G = J,, K, where K; C K, C K3 C - -+ is a sequence of compact
subsets of G such that G = |J,, K,,. For each n, choose m,, € N as in 3). We may
assume that m,; > m,. By Lemma 1.4 of [K]| we can choose elements

Xp > X[ > Xz

in B such that 0 < X} <1 for all « and X* =0 for ¢ > m,,, and
) XpX7, = X7, forall 4,
2) | X —bl| < L foralli=0,1,2,---,m, —1,and all b € S,
3) | Xy —yXP| < & for all ¢ and all y € L,
) lg- XP— X! <1, g€ K,, forall i,
5) [ X7'(g - wla) — u(g - a)) — (g ula) — u(g - a))|| < 5, g € Knya € Fy, for all
i=0,1,2,---,my, — 1,

where L, and S, are the compact sets L, = {u(ps(a)) : s €[0,1], a € F,,} and

Sn = {plps(a)) + 1(ps (b)) — plps(a+b)) : a,b e F,, s €[0,1]}
U {M(@s(ab)) - M(%(a))ﬂ(%(b)) Loa, be an s € [07 1]} :

Y

Since we choose the X'’s recursively we can arrange that X' X7 = X7 for all k
and all i < m, ;. By connecting first X2 to X' via the straight line between
them, then X to X]"™! via a straight line, then X7 to X;*! etc., we obtain norm-
continuous pathes, X(¢,i),t € [n,n + 1],5 = 0,1,2,3,---, in B such X(n,i) =
X", X(n+1,i) = X" for all i and

a) X(t,i)X(t,i+1)=X(t,i+1), t € [n,n+ 1], for all 7,

b) [|X(¢,0)b—b|| <+ foralli=0,1,2,--- ,m,—1, t € [n,n+1]and allb € S,

) [|X(t,9)y —yX(t,4)] <+ foralli,all t € [n,n+1] and all y € Ly,

d) ||g X(tal) o X(tal)H < %79 € Knat € [nan+ 1]7 for all i,

e) |X(t,i)(g- pla) = plg-a)) = (g-pla) —plg-a)| < L, g€ Kn,a€ F,te
n,n+1], forall i =0,1,--- ,m, — 1.

In addition, X (¢,i) = 0,i > my41,t € [n,n + 1]. Let [o(B) denote the Hilbert

B-module of sequences (by, by, bs,---) in B such that Y .2, bib; converges in norm.

Writing an element (b1, ba, bs, - --) € I2(B) as the sum > ° be; we define a repre-

sentation V' of G on ly(B) such that V,(3 .2, bie;) = > .ooy(g - b;)e;. Then G acts

by automorphisms on L(ly(B)) ( = the adjoinable operators on ly(B)) such that
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g-m=VymVy1. Set

V1-X(0) /X(0)—X(t,1) VX(1)—X(¢2)
n=| 8 : | evwm.

Then P, = T}T; is a projection in L(ly(B)) since T;T} clearly is. Note that P; is
tri-diagonal because of condition a) above, and that the entries of P, are all in B,

with the notable exception of the 1 x 1-entry which is equal to 1 modulo B. We
define 0, : cone(A) — L(ly(B)) by

5t(a)(z bie;) = Z 1) (a))bie.

Set m¢(a) = Pyd¢(a)P; for a € cone(A) and t € [1,00). We assert that 7 = (m;)eq1,00)
is an asymptotic homomorphism. Since the family of maps a — m;(a),t € [1,00), is
an equicontinuous family of self-adjoint and homogeneous maps, it suffices to take
an n and elements a,b € F,,, g € K,,, and check that

thm Pt(St(a)Pt(St(b)Pt - Pt(st(ab)Pt = 0,

thm Ptét(a + b)Pt - Pt&t(a)Pt - Pt6t(b)Pt = 07
—00

and
tll)l’g Pt5t(g . G)Pt —g- (Pt(st(a)Pt) =0.

The first two limits are zero by 4), b) and c¢), the third by d) and e). For each
a,t, Po(a)P, = diag(p(a),0,0,---) modulo K(l5(B)) ( = the ideal of ’compact’
operators on ly(B)). Since B is weakly stable there is an equivariant isomorphism
l5(B) ~ B @® B of Hilbert B-modules which leaves the first coordinate invariant. We
can therefore transfer 7 to an asymptotic homomorphism 7 = (7;)c[1,00) : cOne(A) —
L(B @ B) = My(M(B)) with the stated property.

UJ

Two G-extensions ¢, 1) € Homg (A, Q(B)) are strongly homotopic when there is a
path ®;, € Homg(A, Q(B)),t € [0, 1], such that ®y = ¢, ®; = ¢ and t — P(a) is
continuous for all a € A.

Theorem 2.2. Let ¢ : A — Q(B) be a G-extension which is strongly homotopic

to 0 in Homg (A, Q(B)). It follows that there is an asymptotic homomorphism m =
(T¢)tef,o0) : A = My(M(B)) such that

dmMmy(B) © Tt = ((po)
for all t € [1,00).

Proof. Since ¢ is strongly homotopic to 0 there is an equivariant x-homomorphism
p: A — cone(D), where D C Q(B) is a separable G-algebra containing ¢(A), and
an equivariant x-homomorphism A : cone(D) — Q(B) such that ¢ = Ao u. Apply
Lemma 2.1 to . 0]

Corollary 2.3. Every G-extension ¢ : SA — Q(B) is semi-invertible.
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Proof. Let oo € Aut SA be the automorphism of SA given by a(f)(t) = f(1 —1).
It is wellknown that ¢ @ ¢ o « is strongly homotopic to 0. Hence ¢ @ p o @ 0 is
asymptotically split by Theorem 2.2. O

Because of Corollary 2.3 we drop the superscript —1/2 and write Ext(SA, B)
instead of Ext /%(SA, B).

Lemma 2.4. Let ¢,1): SA — Q(B) be two G-extensions which are strongly homo-
topic. It follows that ¢ and v are stably unitarily equivalent.

Proof. This follows straightforwardly from Theorem 2.2 and Corollary 2.3. U

Set IB = C0,1] ® B and let ¢, : IB — B denote evaluation at ¢t € [0, 1] and
note that e, defines a equivariant *-homomorphisms M (/B) — M (B) and Q(IB) —
Q(B) which we again denote by e;. Two G-extensions ¢, € Homg(A, Q(B)) are
homotopic when there is a G-extension ® € Homg (A, Q(IB)) such that ego ® = ¢
and e; o ® = 1. As in [MT2] we denote the set of homotopy classes of G-extensions
by Ext(A, B);. In general this is merely an abelian semigroup, but Ext(SA, B)y, is
a group.

The Connes-Higson construction associates to any G-extension ¢ € Homg(A, Q(B))
an asymptotic homomorphism CH(yp) : SA — B in the following way, cf. [CH],
(GHT]: By use of Lemma 1.4 of [K| or Lemma 5.3 of [GHT] there is a norm-
continuous path {u}en1,00) Of elements in B such that 0 < u, < 1 for all ¢,
limy_yo0 ||ugh — b]| = 0 for all b € B, limy_, o [|ugm — muy|| = 0 for all m € g5 (0(A))
and limy o ||g - uy — wy|| = 0 for all ¢ € G. From these data CH(yp) is deter-
mined up to asymptotic equality as the equicontinuous? asymptotic homomorphism
CH(p) : SA — B which satisfies that

lim CH(p)i(f ®a) — fu)z =0, @ € q5'(p(a)),

forall f € Cy(0,1)and alla € A. Let [[SA, B]] denote the abelian group of homotopy
classes of asymptotic homomorphisms, SA — B, cf. [CH], [GHT]. The Connes-
Higson construction defines in the obvious way a semi-group homomorphism C'H :
Ext(A, B), — [[SA, B]]. Since there is a canonical (semi-group) homomorphism
Ext™"/?(A, B) — Ext(A, B), we may also consider the Connes-Higson construction
as a homomorphism CH : Ext Y?(A,B) — [[SA, B]]. Notice that Ext(SA, B)
and Ext(SA, B);, are both abelian groups and the canonical map Ext(SA, B) —
Ext(SA, B), is a surjective group homomorphism by Corollary 2.3.

3. ON EQUIVALENCE OF ASYMPTOTIC HOMOMORPHISMS

Lemma 3.1. Let A and B be separable G-algebras, B weakly stable. Let ¢ =
(©1)tcfio0) : A = B be an asymptotic homomorphism which is homotopic to 0. It
follows that there is an asymptotic homomorphism v = (V)icnio0) : A = B and a
norm-continuous path {Witien ) of G-invariant unitaries in M (My(B)) such that

i (%(a) mm)) = Wi () Wi =0

t—o00

for all a € A.

2Equicontinuity of an asymptotic homomorphism 7 = (Tt)tel1,00) : A = B means that A x G >
(a,g) — g-m(a),t € [1,00), is an equicontinuous family of maps.
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Proof. Let ® = (®;)icr1,00) : A = IB be an asymptotic homomorphism such that
epo®i(a) = 0,e10P(a) = ¢y(a) for all t € [1,00),a € A. We may assume that both
¢ and ® are equicontinuous, cf. Proposition 2.4 of [Th2]. Let F; C F, C F3 C ---
be a sequence of finite subsets with dense union in A. For each n there is §,, > 0
with the property that

1
lex o ®4(a) — ey 0 Bo(a)|| <

when | — y| < d,,t € [1,n],a € F,. Choose then a sequence of functions fy :
[1700) — [07 1] such that fl(t) = 17 fk Z fk+17 |fk(t) - fk+1(t)| < 671,7 l e [1,%]
for all k,n and such that fi|n,) = 0 for all but finitely many k’s for all n. Set
A (a) = e,y 0 ®y(a) for all a € A,n € N,t € [1,00). Note that [|Ai(a) — A\i (a)]| <
%,a € F,, t €[1,n], for all i and n. Then

pi(a) = diag(gi(a), A, (a), X (a), A (a),---) € K(la(B))
and
dy(a) = diag(0, Ay (a), A (a), \)(a),--+) € K(la(B))

define asymptotic homomorphisms p,d : A — K(l3(B)). By connecting appropriate
permutation unitaries, acting on l3(B) by permutations of B-coordinates, we get a
norm-continuous path of G-invariant unitaries {S;}scn,00) € L(l2(B)) such that

Sidi(a) Sy = diag(; (a), N (a), A (a), -+ -)

for all a,t. Then lim;_, p(a) —Sp0:(a)S; = 0 for all @ € A. Since B is weakly stable
there is an isomorphism [y(B) — B @ B of Hilbert B, G-algebras which fixes the
first coordinate. Applying this isomorphism in the obvious way and remembering
the identifications K(B & B) = My(B) and (B @& B) = M (M,(B)) gives the result.

l

Theorem 3.2. Let A and B be separable G-algebras, B weakly stable. Assume that
[[A, B]] is a group. Let ¢ = (01)icio0)y ¥ = (Vi)iepi0) = A — B be asymptotic
homomorphisms which are homotopic. It follows that there is an asymptotic ho-
momorphism A = (A)wen ) : A = B and a norm-continuous path {Witien ) of
G-invariant unitaries in M (My(B)) such that

: (a) ¥i(a) *
lim <<Pt /\t(a)> - Wt < ! /\t(a)> Wt =0

t—o00

for all a € A.

Proof. This follows straightforwardly from Lemma 3.1.
OJ

Lemma 3.3. Let B be a weakly stable G-algebra and Dy a separable G-subalgebra
of Cy([1,00), B). Let V € M(B) be a G-invariant isometry. There is then a weakly
stable G-subalgebra D of Cy([1,00), B) such that VD UV*D U Dy C D.

Proof. Since B is weakly stable we can write B = B ® K with G acting trivially
on the tensor-factor . We embed K into M(B ® K) via z +— 1p @ z. Let {f,} C
Cy([1,00), B® K) be a dense sequence in Dy. For each n € N there is a function
gn € Cy([1,00), K) such that ||gnf, — fall < . Let Ey be the C*-algebra generated
by {g,}22,. Then Ey C Cy([1,00),K) C Cp([1,00), Bt ® K). Consider a positive
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element f € Eyp and an € > 0. Set V; =]j, 7 + 2[N[1,00[,j = 0,1,2,---. We can
then find a sequence py < p; < py < --- of projections in K such that

sup ||p; f(z)p; — f(z)]| <e
z€eVj

Let {h;} be a partition of unity in Cj[1, 00) subordinate to the cover {V;} and set
g(t) = 32720 hi(t)pif(t)pj. Then g € Cy([1,00),K), g > 0,]lg — f|| < e. For each
J we choose a partial isometry v; € K such that v;v] = pji2, vjv;pj42 = 0 and
vivjupor, = 0,k < j. Set h(t) = 3272 \/hj(t)v;. Then hh*g = g and h*hg = 0.
It follows that we can find a sequence Fypy = X; € Xy C X3 C --- of separable
C*-subalgebras of C,([1, 00), K) and for each n have a dense sequence {fi, f,-- -} in
the positive part of X,, and elements {v1,vs, - } in X,41 such that || fy — vjvrl] < &
and vjvgvpvy = 0 for all k. It follows then from Proposition 2.2 and Theorem 2.1
of [HR] that Ey = |J,, X, is a separable stable C*-subalgebra of Cy([1,00), K) such
that Egg C FEp. Note that Ey contains a sequence {r,} with the property that
lim, .o rpx = x for all x € Dy since Eyy does. By repeating this argument with
Dy substituted be the G-algebra D; generated by Dy UV Dy U V*Dy U EyDy, we
get a stable C*-subalgebra E; C C([1,00), K) which contains a sequence {r,} such
that lim,,_, 7,y = y for all y € D;. It is clear from the construction that we can
arrange that Ey C F;. We can therefore continue this procedure to obtain sequences
of separable GG-algebras,

Dy C Dy CDy CD3C -
in Cy([1,00), B® K), and
EyCE CE,CE3C---

in Cy([1,00),K) C Cp([1,00), Bt ® K) such that each E, is stable and contains a
sequence {ry} such that limy_,, rpx = z, € D, and such that D,, UV D, UV*D, U
E.D,, C Dy, forall n. Set E, =J,, B, and D = |J,, D,,. It follows from Corollary
4.1 of [HR] that E. is stable. By construction VD U V*D C D and E, D C D.
The last property ensures that D is an ideal in the G-algebra E generated by E
and D. There is therefore a x-homomorphism \ : E, — M (D). By construction
an approximate unit for F., is also an approximate unit for D so A extends to a
s-homomorphism A : M (Ey) — M (D) which is strictly continuous on the unit ball
of M(E). Since E is stable there is a sequence P;,i = 1,2,---, of orthogonal
and Murray-von Neumann equivalent projections in M (E,,) which sum to 1 in the
strict topology. Then @Q; = A(P;),i = 1,2,---, is a sequence of orthogonal and
Murray-von Neumann equivalent projections in M (D) which sum to 1 in the strict
topology. Since E, consists entirely of G-invariant elements it follows that all the
Q;’s are G-invariant. Consequently D ~ Q; D@, ® K as G-algebras, proving that D
is weakly stable.

O

Two asymptotic homomorphisms ¢ = (¥¢)e)1,00), ¥ = (Ve)tef1,00) : A = B will be
called equi-homotopic when there is a family ®* = (®))icp100) : A = B, A € [0,1],
of asymptotic homomorphisms such that the family of maps, [0,1] > A — ®}(a), t €
[1,00), is equicontinuous for each a € A.
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Theorem 3.4. Let A and B be separable G-algebras, B weakly stable. Let ¢ =
(‘Pt)te[l,oo),@/) = (1,[),5),56[1700) : SA — B be asymptotic homomorphisms. Then the
following are equivalent:

1) ¢ and ¢ are homotopic (i.e. [p] = [¢] in [[SA, B]]).

2) ¢ and ¢ are equi-homotopic.

3) There is an asymptotic homomorphism X = (A)icn) : SA — B and a
norm-continuous path {Wi}icn ooy of G-invariant unitaries in M(My(B))
such that

. tla ’l/)t a ko
lim ((p( : /\t(a)> - W ( ( )/\t(a)> Wi=20

t—o00

forall a € A.

Proof. The equivalence 1) < 3) follows from Theorem 3.2 and the implication 2)
= 1) is trivial, so we need only prove that 2) = 1). To this end, let [[SA, B]|
denote the set of equi-homotopy classes of asymptotic homomorphisms SA — B.
Choose G-invariant isometries Vi, Vo € M (B) such that ViV* + 15V, = 1 and define
a composition in [[SA, B]]¢ by

(o] + [0] = [(VigdVi" + Vathi V5 i 0] -

It follows from Lemma 3.3 that [[SA, B]]° is a group. It suffices therefore to show
that the natural map [[SA, B]|* — [[SA, B]] has trivial kernel. If ¢ is an asymptotic
homomorphism representing an element in the kernel we conclude from Lemma 3.1
that there is a norm-continuous path Wi, ¢t € [1,00), of G-invariant unitaries in
M,(M(B))) and an asymptotic homomorphism ¢ such that

) pi(a) W, 0'/)() —
(0, )~ () (4. ) () -

for all @ € SA. By a standard rotation argument we can remove the unitaries
(Wt Wt*) via an equi-homotopy and we see in this way that [¢] + [¢)] = [¢] in
[[SA, B]]°. Hence [¢] =0 in [[SA, B]]°.

O

Simple examples show that the implications 1) = 2) and 1) = 3) of Theorem 3.4
generally fail in [[A, B]].

4. THE MAIN RESULTS
Let A and B be separable C*-algebras. Set
M(B)g ={zr € M(B): G> g+ g- is norm-continuous}
and
Q(B)g ={r € Q(B): G > g~ g-z is norm-continuous}.
Then
0—=B—=M(B)¢ —= Q(B)c —=0 (4.1)

is a short exact sequence of G-algebras. (This is not trivial - the surjectivity of the
quotient map follows from Theorem 2.1 of [Th1].) We are going to construct a map
a: [[SAQ(B)g ® K]] — Ext(SA, B ® K),. The key to this is another variant of
the Voiculescu’s tri-diagonal projection trick from [V]. Let b be a strictly positive
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element of BRI, 0 < b < 1. A unit sequence in BQK is a sequence {u,}>>, C BQK
such that

0) there is a continuous function f,, : [0, 1] — [0, 1] which is zero in a neighbour-
hood of 0 and u,, = f,(b),
1) 0<u,<1foralln=0,1,2,3,---,
2) Upi1u, = uy, for all n,
3) lim, ,u,z =2, € BRK,
4) limy, oo ||g - un — uy|| =0, g € G.
Let {e;;}75-¢ be the matrix units acting on ly(B ® K) in the standard way.
Lemma 4.1. Let U = {u,} be a unit sequence in B ® K. Then

00
W/ Up€oo + E \V Uj — Uj—1€05
=1

converges in the strict topology to a partial isometry V in L(lo(B ® K)) such that
VV* = €00 -

PT’OOf. Let b = (bo,bl,bz, . ) = Z;)OO b'€i S lQ(B ® K) Then

||Z\/ —ujegi(D)|I” = | Z b/ — ug—1y/u; — wj—1bj]|

k,j=n
m m—1
= || Zb;(uk — Uk—l)bk + Z bZ\/uk - Uk,1¢uk+1 — Ukbk+1+
k=n k=n

m—1
Z b;::-l—l\/ulﬁ»l - Uk\/uk - kalbk“
k=n

1> bibxl

k=n-+1

m m—1
<ID brbill 24 |1 bibell
k=n k=n

proving that Y 7%, \/uj — w;_1eq;(b) converges in lr(B ® K). And

10 vy = ujrea) (0)]1° = | Zb* — uj-1)bol],

i=n

proving that also (377, \/u; — uj_1e9;)* (b) converges in ly(B @ K). It follows that

00
V= \/Up€op + E \V Uj — Uj—1€pj
i=1

exist as a strict limit in L(ly(B ® K)). It it then straightforward to check that
Vv* = €00- O

Let P, = V*V and note that Py is tri-diagonal with respect to the matrix units
{e;;}. Fix now a continuous and homogeneous section y for the map ¢p ® idg :
M(B)g®K — Q(B)s® K. Consider an equicontinuous asymptotic homomorphism
© = (P)enoo) t A= Q(B)e @ K. Let Fy C F, C F3 C --- be a sequence of finite
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sets with dense union in A and K; C Ky C K3 C --- a sequence of compact subsets
in G such that |J, K,, = G. It is easy to see that there is a unit sequence {u,} in
B ® K with the following properties :

5) lunx(ee(a)) — x(pe(a))unll < 5, a € Fy,t € [1,n+1],

6) (1 — un) (x(2(ab)) — x(we(a))x(2:(B))I] < ller(ab) — (@) (B)| + 7 t
1,n+1], a,b € F,,

7) {|(1 = un) (x(pr(a+0)) = x(pi(a)) = x (2 (D) < [l@r(a+b) =i (a) — (D) +
L tel,n+1],a,b € F,,

8) (1 =un)(g-x(ee(@) =x(welg-a))I < llg-pi(a) —eilg-a)|+5, t € [L,n],a €
F,, ge K,.

Let {¢, }nen be a discretization of ¢, cf. Lemma 5.1 of [MT1], such that
9) t, <nforallneN.

Set
= Py( ZX e, (@))ejs) P -

Then ¢ : A — L(lx(B®K)) is an equlvarlant «-homomorphism modulo K(ly (B®K)).
By identifying L(lx(B ® K)) with M(B ® K), K(l;(B ® K)) with B ® K and the
quotient L(ly(B ® K))/K(l2(B ® K)) with Q(B ® K), we can consider ¢ as a map
©:A— M(B® K) with the property that ¢gpgx 0 ¢ € Homg(A, Q(B ® K)).

Lemma 4.2. The class of qpgx 0 @ in Ext(A, B® K)y, is independent of the choice
of unit sequence, subject to the conditions 0)-8), and of the chosen discretization,
subject to condition 9), and depends only on the class [¢] of ¢ in [[A, Q(B)¢ ® K]].

Proof. Let {v,} be another unit sequence satisfying 0)-8). There is then a unit
sequence {w,} in B® K such that w,v, = v,, wyu, = u, for all n. Connect ugy to wy
by a straight line, then u; to w; by a straight line, etc. This gives a path {w, }iejo 1
of unit sequences. For each ¢t € [0, 1] we get then a map p, : A — M(B ® K) such
that gper o € Homg(A, Q(BRK)) and [¢perx © o] = [¢gBsrc 0 @] in Ext(A, B&K).
Let 0 : A — M(B ® K) be the map obtained from ¢ as ¢ was, but by using {w,}
instead of {u,}. Then lim; ,; y;(a) = d(a) in the strict topology for all a € A, and

im i (a) 1 (5) = pab) = D(a)2(5) = (ab)
i+ D) = () = M) = 8+ b) = 3(a) = A9(0),
fim ") = ()" = 8(a") = ()

hrn,ut(g a) —g-m(a) =6(g-a)—g-da)

in norm for alla,b € A, A € C,g € G. Hence [¢perod] = [¢paxop] in Ext(A, BRK),.
The same argument with the unit sequence {u,} replaced by {v,} shows that the
class of [gpgr 0 @] in Ext(A, B ® K)j, is independent of the choice of unit sequence.
Once this is established it is clear that a homotopy of asymptotic homomorphisms
A — Q(B)c®K gives rise, by an appropriate choice of unit sequence, to a homotopy
which shows that [gpgi 0 @] € Ext(A, B® K);, only depends on the homotopy class
of . That [gpgi o @] is also independent of the discretization and only depends on
the homotopy class of ¢ follows in the same way as in Lemma 5.3 and Lemma 5.4
of [MT1].

O
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It follows that we have the desired map « : [[A,Q(B)g ® K]] — Ext(A4, B ® K),,
which is easily seen to be a semi-group homomorphism.

Lemma 4.3. Let ¢ : SA — Q(B) ® K be an equivariant x-homomorphism which
we consider as a (constant) asymptotic homomorphism. Let X be a compact subset
with dense span in SA and choose a unit sequence U = {u,} in B ® K such that

[Vt — un—1x(p(a)) = x(¢(a))Vtin — thp_t]| <277 (4.2)
forall a € X and

> g vug —uiy = Juy = u|]* < oo (4.3)
j=1

forall g € G. Then [qpgi o @] = [top] in Ext(SA, BRK), where 1 : Q(B)g @ K —
Q(B ® K)¢ is the natural embedding.

Proof. ¢ has the form

P(a) = PM(Z x(p(a))ej;) Pu -

Let V € L(l;(B®K)) be the partial isometry defining Py, and note that g-V —V €
K(ly(B® K)) for all g € G because of (4.3). Thus

S B T
I L T (0
is a unitary in My (L(lx(B ® K))) which is G-invariant modulo M (K(ly (B ® K)))
and satisfies that

V.oo1=VVY\ (F 0 Ve 1=V (g O
1—-vv  —v- J\o oJ\i—vi= —v )= \o o)

wo(a) = (Vuox(w(a))y/uo + Z uj — uj_1x(p(a))y/uj — uj_1)eg-

where

Thanks to (4.2) the have that

oo

Z Vuj — uj—ix(pa))y/uj —uj—1 — (uj — uj—1)x(p(a))]| < oo

for all @ € X. Since Y77%, (u; — u;—1)x(p(a)) + uox(p(a)) = x(¢(a)) (with conver-
gence in the strict topology) we find that ¢y(a) = x(p(a))eyp modulo K(ly (B ® K))
for all @ € X, and hence in fact for all @ € SA. This proves the lemma.

0

Since A is separable, [[SA, X®K]] = lim [[SA, D®K]] for any G-algebra X, when
we take the limit over all separable G-subalgebras D of X. It follows from [DL] that
the suspension map S : [[SA, X ® K]] — [[S?A, SX @ K]] is an isomorphism.? Hence

3Dadarlat and Loring did not consider the equivariant theory in [DL], but it is easy to check
that their arguments carry over unchanged.
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[[SA,— ® K]] is a homotopy invariant and half-exact functor on the category of
G-algebras (and not only separable G-algebras). There is therefore a map
0:[[SA,SQ(B)e ® K]] = [[SA, B® K]]
arising as the boundary map coming from the extension (4.1), cf. e.g. [GHT]. Well-
known arguments from the K-theory of C*-algebras, cf. [Bl], show that [[SA, SM(B)s®
K]l = [[SA, M(B)s ® K]] = 0, so the six-terms exact sequence obtained by applying
[[SA,— ® K]] to (4.1) shows that O is an isomorphism. For any G-algebra D we
let s : D — D ® K be the stabilising *-homomorphism given by s(d) = d ® e for
some minimal projection e € K. Since B is weakly stable there is an equivariant
k-homomorphism 7 : B®Q K — B such that sovy, : BQK — B® K is equivariantly
homotopic to idpgik. Let v : Q(B ® K)g — Q(B)g the *-isomorphism induced by
70-
Lemma 4.4. The composition of the maps

(524, B ® K] -2~ [[524, SQ(B)¢ ® K]

S [[SA,Q(B)¢ ® K]] ——~ Ext(SA, B® K), <1 [[$24, B ® k]|
15 the identity.

Proof. We are going to use Theorem 2.3 of [H-LT].* Let = = s.([idsp]) € [[SB, SB®
K]], where [idsp] € [[SB, SB]] is the element represented by the identity map of SB
and s : SB — SB ® K is the stabilising x-homomorphism. By Theorem 2.3 of
[H-LT] it suffices to identify the image of = under the Bott-periodicity isomorphism
[[SB,SB ® K]| ~ [[S?B, B ® K]| and show that the image of that element is not
changed under the map we are trying to prove is always the identity. This is what
we do. Under the isomorphism [[SB,SB ® K| ~ [[S?B, B ® K]], coming from
Bott-periodicity, the image of = is represented by the asymptotic homomorphism
S?B — B ® K arising by applying the Connes-Higson construction to the Toeplits
extension tensored with B :

0—=BK—T,®B SB 0. (4.4)

In other words, if ¢ : SB — Q(B ® K) is the Busby invariant of (4.4) the image of
z in [[S?B, B@K]] is [CH(p)]. For each separable G-subalgebra D C Q(B)g we let
vp : D — Q(B)¢ denote the inclusion. Then the boundary map 0 : [[S?B, SQ(B)q®
K]l = [[S*B, B ® K]| is given by

2(z) = liL'r)n[C’H(LD) ® idx] e z,

where o denote the composition product in E-theory. Hence 0~'[CH(y)] is the
element 2z € [[S?B, SQ(B) ® K]] with the property that

lim[C'H (1p) ® idk] & z = [CH(¢p)]

for all large enough D. Let ¢ : Q(B)g ® K — Q(B ® K)¢ be the natural embedding.
By the naturality of the Connes-Higson construction,

[CH(1p) ®idx] @ S([soyop]) =[CH(1osoyop)]

4The equivariant theory was not explicitly considered in [H-LT], but all arguments carry over
unchanged.
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for all separable G-subalgebras D C Q(B)s which contains v o p(SB). Since s o v,
is equivariantly homotopic to the identity map, we have that

[CH(tosoyop)] = (sov)[CH(p)] = [CH(p)],

so we conclude that 0~'{CH(p)] = S([soy o ¢]). Hence a0 S~ o 07 [CH(p)] =
[Losoyop] by Lemma 4.3. Thus the image of [CH(y)] in [[S?B, B ® K]] under
the composite map is CH[to soy o0 @] = (s07)CH(¢)] = [CH(p)]. The proof is
complete. O

Lemma 4.5. Let A € Ext(SA,B® K). Then ¢ = so~yo X\ is an equivariant *-
homomorphism ¢ : SA — Q(B)a®K such that afp] = s.ov.[A] in Ext(SA, BRK),
and such that [p] = 0 in [[SA, Q(B)e ® K]| implies that [\] = 0 in Ext(SA, B® K).

Proof. If [¢] = 0 in [[SA, Q(B)s ® K], there is a path u®, s € [0, 1], of asymptotic
homomorphisms SA — Q(B)g®K such that u° = ¢ and pu' = 0 and a unit sequence
U = {u,} in B® K such that

gBxK © /Is, s € [07 1]7 (45)

connects ¢pei © @ to 0. By Theorem 3.4 we may assume that y is an equi-homotopy
and it is then easy to see that (4.5) is a strong homotopy. By Lemma 2.4 we
conclude from this that [gpex © @] = 0 in Ext(SA, B® K). But [¢gpex © @] = [¢] in
Ext(SA, B® K) by Lemma 4.3. Hence af[p] = s, o 74[A] in Ext(SA, B® K); and
[p] =0 = s, 0v[\ =0 in Ext(SA, B® K). To complete the proof it suffices to
show that s, 07, : Ext(SA, B®K) — Ext(SA, B®K) is injective. However, v is an
equivariant x-homomorphism and therefore v, is an isomorphism. The injectivity of
s« » Ext(SA, B) — Ext(SA, B® K) follows from the weak stability of B : There is
a G-invariant isometry V' € M (B ® K) such that = — V*s(z)V is an equivariant
s-automorphism B ® K — B ® K and s(z) = AdV(V*s(z)V). Since AdV induces
the identity map on Ext(SA, B® K) we see that s, : Ext(SA, B) — Ext(SA, B®K)
is an isomorphism.

0
Lemma 4.6. The map CH : Ext(SA, B) — [[S?A, B]] is injective.

Proof. Consider an extension A € Ext(SA, B® K) and assume that [CH(\)] = 0 in
[[S?A, B ® K]]. With the notation from Lemma 4.5 we find that

CHoalp]=CH[soyo A = s, 07 [CH(A)] =0.
But then Lemma 4.4 implies that [p] = 0 in [[SA, Q(B)¢ ® K]]. By Lemma 4.5 this

yields the conclusion that [A] = 0 in Ext(SA, B®K). Thus CH : Ext(SA, BQK) —
[[S?2A, B ® K]] is injective. But B is weakly stable so the result follows. O

The surjectivity of CH : Ext(SA, B) — [[S?A, B]] follows from Lemma 4.4. Fur-
thermore, it follows from Lemma 4.6 that « is well-defined as amap « : [[SA, Q(B)a®
K]] — Ext(SA, B® K) and then Lemma 4.4 tells us that

CH'=aoStoo™
Another description of CH~! can be obtained from [MT2]. The crucial construction
for this is the map E which was considered in [MT1] and [MT2], inspired by [MM]
and [MN]. However, in [MT1] and [MT2] we only defined E as a map into homotopy

classes of extensions, so to see that the E-construction can also invert the CH-map
of Lemma 4.6 we must show that it is well-defined as a map from homotopy classes
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of asymptotic homomorphisms to stable unitary equivalence classes of extensions.
Let us therefore review the construction.

Given an equicontinuous asymptotic homomorphism ¢ = {¢;}iefi,00) : A = B we
choose a discretization {¢y, }ien such that lim; o t; = co and lim;_, SUDtet: ti1] |l (a)—
@, (a)]] =0 for all @ € A. Since G is o-compact (and ¢ equicontinuous) we can also
arrange that

lim sup sup|lg-e(a) —@i(g-a)|| =0

1290 et tiy1] gEK
for all @ € A and all compact subsets K C . To define from such a discretization
amap ® : A = L(I2(Z) ® B) we introduce the standard matrix units e;;,7,j € Z,
which act on the Hilbert B-module [3(Z) ® B in the obvious way. Then

®(a) = > ¢ula)e;
i>1

defines a map ® : A — L(l5(Z) ® B). As in the proof of Lemma 2.1 we can define
a representation of G on [5(Z) ® B and in this way obtain a representation of G as
automorphisms of L(l5(Z) ® B). Since B is weakly stable we can identify B with
K(l3(Z) ® B)), the B-compact operators in L(l3(Z) ® B). Observe that @ is then
an equivariant *-homomorphism modulo B. Furthermore, ®(a) commutes modulo
B with the two-sided shift T' = ZjeZ e;j+1 which is G-invariant. So we get in this
way a GG-extension

E(p): A= Q(B) =L(2(2) ® B)/K(l2(Z) ® B)
such that
E(p)(f ®a) = f(L)®(a)
for all f € C(T),a € A. Here and in the following we denote by S the image in
Q(B) =1L(l5(Z) ® B)/K(l3(Z) ® B) of an element S € L(l5(Z) ® B).

Lemma 4.7. E(p) is a semi-invertible G-extension, and up to stable unitary equiv-
alence it does not depend on the chosen discretization of .

Proof. Consider another discretization (¢, )ien of ¢ and define ¥ : A — L(I5(Z)®B)
by
‘I’(a) = Z 9057141(@)62'2"
i<0
There is then a G-extension —E(p) : C(T) ® A — L(I5(Z) ® B)/K(l2(Z) ® B) such
that —E(¢)(f ® a) = f(T)¥(a). It suffices to show that —FE(p) ® E(p) is unitarily
equivalent to an asymptotically split G-extension. Define A : A — L(ly(Z) ® B)

such that
A(a) = Z thi(a)eii + Z Ps_iv1 (a)eii'

i>1 i<0
There is then a G-extension my : C(T) ® A — L(l5(Z) ® B)/K(l2(Z) ® B) such
that mo(f ® a) = f(T)A(a). —E(p) ® E(p) is clearly unitarily equivalent (via a
G-invariant unitary) to my @ 0, so it suffices to show that 7, is asymptotically split.
For each n we define A, : A — L(5(Z) ® B) by

Ay(a) =

Yoewl@en+ Y en(@en+ Y wn(@et Y eula)en

i>n 1<i<n {i<0: s_jy1<tn} {i<0: s_jy1>tn}
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Then {A,}nen is a discrete asymptotic homomorphism such that lim, . [|A,(a) —
Anii(a)]] = 0, lim, o0 ||g-An(a)—Apn(g-a)|]| = 0,9 € G, limy, o [|TAn(a)—Ay(a)T|| =
0 and A, (a) = A(a) modulo K(I(Z) ® B). By convex interpolation and an obvious
application of the C*-algebra

{f € Go([1,00), M(B)) = qp(f(t)) = qs(f(1)),1 € [1,00)}/Co([L, 0), B)

we get an asymptotic homomorphism (m;)e1,00) 1 C(T)® A — M(B) = L(l,(Z)® B)
such that my = qg o m; for all t.
0

Theorem 3.4 and Lemma 4.7 in combination show that there is group homo-
morphism E : [[SA, B]] — Ext(C(T) ® SA, B) such that E[p] = [E(y)] for any
equicontinuous asymptotic homomorphism ¢ : SA — B. By pulling extensions
back along the inclusion S?A C C(T) ® SA we can also consider E as a map
E :[[SA, B]] = Ext(S?4, B). Let x : SA — S*M,(A) be a *-homomorphism which
is invertible in KK-theory. By weak stability of B there is also an isomorphism
B [[S?A, B]] — [[S?Ms(A), B]]. Let £ : S* — K be the asymptotic homomorphism
which arises from the Connes-Higson construction applied to the Toeplits extension.
By changing x ’by a sign’ we may assume that the composite map

[pl (€0

1524, B] —2~ [[$2My(A), B]) 2 [150a,(4), B 2 (1524, BY]

is the identity. Consider the diagram

Ext(SA, B) <*— Ext(S*Ma(A), B) (4.6)
C’Hl bep lCH
(574, B) <5 [I5*My(4), B

The square commutes by the naturality of the Connes-Higson construction, and it
follows from Lemma 2.3 of [MT2] (or Lemma 5.5 of [MT1]) that (Sx)*cCHoFEof =
id. We conclude therefore that CH o y* o E o f = id. We have now obtained our
main results :

Theorem 4.8. Let A and B be separable G-algebras, B weakly stable. CH :
Ext(SA, B) — [[S*A, B]] is an isomorphism with inverse x* o E o 3.

Theorem 4.9. Let A and B be separable G-algebras, B weakly stable, and let o, :
SA — Q(B) be two G-extensions. The following conditions are equivalent :
1) [p] = [¢] in Ext(SA, B) (i.e. ¢ and ¢ are stably unitarily equivalent).
2) There is an asymptotically split G-extension A € Homg(SA, Q(B)) such that
© DB A\ s strongly homotopic to ¢ @ .
3) ¢ and v are homotopic.

Proof. 1) = 2) follows from Lemma 6.1 of [Thl]. 2) = 3) follows from the easily
established fact that an asymptotically split G-extension is homotopic to zero. 3)
= 1) follows from Theorem 4.8. O
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It is not so clear how much of these results survive when the quotient C*-algebra is
not a suspension. It may be that CH : Ext™"/%(A, B) — [[SA, B]] is an isomorphism,
but if one wants to be able to handle all extensions it is necessary to work with a
suspended C*-algebra as the quotient algebra. Indeed, the construction of Anderson,
[A], of the first separable C*-algebra for which the approach of [BDF] does not give
a group can easily be seen to give an extension of a separable C*-algebra A by K
which is not semi-invertible.

Remark 4.10. Our results combine nicely with the work of Kirchberg from [Ki] to
shed new light on the relation between E-theory and KK-theory. Recall that Connes
and Higson constructed a natural transformation KK (A, B) — E(A, B) which is
an isomorphism when A is nuclear. In [S] Skandalis demonstrated that the map can
fail to be injective by exhibiting a separable C*-algebra A for which F(A, A) = 0
while KK (A, A) # 0.

It follows from Theorem 4.8 that the natural transformation K K (A, B) — E(A, B)
of Connes and Higson can be identified with the obvious map Ext™'(S4, B® K) —
Ext(SA, B® K). Hence the examples of Kirchberg, [Ki], show that KK(A,C) —
E(A,C) can fail to be surjective. Specifically, let G' be a countable discrete and non-
amenable subgroup of a connected Lie-group. Kirchberg constructed in [Ki| an ex-
tension of SC*(G) by K which is not semi-split. This means that Ext ' (SC*(G), K) —
Ext(SC}(G), K) is not surjective and hence KK (C*(G),C) — E(C(G),C) is not
surjective. It follows therefore that the functor KK (C}(G),—) is not half-exact,
thus answering a question raised by Skandalis in [S].
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