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HIRZEBRUCH SURFACES AND ERROR-CORRECTING
CODES

JOHAN P. HANSEN

ABSTRACT. For any integral convex polytope in R? there is an
explicit construction of an error-correcting code of length (g — 1)?
over the finite field I, obtained by evaluation of rational functions
on a toric surface associated to the polytope. The dimension of the
code is equal to the number of integral points in the given polytope
and the minimum distance is estimated using the cohomology and
intersection theory of the underlying surfaces. In detail we will
treat Hirzebruch surfaces.
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1. TORIC CODES

Let M ~ Z* be a free Z-module of rank 2 over the integers Z. Let
O be an integral convex polytope in Mp = M @z R, i.e. a compact
convex polyhedron such that the vertices belong to M.

Let ¢ be a prime power and let ¢ € F, be a primitive element. For
any 1 such that 0 < ¢ < g—1 and any j such that 0 < 7 <g¢g—1, we
let P; = (£,87) € F,* x F,*. Let my,my be a Z-basis for M. For any
m = A\my + Aymg € M N O, we let e(m)(Py) = ()M (&),
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Definition 1.1. The toric code (g associated to O is the linear code
of length n = (¢ — 1)? generated by the vectors

{(e(m)(Fij))i=o,...q-15j=0,..q1 | € M N O} (1)

In [JPH] we presented a general method to obtain the dimension and
a lower bound for the minimal distance of a toric code. In particular
we obtained the following three results, where the second code is a

subcode of the Reed Muller code on P2

Theorem 1.2. Let d be a positive integer and let O be the polytope in
My with vertices (0,0),(d,d),(0,2d), see figure 1. Assume that 2d <
q—1. The toric code Cq has length equal to (¢q—1)? , dimension equal to
#(MNO) = (d+1)* ( the number of lattice points in O) and minimal
distance greater or equal to (q — 1)* — 2d(q — 1).

Theorem 1.3. Let d be a positive integer and let O be the polytope in
My with vertices (0,0),(d,0),(0,d), see figure 1. Assume that d < q—1.
The toric code Cq has length equal to (q — 1)* , dimension equal to
#(MNO) = W ( the number of lattice points in O) and minimal
distance greater or equal to (q—1)* — d(q—1).

Theorem 1.4. Let d, e be positive integers and let O be the polytope
in My with vertices (0,0),(d,0),(d,e),(0,¢), see figure 1. Assume that
d < g—1 and that e < g — 1. The toric code Cq has length equal
to (¢ — 1)* , dimension equal to #(M N0O) = (d + 1)(e + 1) ( the
number of lattice points in O) and minimal distance greater or equal to

(=1 =(dlg—1)+(g—1—=d)e)=(g—1—=d)(g—1—¢).

1.1. Codes from Hirzebruch toric surfaces. The polytopes we are
interested in are the polytopes with vertices (0,0),(d,0), (d, e+rd) and
(0,€) as shown in figure 2. We obtain the the following theorem.

Theorem 1.5. Let d, e, r be positive integers and let O be the polytope
in My with vertices (0,0),(d,0),(d,e+rd),(0,¢e), see figure 2. Assume
that d < g — 1, that e < g — 1 and that e + rd < g — 1. The toric
code Cq has length equal to (¢ — 1)?, dimension equal to #(M N0O) =
(d+1)(e+1) —I-T@ (the number of lattice points in O) and minimal
distance greater or equal to (¢ —1—d)(g—1—e).

One should note that Theorem 1.4 is a special case when r = 0 and
that the estimate for the minimal distance is independent of r. The
estimate for the minimal distance is the best possible, in the case when
g =5,d =e =1,r = 2 the true minimal distance is the same as the
estimate.
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FiGURE 1. The polytope of Theorem 1.2 is the left
triangle with vertices (0,0),(d,d),(0,2d), the polytope
of Theorem 1.3 is the right triangle with vertices
(0,0),(d,0),(0,d) and the polytope of Theorem 1.4 is
the square with vertices (0,0), (d,0), (d,€), (0, ¢e).

In figure 5 and 6, we have plotted for ¢ = 16 and ¢ = 32 the usual
ry-diagrams for the codes obtained, where = for a given code is the
rate of the code, that is the fraction dll%g;‘qon, and y is a lower bound
minimaldistance

for the relative minumal distance T
ength

2. THE METHOD OF TORIC VARIETIES

The toric codes are obtained from evaluating certain rational func-
tions in rational points on toric varieties. For the general theory of toric
varieties we refer to [F] and [O]. Here we will be using toric surfaces
and we recollect their theory.

In 2.2 we present the method using toric varieties, their cohomology
and intersection theory to obtain bounds for the number of rational
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FIGURE 2. The polytope of Theorem 1.5 is the polytope
with vertices (0,0), (d,0), (d, e+ rd), (0, ¢€).

FIGURE 3. The normal fan of the polytope of Theo-
rem 1.5 (see figure 2)

zeroes of a rational function. In 2.3 this is used to prove the theorems
on dimension and minimal distance of the codes Cg presented above.

2.1. Hirzebruch toric surfaces and their cohomology. Let M
be an integer lattice M ~ Z? Let N = Homgz(M,Z) be the dual
lattice with canonical Z - bilinear pairing < , > M X N — Z Let
Mr = M ®z R and Ng = N ®z R with canonical R - bilinear pairing
<, >:Mp x Ng — R.
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Given a 2-dimensional integral convex polytope O in M. The sup-
port function hg : Ng — R is defined as hg(n) := inf{< m,n > |m €
O} and O can be reconstructed:

O,={me M| <m,n>> h(n) Vne N} (2)

The support function hg is piecewise linear in the sense that Ng is
the union of a non-empty finite collection of strongly convex polyhedral
cones in Np such that Ag is linear on each cone. A fan is a collection
A of strongly convex polyhedral cones in Ng such that every face of
o € A is contained in A and o No’ € A for all 0,0’ € A.

The normal fan A is the coarsest fan such that hg is linear on each
o € A, ie. for all o € A there exists [, € M such that

ha(n) =<l,,n> Vné€o. (3)

The 1-dimensional cones p € A are generated by unique primitive
elements n(p) € N N p such that p = Rson(p).

Upon refinement of the normal fan, we can assume that two suc-
cessive pairs of n(p)’s generate the lattice and we obtain the refined
normal fan. The refined normal fans of the polytopes in figure 1 are
shown in figure 4.

Consider the polytope of Theorem 1.5, see figure 2 . The refined

normal fan is show in figure 3. We have that n(p;) = <(1)> s n(p2) =

<(1)>, n(ps) = <_01> and n(py) = (_r1> Let oy be the cone generated

by n(p1) and n(pz2), o2 be the cone generated by n(py) and n(ps) , o3
the cone generated by n(ps) and n(ps) and o4 the cone generated by
n(ps) and n(py). The support function is:

0) | () (™) o
0 no na
d . " if " € T2,
<n1> 0 no 2
ho =
N2 d n ¢ n c
. i o
e+ rd N9 N9 >
0) | () (™) o
(& %) %)
The 2-dimensional algebraic torus Th = Fq* X Fq* is defined by

Ty = HomZ(M,Fq*). The multiplicative character e(m), m € M
is the homomorphism e(m) : T' — Fq* defined by e(m)(t) = t(m) for
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FIGURE 4. The normal fans af the polytopes in figure 1

t € Ty. Specifically, if {ny,ny} and {my,my} are dual Z-bases of N
and M and we denote u; := e(m;), j = 1,2, then we have an isomor-
phism Ty = Fq* X Fq* sending ¢ to (u1(t), ua(t)). For m = Aymy+ Aams
we have

e(m)(t) = ui(t)" uz(t)™

The toric surface Xg associated to the refined normal fan A of O is
irreducible, non-singular and complete

XD = UUEAUU
where U, is the F,-valued points of the affine scheme Spec(F,[S,]), i.e.
Uy ={u e S, = F,lu(0) =1, u(m +m') = u(m)u(m’)¥n,m' € S,}
If o,7 € A and 7 is a face of o, then U, is an open subset of U,.

Obviously Sy = M and Uy = T such that the algebraic torus Ty is
an open subset of Xg.
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TN acts algebraically on Xg. On u € U, the action of ¢t € Ty is

obtained as
(tu)(m) :=t(m)u(m) m €S,
such that tu € U, and U, is Ti-stable. The orbits of this action is in
one-to-one correspondance with A. For each o € A let
orb(o) :=={u: M No — F, |uis a group homomorphism}.

Then orb(o) is a Tx orbit in Xg. Define V(o) to be the closue of
orb(o) in Xg.

A A-linear support function h gives rise to the Cartier divisor Dy.
Let A(1) be the 1-dimensional cones in A then

Dyi== Y hn(p)V(p)
pEA(L)
In particular
D, =div(e(—=m)) meM
Following [O] Lemma 2.3 we have the lemma.

Lemma 2.1. Let h be a A-linear support function with associated Cartier
divisor Dy, and convex polytope Oy, defined in (2). The vector space
HO(X, Ox(Dy)) of global sections of Ox(Dy,), i.e. rational functions f
on Xg such that div(f)+ Dy > 0 has dimension #(M N Op) and has
{e(m)|m e M N0} as a basis.

In case of the polytope in Theorem 1.5, see figure 2, we have

Dyi=— > h(n(p))V(p) = dV(ps) +¢V(ps)
)

pEA(L
and
d(d+1)
—

2.2. Intersection theory on Hirzebruch toric surfaces. For a A-
linear support function A and a l1-dimensional cone p € A(1) we will
determine the intersection number (Dy; V(p)) between the Cartier di-
visor D, and V(p)) = P This is number is obtained in [O], Lemma
2.11. The cone p is the common face of two 2-dimensional cones
o',0" € A(2). Choose primitive elements n’, n” € N such that

Qi HO(X, Ox (D) = (d + 1)+ 1)+ r

n' + n" c R,O
o + Rp= Rzon’ + Rp
o + Rp= Rzon” + Rp
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Lemma 2.2. For any [, € M such that h coincides with [, on p, let
h=h—1, Then

(Di: V(p)) = —(h(n") + h(n"))

In the 2-dimensional non-singular case let n(p) be a primitive gener-
ator for the 1-dimensional cone p. There exist an integer a such that

n' 4+ n" +an(p) = 0.

V(p) is itself a Cartier divisor and the above gives the self-intersection
number

(V(p)iVip)) = a.
The divisor classes are represented by the 1-dimensional cones and the

their table of intersections in case of the Hirzebruch surface obtained
from the fan in figure3 is the following:

(Vo) V(pi)) [ Vie) Vip2) Vips) V(pa)

Vi —r 1 0 1
V(ps) 1 0 1 0
V(pg,) 0 1 T 1
Vipa) 1 0 1 0

More generally the self-intersection number of a Cartier divisor Dy,
is obtained in [O], Prop. 2.10.

Lemma 2.3. Let D), be a Cartier divisor and let O, be the polytope
associated to h , see (2). Then

(Dh; Dh) = 2V012(Dh),
where voly is the normalized Lesbesque-measure.

Proof. see [O]. O

2.3. Determination of parameters. We start by exhibiting the toric
codes as evaluation codes.
Foreacht € T~ F, xTF, , we can evaluate

H(X, Ox(Dy)) — F,
fo= f)
Taking all points in T'(F,) we obain the code Cq:
H(X, Ox (Dy))™ — Cg C (F,")"F)
[ (f))ere,
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FIGURE 5. For all possible codes obtained by Theo-

rem 1.5 in the case ¢ = 16 a point is marked in the

usual xy-diagram, where z for a given code is the rate of
the code, that is the fraction &

mension

Tongth and y is a lower
bound for the relative minumal distance minimaldistance

length
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FIGURE 6. For all possible codes obtained by Theo-
rem 1.5 in the case ¢ = 32 a point is marked in the
usual zy-diagram, where z for a given code is the rate of

the code, that is the fraction dimension "and 4 is a lower
’ length

bound for the relative minumal distance minimaldistance

length
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and the generators of the code is obtained as the image of the basis:
e(m) = (e(m)(t))er(r,)
as in (1).
Let my = (1,0). The F,-rational points of T =~ Fq* X Fq* belong to
the ¢ — 1 lines on Xg given by Hnqu(e(ml) —n)=0. Let 0 #£ f €
HO(X, Ox(Dy)) and assume that f is zero along precisely a of these

lines. As e(my) — n and e(my) have the same divisors of poles, they
have equivalent divisors of zeroes, so

(div(e(m1) —n))o ~ (div(e(m1)))o.
Therefore
div(f) + Dy — a(div(e(my)))o >0
or equivalently
f € HY(X, Ox (Dy, — a(div(e(m;)))s).

In the cases of Theorem 1.5 this implies that ¢« < d according to
Lemma 2.1. On any of the other ¢ — 1 — a lines the number of ze-
roes of f is according to [H] at most the intersection number:

(D = a(div(e(my)))o; (div(e(mi)))o)
which is equal to

(dV(ps) +eV(pa) —a(V(p1) + V(pa)); Vip1) + V(ps)) = e+ (d —a)r

using the intersection table as div(e(m1)))o = V(p1) + V(pa).
As 0 < a < d the total number of zeroes for f is at most:

aa—1)+(a—1—a)e+{d—ay) <dlg—1)+(g— 1 — d)e
This implies that the evaluation map
(X, Ox (D))" — (g ¢ (F,*)7ED
fo= (f)ere,

is injective and that the parameters of the toric code are as claimed.
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