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THE SCATTERING MATRIX FOR , ((N) WITH A PRIMITIVE, REAL
CHARACTER.

SOREN FOURNAIS

ABSTRACT. We study the scattering matrix for the congruence subgroups , o(N), with a char-
acter y corresponding to a real, primitive character yy. The existence of such a character
obviously puts restrictions on N. We obtain an explicit expression for the scattering matrix,
which turns out to be ”skew-diagonal”.
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1. INTRODUCTION

It is common knowledge among specialists in number theory that the Laplacian on certain
hyperbolic surfaces contains information on deep number theoretic quantities. This insight is,
among others, due to Maass and Selberg (see for instance [Hej83] or [Kub73]).

An important function in this context is the so-called scattering matriz C(s) (for a connection
to scattering theory see [LP76]), which is the object of study in this article. We will look at
the Hecke subgroups , o( V), where

L o(N) = {( N Z ) € PSL(2,Z)|N,ce Z}.
On these groups we will define characters X(( Z\C;c Z = yn(d), where xn is a real, even,

primitive character mod N. Let A(, o(N), x) be the Laplacian on the hyperbolic plane H
restricted to the subspace of functions f satisfying

flg-2) = x(9)f(2),
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2 SOREN FOURNAIS

for all g €, o(N), then we will calculate the corresponding scattering matrix explicit. This is
the main result of this article which will be stated more precisely below.

Now we will recall som notation and notions from number theory and Selberg theory and
explain the structure of the article.

It is known that one can chose a fundamental domain for , (V') as a hyperbolic polygon with
a number of cusps. In each of these cusps x we can chose a parabolic element P, of , o(N) that
generates the stabilizer of  i.e.

< P.>={g€,0(N)|g.x =k}

The character y is singular in & if y(P,;) = 1 and non-singular if y(P,) # 1. We will also say
that y leaves the cusp x open if y is singular there and say that x closes the cusp & if y is
non-singular in . In each open cusp x we have a (family of) generalised eigenfunction(s) - the
Eisenstein series - defined as

z F(zys:x) = Z Yo (gs-7-2)X(7),
YELPe>\T'o (N)

where y(w) = J(w) = the imaginary part of the complex number w, and where g, € PSL(2,R)
satisfies:

Gr-k = 00, §Pegtz =2+ 1forall z € H.

Let E(z;5; 1) be a vector consisting of the Eisenstein series for a complete set of inequivalent,
open cusps. Then there exists a matrix C'(s) - the scattering matrix - such that

E(z8x) = Cs)€(z;1 = 5;x).

For all the groups , o(IV) that we will consider the open cusps are a subset of {0, 00, 2} where
d runs over all divisors of N. Let us order the divisors corresponding to open cusps:

l<dy<dy <+ <dp_g <N,

and write

E(zis1x) = (Bo(z385x), B (283X), -+ 5 Foo(25.5,X)).

dy

Then the result of this paper can be stated:

C(s) = (E)HS L2 =25 ) (=s)!

v) L) o)
0 0 e 0 Nl—SM
e 7(xwv)
a; 7(xay)
0 ds T(XNdl) 0
Nollh_—sz 7(Xdj, _5)
0 di_o T(XNdh_2) 0
N7l 0 s 0 0

7(x1)

where Ny = N/d and 7(x) is a Gauss sum.
For a more precise statement corresponding to each of the above 4 cases, see Theorem 6.2.
In this article we will calculate the scattering matrix for the following groups with their
respective characters:
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o, o(Ny), where Ny =[], pi =1 mod 4 and where the p; are different, odd primes. The
character is in this case xn,(d) = [[; xp:(d), where

0 (d,pi) > 1
Xp:(d) = 1 (dyp)=1land Iz €Z:2*=d mod p;
—1 if not

o, o(Ny), Ny = 4My, My = [][_, pi =3 mod 4 and the p; are again different, odd primes.
In this case the character is xn,(d) = x4(d) [[; \p:(d), where y,, is as above and

0 (d4)>1
xa(d) = 1 d=1 mod4
—1 d=3 mod4

o ,o(N3), Ny = 8M5, Ms = [['_, pi =1 mod 4, the p;’s are again different, odd primes.
The character is xn,(d) = xs(d) [1; xp.(d), where

0 (d,8)>1
xs(d) = 1 d=41 mod8
—1 d=43 mod 8

e Finally, we will consider , o(Ng),Ny = 8My, My = [[_, pi =3 mod 4, the p;’s are again
different, odd primes. The character is xn,(d) = xa(d)xs(d) . xp:(d).

These cases give all real, even', primitive characters (see [Dav67]).

For clarity of exposition, we will first go through the entire calculation for the first case above,
ie. N =][;pi =1 mod4, where the p;’s are different, odd primes. This is the subject of
Sections 2 - 5 below. Then in Section 6 we will explain the few extra arguments needed in the
remaining cases and state the corresponding results.

2. Cusps

We know from the general theory of Fuchsian groups (see [Shi71]) that the number of cusps
h for , o(N) satisfies:

h=Y"o((N/d,d)),

d|N

where ¢ is Euler’s ¢ function i.e.

Qb(n) = #(Z/TLZ)* = #{k € {07 17 L, 1}|(k7n) = 1}'

Since N is a product of different primes N = [[_, pi, where the p;’s are primes and p; # p;
when 1 £ j, we thus get:

h=Y 1=4#{del,- N|dN}.

d|N

An easy calculation gives that {0, 00,1/d where d|N,1 < d < N} is aset of pairwise inequivalent
cusps. Since the set contains the right number of elements it must obviously be a complete set.

'We need yn(—d) = xw(d) for x to be well-defined.
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3. EISENSTEIN SERIES
In this section we want to prove that the Eisenstein series have the following form

Lemma 3.1. The FEisenstein series for the cusp 5 with character x is given by the following
ELPression
XN (7)Xa(0)y"

E
|dyz 4 §]%

(z383x) = Ny°xw,(—1)
7,8:(7,8)=1

1
aq Y

where Ny = N/d.
Proof. Let d: 1 < d < N be a divisor of N. Then the parabolic generator of the subgroup that

fixes 1 is
1 0 1 w 1 0
Po= (d 1)(0 1><—d 1)
B 1 —wd w
B —d*w 14+dw |-

d
Since this has to be an element of , o(N) we get w = Ny and thus x(P) = y(1) = 1 i.e. the
character is singular in the cusp 5.

Let us furthermore write , ., =< ( (1) 110 ) > and calculate the cosets , o \ g7t o(N)g,

wheregz(_ld ?)sendsétooo:

1 0 a 3 10y a+ 3d B
—d 1 Ny § d 1) = \Ny—ad+ds—pd® §—jd
- (& 5 ) e

Notice that v'—d" = Nyy—a and therefore (v'—4’, Ny) = 1. Let, on the other hand ( dofy ? ) €
, o(d) and (v — &, Ng) = 1. Then we search n € Z such that

1 0 a+ndy [B+nd 1 0
<d1>< dyv 5 ><—d1>€’0(N)'

1 0 a+ndy B+ nd 1 0
d 1 d~y ) —d 1

B a4+ ndy — Bd — ndd G+ nd
o dy + da + nd*y — Bd* —nd*§ —d§ Bd+nds+6§ )

Now

so this is the case iff
N|dv + da + nd*y — 3d* — nd*é — dé,
le. iff
y+a—0d—§=nd(d—v) mod Ny. (3.1)

That equation surely has integer soultions since (d(§ — ), Ng) = 1. From (3.1) we also see that
two different integer solutions n,n’ satisfy

0=n-—n" mod Ng,
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which is equivalent to the existence of an m € Z such that

1 mw a+ndy B+nd\ [ a+n'dy B+n6
0 1 d ) N d~ )

a+ndy B4 nd

: -1
Finally, we need to calculate x(g ( dv 5

) g), where n is as above. We get, by

using (3.1) to eliminate n:

- d )
N 1<atlf;7 ﬁt;n )g) = xn(Bd+nds + )

(8)x N, (Bd + nds + 0)
= Xa(0)xn,(v = O)xwy((v — 6)(Bd + &) + ndd(y — 9))
= Xa(O)xn, (v = O xw((v = O)(Bd+ ) + 6(6 + Bd — v — a))
= Xa(O)xn, (7 = )xn,(vBd — ad)
(6)x( )N (—

[l
= =

= Xa()xna (7 = S)xwa(=1).
Thus, we get
d)y*
E -1_. .. — Xd XNd 7
(g 2757X) w XNd |d72_|_5|25
8:(v,8)=
This is easily seen to imply the the theorem. O
0 1
For the cusp at 0 we have g = ( 10 ) and get:
o w=N,
1 0
« = ( ~N 1 )
¢ =N,

and therefore

5 s
Eolg™' zsixn) = N7°0 ) Oy )y2 ,
[z + 4]
7,8:(7,8)=1

and finally

s v (7)y*
Eo(zysixn) = N Z 4P

~¥,8: (v

where we used that yy(—1) = 1.
Finally, we can easily see that

AN (d)y*
7,8:(7,8)=1

4. FUNCTIONAL EQUATION FOR B,

Let us look at

chi . _ AN (V) xa(d)(dy)*
Bd (275) - Z |’)/dZ—|-(S|25 .
(v,8)#(0

(0.0)
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In the = variable this is a periodic function with period 1, so we calculate the corresponding
Fourier series. For sufficiently large Rs the sums converge uniformly and the calculation below
becomes justified.

1
/ d* B (z;s) dx
0

o0

1 y* dz
020 || s

= §=—o0

= 2y°xn,(0)

|M8

We continue the calculation with the last term only:

1 s
y® dx
2 )
ZXNd IR >/o (yde 1 6 + ]

§=—o0

y® dx
= 2
yzm zm VY s

m=—00

y® dx
= 2y" > X X /
; wh Z . [(vdz +6)* + 72d?y?]*

o o d if Xd = 1
dt
= le_sd_zs X]st(_z) / 12 1)s qb(d) if Xd = L on (Z/dZ)*
= 7 oo (P4 1) 0 if not

= 29" A" L(2s — 17XNd)\/;7’ o(d) if xa=1on (Z/dZ)*
(s =) 0 if not

We also calculate the other Fourier coefficients:

1
/ d_ngh(Z; S)e—ZWinl’ dx
0

—2mine d
= 2y ZXNd Zxd Z / ’yd:l:-l-?ﬂ +6)? i’YZdzyz]s

= 2y5 ” Ya(d)e ™ ay / > Sdt
s—1/2 dy '
_ 2y1_5d_2527f'5 |E/Ly| 1) [Xs 1/2(27T|n|y Z XNd( ) ZXd((S)e%mn%,
s 7 5=1

Where we have introduced the standard notation for the Bessel function K as in [Kub73]. Now

dry
; 2 2
627rm/w § :Xd((s 7rmd7 _ § :Xd TN g 77
=1

so this is zero unless y|n, and we get:

o0 dry d

XNg\Y min-> XNg\Y ks
SRS w0 = S e
~y=1 7 5=1 vk=n 7 5=1
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We want to write

where

This is easily seen to be true, by a simple change of summation variable, when (k,d) = 1, so
we only need to prove that if (k,d) > 1, then

d
Z Xd((s)e%rik% —0.
§=1

This is not true for all characters - we will use the product structure of y4 to prove it for the
characters we are interested in:

Lemma 4.1. Let d = [[, pi, where the p; are different, odd primes and let xqa(6) = []; xp:(9).
Suppose (k,d) > 1, then

d
Z Xd((s)e%rik% — 0.
=1

Proof. Let d = Pd', k = Pk’ where (d', k') =1, then

(e
Il Q.
—

d
N §)eHE =3 ()t
§=1

d’ s P-1
= DTy xald+jd)
§=1 7=0

d’ P-1
= N \a(@)xp(8 + jd), (4.1)
§=1 7=0

and Zf:_()l xp(d+3d) =5, oapXP(l) =0, since P is a product of distinct, odd primes. [

So finally we get, for the characters we are interested in:

1 ) s s—1/2 ()
Bch . —2mine dr = 4 i |n| [/75— 9 XN\ L
[ e e =4y (§) g Reatrllrte) Y 28

vk=|n|

It can now easily be seen, at least formally, that

(s — 1) (g)ngh(Z;S) _ (=9)! (&)H B (21— ), (4.2)

T(xa) \7 T(xva) \ ™
since they have the same Fourier series. This formal argument can be made rigorous, since
we will show in the next section that the BS"(z;s) can be written as a linear combination of
Eisenstein series. Since the Eisenstein series can be analytically continued (as meromorphic
functions, see [Kub73]) to the whole s-plane, this proves (4.2) for all but a discrete set of s.
Before we go on to calculate the scattering matrix, let us analyze the expression 7(xq):

Lemma 4.2.
7(xa)* = xa(=D[r(xa)[* = xa(=1)d.
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Proof. Since y4 is real we have:

d
T(xa) = T(xa) =Y ™)
7=1
d
_ 3 e
7=1

= Xa(=1)7(xa)-
This proves the first equality. The other will be proved using Lemma 4.3 below. Since \% form
an orthonormal basis for L?(Z/dZ) we have
d

<€a7 Xd>
sd) = g =Y e
a=1
d
D
This finishes the proof of the lemma. O

Lemma 4.3. Let ¢,(j) = 2™/4 where a € {1,2,--+ ,d —1}. Then

(€ar Xa) = Xa(@)T(Xa),
where (,) denotes the natural (unnormed) inner product on Z /dZ.
Proof. This is obvious for a € (Z/dZ)*. For (o, d) > 1 it is proved by the same calculus as in
(4.1). O
5. SCATTERING MATRIX

We will use an idea by Huxley [Hux84] to calculate explicitly the scattering matrix. Let us
define:

chy .y def XN (7)xa(9)(dy)*
By'(dz;s) = Z d|d’yz—|—5|25
0

(0.0)

Z Z XN, (ny)xa(nd)(dy)?®
piiiored |dn’yz—|—n(5|25
AN () xa(6)(dy)*
= 2
S XN) Z |d’yz—|—5|25 ’

where L(2s,xn) =D, ng) is the Dirichlet L-series. Now, according to Section 3

N, (Y)xa(6)(dy)® .
=N —1Ei(z:s;
Z |d’yz—|—5|25 XNd( ) 3(2787X)7

with appropriate interpretatlons in the cases d =1, N. We get from (4.2)

(i)s (s = D pei g, ) = <&>H O et Nyt — ),

m 7(X4) m T(XN,)

where

T(Xd) — Z €2Wid//dxd(d/).

d’ modd
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Let us write

E(z;8) = (Bo(z;8x), Ea(2585X), -+, E_1_ (258 X), Foo(23 55 X)),

2
dy dp_2

where the d;’s satisfy: &;|N, 1 <d; < -+ < dp_y < N. Let us likewise write:
B (z;5) = (BY"(215), Bi(diz:5), -+ BY (Nz3 ),
then we have the relation
B (z;8) = N°L(2s, xn)D1E(2; 5),
where Dy is the diagonal matrix

D1 = diag(XN(_l)vadl (_1)7 e 7XNdh_2(_1)7 1)

Now the functional equation can be written

h (—s)! (1 o h
B (z;s) = = Dy PB"(z;1 — s),
A\ rm

(s —1)!
where
Nl—s
D2 — diag(Nl—s T(Xl) 7 d; T(Xdl) 7.”)7

T(xn) di T(xwy)
and

0 1

1
P =
1
1 0

Thus, we get the following expression for the scattering matrix: (since D' = Dy)

0 = () () ) a0
- <E> S P e O

B E 1=2s L(2 =2s,xn) (=9)! ,
N <7T> L(2s, xN) (3—1)!P7

where we used that xny(—1) = 1 and where

0 0 s 0 .
e ) T(xn)
4 TXaq
0 e 0
P =
Ollh_—sz 7(Xdj, _5)
0 di_o T(XNdh_2) 0
N b 0 0 0
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6. GENERALISATION

In the general case we will need a stronger version of Lemma 4.1. Let us look at a number d
being of the form of Ny, Ny, N3 or Ny considered in the introduction. Let x4 be the corresponding
character. Then we will prove the following lemma:

Lemma 6.1. Suppose (k,d) > 1 then

5)€2mk5/d —0.

E
o

§=1

Proof. We will need to consider two different cases. Let P = (k,d) then one possibility is that
P itself is of the form considered for d. This will be our first case below. If this is not the case
we have 3 possibilities:

o d=A4]],c;pi, d/4 =3 mod 4 and P =2]],.,, where I' C I.
o d=8][;c;pi;d/8=1 mod 4 and P=2]],.;,, where I' C [ and a =1 or 2.
o d=8][;c;pi;d/8=3 mod 4 and P=2]],.;,, where I' C [ and a =1 or 2.

Each of these 4 possibilities will be treated below:
1st case: P itself is of the form considered for d.

Write d = Pd', k = Pk’ and calculate:

Xd((s)e%riké/d _ Z Xd/((S)XP((S)GQMkIS/d/

4 P-1

- Z Z Xd/((s + ]d/)XP((S + jd/)€27rik’(5+]‘d/)/d/

§=1 j=0

(e
Il Q.
—

P-1

d/
= D> X8 N xp(6 4 jd)
=1

=0

d/
= ZXd/@)@mklé/d/ Z xe(l)
5=1

{ mod P
= 0.

2nd case: d = 4][,c; pi, d/4 =3 mod 4 and P =2]],.,,, where I' C I:
Here we write k = 2K and d = 4d’, where d' is odd, and get:

d d' 3
ZX (5)€2m2k/5/d _ Z em'k/a/dlxd/((s) ZX4(5 n jd’)e”ik/(jd/+5)e”ik'5
6=1 §=1 7=0

= Z O () D xalle ™!
6=1 [ mod 4
= 0

since the last sum vanishes. Notice, that we used the fact that d' is odd to get the first equality.



THE SCATTERING MATRIX FOR , o(N) WITH A PRIMITIVE, REAL CHARACTER. 11
3rd case: d = 8[[,c;pi» d/8 =1 mod 4 and P = 2]
Here we write d = 8d', k = 2k’ and get:

5)€2m2k’5/d _ ZXd’ Z 5—|—jd’) 2mi2k' (647d")/d

§=1 ] =0

_ ZXd/(CS)@Mik/S/dZXS((S—I-J'd/)@mk/jm-
5=1

=0

er» Where I' C I and a =1 or 2.

Eﬂg

Now, d =1 mod 4 and therefore ™ = (e””)d/ for all integers [, so

d/
ZXd’ ZXS (S—|—]d/) 2mi2k’ (§+5d")/ ZX 47rzk'5/de—7rzk'5/2 Z XS(Z)€7rzk’l/27
5=1

7=0 { mod &

and the sum mod 8 is zero.
4th case:
This case follows by a calculus similar to the 3rd case. U

Now let us look at the different groups:

6.1. , o(Va).

Here Ny =AMy, My = [[—, p; =3 mod 4 and the p;’s are different, odd primes. It is easy
to check that a complete set of inequivalent cusps is given by {0, oo, é} where d runs over all
divisors d| N, 1 < d < N,. Let us now check which of these cusps are open:

p_ 1 0 1 w I 0y (1—-wd w
T\d 1 0 1 —d 1 /) —d*w 1+dw )’

so because P €, o(Ny), we get:
- { 4My/d (d,2

When (d,2) =1 or 4|d it is obvious that y(P) = 1. For d = 2[[X, we get:
X(P) = X4M2(1 + 2M2) = X4(1 + 2M2)7

but My =3 mod 4so1+4+2M, =3 mod 4 and thus y(P) = —1.

Thus the only open cusps are 0, co, d, where d = 4]],.; pr or d = [[,; pr where I runs over
all subsets of {1,2,--- n}. For these cusps we can calculate the Eisenstein series exactly as in
the proof of Lemma 3.1.

6.2. , o(V3).
N3 = 8]\437 M3 = H?:l pi = 1 mod 4.
Here again the cusps are {0,000, -} where d runs over all divisors d|N3, 1 < d < N3. We get:

(1 —wd w
i —d*w 1+dw /°

_J 8M3/d (d.2)=1or 8|d
| 4M5/d d=2o0r4 mod38 °
For (d,2) =1 or 4|d it is again clear that X(P%) = 1. For d =2 mod 4 we get:

X(Py) = xw (1 +4Ms) = xs(1 +4M;) = —1,

P

SO

since M5 =1 mod 4.
Once again the proof of Lemma 3.1 goes through for the open cusps.
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6.3. . o(Nyg).
In this (CELSG) the cusps and their widths are as for , o(N3). Write Ny = 8My, My =3 mod 4.
Since

X(Py) = xny (1 4+ 4My) = xs(1 +4My) = xs(5) = —1,
Exactly the same cusps as for , o( N3) are left open. Lemma 3.1 still holds, with the same proof,
if the following change of notation is respected: If d = 8 [[. p; then x4(6) = x4(0)xs(0) [ [ xp:(9).

6.4. Final Result.
For the open cusps we get, in each of the above cases, that the calculations in Sections 4 and 5

go through with the only change that we have to appeal to Lemma 6.1 (instead of Lemma 4.1)
in the proof of the functional equation for B$"(z;s). Thus we get:

Theorem 6.2. Let N be any of the N; considered in the introduction and let y be the corre-
sponding character on , o(N). Let {0, 00, i, e ,ﬁ} be a complete set of inequivalent, open
cusps under x, where 1 < dy < dy < --- < dp_o < N Notice that if the cusp 5 is open, then the
same is true for NLd’ where Ny = N/d. Let us write

E(z5x) = (Bo(z58x), B (238x), -+ 5 Boo(23 55 X))

1

Then
E(zys:x) =C(s)E(z 1 — 55 1),
where
N\ L(2-2 —3)!
C(S) _ v ( SvXN) (_S) ' «
m L(Q‘SvXN) (S 1)
0 0 e 0 N1-s7x1)
T(Xw)
NaT* 7(xay)
0 d; T(XNdl) 0
N, 7(xa,_,)
0 dih—2 T(XN:h_2) 0
N T 0 0 0

T(x1)
In the case N = N4 the change of notation from Subsection 6.3 has to be respected.
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