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DIVISIBILITY OF THE STABLE MILLER-MORITA-MUMFORD CLASSES

Soren Galatius, Ib Madsen, Ulrike Tillmann*

Abstract. We determine the sublattice generated by the Miller-Morita-Mumford
classes k; in the torsion free quotient of the integral cohomology ring of the sta-

ble mapping class group. We further decide when the mod p reductions k; €
H*(BI'w;F,) vanish.

1. Introduction and results.

Let I'; ;, denote the mapping class group of a surface of genus g with b ordered
boundary components and s marked points. We will supress s or b when their
value is zero. Gluing a disk or a torus with two boundary components to one of
the boundary components induces homomorphisms

(1.1) Fgp-1 o= Tgp — Tgpape

Recall that by Harer-Ivanov’s stability theory both homomorphisms induce a ho-
mology isomorphism in dimensions % with 2 x +1 < g, cf. [H2|, [I]. Let 'y :=
lim 4.1y 2 be the stable mapping class group.

Mumford in [Mu] introduced certain tautological classes in the cohomology of
moduli spaces of Riemann surfaces. Miller [Mi] and Morita [Mo] studied topological
analogues: Let e € H?(BT ,;Z) be the Euler class of the central extension
(1.2) Z—Tgpp1 — Ty
which is induced by gluing a disk with a marked point to one of the boundary

components. Define ’ ’
ki =m(e™h) € H*(BT,4;7)

where 7 is the Umkehr (or integration along the fibre) map associated to the
forgetful map I’;vb — T’y 5. These correspond under the maps of (1.1) and hence
define classes in H*(BT'o;Z). We will only be concerned with these stable classes
in this paper.

By the proof of the Mumford conjecture [MW],
H*(BT; Q) ~ Q[k1, K2, - - . |.

In contrast, little is known about k; in integral cohomology though it follows from
[H1] that x is precisely divisible by 12 (cf. [MT, p. 537]). We write

H},eo(Blw) := H* (BT «; Z)/ Torsion

*The third author was supported by an Advanced Fellowship of the EPSRC.
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for the integral lattice in H*(BI'w; Q).

Theorem 1.1. Let D; be the mazimal divisor of k; in H},,.(BT«). Then for all
1>1
B;
Do; =2 and Dy;_1 = den(?).
i

Here B, denotes the i-th Bernoulli number and den is the function that takes a
rational number when expressed as a fraction in its lowest terms to its denominator.
It is well-known, cf. [MSt; Appendix B|, that den(B;) is the product of all primes
p such that p — 1 divides 2i, and that a prime divides 2i den(B;) if and only if it
divides den(B;). So in terms of their p-adic valuation the D; are determined by the
formula

(1.3)

14+ v,(i+1) ifi+1=0 mod (p—1)
Vp(Di): o
0 ifi+1#0 mod (p—1),

and Dy =22.3, D3 =23.3.5 Dy =22.32.7, ...

Our Theorem 1.1 is inspired by a conjecture of T. Akita [Ak] which we also
prove:

Theorem 1.2. «; as an element in H* (BT w;F,) vanishes if and only if i +1 =
0mod (p —1).

Remark 1.3. The divisor D; of x; in H}

tree(Bl's) is not necessarily equal the

maximal divisor DZ of k; in integral cohomology H*(BTs;Z) but only provides
an upper bound for it. However, Theorem 1.2 gives

p divides DiZ <= p divides D;,
which was strengthened by the first author in [G2] to
2 i1 VA 2 7. -
p° divides Dy <= p° divides D;.

It follows that for all even ¢ and for many odd ¢ (i = 1,5,7,9,11,...), D, is indeed
equal to DZ, and one may expect that D; = DZ for all i > 1.

Remark 1.4. The integral lattice Hf,c.(BI's) inherits a Hopf algebra structure.
The graded module of primitive elements P(H}, . (BI'«)) is a copy of Z in each
even degree, and x; is a primitive element of H}ree(BI’oo). The structure of the
Hopf algebra H7, . (BI's) is not completely understood at present, but we have the
following partial result. There is an isomorphism of Hopf algebras over the p-adic

numbers

(1.4) H},o(Blo) ® Zy ~ H*(BU; Zy)



for each odd prime p. Indeed this follows from the main result of [MW], listed
in Theorem 2.4 below, and from Theorem 7.8 of [MS] combined with Bott peri-
odicity. The precise structure of H;TEE(BFOO) ® Zo is unknown. Low dimensional
calculations reveal that (1.4) fails for p = 2: the algebra is not polynomial.

In outline, the proofs of the above theorems depend on previous results as fol-
lows. For Theorem 1.2, the proof of the “if” part in Section 3.3 is a calculation of
characteristic classes which relies on the fact that there is a map of infinite loop
spaces a : Z x BT'l, — Q®CP> (compare [T] and [MT] or Theorems 2.1 and
2.2 below). The “only if” part is implied by Theorem 1.1: if p divides k; then in
particular it must divide its reduction to the free part.

For Theorem 1.1, we first establish a lower bound: Ds; > 2 by the “if 7 part
of Theorem 1.2 and Do;_; > den(B;/2i) by a well-known relation between the k;
classes and the symplectic characteristic classes for surface bundles, (here stated
as Theorem 4.2). The main theorem of [MT] provides an upper bound which is
tight for ¢ even and precisely twice the lower bound for ¢ odd. To eliminate the
indeterminacy of the factor 2, the main theorem of [MW] (Theorem 2.4 below), as
well as calculations from [G1] (Proposition 4.4)) and a stronger version of the main
result of [MT] (given in Theorem 2.2 and proved in Section 5) are used.

Given the interest in the mapping class groups also outside the topology commu-
nity we have strived to make this paper as self contained as possible. In particular
we have spelled out some of the more obscure parts of [MT].

2. Spectrum cohomology and earlier results.

2.1. Spectra and spectrum cohomology. Let £ = {E,,¢,} be a CW-spec-
trum! in the sense of [Al]: E, is a sequence of pointed CW-complexes and ¢, :
SE, — FEp+1 a (pointed) isomorphism onto a subcomplex, where S(—) denotes
suspension. The associated infinite loop space is the direct limit

O*FE = colim Q" FE,,

of the n-th loop space of E,; the limit is taken over the adjoint maps €, : E, —
QEn+1.

The k-th homotopy group of E is defined to be the direct limit of 7, (E,). It
is equal to the k-th homotopy group of the space 2*°E. In particular, the group of
components of Q*°FE' is the direct limit of 7, (E,). For a € mp(Q>°FE) we let Q°FE
be the component determined by «. In particular we write 23°E for the component
of the zero element.

The homology and cohomology groups of E are

HY(E) =lim oo H**"(E,), Hyx(E) = colim oo Hytn(En)

where the limits are induced from the maps €, together with the suspension iso-
morphisms. In contrast to homotopy groups the cohomology groups of a spectrum
are usually much simpler than the cohomology groups of Q> F.

LIf one does not assume the spaces to be CW-complexes then one should assume that e, is a
closed cofibration.
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The evident evaluation map from S™"Q"FE,, to F, induces maps
(2.1) o* : H(E) — H*(QFE), o, : H(QFE) — H,.(E).

If we use field coefficients in the cohomology groups then H*(QFE) is a con-
nected Hopf algebra and the image of ¢* is contained in the graded vector space
PH*(QFE) of primitive elements. We shall be particularly concerned with the
torsion free integral homology and cohomology groups

H}, oo (QFE) = H*(Q°F; Z) /Torsion,  H]"™**(Q°F) = H,(QF° E; Z)/ Torsion.

They are lattices in H*(Q5°F; Q) and H.(QF E;Q) and are dual Hopf algebras.
Moreover, the image of ¢* is contained in the module of primitive elements

O'* : H}kree(E) - P(H}kree(ngE))v

and dually o, factors over the indecomposable elements of HI™*(Q5°E).

Given a pointed space X we have the associated suspension spectrum S°°X
whose n-th term is S™X with infinite loop space 2°°5°°X. There is an obvious
inclusion i : X — Q°°5*°X inducing a splitting of o* (and o):

(2.2) H*(S®X) 2 H*(QPS®X) - A*(X)

is the suspension isomorphism. Q°*°S5°°X is the free infinite loop space on X and
satisfies the universal property that any pointed map from X to some infinite loop
space Y can be extended in a unique way up to homotopy to a map of infinite loop
spaces from 2*°5*°X to Y.

The spectra of most relevance to us are CP%] and the suspension spectrum
S>®CP of CP* U {+}. We recall the definition of the former. There are two
complex vector bundles over the complex projective n-space CP", namely the tau-
tological line bundle L,, and its n-dimensional complement L in CP™ x C"*!
Its Thom space (or one point compactification) is denoted by Th(L:). Since the
restriction of Lt to CP"~! ¢ CP™ is equal to L~ ; ®C where C denotes the trivial
line bundle over CP™~! we get a map

e :S*Th(L;}:_|) — Th(L;).
The spectrum CP>] has
(CP%)2n = Th(L; 1),  (CP)2n41 = STh(L; ;)
and the structure map es, 11 is given by the above e. The associated infinite loop
space is
Q>®CP> = colim ,, oo Q" Th(L: ).

The inclusion of L;-_; into L= & L,_; = CP"~1 x C" via the zero section of L,,_;
induces a map from Th(L;:_;) into $?"(CP}~") and hence a map

w: Q¥CPY — QX S>(CPY).



This map fits into a fibration sequence
(2.3) OXCPY 5 0*° 5 (CPr) -2 Q= go!

where the right-hand term is the direct limit of Q™"S™~! [R]. Indeed the inclusion of
a fibre C* — L: induces a map S?® — Th(L;-) and gives rise to a cofibre sequence
of spectra S®(S72) — CP> — S®CP — S°°(S71). (2.3) is the associated
fibration sequence of infinite loop spaces.

The component groups of (2.3) are

0—2z"YWz™% 70 .0

so mp(w) is multiplication by 42, depending on the choice of generators. There is
a canonical splitting of infinite loop spaces

(2.4) Q°§®(CP°) ~ Q° S (CP™) x Q° 8

We fix the generator of mpQ2>°5°°(CP°) to be the element that maps to +1 under
the isomorphisms

mo(2° 5% (CPE)) ™ mo(Q5%) 57 7,

where ¢ collapses CP> to the non-base point of S°. We fix the generator of
mo(Q°CP) so that mp(w) is multiplication by —2.

2.2. Review of results used. Our divisibility result of Theorem 1.1 is based
upon the following three theorems.

Theorem 2.1. [T]. The spaces Z x BT'Y, and BT} (= {0} x BT'L) are infinite
loop spaces.

Here the superscript (+) denotes Quillen’s plus construction, cf. [B]. The product
structure can be described as follows: We may view I'; » as the mapping class group
of surfaces with one incoming and one outgoing boundary component. Gluing the
incoming boundary component of one surface to the outgoing component of the
other defines a map

Pgo2XxXTha—Tgino

and a corresponding map of classifying spaces that makes the disjoint union | | BT'; 2
over all g > 0 into a topological monoid. Consider the map

| | Bry2 — Z xBTS,
920

that sends BI'y 2 into the component {g} x BI'Y by the stabilization map (1.1)
followed by the map into the plus construction. The infinite loop space structure on
Z x BT'% is compatible with the monoidal structure on | | BT'; 2, and the induced
map

QB(| | BTy2) — Z x BT'Y,

g=>0
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is a homotopy equivalence of loop spaces. We refer to [T] for details.

To state the next result, for each prime p we pick a positive integer k = k(p) so
that —k reduces to a generator of the units (Z/p?)* when p is odd. We pick k =5
when p = 2. Write =% for the self map of CP™ that multiplies by —k on the
second cohomology group. Composing with the inclusion into Q2°°5°°(CP>°) and
using the loop sum we have a map

14 k=" : CP>® — Q®8§°(CP™),

and, using the universal property of free infinite loop spaces, a unique extension to
a self map of Q°°5°°(CP>°), again denoted 1 + kyp—F.

Theorem 2.2. There are infinite loop maps
a:Zx BTL — Q®CP%, p,: Q*S®(CPY) — (Z x BTL))

such that the composition w o oo u,, and the self map
—k
(1 thw _02) L QFGECP™ X QX s POGECPT x 0TS

become homotopic after p-adic completion.

This is an improvement on the main theorem of [MT] where the map in the lower
left corner had been left undetermined. For our calculations in Section 4.3 we need
this map however to be zero. A proof of Theorem 2.2 is given in the final Section
5.

Remark 2.3. The reader is referred to [BK] for the notion of p-adic completion
(also called Fp-completion). For infinite loop spaces Q°°E of finite type one has

X, (Q%E))] = [X,Q%E|®Z,, H*(Q°E)NZ)=H(Q7E;Z,).

Furthermore, note that the homotopy class of the map « in Theorem 2.2 is uniquely
determined by its composition with Z x BT, — Z x BT}, . Indeed since Q>°CP>}
is an infinite loop space the induced map

[Z x BT'L, Q°CP%] — [Z x BT, Q®°CP>]

is an isomorphism. This is a standard property of the plus construction, cf. [B].

Before we give a detailed description of o in the next section, we state here the
third result.

Theorem 2.4. ([MW]). The map « is a homotopy equivalence.

3. Characteristic classes of surface bundles.
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3.1. Universal surface bundles. The methods used in this and the surrounding
papers do not use the mapping class groups directly but rather the topological
groups of orientation preserving diffeomorphisms of surfaces. We briefly review the
correspondence.

Let F,; be a connected surface of genus g with b boundary circles. We write
Diff(F, »; 0) for the topological group of orientation preserving diffeomorphisms
that keep (a neighborhood of) the boundary pointwise fixed. For g > 2, results
from [EE] and [ES] yield

BTy, ~ BDiff(F, 4; 0)

so that BT’y classifies diffeomorphism classes of smooth fibre bundles 7 : £ — X
with fibre Fy ; and standard boundary behavior:

OF = X x LtSY, 7|0F = projx.

Similarly,
BT; , ~ BDiff(Fy p;0U {z1,...,2s})
where 1, ..., x5 are distinct interior points of Fj ;. Take s = 1. Since Diff(F} 3; 0)

acts transitively on the interior of F y,
E(Fy) := EDff(Fyp;0) Xpi(r, ,:0) Fyp ~ BDiff(Fy ;0 U{a}) ~ BLy ;.

The forgetful map = : BF;vb — BT’y corresponds to the universal smooth Fy
bundle

(31) Fg,b — E(Fg’b) e BDiﬂ‘(Fg’b; 8)
The central extension (1.2) is classified by “the differential at x”,
Diff(F, p;0 U {x}) — GLT (T F, ) ~ SO(2).

Hence the circle bundle induced from (1.2) by applying the classifying space functor
corresponds to the circle bundle of the vertical tangent bundle associated with (3.1).

3.2. The map a and the kappa classes. The map of infinite loop spaces
«a : Z x BTy, — Q>CP> constructed in section 2 of [MT] restricts to a map
Qg2 BTy 2 — Q°CP2q that is homotopic to the composition

(3.2) gt BTy o — BTy 1“5 Q®CPX,

where the left hand map is induced from gluing the two parametrized boundary
circles together. These maps are up to homotopy compatible with the monoidal
structure on | | BT, 5.

We next recall a description of o441 which is well-suited for identifying the
kappa classes. Let m : E — X be a smooth surface bundle with closed fiber F.
Thus E = P Xpig(r) I where P is a principal Diff(F") bundle over X. We do not
assume that X is smooth or finite dimensional, only that X is paracompact (or a
CW-complex).
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We denote by Emb(F,R™) the space of smooth embeddings in the C'*°-topology,
and let R* and Emb(F,R*>°) be the colimits of R™ and Emb(F,R"), respectively.
We shall consider fiberwise embeddings e : E — X x R°°, that is, fiberwise maps
such that each e, : E, — {z} x R® is an embedding and such that the adjoint
map P — Emb(F,R*°) is continuous. Such an e is equivalent to a section of
P X pig(ryEmb(F,R*). Note that Emb(F, R*) is contractible so that such a section
always exists.

An embedding e, : F <« R""? extends to a map from the normal bundle
N"e, = {(p,v)[vLT,F} into R""2 by sending (p,v) to p + v. (Here we have
identified F' with its image under e,.) We call the embedding e, fat if this map
restricts to an embedding of the unit disk bundle D(N™e,). The subspace of fat
embeddings Emb/ (F, R>) C Emb(F,R>) is contractible, since the inclusion is a
homotopy equivalence by the tubular neighborhood theorem and since Emb(F, R*)
is contractible by Whitney’s embedding theorem. A fibrewise fat embedding e :
E — X x R* is then a section of the fibre bundle P X pig() Emb/ (F,R*).

Suppose first that e : £ — X x R"*2 is a fibrewise fat embedding of codimension
n. The Pontryagin-Thom construction associates a “collapse ” map onto the Thom
space of the fibrewise normal bundle,

Cre: X4 AS™2 — D(N"e)/S(N"e) = Th(N"e).

We are particularly interested in its adjoint map X — Q""2Th(Ne).

Let G(2,n) be the Grassmann manifold of oriented 2-dimensional subspaces of
R"*+2 and let U,, and Unl be the two complementary universal bundles over it of
dimension 2 and n, respectively. The fat embedding e induces bundle maps

T.E — U,, Nle— Ur
and a commutative diagram

X, ASH2 S, Th(NPe) —>— Th(T.E ® Ne)

3 | J l

X, NS = Th(UL) —>— Th(U, @ U}).

In the general case of a fiberwise fat embedding e : F — X x R*°, the base space
X is the colimit of the subspaces

X, :={z € X|eu(E,) C {a} x R"?},

and the diagram
(X)4 AS™2 ——— Th(U})

! !

(Xn41)4 NS —— Th(Uer)

is commutative since Uj+1|g(27n) = U, Taking adjoints we get

Qe X — colim nHOOQ"’”Th(UnL).
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Since Emb/ (F, R>) is contractible, all sections of P X Diff(F) Emb/ (F,R>) are ho-
motopic, and consequently the homotopy class [a | is independent of the choice
of e. We will therefore from now on suppress the subscript e.

Realification gives a (2n — 1) connected map from CP™ into the oriented Grass-
mannian G(2,2n) covered by a bundle map L} — Ui . Thus G(2,00) ~ CP*>
and

Q®CP> = colim Q?"2Th(LL) = colim Q*" 2 Th(U3:)

is a homotopy equivalence. Altogether we have a well-defined homotopy class
ar : X — QFCPx.

For X = BDiff(F,11) ~ BI'y4; this is the map ag441 of (3.2).

Let us check that the image of o441, and hence the image of oy, lie in the
g-component of Q*°CP>q, or equivalently that the composition

projow o agy : By — QF8S°(CPY) — Q™85

lands in the —2¢ component (with identification of components chosen at the end
of Section 2.1). Consider (3.3) with X a single point and £ = F, ;. The bottom
row in (3.3) is thus so ¢, : S""2 — G(2,2n) A S"™2 and we need to compute the
degree of the composition of this map with the projection onto S™*2. This degree
is given by the evaluation of the pullback of the generator of H"*2(S"*+2) on the
fundamental class [S"*2]. Under the projection the fundamental class is pulled
back to the Thom class of the trivial bundle U,, & UnL. Writing Ay for the Thom
class of the vector bundle U, the degree is thus given by

< 8" (Av, - Aur), [SP > =< i (e(TFyq1) - Ay, S22 >
=< e(TFg+1)7 [Fg-i-l] >= _297

as claimed.

Next we compute the maps o, 2 and og412 under the map BI'y o — Bl'g412
induced from gluing a torus with two boundary circles Fi o to Fy 2. Considering
F 5 as a fibre bundle over a point the construction above gives an element [1] €
QCP2. Loop sum with [1] in Q>*°CP2q translates the g component into the
(g + 1) component and

Qg 2

Bly, —*%, Q=CPx

(3.4) l *[1]l

Qg+1,2 oo oo
Blgt1,, — Q03,CP

is homotopy commutative. To see this observe that the left vertical map is multipli-
cation by the basepoint in BI' 5 in the monoid |_|g>0 BI'y 2 and the right vertical
map is multiplication by its image in Q{°CP>. Homotopy commutativity of dia-
gram (3.4) now follows because the o > induce a map of monoids up to homotopy
for: « is a map of infinite loop spaces, « restricts to ay 2 on Bl'y 2, and the infi-
nite loop space structure on Z x BT'Y is compatible with the monoidal structure.



10 SOREN GALATIUS, IB MADSEN, ULRIKE TILLMANN

(Alternatively, homotopy commutativity of (3.4) follows from a calculations of pre-
transfers, cf. [G2].)

Let a denote the restriction of a in Theorem 2.2 to the zero component. Re-
stricted to BTy 2 it is homotopic to g2 = (*[—g]) 0 ag2. We can now relate the
kappa classes to spectrum cohomology. Consider

BT, 223 Q°CP™ -2 0 S (CPY)
and recall the cohomology suspension from Section 2.1
o* : H¥(CP*®;Z) ~ H*(S™CP°) — H*(QFS™(CP)).

Theorem 3.1. The Miller-Morita-Mumford class k; is equal to (o o w o &)*(e?)
where e € H?*(CP>;7Z) is the Euler class of the canonical line bundle.

Proof: Let m : E — X be a smooth fibre bundle with fibre F,, classified by
fr : X — Bl'y41. By definition

f2 () = mle(TeE)*1) € H2(X;7)
where m is the composition
HY2(E,7) =5 H2+2042(Th(N"e); Z) Cr, H2iH242(§2042( Y. 7)
followed by the (2n + 2)-nd desuspension, where the notation is as in (3.3). More-
over, for x € H*(CP™,Z) = H*(G(2,2n);Z) (n > * )
s* (X2 (g)) = s (ALt Ar, ~w) =Aps -e(Ly) - .

As before, the \’s denote the cohomology Thom classes. Now take x = €’ and apply
(3.3) to complete the proof. O

3.3. One part of Akita’s conjecture. For our next theorem we need the relation
between Steenrod operations and characteristic classes of vector bundles. Recall
the i-th Steenrod operation:

P H¥(X;F,) — HFF20-D(X;F,), podd,
Sq': H*(X,Fy) — H" (X, TFy).

Let E be an oriented vector bundle over X and Ay its cohomology Thom class.
One defines v;(E) € H*®P=Y(X;TF,), respectively v;(E) € H'(X;F3) by

P'(\g) = vi(E)\g, Sq'(\g) = vi(E)\g.
For p = 2, these are the Stiefel-Whitney classes, and for p odd they were first
defined by Wu, cf. [MSt]. For an oriented 2-plane bundle (or complex line bundle)
L,
vy (L) = e(L)P™1 for p odd,

vo(L) =e(L) and wv1(L)=0 forp=2.
Moreover, the total class
V(E)=14v(E)+v(E)+--- € H(X;F))

takes direct sums of oriented vector bundles into (graded) products.
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Theorem 3.2. The modulo p reduction of k; € H* (Bl «;F),) is zero when i+1 =
0 (mod p —1).

Proof:2 Let H(Z, k) denote the Eilenberg-MacLane space with non-trivial homo-
topy Z in dimension k. The Thom class A, = Ap. is represented by a map from

Th(L;) to H(Z,2n). We let Ya,, 42 be its homotopy fibre, so that there is a fibration
sequence

Yonto s Th(Ly) 2% H(Z,2n).

The spaces Yo, 42 are the (2n + 2)-nd terms of a spectrum Y and the js,+2 define
amap j: Y — CP> of spectra. Since Q?"*2H(Z,2n) has vanishing homotopy
groups

(3.5) 0y 24 geecpe

is a (weak) homotopy equivalence. Thus the bottom vertical map in the commuta-
tive diagram

H?(CP<;F,) —X—  H(Y,F,)
21 00 00 . (@=5)" 21 ooV .
H>(QeCP;F,) —— H*(Q>*Y;F,)
is an isomorphism. The proof of Theorem 3.1 shows that

Sk kK

a*o* (e A1) = Ky,

so it suffices to prove that j* vanishes when i + 1 = 0 (mod p — 1). Equivalently,
we must show that et )\, is in the image of

A o HY(H(Z,2n);Fy) — H*(Th(Ly ) Fyp)
in the stated dimensions. This is implied by

(1+er™H7  p>2
(1—|—€)_1, p:2

v(Ly) = v(Ln) ™ = {

Since P'()\,) € image (\}) the result follows. O

Remark 3.3. The relation Pi(\;.) = Ki(p—1)—1Ar+ used above is further ex-
ploited in [G2] to define secondary classes p; with pu; = kj—1)—1 in cohomology
with Z/p?Z coefficients.

Theorem 3.2 proves half of Akita’s conjecture mentioned in the introduction.
The other half is implied by Theorem 1.1 which is proved below.

2We thank John Rognes for this proof; it replaces a more cumbersome earlier argument.
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4. Proof of Theorem 1.1.

4.1. Segal’s splitting. The inclusion of CP* in BU that represents the reduced
canonical line bundle (of virtual dimension zero) extends to a map

[:Q*°5°(CP>*) — BU
by Bott periodicity and the universal property of the free infinite loop space functor

Q2>°5°°. We shall need the following result due to Graeme Segal.

Theorem 4.1 ([S]). The mapl has a left inverse up to homotopy. In the resulting
decomposition

QS (CP>) ~ BU x Fib(l)
the homotopy fiber Fib(l) has vanishing rational cohomology.

In particular, this gives an identification of Hopf algebras
(4.1) H;Zree(QOOSOO(CPOO)) ~ H*(BU;Z)

induced by [*. The graded module of primitive elements of the right hand side is
a copy of Z in each even degree generated by the integral Chern character class
s; = ilch;. Since [ o represents the (reduced) line bundle and ch;(L) = %e’, (4.1)
implies that

i HY,oo (2 8(CP™)) — H*(CP™;Z)

sends the primitive generator s; to e¢’. Note from (2.2) that we also have that
H*(CP>;Z) = H*(S¥CP%; Z) " P(Hj, (2% 5S> (CP>)))
maps €’ to s;. Therefore, Theorem 3.1 translates into

(4.2) ki = (lowoa)"(s;).

The map w in (2.3) induces an isomorphism on rational cohomology because the
cohomology of 2°°5%°~1! is well-known to be all torsion. The isomorphisms

*

H*(BU; Q) —— H*(QF S (CP);Q) <~ H*(Q®CP%; Q)
together with Theorem 2.4 thus give an isomorphism
H*(Bl's; Q) ~ H*(BU; Q)

of Hopf algebras. Hence P(H}

free(BFOO)) is a copy of Z in each even degree. We
choose a generator

T S P(HQ;{ee(BFOO))

such that k; = D;7; for some positive number D;. The next section gives close
upper and lower bounds for D;.
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4.2. A lower and an upper bound. Recall the definition of the symplectic char-
acteristic classes for surface bundles. The action of I'y1 on H'(F,1;Z) = Z*9 =
H 1(Fg; Z) induces the standard symplectic representation, and hence a represen-
tation of I'g o via the map I'yo — I'y; induced by gluing a disks to one of the
boundary components. We may let ¢ — oo and obtain

BT'.. — BSP(2).

This map can be composed with the map into BSP(R) ~ BU so that we have a
map
n: Bl'\w — BU.

Theorem 4.2 ([Mo], [Mu]). In H*(Bl'«;Q) one has the relation
. B;
7 (s2i-1) = (=1)"(5;) Kai-1-
We are now in the position to prove

Theorem 4.3. For alli > 1, Dy; =2 and

—) or Dy 1 =2 den(—).

Doy =
2i-1 = den(; 2

Proof. As sq;_1 and kg;_1 are integral classes, Theorem 4.3 implies immediately
that modulo torsion den(B;/2i) divides r2;—1. By Theorem 3.2 (for p = 2) we also
know that 2 divides ko;. This establishes the lower bounds for all ¢ > 1. The upper
bounds are a consequence of Theorem 2.2 as we explain now.

As in Section 2.2, let k be a positive integer such that —k generates (Z/p?)* for
odd p and let kK =5 when p = 2. Then by Theorem 2.2 there is a factorization

1+ kg~ CP™ 22 (BTE)N 28 035 (CPX)) 22 08 (CP™)A.
Since 2°°5°°(CP) is of finite type
H;ree(QOOSOO((CPOO);J\) = H}kree(QOOSOO((CPOO)) ® ZP‘
It follows from (4.2) that p;(k;) is the image of the primitive generator s; under

(1+kyp=F) . PHZ, (Q®°S*(CP™)) ® Z, — H*(CP™;Z,).
Both groups are Z, and (1 + k%~*)* in dimension 2j is multiplication by 1 +
k(—k)? =1 — (—k)’Tt. Therefore, v,(D;) < vp(1 — (—k)7T1).

We have the following well-known table of p-adic valuations (see for example
lemma 2.12 in [A2]):

vp(l = (=F)*) =

1+ vp(s) ifs=0 mod (p—1), podd
0 if s20 mod (p—1), p odd
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E 2+ vp(s) if s=0 mod (2)
va(1—(=k)%) = { 1 if s£0 mod (2),

When j = 24, for p odd v,(1 — (—k)7T1) is zero and for p = 2 it is equal to 1. This
gives Dy; < 2. When j = 2i — 1, for p odd we have v,(1 — (—k)?T1) = 1 4 1,,(24)
if 2i divides p — 1 and zero otherwise. This is precisely v,(den(B;/2i)) (compare
(1.3)). If p = 2 however, vo(1 — (—k)’T1) = 2 + 15(2i) which is one more than
vo(den(B;/2i)). This gives Dy;—q1 < 2den(B;/2i). O

4.3. The final factor of 2. Theorem 4.3 leaves us with an indeterminancy of a
factor of 2 in the odd case, and Theorem 1.1 will follow immediately from Theorem
4.5 below. The proof requires several extra results: the improvement of the main
theorem from [MT] as stated in Theorem 2.2 (for p = 2), Theorem 2.4, as well as
part of theorem 1.3 from [G1] which we state as

Proposition 4.4. H.(QFCPX;Fy) = H,(QFS>(CPX);Fy) is injective.

Theorem 4.5. vo(Do;—1) = 1+ v9(2i).

Proof: As in the proof of Theorem 4.3 we have

(QXS®CPXY)) @ Zy Y P(H

free

1— (=5)7%: P(HF

free

(BTY)) ® Zy
22, H% (CP™; Zy).
All groups are copies of Zy, k; = D;7; with 7; a generator and x; = (w o a)*(s;)

where s; is the generator of the left term. Suppose that vo(D;) = 24 vo(j + 1) for
some j = 2i — 1. Then p3(7;) would be a generator and dually

pa, + Hyj(CP™;Fy) — HJ*“(BI'L) @ Fa

and hence
po, « Hoj(CP>;Fy) — Hy;(BTL) ® Fy

would be non-zero. Now apply Theorem 2.4 together with the injectivity result of
Proposition 4.5 to conclude that

(woaous).

Hyo(CP™;Fy)  —" Hy—o(Q5° S (CPY); Fa)

would be non-zero. But this leads to a contradiction as we now argue.

Indeed, by Theorem 2.2 the above map (wo o pa)s is (1 + 51075, 0),. The self
map ¢ ~° of CP* induces the identity on H,(CP>;Fy). Hence 1 + 515 induces
the same map on Fs-homology as six times the canonical inclusion map

6i : CP™® — Q™8> (CP™).
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But (6¢), = 0 on Fy-homology in degrees 4i — 2 giving the desired contradiction.
Indeed, 6: is the composition of 2¢ and multiplication by 3 in the loop sum sense
in Q°°S5°°(CP>). 2i in turn is the composition of the diagonal map on CP>
composed with ¢ x ¢ and loop sum. The diagonal map sends the generator a; of
the 2j-th homology group to ¥4 ;—;as ® a;. Loop sum replaces tensor product by
Pontryagin product which here is commutative. Thus in Fo-homology for j odd, 27
is zero. 0

5. Proof of Theorem 2.2.

In order to prove that the map Q*°S*CP>* — 25> induced by wo a oy,
is zero after p-adic completion, we will have to review the construction of p,. pp
depends on p and the choice of k; here k can be any integer which is a unit modulo
p" for all n > 1. We take the opportunity to give a variant of the proof for the
main theorem in [MT] from sections 3.1-3.3. For the fact that « is a map of infinite
loop spaces we refer to section 2 of [MT].

We first describe Riemann surfaces > with holomorphic actions of the g-th roots
of unity p, C C*. This gives maps Bu, — BDiff(¥).

Consider a divisor D = Yn;p; of CP! with support A = {po,p1,...,pr},n; € N
and ng +ny + -+ -+ ni = 0(mod ¢). Assume for simplicity that ged(q,n;) = 1 for
1=0,1,..., k. Let Xp be the branched cover associated with the Galois extension

C(z) = C)T)/(F(T),  F(T)=T7~1e(z —p)™

(see e.g. [F], chap. 1.8). The Galois group is the group p,. The surface ¥p has a
holomorphic action of p, with orbit space CP!. The induced map 7 : ¥p — CP!
is holomorphic, branched over A, and 7~ !(p;) is a single point (since we assumed
ged(n;, ¢) = 1). Thus the p, action on X p is free outside A, and A is fixed pointwise
by all elements in f,.

Let ~; be a small loop in CP! around p;. The fundamental group CP!\ A is the
free group of rank k generated by 7, - .., 7% with the single relation IIy; = 1. The
covering ¥4\ A — CP!\ A is classified by the map from 7 (CP!\ A) to p, that
sends 7; to €2™"i/4. The complex tangent line T}, ¥p at p; is a 1, representation;
u € pg multiplies by u™ where n; € Z/q is the multiplicative inverse of n;.

If D and D’ are two divisors and ¢ divides their difference D — D’ then there is
a biholomorphic map between ¥ p and Y p that is equivariant w.r.t. the p, action.
Thus it is only the class of D in Hy(A;Z/q) that matters.

Recall from Section 3.2 that given a surface bundle 7 : E — X there is a diagram

X —— Q®(Th(N,E)) —— Q®S>(E,)
v | l .|
X i, QeCPN —Y Q®8%(CPX)

where Q°(Th(N,E)) = colim Q"*?(N"e,) for suitable fat fibrewise embeddings
en : E — X x R"2. The upper horizontal composition is the Becker-Gottlieb
transfer map tgp =t, : X — Q®S>*(E,).
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We need the following properties of the Becker-Gottlieb transfer for smooth
manifold bundles with compact fiber and compact Lie structure group:

(Al) Let f: E — E’ be a fiberwise homotopy equivalence. Then
tpr = QooSoo(f+) otlgp € [X, QOOSOO(EQ_)]

(A2) Suppose

J1
Eiy, —— E;

jzl i1l
E, Z—2> E

is fiberwise homotopy coCartesian. Then
te = Q8% (i1y) otp, + Q8% (iay) oty — QF5(i1ay) otr,,

in [X, QOOSOO(E+)] where ilg = jl @) il = j2 @) ig.
(A3) If the tangent bundle along fibers T F admits a non-zero section, then
tp € [X,Q%°5°(FE,)] is the zero element.

The proof of (Al) and (A2) can be found in [LMS], p. 189-190 or in [BS].
Property (A3) is much simpler. It follows because

Th(N,E) — Th(N,E & T, E)

is homotopic to the constant map at co whenever T; ' has an everywhere non-zero
section.

Let ¥ = Y p be the pg-surface constructed above. We shall study the transfer of
the associated smooth surface bundle

T Eug Xy, 2 — Bpg.
To shorten notation we write
ts : Bug — Q°(Ey), E=FEpgx,, =
for the associated transfer.

Let D = ¥Xn;p; and ¢ € N satisfy A = supp(D) = {po,...,pr},no+--+nr =0,
ged(g,n;) = 1fori=0,..., k. For each i, the inclusion of E, <, {p;} C E induces
a map

pi: By — E — Q°S®(EL).

The principal p, bundle Ep, — Bp, induces a transfer from B, to Q>S5 (Ey, +)
~ (2> 5°° and hence

ty: Bpg — Q®85%° — Q®S5>(Ey)

upon choosing a point of E.



Lemma 5.1. The transfer ts is equal to Xp; + (1 — k)t, in [Bpuy, Q°S™(EL)].
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Proof. We make a cell decomposition of S? = CP! with two 0-cells {0,000}, k + 1

1-cells I; and k 4+ 1 2-cells D; such that p; € int D;.

VAN

Figure 5.2

There are obvious coCartesian diagrams

uol;, ——— Ul; UoD; —— UD;
| L |
{0, 0} —— G G e

where G denotes the 1-skeleton. This cell structure lifts to a cell structure of X::

o N N R

{0,00}¥ —— G G — X

with G = 7~ 1(G) etc. We can apply the functor Ey, Xy, (=) to (5.3) and use

(A1-3) to evaluate t5 and tx. First by (Al) and (A2),

te = (14 k), +2t, — 2(k + V)i, = (1 — k)i,

since I; = g1, oI, = pqgx01; and {0, 00}~ = pgyx{0,00}. Second, the inclusion of

pi in D; is a homotopy equivalence, so t 5 = p;. Moreover, Epg X, dOD; = Epugx St
has trivial vertical tangent bundle, so ;5 is homotopically constant. One more

application of (A1-2) completes the proof.

O

The tangent representation 7)Y is given by multiplication with e2™iMi/4 g0 an

application of Lemma 5.1 gives



18 SOREN GALATIUS, IB MADSEN, ULRIKE TILLMANN

Corollary 5.2. The homotopy class of

By — Q*CP2] — QS (CPY)
is L™ + (1 — k)t,. Here )™ is the composition

Y™ By — CP™® — Q> S%(CP)

with the left hand map induced from the group homomorphism p, — S that sends
u to u™. O

We are now ready to complete the proof of Theorem 2.2. As in section 3.3 of
[MT] we let ¢ = p™ be a prime power and consider the divisor

D =po+mpy + -+ mps, m = —1/k(mod p™).

We use the notation

~

IT(n)ZZ Zh), C%n :Iupn, Tn ::tpn
and consider diagram (5.1) with
X = BDiff(F(n)), E = EDiff(F(n)) Xpig(r(n)) F(n).

Composing with the map BC,» — BDIiff(F(n)) induced by the Cpn action on F(n),
and using that BTy, ~ BDiff(F'(n)) with g(n) = 1/2(p" — 1)(k — 1) we get the
diagram

Bly(n) —*— QX , CP% ——  QFCPx

o] | |
o0 o o T oo Qo0 oo
BCpn —— QF, 1 S®(CPF) —— QFS™(CPY).

The right-hand horizontal maps are translations of the indicated component into
the zero component. The lower horizontal composition is by Corollary 5.2 equal to

(1+ky=F 7,) € [BCpn, Q®°S®(CP>) x Q55>
with 7, =T o 7,.
Lemma 5.3. Leti,_1: BCpn_1 — BCpn be the map associated with Cyn—1 C Chpn.

Then
[Tn o in—l] = p[Tn_l] € [Bcpnfl,QOOSOO].

Proof: Let E be a contractible space with a free action of Cp» for all n, e.g. the
union of odd dimensional spheres E =, -, 5"~ !. Consider the diagram

Tn—1 Tn—1

l?C%n — ZEC%nfl — lgc%n

w T

LJ?}EC%” — Ljflgcbn—l —_— lgc%n—l
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where BCjn-1 and BCpn are the orbit spaces E/Cpn-1 and E/Cp» and i, is
represented by the obvious quotient map. The lower sequence in the above diagram
is the pull-back of the upper sequence, and i,,_1 o m,_1 = m,. The transfer of a
composition is the composition of transfers, and transfers are natural for pull-backs.
Thus [7,, © i,,—1] is the transfer of the lower sequence composed with the fold map
LY E — E. This comes out to be p[7,_1]. O

The Ivanov-Harer stability theorems imply that the map of plus constructions,

BT

+
g(n)—1,2 — Bl

g(n)

is b,-connected with b,, = [%] Thus

(BC) BT ]~ [BCS, BYT ]

g(n)—1,2 g(n)

where the superscript indicates the b,-skeleton. Let p, 2 : BCIEZ") — BF;(n)_l 9

correspond to u, so that
(5.4) Towoans0 fing ~ (1+kp=F (1—k)7,)

in [BCI(,IZL”), Q5S> (CPg°)]. Replacing fi,,2 by the composition fi,44,200,41—10- - -0iy
on the left side of (5.4), by Lemma 5.3, the second component on the right hand
side has to be replaced by p!(1 — k)7,. This second component is an element in
[BC;&”), (926°5°°),] which is a finite p-group. Hence, for some I large enough,
p' (1 — k)7, is homotopic to zero.

Consider the subset G,, of [BCISIQ”), (BF;Q);\] of elements that satisfy (5.4) with
the second component on the right hand side actually zero. As we have argued
it is non-empty. Furthermore, any two elements in G, differ by a map into the
fibre of w. The set [BCI(,?L”), Q5°5°°72] is however finite and hence G,, is finite. By
Tychonov’s theorem, the inverse limit of the G,, is therefore non-empty. We pick
fip € lig G,,. Since colim nHOOBC’]g?f) = BC)p~ has p-adic completion homotopy

equivalent to (CP°)), the map fi,, extends to a map

fiy - 9 5°(CP) — (BTE ,))

and
Towoaou,~(1+ky*,0).

This proves that the first column in the matrix described in Theorem 2.2 is (1 +
ky~F,0). The second column corresponds to the homotopy class of

(5.5) Q>8> L5 7 x Bri , -5 Q®CPYN -5 Q® 5™ (CPYX).

An infinite loop map with source QS is determined by its restriction to S° =
{=1,+1} — Q°°S5>°. The u above maps the base point +1 of S® into (0,*) and
the non-base point into (1,%). The composition (5.5) maps the base point into
the base point of 25°S5°°(CP>) and the non-base point into the base point of
02%,8°°(CP5°). This shows that the second column of the matrix in Theorem 2.2
is (0, —2) as claimed. O
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