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Abstract

We consider a class of classical lattice spin systems, with R"-valued spins
and two-body interactions. Our main result states that the associated Gibbs
measure localizes in certain cylindrical neighbourhoods of the global minima
of the unperturbed Hamiltonian. As an application we establish existence
of a first order phase transition at low temperature, for a reflection positive
mexican hat model on Z¢, d > 3, with a non-ferromagnetic interaction.
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I Assumptions and Main Result

Let n € N and A be a finite set. Elements of A are denoted by z,y and z. We pick
and fix one element o € A which plays the distinguished role of an origin. We write
Q = (R")* for the vector space of spin configurations ¢ = {¢, }.ea over A, where
v, € R™. We use the symbols ¢ and ¢ for elements of ). The letters u and v are
used for vectors in R™, and |u| denotes the euclidean norm of u. It is assumed that
A comes equipped with a metric p which satisfies

max e P < ) < 0. (L.1)
FAS ven

We study a Hamiltonian function Hy € C'(Q;R) of the form
Ha(p) =Y fal@a) 7 ) way(0ar ).
TzEA T, yeEN,x#y

The self-energies { f, }zca and the interactions {wyy } s yen 2y should satisfy assump-
tions specified in the following Conditions 1.1 and 1.2, respectively.

We introduce some notation. We write dj, = ﬁ -V, for the radial derivative
with respect to the R"-valued variable u, and B,(u) := {v € R"||u — v| < r}, for
the closed ball of radius r and centered at w.

Condition I.1. There are positive constants R,cp,Cy > 0 such that the family
{fe}een of functions f, € C*(R™;R) satisfy (i)—(iv) as follows:

(i) fr >0 and min,egn fo(u) = 0.
(ii) The set Gy := {u € R"|f,(u) = 0} of global minima satisfies Gy C Bgr(0).
(iii) For all v € A and v € R", with |u| > R, we have Oy fo(u) > ct.

(iv) For all x,y € A and u,v € R", with |v| > |u| > R, we have
O fo (1) < CrOpi f(v).

For j € {1,2}, we write V,w,, for the gradient of w,, with respect to the j’th
variable. The w,,’s are required to be dominated by the f,’s, as specified by the
next condition

Condition 1.2. There exist constants C? > 0 and {auy tzyer, With azy = ay, > 0,
az: =0, and

max{ Z axyep(x’y)} <Cr, (L.2)

TEA
yEA

such that the family {wyy}zyen of functions wy, € CH(R™ x R™R), with w,, =0,
obeys the following bounds:

max{|V1way (u, v)], | Vo, (u,v)|} (1.3)
< axy(l + Ly >ar) O fo(u) + ]1[|v|z4R1<9\v\fy(v))
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Eq. (I.2) expresses exponential decay of the interaction with respect to the met-
ric p. Let C° < C? be such that

max { Z axy} <Cy. (1.4)
yEA

For polynomially bounded, measurable functions u : {2 — C, we use the following
notation for expectations with respect to the Gibbs state in finite volume A and
inverse temperature [3:

Ealu] := Z;! /Qu(gp)eBHA(‘P) dro. (L.5)

Here Z, = [, e~ PHA(®) @My is the partition function. For the integral in (I.5) to exist
under Conditions I.1 and 1.2, we require |J| < I';', where

Lo :=2C)(1+Cs+¢;t). (1.6)

See Lemma A.1. We note that for many examples, including the example in Sec-
tion I, the f,’s grow at a faster rate than the w,,’s such that no assumption on |.J|
is needed to make polynomially bounded observables integrable. For the probability
of a (measurable) event A C 2, we write

PA[A] = Ep[1L4].
For ¢ > 0, we introduce level sets for f,
Ge = {u e R"|f,(u) < ¢}
We are now ready to formulate the main result of the paper.

Theorem I.1. Assume (1.1). Let {f;}zen satisfy Condition 1.1 and {wyy}syen
satisfy Condition 1.2. Let

[y :=4RC)(3C, +3), Ta=To+12CH  Ts:= iR, (L.7)
and 3 1
Jo 3 min TR VS (18)

For |J| < Jy, >0 and § > 2|J|I'y, we have

Pr[{p € Qlp, & Gs}] < Ce™, (L.9)
where R
o= [ty am oo @},
59 u|<

and o s a strictly positive constant given by



4 V. Bach and J. S. Mgller

Remark 1.2.

(1) We stress that the constants Jy, {I';};=123, C, and o, only depend on p, {f;}zea
and {wyy }zyen through the constants C,, cr, Cy, R, C? and C?. In particular, they
are independent of A and the choice of origin o.

(2) The set of ¢’s with ¢, € G5 is a cylinder set containing the global minima of the
unperturbed (that is, J = 0) Hamiltonian. The condition § > 2|J|I';, ensures that
the global minima of the perturbed Hamiltonian remain contained in this cylinder
set.

(3) The proof goes through without modifications if R" is replaced by a convex
subset thereof containing 0.

(4) A choice was made here to present the method for a class of Hamiltonians without
any special symmetry. For models with O(n) symmetry, like the example discussed
in Section II, one can tweak the proof to get better constants.

(5) The restriction to two-body interactions is made for simplicity. The method
extends to models with many-body interactions.

The derivation of the bound (I.9) follows a scheme used in [1, Section 3], to derive
low temperature localization bounds for models with a unique global minimum at 0.
The method developed in [1] was in turn inspired by work going back to Sjostrand
[11], see also [7, 9]. The common idea in the papers cited in this paragraph is to
systematically shift points in the set of ¢’s with ¢, & Gs, towards the global mimima
and measure the resulting decrease in energy. In this paper and in [1] the shift is
implemented by a single transformation 7, with the property that inf,, , «g,[H () —
H(T(¢))] > o > 0. It is this o which contributes to the exponential localization in
(I.9). In the papers [7, 9, 11] the idea is slightly different: The configuration space
is cut up into pieces, each of which is translated into a neighbourhood of a unique
global minimum, and the contributions are then summed up. We remark that in
[9], the interaction does not shift the global minimum away from 0, which makes it

possible to localize arbitrarily close to 0 while keeping the coupling constant J fixed
(see Remark 1.2 (2)).

II Motivating Example

Let A =] — L, L]*NZ%, be the d-dimensional hypercubic lattice of sidelength 2L, for
some d > 3 and L € N. We view A as the torus Z¢/2LZ¢, equipped with the metric
p(x,y) = min,ega |x —y—2Lz|;, where |z],, is the p-norm of 2 € R%. As self-energies
we take

folw) = |ul* = 2[ul* + 1, (IL.1)

and as interaction we take
Way(u,v) = =Tp(x —y)u - v, (11.2)
where J is periodic and defined from an underlying interaction J € ¢*(Z4; R) by
Ja(x) =Y J(z+2Ly). (IL.3)

y€Z4
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In general, one should take a reflection positive interaction, with respect to a suitable
reflection, in order to get an infrared bound. Here we specialize to the following

example
. —b, |I"2 = \/§ .

In order to obtain a reflection positive interaction, we impose the restriction

1

0 b< ————.
J>0, 0< <2(d—1)

Note that the ferromagnetic case —b > 0, can be treated by methods already estab-
lished. We introduce the correlation function Fj : A — R by

Fy(z) == Ealpo - ¢a)-

Let A* =] —m, 7]*N(FZ%) be the dual lattice and F) : A* — R the Fourier transform
of Fy. That is, Fy(€) = Y sen €xXp(—iz - §) Fj (). Similarly, for § € A*,

A

Jr(&) = = 2a2cos &) —4b Z cos(&;) cos(&;)

1<i<j<d

is the Fourier transform of Jy. Here J (&) = ., 0 ¢ €T (x). The model defined
by (II.1) and (II.4) is translation invariant and reflection positive, cf. [3, 6], and
hence it satisfies an infrared bound of the form

0< Fr(6) < 55(F(0) - T() (11.5)

=75
for € € A*\{0}. Here n is the dimension of the single spin space. For a proof of this
bound see [6, Proposition 20.12]. See [4] for a discussion of the critical case, where
2(d — 1)b = 1.

As usual, (IL.5) implies that

Ealeo - x] = Eallwol?] + FA( ) — Fa(0)
= Ea[l¢ol?] Z (€€ — 1) Fy(€) (IL.6)

EEA*
2n A N 1
2 Ealleol’] - 7575 @*Z\{O} (J(0) - 7).

Note that J(0) = J(¢) if, and only if, £ = 0, and
J0) = T ~ (1 -2(d=1))¢",

near ¢ = 0. In dimension d > 3 this implies the existence of a first order phase tran-
sition at low temperature (large [3), provided one can verify the following moment
inequality

Eallpol?] > ¢ > 0. (I1.7)



6 V. Bach and J. S. Mgller

Here ¢ should be independent of L. The estimate (I1.6) then says that a (necessarily
translation invariant) limit state E,, = w — lim,_,z4 E, is not ergodic, hence not
a pure phase. See [3, 5, 10] and in particular [6, Theorem 20.15], for a reference
dealing with possibly unbounded spins. For models constrained to the unit sphere
(or in general to closed subsets of R” not containing 0) the bound (I1.7) is trivial.

If J(xz) > 0, for all x, i.e. the model is ferromagnetic, there are two general
methods one can use to verify (I1.7) for models with interaction of the type (I1.2).
If n = 1 one can use the FKG inequalities [2], which imply monotonicity of the
second moment in J(x) (for any fixed x). This can be used to reduce the moment
inequality to a one-dimensional problem which can be analyzed explicitly. See [8] for
a discussion of this idea. Another argument applies under the additional assump-
tion of reflection positivity of the interaction (I1.2). Then the so-called chessboard
estimate [6, Chapter 17.1] applies (a key ingredient in the proof of (II.5) and the
reason for the choice of a reflection positive model as our example). The chessboard
estimate together with ferromagnetism, i.e. positivity of 7, also leads to a moment
inequality; no restrictions on n are needed. See [6, Lemma 20.8].

If the interaction is not ferromagnetic there seems to be no method available in
the literature to deal with the innocuous looking moment inequality (I1.7). This is
where our main result comes in. Clearly, Theorem 1.1 gives explicit Jy and «q such
that, for 0 < J < Jy and J3 > «y, we have E[|pg|?] > ¢ > 0, for an equally explicit
constant c. Here one should take 0 < § < 1, such that Gs is an annulus. Moreover,
as opposed to the methods of the preceding paragraph, Theorem 1.1 is robust and
does not rely on correlation inequalities or indeed on any non-trivial properties of
the underlying Gibbs measure. We have thus extended the applicability of Georgii’s
result [6, Theorem 20.15] to interactions 7, which need not be ferromagnetic. (Recall
that Georgii in this case requires the single spin space to be bounded away from 0,
cf. [6, Comments 20.18 (3)]).

For the above concrete model, we estimated the constant .Jy, fixed a J < Jy and
estimated o and C, for which the bound (1.9) is valid. As for J, we got Jy ~ 1074,
which seems small, but is in fact only a factor of 10 smaller than I';'. Recall that
I';! was the upper limit for coupling strengths such that all models satisfying the
conditions, with the same constants, are well-defined. This also serves to illustrate
Remark 1.2 (4). We then took J = $107* and found o ~ 5 and C' ~ €®. To get
a probability less than 1 in (1.9), one has to take 5 > [y with 5y ~ 1200. We note
that we did not try to optimize carefully over possible choices of metric and the
constant R. (For R we chose R = 1.03. For the metric we chose kp, with k = In(2).
Here p is the metric given at the beginning of this section.)

IIT Transformation 7°

The purpose of this section is to construct a transformation of the space €2, and
estimate its Jacobian.

We begin by analyzing the size of the level sets G.. Let ( > 0 and u € R" be such
that |u| > 2(0;1 + R, where the constants c¢; and R are taken from Condition I.1.
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Let v := Ru/|u|, and for 0 <t <1,

e = tu+ (1 — ' = (% +t(1 - %)) .

Then, using that a;/|d;]| = uy/|w], we estimate
1
folw) > folu) — folul) = / i V)t
0
1
= - R 8u 0 t d
(lu >/0 (O fo) ()t

1
> 2(0}71/ crdt = 2C.
0

This implies that

ggc C BR+2CCJZ1 (0) (IHl)
We shall henceforth assume that 0 < ¢ < %ch, which is equivalent to
2¢
f

We introduce the size ¢, of the largest ball contained in G,:
r¢ :==sup{r > 0[3u € G : B.(u) C Gc}. (I11.3)

Fix an n; € G, for which B, (n¢) C G;. Such an 7, exists by the choice (IIL.3) of
r¢. By (IIL.1) we get a bound from below on r,

TC Z dlSt(gg7 gO) = diSt(BRC (0) m gg’ g{))
Let u € Gy and v € Bg (0) N G¢. Then

¢ < fo(v) = folu) <fo—ul sup |Vfo(u)|.

UGBRC (0)

This implies

TC > C .
N SUPueBRg(O) IV fo(u)]
We pick a function § € C*°(R;[0,1]) with § = 0 on (—o0, 3], § = 1 on [1,00),
and ¢’ > 0. Note that supp(#') C (3,1).
The final input is a family of scaling factors {€,},ea. We choose them to be of
the form

(I11.4)

€p = €pe P70, (I1L.5)

Here ¢, is chosen such that
0<e <3(1+0])", (I1L.6)

where [|¢/||« = max; (1 ] |0'(t)] > 2. (We will optimize over €, and € in Section VI.)
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We define a transformation 7¢ : Q — Q as follows: (T%(¢)), := T%(¢,) and

Vo #o: TS(u):= (1 - eg,ﬁ(%)) u, (IIL.7)
(1 —e)u, [ul =4R,

TS (u) = (i

iR

(IIL8)
) u+ne, |ul <4R.

The transformation 7 is not a global diffeomorphism, but we work below in the
sectors {p : |p,| < 4R} and {p: |p,| > 4R} separately, and T° restricted to these
sectors is a smooth transformation.

We end this section with an estimate on the determinant of Jac(7°), the Jacobian
of T¢.

Lemma II1.1. Let TS be the transformation defined in (I1I1.7) and (II1.8). We have
the bound

30l 2 i { €t
u|<R¢ o

x exp [ = néo(14[16/]|00)Cy ), (I1L.9)
for all ¢ € Q, with |@,| # 4R.

Proof: The Jacobian of T¢ (away from |¢,| = 4R) is a block diagonal matrix with
n X n-blocks given by

pr 6:13 90]3 / 901’
Vo #£o0: Jac(T)u(p) = (1 — ex9<’4—R’>) I, — %0 <%>P¢,x,

(1 =€) Ln, |00 > 4R,

Jac(T) () = (7
— ) I, |po| <4R.
<4R> el
Here I, is the identity matrix in R™, and P, := |u| 2|u)(u|, is the orthogonal pro-

jection onto span{u}, for u € R™\{0}.
Note that, for x # o,

€|zl /(|901"> /
— 0 == P, < 0| oo L,

Using this observation, we estimate the determinant of the Jacobian as follows

for |p,| < 4R : ‘det JaC(TC)<gp)} > un_]% H {1 — e, (1+ Hg'”oo)}]n’
(+0)

for o] > 4R : | det Jac(T<)(p)| > [(1—60) I1{1-ec0+ H@’Hoo)}]".
(#0)

Using the bound In(1 —¢) > —2¢, for 0 < ¢ < 3, together with (I.1), (IIL.5) and
(I11.6), we arrive at (II1.9). O
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IV Estimating the Interaction

In this section we estimate the effect of the transformation T¢ on the interaction
W(p) = > sy Way(9z, 0y). We prove the following lemma which is the central
technical step in the proof of Theorem 1.1. The constant Iy below is defined in
(1.6).

Lemma IV.1. For 0 < ( < %ch, we have, for all ¢ € ), the bound

TEA

where
Chy :=4RCL(2¢,C, +3), Ch :=To+Cl(3e," +2(1—¢,)7"). (IV.2)
Proof: Let p € Q, x,y € A with z # y. For z € {x,y} we abbreviate u,(t) =

Using the fundamental theorem of calculus, together with Condition 1.2, we
estimate

(Way (95 y) = Way (T(#))a, (T(0))y)]
= | [ {0 = TS00) - a0, 0400
+ (g = T (spy)) - Vattmy (ua(£), 0y (1)) et
<y (92 = T (02)| + [0y — Ty (0y)]) (Iv.3)
X [1 + /0 1 {ﬂnuma)\zm](3\u|fx>(ux(t)) + Dy (1) 24 (9|u|fy)(uy(t))}dt}
= azy (ST () + SY(0) + 55" () + 55" ()),

where
1
Si(e) = lo: — Ts(02)] [1 +/0 ﬂuuz(t)\am(3|u|fz)(uz(t))dt},
1

We proceed to estimating S7 () and S5 (¢), for all ¢ € Q.
To estimate S7 we recall (II1.7), and observe the bound

|902 - ng(gpz” S €z|‘;0z|7 (IV'4)

which holds true if z # o, or z = 0 and |p,| > 4R. To deal with the complementary
case, where z = 0 and |p,| < 4R, we note that in this case (IT1.8) implies |T(po)| <
R < 2R, and hence

luo(t)] < 4R and o, — T ()| < 6R. (IV.5)
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Combining (IV.4) and (IV.5) yields for all z and ¢ € €,

1
Sf(@) < 6R)., + EZ‘SOZ| [1 + / ]l[luz(t)\Z‘lR]<8lu|f2)(UZ(t))dt . (IV'6)
0

Here we used that |p,| > 4R on the support of Ny, @) >4r]-
As for S5 we split Q into two regions:

O = {p € Qlp:l 2 lpal/(1 - )} and QFf = QO
From Condition I.1 (iv) we get the bound
Upcaz= i 01248 (O fo) (U (1)) < Cplliu. y2am) (O f2) (u=(1)), (Iv.7)
because on the support of the indicator functions we have
u=(0)] = (1 = €)lpa| = || = Juz(t)] = 4R.

Complementing (IV.7) we now consider the region Q3. We obtain, for z # o,
or z = o0 and |p,| > 4R,

€z

9= = T2 (P2) Mipenze M y12a8) < 7102 M ()1245) (IV.8)

_EZ

Here (IV.4) was used. We note that, for |p,| < 4R, we have from (IV.5)

(00 = T3 (9o) Mjus 24r) < 6RNju yjzam) < 3102 Wju y24m). (IV.9)
Combining (IV.7)—(IV.9) yields for z # 2’ and ¢ €

1

S5 () < exl.lC / Ly oyt (arf2) (s (8))

€, 3 !
+ 5z’|90z”{( + /5oz} ; Wju, (t))4R) (O f2r) (u (2))dt.  (IV.10)

1—€)es  2e,

Inserting the bounds (IV.6) and (IV.10) into (IV.3), we get the following estimate
for all x # y and p € Q)

[Way (02, 0y) = Way (T(9))a, (T(0))y)]

3 €
< zyCx | ¥ 1 {1 C _50 —y}
= Gay€ |SD|< U f+2€xy+(1—€y)€x

<[ Mpaiosan(@ £ s 0)) (IV.11)

3 €
. 1 {1 Cr+ —dz0 —x}
+a yey’@y|< + + f + 2€y + (1 _ 6x>6y

1
o R SCHATN O
+ A3y 6 R(0z0 + o).
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Observe that
|0z > uz(t)| > 4R implies  TS(p,) = (1 — €,)¢a, (IV.12)

and hence

1
€2|Pa| /0 Wy, (1)) 48] (Ou) o) (ua () ) dt
1
< N oan / 000 (Bur o) (o ()

1
d
= L, 24m) / (= [fe(ua(0))]) dt
0
As an application we get the bound, cf. Condition 1.1 (iii) and (IV.12),
exlpa] = €xlpal . |<ar) + x|zl Up,>ar) (IV.14)
< € 4Ry, |<ar] + C}lﬂ[lwxlzm] (fo(pa) — fw(Tf(%)))-

Inserting (IV.13) and (IV.14) into (IV.11) we get, for ¢ € Q,

|wWoy (0, 0y) = Way (T*(9))a, (T*(9))y))]

3
éaxy[€x4R+6R5xo+{1+C;1+0f—|—§5y0+ i EZ F }
T — €y )€

x L (fol2) = £(TE(02)]

3 €
+a, [e 4R—|—6R50+{1—|—C_1+C’ +—5xo+—x}
LY Y s ! 2¢, (1—€,)ey

% g zam (Fy(00) = (TS (0)]-
We now recall (I.1), (I.2), (I.4) and (II1.5), before we sum up and obtain, for ¢ € €,

(W () — W(T(¢))| < 86,RCLC, + 12RC,
+2% {02(1 Fol HCp) e 1Y “m’gy } (IV.15)

1 —€ e
zEA yeA 0/~T

X N, am) (fo(p2) — fo(TS(02))).

The following bound is a consequence of (I.2) and the triangle inequality for p

P
Yo o o (IV.16)

= (1—¢€)ex — 1—¢,

See also the proof of [1, Lemma 3.2].
From (IV.15) and (IV.16) we conclude the lemma with the constants given in
(IV.2). O
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V Estimating the Hamiltonian

Lemma V.1. Let 0 < ( < ¢/R/2, |J| < Jo(C), and

0% = min {.Aeser R(L — TG} — 1J|Cy. (V1)
where
0= o () =
Then, for all ¢ € Q, with @, & Gac, we have the bound
Ha(p) = HA(T(¢)) > o7 (V.3)

Proof: We begin by analyzing the self-energy difference between ¢ and T¢(¢).
For z # o we get by definition of TS, cf. (IIL.7), and Condition I.1 (iii) that
Jolpe) = fo(TS(p,)) > 0. In particular we get

fm(gor> - fx(TaE(pr)) > ﬂ[ltpx|24R} (fw(¢x) - fI(ng(SOa:))) > 0. (V-4)

For z = o, we distinguish two cases. First consider |¢,| > 4R. Here |TS(p,)| =
(1 — €,)|¢o| > R and hence, by Condition I.1 (iii),

fo(wo) = fo(T5(90)) = €ocslipol > deocr R. (V.5)
Secondly consider the case |p,| < 4R and ¢, & Gac. Then TS(p,) € G; and thus
folpo) — fO(ToC(SOO» > G. (V.6)

Putting (IV.1) and (V.4)-(V.6) together, we obtain the desired lower bound on
H(p) — HA(T (),

Hy () — HA(T*())
> [ Wepan {1 = ICH} (falee) = Lu(TS(2)) ] = 1ICH

rF#0
+ {Il[|%|<4R] + ]1[|¢O\Z4R](1 - |J’CI%V)}(JC0(§00) - fO(ToC(SOOD)
> min {¢, 4e,c,R(1— | J|C) } — 1T|Cyy, (V.7)
where we use ¢, ¢ Gy and also |J|CE, < {70(()0%/ < 1. O

VI Localization

In this section we prove the main result, Theorem I.1.
We begin separating into two regions

Palpo & Goc) = Pa|lwol > 4R] +Pa[p, € Bir(0)\Gac] (VIL.1)

:Z—1</ e_ﬁHA(‘p)dASO+/ G—BHA(w)dAﬁp)
{lpo|>4R} {®o€B4r(0)\G2¢}
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Let A = {|po| > 4R} and Ay = {@, € B4r(0)\Gac}. We estimate using Lemma V.1,
for j =1,2,

/ “BHAW) gAp < sup {e PUHA)~HAT (¢ ]}/ —BHA(T (¢
A

j PEA;
A
_ o Binfe, [HAW) - HAT ()] / o BHA) 49 __
TC(A) |(det JacT) (T (¢))]
e‘ﬁ(’%

2, (VI1.2)

<
—infueq, [(det JacTC)(TC_l(go))|

provided |.J| < Jo(¢) and 0 < ¢ < csR/2. Inserting (VI.2) into (VI.1), together with
the estimate (I11.9) on the determinant of the Jacobian of T¢, we get

Pafio & Gac) < max { [4RC! sup [V, (w)]]", (1 - )"}
lu|<R¢
% exp [n6,(1 4 |0 |00)C,) et (VL3)

Taking infimum over admissible 0’s and €,’s, yields the estimate with ||6'||,, replaced
by 2 and ¢, replaced by ¢ (see (IIL6)), We have thus obtained the bound

Pa [0 ¢ Gac] < zmax{[mg*l sup |V fo(u)u",(%)n}e%n%*ﬁaé. (VI.4)

|u|<R¢

We recapitulate: The constants in (IV.2), (V.1) and (V.2), with ||¢'|» = 2 and
€p = é, become

Cyy =4RCY(LC, +3), Cf =Ty +122¢¥, (VL5)
~ ) g %CfR
Jo(€) = VL6
O<C) mln{ol ) Cl —|—%0ch5[/}7 ( )
o =min {¢, 2¢;R(1 — |J|CE)} — [T|Cyy. (VL7)

With these constants and for |.J| < Jo(¢), 0 < 1¢ < ¢sR, and > 0 the localization
bound (VI.3) holds true.

We end by explaining how to derive the assertion of Theorem I.1 from here.
Note that Ty = Cf;; and Ty = CF,. Comparing (VI.6) to (I.8), we further notice
that jo(%ch) = Jy and that jo((’) < Jo, whenever ¢ < i¢yR. By assumption, we
have |J] < min{Jo, 567 '}. We distinguish the cases § > ch and 0 < cfR.

If § > ¢;R then we choose ¢ := ¢y R and observe that |J| < Jy = Jo(¢). The
claim now follows from (VI.3), the trivial bound Py[p, ¢ Gs5] < Pplw, & Ge,r], and
the fact that min{4, 3’3} = min{é, ¢y R} = ¢;R = 2(.

Conversely, if § < ¢;R then we choose ¢ := 20 < 3cyR. Since 6 > 2|J|T'y, also
this choice insures that [J| < Jo(¢), namely, |.J| < 1t < Jo(¢). Now the claim
follows directly from (VI.3) and min{4, 3T'3} = min{é, c;R} = § = 2(.

This completes the proof of Theorem I.1. O
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A Controlling the interaction

In this appendix we prove a basic bound on the interaction, which shows that it
can be dominated by the self-energy. This is only used to ensure that polynomially
bounded observables are integrable, and in particular that the partition function is
finite.

Lemma A.1. Suppose Conditions 1.1 and 1.2. There exists a constant A, which
may depend on A, such that for all p € )

Y wnlenp)| S ATt ) Y Ll

Proof. Let u,v # 0. In the following A;, j € {1, 2, 3}, denote non-negative constants,
which contribute to the A in the lemma. We estimate using Conditions 1.1 and 1.2

|way (0, 0)] < Ay + [y (0, 0) — w3y (0,0)]

1
<A+ / |u (Viwgy) (tu, tv) + v - (Vawy,)(tu, tv)!dt
0

1
< A+ axy/o (|U| + |U|) [1 + ]1[t|u‘24R](8|u|fx)(tu) + ﬂ[t‘v|24m(a|v|fy)(tv)} dt

S Al + axy{|u| + |U|

+(1+ Cf)/o [ Wtjugam)|ul (O fo) (tu) + ﬂ[thm}|U|(5|v|fy)(tv)]dt}

= Au+ ag,{Jul + o

+(1+0)/1[]1 & Fultu) + Ny o £, (1)) di
f 0 [t|u|24R] dt Z [t‘v‘24R] dt Yy

=A, + azy{]u| + |v|

1 1

+(1+Cy) [ﬂ[u|>4R}/ %fx(w)dtJr Il[|v|>4R]/ %fy(tv)dt”

4R 4R
[u] [v]

< Ay + agy {Jul + o] + (14 C)[folw) + £, (0)] }.
To conclude the proof we observe the following bound
u] < As + Dy pylul < As+ ¢ My r fo(u) < As+ ¢ fo(u),

and sum up, using (1.4). O
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