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Abstract

A sampling design of local stereology is combined with a method from
digital stereology to yield a novel estimator of surface area based on counts
of configurations observed in a digitization of an isotropic 2-dimensional slice
with thickness s. The method is based on a result in (Kiderlen M, Rataj
J (2006). On infinitesimal increase of volumes of morphological transforms.
Mathematica 53: 103-127) which is generalized in this paper. The proposed
surface area estimator is asymptotically unbiased in the case of sets contained
in the ball centred at the origin with radius s and in the case of balls centred at
the origin with unknown radius. For general shapes bounds for the asymptotic
expected relative worst case error are given. A simulation example is discussed
for surface area estimation based on 2 X 2 x 2-configurations.

Keywords: Configurations, digital stereology, local stereology, surface area

1 Introduction

Methods of local stereology are in world-wide use in microscopic studies of biological
tissue. The sampling designs of local stereology are based on sections through a fixed
reference point of the structure under consideration. It is often encountered that
the observations within the sections are obtained by methods of digital stereology,
such as point counting for area estimation. In this paper we are taking the idea of
combining local and digital stereology a step further. We derive an estimator for the
surface area of three-dimensional objects based on discrete binary images obtained
by a local sampling design under very weak assumptions on the shape.

The estimator is based on a generalization of an asymptotic result in (Kiderlen
and Rataj, 2006). The original result was successfully used for boundary length es-
timation in (Kiderlen and Jensen, 2003; Jensen and Kiderlen, 2003) and for surface
area estimation in (Gutkowski et al., 2004; Ziegel and Kiderlen, 2009). Let X C R3
be a compact gentle set; see the next section for details. Suppose we observe a digi-
tization of X NT, where T} is an isotropic thickened 2-dimensional linear subspace
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of thickness 2s. Then the weighted number Ntf of occurrences of a boundary con-
figuration (B, W) of black B and white W points in the digitized picture of X N Ty
behaves in mean like ¢t=2 as t — 0, where ¢ > 0 is the lattice distance. The esti-
mator we present relies on the fact that the normalization constant ¢ can be given
explicitly as the double integral

1 X 2
it L[ s 0

over the set £ of all 2-dimensional linear subspaces of R? and over the observed part
of the boundary of X. The value f(a) determines the weight given to an observed
configuration located at a and H is a positive function on [0, 7], which depends only
on (B,W). The function ¢, gives the angle between  and the outer normal of 9X
at a. The constant det I depends on the lattice IL chosen for the digitization.

For surface area estimation we choose a set of boundary configurations (B;, W;),
i=1,...,m and weight functions A\; on the positive halfline to estimate S(X) by

S(X) =1*(detL) Y N,

=1

where N;¥ is the \-weighted number of occurrences of (B;, W) in the digitized
picture of X N Ty. For a set X that is contained in the ball B(0,s), centred at the
origin 0 with radius s, the weight functions can be chosen to yield an asymptotically
unbiased estimator. This is also possible if the set under consideration is a ball
centred at the origin with unknown radius. For general shapes one cannot expect
to obtain an unbiased estimator. We propose a method for determining the weight
functions, which yields bounds for the expected asymptotic relative worst case error.
We illustrate this method in the case of 2 x 2 x 2-configurations.

In the next section basic notations and concepts are introduced together with an
asymptotic result (Theorem 2.1) on weighted volumes of morphological transforms.
The subsequent section is devoted to the proof of the main theoretical result, for-
mula (1), which is stated with all necessary assumptions in Theorem 3.1. In the
penultimate section Theorem 3.1 is used to establish a surface area estimator based
on weighted counts of m different configurations in a digitization of an isotropic slice
section of X. We determine estimates for the asymptotic relative mean error, which
can be improved whenever X C B(0, R) for some known radius R > 0; see (15). In
the final section we specialize these results to the scaled standard lattice L = tZ3,
define an estimator based on the m = 102 informative 2 x 2 x 2-configurations, and
compare its performance in a simulation example with the theoretical asymptotic
results.

2 Preliminaries

By S ! we denote the unit sphere in R?. The standard scalar product on R?
is (-,-). By a k-subspace we mean a k-dimensional linear subspace of RY. Let
A, B C R% The reflection of A at the origin is denoted by A = {—x | x € A},



its complement by A¢ = R\ A and its topological boundary by 90A. We write
A®B={a+b|ae Abe B} for the Minkowski sum of A and B, and A© B =
{r € RY | x4+ B C A} for the dilatate of A by B. The positive part of a real
valued function f is denoted by f* = max(f,0). The support function of a convex
body K in R? is denoted by h(K,-). We use this notion also for compact sets A,
A # (), defining h(A,-) = h(conv(A), ), where conv(A) is the convex hull of A. The
exoskeleton exo(A) of a closed set A is the set of all z € A°, which do not have a
unique nearest point in A. The set exo(A) is measurable and has Lebesgue measure
zero, see (Fremlin, 1997).

A closed set X C R? is gentle if for H? '-almost all z € X there are two non-
degenerate open balls touching in x such that one of them is contained in X and the
other in X¢, and if also H4"1(N(0X)) < co. Here HF is the k-dimensional Hausdorff
measure in R and N(0X) is the reduced normal bundle of 9X; for further details
see (Kiderlen and Rataj, 2006). The class of gentle sets is rather large. It contains
for instance all convex bodies (compact convex subsets of RY) with interior points,
all topologically regular sets in the convex ring (the family of finite unions of convex
bodies), and certain unions of sets of positive reach.

At almost all boundary points a of a gentle set X a unique outer unit normal n(a)
to X exists. Let Cy_1(X, ) be the image measure of H¢~! on X under the map a —
(a,n(a)). The measure Cy_1(X, ) vanishes outside N(X). Let &y : R\ exo(0X) —
0X denote the metric projection. The following theorem is a generalization of
(Kiderlen and Rataj, 2006, Theorem 1).

Theorem 2.1. Let X C R? be a closed gentle set, f : R — R a compactly supported
bounded measurable function and B, W and P, () four non-empty compact subsets of
R¢. Then

lim © F(Eox (2))dz

e=0+ € Ji(X@eP)oeB)\[(X0:cQ)@e W]

~ [ s@n(Pe Q) - B e W.n)*

N(X)

% Cas(X;d(a, ). @)
If f is in addition continuous in all points of 0X, then f(£ox(x)) can be replaced by
f(x) in (2).
Proof. Let C C R? be a bounded Borel set. Then (2) holds for f = 1¢ by (Kiderlen
and Rataj, 2006, Theorem 1). It is immediate that (2) also holds for compactly sup-
ported measurable step functions. For a non-negative compactly supported bounded
measurable function f, let (fi)ren, (gr)ren be sequences of step functions such that

fr T fand g | fand fr, > 0. Let M, := [(X ®eP)©eB\[(X ©eQ) ®eW]. Then
we obtain with h(-) = (h(P & Q,-) — h(B & W,-))" that

/N o FH@RICaa (X dla )
< limsup = [ feoxtaas (3)

e—0+ €

< /N . gk<a)h(n)cd,1<x; d(a,n)).
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Using the monotone convergence theorem we obtain

f(ox (x))dx

lim sup — /
e—=0+ € J[(X@eP)oeB)\[(X0cQ)DeW]

_ /N o @R (X o). (4)

Note that for applying the monotone convergence theorem to the right-hand side
of (3) we can assume that Ugen supp(gx) is compact and that the sequence (gx)ken
is uniformly bounded. The same argument holds if we take liminf. o, in (3) and
hence the claim is shown for f > 0. For general f = f™ — f~ we can treat f*
and f~ separately to obtain (2). If f is in addition continuous in all points of 90X,
we obtain uniform continuity in the following sense. For each 1 > 0 there exists a
§ > 0 such that for all z € X Nsupp(f) and y € R? with ||z — y|| < § it follows
that ||f(xz) — f(y)|| < n. Furthermore x € M, implies ||z — sx ()| < eR, where
R=2max{||yll |y € (W@ Q)U (B & P)}. This implies the second claim. O

Let 21, ..., 24 be a basis of R? and let
L={mxz + -+ ngzqg|ni,...,nqg € Z}

be the lattice generated by this basis. A given lattice L. is generated by infinitely
many different bases, but the volume of the fundamental cell Cy = [0, z1]®- - -B[0, 4]
depends only on L and not on the basis chosen. This number is denoted by det(L).
If £ is a uniform random variable in Cj, then the random lattice £ +1L is a stationary
random lattice.

Let X C R? be a compact gentle set and let the function f be measurable non-
negative or integrable. Let £ 4 L be a stationary random lattice, and let B, W C L
be two non-empty finite subsets of L. Define

N; = Z J (@)1 gt BCXNt(E4+L) a+tW CHEFL)\ X} -
zEL(E+L)

Calculation shows that

t_d
E[N)] = —— /
" det(L) Jixewsppxoni

Corollary 2.2. Let X C R? be a compact gentle set. Let f be a locally bounded
measurable function, which is continuous on 0X and let B and W be two non-empty
finite subsets of a lattice I.. Then

f(z)dz. (5)

lim #4-1 det(L)E [N,] = / F(a)(—h(B & W,n))*Ca_1(X: d(a, n).
t—0+ N(X)

Proof. Let C be a compact set such that [X © tB]\[X @ tW] C C for all t smaller
than some ﬁqu to >0 angi X C C. Replacing f, P, B, Q and W in Theorem 2.1
by 1o f, {0}, B, {0} and W, respectively, yields the claim. a



3 Combining local and digital stereology

In the following we restrict ourselves to R3. The results can be generalized to R,
d > 4, in a straightforward manner. We prefer to present them only in R? in order
to keep the notation concise.

Denote the standard basis vectors in R? by ey, s, e5. Let R be a random proper
rotation with distribution given by the normalized Haar measure on SO3. Fix the
2-subspace [y = span(ej,ez). We define the random 2-subspace L = Rly. It is
uniformly distributed in the set £ of all 2-subspaces of R?. Let i be the distribution
of L. Forl € L define Ty = Ts(l) = 1 & B(0,s). The set Ty = Ts(L) = R(lp ®
B(0,s)) = L& B(0,s) is called a random 2-slice with thickness 2s. It will be clear
from the context whether T} refers to the deterministic 2-slice T,() or the random
2-slice Ty(L).

Theorem 3.1. Let X C R? be a compact gentle set. Let R be a random proper
rotation and let & + 1L be a stationary random lattice, which is independent of R.
Let B,W C L be two non-empty finite subsets of the lattice . and f a continuous
non-negative function on R3. The weighted sum Ntf of occurrences of (B, W) in the
digitization of X, which lie entirely in Ty, is given by

Z f (IL’ ) 1{x+tRBngtR(§+JL),x+tngR(£+L)\X} )

z€tR(E+L)
e+t R(BUW)CT,

fort > 0. It satisfies

i (et BN = [ [ ) (6% W (),

t—0+

where H(¢) is given by

1

S —h(B+W,v))THY(dv), 6)
4| cos ¢| S?m{\<e3,~>\:|sin¢\}< ( ) (@) (

and gbfl is the angle between | and the outer normal of X at a € 0X.

The proof of Theorem 3.1 is based on the following Proposition 3.2 and Lem-
mas 3.3, 3.4. The difference of Ntf in Theorem 3.1 and N? in Proposition 3.2 is that
the latter also counts configurations which do not lie entirely in the slice T5. These
are of course not observable in practice.

Proposition 3.2. Let X C R? be a compact gentle set. Let R be a random proper
rotation and let & + 1L be a stationary random lattice, which is independent of R.
Let B,W C L be two non-empty finite subsets of .. Let g : R® x L — R be a non-
negative bounded measurable function such that g(-,1) is continuous for all | € L.
Then the number

N = Z g(z, L)1{x+tRBg(Xst)mR(g+L)} X izt RWCHR(E+L)\(XNT:)} 5
x€tR(E+L)



fort > 0 satisfies .
Jim t*(det L)E[N{] = E[F,(R)],

where
Fy(r) = /N(XHT)g(a, rlo)h(r~'n)Co(X N Ty;d(a,n)) (7)

forr € SO3 with h = (~h(B @& W,-))*.

Proof. For p-almost all [ € £ we have that H?*(0X N dT,) = 0, which can be seen
using Fubini’s theorem. This implies that the set X N7y is compact gentle for p-
almost all [ € £. Applying Corollary 2.2 we obtain that tQE[NﬂR =r| — F,(r)
for t — 04 pointwise for almost all 7 € SOz as (—=h(rB @ rW,n))* = h(r—'n). We
claim that the conditional expectation t2E[N?|R] is uniformly bounded for ¢ < 1,
hence Lebesgue’s dominated convergence theorem yields the assertion. In fact (5)
implies
E[N!|R=r] = t3/ ] gl rly)dz.
[(XNTy)otr B\[(XOT)@triv]

By assumption there is a constant C' > 0 such that |g| < C. If x € [(X NT;) ©
tr BI\[(X N T,) & trW], then dist(z,d(X NTy)) < tC’, where C’ > 0 is a constant
depending only on (B, W). Hence we obtain

[*E[N7|R]| = |t‘1/ ] g(z, L)dz|
[(XNTs)StRB\[(XNTs)®tRW)

< CtYHA](O(X NT,) @ B(0,tC"))
< Ct'"H*(0X @ B(0,tC"))
+ Ct'H3(0(T, N B(0,diam X)) @ B(0,tC")).

Applying (Kiderlen and Rataj, 2006, Proposition 4), which is derived from a far-
reaching generalization of Steiner’s formula (see Hug et al. (2004)), we obtain

t"H?(0X @ B(0,tC"))

3 3(0Xsam)
= Z (0 / / Sz_lﬂaX@B(o,tC/)(a + sn)
X dspg—i(0X;d(a,n))

3 tC"
<t Z mi/ / s Vds|uq_i|(0X; d(a,n))
P N(©X) Jo
3
<t ! Z ki (tC") | pa—il (0X; 0X)),
i=1
where 11;,(0X;-) are the support measures of 90X, and §(0X;a,n) =inf{t >0 |a+
tn € exo(0X)} is the reach function of 0X at (a,n). The support measures have
locally finite total variation as X is gentle and hence the compactness of X yields
boundedness of the last term in the above inequality for ¢ < 1. The same argument
can also be applied to t~'H3(9(T, N B(0,diam X)) & B(0,tC")) as T, N B(0,tC") is
compact gentle. O



Lemma 3.3. Let g : R? x L — R be a non-negative measurable function such that
g(-,1) is continuous for alll € L. Let Fy(r) be given by (7). Then the conditional
expectation E[F,(R)|L = 1] can be expressed as

[ stenm@iyren + [ glanml) Hdo)
XN, XNaT,
for p-almost all | € L, where H(¢) is given by (6).

Proof. For p-almost all | € £ we have that H*(0X N JT;) = 0. This implies that
there is a unique normal n(a) for H*-almost all a € (X NTy). Hence we obtain for
r € S0;3

Fy(r) = /8(X|’1Ts) gla,rlo)h(r~n(a))H(da).

There exists a regular version of the conditional distribution of R given L (Klenke,
2006, Satz 8.36). Therefore we can use Fubini’s theorem to obtain

BIF(R)IL =1 = [ Loy (@)g(a. DE(Gn(@)|L = U (da).
Recall that p-almost surely 15 xnr,) = loxnr, + 1xnar,. The claim now follows from
Lemma 3.4. O
Lemma 3.4. Forn € S* and | € L we have

E[R(R™'n)|L =1] = H(¢),

where ¢ is the angle between n and 1, and H(¢) is given by (6).
Proof. Fix p € SO3 such that pl = [y. Then

E[R(R™'n)|L = 1] = E[h(R™'n)|pRly = ly] = E[L(R™'pn)|Rly = ly].

We have (n,l) = (pn,lo), hence the last conditional expectation in the above equa-
tion can be written as the normalized integral over the two small circles C S? parallel
to [y at height + sin ¢ with radius cos ¢, where ¢ is the angle between n and [. [

Proof of Theorem 3.1. Let 0 < ¢ < s/2. For [ € L, define the continuous function
Xie 1 R* — [0,1] as a smoothed version of 17, such that x%_(z) = 0, if z € (T})°
and . _(z) = 1, if € T,_.. Substituting g(z,1) = f(2)x}_..(¢) in Lemma 3.3 we
obtain
BlFy  (RIL=1)= | @) .(@H (@) H(do)
' OXNTs
The right hand side converges pointwise in [ to

/a @) H (%) HEda),

as € — 0. It is also bounded independently of € and [, hence by dominated conver-
gence E[Fy, . (R)] converges to

/ / F(a) H (6%) H2 (da)u(dl). (8)
L JoXNTs
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Proposition 3.2 yields that

2 XS e
lim lim ¢*(detL)E[N, ]
e—0 t—0+

is also given by (8). It remains to show that

lim lim B |5/ = N/|] = 0.

e—0t—0+

Choose g > 0 such that BUW C B(0,q). Then for t < £/q we have that © € T;_o.
implies x%__ () =1 and z + t(BUW) C T,. Therefore
N7 f 5*8 €
N =N = Y F@) (@) = Varermowycry) L),
z€tR(E+L)
$€T5+5\TS,25

where It(l‘) = ﬂ{:c—l—tRBgXﬁtR(f-HL),33+tRW§tR(§+]L)\X} and we used that Xﬁ;s,a(l‘) =0
for x € (T,_.)¢. Using (5) this yields

~f 5—55 —
RN N |[R=r] <6t [ p@)ltamennan(alde.
[XotrB\[X®trW]

Choose a constant C such that |f| < C on a compact set containing [(X NT}) ©trB]
for all » € SO3 and all £ < 1. Then the last expression in the above inequality is
bounded by

Ot_l/ ] ~ laren3e) (Sox(7))dx.
(XotrB)\[X@trV]

This integral converges for all » € SO3 by Theorem 2.1 as t — 0+ to
/ (=h(rB @& rW,n(a)))* Lor,ep.s) (a)H*(da),
X

where n(a) is the unique normal of X at a. It exists for H?-almost all a € 9X.
The function (—h(rB @ rW,-))* is bounded by a constant C’, independent of 7.
Therefore, using dominated convergence, the limit of the above integral as ¢ — 0 is
bounded by C"H?*(0X N dTy) = 0 for almost all r, which yields the claim. O

4 An estimator for surface area

In the following we will derive an estimator for surface area using Theorem 3.1,
which is based on a local stereological sampling design.

Let X € R? be a compact gentle set. Suppose we observe X N R[(ly + B(0,s)) N
t(§ + LL)] for some random proper rotation R, £ + L a stationary random lattice,
which is independent of R, and t > 0. Let (B;,W;), i = 1,...,m be boundary
configurations of L, i.e. B;, W, are non-empty, disjoint finite subsets of I with
B; UW,; = Cy N1, where Cj is the fundamental cell of .. We define the following
estimator for surface area

S(X) = t*(det L) Y~ N}, (9)

8



where Nf = Nt’\i as defined in Theorem 3.1 with B = B;, W = W;. The continuous
functions A; : [0, 00) — [0, 00) are weight functions, which have to be suitably chosen
according to the choice of (B;, W;). We give an example for 2 x 2 x 2-configurations
in the following section. By Theorem 3.1 we obtain that

lm B = [ [ S (e u@, (o)

where H; is given by (6) for (B;, W;). Using Fubini’s theorem we can rewrite the
right-hand side of (10) as

/ Nl [ 1 @ o)

We have [, 11, (a)H;(¢) ) p(dl) = gi(||all, ), where i € [0, 7] is the angle between
a and n, where n is the outer normal of X at a € 0X. The function g;(r,v) for
¢ € [0, 7] and r € [0, 00) is given by

1
/ H;(arcsin(z))dz, for r <s,
gi(rv 1/)) = 01
/ H;(arcsin(2))Gys/r(2)dz, for r > s.
0

Let * denote the two sided cut-off function z +— 2* = min{l, max{—1,z}}. The
function Gy 4(2) for ¢ € (0,7) and ¢ € (0, 1] is given by

Gyq(2) = % (arccos (o, _,(2)) — arccos (a, ,(2))) (11)
where ay 4(2) = (¢ — zcos)/(sinyy/1 — 22). For ¢ € {0, 7} we have

Goq(2) = Gry(2) = H[O,Q}(Z)-

Note that for all ¢ € [0, 7] and all r € (s, 00)

1
s

| otz = [ 1 @utan =2, (12)
0 L r

see (Jensen, 1998). We assume that none of the functions H;, i = 1,...,m, is

identical zero. This is fulfilled, when B; and W; can be strictly separated by a
hyperplane for all i = 1,...,m. As ¢;(0,0) = g;(r,¢) for all (r,¢) € [0, s] x [0, 7],
and as (10) can be rewritten as

~

lim E[S(X)] = /M Z AillalDgi(llall, 3 ) H* (da), (13)

t—0+

the choice A (r) = agm; with 7; = ¢;(0,0)~ implies that S(X) is asymptotically
unbiased for all X C B(0, s) whenever the coefficients ay, ..., a,, € R are summing
up to one.



If the set X under consideration is a ball centred at the origin with unknown
radius, we have ¢ = 0 for all @ € 9X. In this case it is sensible to assume that the
sets B;, W; are such that we have g;(r,0)"! > 0 for all € [0,00) and i =1,...,m.
This is equivalent to requiring that the support of each H; contains an interval
0,¢) for some € > 0. Choosing X;(r) = a;¢;(r,0)~", where >." a; = 1, yields an
asymptotically unbiased estimator S (X) of S(X).

For general shapes we cannot expect to obtain an unbiased estimator by (13).
A suitable choice of \; for r > s will strongly depend on the choice of the pairs
(B;,W;). In the sequel we propose one method to choose the weight functions A;
and show how the asymptotic relative worst case error can be determined in this
case. Suppose we can determine coefficients p; > 0 such that for all z € [0,1] we

have
m

Z,uz-HZ-(arcsin(z)) ~ 1,

i=1
then by (12) we obtain for all ¢ € [0,7] that D", wigi(r,v) ~ f(r)~!, where
f(r) =max{1,r/s}. The function f(||al|)~" is the probability that a is contained in
the random 2-slice T, see (Jensen, 1998). Setting \;(r) = w;f(r), we obtain by (13)

tlir()nJrE[S(X)] ~ S(X).
We suggest to chose (g, ..., ) within the set S C [0,00)™ of all (p1, ..., fim)
such that there exists (ai,...,an,) € [0,1]™ with >°7" a; = 1 and p; = a;n;. This
guarantees that the estimator is asymptotically unbiased for sets X C B(0, s).

In the remainder of this section we show how to determine the asymptotic relative
worst case error for given coefficients (1, ..., puy,) € S. It is immediate from (10),
that if 1 — " < 3" p;Hi(arcsin(z)) < 1+ v for some v}, > 0 and for all
z € [0,1], then
limy o4 E[S(X)]

S(X)
This error bound is independent of the size and shape of X. If we know that
X C B(0,R) for some R > 0, then the worst case error is typically smaller
and one can determine a bound using the Lipschitz continuity of the function
S A (g (r, ) = (/) S piga(r ) for v > s

In order to find a Lipschitz constant with respect to ¢ for

-y < <1+

m 1 m
> pigi(r ) = / > piHj(arcsin(2)) Gy o/ (2)dz
i=1 0 =1

we use partial integration to rewrite the function for r > s as

1 d z
H(5)2- /O < (H{arcsin(2))) /0 G o (2)dad, (14)
where H = 3", pi;H;. Then (0/0v) > ", p1igi(r, 1) is given by
1 z
—/0 (%(H(arcsin(z)))/o %G%S/T(x)dxdz.
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Let ¢ = s/r and 1, ¢, z such that |ay ,(2)] < 1. Then we obtain

— arccos(ay 4(2)) = d COSW) — ,
oY sin (1)) +/sin(v) — q* +2qz cos(v)

and hence

/—arccos Qyq(2))d

= \/sm — 22— ¢? 4+ 2qz cos(v).
sin(v

The above expression is non-negative and bounded by /1 — ¢2. Therefore

a m
% Z pigi(r
i=1

is bounded by

d
/0 dz H (arcsin(z ' ' / —Gy s/ (v)da

hence we suggest to use the upper bound

(H (arcsin(z)))

L ita
m

d
dz <
: ’dz

1 Hd%(ﬂ(arcsin(Z)))

1

for the Lipschitz constant of Y\ X;(r)g;(r, 1) with respect to 1. Here |-||; denotes
the L'-norm on [0, 1].

To find a Lipschitz constant for > ", \;(r)g;(r,v) with respect to r we first

differentiate with respect to r and obtain

1 1
l/ H(arcsin(2))Gy s /r(2)dz + iag H(2)Gysr(2)dz.
S Jo

sor Jo

The first term of the above expression is bounded by 1/7||H (arcsin(+))||«. In order to
find a bound for the second term we use partial integration to rewrite Y " p;;(r, 1)
for r > s as in (14). Then (9/0r) >"1" | pigi(r, ) is given by

™ § 1 d
—H (5) 7“_2_/0 E(H(arcsm / oy Gws/r( r)dxdz.

Let 4,7, z such that |ovy s/r(2)] < 1, then we have

S

N e R

arccos(ovy, s/r(2)) =

)

or
and

~ ety
\/sin(w) — 22 — 5 4 28z cos(1))

/— arccos( oy s/r(2))dz = % arctan
r
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The term on the right-hand side of the above equation is bounded in absolute value
by

s
r22
Therefore, for r > 1, the function ;" A\;i(r)g:(r, 1) has Lipschitz constant (1/rq)L
in 7 uniformly in v, where L is given by

4 (H(aresin(2)))

| H (arcsin(+))|| oo + H (Z) +2 ‘ dz

2

1

Let ¢ > 0. Define r,, = (1 +¢/(2L))*s for k € N. Let n be minimal such that
rn, > R. Foreach k=0,...,nlet 0 =y < Y1 <+ < Yyy, = 7 be a partition of
0, 7], such that |11 — Yiy| < e/(2M(rg)) for all I =0, ..., ng. We set

m

vy = maxz Ai(r1)gi(Te, Yr) — 1,

ol
=1
m
vyt =1-— H;i,izn;)\i(rk)gi(rk’ V).

We claim that for all X C B(0, R) we obtain

limy o4 E[S(X)]

M <
-1y —e< S(X)

<1+ +e. (15)

Let ¢ € [0,7]. Then with [ € {0,...,n; — 1} such that ¢ € [hg;, ¥r111] we obtain

m

D i) gi(re, v)

=1

= Y (R gi (e ) = D N () g (ks Yra) + D Xi(re) i, Y
im1 im1 im1

< Mi(ri)|v — il + 1+ v

<14+ 42,

2

Hence for r € [s, R] with k such that r € [rg, rr41) we have

Z Ai(1)gi(r, )
= Z Ai(1)gi(r, ) — Z Ai(Tk)gi(Tr, ¥) + Z i) gi(rr, V)
< £(7“—7%)%—1—}—1/5”—}—E
Tk 2

<14+ +e

By the same arguments one obtains the analogous lower bound for > 7" | \;(r)g;(r, ¥).
Using (13) this implies the claim (15).
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5 Coefficients for 2 x 2 x 2-configurations

A 2 x 2 x 2-configuration is a pair (B, W) of non-empty disjoint subsets of Z3,
such that BUW = Z3*N[0,1]3. Tt is called informative, if there is a hyperplane,
which strictly separates B and W. In this section we want to investigate the surface
area estimator (9) in the case, where (B;, W;) runs through the family of all 102
informative 2 x 2 x 2 configurations. These configurations were thoroughly inves-
tigated in Ziegel and Kiderlen (2009). In particular the functions (—h(B; + W;))*
are explicitly given, hence we can numerically determine the functions H;. As in
Ziegel and Kiderlen (2009) we classify the informative 2 x 2 x 2 configurations in five
types, depending on the number and position of black points B or white points .
A configuration of type one has exactly one black point or exactly one white point, a
configuration of type two has exactly two black points or exactly two white points,
and a configuration of type three has exactly three black points or exactly three
white points. Configurations of type four and five have exactly four white and four
black points, which are affinely dependent in the case of type four, and affinely
independent in the case of type five.

For configurations of type one, all functions H; are identical and we denote them
by H'. The function H'(arcsin(z)) for z € [0, 1] is shown in Figure 1. All functions
H;(arcsin(z)), z € [—1, 1], are symmetric with respect to the origin, which is why we
only display them for values z € [0, 1]. For configurations of type two, three and four
there are two different functions H; occurring per type. We denote them by H?!,
H?2 H3' 03?2 and H*', H*? respectively, see Figures 2, 3 and 4. For configurations
of type five all functions H; coincide and we denote them by H®, which is displayed
in Figure 5. Figure 6 shows all functions H; scaled by the number of their occurrence
amongst all functions H; induced by informative 2 x 2 x 2-configurations.

I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 1: Plot of the function H;(arcsin(-)) for a configuration of type one. There
are 16 configurations of type one (not identifying twins).
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L L L L L L L L
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

Figure 2: Plot of the functions H;(arcsin(-)) that occur for configurations of type
two. There are eight configurations of type two with H; = H*! (left curve) and 16
configurations with H; = H*? (right curve).

0.025

0.015

0.011

0.005

I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 3: Plot of the functions H;(arcsin(-)) that occur for configurations of type
three. There are 32 configurations of type three with H; = H*' (left curve) and 16
configurations with H; = H>? (right curve).
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L L L L L L L L
0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 4: Plot of the functions H;(arcsin(-)) that occur for configurations of type
four. There are eight configurations of type four with H; = H*! (curve for z €
[0, 0.7], zero otherwise) and four configurations with H; = H*? (curve for z € [0.7,1],
zero otherwise).

0.03

0.025

0.021

0.015

0.011

0.005

0

T L L L L L L L L
0 0.1 0.2 03 04 05 0.6 0.7 0.8 0.9 1

Figure 5: Plot of the function H;(arcsin(-)) for a configuration of type five. There
are 16 configurations of type five.

1

0.9

0.8

0.7

0.6

05

0.4

03

0.2

01p

0 T I I ! I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 6: Plot of all functions H;(arcsin(+)) that occur for 2 x 2 x 2-configurations
scaled according to their number of occurrence.
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The coefficients 7; for informative 2 x 2 x 2-configurations are given in Table 1.
We have seen that the estimator in (9) with

Ai(r) = pif(r) (16)
is unbiased for S(X) if X is a subset of B(0, s), whenever (p,...,ui02) € S. We
wish to choose (ay, ..., a102) € [0,1]'%% such that vJ", v} are small. In (Ziegel and

Kiderlen, 2009) a one-parameter family of coefficients (u}(u), . .., hga(u)), u € [0, 1]
was derived that minimizes

102

Z“z h(B; + W;,n))* —1 (17)

max
nes?

for each u € [0,1]. From the definition (6) of the functions H; it is clear that
(17) is an upper bound for v M. Adapting the coefficients (u}(u), ..., g (u))
to yield an asymptotically unbiased estimator for spherical shapes, we obtain the
family of coefficients (u1(u), ..., pi02(w)), u € [0,1] given in Table 2. It turns out

that (11(0), ..., 102(0)) € S or in other words

102

Z:U’z _

We therefore suggest to set p; = p;(0) and \; as in (16). With this choice we obtain
VM =0.0461, vM = 0.0225, ||(d/dz)(H (arcsin(z)))||; = 5.7002 and L = 13.3768.

-1

H; (fo (arcsin(z ))dz)

H! nt =38.119
o2 n>!=48.179
H?? 2 = 48.179
H3! n¥l =171.187
H3? 2 =171.187
o nt! = 25.856
o2 nh? = 25.856
i n° = 114.825

Table 1: Coefficients 7; for informative 2 x 2 x 2-configurations.

As a simulation example we consider a cylinder with radius 1 and height 2 centred
at 0 which is contained in B(0,v/2). We observe an isotropic slice of thickness
s = 1. For a lattice distance of ¢ = 0.055 we obtain a mean estimated surface area
of 18.115 with variance 1.146 in 1000 Monte Carlo simulations. This corresponds
to a mean relative error of 3.8%. For ¢ = 0.020 the mean estimated surface area in
1000 simulations is 18.553 with variance 1.205 and mean relative error 1.6%. The
asymptotic relative mean error for sets X with X C B(0,+/2) and X € [0, /4] for
all a € X is less than 1.2%. We determined this value numerically using the method
described in the previous section. With & = 0.0030 we obtain v/ = 0.0042 and
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Hz‘ /%‘(u)v u € [07 1]

H! pt(u) =(1.652/2)u 16
H?! > (u) =0.675 8
H?? 2 (u) =0.675 16
3! P () = 1.168 — (1.652/4)u 32
H? 132 (u) =1.168 — (1.652/2)u 16
H*! pht () = 0.954 4
H*? ph?(u) =0.954 2
H? p(u) =1.652(1 — u) 8

Table 2: One-parameter family of coefficients y; for v € [0,1]. The number in the
last column indicates the number of occurrences of the function H!, H*!, H?*?2,
H3, {32 HY', H*2?, H°, respectively amongst all functions H; for informative
2 X 2 x 2-configurations.

vyt = 0.0082. In summary this simulation example indicates that the bias of the
simple linear surface area estimator (9) with weight functions (16) is of reasonable
magnitude. It appears that the theoretical asymptotic error bounds are often too
optimistic, and should only be used in the case where good to very good resolution
images are available.
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