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Abstract
In this paper we examine the asymptotic behavior of the parallel volume
of planar non-convex bodies as the distance tends to infinity. We show that
the difference between the parallel volume of the convex hull of a body and
the parallel volume of the body itself tends to 0. This yields a new proof for
the fact that a planar body can only have polynomial parallel volume, if it is
convex. Extensions to Minkowski spaces and random sets are also discussed.

1 Introduction

The parallel body of a body K at distance r > 0 is the set of all points having at
most distance r from K. Its volume is called the parallel volume of K at distance r.
The parallel volume is a functional which plays an important role in convex geometry
and has many applications, e.g. in stochastic geometry, statistics, discrete geometry
and geometric functional analysis. While in many applications the parallel volume
of arbitrary bodies is interesting, it has been explored mainly in the special case of
convex bodies.
We put

K+L:={x+y|lzxeK,ye L} K,LeC,
rK ={rx|z € K}, KeC,reRy,

where C denotes the set of all bodies in R, i.e. of all non-empty compact sets, and
R{ denotes the set of non-negative real numbers. Now it is easy to see that the
parallel body of a body K at distance r > 0 is K + rB? where B¢ denotes the d-
dimensional closed unit ball. By V; we denote the d-dimensional Lebesgue-measure
and by conv K we denote the convex hull of a body K.

Steiner [10] was probably the first to consider the parallel volume of a given body
as a functional of the distance, when he showed in 1840 that the parallel volume of
certain convex bodies is a polynomial. Meanwhile it is known that this is true for
all convex bodies. In 1935 Lusternik [7] proved the Brunn-Minkowski-inequality

Vy(K +rB) > ( YK + r\d/Vd(B)>d, r>0,

for arbitrary bodies K, B C R%. In the 1950s Kneser [6] and Sz.-Nagy [11] obtained
further inequalities, which relate the parallel volume a fixed convex body has at
various distances to each other.



In this paper we want to examine the asymptotic behavior of the parallel volume
as the distance tends to infinity. Our main theorem is

Theorem 1.1. Let K C R? be a body. Then

lim Va((conv K) +rB?) — Vo(K +rB?) = 0. (1)

r—00
This leads to a new proof of the following theorem by Heveling, Hug and Last [2]:
Theorem 1.2. Let K C R? be a body, for which

Ry — Ry, r— Vo(K +rB?)
1s a polynomial. Then K is conver.

Hug, Last and Weil [3] extended this result to random bodies and more general
2-dimensional normed spaces. They also gave an interpretation for bodies K having
more than 2 dimensions.

This paper is organized as follows:

In Section 2 we collect some results from convex and Minkowski geometry we
need in the later sections.

In Section 3 of this paper we state and prove a more general version of Theo-
rem 1.1. We will show that, when one replaces B? by another convex body B C R?,
the theorem remains true, iff B is smooth (in the sense we define it in section 3).
We will also prove this statement for random bodies and give an interpretation for
bodies K having more than 2 dimensions.

In section 4 we give a new proof for Theorem 1.2 under generalisations quite
similar to those of [3].

In section 5 we show that if a union of randomly many random bodies fulfilling
certain regularity assumptions has polynomial expected parallel volume, then this
union consists of only one body a.s.

In section 6 we will give an outlook on work in progress about the speed of
convergence in (1).

2 Geometric tools

In this section we will collect results from convex and Minkowski geometry that will
be used in sections 3 and 4.

For K € C, B € K and r > 0 we can write the expression conv K + rB without
brackets, since as a special case of [8, Theorem 1.1.2] we have

conv(K +rB) = (conv K) + rB.

8, section 5.1]) that for convex bodies K, B C R there

It is well-known (see e.g. [8, s
Jl, Bljl), 7 =0,...,d, called mized volumes, such that

are numbers V(K |[d —

Vi +r) =3 () Vi = LB, vz 0

J=0



In this paper we consider K always with the Fell-Matheron-o-algebra, which is
known to be the Borel-g-algebra of the Hausdorff-metric. For a introduction, see
e.g. [9, chapter 12].

Let K2 denote the set of all pairs (K, B) of two 2-dimensional convex bodies in
R™ that have parallel affine hulls. We will show the measurability of 2! in Lemma
AA4.

Lemma 2.1. For (K, B) € K*l and r > 0 the body K +rB is 2-dimensional. There
is a measurable map V : K2l = R such that

Vo(K +71B) = Va(K) + 2rV (K, B) + r*V,(B) (2)
for allr >0 and (K, B) € K?I.

Proof. In the special case n = 2 this statement is well known (see e.g. [8, The-
orem 5.1.6]). If n > 2 and (K,B) € K2I, choose an isometry o : K — R? and
a translation [ : B = K , where K and B are the affine hulls of K and B. Set
V(K,B) := V(a(K),«a o f(B)). By the translation invariance and the joint rota-
tion invariance of the mixed volume, this extension is well-defined. By the isometry
invariance of the Lebesgue measure (2) remains true.

In order to see that V' is measurable, we prove that it is continuous. So let
((Kk, Bi))ren+ be a sequence in K2l converging to (K, B) € K?I. Now it is possible
to choose the isometries «y, : Kk — R?, By : Bk — Kk, a: K — R?and B B — Kin
such a way that limg_,o ag(zx) = a(x ), iff limy,_yo0 2 = @, and limy_, o o (Br(yx)) =
a(B(limg—eo Yg)), Mt limg 00 yp = y, for all sequences (zg)ren+ and (yx)ren+ with
2 € K, and yr € By for all k € Nt and points z € K and Yy € B. Now it is easy to
see that limg_,o ap(Ky) = a(K) and limy_, ax(Se(Br)) = a(8(B)). Since in the
special case n = 2 the functional V' is continuous by [8, Theorem 5.1.6], we have
shown the continuity of V' (for arbitrary n > 2). O

We denote the interior of a subset A C R by int A and its boundary by bd A.
In the rest of this section we let B C R? be a convex body with 0 € int B, called
the gauge body. For a closed set A C R? and x € R? we define the B-distance from
x to A to be
dp(A,z) :=min{t > 0|z € A+ tB}.

For z,y € R? we put
dB(yu I) = dB({y}wr)

Then it is easy to see that

dp(z,y) =0 <= x =y, z,y € RY, (3)
dp(x + Au, z + M) = Mdp(u,v), r,u,v € RY N ERY, (4)
dp(z,y) +dp(y, 2) > dp(, 2), z,y,z € RY, (5)

and that dp : R? x RY — R is continuous.
For a closed set A C R? and = € R¢ we put

p(Az) ={ye€ A|dp(y,x) =dp(A,x)}.



Lemma 2.2. Let K C R? be a convex body and x € R? \ K. Then a pointy € K
lies in g(K, x), iff there is a (Euclidean) exterior unit normal vector u € R? of K
iny, a point ¢ € B and a number s € Ry such that u is (Euclidean) exterior unit
normal vector of B in q and x =y + sq. In this case we have s = dg(y, x).

Proof. Assume € llg(K,z). Put r := dg(K, x). By the cancelation law for Minkow-
ski sums (see [8, p. 46]) one can show = € bd(K + rB). Choose an (Euclidean)
exterior unit normal vector v € R? of K +7B in x and a point ¢ € B with x = y+7q.
Then for arbitrary p € B one has y + rp € K + rB and hence (y + rp,u) < (z,u),
which implies (p,u) < (g,u). So w is an exterior unit normal vector of B in ¢ and

in the same way one can show that u is an exterior unit normal vector of K in y.
Now assume that u,q and s as described in the lemma exist. Considering scalar
products with u one obtains dg(K, ) > s. Since dg(y,x) < s we have y € [Ig(K, x).
]

Lemma 2.3. Let K C R? be a convezr body and v € R?. Then IIg(K, z) is conver.

Proof. Put r := dp(K,z). Let y,y € lg(K,z) and A € [0,1]. Then there are
q,q € B such that = y+rq = ' + r¢. Now we have \y + (1 — Ay’ € K,
A¢+ (1 —)N)¢ € B and

A+ (L =Ny +7r- A+ (1 =Ng) =My +rq) + (1 -y +rd) ==

Hence Ay + (1 — \)y' € lIp(K, ). 0O

3 The convergence result

In this section we prove the main theorem of the present paper.

A convex body B is called smooth, if for each point y € bd K there is a unique
exterior unit normal vector. By [8, p. 104] a convex body is smooth, iff its boundary
is a C''-manifold.

We call a 2-dimensional convex body which is smooth if considered as a subset
of its affine hull a disc body. We denote the affine hull of a body B by B and call

Bt ={veR"| (v,y—2)=0forall v,y € B}
the affine-orthogonal compliment of B. For two bodies K, B C R" we let

Kp = U (conv K N (x4 B))

reBL

denote the B-convexification of K. We denote by diam A the diameter of a bounded
subset A C R? and by pp the biggest radius of a ball lying in a convex body B C R?
(a compactness argument ensures that there is a biggest one).

A random closed set is a measurable function taking values in the set of all
closed subset of R? equipped with the Fell-Matheron-c-algebra (for details see e.g.
9, section 2.1 and 12.2]). A random body, convex body resp. disc body is a random
closed set that a.s. takes values in the set of all bodies, convex bodies resp. disc
bodies.



By [9, Lemma 1.2.1 and Theorem 2.4.2] the sets C and K are measurable. In
9, section 12.3] it is shown that the functions C x C — C, (K,L) — K + L and
Rf xC — C, (r,K) — rK and V; : C — R are measurable. The functions
diam : C — R} and K — R, B — pp are Lipschitz-continuous w.r.t. the Hausdorff
metric and hence measurable. The measurability of the sets Kp;s. of all disc bodies
and of C x C — C, (K, B) — Kp will be proven in the appendix.

Theorem 3.1. Let X C R” be a random body and Y C R™ a random disc body such
that EV,(Xy +Y) < oo and

E[(Vo.(Xy +Y) = V,(Xy)) - diam X /py| < o0.
Then

EV,(Xy + 1Y) = EV,(X +rY) =25 0.

Observe that V,,(Xy + rY) in Theorem 3.1 is a.s. a polynomial in  with non-
negative, measurable coefficents by 2.1. Hence the assumption EV,(Xy +Y) < 00
implies that EV,,(Xy + rY) is finite for all » € R.

The proof of the theorem is based on a couple of lemmata dealing with the special
case that d = 2 and all bodies involved are deterministic. In this special case we
will give an upper bound for the volume of (conv X +7Y) \ (X +rY’). This bound
will involve the minimal Y-distance from points of (conv X + 7Y) \ (X + rY) to
conv X, which can be expressed using the function w we are going to define now.
Let B CR% d € N, be a convex body with 0 € int B. Then consider the function

w=wp: R - Ry,
r— min{dz(y,2) |y € BY, z € RY, y € l15(0y, 2), dp(0,2) =1}, (6)

where zy := {A\z + (1 — A\)y | A € R} is the line through = and y in case x # y and
the singleton {x} otherwise. In the present paper we will only need the case d = 2,
but the greater generality will be helpful in the paper announced in section 5.

Now we will show that the minimum in (6) is attained. Fix r € Rf. Choose
sequences (i )pen+ in B and (2;)gen+ in R with 3, € I p(0yg, zx) and dp(0, 2z) =7
for all & € N* such that (dg(yx, 2i))ken+ converges to the infimum of the set from (6).
By the compactness of B? and {z € R? | d5(0,z) = r} we may assume that (y;)ren+
and (23 )gen+ converge to points y € B? and 2z € R? with dp(0, 2) = r. For all k € Nt
we have dp(yk, zr) < dp(Ayg, zx) for all A € R. Hence we have dg(y, z) < dg(Ay, 2)
for all A € R, which means y € I15(0y, z).

Example 3.2. In order to get familiar with the function w, we compute it in the
special case B = RB?, R > 0.
We will need the relation

ly — |

dg(z,y) =inf{t >0 |y € v +tRBY} =inf{t >0 | ||y — || < tR} = 7

for z,y € R? several times.

Let r < . Then choose a point z € R? with ||z|| = rR and put y := z. Then
we have ||y|| = rR < 1, which implies y € B% Moreover we have dg(0,z) = r,
y € llp(0y, z) and dg(y, z) = 0. Hence wrpa(r) = 0.

5



r
B smooth B not smooth

The figure on the left shows the function w for a smooth gauge body B. The striped line is the
identity. The figure on the right shows the function w for a gauge body that is not smooth.

Figure 1: Typical charts of the function w
Now let 7 > +. Let z € R* and y € B? with dg(0,z) = r and y € II5(0y, z). The

latter condition implies that the lines Oy and yz are perpendicular to each other.
Hence we conclude:

(rR)* = (R-dp(0,2))" = ||2]I* = lylI* + Iz — yI* < 1+ (R dg(y, 2))*.

Thus
). (7)

dp(y,z) > /12— (

==

We have shown
2
wrpa(r) > 4/r? — (%) )

Now choose y € B¢ with [|y]| = 1 and 2 € R? such that [|z|| = rR and yz is
perpendicular to Oy. Then obviously dg(0,2) = r and y € II5(0y, z) hold and

)2

dp(y,z) =\/1% — (

==

can be shown in the same way as (7).
Hence

wepa(r) = 4/r% — (%)2.

Now we return to a general gauge body B. We will show the inequality

2] ,, (4ot

ly =zl — ly — 21

(8)

for x,z1,y € R? with z € lIg(z,2,y). Under the additional assumption z; = 0 and
|yl = 1 this inequality follows immediately from (6). The assumption ||y|| = 1 can
be dropped by the homogenity of dp and the assumption x; = 0 be the translation
invariance von dpg.



Moreover,
wp(r) < C-wB(s), 0<r<s (9)
S

holds. Indeed, there are z € R? and y € B¢ satisfying dg(0,2) = s, y € IIp(0y, 2)
and dp(y,2) = w(s). Set 2’ := Lz and 3’ := Zy. Then for all z in 0y we have

dp(5e,2') = = - dn(w,2) 2

» |3

dp(y,z) =dp(y', 7).

Since all points from 0y’ have a representation of the form Zz with x € Oy, this shows
y" € lp(0y', 2'). Moreover we have dp(0,2') = % -dp(0,2) =7 and ||y/|| = = < 1.
Hence

wp(r) < dp(y.2) = - dp(y. 2) = = - wi(s)

Lemma 3.3. Let B C R? be a convexr body with 0 € int B. Then B is smooth, iff
lim, o7 — wp(r) =0.

Proof. First we show that B is not smooth, if not lim, ,..7 — wg(r) = 0. So
we assume that there is a sequence (7g)gen+ and a number € € (0,1) such that
limg oo e = 00 and rp — w(r,) > 3e for all K € NT. Then there are sequences
(yr)ken+ in B? and (z3)ren+ in R with dg(0, 22) = 7, yr € 15 (0yx, 2) and

dB(O, Zk) > dB(yk, Zk) + e (10)

for all k € N*.

By the compactness of B¢ we can assume that (yi)ren+ converges to a point
y € Be. The triangular inequality implies dp(0,yx) > 3¢ for all k € N* and hence
yr # 0 for all k € NT and y # 0. Let u;, and u denote the unit vectors perpendicular
to yx and y such that (yx,ux) and (y,u) have positive orientation. Set

2k — Yk

= , keNT.
ds(Yk, 21)

gk -

By Lemma 2.2 ¢; is a boundary point of B with exterior normal vector uy, for k € NT.

Due to the compactness of the bd B we can assume that (gx)ren+ converges to
a point ¢ € bd B. The vector u is an exterior normal vector of B in ¢, since for any
p € B we have (p,u;) < (g, ux) for all & € N* and hence (p,u) < (¢,u). Hence B
has in ¢ a supporting hyperplane parallel to Oy.

Now we will show that B has in ¢ also a supporting hyperplane parallel to the
line through 0 and y — eq. Assume this is not the case. Then there is o > 0 such
that p := ¢+ a(y —€q) € int B. Since 0 € int B, we have (g, u) > 0 and hence ¢ and
y are a base of R?. So for all large enough k the following conditions are fulfilled:

pri=qr+aly—eq) € B (11)

1,1 1,2 2,1 2,2 . 1,1
e = By + BV g and g = By + P g with 3 < pth < 3,

1,2 ¢ 2,1 2,2
B8P < £, 183 < Land 2 < g7 < 5

(8%
dB(yk,zk) . Z > 1. (13)

(12)



Now fix a number k£ € N for which the conditions (11)-(13) are fulfilled. Then (12)

(272)

implies ﬂ(l ) — 5,&2’1)5,531’2) # 0 and using again (12) we conclude

(11 (22 5k215k12
Yy eq-(y Q) 1511 (22 5k215k12
B (B +ﬁ<” 0) = BBy + 8% 0)
6116;2 6k21 (1,2)
_ BTGy 50 - 57050y + 5)
6k11 6k22 _6k21 6k12
[ > 2)9 — (1 )Qk]+€[6k 5;&1’1)%]
]gll (2,2) 5k21 5k12

(22+ 5k (k 5k12 + 5(11 >

- 51(61,1 5k22 — ]£21) Igl,z) 5k22 n B(M

Hence we put

(22 (1,2) (1,1)
ap = o - te 5’“ and Ek:—ﬂk + by

51(61’1 Bkn _ 1&21) 1&1’2) 6k22 N ﬁ(u)'

So we have ay > ia, €1 < 3€ and

pr =@ + aly — €q) = g + ar(Yr — €xqr)-
We let [pg, qx] denote the line segment from py to ¢x and conclude

dp(0,2;) =inf{t > 0| 2z, € tB}

<inf{t >0 2 € t[px, i}

nf{t > 0| Tncroan 2 =t - (G + Ay — &)}
inf{t > 0| Inco,a, 1 2 = tAYr + (1 — Aé)qr }
=1inf{t > 0| Jpcp.a,] : 21 = pyr + (t — pér)qr}-

Now we will show that tg := dp(yk, zx) + € is contained in the set over which the

infimum is taken in the last line. Indeed
po =1 € [0,dp(yr, 2t) 5] C [0, tocu]
because of (13) and
oYk + (to — poér)ak = Yx + dp(Yr, 21) Gk = 2k

Thus we have
dp(0, z) < dp(yk, zx) + & < dp(y, 2x) + 3¢,

which contradicts (10). Hence B has more than one supporting hyperplane in ¢ and

therefore it is not smooth.



Now assume that B is not smooth. Choose a point ¢ € bd B with unit normal
vectors u and v. Let y € R? denote the unit vector perpendicular to u such that
there is € > 0 with (y — eq,v) = 0.

Let r > 0 be a number with y € rB. Then it is easy to see that there is s > 0
such that z = y + sq fulfills dg(0,2) = r. Lemma 2.2 implies dp(y,2) = s and
y € lIp(0y, z). Now we have

(z,v) = (y,v) + s{q,v) = €{q,v) + s{q,v) = (s + €)hp(v).

Hence
r=4dg(0,z) > ) =s+e=dp(y,z) +e€>wp(r)+e
hp(v)
So r — wp(r) does not converge to 0. O

A convex subset F' of a convex body L is called face of L, if %(x—{—y) € F for two
points x,y € L implies x,y € F. A point x is called an extreme point of a convex
body L, if {x} is a face of L. The set of all extreme points of L is denoted by ext L.

Lemma 3.4. Let B C R? be a convex body with 0 € int B, K C R? be an arbitrary
body, r > 0 and put L := conv K. Let v be an upper bound for the length of a
segment in the boundary of L. Then

(L+rB)\(K+1rB)C
{r e R |Tlg(L,z) Next L =0, dg(L,x) € (v-w(L),r]} U(L\ (K +rB)). (14)

5
Proof. Let v € (L4+rB)\ (K +7rB). If v € L, then x € L\ (K +rB).

So assume = ¢ L from now on. Then trivially we have dg(L,z) <.

Now let y € IIg(L,x). Since dg(y,z) < r < dg(K,x) we have y ¢ K. By [8,
Theorem 2.1.2] there is a face F' of L containing y in its relative interior. There is a
point 1 € K N F, since L \ F is convex and therefore K C L\ F would contradict
the definition of the convex hull. Since y ¢ K, we have x; # y. Hence y is not
extreme. So we have shown (L, x) Next L = ).

It remains to show dp(L,x) > v-w(%). Choose y € (L, x). Let F be the face
of L which contains y in its relative interior and choose xy € F'N K.

T LY

Now we want to show y € Ilg(z1y, x). In other words we want to show that y is
the minimum of
ry = R,y — dp(y, x).



We put p := dp(y,x) and assume that there is § € z1y with dg(g,z) < p. Since y is
contained in the relative interior of F' and both y and ¢ are in its affine hull, there
is A€ (0,1) with (1—=Ny+ XNy € FC L. Since x —y € pB and x — § € int pB, we
get

r—((1=Ny+X)=0-N)(x—y)+ Az —1v) €int pB

and hence dg((1 — Ny + Ay, z) < p, contradicting y € Ilg(L,z). Thus y €
HB(xlyvx)'
Since dp(z1,x) > r and ||y — z1|| < 7, the inequalities (8) and (9) imply

dp(L,z) = dg(y,x)

S

ly — 2l
dB(‘/L‘17'T) "y r
> |ly — x| - Ty—aal 7 w(%)
> y-w(g).

O

We will now provide a lemma that will be used in order to compute the volume
of the right-hand side of (14). For a convex body K C R? and u € R? we call the
set

Hi(u) :={z € K [ (z,u) = hx(u)}
support set, where hy : R? — R is the support function. For z,y € R%, x # y, we
put (z,y) :={ Az + (1 - Ay [ A€ (0,1)}.

Lemma 3.5. Let L C R? be a convex body. Let x1,15 € L, 11 # x4, be two points
satisfying (x1,x2) C bd L. Let u denote an exterior unit normal vector of L in the
points in (x1,x2) and

X, ={x e R? | (L, x) C (x1,22), dg(L,z) <1, (xr,u) > (x1,u)}, r>0.

Let q,q' € R? be the points satisfying Hp(u) = |q, '] and, if ¢ # ¢, then additionally
(q—q 2z —x2) > 0. By A= Lhg(u)|q — ¢|| we denote the area of the triangle
with vertices 0, ¢ and ¢'. Then

|22 — x1||hp(u)r — Ar® if |lg—¢'|lr < ||lz2 — x|

Vo(X,) = -
) {M%%%ﬂﬂ if llg—qllr > ||lz2 — 2|

Remark 3.6. In Lemma 3.5 the vector w is uniquely determined and the condition
(x,u) > (x1,u) in the definition of X, is redundant, unless L is contained in a line.

Remark 3.7. In Lemma 3.5 the case ¢ = ¢/ is more important than the case ¢ # ¢'.
In the first case the assertion simplifies to

Va(Xy) = ||z2 — 21| hp(u)r.
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Proof of Lemma 3.5. Below we will show that X, is a triangle or a trapezium whose
boundary consists of [x1, x| as well as parts of the lines g; parallel to ¢’ through 1,
go parallel to ¢ through x5 and, if ||¢ — ¢'[|r > ||z2 — 1],

g:={r € R?| (z,u) = (xy,u) +rhp(u)}.

If X, is a triangle, then its edges are parallel to the edges of the triangle with
vertices 0, ¢ and ¢/. Hence the two triangles are similar. Since the scaling factor is

lz2 = z1[[/llg = ¢l we get

|22 — $1||)2 A = [z2 — 1] ]*hp (u)
lg — ¢ 2llg — ¢

Vi) = (

If X, is a trapezium, then denote by Z, the triangle bounded by ¢ and the lines
parallel to ¢ resp. ¢’ through z5. Observing that X, N Z, is contained in a line and
X, U Z, is a parallelogram of side length ||zo — x1]| and height rhg(u), one gets

Vo(X,) = Va(X, U Z,) — Va(Z,) = ||xa — 21 ||hp(u)r — Ar?

Now we prove that X, is indeed bounded by the segments mentioned above.

It is clear that X, is bounded by [x1, x2).

In order to show that X, is bounded by parts of ¢; and ¢o, we first show that
the equivalence

Hp(L,z) C (x1,22) <= lg(x129,2) C (21, 29)

holds for z € R? with (z,u) > (z1,u). The implication “<” follows from the fact
that for any y € L\ z125 there is ¢’ € x5 with dg(y/, z) < dp(y, ). Now assume
Hp(L,z) C (z1,22). The set I := xy29 N (x + dp(L,x)B*), where B* := {—p |
p € B}, is convex and contains at least one point of (xy, z3), but neither x; nor x.
Hence I C (21, x9) and therefore [1g(z129, ) C (21, 22).

By the equality Iz (2122, 2) = x—dp(x129, )[q, ¢'], from Lemma 2.2, if z ¢ xq25,
and is trivial otherwise, we have

Mp(L,z) C (z1,22) <= z —dg(x122,2)[q, '] C (21, 22)

and the condition on the right-hand side is equivalent to z lying between ¢; and g-.
In order to show that a segment of g bounds X, iff ||¢ — ¢'[|r < ||x2 — 21|, we
prove
dp(r122,7) <1 = (2,u) < (r1,u) +rhp(u)

for any point x € R? with (z,u) > (x1,u). Assume dg(z179, ) < r. Then there is
Yy € 122 and b € B with £ = y + rb and hence

(x,u) = (y,u) + r{b,u) < {(z1,u) +rhg(u).

Now assume (z,u) = (x1,u) + shp(u) for s < r. Put y := & — sq. Then y € z125
and ?q € B, which implies

r=y+riq€rry+rB

11



and hence dp(x129,2) <.

For x € R? with (x,u) > (x;,u) and Mg(L,z) C (z1,79) we have trivially
IIp(L,x) C z129 and, as shown above, [1g(z122, ) C (21, 22) C L. Hence dg(L, z) =
dp(x1x9, ) and thus

dp(L,x) <r <= (z,u) < (z1,u) +rhg(u),

which shows that X, is bounded by a segment of g, iff g intersects the triangle
bounded by x1x9, g1 and go. This is obviously the case, iff |[¢g—¢'||r < ||za—21]]. O

Lemma 3.8. Let B C R? be a convex body with 0 € int B, K C R? be an arbitrary
body and ~ an upper bound for the length of a segment in the boundary of L :=
conv K. Then

Va((L +rB)\ (K +7B)) < Vo((L + B)\ L) -7+ (2 —wp(2)) + Va(L\ (K + rB)).

Proof. Denote by S the set of all singular unit normal vectors of L, i.e. the set
of all unit normal vectors of L in points in the relative interior of segments in the
boundary of L. By [8, Theorem 2.2.5] the set S is at most countable. We have
(bd L) \ (ext L) € |J,eq Hr(u), since by [8, Theorem 2.1.2] every boundary point of
L is contained in a 0- or 1-dimensional face.

For a point z € R?\ L the set Ilp(L,x) is convex and does not intersect the
interior of L. So, if Hp(L,z) N (ext L) = () and hence (L, z) C (bd L) \ (ext L),
then there is w € S with IIg(L,z) C Hp(u). Hence Lemma 3.4 yields

(L+rB)\ (K +rB)
C (J{z e R? | TIp(L,2) C Hy(u),dp(L,x) € (v w(%),7],
ues
(@, u) > hy(u)} U(L\ (K +7B)).
We put s := - wp(%) and
Tpu:={x € R®\ L |TIg(L,x) C Hr(u),dg(L,x) < p, {z,u) > hr(u)}
for p > 0 and u € S. Then we have

Va((L+rB)\ (K +71B)) <Y Va(Tru \ Tow) + Va(L\ (K +7B)).

u€eS

For u € S denote the length of Hp(u) by A, and the length of Hg(u) by f£,. Let
u € S. In order to derive

Va(Tru \ Tsu) < Auhp(u)(r — s)

from Lemma 3.5 we have to distinguish three cases. First assume 3, -r < A,. Then
we have 3, - s < A, and hence

Vo(Tow \ Tsu) = Auhp(u)r — cr? — Mhp(u)s + cs* < Mhp(u)(r — s),

where ¢ := $8,hp(u) > 0.

12



Now assume (3, -7 > A, but 3, -s < \,. Then

Vo(Tpu \ Ta) = (A“);%(“) — Aohp(u)s + LB,hp(u)s?
< %AuhB(u)r — Ahp(u)s + %)\uhB(u)s
< Ahp(u)(r —s).

Finally assume 3, -r > A, and 3, - s > \,. Then

‘/Q(Tr,u \ Ts,u) _ ()‘u)ng(u) _ ()‘u)zgf(u) —0< )\uhB(U)(T’ _ 8).

Hence we get

V(L +7B)\ (K +7B)) < ) (\uhp(u) - (r —s)) + Va(L\ (K +7B))

u€esS

< (Z )\uhB(u)) (r—n- w]g(%)) + Va(L\ (K +7B))

u€es

<Va((L+B)\ L) -y (£ —wp(L)) + Va(L\ (K +7B)).

In order to justify the last inequality we choose for each u € S a vector b, € bd B
with exterior normal vector u and put 7, := {y+ Ab, | y € relint Hy(u), A € (0,1)},

where relint K denotes the relative interior of a convex body K. Since for x € T
we have Ig(L,2) C Hy(u) and TI(L, ) Nrelint Hy(u) # 0 the sets T, u € S, are
pairwise disjoint. Since they are subsets of (L + B) \ L, we get

> Mhp(u) =Y VA(T)) < V(L + B)\ L).

ues ues
O
Our last step in the preparation of the proof of Theorem 3.1 is a remark estab-
lishing a link between the function wg and the number pp.

Remark 3.9. Let B C R? be a convex body such that a largest ball contained in B
has its center at the origin. For any number r € Ry there are y € B¢ and 2z € R?
such that dp(0,z) =r, y € lIg(0y, 2) and dp(y, z) = wp(r). Thus

r—wg(r) =dg(0,2) — dg(y, 2)
<dp(0,y)
—inf{t > 0|y €0+1tB}
<inf{t > 0|y € tppB’}
=1/pp.

Proof of Theorem 8.1. Put X* := XN (z+Y) and Z% := conv X? for z € Y*. Then

lim BV, (Xy + 1Y) — EV,(X + 7Y) = lim E/ Vo((Z° + 1Y)\ (X* + 1Y) da.
YL

r—00 7—00
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Assume that X and Y are defined on some probability space (€2, A, P) and fix w € €,
x € Y+ and r > 0. Let y denote the midpoint of a ball of maximal radius contained
in Y. We identify x + Y and the linear subspace parallel to it with R? at the same
time. Since (diam X) is an upper bound for length of a segment in the boundary of
Z* we get from Lemma 3.8

Va((Z7 + 1Y)\ (X7 +7Y) = Va((Z7 + (Y —y) \ (X" +7(Y —y)))
<WB((Z27+ (Y —y)\27) - (diam X) - (G — wy—y(qmmx))
+ Vo (Z°\ (X" + (Y —y))).

The map Ko x Ry, (B,r) — wg(r), where Koy denotes the set of all convex
bodies having 0 as an interior point, will be proven to be measurable in the appendix.
Now Lemma 3.3 together with the dominated convergence theorem, on which we
will comment below, gives

lim EV,(Xy + rY) — EV,(X + 1Y)

7—00

< lim E[/w Va((Z7 + (Y =)\ 2%) - (diam X) - (-2 — wy_y(-2x))

T—00

V(27 (X7 4 (Y — ) dx}

< lim B[V, (Xy + (Y = 9)) \ Xy) - (diam X) - (g — wv—y (Gmx)
+ Va(Xy \ (X +1(Y —9)))]

~0.

We have been allow to apply the dominated convergence theorem, since

T — Wy —y(gms) < 1/py—y = 1/py

holds by Remark 3.9 and we assumed E[(V,,(Xy +Y) — V,,(Xy)) - diam X/py] < 0o
and EV,,(Xy) < 0. O

Now we show that the smoothness assumption in Theorem 3.1 can not be relaxed.
More precisely, we show:

Corollary 3.10. Let B C R? be a convez body. Then B is smooth, iff

lim Vyo(conv K +rB) — Vo(K +rB) =0

7—00
for every body K C R2.

Proof. The “only if”-direction is an immediate consequence of Theorem 3.1.

So now assume that B is not smooth. Then choose a point ¢ € B having two
exterior unit normal vectors u;,us € R? u; # uz. We may assume u; # —us. In
fact, u; = —ug implies that B is a line segment, and then we can choose a new point
q to be one of its endpoints and new vectors u; and ug such that u; # —u3. Now

set
(51 + Uus

Uy i —m ————.
? [|ur + us|
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xr1+r

Choose points 1, x5 € R? such that x; — x5 has length 1 and is perpendicular to us,
and put K := {x1,x2}. We may assume w.l.o.g. that (o — x1,u; — uz) > 0.

For every r € R we let D, denote the triangle bounded by [z; 4+ rq, 2+ rq|, the
line through x; + rq perpendicular to u; and the line through x5 + rq perpendicular
to ug. Obviously Va(D,) is constant and hence does not converge to zero. So it
suffices to show

int D, C (conv K +rB) \ (K +rB)

for all large enough r. For all r > 0 we have x1+rq € K+rB and xo+rq € K+rB
and for all large enough 7 the third corner of D, lies in conv K + rB as well,
which implies D, C conv K + rB. On the other hand, assume that there is some
z € (int D,) N (K + rB). Then there is p € B with z = 1 + rp or z = xy + rp,
w.lo.g. z =x; +rp. Now

(z,u1) = (@1, u1) + (P, wr) < (@1, u1) +7(q, w1) = (1 + g, u1),

which contradicts z € int D,. O

4 Polynomial parallel volume and convexity

Heveling, Hug and Last [2] proved that a body in the Euclidean plane is convex,
iff its parallel volume is a polynomial. This result was generalized by Hug, Last
and Weil [3] to more general 2-dimensional Minkowski spaces and to random sets.
Moreover they gave a interpretation of the result for higher-dimensional bodies.

We will now give a new proof of this theorem under assumptions similar those
of made in [3]. Then we will discuss applications to the Wills functional and its
generalisation introduced in [4], namely the functionals f,,.

Recall the notation introduced at the beginning of section 3.

Theorem 4.1. Let X C R"™ be a random body and Y C R"™ a random disc body such
that EV,(Xy +Y) < oo and

E[(V,o(Xy +Y) — Vi(Xy)) - diam X/py] < co.

Then X N (z +Y) is a.s. convex for V,_s-almost all z € YL, iff EV, (X +7Y) is a
polynomial.

15



Proof. The “only if”-part is an immediate consequence of Lemma 2.1.

So assume that EV,,(X+7Y) is a polynomial. By the easy direction EV,,(Xy+rY)
is a polynomial, too. By Theorem 3.1 the difference between these two polynomials
converges to zero and thus is zero for all r. Therefore V,,(Xy +7Y) =V, (X +7Y) =0
a.s. for every » > 0. Hence for P-a.e. w €  and for V,,_s-a.e. € Y+ we have

Va((conv X N (z+Y)) + 1Y) = Va((X N (z+Y)) + 1Y) =0, k € NT.

Fix such w and . As (conv X N (z +Y)) + =Y is the closure of its interior (w.r.t.
the topological space x + Y/), it follows that

(XN (@+Y)+ 1LY = (coov X N(z+Y)) + 1Y, k€ N,
Now let 1,25 € X N (z+Y) and z € [z1, 2,]. Then z € X + =Y for every k € NT,
since these sets are convex, and hence € XN(z+Y). So XN(z+Y) is convex. [

A signed measure is a finite measure that may take negative values. For a more
formal introduction see e.g. [1, chapter 4].

Recall that we consider K always with the Fell-Matheron-o-Algebra. For a signed
measure 4 on K satisfying

/ V(K + A)dul(A) < o0, K €C, (15)
K
we put
fuiCoR K / V(K + A) du(A).
K

By the results mentioned before Theorem 3.1 the map C x K — R, (K, A) —
Vo.(K + A) is measurable. Hence Fubini’s theorem implies that f, : C — R is
measurable.

Proposition 4.2. Let p be a signed measure on K and X C R™ a random convex
body with E f,(X) < oo. Then

Ry = Ry, r—= Ef,(rX)
s a polynomial.
Proof. For 7 =0,...,n we have

E /K VX[, Aln — 7]) dlul(4) < E /K V(X + A) dlji|(A) < oo.

Let r € Ry. Then

=0 \J
=3 (M) [ Vs Al ) auta) -



We will now prove some theorems that give sufficient conditions for the reverse
of Proposition 4.2 to hold.

Theorem 4.3. Let 1 be a (non-negative) measure with (15) which is concentrated
on the set of all disc bodies. Assume

E/ V(X4 4+ A)du(A) < oo
K
and

E /;< (Va(Xa + A) = Vo(X)) - (diam X)/pa dps(A) < 0.

If now
Ry = Ry, r—= Ef,(rX) (16)

s a polynomial, then Xﬂ(x+A) is a.s. convez for p-almost every A and V,,_s-almost
every x € AL,

Proof. 1t is easy to see that E [ V(X4 + A) du(A) < oo implies Ef,(rX) < oo for
all r € R,

The measure fi := £, where m := u(K), is a probability measure. Let Y be a
random variable independent of X and distributed according to ji. We have assumed
that there are ¢y, ..., c, € R such that for all r € Rj we have

n

Z cir! =E f.(rX)

=0

— R / V(X + LA) du(A)
K
= r"mEV, (X + 1Y).

Dividing by r™m and putting s := % we obtain

3 UsnI = BV, (X +sY).
m

5=0
Now Theorem 4.1 yields the assertion. O
An immediate consequence of Theorem 4.3 is the following corollary:

Corollary 4.4. Let X C R? be a random compact set and j1 a measure satisfying
(15), which is concentrated on the set of all disc bodies and which is not the zero
measure. We assume

E fu(conv X) < oo

and

E /;< (Va(conv X + A) — Va(conv X)) - (diam X)/p du(A) < co.

If now
Ry = Ry, r— Ef,(rX)

s a polynomial, then X 1s a.s. convex.
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The most important functional f, is the Wills functional
W:C—R, K~ E[V,(K+AB"),

where A is a random variable in Rj with distribution function 1 — e ™ Tt is well-
known that the Wills functional of a convex body equals the sum of its intrinsic
volumes.

Corollary 4.5. Let X C R? be a random compact set with E[(diam X)?| < oo. If
Ry = Ry, r— EW(rX)
18 a polynomial, then X 1is a.s. conver.

Proof. The assertion is an immediate consequence of Corollary 4.4, if its assumptions
are fulfilled. In order to check this, let A be a random variable in Ry with distribution
function 1 — e_m’?, which is independent of X. Then

EW (conv X) = E Vy(conv X + AB?)
< EVy((diam X + A)B?) = 7 - E (diam X + A)? < oo

and

E(Va(conv X + AB?) — Vy(conv X)) - diam X/py g2

2

= IE( Z Ko ;A*77V;(conv X) — Va(conv X)> -diam X - ¢
=0

= E(7A? + 2AVi(conv X)) - diam X - +

< E(mA 4 27 diam X)) - diam X

< 00.

Thus the assumptions of Corollary 4.4 are fulfilled. O

5 Random unions of random bodies

In this section we want discuss the application of the theorems in sections 3 and 4 to
unions of a random number of random bodies. First we will present a theorem that
can be used in order to check the integrability conditions of these theorems. Then
we will proof that a union of randomly many random bodies in the plane which has
polynomial expected parallel volume and fulfills certain independence conditions
consists a.s. only of one body (which then is convex by Theorem 4.1). We do this
by showing that if such a union is convex a.s., then it can only consist of one body.

Theorem 5.1. Let B C R"™ be a disc body. Let N be an NT-valued random variable
with EN < 00, (X;)ien+ a sequence of random points in R™ and (Z;)en+ a sequence
of random bodies in R™ with 0 € Z; a.s. for all i € N*. Assume that N is inde-
pendent of ((X;, Z;))ien+. Put Z := U?;l(Xi + Z;). If there are numbers Sy and Ss
such that E (diam Z;)" < Sy and E || X;||™ < Sy for all i € N, then

EV,(Zg+ B) <o and E[V,(Zp+ B)—V,(Zp)) - (diam Z)/pp] < co.

18



The proof of the theorem is based on the following lemma:

Lemma 5.2. Let N be an N*-valued random variable with E N < oo and (T})ien+ a

sequence of R -valued random variables which is independent of N, such that there
is a number S with ET! < S. Then

E max{T;|i=1,...,N} < oo.
Proof. We have

Emax{Ti|i=1,...,NY =) P(N=k)-Emax{T; [i=1,... kY
k=1

<N P(N=k) E[T{ +- +T]]

Proof of Theorem 5.1. We have a.s.
(diam Z)" < ( max _diam Z; + || X;|| + || Xx| + diam Z,)"
i,ke{l,..,.N}
< (4max{||X;|,dlam Z;|i = 1,...,N})"
<A"max{[|X;|| |[i=1,...,N}"+4"max{diam Z; | i =1,..., N}".

Since

E max{||X;]| |[i=1,...,N}" <0
and [E max{diamZ; |[i=1,...,N}" < oo

by Lemma 5.2, this gives E (diam Z)" < co. As we have
Vo(Zp + B) < V,((diam Z + diam B)B") = k,(diam Z + diam B)"

and, in the notation of the proof of Theorem 3.1,

Vi(Zp + B) — Vi(Zp) = / 2V (2%, B) + Va(B) d

Z|Bt
< (diam Z)"? - (2V((diam Z)B?, B) + Va(B))
= (diam Z2)""! - 2Vi(B) + (diam Z)" "V, (B)

a.s., we conclude

EV,.(Zp+ B) <o and E[V,(Zg+ B)—V,(Zp)) - (diam Z)/pp] < occ.
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Theorem 5.3. Let N be an N*-valued random variable with EN < oo, (X;)ien+
an i.4.d. sequence of R?-valued random variables and (Z;)ien+ an i.i.d. sequence of
random bodies in R? with 0 € Z; a.s. for alli € NT. Assume that (X;)ien+, (Zs)ien+
and N are independent and at least one of the following two conditions is satisfied:

(a) The distribution of X is not concentrated on a set of Lebesque measure 0.

(b) The distribution of X is not concentrated on a single point and the probability
that Zy is a strictly convex body is positive.

Put 7Z = U?;l(XZ- + Z;). If Z is convex with probability 1, then N =1 a.s.

As a first step preparing the proof of Theorem 5.3 we define for every x =
(', 2%) € R? and € > 0 the set

W.(z) = {(y"y?) eR?* | y' > a' — ¢ y* € [z* —,27]}.

/ ~ T

‘ { W, (x)

Lemma 5.4. Let € >0 and A C R2. Then there is a countable subset A C A with

AC uWe(p)- (17)

peEA

Proof. Let R € NT. We construct a countable set Arx C AN [—R, R]* with

AN[-R,RP C | J We(p). (18)

PEAR

In order to do this, we recursively define a sequence (A%);ey of subsets of AN
[—R, R%. Put A% := (). For i € NT consider the set

Eppi={v* | (v,9°) € AN [-R P\ Upea Welp) }

If it is empty, put A% = A%;'. If it has a maximum, choose a point (¢',4%) €
AN[—R, R]Q\UPGA? W.(p) such that ¢ equals this maximum and put A% := A2 U
{(¢",¢*)}. If it is not empty and has no maximum, choose a sequence ((q;, ¢;))jen in
AN[—R,R)*\ UpeAgl W.(p) WithA(qu)jeN converging to sup E%, which exists, since
Ej C [=R,R]. Then put A} := A U{(q}.¢%) | j € N}.

For a real number ¢ set [t] := min{z € Z | z > ¢} and put N := [2£] + 1. For
i € N* put e; := [(sup E;)/e], where sup() := —R. Let k € N*. In order to show

eren <ep or EEN = (19)
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consider for each 7 € N the set
Fhi={y" | ' 9%) € AN =R R\ Uyeair Welp), 4 = (e = 1)}

Obviously E%, i € Nt is empty, iff F; is empty. For ¢ € N it is clear from the
definition of A%, that neither in the case that E% has a maximum, nor in the case E%
is not empty and has no maximum, the relations e;; = ¢; and sup Fj'' > sup Fi—e
can hold at the same time. Hence for all i € N* we have either ¢;,; < e;, sup F};rl <
sup F'y, — e or Ejf' = (). Since the sequence (e;);en+ is monotonically decreasing, we
get by induction, that for each j € N* one of the relations ey ; < ey, sup F' EH <
sup FE — je or Eft7 = ) holds. Since —R < sup F, < R for all i € N, this
implies (19). Hence Ei = § for all i > N? and thus Ap := AY" fulfills (18).

Now A := Uren+ Ar is a countable subset of A with (17). O

Lemma 5.5. Let X = (X', X?) be a random vector in R?. Then with probability 1
for each € > 0
P(X'—e<Y!, Y?e[X?—e X2[X)>0

holds, where Y = (Y'Y?) is a random vector independent of X with the same
distribution.

Proof. Let P denote the image measure of P under X resp. Y. We have to show
P({z € R* | Veso : P(We(2)) > 0}) = L,

which is equivalent to
P({z € R*| 39 : P(We(2)) = 0}) = 0.

Since
{z €R?|Teno : PWe(z)) = 0} = | J{z € R* | PWy/n(2)) = 0}

n=1

and P is o-additive, it suffices to prove that
A, = {z e R? | P(Wy),(x)) = 0}

is a P-zero set for all n € N*. By the o-additivity of P this follows from Lemma 5.4.
]

Proof of Theorem 5.3. We assume P(N > 2) > 0 and condition on N > 2 and N.
Let A denote the event that there are i,k € {1,..., N} with X; # X}, and for
all i,k € {1,..., N} with X; # X} neither conv Z; nor conv Z; has an edge parallel
to X; — Xj. Now we will show that A has positive probability. If condition (a) is
fulfilled, we let G,  for i, k € {1,..., N} denote the union of all lines passing through
X;, which are parallel to an edge of conv Z; or conv Z,. Now A occurs, if for each
k€ {2,...,N} the point X} is not in Uf:_ll Gl k., which consists of a most countably
many lines (see e.g. [8, Theorem 2.2.5]), and hence is a Lebesgue-zero set. Since X
is independent of Xi,..., X} for each k£ € {2,..., N} and its distribution is not
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concentrated on a Lebesgue-zero set, the probability of A is positive. If condition
(b) is fulfilled, then with positive probability Zi, ..., Zy are all strictly convex and
X # X5. Hence P(A4) > 0.

The statements in the following are always meant a.s. conditioned on N > 2,
N and A. We can switch the numbers 1,..., N in such a way that X; and X5 are
endpoints of an edge of conv{Xj, ..., Xy} and hence there is a random unit vector
u € St with

(X1,u) = (Xo,u) > (Xp,u), ke{3,...,N}

It will be proven in Lemma A.9 that this renumbering can be done in a measurable
way. Obey that Xi,..., Xy are not independent and indentically distributed any

more, but 7, ..., Zy still are. From now on we additionally condition on X; and
Xy, We put v := H%:QH' Let H; and H, denote the points from X; + Z; resp.

Xo + Z, that have the biggest scalar product with u. By A they are determined
uniquely. Moreover, A implies that there is a number € € (0, || X3 — X1||), for which
the event B, that X; + Z; does not intersect the segment [H; + (|| Xy — Xi|| — €)v,
Hi + (|| X2 — Xi|| — €)v — eu], has positive probability.

4L
[f=ommT

. X, Xoo

The event B is, that the left body X1 4+ Z; does not intersect the segment ploted thickly.
The event C' is, that Hj lies in the area bounded by the thick lines.

Due to Lemma 5.5 the probability of the event C| that
(Hy,u) — e < (Ho,u) < (Hy,u) and (H; — Xy,v) —e < (Hy — X5, 0)

hold, is positive, if we condition (additionally) on H;. The events B and C' take

place at the same time with positive probability. But then the intersection of the

line g through Hs orthogonal to v and (Z; + X;) U (Z2 + X3) is not connected.
Let i € {3,..., N}. Since Z; has the same distribution as Z,, the event D;, that

max{(z,u) | z € Z;} < max{(z,u) | x € Z5},

occurs with positive probability. Moreover, (X;,u) < (Xs, u). If equality holds, the
vectors X; — X7 and X; — X5, which are not both 0, are scalar multiples of v and so
conv Z; has no edge parallel to v, since A is assumed to occure. This means however,
that the set

{r € Z | (z,u) = (Hy — Xo,u)}
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consists of at most one point. So, if D; occurs, the intersection of g with X; + Z;
consists of at most one element. By the independence of Zi,...,Z, the events
B,C, D, ..., Dy occure with positive probability at the same time. But then the
intersection of g and Uﬁil(Xi + Z;) is not connected and thus Z is not convex.
But this means that the probability (without conditioning) that Z is not convex,
is positive, too. Hence the assumption P(N > 2) > 0 is wrong. O

Corollary 5.6. Assume that E || X;||> < co and E (diam Z;)* < oo hold in addition
to the conditions of Theorem 5.53. If EVo(Z + rB) is a polynomial for some disc
body B C R?, then N =1 a.s.

Proof. If EV5(Z + rB) is a polynomial for some disc body B C R?, then Z is a.s.
convex by Theorem 4.1, whose integrability conditions are satisfied by Theorem 5.1.
But then Theorem 5.3 implies N =1 a.s. O

6 Outlook

It is natural to ask for the speed of convergence in Theorem 3.1. If the gauge body
has a ball as summand, the answer follows from the following more general theorem
(for the notion of a summand see e.g. [8, sections 3.1 and 3.2]).

Theorem 6.1. Let 1 < d < n. Let R be an Ry -valued random variable and S and
G two [1, 00)-valued random variables. Let X C R™ be a random body and Y C R"
a d-dimensional random convex body such that diam X < G, diamY < S a.s. and
Y contains a.s. a d-dimensional ball of radius R as summand. If

Sd A Gn+1

ci= d2d+2/€d/€n,dE[ 73

] <o
then we have
EV,(Xy +7Y) =V (X +rY)] <c-r73 r> 1.

This is Satz 2.15 of the Ph.D. thesis [5]. There will be an article soon.

A Measurability

We let af™ : C — F denote the map which asigns to a body the linear space parallel
to its affine hull.

Lemma A.1. The map at™ : C — F is lower semicontinuous, when C is equipped
with the Hausdorff topology and F with the topology of closed convergence.

Proof. Let (Kj)ren+ be a sequence of bodies converging to a body K. In order to
show af™ K C limy_,, af” K, let y € af” K. Then there are numbers Ay,..., A, € R
and points yy,...,y, € K such that y = \y1 +--- + Ay and Ay +--- + X, = 0.

Now there are sequences (Y1 k)ren+, - - - » (Ynk)ken+ converging to vy, . . ., y, such that
Yt ks Yng € Ky forall k € NT. Soy. = My1p+- -+ A\yni € af K for k € NT
and limy 0 y. 1 = ¥. O
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We let L7 denote the set of all j-dimensional linear subspaces of R".

Corollary A.2. The set K; of all bodies of R"™, whose affine hull has at most di-
mension 1, is closed (w.r.t. the Hausdorff metric) for 1 € {0,...,n}.

Proof. The set L := Ué-:o L% is a finite union of compact sets and hence compact.
Let (Kj)fy be a sequence of bodies, whose affine hull has at most [ dimensions,
converging to a body K. Then af- K C limy_,, af” K; by Lemma A.1. So af” K
has at most dimension [. O

Lemma A.3. The set ng of all pairs of convexr bodies (K, B) lying in two 2-
dimensional parallel affine subspaces of R™ is a closed subset of C x C.

Proof. Let (Ki)ren+ and (Bg)ren+ be sequences of convex bodies converging to
bodies K and B such that for every k¥ € N* the bodies K} and Bj, lie in parallel
2-dimensional affine subspaces. For each k € Nt choose z;, € K}, y, € By and
orthogonal unit vectors u; and v, such that

Kp C{ap + Mg+ po | A, p € R} and By C {yr + Aug + pog | A, 1 € R}

Due to compactness arguments we may assume that the sequences () ken+, (Yk)ren+,
(ug)ken+ and (vg)gen+ converge to limits z, y, v and v. Now for each point p € K
there is a sequence (py)ren+ with pp € Kj for each k € NT converging to p and
hence

p= kh_)néloxk + Pk — T, ur)up + (Pr — Th, Vi)V = T+ (p — z,w)u + (p — T, V)V

Thus K C {2+ Au+ pv | \,p € R} and similar B C {y + A+ pv | \,p € R}, O
Corollary A.4. The set K2 is measurable.
Proof. Since
2 = 1 (G %K)\ (K % Ky)
the assertion is implied by Corollary A.2 and Lemma A.3. O
For j € N* we let A; denote the set of all 2-dimensional convex bodies K which

have a boundary point with two exterior normal unit vectors lying in af” K and
forming an angel of at least 1/5.

Lemma A.5. The sets A;, j € NT, are closed in C.

Proof. Let (Kj)ken+ be a sequence in A; converging to K € C. Since K is closed
(as shown in the proof of [9, Theorem 2.4.2]), we have K € K. By Corollary A.2 K
is 2-dimensional. Now there is a point x; € bd K with exterior unit normal vectors
uy and v, lying in af” K} and having an angel of at least 1/ for every k € N*. We
may assume that the sequences (zg)ren+, (Uk)ren+ and (vg)ren+ converge to limits
x, uw and v. Obviously = has exterior unit normal vectors v and v and these vectors
lie both in af” K and form an angel of at least 1/j. Hence K € A, ;. O]

Corollary A.6. The set of all disc bodies Kpise s measurable.
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Proof. The set of all disc bodies is the intersection of the set of all 2-dimensional
bodies with K minus U2, A;. Hence it is measurable. O

Lemma A.7. The map C x C — C, (K, B) — Kpg is measurable.
Proof. By [3, Lemma 2.2] the map

F:Cx Ly —C, (K,E)~ |J conv((z+ E)NK)
xeE+L

is measurable for all [ € {0,...,n}. Since K = F(K,af B) for all K, B € C, the
statement follows from Lemma A.1. O

Recall that o9 denotes the set of all convex bodies K with 0 € int K.
Lemma A.8. The map w : Koy X Rf — Ry is lower semicontinuous.

Proof. Let (By)ren+ be a sequence in Koo converging to B € Koy and (rg)gen+ a
sequence in R converging to r € R}. Assume that (wp, (7%))ren+ has an accumu-
lation point less than wg(r). Then there is a subsequence, w.l.o.g. the sequence
itself, converging to this point. For every k € NT there are points y;, € B? and
2 € RY such that dp, (0,2:) = 7, yx € g, (Oy, 21) and dp, (yx, z) = wp, (1)
Since (By)ren+ and (rg)pen+ converge, there are S, s € Ry such that B, € SB? and
ri, < s for all k € N*. Hence 2z, € sSB? for all k € Nt and so we may assume that
the sequences (z;)ken+ and (yx)ren+ converge to points z and y. Now the continuity
of dp implies dp(0,z) = r and y € l15(0y, z). Thus

wp(r) <dg(y,z) = klggo A, (Yk, 2) = ]}LIEoka(T’k),

contradicting the assumption. So w is lower semicontinuous. O

Lemma A.9. There is a measurable map f = (f1,..., fn) : (R®)™ — (R*)™ such that
for each & = (z1,...,2,) € (R*)" there is a bijection o : {1,...,n} = {1,...,n}
with f;(Z) =z for j =1,...,n and a vector u € R* with
(Fi(#).) = (@) w) = (f(@),0), §=3.....n

Proof. We choose f(z) to be the lower tangent point (see [9, p. 110]) of {z1, ..., 2, }.
If P(z) == {x1,...,z,} \ {f1(2)} is the empty set, put f;(z) := z; for all j €
{2, ...,n}. Else choose f5(Z) to be the point p € P, for which (p — f1(Z),e1)/|lp —

f1(2)]] is maximal; in case there is more than one maximum, choose the one for
which [|p — fi1(Z)|| is larger. For j € {3,...,n} put f;(2) := x;_4,, where

2, if fl(.ﬁi') ¢ {I’l,...,.’ﬂij} and fQ(Ii') ¢ {1'1,...,.%']',2},
k‘j = O, if fl(.ﬁi') € {zl,...,xj,l} and f2<§3) € {1'1,...,1']',1},
1 else.

Now the measurability of f; can be established using semicontinuity arguments. In
order to proof in the case n > 1 that f, is measurable, we notice, that the sets

= {xe ]R2 )" | P(&) =0},
= \R|E|z€{1 ..... i (f1(2) #
{ \R|Vze{1 ..... n}I(fl(i)Z i
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are measurable. Further we consider the functions

(fo(2) = f1(2),e1)
1f2(2) — fi(2)]]
gs : R1UR2—>R, T Hfg(i‘)—fl(i')n

gliRlLJRQ—)]R, T

Their restrictions to R; and R, are semincontinuous respectively and hence both
functions are measurable. Since f1(Z) = fo(2) for all £ € R, we have shown the
measurability of fs.

The measurability of f;, j € {3,...,n}, is easy to see. Obviously f has also the

other properties stated in the lemma. O

References

[10]

[11]

Cohn, D.L.: Measure Theory, Birkhauser, Boston, 1980

Heveling, M., Hug, D., Last, G.: Does polynomial parallel volume imply con-
verity?, Mathematische Annalen 328, 2004, 469-479

Hug, D., Last, G., Weil, W.: Polynomial parallel volume, convezity and contact
distributions of random sets, Probability Theory and Related Fields 135, 2006,
169-200

Kampf, J.: On weighted parallel volumes, Beitrage zur Algebra und Geometrie,
50, 2009, 495-519

Kampf, J.: Das Parallelvolumen und abgeleitete Funktionale, Ph.D. thesis 2009,
University of Karlsruhe

Kneser, M.: Uber den Rand von Parallelkérpern, Mathematische Nachrichten
5, 1951, 241-251

Lusternik, L.: Die Brunn-Minkowskische Ungleichung fiir beliebige messbare
Mengen, Comptes Rendus (Doklady) de I’Academie des Sciences de 'URSS 3,
1935, 55-58

Schneider, R.: Convex Bodies: The Brunn-Minkowski Theory, Cambrigde Uni-
versity Press, 1993

Schneider, R., Weil, W.: Stochastic and Integral Geometry , Springer, Berlin,
Heidelberg, 2008

Steiner, J.: Uber parallele Flichen, 1840, abgedruckt in: Weierstrass (Hrsg.):
Jacob Steiner’s gesammelte Werke, Chelsea Publishing Company, Bronx, New
York, 1882, Band II, 171-176

Sz.-Nagy, B.: Uber Parallelmengen nichtkonvezer ebener Bereiche, Acta Scien-
tiarum Mathematicarum 20, 1959, 3647

26



