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Abstract
Stochastic integration on the predictable o-field with respect to o-finite L°-
valued measures, also known as formal semimartingales, is studied. In particular,
the triplet of such measures is introduced and used to characterize the set of
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compared to the usual R4 case.
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1 Introduction

Recently there has been growing interest in stochastic integrals of the form

[ onemias), (1)

where ¢ is an R"™-valued predictable processes indexed by R and m is an n-dimensional
o-finite L% valued measure on the predictable o-field induced by a filtration .Z = (F})ser;
or in the terminology of Schwartz (1981), m is a formal semimartingale. By the Bichteler-
Dellacherie Theorem there is a one to one correspondence between semimartingales
indexed by compact intervals and finite L°-valued measures m on the predictable o-field.
However, a Lévy process indexed by R does not induce a finite L°-valued measure, only
a o-finite one, and hence integrals with respect to R-indexed Lévy processes can not be
defined within the usual semimartingale framework.

The main purpose of this paper is to give applicable conditions for integrals of the
form (1.1) to exist. Important examples include
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where Z is an R"-valued Lévy process indexed by R (i.e., has independent stationary
increments), o is an R™-valued predictable stationary process, g is an R -valued
deterministic function, t € R, and f: R x R™ — R" is a measurable function. The
setting («) is in Barndorff-Nielsen and Schmiegel (2007, 2008, 2009) used for modeling
an interesting new class of moving averages; here we recall e.g. from Doob (1990)
that moving averages provide a large class of stationary processes. With n = 2 and
Z = (Z', Z?) such that lim;_,, Z? = o0 a.s., it is shown in Basse-O’Connor et al. (2010b)
that the integral (5) with f(s,z1,22) = (e"1{5<0,0), exists if and only if there exists a
stationary distribution to the generalized Ornstein-Uhlenbeck process driven by Z, and
in this case the stationary solution X is of the form

t
X = e_th/ e%s- dz}, teR.

Integration of deterministic functions with respect to independently scattered random
measures is characterized in Rajput and Rosiriski (1989) and Marcus and Rosinski (2001).
Moreover, when Z is a semimartingale and ¢ > 0, Jacod and Shiryaev (2003) have
characterized the set of predictable processes ¢ for which fot ¢s - dZ, exists in terms
of the triplet of Z. Cherny and Shiryaev (2005) have extended this characterization
to include integrals of the form fooo ¢s - dZ,. If in addition Z = (Z,)sejo,q is quasi-left
continuous and n = 1, Kwapieni and Woyczynski (1991), Theorem 6.1, have characterized
the topology on the set of integrable functions L(Z) in terms of the triplet of Z.

The above mentioned results are extended in Theorems 4.5-4.6 to the case of integrals
of the form (1.1), i.e., to o-finite L%-valued measures. To obtain these results we show
and apply a characterization of convergence in Emery’s semimartingale topology, see
Theorem 4.10. However, first the triplet of a o-finite L°-valued measure m is introduced
in Theorem 4.2. Using these extensions we are able to give applicable conditions for
integrals of the form (a)-(8) to exist. In (/) it is natural to consider the filtration
Fi = F7, where F7 = o(Z, : s € (—00,t]). Contrarily to R, the following break down
for Lévy processes Z indexed by R:

(i) Z is not an FZ-Lévy process
(because Z; — Z, is not independent of FZ for all —oo < s <t < 00).

(i) Even when Z is centered it is not a martingale in FZ (or in any other filtration).

Despite of (i)—(ii), we show in Subsection 5.2 that a Lévy process Z induces a o-finite
L°-valued measure in the filtration .#%. This result relies on an expansion of the
filtration extending Jacod and Protter (1988), Theorems 2.6 and 2.9; see Appendix. In
Z7 it does however not seem possible to calculate the triplet of Z explicitly. Therefore,
in Theorem 5.3, we consider an expanded filtration in which Z still induces a o-finite
L%-valued measure and in which we are able to calculate the triplet of Z explicitly;
this gives in particular applicable conditions for integrals of the form () to exist.
Theorem 5.5 concerns the import case of a square integrable Lévy process.



Before proceeding, we study in Section 2 integration theory for o-finite measures m
on a measurable space (F, &) with values in a linear metric space F'. In particular we
see how m induces (in a canonical way) a set of integrable functions, called L(m), by its
semivariation. Vector valued integration theory is very well-developed; see e.g. Bichteler
(1976, 1981); Bichteler and Jacod (1983); Curbera and Delgado (2007); Kwapient and
Woyczynski (1992); Rolewicz (1985); Schwartz (1981); Turpin (1974, 1975) for nice
treatments. However, only few of these references consider o-finite rather than finite
measures; one notable exception is Schwartz (1981), who calls a o-finite measure a
formal measure. Our approach differs slightly from that of Schwartz (1981), e.g., we start
with o-additive set functions m instead of integral mappings with certain continuity
properties. In the subsequent sections focus is on the case (E,&) = (R x Q, Z) and
F =10

2 Vector valued measures

Let (E, &) denote a measurable space and for all n > 1 let M (&; R™) be the space of
all R™"-valued &-measurable functions. Furthermore, (F,||-||) denotes an F-space in
which unconditional convergence implies bounded multiplier convergence (see Rolewicz
(1985)); i.e. for all € > 0 there exists a § > 0 such that for all £ > 1 and 24,...,2, € F

k
H Z €iT;
- (2.1)

Here we follow Rolewicz (1985) and call (F, || -||) an F-space if and only if d(z,y) :=
|z — y|| defines a metric in which F' is a linear complete metric space. We may and
do always assume that || - || is increasing, that is, for all a € [—1,1], |laz| < ||z|| (cf.
Rolewicz (1985), Theorem 1.2.2).

This covers in particular F' = L°(€), F, P), the space of real-valued random variables
on a probability space (9, F,P), equipped with the F-norm || Z ||y := E[|Z| A 1] cf.
Ryll-Nardzewski and Woyczynski (1975), together with all locally convex F-spaces (e.g.
Banach spaces) cf. Rolewicz (1985), Corollary I11.6.6.

k
< § for all ()", € {0,1} = H Zaixi < efor all (a;)F, C [-1,1].
i=1

2.1 The one-dimensional case

We call a set function m defined on a subset of & an F-valued o-finite measure on (E, &)
if there exists a sequence (Oy)r>1 € & with O 1 E such that, with &, ={Ae€ &: AC
Oy, for some k > 1}, the mapping m: &,, — F satisfies m(()) = 0 and if (4;)3°; C &,
are disjoint sets with U2, A; € &, then

m([jAZ) = im(AZ) in F.



The sequence (Oy)r>1 is called m-feasible. Denote by .7, the vector space of all
real-valued &,-simple functions, i.e., ¢ € .7, if and only if

k
o= Za’ilAi for some ay,...,ar € R and Aq,..., A € &,,. (2.2)

=1

Clearly the A;’s may be assumed disjoint. Set for ¢ € .7, of the form (2.2) m(¢) =
Zle a;m(A;). Then m : ., — F is linear and is called the simple integral with respect
to m. We are looking for a linear extension [ -dm of the simple integral defined on
a vector space 2 C ER satisfying the DCT (Dominated Convergence Theorem), i.e.
whenever (¢ )i>1,% C 2, with |¢x] < ¢ and ¢p — ¢ pointwise, we have ¢ € Z and
[ ¢pdm — [¢dm in F. Note that the DCT ensures that every bounded &-measurable
function vanishing outside some Oy is in Z.

In order to state the main theorem we introduce the semivariation || - ||, of m, that
is,
[@llm = sup [im(y)[| for ¢ € M(&;R).
YESm: |Y]|<|9|

It is readily seen that: (i) |¢1] < |¢p2| implies ||¢1]lm < |[@2]lm; (1) || - [|m is subadditive,
Le. [|1 4+ dallm < [[01llm + [[02]lm; (i) [[m(S)]] < |@]lm for ¢ € S

Set furthermore
1 _ R - T _
L'(m) = {6 € M(6:R) : lim||o]l. = 0}
or equivalently
L'(m) = {¢ € M(&R) : {m(¥) : [¢| < |¢], ¥ € #,} is bounded in F}.

Note that || - [|;,, and hence L'(m), is invariant of the choice of (Og)r>1. Thus, it is
L'(m) rather than (Og)g>1 that is important. Indeed, if (O)x>1 C & with Oy 1 E is
another m-feasible sequence then the two semivariations agree; that is,

loln = swp |m()| for o € M(&R),
YESm: |Y|<|d]
Here jm denotes the simple functions relative to (Ok) k>1. 1o see this, we may and do
assume Oy, C Oy, for all k£ > 1, implying that the left-hand side dominates the right-hand
side. To get the other inequality observe that A = [J;°, AN (O \ Ox_1) for A € &,.
The o-additivity of m on each Oy therefore ensures that for all ¢ € ., there exists a
sequence (Vg )ps1 C -Fp with [¢] < || for all k such that m(iy) — m(¢) in F. But
this means that ||m ()| — ||m(¢)]|, proving the result.

Theorem 2.1. Assume that m is locally bounded, i.e. the set {m(B) : B € £ N Oy}
is bounded in F for all k > 1. Then L'(m) is a linear space and equipped with || - ||,
it is an F'-space containing %, as a dense subspace. The simple integral extends to
LY(m) by || - ||m-continuity and the extension [-dm: L'(m) — F satisfies the DCT.

4



More generally, if (¢1)k>1 C LY(m), ¢p — ¢ pointwise and there exists 1 € L*(m) such
that |ér| < for all k > 1, then ¢, — ¢ in L*(m).

Moreover, ¢ € L'(m) if and only if there exists (¢pr)r>1 S Fm such that ¢ — ¢
pointwise and for all A € &, limy, fA o dm exists in F.

Remark 2.2. In the important case F' = L°(Q, F,P) all o-finite measures are locally
bounded cf. Talagrand (1981).

Proof of Theorem 2.1. According to Bichteler (1976) the first part follows by verifying:

(E1) The simple integral is continuous when .#,,, is given the Schwartz inductive topology
coming from uniform convergence on each Oy, k > 1.

(EQ) m(gzﬁk) — 0in F'if ((,2516)1921 - Ym and qf)k \L 0 pointwise.

(E5) m(¢r) — 0 in F for every positive disjoint sequence (¢ )r>1 C .7, majorized by
some P € S,.

In the proof we follow Kwapieri and Woyczynski (1992), Theorem 7.1.2, who consider
the case F' = LY see also Rolewicz (1985), Theorem I11.6.2.

Let (¢k)r>1 € S be given such that ¢, — 0 as defined in £}, i.e. there is an [ > 1
such that {¢, # 0} C O, for all k and sup,co, |¢r(x)| — 0. For a given ¢ > 0 let 6 > 0
be chosen according to (2.1). Since m is locally bounded, for all [ > 1 there exists ¢ > 0
such that ||em(B)|| < ¢ for all B € €N O;. Fixing ky > 1 such that |¢x| < clp, for
k > ko and writing for each k

Tk
or = Z airla,, where (a;x)i<i<r, € R and (Aix)i<icr, € & are pairwise disjoint,
i=1
(2.3)
we see from (2.1), with em(A;),...,em(A,, x) playing the role of the x’s and a;/c,
t=1,...,r, that of the a’s, that for k > kg

Il = | Z

To prove (E3) and (E3) it suffices to show

a;’“ cm(Ai,k)H < € since ” :Zkleicm(Ai,k)H = Hcm(i:U Ai”“)H <0

€;=

(0r)k>1, Y € Iy k] < <1 and ¢p — 0 pointwise = m(¢y) — 0.

So let (¢ )k>1 and 9 in .7, be given according to the left-hand side and assume that ¢, is
given by (2.3). Write, for ¢ > 0, ¢y1 = Orlypp<cy and Pro = Orlyp,>cp- As {or # 0} C
{» # 0} C O, for all k and some [ > 1 we may, using (E;) for fixed € > 0, chose ¢ > 0
such that |[[m(¢g1)|| < € for all k. For all (By)i>1 C &, limsup, (B N {|¢x| > c}) = 0.
Thus, due to the o-additivity on € N Oy, limy_,o m(By N {|¢pr| > ¢}) =0 in F, and so
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there exists ko > 1 such that supgeg|/m(B N {|¢r] > c}|| < 0 for k > ko, where ¢ is
chosen according to (2.1). For given €y, ..., ¢, C {0,1} we have as above

H TZkGim(Ai,k N A{|dxl > c})H = Hm( U A N A{]pk| > C})H <3J
i=1 1:€;=1
which by (2.1) gives
(@) = | S (A 1 ] > D <e fork>h
i=1

The only if-part of the last statement follows since .7, is dense. To get the if-part set
v(A) = limg o0 fA ¢ dm for A € £. By Turpin (1974), Theorem 7.1.5, v is an F-valued
o-finite measure on (E,€). According to Turpin (1974), ¢1p, € L'(m) for all k and
v(A) = [, ¢dm for all A€ J,., (€N Oy). The o-additivity of v and fact that OF | 0
gives

0= kll)rglosup{Hv(H)H He& HCO}

and so, arguing as above, we get by (2.1)
i sup{ [P (V)] : ¥ € e [9] < 1oy} = 0,
implying ||¢ — ¢1o,||m — 0. This proves the remaining part of the theorem. ]

When 1z € L'(m) we call m a finite measure, and in this case m extends to a
measure defined on the entire o-field &

2.2 The multivariate case

In the following we define and study the integral with respect to m = (m');<,, where
mt,...,m" are F-valued o-finite and locally bounded measures as defined in Subsec-
tion 2.1. Let (Oy)g>1 € & with O 1 E be a sequence which is m'-feasible for all 7. Our
construction of the integral is motivated by Bichteler and Jacod (1983), Section 3.

Setting
L'(m)={¢=(¢"), € M(&R"): ¢' € L'(m') forall i =1,...,n}
gives a linear space stable under multiplication with bounded elements in M (&’; R).

Define for ¢ € L'(m) the integral of ¢ with respect to mas [¢-dm =", [ ¢"dm’.
Set for ¢ € M(&;R"),

1]lm = sup {]] /(czﬁ%/)) ~dml| 1€ M(&;R), [¢] <1, v¢ € L'(m)}, (2.4)

and let
L(m) = {6 € M(&:R") - lim|| AG]|,. = 0}. (2.5)
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Fix ¢ € M(&;R") and set O, = O, N {||¢]| < k} for k > 1, and Epepy = {A € & -
A C Oy, for some k > 1}. Then, ¢ @ m: &pepy — F defined as ¢ e m(A) = [(14¢) - dm
is an F-valued o-finite and locally bounded measure on (F,&). Note that ¢ € L'(m)
implies 1z € L'(¢ @ m) and hence, applying the DCT of ¢ e m and the m®’s, we get in
this case

pem(E) = lim ¢ em(0y) = khm (15,9) - dm = /gb dm,

k—o0
which motivates the following definition:

Definition 2.3. ¢ € M(&;R") is said to be integrable with respect to m if 1p €
L'(¢ em), and in this case [ ¢-dm := ¢ e m(E) € F is the integral of ¢ with respect
to m.

The following gives the basic properties (recall that an F*-space is an F-space except
that it is not necessarily complete).

Theorem 2.4. (L(m), || - ||m) is an F*-space, ¢ is integrable with respect to m if and
only if ¢ € L(m), and the mapping L(m) > ¢ — [ ¢-dm € F is linear. Moreover, for
¢ € M(&;R™) and € M(&;R) we have 1p € L*(¢ @ m) if and only if ¢ € L(m) and

/¢d(¢om):/(¢¢)dm for ¢ € M(&;R™) and ) € L*(¢p @ m).

Proof. For ¢1,¢2 € M(&;R") we can, using the DCT, show that [|¢; + @2, <
|61]|m + ||#2]|m and hence it follows that L(m) is an F*-space. The last part of
Theorem 2.4 follows once we have shown that ||¢||gem = ||¢¢]|m for all ¢ € M(&;R™)
and all ¢ € M(&;R). Let .7 be the set of simple functions relative to the sequence
(Op)r>1 introduced above. We have

[lon = sup Gem©l= sw | /¢£ |

leI<lvlces léI<|ypl.e€7

= sup H/ @) - dm

|5\<|w| pgEL! (m)

= s || [wo) - dm| = woln,
|€1<1,(Eyg)eL! (m)
where the third equality follows using the DCT of the m"’s.

Since 1 € L'(¢ e m) if and only if ¢ @ m extends to a finite F-valued measure on
(E, &) the vector space property of L(m) together with the linearity of the integral is
clear. The proof can now be completed by applying the DCT of the one-dimensional
o-finite measure ¢ e m. [

3 Notation and basic definitions

Throughout the rest of the paper (Q,F,P) denotes a probability space and L° is
L%(Q, F,P). Recall that with || Z]|o = E[|Z| A 1] for Z € L°, (L% || - |lo) is an F-space.
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Let .7 = (F;)ier be a filtration, i.e., an increasing family of o-fields satisfying the
usual conditions of right-continuity and completeness. Set F_o, = NierF: and Foo =
0(UerFr). If —00 < a < b < 00, then as usual, an R"™-valued process indexed by [a, b] or
la, 00) is said to be a semimartingale with respect to (F;)scjq,p) Tespectively (Fi)icfa,00) if
it can be decomposed into the sum of an R"-valued cadlag local martingale with respect
to the same filtration and an R"-valued cadlag adapted process of bounded variation
on compacts; see Jacod and Shiryaev (2003) for the basic properties. An R"-valued
process X = (X})er is a semimartingale with respect to # if X, = lim;_,_, X; exist
a.s. and for all continuous and increasing functions g: [0,00) — [—00,00[, (Xy))te[0,50)
is an (Fy())ie[o,00)-sSemimartingale. Finally, an R"-valued process X = (X;)cr is called
a semimartingale up to infinity with respect to % if X_o = lim;_,_o X; and X =
lim; o X; exist a.s. and for all continuous and increasing functions f: [0, 1] — [—o0, o],
(X f(t))te[o,l} is an (F f(t))te[o’l}—semimartingale. Unless there is a risk of confusion the
filtration will typically not be mentioned explicitly.

Let SM be the space of all real-valued semimartingales up to infinity X = (X;)ier
equipped with Emery’s semimartingale topology

[ s,

Recall that (SM, || - [[sm) is an F-space (cf. Emery (1979) and Mémin (1980)).

An R™-valued process X = (X;)er is called an increment semimartingale if for
all @ € R the process (X; — X,)i>q is a semimartingale. Note that an increment
semimartingale need not be adapted but all increments are adapted. The class of
increment local martingales, defined in the obvious way, are studied in Basse-O’Connor
et al. (2010a). In particular, Basse-O’Connor et al. (2010a), Remark 3.15, shows that if
X is a continuous increment local martingale such that X_., exist a.s. then the process
X — X_ is a continuous local martingale. There is no such result for continuous
increment semimartingales. For example, if g: R — R is a continuous function for
which ¢g_., = lim;_,_ ¢; exists and which is of bounded variation on compacts but of
unbounded variation on (—o00,0) then (g:)ier is an increment semimartingale but not a
semimartingale.

Whenever X = (X;)ier is a semimartingale and 7 is a truncation function on R”,
ie. 7: R" — R" is a bounded function such that 7(x) = z in a neighborhood of zero,
define X (7) as

1 X ||lsm = sup X € SM. (3.1)

PEM(F;R),|p|<1

9
0

Xi(r)=X,— ) (AX,-7(AX,), teR

s€(—00,t]
Moreover, let uX denote the jump measure of X, that is,
pr(A) :ﬁ{SER: (s, AXy) EA}, Ae B[R x Ry),

where for a set D, $D denotes the number of elements in D, R} = R" \ {0} and
AX; = X; — X;_ is the jump of X at .



Let (U, %) be a measurable space. Then pu = p(w;du) is said to be a random signed
measure on U if for all w € Q, p(w;-) is an R-valued o-finite measure on (U, %) as
defined in Subsection 2.1; i.e., u(w; @) = 0 and there exist (A4;);>1 C Z (depending in
general on w) such that A; T U and for all disjoint sets (Bg)r>1 € % with U2, By C A,
for some [ > 1 we have

p(w; U By) = Zu(w; By) in R.
k=1 k=1

In case A; = U for all [, u is called a finite random signed measure on U. If for all w
p(w; ) takes values in [0, 00), p is called a random positive measure. In this case p(w;-)
extends to a [0, co]-valued measure defined on the entire o-field %, and it is then a
random measure in the sense of Jacod and Shiryaev (2003). Denote by Var(u;-) the
total variation of the random signed measure pu, that is, the positive random measure,
finite on each A;, given, for A € % with A C A; for some [, by

Var(u: 4)(w)
k
= sup { ZLLL(W; By)| :k>1,(B)f, C % are disjoint with U¥_| B; = A}.
i=1

When U = R" and p(w; {u}) =0 for all u € U and w € 2, we say that p is continuous.
When p = (p4');<,, where each u' is a random signed measure on U we speak of 4 as an
n-dimensional random signed measure on U.

Let &2 denote the predictable o-field on R x €, i.e.,

9:0<(u,t]xA:—m<u<t<m,AE]—L),

and let 2 = 2@ % and Q@ = R x Q x U. A random measure p on R x U is
said to be P-o-finite if there exists (A))i>1 C 2 such that A T Q) and such that
E[[ 14,(s,x) Var(u;ds x dz)] < oo for all [ > 1. For any Z-measurable functions
W =W(s,w, x) we will use the standard notation

t
W s py = / / Wi(s,x)u(ds x dz) and W xp= / / W (s, x) p(ds x dz),
—0 JU RJU

whenever the integrals are well-defined. Furthermore, p is called predictable if for
all Z-measurable functions W, (W % u)ier is predictable whenever it is well-defined.
Optional random signed measures are defined similarly, see Jacod and Shiryaev (2003),
Chapter II.1. Finally, a random signed measure p on R is called &?-o-finite if there is
(A)i>1 € & such that A; TR x Q and E[[ 14,(s) Var(p; ds)] < oo for all I > 1.

4 Integration of predictable processes

In this section we introduce the stochastic integral on the predictable o-field with respect
to a o-finite L%-valued measure (cf. Section 2). In Schwartz (1981) such measures are
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called formal semimartingales; see also Emery (1982) and Bichteler and Jacod (1983).
A key point in this paper is the introduction of the characteristic triplet of o-finite
measures; see Theorem 4.2. In the case of a finite measure (which corresponds to a
semimartingale) this notion has been very successfully applied e.g. in Jacod and Shiryaev
(2003). Thereafter, in Theorems 4.5-4.6, L(m) is characterized in terms of the triplet of
m, giving applicable conditions for a process to be integrable.

Consider the setting of Section 2 in the case where (F, &) = (R x Q, Z?); thus let
m = (m');<, denote an n-dimensional o-finite L°-valued measure on (R x 2, &) and
let (Op)r>1 C £ satisfying O T R x Q be m'-feasible for all 7; that is, m is defined
on Z, ={Ae P :AC O for some k > 1}. For all t € R let Q; = (—o0,t] x Q and
assume throughout that

(1) VAe P, AT :m(A) is Fr-measurable,
(2)VAe Py, ueR, BeF,:m(AN((u,00) x B)) =1pm(AN ((u,00) x Q)).

Example 4.1. If m is a finite measure then the R"-valued process X = (X});er defined
by X; = m(£;) can be chosen cadlag and is then an (F;)icr-semimartingale up to
infinity with X_., = 0 by the Bichteler-Dellacherie Theorem (see Bichteler (1981) or
Schwartz (1981)). Conversely, if we start out with an R™-valued (F;);cg-semimartingale
X up to infinity and define m by m(A) = [, 1dX for A € & (where the integral is
defined coordinatewise in the semimartingale sense) then m is a finite measure. When
m is a finite measure we will often not distinguish between m and the corresponding
semimartingale.

Another important example is when m is a Radon measure, by which we mean that
m is a o-finite L°-valued measure with Oy, = [—k, k] x Q, k > 1. As a consequence of
the Bichteler-Dellacherie Theorem it follows that m is a Radon measure if and only if
there exists an R™-valued increment semimartingale Z = (Z;);eg with respect to .#
such that m((u,t] X B) =1p(Z4 — Z,) for all —co < u <t < oo and B € F,.

Note that if X is a semimartingale then X_ . exists a.s.; however, in applications
many processes of interest, such as Lévy processes, do not have a limit at —oo, showing
that it is not enough to consider finite measures.

Recall from Section 2 that an R"-valued predictable process ¢ = (¢");<, induces
a o-finite LP-valued measure on (R x €, ) defined as ¢ e m(A) = [, ¢ - dm for any
predictable set A satisfying A C Oy = Oy, N {||#|| < k} for some k. The set of integrable
predictable processes ¢ with respect to m is denoted by L(m), and L'(m) is the subset
of L(m) for which [ ¢ -dm can be defined as [¢-dm = Y. [ ¢*dm’. When m is
induced by an increment semimartingale Z we often write L(Z) instead of L(m) and
[ ¢-dZ instead of [ ¢-dm. In the following we shall use both the characterization of
L(m) given in (2.5) as well the fact that ¢ € L(m) if and only if ¢ @ m induces a finite
one-dimensional L’-valued measure. In this case [ ¢ - dm is defined as ¢ e m(R x ).
According to (2.4) and Theorem 2.4 we have

16l = sup{] / bdgemllo:v € M(ZR) Wl <1}, ¢ € Lim),
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which by (3.1) shows that ||¢||,, = ||¢ @ m||sap. This implies that (L(m), || - ||,) is an
F-space. To see this we only have to argue that ||-||,, induces a complete metric,
and by using Schwartz (1981), p. 427-428, we may and do assume that m is a finite
measure, that is, corresponds to an R"-valued semimartingale up to infinity. Since
||l = ||¢ ® m||spm the metric induced by || - ||, coincides with the one imposed by
Mémin (1980) so the result is given in his Théoréme V 4.

For all A € & and ¢ € M(Z;R") satistying 14¢ € L(m) we use the notation
[, @ - dm rather than [(1a¢) - dm; if A = (s,t] x Q with s < t we write f(&t] or f;
instead of [, and similarly when A = (s, 00) x Q.

If plge € L(m) for all t € R and lim;, ftoo ¢ - dm exists a.s. the limit is called the
improper integral of ¢. Obviously, if ¢ € L(m) then the improper integral exists but the
converse is only true in special cases. For example, let (&, n;)ier be a bivariate Lévy
process indexed by R with (&y,79) = (0,0) and let ¢ > 0. Then the improper integral
lim, oo fst et dn, exists if and only if (1{,<n€e*)uer € L(n); see Basse-O’Connor et al.
(2010b). The appropriate choice of filtration when working Lévy processes is discussed
in Section 5. In another direction, if Z is a continuous increment local martingale and
for all s < ¢, fst ¢y - dZ, exists then the improper integral lim,_, fst ¢y - A7, exists if
and only if (1j,<y¢u)uer € L(Z); see Basse-O’Connor et al. (2010a).

4.1 The triplet of random measures

For all k > 1 let X (k) = {(X}(k))i<n : t € R} be given by X,;(k) = m (O N Q).
As mentioned in Example 4.1 we may and will assume that X (k) is a cadlag Z-
semimartingale up to infinity for all £ > 1. Note that X (k) satisfies

¢
Xt(k):/ 1o, (5)dX,(k+1), k>1teR.
Thus, if there exists a & > 1 (depending on w) such that AX/(k)(w) # 0 then
AX}(k)(w) = AX](l)(w) for all I > k and @ = 1,...,n. Define m’s jump process
Am = {(Ami)<, : t € R} as

A AX((k) whenever AX/ (k) # 0 for some k > 1,
m, =
! 0 otherwise,

and m’s jump measure [ as

A)=t{t e R: (t,Am;) € A}, Ae BR x RY).

For every A € & such that 14 € Ll(ml) fori =1,...,n, define the semimartingale up to
infinity (m(A)¢)wer as m(A); = (m*(A);)i<n = m(ANQ,). Call m a continuous martingale
measure if for all such A the process (m(A);)ier is an n-dimensional continuous local
martingale. Note that since each X (k) is a semimartingale, its jump measure is finite.
Consequently s, the jump measure of m, is a Z-o-finite integer-valued random measure
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on R x Ry and hence by Jacod and Shiryaev (2003), Theorem I1.1.8, has a predictable
compensator v. Thus, in particular v is a 9?-o-finite measure on R x R{. Denote
by Gloeoo(ft) the set of R-valued Z-measurable functions W = W (s,w,z) for which
W s (1 — v) exists up to infinity. That is, there is a localizing sequence (oy)r>1 with
P(0) = 00) — 1 such that, with W defined as in Jacod and Shiryaev (2003), Definition
I1.1.27, we have E[(ZsSUk(WS)2)1/2] < 0o. We use the notation W * (u — v) for the
integral over R x Rfj of W with respect to p — v.

The next result concerns the canonical decomposition of m relative to a truncation
function 7. Other decomposition results of LP-valued measure are studied in Bichteler

and Jacod (1983). As usual we generally suppress w in random variables.

Theorem 4.2. There exist a continuous martingale measure m® = (m%);<,,, a pre-
dictable compensator v of p and an n-dimensional & -o-finite random signed measure

B = (B")i<, on R such that for all A € P,,, 14 € L'(m*") fori=1,...,n, and

m(A) = m(A) + (1a(s)7(2)) * (u—v) + (La(s)(z — 7(2))) *u—i—/ 1a(s) B(ds). (4.1)
R
Furthermore, there exists an n X n-dimensional predictable &2-o-finite random signed

measure C' = (C™); i<, on R such that fori,j =1,...,n andt € R

t
(m"(A).,m%(A).), / 1a(s) C*™(ds), Ae 2,

where (-, -); denotes the predictable quadratic variation. Moreover, (B, C,v) is unique.

Finally, there are a &-o-finite predictable random positive measure X = \(w;ds)
on R, two predictable processes, b = {(b})i<, : t € R} with values in R" and ¢ =
{(c}7)ij<n : t € R} taking values in the symmetric positive semidefinite n x n-matrices,
and a transition kernel K = K(s,w;dz) from (R x Q, Z) into (R", B(R™)) such that
K(s;{0}) =0 and [, (1A ||z]]*) K(s;dz) < oo for all s € R and

B(ds) = bs A(ds), C(ds) = cs A(ds), v(ds x do) = K(s;dz)A(ds).  (4.2)

The triplet (B, C,v) given in Theorem 4.2 is called the triplet of m and will play an
important role in this paper. From the proof follows that if m is a finite measure then
so is m¢. When Z = (Z;)er is an increment semimartingale with associated random
measure m, (B, C,v) will also be called the triplet of Z.

Remark 4.3.

(i) Let us describe the right-hand side of (4.1) in more detail. The second term is
defined coordinatewise and W (s, z) = 14(s)7%(z) is in Gloeo(p) foralli =1,...,n
(7° is the ith coordinate). The third term is defined coordinatewise as well and is
in fact just a finite sum. Finally, [ 14(s) Var(B%ds) < oo a.s. foralli=1,...,n.

(ii) In Section 2 we noted that L(m) is invariant under the choice of (Oy)>1. Similarly,
it follows by uniqueness that the triplet is invariant under the choice of (O )g>1.
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Proof of Theorem 4.2. For k > 1 let my be the finite measure defined by my(A) =
m(ANOy) for A € &. In other words, my, is the measure associated with X (k) as
described in Example 4.1. As shown in Jacod and Shiryaev (2003), Theorem 11.2.34,
there exists a unique triplet (B, Cy, vy) such that

X, (k) = X¢(k) + () % (15® — ), + (@ — 7(2)) % i @ + Bi((—00,1]).

and so, denoting by m§ the n-dimensional finite measure corresponding to X¢(k), we
get, for A € P,

mi(A) = mi(A) + (La(s)7(x)) * (= vi) + (Lals) (@ — 7(2))) * px + / 1a(s) Bi(ds).

R

Since

mip(A) = my1(A) for Ae P :={Be P :BC O} (4.3)

we have mg = mg_, on % by uniqueness. Hence we can define a o-finite measure m®
on P, = U, 7 to be equal to m§ on each 7. Again by (4.3) it follows that

pr(ds x dz) = 1o, (s)pr+1(ds x dzx),
Be(ds) = Lo, (5) Brea(ds),  Crlds) = Lo, (5)Cen(d5),

and therefore we may define B(ds) to be equal to By(ds) on Zj and C(ds) to be equal to
Cr(ds) on 2. By construction of (B, C,v), (4.1) holds. Note also that p by definition
equals p on Z for all £ > 1 and hence v = sup,~, 4 by monotone convergence. The
uniqueness of (B, C,v) follows by the uniqueness of (By, Cy, v) for all k > 1.

Due to the fact that v is a P-o-finite measure the existence of a P-o-finite mea-
sure A and a transition kernel K such that v(ds x dz) = K(s;dz) A(ds) follows by
general disintegration theory, see e.g. Jacod and Shiryaev (2003), Chapter II, 1.2. The
construction of b, ¢, K and A satisfying (4.2) is now obvious. ]

Throughout let 77 and 7,, denote truncation functions on respectively R and R™.

Proposition 4.4. For all R"-valued predictable processes ¢, the o-finite measure ¢ e m
has jump measure fpem and continuous martingale measure (¢ @ m)° given by

o = o ((5,2) = (5,00 2)) 0 (Gom) =g om,

and its triplet (B, C, V) is given by

Blds) = ({600 + [ 1n((60,2) (607 ()] K(s,02)) A(@),
O(ds) = (Gu et Mds), 7 =vo ((s,2) = (s <¢s,x>)>_1.
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Here for all z,y € R", (z,y) = >, #'y" denotes the usually inner product in R™.
To prove Proposition 4.4 it is enough to consider each of the measures m(- N Oy) for
k > 1 where Oy, is defined just below Example 4.1. However, m(-N @) corresponds to
an R"-valued semimartingale up to infinity and ¢1g, is a bounded predictable process,
so the results follows from Jacod and Shiryaev (2003), Chapter IX, Proposition 5.3.

Let ¢ € L(m). Since in this case ¢ ®m is a finite measure it follows from Theorem 4.2
and Proposition 4.4 that ¢ € L(m), 71 ({¢s, 7)) € Gioc,e0(1), B is a finite random signed
measure on R and

/<b~dm

= /(Z) -dm® + 7—1(<¢Sax>) * (:u - V) + (<¢87x> - 7-1(<¢sv$>)) L B((—O0,00))
(4.4)

4.2 A characterization of L(m)

In Section 2 we characterized L(m) by means of || - ||, which, however, is rarely known
explicitly. The next result characterizes L(m) in terms of the triplet (B,C,v) of m
which is often known; see e.g. Section 5. We assume throughout this subsection that m
has triplet of the form (4.2) with respect to 7 = 7,,.

Theorem 4.5. For all R"-valued predictable processes ¢ we have ¢ € L(m) if and only
if the following (a)—(c) are satisfied almost surely:

() /R]ws,bg + /IR [71({¢s, 7)) — (s, Tu(2))] K(s;dx)‘ A(ds) < oo, (4.5)
(b) /]R<¢’s,cs¢s> A(ds) < o0, (¢ /]R/n (1 A |<¢s,x>|2) K (5:dz) A(ds) < 0o. (4.6)
Note that when m is a continuous measure (i.e., yu = 0), (4.5)—(4.6) reduce to

/R<\<¢s,bs>!+<qbs,cs¢s>> Mds) <00 as.

Set
Uls.0) = [(wb)+ [ [nlGeo)) =~ (mm(@)] K(sidy)], se Rwe R,
O(s,z) = (x,cox) + U(s,x) + /n(l ANz, y))?) K (s; dy), se R,z e R",
L = {p e M(P;R") : A@(s,¢s) Ads) < oo as.),
¥ao() = B[] [ ®(s.00Ads)] A1), seLr
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and U(s,z) = SUP.c(—1,1] U(s, cx). Recall that A € &, is called a null-set for m if for all
B e #,, with B C A, m(B) = 0. Moreover, a deterministic positive o-finite measure x
on & with the same null-sets as m is called a control measure for m. The following
result extends Theorem 4.5:

Theorem 4.6. L(m) = L*° and for all (¢*)i>1 and ¢ in L(m), ¢* — ¢ in L(m) if
and only if Vg o(d* — ¢) — 0.

Moreover A® P, given by (A @ P)(A) = E[[ 1a(s) A(ds)], is a control measure for
m whenever \ is chosen such that )\(s €ER:b;=0,c,=0,K(s;R") = O) =0 a.s.

When n = 1 and m is finite and quasi-left continuous, Theorem 4.6 is obtained by
Kwapien and Woyczyniski (1991), Theorem 6.1, via decoupling techniques, whereas our
approach is based on martingale theory.

Assume n = 1 and set

(s, ) = cox® + U(s,az) + /]R(l Alzy?) K (s;dy),

Us4(0) = E[| /Rci(s,gbs) A(ds)| A 1], ¢ e L*O.

From Musielak-Orlicz theory (see Musielak (1983), Definition 7.2) it follows that ¥ ,
is a modular. Moreover, by arguing as in Rajput and Rosinski (1989) it can be shown
that Uy, satisfies the As-condition, i.e., there exists a constant v > 0 such that
U5,0(20) < v¥go(¢) for all ¢ € L*. Hence by Musielak (1983), Theorems 1.5 and 7.7,
L*0 is an F-space in the F-norm,

”¢H<i>,o = inf {t >0: \Ijé,ow/t) < t},
and Uy ((¢*) — 0 if and only if ||¢*||§, — 0. Therefore, by Lemma 4.9, we can restate
Theorem 4.6 as follows:

Theorem 4.7. Forn =1, L(m) and L*° are equivalent F-spaces, that is, the F-norms
induce the same topology.

4.3 Proofs of Theorems 4.5-4.6 and convergence in SM

To prove Theorem 4.5 we need the following Lemmas 4.8-4.9.

Lemma 4.8. Let i be a @—a—ﬁnite optional random positive measure on Ry with
predictable compensator v and let W = W (s,w, x) be a positive &?-measurable function
on R x Q x Rf. Then W xv < 0o a.s. implies W x pp < 00 a.s.

Proof. For all k > 1 let o = inf{t € R : W x v, > k} which is a predictable stopping
time since (W * 1) is a predictable process, and hence (—o0,0y) € & for all k > 1.
Therefore,

E[(Wl—coon) * 1] = E[(Wl(co o) * V] < E,
implying W * p,,— < oo a.s. for all £ > 1. Furthermore, since o}, = oo for £ sufficiently
large we obtain W % pu < 0o a.s. ]
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The next lemma follows as Rajput and Rosiniski (1989), Lemma 2.8.
Lemma 4.9. There exists a constant Cy € (0,00), only depending on 71, such that

Uls,z) SU(s,x)+Cl/ (LA [z, 9)]*) K(s;dy), seR, zeR"

n

Proof of Theorem 4.5. Let ¢ € L(m). In this case ¢ @ m is a finite measure, and its
triplet (B, C, V) is given in Proposition 4.4. From usual semimartingale theory we
know that B has finite total variation on (—oo,00) (implying (a)), C' has finite total
variation on (—o0,00) a.s. (implying (b)) and finally [; (1A |y]*)#(ds x dy) < oo a.s.
(implying (c)).
Conversely, assume that ¢ satisfies (4.5)—(4.6) and let us show that ¢ € L(m), i.e.,
with
D={6eMPR): |¥ <1, vo e Lim)}, (47)

we need by (2.4)—(2.5) to show that { [(¢¢) -dm : ¢ € D} is bounded in L°. Let ¢ € D.
By (a), (c) and Lemma 4.9 (with C; > 0 given there), we have

/U e A(ds) /U ) A(ds) /U 64) Mds)
<Gl [ ftonbd+ [ [n((600) = (0 mle)] K(sdn)] A(ds)
+ /R / (LA L0, 2) ) K (5 d2) Ads)] < o,

which shows that
B = s S7b$ s¥s; — \WsWPsy In K 7d A(d )
@)= [ (@0nb) + [ [(0002)) = (7 (0)] K(sida)) A
is well-defined and sup,,cp|B(¢)| < oo a.s. In particular, {B(¢) : ¢» € D} is bounded in
LO.

For ¢ € D we have by Lenglart’s inequality (Lenglart (1977), Théoréme I) that for
all 6,0 >0

P [00) -l = 0) < 5/6° +P( [ vi(onco)2(ds) = 5)
<3/ + P( [ (6uci0) M) 2 )

which by (b) shows that { [(¢¢) - dm®: ¢ € D} is bounded in L°.
Using (c) and the fact that |7 (x)| < r(1 A |z|) for some r > 0, Lenglart’s inequality
shows

P(|mi((x. 0.6.))  (u = )| > 0) < 6/6 + P(mi((z 0.6.))* ¥ v > 0)
< 5/6% + P((1 A (2, 1s00)2) % v > (5/7“) <562+ P((1 A (2, 6)?) %0 > 5/7“)
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implying that {7 ({x,1s¢s)) * (u — v) : 1 € D} is bounded in L°.
Let f(x) = r|z|l{z> where r,e > 0 are chosen such that |z — 7 (x)| < f(x). Using
that f is symmetric and increasing on R it follows that

(2, Psps) = T1((, 9s0s))) * il < f((2,90500)) 5 1 < F((2, bs)) * po.

By (c) and Lemma 4.8, (|[(z, ¢s)|* A1) x u < oo a.s. In particular, we find that the sum
Y ser Ll(Ams,s)|>ep < 00 a.s. and hence

f(<$7 ¢S>) * = TZKAm& ¢s>|1{\(Ams,¢>s>|>e} < o0 a.s.

seR
implying that {({x,¥@) — 71({x,19¢)))) * u : 1 € D} is bounded in L°.
By (4.4) with ¥¢ playing the role of ¢ we have
Jwor-am= [we)-dm* + 7 ((..6) * (u— )
+ (2, 150s) — Ti({2,9505))) * p+ B(¥),

and the above shows that the right-hand side is bounded in L° as v runs through D.
Therefore, { [ (@) - dm : ¢ € D} is bounded in L° and the proof is complete. O

Before proving Theorem 4.6 we study the relations between convergence in SM
and convergence of triplets. Let X* = (XF);cr and X = (X;)ier be real-valued
semimartingales up to infinity with X*__ = X__ =0 and let

BX CX CX’Xk (X,Xk)
BX* | |oxxk oxk |0V
denote the triplet of the R%-valued semimartingale (X, X*). Write e.g. BF instead of
B¥((—o0,t]) and BY for B*(R).
Theorem 4.10. X* — X in SM if and only if for k — oo,
X X — 20X 0 (4.8)
(1A |2 = 2?) « X5 — 0
Var(BXk — BX +[r(a* —z) — (r(2®) — ()] * V(Xk’X))OO — 0, (4.10)
where the convergences are in L°.

In particular,

Corollary 4.11. X* — 0 in SM if and only if Var(BXk)OO — O,ngk — 0 and
(LA 22) %X =0 in LO.

For the proof we need the following.
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Lemma 4.12. Let W = W(s,w,z) be a positive, predictable and bounded function.
Then, W s uX" — 0 in L° if and only if W = X" — 0 in L°.

Proof of Lemma 4.12. Assume that W x uXk — 0in L°. For all k > 1 let
o =inf{t e R: W s pX > 1},
Assume W < ¢, then for all £ > 1, W % uff: < 1+ ¢ and therefore,
0= lim E[W « pX' = lim B[V« v, (4.11)
For all § > 0 we have by (4.11),

limsup P(W X" > §) < lim sup P(W x l/iik > §) + lim sup P(oy, < o0)

k—o00 k—o00 k—o00

= limsup P(0} < 00) < limsup P(WW x > 1) =0,

k—o0 k—o00

which shows that W s vX" — 0 in L°. The reverse implication follows similarly. O

Proof of Theorem 4.10. First assume X = 0. To show the if-implication let (4.8)-(4.10)
be satisfied. For all t € R,

th = Xf’c + 7 () * (uXk — VXk)t + (z — 7 (x)) * uf{k + ngk (4.12)

where X*¢ denotes the continuous martingale part of X*. We shall show that each
term on the right-hand side converges to 0 in SM. The total variation of the last term
converges to 0 in L°, which, since it is predictable, by Mémin (1980), Théoréme IV.7, is
equivalent to convergence in SM. By Lenglart’s inequality, for all predictable processes ¢
with |¢| <1 and 0, > 0,

sup P<|/ by dXF| > 9) <6/6% + P(CX" > §)

o<1

and with MF := 7 (z) * (u*" — vX"); and using that (71 (x))? < a(1 A z2) for some a > 0,

sup P(]/_Oo by AMF| > 9)

[¢]<1
< 6/60% + P(r(x)? « X" >0) <0/ + P(LA2) « X" > 6/a).

With A¥ := (x—7y(2))*pX" and if €,v > 0 are chosen such that |z —7 ()| < V]2 | Lfjg>e)

we have
sup / ¢o AL < sup > 0@ AXLyaxssg <0 Y JAXELjaxesg.  (4.13)
pl<1 ! J oo 6l<1 5 =
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By Lemma 4.12 and (4.9), (1 A z2) % X" — 0in L°, and therefore for all § € (0, ¢ A 1),

P<Z|AX§’1{|AX§\>E} > 9) = P(Z 1{|AX§\>E} > 0) — 0.

seR seR

Thus, all terms on the right-hand side of (4.12) converge to 0 in SM, which completes
the proof of the if-part.

To show the only if-part assume that X* — 0 in SM. By Emery (1979), cf.
also Dellacherie and Meyer (1982), p. 307, this implies that the quadratic variation
[(X* oo = CX* + 22 % X" converges to 0 in LO. Thus CX* — 0 and (1 A 22) s X" = 0
and therefore by Lemma 4.12 (1 A 22) x vX" — 0 in L°. It remains to be shown that
Var(BX") — 0 in L°. As in (4.13) there exists a constant [ > 0 only depending only
on the truncation function 7; such that for A¥, the third term on the right-hand side of
(4.12),

| A | sa0 < TE[[X* o0 A1)

Thus A*, and therefore by linearity the special semimartingales X* — A*, converges to 0
in SM. Since, cf. Emery (1979), p. 273, the map X +— A(X) is continuous in the space
of special semimartingales (A(X) denotes the predictable bounded variation component
of X) this implies that BX" = A(X* — A%) — 0 in SM. But as noted above this means
that Var(BX")o — 0 in L.

The general case now follows by observing that

Z/X’“—X _ V(Xk,X) o ((

-1
xvy) =X — y) )
G = (XF = X)) = (X0 = X = O+ OF =20,
k
B = B — B + [n(x —y) — (n(e) —my)] x . =

As an application of Theorem 4.10 we get the following simple condition for SM-
convergence for Lévy processes.

Corollary 4.13. For all k > 1 let (X[)iep) be a Lévy process with respect to (Fy)ieo
with Lévy-Khintchine triplet (v, 02, ki). Set XF = Xt =0 fort <0 and X} = X}
fort > 1. Then, X* — 0 in SM if and only if XF — 0 in L° (or equivalently,
Jr(@® A1) kg(dz) =0, 0f = 0 and 7, — 0).

Proof. By Jacod and Shiryaev (2003), Theorem I1.5.15, we have BF = yt, CF = to?
and v*(ds x dz) = ki(dx) ds for s,t € [0,1]. Hence by Corollary 4.11, X* — 0 in SM
if and only if [ (2® A1) ki(dz) — 0, 0f — 0 and || — 0. Moreover by Sato (1999),
Theorem 8.7, the latter conditions are equivalent to X¥ — 0 in L°. ]

Proof of Theorem 4.6. Assume ¢* — 0 in L(m), which, as previously noted, is equivalent
to ¢ em — 0 in SM. If (B C* v*) denotes the triplets of ¢* e m we get by
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Proposition 4.4 and Corollary 4.11 that for k — oo,
[ [t + [ it o) - @hm@) K(sdn|ds) —0 w2’ @1y
R R™
/( Py Mds) — 0 in L°)  (4.15)
R
/ / (1 A |<x,¢’;>|2) K(s;dz) A(ds) — 0 in L°,  (4.16)
R n

implying Wg(¢*) — 0. On the other hand if ||¢*||so — O then (4.14)—(4.16) are
satisfied. By Corollary 4.11, ¢* @ m — 0 in SM, showing that ||¢*||,, — 0.

For x € R™ and A € & the above shows in particular that ||z14[/¢0 = 0 if and only
if [|[z14]l = 0. Thus if (P ® A)(A) = 0 then for all x € R, ||z1al/o,0 = 0 and hence
|z14l|m = 0, showing that A is a null-set for m. On the other hand, if A is a null-set
for m then ||e;1 4|, =0 for all i = 1,...,n (e; denote the ith Euclidean standard basic
vector) and hence ||e;14]|o,0 = 0. Therefore, for alli =1,...,n, a.s.

O:/lA()”)\ds 0‘//n“‘1‘* (s)2'[?) K (s;dw) A(ds).  (4.17)

Since ¢ is symmetric and positive semidefinite and K (s; {0}) = 0, (4.17) shows that
MseR:s€Ac;#0)=0and A(s€ R:s€ A K(s;R") #0) =0 a.s., and hence,
foralle=1,...,n

0= / ‘(eilA(s),bQ +/ [T1({ei1a(s),z)) — (e;1a(s), T (z))] K(s;dz)| A(ds)
R R»
= / 1bi14(s)| AM(ds) a.s.
R
Thus if A(s:bs =0,cs =0, K(s;R™) =0) =0 a.s., it follows that (A ® P)(A) = 0 and
the proof is complete. ]

4.4 Quadratic variation and local martingales

As above let m be an n-dimensional o-finite measure with triplet (B, C,v) and jump
measure p. Define the optional and &?-o-finite random signed measure on R [m] =
([m]")ij<n as

/1,4(5) [m](ds) = / La(s)C(ds) + 1a(s)xaTxu, A€ P,

where T denotes the transpose and we use column vectors as default; that is, zzT is n x n.
For each A € £, by Jacod and Shiryaev (2003), Theorem 1.4.52,

/ 1a(s)[m](ds), teR,

—00
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is the quadratic variation of (m((A N €))ier which is an R"-valued semimartingale up
to infinity. Thus we call [m| the quadratic variation measure of m. As in Theorem 4.2
choose an optional and Z2-o-finite random positive measure m = 7(w;ds) on R and an
optional process ¢ = {(¢/”) : t € R} with values in the symmetric positive semidefinite
n X n matrices such that [m](ds) = ¢ 7(ds).

Proposition 4.14. Let Z = (Z)ier be an R™-valued increment local martingale with
associated measure m described in Fxample 4.1 and let ¢ denote an R™-valued predictable
process. Then ¢ € L(Z) and the process ([q, ¢ - dm)cr is a local martingale up to
infinity if and only if there is a localizing sequence (oy)g>1 with P(ox = 00) — 1 and

E[(/0k<¢5,qs¢s>7r(ds))1/2] <oo  forallk>1.

—0o0

Proof. Recall that by definition ffoo ¢-dm = (¢ em)(£;) whenever 1o, € L'(¢pem). In
this case Oy = [—k, k] x Q is m-feasible. If ¢ is an R"-valued predictable process then
by Proposition 4.4

(£ @m](ds) = (&, cs€s)A(ds) + (&, x>2 4= (&, qs&s)m(ds).

Moreover, if £ is also bounded and & (w) = 0 for all (t,w) & Oy for some k then the
process ((£ @ m)(£2;))ier is a local martingale up to infinity.
For 1) € D defined in (4.7) let X" = () @ m(£;). By the above

|AXY| = [6 e m]({sH)'/? = [l ({05, qs0) T ({5})/* < (s, gus) T ({s})'/2.
That is, with L defined by

L= ([ Goasinn)”, ver

we have |AXY| < L, for all ¢ € D.

Assume there is a sequence (o),>1 with the properties in the if-part of the proposi-
tion. We then have E[L,,] < co. By the above, for all ) € D for which ¢ is a bounded
process satisfying (¢¢);(w) = 0 for all (¢,w) & Oy, for some k the process X is a local
martingale up to infinity and it is in the set denoted by S7 by Stricker (1981), p. 505.
By his Theorem 1.11, XV is a local martingale up to infinity for all ¢ € D. Finally,
using

[(¥¢) @ m]((—o0, 1]) < [¢ @ m]((—00,])

it follows from Davis’ inequality that the set { [(¢¢) - dm : ¢ € D} is bounded in L°,
implying ¢ € L(Z). Another application of Stricker (1981), Theorem 1.11, shows that
(¢ @ m(€))ier is a local martingale up to infinity.

The converse implication follows from Jacod and Shiryaev (2003), Corollary 4.55(a).
]
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5 Lévy processes

In this section Z = {(Z})i<,, : t € R} is an n-dimensional Lévy process indexed by
R satisfying Zy = 0 a.s. Let (,%, k) denote the Lévy-Khintchine triplet of Z;. Our
concern is integration with respect to Z in a filtration .% = (F,);er in which Z is an
increment semimartingale, that is, induces a Radon measure. Two such filtrations are
FZ¢ and ZFZ, given up to completion as

FM —o(Zy~ 72, —0<s<u<l), Ff=olZy:i—co<u<t), tER

(The superscript inc is short for increment). However, a major difference between
the two is that Z is a Lévy process in F %" but (except in trivial cases) not in .FZ.
Here we recall that by definition Z is a Lévy process in a filtration .# if, for all s < t,
Zy — Z is independent of F;, measurable with respect to JF;, the distribution of Z; — Z,
depends only on t — s, and Z has cadlag paths with Zy = 0. Thus, it is obvious that Z
is a Lévy process in .Z %", To see that it is not Lévy in .#Z note that for all s < 0,
Zy — Zy = —Z, is FZ-measurable and hence not independent of FZ except when it is
deterministic. Therefore we first consider the case when Z is a Lévy process in .# and
then turn to .# 7.

5.1 The case when 7 is a Lévy process in .7

Let .% be a filtration and assume Z is a Lévy process in .%. Note that in this case Z is
an increment semimartingale in .% and hence induces an L°-valued Radon measure as
described in Example 4.1. Furthermore, it is easily seen that the triplet of Z is given by

bs = 7, cs =X, K(s;dz) = k(dx), A(ds) = ds,

and therefore, by Theorem 4.5, we have the following:

Corollary 5.1. For all R™-valued .7 -predictable processes ¢ = (¢¢)ier, ¢ € L(Z) if
and only if the following (a)-(c) hold almost surely

(a) /ﬂ{(gbs, Yos) ds < oo, (D) /R/n (1 A |<¢s,x>\2) k(dx)ds < oo,
© [ [0eod+ [ Tntte.00) = (@) sido)]ds < o

Consider the special case where Z is an R"-valued strictly a-stable Lévy process
with @ € (0,2). In this case the conditions in Corollary 5.1 become particularly
simple. Since ¥ = 0 only (b) and (c) have to be verified. According to Sato (1999),
Theorem 14.3, there exists a finite measure O, often referred to as the spherical part of
Kk, on S" ! ={x € R": ||z|| = 1}, such that the Lévy measure x of Z is of the form

K(A) = /S | /0 h 1:1(1? ar)e(ds).  Ac BR"). (5.1)
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The following corollary extends results by Rosiriski and Woyczytiski (1986) and Cherny
and Shiryaev (2005) to processes indexed by R and with values in R".

Corollary 5.2. Let Z = (Z;)ier be an R™-valued strictly a-stable Lévy process with
Lévy measure given by (5.1) (for a = 1, assume Z is symmetric, which in particular
implies v = 0). Then for all F -predictable R"-valued processes ¢, the integral fR Qs-dZs

exists if and only if
/(/ (s, )] O(d )) ds<oo  as. (5.2)
R NJgn-1

Proof. For simplicity let 7,, and 7; be the truncation functions on R™ and R given by
To(x) = xlyz)<1y and 7 (x) = xlyz<1y. Due to the fact that Z is strictly stable we
have for a € (1,2), v = [ (Ta(z) — 2) £(dz) and for o € (0,1), v = [ Tu(x) K(dz), cf.
Sato (1999), Theorem 14.7. Using (5.1), a simple calculation shows

Cra [ (K@) i) = [ [(0uia)l" O (5.3)
Gu)+ [ [((0u2)) = (6o (o)) ()]

Z CZ,oz (54)

where the equality (5.3) holds for all o € (0,2) and C;, = ((2 — @)«)/2, and the
inequality (5.4) holds for a # 1 and Cy, = |ov — 1|. In the case a = 1 (5.4) remains true
for some constant Cs ;. This shows that (a)—(c) of Corollary 5.1 are equivalent to (5.2)
and completes the proof. ]

5.2 Integrability in .#%

When considering integrals as (1.2)(5) the process {f(s, Zs_) : s € R} is usually not
predictable (nor adapted) in Z%™ (or in any other filtration in which Z is a Lévy
process). Thus, (1.2)(3) can not be studied in .Z%"¢ forcing us to consider instead
the filtration .#Z. Although Z is an increment semimartingale in .#Z (by Theorem 5.3
below and Stricker’s theorem), it is in general difficult to calculate its triplet in this
filtration. Therefore we consider the larger filtration .# % given by .7-"tZ = FZ for
t >0 and

FE = FEV o (i ((1,0) < A) s A€ BRY),  fort <0,

in which we are able to calculate the triplet explicitly. (The superscript ez is short
for extended). Note that F/™ C FZ C F/™ for all t € R. Let Z¢ = (Z¢)ser be the
Gaussian component of Z chosen such that Zy = 0. Recall that x4 is the jump measure
of Z, and set v(ds x dz) = k(dx) ds and

Mt:Zf—/tO/nTn(x)(uZ—y)(dsxdx), L<0.

23



Due to the fact that FZ C ]_—tz,ex for all t € R, the next result gives in particular sufficient
conditions for the integral f]R b, -dZ, to exist for any % Z-predictable process ¢. It relies
on an enlargement of filtration result essentially due to Jacod and Protter (1988); see
Appendix.

Theorem 5.3. In the filtration F%°%, Z is an increment semimartingale with triplet
bs = v+ (M/s)1{s<0} cs = 2, A(ds) = ds, (5.5)

u2((s,0] x da)

K(s;dz) = 5]

Lis<oy + #(da) L0y (5.6)

Hence for all F%**-predictable processes ¢, the integral fR ¢s - dZ, exists if and only if

(4.5)~(4.6) are satisfied with b,c, A\ and K given by (5.5)—(5.6).

Note that the triplet of Z with respect to .# % is random, reflecting that Z does
not have independent increments with respect to .#%°. Note also that for all s < 0,
1?((s,0] x dz) is a Poisson random measure with intensity measure |s|x(dz).

Proof of Theorem 5.3. Fix an r < 0 and define Z(") = (Zt(r))tzr as Zt(r) =7, — Z,.
Consider the filtration .FZ"ex = (ﬂZ(T)’eX)tZr where

U

]_-tzm,ex = a(Z(’") cu € [ry t]) v O'(Z(()r)) v J(,uzm ((r,0) x A): A€ %(IR"))
Using that Z, = —(Zy — Z,) = —Zér), we get for t > r,

]_—tZ,ex _ <g\tZ(’“),ex V. gr’ where gr = O'(Zr — Zu u << ’I”). (57)

By Theorem A.1 (where r plays the role of zero, and zero plays the role of ¢), Z™ is a
semimartingale with respect to .## “ex Let b™, ™ K™ and AT denote the quantities
defining the triplet of Z(™ in (A.1) and (A.2). Let Z(- denote the Gaussian component

of the Lévy process Z™ and note that Z° = Z¢ — Z¢. Thus, with

M =z« +/ T (2) (Mz(r) —v)(ds x dx),

(rt] xR™
—(Zi-z)+ [ n@ @ s xdo, ez
(rt] xR
we have by Theorem A.1 that

Mér) _ M(T)

b =7+ = Lpsecy = 7+ (Ms/5) 1 p<oco).

Similarly,

p?" ((s,0] x dz)
0—s
1 ((s,0] x dz)

= 5] Lir<s<oy + #(d2) 150

K" (s;dz) =

Lir<s<oy + £(d2) 10
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Finally, A(")(ds) = 1{;>,y ds and ¢, = ¥. Since G, is independent of Z(") = (Z;, — Z,);>,
it follows by (5.7) that Z) is an (F/).,-semimartingale with the above triplet.

Furthermore, since this is true for all » < 0, it follows that the triplet of Z is given by
(5.5)—(5.6). ]

Remark 5.4. Even though b, and K (s;dz) are random for s € (—00,0) it follows by the
strong law of large numbers for Lévy processes (see e.g. Sato (1999), Theorem 36.5) that
they are both deterministic in the limit s — —oo; in fact, for all measurable functions
[ R* = Ry, [go f(z) K(s;dz) = [, f(z) k(dx) and b, — 7 as. as s = —o0.

In the next result we use Remark 5.4 to give a simple condition that fR ¢s - dZ
exists.

Theorem 5.5. Assume E|[||Z1||?] < co. Then, for all F%-predictable processes ¢ with
a.s. locally bounded sample paths the integral fR Qs - dZ, emists if

/]R(||<75s||2 + [|¢s]]) ds < o0 a.s.

Proof. Let us show that (a)—(c) of Theorem 4.5 are satisfied with b, ¢, K and A as in
Theorem 5.3. Property (b) follows from the fact that (¢, X¢,) < Cs||¢s]|* for some
constant C'y;, > 0 depending only on 3.

In the proof of (a) and (c¢) we will use the following consequences of Remark 5.4:

HxH2 K(s;dx) ———> ||:v]|2/-$(dx), a.s. (5.8)
Rn RL
/ ||| K (s;dx) —— ||| k(dz), a.s. (5.9)
{ll=|I>1} 5770 J{lzlI>1}
by — 7, a.s. (5.10)
§——00

For simplicity let 7,(z) = 21z <1y for € R" and 71(y) = ylqy <1y for y € R. To
verify (c) it suffices, due to the fact that ¢ has a.s. locally bounded sample paths, to
show that there exists a k = k(w) € N such that

/[kk]c/n A {ps,x)7) K(s;dz)ds < oo, (5.11)

However, since

| Al aP) K(side) < ol [ flol? K(s:da),
equation (5.8) implies (5.11). To show (a) note that

71 ({05, 2)) — (&5, Tu( !—‘ s, T (1{| (6o, >|51}—1{||z\\§1}>‘
< @s Pl l? + llosl 2Lz > 13
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and therefore (a) follows in the same way as (c) using (5.8)—(5.10) and the estimates

(608 + [ ({600 = (00 ma(o)] K (side)
< ledliedl + [

<l dslllbsll + osll* | llll* K (s; dz) + [|gs] ]| K (s; dz). N
R" {llz>1}

T1((65:)) = {0 Tal2)) | K (5 l2)

n

A Appendix

In this Appendix we consider an expansion of filtration result for R™-valued Lévy
processes Z = (Z;)y>0 indexed by R,. Let ty > 0 be fixed and let F% = (EZ’ex)tZO
be the least filtration to which Z is adapted and for all Borel sets A that are bounded
away from zero, uz((0,t0] x A) and Z,, are ]-"tZ’eX—measurable. For all ¢ > 0 let M, =
Z¢ +70(z) % (u? —v), where we use the notation of Subsection 5.2. The following results
extend Theorems 2.6 and 2.9 in Jacod and Protter (1988) to the multivariate case.

Theorem A.l. Let Z = (Z;)i>0 be an R"-valued Lévy process on Ry with Lévy-
Khintchine triplet (7,3, k). Then Z is a semimartingale with respect to .F 2% with
triplet

M, — M,
by =~ + —;0 — Lozacto}. cs =Y, A(ds) = ds, (A1)
-
Z((s,to] x dz
K(sdz) = & (s, ol )1{035«0} + 1(d2) Lt} (A.2)

to — S
To prove Theorem A.1 we need the following two lemmas.

Lemma A.2. LetY; fori =1,...,k be integrable, independent and identically distributed
R"-valued random vectors. Then E[Yy| 35, Y;] = z SV

Lemma A.2 follows by standard arguments and hence its proof is omitted. For fixed
to > 0 let Foto = (]:tZ’tO)tZO denote the least filtration for which Z;, is ]-"OZ "0_measurable
and Z is adapted.

Lemma A.3. Let Z = (Z;)i>0 be an R™-valued integrable Lévy process with mean zero.
Then N = (Ny)s>o is an F 2% -martingale, where N is given by

tAtg _
Nt:Zt—/ Mds, tZO
0 tO_S

Proof. We may and do assume that ¢, = 1. To show that (IV;);>¢ is an Z % martingale

it is enough to show that for all ¢ > 0 we have that lim, A? = A; in L', where for all
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[nt]

A = Z E[Zin — Zpn | |.7:§£11] and A, = /0

=1

t/\lzl_Zs
1—s

ds,

where t =i/n. For 0 <s <t <1 witht =k/n and s = j/n we have by Lemma A.2
that

Z — Ly
E[Z, — ZJ|F?Y = E[Z, — Z,|Z, — Z,) = i (t —s),
— s
and therefore
an Zl — Zt?—l " N
A? - § —1 T (ti - ti—l)' (A,S)
i—1

i=1

Moreover, using that Z is an integrable Lévy process there exist ¢q, ¢y > 0 such that for
all s € [0,1],

Hzl—ZS :||Zl,sH1Scl(l—s)l/Q—FcQ(l—s)S a4 L.
1—s I 1—s 1—s (1—s)1/2
and hence )
Zy — Zs
/ : ds < oo.
0 1—-s5 1l

Therefore by (A.3) and for ¢ > 0, lim,, A} = A; in L', which completes the proof. [

Proof of Theorem A.1. We may and do assume that to = 1. To show (A.2) let %y(R")
be the family of all bounded Borel sets bounded away from zero. Let p(ds x dz) =
K(s;dz)ds where K is given in (A.2). Note that p is an .#%“-predictable random
positive measure on R x R™. For all A € %y(R") let Z# = 1uz((0,t] x A) and

IN A _ A #v1
Ur = pz((0,1] x A) — p((0,t] x A) = Z* — / 11—85ds - / k(A)ds.
0 - 1

Since Z4 is an integrable Lévy process, U4 is a .F UA’I—martingale by Lemma A.3.
If (A;)%_, C Bo(R") are pairwise disjoint, (U4)%_, are independent and Y% U4 =
UYi=14i - Therefore by the Monotone Class Lemma, U is an .% %**-martingale for all
A € By(R"). For any positive function W of the form

k
W(s,w,2) =Y il u)(s)1a,(@)lp(w),  Bi€ Fo%fori=1,...,n,
=1

we have

k
W (NZ - P) = ZailBi(Utfi - U;?;)
i=1
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Thus, since for all i = 1,..., &k, U% is an .# %**-martingale,
E[W % p?] = E[W % p],

which shows that p is the predictable compensator of #. To show that b is given by
(A.1) let N be given by

tA1
Z¢— 7¢
N;:Zf—/ =L TEds, t>0.
0

1-s
We have
t r7c _ r7c
Zt:NtC+Tn(x)*(Mz_p)t+(x—7'n(x))>kutz—l—(’)/t—l—/ e ds (@) £ (0= 1)),
Ay

which shows that

tAl tAL
c_ ge M, — M,
Bt:fyt—l—/ A T ds () x (p—v) =t + s
0 1—s 0 1—s
Since C' is the continuous part of the matrix [Z] we have ¢, = X, completing the
proof. m
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