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Preface

This thesis is written for my final examn concluding four years of studies as a
PhD student at the Department of Mathematical Sciences at Aarhus University. It
presents the results obtained in the reaserch part of my project.

The initial topic for my project was the classical vector field problem. The idea of
my first advisor, Johan Dupont, was to take up some of his early work with Atiyah,
see [3] and [11]. He realized that recent work by Galatius, Madsen, Tillmann and
Weiss in [14] could shed new light on his approach. Indeed, his ideas applied to give
slight improvements of the old results.

Dupont retired in 2009, and Marcel Bokstedt took over as my advisor. As we
got stuck with low-dimensional calculations, the project drifted in various directions
in the attempt to get more general results. We started exploring the relations to
cobordism theory. This resulted in a nice geometric interpretation of the theory. At
some point, Bokstedt discovered an inverse limit of spectra resembling a spectrum
studied by Lin in [26], and we began a study of this.

Throughout the process, my advisors have been a great help and I would like to
take this opportunity to thank them. In particular, I wish to thank Marcel Bokstedt
for the enormous amount of time he has spent working on the inverse limit spectrum
and for encouraging me not to give up this part. I also wish to thank Ulrike Tillmann
and the University of Oxford for kindly hosting my visit back in 2008.

Summary

The first chapter begins with an introduction to the vector field problem and
some of the best known results. The main results in this direction obtained in the
thesis are also stated. Next, some of the classical approaches to the problem are
sketched and we outline our strategy. We then define the invariants we are going
to consider. These are homotopy classes in the homotopy groups of certain spectra.
We prove some basic properties and show how they relate to classical obstruction
theory and the work of Atiyah and Dupont.

The spectra from Chapter 1 are actually linked to cobordism theory via the pa-
per [14]. In Chapter 2, this relation is studied further. We prove that the invariants
are in fact obstructions to vector fields ‘up to cobordism’. We also show that the
homotopy groups in which they lie have an interpretation as cobordism groups with
vector fields. Finally we give another description of these cobordism groups in terms
of generators and relations. The generators will be manifolds with vector fields, and
the relations are given by certain cutting and glueing operations.
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In Chapter 3 we study the cohomology structure of the cobordism spectra. This
allows us to apply the Adams spectral sequence to perform some low-dimensional
calculations of the homotopy groups in which our invariants lie. We also show that
the spectra are in some sense periodic. From this, we obtain an identification of the
invariant with the top obstruction to the existence of independent vector fields in
certain cases and a description in terms of well-known invariants. We also apply the
calculations to determine the ‘vector field cobordism groups’ from Chapter 2 for a
small number of vector fields.

In Chapter 4 we summarize the computations from the previous chapter in a
spectral sequence. The attempt to stabilize the spectral sequence using the perio-
dicity from Chapter 3 leads to an inverse limit system of spectra. It resembles an
inverse system studied by Lin. We shall prove by a topological induction argument
that this is actually a generalization of his spectrum to all Thom spaces of vector
bundles over a compact space.

In the last chapter we consider the inverse limit spectrum from a more algebraic
viewpoint. This yields a new proof of the result from Chapter 4. In the universal si-
tuation, however, the cohomology of the inverse limit behaves completely differently.
We obtain a complete description of the limit in the unoriented situation and partial
results in the oriented situation. Surprisingly, it turns out that we no longer get the
expected generalization of Lin’s theorem.

I should mention that I worked with Dupont on Chapter 1 and parts of Chapter 3.
This was also more or less the content of my progress report written for my qualifying
examn in June 2009. The rest is carried out in close cooperation with Bokstedst.

Anne Marie Svane
Aarhus, July 2011



Chapter 1

Invariants for the Vector Field
Problem

We begin this chapter by a brief introduction to the classical vector field problem
and recall some of the best results known. We also state the results we are going to
obtain in this thesis. Then in Section 1.2, we outline our strategy for dealing with
the problem. The rest of the chapter is concerned with the set-up of the invariants
we are going to consider. This is described in more detail in Section 1.2.

1.1 Introduction to the Vector Field Problem

Let M be a smooth compact d-dimensional manifold with tangent bundle TM. Then
the vector field problem is the following:

Problem. Does there exist r continuous vector fields s1,...,s, : M — T M such
that s1(p),...,sr(p) are linearly independent in T),M for all p € M?

We will call such r vector fields independent. As an example, the 2-torus allows
two independent vector fields:

Figure 1.1: Two independent vector fields on a torus.

Of course, r independent vector fields span an r-dimensional trivial subbundle of
TM, so an equivalent formulation of the problem is whether there exists a splitting
TM = R" @ FE for some (d — r)-dimensional vector bundle E. A special case is
when d = r. In this case, 7 independent vector fields define a trivialization of T'M,
and M is then said to be parallelizable. So, in some sense, the maximal number of

1



2 Chapter 1. Invariants for the Vector Field Problem

independent vector fields says something about how trivial or non-trivial the tangent
bundle is.

Though easy to state, the vector field problem turns out to be very difficult to
solve. The general solution is only known for small values of r and for certain nice
classes of manifolds.

As an example of how to approach this problem, let us look at the case r = 1. A
single independent vector field is just a vector field without any zeros. In this case,
the answer is known.

Theorem 1.1 (Poincaré—Hopf). A closed connected manfold M allows a vector field
without zeros if and only if the Euler characteristic x(M) is zero.

This classical theorem was first proved by Poincaré in the 1880’s for surfaces and
later generalized to all manifolds by Heinz Hopf in [21].

Sketch of proof. Step 1: Suppose s is a vector field with only finitely many zeros
T1,...,ZTm. Choose small disjoint disks Dy, ..., D,, around each z;. Then the tan-
gent bundle T'M restricted to D; is trivial. This means that the restriction of s to
D; may be viewed as a map D; — R%. Since this map has no zeros on the boundary,
there is a map s; : 9D; — S%1 given by s;(z) = % Then one may define the
index of s

Ind(s) = Zdeg si € Z. (1.1)
i=1

One can prove, e.g. using obstruction theory, that this index is independent of the
chosen sections, see Theorem 1.9.

Step 2: Assume that Ind(s) = 0. One may choose a vector field s with only
one zero x contained in a disk D. By Step 1, sjgp : 0D — S9=1 is homotopic to
a constant map. But this means that spp extends to a non-zero map on all of D.
This defines a new vector field without any zeros. Alternatively, one could refer to
obstruction theory, c.f. Theorem 1.9.

Together Step 1 and 2 show that a vector field without singularities exists if and
only if the index vanishes.

Step 3: Ind(s) = x(M). By Step 1, one way of proving this is by constructing
a vector field with a zero of degree (—1)* at the interior of each k-simplex in a
triangulation. Figure 1.2 shows how to construct such a vector field on each 2-
simplex when d = 2. The barycentric subdivision is applied once to the triangulation,
and the vector field is defined as shown on each simplex in the new triangulation.

O

Example 1.2. If M is an oriented genus g surface, then y(M) = 2 — 2g. Thus
M allows a nowhere zero vector field if and only if ¢ = 1. But the torus has
two independent vector fields, as indicated in Figure 1.1. This solves the problem
completely in the oriented d = 2 case.

By Poincaré duality, x(M) = 0 for all closed odd dimensional manifolds. Thus
every closed odd dimensional manifold has a nowhere vanishing vector field.

When M = S%is a sphere, the Poincaré-Hopf theorem is the well-known “Hairy
ball theorem”.
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)

Figure 1.2: A vector field on a simplex in a triangulation

To deal with the general case of r independent vector fields, we shall try a similar
approach. The existence of r > 1 vector fields with only finitely many singularities is
no longer trivial. However, we will assume that our manifold M allows such vector
fields si,...,s,. In this case, obstruction theory provides a definition of an index
Ind(sy,...,$,) as in Step 1, but now it may depend on the choice of si,...,s, so
that a non-zero index does not necessarily imply the non-existence of a zero-free
vector field. Step 2 still works in the sense that r vector fields without singularities
do exist if and only if the index vanishes for some choice of s1,...,s,. Finally, the
index in itself is not so easy to understand, so we would like an identification with a
well-known invariant as in Step 3. The index is defined more formally in Section 1.2

The initial goal for this thesis was to find conditions under which the index is an
invariant of M and in this case identify it with some more familiar invariants. Atiyah
and Dupont tried this in [3]. They proved that the index is always an invariant for
r < 3, and they identified the index for r = 3 as follows:

d mod 4 Ind(s)
0 X®3(0+x) ELZDL/A
1 XRGZ/Q
2 X €7Z
3 0

Table 1.1: Ind(s) for r = 3.
Here xg(M) € Z/2 is the real Kervaire semi-characteristic given by

) " dimg H*(M;R) mod 2,
k

and the signature o(M) is the signature of the quadratic form on H 5 (M;R) defined
by Poincaré duality.

We are going to try a similar approach. Our main result in this direction is the
following:

Theorem 1.3. Assume r < %. If M is oriented of even dimension d and r = 4,5
or 6, then the index is an invariant of M. For d =2 mod 4,

Ind(si,...,s) = x(M) € Z,
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and for d =0 mod 4,
Ind(s1,...,8) =x(M)® =(x(M)+c(M)) e ZOZ/8.

If M has a spin structure, the index is an invariant for r < 6 and, if d is even, also
forr=1.

This is proved in Theorem 1.31, 3.23, 3.51, and Corollary 3.33 below.

In [11], Dupont studied the obstruction to r vector fields with finitely many
singularities and found the complete conditions for up to 3 independent vector fields
on a manifold. These are some of the strongest general results known.

We conclude this introduction by a few examples of classes of manifolds for which
the vector field problem has been solved.

The vector field problem was solved completely for the spheres by Adams in [1].
Define the function p(d) as follows. Let 2* be the largest power of 2 dividing d + 1.
Write a = 4b + ¢ where 0 < ¢ < 3. Then p(d) =2+ 8b — 1.

Theorem 1.4. The mazximal number of independent vector fields on S is p(d).

This should indicate that the general solution to the problem is complicated.
The number p(d) is related to representations of Clifford algebras, see Section 3.4.

Another class of manifolds for which the vector field problem has been solved
is the class of m-manifolds. These are d-dimensional manifolds for which the stable
tangent bundle is trivial. When d is odd, define the mod 2 semi-characteristic by

X2(M) = dim H**(M;Z/2) mod 2.
k

Then the following result is due to Bredon and Kosinski, c.f. [9].

Theorem 1.5. The mazimal number of independent vector fields on a d-dimensional
m-manifold M is p(d) if d is odd and x2(M) # 0 or if d is even and x(M) # 0.
Otherwise M is parallelizable.

For more results and conjectures about the vector field problem, see [43].

1.2 Owur Approach to the Problem

As explained in the introduction, we are going to study the vector field problem by
means of the index. This comes from classical obstruction theory, so we begin this
section by recalling the necessary theory. The standard reference for this is [40].
We then explain the ideas of Atiyah and Dupont and outline how we are going to
generalize these.

In order to introduce obstruction theory, consider the more general case of a
d-dimensional oriented vector bundle p : £ — X over a compact CW-complex X.
We ask for r sections si,...,s, : X — FE such that si(z),...,s,(z) are linearly
independent in the vector space p~!(x) for every z € X.
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Let Vy, denote the Stiefel manifold consisting of all ordered r-tuples (v1, ..., v;)
of orthonormal vectors v; € R%. If FE has an inner product, there is an associated
fiber bundle

Vir = Vo(E) = X.

The fiber over some z € X consists of r-tuples of orthonormal vectors in p~1(z). A
section s : X — V,.(F) is the same as r orthonormal sections in E.

The idea of obstruction theory is to try to construct a section s : X — V,.(E)
inductively on the skeleta X*. A 0-cell is just a point, so at each 0-cell we may
certainly choose r orthonormal vectors in the fiber. Now assume that a section is
given on the k-skeleton. Let ¢ : D¥*1 — X be the inclusion of some (k + 1)-cell
ekl Since D¥*! is contractible, the pullback ¢*(E) is isomorphic to a trivial bundle
DFFL x R4, Hence a section on D**! is the same as a map f : D*t — V.. We
already have r independent sections on dD*1; that is, f is already defined on the
boundary. Thus fispk+1 defines class in 7k (Vi) called the local obstruction at e+,
It is possible to extend f5pr+1 to all of D**1if and only if Jiapr+1 is null-homotopic.

The local obstructions define an element &t! in the cellular cochain group
C* Y X, 7, (Va,)), namely the cochain that on each (k + 1)-cell takes the value
of the local obstruction at this cell. As explained above, the section extends to all
of X*¥*1 if and only if this cochain vanishes.

Theorem 1.6. &*! is a cocycle, and therefore it represents an element 1 in

H*Y(X;7,(Vi,)). The restriction of the given section to the (k—1)-skeleton extends
to a section of the (k + 1)-skeleton if and only if ' is zero.

Similarly, if the sections are already defined on a subcomplex ¥ C X and on
Xk there is a relative obstruction class ¢**1 in H*1(X,Y; 7 (Vy,)). This is the
obstruction to an extension of the sections to all of X*+1UY.

It is important to note that in general ¢**! is not an invariant of E. It may
depend on the particular choice of sections made in the inductive construction. So
1 £ 0 does not necessarily mean that r independent sections do not exist on the
(k + 1)-skeleton.

Note that, since V;, is (d —r — 1)-connected, a map Sk Var always extends
to all of DF! when k4 1 < d — r. Thus it is always possible to construct a section
on the (d — r)-skeleton in this way. The first non-trivial obstruction occurs for the
extension to X% "1, This is called the primary obstruction, and it is independent
of the choices made:

Proposition 1.7. A section exists on the (d —r + 1)-skeleton if and only if ¢!

18 zero.

For a compact oriented d-dimensional manifold M, let [M] € HY(M,0M;Z)
denote the fundamental class. Then there is a Poincaré isomorphism

e [M] : Hd<M, 8M;7rd,1(Vd7,,)) — HO(M;wd,l(der)) = ﬂ'd,l(Vdﬂn).

Assume that r independent sections s = {sq,..., s,} are given on the boundary and
the (d — 1)-skeleton.
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Definition 1.8. Define the index Ind(s) to be the image of the top obstruction c?
under the Poincaré isomorphism. Then

m

Ind(s) = ZOZ‘(S) € mg—1(Va,)

i=1
where O;(s) denotes the local obstruction at the ith d-cell.
In the special case r = 1, the index is given by the formula (1.1).

Theorem 1.9. Forr =1, the top obstruction is primary and hence an invariant of
M. A vector field without zeros exists if and only if the index is zero.

Remark 1.10. In general, the index is only well-defined for an oriented manifold,
since a change of orientation may act non-trivially on mq_1(Vy,).

The index is only defined if the lower obstructions vanish. The first obstruction
¢! on a closed manifold M is identified in [40] to be

dertl wqg—ry1(TM) if d —r odd,
C =
S wg_ (TM) if d —r even.

Here w;(TM) is the ith Stiefel-Whitney class of the tangent bundle, see Section 3.2,
and 6* : H4"(M;7Z/2) — H?"+1(M;Z) is the Bockstein boundary map.

By Poincaré duality, the higher obstruction classes must vanish if M is (r — 2)-
connected. So for the class of closed (r — 2)-connected oriented manifolds with
¢+l = 0, the index may certainly be defined.

Having defined the index, we turn to the question of whether it is an invariant of
M. The idea of Atiyah and Dupont in [3] and [11] was to define a homomorphism

0L - mq_1(Vy,) — KR'(tH,)

such that #%(Ind(s)) is an invariant of M for a closed oriented manifold M. Hence
injectivity of éﬁ would imply that also Ind(s) were an invariant. Then they proved
that 6 is indeed injective for r < 3.

More precisely they defined a characteristic class

aly,(E,s) € KR'(iE|x_y x tH,)

for a vector bundle £ — X with r sections s = {s1,...,s,} given on a subcomplex
Y C X. Here K R-theory is K-theory of spaces with involution, and ¢F£ denotes F
with the involution given in each fiber by x +— —z. Moreover, tH, denotes the sum
of t copies of the Hopf bundle over the real projective space RP"~! where ¢t is any
number such that 4 divides d + t.

For X = M an oriented manifold with boundary ¥ = @M, the image 6% (Ind(s))
is the index Ind(a},(T'M,s)) of this characteristic class. This depends only on
the sections restricted to the boundary. In particular, it is the desired invariant
if the boundary is empty. The Atiyah—Singer index theorem applied to give the
identification of this invariant displayed in Table 1.1.
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Analogously, we are going to define a characteristic class
a"(E,s) € MTy,(Th(N), Th(Ny))

in Section 1.4. Here N is an n-dimensional complement of E' and MT}, denotes
the generalized cohomology theory defined by a certain spectrum MT (d, r). This
spectrum will be introduced in Section 1.3.

In the special case where M C R"t¢ is a compact manifold, E = TM is the
tangent bundle, and Y = 0M is the boundary of M, we can pull this characteristic
class back by the Thom element [M,0M] € m,4(Th(N)/ Th(Njar))) and get an
invariant

B"(M,s) = (' (TM, ), [M,0M]) € MT; (") = mg(MT(d, 7).

If M is a closed manifold, there is no dependence on s, so this defines a global
invariant on M.
In Section 1.5 we define a homomorphism

0" mg—1(Var) = ma(MT(d,7))

such that 6"(Ind(s)) = " (M, s).

Finally, in Section 1.6, we shall see that there is actually a factorization éﬁ = Wol"
for a suitable map W. Thus there is a hope that our invariants carry a bit more
information about the index than the Atiyah—Dupont invariants do. We will see later
in this thesis that indeed they do. The downside is that the groups ms(MT(d,r))
are much harder to compute.

1.3 A Suitable Spectrum

Definition 1.11. Let G(d,n) be the Grassmann manifold. This is the set of all d-
dimensional subspaces of R4T™ equipped with the topology of O(d+n)/O(d) x O(n).
The vector bundle Uy, — G(d,n) is the vector bundle with fiber over a plane in
G(d,n) consisting of all points in that plane, and UdLn denotes its n-dimensional
orthogonal complement. 7

Given a d-dimensional vector bundle over a compact space E — X, there is a
map f : X — G(d,n) for some large n such that E is isomorphic to the pullback
f*Uqy. The map f is called a classifying map for E. If two maps fo, f1 : X — G(d,n)
are homotopic, the induced pullback bundles are isomorphic. Conversely, any two
maps fo, f1 : X — G(d,n) inducing isomophic bundles are homotopic when they
are composed with the inclusion G(d,n) — G(d, N) for some sufficiently large N.
Here the inclusion comes from the identification RVT¢ = RN=" ¢ R**+4 With this
convention we define:

Definition 1.12. Let BO(d) = lim G(d,n). This is the classifying space for O(d).
Let Uy — BO(d) be the universal vector bundle Uy = @n Udn-
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Consider the spectrum MTO(d) with nth space!
MTO(d), = Th(Ug,).

The spectrum maps XMTO(d), - MTO(d),+1 are defined as follows. The inclu-
sion G(d,n) — G(d,n + 1) maps a d-plane P C R"*? to the plane 0 @ P C R!Tn+d,
The restriction of Uz, 41 to G(d,n) is just R@ U, 1, so there is an inclusion

S Th(Ug,) = Th(R& Uz,) = Th(Ug,,1)- (1.2)

There is an inclusion of G(d — r,n) into G(d,n) mapping a (d — r)-dimensional
plane P to the plane P @ R" C R"t4~" @ R". The restriction of Uin to G(d —r,n)
is exactly U dl_nn. Thus there is a map

MTO(d — 1), — MTO(d),, (1.3)

commuting with the map in (1.2), so it defines a map of spectra. This is actually
an inclusion of a closed subspectrum, so we can make the following definition:

Definition 1.13. Denote by MTO(d,r) the cofiber of (1.3), i.e. the spectrum with
nth space
MTO(d,r)n = Th(Ug,,)/ Th(Ug,,)-

Proposition 1.14. MTO(d,r) is a connective spectrum of finite type. It has no
cells in dimensions less than or equal to d — r.

Proof. With the cell structures given in [35], G(d,n) and G(d,n + 1) share the same
n-skeleton, and, since they are compact, all skeleta are finite. This shows the finite
type. Also, G(d —r,n) and G(d,n) share the same (d — r)-skeleton for n large, so
the quotient has no cells in dimensions less than or equal to d — r. O

Remark 1.15. We may replace the Grassmann manifolds in the above construction
with oriented Grassmannians GSO(d, n). These are the simply connected double
covers of G(d,n) with points consisting of a subspace V' C R4 together with an
orientation. This yields an oriented version of the spectrum, which we denote by
MTSO(d,r).

Another possibility is to look at a spin version of the spectrum. The simply
connected double cover Spin(d) — SO(d) induces a fibration of classifying spaces
p : BSpin(d) — BSO(d). We get a filtration of BSpin(d) by the subspaces
GPn(d,n) = p~'(G(d,n)). Now we may pull back the universal bundle to get
a bundle Uy, — G®P"(d,n). The construction also works in this case, and the
resulting spectra will be denoted MT' Spin(d, ).

Most results in the following work for all three spectra, so we will just write
MT(d,r) for the spectrum and G(d,n) for the corresponding filtration of the clas-
sifying space B(d) whenever there is no difference between the three cases. Only in
the spin case one has to be a little careful since all constructions will be done in the
oriented universal bundle first and then pulled back.

!This grading differs from the one in [14], but it seems more natural for our purpose.
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We now give an alternative construction of the spectrum. For a d-dimensional
vector bundle p : E — X with inner product, the fiber bundle V,.(E) — X was
defined in Section 1.2. In particular for the universal bundle, a point in V;.(Ugy)
consists of a d-plane in R™*? and r orthonormal vectors in that plane.

Similarly, there is a bundle W, (E) with fiber the cone on Vg,. A point in the

fiber over x € X consists of r orthogonal vectors vi,...,v, in p~!(z) of length
lvi] =+ =] < 1.

There is an inclusion 7" : G(d —r,n) = V,.(Uqg,,) mapping the (d —r)-plane P to
the plane P & R" with the last r standard basis vectors e,+q—ri1,..-,€ntd € Ra+n

as the r-frame.

Proposition 1.16. The map n" can be extended to a sectionn : G(d,n) = W, (Uq )
such that the following diagram commutes

Vr(Ud,n) — Wr(Ud,n)

ﬂ ﬁ (1.4)

G(d—r,n) —— G(d,n).

Proof. Observe that every point P@R" in G(d—r,n) has a neighbourhood in G(d, n)
where the projection of R"*% onto P @ R” is an isomorphism when restricted to a
plane in the neighbourhood. See [35] for a suitable description of the topology on
G(d,n). The union of all such sets is a neighbourhood U of G(d—r,n) in G(d,n). For
Q € U, let prg denote the projection onto Q. Then prg(entda—ri1)-- -5 Pro(€ntd)
are linearly independent vectors in ). A section on U is given by applying the
Gram—Schmidt process to these vectors. Finally, multiplication by a bump function
that takes the value 1 on G(d —r,n) and 0 outside U yields the desired section. [J

The projections pyy, : WT(Uin) — G(d,n) and py, : WT(U(#L) — G(d,n) induce
a commutative diagram of bundle maps covering the diagram (1.4)

« 7L * €L
by, Ud,n > o, U, dn
1 1
Ud—r,n Ud,n :

The Thom spaces Th(py, U, dLn) and Th(py, U, j‘n) give rise to the spectra MT(d)w,
and MT(d)y,, respectively. Let MTV(d,r) denote the cofiber of the inclusion
MT(d)y, — MT(d)w,.

Theorem 1.17. In the map of cofibration sequences defined by n,

MT(d—r)—— MT(d) —— MT(d,r)

S e

MT(d—r)y, — MT(d)w, — MTV(d,r),

all vertical maps are homotopy equivalences.
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Proof. The map n : G(d,n) = W;(Ugy) is a homotopy equivalence, so it induces a
homotopy equivalence MT(d) — MT(d)w,.
There is a fibration

G(d—1,1n) 5 Vy(Usn) = Vinrar

where the last map takes a plane P C R4 with r orthonormal vectors Vly e e ey Uy
in P to the point (v1,...,v,) € Vitq,. Since Vj4q, is (n+d —1r —1)-connected, the
pair (G(d —r,n),V;(Uqy)) must also be (n 4+ d — r — 1)-connected.

We may replace the pair (V,.(Ugp), G(d —r,n)) by a pair (Z, G(d — r,n)) that is
homotopy equivalent relative to G(d — r,n) and such that Z and G(d — r,n) have
the same (n 4+ d — r — 1)-skeleton, c.f. [18], Corollary 4.16. Then the Thom spaces
Th(Ud{r’n) and Th(py, Uj:n — Z) have the same (2n+d —r —1)-cells, and thus they
are (2n +d — r — 1)-connected. Letting n tend to infinity, we get isomorphisms of

homotopy groups
ny T (MT(d—1)) = m(MT(d)y,).

But then 7" is a homotopy equivalence of spectra, see [19], Proposition 2.1.

From the long exact sequences of homotopy groups for cofibrations of spectra
applied to (1.5), we see that also 7 induces an isomorphism on homotopy groups
and thus is a homotopy equivalence. ]

Given two spectra X and Y, let [X,Y] denote the abelian group of homotopy
classes of maps f: X — Y of spectra.

Corollary 1.18. If X is any spectrum, there is an isomorphism
M [X,MT(d,r)] — [X, MTV(d,r)].

In the case r = 1, the spectrum has a particularly nice description. There are
homeomorphisms

MTV(d, 1)y = Th(piy, U, = BUan)/ Th(p},Ug,, = SUgn)
~ Th(Ug,, & Uan)
&~ Th(G(d,n) x R**9).

Here BE and SFE denote the disk and sphere bundles, respectively, of the vector
bundle E. This allows us to give the following description of the homotopy groups
of MT(d,1):

Proposition 1.19. There is an isomorphism

To(MTV(d, 1)) = 5(S) & wi_y(B(d)).
The map induced by

¢ : Th(G(d,n) x R"*) — Th(pt x R**%)

is the projection onto the first direct summand. In particular, ¢ induces an isomor-
phism
¢ 1 mg(MTO(d, 1)) — WS(Sd)
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for g <d.
For MTSO(d, 1), the last statement holds for ¢ < d+ 1, and for MTSpin(d, 1),
it 1s true for ¢ < d + 3.

Proof. Note that Th(G(d,n) x R"*9) = 2"*4(G(d,n);) where X denotes the dis-
joint union of X and point. This is homotopy equivalent to X" T¢G(d,n) v S™,
and under this equivalence, ¢ corresponds to the map that collapses X"T¢G(d,n).
Finally,
i 7544 (2" G (d, n) v S™FY) 2 7o (57) @ g (BO(d))
n

where the map into the homotopy group of one summand in the wedge sum is
induced by collapsing the other summand, see e.g. [19], Section 2.1.
Since BO(d) is connected, BSO(d) is simply connected, and BSpin(d) is 3-

connected, ¢, is an isomorphism in the dimensions claimed. O

1.4 The Global Invariants

We are now ready to intoduce the invariants promised in Section 1.2. We shall
keep the notation MT'(d,r) for the spectrum, B(d) for the corresponding classifying
space, and G(d,n) for the spaces in the filtration of B(d). When we work with
MTSO(d,r) or MTSpin(d,r), we implicitly assume that all bundles involved have
an orientation or a spin structure, respectively.

Suppose we are given a d-dimensional vector bundle £ — X over a compact
g-dimensional CW complex X and r independent sections s = {si,...,s,} over a
subcomplex Y C X.

A classifying map £ : X — G(d,n) for E defines an inner product on E, and one
can apply the Gram—Schmidt process to make the given sections orthonormal. Now
extend the sections to r orthogonal sections on all of X, possibly with zeros. This
yields a map

5 (X,Y) = (W,(E), Vi(E)). (L6)

Furthermore, £ defines a map
(Wr(E)a VT(E)) — (Wr(Ud,n)a Vr(Ud,n)) (17)

Let NV be an n-dimensional normal bundle of E and let (p*WT ( E)N , p*VT( E)N ) denote
the pullbacks of N by the projections py, (g) : Wi (E) — X and py, () : Vo (E) — X,
respectively. Then there are bundle maps over the maps (1.6) and (1.7)

5 * * £ * *

inducing a map of Thom spaces
(Th(N), Th(N}y)) = (MT(d)w, n, MT(d)v, n)-
This map represents a class

a’(E,s) € [S° " Th(N)/ Th(Nyy), MTV (d, r)].
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Definition 1.20. For E with the section s : Y — V.(E}y), there is a characteristic
class

o (E,s) € [S° " Th(N)/ Th(Nyy ), MT(d, )] = MT},(Th(N), Th(Ny))

given by () ~L(a"(E,s)) where 7, is the isomorphism from Corollary 1.18. Here
MT;}T(—) is the generalized cohomology theory with coefficients in MT(d,r).

Consider the case where I = T'M is the tangent bundle of a smooth manifold
M with boundary Y = OM. In the following, a fundamental class for (M, 9M) will
be a class [M,0M] € 7, ;(Th(N)/ Th(Nsp)). This class is defined by embedding
OM in R"+?=1 extending to an embedding of a collar M x [0, 1] in R*T4=1 x [0, 1],
and finally extending this to an embedding of M in R*T%. Identify N with a tubular
neighbourhood N. C R"*? of M. Then the fundamental class is represented by the
Pontryagin-Thom map S"*? — Th(N)/ Th(N laam) that collapses everything not in

the interior of N, to a point and then applies the identification with N.

Definition 1.21. If M is a compact manifold with boundary OM and a given section
s :0OM — V.(TM)pp, then a(T'M,s) can be evaluated on the fundamental class.
This defines

B'(M,s) = (a"(TM,s),[M,0M]) € MT;(S°) = wq(MT(d,7)).

Generally, the evaluation of two classes is given by choosing representing maps
[ §Hmtd — SITh(N)/ Th(Njgar) and g : % Th(N)/ Th(Njgas) — MT(d, )ik
Then the evaluation of the classes is represented by the composite map

k
S A SEA S 2, gh A SEA Th(N)/ Th(Njoyr)

Slg)oos
L, SN MT(d, P — MT(d, Pt

Here oy, : Sk A SE— SEA SF permutes the factors. In our situation, we may take
k,l=0.

Lemma 1.22. o (E,s) and 5" (M, s) are independent of the choices made and de-
pend only on syy up to homotopy through independent sections.

Proof. First of all, o"(FE, s) does not depend on the extension of the section given
on Y. Suppose given two extensions s = {s1,...,s,} and s = {s|,...,s.} that
agree on Y. Then there are homotopies S; : X x I — E between s; and s, given
by linear combinations. Si,...,95, are fixed on Y x I and independent on an open
set U containing Y x I. Apply Gram—Schmidt to the sections on U and multiply
by a bump function ¢ that takes the value 1 on Y x I and 0 outside U. This yields
a homotopy S : X x I — W, (E) that is fixed on Y. On X x {0, 1}, the sections
are already orthogonal, so Gram—Schmidt and the bump function only change them
by multiplication by some functions @1, 92 : X — [0,00) with value 1 on Y. So S
is a homotopy between ¢; - s and @9 - s’ that is fixed on Y. These maps are again
homotopic relative to Y to s and s’, respectively, so s and s’ are homotopic relative
to Y. Thus they define the same characteristic class.
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Moreover, a"(E,s) only depends on the section given on Y up to homotopy
through independent sections, since one may apply Gram—Schmidt to such a ho-
motopy to get a homotopy Y x I — V,.(FE). Then choose an extension of one of
the sections and get a homotopy (X x I,Y x I) — (W,(E),V,(E)) by applying the
homotopy extension property. This defines a homotopy between the maps defining
a"(E,s).

For any two choices of classifying maps &y, &1 : X — G(d, n), there is a homotopy
F: X xI— G(d,n+k) between them. But then F*(Uin+k) =~ R¥® N x I, and thus
RFON x I — F*(U j,_n ) — U j:n 41 is a homotopy through bundle maps between
the maps used to define o (F, s), so it induces a homotopy of maps on Thom spaces.
Furthermore, F' defines a homotopy between the inner products induced on E and
thus a homotopy between the orthonormalizations of the given section. So two
different choices of classifying map define the same element in stable homotopy.

Finally, two different embeddings ig, i1 : M — R"? define the same fundamental
class when n is large enough. As in the proof of the Pontryagin—Thom theorem given
in [41], we may choose an embedding H : M x I — R"+%x I such that Hprxo = i0%x0
and Hpsx1 = i1x 1. Then there is an embedding H x 77 : M x I — R" 41 x [ where
mr is the projection onto I. Now apply the Thom construction to the embedding
M x t for each t to get a homotopy S™"+4t! x I — Th(N)/ Th(Ny) A S*. O

The sections s1,...,s, 1 Y — E define an isomorphism FEjy = E' @ R". Choose
a classifying map §y : Y — G(d — r,n) for E'. This extends to a classifying map
¢€: X — G(d,n) for E. To see this, choose any classifying map &’ for E. Then §|’Y
is homotopic to &y, and the homotopy extension property yields the desired map.
For such a classifying map,

Vi (E) —— Vi (Ugn)

l g "ﬁ (1.9)

—— G(d—r,n)
commutes. This gives an equivalent definition of the characteristic class.

Proposition 1.23. For a classifying map £ : X — G(d,n) such that (1.9) commutes
up to homotopy, o’ (E, s) is represented in MT} (Th(N), Th(Ny)) by the map

€: (Th(N), Th(Nyy)) = (Th(Ug,,), Th(Ug-,,,,))
induced by € : (X,Y) = (G(d,n),G(d —r,n)).

The following desirable properties for the characteristic class are immediate from
the definition:

Proposition 1.24. If s extends to a set of r independent sections on all of X, then
a"(E,s) is zero. The characteristic class is natural with respect to maps of pairs
[ (X,Y) = (X.Y') in the sense that f*(a"(E,s)) = " (f*E, f*s) for a bundle
E— X'.
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For the remainder of the thesis, we are mainly concerned with the case where
M is a closed manifold, T'M is the tangent bundle, and M is empty. Since there
is no dependence on s, §"(M, s) is an invariant of M that vanishes if M allows r
independent sections.

Definition 1.25. Let M be a closed manifold.

(i) Let B"(M) = (o (TM),[M]) € mg(MT(d,r)) denote the global invariant for
M.

(ii) Let B(M) € mq(MT(d)) be the class represented by the map
St Th(N) — MT(d),

where the first map is the Pontryagin—Thom collapse and the second is the
classifying map.

The cofibration sequence MT(d —r) — MT(d) Iy MT(d,r) induces an exact
sequence

Ta(MT(d — 7)) — ma(MT(d)) 22 mg(MT(d, r)).
Proposition 1.26. 3"(M) = j.«(B8(M)) and " (M) = 0 if and only if B(M) lifts
to mg(MT(d —1)).
1.5 The Local Situation

Look at the bundle (D? x R%, 5971 x RY). Given a section s : S9! — V., the
above construction of the characteristic class a” (D9 x R%, s) depends only on the
homotopy class of s, so we can make the following definition:

Definition 1.27. Let 6" be the map
0" : mg—1(Vay) — MTQ,. (D9, 57 ") = 7y (MT(d, 7))

given by
07 ([s]) = a"(D? x R%, s).

Proposition 1.28. The map 0" factors as the composition
a1 (Vi) = 7 (SVa,) 225 m(MTV(d, 7))

where the first map is the map into the direct limit. This is an isomorphism for
qg < 2(d—r). The second map is induced by the map of Thom spaces over the
inclusion of a fiber

fo: (Wd,rvvd,r) — (Wr(Ud,n)u ‘/T(Ud,n))

In particular, 0" is a homomorphism.
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Proof. Let s : S771 — Var be given and extend it to s : D? — Vg, by letting

T

s(z) = \$|s(m) Note that the map in (1.8) defining o (E, s) is given on base spaces
by

(D7, 57°1) 1% (DT x Wy (RY), DT % Vo(RY) 5 (W (Usn), Vi (Ua.n)-
The classifying map £ is constant, so this is the same as the composition

(D, S7°1) 5 (W (RY), Vi (RY) L2 (W, (Uan), Vi (Uan).

On quotients, the first map is the suspension Xs : £5971 — XV;,., while the second
map is the inclusion of a fiber. Since Vj, is (d — r — 1)-connected, the first map is
an isomorphism for ¢ < 2(d — r) by the Freudenthal suspension theorem. O

Proposition 1.29. When r =1,
! wq,l(Sd_l) — mg(MT(d, 1)) = w;(Sd) ® W;(EdB(d))

is the map into the first direct summand. Here the last isomorphism is the one from
Proposition 1.19.

Proof. Since 0! factors as in Proposition 1.28 and the composition
SS9 2 MTV (d, 1), 2 Th(G(d, n) x RH™) - gd+n
is the identity, the result follows from Proposition 1.19. O
Proposition 1.30. There is a cofibration sequence
MT(d—-r+kk)— MT(d,r)— MT(d,r — k).

For 0 < k < r, the following diagram of long exact sequences is commutative for
q<2(d—r):

——1g(MT(d—1r+k, k) — 1g(MT(d, 7)) —— mq(MT(d,r — k)) ——
ekT GTT er—kT
——— g1 (Va—rgop) ——— g1 (Vay) ———— g1 (Vipei) — .
The lower row is the exact sequence for the fibration
Va—r+kk = Var = Var—k.

The first map adds the last r — k standard basis vectors to a k-frame as the last
vectors in the frame, and the second map forgets the first k vectors of an r-frame.

Proof. The cofibration is obvious from the definitions.
By Proposition 1.28, the groups in the lower row may be replaced by the stable
homotopy groups when ¢ < 2(d — r). Also note that 7 defines a map of pairs

(MT(d,r), MT(d — r + k, k)) — (MTV(d,r), MTV(d — r + k, k))
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so that the upper row can be replaced by the long exact sequence for the cofibration
MTV(d—r+kk)— MTV(d,r).
To see this, it is enough to check that the diagram

(G(d -Tr+ ka n)a G(d - n)) L (Wk(Ud—r+k,n)7 Vk(Ud—r-‘rk,n))

J J

(G(dv n)? G(d -, n)) % (WT(Ud,n)7 VT’(Ud,n))

commutes when 7 is defined as in the proof of Proposition 1.16. Going down and
then right in this diagram, a plane P € G(d — r + k,n) is mapped to

(PR (P &R )prpepr—r (entd—rt1); - - -, (P ® R F)prpgpr—i (enta))-

Here ® is a certain bump function on a neighbourhood of G(d — r,n). The Gram—
Schmidt process has been applied to the vectors before multiplying with v, starting
with the last vector. The restriction of ¥ to G(d —r+k,n) is again a bump function
with the right properties, so going right and then down in the diagram maps P to
P @ R"* with the sections

(W(P)prp(entd—rt1)s- - V(P)Prp(entd—rik)s V(P)entd—riksis- - V(P)enta)

This shows the commutativity of (1.10).
The vertical maps in the following diagram are induced by fy, so the diagram
certainly commutes.

7o(MTV(d =1+ k, k) — 7o (MTV (d,r)) — 7g(MTV (d,r)/MTV (d — r + k, k))

o] 5 w

To(EVarynp) ———— o (EVyy) ——————— 70 (EVar /EVa vy k)

By the above, it is enough to see that the last vertical map is actually 6"~% under
the isomorphism for ¢ < 2(d —r),

Ty (EVar /EVarirr) = Ty (EVar—r),

that forgets the first k vectors. But this is true because the following diagram
commutes

MT(d,r — k) =———— MT(d,7)/MT(d — 1 + k. k)

J |

MTV(d,r — k) — MTV(d,r — k)/Th(Udi'IXz) — MTV(d,r)/MTV(d—1r+k, k)

| T T

YO(EVypp) ==V p) ¢ X BV / SV ki)

=
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The upper right square is the map of Thom spaces over

(G(d,n),G(d—r+k,n)) (G(d,n),G(d—r,n) UG(d—r+ k,n))

I I

(erk(Ud,n)v ‘/rfk:(Ud,n) U Z) — (WT(Ud,n)7 ‘/T’(Ud,n) U Wk(Ude»k,n))'

This commutes up to homotopy. Note that we must divide out by
7 = {€n+d_r+k+1, RN €n+d} x I x G(d -7+ k, n) - Wr—k(Ud,n)

to make the lower horizontal map well-defined. Obviously, this does not change the
homotopy type.

The lower horizontal map in the large diagram comes from forgetting the first k
vectors in an r-frame. The lower vertical maps come from inclusion of the fibers, so
the lower squares are easily seen to commute. O

Theorem 1.31. 01 is injective for all ¢ < 2(d —1). Assume q < 2(d—r)—1. Then
0" : g1 (Vay) = mg(MTO(d, 1))

is an isomorphism for ¢ < d —r + 1. For MTSO(d,r), it is an isomorphism for
g <d—r+2, and for MT Spin(d,r), it is an isomorphism for ¢ < d —r + 4 and
injective for ¢ < d —r + 6.

Proof. The injectiveness of ' follows from Proposition 1.29, and the fact that it is
an isomorphism in the dimensions claimed also follows from Proposition 1.29 and
Proposition 1.19.

The case of a general r follows from the diagram in Proposition 1.30 for k =1,

——1g(MT(d—r+1,1)) — m(MT(d,r)) — 7g(MT(d,r — 1)) ——

_— Wq—l(Sd_r) _— Fq_l(vd,r) _— Wq_l(vd,r_l) _—,

using the result for » = 1, induction on r, and the 5-lemma.
Since Wq_l(Sd_T) =0whenq=d—r+5o0r g=d—r+ 6, the above diagram
becomes
g(MT Spin(d,r)) —— mq(MT Spin(d,r — 1))

eﬁ QT_IT (1.11)

0 ——mg1(Vay) ————— mg-1(Vipr—1)-
If 971 is injective, then 6" must also be injective. O

Let us return to the vector field problem. Consider a compact connected ori-
ented d-dimensional manifold M with tangent bundle T'M. Suppose r sections
s = {s1,...,8-} are given on M such that they are independent except at finitely
many points 1, ..., &, in the interior of M. Choose small disjoint disks D; around
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each point z;. The restriction of the tangent bundle to each D; is the trivial
bundle D; x R?. Thus s restricted to the boundary of D; defines an element
[sjop,] € ma—1(Va,r). Recall from Section 1.2 that

Ind Z 3|8D € Mq— 1(Vdr)
Jj=1

Theorem 1.32. The following formula holds in wq(MT(d,r))

m

B(M,s) =Y 0" ([sjop,]) = 0" (Ind(s)).

j=1
In particular when M is closed, the right hand side is independent of the section s.

Proof. We may assume that the 7 sections are orthonormal on Y = M —J; int(D;).
The map in (1.8) defining a"(T'M, s/5)s) factors as

Th(N)/ Th(Njgps) = Th(N)/ Th(Ny) = \/S;”“d — MT(d,r)p.
J
On each Sj’.”d, the last map is just fy o E”Hs‘a p,- The Pontryagin-Thom map

S"*+4 — Th(N)/ Th(Njgas) — Th(N)/ Th(Ny) \/S”+d

is just the pinching map, so the evaluation is the sum of the 6"([s9p,]). Thus

m

<a(TM7 5|8M)7 [Mv aMD - Zer([SWDj])'
j=1

O]

Remark 1.33. For » = 1, this is a classical result. It is shown in [4] that the

composite map
S+, Th(N) — Th(M x R™) — gn+d

has degree equal to the Euler characteristic of M. This is also true when M is not
oriented. In the above, the last map is just factored through Th(G(d,n) x R**9).

1.6 Relation to K R-theory

In Section 1.2 we claimed that our global invariants for oriented vector bundles are
refinements of the Atiyah—Dupont invariants. We shall now see how they are related
and extract a few more injectivity results for 6".

Let E— X be an oriented vector bundle with a section s : Y — V,.(E) given on
some Y C X. Recall that Atiyah and Dupont defined a characteristic class

a4 ,(E,s) € KRYiE)(x_y) x tH,).
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This class is natural with respect to bundle maps covering maps of pairs. In parti-
cular, there is a universal class

&g,y € W K R (iUqn)(G(dn)—G(d—rm)) X tHr)

such that the characteristic class for any other bundle is the pullback of this class
by the classifying map.
Let N be an n-dimensional complement of £. We want to define a map

U : MTSOy, *(Th(N), Th(Ny)) = KR"™I(iE|x_y) x tH,). (1.12)

For this, let
f:X9Th(N)/ Th(N)y) = MT(d, ),

be any map. Let iq,, : Uz, — Uy be the inclusion. Then
inn(0g,) € KR (iUgp|(Gdn)—Gld—rmn)) X LHr)-
But there is a Thom isomorphism
KR'(iEx_y) x tH,) = KR'((iE & iN ® N)(x_y) X tH,)
= KR (N x_y) x tH,),
so we have a diagram where ¢1, ¢o are Thom isomorphisms

KRB x_y) X tHy) ——— 2 KRAMH0(N) vy x tH,)

r]

. 6 ,
K RNiUqg p|(Gdm)~Gld—ron)) X THy) = KR UL o Gt my) X HH)-
Now define

U([f]) = b3 o f* 0 ¢ (if,(ah,)) € KR™IGE|x_y) X tH,).

Obviously, if f comes from a classifying map £ : (X,Y) — (G(d,n),G(d — r,n)) for
E, then by naturality of the Thom isomorphism, we get:

Proposition 1.34.
V(" (B,s)) = & (ign(aq,)) = g, (E, ).

Thus ¥ reduces the invariants of Section 1.4 to the Atiyah—Dupont invariants.
In particular, considering (X,Y) = (D4, S971) yields:

Theorem 1.35. The map éﬁ constructed in [3] factors as the composition
g1 (Var) L 7 (MTSO(d, 7)) 2> KRI™(tH,).

Thus our §" may have a better chance of being injective than the one defined
by Atiyah and Dupont. The injectivity results for 6% given in [3], Proposition 5.6,
imply:

Corollary 1.36. " : my_1(Vy,) = mg(MTSO(d, 1)) is injective for ¢ < d —r+3
and d > r + 3. Moreover, 0 : mg_1(Vy5) — ma(MTSO(d,5)) is injective when 8 | d.






Chapter 2

Cobordism Categories with
Vector Fields

The spectra MTO(d) introduced in the previous chapter are closely related to the
Thom cobordism spectrum MO, and in fact, recent work [14] of Galatius, Madsen,
Tillmann and Weiss shows that they do have a geometric interpretation as classifying
spaces of embedded cobordism categories. We recall the classical cobordism theory
in Section 2.1. In Section 2.2 we describe the embedded cobordism category and
relate it to our situation. Section 2.3 discusses the fundamental group of classifying
spaces of cobordism categories in general. We apply this theory to give a geometric
interpretation of the higher homotopy groups of MTO as cobordism groups with
vector fields. This is done in Section 2.4. As a corollary, we obtain a geometric
interpretation of the invariants introduced in Chapter 1. The main theorem of the
section is the following;:

Theorem 2.1. If d is odd or r < %, B (M) vanishes if and only if M is Reinhart
cobordant to a manifold that allows r independent vector fields.

This is the content of Corollary 2.26 below. A Reinhart cobordism between M
and N is a cobordism that allows a nowhere zero vector field which is inward normal
at M and outward normal at N. It is proved in [38] that two manifolds are Reinhart
cobordant if and only if they are cobordant and have the same Euler characteristic.
If we are in the oriented category and d = 1 mod 4, they must also have the same
(real or mod 2) semi-characteristic.

In the last two sections, we obtain a geometric description of generators and
relations for m4(MTO(d)). The main result is the following:

Theorem 2.2. 7;(MTO(d)) is the abelian group generated by the diffeomorphism
classes [M] of closed manifolds. The only relations are as follows. If W1 and Wy
are cobordisms from () to M and W3 and Wy are cobordisms from M to (), then

[W1 Unr Wg] + [Wg Unmr W4] = [Wl Unpr W4] + [Wz Unr W4].
The class [M] corresponds to the invariant 5(M).

There is also a version of the theorem for manifolds with tangential structures
under certain conditions.

21
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2.1 Classical Cobordism Theory

We start out by recalling the classical cobordism theory. This is good to have in
mind in the following. The section also serves as an introduction of notation. A
good reference is [41].

Definition 2.3. A cobordism between two closed (d — 1)-dimensional manifolds M
and N is a compact d-dimensional manifold W with boundary OW = M U N the
disjoint union of M and N. Cobordism defines an equivalence relation on the set of
diffeomorphism classes of closed (d — 1)-dimensional manifolds. The set of equiva-
lence classes is denoted Qdo_l.

Disjoint union defines a commutative addition on Qdo_l. The empty set acts
as the identity, and every manifold is its own inverse, so Qg_l becomes an abelian
group. The Cartesian product of manifolds even defines a ring structure on Q2.

More generally, let § : X — BO be a fibration. For a (d—1)-dimensional manifold
M, an embedding M C R"+9~! defines a classifying map M — G(d—1,n) — BO(n).
A #-structure on M is now a choice of a lift of the classifying map M — BO(n) to
amap M — 0~1(BO(n)) up to homotopy through such lifts. The specific choice of
embedding is not part of the structure, as a regular homotopy of embeddings will
define a 1-1 correspondance of #-structures.

Given two #-manifolds M and N, a cobordism from M to N is a §-manifold W
such that the #-structure on the boundary W agrees with the structures on M and
N in the following sense. Embed W C R"*4~! x [0,1] in such a way that

W NR™ 4L % [0,6) = M x [0,¢)
WAR™IL 5 (1 —,1]=Nx(1—-¢1].

Then the restrictions of the classifying map W — G(d,n) — BO(n) to the boun-
daries define classifying maps M, N — G(d — 1,n) — BO(n). The condition for W
to be a cobordism is that the lift of W — BO(n) restricts to the given #-structures
on the boundary for some n sufficiently large.

Definition 2.4. Cobordism induces an equivalence relation on the isomorphism
classes of closed (d — 1)-dimensional manifolds with 0-structure. The set of equi-
valence classes is denoted Q4_1(X,0). Disjoint union defines a commutative sum
operation. The empty set acts as the identity, making Qq_1(X, ) into an abelian

group.

In particular, an inverse of some [M] is given by assigning to M x [0,1] the
f-structure defined by M. Then embed M x [0,1] € R"™4=! x [0,1] such that
M x {0,1} C R™ =1 x {0}. This defines a f-structure on M x {1}, and this
represents an inverse of [M].

Remark 2.5. In fact, a cobordism W has an opposite structure defined in a similar
way, making cobordism reflexive and hence an actual equivalence relation (transi-
tivity given by glueing cobordisms together). Note that this only works because we
consider the classifying map W — BO(n), rather than W — G(d,n).
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Example 2.6. We are particularly interested in the cases where X is BO, BSO, or
BSpin. In these cases, (X, #) will also be denoted Q¢, Q29 or QP respectively.
The Cartesian product of two manifolds induces a ring structure on £, (X, ) in this
case.

The main theorem of cobordism theory is the Pontryagin—Thom theorem. This
expresses the cobordism groups as the homotopy groups of Thom spectra as follows.
Let M C R"4~1 be a manifold with a lift M — 6~1(BO(n)) of the classifying map.
Then the collapse of everything outside a tubular neighbourhood N followed by the
lift of the classifying map defines a map

(R*F4=1)* — Th(N) — Th(6*U,).
One can show that this defines a map
Q4-1(X,0) = mq-1(0°MO) (2.1)

where 0* MO is the spectrum formed by the Thom spaces Th(6*U,). In particular,
the pullbacks to BSO and BSpin are denoted M.SO and M Spin, respectively.

Theorem 2.7 (Pontryagin—Thom). The map (2.1) is an isomorphism.

Remark 2.8. Note how this construction is closely related to the construction of
the invariant (M). In fact, Th(Uy,) = lin Th(Ug,) so MO = lim , MTO(d). We
will often use the notation MTO = lim , MTO(d), rather than MO, to emphasize
that we think of U, as the complement of the universal bundle.

The inclusion MT'O(d) — MTO is d-connected since the map G(d,n) — BO(n)
is d-connected for n sufficiently large. The induced map wq(MTO(d)) — mq(MTO)
takes (M) to the cobordism class of M.

Thus we would expect some relation between our invariants and cobordism the-
ory. To investigate this, we need a slightly different definition of cobordism.

2.2 The Embedded Cobordism Category

We now introduce the topological category of embedded cobordisms and state some
main results. This is the suitable cobordism category for our purpose. We follow
the definition given in [15].

Definition 2.9. Let 6 : X — BO(d+1) be a fibration. As a set, Wy, (R"+4) consists
of all pairs (M, &) where M C R" is an embedded d-dimensional manifold without
boundary such that M is a closed subset of R"t% and & is a lift under 6 of the
classifying map £ : M — G(d,n) — G(d+1,n). A suitable topology is given in [15].

Let 1, (n + d, k) denote the subspace consisting of those M that are contained
in (—1,1)" =k x Rk,

Definition 2.10. Let § : X — BO(d) be a fibration. The cobordism category

Cngrd has objects 1, (n+d—1,0). The space of morphisms is the disjoint union

of the identity morphisms and a subspace of Yg,(n + d,1) x (0,00). A morphism
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(W,a) € Cg’n+d(M0, My) from My to My is a W € vg,(n + d, 1) such that for some
e >0,

W N (R % (—00,€)) = My x (—00,¢)
W N (R % (a—e,00)) = M X (a —€,00)

such that the 0-structures agrees. Composition of the morphisms (W, a) and (W', a’)
is given by (W oW’ a+a') where W o W' is obtained from W N (R"4~1 x (—o0, a))
and W' N (R"4=1 x [0,00)) + aeptra by glueing together.

We will often leave the a out of the notation for the morphisms when it plays no
significant role. Usually we let n tend to infinity and denote the resulting category
by CY with obejcts Ob(C)) and morphisms Mor(C9).

For a topological category, the classifying space Bcg is defined as follows. Let
Ny, (Cg) be the subspace of Mor(Cg)k consisting of k-tuples of composable morphisms.
This is called the kth nerve of the category. In particular, Ng(Cg) is the space of
objects. The set of nerves form a simplicial set with continuous face and degene-
racy operators given by composing morphisms and inserting identity morphisms,
respectively. See e.g. [16] for details.

Definition 2.11. Bcg 18 the topological space
| Ve(C) x A%/ ~ .

Here | | is disjoint union, A is the standard k-simplex, and the equivalence relation
is given by the face and degeneracy operators, see [31] for the precise relations.

The main theorem about the cobordism category, proved in [14] and, in our
set-up, in [15], is the following:

Theorem 2.12. There is a weak homotopy equivalence
aqg : BC) — Q10  MTO(d).
We will be particularly interested in the fibration
ir : V. (Ug) = BO(d).

The corresponding category will be denoted C);. The objects are embedded compact
(d—1)-dimensional manifolds M with r vector fields in TM @ R. The morphisms are
cobordisms with r tangent vector fields extending the ones given on the boundary.
Of course, there is also an oriented version of this theory. We will use the same
notation when there is no essential difference.

Reading through the definition of the map «aq ¢, one sees that there is a commu-

tative diagram
BF

BC, BCy

lad,r lad (2.2)

QoHA=13 MT(d) —7s Q+A=1 MT(d).
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Here BF is induced by the functor F' that forgets the tangential structure.
By Theorem 1.17, i*MT(d) = MT(d)y, is homotopy equivalent to MT(d — r).
Recall from Proposition 1.26 that in the exact sequence

Ta(MT(d — 7)) 2 10(MT(d)) 25 7a(MT(d, 7)),

the invariant S(M) € my(MT(d)) reduces to " (M) € ng(MT(d,r)). Thus " (M)
vanishes if and only if (M) lifts to 7g(MT(d — r)). The diagram (2.2) translates
this into a study of the map

7['1(362) — ﬂl(BCd).

The study of these fundamental groups is the topic for the rest of this chapter.

2.3 Representing Classes in m(BCY) by Morphisms

In this section we consider a general cobordism category corresponding to a fibration
0:X — BO(d).

Definition 2.13. Let (W, a) be a morphism in C from My to My. The 1-simplex
{(W,a)} x Al inside Bcg defines a path yy,q) between the objects My and M. A
composition of such paths and their inverses (denoted "y(W,a)) will be called a zigzag
of morphism paths.

The goal of this section is to find conditions on the category Cfl such that all
elements of m; (BCfl') can be represented by a morphism path v(y,q) of some closed
manifold W, considered as a morphism from the empty manifold to itself.

We start out by showing that elements of m (BCfZ) are represented by zigzags.

First some notation. A path a : [0,1] — Ob(CY) that is smooth in the sense
of [15] and constant near the endpoints determines a morphism (W, 1) such that
Wo CR®™L x R with W, N (R~ x {t}) = a(t) for all t € [0, 1] and such that the
projection W, — {0} x R is a submersion. We want to see that o >~y in BCg.

Lemma 2.14. A non-identity morphism path y(w,q) followed by a smooth path that
s constant near endpoints, o : I — Ob(Cg), 18 homotopic relative to endpoints inside
Ob(CH) U (Mor(C5) x A') to the morphism path Y(wow. a+1)-

Proof. Recall from [15], Theorem 3.9, that there are homotopy equivalences of ca-
tegories

CY <& Dy - Dy. (2.3)
The precise definitions of the categories Dy and Dy are given in [15], Definition 3.8.

The morphism (W oW,,a+1) corresponds to the morphism (WoW,,0 <a+1)
in the category Dy. In Mor(Dy), there is a path

t— (WoW,,0<a+t)

from (WoW,,0 <a)to(WUW,,0 <a+1) because all a+1t € [a,a+ 1] are regular
values for the projection W o W, — {0} x R.



26 Chapter 2. Cobordism Categories with Vector Fields

This lifts to a path (W3, 0 < a+t) in Mor(Djp ) under the inverse of the homotopy
equivalence i. This just stretches W o W, near W o W, NR>®~! x {a+t} and leaves
the rest fixed. In particular Wi N (R*®~1 x {a +t}) = a(t).

Now, ¢(W,0 < a+t) = (W/,a+t) defines a path from (W,a) to (WoW,,a+1)
with W/ N (R*~! x {a+t}) = a(t). Thus YW/ att) - Q[t,1) 1S & homotopy from v -«
t0 Ywow, - 0

Lemma 2.15. A smooth path o : [0,1] — Ob(Cg) is homotopic relative to endpoints
to the morphism path ~yw,, inside Bcg.

Proof. Let M = «(0). Then M x R is a morphism. By Lemma 2.14, yp/xR - « is
homotopic to y(arxr)ew, - Furthermore, there is a 2-simplex in the classifying space
making vy xr)ow, homotopic to yarxr - Yw, . Composition with Yarxr shows that
« is homotopic to v, . O

Theorem 2.16. Any path between two objects in Bcg is homotopic relative to end-
points to a zigzag of morphism paths.

Proof. Let f:[0,1] — BCY be given such that f({0,1}) € Ob(Cj). We may deform
f to have image in Ob(CY) U (Mor(C9) x Al), so assume this is the case.

Since f~1(Mor(CY) x int(Al)) is open, it can be written as the disjoint union
Lljes I of open intervals [; C (0,1). Write f; : [; — Mor(C§) x A for the restriction
of f to the closure of I;. This has the form

fit) = (W, a(t)), 9(t)).

Let I; = [t1,t2). Then g(t1),g(t2) € {0,1} = 9(A1).

If g(t1) = g(t2), then g is homotopic relative to the endpoints to a constant map.
Thus f; is homotopic to a map into the object space, and we may remove all such [.

Now assume ¢(¢1) = 0 and g(t2) = 1. Then ¢ is homotopic relative to endpoints
to a map which is linear on [t;, 23%2] and constant on [3%2 ¢,]. The function
t — (Wi a(t)) is homotopic to a map which is constant equal to (Wp,a(0)) on
[t1, BE2] and given by t — (Wa—y,, a(2t —t2)) on B2 ¢5]. That is, f; is homotopic
t0 Y(Wo,a(0)) followed by a path in the object space. We replace I; by (t1, %)

The case g(t1) = 1 and g(t2) = 0 is similar except that vy, is travelled backwards.

Thus we may assume that f;(t) = (W}, a;), g(t)) where g is a linear homeomor-
phism taking I; to [0,1] for all [ € J. The index set J must be finite. To see this,
choose t; € I; such that f(t;) = (W, @),3). Then {t;,l € J} is a closed discrete
subset of [0, 1] and hence finite.

It follows that f~1(Ob(CY)) is a finite disjoint union of closed intervals. It is now
enough to show that a map a : [0,1] — Ob(CY) is homotopic to a morphism path.
But by [15], Lemma 2.18, « is homotopic to a smooth path o’ which is constant
near the endpoints. Finally, by Lemma 2.15, this is homotopic to the morphism
path yw_, . ]

We are now ready to give conditions under which every element of 71 (BCY) may
be represented by a single morphism path of a closed manifold.
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Theorem 2.17. Assume:

(i) Any morphism W € CY(0,0) has an inverse W= € CY(0,0) such that the
disjoint union W U W™ defines a null-homotopic loop in Bcg.

(ii) If W € CY(Mo, M), then there exists a morphism W € CY(My, M) in the
opposite direction.

Then any element of m; (BCfl) can be represented by a path corresponding to a mor-

phism in C4(0,0).

From Theorem 2.16 we know that we can always represent an element of m; (BCY)
as a zigzag of morphisms. In general, the closed manifold cannot be chosen diffeo-
morphic to the one defined by glueing together the morphisms in the zigzag, since
this may not allow a f-structure.

Proof. Let v : I — Bcg be a path from the empty manifold to itself. By Theo-
rem 2.16, we can assume that v has the form g; - g2 - - - g, where g; is the path vy,
or the inverse path for some W;’s such that the composition makes sense.

First look at the path yw, - yw,,, for a pair of morphisms W; € Cg(Mi, Mii1)
and W, € CS(MiH, M;12). The composition forms a new morphism W; o W, in
CY(M;, Mit2). The 2-simplex {(W;, Wit1)} x A? inside BC] defines a homotopy

’YWZ : 7Wi+1 = ’YWZ'OWZ'+1 . (24)

Thus we may assume that « is an alternating zigzag of morphism paths
FY = P)/Wl ’T/WQ 7W3 o .;ywn

where W; € Cg(MZ-,MiH) for i odd and W; € Cg(MiH,Mi) for i even. Of course,
it could also happen that the first path is an inverse path or that n is odd. These
cases are similar.

For each 4, choose an opposite W; of W; as in assumption (ii). Then

Y EYWL AW YW YW,
~ywy - (i, W ) (T, s ) I (T, W)
G, Awa) W - Ow,) - Or,) - A
=YW Y, YW Y, ) (T, W T, W Vi, W)
Wiy W ) - G, - Aw)

:(nyloWgoW;),o-uoWn) ) (Wno~--oW3oW20W20W3o--~oWn) ' (/YWnOn-OWg-u)

: (7,..0Wn710W7l) ’ (ﬁWnOWn)'

The idea is here that we first run along vy, as we are supposed to. Then we follow
morphism paths in the positive direction all the way to the empty manifold and go
back again, now following paths in the inverse direction. We run ~y, backwards
as we are supposed to and then follow paths in the inverse direction back to the
base point and go back again. Continuing this way, we end up with a path that is
homotopic to the original one. But this new path has the property that we always
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run from the base point to itself along paths that are either all positively directed
or all negatively directed. Thus we may glue the manifolds together by (2.4).

This yields an expression for v involving only paths of closed manifolds. We now
apply assumption (i) to all the paths that are still travelled in the wrong direction.
Finally we apply (2.4) again to write y as a path corresponding to a single morphism.

gl 27(W10W20W3o-~oWn) ’ W(Wno“~oW30W20W20W3o-~oWn)— ’ W(WnO-NOW:j'“) T
"V oWn10Wa) - V(W oWy~
:,y(WloWgoW;;o-noWn)O(Wno~~-oW3oW20W20W3o~--oWn)*o(Wno--oWg-n)o~~-

o(~~-oWn,1oWn)o(WnoWn)*

2.4 Geometric Interpretation of the Invariants

We now return to the cobordism category with vector fields. We start out by showing
that C; satisfies the conditions (i) and (ii) of Theorem 2.17. From this we shall obtain
a geometric interpretation of the invariants from Chapter 1.

Theorem 2.18. Let d be odd or r < 4. Let W € C}(Mo, My). Then there exists a
W e Cj (M, My).

Proof. Suppose (W,a) € Cj(My, M) is given. That is, W C (=1,1)" x R is a d-
dimensional manifold with r vector fields v1,...,v, : W — TW. Then the reflection
t — a—t in the R direction takes W to a manifold which is a morphism in C4(M7, My).
In the oriented case, the orientation must be reversed. However, it is not an element
of C;(My, Mp) yet, since the vector fields on My and M; have been reflected in the
normal direction. They must be reflected once more to get the correct vector fields
on the objects. But there is no obvious way to extend this reflection to the vector
fields on the rest of W.

First we choose a normal vector field on W and extend this to the (d — 1)-
skeleton W(4=1) This is always possible, see Section 1.2. Denote this vector field
by

VW S TWp .

This defines a map
oy w1 O(TW)|W(d71).

Here O(TW) is the bundle over W with fiber over x the orthogonal group O(T,W),
and oy (x) is defined to be the reflection of T, W that takes V(z) to —V(z) and
leaves V()" fixed.

With this definition, oy acts on the given vector fields by multiplication

oy (z)(vi(x),...,v(x)) = (wi(x), ..., w-(z))

for all z € W=D On the boundary, oy is the reflection of the normal direction, so
the w;’s yield an extension of the vector fields on the boundary to the (d—1)-skeleton.
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We still need to extend these new vector fields over each d-cell D C W. This
may not be possible. The idea is to take the connected sum with a suitable manifold
in the interior of D such that the vector fields extend.

Choose a trivialization TW|p = D x R?. On the boundary, the v;’s define a map
f:84t & Var which is homotopic to a constant map because the vector fields
extend to all of D. So we may assume that f is constant with value eq,...,e,. Then
the w;’s are given on dD by

g: 842 o) B vy,

where h comes from the standard fibration O(d —r) = O(d) — Vg,
In the trivialization, Vjsp becomes a map Vigp : Sa=1 5 §4=1  There is a map
pa : 8% 1 — O(d) that takes x € S9! to the reflection of the line spanned by .
Then
ov = pa° Vigp and g = hopgo Vigp.

By possibly dividing D into smaller cells, we may assume that the degree of Vigp
is either 0 or £1.

If the degree of Vigp is zero, then oy is homotopic to constant map. Hence, so
is g, and the vector fields extend to all of D.

If the degree is +1, then V is homotopic to the identity map. This means that
oy is the reflection in the normal direction. Choose r vector fields on the torus 7.
Cut out a disk. The vector fields on the boundary of this disk are now homotopic
to the v;’s on 0D, since both extend over a disk. Thus, after reflecting the v;’s in
the normal direction, the vector fields on the torus fit with the w;’s so that we can
form the connected sum of W and T% in the interior of D.

If the degree is —1 and d is odd, V is homotopic to minus the identity. Thus oy
is again the reflection in the normal direction, and we do as in the degree 41 case.

We are now left with the case where d = 2k is even and the degree is —1. In this
case we would like to take the connected sum with a product of two spheres, rather
than a torus.

First look at what happens to the vector fields when they are reflected in a map
of degree —1. Consider the diagram

Wd_l(Sd_l) TFd(Sd)

[ .

wd,l(Sdfl) p% ﬂ'd,l(O(d)) # wd,l(Vd,r) L ﬂdfl(Sdfl)

|

ma1(5%) = 02 1y 1 (0(d + 1).

It follows that pgy maps into the image of . But the composition p o h o pg maps
x € S%1 to the reflection of the first basis vector in the x direction. This is a map
of degree 2, being the obstruction to a vector field on S9=1. Thus pg([1]) = §([1]),
and therefore

[9] = hopgoVigp([1]) = da([-1]).
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Here and in the following, [m] € m(S') denotes the class of degree m maps.
Consider
Sk % SF if k is even,
Sk x SFHL i k is odd.
For simplicity, we write this product as S x 57 in the following. Choose r vector fields
with one singularity on each sphere. This is possible because r < k by assumption.
These are given by maps
uy : S° — W,(TS")
uy 2 87— W,(TS7).

Assume that these vector fields have length one outside small open disks D? and D7,
respectively. This defines a map u : S* x S7 — W,.(T(S* x 7)) by the formula

_ w(@) +uz(y)

outside D x DJ and
V0w (@)? + [ua(y)?

inside D x D7. On the boundary of D x D, this is the join

Uy|gi * Ug|gi Sl si—t Var-

This map represents the obstruction to r vector fields on S* x 7.
Now look at the diagram

m;(8") x ;i () ma(SY)
l&ixaj Pd \
i1 (Vi) X w1 (Vig) —— > a1 (Viay) —— ma_1 (S41)
lmxnj lnd
i1 (Vitr,r+1) X mj—1(Vig1,r41) Td—1(Vag1,04+1)-

For | = i, j,d, the class &;([1]) is the obstruction to r vector fields on S!. Thus the
homotopy class of uygi * ug|gs is 8;([1]) x ;([1]). By [22], formula (2.12 b),

1a(8i([1]) 05 ([1])) = mi(ds([1])) > 65([1]).

Here &} : m;(S7) — mj—1(Vjr+1) is the boundary map. This is well-defined when
r < k. But n; 0 d; =0, so ;([1]) * §;([1]) is in the image of J4. Furthermore,

p(d:([1]) % 0;([1])) = [4]

since it is the obstruction to a single vector field, which is the Euler characteristic.

Thus 6;([1]) * 6;([1]) = da([2])-
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Summarizing the above, there are vector fields on S*x S7\ D x D/ and W\ int(D)
given on the boundaries of the removed disks by d4([2]) and d4([—1]), respectively.
We can take the connected sum if the vector fields agree after reflecting the vector
fields on d(D? x D7). That is, it remains to show that o1(54([2])) = da4([—1]) where
o1 is the normal reflection.

Note that

p(a1(8a([m]))) = a1(p(da([m]))) = o1 ([2m]) = [2 — 2m]. (2.5)

The last equality follows because a degree 2m map S4 1 — S9! defines a vector
field on S¢ with two singularities, one of degree 2m and one of degree oy ([2m]). The
sum of these must be x(S%) = 2.

Also note that

na(o1(04([2]))) = o1 (na © 6a((2])) = 0
where o7} is the image of o1 under 74_1(0(d)) — mq—1(O(d + 1)).
Thus 01(4(]2])) is in the image of 4. According to (2.5),

p(o1(da([2]))) = p(da([-1])) = [-2].
But p o d4 is injective, so 01(04([2])) = da([—1])). O

This proof was inspired by Proposition 4.23 in [15].

Remark 2.19. In the case where S% allows r vector fields, it is possible to choose
W diffeomorphic to W. This is because we may glue in disks, rather than tori, when
constructing W.

If S¢ does not allow 7 vector fields, the disk D¢ with r vector fields is an example
of a morphism such D? cannot be chosen diffeomorphic to D?. Otherwise they would
glue together to a sphere with r vector fields.

The above proof would work more generally for any 6 satisfying that S¢~! with
any f-structure bounds a f-manifold. For d odd, it would also suffice that S? allows
a f-structure.

Example 2.20. Consider the case d = 2 and » = 1. A surface of genus g > 1 allows
a vector field with only one singularity. Cut out a disk containing the singularity.
This defines a morphism from the () to S' with a vector field. If there were a
morphism in the opposite direction, they would glue together to a closed surface of
genus at least g > 1 with a zero-free vector field, which is impossible.

This shows that the condition r < % is not always redundant. Whether it can
be refined is not clear. However, it appears naturally as a condition in many of our

applications anyway.
Theorem 2.21. There are weak homotopy equivalences
BCity — QYBCy — QTR T (d — ).

In the case k =1, assume M € Ob(Cgﬁ) with the (r + 1)th vector field equal to the

positively directed normal. Then the component of M in TrO(BCQE) s mapped to
the morphism path in w1 (BC}) corresponding to M, now considered as a morphism
in C5(0,0) with the first r vector fields. Both correspond to the Pontryagin-Thom

element in wg(MT(d —1)).



32 Chapter 2. Cobordism Categories with Vector Fields

Proof. We have the following commutative diagram for each n

OFBCY, ———— QFyy(n, 1) QER=Lyr(n,n)

! B

BCty o —— U (n+ ke ke + 1) —— QPR (0 4 kon + K).
The vertical maps take a manifold M C R"™ with r vector fields to the manifold
M x RF C R™ x R* with the r vector fields from M together with the k standard
vector fields in the R* direction. The horizontal maps are the homotopy equivalences
from [15].

The diagram

Yy(n,n) ———————— Th(Uf,_y = Vi (Udn-a))

J J

bir(n 4 kon+ k) —— Th(Uf g = VerkUatkn—-a))

also commutes. The horizontal maps take a manifold M to —p in the fiber over T}, M
with the vector fields at this point, where p is the point on M closest to the identity
(whenever this is defined). Thus commutativity is obvious. Some details have been
omitted, see [15] for the precise definition of the maps.

If we let n tend to infinity, the right vertical map in (2.6) is a homotopy equiva-
lence, since the diagram

Th(Uf, g = G(d —r,n — d)) ———— Th(Uf,_y = Vi (Ugn-d))

2T

Th(Ugipn-a = Verk(Udrkn—d))

commutes and the two maps to the left are homotopy equivalences of spectra.

Now look at the case k = 1. Let M C (—1,1)" be an object in Cgiinﬂ with
the positively directed normal in TM @ R as its last vector field. This corresponds
to the manifold M x R in djgﬁ(n + 1,1) with the vector fields defined by the ones
on M. Under the first lower horizontal map in (2.6), this is mapped to the loop
RT — ¢ZIE (n+1,2) given by t = M xR—(0,...,0,¢,0). But this is in the image of
the vertical map. More precisely, it is the image of the map 1 : Rt — 4/(n, 1) given
by t +— M — (0,...,0,t). But this map is the map corresponding to the morphism

path of M in Bcgm. To see this, recall the factorization
BCy,, — BDy — y(n+1,1)

where D, is the category defined in [15], Definition 3.8.
Indeed, v, lifts to R — BD, to the path

ts (M —tey,min{—1—t,—1} < max{1 —t,1}),(t)) € Mor(D,) x A!
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where ¢(t) = 1(t+1) for t € [-1,1] and ¢ is constant on [1,00) and (—oo, —1]. This
defines a path in BD, between the objects (0, —1) and (0,1). We may close this
to a loop inside {#} x R and get a loop RT — BD, whose image in ¢/;(n + 1,1) is
homotopic to ;.

This new loop again lifts to a map homotopic to v : RT — BCg’n given by
v(t) = (W + €5, 2), ¢(t)) € Mor(Cy,,) x Al for t € [-1,1] and (t) = ({0}, ¢(t)) in
Ob(C},,) x OA' otherwise. This is the morphism loop corresponding to M.

Gding in the other direction in the upper part of (2.6) shows that M corresponds
to the map (R™)* — (n,n) given by ¢t — M —t. If M — t has a unique point p
closest to the zero, M —t is sent to the point —p in the fiber over T),(M —t) in
Ui‘n_d — Vi(Ugp—a). Otherwise, M —t is mapped to co. The set of t’s such
that M — ¢ has a unique point closest to the identity deformation retracts onto a
tubular neighbourhood of M consisting of those vectors at distance at most ¢ from
M. Collapsing all vectors in U dLn_ g — Vir(Ugn—a) of length greater than or equal to
€ makes the map well-defined, and this is certainly the Pontryagin—Thom collapsing
map. Again some details are omitted. O

Theorem 2.22. For r >0, all morphisms in C}(0,0) have inverses in the sense of
Theorem 2.17 (i).

Proof. Let W be a closed d-dimensional manifold with r vector fields

ViyeonorUp - W = TW.

Assume d is odd or r > 1. We consider W as an object of Cgﬂ with the positive

normal vector field € as the (r + 1)th vector field. Then W x R has r + 1 vector
fields given on W x [0, 1] as follows. Choose a vector field v : W — TW. If r > 1,
we simply choose this to be v,. This defines the r 4 1 vector fields w1, ..., wy41 on
W x [0,1] by

wi(x,t) =v;(x)
wy(x,t) = cos(mt)v(x) + sin(wt)e(z)
w1 (z, t) = — sin(wt)v(z) + cos(mt)e(x).

Extend these trivially to W x R. Embed W x R a cobordism from W x {0,1} to

) in Cgﬁ. Let W~ = W x {1} with the induced vector fields and, in the oriented
r+1

case, orientation. Then W LU W™ belongs to the base point component of BC; ;.
Under the isomorphism from Theorem 2.21

m1(BCy) — FQ(BCQ:H),

W U W~ lifts to vy w-, so this must be null-homotopic.

In the remaining case where d is even and there are no vector fields, we may still
view W as an object in C Cll 41 With the positive normal vector field. As before, we seek
another manifold such that the disjoint union with W is Reinhart cobordant to the
empty manifold. By [38] it is enough to find a manifold W~ which is a cobordism
inverse to W and has Euler characteristic

X(W7) = —x(W). (2.7)
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Let W’ be a copy of W. In the oriented category, give it the opposite orientation.
Then W’ is a cobordism inverse of W. Taking the disjoint union with a bounding
manifold does not change the cobordism class. Taking the disjoint union with a
sphere increases the Euler characteristic by 2, and taking disjoint union with a
connected sum of two tori decreases the Euler characteristic by 2. Thus, defining
W~ to be the disjoint union of W’ with a suitable bounding manifold, (2.7) is
satisfied. O

Corollary 2.23. Ford odd orr < %, any class in 7 (BC))) can be represented by a
morphism path.

Proof. This follows from Theorem 2.17, 2.18 and 2.22. 0

Definition 2.24. Let M and N be two (d — 1)-dimensional manifolds with r vector
fields in TM ® R and TN @ R, respectively. We say that M and N are vector field
cobordant if there is a cobordism W from M to N with r vector fields in the tangent
bundle extending the ones already given on the boundary.

The above yields the following interpretation of the groups mg_1(MT(d —1)):
Corollary 2.25. For d odd or r < %l, vector field cobordism is an equivalence
relation, and wo(BC))) = wg_1(MT(d—r)) is the set of vector field cobordism classes.

Forr < g, each of these classes contains a manifold with one of the vector fields
equal to the normal vector field, corresponding to a morphism path in Wl(BCQ:%).

In particular, 74(MT(d)) = m(BC}, ) is the group of Reinhart cobordism classes
of d-dimensional manifolds represented by the invariants 5(M).

Proof. For the equivalence statement, symmetry follows from Theorem 2.18 and
transitivity is given by glueing cobordisms together.

If two manifolds are vector field cobordant, they obviously belong to the same
path component of BC). By Theorem 2.16, M and N belong to the same path
component if and only if there is a zigzag of morphisms relating them. Turning
some of the morphisms around, if necessary, and glueing them together yields a
vector field cobordism from M to N.

By Theorem 2.23, any element of 71 (BC}) is represented by a morphism path,
which corresponds to an object with the last vector field equal to the normal vector
field. O

Corollary 2.26. Assume that d is odd or r < %. Then BT (M®) = 0 if and only if
M s Reinhart cobordant to a manifold that allows r tangent vector fields.

Proof. Let M be given. Then (M) = 0 if and only if (M) lifts to a class
a € mg(MT(d — r)). But this is represented by a morphism loop in 7(BC)) by
Corollary 2.23. This means that there is a closed d-dimensional manifold N with r
tangent vector fields representing o € mq(MT(d — r)). This maps to S(N) = B(M)
in mg(MT(d)) by (2.2). By Corollary 2.25, this is the case if and only if M and N
are Reinhart cobordant O
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Moreover, we may deduce the following geometric interpretation of the maps
Ta—1(MT(d =1 —k)) = mg1(MT(d - 1))
fordoddor r + k < %.

Corollary 2.27. Under the map WO(BC2+k) — mo(BC)), a component containing
some manifold M with r vector fields in TM ®R is in the image if and only if there
is a cobordism with r vector fields from M to some M’ such that the r vector fields
in TM' &R extend to r + k vector fields.

The image of WO(BC2+1) — mo(BC)) is the set of Reinhart cobordism classes
containing a manifold with r tangent vector fields.

The image of WO(BC;H) — mo(BC})) is the subgroup of the vector field cobordism
group containing all manifolds with r tangent vector fields.

2.5 Equivalence of Zigzags

We saw in Theorem 2.16 that all elements of m(Bcg) are represented by zigzags of
morphism paths. In this section we find necessary and sufficient conditions for two
such zigzags to be homotopic.

First some notation. We picture a zigzag of morphisms as

: w;

The sequence should be read from left to right. An arrow pointing in this direction

corresponds to a morphism path, while an arrow pointing in the opposite direction

represents the inverse of a morphism path. Moreover, 9; : Mor(Cj) — Ob(C%) will

denote the boundary maps given on W € C§(My, My) by 0;(W) = M; for i = 0, 1.
The main theorem of this section is:

Theorem 2.28. Two zigzags are homotopic relative to endpoints if and only if they
are related by a finite sequence of moves of the following two types:

(I) Any sequence of arrows from M; to M; in the diagram

My

WioW:
W1J/ \: 2

MlHMQ,
Wa

may be replaced by any other such sequence in a diagram like (2.8).
(1I) A morphism path
.. MO — ]\4’1 e

may be replaced by
oy W g

if there is a path v : [ — Mor(Cg) from W to W’ such that the boundary paths
di o~ : I — Ob(CY) are constant for i =0,1.
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In particular, (I) allows us to insert and remove an identity morphism or a
morphism path followed by its inverse.
Here is an interpretation of the relation (II):

Lemma 2.29. Two morphisms Wy and W1 may be joined by a path v : [ — Mor(Cg)
with 0; oy constant if and only if there is a diffeomorphism between them that fixes
0;W; pointwise for i,j = 0,1 and preserves the equivalence class of 0-structures.

The proof uses the topology on Mor(CY) constructed in [15]. The reader is re-
ferred to this paper for notation and precise definitions in the proof below. An
equivalence class of #-structures means an element of mo(Bun(TW,60*U;)) where
Bun(TW,0*Uy,) is the space of bundle maps TW — 6*U;. We shall ignore 6-
structures below, but the proof immediately generalizes.

Proof. Let v(t) = (W4, a(t)) be a path of morphisms W; between the fixed objects
My and M;. We may assume that Wy C R” for all ¢ € I and n sufficiently large.
The continuous map a : I — R is bounded on I by some A. Let K = [0, 1]™ x [0, A].

Let to € I be given and choose a small open neighbourhood V' C IT'.(NW,, ) of the
zero section that maps diffeomorphically onto an open neighbourhood ey, (V) = Vv’
of Wy, in W(R™)*® by embedding. Here W(R"™)% is W(R") with a certain topology.

There is a map 7g : U(R™)* — U(K C R") that identifies manifolds that agree
inside an open set containing K. By construction of the topologies, this map is open,
see [15], Lemma 2.5. Furthermore, by definition of the toplogy of the morphism space
in [15],

7' 1 = Mor(Ch) — ¥(R") = lim ¥(R")" — W(R™)X — ¥(K CR")
L

is continuous. Since 7 (V') C W(K C R") is open, v~ (mx (V")) is also open.

Let t € v~ Ymg(V')). Then W;NU = s(W;,)NU for some open set U containing
K and some s € V. Since W; and W,, agree outside K, s defines a diffeomorphism
between them which is the identity outside K.

Covering I by finitely many such open sets shows that there is a diffeomorphism
between Wy and W fixing the boundary.

Conversely, if there is a diffeomorphism between Wy and Wi fixing the boundary,
then there is a smooth isotopy between the embeddings fixing the boundary. This
defines the desired path. O

Lemma 2.30. Let 7 : [0,1] — Mor(CY) be a smooth path from Wy to Wy that is
constant near 0,1. Let W, be the morphisms determined by d;o~ : [0,1] — Ob(CY)
fori=0,1. Then there are Type (I) and (II) moves relating the following zigzags:

(2.9)
Wag~y Wi
.%._>...

Proof. First compose the morphisms in (2.9) by a Type (I) move. We must see that
Wo o Wy, and Wy, o Wy are related by a Type (II) move.
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Look at the morphisms (Wp,,,0 < 1) and (Ws,,,0 < 1) in the category DY.
There are paths in Mor(DY) given by (Wy,,0 < t) and (Wy,,,t < 1) for t € (0,1).
These lift to paths 79 and 7, in Mor(Cfl) under the homotopy equivalences (2.3)
satisfying

Y0(t) € Cq(Mo, 8o(¥(1)))
71(t) € Cg(O1(7(1)), Mn).

Thus the composition of morphisms vo(t) o v(t) o v1(t) € CH(Mo, M) is a well-
defined path in the morphism space for ¢ € (0,1). This naturally extends to all
t € [0,1], and this is the desired path from Wy o Wy, to Wy, o W;. O

The next two proofs consider homotopy groups with multiple base points. If X
is a topological space and Xy is a discrete subset, 71 (X, X) denotes set of homotopy
classes of paths in X starting and ending in Xy. The path composition makes this
into a groupoid where the identity elements correspond to the constant paths.

Theorem 2.31. Any two zigzags that are homotopic inside Ob(C9)U(Mor(CY) x Al)
are related by a sequence of Type (I) and (II) moves.

Proof. First choose a set of objects M; for ¢ € I, one in each path component
of Ob(CY). Then choose a W;, j € J, in each component of Mor(CY) such that
0-(W;) € {M;,i € I} for all j € J and € = 0,1. These will serve as the base point
sets. By construction, the source and target maps are base point preserving.

To describe 71 (Ob(CY) U (Mor(CY) x Al)), we need a generalized version of the
van Kampen theorem. This is the main theorem of [10]. For this, let

Ur = Ob(Cg) U (Mor(Ch) x (A"\{pt}))
Us =Mor(C9) x int(A?)
Uy MUy =Mor(CY) x (int(AY\{pt})
Xo={(Wj,e)|je Je=0,1}
X, ={M;|iel}.
According to [10], m1(Ob(CY) U (Mor(C9) x Al), Xo) = m(Uy U Us, Xp) is the

coequalizer in the category of groupoids of the diagram
7T1(U1 N UQ,X()) = 7T1(U1,X0) L 7T1(U2,X0) — 7T1(U1 U UQ,X()).

We begin by describing the first three groupoids in the diagram.

The map 71 (Ur, Xo) — m1 (U1, X{)) induced by (Wj,¢e) — 0-(W;) is a vertex and
piecewise surjection in the sense of [20], and thus it is a quotient map, according
to [20], Proposition 25. The kernel is the inverse mage of the identity elements, i.e.
the set

N = U{((Wj17€1)7 (Wj2752)) ‘ jlan S J7€17€2 S {07 1}78€1Wj1 = 852Wj2}
i€l

with multiplication

((Wj1751)7 (Wj2>€2))<(Wj2a €2>7 (Wj3753)> - ((ijgl)a (Wj3753))'
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If 1 (Uy, Xo) is replaced by 71 (Uy, X{) in the coequalizer diagram, 7 (U; U Uz, Xo)
must be replaced by the quotient of this with the normal subgroupoid generated by
N, c.f. [20], Proposition 27. But N is also the kernel of the quotient map

(U U Us, Xo) — m1 (U U Us, X{),
so there is a new coequalizer diagram
71 (U1 N U, Xo) = w1 (Ur, X)) Ui (Uz, Xo) — m1(Ur U Uz, X{).
We compute:

7T1(U1 N Ug,Xo) = |_| 7T1(MOI“(C§), Wj) X {0, 1}

jeJ

7T1(U1, X(/)) = |_| ™ (Ob(cg)a Ml)
i€l

m(Us, Xo) = |_| m1(Mor(C9), W) x G.
JjeJ

Here G = {(i,7) | i,j = 0,1} is the groupoid with multiplication (i, 5)(j, k) = (i, k).

By [20] the coequalizer, viewed as a category, is given as follows. The object set
is just the set of base points X|,. A morphism is represented by a sequence xj - - -z,
where each x; is an element of either m1(Uy, X{)) or 71 (Uz, Xo) such that the target
of x; coincides with the source of z;1; in X{|. Two such sequences are equivalent if
and only if they are related by a sequence of relations of the following three types:

(i) If e is an identity element in either m;(Uy, X{)) or m1(Us, Xp), then

...miel‘i+l...2...$il‘i+1...‘

(ii) If the product z;z;4+1 = = makes sense in either m1(Uy, X{)) or 71 (U2, Xo), then

...xi$i+1...:...$...

(iii) Let 71 : 7T1(U1 N UQ,X()) — 7T1(U1,X6) and 1o : 7T1(U1 N UQ,X()) — 7T1(U2,X0)
denote the inclusions. Then for z € 71 (U; N Us, Xp),

i (@) in(T) e

The next step is to canonically identify such a sequence 7 - - -z, with a zigzag
representing the same homotopy class. To each z; we associate a part of a zigzag
in the following way. If z; € m(Ob(C)), M), let a : I — Ob(CY)) be a smooth
representative. This corresponds to a morphism W,. Otherwise x; has the form
([7], (K, 1)) for some [] € 71 (Mor(CY), W;) and k,l € {0,1}. We choose the following

assignments:

[a] ~ - 2
(D), (0,0)) = - =202 .
(B (1, 1)) = - 227
(0, (0,1)) = - 220 . 15,
(I, (1,0)) ~ - &2 2000,



2.5. Equivalence of Zigzags 39

Note that the manifolds W, depend on the choice of representative a. A different
choice of representative yields a morphism that differs from W, by a Type (II) move.
Hence the assignment is canonical up to Type (II) moves.

To each sequence x; ---x, this associates a zigzag. We need to see that the
relations (i)-(iii) on sequences correspond to performing Type (I) and (II) moves on
the associated zigzags. This is a straightforward check, and we will only show some
of the relations.

(i)

If e is the identity element in 71 (Ob(CY), M;), it is assigned the morphism path
of W, = M; x R. Hence this relation just removes a

MZ'XR
. % .

from the zigzag. This can be done by Type (I) and (II) moves.

If z;, 201 € Wl(Ob(Cg), M;) are represented by smooth loops «; and a1, the

relation becomes
W, Wa 11 N Wai a1

But this last morphism is equal to W, o W,

;41> S0 the zigzags differ only by
a Type (I) move.

If 24, ;41 € m1(Mor(CY), W;) x G, there are various special cases to check. We
shall check only two of them here.

Assume z; = ([vi],(0,0)) and zi+1 = ([vi+1]),(0,0)). Then their product is
given by z;x;ir1 = ([Vi - Yi+1), (0,0)). On the zigzag, this means that

Wags W807~L+1 N Wao(w'wH)

But since (9po7;)-(0oovit1) = Jo(7Vi - Yi+1), the claim follows as in the previous
case.

The case x; = ([i],(1,0)) and ;11 = ([vi+1], (0,1)) is one of the more com-
plicated. Now z;x;4+1 defines the following part of a zigzag

W, Wayy,  Wogripr W,
Co o LNSNEN

By a Type (I) move, this is equivalent to

Woy Woryi Wi Wapy,  Wogrq W,
. % . <— . (_ . N . H

By Lemma 2.30, this is again equivalent to

Woy; W Wogv:  Wag W Worvit1
.%.H.%.H.H.%

Removing the middle part by Type (I) moves yields

Wa, (Vi vit1)
B A N

This corresponds to the product z;x;y1 = ([vi - vi+1], (1, 1)).
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(iii) This is obvious from the definitions.

We are now ready to prove the theorem. Let a zigzag be given. For each

morphism

LA (2.10)

we do as follows. First choose a smooth path v from W to the base point W; in the
W component of Mor(C9). Then (2.10) is equivalent to

W@o’y W] Wal’y
.%.——).%...

by Lemma 2.30. Finally, Wy, o W5~ is related to W, by a Type (I) move. Thus
(2.10) is also equivalent to

Woor . W Wayy
, . .

But this zigzag is associated to a sequence 1 - - - . Given another zigzag homotopic
to this one, it is also equivalent to a zigzag coming from a sequence z ---z/,. We
know that these sequences are related by the operations (i)-(iii), and this corresponds
to doing Type (I) and (II) moves on the zigzags. O

Proof of Theorem 2.28. The relation (I) certainly holds, since there is a 2-simplex
in the classifying space having vy, yw, and vyw,ow, as its sides. The relation (II)
holds because the path v determines a homotopy between the two zigzags.

To see that these are the only relations, we apply the generalized van Kampen
theorem once again. Note that the inclusion

m1(0Ob(CH) U (Mor(Ch) x AY) U (N2(Ch) x A?)) — m1(BCY)
is an isomorphism. This time, let

U, = Ob(C )U
Us =(Mor(C9)
Uy N Uy =(Mor(CY) x

(Mor(C9) x A') U (No(C) x A*\{pt})
X AU (N(Ch) x A?)
A" U (Na(C) x A*\{pt}).
As base point set X, choose one representative x; = (Wll, WZZ) for each element in

mo(N2(CG)) such that dy(W{) € X} where X is as in the proof of Theorem 2.31.
Then

(Ul,X()) Wl(Ob(C ) (Mor(Cd) X A ) )

m(Uz, Xo) = | | m(Na(Ch), 1)
leL
(Ul mUQ,XO |_|7T1 N2 Cd {L‘l) X 7.
leL

There is a map Xo — X} given by (W}, W) — 09(W}). Again, this allows us to
replace 7T1(U1,X0) by 71'1(U1,X6) and 7T1<U1 @] UQ,X()) by 7T1(U1 U UQ,X(I)).



2.6. The Chimera Relations 41

Let K = ;e {71} x Z be the kernel of iy : 71 (Uy NUs, Xg) — 71 (U2, Xo). Since
i9 is vetex surjective and piecewise surjective in the sense of [20], Chapter 12, it is
a quotient map. Thus ig : 71 (U1 N Uz, Xo)/K — 71 (U, Xy) is an isomorphism.

Now we want to apply Proposition 27 of [20] to compute the coequalizer of the
diagram. Let Nj(K) denote the normal subgroupoid of m1(U;, X)) generated by
the image of K, and let Nao(K) = [J;cp{xi} be the trivial normal subgroupoid of
7m1(Uz, Xo). Then there is a diagram

K = Ni(K) U No(K).

The coequalizer is the trivial normal subgroupoid, so by the proposition, there is a
new coequalizer diagram

7['1(U1 N UQ,X())/K = 7T1(U1,X6)/N1(K) |J7T1(U2,X0) — 7T1(U1 U UQ,X(/)).

But since is : w1 (U1 N Uz, Xo)/K — 71 (U, Xp) is an isomorphism, the coequalizer
simply becomes 71 (U1, X)) /N1(K). This means that w1 (U; U U, X)) is m1 (U1, X{)),
which we computed in Theorem 2.31, with the only new relations being the Type (I)
relations determined by the z; € Na(CY). O

2.6 The Chimera Relations

In this section we give another description of Wl(BCS) in terms of generators and
relations.

Let F' denote the free abelian group generated by diffeomorphism classes of d-
dimensional manifolds with an equivalence class of f-structures. Let [W] denote the
class of W. Since BCS is a loop space by [14], its fundamental group is abelian.
Hence the homomorphism

F — m1(BCY) (2.11)

taking [W] to the homotopy class of vy is well-defined by Lemma 2.29.
Let Wi, Wa € C4(0, M) and W3, Wy € Cj(M, (). The following loops are clearly
homotopic in BCS:

TWioWs =YWy - TW3
=YW YWy YWy AW YW T YW
EYWioWy * YWaoWy * YWaoWs -
This implies:
Proposition 2.32. For Wi, Ws € CY(0, M) and W3, Wy € C§(M, ), the identity
[W1 0 W3] 4+ [Wa o Wy] = [Wq o Wy 4 [Wa o W3] (2.12)
holds in 71 (BCY).

We will refer to (2.12) as the chimera relations. Let C' be the subgroup of F'
generated by the chimera relations. Then (2.11) induces a homomorphism

F/C — m1(BCY). (2.13)

We can now state the main theorem of this section.
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Theorem 2.33. Assume (ii) of Theorem 2.17. Then (2.13) is an isomorphism.

Assuming (ii) in Theorem 2.17, (2.13) is surjective. Indeed, the alternating zigzag

WO Wl Wn

is homotopic to the image of

n
[WooWio-- oW+ Z (WopoWp_10--oWioW;o---0oW,]
im1
o (2.14)
_ Z[WnOWn—lo"'OWiOWiO"‘OWn];
i'odd

see the proof of Theorem 2.17. Similarly, if the zigzag starts with a morphism path
in the opposite direction, just switch all signs in the sum. If n is odd, the bars
over the W,’s should be switched. If the zigzag is not alternating, insert identity
morphisms to make it alternating and apply the formula.

We want to see that the formula (2.14) defines an inverse of (2.13). We break
the proof up in lemmas.

Lemma 2.34. The formula (2.14) obtained from an alternating zigzag only depends
on the choice of opposite morphisms W; up to chimera relations.

Proof. Let an alternating zigzag

WQ Wl Wk: Whn
.—>.<—...H...%.

be given. We choose opposites W; of W; for all i. Assume W;c is a different choice
of opposite to Wj.. Define

Lo=WooWjio---oWjo---0oW,
No=WooWio-oWyo-oWh,
and for 1 <4 < n and 7 odd,
Li=Wy,oW, 10-oWio-oW;oW;o---0oWgo- oW,
N; =Wy oW, 10-0Wio-oW;oW;o-0Wygo-0Wp.

For ¢ even, L; and N; are defined by the same formulas except the bars over the
middle W;’s should be switched.
Using W, as opposite, we see that (2.14) is given by

> (—1)[L], (2.15)

while using W;C, it is

D (1[N (2.16)
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Note that N; = L; for ¢ > k. For ¢« < k, we cut all the Li’s and Ni’s between
Wy_1 and, respectively, W}, and W;C Denote the parts by LZ(J) and Ni(]) forj=1,2
such that the j = 2 parts contain W7, or W;c Then for 4,1 < k,

2 2
L? =

2 2
N® — NO
1O _ O

i) = (L] =[LY o L) = (LY, 0 12

Yo Ni(2)] - [Ll('-l‘r)l © Ni(i)ﬂ

Since k is odd, the two sums (2.15) and (2.16) differ by % applications of this
relation. This takes care of the case where k is odd, n is odd, and the first path is
travelled in the positive direction.

Changing the direction of all arrows in the zigzag only changes the signs in (2.15)
and (2.16). If n is increased by one, an extra L, 1 = Ny4+1 is added. This does not
change the argument. Finally, if k is even, then Ly = Ny and the remaining L; and
N, are as before. There is now an even number of 1 < i < k, so the L; and N; still
pair up. O

Lemma 2.35. If two zigzags differ only by the relation (I), the corresponding sums
(2.14) are related by chimera relations.

Proof. Let a zigzag be given. After inserting identity morphisms if necessary, we
assume that it is alternating of the form

W, Wi W (2.17)

We choose opposites of all W; and define

Lo=WyoWjio---oWgo---0oW,
L’L:WnOW’)’L—lO"‘OWko"‘omOWlO".OWkO."OWn-

Then the zigzag (2.17) corresponds to the class

> (=1L (2.18)

i=0
We first consider a special case of how apply the relation (I). Let k& be odd and
Wy oU = Wi for some U. After inserting identity morphisms, the original zigzag
is equivalent to

Wo %% Wi—1 Loy (wy_1) U Wi4o Wi,
.H.H... . .%.%...H.
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(If Wi_1 is an inserted identity morphism, we should really remove two identity
morphisms, but this does not change (2.14).) Let

No=WooWio--oWy_yoUoWjyip0---0W,
N; =Wy oW,_10--0Wgig0U oWy_10Wj_g0

"'OWiOWiO"'OWk—lOUOWk_g_QO"'OWn

for0<i<k-—1and

Ni=Npp1=WpoWy_q10--0WgooUoUoWgigo---0W,.

For K+ 2 <i <n, let N; = L;. Then the new zigzag corresponds to

> (1[N (2.19)

=0

We may choose U = Wy, 0 Wj. For 0 <i < k— 1, we cut all L; between Wj,_
and W and all V; between Wj,_; and U. Then there are chimera relations

[Li] + [Nita] ~ [Lita] + [NG]
for all 0 < i < k — 2. There is an even number of i < k — 2. Moreover,
[Nig-1] + [Li] ~ [Li—1] + [Lg41]

by another chimera relation. Finally, Ny = Ny, and N; = L; for i > k 4 2. Hence
the two sums (2.18) and (2.19) are equivalent under the chimera relations.

If we consider the case Wy, = Wy 10U instead, [Lg] = [Ng] and there is a chimera
relation

[Li) + [Nk41] ~ [Lit1] + [Ng].

From these cases, the statement is easily deduced for n odd, k even, and the case
where all arrows are switched.
We could also apply (I) to replace

K’“_) Loy (wy) ) Wit ]

by
WkOWk+1
. —> .,

This only removes two identical terms with opposite signs from the sum (2.14).
All other applications of (I) may be given as a sequence of the moves considered

above. O

Lemma 2.36. A Type (1I) move does not change the sum (2.14).
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Proof. Let a zigzag

be given.
If W, is replaced by some W, by a Type (II) move, we may choose W; equal to
W . The manifolds in the sum (2.14) coming from the first zigzag are of the forms

WooWio---oWgo---0W,
WnOanlO”'OWkO”'WiOWZ'O"'OWko"'oanlOW’)’L'

By Lemma 2.29, replacing W, by W}, does not change the diffeomorphism classes,
so (2.14) is unchanged. O

Proof of Theorem 2.33. We need to see that the surjection
F/C — 71 (BCY)
is injective. Consider the composition
Z 5 F/C — 7 (BCY)

where Z is the set of all zigzags and 7 is defined by the formula (2.14). This is
well-defined by Lemma 2.34. By Lemma 2.35 and 2.36, 7 induces a well-defined
map 7 on the equivalence classes Z for the equivalence relation on Z generated by
the relations (I) and (II). But by Theorem 2.28, the composition

Z 5 F/C — m (BCY)

is bijective. Thus it is enough to see that 7 is surjective.

Let z € F//C. The chimera relations imply that [Wi] + [Wa] = [W; U W3]. Thus
we can represent x by an element [W] — [W’] € F. This is w(yw - 3w~), since we
may choose W' = (. O






Chapter 3

Low-Dimensional Calculations
of Homotopy Groups

Recall that we are interested in the homomorphisms
0" : g1 (Vay) = mg(MT(d, 7))

for ¢ < d. In particular, we would like to find some conditions under which this
map is injective. The groups m4—1(Vy,) have been calculated in [36] for < 6. The
purpose of this chapter is to compute the homotopy groups m,(MT'(d,r)) and use
this to show injectivity of " for certain values of ¢, d, and 7.

The computations are carried out by means of the Adams spectral sequence.
Therefore we recall this and the basic properties we need in Section 3.1. The input
for the spectral sequence is the cohomology of MT(d,r), so we determine this in
Section 3.3. To do so, we first need some notation and facts about the cohomology
structure of Grassmannians given in Section 3.2. In Section 3.4, we prove a perio-
dicity property for the spectra MT(d,r) that will come in handy. It also plays an
important role in the last two chapters of the thesis. The actual computations are
performed for the oriented spectrum in Section 3.5, in the spin case in Section 3.6
and 3.7, and in the unoriented case in Section 3.8 .

From the computations of m,(MT(d,r)) and the long exact sequence

= mg(MT(d—71)) = mg(MT(d)) = mg(MT(d,r)) — -+,

the groups my(MT(d — r)) may be determined. This also yields an identification of
the invariant 44(M). This is worked out in Section 3.9. Together, the results of this
chapter prove the claim of Theorem 1.3.

3.1 The Adams Spectral Sequence

If X is a spectrum of finite type, H*(X;Z/p) = l&nn ﬁ*+”(Xn; Z/p) is a module over
the mod p Steenrod algebra A, in the obvious way. If one knows the cohomology
structure of X, there is spectral sequence converging to the p-primary part of the
homotopy groups of X, i.e. m.(X) divided out by torsion elements of order prime to
p. This is known as the Adams spectral sequence:

47
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Theorem 3.1. For a connective spectrum of finite type, there is a natural spectral
sequence {E}", dy} with differentials dy, : EY' — EZTTN such that:

(i) By' = Exty (H*(X;Z/p),Z/p).
(ii) There is a filtration
. g FS+17t+1 g FS,t g . g FO,t—S — Wtfs(X)
such that Eégf = Fs’t/FSH’Hl.

(iii) N FTHR s the subgroup of m—s(X) consisting of elements of finite order
prime to p.

See e.g. [19] for the construction.
EX‘UZZ(H*(X; Z/p),Z]p) is defined as follows. Take a resolution of H*(X;Z/p),

i.e. an exact sequence
0+ H(X;Z/p) + Fo < Fy + Fy « -

where each Fj is a free Aj,-module. Then apply the functor Homi\p(—,Z/p), ie.
homomorphisms to the Aj,-module Z/p that lower degree by ¢t. The homology of
this dual complex at Fy is Extiitp (H*(X;Z/p),Z/p).

Naturality means that a map f : X — Y induces a filtration preserving map
f*: H*(Y;Z/p) - H*(X;Z/p). The extension to a map of resolutions defines a
map of spectral sequences.

There is a pairing

Ext’;l (Z/p,Z/p) ® Exty’ (H*(X;Z/p), Z/p) — Ext’ """ (H*(X; Z/p), Z/p)
defined algebraically using resolutions. This induces a product

— Yy / !
EZ’t ® Eli R s Ez+s S+t

where E denotes the spectral sequence for the sphere spectrum. The product con-
verges to the composition product

75(8%) ® m(X) = o (X).

That is, the composition product respects the filtrations given by the spectral se-
quences, and the induced product on F., agrees with the one coming from the
product on the spectral sequences. The differentials behave nicely on products:

d*(zy) = wdy(y) + (=1)"*di(2)y.
See [32] for a more detailed explanation of this product.
We are mainly interested in the elements hg € Ext}‘{i (Z/p,Z]p) corresponding
to a degree p map and h; € Ext}‘{i (Z/2,7./2) corresponding to the Hopf map. If

T € ES’t represents some map in m;_s(X), hox represents p times this map if it
survives to Fo. Similarly, hix corresponds to the map composed with the Hopf
map. Thus the product yields some information about extensions.



3.2. Cohomology of Grassmannians 49

3.2 Cohomology of Grassmannians

In this section we shall recall the cohomology structure of the Grassmann manifolds.
It also serves as an introdution of notation. A good reference for this is [35].

For a d-dimensional vector bundle p : £ — X, there is a Thom isomorphism
¢ : H*(X;7/2) — H**4(Th(E); Z/2) with Thom class v € H(Th(E): Z/2).

Definition 3.2. Let w;(E) € H'(X;Z/2) be the class ¢~ (Sq'(u)). This is called
the ith Stiefel-Whitney class of E.

Proposition 3.3. The Stiefel-Whitney classes have the following properties:
(i) wi(E) =0 fori>d.

(i) If f:Y — X is a map and E — X is a vector bundle, then
[ (wi(E)) = wi(f*E).
(i1i) For a sum E & F of vector bundles,

wi(E®F) = Zw] Jwi—;(F).

(iv) For the trivial vector bundle X x R, w;(X x R%) =0 for all i > 1.

If a vector bundle E splits as a sum F = E' ® R" for some (d — r)-dimensional
bundle E’, Proposition 3.3 (iii) and (iv) imply that w;(E) = w;(E’) for all . In
particular, wg_,4+1(E),...,ws(E) must vanish. However, this is not a sufficient
condition for the existence of r independent sections. For instance, the tangent
bundle of S? satisfies T'S? ® R = §? x R3. Thus w;(T'S?) = 0 for all i > 1, even
though 7'S? has no vector field without zeros.

Let w; denote the ith Stiefel-Whitney class for the universal bundle U; — BO(d),
and let R[zy,...,xx] denote the polynomial algebra over R on generators z; in
degree 1.

Theorem 3.4.

H*(BO(d); Z)2) = Z)2[wr, . . ., wd]
H*(BSO(d): Z)2) = Z,/2[ws, . . . , wd).

The restriction H*(B(d);Z/2) — H*(G(d,n);Z/2) is surjective in both the oriented
and unoriented case with kernel the ideal generated by

Wn+1, Wnt2, - - -

The classes w; are characterized by wg =1 and

E W;W;—j5 = 1.
J
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By Proposition 3.3 (iii), the direct sum map BO x BO — BO induces a comul-
tiplication A* : H*(BO;Z/2) — H*(BO;Z/2) ® H*(BO;Z/2) given by

J
If F — X is oriented, there is a Thom isomorphism with coefficients in any ring
R.

Definition 3.5. Let E — X be an oriented vector bundle of dimension d. The Euler
class e(E) € HY(X;R) is the pullback s*(u) of the Thom class u € HY(Th(E); R)
by the inclusion s : X — Th(E) of the zero section.

The Euler class vanishes if F allows a nowhere vanishing section.

Theorem 3.6. Let F' denote one of the fields Q and Z/p for p an odd prime. Then
H*(BO(d); F) = Flpu, ..., ppay]-

Here p; € H¥(BO(d); F) are the Pontryagin classes for the universal bundle. For
x € R, [z] denotes the integer part of x.

When d is odd, BSO(d) — BO(d) induces an isomorphism on cohomology with
coefficients in F'. For d even,

H*(BSO(d); F) = Flp, Py ed) /(€] —Pd)

where the p;’s are the Pontryagin classes for the oriented universal bundle and eq is
the Euler class in HY(BSO(d); F) for the oriented universal bundle with coefficients
in F. It satisfies the relation e?l =Paq.

2

3.3 Cohomology of the Spectrum

We are now ready to describe the cohomology groups of the spectra MT'(d,r). Unless
otherwise specified, everything works for both the oriented and unoriented spectrum.
We first consider cohomology groups with Z/2 coefficients understood. The
cohomology group H¥(MT(d)) is given by lim HF7(Th(U dLn)) The bundle U, dl’n
has a Thom class 4, € H"(Th(U dln)) The u,’s define a stable Thom class @ in
H°(MT(d)), and there is a Thom isomorphism given by cup product with @

o1 H*(B(d)) — H*(MT(d)).
That is, H*(MT(d)) is the free module over H*(B(d)) generated by .
Theorem 3.7. The map

H*(MT(d,r)) — H*(MT(d))

is injective with image the H*(B(d))-submodule generated by ¢p(wg—r11), ..., d(wq)-
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Proof. There is a long exact sequence
-+ — H*(BO(d),BO(d —r1)) = H*(BO(d)) - H*(BO(d —71)) — -+~ .
By Theorem 3.4 and naturality of the Stiefel-Whitney classes, the map
H*(BO(d)) — H*(BO(d —r))

is the surjection
Z)2[wn, ..., wq] = Z/2[w1, ..., we_].

Thus H*(BO(d), BO(d — 1)) is the exactly the kernel, i.e. the ideal generated by

Wd—r41,--+,Wq-
For any n, the Thom isomorphism yields a commutative diagram

| o

—— H*(G(d,n),G(d —r,n)) — H*(G(d,n)) —— HF(G(d —r,n)) — .

1%

Letting n tend to infinity, the claim follows. The oriented case is similar. O

The multiplication
H*(B(d))® H*(MT(d)) — H*(MT(d))

is also induced by the diagonal MT(d) — B(d);+ A MT'(d). This takes MT(d —r)
to B(d)4+ A MT(d — r). Hence there is a diagonal MT'(d,r) — B(d);+ A MT(d,r)
inducing the H*(B(d))-module structure on H*(MT(d,r)). The diagram

MT(d,r) — B(d)4 A MT(d,r)

fe] iAfoT

NNV, ——— SO A SONV,

shows that fy : H*(MT(d,r)) — H*(X>*XVg,) is a homomorphism of H*(B(d))-
modules when H*(X*°XV,,) is given the trivial module structure.

Theorem 3.8. Assume k < 2(d —r). Then

Z)2 ifd—r<k<d-1,
H*(Vy,) =10 ifk<d—r,
0 if d < k.

The map
H*(MT(d,r)) 75 H (£*%Vy,)

is the H*(B(d))-module homomorphism that takes ¢(wy) € HF(MT(d,r)) to the
generator in H*(XVy,.).
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Proof. There is a 2(d — r)-connected map RPI~1/RP"=1 — v,  see [23]. The
first claim follows from this.
Thus we just need to determine f;(¢(wy)). For r =1, fp is the inclusion

Zoo-i-dso N EOO+dB(d)+.

This clearly induces an isomorphism on H¢, and the claim follows. For general r,
the claim follows from the diagram

— H*(MT(d, 1)) — H*(MT(d,r)) — H*(MT(d — 1,7 — 1)) ——

b r

—— H*(XVy) ——— H* (EVg,) ————— H*(EVi1 1) ——
by induction. O

Let Cy denote the cofiber of the inclusion of spectra
fo: 2TV, — MT(d,r). (3.2)
Corollary 3.9. The cofibration (3.2) induces an injective map
H*(Cy) — H*(MT(d,r))
in dimensions k < 2(d — r) + 1 with image the H*(B(d))-submodule
H>°(B(d)) - H*(MT(d,r))
in dimensions k < 2(d —r).

Proof. This follows from the long exact sequence in cohomology for the cofibra-
tion (3.2) and Theorem 3.8. O

For the remainder of this section, let F' be either Q or Z/p for p an odd prime.
For MTSO(d), there is again a Thom isomorphism on cohomology with coefficients
in F'. This allows us to compute the cohomology groups with coefficients in F’

Theorem 3.10. In dimensions * < 2(d—r)+1, H*(MTSO(d,r); F) is isomorphic
to the free H*(BSO(d); F')-module on generators

P(5(eq_p)) € H"TH(MTSO(, r); F)
p(el) € H(MTSO(d,r); F).
Here § is the coboundary map and ¢ is the Thom isomorphism. Moreover, eq_,

is the Euler class in HY™"(BSO(d — r); F) and €/, maps to the Buler class in
H*BSO(d); F). These are zero exactly when d —r and d, respectively, are odd.
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Proof. In the following, all cohomology groups have coefficients in F'.
Look at the exact sequence

.. — H*(BSO(d), BSO(d — 1)) — H*(BSO(d)) — H*(BSO(d — 1)) — - --

The Pontryagin classes p; € H*(BSO(d)) map to the corresponding classes in
H*(BSO(d — r)). The Euler class e € H%(BSO(d)) maps to the Euler class
for the bundle Uy_, ® R", which is zero. Thus there must be a non-zero class in
HY(BSO(d), BSO(d — r)) that maps to eq, and similarly there must be something
hit all of H*(BSO(d)) - eq.

On the other hand, the Euler class eg_, € H*"(BSO(d — r)) is not hit by
anything, so d(eq_,) is non-zero, and similarly §(H*(BSO(d — r)) - eq—,) must be
non-zero. But this is equal to H*(BSO(d)) - 6(eq—,) in the relevant dimensions
by [8], Chapter VI, Theorem. 4.5. This combined with a Thom isomorphism yields
the result. O

Theorem 3.11. Assume that k < 2(d —r) and F is as in Theorem 3.10.

F ifk=d—r andd—r is even,
ﬁk(de;F) =< F ifk=d—1 andd is even,
0 otherwise.
The map fy : H*(MTSO(d,r); F) — H*(XVy,; F) is a H*(BSO(d); F')-module
homomorphism that maps 6(eq—,) to a generator of Hd_r+1(EVd7T;F) and €} to a
generator of HY(XVy,; F).

Proof. The proof goes more or less as in the Z/2 case. O

3.4 A Periodicity Map

Let a, be the number given by the table

r[1]1213]4|5]6]|7|8
ar | 1121414188818

(3.3)

for r < 8, and in general by a,+g8 = 16a,. The number a, is the least integer such
that R%+! is a module over the Clifford algebra Cl,. See [25] for details.
Theorem 1.4 can be stated as follows:

Theorem 3.12. S has r independent vector fields if and only if d is divisible by
Ar41-

The vector fields may be constructed in the following way. Assume that a,11 | d.
Then the Clifford algebra Cl, has a d-dimensional representation V. There is a
monomorphism R"! — (1, such that, for the standard orthonormal basis e, . . ., e,
for R™*! ey is mapped to the identity element and span{e,...,e,} is mapped to
the copy of R" in the degree one part of Cl,.. The Clifford multiplication restricts
to a bilinear multiplication R"*! x V' — V, and one can choose an inner product on
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V such that for all « € V, the inner product (e;x,e;jx) is zero for i # j and (z,x)
for i = j. In particular for € S, this means that egx, ..., e,x are orthonormal.
Since egz = x,  orthonormal vector fields on S%~! are given by ez, ..., e,x.

Let R™* = R?Y @ R* and assume a, | k. Then by the above, there exists an
orthogonal bilinear multiplication R” x R¥ — R*. This defines a map

fO : (Wd,ra Vdm) X (Dkvsk_l) - (Wd+k,r> Vd-i-k’,r) (3'4)

by
(Vo -+ vr—1, ) = (V1 —|z|?v0 + eox, . .., /1 — |2[?vr—1 + €r_1).
Lemma 3.13. The map fo : S¥SVy, — SVaip, from (3.4) is a (2(d —7) + k +1)-

equivalence.

Proof. The proof will proceed by induction on r. For r = 1, the map
(desdfl) % (Dk, Sk*l) N (Dd+k, Sd+k71)
is given by

(z,y) = (V1—|z]Py + 2),
which is a homeomorphism S% A §* — Stk
More generally, look at the map ¢ : S*7 — V4, mapping vy € SI=" to the
frame (vg,u1,...,ur—1) where uy,...,u,—1 are the first r — 1 standard basis vectors
in R? and vy € R is included in R? = R"~! @ R 7*1. The following diagram
commutes up to homotopy

k
Shngdr 220 sk,

L

—r 29
ESd+k T — EVd—&-k,r-

A homotopy is given by applying to the (i + 1)th vector the homotopy

F(z,v0,t) = /(1 — t2)|z]2 + (1 — |z]2)|vo|us + te;z. (3.5)

Both ¢’s in the diagram induce isomorphisms on cohomology with Z/2 coefficients
in dimension d —r + k 4+ 1. Furthermore, the right hand fy induces an isomorphism
in this dimension, so the left hand fy must also be an isomorphism in dimension
d—r+k+ 1. Similarly, one can see that fy induces an isomorphism on cohomology
with Q and Z/p coefficients in this dimension.

Finally consider the map h : Vg, — Vi ,_1 that forgets the last vector. This is
an isomorphism on cohomology in dimension d —r + 1,...,2(d — r). This follows
e.g. from the Serre spectral sequence for the fibration S~ — Var — Var—1. The
diagram

h
EkJrl Vd,r .y EkJerd,r—l

o,

h
YVarkr — XVirkr—1
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commutes. Thus the left vertical map induces an isomorphism on cohomology in
dimensions d + k —r+2,...,2(d —r) + k + 1, since the other three maps do so by
induction. Similarly with Q and Z/p coefficients.

By the universal coefficient theorem for homology, fy also induces an isomor-
phism on homology with integer coefficients, see e.g. [18], Corollary A3.6. So by the
Whitehead theorem, the map is a (2(d — r) + k + 1)-equivalence. O

Since fy is independent of the coordinates in R?, it extends to a map
f+ We(Uqn), Vie(Ugn)) x (D*,S*71) = (Wi (Uasrn) Ve (Uatkn)

given by

f(Vivg,oo o op,2) = (V eRF /11— |z|2v0 + eozy ...y /1 — |20 1 + ep1 ).

This defines a map f : MTO(d, r)AS* — MTO(d+k,r). For MTSO and MTSpin,
the map can be constructed similarly.

Theorem 3.14. For MTO and MTSO, the map f induces an isomorphism of
H*(B(d + k);Z/2)-modules

H* ™M (MT(d+ k,r);Z/2) — H*(MT(d,r); Z/2)

in dimensions x < 2(d—r+1). It takes the generators ¢(Wat+k—r+1), - - -, P(Wark) to
d(Wa,41)s -+ d(wg). In the MTSO(d,r) case, f is a (2(d—1r+ 1) + k)-equivalence.

In the following, ¢(w;) € H (MT(d,r);Z/2) will just be denoted by w; for sim-
plicity.

Proof. Consider the diagram

oottty IO Sk MT(d, ) SEMT(d, ) A B(d)

lfo Jf l FAi (3.6)

2oty 0 MT(d 4 k) —— MT(d + k) A B(d + k).

By Theorem 3.7, H*(MT(d+k,r);Z/2) is isomorphic to the free H*(B(d+k);Z/2)-
module on generators wWqyg—r41,- .-, Wtk 0 dimensions * < 2(d + k —r + 1) and
H*(MT(d,r);Z/2) is the free H*(B(d);Z/2)-module generated by wg_,t1,...,wq
up to dimension 2(d — r + 1). Moreover, i* : H*(B(d + k);Z/2) — H*(B(d);Z/2)
is an isomorphism up to dimension d, and f* respects the module structure by
the right hand side of the diagram. Thus we just need to check that f* maps
Wit k—r41, - - - » Wtk 1O Wa—ry1, ..., W4

It obviously takes wgyg_r11 to wg_ry1 by the left hand side of the diagram. In
particular, this proves the claim for » = 1. For general r, it follows by induction and
the diagram

H*(SFMT(d,r —1);72)2) —— H*(SFMT(d, r); Z/2)

d r]

H*(MT(d + kv — 1);2)2) —— H*(MT(d + k,1); Z/2).
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In the oriented case, a similar argument shows that f* is a (2(d —r + 1) + k)-
equivalence on homology with Q and Z/p coefficients for p > 2. So by the universal
coefficient theorem, the same holds with integer coefficients. This implies that f is
a (2(d —r + 1) + k)-equivalence. O

Theorem 3.14 and the diagram (3.6) implies:

Corollary 3.15. There is a commutative diagram

g (SVay) — s 1 (MTSO(d, 7))

|5 E

Tak (SViikr) —— Tk (MTSO(d + k, 7).

For all ¢ < 2(d — r + 1), the vertical maps are isomorphisms.

3.5 Calculation of Homotopy Groups

We are now ready to calculate the homotopy groups of MT'SO(d,r) in low dimen-
sions. We want to make use of the Adams spectral sequence described in Section 3.1,
so we need to compute Exti’li(H*(MTSO(d, r);Z/p),Z/p). Thus we start out by
describing the structure of H*(MTSO(d,r);Z/2) as a module over the mod 2 Steen-
rod algebra As. Throughout this section, all cohomology groups have coefficients in
Z/2 unless explicitly indicated.

By Exercise 8-A in [35], the Ag-action on w; € H(BO(d)) is given by the formula

ko .
i—k+5—-1
S¢¥(wi) = < j] )wi—l-jwkj' (3.7)
J=0

Together with the Cartan formula, this yields formulas for the As-action on all of
H*(BSO(d)). Consider the Thom isomorphism

¢ : H(BSO(d)) — H (MT(d)).
It follows from the definition of the Stiefel-Whitney classes that
Sa(é(x)) = ¢(Sq(x) < w(U7))

where Sq = Y Sq’ denotes the total square, w = Y, w; is the total Stiefel-Whitney
class, and

w(Uy) = lmw(Ug,) € lim H*"(Th(Ug,)) = H*(MT(d)).

By Proposition 3.3, w(U, dl) must satisfy
w(lUa) - w(Ug) = 1,

so the w;(Uz) = w; can be computed from w(Uy) inductively.
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In this way we obtain formulas for the Steenrod action on H*(MTSO(d)),
and these formulas hold in H*(MTSO(d,r)) as well by naturality of the Steenrod
squares.

The table below shows how Ajs acts on H*(MTSO(d,r)) in low dimensions. The
middle column displays a Z/2-basis for the cohomology in each dimension, and the
right column shows how the Steenrod algebra acts on these basis elements.

i [ H(MTS0(d,r)
d—r+1 We—r41
d—r+2 Wa—y+2 Sq (wa—ry1) = (d = 7)Wa_ri2
d—r+3 Wd—r+3 qu (wd—r-‘rl) = (dgr) Wd—r+3
WoWg—r41 Sq (Wi—ri2) = (d =7+ Dwa_ri2
d—r+4 W3WG—p41 Sq'?(wg—ri1) = (d—7) (dgr)wd—rﬂ
WaWd—r+2 SN (wg—ry1) = (d—r+1) (d_£+1)wd—r+4
Wd—r14 S (Wa—rt2) = (Y5 ) wa—rsa
Sq' (wg—r13) = (d — 1) W4yt
Sq' (wowg—r41) = W3wa—ri1 + (d — T)WeWa—_ri2

We notice that the formulas depend on d and r, so it is necessary to consider
the special cases seperately to get a clear picture.

In each case, the Adams spectral sequence can be applied. Recall from Section 3.1
that we must construct a resolution

H*<MTSO<d,7“)> — F() — F1 — Fg- s

In Figure 3.1, such a resolution is constructed in the special case d = 3 mod 4 and
r = 4. First a basis for H¥3(MTSO(d,4)) is chosen. Then all squares have been
computed and, if necessary, a minimal number of classes in H4=2(MTSO(d,4)) have
been added to get a basis for H4~2(MTSO(d,4)). Again all squares are computed
and classes have been added to get a basis for H4~'(MTSO(d,4)) and so on. These
added basis elements form a generating set for H*(MTSO(d,4)) as an As-module.
Let Fy be the free module with a copy of As for each of these generators and
Fy — H*(MTSO(d,4)) the obvious surjection. Now the process is repeated with
H*(MTSO0(d,4)) replaced by Ker(Fyp — H*(MTSO(d,4))) and Fy replaced by Fj.
When Homf42 (—,7Z/2) is applied to the resolution, we get a space dual to the space
of generators of the free modules in dimension ¢. Since the chosen resolution is
minimal in the sense of [19], Lemma 2.8, the sequence is now exact, i.e.

Ext’ (H*(MTSO(d,4)),Z/2) = Hom'(F,, Z/2).

So each generator of the free modules corresponds to a copy of Z/2 in Es.

In Figure 3.1, the grading of the modules is shown vertically and an element in
F is displayed next to its image in Fs_1. When s > 3, Fj is zero in dimensions less
than or equal to d + s. From this, the Es-term is determined, see Figure 3.5. Each
dot represents a Z/2 summand. A vertical line represents multiplication by hg, while
a sloped line indicates multiplication by hp, see Section 3.1. This multiplication can
be read off from the resolution, e.g. 7 = hia} because 31 maps to Sq?(a;).
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t Ht(MTSO(d,T)) F() F1 FQ
d—3 Wd—3 I
d—2 Sq' (wa—3) = wg_s Sq' (21)
d—1 Sq*(w4—3) = wa—1 Sq*(x1)
WoaWq—3 Z2
d Sql 2 (wy_3) = wy Sq'?(x1)
S¢*H (wg—3) = 0 Sq*t (1) aq
Sq' (wawg—3) = wswg—3 + wowg—o | Sq'(x2)
W3wWq_3 T3
d+1 Sqt(wa—3) = wawg—2 + wowg_1 | Sq*(z1)
Sqt?H(wg—3) =0 Sq'>1(x1) | Sq'(an)
Sq*(wawy—3) = wiwg—3 + wswg—o | S¢*(2)
Fwa2wq—1
Sq' (wwy—3) = wzwg—2 Sq' (x3)
W4Wq—3 T4
d—+2 SqQ(al) 51
d+3 Sq*(B1)

Figure 3.1: Resolution of H*(MTSO(d,4)) for d = 3 mod 4.

The constructions of the resolutions in the remaining special cases have been
omitted here since they would take up too much space. The Es-terms are shown
in the following figures, and in each case, the differentials are determined and the
extension problem is solved.

To do this, we will need naturality of the Adams spectral sequence. One needs
to know the resolutions in order to see what the maps between the spectral se-
quences look like. Hopefully, the reader will believe the naturality claims made in
the following.

Another fact that is helpful when trying to solve extension problems is

HY(X,Q)=m(X)eQ (3-8)

for all spaces X, see [19], Chapter 1. This means that we already know the free part
of the homotopy groups from the cohomology structure. We also need to know the
homotopy groups m4(Vy,), see [36].

Recall that m,(MTSO(d, 1)) = W;(Sd) @ Wg(EdBSO(d)).

Theorem 3.16. m,(MTSO(d, 1)) is given by the following table for ¢ < 2d:

q d d+1 d+2 d+3 d+4 d+5
Trdg(sd) Z Z]2 ZJ2 7/24 0 0
T (XBSO(d)) 0 0 72 0 ZozZ/2 7)2

Proof. The first line is well-known. Since MTSO(d,1) = $>*4 v £°+4BSO(d),
the Adams spectral sequence splits as the sum of the sequence for S and the
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S ., S
BSO(d) Cy
2 2
1 . 1
0 . . 0 . .
d+2d+3d+4d+5 t;S d—r+3 d—r+4 t;s

Figure 3.2: The Adams spectral sequence for BSO(d) and Cy.

sequence for X°+t¢BSO(d). The Es-term of the BSO(d) part is shown in Figure 3.2.
It follows from the formula dy(hoz) = hodi(z) that there can be no differentials in
this part of the sequence. This yields the second line. ]

Corollary 3.17. The map

0% : a1 (Vi) — Tare(MTSO(d,2))
is ingective for d > 5.
Proof. Consider the diagram from Proposition 1.30

Tara(MT(d, 1)) — mapa(MT(d — 1,1)) — mapa(MT(d, 2)) — Tar2(MT(d, 1))

R A

Taro(Var) ————— a1 (Va—11) ————— a1 (Vaz) ——— may1(Va)-

The first two vertical maps are isomorphisms by Theorem 3.16 and the fourth is
injective by Theorem 1.31, so the third is injective by the 5-lemma. O

Lemma 3.18. Forr > 1 and ¢ < 2(d —r) — 1 and Cy the cofiber of (3.2), the
homotopy groups m4(Cy) are given by:

q g<d—-r+2 d—-r+3 d—r+4
74(Co) 0 7)2 72

Proof. The cohomology structure with Z/p coefficients is given in Corollary 3.9 for
p = 2, and otherwise it is the kernel of the map in Theorem 3.11. Only in the
p = 2 case, anything interesting happens in dimensions ¢ < d — r + 4. The relevant
part of the spectral sequence is shown in Figure 3.2. Obviously, there can be no
differentials, and the claims follow. O



60 Chapter 3. Low-Dimensional Calculations of Homotopy Groups

Corollary 3.19. Ford —r > 2,
0" : 7Tdfr+2(vd,r) — 7Td71"+3(MTSO(da 7n))
is injective with cokernel Z/2. In particular, it is not an isomorphism.

This is contrary to the éﬁ defined by Atiyah and Dupont, which was an isomor-
phism in this dimension.

Proof. 1t follows from the long exact sequence

o T (SV) 5w (MT(d, 1)) = 7g(Co) = 7 (SViy) — - (3.9)

combined with Lemma 3.18 and Corollary 1.36 that the cokernel must be Z/2. O

Theorem 3.20. For g < 2(d — 1), mg(MTSO(d,2)) is given by the table:

q d—1 d d+1 d+2
deven Z ZBZ/)2 Z)20Z/20Z/2 Z/A8SZL/2
dodd 7)2 172 Z/4® L2 7)4® 7,2

Proof. Again we consider the Adams spectral sequence for the 2-primary part. The
Es-term is shown in Figure 3.3. We immediately see that the (d — 1)th and the dth
column must survive to Fo, in both cases. In the even case, this is true by (3.8) since
we know the cohomology with Q coefficients has a Q in each of the two dimensions.

For d even, consider the long exact sequence for the pair (X°XV, 9, MT'SO(d, 2)).
The homotopy groups of Vj 2 are known from [36], and the homotopy groups of the
cofiber are calculated in Lemma 3.18. Inserting the known groups in the exact
sequence (3.9) yields the following:

s LJADL)2 — Tapa(MTSO(d,2)) — Z/2
— Z/2®Z)2 — g1 (MTSO(d,2)) — Z/2

It follows from Theorem 1.31 that the last map is surjective. By Corollary 3.17, the
first map is injective and by Corollary 1.36, the third map is zero. Thus the third
and fourth column in the spectral sequence survive to F,, otherwise the groups
would be too small for the exact sequence. The odd case is similar.

Most of the necessary information about extensions is given by the vertical lines.
In the even case, there may still be an extension problem in dimension d + 1. Note,
however, that under the map induced by MT'SO(d—1,1) — MTSO(d,2) on spectral
sequences, the generator of EL0 45 nit by something representing a map of order
two. But the map is induced by a filtration preserving map of homotopy groups.
Thus, the generator cannot represent a map of order greater than two.

When d is odd and p > 2, H*(MTS0O(d,2);Z/p) = 0 in the relevant dimensions,
so there is no p-torsion.

When d is even,

H* (MTSO(d, 2): Z/p) = 8(ea—s) - H'(MTSO(d): Z/p) ® eq - H* (MTSO(d); Z/p)
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in low dimensions. Since d(e4_2) maps to zero under the map
HSYMTSO(d,2);Z/p) — HY(MTSO(d); Z/p),
so must all Steenrod powers of §(e4_2). That is, they all lie in the kernel, which is
S(ea_s) - H (MTSO(d); Z/p).
On the other hand, the map
H*(MTSO(d,2); Z/p) — H*(MTSO(d — 1,1); Z/p)

is injective on d(eq_o) - H*(MTSO(d); Z/p). Since 6(eq—2) maps to the generator of
the H?=1(S9=1; Z/p) summand and all Steenrod powers of this are zero, all powers
of d(eq—2) must be zero in H*(MTSO(d,2),Z/p) as well. Using this, the Adams
spectral sequence immediately shows that the only p-torsion is a Z/3 summand in
dimension d + 2. O

Theorem 3.21. For ¢ < 2(d —2), 7y(MT'SO(d, 3)) is given by the following table:

q d—2 d—1 d d+1
d=0mod4d 72 72 LOLIAB L2 Z2oL20Z)2
d=1mod4 Z Z/4 7)2 6 7,/2 7)24® 7,)2
d=2mod4 Z/2 0 ZSL/2BZ)2 /2B 7Z)2

d=3modd 7 Z/267/2 Z/267/267/2  7/A8®Z/4

Proof. Consider the spectral sequence for the 2-primary part shown in Figure 3.4.

For d = 1,2 mod 4, we immediately see that the first three columns survive to
E. Now, if d = 1 mod 4, we fill in the already computed groups in the exact
sequence for the pair (MT'SO(d — 1,2), MTSO(d, 3)). This yields

7)2® L)2 = 7J16 & 7)2 — mq (MTSO(d, 3)) — Z/2,

80 ma+1(MTSO(d,3)) must contain elements of order at least 8. Thus there can

be no differentials hitting h%y where y € EgH’O is the generator. The other dot in

d+1,2 . d,1
E2Jr “is hyz for some non-zero x € E,". But under the map

g: MTSO(d,3) — MTSO(d,2),

this x is mapped to g, (), which is non-zero in the spectral sequence for MTSO(d, 2),
and hjg«(x) survives to Fo. From the resolutions we see that g.(hiz) = hig.(z).
Therefore, since g.de = da2gs, h1x is not hit by any differential. Also, g*(h%y) = 0.
We conclude that ds : E;HQ’O — Egﬂ’2 is zero.

For d = 2 mod 4, the only unknown differential is ds :
However, we may apply naturality of the Adams spectral sequence to the map
g : MTSO(d—2,1) - MTSO(d,3). There is a y € E;dH’O in the spectral se-
quence E' for MTSO(d — 2,1) that maps to the non-zero element z € E‘QHZ’O. We
know da(y) = 0 from the r = 1 case, so

da(z) = da(g«(y)) = g+(d2(y)) = 0.

BIT20 o pdtt2
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s d odd

d—1 d d+1d+2 t—s

d even

d—1 d d+1d+2 t—s

Figure 3.3: The Adams spectral sequence, r = 2

1 d=0mod 4
s :
2
1
0 . .
d—2d—-1 d d+1 t—s
1 d=2mod 4
s :
2
1
0 . . .

d—2d-1 d d+1 t—s

I d=1mod4

d—2d-1 d d+1 t—s

t d=3mod14

d—2d—-1 d d+1 t—s

Figure 3.4: The Adams spectral sequence, r = 3.
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In the case d = 0 mod 4, there is a possible differential ds : E’SH’O — E’g’2.

However, we have a map MTSO(d — 1,2) — MTSO(d,3). By comparing the
spectral sequences, we see that this differential must be zero. There is also a dif-
ferential do : Eg+2’0 — Eg+1’2, but a comparison with the spectral sequence for
MTSO(d — 2,1) shows that this is zero. Both are similar to the d = 2 mod 4 case.

In the case d = 3 mod 4, we see that the differential ds : EgH’O — E§’2 must
be zero, again by comparing with the spectral sequence for MT'SO(d — 1,2). There
could be an extension problem in dimension d, but this is solved exactly as in the
r = 2 case.

The p-primary part for p > 2 is determined precisely as in the r = 2 case.

Finally there are extension problems in the even cases in dimension d+ 1. Insert
the groups found in the exact sequence for the cofibration

MTSO(d—2,1) - MTSO(d,3) - MTSO(d,2).
For d =0 mod 4, this yields:

Z)24 = mg (MTSO(d,3)) = Z/2® L)2 ® 7/2
> Z)202)2 — LOLASL2 —  LSL/2

We see that the third map must be zero, so mg+1(MTSO(d,3)) = Z/2®Z/2®Z/2
is surjective, and thus an isomorphism. The case d = 2 mod 4 is similar.

The only remaining problem is when d = 3 mod 4 and ¢ = d 4+ 1. The result in
this case will follow from the cases r = 4,5 in the next theorem. O

Theorem 3.22. For q < 2(d —3), mg(MTSO(d,4)) is given by:

7 d—3  d—2 d—1 d
d=0modd Z Z26Z)2 Z2oL26Z)2 LoL/RB®L/A
d=1mod4d Z/2 Z)2 7./8 & 7)2 7.)2 ® 72
d=2mod4 Z Z/4 Z]2 Z®L/24
d=3modd Z/2 0 726 7,)2 7.)2 ® 72

For d even and q < 2(d —4), mg(MTSO(d,5)) is given by:

q d—4 d—3 d-—2 d—1 d
d=0mod4d Z/2 0 Z260ZJ]2 Z20Z)2 ZoLIRGLI2® L2
d=2modd Z/2 Z)2 Z/2&Z/8 )2 7®7)2

Proof. The calculation of the p-primary part for p > 2 is again similar to the case
r = 2. The spectral sequences for p = 2 are shown in Figure 3.5 and 3.6. For r = 4,
the first two columns in all four diagrams must survive to F.

For d = 1 mod 4, the only possibly non-zero differential is ds : Eg’o — ngw,
but the generator of E;l,o in the spectral sequence for MTSO(d — 1,3) is mapped
to the generator of Eg’o in the spectral sequence for MTSO(d,4) under the map
of spectral sequences induced by MTSO(d —1,3) — MTSO(d,4). This forces the
differential to be zero.
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d=0mod4

d=1mod4

d—3d—-2d-1 d t—s

d=3mod4

s

d—3d—-2d-1 d t—s

Figure 3.5: The Adams spectral sequence, r = 4.

2
1
0 L] o0
d—3d—-2d-1 d t—s
1 d=2mod 4
s : :
2
1
O . .
d—3d—-2d—-1 d t—s
1 d=0mod 4
s :
2

g/

d—4d-3d—-2d—-1 t—s

d=2mod4

d—4d—-3d—-2d-1 t—s

Figure 3.6: The Adams spectral sequence, r = 5.
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When d = 3 mod 4, there is a differential ds : Eé”l’o — Eéi 2, Comparing with
the spectral sequence for MTSO(d — 3,1), one sees that this differential must be
zero. The extension problem in dimension d is solved using the case MT'SO(d—1, 3).

When d = 2 mod 4, there may be a non-zero d : EgH’O — ES’Q. But one of the
generators of E2d+1,0 is in the image of the spectral sequence for MTSO(d — 3,1),
so the earlier results imply that the differential must be zero on this element. The
other generator is in the image of spectral sequence for MTSO(d — 1,3) where we
also know the corresponding differential to be zero.

Finally, for d = 0 mod 4, the differential ds : Eg’o — Egil’Q must be zero. One of
the generators of Eg 0 is in the image of the spectral sequence for MT'SO(d — 1, 3),
and the other one is in the image of the spectral sequence for ¥°°¥V; 4 under the
map induced by fp. Using our knowledge of the homotopy groups of V;4 and thus
the spectral sequence, the differentials must be zero. The extension problem in
dimension d — 1 is solved as in the case r = 2.

The dth column is a bit more complicated. One of the generators in Egﬂ’1 is
in the image of the spectral sequence for MTSO(d — 3,1). The other one is hiz
for some x € Eg’o. Thus da(h1z) = hide(z) + da(h1)x = 0. In E‘QHLO, one of the
generators is in the image of the spectral sequence for MT'SO(d — 3,1), while the
other one is in the image of the spectral sequence for MT'SO(d,5). Thus, we just
need the corresponding differential to be zero in the sequence for MTSO(d,5).

The results for MTSO(d,5) for d even again follow by comparing the spectral
sequences with those for lower r. The only problem is when d = 0 mod 4. By
Corollary 1.36,

95 : Wd_l(vdﬁ) — Wd(MTSO(d, 5))

is injective when d is divisible by 8. Since mq_1(Vy5) = Z®Z/8, also mqg(MTSO(d,5))
must contain torsion of order eight. Thus there cannot be any non-zero differential
dy, : EZH’O — Eg’k. This implies that the remaining differential for MTSO(d,4)
must be zero when 8 | d, and by periodicity, this holds for all d = 0 mod 4.

In the next theorem we shall see that 6° is also injective when d = 4 mod 8,
proving the claim also for m;(MTSO(d,5)) when 8 { d by a similar argument. [

The above computation allows us to improve Theorem 1.31 further.
Theorem 3.23. For2r <d-—+1
0" mqg—1(Vay) = mg(MTSO(d, 1))
is injective for d even and r < 6. For d odd and r = 4, it is not injective.

Proof. For d = 2 mod 4, the exact sequence for the pair (MTSO(d,4),2*°%XV,4) in
dimension d becomes

szez/12 5 202/24 - 2)2 > 0.

Since this is exact, §* must be injective.
For d = 0 mod 4, the exact sequence for the pair (MTSO(d,4),X*°XV;4) in
dimension d becomes

4
SZOL/UDLA S TOT/A8BT/A — T2 — 0.
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Again this is exact, so #* must be injective.

For r = 5,6, the claim follows as in the proof of Theorem 1.31 by a diagram
similar to (1.11).

For d odd, the long exact sequence for the pair (MTSO(d,4),5>°¥Vy4) in di-
mension d yields

~zpez2 S zrene 22

where the last map is surjective. We see that #* cannot be injective. 0

Remark 3.24. Consider the case r = 4 and d = 3 mod 8. Let = € m4(S%) = Z be
the canonical generator, and consider the long exact sequence for the fibration

Viaa = Vg1 5 — S%

Then O(z) € mg—1(Va4) is the index of four vector fields on S¢ with one singularity.
If we insert the computed groups in the diagram from Proposition 1.30 for k = r —1,
we see that

BH(s?) = 6*(0(x)) = 0,

even though S does not allow four independent vector fields according to Theo-
rem 3.12.

3.6 The Spin Case

The cohomology of BSpin(d) is more complicated. The map BSpin(d) — BSO(d)
induces a map

H*(BSO(d);Z/2) — H*(BSpin(d);Z/2).
Let J; denote the ideal in H*(BSO(d);Z/2) generated by

Wo, Sql(wg), Sq2Sq1(w2), e Sq%“dSqiad e Sql(wg). (3.10)

Here aq is the power of 2 given in the table (3.3). Quillen showed in [37]:

Theorem 3.25. The kernel of H*(BSO(d);Z/2) — H*(BSpin(d);Z/2) is exactly
Jq and
H*(BSpin(d);Z/2) = H*(BSO(d);Z/2)/Jq & Z/2[v,,).

Here vy, 1s a class in dimension aq.

Lemma 3.26. The generators of Jg are of the form

2k71

Sql(wz) :U}2k+1+ ijwgk_J+1+ . (311)
Jj=2

2]671

Sq

The dots indicate terms that are products of more than two w;’s. In particular,
w; € Jg if and only if i = 2,3,5,9.
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Proof. The formula (3.11) is obviously true for k¥ = 1. Now suppose that it is true
for kK — 1. Then

ok—1

k k
Sq* -+ Sq (wa) = S¢° (war g + Z Wjwgk _jyy + o)
=2

k
Sq* (wyrq) + -+

k

2 (2R 1) -2k 45— 1
Z . w2k+j+1w2k,j + Tt
=0

J
ok

= w2k+1+1 + E ij2k+1_j+1 + .-
Jj=2

The first equality follows by induction. The second equality follows from the Cartan
fomula

2k j 2k _j ji—1 2k _j41
Sq” (wjwar_j 1) = S’ (w;)Sq™ 7 (war 1) + 5S¢ (w;)Sq al (war_j11)
2q,2F—j 2 j—1
= w;8q” " (wok_jyq) + ka,jHSqJ (wy).

Here each term is a product of more than two Stiefel-Whitney classes. The third
equality is the formula (3.7).
For the last statement we calculate

Sq' (w2) = w
S¢?(ws) = ws + waws
Sqt(ws + wows) = wg + wrwy + wews + wiwy + wg + wiws + wiws.

We see inductively that ws, ws, w5 and wg belong to J;. However, for k > 4, the
relation becomes

2k—1
Waky1 = Z WjWak _jyq +
§=0
and here the right hand side does not belong to Jj. O

Theorem 3.27. H4(BSpin(d), BSpin(d —r);Z/2) is isomorphic to the kernel of
HY(BSpin(d);Z/2) — HY(BSpin(d —r);Z/2)
for q < aq_,, and the map
p*: HY(BSO(d),BSO(d —r);Z/2) — HY(BSpin(d), BSpin(d —r);Z/2)
is surjective with kernel Jg N H1(BSO(d), BSO(d —1);Z/2).

Proof. In the following, coefficients in Z/2 are understood. There is a map of long
exact sequences

H*(BSO(d), BSO(d — 1)) — s H*(BSO(d)) —"— H*(BSO(d — r))

’ | i

H*(BSpin(d), BSpin(d — 1)) —— H*(BSpin(d)) —— H*(BSpin(d —r)).
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Since both 7* and p™* are surjective in dimensions less than a4_,, we see that
i'* is also surjective, so H%(BSpin(d), BSpin(d — r)) is just the kernel of i* when
q<aq—y.

Thus we just need to describe

Ker(Z/2wa, ... ,wq]/Jqg — Z/2[w2, ..., wa)/J;_,) (3.12)
where J),_ is the ideal generated by Jy_, and wg—r1,...,wq. We must show that
this is

Ker(Z/2[wa, ..., wq] = Z/2[wa, ..., wq—|)/J (3.13)

where J = Jg N Ker(Z/2]ws, ... ,wq] = Z/2[ws, ..., wi_]).

Clearly, there is an injective map from (3.13) to (3.12). Now, let P be some
polynomial in the Stiefel-Whitney classes representing an element in (3.12). Then
P e Jc,l—r' Let gi1,...,9m denote the generators of J; in dimensions up to ag_,
given by (3.10) and g¢f,...,q,, the generators of J;_, given by (3.10). Under the
map H*(BSO(d)) — H*(BSO(d —r)), g; maps to g, by naturality of the Steen-
rod squares. Thus, g; and ¢, differ only by an element of the ideal generated by
Wi—r41, - - -, Wq. This means that {g1,..., gm, Wi—ri+1,-..,wq} is also a set of gene-
rators for J,_ . So for suitable polynomials Aq,..., Ay, and p1, ..., fiy,

P=Xgi+ -+ Angm + p1wd—r1 + - -+ + prwg.

But A1g1+- - -+ Amgm € Jgso P represents the same element as pjwg—p11+- - -+ prwy
in Z/2[ws, ..., wq]/Jq. This lies in (3.13), so the map is also surjective. O

Corollary 3.28. Assume 2r < d and 9 < d —r. In dimensions * < 2(d —r),
H*(MTSpin(d,r);Z/2) is isomorphic to the free H*(BSpin;Z/2)-module on gene-
rators

p*(wd—r-i-l)v s ,p*(’UJd)

where p* is as in Theorem 8.27.

Proof. By Theorem 3.27, it is enough to show that
JaN HYBSO(d),BSO(d—1);Z/2) C Jg- H*(BSO(d), BSO(d —r);Z/2)

for all ¢ < 2(d — 7). Let g denote the generator of .J; of degree 2F + 1 given in
(3.10). Suppose

A0go + -+ Amgm € JgN HY(BSO(d), BSO(d —r);Z/2)

where m is unique with the property d —r < 2™ +1 < 2(d — r). Then the image in
HY(BSO(d —r);Z/2) must be zero. But this is also >, A\jg; € Ja—» where the g}
are the generators of J;_, and A} is the image of A;. The g; form a regular sequence
in the sense of [37]. Hence we conclude that A/, belongs to the ideal generated
by gfs---,9h,_q1- Since deg(Ay) < d — 7, also Ay, lies in the ideal generated by
go,---,9m—1- Rearranging the terms, we may assume A,, = 0. But none of the
gr with k < m contains terms involving wq_,1,...,wyq for degree reasons. Thus
we can choose all Ag,..., Ap—1 in H*(BSO(d), BSO(d — r);Z/2). This proves the
claim. O
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Theorem 3.29. Let F be either Q or Z/p for p an odd prime. Then
H*(MTSO(d,r); F) - H*(MTSpin(d,r); F)
s an tsomorphism.
Proof. Consider the fibration
BZ/2 — BSpin(d) — BSO(d).
Since H*(BZ/2, F) = 0, it follows from the Serre spectral sequence that
H*(BSO(d); F) — H*(BSpin(d); F)
is an isomorphism. By the 5-lemma,
H*(BSO(d),BSO(d —r); F) — H*(BSpin(d), BSpin(d —r); F)
is an isomorphism. A Thom isomorphism yields the result. O

Corollary 3.30. The periodicity map X% MT Spin(d,r) — MTSpin(d+ a,,r) is a
(2(d — r) + a, — 1)-equivalence for 2r < d and 9 < d —r.

Proof. 1t is enough to see that
H (MTSpin(d + ay,r);Z/2) — HI(MTSpin(d,r); Z/2)

is an isomorphism for ¢ < 2(d — r). This follows because the periodicity map for
MTSO(d,r) takes Jytq, - H*(MTSO(d + ay,7)) to Jg- H*(MTSO(d,r)). O

We will also need some information about the As-action on H*(MTSO(d);Z/3).
Let P! denote the first Steenrod power. It is shown in [6] that

1 2 .
P (Cj_Q) =CiCj—1 — 202Cj_2 —c1¢j—1 + J¢j

where ¢; € H*(BU(d);Z/3) is the ith Chern class. Since p; = ¢g*((—1)7ca;) under
the map g : BSO(d) — BU(d), we get

Pl(pi-1) = 2p1pj—1 — 2p;- (3.14)

See [35] for the relation between Chern and Pontryagin classes.

3.7 Calculations in the Spin Case

The above considerations in cohomology allow us to calculate the homotopy groups
wg(MT Spin(d,r)). We will only consider dimensions ¢ < d —r 4+ 9 and assume
q < ag—r. Then the cohomology with Z/2 coefficients is just HI(MT'SO(d,r);Z/2)
with the relations

wgzw3:w5:w9:0

(3.15)
w17 + waw1z + wewi1 + wrwig = 0
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as the only relevant ones.

In the following table, a basis of HY(MT Spin(d,r);Z/2) is shown for low values
of q. Of course, when d —r + k > d, then wy_,+; = 0 is understood. To avoid the
relations (3.15), we will assume d —r + 1 > 9, and when we deal with cohomology
in dimensions ¢ > d — r + 7, we also assume ¢ — 7 > 10.

¢ [ H(Va,) H9(Cy)
d—r+1 Wd—r4-1
d—r+2 Wd—r+2
d—r+3 | Wwig_rt3
d—r+4 | Wi—riq
d—7+5 | Wgry5 | WaWg—ri1
d—7+6 | Wgri6 | WiaWg_ry2
d—7r+7T | Wag—ry7 | WaWG—ry3 WEWG—pi1
d—7+8 | Wg—ris | WaWg—ri4 WeWG—ri2 WTWd—pi1
d—71+9 | Wa—ryy | WaWG_ri5 WeWi_rt3 WIWd—ri2 WEW_yi] WIWH—pt1

Projection onto the first column yields H*(Vy,;Z/2), while the second column is
the cohomology of the cofiber Cy of the inclusion ¥*°¥Vy, — MTSpin(d,r). This
follows because we know the composite map

H*(MTSO(d, r); Z,/2) — H*(MTSpin(d,r): Z/2) — H*(SVy,: Z/2)

is surjective, so the cohomology of Cy is the kernel of the last map.

We may now determine the action of the Steenrod algebra from the action on
H*(MTSO(d,r);Z/2). In dimensions up to d — r + 8, the Steenrod action respects
the two columns. However, Sq®(wq_, 1) contains mixed terms. Applying the Adams
spectral sequence, we get:

Theorem 3.31. For g < 2d, d > 9, and q < aq—1, 7g(MTSpin(d,1)) is given by
the table

q d d+1 d+2 d+8 d+4 d+5 d+6  d+7
T (S7) Z 7/2 Z/2 Z/% 0 0 ZJ/2 7/240
w5 (?BSpin(d)) 0 0 0 0 Z 0 0 0

For the last two columns, we must assume q > 17.

Proof. This is exactly similar to the oriented case. To calculate the 3-torsion, note
that

H (23 BSpin(d); 7./3) = HY(BSO(d); Z/3) = 7./3,
generated by the first Pontryagin class p;. But
PH(p1) = 2p1 —p2 #0

by (3.14). The Adams spectral sequence then shows that there is no 3-torsion in
75 - (24BSpin(d)). O
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Theorem 3.32. 7,(Cy) is given by the following table for r >4, ¢ < 2(d —1r) — 1,
and d —r > 10:

q g<d-r+4 d—-r+5 d—-r+6 d—r+7 d—r+8
d—r even 0 Z Z]2 0 Z]2
d—r odd 0 7]2 0 72 0

Proof. Again this follows from the spectral sequence. For d — r even, there could
be some 3-torsion since there is a d(eq_,p1) € H"+5(Cy;Z/3). But under the
composite map g : MT Spin(d —r + 1,1) — MTSpin(d,r) — Cy,

9" (P (8(ea—rp1))) = P'(p1) = 2pT — p2 # 0

by the r = 1 case. Using this, the Adams spectral sequence shows that there is no
3-torsion. 0

Corollary 3.33. When d —r > 10 is odd and g < 2(d —r) — 1,
0" : mg—1(Vay) = mg(MT Spin(d,r))

s an isomorphism for ¢ = d—r+6, and it is injective for g = d—r+7. In particular,
07 : wq_1(Var) — ma(MTSpin(d,7))

is injective for d even.

According to Theorem 1.31, mq—1(Vg,) — m(MT Spin(d,r)) is an isomorphism
for ¢ < d —r+ 4, so we know the homotopy groups in these dimensions. Here are
some more:

Theorem 3.34. 7w ,(MTSpin(d,r)) is given by

r d q wg(MTSpin(d,r))
56 Omod4 d Z®Z/8DZL/2
5 1mod4 d Z&®Z/20Z)2
5,6 2mod4 d LZ&L)2

5 3mod4 d Z®7L)2

6 lmod4 d 7)2 & 7,/2

6 3mod4 d Z]2

forq<2(d—r)—1,9<d-—r, and ¢ < ag_,.

3.8 The Unoriented Case

By similar calculations of the Steenrod action on H*(MTO(d,r);Z/2), we obtain
the Fo-terms of Adams spectral sequences shown in Figure 3.7 and 3.8. This imme-
diately yields the first three homotopy groups. For the fourth, the only problem is

to determine the differential ds : Eg’dfr#l — E;’diﬂr? So far, we have not found a
way to do that.
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d d+1d+2d+3 t—s

Figure 3.7: The Adams spectral sequence for 24+ BO.

Remark 3.35. Note how the spectral sequences look like they depend only on d
mod 2 even though the computations depend on d mod 4. Similarly, the spectral
sequences for m4(MTSO(d,5)) only depended on d mod 4 even though the compu-
tations depended on d mod 8. Whether or not this is a general thing is not clear.
The periodicity map only explains the 4- and 8-periodicities, respectively. However,
in Chapter 5 we show a certain 2- and 4-periodicity, respectively, when we let r tend
to infinity.

3.9 Computation of Oriented Vector Field Cobordism
Groups

The above calculations of the groups my,(MT'SO(d,r)) allow us to compute the
homotopy groups g4, (MTSO(d)), for which we gave an interpretation as vector
field cobordism groups in Chapter 2. For the remainder of this chapter, MTSO is
abbreviated to MT and €2, denotes the oriented cobordism ring.

Consider the map

e (MT(d)) = wapr(MT(d+ 7+ 1)) 2 Qs (3.16)

The last map is an isomorphism because the inclusion MT(d +r + 1) — MT is
(d + r + 1)-connected. We can interpret this geometrically as the map that takes a
vector field cobordism class to its ordinary oriented cobordism class. Since the groups
g are well-known, we want to describe 74y, (MT(d)) in terms of the map (3.16).
The following geometric interpretation is nice to have in mind.

Proposition 3.36. The image of (3.16) is the subgroup of cobordism classes that
contain a manifold with r tangent vector fields. The kernel is the group of vector
field cobordism classes of boundary manifolds.

If the map is injective, it means that any two cobordant manifolds allowing r
vector fields are vector field cbordant. In particular, a boundary manifold with r
vector fields always bounds a manifold with an extension of the vector fields.



deven, r =2

d—1 d d+1d+2 t—s

deven, r=3

deven, r =4

d—3d-2d-1 d t—s
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dodd, r =2

d—1 d d+1d+2 t—s

dodd,r=3
d—2d-1 d t—s
dodd, r=4

d—3d—-2d-1 d t—s

Figure 3.8: The Adams spectral sequence, the unoriented case.
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The idea is to look at the long exact sequence for the cofibration
MT(d) - MT(d+r)— MT(d+rr)

in order to determine mgy,—1(MT(d)):

= g (MT(d+7) L5 7gen(MT(d+ 1, 7))

= g1 (MT(d)) — Qarr1 = Tapr—1(MT(d+r,7))

(3.17)
- Tg(MT(d)) — Qa1 = Tap1(MT(d+r,r))
- m(MT(d) — Qq — 0

The maps to the right of mgy,—1(MT(d)) are easily described by induction on
r. Thus the main problem is to determine the image of 8”. For this, recall that we
have the map

Taar (MT(d + 1)) 2 maen(MT(d +7,7)) L KRLH,). (3.18)

It follows from Theorem 1.35 and [3] that ¥ is an isomorphism for » = 1,2 and a
surjection for r = 3. We saw in Corollary 2.23 that every element in 74(M7T(d)) is
B(M) for some compact oriented d-manifold M, and ¥ o " computes the Atiyah—
Dupont invariant of this M.

For r = 1, consider the map MT(d) — MT(d + 1). There is a diagram with
exact rows

g1 (MT(d+ 1,1)) — mg(MT(d)) — mg(MT(d + 1)) —— 0

| e

Tas1(MT(d+1,1)) — ma(MT(d, 1)) — mg(MT(d + 1,2)) — 0.

Here 81(M) = x(M) by Theorem 1.32. From this, m4(MT(d)) can be computed.
This is done in e.g. [14] or [12]. We include the statements and proofs here for
completeness and later reference.

Proposition 3.37. Let d be even. There is a split short exact sequence
0—Z — mqg(MT(d)) — Q4 — 0. (3.20)

A splitting mq(MT(d)) — Z is given by $x when d = 2mod 4 and 3(c + x) when
d=0mod 4. Here o is the signature.

Proof. If we fill in the known groups, (3.19) becomes

7 —— mg(MT(d)) Qq 0
.
Z Z Z)2—0.

For d = 2 mod 4, all manifolds have even Euler characteristic, see [30], Exercise 13.2.
Thus the image of x is 2Z. By the diagram, %X defines a splitting of the upper row
in the diagram.
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For d = 0 mod 4, x is surjective. For instance, x(S?%) = 2 and x(CP?") = n + 1.
Now,

o:mg(MT(d)) = Qg —7Z
X :mg(MT(d)) = mg(MT(d,1)) = 7Z

are both well-defined homomorphisms and they always have the same parity. There-
fore, $(o +x) : ma(MT(d)) — Z is well-defined. This clearly defines a splitting. [

Proposition 3.38. For d =3 mod 4, mg(MT(d)) = Q4. When d =1 mod 4, there
s a short exact sequence

0—=2Z/2 = mqg(MT(d)) = Q4 — 0 (3.21)
which is split by the real semi-characteristic xRr.
Proof. The long exact sequence for the pair (MT(d), MT(d + 1)) is
Ta1(MT(d+1)) S 7401 (MT(d +1,1)) — 7g(MT(d)) — Qg — 0.

Here y is surjective when d +1 = 0 mod 4 and has image 2Z when d + 1 = 2 mod 4.
This yields the isomorphism and the short exact sequence. To see that the sequence
splits, consider the diagram

Taet(MT(d +1,1)) — 7g(MT(d)) —— ma(MT(d + 1)) —— 0

| | |

Tar1(MT(d+1,1)) —— mqg(MT(d,2)) —— mg(MT(d+ 1,3)) —— 0.
With the known groups inserted, this becomes

Z——mg(MT(d)) —— Qg ——0

T

Z 72 0 0.

Thus (2 defines a splitting. By (3.18) and [3], (M) = xr(M) O
We now proceed to the higher homotopy groups mg,(MT(d)).

Theorem 3.39. For d = 0 mod 4, there is a split short exact sequence
0—>Z/20Z)2 — g1 (MT(d)) = Qay1 — 0.

One of the 7Z/2 summands is xr, while the other one is the generator of the 7
in (3.20) composed with a Hopf map.

Proof. By Theorem 3.20, the sequence (3.17) is as follows:
2
— T (MT(d+2)) 5 2022

= a1 (MT(d)) — Qg1 — Z
— mg(MT(d)) — Qq — 0
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This only requires d > 4. It follows from Proposition 3.37 that
7Td+1(MT(d)) — Qd+1

is surjective.

By (3.18) and [3], B2(M%*+?) = (x(M),0). Since d + 2 = 2 mod 4, the Euler
characteristic is even, so the cokernel of 32 is Z/2 @© 7Z/2, i.e. we get the short exact
sequence

0—=Z/206Z)2 = 1441 (MT(d)) — Qa1 — 0.

This means that the long exact sequence
oo = a2 (MT(d+1,1)) = mg1(MT(d)) = w1 (MT(d+1)) — -+
becomes a short exact sequence
0—=2Z/2 = mg1(MT(d)) = Qar1 ®Z/2 — 0. (3.22)

Together with the fact that mgo(MT(d + 1,1)) = Z/2 is generated by the compo-
sition of the generator in 7y (MT(d+ 1,1)) = Z with a Hopf map, this yields the
interpretation of the Z/2 & Z/2.

To see that (3.22) splits, consider the diagram with exact rows

s T (MT(d + 1,1)) — maey (MT(d)) —— masy (MT(d + 1)) —

| | |

— 7Td+2(MT(d + 1, 1)) — 7Td+1(MT(d, 2)) — 7Td+1(MT(d +1, 3)) —.

Inserting the known groups, we get

Z]2 Tar1(MT(d) —— mg1(MT(d+ 1)) ——
Z)2——L20L26L)2— S L26L/2— .

The calculation of these homotopy groups only requires d > 4. It follows from the
diagram that the upper sequence must split.
For d = 0, the theorem follows by direct computations. ]

Theorem 3.40. For d =1 mod 4, there is a split short exact sequence
0—7Z/2 = mgr1(MT(d)) = Q441 — 0.
The Z./2 summand is the Z/2 from (3.21) composed with a Hopf map.

Proof. In this case, the sequence (3.17) becomes:

2
— T (MT(d+2)) 5 72
= g1 (MT(d)) — Qg1 — Z)2
— mg(MT(d)) — Qq — 0
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All manifolds of dimension d 4+ 2 = 3 mod 4 have two independent vector fields, so

B%(M) = 0 for all M. Together with (3.21), this yields a short exact sequence
0—=7Z/2 = mgr1(MT(d)) = Qg1 — 0

for all d > 0. Since mgpo(MT(d+2,2)) = n-mar1(MT(d+2,2)) where 1 is the Hopf
map, the interpretation of the Z/2 immediately follows.
To solve the extension problem, consider the diagram

s g (MT(d + 1, 1)) —— 1 (MT(d)) — maq (MT(d + 1)) ——

| | I

—— a2 (MT(d + 1,1)) —— a1 (MT(d, 3)) — ma1 (MT(d, 4)) — .
For d > 6, the groups are

Z/2 Hﬂ-dJ’»l(MT(d)) Hﬂ-dJ’»l(MT(d—i_ 1)) — 7

o |

7)2— S T)ABL)2—— T DL[24—— 7.

The first map in the lower row must be the inclusion of a direct summand, and thus
the sequence splits.
For d =1 and d = 5, Q9 = Q¢ = 0 so the extension problem is trivial. O

Theorem 3.41. For d =2mod 4, mg11(MT(d)) = Qg41.

Proof. In this case, the exact sequence is:

2
S mae(MT(d+2) 5 2 e 7/2
— 7Td+1(MT d)) — Qd+1 — 7
- mg(MT(d)) — Qg — 0

By (3.18) and [3],
BAHM) = (x(M), 5 (x(M) +o(M))) € LS Z/2
when d > 2. This is surjective because

(x,%(era)) Mg (MT(d+2)) - ZDZ (3.23)

is surjective by Proposition 3.37 and the fact that o : Q440 — Z is surjective.
When d = 2, the claim follows by a direct computation. O

Theorem 3.42. For d = 3 mod 4, there is a short exact sequence
0— 7Td+1(MT(d)) — Qd+1 — Z/2 — 0.

The map Qq — Z/2 is x (or equivalently o) mod 2.
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Proof. In this case, the exact sequence becomes:

2
= mase(MT(d+2)) 2 72
— 7Td+1(MT d)) Qd+1 — Z/2

%
— mg(MT(d)) — Qq - 0

By (3.18) and [3], B%(M) = xr(M) so (% is surjective. Thus we get a short exact
sequence
0— g1 (MT(d)) = Q441 — Z/2 — 0.

The last map is the Euler characteristic mod 2 because the diagram

71 (MT(d) — e (MT(d + 1) —— mapy (MT(d +1,1)) 2 Z

| J

Tast (MT(d+ 2)) — 71 (MT(d + 2,2)) = /2
commutes. J

Next we consider the groups mg42(MT(d)). Again the main problem is to deter-
mine the map 2 in (3.17).

Theorem 3.43. For d =0 mod 4 and d > 4, there is a short exact sequence
0=ZR2®ZL20Z)2 — mg4o(MT(d)) — Qs — 0.

Proof. The sequence (3.17) together with Theorem 3.39 yields

3
Tars(MT(d + 3)) 25 wgas(MT(d + 3,3)) = mara(MT(d)) — Qgya — 0.

Since all manifolds of dimension d + 3 allow three vector fields, 32 vanishes on all of
Ta+3(MT(d + 3)). Thus the result follows from Theorem 3.21. O

Theorem 3.44. For d =1 mod 4 and d > 5, there is a short exact sequence
0—2Z/2 = mgia(MT(d)) = Qg2 — 0.

Proof. In this case, mg43(MT(d+ 3),3) 2 Z & Z/4® Z/2. The composition

3
Tars(MT(d +3)) 25 mgas(MT(d +3,3)) L KR(P) 2 Z & Z/4

is surjective since (3.23) is surjective. Thus the cokernel of 32 can be at most Z/2.
In the Adams spectral sequence, Eg’d+3(MT(d +3,3)) =Z/2® Z/2. The gene-
rators are represented by the fact that wg13 and wowgi1 are not decomposable over
Ay in H*(MT(d+ 3,3);Z/2).
For d + 1 = 2 mod 8§, there is a relation

Wowgs1 + Wars = Sq* (wa—1) + Sq' (wawy),
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while for d +1 = 6 mod 8,
wawgy1 = Sq* (wa—1) + Sq* (wawy)

in H*(MT(d + 3)). Thus the map ES*(MT(d + 3)) — EY*™(MT(d + 3,3)) is
not surjective. Since there are no differentials in either of the spectral sequences in
the relevant range, the map on Egéd+3 is also not surjective. The element not hit
cannot come from an element of mg13(MT(d + 3)) of higher filtration, so the map
Tar3(MT(d + 3)) — 7ge3(MT(d + 3,3)) cannot be surjective. Hence the cokernel
of 32 must be Z/2. O

Theorem 3.45. For all d = 2 mod 4, there is a short exact sequence
0 = Tapo(MT(d)) = Qqyo = Z/4 — 0
where o is the signature.

Proof. In this case, mg13(MT(d + 3,3)) = Z/2 @ Z/2. The generators come from
the fact that wowgyyq1 and wgio are indecomposable in H*(MT(d 4 3,3);Z/2) and
Sq%(wgy2) = 0. These are also indecomposable in H*(MT(d + 3);Z/2) as one can
see by computing

d—2
&8, " (wawgpr) =1
dt2

544 (way2) = 1.

Here &; is the unique As-homomorphism &; : HY(MTSO;Z/2) — 72 for i = 4,5.
The products are induced by the direct sum map BSO x BSO — BSO.

This means that we get a surjection on Es-terms of Adams spectral sequences
that both collapse in the relevant range. Hence 32 must be surjective. The existence
of the short exact sequence then follows from previous results.

By the results of [3], a manifold must satisfy ¢ = 0 mod 4 if it has two indepen-
dent vector fields. Since the image of mgo(MT(d)) — Q442 is the set of cobordism
classes containing manifolds with two independent vector fields, this lies in the ker-
nel of o : Q449 — Z/4. By the short exact sequence, the kernel can be no larger,
and the last claim follows. O

Theorem 3.46. For d =3 mod 4 and d > 7, there is a short exact sequence
0—=Z/206Z)2 = mg12(MT(d)) — Qai2 — 0.

Proof. Now 7g.3(MT(d+ 3,3)) 2 Z & 7/2 & Z/2. Note that 33 factors as

fars(MT(d+3)) 5 maa(MT(d + 3,5)) = masa(MT(d + 3.3)).

By Theorem 3.22, mg13(MT(d+ 3,5)) = Z/2 @ Z. The Adams spectral sequences
show that the Z/2 summand is in the image of w4, 3(MT(d,2)), so it is mapped to 0
in mg13(MT(d+3,3)). From the spectral sequences, one also sees that the generator
of the Z summand is mapped surjectively onto the generator of the Z summand in
T« (MT(d + 3,3)). This yields the short exact sequence claimed. O
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Finally we consider the groups mg13(MT(d)). Using similar techniques we obtain
the following results:

Theorem 3.47. For d =0 mod 4 and d > 8, there is a short exact sequence
0—Z/24 = mg13(MT(d)) — Qays — 0.
Proof. A very careful study of the the spectral sequences for the cofibration
MT(d,1) - MT(d+4,5) = MT(d+4,4)

shows that the image of 3% is a subgroup of mg,4(MT(d + 4,4)) 2 Z © 7/48 © Z/4
isomorphic to Z & Z/8 with cokernel Z/24. O

Theorem 3.48. For d =1 mod 4 and d > 5, there is a short exact sequence
0 — mgr3(MT(d)) — Q43 = Z/8 — 0.

Proof. Comparing the Adams spectral sequences, one finds that 3 is surjective and
that the image of Q.3 — Z/8 @ Z/2 contains an element of order eight. The
identification of the map Q443 — Z/8 again follows from [3] where it is shown that
a manifold with three independent vector fields must have ¢ = 0 mod 8. O

For an oriented d-dimensional manifold M and w € HY(M;Z/2) a product
of Stiefel-Whitney classes for T'M, the Stiefel-Whitney number w[M] is given by
evaluating w on the fundamental class.

Theorem 3.49. For d =2 mod 4 and d > 6, there is a short exact sequence
0—2Z/24 = map3(MT(d)) = Qg3 — Z/2 — 0.

The last map is the Stiefel-Whitney number wowgy1[M].

Proof. This sequence mg44(MT(d,1)) = mg4a(MT(d+4,5)) = mgra(MT(d+4,4))
becomes
L BL)2 - LDL]2 5L DL/24 — - - .

The Adams spectral sequences show that the first two Z/2 and the last two Z
summands map isomorphically to each other, so the Z/24 summand is not hit, thus
it is not hit by p* either. The Z summand is hit by 8% because it maps onto
27 € mara(MT(d + 4,1)) = Z. This yields the short exact sequence. O

Theorem 3.50. For d =3 mod 4 and d > 7, there is a short exact sequence
0—=Z/206Z)2 = m443(MT(d)) — Qat3 — 0.

Proof. Look at the exact sequence for the cofibration
MT(d+1,1) - MT(d+4,4) - MT(d+4,3).

Filling in the known groups, we see that mg4(MT(d+4,4)) = 7gra(MT(d+4,3))
is injective, so since 82 : g 4 (MT(d +4)) — mapa(MT(d + 4,3)) is zero, B* must
also be zero. ]
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In the above computations, we found descriptions of the invariants 4*(A) which
we summarize in the next theorem.

Theorem 3.51. The following table displays the image Im * of
B mg(MT(d)) — mg(MT(d,4))

and the interpretation of B*:

d mod 4 Im g* B4
0 ZO®L/IS X Li(x+o)
1 Z]2® 72 X2 D XRr
2 Z X
3 0 0

In particular, 3*(M) is the top obstruction to 4, 5 and 6 vector fields when d is even.

Proof. The groups Im 3% were determined in the proofs above. For d = 0 mod 4,
we still need to identify 84*(M). We saw that the image of 5* was Z @ Z/8. On
the other hand, x @ £ (x + o) : mg(MT(d)) — Z & Z/8 vanishes for a manifold that
allows four vector fields because of a theorem due to Mayer and Frank, see e.g. [3],
Corollary 6.6. Hence the kernel of 3% is contained in the kernel of 3(x + o) by
Corollary 2.26. Thus there is a factorization

& %(X + o) : mg(MT(d)) — Tm(8Y) — Z @ Z/8.

The composition is surjective, so the last map is forced to be an isomorphism.
For d = 1 mod 4, it follows from the spectral sequences that

BHM) = wawa—s[M] & xr(M).

By [29]
wowq—o[M] = x2(M) + xr(M).

For the last statement, it follows from the proof of Theorem 3.23 that
Ti—1(Var) — ma(MT(d, 4))

is injective for 7 = 4,5,6 and d even. It maps the index Ind(s) to 5*(M) by
construction. U

Remark 3.52. For d = 0 mod 4, the Atiyah—Dupont invariant is
1
X@i(XiU) €EZDZL/A.

Hence our invariant carries strictly more information in this case.






Chapter 4

A Spectral Sequence Converging
to the Homotopy Groups

We begin this chapter by setting up a spectral sequence converging to m.(MT(d,)).
This sequence does not immediately give any new information about the homotopy
groups, but the calculations in Chapter 3 provide some information about the dif-
ferentials in the spectral sequence.

In order to make things easier to work with, we stabilize the spectra by the
periodicity map. These stable spectra form an inverse system. The remainder of
the thesis is devoted to the study of the inverse limit.

The necessary background on direct and inverse limits of groups and spectra
is given in Section 4.2. In Section 4.3 we recall a classical inverse limit spectrum
studied by Lin in [26]. We give a more convenient construction of his spectrum in
Section 4.4, and in Section 4.5, this definition is generalized to an inverse limit of
the spectra MT(d,r). In Section 4.6 we show how this generalizes Lin’s theorem
to all vector bundles over a compact space. Finally, in Section 4.7, we construct a
stable version of the spectral sequence we began with and show that it converges
to the homotopy groups of the inverse limit spectrum. In the last Section 4.8, we
attempt to relate the constructions back to the vector field problem.

Throughout this chapter, all constructions and results hold for both the unori-
ented, oriented, and spin spectra, unless otherwise specified. The spectra will just
be denoted by MT and B(d) denotes the corresponding classifying space filtered by
the Grassmannians G(d, n).

4.1 The Spectral Sequence
Consider the map MT(d —r) — MT(d). This is filtered as the composition
MT(d—1) = MT(d—7r+1) = -+ — MT(d— 1) — MT(d). (4.1)
Each map fits into a cofibration sequence
MT(d—r+k) > MIT(d-r+k+1) > MT(d—-r+k+1,1).

83
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The corresponding long exact sequences of homotopy groups form a spectral se-
quence with
By = ma o (MT(d— 5,1))

for 0 < s < r and E;t = 0 otherwise. The differentials are
d* Efﬂs - E§+k,t+k71'
There is a filtration
MT(d—-r0)—-MI(d-r+1,1) = -+ > MT(d-1,r—1) - MT(d,r) (4.2)

defining a spectral sequence with the same E'-term. The obvious map from (4.1)
to (4.2) induces an isomorphism on E' and thus an isomorphism of spectral se-
quences.

Proposition 4.1. This spectral sequence converges to mgri—s(MT(d,r)) filtered by
the subgroups

Fop =Im(mgys—s(MT(d — 5,7 — s5)) = Tayt—s(MT(d,7)))
such that Egq = Fot/Fsi1t41-

Proof. Using the construction (4.2), the result follows from standard convergence
theorems, since 7, (MT(d — r,0)) = 0, see e.g. [19], Proposition 1.2. O

The first differential d' : E;t — B! 41+ in this spectral sequence is induced by
the composite map

T MT(d—3,1) S SMT(d—s—1) = SMT(d—s—1,1).
This is the boundary map in the cofibration sequence
MT(d—s,2) — MT(d —s5,1) 5 SMT(d—s—1,1). (4.3)
It turns out that this is a familiar map:

Proposition 4.2. The map 7: MT(d,1) — XMT(d — 1,1) is the Becker—Gottlieb
transfer associated to the fibration

41— SU, Y B(d).
Proof. Recall how the Becker—Gottlieb transfer
2" HG(d,n) — X"HSU,

is defined. We may think of SUy ,, as a subset of Uy ,,. This extends to an embedding
of the normal bundle R x SUy,, = Uyg,, in the obvious way. A point (¢,v € V') with
V € G(d,n) is mapped to e'v € V. Hence there is a Thom map

Y1 - Th(Ud’n) — Th(R X SUd,n — SUd,n) (44)
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given by collapsing G(d,n). Let 72 : R x SUg,, — p*Ugy be the inclusion of a
subbundle over SUy,, that takes a point (t,v € V) to tv in the fiber over v € V.
The transfer is then defined to be the composition

Th(U,, ® Usn) 225 Th(R © p*Uf,) 255 Th(p*Ug,, ® p"Usn)

where 7 is the natural inclusion of fibers.
Now,
MT(d, 1), = Th(Ug,, = BUan)/ Th(Ug,, = SUqp).

The map 0 : MT(d,1), — X¥MT(d — 1),—1 is given by collapsing the subset
Th(Uz,, — G(d,n)) over the zero section G(d,n) — BU,,. This is exactly what
the mf;Lp v1 @ does.

Since T factors as

MT(d,1) S SMT(d—-1) L SMT(d - 1,1),

we just need to see that v @ 1 is homotopic to ¢g. But ¢ can be thought of as the
inclusion Th(R& Uy, ,,) = Th(R& Uy, ,, & Ug-1,), while 72 & 1 was the inclusion
Th(R @ p*Uy,) — Th(p* (U, ® Uap))- The result now follows by commutativity of
the diagram 7 ’

Th(R & Uy y,,) —— Th(R& U1 ® Ua-1)

J |

Th(R © p'Uf,) —22 Th(p* (UL, ® Uan))

where the vertical maps are the homotopy equivalences of spectra induced by the
inclusion G(d — 1,n) — SUq . O

Corollary 4.3. The composition
»°8% - ¥®°BSO(d)y — X°BSO(d — 1), — £*8°

has degree x(S%), which is 2 for d even and 0 for d odd. Thus on the m,(S°)
summands of E', d* is multiplication by x(S?).

Proof. This follows from [4], Property (3.2) and (3.4). O
Corollary 4.4. The Becker—Gottlieb transfer

To : T (X BSO(d)4)) = m(X°BSO(d — 1))
depends only on d mod 2 in dimensions x < d — 1.

Proof. We are going to show in Corollary 4.23 below that the periodicity map
Y2MT(d,2) — MT(d+ 2,2) induces an isomorphism of the long exact sequences
for the cofibrations (4.3). O
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Z67)2 T&L)2 TaL/2 TO&L/2 T&Z/2 T&T/2
3 7)24—~T7)24  L)24——T7/24 _ 7.)24 —7/24

2 | (Z/2* (@/2* (2Z/27 . (Z/2)?° . (2/2° (Z/2)?

i

1 7.)2 7./2 Z//2, 7.)2 7.)2 7.)2
0 Z — 7 Z — 1L 7z — 1

4k+3  4k+2  4k+1 4k k-1 4k -2 d—s

Figure 4.1: The first differentials in the spectral sequence.

The computations of the groups m,(MTSO(d,r)) from Chapter 3 allow us to
determine all differentials in the spectral sequence for MT'SO(d,r) that enter the
first four rows, at least in the stable area ¢t — s < d — 2r. This is displayed in Fi-
gure 4.1. An arrow indicates a non-zero differential. The horizontal differentials are
multiplication by 2 according to Corollary 4.3. The picture is repeated horizontally
with a period of 4.

There is a similar filtration of Stiefel manifolds

Va—ro = Va—rgy11 = = Va_1,-1 = V.

The long exact sequences for the fibrations Vy_g 1 — Va—gt1,r—k41 — S9=Fk define
a spectral sequence with E;t >~ 74_14(S97%). When d is large compared to 7, all
homotopy groups involved are stable for low values of ¢ and it is possible to determine
the differentials from the known stable homotopy groups. The result is shown in
Figure 4.2.

The map fy takes the E! term of this spectral sequence to a direct summand in
the spectral sequence for MT'(d,r). Note that there are differentials in the spectral
sequence for MT(d, ) entering the S° summands but not coming from the spectral
sequence for Vj ., as expected from the non-injectivity of 6.

From Figure 4.1 it is tempting to extend the spectral sequence in all directions
by periodicity. This was the original motivation for the rest of this chapter.

4.2 Background on Direct and Inverse Limits

The purpose of this chapter is mainly to introduce notation and to list some facts
about direct and inverse limits for later reference.
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0 0 0 0 0 0

3 7)24—~T7)24  LJ24—~T7/24 . 7/24—~7/24

2 7)2 Z)2 W Z)2 Z)2
1 Z)2 Z)2 Z//Q, Z)2 Z)2 Z)2
0 7 — I Z — 7 7 — 1L

k+3 4k+2 4k+1 4k 4k -1 4k -2 d+1-—s
Figure 4.2: The spectral sequence for Vg,..

We first consider inverse limits of groups. Throughout this chapter, a 2-group
will mean an abelian torsion group in which every element has order some power
of 2. A 2-profinite group will mean an inverse limit of finite 2-groups. An inverse
limit @n G, of finite groups is topologized by declaring G, discrete and giving it
the coarsest topology making all maps I&Hn Gy — G, continuous.

In general, the inverse limit functor is not exact. It takes an inverse system of
short exact sequences 0 — A,, — B, — C,, — 0 to an exact sequence

0—lim A, —lim B, —lim C,—lim' A, —lim! B, —lim C, — 0.
A convenient criterion for the vanishing of l'mi Gy, is the Mittag—Lefller condition,
see [42], Chapter 7. This applies for instance if infinitely many of the G,, are finite.
It follows that the inverse limit functor is exact on systems of 2-profinite groups with
continuous maps between them.
Let
X1—>~--—>an—">Xn+1—>-~-

be a direct system of spectra. Then the direct limit hﬂn X, is defined to be the

cofiber of the map

This ensures that for any spectrum Y there is an exact sequence
— v, \/ X, 5 Y, \/ X, = [V, 1 13 X,] =
Since [Y,V,, Xn] = @,,[Y, X,], this sequence is actually short exact with
[V, ling X,,] = Ting [V, X.,].
n n
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Similarly, the exact sequence

\/Xn,Y \/Xn,Y ngn,YM—

yields a short exact sequence
0— @i[zxn, Y] = [lim X, Y] = lim [X,, Y] — 0. (4.5)
Given an inverse system of spectra,
= Xy = X1 — o — X,

there is a functorial construction of the product [[, X, with the property that
Y, 11, Xnl = 11,IY, X»]. If X;, n denotes the Nth space of X, then [[,, X, may be
defined as the spectrum with mth space

[[lim @YX, .
N

n

To define an inverse limit spectrum, consider the map

T1 % =1 T X
n n

If C denotes the cofiber of this map, the inverse limit is defined to be ¥~1C. For
any spectrum Y, this ensures that there is an exact sequence

0 — lim XY, X,,] = [Y,lim X,] — lim [V, X,] — 0. (4.6)

Note that the constructions above only define homotopy limits and colimits in the
sense that the properties one would want from a limit or colimit only hold up to
homotopy.

Recall that for a group G, the 2-completion is given by G§ = @n G/2"G.
Similarly, there is a functorial construction of the 2-completion of a spectrum X, see
e.g. [17] or [7] for the definition and basic properties. This is a spectrum X2 with a
map f: X — X45'. We will need the following facts:

(i) If m.(X) is finitely generated, then 7. (X4') = m(X)% and f induces the obvi-
ous map m.(X) = m.(X)5.

(ii) If 7. (X) is 2-profinite in all dimensions * < d, then m,(X2") 2 m.(X) for * < d.

See [7], Proposition 2.5. We will also need the fact that 2-completion is exact with
respect to sequences of finitely generated groups, see e.g. [13].
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4.3 Inverse Limits of Stunted Projective Spaces

Let Py, denote the stunted projective space RPI-1 /RPd_’”_l. James constructed
homeomorphisms X% Py, — Pji,, , using Clifford multiplication, see e.g. [24]. This
makes the suspension spectra X°°Fy, well-defined even for d < 0 and r > d by
interpreting Z’““Pd’r as Pyipa, r for k sufficiently large.

The natural maps Pyiia, r+1 — Pitka,» define an inverse system of spectra

e = NPy 2 XOP, = = Xy .

Recall that H*(RPY1;7/2) = 7,/2[t]/(t%), i.e. the truncated polynomial algebra on
the generator t. On Z/2 cohomology, the inverse system of spectra induces a direct
System

)20t Yy szt Y

Here Z/2{2", ..., 2"} denotes the graded Z/2-vector space with basis elements 2’ in
dimension i. The direct limit of these cohomology groups is Z/2{t!,l < d}, i.e. the
Laurent polynomials in the variable ¢ of degree at most d — 1.

There are maps SFer—1 — E’W‘Pd’r commuting with the maps in the inverse
system. Hence there is a map of spectra ¢y : S~™! — @T ¥°Py,. Observing that
the induced map on cohomology

oy L)2{t 1 < d} - X717/2

induces an isomorphism on Extiit in degrees t — s < d and a surjection for t — s = d,
Lin managed to prove the following conjecture by Mahowald in [26]:

Theorem 4.5.
(i) Hm_ Tg(X®°Pyr) =0 when ¢ < =1 and ¢ < d — 1.

(it) For 0 < d,
yﬂlﬂ-—l(zwpd,r) = Zé\

r

as topological groups where 7, = 1'&17“ Z)2" denotes the 2-adic integers. The
inclusion

. _ —1 : e’}
©ox - 7 = 7T_1(S ) — hr 71’_1(2 Pdﬂa)
18 non-zero mod 2.

(iii) When q > —1 and d > 0, the map induced by g

o = m(STH)S — Jm 7y (5% Py, )
T

is an isomorphism when g — 2 < d and surjective when ¢ = d — 2.
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4.4 An Alternative Construction of Lin’s Spectrum

In this section we construct a version of the inverse limit spectrum from the previous
section using Stiefel manifolds and the periodicity maps from Section 3.4.
Recall that we defined maps

fO : Earzvd,r - EVd—i—ar,r

and showed that these were (2(d — r) + a, + 1)-equivalences. They form a direct
system of spectra

YNV = 2T S g = ST N 0

We may take the direct limit of these spectra in the sense of Section 4.2. The
resulting spectrum is denoted V;, and satisfies

mq(Vazr) = hgﬂg+kar(zvd+kar,r)-
k

Note that this is defined even when d is negative or r > d just by starting the direct
sequence at Zoo_k“TEVdJrkahr for some large k.
By [23] there is 2(d — r)-equivalence Py, — Vy,.

Theorem 4.6. The composite map
YN Py, — X8V, — Vi,

is a homotopy equivalence if 2r < d. More generally, Vg, is homotopy equivalent to
XY Py, for alld and r.

Proof. Let 2r < d. The map Py, — Vg, is 2(d — r)-connected. Thus it induces
an isomorphism on homology in dimensions less than 2(d — r) > d. The map
Ek‘”EVdﬂ« — XVatka,r 15 (2(d — r + 1) + ka,)-connected. Thus the composite map

YF Py — SRSV = SV kan s (4.7)

induces an isomorphism on homology in dimensions up to d + ka,. Both Ek‘“EPdJ
and XV kq, » have homology zero in dimensions between d+ ka, and 2(d —r+ka,),
since they have no cells in these dimensions, see e.g. [18], Chapter 3.D. Thus (4.7)
is (2(d — r) + ka,)-connected. Letting k tend to infinity, we get an isomorphism

Wi(EPd,r) — hﬂ”i-}-kaT(ZVCHkamr) = T« (Vdﬂ“)'

Thus the map inducing it must be a homotopy equivalence.
For general d and r, the above argument shows that the composite map

S Py 2 S S Py, — SR SV ke, = Vi

is a homotopy equivalence some k sufficiently large. O
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The following diagram of Stiefel manifolds

Vd,rJrl E— Vd,r

N

Vavir+e1 — Vi

commutes. We want to see that this induces a well-defined commutative diagram
on direct limits
Vd,r—H —_— Vd,r

N

Virip41 — Va1,

So far, we have made no assumptions on the actual choice of Clifford multiplication
in the construction of the periodicity maps. This becomes important if we want to
make the diagram strictly commutative.

Lemma 4.7. Let pi : R™T1 x R%+1 — R%+1 be an orthogonal Clifford multiplication
and define Vg, = hglk E‘X’_k“r“EVd_s_karﬂjr using the periodicity maps defined by
the restriction of p to R" x R*+1. Then the diagram (4.9) is well-defined and
commutative.

Proof. Tt is easy to see from the formulas that the diagrams

Y3V ——— XVaqa, r XY Var1 — YVara, 1041
EarzvvdJrl,r B 2‘/dJrlJrar,r Yar+1 Evd,r —_— Evd+a,.+1,r

commute. Here the vertical maps in the first diagram come from the inclusion

RY@ R C R @R @R and in the second diagram they come from forgetting the

last vector. Hence the maps Vi, — Vgq1, and Vi,41 — Vg, are well-defined.
Commutativity of (4.9) now follows because the diagram

Vd+kar+1,r+1 ? Vd+ka7~+17r

| J

Vitritkar i1+l — Varivkar 1 r
commutes for all k. O
Lemma 4.8. For each d, there is an inverse system of spectra
o = Var+1 — Vi (4.10)

The inclusions Vg, — Vai1, define a map of inverse systems.
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Proof. For each r, choose once and for all an orthogonal Clifford representation
Cl,_1 x Rker — RFer Here k = 1 except when 4|r. In this case (i.e. when irredu-
cible representations are not unique) k = 2 and we choose the representation to be
the restriction of the chosen map CI, x R%+1 — R%+1,

In general, the Cl,-action on R**! may not restrict to an orthogonal sum of the
chosen Cl,_1 representations. However, it does up to conjugation by an isomorphism
A R+t — R%+1 which we may assume to be orientation preserving. Let Vg, be
defined by the chosen Cl,_; representation and Vrli,r by the restricted Cl.-action.

It is easy to see that a double application of a periodicity map

ar
YUY Vatiar o = Vas+2)arr

corresponding to two Clifford representation is equal to the one periodicity map
defined by the direct sum of two of these representations. Hence we can assume
that the chosen Cl,_1 and CI, representations have the same dimension.
Choose a path A; from A to the identity. Then for each ¢t and x € S¥+1~1  the
vectors
A tegAvx, .. A e, 1 Av

are linearly indepedent. Apply Gram—Schmidt to make them orthonormal. This
defines a homotopy of sections

(BG’T+1,SGT+1) x | — (War.t,_l,?”’ VaH.l,T).

Apply this to the periodicity maps Ek‘““VdHaTH’T — Vit (1+k)ar41,» defined by the
respective multiplications. This defines a homotopy equivalence Vé,r — Vi, It is
clear that this commutes with the inclusion in Vgiq .

The conclusion is that there is a well-defined map

Vd’fr+1 — Vél,r — Vd,r
and this commutes with the inclusions Vg, — Vi1, ]
Definition 4.9.
‘/}d == 1.111 Vd’r
o
‘7 = hﬂ ‘/}d-
d
One could even define ‘A/d for any d € Z, = @T Z/a,, but we shall not consider

this.
For d > 0, Clifford multiplication defines a map ¢q : Sk~ — Va+ka,r Dy

SOO(]") = (60.1,‘, (R er—ll') €0 Rka’T C Rd+ka,~.
This yields a map of spectra ¢g : SO — Vi, for each d and r such that
Vd7r+1 — Vd-i—l,'r-l,-l

-

%o
SO — Vi,
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commutes. Thus there are maps
@01 S0 =V,
Go: S0 V.
The inverse system (4.10) satisfies the following version of Lin’s theorem:

Theorem 4.10.
(1) lim (Vi) =0 when g <0 and q <d.

(i) For 0 <d—1, l'&lr wo(Var) = Z4 as topological groups. The inclusion
Pox : Z = 70(S°) = limmo(Va,r)
'

is non-zero mod 2.
(i1i) When q¢ > 0 and d > 0, the map induced by

Pox : mg(S°)5 — lm 7y (V)
T

is an isomorphism when g < d — 1 and surjective when ¢ =d — 1.

Proof. In [26] Lin considers the inverse system
e = NP, NPy = = NPy .

Since Vg, is equivalent to 3°°F, ., we are also considering such an inverse system
of spectra, but we have not been able to construct an explicit map between these
two inverse systems. However, the proof of Lin’s theorem only rely on the induced
maps on Z/2 cohomology and the fact that each spectrum in the inverse system has
an S-dual, so the arguments apply to our situation as well.

To see that g, is as claimed, we need ¢ : lim H°(Vy,;Z/2) — H°(S%,Z/2) to
be non-zero. Busi o factors as 0 WVari/2 ( )

kar—1
S @ — Vkar,r — VdJrkar,r'

The composition k=1 — Viarr — Skar=1ig the identity. Thus the first map is an
isomorphism on H**~1. So is the second map if r > d.

Alternatively, one could prove the theorem by referring to [28], Proposition 2.2.
O

Remark 4.11. Actually, since the composition

o Wq(SO)Q - l'&an(Vd’r) - @Wq(vd—&-l,r)

is injective, the first map is an isomorphism for ¢ < d.

For d —r and p odd, H4(XVy,;Z/p) = 0 for ¢ < d or ¢ = d odd, see Section 3.3.
Thus m3(Va,,) must be a finite 2-group. Since m¢(Var) = 7y, 1, (Vitka,r) for some
even ka,, we conclude that m,(Vg,) is a finite 2-group for d — r odd.

It follows that lgli 7g(Var) = 0 by the Mittag—Leffler condition, so by (4.6),
wq(f/d) = lim 7g(Va,r) for ¢ < d—1. Furthermore, by Section 4.2, 7Tq(17d) = ﬂq((‘A/d)é\)
for g < d.
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4.5 Stabilization of the Spectra MT(d, )

In this section, we shall generalize the construction of the direct and inverse limit
spectra in the previous section to the spectra MT'(d,r) and, even more generally, to
any vector bundle over a compact CW complex.

Recall that we defined the periodicity map

YMT(d,r) - MT(d+ ay,r).
As before, this allows us to define define the direct limit

MT(d,r) = lim S~ MT(d + ka,, 7).
k

Moreover, the construction is a fiberwise application of the periodicity map for
the Stiefel manifolds. Thus the commutative diagram (4.9) yields a well-defined
commutative diagram

MT(d,r+1) ——— MT(d,r)

J |

MT(d+ 1,7 +1)—— MT(d+1,r).

Here the vertical maps use the inclusion G(d + ka,,n) — G(d + 1 + ka,,n) coming
from R? @ R*r C R @ R @ R¥*r. Again we may define:

Definition 4.12.
MT(d) = lim MT(d,r)

MT = lig MT(d).
d

The maps fp : XXV, — MT(d,r) induce maps Vg, — MT(d,r) and thus
also maps 0 : Vy — MT(d) and 6 : V — MT.
There is a map ¢ : MT'(d) — MT(d) defined in such a way that the diagram

$o -
[

l | (411)

MT(d) —2— MT(d)

commutes. The map S — MT(d) is the inclusion of a fiber in the Thom space.
The map ¢ is defined as follows. First we define ¢ : MT(d) — MT(d,r). That
is, we need to define ¢ MT(d) — MT(d + ka,,r). Recall that ¥ MT(d) is the
quotient of the pair
(BYr, Sk 1) x (BUg,,, SUg,).

If p: Wy (Udska,n) = G(d+ kar,n), we can think of MT(d+ ka,,r) as the quotient
of

1 1 1
(p*BquLkar,n? p*SUdJrkar,n U (p*BUdJrkar,n)|Vr(Ud+kar,n)>'
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Let (x,v,P) € BF¥ x BUin where z € B*r P € G(d,n), and v € P+. This
should be mapped to (egx, ..., e,_12,v, P ® R*") where P @ R* ¢ G(d + ka,,n),
(eo,...,er_12) is a frame in 0 @ Rk C P @ R* and v € (P @ R¥ )L, It is easy
to see that this map commutes with all the relevant maps in the limit systems and
thus defines the desired map .

Theorem 4.13. The map

~

0 : 74(Vy) = mo(MTSO(d))
is zero for ¢ < d and q # 0.

Proof. The map 74(S°) — m,(MTSO(d)) is zero in the relevant dimensions, be-
ing the inclusion of framed cobordism into the oriented cobordism group. So since

7, (S%) — Wq(YA/d) is surjective in these dimensions, the claim follows from the dia-
gram (4.11). O

Even more generally, there is a similar construction for any vector bundle £ — X
over a compact CW complex X. Let f : X — BO be a classifying map. For some
large k and n, f(X) C G(d + ka,,n) and then £ & R™ = f*(Ugipa, n) for an
appropriate m. Let Njj, , Ny} be the pullbacks of the bundle N = f*Uj;rkamn — X
to the spaces

W,.(E®R™),V.(E®R™),

respectively. Let f*MT(d + ka,,r) be the spectrum with nth space
[*MT(d+ kay,7), = Th(Ny, )/ Th(Ny,).

The periodicity map X MT(d+kay,r), — MT(d+(k+1)a,,r), takes the fiber
over the point P € G(d + ka,,n) to the fiber over P ® R* € G(d + (k + 1)a,,n).
Thus it naturally pulls back to a periodicity map

XU fMT(d+ kay,r) — f*fMT(d+ (k+ 1)ay, ).
Once again we get direct and inverse systems of spectra:
Definition 4.14. For f: X — BO defined on the compact complex X, define

ffMT(d,r) :liglE_k‘“f*MT(d + kay,r)
k
F*MT(d) =lim f* MT (d, 7).

When f is an inclusion X — BO, we sometimes use the notation MT (d, 7“)|X and
M T(d)‘ X-

Proposition 4.15. This construction is natural, i.e. a composition X i> Y 4 BO
induces a map fi:(go f)*MT(d,r) — g*MT(d,r). Furthermore,

Vir = MT(d,7)p
MT(d,r) = lim MT(d,r)x.

XCBO
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However, direct and inverse limits do not commute in general, so we cannot
expect

lim MT(d)x = lim lim MT(d,7)x =lim lim MT(d,7)x = MT(d).
XCBO XCBO r r XCBO

In fact, we shall see in Chapter 5 that this is not at all the case.

Remark 4.16. For a completely general map f : X — BO, one could get a similar
construction from filtering X by the subspaces X4, = f~1(G(d,n)) and letting
FMT(d ), = iy, MT(d, 1),

Let f*MT(d) be the spectrum with nth space Th(f*Ui‘n). This is nothing but

the spectrum ¥°°~! Th(NN) where N is an [-dimensional complement of E. The map
$: MT(d) - MT(d,r) pulls back to a map

Fro: FFMT(d) — F*MT(d,r). (4.12)

4.6 The Compact Case

In this section, we only consider the pullback spectra f*MT(d,r) where f is defined
on a compact complex. If f : pt — BO is the inclusion of a point, Lin’s theorem tells
us that in dimensions ¢ < d, the map f*p, : (S°)4 — (V)5 induces an isomorphism

Fr @ - mg((89)5) = mo(Va)y) = my(V).

The goal is to generalize Lin’s theorem to the map (4.12). The proof is a topological
induction argument on the cell structure of X starting with Lin’s case.
We first need a few lemmas:

Lemma 4.17. If g: X — Y is a homotopy equivalence and the diagram

x -, Bo

g
y

Y

commutes, then the induced map

G : @m(f}'}MT(d,r)) — &ian(ff/MT(d, r))

18 an isomorphism.

Proof. Since g, : fx MT(d+ka,,r) = fy MT(d+ ka,,r) is a homotopy equivalence,
it induces an isomorphism on homotopy groups. Thus it also induces an isomorphism
in the limit. O
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Lemma 4.18. Assume ¢ < d and let f : X — BO be defined on a finite CW
complex X. Then my(f*MT(d,r)) is a finite 2-group when d — r is odd, and thus
l'&nr ([ MT(d,r)) is 2-profinite. Ford odd, this also holds when d = q. Moreover,
the periodicity map

skar (2 MT(d,r) — f*MT(d + ka,,r)
is a (2(d — r) + ka, + 1)-equivalence.

Proof. In the case where X is a point, i.e. f*MT(d,r) = Vg, the first statement is
true by Remark 4.11.

Now suppose that X is obtained from Y by glueing on an n-cell D™ such that
Y N D™ = S"!. Then there is a Mayer—Vietoris sequence

= m(f*MT(d,r)jg0-1) = mq(f*MT(d,r) pn) & mg(f*MT(d, 7)}y) (4.13)
—mg(f*MT(d,7)x) = Tq—1(f*"MT(d,7)|50-1) — .

The periodicity map defines a map of these exact sequences, and since direct limits
preserve exactness, there is also an exact sequence

= mg(f*MT(d, ) gn-1) = 7q(f* MT(d,7)pn) & 7 (f " MT(d, 7))y)
ﬁﬂq(f*MT(d, r)|X) — qul(f*MT(d, T)‘Sn—l) — .

Since D™ ~ pt, the theorem is known for X = D" by Lemma 4.17.

S™ can be built up from two disks by glueing their boundaries along a copy of
571, s0 by induction on n, my(f*MT(d, r)gn) must be a finite 2-group in order to
fit into the exact sequence.

For a general simplicial complex X, it now follows by induction on the number of
cells in X that 7,(f*MT(d,r)x) is a finite 2-group when d — r is odd, by applying
the Mayer—Vietoris sequence and the sphere case. Finally we get the result for a
general CW complex by Lemma 4.17.

The last statement was shown for X = pt in Lemma 3.13. In general, the claim
follows by an induction argument similar to the above applied to the periodicity
map between the sequences (4.13). O

Lemma 4.19. Let f : X — BO be given and assume that X is the union of two
finite subcompleres Y1 and Yo. For q < d, there is an exact Mayer—Vietoris sequence

— @wq(f*MT(d, T)vinys) — @ﬂ*(f*MT(d, T)v;) @ @ﬁq(f*MT(d, 7)v)

q

= lim g (f* MT(d, 7)jy,0v,) = Um g1 (f*MT(d, 7)jyvi0y,) — -

Proof. As in the proof of Lemma 4.18, there is a Mayer—Vietoris sequence

= T (f[TMT(d, 1) viny,) = 7g(f"MT(d, 7)py;) @ g (f*MT(d,7))v,)
- ﬂ-Q(f*MT(dﬂ r)\Y1UY2) - .

Taking the inverse limit over r yields the desired sequence. Generally, inverse limits
do not preserve exactness. However, for ¢ < d and d — r odd, all groups involved
are finite, so the Mittag—Leffler condition ensures that the inverse limit of these
sequences is again exact. O
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Proposition 4.20. Let X be a finite complex and f : X — BO a map. Then for
q<d, o
o (f*MT(d)) = r&lﬂq(f*MT(d,T)).

Proof. By (4.6) we need to see that @i Tg+1(f*MT(d,r)) vanishes. For ¢ < d —1
or ¢ = d—1 and d odd, it follows from Lemma 4.18 that the Mittag—Leffler condition
is satisfied. For ¢ = d — 1 and d even, we apply the long exact sequence constructed
in the next section in Corollary 4.23. This yields short exact sequences

0—=Z— mg(f*MT(d,r)) = mg(f*MT(d+1,7r+1)) =0
that map to each other. Thus we get the exact sequence
= il Z = ] g (fFMT(d, 7)) = Y] 7 (F*MT(d+ 1,7 + 1)) — 0.

The Z’s map isomorphically onto each other, so the first term vanishes, and we
already explained that the last term is zero. O

We are now ready to prove the main theorem of this section.

Theorem 4.21. Let f: X — BO(d) with X a finite complex. Then for q < d,
Froae : m(f*MT(d)3) — mq(f*MT(d)y) = 7o (f*MT(d))
is an isomorphism. In particular, for X C B(d) we get

lim g (MT(d)|x) = mg(MT(d))5
XCB(d)

for q < d. Taking the direct limit over d,

lim lim 7 (MT)y) = g (MT)).
d XCB(d)

for all q.

Proof. We want to do an induction on the cells in X as in the proof of Lemma 4.18.
Assume that X is built from Y by glueing on a disk D" such that D" NY = S"~1.
There is a map of Mayer—Vietoris sequences for g < d

g (FFMT(d) gn1) — 7o (FMT(d) pn) @ 7o (FFMT(d))y ) — g (F*MT(d))x)

| | T

T (f*MT(d) gn-1) — mg(f*MT(d)pr) © 7o (f*MT(d)y) — mo(f*MT(d) x)-

The upper row is exact by Lemma 4.19 and Proposition 4.20. This diagram maps
into the 2-completed diagram

g (FFMT(d)jgn 1)} — mg( F*MT(d) pn ) @ mo(F-MT(d)yy ) — mg(F*MT(d) )}

T | |

g (f*MT(d) gn-1)y — 7 (f*MT(d) pn )y ® o (f*MT(d)y )y — o (f*MT(d) x)5-
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The lower row is still exact because 2-completion is exact with respect to finitely

generated groups. All the groups in the upper row were already 2-profinite by

Lemma 4.18. Therefore, the 2-completion does not change this row. For X = D",

the vertical map is an isomorphism by Lin’s theorem. The same is true for a general

X by induction on the cells. This is exactly the map induced by f*y, see Section 4.2.
When we take the direct limit over X C B(d), we need to see that

lim To(MT(d)|x)3 — mg(MT(d))3
XCB(d)
is an isomorphism. This is true because m,(MT(d)|x) — m(MT(d)) is an isomor-
phism for X = G(d,n) and n sufficiently large. In the spin case, G(d,n) is not
compact, but we can choose X to be the (¢ + 1)-skeleton instead. O

4.7 Stabilization of the Spectral Sequence

We now introduce a stable version of the spectral sequence from Section 4.1. We
also form an inverse limit of these and show that this defines a new spectral sequence
that converges strongly.

In this section, we consider maps f : X — BO where X is either a compact CW
complex, BO, BSO, or BSpin. In all these cases, we use the notation f*MT(d,r)
etc. for the corresponding spectra.

Lemma 4.22. For f : X — G(d 4+ ma,,n) and N = ka,4;, there are long exact
sequences

= T (ffMT(d+ N,7)) = m(f*MT(d+1+ N,r+1)) = m(f*MT(d+ 1+ N,l)) —
for all N sufficiently large and x < 2(d+ N — 1) —r.
Proof. The maps in the sequence are the maps of Thom spaces over the maps of
pairs
We(f*Uaginn)s Ve(f Uasnn)) = Werd(f Uarirnn)s Vet (F UdriyNn))
=Wi(f " Uati+nn), Vi(f " Udti4Nn))-

Let f*(Ugsnn) = F and f*(Ugyi+nn) = E for simplicity. These are both vector
bundles over X and E =2 F @ R!. We need to see that the map of pairs

(West(E), Vet (B) UW,(F)  (Wi(E), i(E)UX x ) (4.14)
is highly connected, since the first pair corresponds to the cofiber of
f*MT(d+ N,r) — f*MT(d+ N +1,r+1),

while the second pair corresponds to f*MT(d + N + [,1). Here a point (z,s) in
X x I should be interpreted as (sug,...,sw;) € Wi(F @ R') where (u1,...,u) is
the standard frame in 0 @ R'. All the spaces in (4.14) are fiber bundles over X,
so it is enough to see that the fibers are highly connected. Now, Wy ;N4 and
Wiati4+n, are both contractible. The fibers Vg4 nr U Wayn, and Viiyn, are
(2(d4+ N —1) —r)-connected since the first is the mapping cone of the fiber inclusion
Va+Nyr — Vipi+Nr+1 and the other one is the base space. ]
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Corollary 4.23. For f : X — BO, there are long ezxact sequences
— T (ffMT(d,7)) = m(ffMT(d+1,r+1)) = m(fMT(d+1,1) —. (4.15)

Proof. First consider the compact case. We may assume f(X) C G(d+ N,n) for all
N = ka,y; with k sufficiently large. The map

ffMT(d+ N,r)— ffMT(d+ N +1,r+1)

only commutes with the periodicity map up to homotopy. We need to see that the
periodicity map still defines a map between the long exact sequences of homotopy
groups. Then the claim follows because direct limits preserve exactness.

The diagram

St f*MT(d + N,r) — s St f*MT(d + 1+ N, 7 +1)

; )

FMT(A+ N + apsy,r) —2s FEMT(dA+ 1+ N+ @y, + 1)

only commutes up to homotopy. There is a homotopy between j; o ¢; and iz o jo
defined by fiberwise application of the homotopy from the proof of Lemma 3.13.
Let H be an extension of this to X%+ f*MT(d + [ + N,r + 1) x I which is j; on
Yo+t f* MT (d+1+N,r+1)x{0}. Then there is a strictly commutative and homotopy
equivalent diagram

Sert fFMT(d + N, r) —25 Sertl p MT(d + 1+ Nyr+1) x T
lﬂé lH
PEMT(d+ N+ apig,r) =2 fEMT(d 41+ N+ apig, v+ 1),

This certainly defines a map of the exact sequences from Lemma 4.22. We need see
that the map of cofibers is actually the periodicity map. Introduce the abbreviations

/ /
E = f*UsrisNn, F = [ Ussnn E' = [ UsvisN+apyns and F' = f*Ugi Nta, o n-
On base spaces, the induced map on cofibers

(Drst, SO =YY ¢ (Wyit(E) x I, Vest(E) x TU W, (F) x I)

J

(Wt (E"), Ve (E') U W (F))
corresponds to a map

(Dr+t, Sar+1= 1)y 5 (W(E) x I,V)(E) x ITUX x I x 1)

l

(Wi(E), Vi(E') UX x I)

under the homotopy equivalences defined in the proof of Lemma 4.22. Again, the
point (x,s) € X x I C Wj(E’) should be thought of as the frame (sug,...,su;) in
E' = F! @ R! where (u1,...,u) is the standard basis in R'.
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The restriction of the last map to the homotopy equivalent pairs
(DA, §4r+7h) X (Wi(E) x {0}, Vi(E) x {0}) — (Wi(E"), Vi(E'))

yields exactly the periodicity map except we multiply by e,41,...,e,1; rather than
e1,...,e. But a path between these frames in V,,;; defines a homotopy between
the maps, so the map induced on homotopy groups is the desired map.

For X = BO, BSO, or BSpin, there are long exact sequences

— m(f*MT(d+N,r)) = m(f*MT(d+14+N,r+1)) = m(f*MT(d+1+N,l)) — .
The check that the periodicity map defines a map of these sequences is similar. [J

The sequences (4.15) fit together to form a spectral sequence:

Theorem 4.24. There is a spectral sequence with
Egy =g ort(fFMT(d = s5,1)) = mp_(X) @ m_o(S°)
for0<s<r and E{;t = 0 otherwise, converging to m(f*MT(d,r)).

This is the spectral sequence from Section 4.1 with all homotopy groups replaced
by their stable version.
Replacing all groups in (4.15) by their 2-completions yields

= m(fFFMT(d, 7))y = m(fFMT(d+ 1,7 + 1)) = m(FFMT(d+1,1))5 — .

This is again an exact sequence because all the groups involved are finitely generated.
Since the inverse limit functor is exact with respect to sequences of profinite groups,
there are long exact sequences

— lm (fMT(d ) = B (FMT (41, r4+1))5 = m(FMT(d4+1,1)5 - |

These sequences form a spectral sequence where lim T (f*MT(d,r))% is filtered by
the image of the groups lim T (f*MT(d —1,r — 1))y and with

Byy = Ta—sti(fFMT(d ~ 5,1))3

and differentials
k . k k
d”: Es,t - Es—i—r,t—i—r—l‘

Theorem 4.25. This spectral sequence converges strongly in the sense of [5] to

lim . (fMT(d,7))3.

Strong convergence basically means that the FE°-terms are the filtration quo-
tients of a complete Hausdorff filtration of lim . (f*MT(d, )5

Proof. Since Eit = 0 for t < 0, we have a half-plane spectral sequence with entering
differentials in the sense of [5]. Thus, by Theorem 7.3 of this paper, it is enough to
check that the following three conditions are satisfied:
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(i)
lim, lim (£ MT(d — L = )3 = Jim, lim, . (FMT(d = L = )3 =0,
since m, (f*MT(d — 1,7 —1)) is zero for k > r.
(i)
lim, lim . (f*MT(d 1,7 —1))5 =0.
This follows from the fact that
lim, . (f*MT(d — 17— 1))3 = lim! m, (f*MT(d —Lr — 1)) =0
and diagram chasing in the diagram defining the double limit.
(iii)
lim, Z{, = 0.
Here Z §,t denotes the cycles on the kth page, i.e. the inverse image of
Im(§m 71 (f*MT(d—s—k,r— k)b — Wm 1 (f*MT(d—s— 1,7))%)
under the map

T (f*MT(d - 5,1))5 — hm 7,y (f*MT(d - s — 1,7))5.

But the sequence

= lim 7w (fFMT(d =k —s,r— k)3 = lm m(f*MT(d—s—1r));
ST (FMT(d— s —1,k))5 —

is exact, so Z;ft is actually the kernel of the composite map

T (F MT(d = 5, 1)) = lim 7oy (FMT(d =5 = 1,7)))
= M1 (ffMT(d — s — 1,k))5,

which is continuous. Thus the vat are closed subgroups of a 2-profinite group.
But l'&m1 vanishes for any inverse system of closed subgroups of a profinite
group because these are again profinite, the quotients are profinite, and @ is
exact on sequences of profinite groups with continuous maps.

O]

Proposition 4.26. For g < d and f : X — BO where X is a finite complex, BSO,
or BSpin,

lim m, (f* MT (d, 7))} = m4(f*MT(d)).

T

Proof. The groups 7y (f*MT (d,r)) are finite 2-groups for infinitely many r, therefore

—

lim g (f*MT (d, 7)) = limmg(f*MT(d, 7)) = mq(f*MT(d)).
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4.8 Geometric Interpretation

This last section is an attempt to relate the inverse limit spectrum back to the vector
field problem.

Let M be a closed d-dimensional manifold. Then M x D*% is a manifold with
boundary M x S*@—1 This naturally has r vector fields on the boundary given by
Clifford multiplication.

Let £ : M — G(d,n) be a classifying map for TM for some n so large that
7g(MT(d)) = 7g(MT(d)|G(4,n))- Then the trivial extension & : M x D¥r — G(d,n)
is a classifying map for T(M x D*®). The construction (1.8) of the invariant in
Section 1.4 restricts to

B (M x DFr M x SkaT_:l;‘f) € Tatka, (MT(d + kar,7)\G(dn))-
Then, by construction, we have:

Proposition 4.27. The map nqg(MT(d)|can)) — Ta(MT(d,7)|G(an)) takes B(M)
to limy, B"(M x DFar M x Skar=1. ¢),
The image of B(M) under the map

mg(MT(d)) = lim  limmg(MT(d,7)x)
XCBO(d) T

vanishes if and and only if for some classifying map £ : M — X C BO(d) and all
r, BT(M x D*r M x Shar=1. &) = 0.

Proposition 4.28. For a map f: X — BO(d) and X compact, the map
ma(f*MT(d)) — lglwd(f*/\/l'r(d,r))

18 injective.
Proof. This follows from the commutative diagram
lim ma(f*MT(d 7))y —— lim mg(f*MT(d+1,7)))
ma(f*MT(d))y ————— ma(f*MT(d+ 1));.
O

Corollary 4.29. If for all r there is a k such that M allows an extension of the
Clifford vector fields on M x S*@r=1 to M x D*%  then M must be Reinhart cobordant
to the empty manifold.

Proof. If M x D*r allows an extension of the Clifford vector fields, then

lig 8" (M x D™, M x §5 =15 €) € mg(MT(d, 1) (d,m))
k

vanishes. Thus S(M) is mapped to zero in Hm_ 7a(MT(d,7)Gn))- By Proposi-
tion 4.28, also S(M) = 0. O
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Finally we shall see that the injectivity of 6 we are looking for is far from true
in the limit:

Proposition 4.30. The map 75(S°)) — ma(Va) is injective, and the image lies in
the kernel of the map

0:ma(Va) > lim ma(MT(d))x).
XCBO

In particular, for most d, 0 is not injective.

Proof. The diagram
Ta(Va) — ma(Vat1)

—
I

commutes, proving the first claim.
Recall from Proposition 3.37 and 3.38 that

Ta(MT(d)) = mg(MT(d +1)) & G

for a suitable G depending on d. The map 75(SY) — mq(MT(d + 1)) is zero, see
the proof of Theorem 4.13. Therefore, the image of 75(S%) — mq(MT(d)) lies in G.
Since 75(S°) is torsion, this can only be non-zero when d = 1 mod 4. However, the
map factors as
13(8%) = ma(MT(d — 2)) = ma(MT(d)),
and thus 75(S%) — m4(MT(d,2)) = G is zero. Hence 75(5°) — mq(MT(d)) is the
zero map.
The last claim now follows because the diagram

ra(MT(d) —— im0 7a(MT(d) )

| T

ﬂd(SO) TI'd(Vd)

commutes. J



Chapter 5

The Inverse Limit Spectrum

In this chapter we are going to study the inverse limit spectra from Chapter 4
by more algebraic methods. The idea is to apply a version of the Adams spectral
sequence for inverse limit spectra. Thus the main problem becomes the computation
of certain Ext-groups. The original motivation for the study of the inverse limit
spectrum was that the cohomology of the inverse limit spectrum resembled the
Singer construction. This would immediately yield the desired Ext-groups. We
recall the Singer construction in Section 5.1, and in Section 5.2 we show how this
applies in the compact case.

In Section 5.3 we consider the non-compact case for the unoriented spectra. By a
direct computation we determine the desired Ext-groups. Quite surprisingly, it turns
out that we get a completely different result than in the compact case. For instance,
the inverse limit spectrum is no longer connected. Then in Section 5.4, a deeper
study of the homology and cohomology structures allows us to give a more explicit
description of the Ext-groups. Finally, in Section 5.5, we compute the Ext-groups
for the oriented version of the spectrum.

5.1 The Singer Construction

In this chapter we shall only consider cohomology with Z/2 coefficients understood.
Hence the mod 2 Steenrod algebra will just be denoted by A.

Let Z/2[t,t~!] be the graded ring of Laurent polynomials in the variable ¢. This
is an A-module with qu(tl) = (,i)t’”l. For [ negative, the binomial coefficient
should be interpreted as

<Ii>_z.(z—1).-é!(1—k+1)

Then as A-modules,
lim lim H*(Vy,) = BZ/2[t, 7).
d r

Lin’s theorem is based on the observation that the map
YZ/2[t, 7 — Z/2

105
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induced by g : SO — V is an isomorphism on Ext-groups
Ext%(Z/2,Z/2) = Ext% (SZ/2[t,t ], Z/2).

See e.g. [27] for a proof.

This was later generalized by Singer in [39] as follows. Let M be an .A-module.
Then the Singer construction Ry M is the graded vector space ¥(Z/2[t,t~!] @ M),
but not with the Cartan action of A. Rather, this is given by the formula

Sq*(tP@a) = ( b= j.)ta“’f ® S’ (). (5.1)
J

The advantage of this module structure is that it makes the map € : R4 M — M
given by t* ® x + S¢**!(x) into an A-homomorphism.

It was proved by Gunawardena and Miller in [2] that € is a Tor-equivalence, so
in particular it induces isomorphisms

Ext% (M, Z/2) — Ext% (Ry M, Z/2).

5.2 The Singer Construction in the Compact Case

We wish to compute the homotopy groups of MT (d) = lim MT(d,r). In [28],
Proposition 2.2, the following version of the Adams spectral sequence for an inverse
system --- — Y11 — Y, of spectra is constructed.

Theorem 5.1. Assume that the spectra Y, have finite 7/2 cohomology in each
dimension and each 7.(Y,,) is bounded below. Then there is a spectral sequence with
Ey-term ES' = Exti{t(lign H*(Yy,),Z/2) converging strongly to the homotopy groups
Wth((T&nn Yn)5)-

For each k, EZ’t is the inverse limit of the Adams spectral sequences E,‘z’t(Yn) for
the Y,.

With Y;, = MT(d, ), the spectral sequences E;"'(Y,) are the ones considered in
Chapter 3 and (lim Y,)4 = MT(d)}. Thus we must investigate lim H*(MT(d,r))
in order to apply the theorem. For simplicity, we first introduce some notation.

Definition 5.2. Let B(d) denote denote either BO(d) or BSO(d). Let MT denote
the corresponding spectra. Define

H(d)* =H*(B(d))
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Theorem 5.3. WH(d)* is isomorphic as an H*-module to
H* @ Z/2{w;,l < d}

where Zo{wy,l < d} is the graded vector space with basis w; in dimension l. The
Steenrod algebra A acts by the Cartan formula. The action on H* is the usual one,
while the action on w; is given by the formula

A
. —1 L
Sq* () = E E <] ; )wj—iwkjleri- (5.2)
=0 i=0

Proof. By Theorem 3.14, the periodicity map f : MT(d,r) = X~ MT(d + a,,r)
induces an isomorphism

ffoH(ST"MT(d+ ap, 1)) = H*(MT(d,r)) (5.3)
in dimensions % < 2(d — r + 1). Thus, the inverse system of cohomology groups
oo = HY (™D M7 (d + (K + 1)ay, r)) — HY (S5 MT(d + ka,,r))
stabilizes in each dimension. Hence by (4.5)

H*(MT(d, 7)) = lim H* (X7 MT(d + kay, ).
k

It was also shown in Theorem 3.14 that the map (5.3) takes the generators
Witap—r+1s- -+ Wita, 10 Wg—pi1, ..., wq and commutes with the H*(d + a,)-action.
Furthermore, both are isomorphic to the free H*(d+ a,)-module on these generators
up to dimension 2(d — r).

Thus, in the limit the cohomology groups become

H*(MT(d, 7)) = H* ® Zo{i,d —r+1 <1< d}

where 10 corresponds to the generator wy e, € H' (X% MT(d + ka,,r)). Taking
the direct limit over r proves the claim.

The formula for the A-action on w; follows from the considerations in the begin-
ning of Section 3.5. [

Remark 5.4. The proof also works for MT Spin by referring to Corollary 3.28 and
the proof of Corollary 3.30.

The inclusion V;, — MT(d,r) induces an A-linear projection
WH* = H* @ Z/2{1y,l € Z} — XZ/2t,t ]

with kernel H>? ® Z/2{w@w;,l € Z}. Thus W H* looks like the Singer construction
applied to H*. We shall see that this is indeed the case when we restrict to a finite
quotient of H* and twist the action by a Thom class.

Definition 5.5. Let Z/2[t,t™'] act on WH* by the formula t'(ziy,) = 2y,;. For
any M, Z./2[t,t™'] acts on Ry (M) = X(Z/2[t,t~'] ® M) in the obvious way.
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Theorem 5.6. Let I be an ideal in H* that is preserved by the Steenrod action and
such that H*/I is finite. There is a Z/2-linear map ® such that the diagram

WH*/IWH* —2 R, (H*(MT)/IH*(MT))

_ l (5.4)
%)

H*(MT)/IH*(MT)
commutes and ® commutes with the Z/2[t,t~']-actions. Here $* is induced by the
inclusion @ : MT — MT.

Proof. We must construct a map of the form ®(x1@;) = t~'¢(x) where ¢(z) is linear
of the form >, ¢;(z)t™ for x € H*(MT)/IH*(MT). Then it will automatically
commute with the Z/2[t,t~1]-actions. For the diagram (5.4) to commute, these ¢;
must satisfy

N
pwy = @*(xidy) = e®(wdy) = Y S di()
=0

for all [. This can be written as a matrix equation:

1 Sqt -+ Sq () Tw;

0 1 SqF1 : :

. . ' =1 - (5.5)
: . .. : o1(x) TWw

0o ... 0 1 Po(x) x

Let x(Sq*) € A denote the dual squares defined inductively by x(Sq”) = 1 and
> x(8d')sq"* =o.

Then the matrix

1 x(Sq') - ><(S§1_l)1
o e (5.6)
T

is a right inverse for the matrix in equation (5.5), and multiplication on both sides
yields a formula defining the ¢;. Note that only finitely many ¢; can be non-zero,
since H*/I is finite and ¢; has degree i + deg(z). Clearly, ® is linear because each
qZSZ' is. OJ

Lemma 5.7. The formula
Sq¥(tz) = tSq¥ (z) + 2 Sq* ()
holds in both WH* and Ry(H*(MT)).

Proof. This is a straightforward check using the formulas (5.1) and (5.2). O
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Theorem 5.8. The map ® in Theorem 5.6 is an isomorphism of Steenrod modules.
In particular, ¢* induces an isomorphism on Ext-groups.

Proof. Note that WH*/IW H* is an A-module by Theorem 5.3.
First we show that ® is an A-homomorphism. Assume that for some k,

®(Sq" ! (2)) = Sd* ' (@(x))
for all x. It is clearly satisfied for K = 1. Then

©(Sq" (tz)) =t®(Sq*(2)) + 1*®(Sq* " (x))
=t®(Sq"(x)) + 12 Sq" 1 (D(x)).

On the other hand,
Sq*((tx)) = tSq"(@(x)) +t*Sq"~(@(x))
since ® commutes with ¢. Introducing the notation
3(x) = @(Sq"(x)) — Sq*(®(x)),

the above implies that
O(tx) = to(x).
Iterating this yields 6(t'z) = t'6(z) for all I € Z.
We must show that §(x) = 0. Write §(z) = Zi]ifN ;t" and note that
e(8(x)) = e(2(Sq"(x))) — e(Sq* (@ (2)))
¢*(Sq" (2)) — Sq*(¢" (@)
0

by commutativity of (5.4). This means that for all k,

N N
e(0(tFz)) =e( Y aittF) = D" Sq"tFH(5) = 0.
i=—N i=—N

This yields the following matrix equation:

1 Sqt -+ Sg?N oN 0
0 1 Sq2N_l ON_1 0
0 ... 0 1 o_N 0

As in the proof of Theorem 5.6, we multiply by the matrix (5.6) and obtain the
unique solution §; = 0 for all 1.

It is clear that ® is injective because ®(>_, x;wy—;) is of the form ) . x;
plus terms involving only powers of ¢ that are strictly smaller than the largest power
occuring in this sum. Thus it is non-zero. Since ® is a map between vector spaces
that are finite and of the same dimension in each degree, it is also an isomorphism.

Since € is an Ext-isomorphism, so is ¢™. ]

tk—i—l
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Lemma 5.9. The map H*(MT(d,r)) = H*(MT(d,7)|G(m,)) 8 a surjection with
kernel I - Z/2{®gq—_r+1,...,Wq} where I is the ideal in H* generated by the Stiefel-
Whitney classes Wm+1, Wm+2, ... and the dual classes Wit1, Wita, . ..

Proof. Look at the Serre spectral sequence for the fibration
Varkarr = Ve(Udikarn)|cmay — G(m,1)
for n large. This has E?-term
EYT>~ HP(G(m, 1)) @ HY(Vitkanr)-

For k large compared to m, there can be no differentials in the lower left corner of
the spectral sequence. Hence

H*(Ve(Udtkapn)icm)) = H (Vayka,r) @ H (G(m, 1))
for x < 2(d — r) + ka,. In the exact sequence
H*(G(m, 1), Ve (Udatka,n)icma) = H(G(m, 1)) = H* (Ve (Udskay.n)icm)):
the last map is an injection by the spectral sequence. Thus for x < 2(d — r) + ka,,
H*(G(m, 1), Vi (Udika,n)icm1) = H(SVitka, ) @ H(G(m, 1)),
To see that the map is actually as claimed, consider
H*(G(m, 1), Vi (Udskapn)icimi) — H* (EVayka,r)
| |
H*(G(d+ kar,n), Vi (Uitkarn)) — H (EVitka,r)-

The vertical map to the left takes the generators wgyka,—r+1,-- -, Wdtka, to the
generators of H>(Vyyra, ») ® H°(G(m, 1)), which can be proved by an induction on
r as in the proof of Theorem 5.3. It commutes with the H*(G(d + ka,,n))-module
structure, so the map is as expected. O

Theorem 5.10. @3 : (MT(d)|c(m1))s — (m(d)|g(m,l))§ is a (d — 1)-equivalence.
Proof. 1t follows from Lemma 5.9 that
th*(MT(dm)w(m,l)) = WH(d)*/IWH(d)*
where I = (wg, wp, k > 1,n > m) is an ideal in H* preserved by A. Now, according
to Theorem 5.1 there is a spectral sequence with Eo-term
Byt = ExtS (WH(d)*/IWH(d)*,Z/2)

converging strongly to m;_ 5((1\/4\T (d)|G(my))7)- Similarly, there is a spectral sequence
converging strongly to m_s((MT(d)|G(m,))2) With

Eyt = Ext’ (H*(MT(d))/TH*(MT(d)),Z/2)
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and a map (o, : By — Ey' between them.
From the long exact sequence of Ext-groups associated to the short exact se-
quence 0 » K - WH*/IWH* — WH(d)*/IWH(d)* — 0, it follows that

Ext’ (W H(d)*/IW H(d)", Z,/2) — Ext’ (W H*/IW H*, 7,/2)
is an isomorphism for ¢ — s < d. Similarly for
Ext’ (H*(MT(d))/IH*(MT(d)),Z/2) — Ext%'(H*(MT)/TH*(MT),Z/2).

Combined with Theorem 5.8, this shows that also ¢o, : E’;’t — E;’t is an iso-
morphism for ¢ —s < d. Thus it it a (d — 1)-equivalence on E5Y. Since both spectral
sequences converge strongly, we conclude by [5], Theorem 2.6, that

P2e s (MT(d)citmpy)5) = Tems (MT(d)cimy)5) (5.7)

is an isomorphism for t—s < d—1. Since all the Ext-groups are finite, a modification
of Boardman’s proof also shows that (g, is a surjection for t — s =d — 1. O

Remark 5.11. The above proofs generalize to the situation where f : X — BO(d)
is given on a finite complex X to show that the map

FFMT(d)) — FFMT(d))

is a (d — 1)-equivalence, yielding a new proof of Theorem 4.21. The Serre spectral
sequence shows, exactly as in the proof of Lemma 5.9, that ligr H*(f*MT(d,r)) is
the free H*(X)-module on one generator 9; in each dimension [ < d and

WH(d)" — lig H*(f*MT (d, 1))

is an A-homomorphism taking @; to ©;. The proof that this is the Singer construction
on H*(f*MT) goes as before. The map ® can be constructed as in Theorem 5.6.
The crucial point is to reprove Lemma 5.7. Observing that it is enough to check
the formula on ¢, it follows from the formulas for w; € WH(d). The proof of
Theorem 5.8 then carries over.

Note, however, that compactness of X is essential in the proof of Theorem 5.6 to
make ® well-defined and show that it is an isomorphism. The rest of this chapter is
devoted to the non-compact case, in which the spectra behave completely differently.

5.3 The Non-Compact Case

We now turn to the non-compact case. In this section we only consider the unori-
ented spectra MT'O. Now H* will denote H*(MTO), while WH* is as in Defini-
tion 5.2. W H* might still look like the Singer construction applied to H*. However,
we shall see that the algebraic behavior is very different. In fact, W H* has non-zero
Ext?‘i*—groups in all dimensions.

It is well-known that H* is a free A-module, see e.g. [41]. The set Hom (H*,7Z/2)
is known to be the polynomial algebra Z/2[y, k # 2° — 1]. The multiplication comes
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from the map A* : H* — H*® H* induced by the direct sum map BO x BO — BO.
This is the H*(BO)-linear map given by the formula (3.1). The classical way to prove
that H* is free is by an algebraic study of the map A*, see [41], Chapter VI. In this
section we try to generalize this to W H*. However, some difficulties occur because
WH* is not bounded below.

The map MT(d) — MT(d) induces a surjective A-homomorphism WH* — H*.
Thus there is an injection Hom% (H*,Z/2) — Hom(W H*,Z/2). We even have:

Theorem 5.12. There is an A-homomorphism A : WH* — H*QW H* where A
acts on the right hand side by the Cartan formula. It is also a map of H*(BO)-
modules where H*(BO) acts on the right hand side by the formula (3.1). This makes
Hom% (W H*,7Z/2) into a module over Hom™ (H*,7/2).

Here H*®@W H* denotes the inverse limit lim H(d)* ® WH*. One can think of
this as a submodule of [[, H* @ WH*~*.

Proof. The inclusion BO(d') x BO(d + ka,) — BO(d' 4+ d + ka,) induces a map
H*(MT(d +d+ ka,)) = H*(MT(d")) @ H*(MT(d + ka,)).

Then the inclusion BO(d' +d —r + ka,) — BO(d' + d + ka,) yields a commutative
diagram

H*(MT(d +d+ka,)) — H(MT(d")) @ H*(MT(d + ka,))
H*(MT(d +d—r+ka,))—— H*MT(d')) @ H(MT(d —r + ka,)).
This defines an A-map on the kernels
H*(MT(d' +d+ ka,,r)) = H*(MT(d")) ® H (MT(d + ka,,r)).

This commutes with the periodicity maps and the maps in the inverse system, in-
ducing an A-homomorphism

WH(d +d)* — H(d)* @ WH(d)*.

Taking the inverse limit over d, we get a map WH* — H(d')* ® WH*, and the
inverse limit over d’ yields the desired map WH* — H*QW H*.
The H*(BO)-module structure comes from the commutative diagram

MT(d') A MT(d + ka,) — MT(d') A MT(d + ka,) A (BO(d') x BO(d + kay))+

| |

MT(d +d + ka,) —— MT(d' + d + ka,) A BO(d' + d + kay,) 4.
0

As promised, we are now going to construct an infinite collection of elements in
Hom!y(WH*,Z/2) = Extg{t(WH*, Z/2) in each dimension ¢. In H* one can compute
Sq?(1) = wy = wa + w?. Thus there is an A-homomorphism & : H? — 7/2 taking
the value 1 on both ws and w?. This element plays a special role.
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Theorem 5.13. & is invertible in Hom™ (W H*,7/2), i.e there are elements £&"
satisfying &' - &5 = &' " for all n,m € N. The monomials 3¢ for n € Z and
&1 € Z/2[4,&5, ... ] are linearly independent in Hom (W H*,Z/2). Moreover, the
Hom (H*,Z/2)-module structure of Hom® (W H*,Z/2) extends to a module struc-
ture over Hom (H*,Z/2)[6;"].

Proof. We must determine the value of & " (piw—;—ay) for every p; € H'(BO). This
comes from some p;wkq, —i—2n € H’“‘T*Q"(MT(d + kay,r)) in the direct system and
here we have the A-homomorphism

(k% —n)
HY =20 (MT(d + kay,r)) — H=2"(MT(d + ka,)) 2 7,)2. (5.8)
Define & " (pitv—i—2n) = ékf?n) (piwga, —i—2n). We must check that this definition

does not depend on the choice of ka, for r large enough.
The (k% — n)-fold direct sum map BO x --- x BO — BO induces

A*  HRr =2 MT(d + kay)) = HF=2"(MTO) — H*(MTO)2*5 ),

_n)(

k&r
To evaluate &, * DiWka,—i—2n), We must apply & to each factor of

A*(piwga,—i—2n) = A% (pi) A" (Whq, —i—2n)-

This yields the formula

o, o _
T D Dl G ! (59)

a+2b=1

Here
g€ - HY(BO) 2 HO(BO)®*kF—n=0=0) @ H(BO)®* © H*(BO)® — 7,2

is the evaluation in each factor of the Z/2-linear maps &; : H'(BO) — 7Z/2 and
& H2(BO) — Z/2, given by &1 (wy) = 1, &(w?) = 1, and & (we) = 1.

The multinomial coefficient in (5.9) only depends on (k% — n) mod 2V where
N is the smallest number such that i < 2. But 2V divides & for all r sufficiently
large. Also, £3¢5(p;) is independent of ka, when this is larger than 4, since a larger
ka, only will add more copies of 1 € H°(BO) to the formula for A(p;). Hence (5.9)
does not depend on ka, for r sufficiently large, and we have a well-defined Z/2-linear
map.

We must see that this map is actually an A-homomorphism. Let x € WH™
be given. We must see that & "™(S¢’(x)) = 0. For this, choose d,r and k so large
that « comes from some 2’ € H*(MT(d + ka,,r)) and so that we may compute

&(Sd (@) = &' T T (S (o).

Lor _
This is zero because f; z ") is an A-homomorphism.
Now we look at how the & ™ multiply. This is given by the map

2n—j

ey "
_—

WH* - H*@WH* - H" @ WH ™" 7)2.
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For sufficiently large d’, d,r and N, we have the following diagram

H*(MT(d' +d+2V,r)) —— H*(MT(d')) @ H*(MT(d + 2V, 7))

| |

H*(MT(d' 4+ d+2V)) ——— H*(MT(d')) @ H*(MT(d + 2V))
M/\ J/f?@féQNln)
’ 7)2.

But §§2N71+m_n) (Piwgn ) = EQm_n) (piwg). This is by definition when m — n is
negative and because (5.9) also holds for m — n positive. Thus the result follows by
commutativity of the diagram.

Finally, the linear independence follows from this multiplicative structure. Sup-
pose a finite sum of monomials y  a, ;& "¢ = 0 is given. We can multiply this by a
large power of £ so that the sum only contains positive powers of &. Since all such
monomials are linearly independent, all a, ; must be 0.

Let & € Homy(H*,Z/2)[¢; "] and n € Hom (W H*,Z/2). Then for p;iy; € WH*
we define

~ oN—-1 ~
Enlpiw) =& & npidyyon)

for N large. As before, one can write down the formulas to see that this is an
A-homomorphism and that, for a given p;wy, it is independent of N for N large. []

Let A(n) denote the Hopf subalgebra of A generated by the elements Sq?  for
i < n. This is finite by [33], and A is free over each A(n) by general results on
Hopf algebras given in [34]. In the following, A" and A(n)" will denote elements of
positive degree in the respective algebras.

We want to generalize the proof that H* is free over A to W H*. However, since
W H* is not bounded below, the proof only works over the finite subalgebras A(n).
It turns out that this is enough to compute the Ext-groups we are after.

Lemma 5.14. WH* is free over A(n).

Proof. Let Dt = A(n)WH<!+ W H>!. This is a submodule over A(n). Therefore,
M! = WH*/D! is again an A(n)-module with trivial action, and the projection
WH* — M! is A(n)-linear. Since A is free over A(n), H* is also free over A(n), so
we may choose an A(n)-linear projection H* — A(n). Thus there is a well-defined
A(n)-homomorphism

WH* - H*QWH* — A(n)®M.. (5.10)

This is clearly surjective, since a lift M! — W H? of the projection defines an A(n)-
linear map i; : A(n) @ M! — WH* whose composition with (5.10) is clearly the
identity. Then also

WH* — P An) @ M} (5.11)
t=N
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must be surjective. This can be seen using the splitting since the A(n) ® MY
summand is hit by i (A(n)@M2Y). Then iny1(A(n)® MY+ hits the A(n)@ MY+
summand mod A(n) ® M. Continuing this way, we see that it is surjective in each
dimension. Since A(n) is finite, the right hand side of (5.11) is a finite sum in each
dimension. Letting N — oo, this implies that

WH* - @ A(n) @ M},
t=—o0

is a surjection. Let K denote the kernel. Then W H* splits as a sum
o
Ko @ilAm) @ M)
t=00

of A(n)-modules. Every element in K must be decomposable, otherwise they would
be non-zero in some M. Because of the splitting, we must have A(n)"K = K.
Iterating this, we get (A(n)*)!K = K for all I. But A(n) is finite, so K must be
Zero. O

Define M* = lim M = WH*/ATWH*. In the following, the Z/2-dual of a
Z/2-vector space V will be denoted by V.

Theorem 5.15.

(MY)Y  for s =0,

ExtS' (WH*, Z/2) =
al /2 {0 for s > 0.

Proof. Tt follows from Lemma 5.14 that

WH!/A(n)*WH* for s=0,

A(n) \Y% *
Tor 72V, WH™) =
st Z/ ) {O for s > 0.

There is an isomorphism

limg Tor}{" (/2" W H*) — TorZ,(2/2", W H"),

see e.g. [27]. This allows us to calculate

Torgy(Z/2Y, WH") = lim W H'/ A(n) "W H* = WH' /AW H* = M".

But again by [27], Lemma 4.3,

Ext{ (WH*,Z/2) = Hom(Tory,(Z/2", WH*), Z/2),
and the claim follows. O
Corollary 5.16. For all t < d, m(MT(d)}) = (M")V.

Proof. We have that Exti’lt(WH(d)*, 7]2) = Extiit(WH*, 7/2) whenever t — s < d,
so in these dimensions the spectral sequence of Theorem 5.1 is concentrated on
the line s = 0. Hence there can be no non-trivial differentials in this part of the
sequence. ]
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5.4 More on the Structure of WH*

In this section we shall investigate W H* further. Most of this section is due to, and
partially written by, Bokstedt.

We saw in Section 5.3 that W H* has the Ext-groups of a free A-module. To
see that it is in fact a free module and find an explicit description of the generators
requires a more convenient basis for H*.

Let v; € H;(BO) be the image of the generator in H;(BO(1)) = H (RP>). The
direct sum map BO x BO — BO induces a multiplication in H,(BO) dual to the
comultiplication A* in H*(BO), and the dual of the cup product in H*(BO) defines
a comultiplication A, on H.(BO).

Lemma 5.17. H,(BO) is the polynomial algebra on the generators v;. The comul-
tiplication is given by Ay (v;) =3, v; ® v;—j.

See e.g. [42], Chapter 16. We will need the following relations to the Stiefel-
Whitney classes:

Lemma 5.18.

(1)

1 ifi=1,
wi(vi) = .
0 otherwise.
(it) If j > 2 and x € H.(BO), then wy(vjx) = 0.
(iii) If v € Hi(BO), a = [],<}<, wiy,, and j > n, then a(vjz) = 0.
(i) Assume that 2V > i; for all j > 1. Then

N
Wi, foN Wiy Wi, (V] @) = Wi wiy - - wy,, (2)

and
2N
Wy, 4 jpoN Wiy - - w;, (v x) = 0.

Proof. The first formula follows from the definition of v; because the restriction of
w; to H'(BO(1)) is non-trivial if and only if i = 1.
Formula (ii) follows from (i) using the comultiplication in H*(BO):

wn(vjz) = A" (wn) (v;7) = w;(v)) - wn—;(x) = 0.
Formula (iii) follows from (ii) since

a(viz) = ( [ wi)(AwwjAe)

1<k<n

is a sum of terms of the form [[, .., (w;, (vi,zx)) with > 1o, i = J. But j > n
implies i, > 2 for some k, so these terms all equal 0. -

Finally, (iv) follows from (ii) and the formula A*(vng) = A, (vp)?" A, (z) where
only the term (U%N ® 1)A(z) contributes when we evaluate w;, 4 gonwy, - - - w;,. O

n
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We may filter H* by length of monomials
H*(n) = Z/2{wil st Wy, € H*}

The inclusion 4, : H*(n) — H* is not compatible with the action of A, but the
projection p, : H* — H*(n) is. That is, if a monomial a in the w; has length at
least . + 1, then so has every monomial in Sq’(a). This follows from Formula (3.7)
and the Cartan formula.

Lemma 5.19. Evaluation induces a perfect pairing in each dimension
tn : Z)2[v1,v9, ..., 0] @ H*(n) — Z/2.
Proof. Evaluation defines a perfect pairing
p:Z/2[vy,v9,...]@ H = Z/2.
The restriction to H*(n) C H* yields a map
o 2 Z)2[v1, 02, ..., vy @ H"(n) — Z/2.
According to in Lemma 5.18 (iii), the adjoint map

pr : H*(n) — Hom(Z/2[v1, v, . .., vn], Z/2)

must be injective, since the isomorphism p* is. In each degree, Z/2[vi,ve,. .., vy]
and H*(n) are finite of the same dimension, so ) is an isomorphism, i.e. p, is a
perfect pairing. O

In the following, let H, = H.(MTO).
Lemma 5.20. The Steenrod algebra acts on H,(MTO) by

Sqf v; = <Z B ];_ 1)Ui—k-

Proof. ITn H*(BO(1)) the formula Sq*(wi™%) = (z;k)wi holds. In H* the formula

becomes
j - P=k\ ik
sat(ui ) =3 (1 Jut e

This restricts to

in H*(MTO(1)) because @;_j, restricts to w!™*. Dualizing yields the formula. [
Let S = 7Z/2[v2,vs3,...] be the subalgebra in H,.

Corollary 5.21. S is an A-submodule of Hy. As algebras with an A-action,

Z/Q[U17v2a s avn] = Z/2[/U1] ® Z/2[027U37 s 7UTL]‘
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Proof. Clearly, Z/2[v1] is a subalgebra of Z/2[v1, v, . . ., v,] which is closed under the
action of A. It is not quite as obvious that the subalgebra Z/2[vs, vs,...] is closed,
but it follows from the preceeding formula. If Sq* (vi) = vj we have that (j ;1) =1.
So if j = 1, we must have kK = 0. The inclusions combine to an isomorphism

Z)2[v1] @ Z)2[va, v3, . .., vp] = Z/2[v1,v9, ..., Uy]
of algebras compatible with the A-action. O

We now want to a give a similar description of W H* and its dual. By Theo-
rem 5.3, W H* has a Z/2-basis

{/Lbilwiz ce Wy, | ihW€Z, iy >0forl > 2}
Again there is a filtration of W H* by length of monomials
WH*(n) =2Z/2{w;, ---w;, € WH*}.

The inclusion i, : WH*(n) — W H* is not compatible with the action of A, but the
projection WH* — W H*(n) is by Formula (3.7) and (5.2).
Let & € Hy(BO) be as in the previous section. Then & = v + vs.

Definition 5.22.
R(n) = Z/2[v1,va, . .., val[65 ]
R = hﬂR(n)

The Steenrod algebra acts on R(n), and the inclusion maps R(n) — R(n+1) are
compatible with this action. Thus R has a natural action of the Steenrod algebra.
The pairing u, extends to a pairing

fin - R(n) @ WH*(n) — Z,/2

by the formula

~ ek~ 2N =1tk
fin (§30, Wiy Wiy - - - Wi, ) = fin( 2 * Ty Wiy 42N Wiy - “wg,)

where z € H,(MTO) and N is sufficiently big. Repeated use of Lemma 5.18 (iv)
shows that this definition is independent of N. The pairing induces a natural map
a*: WH* — Hom(R,7Z/2) compatible with the Steenrod action.

Lemma 5.23. For a € WH?*, there are natural numbers m,n such that
i*(a) € Hom(R(m,n),Z/2) C Hom(R,Z/2)
where R(m,n) = R/I(m,n) and I(m,n) is the ideal in R generated by

m ,m m
Vg V3 .-y Up s Untl, Un42; - - -
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Proof. Choose n such that a € WH*(n). Then by Lemma 5.18 (iii), i*(a)(vjz) =0
for j > n.

Assume without restriction that a = w;, w;, - - - w;,,. Choose m = oN > i; for all
j > 1. Then i*(a)(v]"z) = 0 by Lemma 5.18 (iv). O

Definition 5.24. Let R" = lim, lim,, R(m,n) with the inverse limit topology. If
z € I(m,n), then Sq*(x) € I(m — k,n — k). This defines a continuous action of the
Steenrod algebra on R".

We first give two equivalent filtrations of R". It follows from Corollary 5.21 that
S{1,v1} = 5 @ Sv; is an A-submodule of H,.

Proposition 5.25. R is isomorphic as a topological A-module to the completion
of R with respect to the ideals

Jr = {&po + - + & Fpy | pi € S{1,v1}, deg(pi) > 7}

One can think of R as the space of power series £5'po —{—f;”flpﬁ—- -« with coefficients
pi € S{1,v1} and A acting on the coefficients.

Note, however, that it is not clear from this description how these power series
multiply.

Proof. The topologies agree because

n(n2—|— 1)m,
I(m,n) C J, if min{m,n} > r.

Jr CI(myn) ifr>

Furthermore, if z € J,, then Sq¥(z) € J,_;. Thus we get the same A-action.
Observe that
R=Z/2[6,8 ' ® S{1,u1}

as A-modules. Thus any element of R has a unique representation of the form
&l'po 4+ -0+ fg”fkpk. It is then clear that the completion of R in the J,’s is the
space of power series of the form &J'py + fg‘_lpl + -+ with p; € S{1,v1} and A
acting on coeflicients, since it acts trivially on &s. O

Proposition 5.26. R" is isomorphic as a topological ring to the ring R} of power
series ‘
v'po + ’U{n_lp1 +- " pi

with coefficients p; € S.
Proof. RY is its own completion in the ideals

Ly = {v"po +v]" 'p1+ -+ | pi € S, deg(pi) > 7},
while R” is its own completion in the ideals

Jr={&"po+ & pr+ -+ | pi € S{1,v1}, deg(pi) > r}.
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But vy is invertible in R by the formula
ot =6 N1+ vt vsE R 4
and & is invertible in Rf* via the formula
&' =vr” Fortve Fo v+

This defines isomorphisms J, — L,_1 and L,_; — J, inducing a continuous isomor-
phism R} & R". [

Let Hom'"P(R,Z/2) denote the vector space of continuous homomorphisms in
either of the three equivalent topologies. Then Hom'P(R,Z/2) C Hom(R,Z/2),
and according to Lemma 5.23, the image of the map g* : WH* — Hom(R,Z/2) is
contained in Hom"P(R,Z/2) = liglmm Hom(R(m,n),Z/2).

Lemma 5.27. The map ji* : WH* — Hom"P(R,Z/2) is an isomorphism.

Proof. We consider R with the topology given in Proposition 5.26.

Let Z,, be the set of sequences i1,12,...,i, with 1 € Z and i, > 0 for k£ > 2
such that ia > i3 > --- > i,. For I € Z,, define w; = w;, w;, - - - w;,. Then the wy
for I € Z,, form a basis for WH*(n). Let I4(I) = Y ;__ix. Then the degree of wy is
l1(I). We can define a partial order on Z,, by saying that I < I"if I;(I) = [;(I’) and
Is(I) <ls(I') for 2 < s < n.

Let J, be the set of sequences ji,jo,...,Jn where j1 € Z and ji > 0 for
E > 2. Let v/ = vi'v3? - o). The set of v/ for J € J, constitutes a basis for
Z/2[v1,v2,. .., v)[v17Y]. Let Is(J) = > p_.(k — s+ 1)jx. The degree of v’ is I;(J).

There is a bijection « : J, — Z,, given by a(j1,jo, - .,jn) = (i1,02,...,1y) such
that iy, = >4, <, Jm- Note that ls(a(J)) = I5(J). Give J the partial order J < J’
if 15(J) < 1s(J") for 2 < s < and I1(J) = [1(J'). This is compatible with a.

We claim that
1 ifalJ)=1
wr(v?) = ifa(f) =1, (5.12)
0 unless o(J) < I.

To prove this formula, we first compute using Lemma 5.18:

~ J1,.J2 Jn—1 ; ;
. . . Wii i Wia_ i oo W; s (vIVE - <Z,
@w@~wAﬁ@”~%ﬁ={“J"”“ o (002" U ) S
0 In > in.
The claim (5.12) follows for «(J) = I by induction on n.
Now assume wy(v”) # 0. We claim that for all 1 < s < n,
D Wi -y (V1032 . pdn) = Dor Wer - - wyr (V032 - - pds 5.13
Wiy Wiy + - - W;,, (V1" 057 -+ - vl Wy wgy, -+ - wiy (V1" vy -+ vl°) (5.13)

where the sum is over some non-empty set of I’ € 7, satisfying for 2 <t < s+ 1

i <Y in— Y (k—t+ 1)k (5.14)

k>t k>t k>s+1
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This is clearly true for s = n. Assume that this is true for some s. To compute
(5.13), we must evaluate on A, (z)A,(vs)s where z = v]'vd? - 0P In Ay (vs)’e,
only terms of the form ) Ulll Q- ® vlln contribute. The [ must satisfy I < js and
> 1k = sjs. In particular,
Dl = (s —t+ 1) (5.15)
k>t
Thus by Lemma 5.18,

Wi wiy - --wi%(v{lvgg ceede) :Zwiiwi’z : --wi%(A*(:L')vlf ®---®uvl)

= g wiy gy w1, ()
l

where only terms with ¢ — I > 0 for all £ > 2 contribute to the sum. By (5.15)
and the induction hypothesis,

Dl =l) <Y i —(s—t+1)js <> ir—» (k—t+1)j
k>t k>t k>t k>s

Thus the claim follows for s — 1.
For each s > 1, put ¢ = s + 1 in (5.14). This yields

0< ZZ;c < lsy1(1) = lss1(J) = L1 () = lsgr(a(J))
k>t

where the first inequality follows because at least one term in the sum (5.13) is
non-zero. But this means that a(J) < I.
Let Jn,.g ={J' € J | J' < J} and note that this is a finite set. Let

Ry = Z/2[v1,va, .. o7 /2200 | T & Tn s}
By Proposition 5.26, there is an isomorphism of topological rings

RM=lmR, .
n,J

For each J € [J,, define the homomorphism v7* : Z/2[vy,va, ...][v1"'] — Z/2 by
v/*(v”") = 1 if and only if J = J'. Then the v’/"* for J' € J,.; form a basis for the
vector space Hom(R,, y,7/2). Thus the collection of all the v”/* constitutes a basis
for

HOmtOp(R/\a Z/Q) = @Hom(Rn,Ja Z/2>'
n,J

We claim that f*(wqyr)) for J' € J,  also form a basis for Hom(Ry, j,Z/2). This
would obviously complete the proof that f* is an isomorphism.
According to (5.12), i* restricts to a map

0 Z)2{wa i | I € Tng} = Z/2{0"™ | T € T 1}

Using (5.12), an induction on J shows that i* is a surjection and hence an isomor-
phism, which finishes the proof of the lemma. O
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Since H* is free over A, H, =2 7Z/2[¢2,£4,&5,...] ® Ax where A, is the Z/2-dual
of A.

Lemma 5.28. There is an isomorphism of A-modules
¢:ZL/2[E4,E5,. .. ] @ A = S{1, 01}

Note that the left hand side is not closed under multiplication. Even the ge-
nerators ¢(&;) do not form a polynomial algebra. The lemma only yields a bijec-
tion between elements of Z/2[{4,&s,...] and elements of Hom4(H*,Z/2) lying in

S{1,v1}.
Proof. Since
Z]2[&2) @ S{1,v1} 2 H, 2 Z/2[&] @ Z)2[€4, &5, .. .| @ As
as A-modules, dividing out by the A-submodule & - H, yields
S{1, 01} = H, /& H, 2 Z/2[64,65,...] © A,
as A-modules. ]

Let Sy = ¢(Z/2[84,85,-..]). We are now ready to give a full description of the
A-module structure of W H*.

Theorem 5.29. WH* is a free A-module with

WH*JATWH* = ) (& - Sa)’

k=—o00

where (&5 - Sa)Y C HOHIEZP(R/\,ZM) are the A-homomorphisms that vanish on all
€ -p withl #k and p € Sy.

Proof. By Theorem 5.25, W H* = Hom"'"P(R",Z/2) where R" can be thought of as
the space of power series in 5211 with coefficients in S{1,v;}. In each degree, this is
the same as the completion of R” in the subspaces

L={& " +& p2+ | pe € S{Lv1}}.
Note that I; is an A-submodule of R". The composition
¢ H, - R - R"/I,
is an isomorphism of A-modules where
& H, =7/2{k k>1} @ S, ® A..
For each [, there is a split short exact sequence

0— &t S{l,u} - H, » € - H, -0
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of A-modules. Thus -
& -H.=2P& - S{Lu}
k=l

Furthermore, the diagram

Yl H, —— RN I

L

¢ H,— RN/,

commutes. This means that as .A-modules

Hom'P(R", Z,/2) =lim(R"/1,)"
l

ghﬂ(fé ' H*)v
l

>~ P (& 5{1,m})"

k=—o0
0o

>~ (P (&S0 ®A4

k=—o0
proving the claim. O

Corollary 5.30.

o0
Exty(WH*,Z,/2) = Hom%(WH*,Z/2) = [] & Sa.

l=—00

5.5 The Oriented Case

We conclude this chapter by considering the oriented situation. Hence, W H* will
now denote the oriented version of the cohomology group from Definition 5.2 and H*
will denote H*(MTSO). In the unoriented case, we have seen that WH* is a free
module, generalizing the situation for H*. In the oriented case, the generalization
from H* is not so obviuos, but we do get something similar. So far, the results we
have for the oriented case are not as complete as those obtained in the unoriented
case.

Recall that the A-module H* is a direct sum of copies of A and A/ASq!, see e.g.
[42]. In particular, the Thom class generates an A/ASq' summand. This means
that one can choose an A-linear projection H* — A/ASq! onto this summand.

There is map WH* — H*®W H* constructed exactly as in the unoriented case.
Combining this with the projection H* — A4/ASq!, we get:

Proposition 5.31. There is an A-homomorphism

WH* — AJASq* @WH*.
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In H* the sequence H* E) H* % H* is not exact; in fact, the cohomology
is a polynomial algebra on one generator in each dimension divisible by 4. These
generators correspond to the A/A Sq' summands of H*.

In WH* we do not have a similar phenomenon:

1 1
Proposition 5.32. The sequence W H* SU war 2% WH* s exact.

Proof. Let x =), paiai+Y ; P2i+1Wai+1 be some element of WH*. If x € Ker(Sql),
then
0=2Sq'(z) = Z(Sql (p2:)Wai + P2;Wait1) + Z Sqt (p2i1)Wait1-
i i

This happens precisely if pa; = Sq*(p2i41) for all i. But then

z = Sq' (pait1)ai + paiyrtizir1 = Sq' (> paip11ai),

3 (3

proving the claim. O

However, there are relations. For instance, wg and w4 are both indecomposable,
but
Sq*!? (o) = Sq' ().
In particular, there is no chance that W H™* splits as a sum of a free module and
some A/ A Sq' summands, but we shall see that the Ext-groups behave as if it did.
As in the unoriented case, the proof goes by considering W H* as a module over

A(n).

Lemma 5.33. Suppose that z; € WHF represent linearly independent elements of
WH" | A(n)W H<* with Sq*(x;) linearly independent in W H*1/ A(n)W H<F. Then
Siai(xi) # 0 in WH* JAn)WH<F for any a; € A(n).

Proof. The map in Proposition 5.31 takes A(n)WH<F to A/ASq' &A(n)WH<E.
Thus there is an A(n)-linear map

WH*JAn)WH<F — AJASq' @W H* /(A(n)W H<F 4 W H>**1).

Here 2; maps to 1 ® z; and thus Sq'(z;) maps to 1 ® Sq*(;), which is non-zero.

Ifall a; € A(n)Sq', then 3°, a;(z;) maps to >, a}®Sq' (z;) where a; = a/; Sq" and
a} € A(n)/A(n)Sq! is non-zero (otherwise a; = 0). It follows from the assumptions
that ), a; ® Sq*(z;) is non-zero.

If at least one a; ¢ A(n)Sq', then Y, a;(x;) maps to Y, (a; ® z; + a} ® Sq* (z;))
for suitable a}. This is non-zero because at least one a; is non-zero in .A(n)/A(n) Sq*
and the x;’s are linearly independent. O

Let M} = WH*/A(n)*W H* be the space of indecomposables. Define the sub-
space
KF =Ker(Sq' : M¥ — WH*J A(n)W H<F).

Let D} be any complement so that M} = D; @& K and choose a lift M - WH*
of the natural projection. This defines a map

Aln) @ M — WH*.

This is surjective because A(n) is finite.
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Lemma 5.34.
Tor ™ (z/2Y, W H* | A(n)D};) = K!7.

The projection W H* | A(n) D}, — K. ™% induces an isomorphism
Tor\"™(2,/2", W H* | A(n)D})) — Toris™ (2,/2", K579).
Proof. We claim that the composition
An) @ K! - WH* - WH*/A(n)(D} ® K
induces an injective A(n)-homomorphism
A(n)/A(n)Sq 9K — WH*/A(n)(D: & K.

Clearly, A(n)Sq' ® K is in the kernel of the map by construction of K’. On
the other hand, assume »_ a; ® k; maps to zero, i.e. there is a relation

> ailki) = Z bi(k;) + Y cm(dm) (5.16)

]

for some k; € K}, k; € K, d,, € D}, and a;,b;,cm € A(n). Note that there can

mn’
be no d,,, of dimension greater than [ by Lemma 5.33.

Consider the map induced by the one in Proposition 5.31
WH* = (A/ASq') @ M.

Then the first sum in (5.16) is mapped to >, a; ® k;, the second sum is mapped to
0, and the third sum is mapped to

Z Cm ® dp,-

dim d, =l

Thus we get the equality >, a; ® ki = Y g4 —1Cm @ dp. But KN D} = 0, so
this can only happen if a;,¢; € ASq'. But then a; Sq' = 0 which implies that
a; € A(n)Sq! since A(n) is free over A(0). This proves the claim.

It follows that we have a short exact sequence of A(n)-modules

A(n)/A(n)Sq' @Kl — WH*/A(n)(D: ® KXY — WH*JA(n) (D} @ K1),
This induces a long exact sequence of Tor-groups
oo = Tor){(Z/2Y, A(n) ) A(n) S ©KL)
— Tor{\"(Z/2",WH* | A(n)(D}, ® K5')) (5.17)
— Tor/\"(Z/2Y,WH* | A(n)(D}, ® K1)
— Tors L (Z/2", A(n) /A(n) Sa* @KL) = - .
Note that

Kl fors=t-1,

0 otherwise,

Tor ™ (Z,/2", A(n)/A(n) Sq* ®KL) = {
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as one can see directly from a resolution using the fact that A(n) is free over A(0).
A direct construction of resolutions also shows that the composition

Tor™ (22", A(n)/ A(n) Sq* ©KL) — Toris™ (22", W H* | A(n) (D}, ® K5'))
— TorX™(z/2", K) (5.18)

st

is injective for all s, so the long exact sequence (5.17) breaks up into short exact
sequences. When s =t — [, this is the sequence

0 — Tori\™(Z/2", A(n)/A(n) Sq' @ K" (5.19)
— Tor/\"™(Z,/2", W H* | A(n)(D}, ® K))
— Tori\"™(Z,/2", W H* | A(n)(D ® K1) — 0,

while for all other s, we get isomorphisms

Tori\™(2,/2", W H* | A(n)(D}, ® K))

M (5.20)
= Torjy ™ (2/2",WH* | A(n) (D}, ® K1),

We now compute Torﬁ§n)(Z/2V, WH*/A(n)D}) for fixed s and ¢. For I >t — s,
Torsy (22, W H* | A(n)(D}; ® K1) = 0

because WH*/A(n)(D: @ K!) is zero below degree I. Thus, (5.19) becomes an

isomorphism
Tory " (Z/2, A(n)/ A(n) Sq* @KL ~*) = Tor/y™ (Z/2", WH" [A(n)(D}, & K;7'~%)),
Note that
Tor ™ (Z/2Y, W H* | A(n)Dj;) — Torjy ™ (Z/2",WH* | A(n)(D; ® K5'))  (5.21)
is an isomorphism for [/ sufficiently small. More precisely, the kernel of
WH*/A(n)D} — WH*/A(n)(D}, ® K4

is zero above dimension [+ dim A(n) and thus one can choose a resolution such that
the sth term is zero above dimension [ + (s + 1) dim.A(n). So if [ is so small that
t > 1+ (s+1)dim.A(n), the Tor-groups of the kernel vanish, and the long exact
sequence of Tor-groups yields the isomorphism. In combination with (5.20), this
shows that (5.21) is actually an isomorphism for all [ <t — s. Hence the first map
in

Torl§®) (221, WHS JAG)D;) = Tor (") (/2 WH* | A() (D} & K)

st

— Tor}\"(z/2V, K%)= K~

n

is an isomorphism, and the second is an isomorphism because (5.18) is a composition
of isomorphisms when [ =t — s. ]
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Lemma 5.35.
M=% fors=0,

To 72"\ WH”") =
e (& ) {KfL_S for s > 0.

For all s > 0, the projection W H* — K!=% induces an isomorphism

Tori\"(Z/2Y, W H*) = Toris™(z,/2", KL ).
Proof. By Lemma 5.33, the map
A(n)® D — WH*
is injective, so there is a long exact sequence
— Tori\™(2,/2", A(n) ® D) — Torjy"(Z/2/,WH)
— Tor\™(Z/2",WH* /(A(n) ® D)) = Tori (22", A(n) ® D) — .

The s = 0 part is the short exact sequence 0 — D} — M} — K — 0, and for
s > 0, we get isomorphisms

Tor\" (Z/2Y,WH*) — Tori\ (Z/2Y,WH* /(A(n) @ D).
The claim now follows from Lemma 5.34. L]
Define
M* =WH*/ATWH*
K* =Ker(Sq' : M* — WH* /AW H<F).

The projection M, — M}, takes K} to K, ;. Clearly,

M* = lim M*
% n
K* =1lim K,,.
% n

Let hg € Ext}il (Z/2,7./2) be the generator. Recall from Section 3.1 that multi-
plication by hg induces a map Ext%’ (W H*,Z/2) — Ext® """ (WH*,Z/2).

Theorem 5.36.

Mt for s =0,
K'=%  for s > 0.
(MY)Y for s =0,
(K=Y for s > 0.

Tor’ (Z/2", WH*) = {

Ext% (WH*,7Z/2) = {

For s >0,
hs : Ext T (WH*,Z/2) — Ext (WH*, Z/2)

is the projection (M'=%)V — (K'=5)V.
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Proof. We first determine Torz',(Z/2", W H*). Obviously, Torg!,(Z/2¥, WH*) = M!

by definition. For higher s, we must compute lim Torﬁfn) (Z)2V,W H*), so we need
to see what the maps in the direct system look like.

Suppose M} = D} & K is any splitting and that we have chosen M} — WH*.
Look at the composite map

WH* — M5 — KL=5.

This induces a diagram on Tor-groups

Tor™(Z/2Y, W H*) —— Torj\™ (/2" M=) —— Tor}\"™ (2,/2", K1)

; ;

t—s t—s
ME Ki=s,

The composition ¥ : Torﬁt(n) (Z)2V,WH*) — K!=* is an isomorphism by Corol-
lary 5.35.

We claim that the image K], of Tor:}t(n) (Z)2V,WH*) in M}~ is exactly the
subspace K!7%. Indeed, assume that z € K], is not contained in K!~*. Hence we
may choose D!% such that x € D5, Then ¢(x) = 0, which is a contradiction.
Thus K/ C K!=% and by surjectivity of ¢ they must be equal.

The composition WH* — M=% — Mflfi yields a diagram of Tor-groups

Tor™ (Z/2Y, W H*) —— Tori\"(2,/2, ML)

| |

TOI';A’ISH%&) (Z/QV, WH*) SN TOI“:}t(nJrl) (Z/QV, M:Ljrsl)

Here the right vertical map is the projection M=% — M;;fl and the left vertical
map is the map of subspaces K,, = Kp41.
Taking the direct limit over n shows that the injection

Torﬁt(Z/2V,WH*) — TOrﬁt(Z/2V,Mt*S)

has image exactly K'%.
Dualizing, we see that

Ext% (M'™%,2/2) — Ext% (WH*,Z/2) (5.22)

is an isomorphism for s = 0 and is exactly the map (M'~*)¥ — (K'~*)" otherwise.
But the map (5.22) commutes with multiplication by hg, and

B (M, 2,/2) 2 B Bt (M1, 2,/2) = By (M),
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The above computes the Fo-term of the Adams spectral sequence in Theorem 5.1.
As opposed to the unoriented case, there may be differentials in this spectral se-
quence. A more explicit description of the spaces M* and K* would give a better
picture of the spectral sequence. So far, we do not have any general results in this
direction.

First look at Homy(H*,Z/2). A direct computation shows that this contains
the element ¢2 € Hom (H*(MTO),Z/2) that takes the value 1 on both wy and w3.
The proof of Theorem 5.13 carries over to show that:

Proposition 5.37. The homomorphism &3 is invertible in Hom (W H*,Z/2) and
this becomes a module over Hom4(H*,7Z/2)[£52].

We would like to show that Hom4(H*,Z/2)[¢,?] detect all of M* as in the
unoriented case, since this would imply:

Theorem 5.38. Assume that Homy(H*,7/2)[¢5?%] detects all elements of M*.
Then the space K* is trivial except in dimensions divisible by 4. In particular,
the Adams spectral sequence collapses.

Proof. Let [xr] € K*. Then there is a & - 52_2" S HomA(H*,Z/Q)[§2_2] such that
€-&2(x) = 1. Let Sql(z) = 3, ai(x;) for suitable a; € A. Then for a sufficiently
large N

¢ (e =1
Sqt (t2Nac) = Z ai(t2in)

7
where 5-{%]\[71_2” € Hom4(H*,Z/2) and multiplication by ¢ is as in Definition 5.5.
That is, the image of 2% 2 in H* is indecomposable and Sq! (tQN:E) is decomposable
over A>!. Hence its dimension must be divisible by 4. Thus also z must have
dimension divisible by 4.
This implies that there can only be higher Ext-groups in dimensions divisible by

4. Then it follows from the multiplicative structure that there can be no non-trivial
differentials. O

We noted in the beginning of the section that K* is non-trivial. We can say a
bit more about K* and its compliment. Let

B* = Ker(Hom® (W H*,Z/2) — Hom" (K*,7/2)).

If we knew that the spectral sequence collapsed, then B* would be the torsion
subgroup of m,(MT(d)%).

Proposition 5.39. ¢ : Hom" (W H*,Z/2) — Homi“(WH*,Z/Q) restricts to an
isomorphism B* — B*t% with inverse 552

Proof. Let & € B¥. We claim that £3"-¢ € B*" for alln € Z. That is, £&2"-£(z) =0
for all z € K**t4". Note that it is enough to show this for positive n because

. g(a) = et )
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and o € KFHn implies 12" 2 € K*H47+2Y for N large enough.
But for positive n, £3" - ¢ factors as an A-linear map

R 2n®id
WH* = HeWH* 2% 79y new 5+ 225 70
Assume that z maps to 1 ® 2’ in (Z/2)*®W H*, and hence Sq'(z) maps to
1 ® Sq'(2). But Sq'(z) decomposes as >, ai(xi), so if x; maps to 1 ® «}, then

1®Sq'(z') = Z 1 ® a;(z}).

Thus £(z') = 0, proving the claim. The proposition now follows because &5 restricts
to B¥ — B*+* and 62_2 restricts to an inverse. O

Define

K(H)* =Ker(Sq' : H*/AH<F — H* | AH<F)
B(H)* = Ker(Hom" (H*,Z/2) — Hom" (K (H)*,Z/2)).
Lemma 5.40. The map WH*/ATWH* — H*/ATH* maps K* surjectively onto

Proof. As representatives for a basis of K(H)* we may take all products ngg’“,

c.f. [42], Chapter 20. Such a w? = ngzk lifts to w?wg + Sq?(w?)w_a, which
represents an element of M*. In fact, this lies in K* because
Sqt (w?io 4+ Sq?(w?)_s) = w?iby + Sq?(w?)w_1 = Sq?(w?b_1).
Thus K* — K(H)* is surjective. O
Proposition 5.41.
Homu(H*,Z/2)[¢; % N B* = B(H)*[¢; ).

Proof. The inclusion 2O follows from Proposition 5.39.
Assume 3" - £ € B* for some ¢ € Hom4(H*,Z/2). Then also &2"t?N . ¢ € B,
and for N large,
42N ¢ € Homy(H*,7Z/2) N B*.

But then £2"72N . ¢ vanishes on K*. Thus by Lemma 5.40, &2" 2N . ¢ ¢ B(H)*. O

Corollary 5.42. M*/K* is infinite in all dimensions and K* is infinite in all
dimensions divisible by 4.

Corollary 5.43. The map MT(d) — m(d)é\ induces an injection on the EZ,;-term
of the Adams spectral sequences fort — s < d.

Proof. This follows on Eg’t = Extg(t = Hom% because WH* — H* is surjective.
For s > 0, the map Ext (H*,Z/2) — Ext’'(WH*,Z/2) is (K (H)'*)¥ — (K'=*)",
which is injective by Lemma 5.40. O
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