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RENORMALIZED TWO-BODY LOW-ENERGY SCATTERING
E. SKIBSTED

ABSTRACT. For a class of long-range potentials, including ultra-strong pertur-
bations of the attractive Coulomb potential in dimension d > 3, we introduce
a stationary scattering theory for Schrodinger operators which is regular at zero
energy. In particular it is well defined at this energy, and we use it to establish a
characterization there of the set of generalized eigenfunctions in an appropriately
adapted Besov space generalizing parts of [DS1]. Principal tools include global
solutions to the eikonal equation and strong radiation condition bounds.
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2 E. SKIBSTED

1. INTRODUCTION

For a class of long-range potentials we introduce a stationary scattering theory
for Schrodinger operators H = —A + V on L*(R?) which is regular at zero energy.
In particular it is well defined at this energy, and we use it to establish a charac-
terization there of the set of generalized eigenfunctions in an appropriately adapted
Besov space. The analogue of this characterization at positive energies for potentials
obeying (z)**1|9°V (x)| < C, for some p > 0 is well known [AH, Ho, GY]. It goes
as follows:

For all A > 0 and all generalized eigenfunctions, (H — A)uy = 0, in the Besov
space B(|x|)* there exist unique 7,7 € L*(S?!) such that

uy(x) — C’|x|_(d_l)/z(eis(z’)‘)T(u}) + e_is(m’)‘)f'(w)) € B(|z|)s- (1.1)

Here S(-,\) = VAlz| + o(]z]) is a solution to the eikonal equation, w = z/|z| and
B(|z|)§ € B(|z|)* are specified by

loc

u € B(lz))* & ue LE, (R?) and sup R||F(|z| < R)u|| < oo,
R>1

u € B(|z|); < u e LY (R and Jim R F(Jx] < R)ul| = 0.
—00

loc

Moreover we can write 7(w) = (S(A\)7'7)(—w) where the operator S()) is a unitary
operator on L?(S97!) named the scattering matrix at energy A. The family of
these operators is connected to a scattering operator from time-dependent scattering
theory by a Legendre transformation.

The (inverse) scattering matrix at energy A is determined by (1.1): For all 7 €
L%(S71) there exist a unique 7 € L?(S%7 1) and a unique generalized eigenfunction
uy € B(|z|)* such that the asymptotics (1.1) is fulfilled. Whence indeed the set
of generalized eigenfunctions in B(|z|)* at any positive energy A is characterized
by (1.1). The variable w may be thought of as the observable asymptotic normalized
velocity, see [DS1] for discussion.

We refer to [Me, Va| for a related approach to stationary scattering theory for a
class of geometric models.

For a class of potentials, negative at infinity and to leading order spherically
symmetric, the above constructions were extended down to (and including) zero
energy [DS1]. We refer to [DS2, Fr] for explicit calculations of the scattering matrix
at zero energy and to [Ya, SW]| for related one-dimensional results on asymptotics
of scattering quantities. Whence in particular the set of generalized zero energy
eigenfunctions in an appropriately adapted Besov space is characterized in [DS1]
for the restrictive class of potentials. Since in turn this class of potentials is close
to being optimal for the existence in Classical Mechanics of asymptotic normalized
velocity at zero energy the given characterization result may be viewed as “best
possible”. Nevertheless the purpose of this paper is to provide a similar characteri-
zation of generalized zero energy eigenfunctions for a bigger class of potentials than
considered in [DS1]. Again we obtain a parametrization by L?(S%"!) howewer the
isomorphism is different. Rather than involving functions on a sphere of asymptotic
normalized velocities it will be in terms of functions on a sphere of initial velocities.
In this sense our approach will be in the spirit of [ACH] where a distorted Fourier
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transform is constructed for order zero potentials at high energies in terms of a fam-
ily of initially controlled geodesics. We prove low-energy radiation condition bounds
of independent interest.

The class of potentials to be studied in this paper is introduced in Section 2. In
the remaining part of the present section we review various background results for
a somewhat bigger class. The zero energy characterization problem makes sense for
this bigger class (at least to some degree), see Subsection 1.2. Whence the class
considered in the bulk of the paper may not be optimal for the characterization
problem although a further extension would involve difficult problems to overcome,
see Subsection 1.3.

1.1. A priori quantum bounds. We give an account of some recent results [Sk].
These include Besov space bounds of the resolvent at low energies in any dimension
for a class of potentials that are negative and obey a virial condition with these
conditions imposed at infinity only. There are two boundary values of the resolvent
at zero energy which are characterized by radiation conditions. These radiation con-
ditions are zero energy versions of the well-known Sommerfeld radiation condition.

We consider the Schrodinger operator H = —A+V on H = L?(R%), d > 1, where
the potential V' obeys the following condition. We use the notation (z) = v22 + 1,
No = NU {0}, and for u € (0,2) the notation sp = 1/2 + u/4.

Condition 1.1. Let V = V; + V5 be a real-valued function defined on R%; d > 1.
There exists p € (0,2) such that the following conditions (1)—(5) hold.

(1) There exists €; > 0 such that Vi(z) < —e(z)~H.
(2) V4 € C=(RY). For all o € N¢ there exists C,, > 0 such that

(@) 1el9 Vi ()] < Ca

(3) There exists ¢; > 0 such that —|z|™2 (x - V(|]z|*11)) > —&1 V).
(4) There exists 0, C, R > 0 such that

Va(a)| < Cla| 72077,

for |z| > R.
(5) Vo € LY (RY), where p=2ifd=1,2,3 and p > d/2 if d > 4.

loc

Due to (4) and (5) the operator Vo(—A +4)~! is a compact operator on L?(R?),
cf. [RS, Theorem X.20]. Whence H is self-adjoint. The Schrédinger operator with
an attractive Coulomb potential in dimension d > 3 is a particular example.

Let 6 € (0,7), A\g > 0 and define

Tone = {z € C\ {0} |argz € (0,0), |z] < Ao} (1.2)

For a Hilbert space H (which in our case will be L?(R%)) we denote by B(H)
the space of bounded linear operators on #H (a similar notation will be used for
Banach spaces). A B(H)-valued function 7'(-) on I'y ,, is said to be uniformly Holder
continuous in Iy, if there exist C,y > 0 such that

||T<Zl) — T(ZQ)H S C|Zl — ZQ"Y for all 21,22 € F97,\0.

We denote the resolvent of H by R(z) = (H — z)~!. The notation B(|z|) and
B(|z|)* refers to the Besov space for the operator of multiplication by |z| and its
dual space, respectively.
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Proposition 1.2 (LAP). Suppose Condition 1.1. For all s > sq the family of oper-
ators T'(z) = (z) " *R(z)(x)~* is uniformly Holder continuous in Iy y,. In particular
the limits

T(0+10) = () *R(0+1i0){x)* = lim T(2),

ng)\oazﬁﬂ
T(0—10) = (x)°R(0—10)(z) * = lim T(2)
F@AOBZ—K}
exist in B(L*(RY)).
There exists C > 0 such that for all z € Ty,

(1] + (=) )R () (2] + (=) ™) N ss(en,poapn) < C. (1.3)

1.1.1. Zero energy Sommerfeld radiation condition. We shall give an outline of some
microlocal estimates and characterizations of solutions to the equation Hu = v. In
particular we estimate and characterize the “outgoing” solution whose existence is
provided by Proposition 1.2. This particular solution is given as follows in terms
of Besov spaces. First note that the relevant Besov space at zero energy is B :=
B({z)*) = (z) "*B(|x|), cf. (1.3). We have the following characterization of the
corresponding dual space

u € (B") < ue L} (RY) and sup R™™||F(|z| < R)u|| < oo.
R>1

A slightly smaller space is given by
u € (B") < ue L (R?) and I%im R™*||F(|z| < R)ul| = 0.
—00

loc
Now suppose v € B*. Then due to Proposition 1.2 there exists the weak-star limit

u= R(0+1i0)v = w*lim R(z)v € (B")".
Flg,)\OBZ—)O

Note that indeed this u is a (distributional) solution to the equation Hu = v.

To state microlocal properties of this solution we first introduce for all A > 0 the
function

f=fi) =N+ K@)™Y 2 e RY, (1.4)
where K := €€, /(2 — p) with the €’s given in Condition 1.1. In terms of f, we
introduce symbols
£ £ x

— , by = N 1.5
Jo(x)? fo(z) (z) 0-2)

and we have, using here Weyl quantization,
OB" (x_(a0) X (bo))u € (B*); for all x— € C¥(R) and ¥ € C((—o0,1)). (1.6a)

These estimates are accompanied by “high energy estimates”, stated as follows:
Let us note that

Qo

f‘;f(:x)‘vl(x) — z} < Cj :=max(Cy/ K, 1),

where Cj is given in Condition 1.1 (2) (i.e. the constant with v = 0). Consider
real-valued y_ € C°(R) such that x_(¢) = 1 in a neighbourhood of [0, C{], and let
X+ :=1—x_. For all such functions

Op" (x+(ao))u € (B*);. (1.6b)
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The support property of x_ in (1.6a) mirrors that the particular solution studied
is the outgoing one, and we refer to (1.6a) as the outgoing Sommerfeld radiation
condition. This condition (in fact a weaker version) suffices for a characterization
as expresssed in the following result. Here and henceforth L2 := (z) ™ L*(R?).

Proposition 1.3 (Uniqueness of outgoing solution, data in B*). Suppose v € B".
Suppose u is a distributional solution to the equation Hu = v belonging to the space
L2 for some m € R, and suppose that there there exists k € (0,1] such that

O (x(a0) T (bo)u € (BY); for all x— € C2(R) and ¥ € C=((~00,x)). (L7
Then u = R(0+10)v. In particular (1.6a) and (1.6b) hold.

The “incoming” solution u = R(0 — i0)v can be characterized similarly. These
results generalize [DS1, Proposition 4.10] at zero energy.

Remark 1.4. There are similar results for positive energies. For R(A+i0) we have
the same conclusion u = R(A +10)v for an outgoing solution to (H — A)u = v. This
means more precisely that if we replace the Besov spaces by replacing so — so = 1/2
in the definition of these spaces and change the localization symbols ag, by in (1.5)
and (1.7) by replacing fo — fy there, then indeed the solution u is given by u =
R(A 4 10)v. This result is known for larger classes of potentials, see [H6, Theorem
30.2.10] and [GY].

1.2. Open problems. Define under Condition 1.1 the operator
§(0) = (271)"H(R(0 +i0) — R(0 —i0)) = 7' Im(R(0 +i0)) € B(B*, (B")*),
and note that its range
Ran(6(0)) C & :={u € (B")"| Hu = 0}.

Under some stronger conditions it follows from [DS1, Theorem 8.2] that Ran(4(0)) =
Eo (proved in terms of wave matrices at zero energy). Equality and characterization
of & are open problems under Condition 1.1, in fact it is only known that 6(0) # 0,
see [FS]. More specifically “scattering theory at zero energy” in the spirit of [DS1,
Theorem 8.2] is an open problem under Condition 1.1. In this paper we address
these problems for an intermediate class of potentials, i.e. a smaller class than the
one defined by Condition 1.1 but bigger than the one studied in [DS1].

1.3. Ideas of procedure and results. Let us give an outline of a possible proce-
dure for solving the problems posed in the proceeding subsection. This procedure
will be implemented for the subclass of potentials to be introduced in Section 2.
The corresponding (main) results are stated more precisely in Theorem 6.3. For
simplicity we assume in the discussion below that V' is negative.

First we need a global solution to the eikonal equation (or at least solving outside
a compact set)

IV,S(, )2 = A= V(x); A > 0.

The existence for A = 0 is not known under Condition 1.1. Potentially we could
define S(-, \) to be the distance in the metric gy = (A—V)d? to the origin in R%, i.e.
S(x,\) = dg, (x,0). This is the so-called maximal solution to the eikonal equation.
However under Condition 1.1 it is a problematic choice, in fact for d > 2 it might
be expected that in some generic sense this S(-, \) ¢ C1(R4\ {0}).
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However for the subclass of potentials to be considered the above geometric con-
struction is manageable and we shall consider the corresponding geodesic flow

4o = (A= V(8)V,S(D, ), ®(0,0) =0, Ld(s,0),m0 = (A — V(0)) 20,
(5,0) €]0,00) x S971.

In particular it turns out that this flow is a diffeomorphism ® : R, x S4~1 — R\ {0}.
Next for an appropriate Jacobian type function J, see (3.7a), we propose to in-

troduce
Fr(\)v = G-lim (JY2e SOV RX +10)0)(D(s, ), (1.8)

S—00
where G := L%*(S% ! do). This is for v in an appropriate dense subset of L?(R%),
and using an integration by parts and Stone’s formula we then derive the following
formula for the orthogonal projection onto the continuous subspace of H:

1Rl = [ IF (el dn
0
This leads to the distorted Fourier transform
Ft .= / SFT(N)dA.
0

This map is a partial isometry diagonalizing H., i.e. FTH, = M\F*. We show
the existence of the limit (1.8) by using some new low-energy radiation condition
bounds valid under the conditions of Section 2. The reader may consult (5.10) for
a somewhat cleaner definition.
Now we can address the problems of Subsection 1.2 (under these conditions).
Indeed
Ran(6(0)) = & = {u € (B*)"| Hu = 0}

follows from the following properties:

F*(0): B* — G is onto,

F™(0)" : G — & is a bi-continuous isomorphism, (1.9)

6(0) = FH(0)*F*(0).

Furthermore note that (1.9) constitutes a parametrization of &. The isomorphism

F*(0)*, named the wave matriz at zero energy, is given more explicitly as follows:
For any u = 2miF " (0)*7 € &

u(x) — J V2 (2) (@07 (o) — e @07 (0)) € (BH)E: x = (¢, 0). (1.10)

The function 7 € G in (1.10) is uniquely determined from u and it is of the form
7 = S(0)"'7 where S(0) is a unitary operator on G. This operator is called the
scattering matriz at zero energy. Combined with similar constructions for A > 0 the
scattering matrix S(\) is strongly continuous in A > 0. Whence this renormalized
stationary scattering theory is reqular at zero energy.

2. CLASS OF POTENTIALS

We introduce the class of potentials to be studied in this paper. The zero energy
dynamics for this class of potentials is generically qualitatively very different (unless
d = 1) from the one for potentials in the smaller class of [DS1]. We give an example
to that effect.
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2.1. Conditions.

Condition 2.1 (Unperturbed potential). Let V' = V; + V4 be a real-valued function
defined on R?% d > 1. There exists u € (0,2) such that the following conditions
(1)—(4) hold.

(1) There exists €; > 0 such that Vi(z) < —e(z)~H.

(2) Vi € C=(RY). For all @ € N¢ there exists C,, > 0 such that

(@) N9 Vi (2)] < Ca
(3) Vi(z) = Viaa(|z|) is spherically symmetric, and there exists €; > 0 such that
—2Viaa(r) = rV5a(r) = —&Viaa(r).
(4) V4 is compactly supported, and V5 € LP(R?), where p = 2 if d = 1,2,3 and
p>d/2ifd>4.

Given Condition 2.1 we consider the class W of real-valued smooth functions W
on R? obeying that for all a € Ng

sup ()"0 (2)] < oo. (2.1a)
reR
Given [ € N we say that W, € W is e-small if for some € > 0
max sup (z)" 1| 9W (z)| < e. (2.1b)
lo|<l ;cRra

Clearly this quantity depends on the given [, however we prefer for the above temi-
nology of e-smallness to suppress this dependence. If in a given context [ is not
specified, it is tacitly understood that [ = 2 (although for example [ = 1 suffices
for Proposition 4.1). We use [ = 4 in Lemma 3.2 stated below. Similarly we need
[ > 4 in Lemma 3.3 and Proposition 4.2 (a sufficient choice | = [(u,d) can be cal-
culated, however we shall not bother). Consequently our main result Theorem 6.3
will depend on some fixed [ > 4 in the definition (2.1b) of e-small perturbations.

We shall study potentials of the form V, = V4+W, where V = V,,q+ V5 agrees with
Condition 2.1 and W, € W is an e-small perturbation. The class of such potentials
V., say V,, is a particular subclass of the one defined by Condition 1.1; here we need
e small. In fact at various other points of the paper we need to take ¢ > 0 small,
however this will be expressible in terms of V;,q only, which henceforth is considered
as fixed. For convenience we assume throughout the paper that

Viad (1) = Veaa(0) for r < R := (=V;0a(0)) V2, (2.2a)
and similarly for perturbations that
We(z) =0 for |z| < R. (2.2b)

We can freely assume (2.2a) and (2.2b). As for Vi,q the property (2.2a) can be
assumed possibly upon making €; smaller (but not changing €;) and changing V5.
Although this is an elementary fact it is not completely obvious. Let us give a proof:
Decompose 1 = x4+ x_ where x,, x_ € C*(R,) are monotone, x,(t) =1 fort > 2
and x4 () =0 for t < 1. Introduce

Vi(r) = Viaa(r)x+(r/n) —nx_(r/n); n € N. (2.3)

We claim that for any n big enough such that ¢ (2n) " > n~2 indeed Condi-
tions 2.1(1)—(3) and (2.2a) hold with ¢ replaced by n~2, new constants C,, the
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same constant €; and with R = n, respectively. To see that indeed the same €,
works we consider the estimates

—rVi(r) 2 (2 = é)Valr) + (2 — é)n*x-(r/n) = Zx_(r/n)(=Viaa(r) — %)
> (2= &)Va(r) = EX_(r/n)(e(2n) ™ —n7?)
> (2= &) Va(r);

we assumed that €, < 2. The other statements are obvious. Similarly (2.2b) can be
assumed by changing V5 and possibly by taking e smaller.

2.1.1. Ezample. Let g € C*(R) be 2m-periodic with maxg" > 1 — /2. Let x €
C*(R,) obey x(r) =0 for r < 1 and x(r) = 1 for r > 2. Similarly introduce for
p € (0,2) and (large) n € N a function h = h,, € C*°(R,) obeying

h(r) =r/n forr <n
h(r) = (1 —p/2)"rt=#2 4 C, forr>2n
R'(r) > max(0, —rh"(r)) for r >0

Note that the construction (2.3) with V.q(r) = —r~* leads to the particular example
ha(r) = [ /=Va(t)dt. We construct in dimension d = 2 a potential in terms of a
parameter € > 0 and polar coordinates (r,6) (i.e. x = (rcos#,rsinf)):

Se(x, A =0) = hy(r)exp{eg(d — elnr)x(r/n)},
Ve(x) = =|VSc(z,A = 0)]>.

Clearly Vi—o(2) = Viaa(r) obeys Condition 2.1 and (2.2a) (the latter with R = n).
Moreover clearly We(x) := V.(x) — V;aa(r) satisfies (2.1a) and (2.2b). Morever for
any [ € N there exists C' > 0, sufficiently large and possibly depending on n, such
that the potential W, is (C¢)-small. So up to a linear reparametrization also (2.1b)
is satisfied.

This example does not fit into the framework of [DS1]. In fact for the class studied
in [DS1] classical zero energy scattering orbits have asymptotic normalized velocities.
This would for the above example mean that there exist lim; 1, 0(¢). However this
cannot be as the following arguments show: Consider the flow (in polar coordinates)

r(=57(s) = (=Vi(2))'0,Sc(x, A = 0)

(= £0(5)) = (=Vi(a)r?)'0pSc(x, A =0) . (2.4a)
(r,0)(s=1) =(n,0).

Noticing that for e > 0 small 9,5, > 0 we can consider # as a function of r determined

by the single equation

do € J'x

— =F(r,0) = - ) 2.4b
(r.0) rrh/h+etgx’ — 2g'x ( )

dr

Here of course g and x are functions of ¢ := 6 — elnr and r/n, respectively. For
r > 2n (2.4b) reduces to

/

dy e g 2-1 € (1+62)g/_1+% 2-1
=gy YO =) = LS oY),
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Introducing a new time, d7/dr = er—!, we obtain

W () -1+t
dr 1-5—¢eg@)

+ O(eW/2=Dr/e), (2.4¢)

Note that to leading order (2.4c) is autonomous. Any solution ¢ to (2.4c) converges
to a root of the corresponding fixed point equation ¢'(v)) = (1 — p/2)(1 + €*)71,
say ¢ — 1. In particular going back to the time s of (2.4a) we conclude that
0 —elnr — 1)y as s — oo, and since Inr — oo indeed also # — oo. So the
asymptotic normalized velocity does not exist for the flow (2.4a). Noticing that
(2.4a) defines a class of zero energy scattering orbits in a reparametrized time we
conclude that indeed these orbits do not have asymptotic normalized velocity.

In Subsection 3.1 we study a flow of the type (2.4a) for general e-small perturba-
tions in any dimension (extended as well to any non-negative energy).

3. EIKONAL EQUATION

One reason for considering V. with € small only is that Classical Mechanics is
particularly nice for this class. Whence (cf. [CS]) there exists a global solution to
the eikonal equation

VS = K (3.1)
K (z) = K (z,A) := X — Viaa(lz|) — We(x), A > 0.

We also introduce
Ko(r) = A = Viaa(r),
f(rv >‘) = KO(T)
|]

So(x) = So(|z|) = f(r, Ndr.

0

As used in [CS] we have uniformly in 7, A >0
crf(r,A) < So(r) < Crf(r,N).

Notice also that S is a solution to (3.1) if W, = 0.
Due to [CS] we have

Proposition 3.1. Let Vi.q be given as in Condition 2.1 (assuming also (2.2a)) and

letl > 2. There exists eg > 0 such that for all € € (0, €] and all e-small perturbations

W (assuming (2.2b)) there exists a family of real-valued smooth functions {S. €
R\ {0})| A > 0} with the following properties:

>
(1) |V5 (2)* = Kc(x) for x € RT\ {0}.

(2) Se(w) = So() = f(0,A)[a] for r = |2] < R = (=V;aa(0)) /2.
(3) For all o > 0, uniformly in W, with € € (0, €]

max sup sup (z)! |So(x) 0% Se(2)] < oo.
la[<l x>0 |z|>ro
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(4) Uniformly in W, A >0 and x € R?\ {0}
Se(z) = So(r)(1+ O(e)),
VS.(z) = f(r,A) (2| + O(e¥%)); & :=x/r,
VIS (o) = LG (P P+ O )
P =P(2):=|2)(&|, PL:=1-P.

(5) For all o € Nd
025, € C(R*\ {0} x [0,00)); Sc = Sc(z, \).

We remark that for [ = 2 the bounds (3) follow from (4). Having [ > 2 influences
only on (3) and requires, according to the proposition, an €y > 0 possibly depending
on [. It is tempting to conjecture that one could take [ = 2 in the proposition and
replace the constraint of (3), |o| < [, by |a| < k where k is arbitrarily given. The
new bounds would be uniform in perturbations from any bounded family (bounded
in terms of the seminorms (2.1a)). However this is an open problem, and in fact
it is not known whether ¢y > 0 can be chosen independently of [, although there
are weaker estimates than (3) indeed independent of [, cf. [CS, Proposition 1.2].
The latter deficiency gives rise to a slight complication when dealing with S, in the
context of pseudodifferential operators, see (4.8¢c).

3.1. Geometric properties. The construction of the function S, of Proposition
3.1 is given by a geometric procedure: We consider the metric g. = K.dz? on the
manifold M = R and the origin 0 = 0 € M. Then for all z € M the number S,(z)
is the distance in this metric to o, i.e. S¢(z) = d,. (z,0). The function S, is called
the maximal solution to the eikonal equation.

3.1.1. Flow. In the metric g. the unit-sphere in the tangent space T'M, at the origin
o = 0 is given by f(0,\)71S%"! where S¢! is the standard unit-sphere in R?. We
shall use the notation o for generic points of S9! and we let do denote the standard
Euclidean surface measure on S?~'. The exponential mapping at the origin for the
metric g. defines a diffeomorphism @ : R, x S — R\ {0}

D(s,0) = expy(s/(0, 1) o),
and we have the flow property
4o = (K 'VS)(P); s> 0,0 € 597" (3.2a)

Since by assumption, cf. (2.2a) and (2.2b), the conformal factor K, is constant for
r=|z| < R = (—V;aq(0))""/? we have explicitly

®(s,0) = sf(0,\)'o for s < 1.
Whence we can supplement (3.2a) by the “initial condition”
d(1,0) = f(0,\)'o. (3.2b)

The assertion above that ® is a diffeomorphism can be proved taking (3.2a) and
(3.2b) as a definition of the map. Notice the consequences of (3.1), (3.2a) and
(3.2b) that the distance dy (x,0) = Se(r) = s. This point of view is taken in the
proof of an analogous statement [ACH, Proposition 2.2]. However the mapping
property can also be viewed as an independent part of the proof of Proposition 3.1
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given in [CS]. The flow ® constitutes a family of reparametrized Hamiltonian orbits
for the Hamiltonian

he = € + Viaa(J2]) + We() (3.3)
at energy \. It is continuous in A, i.e. ® € C(Ry x S9! x [0,00)); ® = ®(s,0,\).
3.1.2. Surface measure. The mapping ®(s,-) : St — S (s) := {x € R?| S.(x) = s}
induces a measure on S4! by pullback dw = ®(s,-)*dA(x) where dA(z) refers to

the Euclidean surface measure on S.(s). A computation using (3.2a) and (3.2b)
shows that explicitly

dw = KY?(z)m.(z) do;
me(z) = f(0, /\)2_dKE_1([L’)eXp</18<K€_1AS€)(CI)<t,O')) dt), r = ®(s,0).

Indeed, take local coordinates 61, ..., 04, on S41 write (3.2a) as 77 = F(n) and let
A be the d x (d — 1)—matrix with entries ag; = 95,7*. The pullback dw is computed
from the metric g;; = (AT A);; noting that the determinant |g| obeys

Ln|g| = tr((A"A)7"'L(ATA)) = tr((B" + B)P) = 2K 'AS. — L In K.(),

where B = I’ (the Jacobian matrix) and Py = 0 — (0pS:)(01S.) K1, We integrate
and obtain

o = Ig]"%00 = 10, VK esp( [ (A8 (@(1,0))dr) 10,3 do,

€

(3.4)

showing (3.4).

3.1.3. Volume measure. In combination with (3.4) the co-area formula, cf. [Ev, The-
orem C.5], yields for (reasonable) functions ¢ on R?

/gb(x)dx:/ooods s gbKe_l/QdA(x)

)
= [as [ omoats. e

Let B.(s) := {z € RYS.(z) < s} for s > 0. Clearly 9B.(s) = Sc(s) and whence
the Gauss integration theorem, cf. [Ev, Theorem C.1], yields for j =1,....,d

| @owis= [ o@s)K 1 aAwm)
Be(s) Se(s)

(3.5)

(3.6)
- [, @lossam@s,))do

3.2. Diagonalization. Under the conditions of Section 2 we consider the Hamil-
tonian H = —A + V. on H = L?(R%). Denoting the corresponding continuous part
by H. we aim at constructing a diagonalizing transform taking H. — M), where
M, is multiplication by X in H := L*(R,,d);G) with G := L?*(S4"1 do). Here we
explain our procedure leaving the details of implementation to Section 5. It goes as
follows, assuming below v € L3 (recall L2, := (x) ™L?*(R%)): By Stone’s formula,
cf. [RS],
Ao

|Pv||* =7 lim (v, (Im R(\ +10))v) d\ = 7+ /Ooo@, (Im R(A +10))v) dA.

)\0—>oo 0
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Whence writing © = R(A +10)v, p; = —i0; and using (3.6)

| Pev||? = w‘l/o Im((H — A)u, u) dX

=77} /0 h lim Re; /S dil((pj—'u)u(@jSe)mg)((I)(s,-))dad)\.

Next we substitute p;u = (p; — 0;5¢)u + (0;5¢)u. The contribution from the first
term will be shown to vanish in the limit s — co. Whence we have

HPCUHQZW_l/O lim /Sd1(|u]2K€m€)(<I>(s,-))dod)\.

5—00

We are lead to define
Fr(\)v = G-lim 7~ Y2(e S KY2ml 2 RN +i0)v) (D (s, -)), (3.7a)

S§—00

yielding
1Rl = [ IF (el dn
0
Finally the “distorted Fourier transform”
F :z/ SFT(N)dA
0

diagonalizes H,, i.e. FTH. = M,\F™.
Similarly we can define the “distorted Fourier transform”

F~ = / SF(N) dA,
0

where

F~(M\v = G-lim 7 V2(e5 KY2ml 2 R(\ — i0)v) (D (s, -)). (3.7b)

S5—00
3.3. Outgoing approximate generalized eigenfunctions. We conclude this sec-
tion by stating and proving a technical result motivated by the formulas (3.7a)
and (3.7b). This enable us to construct outgoing and sufficiently well approximate
generalized eigenfunctions which in turn are used to construct exact generalized
eigenfunctions.
Let 7 € C*(S%71) and X\ > 0 be given. Define a function @ by

i = a(x) = 72 (xe™ K Pm 2) (@)7(0); @ = ®(s,0), x(z) = x(lz]).  (3.8)

w
Here x(r) = x(r > 2) is a cutoff function; see Subsection 4.1 for the precise defini-
tion. A short computation (using for example (4.10) stated below) shows that

(H — N = —n'2xe @A (K7V*m7Y?)(2)7(0)) + compactly supported term.
It will be important for us that also the first term to the right is small at infinity.

Lemma 3.2. Let € > 0 be given and suppose | = 4. Then for g > 0 sufficiently
small, for all T € C®(S%Y) and all Ay > 0 there exists C > 0 such that uniformly
in W, with € € (0,¢€] and in X € [0, A]:

Via| <2V|z| > 1: ’Kelﬂmiﬂ@;‘((Ke_l/Qm;lﬂ)(x)T(U))’ < C’(x>£_|a‘. (3.9a)
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In particular the function @ of (3.8) obeys
KY2m2(H — N)i = O((x)°7?). (3.9b)
Proof. Let

1(e) = [ (7 AS) (@),
Tr(x) = TEU); r=®(s,0).
We need to show that
Vla| < 2Vja| > 1: |00Ty(x)| < O(z) 1 j =1,2. (3.10)
For that we shall use the diffeomorphism v : R — R¢ given by

||
y=Y(z) = So(x)z = flr,N)dr |z| e,

0

and invoke results of [CS] for the model metric
ge = (U ge; g = Kda?.

This idea of changing framework is actually behind Proposition 3.1 too. Here we
shall use the bounds

Via| < 2:(0°W(z)| < Cla) 1*(w(z)), (3.11a)
V|8l < 2: 1000 (y)] < Cly) T (y)), (3.11b)

which are uniform in A € [0, A).

Step I. We note the representation
O(t,0) = V7 (Ju) (t/Sc(x))); @ = ®(s,0) = B(Sc(x),0), (3.12)

where, using notation of [CS], 7, (t) = ty + k,(¢) is the unique geodesic in the metric
ge emanating from 0 € R? with value y at time one. Whence we can rewrite 7} (z)
as

Se(z)
ﬂu»=[‘ 6w (t/S.(@)))dt; 6 = (K-'AS,) 0,
Ty(x) = 7(£(0, )T (g (1/5.(2)))).

Due to Proposition 3.1(3) and (3.11b) we have the bounds (since we have assumed
that [ = 4)
VI8l < 2: |0je] < Cly) . (3.13)

Step II. We prove Sobolev bounds of model geodesics. As in [CS, Section 6] in-
troduce the Sobolev spaces HP = Wol’p(O, 1)4, 1 < p < oo, consisting of abso-
lutely continuous functions h : [0,1] — R? vanishing at the endpoints and having
h e LP(0,1) = L7(]0,1[,R%) (we use the notation L? for this vector-valued LP
space). The space H? is equipped with the norm

. L, 1/p
Il = il = ( [ ticoyrar)”.
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Due to [CS, Proposition 6.8], with reference to the model geodesic 7, (t) = ty+r,(t),
we have k, € HP for any prescribed p € [2,00), and for all sufficiently small € > 0

V8] < 21 |02kl < Cply)' 7. (3.14a)

We claim that any such fixed p the following generalization holds. For all £ €
{0,1,2}:

VBl <2 [l )], < Coly) (3.14b)
Here %k) refers to the k’th time-derivative of v = 4,. Due to (3.14a) and the Hardy

inequality [CS, Lemma 6.1] only the case & = 2 needs to be proved. But since v
is a geodesic for the metric §. the second derivative v?) is a sum of expressions

Gir (V) (Fy)? ()" where
VIBl <21 (02| < Clz)~ (3.15)

We use the product and chain rules to calculate derivatives (95 , |8] < 2, of any such
expression. Then we can obtain the desired bound for any term in the resulting
expansion by combining (3.14b) for £ = 0,1 (and some bigger values of p), (3.15),
the a priori bounds

ctly| < |y, (t)] < Ctlyl, (3.16)

cf. [CS, Lemma 2.1], and the generalized Hélder estimate. We omit the details. The
reader may consult [CS, Section 6] for similar arguments.

Step III. We can treat T’ (x) by combining Proposition 3.1(3), (3.13), (3.14b) and
the generalized Holder estimate. The smaller ¢ > 0 is given the bigger p > 2 in
(3.14b) is needed. The estimations are straightforward. Let us for completeness do
it in details for |a| = 1:

Se

0T = (aaSE)KglASG + / V- ((ayﬁw‘l/(t/se) PO — V‘I/(t/SJSLg(aaSe)) dt;
1
(3.17)
The first term is O((z)~"). For the second term we estimate for § = min(e, 1)
52

(Vo) (y)l < C[5 7|

and substitute ¢ — ¢S, leading to the upper bound of the integral

1
cffw)? / (S0, )a (1)) + ()] dt.

We choose p > 2 so big that (§ —1)/(1 —1/p) > —1 yielding in turn, using (3.14b),
the upper bounds

C1(8) 827" < Co(8)S2 ()™ = O((x) ).

The case |a| = 2 is treated similarly differentiating (3.17) except that now there
is one term involving 4y (1). For this term we use the formula

Ay (1) = 2 /1/12 <'y§1)(s) + /: 7 (t')dt’) ds (3.18a)

with ¢ = 1 and invoke again (3.14b).
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Step IV. We need to treat Ty(x). In addition to (3.18a) we shall use

Yy(t) = /O 750 (s)ds. (3.18b)

The case |a| = 0 is trivial. We treat the case || = 1 in details leaving the remaining
case || = 2 to the reader (it is very similar apart from an application of (3.15) for
one term arising after yet another differentiation):

0Ty = V(1o (f(0,\)U™) - 0% (1/S.). (3.19)

Here the first factor is evaluated in vy (1/S.) € S and whence, cf. (3.11b), it is
bounded (uniformly in ). For the second factor of (3.19) we compute

0w (1/Se) = (9y7)w(1/Se) - 0" — 4g(1/Sc) S *0"S.. (3.20)

We look at the first term. Using the Holder estimate, (3.14b) and (3.18b) we
estimate

|(ay7)\lf(t)| < Optl/p/§ 1/p/ + 1/p =1,

which is used with ¢t = 1/S.. Moreover due to (3.11a) we have [9°¥| < C(z)~ " (I),
so altogether

(0,7)w(1/S0) - 9*¥| < CpSIHP () s | > 1.

If p > 2 is chosen big enough then 1 — 1/p’ = 1/p < €, so the first term of (3.20)
conforms with (3.10) with j = 2 and |a| = 1.

We look at the second term. Using the Holder estimate, (3.14b) and (3.18a) we
estimate

Fu (1) < Cpt~H/7( W),
which again is used with ¢ = 1/S, yielding
e (1/S] < G873 o] > 1.
Moreover |S7290*S.| < C'S-'(z) ™", so altogether
[ (1/8) 8205 < G, 87 (w) ™,

which again conforms with (3.10) with j = 2 and |a| = 1 provided p > 2 is chosen
as above. O

Remark. The similar result [ACH, Proposition 2.5] also contains a loss of decay (in
Lemma 3.2 expressed by the power (z)%). Such loss can in general not be avoided.
This can seen using the example in Subsection 2.1.1.

3.3.1. Generalized eigenfunctions. We learn from (3.5) and (3.9b) that
(H-Nae f?L}; <34 —c (3.21)

In particular we can choose § > 3 in (3.21) provided € > 0 is small enough. With
such 0 we can define the generalized eigenfunctions

ut =uF (-, \) =4 — RO\ £i0)(H — \)i. (3.22)

Since intuitively u™ is a purely outgoing exact eigenfunction it should be zero. This
is the content of the following result.
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Lemma 3.3. There exist | > 4 and ¢y > 0 such that for all e-small perturbations
W with € € (0,e] the generalized eigenfunction u™ of (3.22) wvanishes for any
7€ C®(S41) and any A > 0 .

Proof. By Proposition 1.2 the second term of (3.22) is in f~Y2B(|z|)*. The first
term is also in this space due to an explicit calculation using (3.5) and the Besov
space bound (5.13c) (stated below), see (5.17) for a more general statement. So we
conclude that f/2u* € B(|z|)*.

Let us argue for A = 0 only. The case A > 0 can be treated similarly using Re-
mark 1.4. To conclude that indeed u™ = 0 for A = 0 it suffices due to Proposition 1.3
to show, with reference to the notation (1.5), that for some small positive &

OP"(x_(a)¥_ (bo))u* € (BA)s for all y_ € C(R) and . € C=((~00, 1)),
(3.23)
The contribution from the second term of (3.22), R(A +i0)(H — \)a, is treated by
(1.6a) (here we may have k = 1).

As for the contribution from the first term, @, a computation using (3.9a) shows
that f~'(p — VS.)a € (B*);. On the other hand due to Proposition 3.1(4) for
small x,e > 0 the symbol f~1(¢£ — VS,) is elliptic on the support of any symbol
X—(ap)X-(by) as in (3.23) which intuitively yields the desired bound. However at
this point some care must be taken in that 0;S, is singular at zero and the good
bounds of Proposition 3.1(3) are only valid for || < [ (which consequently must
be chosen sufficiently large). A similar deficiency will arise in Section 4, see (4.8¢)
and the discussion there. Let us give an elaboration: First it is more convenient
to use Sy (modified by a cutoff near infinity) rather than S.. Then we have good
bounds of all derivatives well suited for the calculus of pseudodifferential operators
(see Section 4 for some details). Whence by this calculus we can use the ellipticity
property (with the above replacement and for small x > 0) to write, abbreviating

T = Op"(x—(ao)x-(bo)),

T =T Y T (10,0) o))+ T,

where T); and T are bounded pseudodifferential operators. We apply this identity to
@. The last term contributes by a term in (B*)§. As for the first term we use (3.9a)
(with e < 1 — u/2) and get a similar contribution and in addition the term

d
Ty Tigsi; 6 = f(r,0) ' x(r > 1)9;S — (z) ',
j=1

Next using a statement like (4.8c) (see the discussion there) we can write
d

d
Ty Tig; =Y ¢ TT + T{x)"*
j=1

j=1

for some T € B((B")). Note at this point that we need Proposition 3.1(3) for an
appropriate [ = [(u,d). By Proposition 3.1(4) we then conclude that

Ta — O(e/*)Tu € (BH):.
Consequently (for small € > 0) also T'u € (B")j. O
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4. QUANTUM BOUNDS

In this section we collect various microlocal resolvent bounds that will be useful in
Section 5 for proving the existence of the limit (3.7a) for v € L2 as well as for proving
some continuity properties. Our main result Proposition 4.2 has some independent
interest, in particular it is new even for spherically symmetric potentials.

4.1. Microlocalization for e-small perturbation. Let 7 denote a smooth convex
function of r > 0 equal to 1/2 for r < 1/4 and equal to r for » > 1. We introduce
for A > 0 the symbols

a—a(a:f)—g—2 by = ba(z, &) = ¢ .2 (4.1)
ARG YA |
given in terms of the function 7 of r = |z| and the function f = fi = fi(z) =

fa(r) = f(r,\) of Section 3. Note that b3 < ay. We shall state microlocal properties
in terms of these observables. For zero energy the resolvent bounds of this sub-
section are stronger than similar estimates obtainable using the observables (1.5),
see [Sk, Proposition 3.5 ii)]. They are in the spirit of [DS1, Proposition 4.1] and
[Sk, Lemmas 3.2 and 3.3]. We shall use Weyl quantization of symbols in a uniform
symbol class Sunit(122), 9)2|),

9 =g = ()" 2da® + fi(x) 2>

The word uniform refers to the requirement that bounds of derivatives are uniform
in z in the closure of 'y, C C, say z € T§S. Precisely a symbol ¢ = ¢, €
Sunit (M2, g2)) With z in this set, if and only if ¢ obeys the bounds

0207 c. (. &)| < C gy (2,€) ()~ Pf (). (4.2)

For example ay.| is defined for z € Fglgso (obviously) and aj. € Sunit(aj:|+1, gj-), and
similarly for the symbol h. defined in (3.3) he,h. — 2z € Sunif(f‘i|<a|z| +1),9,). For
the corresponding calculus the quantity (z)" /2-1 plays the role of a “uniform Planck
constant”. We refer to [Sk| for a more elaborate discussion. The corresponding class
of Weyl quantized operators is denoted by Wypit(1m2|, g)2()-

Consider real-valued y_ € C®(R) such that x_(t) = 1 in a neighbourhood of
[0, 1] and such that x’ (¢) < 0 for ¢ > 0. Let correspondingly y, = 1 — x_. Consider
Y_ € C=(R) with ¥_ € C=((—=1,1)), ¥(~1) = L and ¥_(1) = 0. Let ¥, = 1 —¥_.
Clearly the bound (4.3) below (involving the function y.) is an energy bound.
The bound (4.4) (involving the functions x_ and x_) is a microlocal bound whose
classical analogue is partly explained after Proposition 4.1.

Proposition 4.1. Let functions x_, x+ and x_ be given as above. There exists
€0 > 0 such the following three properties hold: For all 0 € (0,7), Ao > 0, § > 1/2,
t >0 and e-small perturbations W, with € € (0, €] there exists C > 0 such that

(i) with T (z) := <$>t7§f|1zf2 OPW(Q|Z\X+(@|z|>)R(Z)f|1zf2<$>7t75 Jor z € Ly,
1T (2)] < C, (4.3)
(ii) with T_(2) = (x)!= f112 OB (x—(a):)X— (b)) R(2) FL () 70 for 2 € Ty,
IT-(2)]| < C, (4.4)
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(111) uniformly in X € [0, Ao] there exist
Te(A+10) :=  lim Ty(z) in B(L?). (4.5)

ng)oazﬁ/\

There are analogous properties for zZ € I'g 5,. By the calculus (or the same proof)
we can replace the symbol a).|x+(aj,) in (i) by x4 (.. In particular the combination
of (i) and (ii) yields an effective microlocalization R(z)v = Op”(x—(aj:|)X+(b}z)) R(2)v.
Let us for later applications choose the localization more concretely: Let x(- < 1) be
a decreasing smooth function on R with y(t <1)=1for ¢t <1/2 and x(t <1)=0
for t > 1. Introduce for k > 0 (small) the functions x(¢ < k) := x(¢t/x < 1) and
X(t>k):=1=x(t <k). Choose x_ =x., =x(-—1<k)and x; =xF=x(1--<
). This leads to the introduction of the symbols

Xr = X2l = X (@)Xt (B21) € Sunie(1, gjzp); 5 > 0. (4.6)

The proof of Proposition 4.1 (not to be given in details here) is similar to the ones
of [Sk, Lemmas 3.2 and 3.3] using instead of [Sk, (3.12)] the following computation,

cf. [DS1, (4.30)]: Let hyaq = &% + Viaa(r). The Poisson bracket with b = by (i.e. the
derivative of b along the flow generated by h..q) is given by

{Praa, b} = 2 (1= 539 (1 = %) + Z(hraa — ). (4.72)

Due to Condition 2.1(3) the factor 1 — T;/Ji/gd > € /2. For the Hamiltonian h. of (3.3)
we have uniformly z,¢ € R and A > 0

{he,b} = 2(1 = T)(1 = b%) + Z(he — ) + O(e) L. (4.7b)

Whence uniformly in a set of the form {* <1 -4}, >0, and A > 0
{he,b} > &L(1 =) + Z(he — A) — CL

4.7
> (@16~ OO + 2(h, - ). (4.7¢)

We learn from (4.7c) that provided € is taken small the observable b grows along the
flow generated by h. on any set {b* < 1 — 4, h. = A}. This is part of the classical
analogue of (4.4). For k-depending symbols used as input in Proposition 4.1 the
bounds (4.7¢) indicate an optimal choice, ¢y ~ k. In fact, and more precisely, the
proof of Proposition 4.1 shows that we can choose ¢y = /C for some C' > 0 in the
regime x > 0 small, whence allowing us to write R(z)v = Op"(Xs,:)R(2)v for all
(k/C)-small perturbations. This will be one reason for considering perturbations of a
spherically symmetric potential only. Another reason originates in the construction
of S, i.e. Proposition 3.1.

4.2. Preliminary considerations. We assume in this subsection that V5, = 0.
Whence we consider here the quantization of (3.3), H = H..

4.2.1. Calculus considerations. By the calculus the family of symbols (4.6) has the
properties that for all n € N and all ¢ = ¢, € Sunie(aj:| + 1, 9)2))

(I = OP* (X2n21)) OB" (Xex21) € Pumie({2) (€)™, 9121), (4.8a)
[Opw<cz)7 OpW(Xn,|z|)] OpW(XIi/2,|Z|) € qjunif(<x>7n<€>72a g|z|) (48b)
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Note that in particular (4.8b) applies to ¢, = h — z and any function ¢, = c,(z,§) =
¢-(x) € Sunit(1, gz)). We shall need the following modification of the latter state-
ment. Consider ¢, € CV(RY), with z € Fg{‘;so, obeying uniform bounds

070:(2)] < Cafizy(@)(z) ™ Ja] < N.
Now for any given n € N we can find N = N(n, i, d) such that for all ¢, € C™(R?)

obeying these bounds we have (uniformly in z € Fgl,‘j\f))

[62(2), OP" (X221)] OP" (X o) = (&) "B{x) ™" |B|| < C. (4.8¢)

This statement can be proved by the symbolic calculus and an explicit estimation
of an associated oscillatory integral. Note that the constant C' in (4.8c) can be
chosen proportional to a natural norm of ¢., and whence the bound is an example
of a familiar continuity property of the calculus of pseudodifferential operators. We
shall apply it to ¢, = x(r > 2)0;S(z, |z|) = x(r > 2)0;S.(x, |2|), j =1,...,d. Note
that we here need | = N + 1 in Proposition 3.1(3). If n in (4.8¢c) is taken large
possibly (in fact likely so) ¢y > 0 in Proposition 3.1 must then be small (since in
practise N = — 1 large is needed for (4.8c) for given large n).

The last preliminary property we will discuss is an application of the Fefferman-
Phong inequality [H6, Theorem 18.6.8] (uniform version), concretely bounds for the
symbol by.; and xa,|.: For all K > 0 there exists C' = C,; > 0 so that for all z € Fgl‘j\bo

OP" (X2n,J21) OP" (bjz) — 1 4 2) OP" (Xax,2) = —C((x) fi2) 2, (4.9a)
OP" (X2n,121) OP" (b2 — 1 — 26) OP" (x2x2) < C((2) f2) 2, (4.9b)
OP" (Xan.[21) OB (b2 — 1)* = (26)%) OP" (Xaw,12) < C({x) f12) 2. (4.9¢)

4.2.2. Radiation operators. We shall combine Propositions 3.1 and 4.1 to obtain
radiation condition bounds similar to some of [HS1, HS2] for positive energies (see
also [Sal, Sa2]). Our method is different in that it is purely stationary whereas
[HS1, HS2] rely on propagation estimates. Whence we introduce for A > 0 and any
given e-small perturbation W, radiation operators defined in terms of the function
Se = Se(x, A) from Proposition 3.1 as

vy=p—VS8, v =p; —0;S,j=1,...,d, and 7y = Re(VS, - 7).
Using (3.1) we obtain, cf. [HS1, HS2],
29 = (H —\) =7~ (4.10)

Next we compute the Heisenberg derivative, say denoted by D =i[H, -], of 7. The
involved operators are local and we shall only need the computation for r > 1.

Dy = —2V2S.y +i2VAS,
= 2y — (1+ 38 f U E) VS, - 7+ O(e2)y) +i2VAS,
= 2y 4 FfY 2y +1AS50) + O(V?)y) +i2VAS, (4.11)
= =2y + Ff((H =X —7") + O(")y) — 2(EAS. — VAS,);
rv/!

Fi=fo, f=—3(1+ 38,

Here we used Proposition 3.1(4) and (4.10). The meaning of O(e'/?) is the same as
in the proposition, i.e. it is a uniform bound. We can simplify the right hand side
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using Proposition 3.1(3) (assuming [ > 3) and conclude that
Dy = —%((1+ Oy + Ff ' (H =N = Ff ' =i 0@, (4.12)

where as above the estimates are uniform in W, A > 0 and = with r = |z| > 1.
Next we compute

Re(f~'F -7) = Re(f(Op"(b) — 1+ O())). (4.13)

Effectively the right hand side will be “small”; we will use it to treat the third term
in (4.12). Here it is also useful to note that

4.3. Strong radiation condition bounds. We introduce for £k € N
X =(z)=(1+r)"? and X = X (1 +r?/k)/2,

and “propagation observables”

Pi=3 QiQs Qi = X X(r)7: OP" (X2l (4.152)
Py=7  QQu; Qi = Xi "X ()75 O (X 21, (4.15b)
,J

where v = v(A = |z|), x(r) = x(r > 2) and € € (0, 1] needs to be specified. Note
that the powers of X, are bounded factors and that pointwise X T X for k£ — oc.
We compute the Poisson brackets

{h,x(r)} =2X"(r)2 - £ =2fx'(r) 0, (4.16a)
{h,X}=2X""z £ =2pbX; ¢ =1, (4.16D)
{h, X} = 2L(¢ — 1) DXy; o = iy (4.16¢)

Note for (4.16¢) that
k—1)r7
0<¢— o= (IE:-H“Z;XZ <L (4.17)
Yet another property we will use (tacitly) are the uniform bounds
02 F3] < Casf3(2) 1 A >0, w € R,
109X3| < Co o Xi(x)™ll k€N, z € R
The main result of this section is
Proposition 4.2. There existl = (p,d) € N (I > 4 is used explicitly) and ey, Co > 0
with v/Coeg < 1, such that for all e-small perturbations W, with € € (0, €] and with

¢ = Co/e the following bounds (4.18a) and (4.18b) hold uniformly in X in intervals
of the form I = [0, \o]. We consider in these bounds components v;,v;, 1 <1i,j <d,

of ¥ =7(\) = p = VSc(z, \).
X1 (L) Py () RO +i0) 12X < € (4.182)

X0 (L) 2y (g RO +10) [y 2X 52 < C. (.18b)
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Proof. Due to resolvent equations we can assume that 1, = 0. Throughout the proof
the notations H and R(z) refer to this case. Fix 6 € (7/2,7) and Ao > 0. We shall
prove microlocal bounds of states u = R(z)v in terms of quantities related to P; of
(4.15a) and P, of (4.15b), respectively, where z € I'y ,,. In particular we consider
below v; = p; — 0;Sc(x, |z|) with z € T'y,. We could choose to take x > 0 in the
definition of the factors Op(xu,.|) to be proportional to e with a sufficiently large
constant of proportionality, cf. a discussion at the end of Subsection 4.1. However
the larger choice K = €¥/* suffices and will be used below. In any case for the
corresponding lozalization operators B = Op" (x4, -) and B = Op"(Xx/2,-|) We can
use the bounds of Proposition 4.1 for e-small perturbations (more precisely we have
such bounds upon replacing the pseudodifferential operators there by I — B). This
is done in (4.20b) and (4.23b) below (for (4.18a)). We choose ¢y > 0 in agreement
with any such application as well as being in agreement with Proposition 3.1 with
an [ (the one to be used in the proposition) choosen sufficiently large. How large
[ must be depends for (4.18a) partly on applications below of Proposition 3.1 and
the symbolic calculus property (4.8¢c), used in (4.26) and (4.29). See (4.35) for the
case of (4.18b) (used in (4.34) and (4.37)). Of course it is legitimate to take €y
smaller if needed. The choice € = Cyy/€ for some (large) constant Cy (rather than
¢’ being proportional to €) is needed (and best possible) in our treatment of the
contribution from the term O(e'/2)y in (4.12) in the computation and estimation of
a commutator, see (4.24) below. We fix an applicable Cy for (4.18a) at the end of
Step I (this constant will also work for (4.18b), see the end of Step II).

Step I. We show (4.18a) by first establishing the bound

<P’> < Oyl £ 2530+ Oyl X 1 X (4.19)

Imz
ZQ*ﬁ |

Here we have suppressed the dependence of |z| in @Q); (as above). The constants are
independent of z € I'y ,, and k € N (however dependent on € and possibly also W.).
Whence we conclude by first letting Imz — 0 (for fixed A = Rez > 0) and then
letting k — oo, that at all energies A € [0, \o]

S QILQ), < Cullfy X0,

and whence
X () X ()% O (e ) RO - i0)0]| < VO X0 (4.200)
On the other hand we have, cf. Proposition 4.1,
X1 () X () = OB () ) RO+ 1000 < Gl £ 0] (4.20D)

Clearly (4.18a) follows from (4.20a) and (4.20b).
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To show (4.19) we calculate the expectation

(iH, P)), =2Imz (P), + 2Im(Pyu,v), (4.21a)
G[H, Pi]), =2 Re(Quu,i[H, Qulu), (4.21D)
i(H,Q) =T} + T2, (121¢)

T = i[H, X~ X(r) %] O (x ).
T? = XX ()i H, O (e 2))]-

The idea of the proof is to show that (4.21a) “tends” to be non-negative while (4.21b)
“tends” to be non-positive. To keep the notation at a minimum we abbreviate
flz/ = f in the remaining part of the proof of the proposition.

Clearly indeed the first term to the right in (4.21a) is non-negative (to be used in
(4.25) stated below).

The second term to the right in (4.21a) can be estimated as

2Im(Pru, v)] < 6(P)), +6 Z(T/f)cm

(P, + 07 GIX2 [P 422

< 6P
<SPy, + 0Oy fVAX™|? m > 3/2 — €
We choose § > 0 suitably small later.
As for (4.21b) we substitute (4.21c). The contribution from the terms 77 is
estimated similarly using (4.8b) (for suitable n) and (1.3)

2> " [(Qiu, TP OP" (Xue/2 )|

(4.23a)
< (PN, + U EX M2 m > 12,
and by using Proposition 4.1
2 Z (Qiu, Tz?(] - OpW(XH/2,|z|>>u>|
i (4.23b)

<P, + O X ™| m > 3/2 — €.
It remains to consider the contribution from T}!'. We split
T} =S} + 57+ 5,
where
St = X, x(r) (D) OB (Xwya1),
57 = X7 (Dx(1))7 OP" (Xwy21),
87 = (DX~ )x(r) 7 OB (Xin21),

and intend to use (4.12), (4.16a) and (4.16¢) to treat the contribution to (4.21b)
from the three terms, respectively.

The seeked negativity comes from the terms S} more precisely from the contri-
bution from the first term to the right in (4.12). Thus, by the Cauchy Schwarz
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inequality,

2> "Re(Qiu, X, x(r) =L (v + (O(€%)7),) OP" (X2 )u)
: (4.24)

< (—4+CVe(P),.
To bound the contribution from the second term to the right in (4.12) we use that
F' is (uniformly) bounded and estimate

2ZRe<Qiu,X,i‘e'x<r)%Fi(H — 12]) OP" (X, z))w)
< 4z = [el) D Re{Qut X~ x(r) - OF (o)

+6(P)), + 67 Ol fTEX |7 (4.25)
~ z—|z 2 _ —¢
< 2Imz (Py), + Gyl x =1 x]=<qy)2
8P, 5T FYAX ™))% mo> 12,

To bound the contribution from the third term to the right in (4.12) we “redis-
tribute” the factors of components in 2 and use (1.3), (4.8a), (4.8¢), (4.9¢), (4.13)
and (4.14) estimating with u; :== OP"(xax,-) (2f/r)"2Q;u

2) " Re(Quu, Xy~ x(r) 27" OB (i o))

<2) Re(2F - yQju, Qju) + Cul| f /2 X™0|”
J
r w 3/4 —-1/2ym, (|2 (426)
=2 Re(f(Op"(b) = 1+ O(¥"))),, + Cofl f 12X ™|
J
< (26(sup [F* + 1) + C1/ M) (2P)), + | f /2 X ™| |?
= Cy/N(PY), + Csllf 72X ™))% m > 1/2.

To bound the contribution from the fourth term to the right in (4.12) it is con-
venient (although not necessary) to symmetrize (assuming then [ > 4). This gives
with @ := X} Op" (X, 2 )u

2 Z Re<Qiua X;_E,X(T)iz_gOi(e()) Opw(Xf@,\z|)u>

< Ol<72:_§>g (4.27)

< Coll f7V2X™0|1%5 mo> 1/2.
Clearly the contribution from from the terms S? are bounded similarly, cf. (4.16a),

2> "Re(Qiu, Sfu) < C||f~2 X0 m > 1/2. (4.28)
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It remains to examine the contribution from from the terms S?. We shall use
the following statements (4.8a), (4.8¢c), (4.9b), (4.16¢) and (4.17) estimating with

u; := O (Xon2) (¢ — o) 2 /1) *Qiu,

2 Z Re(Q,u, S} OP" (Xx, |z u)
<2(1—¢) Y (05" (B)),, + Cullf Xm0

; (4.29)
<21 =e)(1+26) D usll® + Col f/2X ™0

<A1 =€) (14 2N(P), + Cs||f 72X 0|3 m > 1/2.
Now by combining (4.22)-(4.29) with (4.21a)-(4.21c) we obtain

(4—Cye—30— Cye?/* —4(1 — ')(1 + 28,

1/2 2 [(z—=1zDI* 1v1— 2, (4'30)
< Gyl f72X 0% 4 Cole Dl X1 X =2 m > 3/2 — €.

mz

We choose 6 = /€ and fix Cy = i(é +5). Then (possibly by taking €y > 0 smaller)
we conclude the bound

Ve(P)), < Csll f712X 0| 4+ ColEED X1 ul; m = 3/2,

mz

whence (4.19) follows.

Step II. We show (4.18b) by establishing the bound
(Py), < Gyl f72X5 2|2 4 CoIEEE (| X2 X720 Du |2 4 B2(PY),) + Ca( P,

(4.31)

Z Q;,LQy.

Here P is given as in (4.19). Due to (4.19) we can proceed as above letting first
Imz — 0 (for fixed A = Rez > 0) and then & — oo. Then again we invoke
Proposition 4.1. Whence it suffices for (4.18b) to show (4.31).

For (4.31) we proceed similarly as in Step I giving now less details. We replace
P by P, in (4.21a)—(4.21c) and need to show “essential positivity” and “essential
negativity” of the expression to the right of the analogous (4.21a) and (4.21b),
respectively. The most interesting contribution to the analogous commutator (4.21b)
is the one from an expression like S}. More precisely this term is now replaced by

St = X2 (D(175)) OF (Xow,12)-

We write

D(yiv;) = (D) + (D),

and invoke again (4.12) which contains four terms.
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As for the first term the analogous of (4.24) reads (using the constant C' from
(4.24))

23 " Re(Qiu, Xp ' x(r)
i

(4.32)

(ff (i + (O y)i)vy + vi=2L(; + (0(61/2)7)3')) OP" (Xw, 2 ) 1)
< (=84 2CVe+0)(Py), + 67 Ci(P)),.

As for the analogous of (4.25) we have, using the bound X? < k and the first
identity of (4.11), and by arguing as in (4.23a)—(4.23b),

2" Re(Quu, X7 x(r) (2 (H = [20)7 + %72 (H — |2]) ) OB (o))
i,J

<2Imz(P,), + C’lw(HX_QX;f(I_E/)UHQ + k2<P1/>u)

Im z
+6(Pg), + 07 Co([l £ 72X 0|2 4 (PY),).
(4.33)

As for the analogous of (4.26) we obtain by redistributing components of 72, using
the notation t,,, = OpW(XQKM)(4f/r)1/2an,

2 " Re(Qyu. XpU " y(r) (271“'72%. + %@72) OP" (X, 21 )12)

i?j

< 23 RUFOP 6) = 1+ O, + )+ Cualls™ X0

< (26(sup | f* + 1) + C1¥ ) (APy) , + 5(Py),, + Casll /X 0|2
= C3e¥(Py),, + 6(P3), + Cosll f /2 X0|%.

Here we used twice that (rf)~' = O(r*/>71) (whence up to a compactly supported
term this function is bounded by ¢/C), and we used a uniform bound similar
to (4.8¢), for example

(47 /7)Y XX () Ay O (X o) OF (X o) = X 2BXLfY2 | B| < C.
(4.35)

As for the analogous of (4.27) we have (using [ > 4)
2 Z Re(@ij“» Xi“‘a)x(r) <iz—£0i(60)% + %’ii—{Oj(fO)) OPW(XK,|Z|)U>
1,J
= 43 Re(Quyu, X2 ™x(r) (20 + 50y (<)) O (xx o)) (4:36)
0,

< 8(Py), + 0 CulllF TP X0l + (P),).

The analogue of (4.28) is obvious.
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The analogue of (4.29) reads with u;; := Op"(Xax,|2)((¢ — Oe)2f /)2 Qusu
2> Re(Quu, (DX )x ()75 OB (Xor 1))

<4(1=€¢)> (0p' (D)), + Crllf > Xl
irj (4.37)
<AL= )L +20) D g P+ 8(P3),, + Call X0
4,3
< (81— €)(1+2e¥) +8)(Py),, + Csll f 12X,
Here we used the bound (4.35) trivially modified by an insertion of a factor (¢ — ¢x).
Collecting bounds we get (similar to (4.30))

(8 —2C /e — 76 — Cse¥/* — 8(1 — €)(1 + 26/))(Py),,
< CLO)||F X202 4 Cy R (X 20Dl 2 4 K2(PY),,) + Ca(0)(P),,

z

(4.38)
Picking 6 = /e and Cy = 3(C +5) in (4.38) (as in Step I) the left hand side
bounds /e(P;),, from above, and whence (4.31) follows. O

5. DISTORTED FOURIER TRANSFORM

We prove the existence of the limit (3.7a) for all A > 0 and all v € L2. For that
we first compute the derivative < along the flow ®(s, )
4 (e S KM RN +10)0) = ie S K7 2ml 2y (MR +10)v.  (5.1)
It suffices to show that the right hand side is integrable as a G-valued function. For
the latter purpose we use (3.5), the identity S.(®(s,-)) = s and the Cauchy Schwarz
inequality to conclude that in turn it suffices to find 6 > 0 such that
|SY2H K72 (A R(A +i0)v]| < C < oc. (5.2)
We plug in (4.10). Since
erf(r,\) < Se(x) < Crf(r,A) (5.3)
the contribution from the first term (H — V5, — \) is in H for any § < 2 (then we have

(fr)1/2+5K€_1/2 < CX? and by assumption X3y € H). For the contribution from
the second term —+? we use (4.18b) with i = j. Again since X3v € H we only need
to examine the weight X2(1=¢) f1/2=1/2 to the left in (4.18b), in particular we need
to specify applicable § and €¢: More precisely we need to specify these parameters
such that the function

SL/240 =172 x =20=¢) y=1/2,.1/2 g hounded.
Using (5.3) this property will follow from boundedness of
X2€l+5*1f571
which in turn for § < 1 will follow from boundedness of

X2e/+(571)(1ﬁu/2) )

The latter boundedness is achieved for any § € (0,1) (henceforth taken fixed) and
for all sufficient small €, = Cyy/e > 0. We have shown (5.2) for all A > 0 and
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all v € L3. Since the bound (5.2) is uniform in A € [0, \] for any \g > 0 and the
function [0, \g] 2 A — (e*iSfKel/QmimR()\ +10)v)(®(s,-)) € G is continuous for any
(large) fixed s > 1, we conclude that also the function

[0,00) 2 A = FT(\)v € G is continuous. (5.4)

Clearly (by time-reversal invariance) we conclude the existence of (3.7b) for all
v € L2 also. Similarly F'~(\)v is continuous in A > 0.
There are other assertions in Subsection 3.2. As for the formula

Ao
Pl = Jim [P (el
0—00 0

it suffices to show that for all A > 0
7 v, (Im R(A +10))v) = [|[FF(A\)v|g. (5.5)
We first estimate (recall u := R(\ +10)v)

SILIEOReZ/ u(0;S)me)(P(s,-)) do
(5.6)
< hglogfz / (7, (N w)u(9;S)me) (®(s, )| do.

By (3.5) and the Cauchy Schwarz inequality, for any big enough sy > 0

[ ass Z / (5 ) Wu(@,5)m.)(@(s, )| do
_Z/ ds/ |m1/2X1 € fT 1/27 u‘ |m1/2Xe 1(%)_1/2(8j1n56)u|da
Sd—1

< ZHXl )Xl X)X () (95 In S Jul .

r

Since
X L) T () (05 In S| < CXHATH LYy (1),

cf. (5.3), we conclude using (1.3) and (4.18a) that for all € = Cy/e € (0,1 — p/2)
the latter integral is finite. Whence for all small € > 0 indeed the right hand side of
(5.6) is zero. We have shown (5.5).

Throughout the rest of the paper we abbreviate B = B(|z|) and B* = B(|z|)*.
Note that due to (1.3) and (5.5)

YA>0: Fr(\)fY?2 e B(B,G). (5.7)
Next introduce

F+=/ BFT(N)dA,
0

which due to (5.5) obeys (F™)*F* = P.. Notice that we here consider F* €

B(H,H). A short argument shows that for all v € (H — A)C>®(R%) the function
F*(Mv = 0. Whence FTH, C M)\F*. We claim that F't diagonalizes H.. This
stronger statement is part of the following
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Proposition 5.1. The map F* : Ran P. — H isa unitary diagonalizing transform,
i particular

Ran F* = H and F*H, = M,F*. (5.8)

Proof. 1t suffices to show the first identity of (5.8), since then indeed the restricted
map F*: H.(H) = Ran P, — H is unitary and the second identity of (5.8) holds.

Step I. Let 7 € C*(S%1) and consider the function @ of (3.8). We claim that
T=F"(\)(H — ). (5.9)

Note that due to Lemma 3.3 this is formally true, however since we dont know that

— u e a continuil arguient 1s required. 1S motivates € Clalm at 1or
H—-\Nue L2 tinuity arg t i ired. Thi tivates the claim that f
allve B

s
Fr(\) Y% = G-lim §~! / Y2 (e K 2m 2 R(A+i0) f1/%0) (®(s, ) ds. (5.10)
0

S—o00

Clearly this is consistent with (5.7) if v € f~/2L2. To show that indeed the right
hand side of (5.10) makes sense for v € B we need to show the Cauchy property.
Approximating C.(R?%) > v, — v € B it suffices to show the bound

S

sup |57 [ w2 (e K PmPR(A +10) £ (0 — 0,)) (@(s, ) dslg
5>1 0 (5.11)

< Cllv — vyl B-

We proceed a little more general and show for all w € B(|z|)*

S
sup |57 / T2 (IS K22 f120) (@(s, -)) dslg < Clw)
> 0

. (5.12)

In fact given (5.12) the bound (5.11) follows using (1.3), and whence the formula
(5.10) and then in turn (5.9) are justified.
To show (5.12) we first recall the Besov space bound

s (5.13a)

supp! [ Ju do < Clu
lz|<p

p>1

and its proof: Let Ry = 0 and R; = 2/~! for j € N. Then

USSR O | 0f? da
z|<p

J<J; Rj_1<p<Ry R;_1<|z|<R;
< D (TRl

J<J; Rj_1<p<R;
< 4fjw][%-.
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Now for (5.12) we estimate using the Cauchy Schwarz inequality, notation from
Subsection 3.1, (3.5) and (5.13b) (stated below)

S
H o1 / U2 (e J(U2m /2 f-U2) (s, ) ds‘
0

g

S
<GS [l (@(s, ) o ds
0
s 1/2

< Cus ([ ) (s, ) [ ds)

0

1/2

— 0,572 </ [KL/2 =122 da:)

Be(S)

1/2
< Cp5 12 (/ | fY 202 da:)
Be(S)

< Csljw|

B*-

In the last step we used the following analogue of (5.13a):

sup 5! / £ de < COVJwl
e (S)

S>1

. (5.13b)

Note that for A > 0 we can bound S(z) > c|z| and f/?(z) < C yielding (5.13b) in
this case due to (5.13a). For A = 0 we can bound S.(z) > c|z|'"#/? and f'/?(x) <
C|z|=#/* for |z| > 1 yielding (5.13b) in that case also. This can be seen by arguing
as in the above proof of (5.13a). Consequently we have (5.13b) for all A > 0, and
(5.12) is proven.

For a later application let us note the following inverse of (5.13b) (proved simi-
larly):

[w][- < C(N) 2151) Sl /B o | fY2w]? de. (5.13¢)

For an abstract version of (5.13b) and (5.13c) see [Sk, Lemma 2.4].

Step II. We can mimic the proof of [ACH, Theorem 1.1] using (5.9). Notice that
we only need (5.9) for A > 0 (which is the analogue of [ACH, Theorem 3.3 iv)]).
Details are omitted.

U

Corollary 5.2. For all 7 € C®(S8% ') C G the generalized eigenfunction u~ =
u”(N), A >0, defined by (3.8) and (3.22) is also given by

u”(N\) = 2t (\) T (5.14)
Proof. By Lemma 3.3, (5.5) and (5.9)
u = (R(A+10) — R(A—10))(H — N)u
=2miF T (AN FY (N (H — N)a = 2riF T (\)* . O
Definition 5.3. For any A > 0 we define the scattering matrix S(\) € B(G) by the
identity
Fr(\o = SO\ F~-(Nu; v e fi/2B(|z)). (5.15)
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Proposition 5.4. The operator S(\) is a well-defined unitary operator on G. It is
strongly continuous as a function of A > 0. In particular the scattering matriz at
zero energy S(0) is uniquely determined by the diagonalizing transforms F*.

Proof. We apply (5.5), (5.7), (5.9) and their analogues for change of superscript
+ — —. This yields the well-definedness and the unitarity. For all v € L2 the

functions {F*(A\)v|]A > 0} € H are continuous in A, c¢f. (5.4). Since morecover
F~(A\)L2 is dense in G for any fixed A the continuity property follows by a density
argument. U

5.1. Asymptotics of generalized eigenfunctions. We complete this section by
a discussion of the asymptotics of the generalized eigenfunctions

u_ (-, ) = 2miFT(\)'r; T €G. (5.16)

Notice that Corollary 5.2 provides a representation for 7 € C°°(S971).
Let B; C B* be the closure of C,.(R?) in B*. For all A\ > 0 and 7 € G the function

w(z) = (K;1/2m;1/2f1/2)(3:)7'(0); r=®(t o),
belongs to B* with

g < C7llg- (5.17)

]
This is due to (3.5) and (5.13c).
Next, using (5.9) and (5.15) we decompose for all 7 € C>(S91)

wr (x) = w2 KT PmI 2 ) () (S(N) ) (o)

= 72K Pm 2 ) (@) (F~ (V) (H = N)a) (o)

= wy (v) + wy (z);

wy = e fPR(N —10)(H — N)i.
While w;,w; € B* we have the stronger assertion for the second term,
wy, € Bj. (5.18)
To prove (5.18) we introduce the quantity
wn = VK22 P12) () (B (N (H = N — f20,)) (o),

where C.(R%) 3 v, — v := f~Y2(H — \)a € B. We have ||w,|| 5 < C|lv, —v|5, cf.
(5.17), showing that ||w,|| g+ — 0 for n — oco. Similarly

e fF12R(N —i0) fY%v,, — wy in B*.
We are lead to consider the quantity (for fixed n € N)
Wy () = w2EPm 2 2 (@) (F~ () % 00) (o)
— a2 K 2ml P R(N — iO)f1/2vn)(:U)),

It follows from (3.5), (5.1), (5.2) and (5.13c) by yet another approximation that
w,, € Bj. Note that indeed

| Wy, — 15, (5)Wn||p» — 0 for S — oo,

while obviously we have 1z (syw,, € B for all S > 1. Whence (5.18) is proven.
Now, combining (3.22) and (5.18) we conclude that for all 7 € C*°(5971!)

() = (@ - S ) € 2B,
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This formula extends to G and implies an injectivety property.

Corollary 5.5. Let A > 0 and 7 € G be given. Introducing the following function
of v = ®(t,0),
g, (2, A) = (K Pm ) (@) (7 (o) — e (S(A) ) (0)),

€

we have

uz (4 A) —ug, (A € £y 2B, (5.19a)
In particular
27r||7||é = lim S_l/ |K€1/2u;(:l:,)\)|2d$. (5.19Db)
S—o0 Be(S)

Proof. Since we know (5.19a) for 7 € C*°(S%"!) the statement for 7 € G follows by
approximation, cf. (5.17). As for (5.19b) we can replace u; to the right by u, . due
to (5.19a). Then we compute using (3.5) and the unitarity of the scattering matrix.
Note that cross terms do not contribute to the limit due to oscillatory behaviour. [J

6. CHARACTERIZATION OF GENERALIZED EIGENFUNCTIONS
We introduce the following class of generalized eigenfunctions.
Definition 6.1. For A > 0 let
& ={u e f;*B*|(H — Nu = 0}.
Notice that it follows from (5.7) and the definition (5.16) that for all 7 € G
uy (-, A) € &y
In fact it follows from (5.7), (5.13b) and (5.19b) that the map
G371 —=u, () €&
is a bi-continuous linear isomorphism onto its range. The latter is identified as
Proposition 6.2. For all A > 0 the set
Ex=A{u; (-, )| € G} (6.1)

Proof. Let uy € &, be arbitrarily given. We need to show that it must have the
form uy = u;(-,\) for some 7 € G. For that we partly mimic [DS1, Section 8].
In particular, with reference to symbols (4.1) and the corresponding localization
symbols as appearing in Proposition 4.1 let us introduce

X = X (@n)X£(0x) + 5x+ (an). (6.2)
We consider in the following these functions as fixed and consider e-small perturba-

tions W, € W with € > 0 small exactly as in Proposition 4.1. Note the properties
OF" (anx+(ax))ur, OB (x+(a)us € 5 * By, (6.3)

cf. [Sk, Lemma 3.1], in fact these functions are in any weighted L*-space L?,. Whence
the quantization of the second term of (6.2) contributes by a small term when applied
to uy. The quantization of the first term localizes to an outgoing (incoming) region
of phase space. A priori we only have

OP" (xF)u, O (x—(ax) e (ba))us € f5 /B,
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Step I. We construct a candidate 7. Pick a non-negative ¢ € C*(R,) with
J5 g(t)dt =1, and let G, (s) =1 — Os/n g(t)dt, n € N. Define
To = FT(N)GL(S)(H — X) Op¥(x " )ur; n € N.
We note that this family {7,} is a bounded subset of G. In fact we have
7, = iFT(N)i[H, G, (S)] Op" (x")ux
= —1F" () (Re(p- VSe)29(Se/n) +iVSe'n g (Se/n)) OP" (x " )ux

= 7'; + Tﬁ.
For any 7 € G we have

£z (-, )]
1552 x (|2 > 2) Re(p - VS)uz (-, \)]

5 < Cll#lo, (6.4a)
5 < ClFo. (6.4D)

cf. (6.3). We aim at showing the uniform bounds

(T )l < CliTllgs 5 = 1,2, (6.5)

which suffices for the boundedness.
For j = 2 we write

_27Ti<7-77—2> - < i/2u~_<.7 /\)7 hiw>7

n T

W2 = £y IV P2 (S ) £ P w = £ 0P (x

For A > 0 we have |h2(z)| < C\(z)~? while for A = 0 there is the bound |h2(z)| <
C(z) ™% Since B* is continuously imbedded in L?; for any § > 1/2 we conclude

the bound (6.5) for j = 2 using (6.4a).
Decomposing similarly for 7 =1,
(7, 70) = (@, hyw);
b= Rt g(Se/m 0w = 12 08 (),
and using (6.4b) we need to show the bound
B

(i, hyw)| < Cl] B

w|

For that it suffices for any A > 0 to find C' > 1 and a bounded interval I such that
for all n € N there exists R > 1 such that |hl(z)| < CR™'1;(|z|/R) for all z € R%.
We recall the bounds crfy < S, < Crfy. In particular for A > 0 the assertion is
immediate with R = n. For A = 0 we choose R = n'/(1=#/2) and obtain the same
conclusion. So indeed (6.5) holds, and the sequence {7,,} C G is bounded.

Take 7 € G as the weak limit of some subsequence of {7,}, cf. [Yo, Theorem 1
p. 126]. Upon changing the notation we can assume that

7 = w-G-lim F*(\)G(S.)[H, Op" (x )]s (6.6)

n—oo
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Step II. We show that this 7 works. We compute using (5.5) in the third step, and
Propositions 3.1 and 4.1 in the last step, and taking m = —3,
FPuz () = 2mifPE ()T
= 2mi w*B im fY2FT (A FH (NG (S)[H, Op" (x)]ux

n—oo

= w*B"lim fY2(R(A — i0) — R(A +10))G(S.)[OF" (x ™), H — Ny
= w* L2 lim fY2R(\ —i0)Gn(S)[H — X\, Op" (x7)]ux

n—oo

+ W L2 lim fY2R(A +10)Gy(S)[H — A, OP (x)Jux

n—oo
= w ' wT = fPROF0)(H — \) O (xFus.
Using again Proposition 4.1 we compute
w' = w'Ly lim fY2ROF i) (H = 3) OP* (x7)un

e\0
= fY20p" (xF)ux F w—L2 -limief* R(X F ie) Op" (xF)ux
e\ 0
= f20p" (xT)ua.

Whence
uy (A) = P w4 wh) = (Opw(x’) + Opw(x*))ux = uy.

We summarize

Theorem 6.3. Suppose Condition 2.1 (and (2.2a)). There ezist ¢g > 0 and | =
l(p,d) € N such that for all e-small perturbations W, with € € (0, o] (assuming also
(2.2b) ) the following statements hold for all A > 0:

For all T € G there exist unique T € G and uy € Ey such that (with v = ®(t,0))

up(z) — 72K VPm ) (2) (5O 7 (o) — e 5 @7 (0)) € f1 B (6.72)

Moreover for all uy € &, there exist unique 7,7 € G such that (6.7a) holds. In
particular the map G > 7 — uy € &\ is a linear isomorphism. It is bi-continuous,
n fact

27|17l = lim S_l/ | K0y |? da. (6.7b)
There are formulas

uy = u; (-, A\) = 2mi T (N 1 and 7 = S(\) 7. (6.7¢)
In particular the wave matriz FT(N\)* : G — &\ is a bi-continuous linear isomor-

phism. The maps FT(\) ;/2 : B — G and §(\) = 7' Im(R(\ +i0)) : V2B £,
are onto.

Proof. The uniqueness of 7 and u, in (6.7a) follows from the proof of Lemma 3.3,
and the existence part (in agreement with (6.7¢)) follows from (5.19a). The map-
ping properties mentioned in the last sentence of the theorem are consequences of
Banach’s closed range theorem [Yo, Theorem p. 205] and previous statements. The
remaining parts of the latter are consequences of (5.19b) and Proposition 6.2. [
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6.1. Concluding remarks. With some more effort one should be able to show that
the operator F'*(\)* has a somewhat regular kernel, formally given by (F'(\)*d,)(z).
More precisely one should have

(FH (A7) () = /g 6* (2,0, )7(0) do,

where the plane wave type eigenfunction ¢t has a degree of regularity. In particular
it should be continuous in all variables for x ¢ supp V5 provided the perturbation
W, € W is e-small with ¢ > 0 taken small enough. More regularity in ¢ € G
would require € taken smaller. These assertions depend on possible generalizations
of Proposition 4.2, cf. [HS2]. We shall not elaborate further on this issue. Note also
that smoothness in the angular variable of analogous plane wave type eigenfunctions
was indeed obtained in [DS1].

Another remark concerns the relationship between the scattering theory developed
here and [DS1] in case of overlapping conditions (which means under the conditions
of [DS1]). In the case of a spherically symmetric potential we have for all A > 0 that

o= (o) = lim B(s,0)/|2(s,0)].

and the two involved solutions to the eikonal equation are identical up to a trivial
explicit term. In particular the two families of S-matrices are explicitly connected
as follows: For all A > 0 the operator S(A) of this paper and the scattering matrix
of [DS1], say Sps()\), are up to an explicit phase factor related as S(\) = Sps(A\)R
where (R7)(w) = 7(—w), cf. the discussion at the beginning of Section 1.

More generally under the conditions of [DS1] the asymptotic normalized velocity
n(o) exists for all A > 0 and as a map it is a diffeomorphism on S¢~!. This property,
Theorem 6.3 and [DS1, Theorem 8.2] yields the connection formula

Sps(A) ' = Re N D, S(A) D, e 0N (6.8)

where ¢(w, \) is real and for any diffeomorphism 1 on S?~! the operator D, is the
unitary map on L%(S?!) implemented by the classical map S9! 3 w — Y(w) €
S4=1 viz. (Dyt)(w) = JY2(w)T (v~ Hw)).

Although we shall not elaborate the formula (6.8) suggests a criterion for regularity
at zero energy of a family of (inverse) scattering matrices under the conditions of
Section 2: It suffices that the families of diffeomorphisms 7 = 7 and 5, on S9!
as well as the family of phases ¢(-,\) are regular at zero energy. Indeed in this
case the right hand side of (6.8) has a limit as A — 0 due to Proposition 5.4. This
criterion is of course not applicable for the example in Subsection 2.1. Note that
under the conditions of Section 2 the form of the right hand side of (6.8) makes
sense for positive energies and the expression coincides with the (inverse) scattering
matrix discussed in the beginning of Section 1.
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