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Abstract

Local digital algorithms based on nx- - - xn configuration counts are commonly
used within science for estimating intrinsic volumes from binary images. This
paper investigates multigrid convergence of such algorithms. It is shown that
local algorithms for intrinsic volumes other than volume are not multigrid con-
vergent on the class of convex polytopes. In fact, counter examples are plenty.
Also on the class of r-regular sets, counter examples to multigrid convergence
are constructed for the surface area and the integrated mean curvature. Fi-
nally, a multigrid convergent local algorithm in 2D for the Euler characteristic
of convex particles with a lower bound on the interior angles is suggested.

Keywords:Image analysis, Local algorithm, Multigrid convergence, Intrinsic
volumes, Binary morphology

1 Introduction and main results

The purpose of this paper is to assess a certain class of algorithms that are widely
used for analysing digital output data from e.g. microscopes and scanners. These
algorithms yield a fast way of estimating the so-called intrinsic volumes of a given
object. The intrinsic volumes V,, ¢ = 0,...,d, include many of the quantities, sci-
entists are most frequently interested in, see e.g. [11], such as the volume Vj, the
surface area 2V;_i, the integrated mean curvature 2w (d — 1)7'V,_,, and the Euler
characteristic Vj.

The algorithms considered rely only on what the image looks like locally, thus
we refer to them as local algorithms. The use of local algorithms goes back to [4],
see also [8, 10| for an overview of the algorithms suggested in the literature. The
popularity of local algorithms is due to the fact that they allow simple linear time
implementations [12], as opposed to the more complex algorithms of [2, 9]. However,
as we shall see below, this efficiency is often paid for by a lack of accuracy.

We model a digital image of an object X C R? by a binary image, i.e. as the set
X NL where L is some lattice in R?. In applications, such a binary image is usually
obtained from an observed grey-scale image by thresholding. Each point in L may
belong to either X or the background. For every n x --- x n cell in the observation



lattice, this yields on possible configurations of foreground and background points.
The idea of local algorithms is to estimate V, as a weighted sum of configuration
counts, see Definition 2.11.

Local algorithms are suggested many places in the literature (8, 10, 17, 18] and
various partial definitions are given [5, 6, 8, 22|. In Section 2 we attempt to set up a
unified, rigorous definition of local algorithms and, in particular, to justify the use
of local algorithms for the estimation of intrinsic volumes.

The next question is, when a local algorithm yields a good approximation of V.
A natural criterion for an algorithm is multigrid convergence, i.e. that the estimator
converges to the true value when the resolution goes to infinity. This is a very strong
and in applications often unnatural requirement. In practice, observations are often
made in a design based setting where the lattice has been randomly translated
before making the observation. The natural, and usually weaker, requirement in
this situation is that the estimator should be unbiased, at least asymptotically when
the resolution tends to infinity. The various convergence criteria are discussed in
Section 2.2 in more detail.

In order for the digital image to contain enough information about X to en-
able us to estimate V,(X), some niceness assumptions on the underlying set X are
needed. In this paper, we shall investigate which intrinsic volumes V, allow asymp-
totically unbiased local estimators when X is assumed to belong to the class of

compact convex polytopes with non-empty interior or the class of r-regular sets (see
Definition 4.1).

1.1 Known results

Various results have already been obtained in this direction. It is well-known, see
e.g. [12], that there is a local estimator for the volume V; which is unbiased even in
finite resolution given by counting lattice points in X and weighting them by the
volume of the unit lattice cell.

In contrast, Jirgen Kampf has proved [5] that on the class of finite unions of
polytopes, local algorithms for V, based on 2 x --- x 2 configurations in orthogonal
lattices are always asymptotically biased for 0 < ¢ < d — 2. In fact, he has shown
that the worst case asymptotic bias is always 100 %.

For ¢ = d — 1, Ziegel and Kiderlen showed in [24] that there exists no asymp-
totically unbiased local algorithm for the surface area in 3D based on 2 x 2 x 2
configurations in an orthogonal lattice, but the asymptotic worst case bias is finite
in this case.

It has been conjectured in [8] and [6] that no local algorithm for estimation of
surface area is multigrid convergent in dimension d = 2 and d = 3, respectively. This
was proved by Tajine and Daurat [23] in dimension d = 2 in the special case of length
estimation for straight line segments. In fact, they show that any algorithm will be
(asymptotically) biased for almost all slopes of the line segment. In [7, Theorem 5|,
Kiderlen and Rataj prove a formula for the asymptotic mean of a surface area
estimator, on which a proof in arbitrary dimension d could be based.

On the other hand it is known that with suitable smoothness conditions (r-
regularity) on the boundary 0X there exists a multigrid convergent local algorithm



for estimating the Euler characteristic V4 in 2D [14] and in 3D [20]. In fact, this
algorithm yields the correct value in sufficiently high finite resolution. It is still
a partially open question whether the existence of such an algorithm is due to
the smoothness conditions on the boundary or to the fact that Vj is a topological
invariant. However, it is shown in [22] that there is no asymptotically unbiased
estimator for the integrated mean curvature Vj;_ in dimensions d > 2 based on
2 X --- x 2 configurations. This suggests that it is the topology invariance that
makes V} special.

1.2 Main results of the paper

We first consider the estimation of V, on the class P? of compact convex polytopes
with non-empty interior. Any P € P? can be written in the form

N
p=(\H,,
=1

where H,, denotes the halfspace {x € R? | (z,u) < t} for u € S9! and t € R. The
parameters u;,t; can be used to define a measure v on P?. This is made precise in
Section 3.1.

When 1 < ¢ < d — 1, we shall prove the following theorem, generalizing the
results of [23]:

Theorem 1.1. For 1 < q < d — 1, any local algorithm for V, in the sense of
Definition 2.11 is asymptotically biased (and hence not multigrid convergent) for
v-almost all P € P if d — q is odd and for a subset of P of positive v-measure if
d — q 15 even.

As simple examples of sets for which an asymptotic bias occur, one may take
almost all rotations of almost all orthogonal boxes @f: 410, tie;] where ty,...,t; € R
and eq,...,eq € R? is the standard basis.

If an algorithm were only asymptotically biased for a very small class of sets, for
instance orthogonal boxes, this could well be acceptable in practice where objects
are often randomly shaped with a probability of zero for hitting this class. Hence we
state the theorem for all polytopes in a set of positive v-measure. The reasonableness
in choosing the measure v on P? may be disputed, see the discussion in Section 3.1,
since it depends on how the studied particles arise. However, it would apply to
many situations where the particles under study arise from random sections of some
material.

In the case ¢ = 0, we can obtain a similar theorem

Theorem 1.2. Any local algorithm for Vi in the sense of Definition 2.11 is asymp-
totically biased (and hence not multigrid convergent) on P if d > 1.

However, constructing the counter examples is now harder. In fact, in R? there is
a sequence of local algorithms VO" for n € N based on n x - - - X n configurations such
that ‘70” is multigrid convergent for all P € P¢ (or even all relatively open compact
convex sets) having no interior angles less than ¢, € R where lim, ,o1, = 0. In
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particular, for any P € P? there is an N € N such that V(P) = Vy(P) whenever
n > N and the resolution is sufficiently high. Thus, if one studies convex particles
with a lower bound on the interior angles, there exists a multigrid convergent lo-
cal algorithm for Vj. The explicit construction of these algorithms and the precise
conditions on the weights are given in Section 3.5.

As in [5], the proof goes by first constructing a counter example P C R?. This is
then generalized to higher dimensions by the prism P x @jzg[o, e;]. This approach
also provides the following generalization of Kampf’s results:

Theorem 1.3. For 0 < ¢ < d— 2, any local algorithm for V, as in Definition 2.11
has an asymptotic worst case bias of 100 % on P<.

We finally move on to the case of r-regular sets. Using the main results of [7]
and [22], we shall see:

Theorem 1.4. For q = d—1,d —2 and ¢ > 0, any local algorithm for V, as in
Definition 2.11 with homogeneous weights is asymptotically biased (and hence not
multigrid convergent) on the class of r-reqular sets.

The definition of homogeneous weights is given in Definition 2.9 below. For
0 < g < d— 2, the asymptotic behavior of local estimators for V; is not well enough
understood to determine whether asymptotically unbiased estimators exist. How-
ever, Theorem 1.4 suggests that the Euler characteristic is the only V, with ¢ < d
that allows an asymptotically unbiased local estimator on the class of r-regular sets.

2 Local digital algorithms

2.1 Digital estimators

We first set up some notation and terminology and introduce digital estimators in
general.

Let &€ = {&,...,&} be a positively oriented basis of R? and let L denote the
lattice spanned by &. Let C¢ = @le[o, &i] be the unit cell of the lattice with volume
det(LL). For ¢ € R?, we let L. = L + ¢ denote the translated lattice.

Now suppose X C R? is some subset of R?. We use the binary digitization model
for a digital image, see e.g. [12]. That is, we think of a digital image as the set
X Nal, C alL. where a > 0 is the lattice distance. This set contains the same
information about X as the Gauss digitization [8, Definition 2.7|, which is the union
of all translations of C¢ having midpoint in X N al...

Let V : S — R be a function defined on some class S of subsets of R?. We want
to estimate this function based on digital images of elements of S.

Definition 2.1. By a digital algorithm V for V., we mean a collection of functions

Vele . P(al,) — R for every a > 0 and ¢ € C¢ where P(al,) is the power set of

al.. For X € 8§ we use Vol (X) := V(X Nal.) as a digital estimator for V(X).
A digital algorithm V is said to be

e translation invariant if V0 (S) = V(S + ac + az) for all S € P(al),
ceCe zel, anda > 0.



e rotation (reflection) invariant if Vole(S) = Vilre(RS) for all S € P(al),
c € C¢, a>0, and all rotations (reflections) R € SO(d) preserving alL.

e motion tnvariant if it is both translation and rotation invariant.

Remark 2.2. Sometimes, e.g. in [19], Vel g only defined for a belonging to some
sequence ay — 0 (typically, ax = 27%). Though a weaker requirement, this will not
affect the non-existence theorems of this paper, so we consider only the case of the
definition.

Similarly, the algorithm is sometimes only defined for a subset of P(al.), e.g.
finite sets, or only for ¢ = 0, but of course, such a definition can easily be extended.

2.2 Various convergence criteria

Having defined a digital algorithm, the next question is how it should relate to
V(X). Obviously, many different sets may have the same digital image, so yale (X)
will typically not give the correct value. However, X N al. will contain more and
more information about X as a decreases. Thus it is reasonable to require that
Vale (X)) converges to the correct value when the lattice distance goes to zero. In [8],
this is called multigrid convergence and the formal definition here is as follows:

Definition 2.3. A digital algorithm 1% forV . 8§ — R is called multigrid convergent
if for all X € S,

: rallo _

}11_1}(1)‘/ (X) =V(X).

Note that the definition only involves the non-translated lattice ILy. This defini-
tion does cause some problems. It depends on the choice of origo with respect to
which the lattice is scaled. For instance, it could be that Vele (X) does not con-
verge to V(X), even if the algorithm is translation invariant. One could of course
repair this by requiring lim,_,o V% (X) = V(X) for all ¢ € C¢. In practical applica-
tions, however, the lattice may not be scaled with respect to a fixed origo. Thus the
following stronger condition would be natural:

Definition 2.4. A digital algorithm V is called uniformly multigrid convergent if
forall X € § and € > 0 there is a 6 > 0 such that

Ve (X) = V(X)| < e
for allc € C¢ and a < 0.

In other words, the convergence Vo<(X) — V(X) is uniform with respect to
translations of L. An equivalent formulation is that for every pair of sequences
ar — 07 and ¢, € R,

lim Vle (X) = V(X).

k—o0

Multigrid convergence is in many situations a much too strong requirement. Of
the examples mentioned in the introduction, only the estimator for the Euler cha-
racteristic of r-regular sets is multigrid convergent.

In practice, a design based approach is often taken. Here the observation is made
on a uniform random translation of the lattice. That is, the observed image is the
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random set X NalL, where ¢ € C; is a uniform random translation vector. A digital
algorithm is called integrable if ¢ — V%« (X) is integrable over C¢ for all @ > 0 and
X € 8, ie. the mean EV<(X) is finite for all X € S. The natural requirement for
an integrable digital algorithm is that V(X)) is unbiased, at least when a tends
to zero. More formally:

Definition 2.5. Let V be an integrable digital algorithm for V' defined on a class S
of subsets of R?. Then V is called asymptotically unbiased if for all X € S,
lim BV (X) = V(X).
a—0
It is clear that uniform multigrid convergence implies asymptotic unbiasedness.
So does multigrid convergence in most nice situations, as the next proposition shows.

Let Cy denote the collection of compact subsets of R? whose boundary has H%-
measure zero where H? is the d-dimensional Hausdorff measure.

Proposition 2.6. Suppose V : & — R is a translation invariant function defined
on some S C Cy and that V&< is a translation invariant digital estimator for V.
Then multigrid convergence implies asymptotic unbiasedness.

Proof. Suppose X € S and that V is multigrid convergent. It will be enough to
show that for all £ > 0 there is a § > 0 such that for all a < 4,

[Velo((X —ac)Nal) — V(X)| < e

holds for almost all ¢ € Ck.
Assume this were not true. Then there would be an € > 0, a sequence a,, — 0,

and W, C C¢ with H4(W,,) > 0 such that
[Verlo (X = ape) Nanl) — V(X)| > e

for all c € W,,,.

First assume that a is fixed. By compactness of X, (X — ac) Nal can take only
finitely many values in P(al.) when ¢ € Ce. Thus also V(X — ac) N al.) takes
only finitely many different values for ¢ € Ck.

Define

S.={ce€C¢laze€ X —ac} =CeN(a'X —2)

for z € L and note that only finitely many S, are non-empty. Thus for S C alL

{ceCe| (X —ac)nal=S}=()S-n[)5 (2.1)

zeS z¢S

Observe that S Nint C¢ is open and equals int C¢ for all but finitely many z. The
boundary of S, is contained in C¢ Ud(a~'X — 2) and therefore it has H?-measure
zero. A point in (2.1) will either lie in the interior of all S,, z € S, or in the boundary
of one of them. Thus (2.1) will either have non-empty interior or H%measure zero.

Since W, is the finite union of sets of the form (2.1) and H¢(W,,) > 0, it must
have non-empty interior U,,. Now choose a,,, inductively. First let a,,, = a; and
let K,,, € U; be a compact set with non-empty interior. For a,,, sufficiently small,
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Uy (Ce + 2) C Ky, for some z. Therefore we may choose a compact set with non-
empty interior K,,, C K, Ny (U, + 2). Continuing this way yields a decreasing
sequence of compact sets K,,,. In particular, [ K,,, is non-empty, so we may choose
y € () Kom,. By the translation invariance of V% and V,

Vemto (X —y) Nag,L) = V(X)[ > ¢

for all 7, so V is not multigrid convergent for X — y, which is a contradiction. [

2.3 Local digital algorithms

In this section we introduce the notion of local algorithms. The name ‘local algo-
rithm’ is adopted from [6, Definition 4.1] and [8, Definition 8.3|. In these definitions,
a local algorithm is really an algorithm for reconstructing the boundary of a solid
in 2D or 3D as a union of line segments or polygons, respectively. The idea is that
each of these building blocks should only depend on what the digital image looks
like locally. From the reconstructed set, the length or surface area can be estimated
as a sum of lengths or areas of the building blocks, respectively. The authors also
refer to algorithms for estimating length and surface area arising in this way as local
algorithms.
We choose the following definition for general digital algorithms:

Definition 2.7. A digital algorithm V is called local if there is a finite collection of
pairs (By, Wy) for k € K such that By, Wy, C L are two finite disjoint sets and

Ve (S) =30 wi(a, az + €))L ja(B,+2+0CS a(Witsto)CaLo\S) (2.2)
keK z€L
for all finite S C alL.. Here 14 denotes the indicator function for the set A. The
pair (B, Wy) is called a configuration and the elements of By are referred to as the
‘foreground’ or ‘black’ pizels, while Wy, is referred to as the set of ‘background’ or
‘white” pizels. The functions wy, : (0,00) x R — R are called the weights.

Thus each occurrence of a translation of the configuration (By, Wj,) contributes
to the estimate with a weight wy(a, z) depending only on the translation vector z
and the lattice distance a.

The definitions of [6] and [8] correspond to the collection

{(Br,Wy) | BiUW,, = B(R)NL, B, NW;, =0}

for some R > 0 where B(R) denotes the ball of radius R. Strictly speaking, their
definition is not quite contained in Definition 2.7. However, all the examples of local
algorithms for computing length and surface area mentioned in these references are
of this form.

We introduce a bit more notation: An n x --- x n cell is a set of the form
Cr = (z 4+ @, [0,nE)) for z € L. The set of lattice points lying in such a cell is
denoted by C7y = CT NL. A lattice point in Cg, has the form = = Zle A& for

some \; € {0,...,n — 1} and we write x = z; where the index is given by
d
=2
i=1



An n x - - xn configuration is a pair (B", W") where B", W" C (', are disjoint
with B" U W" = (. We index these by (B, W), | = 0,.. ., 2" — 1, where a
configuration (B™, W™) is assigned the index

nt—1

[=) 2Nepny.
1=0

Proposition 2.8. For every local algorithm V there is an n € N such that for all
finite S C alL.,

on? g

Va]LC(S) = Z Z wl(av CL(Z + C))]l{a(Bl”+z+c)§S,a(Wl"+z+c)QRd\S} (23>
=0 =z€L

for suitable weights wy(a, z).

Proof. By finiteness of K, there is an n € N and a y € L with By, Wy, C C7, for all
k € K. Thus, (2.2) becomes an estimator of the form (2.3) with weights

2 —1 —1
wy(a, z) = E wg(a, Z)H{Bk—yng,Wk—ngﬁ}< E ]l{Bk—yngka—ngm> :
keK m=0

[]

Thus, for the remainder of this paper we shall only consider local algorithms of
the form (2.3). We usually skip the n from the notation and write (B;, W) for the
n X --- x n configurations.

Clearly, the larger n is, the better accuracy of the algorithm can be expected,
as more information is taken into account. For most algorithms used in practice
[8, 12], n = 2. However, algorithms with n = 3 have been suggested, see [13]. Also,
most theoretical studies of local algorithms only involve n = 2, see Section 1.1. One
exception is [23].

Definition 2.9. The weights are said to be

translation invariant if wi(a,z) is independent of z € R%.

rotation (reflection) invariant if w;, (a,z) = wy,(a, z2) whenever there is
a rotation (reflection) R preserving L such that R(By, + z1) = By, + 29.

e motion invariant if the weights are both translation and rotation invariant.
e homogeneous (of degree q) if wi(a,z) = a%w(1, 2) for alla > 0 and z € R%.
The estimators for Minkowski tensors in e.g. [17, 18] are examples of local digital
estimators where the weights are not translation invariant. If V' is rotation (reflec-

tion) invariant, the following proposition justifies the choice of rotation (reflection)
invariant weights, see also [22]:



Proposition 2.10. Assume V is rotation (reflection) invariant. For every local
algorithm V', there is a local algorithm W with rotation (reflection) invariant weights
such that for all compact X € S,

supper W (RX) = V(RX)| < supper [V (RX) — V(RX)) (2.4)

where R denotes the group of rotations (reflections) preserving L.

Proof. 1f |R| is the cardinality of R, define for S C LL

Weke(a(S +¢)) = ] R| > Vel (aR(S +¢)).
RER

This is a local estimator with rotation invariant weights and it clearly satisfies (2.4)
since V(RX) = V(X). O

Finally, we introduce a bit more notation: For A, B C R?, let B={-b|be B}
and Ao B={r €R?|z+ B C A}. The hit-or-miss transform of X with structure
elements B and W is defined to be the set

XoB\XeW={yeR|y+BCX,y+W CRNX}.
A local estimator then takes the form

d
2n —1

V() = 33w, alz + )Ly xeai (a(z + ).

=0 z€L

If 2 — wo(a, z) is integrable and z — w(a, 2) are locally integrable for [ > 0,
Vake(X) is always integrable for X compact since

B(( 3 e ale + N xeas vy ol+ )
zell (25>

= a %det(L)™" / wy(a, z)dz
XoB\Xew,

and hence

on? 1

EV(X MaLy) = a-tdet(L) Y / wia, 2)dz.
—o Y XoB\XeW,

2.4 Local digital estimators for intrinsic volumes

We finally specialize the definition of local digital estimators to intrinsic volumes.
This resulting definition coincides with the ones used in [5, 22].

Suppose X C R? is a compact convex set. The intrinsic volumes V,(X) are
defined for ¢ = 0,...,d to be the coefficients in the well-known Steiner formula

HY(X & B(r qumdq X)



for the volume of the Minkowski sum X & B(r) of X and the ball B(r) C R? of
radius 7. Here k, is the volume of the unit ball in R?. The intrinsic volumes can be
generalized to the class of sets of positive reach, see [3].
Each V; is the total measure of the ¢’th curvature measure ®,(X;-) on R¢,
see [16]. Thus
Vo(X) =n""Y " ®,(X;aCY).

z€ll

This justifies the use of a local algorithm ‘7,1 for estimating V;(X), i.e. an algorithm
of the form

Vit () =32 37 w0z + ) Excan weam (42 + )

where wl(Q)(a, a(z + ¢)) can be thought of as an estimate of n=%®,(X;a(C? + ¢)).
As ®,(X;-) is rotation and reflection invariant, Proposition 2.10 justifies choos-
ing the weights to be rotation and reflection invariant as well. Moreover, ®,(X;-)
is translation invariant so it is natural to require the weights to be so too, i.e.
wl(q)(a, z) = wl(q)(a). In order to get finite estimators for compact sets, we always

assume that w((f)(a) = 0.
We thus arrive at the following definition of a local digital estimator for V:

Definition 2.11. For 0 < ¢ < d, a local digital estimator for V, is an estimator of
the form

Velbe(X) = Y wi(a)Ny(X Nal) (2.6)

where
N(X NaLe) =Y Lxoupyxeai (a(z + c))

z€Ll

is the total number of occurrences of the configuration (B, W;) in the image X Nal...
The weights are assumed to be motion and reflection invariant.

Throughout this paper, a local digital estimator of for V, will mean an estimator
of the form (2.6). We often skip the superscripts alL. and (¢) in the notation for the
estimator and the weights and write VZJ(X ) and w;(a), respectively.

In applications, the weights are usually chosen to be homogeneous of degree ¢:
wl(‘I)(a) = aqwl(q) for some constants wl@ € R, motivated by the homogeneity pro-
perty:

O, (aX;aA) =a'®,(X;A).
However, in [5], also the case of general functions is considered. In this paper, we
will not assume homogeneity unless explicitly specified.

If an algorithm is not asymptotically unbiased, the worst case relative asymptotic
bias measures the bias:
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Definition 2.12. The worst case relative asymptotic bias of an estimator Vq for 'V,
on a class of compact convex sets S is given by

[lim, o BV (X) — V(X))
sup
XeSs ‘/q (X)

As long as we restrict ourselves to convex sets, this agrees with the definition
in [5]. Note that by Proposition 2.10, the worst case relative asymptotic bias is
minimized by an algorithm with rotation and reflection invariant weights.

3 Local estimators for the intrinsic volumes of
polytopes

We first consider local digital estimators for intrinsic volumes on the class P? of
compact convex polytopes in R? with non-empty interior.

We will use the following notation: for a set A C R%, we denote by aff(A) C R?
the smallest affine linear subspace containing A and by lin(A) C R?¢ the small-

est linear subspace parallel to aff(A). For a set of vectors uy,...,uy, we denote
by pos(ui, ..., uy) the set of linear combinations of wuy,...,uy with non-negative
coefficients.

3.1 The space of polytopes

The set P? is usually given the topology induced by the Hausdorff metric, see |16,
Section 1.8|. As our main Theorem 1.1 is stated for almost all polytopes, we need
an appropriate measure on the induced Borel o-algebra in order to make sense of
the statement. However, the choice of such a measure is not unambiguous. The most
natural way of describing a polytope is either as the convex hull of its vertex set or as
an intersection of halfspaces. The parameters describing the vertices and halfspaces,
respectively, can be used to parametrize P?, but this leads to two very different
measures. In the first case, almost all polytopes will be simplicial while non-simple
polytopes constitute a set of positive measure. In the second case, it is the other
way around. A polytope is called simple if every vertex is the intersection of exactly
d facets and it is called simplicial if every facet is a simplex, see e.g. [25].

As we shall be viewing polytopes as intersections of halfspaces, we take the
second approach. There may still be different ways of defining a measure, and the
best choice depends on the application one has in mind. The main purpose here is
to convince the reader that counter examples to multigrid convergence are plenty on
P?. As Theorem 1.1 only claims something to be a zero-set, the theorem will also
hold for any measure absolutely continuous with respect the one introduced below.

A convex polytope can always be written in the form

pP=(\H,, (3.1)
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where t; € R and u; € S9'. The idea is to use the parameters ¢;, u; to parametrize
polytopes by. We denote by SV C (S9 1) the open subset consisting of N-tuples
of pairwise different vectors in S?'. A point will be written either as a vector
(u1,...,uy) or as an N x d-matrix U. Then (3.1) is the solution set to the matrix
inequality Uz < t.

First note that (3.1) is unbounded if and only if the inequality Uz < 0 has a
non-trivial solution x and (3.1) is non-empty. The set where Uz < 0 has a non-
trivial solution is closed in S*V. Let SV C (S471)N denote the complement. Then
SN N SN s open in (S471)N.

Next observe that (3.1) has non-empty interior exactly if there exists a solution
x to Uz < t. This happens for (U, t) in an open subset

UV C (SN A SEV) x R,

A point (U,t) € ULSN defines a polytope with exactly N facets if and only if
for every i = 1,..., N there is a solution to U'z < # where U and ¢ are U and ¢
except the ith row and the ith coordinate have changed sign, respectively. This is
again an open subset Y%V C YN,

Let P4N C P9 be the subset consisting of polytopes with exactly N facets. Then
P is the disjoint union of the subsets P&V,

There is a surjective map

Py — piN

given by (3.1). This is continuous with respect to the Hausdorff metric on P4V, as
one can see e.g. by using [16, Theorem 1.8.7]. If ¥ is the N’th symmetric group
acting on U% by permutation of the pairs (u;,t;), then P is the quotient map.

Definition 3.1. The measure on P% whose restriction to PN is HW o P! s
denoted by v.

We introduce the following notation for P € P F,(P) denotes the set of k-
faces of P. The facet with normal vector u; is denoted by F;. If P is simple, every
F € Fi(P) is the intersection of exactly d — k facets. See e.g. [25] for details on the
combinatorics of simple polytopes. We index the facets containing F' by

L(F)={if, ... 5} C{l,....,N},
ie. F'= ﬂieh(F) F;. The ordering is not important here. Let
L(F)={i € {1,...,N\NL(F) | ENF £ 0}

index the facets intersecting F' in a lower dimensional faces. If P is simple, this lower
dimensional face must have dimension k — 1.

Let US®Y denote the set
USN = {(U,t) e U™ | P(U, 1) is simple}
and let USZ’N , it € M, denote the connected components of USHY .

12



Proposition 3.2.
(i) For I C{1,...,N}, the set

Gr={Ut) eU™ | Fx e R* Vi : (z,u)=t;, Ur <t}

is relatively closed in U
(i) UPN\USHN is relatively closed in UEN and has H™ -measure 0.

(11i) For any I C {1,..., N} of cardinality |I| = d —k, P(U,t) has a k-face F with
Li(F) =1 for either no or all (U,t) € Z/{SZ’N.

Proof. (i) To see this, take a sequence (U*,t*) € G;, ;. such that (U* %) — (U, t)
inside U%". Then there is a sequence z* with (u? "7 k) = t’“ and Ukx? < t*.1f the o*
are bounded, there is a convergent Subsequence ok = and it follows by continuity
that (u;,r) =t;; and Ux < t. If x¥ is unbounded, Choose a subsequence such that

|z*n| — oo and " Zn\ converges to x € S9!, Then Uk» % kn| < |t,€’;‘ and thus in the

limit Uz < 0, contradicting U € S4V.
(ii) If P(U,t) is not simple, it has a vertex v solving d + 1 of the equations
(ug;,v) =t;;, j=1,...,d+ 1. The claim now follows from (i) and the fact that

gy CLUO) UMY |z e RV =1, d+ 1 (uy;,z) =t}

since the latter has H*¥-measure 0.
(iii) By the definition of simple polytopes, the set of (U,t) € Z/ISd’N having a
vertex v with I;(v) = I is Gy OZ/ISdN This is closed by (i). On the other hand,

(uj, vy =t; for ¢ € I and (u;,v) <t; for i ¢ I. (3.2)

Uniqueness of v shows that the system (u;,v) = ¢; for ¢ € I may be inverted in a
neighborhood of (U, t), yielding a solution to (3.2) and thus showing that G ﬂL{SZ’N

is also open. Hence G N Z/lSﬁ’N € {LISZ’N, (0}, proving the k = 0 case.
Given [ with |I| =d —k,

F= sz € Fe(P(U,t)) U {0}

icl
whenever (U,t) € L{SdN If there is a (U,t) € L{Sz’N and a v € Fo(P(U,t)) with

I C I(v), the k = O case shows that (,c; () Fi € Fo(P(U,t)) must hold for all

(U,t) € L{Sl‘jN and hence, in particular, (., F # () for all (U,t) € USZ’N. If there is
no v € Fo(P(U,t)) with I C I1(v), F' can have no vertices and is hence empty. [

el (

The proposition shows that all P € P(US}; ©N) have the same combinatorial struc-
ture. A path (U(s),t(s)) in L{SdN defines a path of vertex sets Fo(P(U(s),t(s)))
and hence an isotopy of P(U(s ),t( )) preserving the combinatorial structure. We
therefore speak of the images P(USz’N ) = Pg’N C P, as the combinatorial isotopy
classes.

13



3.2 Hit-or-miss transforms of polytopes

In order to study the asymptotic bias of a local digital estimator Vq applied to
P € P4, we must consider

IS

EV,(P) = i wi(a) EN,(P N al,).

=1

By (2.5), ) )
EN)(PNal.) = a %det(L)"HYP © aB)\P & aW)).

Thus, we need to describe the volume of hit-or-miss transforms of polytopes.
Suppose P € P4V is given by

N
P(U7t) = mHJ t;
i=1
Let X;; denote the set
Xio = (Hy,, © aB)\(H,, ,, & aW)

- Huz',ti—ah(Bz,Uz')\Humtﬂrah(Wz,ui)

forlzl,...,2"d—2and

_ d -
Xip =R \Huivti"l_ah(é&()vui)’
Xi,Q"d—l = Hui,ti—ah(C&o,ui)'

Then R? is the disjoint union of the sets X;; for [ =0, ... .27 — 1. Hence it is
also the disjoint union of the sets

for Iy,... Iy € {0,...,2"" —1}.

We also use the multi index notation X, = X;, ;,forL e £L={1,... ,2”d—1}N.
We associate to an index L € £ the index sets IX = {i | [; # 2" — 1} and
JE = {i|l; = 2" —1}. Moreover, we associate the face of P given by F = Nicrz Fi-

If P is simple, this is either |I7|-dimensional or the empty face.

Lemma 3.3. For (U,t) € USZ’N, the volume of P(U,t) is given by a polynomial in
t1,...,tn with coefficients depending only on U:

N d
HIPWU) == > a0 ] ]t
jl ..... jd:1 s=1

14



In fact, there are functions a;(uy, ..., us) forall j,s =1,...,d, defined whenever
(uy,...,us) € (S41)* are linearly independent, such that for F € F,(P(U,t)),

d d

7D ID DD DI | IRV CT SRR TR

'veJ-‘o (F)0€Xq Jd—q+1s-2Ja=1 s=d—q+1

(Js) (3.3)

th iFogv
1%d—q o (d—q+1)7"" ’o(s)

where t;, i (j) = ti; and indices are chosen so that I, (v) = Li(F)U{ig_, 1,3}
In particular, one may take

d
a0 = > > H%—l(js)(uz‘gm’ U ). (3.4)

V(Yo ) 0P 571

Fach a; is rotation invariant and depends analytically on w;, ..., us. For s < j,
a;j(uy,...,us) =0 and as(us, ..., us) > 0. If us is orthogonal to all u; with i < s,

1 for j=s,
aj(ul,...,us):: .

0 otherwise.

We sometimes write a;(u;,, ..., u;,) = a; i, (j) to keep notation short.

Proof. The first equation is [16, Lemma 5.1.2]. The remaining claims follow by writ-
ing out the details of the proof of that lemma.

Define a;(us,...,us) € R such that the normalized projection of us onto the
subspace lin(uy, ..., u,_1)* is given by

Z aj(us, ..., us)u;. (3.5)
j=1

We set aj(ug,...,us) =0 for j > s. The listed properties of a; then follows imme-
diately.
The idea is to use of the identity

N
Z h(P,u))H (F)

&.IH

inductively on the faces of P. The identity (3.3) clearly holds for ¢ = 0, the empty
product being equal to 1.

Let F' € F,(P) be given and let " € F,_1(P) be a face of F. We may assume
that I, (F') = L,(F)U {z’dFqu}. The normal vector u(F, F') of F' at F’ is exactly the

normalized projection of us onto lin(u,r, ... ,ui{l)L given by (3.5). It follows that

d—qg+1
/ — . / ! ]
h(F,u(F, F")) = Zl aj(uip, .y we e e e ().
]:
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Thus by induction,

d—q+1

|
q — _ / 1t . ol ]
HAE) =+ Do D wr w (D ()

FleF1(F) j=1

D VD DD VI | i

VEFO(F') 0€EX -1 Jd—q+2--Ja=1 s=d—q+2
Xtp ¢ .p v (]5)

1 oetd—gtd—g+17 g (d—g42) 7 ’U()

- a Z Z Z Z aif,...,ifﬁq,iﬂqﬂ (jdfqﬂ)

FreF - 1(F)veEFo(F') 0€Xq—1 Jd—q+t15---sJa=1
d

Xtr o o (Ja—q+1) H a;r (Js)

IRRRL M M i il gl g+ 100 (d—q12) o (s)

(Js)

Zd qu q+1’ o-(d q+2)7"" ’o(s)

s=d—q+2
X t .F .F . ]
LSRR L q’ld q+1° v(d q+2) ’Z(s (‘78)

SISl S | LTI ST

'vefo(F) 0E€Sq Jd—qt1:--Ja=1 s=d—q+1
X tr F (7s)-

11’ Sld— q’ o-(d q+1)>" ’cr(s)

Given a multi index L € £, we use the notation for i € I”:

Bi = _h(Blia ui)7

w; = h(Wy,, ),

C' = _h( 007“@)
H ]l{ﬁz>wz}
icelb

Lemma 3.4. Let (U,t) € L{Sﬁ’N and L € L be given. Then HY(Xy) is a homoge-
neous polynomial of degree d in the numbers (t; + af3;) and (t; + aw;) fori € I,(Fy)
and (t; + a¢;) fori € I(Fr) with coefficients depending only on U. In particular, it
15 a homogeneous polynomial of degree d in a,ty,...,ty given by

;l Z ji,....ja(U) (3.6)

Jseesda€l (Fr)UI2(Fr)
& (i) (i)~
» 55412 sl .
IT > (")ee ) T atr
i€l (Fr) si=1 JEIQ(FL)

In particular, HY(X1) =0 if F, =0
As a polynomial in a, the lowest order term is

1 ' "
alhFl g, (U>d' Z aj,...i.U) H n(z)tl( Bi — w;) H t(y

J1yeensja€l (FL)UI2(FL) icl(FL) J€I(FL)

HU(X1) = 0,(U)
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Proof. We must compute the volume of

X = ﬂ (H;htﬂraﬁi\Hu_i,tH-awi) A ﬂ H’l:j,tj+a<j'

iell jeJL

Clearly, if 6, (U) = 0, this is empty. For I C I'” let

ﬂ i titaw; N ﬂ uj, t i+apB; ﬂ Uk, tk‘HICk

iel JEILNI keJk

Then X]ﬂXJ :X[UJ and
X, =X\ | Xgp-

iell

For a sufficiently small, all X; € P%" by openness of Z/{SZ’N. Let Q(t) = HY(P(U,t))
be the polynomial in (3.6), write

§i(I) = wilicr + Bilicrrng + Gilieye,
and for a given index set ji, ..., jq, let
n(i) = {k € {1,....d} : jr = i}|.

Then the inclusion-exclusion principle yields:

HUXL) = ) (-D)IHAX)

Icrr
= (=D"Q(ts + a&i (), ... ty + aén(I))
Icre
1 nit
=2 D s 2 (DTt + aw) @
1 crr ic1
< [T @ +as)"@ [ s+ age)™®
JEITNI keJk
! n(e n
- E Z Aji,esja H ((t + aﬂz) (ti + awi) ( )) H (tj + agj) (4)
D lsendd icIL jegt
1 n(7) o
a2 G NI DAGH BT EES
J1yedd €11 (FL )UIQ(FL) ZEIl(FL)sZ—l
x H (t; + agy)"
jEIQ FL)

The last equality follows from the fact that I” = I,(F.) and since only terms with
Ii(Fr) C{j1,...,Ja} contribute, the description of a;, . ;, in Lemma 3.3 shows that

-----

deOUIﬂGSS {jl,,jd}gll(FL)UIQ(FL) L]

77777
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3.3 Asymptotic behavior of the estimators

For x € X,
N
(x+aC&0)ﬂP:x+aﬂBZi.
i=1
We denote the configuration ﬂf\;l By, by By, ., and the corresponding weight is
denoted by wy,._ iy (a) or w((, By,,a). Note that if one of the I; equals 0, then

..... v = Bo = Q) For L. € L, we also use the notation By, and wy,(a). The preceding
section yields the following formula:

Corollary 3.5. Let P € Pff’N be a polytope. Then forl # 0,
EN(P Nale) = a *det(L)™" Y " HYXp) L5, -5,y
LeL

It follows that
EVy(P) = a "det(L)™" ) wr(a)H!(Xy).
Lel

where HY(X 1) is given by Lemma 3.4.
For a local estimator Vq, we introduce the following notation:
N={PePlim EV,(P) exists },
V= (P e g | lm EV,(P) = Vy(P)).
Similarly, for a combinatorial isotopy class Pl‘f’N of simple polytopes, € l]f = Pl‘f’N NEN
and VAN = PEN (PN
Lemma 3.6. There exist measurable subsets VNN, Eiv of (STHN satisfying
EN = (EY xRV)nusy c &,
vN (VY xRY)nUSY € VN
HM(ENET) = HN VYY) =0,

such that on giv, lim,_.qo E‘Z](P(U, t)) is a polynomial in ty, ... tn with coefficients
-

depending only on U and on Niv E/iv, this is homogeneous of degree q.

Proof. Let
Eiv ={U € (8T HV | %N(Siv N ({U} x RY)) > 0}.

Then
HN(ENEY) = /

(Sd—l)N\E‘JL\I

/ LendHNdHEDN = 0.
Ry

By Lemma 3.4 and Corollary 3.5, EV,(P) has the form

d—1 N
n:
Hm ----- nN<a)Htiz'
..... ny=0, i=1
Znigd
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For a fixed U € EN the function H,, . ., (a) depends only on a and the limit when
a — 0 exists for all ty,...,ty in a set of non-zero HY-measure. It follows from linear

independence of the monomials Hl Lt that each limit lim, o Hy, . ny (@) must
exist. Denote this limit by H,, .. Then
N d—1 N
cltg% Z Hn1 ..... nn (CL) H t?l Z Hnl ----- nnN H t?z (3 7)
..... n =0, i=1 ni,...,nny=0 i=1
an<d S ni<d
and in particular, g,iv C Eév.
Similarly, define
N _ d—1\N | /N (\)N N
V., ={Ue (S )" |H (Vu NH{U} x RY)) > 0}.
Recall that
Vi(P)= > ~y(EPYHU(F) (3.8)

FEF,(P)
where HE Y (pos(ur, ..., ur ) NS4
1 d—q
Hd-a-1(Gd—a-1)
is the external angle of P at F' and clearly depends only on U. By Lemma 3.3, each

HI(F) is a homogeneous polynomial of degree ¢ in tq,...,ty. Thus, for U € EiV,
either HN (VY N ({U} x RY)) = 0 or the coefficients of (3.7) and (3.8) must agree.

W P) =

In particular, H,, = 0 unless » n; = q. O
Let £V = EMSiV and VN = UMGMV/iV

Corollary 3.7. Given a local estimator Vq, there is a local estimator Vq’ with polyno-
mial weights such that on EN, lim,_,g EV,(P) = lim,_, E‘A/'q’(P). Moreover, there is
an estimator ‘7(;’ with homogeneous weights of degree q and lim, g EVq”(P) =V, (P)
on VN,

Proof. By Lemma 3.4 and Corollary 3.5, EV,(P) takes the form

IS

2" —1 d
= g g a* e k(P
I=1 k=0

where ¢;,(P) € R are coefficients depending only on P € P(US™).

For each k = 0,...,d, choose M, C {1,.. L ont 1} maximal with no linear
relation between the coefficients ¢;,(P) with [ € M, that holds for all P € P(EV).
In particular, for [ € M, there are functions

wk(a) = w(a) + Z o) yws(a)

s¢ My
for suitable oj;, € R such that
d
lim EV,(P) = lim ]; Z;Mk wy i (a)a* e, (P) (3.9)



for all P € P(EN). By the proof of Lemma 3.6, the limit exists in each degree on
P(EN).

Choose P, € P(g’N) for m € M, such that the vectors (¢, x(P))icn, are linearly
independent. The existence of the limit (3.9) for all P, yields an invertible linear
system, and solving this shows that also

wy g = (1113(1) wlyk(a)ak_d

exists for all /.

Let W be the formal vector space spanned by the functions w;(a) and let W,
denote the subspace spanned by {w;4(a) | I € M,}.

We show by induction that it is possible to choose polynomials @ x(a) of degree
at least d — k such that lim, . wlyk(a)ak_d = w;, consistently in the sense that
it defines a linear map span{W49,q = 0,...,d} — Pol; where Pol; is the set of
polynomials with R-coefficients of degree at most d.

For k = 0, choose 0 ¢(a) = w;pa®. Suppose now that we have chosen 1wy (a) for
all k < ¢ defining a map span{W¥ k < ¢} — Pol,.

We know lim,_,ow(a)a?™? exists for all w(a) € W9. Choose a maximal set of
independent wy, x,(a) € W, ¢ € I, with k; < ¢ and extend this by w{,...,w? to a
basis of W7 Then lim,_,o a? %wy, ,(a) = 0 and lim,o a? “wi(a) = wi. For

wig = Y iy, g (a) + Y Bywd(a)
j=1

el
define .
~ i~ j d—
wl,f}(a> = Z a;,qwlhki (&) + Z 6;7(111)?@ q'
iel Jj=1

This clearly extends the map span{W* k < q} — Poly to span{W* k < ¢} — Poly,
completing the induction step.

Extending the map span{WW? ¢ =0, ...,d} — Pol, trivially to a map W — Pol,
yields a way of choosing the w;(a) as polynomials.

The proof of the second claim is similar, except we now choose P, only from the
set VV. By Lemma 3.6, wy, = 0 for k # ¢q. Thus the inductive construction yields
an estimator with homogeneous weights. O]

3.4 Intrinsic volumes of positive degree

We are finally ready to prove Theorem 1.1 which we restate as follows:

Theorem 3.8. Let Vq be any local algorithm for V, for1 <q<d—1

If d — q is odd, Vq is asymptotically biased v-almost everywhere on E4N .

For d — q even, Vq 1s asymptotically biased v-almost everywhere on 55 for all
combinatorial isotopy classes 1 € M corresponding to polytopes having a (d— q)-face
which is combinatorially isotopic to @f;lq [0, ¢;]. In particular, VZJ is asymptotically
biased on a set of positive v-measure.
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Proof. Suppose we are given an estimator Vq. Fix a combinatorial isotopy class
Z/{SZ’N. We want to show that H™ (V)') = 0. It is enough to show HDN(VN) = 0.
By Corollary 3.7, we may assume that the weights are homogeneous of degree q.
Then
; Y q
}g% EV,(P) = det(L ZwLA U,t) (3.10)
Lec
where A? is coefficient in front of a?~? in the formula (3.6) for H%~ (X ;). We write
w) = det(IL)'wy, to shorten notation. In particular, (3.10) is a homogeneous poly-

nomial in t1,...,ty of degree ¢q. On ]}iv, this must equal
1
ViP) = S AR PYHIF), (3.11)
T FeF,(P)

Choose a (d — q)-face F;y = (\,.; F; with |I| = ¢. We want to compare the
coefficients in front of [[,_, ;. Denote the coefficient in (3.10) by H; and the one
in (3.11) by G;. Then H; must equal Gy on ]}N Both H; and G depend only on
U € (S NN, In order to show that H@1) (VN) = 0, it is enough to show that
almost all points in VN have a small nelghborhood W C (STHY with

HEDNW N {H; = G;}) =0.
For ¢ # ¢; € Cfy, let He, ., denote the hyperplane {z € R? | (z,¢1) = (2, c2)}

Let
D= |J Hye
61#6260&0
Observe that for a set S C (g, and a connected component £ in Sa=1\ D, there is

a unique s € S such that h(S,u) = (s,u) for all u € E. Moreover, all the indicator
functions §; are constant on F.

Since H* (D) = 0, almost all (uy,...,uy) € V¥ belong to (S™"\D)". Let
such U € VNN N (S41\D)N be given. Choose a small connected neighborhood W
contained in USPN N ((S*"1\D) x RY). Then there are vectors b} € B; U {0},
wj € WU {0}, and ¢; € Cf such that

h( By, i) dy(ui) = (b, us),
h(Wi, wi)é(u;) = (wy, ug),
h(c(?,()vul) = <Ci7ui>7

whenever (uq,...,uy) € W. Thus H; has the form

H[(U) — ZwlL]llgll(FL)UIQ(FL) Z d.]l ----- jdajl ~~~~~ ]d(U)
LeL J1seesda €01 (Fr)UI2(FL)
X H l 5 uz <wli7 ul>6(1)> H <cj7 uj>e(])
’LGIl FL) jGIQ(FL)

on W. Here d;, . ;, are certain constants and e(i) are certain exponents with

Z e(i) =d—q.

iEIl(FL)UIQ(FL)
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In particular, Hy is an analytic function, depending only on the u; with i € U (Fy).
Similarly, by (3.11) and Lemma 3.3

d

G1(U) :% Z V(F, P)Z Z Z H aif,...,ii_q,zﬁ(diqﬂ),...,ig(s)(js)

C FEF,(P) VEF 0€%q (ja—qi1s--Ja)EJv,0 s=d—q+1
FNFr#0

where J, , are certain index sets. Each v(F, P) is an analytic function of UiF s Uk
—q

which is defined whenever w;r, . .. yUip - are linearly independent. This follows from
Schléfli’s formula [15], see also [1], according to which (F, P) is analytic as a func-
tion of the angles between the faces in pos(uif, e 7“z‘§_q)» and these angles can again
be expressed analytically as functions of Uil ooy Ul It follows that GG is analytic
on W.

The formulas for H; and Gy, initially defined on W, naturally extend to analytic
functions H;,G; : W' — R where W’ C (S HIVEFD] g the largest connected
subset containing W and such that w;, ..., u; are linearly independent for every
v E .FO(FI)

Choose a path through independent unit vectors inside lin(u;,i € I)II from
(wi)ier to an orthonormal frame (u});c;. Next, for each u; with j € Iy(F'), choose
a path inside lin(u;,u;,¢ € I)\lin(w;, i € I) from u; to its normalized projection
onto lin(u;,i € I)* denoted by /. Together, this defines a path inside W’ from
(ui)ieruny(Fr) 0 (Uf)icrur,(Fp) such that the u; with ¢ € I are orthogonal and each
with j € I5(F) is orthogonal to all u; with i € I.

By Lemma 3.4, a term with index 7y, . . ., j; in the summation formula for H%(X)
can only contribute a [[,., ¢ term if I C {j1,...,ja}, and by Lemma 3.3, if i € I,
then
1, for js=s,

0, otherwise.

/ ry
ajs(uii;,...,uig)—{
Moreover, if i¥ ¢ I, and j, € I,

/ Iy

Thus, a;, . ;, can only be non-zero if every element of I appears exactly once in

Jis-- 5 Jd
It follows from the formula for H%(X ) given in Lemma 3.4 that the term [],_, ¢
can only appear if I C I5(F}). Define the index set

Jo=Aj,- s jal e Fo(FrNFL) :j1,...,Ja € 1(v),VjeT:n(j) =1}

Then the coefficient in front of [, ;¢; in the formula for H%(X}) extended to the
point (u;)icrur,(F) has the form

= > g I @)™ = i, uy" @) T (eyup)@.

’ J1y--Jd€JL iell(FL) jeIQ(FL)\I
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and thus

_ 1
HI((UQ)iezulz(FI))Za doowh > ai

" L:ICI(Fp) J1yJd€JL

< JT (@ uly™® = (wiuly™™) T] (egu)™?.

1€l (Fr) JEI2(FL)\I
On the other hand, G is given by
Gr((u)ieron () = > V(F, P) = Vo(Fr) = 1.
FG]'—q(P):FﬁFIG}—o(P)

This follows from (3.3) because if ¢;r (js) = t; for some i € I, then

F v ;v
""Zd—q’zo'(dfq+l)7"'720(5)

. . . . .F .F 3 v
i must be the j;th coordinate in (iy, ... i5 , G (g1 - - ,ZU(S)). But then
/ / / / o
aj, (uif, ce Ui Uy ,uig(s)) =0
Y yU SV N
unless j; = s. Hence {iy_,,,...,i0} = I.

Suppose d — ¢ is odd and g > 0. Choose a rotation R € SO(d) changing all signs
in lin(u},i € I)*. This is possible because dim(lin(u},i € I)*) = d — ¢ < d. This
clearly preserves G; = 1 since the orthogonality properties among the u} are not
changed. Since the a;, . ;, are rotation invariant and d — ¢ is odd, H; changes sign.
As SO(d) is connected, there is a path from (u]);crun ) to (RW)icrurr,) inside
W'. It follows that H; and G; cannot agree everywhere on W’. As they are both
analytic and W’ is connected, H VN (W’ N {H; = G}) = 0. This proves the claim
in the case where d — ¢ is odd.

If d — q is even, we assume that L{Sﬁ] is chosen such that the elements have a
(d— q)-face which is combinatorially isotopic to [0, 1]979. Assume that F} is this face.
Let Gy =0 for I C I'. Tt is enough to show that

HEINW N {H, =Gp}) =0

for some I C I' since VY C A :=(,c, {Hp = Gr}.

Since (u})ier, () is exactly the set of normal vectors of F; C aff (Fy), it is possible
to choose a path from (u});er,(r,) inside lin(F7) to (u);er,(r,) such that these are the
normal vectors {#vy, ..., +v4_,} of an orthogonal box of the form @¢_{[0, v;]. This
ensures that for all v € Fy(F7), the u with ¢ € I;(v) are orthogonal. It follows from
the above reasoning that a;, ;, = 0 unless j; = s for all s. By (3.4), a1, 4 = ¢! and
hence

Hi(u)ieronwn) = Y, wy [ (@.uly = (i, uf))y ] {ejoul).
L:IQIQ(FL) ie[l(FL) jEIQ(FL)\[
A similar argument for I’ with I C I' C I U Iy(F;) shows that the coefficient Hp

in front of [[,., t; is

Ho((ieronr) = Y wi [T ) = (wi,uf))  TT (o).
L:I'CIy(Fy) i€l (Fr) Jela(FL)\I’

(3.12)
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Suppose (u))iciunr;) € A. Then (3.12) vanishes. If I C I', multiplication by
[Tjerniles: uf) shows that also

KI/(( )’LGIUI2(FI)) = Z wl, H ;7 u; ) wl i) H <Cj7u3'/> = 0.
L:I'CIy(Fyr) i€l (FL) JEL(FL)\I

Hence, on A

ﬁ[((u;/)ielub(FI)) = Z(—l)WH”HKI' + Z wy, H f, u;) wz Juy))

cr Li=Iy(Fy)  iel(FL)

= Z wlL H <bl wlau;/>

L:F[ﬂFLG}—Q(FI) ie[l(FL)

on? 1 d—q
= > w0 By egvy) — wy(e505),6505)
Iyodd—q=1 j=1eje{+1}

where by, (¢;v;) = b, and wy, (ejv;) = wy if £jv; = uf.
For [ e {1,...2" — 1}, let

2n -1 d—q
aly= D w4 Y T = wy(evy), 505,
la,..., ld,qZI E€2,uuny €d,q€{i1} 7=2

This depends only on [ and v, for j = 2,...,d — ¢q. Then

on? g
Hi((«ieronm) = Y, o) = wf,v1) + (0 — wf*, —v1)) = (&, v1).
=1
where v; = u} and —v; = uj, and = € R? is some vector depending only on
Vg, ..., V4—q. It follows that
FII((Ru;/)iEIUIQ(FI)) = <IL‘, RU1> (313)

for any rotation R € SO(K*), where SO(K™) is the subgroup of SO(d) that fixes
K =1lin(vy, . ..,v4_,). But vy is orthogonal to K and dim K+ = ¢+ 1 > 1, so (3.13)
cannot equal Gr((Ru))icron(ry) = 1 for all rotations R € SO(K*). Thus, there
must be an R € SO(K*) such that (Ruf)icron ) ¢ A. But then

Hp((Ru)icrun ) # Gr((RY) )icronry))

for at least one I C I'. Since SO(K™) is path connected, (Ru);icrurn ) € W' and
it follows that
HINW' N {H, = Gp}) =0

as in the odd case. OJ
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The theorem does not explicitly construct the polytopes for which f/q is biased.
However, consider the space of orthogonal boxes

d

B(U.t) = @0, t;u;]

i=1
parametrized by U € SO(d) and t € (0, 00)?.

(}orollary 3.9. Let ‘Z] be a local algorithm for V, where 1 < q < d — 1. Then
V,(B(U,t)) is asymptotically biased for almost all (U,t) € SO(d) x (0, 00)<.

Proof. This follows from the proof of Theorem 1.1 in the case d — ¢ even since the

proof does not use the fact that d — ¢ is even, only that ¢ # 0, d. O]

Remark 3.10. It seems likely that Theorem 3.8 should hold for all combinatorial
isotopy classes of simple polytopes in the case d — q even as well, but a proof would
require a different argument.

3.5 The Euler characteristic in 2D

In this section we investigate the estimation of the Euler characteristic V5 on P? and
prove Theorem 1.2 in the case d = 2.
From Section 3.2 we have:

Corollary 3.11. Let P € P?" be given and let 0;; denote the interior angle between
F; and Fj, i.e. m — 0;; is the angle between u; and u;.

on? _1 N
BU(P) = Y i) 3 (o) (0¥, 0~ W) 3 cor(e))
=1 =1 JEl(F)
+(—h(31@m,ui))+<alyl(ﬂ)+ Z h(égo,uj)csc(eij)) (3.14)
JEI(F)

o1

+ > whla) D ese(Oiy)(—h(Br @ Wi uw)) T (—h(By, © Wi, uzy)) "
1k=1 vEF(P)

where 61(u) = Ly p e, uy<oy and wy is as in the proof of Theorem 3.8.

Proof. Tt follows from Lemma 3.4 or directly from plane geometric considerations
that for a sufficiently small,
a2

*(Xia V)X e ) = F00(ws) (W(Wow)? = h(Byw)?) Y cot(6y)

j#i jel2(F;)
T (<h(By @ Wi, up))* ( @ S WG u, cscwm))
JjEI2(F)

H(Xivy N Xig g N ﬂ X, oni_y)
m#if ig

= a” csc(Oviy) (—h(Br & Wi, uz))t (—h(By & Wi, uig))™.
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We introduce the following notation:

Definition 3.12. Let L C R? be the lattice spanned by & = {&1,&}. Define Dy, C S*
by
Dr={& %€ Cieno\0}}

We say that a vertex v of a polygon P is n-critical if (P —v) N aC*® nerreno = 10}

for all a small enough or equivalently if a=*(P —v) NS is contained in a connected
component of S\ Dp.

Theorem 3.13. Theorem 1.2 holds for d = 2.

Proof. Suppose the weights w;(a) of an asymptotically unbiased estimator V, are
given. We just need to show the existence of one element in P>M\V¥ for some N,
so assume for contradiction that V¥ = P2V Since all polygons are simple, Corol-

lary 3.7 allows us to assume that the weights are homogeneous, i.e. w;(a) = w;.
Let

v1 = (cos g, sin p),
vy = (cos(ip + 1), sin(p + ),

where (p,) € U for some small open subset U C R? such that v; and vy lie in the
same connected component £ C S\ Dy
Consider a parallelogram

P(QD, 7% S1, 32) = [07 81?]1] S%) [O, 32“2] (315)

for s1,s9 > 0. Then P has two n-critical vertices at 0 and s;v; + $ov9. The normal
vectors of P are

uy = —ug = (—singp, cos ),
Uy = —uy = (—sin(p + 1), cos(¢ + v)).

Observe that csc(fiviy) = cscyp for all v € Fo(P), and if Ir(F;) = {j1,J2}, then
COt(@Z‘jl) = — cot(@,;jQ).
Since lim,_o EVy(P) exists, the coefficient in front of ¢! in (3.14)

IS

271

i WD s 3 (B @ W)

e==1

must vanish. This holds for all sy, s, > 0, so for each i = 1,2, also

S wl((—h(Br & Wi, ) + (—h(Bi & Wi, —u)) = 0

=1

and Corollary 3.11 reduces to

EVO = csc Z Wiy Z h(B, ® W, Uzl))+(—h(Bk ® Wy, uzg))+
Lk=1 vEFo(P)
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for all a sufficiently small.
Let R denote the reflection of Cy in the point (51, 5&2) and observe that

h(B, ® Wy, u) = h(RB, ® RW,, —u).
Thus, since the weights are reflection invariant,

EVy(P —2CSC1/JZ '(B;N By) +w'(RB; N By))

l,k=1

X (=h(B; ® Wi, u1)) T (=h(Bj, ® Wy, uz)) ™.

(3.16)

for all sufficiently small a.

Let 8, w; : S' — Cf, denote the functions given by 5" (u) = h(B;,u) and
w; (u) = —h(Wj,u). In particular, h(B; @ W;,u) = (8, (u) — w; (u),u). Note that
B, and w; are constant on the set R -EC St where R_= is the rotation by —7.
Thus, whenever ¢, ¢ + 1 € E,

51(“1) = di(ua),
B (ur) = B (uz),
W = wl ( ) wl (u2)7

for some fixed vectors 3, w; € R2.
Write w; — By = (21, 4;). Then for p,p + ¢ € E,

(—h(By ® Wi, w)) " (=h(By ® W, u2))* + (=h(By @ Wy, )" (—=h(B, ® Wi, uz))*
= Oy (1) On(ur) ((wr — B, ur) (Wi — Br, ua) + (Wi — Br, ur){wi — By, ua))
= 0y (u1) 0k (ur) ((—x;sin @ + y; cos ) (—z sin(p + ) + yx cos(p + 1))
+ (—xg sin @ + yi cos @) (—zysin(p + ) + y; cos(p + ¥)))
= 01 (u1) 0k (u) (2224 sin @ sin(p + 1) + 2y,yx cos @ cos(p + ¥))
— (zryr + xye) (sin @ cos(p + 1) + cos psin(p + 1¥))).

Since w(B; N By) = w(Bx N B;) and
w(RBl N Bk) = w(R(RBl N Bk)> = w(RBk N Bl),

the terms in (3.16) pair up, showing that EVy(P(g, 1)) is a linear combination of
the functions

cos @ cos(p + 1) cscth = cos? @ cot 1) — sin p cos p, (3.17)
sin @ sin(yp + ) csc1p = sin? @ cot 1 + sin p cos @,
(cos @ sin(p + 1) + sin g cos(p + 1)) csctp = sin p cos @ cot P + cos® ¢ — sin? .

On the other hand, (3.16) equals Vy(P(¢p,v)) = 1 for all (p,1) € U. But the
functions in (3.17) are clearly linearly independent of the constant function 1, yield-
ing the contradiction. O
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Corollary 3.14. Any local estimator for Vo has a worst case asymptotic relative
bias on P? of either 0 or co.

Proof. Let P((Ap,’(/)) be as in the proof of Theorem 1.2 for d = 2. The proof shows
that lim, 0 EVo(P(p,v)) has the form

a1 (cos? p cot 1) — sin p cos ) + ax(sin? ¢ cot ¥ + sin p cos )
+ a3(sin ¢ cos @ cot 1 + cos? p — sin? ) (3.18)

for some ay, s, a3 € R and all (p,9) € I x (0,¢) C U for some small open interval
I and some € > 0.

The functions cos? ¢, sin® p, and sin ¢ cos ¢ are linearly independent, so if (3.18)
is non-trivial, there must be a ¢ € I such that

lim lim EVo(P(g, 9)) = +oo. O

Note how the fact that P(p, ) had an n-critical vertex was essential in the proof.
The next proposition shows that the polygons with n-critical vertices are the only
sets in P? where the estimation of Vj fails. To get a slightly more general result, we
first extend the definition of an n-critical vertex to the class K2 of compact convex
sets with non-empty interior.

Definition 3.15. Let K € K2. We say that x € OK is an n-critical boundary point
if for all a > 0,
(K — x) ﬂ CLC%?L(51+£2),O = {O}

Note that K can have at most finitely many n-critical boundary points

Lemma 3.16. Let K € K? have no n-critical boundary points. Then there exists a
0 > 0 such that whenever a < 9,

(K — ) NaC? ¢ ey 0 # {0} (3.19)

Proof. Let x € OK. Then [z,z + a(z)c] C K for some ¢ € 032(51%2),0 There is an

open neighborhood U, of  in K such that y + sa(x)c € K for all y € U,. Cover

OK by finitely many such U, and choose a to be the smallest of the corresponding

ta(z). O
Let (By*, W}*) be a configuration. Define the corresponding weight

n2

w = Z(—l)k%nf_l (3.20)

k=1

where n} is the number

nk = ’{SQL\{O} ‘ S| =k, B, N ﬂc;0¢@}‘.

z€eS
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Proposition 3.17. Let ‘70” be the local algorithm based on n X --- X n configurations
with weights given by (3.20). For all K € K? with no n-critical boundary points,
Vi'(K) = 1 whenever a is sufficiently small.

The idea is to approximate K by a polyconvex set. Let P, = conv(C?, N K) be
the convex hull of €7y N K and define the approximation

K = UPZ.

2€72
Then the proof will show that Vo(K) = Vp(K) and that V*(K) = Vy(K).

Proof. Let K € K? with no n-critical boundary points be given. For simplicity,
assume L = Z2. The general case follows by considering a linear map L : R? — R?
with L(L) = Z%. Then K has an n-critical vertex for L if and only if L(K) has an
n-critical vertex with respect to Z?. Moreover, N;(K NLL) = N;(L(K)NZ?) and thus
EVA(K) = EV#*(L(K)). Choose a so small that (3.19) is satisfied and such that
K contains a ball of radius \/ﬁ(n + 1)a. By possibly considering a ™' K instead of K,
we may assume that a = 1 to keep notation simple.
We first claim that R
Vo(R) = Va(K) = 1.

For this, it is enough to show that K and RQ\K are both connected.

In order to show that K i is connected, we show that every z = (z1,72) € Knz?
is connected by a path in K to a fixed reference point y = (y1,92) € K n 72
with y + B(\/_n) C K. We may assume that z; < y; and 25 < yp such that
Cy N (K —x) # {0}. Then Cgy N (K — x) must contain a point z # x. To see this,
choose p € OK with x € [p,y]. Then Cgy N (K — p) contains a point z # 0 since
p is not n-critical. Since p + z,y + 2z € K, also v + z € K by convexity. Thus x is
connected to z + z in K, and the claim follows by induction on |21 —y1| + 72 — ya|.

In order to show that R*\ K is connected, assume for contradiction that x € K\ K

is contained in a compact component. Let [ be the vertical line through = and let
bi1,bo € K N1 be such that

(b1, 03] N K = {by, by}, (3.21)

x € [by, by, and the vector by — by points upwards. Then for i = 1,2 there are line
segments [z;,y;] C OP,, with z;,v;,2; € Z? such that b; € [z;,y;]. After possibly
reflecting the picture in the coordinate axes, we may assume:

T, T2 € Hel,(x e1)?

Y1, Y2 € H-,

1,—(z,e1)?
(x1,€1) < (x9,€1),

aff [y, y1] N aff[zy, 0] € H”,

L,—(x,e1)”

First observe that the vertical distance from xo to [z1,y;] is at most 1. Assume
this were not true. If [z1, y1] has positive slope, either x3 =y, + (0, m) € [ for some
m € N, implying x € [z5,y;] C K, or there is an m € N such that x5 — (0,m)
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lies above [z1,y1] and conv(zy — (0,m), z1,y;) C P, for some z € Z%. If [xy,y] has
non-positive slope, so must [z, y2| and hence conv(zy, xe — (0,1),y2) C P, for some
z € Z?. All three cases contradict the assumption (3.21).

Thus, either conv(zy,y1,22) C P, for some z € L, or x5 = y; + (0, 1), or [z1, 1]
has negative slope and o = 214(0, 1). The second case implies [z, y1] C KNl In the
third case, [x2, 2] must also have negative slope. Hence conv(ze — (0, 1), x2,y2) C P,
for some z € L. Again, all three cases contradict the assumption (3.21).

The proof is now complete if we can show that

Vi (K NZ2) = Vo(K).
By the inclusion-exclusion principle,

= Z > (—1)k‘/<3< N Pz)

k=1 SCL,
|S|=Fk

_ZZ S (- k;%(onmﬂ )

k=1 zp€L SCL, z€S

S| =k—1
Z Z {PzoNN, ey P=#0}
k=1 ZOE]L SCL,

S| =k—1

By construction of the weights, it remains to show that if P,, N ---N P, # 0,
then C7 o M-+~ NCL o NK 0.

For k = 1 this is trivial. Assume P,, N P,, # 0. If P,, C P,,, then the claim
is clearly true. Otherwise, OP,, N OP,, # (. Hence there are x;,y; € CloNK
such that the line segments [z, ;] and [z2,y2] intersect in C7 N CL. Assume that
T1,Y1,T2,2 ¢ CF, NCL. Then [x1,y] divides C7 into two components C' and C?
with C! C CI N C7 . As [x9,1,] intersects |11, yl] ﬂ C7,, either z3 or y must belong
to C' U [x1,11] € C7, which is a contradiction.

For k£ > 3, assume that z; and z, have the smallest and largest 1st coordinate
among the z;, respectively. By the above, there is a y; € C7 (N CL ;N K. If y; lies
in C7 yN---NCT ,, we are done. Otherwise, suppose that the 2nd coordinate is too
large for Y1 to belong to C7 ;M ---N Let z3 have the smallest 2nd coordinate
among the z;. There are points

sz

Y €CT  NCE N---NCL  NE,
ys € C2oNCE N ---NC  NEK,
by induction. If yp,y3 ¢ CZ N---NCL , write y; = (14, s;) with 7y <7 < 73. We may
assume s; > Sg > s3. Then (rq, s2) € conv(y1,y2,y3) C K and thus
(r1,82) €CL gN---NCL jNK. O

Example 3.18. For n = 2 and L = Z2, VO2 is the algorithm suggested by Pavlidis
in [14], which is multigrid convergent on the class of r-regular sets. Theorem 3.17
shows that this algorithm is also multigrid convergent on the class of compact convex
polygons with no interior angles of less than 45 degrees.
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3.6 The Euler characteristic in higher dimensions

The results of the previous sections allow us to generalize Theorem 3.13 and Corol-
lary 3.14 to higher dimensions.

Theorem 3.19. For d > 2 and q < d — 2, any local algorithm Vq for which

lim, E‘ZJ(P) exists for all P € P? has a worst case asymptotic relative bias of
100 % on P. In particular, Theorem 1.2 holds.

The proof uses the fact that if P = @le[(),vi] with vq,...,v4 € R? linearly

independent, then
q
wr = X (Do) (3.22)

1<iy <--<ig<d s=1

This follows because

3 (Zw@o% ):1.

SC{L,.d\{i1,.sig} \ i€S

Proof. First consider the case of the standard lattice Z%. Take Q = P @ @?23 [0, e;]
where ey, ..., eq € R?is the standard basis and P C lin{e;, e;} = R? is as in (3.15).
Let L : RY — R? be a linear map taking P to [0, sje1] @0, sqes] and fixing e, . . ., eg.
Then

: CraZd s Cral(Z4
lim BVy(Q) = lim BV EI(L(Q)). (3.23)
The left hand side is a polynomial in sq, s, t3,. .., 4.

On the other hand, (3.22) yields

Vo(@Q) = Z HtH- Z ($1+82)Hti+ Z slsgsinwnti.

SC{3,....d}, i€S SC{3,....d}, i€S SC{3,....d}, ieS
|S|=q |S|=q—1 |S|=q—2
If (3.23) contains monomials in sy, $a,t3, ..., 14 of degree larger than ¢, we can

make the relative bias arbitrarily large and if it contains monomials of degree less
than ¢, it can be made arbitrarily close to 0 just by scaling Q).

Otherwise, (3.23) is homogeneous in sy, S, t3, ..., t; of degree ¢, and the argu-
ment in the proof of Corollary 3.7 shows that the weights may be assumed to be
homogeneous of degree ¢q. Observing that

(_h<L(Bli ©® I/Vlz)? :i:ei))Jr € {07 1}
for © = 3,...,d, the proof of Theorem 3.8 shows that

on? 1

aL(Z
clzlir(lJ EVE) (L(Q)) - Z Wiy,.. lg—q H Z (_h(L(Blz S VVl 6261 H ti
l1,..ey ld,qZ]. Z'GIIL g;€x1 ZQIL
/aZd 1 2
= Clll_If(l)V (P) Z Hti + Z (Bs(Q)s1 + B5(Q)s2) Hti
SC{3,...,d}, i€S SC{3,...,d}, €S
[S1=q IS|=q—1
+ Z 55 3152 Ht

SC{3,.. €S

|5\:q—2
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where 34(Q), B2(Q), 85(Q) are certain numbers depending only on (p, 1) and Vj is
the estimator for Vj in R? with weights

n—2

w; = Z w(m ™ (B) N Biye, N N Biy pcays)-

3<i1 < <ig_gq_2<d €3,....c4—q=—n+1

where 7 : Cfo(RY) — C&O(Rz) is the projection induced by R? — lin{e;, e} and
Bj. = CgonH,, forc=0,...,n=2, while B; . = CgyNH_, forc=—n+1,...,—1.

By Corollary 3.14, lim,_, Vo (P) is either zero or can be made arbitrarily large by
properly choosing P. Thus, the asymptotic worst case error can be made arbitrarily
close to zero or arbitrarily large, respectively, by choosing P first and then choosing
s1 and sp small compared to t3, ..., 14.

Now consider a general lattice L. Choose a linear map L : R? — R? such that
L(Z%) = L. Then

—€4,C

EVI(Q) = EVA(L(Q)),

while
V,(L(Q)) = Z ag Hti + Z (g1 + a%sy) H t; + Z ' s180t;
SC{3,...d}, €S SC{3,...,d}, i€s SC{3,...,d},
|S|=q |S|=q—1 |S|=q—2

where ag depends only on L while o}, a%, af? may also depend on (¢,). Thus the
general case follows as before by first choosing P and then choosing s1, ss. O]

4 Local estimators on the class of r-regular sets

We now move on to local digital algorithms applied to r-regular sets. The formal
definition of r-regular sets is as follows:

Definition 4.1. X C R? is called r-reqular if for every x € 0X there exist two balls
By, By € R? both of radius v and containing x with By C X and int(By) C RH\X.
For x € 0X, n(x) denotes the unique outward pointing normal vector.

The purpose of this section is to prove Theorem 1.4. As we only consider local
estimators with homogeneous weights, we may assume w,,s _, = 0, see [22, Section 3.
The case of the surface area 2V, ; is an easy consequence of the corresponding
theorem for polytopes and the following formula due to Kiderlen and Rataj |7,
Theorem 5|:

Theorem 4.2 (Kiderlen, Rataj). For any local estimator Vi1 with homogeneous
weights and w,,e_, = 0 and for any compact r-reqular set X C R4:

lim EVy_1(X) = det(L Z wl/ h(B, ® Wy, n))tdH4".

a—0
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Proof of Theorem 1.4 for Vy_1. Suppose Vi is given. By Corollary 3.9, we may

choose vy, . ..,vq € R? orthogonal such that
) d d
lim BV ( l@_?[o, vi]) +# Vaq ( 26_?[0, vi]> :
Consider the r-regular set
d
X(r)=B(r)® @[O,UZ]
i=1

Observe that

lim V(X (r)) = Vi, ( é[o, tiui]).

r—0

On the other hand, Theorem 4.2 yields

lim EVy_1(X(r)) = det(L)™ ) wy /8 X(T)(—h(Bl ® Wy, n))tdHa!
=1 ;
= lim BV (g?[o, vz])
on? o

+det@) ST / (—h(By ® W), n)) " dH"
Y

=1

where
Y = X\ U (F'+ rur).
FE}—d—l(@;‘i:l[Ovvi])
Since each h(B; @ W;,n) is bounded for n € S4* and lim, o H* ' (Y) = 0, it
follows that .
lim lim EV,;_(X(r)) = lim EV, 4 ( Plo. vi]) .

r—0a—0 )
=1

In particular,

lim EVa 1 (X (r)) # Vaa (X (r))
when r is sufficiently small. ]

It follows from the definition of r-regularity that the boundary of an r-regular
set X is a C'' manifold. The normal vector field n is almost everywhere differentiable
on 0X, see [3]. In particular, the second fundamental form [I, is defined on T,,0X if n
is differentiable at z. Define @, to be the quadratic form on T,0X ®lin{n(z)} = R?
given by

Qo tn(z)) = —IL(a) + Tr(IL,)t*.
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For a finite set S C R?, define

I (S) = max{IL.(s) | s € S, h(S,n) = (s,n)},
I (S) = min{IL.(s) | s € S, h(S,—n) = (s,—n)},

and if s* € S are such that IF5(S) = IIF(s%), define
Q;:t(S) = Qz(si)'
The following formula is shown in [22]:

Theorem 4.3. For a local estimator Vy_o with homogeneous weights and wy,a_; =0

and an r-reqular set X,

-1

2d_9

S [ (@(B) - Q (W)

=1

R 1
lim EVyo(X) = det(L) ™5

The proof of Theorem 1.4 for V;_o follows from this:

Theorem 1.4 for Vi_o. We first introduce the sets that will serve as counter exam-
ples. For 0 <r < R and 6 € (0,7), let

T(R,7) = B(r) ® B"((R — r)sinf)

where B471(s) is the ball of radius s in lin(ey, ..., e4_1). We then consider r-regular
sets of the form

X(R,r) = (B(R)N H;

Rcosf,eq

JU(T(R,7)+ (R —1)cosbey).

Choose a rotation p € SO(d) taking ey to S? 1\ D where D is as in the proof of
Theorem 3.8 and consider p(X(R,r)). Then

“ralle “rap~ 1L,
%}2 (pX(R,7)) = V;ifz . (X(R,T)),

so by possibly changing the lattice, we may assume that p = I and ey € S\ D.
Let U C S¥ 1\ D be the connected component containing e4. This is open in S41.

If n(z) ¢ D, there exist unique vectors b;(n) € B; and w;(n) € W; depending
only on n € S41 such that Qf (B)) = Q.(bi(n)) and Q; (W;) = Q.(w;(n)). This
defines functions

Brw s STIN\D = CF.

Note that these are locally constant and so is the indicator function § on S¢1\D.

Let €1,...,64-1 € TOX(R,r) denote the principal directions corresponding to
the principal curvatures ki, ..., kq 1. Since eg ¢ D, n(x) € S¥1\D for almost all
xr € 0X(R,r) and for such x

d—1

Qi (B) = QW) = Y k(= (Bi(n), ;) + (Bi(n), n)° + (wi(n), £1)* — (wi(n), n)?).

Jj=1
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Observe that 0X (R, r) is the disjoint union of three sets Si, S, and S3 where
S1=(0B(R))NHp,

Rcosf,eq
Sy = (aT(R’ T) (R - 7”) cos Qed)\(H]gCOSO,ed U 53)7
Sz = B™ Y ((R—r)sin®) + (R —r)cosd +r)eq.
On Ss3, k1 = -+ = kg_1 = 0 and thus () vanishes on Ss.

Parametrize S; by g1 : S92 x (6, 7) — S;. Identifying S¢=2 with the unit sphere
in lin(ey,...,eq4_1) C RY,

g1(u, ) = R(sin pu + cos pey).
Similarly, parametrize Sy by go : S92 x (0,6) — Sy where
g2(u, ) = (R — r)sin Qu + r cos pe,.
Note that on both S; and S,,

n(u, p) = sin pu + cos pey,
€q—1(u, ) = — cos pu + sin pe,,

gi(u, @) = &j(u),

for j =1,...,d — 2, where €/(u) are the principal directions on Sa-2,

ODSl,
ko= L

L= [ [, s R st g e,

forall j =1,...,d — 1 and any integrable function f. On .S,,

1
ki1 = -,
r

sin @

—r)sinf +rsing’
/ / f(u, 0)r((R —r)sin 6 + rsin )" *H(du)dyp,
Sy gd—2

for j =1,...,d — 2 and any integrable function f.
Define Fy, Fy : (0,7) — R by

F = det(L)_I; > wl/ (=B, ea-1)® + (B, n)?

+ (Wi, €a-1)? — {wi, n)?) 6y (n)dH 2,
Qnd72 d—2

1 2
DIED N RECCINEaCEY

=1 j=1

+ (wl, €j>2 — <wl, 2)5[(71)6”‘[6[72.

F2 = det(]L) !
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Then Theorem 4.3 yields

d—2
lim E‘A/d,Q(X) = / (kdlpl + Zk’ng) deil = Iy + Iy, (41)
a—0 5,US, i
while
1 2 1
Vi o(X) = — kg ki |dH©™ = — (I, + I3). 4.2
N L L
Here

d—2
I = / (kd_l +) kj) dH
S1 =

2
= (d—1)R* / sin®2 pdyp,
0

d—2
12 = / (klel +Zk]F2>d7_[dl
S1

j=1

— Rl / (Fi(0) + (d— 2)Fy()) sin2 g,

d—2
I; = / (kd_1 + Z kj) dH 1
Sy =

‘1 sin
= — -9 o : : d—2
/0 <r+(d )<(R—r)sin0+rsincp>)r((R r)sinf + rsin @) “dp

0
— [ (= rysing - rsingy'™ o+ (d = 2rsing((R = r)sin + rsine) )
0

= R¥2gin?" 26/ 1dp + rp(r, ),

I = <kd o+ Zk F2>d7-ld '
1 (d—2)siny
<;F1 ( R—r) sin9+7“sing0> FQ(SO))
x 7((R —r)sinf + rsin o) 2dyp

— /0 (R —r)sin® + rsin ) 2F (p)

+ (d — 2)rsin ((R — 7) sin @ + rsin ) > Fy(p))dyp

0
= R™?sin®" 2«9/ \(@)de + rp(r,6).
0

Here p and p are both polynomials in 7 with coefficients depending only on ¢ and R.
Since V_ is asymptotically unbiased, (4.1) must equal (4.2), i.e

L+ Iy =5 (I) + I).
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This must hold for all 0 < r < R, so letting » — 0 shows that

T [}
/ (Fi(p) + (d = 2)Fy(y)) sin’? pdyp + sin’ 0 / Fi(p)de (4.3)
0 0
1 27 1 0
=(d—1)— / sin®=? pdyp + sin? % §— / 1dy
271— 0 27T 0

holds for all § € (0, 7).

The assumption e, € U ensures that for small values of ¢, n(u, ) € U for all
u € S, and hence all b;, w;, and 6; are constants. This shows that F} and F}, are
continuous for small . In fact, a direct computation shows that for such small ¢,

Fi(p) = K, (sin® p — cos® @) + Ky sin o cos g,
Fy(¢) = Ks+ K, sin? v+ K cos? @ + Kgsin pcos @,

where Ki,..., K € R are certain constants. In particular, (4.3) may be differentia-
ted with respect to 6 for small values of #. This yields

0
(d—2) < — F5(0) sin®26 + cos 0 sin®? 9/ Fﬂap)dgp)

0 (4.4)
d=2), . 4 . d-3
= -——(—sin"“0 + O cosfsin"0)
2m
for 6 small.
Since d — 2 # 0, (4.4) shows that 6 cos §sin®~*# must be a polynomial in cos
and sin #, which is a contradiction. n
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