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Abstract
Energy of surface states for 3D magnetic Schrédinger operators

In this dissertation, we study the Schrédinger operator with magnetic field in a three dimen-
sional domain with compact smooth boundary. Functions in the domain of the operator satisfy
(magnetic) Neumann condition on the boundary. The operator depends on the semi-classical
parameter. As this parameter becomes small, certain eigenfunctions of the operator are localized
near the boundary of the domain, hence they will be called surface states. The main result of
this dissertation is the calculation of the leading order terms of the energy and the number of
surface states when the semi-classical parameter tends to zero.

Keywords. Magnetic Schrodinger operator, Neumann boundary condition, spectral theory,
variational principle, semi-classical analysis, energy of the sum of eigenvalues.



Resume
Energi af overfladetilstande hgrende til magnetiske Schrédinger operatorer i 3D

I denne afhandling studerer vi Schrodinger operatorer med magnetisk felt i et tredimensionelt
omrade med kompakt, glat rand. Funktioner i domaenet for operatoren opfylder (magnetiske)
Neumann randbetingelser. Operatoren afheenger af en semi-klassisk parameter. Nar denne pa-
rameter bliver lille, bliver nogle af egenfunktionerne for operatoren lokaliseret neer randen af
omradet, og derfor vil de blive kaldt overfladetilstande. Det vigtigste resultat i denne afhandling
er beregningen af det ledende ordens led i henholdsvis energi og antallet af overfladetilstande nar
den semi-klassiske parameter gar mod nul.

Ndggleord. Magnetisk Schrédinger operator, Neumann randbetingelse, spektral teori, semi-
klassisk analyse, energi af summen af egenveerdier.
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Chapter 1

Introduction

The computation of the number and the sum of eigenvalues of Schrédinger operators in various
asymptotic regimes is a central question in mathematical physics. One motivation comes from
the problem of stability of matter (see Lieb-Solovej-Yngvason |?]). The object of study in [?] is
mainly the Pauli operator; this operator is also a Schrodinger operator with constant magnetic
field and an electric potential; it is given as follows:

H(h,b,V)=Py+V(z)+0-B, inL*R3C?,
where

Ph = (—ihV + A)? = —h*A +ih[div(A) + 2A - V] + |A|?,
A(zy,m,23) = (—bx2/2,bx1/2,0),

B =curl A =(0,0,0),

o= (01,02,03), b>0, h>0.

Let us mention that operator Pj is the Schrodinger operator with magnetic field (B is the
magnetic field); o is the vector of Pauli matrices; V € L>2(R?)NL3/2(R3) is the electric potential;
h is the semi-classical parameter; b is the strength of the magnetic field.

The operator H(h,b, V') has discrete spectrum in the interval (—oo,0) consisting of eigenval-
ues A\1(h,b, V), Aa(h,b, V), etc. Let us introduce the number and the sum of these eigenvalues:

N = Zdim(Ker(H(h, b, V) — A;(h,b, V))) . &= N(hbV).

The sum £ is usually called the energy of the eigenfunctions corresponding to the eigenvalues
A1(h,b, V), Aa(h,b, V), etc. Under specific assumptions on the magnetic field B and the electric
potential potential V', it can be shown that the number N and the energy £ are finite. The study
of the finiteness of A/ and &€ has been the object of study of numerous papers, starting probably
with the establishing of the Cwickle-Rozenblum-Lieb and Lieb-Thirring bounds, and followed up
by many important papers such as [?, 7, 7, ?]. Under the assumption V € L5/2(R3)N L3/2(R3),
the energy £ is finite; this is established in [?]. A natural question is then to study the asymptotic
behaviour as h — 04 of the energy £. This is done in [?]. The computation of £ is used to
compute the ground state energy of large atoms in strong magnetic fields, and then later is
used to establish stability of matter in many important regimes. We refer the reader to |?| for
details. Another important application of the computation of the energy £ is the calculation of
the quantum current. The paper [?] is about this topic.



The analysis in [?] is generalized for various settings. Among many other papers, we mention
that such extensions hold for the case of variable magnetic fields [?] and for fractional powers of
the Laplacian [?].

This work aims at answering the same question in [?] and presented previously but for the
Schrédinger operator with magnetic field. The electric potential is removed but the operator is
defined in a domain with boundary. This leads to a similar situation as in |?], but the geometry
of the boundary will have a significant influence in the expression of the leading order terms.
Details will be discussed at a later point of this introduction.

An important problem in mathematical physics is the computation of the ground state energy
and the analysis of the tunnelling effect for various Schrédinger operators while the semi-classical
parameter h tends to 0, see Helffer [?]. In [?], while estimating the ground state energy of a
Schrédinger operator in a domain with boundary, Helffer-Mohamed observed an analogy be-
tween the semi-classical analysis of Schrodinger operators with electric potentials and that of
Schrédinger operators in domains with boundaries. Loosely speaking, this analogy can be sum-
marized by saying that ‘boundaries’ play a similar role to ‘electric potentials’. More precisely,
this analogy is established in [?] for the question of computing the ground state energy for an
operator in a domain with boundary. Guided by this analogy, several important applications to
the analysis of the Ginzburg-landau model of superconductivity are given. We refer the reader
to the monograph [?| and references therein.

It is natural to wonder whether the same type of analogy between ‘boundaries’ and ‘electric
potentials’ still exists for the question of computing the energy, as done in [?]. The paper of
Fournais-Kachmar [?] shows that the analogy between boundaries and electric potentials exists
for two dimensional domains. The goal in this dissertation is to generalize the results of [?] to
the case of three dimensional domains.

1.1 The magnetic Schrodinger operator in 2D

We present the Schrodinger operator with magnetic field in a two dimensional domain. Suppose
that € is an open subset of R? with smooth boundary and A = (A1, Ay) € C?(Q;R?) a given
vector field. In two dimensions, the magnetic field is the function,
0Ay 0A;
B=curlA= —— —, z,y) € Q. 1.1.1
i XY (111)
We suppose that the magnetic field is positive. More specifically, we work under the hypothesis
that

b= inf B(z) > 0. (1.1.2)
FISY)

The quadratic form

On(u) = /Q (—ihV + A)uf? da

is closed and semi-bounded. Consequently, it defines a self-adjoint operator in L?(€2) by Friedrich’s
Theorem. This operator is the Schréodinger operator with magnetic field B given as follows:

Py = (—ihV + A)?. (1.1.3)
The domain of Py, is

D(Pp) = {u e L*(Q) : (—ihV+AYue L*(Q), j=1,2, v.(—ihV+A)u=0 on 00},
(1.1.4)



where v is the unit exterior normal of the boundary 9€). When € is bounded, it results from
the compact embedding of H'(2) into L?*(2) that P}, has compact resolvent. In this case, the
spectrum of Py, is purely discrete and consists of eigenvalues of finite multiplicity. This situation is
studied in several papers in the context of the Ginzburg-Landau model of superconductivity (see
[?, 27,7, 7]). The interest in superconductivity is the calculation of the lowest eigenvalue (ground
state energy) of P, as the semi-classical parameter h tends to 0. Extensions to non-smooth
domains are given in |7, ?|.

If © is not bounded and the boundary of €2 is bounded, then the essential spectrum of Py, is
known (see e.g. [?]). We describe how we locate the bottom of the essential spectrum. Indeed,
we have the inequality (see [?]),

Voe O, [I(-iV+ AP > [ hBla)lefds.
Q Q
Using this inequality and a‘magnetic’ version of Persson’s Lemma proved in |?], we deduce that,
inf Specegs(Pr) > bh.

Here b > 0 is the quantity introduced in (?7).

Consequently, in any case whether €2 is bounded or not, the spectrum of the operator Py,
below bh is purely discrete. This spectrum is non-empty if the magnetic field is not too large
on the boundary of Q. More precisely, in |?|, it was proved that there is a universal constant
© €]0, 1] such that the bottom of the spectrum of P}, satisfies,

A(h,b) = min(©gb , b)h+o(h)  (h—0),

where b’ = mla]?2 B(z) and b is introduced in (??). Clearly, if ©gb’ < b and h is sufficiently small,
e

then A\1(h) < bh is in the discrete spectrum.
We will work under the assumption that the set Spec(Py) N (—oo, bh) is non-empty. Denote
the elements of this set as an increasing sequence,

Spec(Pr) N (—oo, bh) = {A1(h,b), A2(h,b),---}.

The sequence {A1(h,b),A2(h,b), -} can consist of infinite values accumulating to the bottom
of the essential spectrum. This happens when the magnetic field is constant (see [?, ?]).

Let by € (0,1). Since bgph < bh, then the value bh is strictly below the bottom of the essential
spectrum of Pj,. Consequently, the following number

N(boh; P, Q) = Y dim(ker (P, — boh))
X, (h)<boh
is finite. When counting multiplicities, N (boh; Pp, Q) is the number of the eigenvalues of Py, that

are below boh. As h — 04, this number is approximated in [?]. This is described in the next
theorem.

Theorem 1.1.1. Suppose that 2 is has smooth and compact boundary and by < b. There holds,
1

lim h'/2A (boh; P, Q) = o
h—0

// B(z)Y?dade . (1.1.5)
27 ) J{(2:6)c09xR : B(z)ui(€)<bo}

Here, if £ € R, the number ui(§) is the lowest eigenvalue of the harmonic oscillator

R+ (t—-€)?% i L*(Ry),



and ©g is the universal constant given as follows
O = inf .
0= Inf p1(8)

Remark 1.1.2. Generalisations of Theorem ?? showing the influence of Robin boundary condi-
tions has been obtained in [?].

Let (z)— = max(—x,0) denotes the negative part of a number x € R. The energy

E(b, 1, Q) = (A;j(h,b) — bh)
J
is studied in [?]. Notice that the energy is defined for all eigenvalues below bh and not only for

those below bgh (bg < 1). The energy is finite thanks to the Lieb-Thirring inequality. The result
obtained in [?] is recalled in the next theorem.

Theorem 1.1.3. Suppose that the domain 2 has a smooth and compact boundary. There holds,

. 1/2 _ 3/2 _L
lim /1~ Z (h,b) — bh)_ //ang (B($)+M1(f))_da:d£. (1.1.6)

Note that Theorem ?? can be obtained as a corollary of Theorem ?? (cf. [?, Remark 1.3]).
Further details about the technique which allows to pass from the energy to the number of
eigenvalues will be discussed later (see Corollary ?? and its proof in Subsection 77).

Theorems ?? and ?? remain true when the domain 2 has corners. This is established in [?].

1.2 The magnetic Schrodinger operator in 3D

In this section we define the Schrodinger operator with magnetic field in a three dimensional
domain. Let @ C R?® be a bounded domain with smooth compact boundary 90. We will
consider both the case of interior domains 2 = O and exterior domains = R3\ O.

We consider a magnetic vector potential A € C°(2;R3). We write A = (Ay, Ay, A3). In
three dimensions, the magnetic field is a vector given by

0A; 0A4; .
B(z) := curl A(z) = (B2s, — P13, f13),  Bij(z) = 3 L(z) — (z), 4,j=1,2,3.
i 81‘j
With the magnetic field we associate the quantities
b:= inf |B(z)|, ¥ = inf |B(xz)|, (1.2.1)
e €O
where |B(z)| = /B3y () + B75(x) + B2(x) is the strength of the magnetic field.
We shall work under the assumption that

b:= inf |B(z)| > 0. (1.2.2)

e

Let h > 0 be a small parameter (the so called semi-classical parameter). Consider the quadratic
form

Opn(u) = /Q |(—ihV + A)u|2da:, (1.2.3)



with domain,

D(Qp) = {u e L3(Q) : (—ihV + A)u € L*(Q)}. (1.2.4)

This is clearly a semi-bounded closed quadratic form. We associate by Friedrich’s theorem a
self-adjoint operator, P, whose domain is

D(Py) = {u € L*(Q) : (=ihV+AYue L*(Q), j=1,2, v.(—ihV+A)u=0 on 00N},
(1.2.5)

and for all u € D(Py,), we have
Pru = (—ihV + A)%u. (1.2.6)

Here, for x € 99, v(x) denotes the unit interior normal vector to 09 at z.

If the domain 2 is bounded (interior case), it results from the compact embedding of D(Q})
into L2(£2) that P}, has compact resolvent. Hence the spectrum is purely discrete consisting of a
sequence of positive eigenvalues accumulating at infinity.

In the case of exterior domains, the operator Pj can have essential spectrum. In Chapter 2,
we will see that if A < b (b from (??)) and h is sufficiently small, then the spectrum of Py, in the
interval [0, Ah| is purely discrete.

The operator Py, is studied in several papers, mainly in the context of the Ginzburg-Landau
model of superconductivity (see [?, 7, 7, ?]). The objective was mainly the estimation of the
ground state energy as h — 0. Compared to the situation for two dimensional domains, the
analysis of the problem in three dimensional domains is considerably more complicated. The
reason is that the boundary in 3D is a surface and has richer geometry than that in 2D.

If the magnetic field is constant and the domain €2 has a smooth boundary, it is established
that (see [?, ?]):

inf Spec Py, = h©pb+ o(h), (h—04), (1.2.7)

where ©g € (0,1) is the universal constant introduced in (??). In such a situation, we see that
the set
Spec Py, N [0,AR] # 0.

In general, we will work under the assumption that Spec P, N [0,Ah] # () and denote the
elements of this set as an increasing sequence of eigenvalues counting multiplicities,

Spec(Pp) N (—oo,Ah) = {e1(h),e2(h), - }.
In this dissertation, we are interested in studying the asymptotic behaviour of the energy
E(h,B,A) =Tr(P, — Ah) =) (e;(h) — Ah)_ (1.2.8)
J
in the semi-classical limit A~ — 0. The leading order asymptotics of £(h,B,A) is given in
Theorem 77 below.

1.2.1 Notation
To introduce the main result, we shall need the following notation

e If z is a point on the boundary of €, then (z) denotes the angle in [0, 7/2] between the
magnetic field B = curl A and the tangent plane to 02 at the point x. More precisely,

[B(z) - v(z)|

N>z — 0z :arcsin(
) B

) e [0,7/2). (1.2.9)



e We let Ry = (0,00), R2 =R x (0,00) and R3 = R? x (0, 00).
e For £ € R, we denote by () the lowest eigenvalue of the harmonic oscillator
SR (-6 i LA(Ry)
with Neumann boundary conditions at ¢ = 0.
e For 6 € (0,7/2], we introduce the two-dimensional operator
L(0) = —07 — 92+ (tcos(d) — ssin(9))* in L*(R3). (1.2.10)

It is well known (see [?]) that the essential spectrum of £(6) is the interval [1, c0), and we
shall denote by {(;(0)}; the countable set of eigenvalues of £(f) in the interval [¢(;(6), 1).

e We define the positive and negative parts of a real number = by (x)1 = max(+z,0).

e If a(h) and b(h) are positive functions of h, then a(h) < b(h) means that a(h)/b(h) — 0
as h — 0. Similarly, the notation a(h) > b(h) means that a(h)/b(h) — oo as h — 04.
1.2.2 Main results
The main result in this thesis is :
Theorem 1.2.1. Suppose § is either an interior or an exterior domain with compact smooth

boundary 0Q2. Given A € [0,b), the following asymptotic formula holds,

Z(ej(h)Ah):/aQ\B(a:)]QE(G(x),AB(az)]_l)do(x)+o(1), as h—0. (12.11)

Here, the function E(6,)\) is defined for (0, \) € [0,7/2] x [0,1) as follows,
1 o
53 [ m(©-Ndg it o=o,

E(0,)) = sin(9)0

o DGO =N i 6e(0,7/2],

J

and do(x) denotes the two dimensional surface measure on the boundary OS).

Remark 1.2.2. In the case § = 7, it is well known (see[?]) that the first eigenvalue (1(5) = 1
which implies that E(5, ) = 0 for any A € [0,1).

Remark 1.2.3. In the case of 6 € (0,7/2), we emphasize that the sum appearing in the formula
of E(6,)\) above, is a finite sum. Indeed, in view of Lemma ?? below, we learn that the number
of eigenvalues of £(), below a fixed A € [0,1), is finite.

Remark 1.2.4. Theorem 77 is an extension to three-dimensional domains of the analogous The-
orem 1.1 in |?] established for two-dimensional domains.

Remark 1.2.5. In Lemma 77 below, we show that the function
(0,2) — E(0, ),
is a continuous function as a function of two variables. Consequently, we obtain

lim sin(6)
6—0 21

G0N = 5 JAGERYS




Notice that this formula is connected to the formula for the number of eigenvalues given in [?]:

1 o
lim (sin 0N (0.0)) = = [~ (n(6) = 0¥,

where N (), 0) = Card{(;(0) : (;(0) < A}.
Remark 1.2.6. Assuming that the strength of the magnetic field is constant on the boundary, i.e.
|B| = b on 99, the asymptotic formula of Theorem ?? reads

> (ej(h) = An) - = () | E(B(x),A(V)) "do(z) +0(1), as h—0. (1.2.12)
- [2/9]
j

Using the technique to go from energies to densities (see [?] for details), we can differentiate
both sides of (??) with respect to Ah and get an asymptotic formula for the number of eigenvalues

of Py, below Ah. This is stated in the next corollary.
Corollary 1.2.7. Let A € [0,b) such that (o is the surface measure on OS2):
o({z € : 0(z) € (0,7/2), AB(z)|" € Spec L(f(x))}) =0. (1.2.13)

The following asymptotic formula holds true,

N(AR; Py, Q) = h™! /89 IB(2)|n(0(x), A|B(z)| " do(z) +o(h™') (h—0y). (1.2.14)

Here, if X € [0,1), then n(0,\) is given by

oz | m(© - N it o0,
0N =9 Gn@N O £(9), R2)

if 6e(0,7/2].
2w

Remark 1.2.8. The condition in (??) is satisfied when (2 is the unit ball, the magnetic field B is
constant of unit length and A is sufficiently close to the universal constant ©g. Details are given
in Subsection ?77?.

1.3 Perspectives

We list some natural questions for future research:

1. Inspection of the number N (Ah; Py, Q) when the condition in (??) is violated.

2. Theorem 7?7 is established when the domains €2 has a smooth boundary. An interesting
question is to study the case when the domain  has corners or wedges (see [?]). In two
dimensions, this is done [?].

3. The inspection of the effect of the boundary conditions might be interesting. Theorem 77
is established for the operator with Neumann boundary condition. A natural question is
to consider the operator with Robin boundary condition

v.(—thV+Aju+~yu=0 on 09,
where v € L>®(0¢; R).

4. The asymptotic formula in Theorem 77 holds for the energy of the eigenvalues below the
energy level bph with by < 1. However, in two dimension, such a restriction on by does not
appear (bo is allowed to be 1). Removing the restriction on by in three dimensions is an
interesting question.

10



1.4 Organization of the dissertation

This thesis is organized as follows.
Chapter 2 contains basic tools in spectral theory that are needed in the subsequent chapters.

Chapter 3 is devoted to the spectral analysis of the model operator on a half-cylinder with
Neumann boundary condition on one edge and Dirichlet boundary conditions on the other edges.

Chapter 4 is devoted to the construction of the function E(6, A) as the limit of the energy of
the operator in the half-cylinder. Continuity properties of this function and explicit formulas of

it are given.

Chapter 5 contains the expression of the operator relative to local coordinates near the bound-
ary of the domain €.

Chapter 6 concludes with the proof of Theorem ?? and Corollary 77.

11



Chapter 2

Spectral theory

The aim of this chapter is to review standard facts regarding the spectrum of semi-bounded
self-adjoint operators. In Section 77, we recall the min-max principle. In Section ??, we recall
variational principles to compute the sum of negative eigenvalues of semi-bounded operators. In
section 77, we recall the Cwikel-Lieb-Rosenblum and Lieb-Thirring estimates for Schrédinger op-
erators on L?(R3). Section ?? is devoted to the analysis of the harmonic oscillator on a half-axis.
In Section 7?7, we review some of the fundamental properties of the two-dimensional operator
in the half-plane. The model operators on the half-axis and half-plane are fundamental in un-
derstanding the spectral analysis in three dimensional domains. Gauge invariance for magnetic
Schroddinger operators is recalled in Section 77. Finally, the essential spectrum of the magnetic
Schrodinger operator (defined in (?7?)) is discussed in Section ?7.

2.1 The min-max theorem

The celebrated min-max principle is recalled in the next theorem. The proof is given in standard
spectral theory textbooks, e.g. [?, Theorem XIIL.1], [?, p. 75] and [?, Sections 1&2].

Theorem 2.1.1. Let H be a self-adjoint operator corresponding to a semi bounded quadratic
form Q(¥) = (¥, HY) with form domain D(Q). Let us define

pn = inf  max Q(¥). (2.1.1)
VCD(Q) veVv
dimV=n [|¥]=1

Then, for each fized n, we have the alternative (a) or (b) :

(a) There are n eigenvalues (counted with multiplicity) below the bottom of the essential spectrum,
and iy, s the n-th eigenvalue counted with multiplicity.

(b) The value uy, is the bottom of the essential spectrum, and in that case pi, = fint1 = -+ and
there are at most n — 1 eigenvalues (counting multiplicities) below pu,.

Remark 2.1.2. The value of u,, in (??) can be expressed in the following form as well :

fn = sup inf Q(W). (2.1.2)
Uy, W, 1€D(Q) ¥Espan[¥y,-, ¥, 1]+
veD(Q), |¥[=1

Next, we recall a useful application of the min-max principle in comparing the number of
eigenvalues of two operators. This is taken from [?, Lemma 5.1].

12



Lemma 2.1.3. Let (h1,Q1,D(Q1)) and (h2, Q2,D(Q2)) be two closed quadratic forms such that
j:D(Q1) = D(Q)

is an isometric embedding with respect to the norms of the Hilbert spaces b1 and ha. Suppose
that there exist constants C1 and Cs such that, for all f € by,

Qu(f) 2 C1Q2(i(f)) - Cal fII5, - (21.3)
Denote by N1 and Ny the spectral counting functions associated with Q1 and Qs, then we have :
A+ Co
> < .
VA>0,  MQ) _NQ( G )

Proof. Suppose that No ()"5—?2) is finite, otherwise there is nothing to prove. Denote by {1;(Q1)};

and {p;(Q2)}; the eigenvalues, defined by Theorem ??, of the self-adjoint operators associated

with the closed quadratic forms Q@ and Qs. Put

A+ Co
Cy

and consider a vector space V' C D(Q;) of dimension m. Then, for all ¢ € V| we have in view

of (?7) and Theorem ?? that

m = Na( )+ 1, (2.1.4)

(0) - 1 e 20O
BTl = R TR,

=(C7 max %(902)) — (s
iereiv) [li()ll,

> C1pm(Q2) — C2
A+ Oy

1

> Cy

—Cy= A
Since this is true for any vector space V of dimension m, it follows from Theorem ?? that,

pm(Q1) = A (2.1.5)

Recalling (?7), the lemma follows easily from (?77). O

2.2 Eigenvalues sum

In this section, we recall variational principles to compute the sum of negative eigenvalues of a
semi-bounded self-adjoint operator H on L?(R3). We will assume that

inf Specy(H) > 0, (2.2.1)

and let (H)- = —1(_s0)(H)H denote the negative part of H.
The principle stated in Lemma ?7 provides a useful characterization of Tr(H)_. In finite
dimensional spaces, it appears in [?| and [?, Section 8.6]. The proof we present is taken from [?].

Lemma 2.2.1. Let H be a self-adjoint semi-bounded operator satisfying the hypothesis (7?7) and
{Vj}j-‘;l its min-max values defined in Theorem ??. Then, we have,

> N
- Z@j)— = inf Y (15, He;), (2.2.2)

j=1

where the infimum is taken over all N € N and orthonormal families {1,9, -+ ,¥n} C D(H).

13



Proof. Let {wj}jzl be an orthonormal family in D(H). We may assume that all (¢, Hep;) < 0
otherwise we remove all the non-negative terms. We will prove that

N N
> v <D (W5 Huy), (2.2.3)
Jj=1 j=1

for all N € N. Let us show (??) by induction. The case N = 1 follows directly from the min-max
Theorem 77, i.e.,

(1, Hpr) > vy,

Assume that (?7) holds for N — 1. Choose ¢y € span[¢, - - , ¥ y]| normalized such that
<90N7 HSDN> = max <d)7 7‘[¢>
¢€spﬁ2\p[ill)£i'wN]

Note that the function ¢y exists, since we are taking the max of a continuous function over the
unit ball in a finite dimensional normed vector space, where the unit ball is compact.
By the min-max Theorem in 77, it follows that

vN < (on, Hon).

Now, we supplement ¢y to an orthonormal basis ¢1,--- ,¢n for span[iy, -+ ,¥n].By unitary
invariance of the trace we then find

N N N-1
> i Heog) = > (w5, Habs) > v + Z Ui, M) > v+ Y v
j=1 j=1 j=1 J=1

where in the last step we have used the induction assumption. This proves (?7).
Suppose that H has only finite negative eigenvalues. Denote these eigenvalues by vy, --- ,vys
(counting multiplicities). If M < N, we apply (??) with N’ = M. Hence

N M
> (W5, Hiby) = > v
j=1 j=1

If M > N, we apply (??) with N’ = N and obtain

N N N M M
D Wi M) =Y = vt Y v= Y (2.2.4)
J=1 Jj=1 J=1 J=N+1 j=1

Assume now that H has an infinite number of negative eigenvalues below 0. Choose M > N and
let v1,--- ,vp be the first M eigenvalues. We proceed as (??7) and find

Z i, Hy) > Zvj > Z%
7=1

for all M > N.
Thus, in all cases, we have

o0

N
Z ¢37/H1/1] Z *Z(Vj)*a
7j=1

j=1
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for all N € N.

We turn to prove a lower bound. By the spectral theorem, it follows that for a given integer
N we can find an orthonormal family {¢,}»_, such that the numbers (¢j, Ho;), are arbitrary
close to vj. It is therefore clear that —}_.(v;)— can be approximated well (also when it is —o0)

by Z;V:1 (¢j,He;). The statement of the lemma is thus proved. 0

Remark 2.2.2. We will often use the notation
Te(H)- =D (vj)-,
J
since the quantity on the right hand side will be always finite in the cases we consider in this
report.

The next lemma states another variational principle. It is used in several papers, e.g. [?].

Lemma 2.2.3. Let H be a self-adjoint semi-bounded operator satisfying the hypothesis (77).
Suppose in addition that (H)_ is trace class. For any orthogonal projection v with range belonging
to the domain of H and such that H~y is trace class, we have,

~ Tr(H)_ < Te(Hy), (2.2.5)

Proof. Let us denote by {A;}r the sequence of strictly negative eigenvalues (counting multiplic-
ities) of H, and let {f, }rcz- be the orthonormal basis of eigenfunctions associated with {A}y.
Furthermore, we denote by P_ = 1(_ o)(#) (vesp. Py = Id — P_) the orthogonal projection on
the eigenspaces of strictly negative (resp. positive) eigenvalues of H. Since the operator H~ is
trace class, we have,

Tr(Hy) = Tr(HyPy) + Tr(HyP-). (2.2.6)

Since the trace is cyclic, it follows that
Te(HAPy) = Te(PyHA).
Taking into account that P, is a projector commuting with H, we get
Tr(PyHry) = Te(Py Py Hy) = Te(PyHPyy). (2.2.7)

The last term is clearly positive since v > 0 and the operator P, H P, is positive. Indeed, since
the trace is cyclic, we see that

Tr(PyHP ) = Te(PyHPy?) = Tr(yPyHP ) > 0,
Therefore, the proof amounts to show that Tr(P_H~y) > —Tr(H)_. Asin (??), we have
Tr(P_Hy) = Tr(P-HP_7).

Next, consider the smallest closed space K defined as the direct sum of the eigenspaces associated
with the strictly negative eigenvalues { A };. Furthermore, let { f,” }rcz- be an orthonormal basis
of K and {f; }rcz+ an orthonormal basis of K+, such that {f;” U f, }rez form an orthonormal
basis of L2(R?). Hence

Te(P-HP-7) = (P-HP-fy, [y )+ > (P-HP-fF, fif).
k k
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The second term on the right hand vanishes because

Y APHP S D) =D (HP-A [ P-fF) =0,

k k

Using that H is self-adjoint, it follows that

Te(P-HP ) =Y (P-HP yf, fi) =Y (vfi \ P-HP_f7) = > Melvfi 1)

k k k

Since A\ < 0 and
0< (fi fi) < AP =1,
we deduce that
Me < (N fy s fr ) <0

Summing over k, we find

Do <D S fi )
k k

Combining the foregoing relations, we obtain

~Tr(H)- = M < Tr(H7),
k
The proof is thus complete. O

2.3 Eigenvalue bounds

Given a vector field A € L2 (R3;R?), the magnetic field, we consider the quadratic form

loc
LA(R?) 3 u s Qo(u) = /RS |(—=iV + A)|*dz,
with form domain
D(Qo) = {u € L*(R3) : (—iV + A)u € L*(R3;R3)}.
Since (g is a semi-bounded closed quadratic form, it is associated to a self-adjoint operator,
Hy = (—ihV + A)%

with domain

D(Hp) = {u € L*(R?) : (—iV + A)%u € L*(R% R?)}.
Next, let V € L _(R3,R) such that (V))_ € L3/?(R3) N L>%(R3), and consider

loc

H=Hy+V

Under the assumptions on A and V, the operator H can be seen as a bounded perturbation of
Hy. By Kato-Rellich Theorem, we deduce that H is self-adjoint, semi bounded from below with
domain D(Hy). We recall in the next theorem a bound on the sum of negative eigenvalues of H
in terms of the potential V. For proofs and details we refer the reader to [?, ?|.
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Theorem 2.3.1 (Lieb-Thirring inequality). Suppose that the negative part (V) of V satisfies
(V)_ € L°/?(R?) then H is bounded below and its eigenvalues p, satisfy the Lieb-Thirring

inequality
o0

> (o) < Cur [ (V@)

n=1 R3

where Cr is a universal constant independent of A and V.
Next, we state a bound on the number of negative eigenvalues of H, see |?] for details.

Theorem 2.3.2 (Cwikel-Rosenblum-Lieb). Let (V)_ € L3%(R?) and denote by N' (V) the num-
ber of negative eigenvalues of H. We have the following estimate

N(V) < Cerr /RB(V(HC))?’/de,

where Corr 48 a universal constant.

2.4 Harmonic Oscillator on a half-axis
Let k € N and I C R is an interval, the space B¥(I) is defined as :
BF(I) = {ue L*(I) : *u'9(t) € L2(I), Vp,q st. p+q<k}, (2.4.1)

where u(? denote the distributional derivative of order ¢ of u. In this section, we review some
of the basic results concerning the Neumann realisation of the Harmonic Oscillator on R .

Let q[¢] be the closed quadratic form associated with the Neumann realisation of the operator
hl¢] = —0% + (t — €)? in L?(Ry). This form is given by

alel = [ [ OF + (- Pl .

The domain of h[¢] is :
D(b[e]) = {u € BAR.) : u/(0) = 0},

The operator h[¢] has compact resolvent since the embedding of B!(R ) into L?(R, ) is compact.
Hence the spectrum of h[¢] is purely discrete consisting of an increasing sequence of positive

eigenvalues {1;(£)}52;.
The eigenvalues of h[¢] are defined via the min-max principle by :

pi(é) = sup inf . Clgi] (2.4.2)
upuz,sun—1 | gy € [span(ug, ug, -, Un—1)]"; HUHLZ(R+)
u € B'(Ry)and [|uf po, ) = 1

It follows from analytic perturbation theory (see|?]) that, for all j > 1, the function,

R > & p(8)
is analytic. The proof of the next lemma can be found in [?].

Lemma 2.4.1. The lowest eigenvalue pi(§) is simple and the function p¢ is the unique L?-
normalized strictly positive eigenfunction associated to pi(§).
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The lowest eigenvalue 1 (€) is studied in [?, ?|. We collect in the following proposition some

of the properties of 11(§) as a function of &.

Proposition 2.4.2. The function R 3 & — p1(€) is continuous and satisfies

1. pi(€) >0, for all £ € R.

2. At —oo we have the limit

3. At the origin the value is

4. At +o00 we have
li =1
c im pq(§)

5. p1 admits a unique minimum Oy at some & € (0,1),

Op = ggﬂgul(€) = pu1(éo) < 1.

The following assertion about the second eigenvalue po (&) of h[¢] is taken from [?].

Lemma 2.4.3. The second eigenvalue p2(§) satisfies,
pa(€) > 1, VEER.
Remark 2.4.4. As a consequence of Proposition 77, we have
) <1, VE&eRy,  m(§)>1, VEeR,

Moreover, the integral
| == [ o) - -
0 R

is finite and positive.

(2.4.3)

(2.4.4)

(2.4.5)

(2.4.6)

(2.4.7)

(2.4.8)

For later reference, we include Agmon-type estimates on the eigenfunction wu;(¢;€) (cf. [?,

Theorem 2.6.2]).

Lemma 2.4.5. Let A € [0,1). For all € € (0,1), there exists a constant Ce such that, for all

¢ € Ry satisfying pi(§) < A\, we have

e(t—6)?2 2

e 2 wu(t§) <C..

H ({teRy : (t-€)2>C.})

Based on Proposition 7?7 and Remark ?7, we derive

Lemma 2.4.6. Let py(&) be defined as in (??7). We have that

B c_4 > 32
L @+ 72 =) _dgar =3 [ () - 2

and that the integrals are finite for all A € [0, 1].
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Proof. In view of (?7?7) and Lemma ??, we observe that,

L @+ dédT—// ey (O = 7

Performing the change of variable 0 = —————, we find that

(m(&) — -

! o 32, 4 [% 3/2
L @+ =x)_agar = [ <1a2>do/0 (1(€) — )* d&—g/0 (1 (€) — N de.

-1

(2.4.10)
Recall the constant O from (?7?). It is easy to see that
[ @ =07 < - 0 [ ua(e) - 0 < .
Taking into account Remark 7?7 completes the proof of the lemma. O

2.5 Model operator in the half-plane

An important model operator that we meet frequently in this thesis is the operator L£(6), 0 €
[0,7/2], defined by

L(0) = —02 — 8% + (cos(A)t —sin(0)s)?, in L2(RZ), (2.5.1)

with Neumann boundary conditions at ¢t = 0. Let us recall some fundamental spectral properties
of £(0) when 0 € (0,7/2) (see |?] for details and references). We denote by ¢;(#) the infimum of
the spectrum of £(6) :

¢1(0) := inf Spec(L(9)). (2.5.2)

The function (0,7/2) 3 6 — (1(#) is monotone increasing and the essential spectrum
Spece L(0) = [1,00).

Moreover, there exists a countable set of eigenvalues of £(0), (¢;(6))jen in [(1(#),1). The asso-
ciated normalized sequence of eigenfunctions will be denoted by (ug ;);jen and satisfies,

[’( )UGJ gj( )Ué),j, (253)

(ug,j,uo k) r2®2) = 0jjk- (2.5.4)

Let us denote by N (1, £(#)) the number of eigenvalues of £(6) strictly below 1. It was proved
in [?] that NV (1, £(#)) is finite for all € (0,7/2) and that the number of eigenvalues below the
essential spectrum is bounded.

Lemma 2.5.1. Let § € (0,7/2]. There exists a constant C' such that

VO € (0,7/2), N(L,L(0)) <

sin(6)

Here the constant ¢ is defined in (77).

19



A lower bound on N (1, £(6)) was recently proved in [?] :

1—-—0gcosf 1
Vo € (0,7/2), N(1,L(0)) > R

This was a direct consequence of the estimate
Gj(0) < ©gcos(d) + (25 — 1) sin(6),

which was also established in [?]. Using the technique of ‘Agmon estimates’, it is proved in [?,
Theorem 1.1] that the eigenfunctions of £(0) decays exponentially at infinity. For later use, we
record this as

Lemma 2.5.2. Let 6 € (0,7/2). Given A € (0,1) and o € (0,/1 — X), there exists a positive
constant Cy o such that, for all eigenpair (¢(0),ug) of L(0) with ((0) < X, we have

Qg(eamue) < Cap HU9|’2L2(R+) )

where Qg is the quadratic form associated with L£(6).

2.5.1 Discussion of the condition (77)

The condition (??) is closely related to the behaviour of the functions (0,7/2) 3 6 — (;(0). In
this concern, we recall the following two results.

Lemma 2.5.3. [?] The functions 0 — (;(0) are increasing and continuous on (0,m/2). Moreover,
¢1(0) =09 and VOe[0,7/2), ((0)<1.
The second Lemma is taken from [?].

Lemma 2.5.4. Let N > 1 be an integer and suppose that there exists 6, € (0,7/2) such that the
following assumptions are satisfied

2. The eigenvalues {(j(0x) }1<n<n are simple.

Define
emax,N = SUP{H € (0777/2]7 CN(Q) < 1}

Then for all 1 < j < N, the functions § — (;(8) are strictly increasing on (0, Omax N)-

It is pointed in |?] that, to each N, there is 6, such that the two conditions of Lemms ?? are
satisfied. Thus, for every IV, the conclusion of Lemma ?7? is true. In particular, when N = 2 we

get,
5 — min <C2(0) —1(0) 11— @o) ~0.

2 T2
By continuity of the functions (;(0) and (2(f), there exists €9 € (0,8max,2) such that for all
0 e [0, 60],
() > Ci(0) +6 > Og + 4.

Take A € (©p, 00 + J). That way we get that

VGE[O,T[’/Q], CQ(@)Z@0+5>A,
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and (;() = A has at most one solution in [0, Omax,1]. Notice here that Opax1 = /2 is a
consequence of Lemma 77.

Returning back the condition (?7) and the above discussion, we see that when the magnetic
field is constant of unit length and the domain €2 is the unit ball, the set

S={redQ : 0(z) € (0,7/2), A|B(z)|"" € SpecL(8(z))}

consists of at most one great circle (defined by the solution 6 of (;(6) = A). That way the set X
has measure zero relative to the surface measure and the condition (??) is satisfied.

2.6 Gauge invariance

Proposition 2.6.1. (Gauge transformation) Let ¢ € H?(SY), A is a given magnetic potential and
Pha = (—ihV + A)2. Then, we get the unitary equivalence of Ph.a and Py a+ve. Moreover, u
s an eigenfunction ofPZ if and only if e="*/My is an eigenfunction 0f732+v¢, and the associated
etgenvalues are equal.

Proof. The proof follows easily by observing that efid’Ph, ac'? = PhA+ve- O
Remark 2.6.2. Suppose that A; and As are two regular magnetic potentials satisfying
curl A; = curl As.

If Q is simply connected, it follows that there exists ¢ € HIQOC(Q) such that A; = Ay + V¢, and
the operators Pp, A, and Pj a, are unitary equivalent. Consequently, we see that the magnetic
field is unchanged by the change of gauge.

2.7 Essential spectrum of Schrodinger operators

Recall the Schrodinger operator Py, defined in (?77?). If  is the complement of a bounded domain
of R3, the operator P, can have an essential spectrum. In this case, we need to know the bottom
of the essential spectrum of Pj. Persson’s Lemma gives a characterisation of the bottom of the
essential spectrum of Schrédinger operators with magnetic field (see for instance |?, ?|). The
next theorem was proved in [?] in the case of domains with boundaries.

Theorem 2.7.1. [Persson’s Lemma] Let Q be an unbounded domain with Lipschitz boundary.
Then the bottom of the essential spectrum of the Neumann realisation of the Schrédinger operator
can be expressed as:

inf Specys(Pn + V)

= sup [ inf {/((—ihv + Aol +V]|pHdr, e PN ICC)H, (2.7.1)
KCRA H‘P”L2(Q):174P?50 Q

where the infimum is taken over all the compacts K C R? and K¢ = R%\ K.
The following theorem has been established in [?, Theorem 3.1].

Theorem 2.7.2. There exist constants C' and hg > 0 such that, for all h € (0, hg], we have :

[107 = i8)eP > [ (B - Ch/lpPde, o€ CF@). (27.2)
Q Q
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Combining Theorems ?? and 77, we deduce

Corollary 2.7.3. Let Q) be an exterior domain. Then, there exists a constant C' > 0 such that
for all h € (0, hy], we have
inf Specy Pr > h(b — ChY/Y),

where b is the constant introduced in (77).

Proof. Since € is an exterior domain, it is therefore the exterior of some compact domain o C
R3, ie. Q = K§. Applying Lemma ?? with £ = Ky and V = 0 yields the assertion of the
corollary. O

Remark 2.7.4. If A € [0,b) then A + Ch'/* < b for h sufficiently small. Therefore, by Corollary
77, it is easy to see that the spectrum of Pp, below Ah is purely discrete.
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Chapter 3

Model operator in the half-space

The main goal in this chapter is to establish sharp bounds on the number and the sum of eigen-
values of a magnetic Schrodinger operator in a three dimensional strip with infinite hight. The
bounds will be valid when the area of the base of the domain tends to infinity. Preliminary results
will be introduced in Section ??. The aforementioned bounds will be presented in Section ?77.

3.1 Auxiliary Lemmas

The next lemma (cf. [?]) gives the infimum of the spectrum of the Schrédinger operator in
L?(R?) with unit constant magnetic field.

Lemma 3.1.1. Given 6 € [0,7/2]. Let
Pop = —02 — 0% + (—i0, + tcos(h) — ssin(h))?

be the self-adjoint operator in L?(R3) generated by the quadratic form
Qp(u) = / (10vul? + |0sul® + |(—i0; + t cos(0) — ssin(6))u|*) drdsdt
R3

Then,
inf Spec Py = 1.

Proof. Since curl { (¢ cos(d) — ssin(6),0,0)} = (0, cos(d),sin(f)) is a normalized vector, we can
perform a rotation of angle 6 (in the (s,t) coordinates) in order to reduce the problem to that
with magnetic vector potential (¢,0,0). It suffices then to look at the bottom of the spectrum of

Py = —0} — 02 + (—id, +1)?

After a partial Fourier transform in the variables s and r, the operator 5159 can be thus written
as the direct sum (see [?]) :

@D
/ —0f — 02 + (& + t)*dédr.
(&,7)ER?

We are thus reduced to analyse the infimum over (¢£,7) € R? of the union of the spectra of the

operators
Poer=—0F+7°+(E+1)?  (§,7) €R™
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By translation z = £ + ¢, this infimum is obtained as the infimum over 7 € R of the union of the
spectra of the operators

—02 422412 in L*(R)
This is nothing but the infimum of the spectrum of the harmonic oscillator —92 + 22 in L?*(R)
which is 1. The statement of the lemma is thus proved. O

We will henceforth use the following notations:

1. Given n € R and a self-adjoint operator H and Fy(n) is the spectral measure associated
with H, we shall denote by

N(n;H,Q) := dim ran Ey((—o0,n)) (3.1.1)

If the spectrum below 7 is discrete, then N(n; H, Q) coincides with the number of eigen-
values (counting multiplicities) below 7.

2. If the spectrum below 7 is discrete and {\;(H)}; are the eigenvalues of H below 7, then
we denote by

E(mH. Q) == Te(H —n) = S (\(H) —n)- (3.1.2)
J
the sum (the energy) of eigenvalues below 7.

Based on the variational principle, we include

Lemma 3.1.2. Let Q be a subset of R3. Suppose that P is a positive self-adjoint operator on
L?(Q) such that the spectrum below 1 is discrete. Let A € [0,1) and ¢ € R such that —\ < ¢ <
1 —A. Then we have

EA+P Q) <ENPQ+NA+;PQ), (3.1.3)
where N (+; P,Q) and E(+; P, Q) are introduced in (?7?) and (?7) respectively.

Proof. Let {\g}_, be the family of eigenvalues below A + ¢ for P and {gx}1_, are associated
(normalized) eigenfunctions. Let us define the trial density matrix v : L?(Q) 3 f +— ~vf € L?(Q),

vE= > (fr9k) 9k
1<k<N
For all normalized f € L%(Q), it follows by Bessel’s inequality that
0< (vf, Hreg) < Ifl72 = 1.

By Lemma 77, we deduce that

—ENP,Q) = -Tr(P—X)_ <Tr((P—X)). (3.1.4)
It is easy to see that
Tr(P-M7) = >, -N= DY (-A-¢)+¢ > 1L (3.1.5)
1<k<N 1<k<N 1<k<N
Therefore, (??7) reads
Tr((P = A)y) = —EA+6; P,Q) + S N(A +¢; P, Q). (3.1.6)

Inserting this into (?7), we finally get,
—ENPQY) < -EN+6P,Q) + N+ PQ)

which is the assertion of the lemma. O
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In order to state Lemma 7?7 below, we need to define the reflected magnetic Schrédinger
operator in L?*(R?) associated with the Neumann Schrédinger operator in L?(R3).
Given 6 € [0,7/2], we consider the magnetic field

Fo(r, s,t) := (0,0, |t| cos(d) — ssin(0)),  (r,s,t) € R (3.1.7)
Let _ B
Po=(—iV+Fp)? in L3R, (3.1.8)
be the self-adjoint operator generated by the quadratic form

3y (u) = / (=iV + Fy)ul2drdsdt, (3.1.9)
R3
with form domain
D(Qp) = {u € L2(R%) : (—iV + Fo)u € LA(R%)}. (3.1.10)

We let 8 = (0, cos(f),sin(6)) denote the constant magnetic field generated by the vector poten-
tial :
Fy(r,s,t) = (0,0,tcos(f) — ssin(h)), (r,s,t) € Ri. (3.1.11)
Furthermore, let
Py = (—iV+Fg)? in  L*R3), (3.1.12)

be the self-adjoint (Neumann) Schrodinger operator associated with the quadratic form

ol (u) == / |(=iV + Fo)u|drdsdt, (3.1.13)
=y
defined for all functions u in the form domain

D(Q)) :={ue L*(R3) : (=iV +Foue L*(R3)}. (3.1.14)

The next lemma allows us to compare the eigenvalue counting function and the energy of eigen-
values for a perturbation of fPéV in the half space Ri with the corresponding functions for Py in
the whole space R3.

Lemma 3.1.3. Let U be a positive bounded potential in L?(R3) verifying U(-,-, —t) = U(-, -, t).
Assume that the spectrum of ‘.Pév + W below X is discrete. Then, we have

N PY +URY) < Carr / (U_)32drdsdt
R3

and

ENPY +URY) < Cpp /Rg(u_)5/2drdsdt
Proof. Givenn € N. Let {u;}_; be an orthonormal family of eigenfunctions with corresponding
eigenvalues {u;}7_; associated with the operator PN +U in Lz(Ri). We define the extension to
R? of the function u; by :

Lwi(r, s, t t>0
j(r,s,t) = {\/5 37 5,8) - (3.1.15)

%uj(r,s, —t) t<0.
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Since {u; };L:l are normalized and pairwise orthogonal, we get for all 1 < j, k < mn,
(t, Uk) r2(r3) = (U, k) 2R3 ) = Ojks (3.1.16)

where ;. is the Kronecker symbol.
The bilinear form associated with Qg + U is defined on the form domain by:

aga(u,v) = / ((—N + fe)um - uqﬁ) drdsdt.
R3

Here the magnetic field Fy is the same as in (?7?). N
It is easy to see that the functions {u;}; belong to the form domain D(Qp). Indeed, by
construction we have

Qo) = Q) (uj). (3.1.17)

Using the definition of u; in (?7) and the fact that the potential U is symmetric in the ¢-variable,
we obtain for all 1 < j, k <mn,

g (@, ) = (ug, (P +Wup) p2(r3)- (3.1.18)
Since the {u;}’_; are eigenfunctions of PN + U, we get using (?7),

ap (T, Ur) = 0 fn, (3.1.19)

forall 1 < j,k <n. B
Let i, be the n-th eigenvalue of Py + U defined by the min-max principle. Owing to (77)
and (?77?) we find,

[y = inf max apu(v,v) < max_ agy(v,v) = fin,
01, vn€D(Qp) ue[lﬁn;,lvn] VE[U1, Un]
This yields B
N PY +URY) < N(A; Py + U, R?), (3.1.20)
and B
ENPY +URE) < E(N; Py + U, RP). (3.1.21)

The lemma follows by applying Theorem ?7 (resp. Theorem ?7?) to the right-hand side of (?7)
(resp. (77)). O
3.2 Schrodinger operator in a half-cylinder

Consider a positive real numbers L, and define the domain

ab = (— g%y x xR (3.2.1)

In this section, we will analyse the magnetic Schrédinger operator

PL = (—iV+Fy)? in L*OD) (3.2.2)
with Neumann boundary conditions at ¢ = 0, and Dirichlet boundary conditions at r € {—%, %}
and s € {—L%, L} Here, for € [0,7/2], Fy is the magnetic potential introduced in (??).
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The operator PL is the Friedrich’s extension in L?(2l) associated with the semi-bounded
quadratic form

ok (u) :/ |(—iV + Fo)u|*drdsdt . (3.2.3)
QL

The form domain of Qg is :
D(Q}) = {u € L2(QY) : (—iV + Fo)u € L2(QF), u( - g y ) - u(é, y ) =0,
u(_g) _ u(%) - o}. (3.2.4)

The following lemma rules out the existence of essential spectrum of P} below some A € [0, 1).
Lemma 3.2.1. Let 0§ € (0,7/2]. The infimum of the essential spectrum of (PGL satisfies
inf Specy Py > 1.

Here, it is used the convention that the infimum of an empty set is +oo in the case of purely
discrete spectrum.

Proof. Since any compactly supported function u € CSO(QL ) can be extended by 0 to R3, we get
by Lemma 77 the following inequality

[(—iV + Fo)ul*drdsdt > / lulPdrdsdt,  Yu € C§(QF).
QL QL
Apply then Lemma ?? with K = [-L/2,L/2] x [-L/2,L/2] x {0} leads to the desired conclusion.
O
The next lemma establishes super-additivity properties of the counting function and the sum
of eigenvalues for ng.

Lemma 3.2.2. For alln € N, A€ [0,1) and L > 0, we have,
N(X; ngL,Q”L) - N()\;‘Pg’,QL)

272 > 72 (3.2.5)
and L onL L oL
E(N;PRE QN EN Py, Q
(’g’ )2 (A P, ). (3.2.6)
n2L? L?
Proof. Let j,k € N such that 0 < j,k <n — 1. Let us define the domain
— 25)L (— 25 +2)L — 2k)L (— 2k +2)L
Qij::(( n+])’(n+‘7+)>x(( n + k:)’(n+ k+))xR+.
’ 2 2 2 2
We next consider the self-adjoint operator ‘P(ﬁ ik generated by the quadratic form
ng p(uw) = / [(—iV + Fg)ul*drdsdt, (3.2.7)
Js oL

J,k

with domain,

D(Qf;1) = {ue L2(@1) : (~iV + Foyu e 17(),

u((—n+2j)L ‘ ) :u((—n~|—2j+2)L . ) _0
2 7 2 o ’
u(.,ﬂ Y =uf- (cn+2k+2)L

T 5 ) =0} (328
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Taking boundary conditions into account, we observe that for all u = Zj,k Ujk € @j7kD(Q£7jyk),
L L
Q- (u) = ZQG,j,k(uiJ)-
7.k
This implies that, in the sense of quadratic forms,
nL L
75t <€D, Poin (3.2.9)

Hence, we get by the min-max principle that,

S ONNPE Q) < N PRE QM) ViI<jk<n (3.2.10)
j?k
Since the operator fPé k18 unitarly equivalent to ‘P@L by magnetic translation invariance, we have
that,
NP Q) = N (X PgLQ5), V1<jk<n.

Therefore, the inequality (??7) becomes,
n?N(\; PE,QF) < N(\; PR Qb

This gives (??) upon dividing both sides by L?.
Similarly, the inequality (??) follows from (??) and magnetic translation invariance. O

We show in the next lemma a rough bound on the number and the sum of eigenvalues of ng
in terms of L?.

Lemma 3.2.3. Let L > 0. There exists a constant C' such that for all A € [0,1) and 6 € [0,7/2],

it holds true that N . )
APy, Qp C
< 2.11
e Z 3:2.1)

and

2.12
) ¢ (3:212)
where N(\; P5,Qp) and E(N; PL, Q) are defined in (7?) and (77) respectively.
Proof. Let (11(t),12(t)) be a partition of unity on R with ¢?(¢) +v3(t) = 1 and:
b)) =1 if 0<t<l,
{ () =0 if t-2. (3:2.13)

Let T' > 1 be a large number to be chosen later. We consider the following two sets

L Ly
5) xRy :0<t<2T},

T _ _
Ql—{(r,s,t)e( 53

and I In2
QT:{(T,S,t)E(—§,§> XR+It>T}.

We define the partition of unity (17 (¢),¥27(t)) by

P17(t) =1 (;) , Yo, r(t) = 12 <;>
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We have ¢}, ,(t) = £¢}.(%). Thus we deduce that there exists a constant Co > 0 so that

D )P < % (3.2.14)

2
O (w) = 3" Q) — [ Urtt)lufdrdsdt. (3:2.15)

where

Using (77?), we further get
2
Qf(u) > Qf (Yru) — — / |u|?drdsdt. (3.2.16)
QL

Let us denote by ngl and ng 5 the self-adjoint operators associated with the following quadratic
forms :

Ok (u) = / “8tu|2 + |0su)? + | (=0, + t cos(0) — ssin(@))uﬂ drdsdt, (3.2.17)
k) QT

1

D(Qg,) = {ue L*(Q]) : (—iV+Fouec L*Q]), u(2T,--) =0,
(<5) =) =0 w5 =u(-5) o, w2

QF 5 (u) = /T (1900 + 05 + | (~i0, + t cos(6) — ssin(8))ul?] drdst, (3.2.19)

23

and

D(Qf,) =={u e L*(Q) : (=iV+Fouec L*(Q3), u(T,-)=0,
(-£)=ube) =0 (k) —uf ) o), o2
respectively.

It is clear from (?7?) that,

C
Qf (u) > Qf (¥1,7u) + QF y (Vo ru) — ng / ) lu|?drdsdt. (3.2.21)
Q
Consider the isometry
i LAY — L2 e L0l (3.2.22)
u = (Y, ru). (3.2.23)

Let us define the quadratic form g} on D(Qél) @ D(ng) by
g (u1,uz) = Qf 1 (u1) + Qf 1 (u2).
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Then, (?77) reads
0f(u) = af itw) = 73 | uPardsa,
Applying Lemma 77 yields
N PG Q) S NN+ CoT %P5, @ Pgy, QF). (3.2.24)
It follows that
NXPG Q) S NN+ CoT %P5, Q) + N(A+ CoT %P5, 03). (3.2.25)

The Dirichlet boundary conditions imposed at r € { 2 , 2 s € { 55 } and ¢ = T ensures that
the estimate (?7) remains true if we replace Q2 by R? in the definition of Qe o- More precisely,

N PG Q) S NN+ CoT %P5, Q) + N(A+ CoT %P, R?) (3.2.26)

where Py is the self-adjoint operator introduced in Lemma 77.
By Lemma 7?7, we know that the first eigenvalue of the Schrédinger operator with constant
unit magnetic field in L?(R3) is equal to 1. We thus have

Qy(u) = / [10pul? + |0sul® + [(—i0y + t cos(0) — ssin(0))ul?] drdsdt

/ lul2drdsdt.

Choose T' = 24/ 1070)\, it holds that 1 > X\ + CyT~2 and

Qp(u) > (A + C0T2)/ |u|?drdsdt.
R3

(3.2.27)

This clearly gives N'(A+CoT~2; Py, R3) = 0. Thus, it remains to estimate N'(A+CoT~2; ‘J’g’l, of.
To do this, we introduce a potential V' satisfying

V>0,
{ supp V C Ri \ OF. (3.2.28)

Under these assumptions on V', we may write for all u € D(Qg’l),
/ (—iV + Fy)u| drdsdt = / [(—iV + Fy)u|*drdsdt + / V(x)|ul?drdsdt.  (3.2.29)
of of R%

Here, we have extended u by 0 to the whole of Ri in the last integral. Therefore, it follows from
the min-max principle that :

N+ CoT %P5,,00) = N(A+ CoT %P5, + V, Q7). (3.2.30)

Since any function u that belongs to the form domain of QL“L2 can be extended by 0 to the half

space R , we get using the bound in (?7?) and the min-max principle that

N+ CoT %P5, +V,Q7) S NP + Vi, RY), (3.2.31)
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where o
0

Define the potential in Ri
Co
Vi(r,s,t) := (1 + T2> Iri\of

It is easy to check that V satisfies the assumptions in (?7). To V we associate the reflected
potential in R3 defined by
~ Cy
Vir,s,t) = (1 + T2> 1R3\S~2"{’
with
L L

2
AN 2T}.
2’2) <Rt <

Ol = {(r,s,t) € <

In view of Lemma 77, we have,

N:PY + V1, RY) < Corn / (A= 1) 2drdsdt (3.2.32)
R3
where o
7 7 0

Next, we compute the integral

/ (A= V1) Pdrdsdt = 2232 / drdsdt = 4X¥2L*T.
R3

of
Inserting this in (?77), we obtain
NOGPY +V1,R3) < 4CcLrN\Y2L2T. (3.2.33)

Combining the estimates (?77?),(??7),(??) and (?7) gives (??) upon inserting the choice T' =

2,/
In a similar fashion, we can prove (??) by following the steps of the proof of (??), and using
Lemma ?7 (the energy case). O
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Chapter 4

The large area limit

Consider 6 € [0,7/2] and a positive L. Recall the self-adjoint operator P} defined in (??). In
accordance with the definition of £ in (?7), we write, for A € [0, 1),

ENPE. QM) =D (¢0) =),

J

where {¢ JL (0)}; denote the eigenvalues of P.
In Section ??, we are interested in the behaviour of £(A; Té’, 0F) as L approach co. We will
obtain a function E(6,\) (see Theorem ?? below) such that the leading order asymptotics

ENPE QL) ~ E(0,\)L?

holds true as L — oo. The approach we use is borrowed from [?, ?|, where several limiting
functions related to the Ginzburg-Landau functional are constructed. In Section 7?7, we derive
a few properties of the limiting function found in Section ??7. Explicit formulas are computed
in Section 77?7 using the spectral decomposition of the model operators of the half-axis and the
half-plane.

4.1 The function E(0,\)

In this section, we prove the following theorem.

Theorem 4.1.1. Let § € [0,7/2] and X € [0,1). There exists a constant E(6,\) such that

. pL QL . pL QL
lim inf 78()\7 Y9, ) = lim sup 75()\’ 5 )

im in - msu G = B9, ). (4.1.1)

Moreover, for all Ao € [0,1), there exist constants Lo and Cy such that,

20y _ EPF.0F)

E6,A) - 12/3 = 12

< E(9,)), (4.1.2)

for all 0 € [0,7/2], A € [0, Ao], L > 2Ly.

Remark 4.1.2. The constants Cy and Lo are independent of the (\,0,L) € [0, \o] x [0,7/2] x
[2L0, OO)
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Remark 4.1.3. We point out that explicit formulas of E(#, A) will be given ahead in Section ??.
This was an alternative approach before we are able to compute it explicitly. The reason we keep
it is that it helps in studying properties of E (6, \).

The proof of Theorem ?7 relies on the following lemma, which is proved in [?, Lemma 2.2].
Lemma 4.1.4. Consider a decreasing function d : (0,00) — (—00,0] such that the function

f:(0,00)> L+ @ € R is bounded.
Suppose that there exist constants C > 0, Lo > 0 such that the estimate

F(nL) > f(1 +a)L) — C <a + a21L2) , (4.1.3)

holds true for all a € (0,1), n € N, L > Lg. Then f(L) has a limit A as L — co. Furthermore,
for all L > 2Ly, the following estimate holds true,

2C

fL) <A+ 57

(4.1.4)

In order to use the result of Lemma 7?7, we establish the estimate in the Lemma ?7 below.

Lemma 4.1.5. Let \g € [0,1), 0 € [0,7/2]. There exist constants Co > 0 and Lo > 1 such that,
for all L > Lo, A € [0,X0], n € N and a € (0,1), we have,

.pnL nL £ /\.:])(1+‘1)L O+a)L
8()\7 ?9 9 ) S ( 'Y 0 9 ) + CO 1 + a
n2L? (1+a)?L? a?L?

Furthermore, the function

L ENPF,QN)
18 monotone increasing.

Proof. Let n > 2 be a natural number. If a € (0,1) and j = (j1, j2) € Z?, let
KaJ = Ij X Ij2 s

where

2 1-— 1 2 1-— 1
Vpel, Ip:<p+ n_ (1+a) 2p+ n+(+a)>.

2 2 2 2

Consider a partition of unity (x;); of R? such that:

Q

: (4.1.5)

Z|Xj|2:1, 0<x;<1 inR? suppx; C Ko, |ij|§E
J

where C' is a universal constant. We define x; 1.(r, s) = x; (%, %) We thus obtain a new partition
of unity {x; r}jes such that supp x; 1 C Kq 1, with
Kajr={(Lr,Ls) : (r,s) € Kq;}.

Let J = {j = (j1,52) € Z*> : 0 < j1,j2 <n—1} and K" = (f% @)2. Then the family

172
{Ka,jL}jes is a covering of K nLand is formed of exactly n? squares with side length L.
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We restrict the partition of unity {x;r}jes to the set KL = (—%, %)2 Let Q7L be the

quadratic form defined in (77) and {fen}_, be any orthonormal set in D(Qp%). By the IMS
formula and the fact that X2 51 =1, we have

WE

(98" (frm) = M finl32(0mr )

g%{( (X)L frn) —

where Q"F = K"L x Ry is as defined in (??). Using the bound on |Vx;| in (??) we obtain

B
Il
—

) = N9l | (416)

N

C
<Q3L(fk,n) —A ka,n”iZ(QnL)) >y > (QgL(Xj,Lfk,n)_()\‘{'W) 1, Frnll72(ny )

1 k=1jeJ

WE

B
Il

(4.1.7)

For j € J, we define the trial density matrix v : L?(Kq ;) 2 f + v f € L*(Kaj1),

N
ij = Xj,LZ<Xj,Lf7 fk,n>fk,n-

k=1

We will show that 0 < ; <1 in the sense of quadratic forms. Indeed, we have

N
UF P e, = DI iz fon)|* > 0
k=1

On the other hand, using that {fi,}x is an orthonormal set in L?(Q"F), it follows that for any
normalized f € L?(2"") we have

N
Gif Pk, = Z [(f, Xj,Lfk,n>|2

k=1
2
<IIx;fl
2
<|IflIF =

Moreover, we note that v; is a finite-rank operator constructed so that we can write
C l c
2
Tr[(ngL — ()\ + W))’Yj] = ;(QgL(Xj,Lfk,n) — ()\ + W) HXj:Lfk,nHLQ(QnL) ) (4.1.8)

In view of the definition of the energy in (??7), we have

c .p(+a)L ~(14a)L (14+a)L c
_8()\4— Ereti QU+a) ) _ —Tr<i]39 — O+ —LW))?

Notice that each x; 1, is supported in a square with side length (1 + a)L. Hence, using magnetic
translation invariance and Lemma 77, we deduce that

C
L2 2’

- 6()\ + il Q(H“)L) < Tr[(fPZL — (A + L%z))%-], Vied. (4.1.9)
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Combining (?7), (??) and (??), we obtain

N

n C a a
<Q9L(fk,n) - A\\fk,n!!i2(QnL)) > —n2€(>\+ LQaQ;?é” L QO+ )L) (4.1.10)
k=1

for all orthonormal family { fk,n}{cvzl and N € N. Therefore we conclude, in view of Lemma 77,
that

EO Pl Qrly < n25(A + ch;g L pittall Q(1+“)L>. (4.1.11)

Let Lo > C/(av/1—Xg), then A + Ca2L2 < 1 for all L > Lg. Applying Lemma ?? with

< we find,

©a?L?’

C .fp(l+a)L’Q(1+a)L)_5()\;fp(l+a)L79(1+a)L) < C

¢ o(+a)L (1+a)L
5<A+a2L2, ( ( < LQGQN(ML P Q )

CL2L2’ 9 9

for all L > Ly. By (?7), it follows that

c .p(l+a)L ~(14a)L .p(l+a)L ~(1+a)L c
5(A+W,ﬂ>9 ,Q0+9) )gé‘()\,ﬂ?g QFah) 4 =,

for all L > Ly and A € [0, Ag]. Inserting this into (?7), we get,

2
ENPpE QM) < p2g (A PITOE ULy 4 C—Z (4.1.12)
a
Dividing both sides by n2L?, we find
.pnL nL .p(l+a)l ~(14a)L
EN; PR Q )<5()\,'.P9 , )+ C (4.1.13)
n2L? - L2 L2a?’

We infer from (?7) the following upper bound,

EX; pnlL QnL) g()\; 'J’éHa)L, Q(H—a)L) 1
< — .
Y < (1t a)2L? +C’<a+a2L2>, (4.1.14)

for all L > Ly and A € [0, Ag]. This proves the first assertion of the lemma.

To obtain monotonicity of E(A; ’PGL ,Qr), we consider L’ > L > 0. Since the extension by zero
of a function in the form domain (Pg is contained in the form domain of ngl and the values of
both forms coincide for such a function, we may write in the sense of quadratic forms

Py < PE.
On account of Lemma ?7, it follows that,

~Tr(PF —A)_ < —Tr(Ph - N)

This shows that £()\; P}, QF) is monotone increasing with respect to L, thereby proving the
statement of the lemma. O
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.pL OL
Proof of Theorem ??. Let f(L) = —%. Thanks to Lemma ??, we know that the func-

tions f(L) and d(L) = —E(X; Pk, QL) satisfy the assumptions in Lemma ??. Consequently, f(L)
has a limit as L — oco. Let us define

E0,)\) :=— lim f(L).
L—o0
By Lemma 77, there exists Ly > 0 such that

ENPL QLY 20,
L2 + 1,2/3°

E@;)) < (4.1.15)
for all L > 2Lg and X € [0, \o] .

It remains to establish the upper bound. According to Lemma 7?7, we know that the energy
satisfies

E(N; PpL Qnlvnlz) < E(NPE QL)
n2L? - L2 ’
Letting n — oo gives us
EN PLLOF)
E6,)\) > Lig'
This, together with (?7?), completes the proof of Theorem ?7. O

4.2 Properties of the function E(6, \)

Let Pk, OF and QF be as defined in (??), (??) and (??) respectively. In Theorem ??, we proved
the existence of a limiting function E(6,A) € [0,00) defined for 6 € [0,7/2] and A € [0,1). We
aim in this section to study the properties of E(6, A) as a function of 6 and .

Lemma 4.2.1. Let Ao € [0,1). There exists L* > 0 such that for all L > L*, the function

E(NPE QL)

[0,7/2] x [0, X0] 3 (6, \) — 1

is continuous. Moreover, to every § > 0 there corresponds n, L* > 0 such that for all L > L,
(e,v) € (0,m) x (0,n) and (8,\) € [0,7/2] x [0, No] satisfying (0 + e, A+ v) € [0,7/2] x [0, Ao],
there holds,

EQ+viP5 09 ENPE, Q)

Proof. We introduce a partition of unity of R,
G+¢=1, supp¢ C[0,1],  supp (& C [1/2,00) (4.2.1)
and
Gl<C,  p=12 (4.2.2)

Let 6 > 0. For reasons that will be clarified later, we set

L*:max{( i )1/2,( e )1/2}, (4.2.3)

L =20 5/ (1= Xo))/2

where C’ and C' are the constants appearing in (??) and (?7?) respectively. We put further,

Cp.r+(r,8,t) = (p(t/LY), p=1,2, (r,s,t) € Ri.
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Next, let {fx}_, be an orthonormal family of compactly supported functions in D(ngre). We
have the following IMS decomposition formula

N
S (QHrh) = Ot ) i)

k=1

_ ZZ{ <Q9+e (Cpre fk) = (A +v) HCp,L*ka%Z(QL*)) — 11V, fk”%?(QL*)} . (4.2.4)

k=1p=1

To estimate the last term we use the bound on V(, in (?7), and get, after inserting C127L* +C227L* =
1, that

N N 2

> (QFrelf) = A+ ) 1Fel?) 2 303 (O fi) = (At v+ CULY ) G i)
k=1 k=1p=1
(4.2.5)
Since the function ¢ = (o 1+ fi, € C[‘)’O(QL*) is compactly supported in Q%" it can be extended
by zero to all of R3. Therefore, selecting

Ao — A
4 Y

V] <

we infer from Lemma ?? and the choice of L* in (??) that the following inequality holds

O (Corefr) > /QL* \Co,1+ fi|*drdsdt > (A +v + C/(L*)2)/QL* |Co,1+ fe|*drdsdt.  (4.2.6)

Consequently, we find that the term corresponding to p = 2 on the right hand side of (?7?) is
strictly positive and can be neglected for a lower bound. What remains is to estimate the term
corresponding to p = 1 in (??7). Using the pointwise inequality (with o arbitrary)

[(=iV + For) oo fil® = (1 — 0)|(—=iV + Fo)Ci, 1+ fu]* — 071 |(Fo — Foie)C1, e fils

where Fy is the same as in (?7?), we obtain,

QF (G fi)
> (1- Q)/m* (—iV + Foyo)Cr - fio| drdsdt — Q_l/QL* |(Foyc — Fo)Ci,1, fil*drdsdt. (4.2.7)

Using the bounds
| cos(0 + €) — cos(0)| < |e], |sin(0+€) —sin(0)| < ¢/,

we get
[Fose(r,s,t) = Fo(r,s,t)| < |e| (Is| +[t]), V¥ (r,s,t) €RY.

Taking the support of (; 1 into consideration, we infer from (??) the following bound,
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Inserting this into (??), we get, using the bound on [(] ;.], that

Mz

(Q0 () = A+ 0) Il o))

k=1
N
> ((1—9)Q£1’L (CLrfr) = A+ v+ (LF)? + C'(LF)7?) ||<1,L*fk’H%2(QL17L*)) :
k=1
(4.2.8)
We choose ¢ = |¢| and define the trial density matrix L?(R3) > v f € L?(R?),
N
V=Y (fi G fiooe i
k=1
It is clear that 0 <~ <1 in the sense of quadratic forms. By Lemma ?7 we see that
L* 2 / L* —2 . .
_g()“"’/""d( )+ (L") ;?g or )
1 — ]
A+ v e (LF)2+ (L) 2
< L _
« A+ v+ e (L*)? + C'(L*) 2
= <Q5 (G- fi) — ( | |(1 _)6’ (L) )HCl,L*fk”m(QL*)) (4.2.9)

Inserting this into (?7), we obtain

S (1) — 3+ ) el

k=1
A+ v+ el (L*)?+ C'(L*) 2
1 — [el

> —(1 - |e)e( P50, (4210)

Consequently, it follows from Lemma 7?7 that,

. . At v+e|(L*)2+CI(L*) 2 v o
EN+u;PE )y < (1- |e|)5( Y ’6’(1 _)M (L) g oL ) (4.2.11)
. _ ) , el(L)2 + X))+ v+ C'(L*)2
Fix |e] < Wzﬂ)z). Applying Lemma ?? with ¢ = el ((Z7) 1>_ " (Z°) , we get,

5<A + v+ |e|(L*)? + C'(L*)~2

i L* QL* < . L* QL*
1—|6| ag)B ) >_8(A7:P0 ) )

*\2 1T *)\—2 *\2 1T *)\—2
N lel((L*)* + ) + v+ C'(LY) N</\+V+ le|(L*)* + C'(L¥) ;ng*,QL*), (42.12)
1— e 1 — [e]
Plugging (??) into (??), we obtain from (??) that
EO+ 1 PE,08) < (1 [P, )
C
b G (O (L) v O AR, (12.13)
(1= X0)/2
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where C' is the constant from (?7?). Interchanging the roles of § and 6 + ¢ we arrive at

EN+ 1P, Q) —EN P, 08)

< le]ENPE QL) + ¢ 2(|e|(>\ + (LN?) + |v| + C'(L*)"2)(L")2. (4.2.14)

(1=2o)/

Dividing both sides by (L*)?, we get,

‘5 A+ P5,QF) g PE QL)

(L*)2 (L*)?
ENPE QL) O(e|l((L*)2 4+ N) + |v] + C'(L*)72)
< ‘6‘ *)2 +
(L*) (1—X)/2
EN PG, Q) L CE 2 +A+1) + C(L)72)
=T (1—Xo)/2 '

Using the estimate in (??), we further obtain

EQ+ P Q) ENPE L QF | C(LF)? +A+2)+C(ILH)7?) (42.15)
(L*)? (L*)? - (1—Xo)/2 ' -
. 5y/(1—20)/2 . * :
Selecting 7 < oty Ve conclude that (recall the choice of L* in (?7)),
EN+v;PL_Ql” (PLT QL
A+ v Py, )_S()\J’@ Q57 <52,
(L*)? (L*)?
thereby proving the assertion of the lemma. O

We have the following corollary of Lemma ?7.

Corollary 4.2.2. Given Ay € [0,1), the function
[Oa 7T/2] X [07 )‘0] 2 (97 )‘) = E(ea )‘)
18 continuous.

Proof. In view of Theorem 77, there exist constants Cy and Lg such that for all L > 2Ly and
(v, €) satisfying A + v € [0, A\o] and 6 + € € [0, 7/2], one has

[EN+ 3 Ph, Q) — ENPEQF)] 20

IE(0+e,\+v)— E(0,)\)] < ¥ oo

(4.2.16)

Choose L > max{2Lo, L*, (4Cy/8)3/?} with L* from (??). Hence, we infer from Lemma ?? that
there exists 77 > 0 such that for all |(e,v)| < n satisfying 0 + ¢ € [0,7/2] and A + v € [0, \g], we
have

IE(0+ e, A+v)—E@0,\)]| <§/2+5/2=04.

This completes the proof. O

We will prove
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Lemma 4.2.3. Let 6 € [0,7/2]. The function
0,1) 5 A = (6, \)

is locally Lipschitz. More precisely, given Ao > 0, there exists a constant Cy (independent of 0)
such that,

V@E[O,ﬂ'/?], V)\l,)\ze [O,)\o], |E()\1,9)—E(/\2,9)| SCOP\l—)\2|-

Proof. Fix A\ € [0,1), and let Aj, A2 € [0, \g] be such that \; < Ag. Let L > 0 and inJ be as
defined in (??). We infer from Lemma ?? that

ENg; PE ALY — O PE QL) < (Mg — AM)N (Da; PELQF).
In view of (??7), there exists a constant Cyp independent of 6 such that
N PE by < CL2.

This implies
ENg; PE QLY — (N PE QL) < CoL2 (N — \y). (4.2.17)

According to Theorem ?7, we have

Dividing both sides of (??) by L?, we get, after taking L — oo,

E0,)\2) — E(0,\1) < Co(A2 — \1). (4.2.18)
Interchanging the roles of A1 and Ao, we further get

|E(0,\2) — E(0,\1)] < ColAa — A, (4.2.19)
which gives the assertion of the lemma. O

Remark 4.2.4. Another alternative proof of the Lipschitz property uses the explicit formula of
E(0,\) appearing in the statement of Theorem ??. The proof of these formulas will be given
ahead in the next section. In fact, when 6 € (0,7/2), the spectrum of £(6) (the two-dimesional
operator defined in (?7?)) strictly below 1 is purely discrete then the function

sin(6)
o > (G(0) = M) -

J

0,1) 3 X B(0,\) =

can be seen as a finite sum of affine functions in A, from which the Lipschitz property follows
easily.

4.3 Explicit formulas of E (6, \)

Recall the constant E(6,\) defined in (??). The aim of this section is to provide an explicit
formula for E(6, \) using the eigenvalues of the Neumann Schrédinger operator on the half-space
R3 defined in (??). We shall consider the cases § = 0 and 0 € (0,7/2] independently. Indeed,
the construction of eigenprojectors in the case § = 0 is similar in spirit to the two-dimensional
case (cf. [?, Section 4]), whereas in the case § € (0, 7/2], the projectors are constructed using the
spectral decomposition of the two-dimensional model operator on the half-space (see (?7) below
for the precise definition).
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4.3.1 FE(#,)) in the case § =0
We start by recalling the family of one-dimensional harmonic oscillators h[£], & € R, defined by :
i) = —02+(t—©)? i L2(R.). (4.3.)
on their common Neumann domain:
{ve H*Ry), (t— &) € L*(Ry), v/(0) = 0}.

The spectral properties related to this operator are discussed in Section ?77.
We denote by (u;(-;¢ ))Joil the orthonormal family of real-valued eigenfunctions of the oper-
ator h[¢], i.e.,
bl€]u;(t:€) = p;(§)u; (),
uj(0;€) =0,

(4.3.2)
/ wj(t; €)%dt = 1.
R
Here p; are defined via the min-max principle in (77).
Next, we consider the Schrodinger operator (??) in the particular case § = 0, i.e.,
Py =07 — 9%+ (—id, +t)> in  LAR3). (4.3.3)

with Neumann boundary conditions at ¢ = 0.

Let (£,7) € R% We denote by F,_,¢ (resp. Fs_,) the unitary partial Fourier transform with
respect to the r variable (resp. s variable).

We define the bounded function Ri > (r,s,t) = vj(r,s,t;€,7) by :

1 . .
vi(r, s, t;&,7) = meﬂg’"ef”suj‘(t;f). (4.3.4)

Next, we introduce the operators II;(£,7) on the functions v;:

L2<Ri) 2P (Hj(f,’]’)(p)(r, S,t) = vj(rl, Sl,tl;f, 7')/3 'Uj(?“g, SQ,tQ; 577')(,0(?"2, SQ,tg)dTQdSthg

R+
(4.3.5)
In terms of quadratic forms, we write
2
1, = (-
<(107 3(5’7—)¢>L2(R1) ‘<907Uj( ’6’7—)>L2(]R3’_) ) (436)
= 277‘ <-7:r—>—§ [(-7:5%7790(', "y t)) (_T)] (_f)a uj(t; £)>L2(R+) )
We state in the next lemma useful properties of the family {I1;(§,7)}(j ¢, renxr2-
Lemma 4.3.1. For all p € L*(RY), we have
<{‘P(])VHJ (gv T)307 90>L2 (Ri) = (Mj (6) + T2)<HJ (57 T)907 S0>L2(R3+)’ (437)
2
> [ (o610 e er = 27 ey (4338)
Moreover, for any cut-off function x € C§°(R?), we have
Tr(xMgx) = (2m) " / x2(r, s)drds. (4.3.9)
R2

41



Proof. Let (1,€) € R?. By the definition of v; in (??), we find,

Pwj (1,5, t:€,7) = (15(8) + 72)v;(r, 5,16, 7).
Using the definition in (??) immediately gives (77).

Using the fact that u;(-;€) is an orthonormal basis of L?(R4) for all £ € R, we find, using
the representation in (77),

Z< IL;(&, )¢ >L2R3) 27T/R+

Integrating in £ and 7, it follows that

}—rﬁff [(‘FS%—TQP(W K t)) (_T)] (_E) ‘Zdt

2
/RQ ZJ: <907 Hj(§>7_)(p>L2(Ri)d§dT =27 ||(¢0”L2(Ri) )

upon applying Plancherel identity twice.
It remains to prove (?7?). In fact, we have

Tr(ngij) = (271')_1 /IR{3 X2(7‘, s)|u;(t; f)\zdrdsdt = (271')_1 /R2 X2(7“, s)drds.

+
The proof of the lemma is thus complete. O
We will prove

Theorem 4.3.2. Given A € (0,1), the following formula holds true :

E(0,A) = 312/ (11 (&) — N)*2de, (4.3.10)
where (&) is defined in (77).

Proof. We start by obtaining an upper bound on E(0,A). Let L > 0. Pick an arbitrary positive
integer N and let {f1,---, fx} be any L? orthonormal set in D(P§). In view of (??) and (??),
we have the following splitting (recall the domain Q¥ from (?7?)),

N
S (PF = N ) ooy =2WZZ / (i (P = N6 7)f5) g 06T
J=1

j=1p=1

ZZ/ 'up +T _)‘)<f3’ (fa )fJ>L2(R3 dédr

j=1p=1

where we have extended f; by 0 to R3. \ QL. Since A < 1, Lemma ?7? gives that p,(€) + 72 > A
for p > 2 and (7,€) € R%. Hence, we obtain

1

N
Z<f]7 'PL fj>L2 (QF) > _27T/R2 (Nl + 72 _)\ Z f]’Hl(g’T)fj>L2(Ri)' (4.3.11)
7j=1
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Since { f; }§V:1 is an orthonormal family in L?(Q%), we deduce that

N N

2
Z<fj’H1(£’T)fj>L2(Ri) = Z’<’U17f]>’ < /’Z)I(T>3at)|2drd8dt
=1 =1 @ (4.3.12)
1
=5 | ln(t&)Pdrdsdt = L%,
T JoL 27

The last equality comes from the fact that the function u;(;€) is normalized in L?(R,) for all
. Substituting (?7) into (?77?) yields

N 2

L

L 2
Z;ﬁx%—wwwpqu—ﬁaégmﬁwm-—M%m,

uniformly with respect to NV and the orthonormal family { f; é\le' Then, on account of Definition

(??7) and Lemma 7?7, we have

g<)\7 :PL;QL) 1 2
1z < n2 - (Hl(é) +77 = )‘)_dng-

Letting L — oo, we infer from (??) and Lemma ?? the following upper bound,

E(0,\) < / T (€)= 2P e, (4.3.13)

— 2
37T 0

We give the proof of the lower bound on E(0,\). Let M (£, 7) be the characteristic function of
the set

{(5,7’) eR? : A —u1(8) — 72> 0}

We consider the trial density matrix

7:/ M (&, m)IL (&, T)dédrT.
R2

It is clear that v > 0. We will prove that v < 27. Consider g € LQ(QL). Using that 0 < M < 1,
we see that

2 2
(9:79) 12ge) < /R (g, o) ["dédr < Z]:/R [(g,03)["dedr = 2 lg]".

The last step follows by Plancherel’s identity and the that fact that u;(-,£) is an orthonormal
basis of L#(R,) for all &.
Recall the quadratic form Q% from (??), it easy to check that

L2
Qp(v1) = 5 (m (&) + 7). (4.3.14)
We calculate, using (?7),
Te[(PF — M) = o M(&,7)(QF (v1) = Mlvi |72 ) dédr

2

= [ MEn) () + 7~ Ndedr
™ JR2
L? 9

=5 ., (@) +7° = 3)_dear.
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In view of Lemma 77, we get

T 47?2

~Tr(P§—N)_ < %Tr((ﬂ’g — A7) =—— o (11(&) + 7% — \)_dédr.

This gives
EN;PE QL) S 1
L2 - 471'2 R2

Letting L — oo, it follows from Lemma 77 that

(11(€) + 7 — \)_dédr.

Us

B0 > o /O () — NP, (4.3.15)

Combining this with (??) proves the desired formula.

4.3.2 FE(0,)) in the case 6 € (0,7/2]

The purpose of this subsection is to provide an explicit formula for E(, A) in the case 6 € (0, 7/2]

(A €[0,1)). However, we have not been able to compute it directly like in the case § = 0. Our

approach is to find alternative limiting functions (see below (??)), which can be constructed

and computed explicitly using the eigenprojectors on the eigenfunctions of the two-dimensional

model operator from (?7). Afterwards, what remains is to establish a connection with E (6, \).
Let us define the function R 3 (r, s,t) — vy j(r, s, ;€) by

1 ¢
. &) = W€ron (s —
UQJ(T,S,t,é.) \/%6 u@,j (8 Sin(0)>t>7 (4316)

where {ug ;}; are the eigenfunctions from (??). We define the projectors 7y ; by

(779,3'(5))@(317751) = Ug,j (81 - Sif(e),tl) /Ri Uug, ; (Sz - Sif@,t2>cp(82,t2)d52dt2. (4.3.17)

We then introduce a family of operators Ilg ; by
L*(R3) 3 f =g f(r1,s1,t1)

Z/Uo,j(rl,Sl,tl;E){/3 Ue,j(rz,52,t2;§)f(7‘2,82,t2)d7“2d52d752}d§ (4.3.18)
R R

-+

In terms of quadratic forms, we have

2

LR > £ WMo Diaewsy = [ (000, Py |

= /R <f£ir (750 () (Frse f (-, 5, 1)(€))) (7), f(r,s,t)> e

L2(R3)
(4.3.19)
Since the Fourier transform is a unitary transform and 74 ;(£) is a projection, it follows that the
operators Ily ; are indeed projections.
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Lemma 4.3.3. Let f € L*(R3) and P} be the operator defined in (??). We have

<?éVH9,jf? f>L2(Ri) = Cj(9)<H97jf’ f>L2(R1)' (4.3.20)
) < 2
( ? o f, ) s, < Wl (4.3.21)
Moreover, for any smooth cut-off function x € Cgo(Rz), it holds true that
sin(6
Tr(xIg jx) = 27(1' ) /R2 x2(r, 8)drds. (4.3.22)

Proof. Applying the operator (Pév to the function vy ;, we find

?évvo,j (’I", s, 1; g) = CJ(Q)UG,] (7", s, g)
The assertion (?7) then follows from the definition of Ily ; in (?7).

To prove (?7), we rewrite (?77?) as

<H9,jf7 f>L2(R3) = /R <7T€,j(£) (Fr—>§f('> 87t))(£)7 (fr—>£f('7 87t)(£))> df (4'3'23)

L2(R%)
It can be easily shown that > ; o,j is a projection. Hence, by Plancherel’s identity, we see that
HQ,-f,f> g/ /f F(ys,t zdfdsdt:/ F(r, s, 0)[2drdsdt.
(D M015:5) g, = Joy o Froel o0 o |15.0)

We come to the proof of (?7?). For this, we notice that

1 ‘
Tr(xﬂg,jx) =5 /Ri XZ(r, s)(/R ‘ez5ru97j (s — Sinie),t)}2d§>drdsdt.

g

sin 0

Performing the change of variable v = s—
we get

and using that the functions {uyg ; }; are normalized,

1 1
Tr(xHg;x) = — sin(G)/ X2(r, s)drds/ lug j (v, t)|*dvdt = 2sin(0)/ x2(r, s)drds.
R2 2 T

2T R+ R2
(4.3.24)
Thereby completing the proof of the lemma. O

Let @ > 0. In order to define F'(6,\) below, we need to introduce the cut-off function
Xa € C§°(R?), which satisfies

0<xe <1, inR% supp xa € <— 1+a, 1+a)2, Xa=1 in (— 1,1)2, IVXa| < Ca™t.
2 22 (4.3.25)
Let L > 0. Setting
Xa,(T, 8) = Xa <Z Z) (r,s) € R?, (4.3.26)
and,
fa = /R2 X (r,s)drds. (4.3.27)
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Recall that the negative part of a self-adjoint operator is defined via the spectral theorem and
the function R 5 z — (z)_. We define

Tr(xo (PN — XN xa Tr(xa (PN — X xa
Fi(6,)) := liminf (X (%o X ’L)_, F5(6,)\) := limsup (X L% X ’L)_
L—oo L2 L—00 L2

(4.3.28)
where PJ is the self-adjoint operator given in (??). We now formulate the main theorem of this
section.

Theorem 4.3.4. Let 6 € (0,7/2], A € [0,1) and E(0,\) as introduced in (??7). We have the
following explicit formula of E(6, \)

B(0,)\) = % sin(0) S°(6(0) = A)- (4.3.29)

J
where the {(;(0)}; are the eigenvalues from (77).
The proof of Theorem 7?7 is split into two lemmas.

Lemma 4.3.5. Let a > 0 be sufficiently small, A € [0,1) and 0 € (0,7/2]. The following formula
holds true

FL(0,) = F3(0,3) = oprasin(0) Y (G(0) = \)- (4.3.30)

where F1(0, X), F5(0,\) are the functions defined in (??) and pg is the constant defined in (77).

Proof. Let fPév be the self-adjoint operator given in (?7),and let {g1,--- , gn} be any orthonormal
set in D(PY). It follows from Lemma ?7 that

N N
> (XaLge: (P - )‘)Xa,Lgk>L2(Ri) > =Y (GO =N (Xa,Lk, H9,an,Lgk>L2(]Ri)- (4.3.31)
k=1 J k=1

Since {gx}2_, is an orthonormal family in L?(R3) and performing a similar calculation to that
in(??), we deduce that

N N
2 1 .
Z <Xa,Lgk7 H@,an,Lgk>L2(Ri) = /]RZ |<gk7 vj,@Xa,L)LQ(Ri)‘ dé < %,UfaLZ Sln(g)'
k=1 k=1

Implementing this in (?7), we obtain

N

1 .
<Xa,Lgk7 (?év - )\)Xa’Lgk>L2(Ri) > —§L2Ma Sln(e) Z(Cj(e) - )‘)* (4332)
k=1 7

By the variational principle in Lemma 7?7, we find
1 .
Tt (X, (P) = A)Xa,L)— < %LQMa sin(0) ;(@(9) —A)-. (4.3.33)

Dividing by L? on both sides, we get after passing to the limit L — oo,

N _
lim sup T&"(X“’L(?GLQ Mxat)- %#a sin(6) D (6;(6) = M- (4.3.34)

L—o0
J

46



To prove a lower bound, we consider the density matrix

y= > Ty, (4.3.35)
{7:¢ (<A}

It is easy to see that v > 0, and in view of (??), it follows that
<fa ’Yf>L2(]R3_) < ”fH%Z(Ri) . (4.3.36)

Next, we observe that
Tr (Xa,2(P) — N Xa Lo ;) = / /3 <\(—iv +Fg)Xa,L00,]* — /\\Xa,Lva,j\2> drdsdtd
R JR3

< [ [ e (107 4 B = AuogP) + V%009 Pl pdrdsita, - (43.37)
R Ri

where the last step follows by Cauchy Schwarz inequality. Performing the change of variable
v=s— ﬁ in (7?), we arrive at

27

T (P - Nxern) < 20 S {(GO- Nt [ [Vxalrs)Pards), (1339)
GO o

where y, is the constant from (??). Dividing both sides by L? both sides, we see that

A
|
n
=)
=

Tr (Xa,L(iPéV - )\)Xa,L’Y) 1 Z

L2 2 {Ma((j(e) —\) + L2 /R2 \an|2drds}.

(:¢(O)<A}
(4.3.39)

Here we point out that the number N'(\;£(0),R?%) is controlled by C/sin(f) according to
Lemma ??. Using the variational principle, it follows that

Tr(Xa,.(Py" = NXa,z) _ 1 L
_ 9L2 < —5ta sin(0) Y (¢;(0) — A)- + C(2m) 'L Q/RQ IV xa|*drds.

J

Taking the limit L — oo, we deduce that

Tr(Xa,L(iPéV - A)Xa,L) 1
hLmlnf i > 5 —Ha sin(6) E (G(0) — N)—.

J

This together with (??) and the definitions of F1(6,\) and F5(0, \) in (??) yields the desired
formula. 0

Our next goal is to establish a connection between the functions F; (6, A) and F»(6, \) obtained
in Lemma ?? and E(6, \) from (?7).

Theorem 4.3.6. Let 6 € (0,7/2] and X € (0,1). It holds true that
F1(97)‘) = FQ(ev )‘) = :U'aE(ea )‘)

where g is the constant from (77).
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Proof. Let L > £ > 1. We consider the domain
Qe = (0 (G +1)0) x (kt,(k+1)0) xRy, (j,k) € Z°.
We will denote by Np the number of boxes of the form €2, ; , intersecting supp xq,r, :
Np = #{(j.k) € Z* : supp Xa, N Qj ke # 0}. (4.3.40)

Recall the magnetic field Fy defined in (?7?), we consider the self-adjoint operator in ;i generated
by the quadratic form

Qp j(u) = /Q (—iV + Fo)u|>drdsdt,
7.k, L

with domain,

D(Qh i) = {1 € LA Qype) & (—iV +Fo)u € LA(Qy0),
w(ils s ) = u((G+ 1)) = 0,ul ke, ) = ul, (k+1)6,) = 0. (43.41)

Since any function that belongs to the form domain P, D(ngjyk) lies in the form domain

D(Qév ) and the values of both quadratic forms coincide for such a function, we have the operator
inequality
Xa.L (P) = MXar < B Xa£(Phjx — NXa,L (4.3.42)
j?k

in the sense of quadratic forms. As a consequence, the min max principle allows us to write,

— Tr(Xa,£(Py = MXar)- < = Tr(xar(Ph 5 — NXaL)-- (4.3.43)
7.k

Let Sji € N be the number of eigenvalues of TPQ ke {)\m} that are below A and let {fs}m | €
D(94 k) be associated (normalized) eigenfunctions. We consider the density matrix

m=1’

Sjk
Vi = DA Fmdfms | € LP(2).
m=1
Next, we compute
Sik
Tr(Xa,L(ipg,j,k - )‘)Xa,L’Vj,k) = Z (Qg,j,k(xa,Lfm) - )‘HXCL,LmeQ)
m=1
Sik
=3 { { O = Vo full? + 11V xaLlfl?}, (4.3.44)

where the last step follows since { fp, f;fil are eigenfunctions.
Let us denote by 27 , the point belonging to the interval (j¢, (j + 1)€) x (k¢, (k+1)¢) where
the function Xg ;, attains its minimum :

2 * : 2
X = min r,s).
XG’L( ]’k’Z) (r,8)€(GL,(j+1)€) x (kL,(k+1)L) Xa,L( )
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It follows that

Sk Sk
Tr (Xa,£ (P66 — MXaLVik) < Xop @5k D Om =N + > IVxaLlful?, (4.3.45)
m=1 m=1

where have used that the term Z;ﬁfi 1(Am — A) is negative. Inserting this into (??) and using the
bound |Vx,,r| < C(aL)™t, we find

Sik
Tl"(Xa,L(fpg,j,k — MXa,LVjk) < XZ,L(x;,k,Z) Z (Am — A) + SjxC(aL) >

m=1
By (?7), we have Sj; < C/%. Using (?7?), we obtain
Tr(XmL(in’j’k — A)Xa’L’yM) < XiL(:c;k,e)(—E(G, A) + CE*Q/S)EQ + CEQ(aL)*Q. (4.3.46)

By (??) and Lemma ?7?, it follows that

— Tr(Xa,£.(Py — NXaz)_ < Z Tr(xa,.(Pg — A)Xa,LVjk)
< {ZX&L 7o) }(—E(e, ) + CO2/3) £ ONg(aL) 2. (4.3.47)
ok
The sum ;. Xi I ($§,k,£)€2 is a (lower) Riemannian sum. Thus, we have
2 k2 2 _ g2
S ulah)f ~ [ Xl sdrds(= L) < OLL
ik

Substituting this into (??), we obtain
~Tr(Xa,.(PY — MXa,r)_ < B0, \)L*( — pta + CLL™Y) + Cl2/3 (o L? + CEL) + CNpl?(aL) >
Dividing both sides by L?, we get

Tr(Xa,£.(Py’ — MXa,L)_
— <
12
We make the following choice of ¢,

EO,N)( = pta+CLL™) + CU23 (g + CLL™Y) + ONpt—2a 2L,

(=1L" n<l.
Since Np ~ ((1 +a))?L?¢72 as L — oo, we get, after taking L — oo the following lower bound

Tr (o (PN = N xa
lim inf (X AN X 7L)_ >
L—oo L2

E(0, ) tta. (4.3.48)

It remains to prove the upper bound. By the variational principle and the fact that the trace is
cyclic, we see that

~Tr(Xa,£(P§ — A)Xa,L)_ = . SirvﬂélTr((ﬂ’éV — A)Xa,LVXa,L)-
Since the function x4, 1, is supported in ( — %, %)2, it follows that

N (14+a)L ~
= Tr(xa,r(Py — NXa,L)_ = 0<1nt;1 Tr[(Py - 7). (4.3.49)
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By Theorem 7?7, we know that

inf lTr[(?g”‘”L — MF] = —ENPITIE ULy > (1 4 a)L)2E(6, A).
SYS

Substituting in (?7) yields that
_T‘r(Xa,L(:PéV - )‘)Xa,L)_ > _((1 + a)L)QE(Q, )‘)

We conclude that, when L — oo,

, Tr(Xa,2(Py = N)Xa,L)
lim sup

n 3 < B0, \)(1+a)?. (4.3.50)
—00

Combining (?7) and (??), we obtain

Tr (o (PN = Ny,
'uaE(g) )\) S hm lnf (X 7L( 6 )X 7L)_
L—oo 1.2

_ Tr(Xa,£(Py = A)Xa,L)_
< lim sup

< (14a)’E(6,)\) (4.3.51)
L—oo L2

We select a sufficiently small so that p, ~ (1+a)?. Recall the definition of Fy (0, \) and (6, \)
in (?7?), we deduce that
F1(6,)\) = F2(0,\) = u o E(60,\),

thereby completing the proof of Lemma ?77?. O

Proof of Theorem ??. The proof follows easily from Lemma ??7 and Lemma 77.

4.3.3 Dilation

Let us define the unitary operator
Unp : LH(RY) 3 u s Uppu(z) = B340 3/ 4u(hY2571/22) € L2(R3), (4.3.52)
Let h,b > 0 and 6 € [0,7/2]. We introduce the self-adjoint operator
Pony = (—ihV +bFg)%, in L*(RY), (4.3.53)

with Neumann boundary conditions at t = 0. With ’Pév being the operator from (?7), it is easy
to check that
Pons = hoUnsPy Uy p. (4.3.54)

For j € N and (¢, 7) € R?, we introduce the family of projectors
I0;(&, 73 h, b) = UpplI;(&, T)U;;; (4.3.55)

and, for 6 € (0,7/2],
g j(h,b) = Uh,bHG,jU;;; (4.3.56)

where, I1;(¢, 7) and IIp ; are introduced in (?7) and (??) respectively. We deduce the following
two generalizations of Lemma 77 and Lemma 77.
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Lemma 4.3.7. For all ¢ € L*(RY), we have
<g)(])\,[h,b(Hj (fa 75 h, b)(tp)a 90>L2(R§r) = hb(uj (5) + 7—2)<Hj (57 7;h, b)gD, 90>L2(]R?jr)’ (4357)
> /R AT (6,77, b)9) o o ydEdT = 27 [ llZ2(ps ) - (4.3.58)
j
Moreover, for any smooth cut-off function x € C$°(R?), it holds true that
Tr(, (€, 73 By b)) = b (2) ! / 2 $)drds. (4.3.59)

R2

Lemma 4.3.8. Let f € L*(R3), we have

<:Pé\,[h,bH9,j(hv b)fv f>L2(]Ri) = hb<](0)<H0,](h7 b)fv f>L2(Ri)’ (4360)
<ZH07j(h,b)faf>L2(Ri) < I IZes) - (4.3.61)
J
Moreover, for any smooth cut-off function x € CSO(RQ), it holds true that
Tr(xIp ;(h,b)x) = bh_l(Zw)_lsin(G)/ x2(r, s)drds. (4.3.62)
R2
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Chapter 5

Boundary coordinates

The aim of this chapter is to approximate the quadratic form defined in (?7?):
D(Qp) > u — Qp(u) :—/ |(=ihV + A)u|*dx
Q

under the assumption that u is supported near the boundary 02 and the magnetic potential A
is C>°(Q;R3). To achieve this, we need to introduce a system of coordinates valid near a point
of the boundary. This is the subject of Section ??. These coordinates are used in |?] and then in
[?] in order to estimate the ground state energy of a magnetic Schrédinger operator with large
magnetic field (or with ‘small’ semi-classical parameter). In section ??, we perform a rotation in
order to obtain a reduced form of the metric (in the new coordinates). Having this in hand, we
proceed to approximate the quadratic form in Section ?77.

5.1 Local coordinates

We denote the standard coordinates on R3 by & = (21,2, 23). The standard Euclidean metric
is given by
go = dz} + dz3 + dzj. (5.1.1)

Consider a point zg € 0€). Let V,, be a neighbourhood of z( such that there exist local boundary
coordinates (r,s) in W = V,, NI, i.e., there exist an open subset U of R? and a diffeomorphism
Gzo : W = U, ¢go(x) = (1,5), such that ¢z, (xo) = 0 and D¢y, (xo) = Ida where Ids is the 2 x 2
identity matrix. Then for ¢y > 0 small enough, we define the coordinate transformation <I>;01 as

Ux(0,t0) > (r,s,t) =z =@, (r,s,t) = ¢;01(7“, s) + tv, (5.1.2)

where v is the interior normal unit vector at the point ¢} (r,s) € 8Q. This defines a diffeomor-
phism of U x (0,%9) onto V;, and its inverse ®,, defines local coordinates on Vi, Vi, > x +—
O, (z) = (r(z),s(x), t(x)) such that

t(x) = dist (z,09Q).
It is easily to be seen that the ®,, are constructed so that

By (20) =0,  Ddy (o) = Ids, (5.1.3)
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where Ids denotes the 3 x 3 identity matrix. For convenience, we will henceforth write (y1, y2, y3)
instead of (7, s,t). Let us consider the matrix

9= 9zo = (9pa)p g1,

g_<mf%>
P4\ Oy, 9y, (5.1.4)
(X,Y) = Z gpq)zpf/qa

1<p,q<3

where X = Z)Afpaa and Y = foqaa
p Yp q Ya

We point out that we may express the matrix g = (gpq)3 whose coefficients are defined in

pg=1
(?77?), as
g = (gpq)g,qzl = (DQEOI)T(D‘PZOI)- (5-1-5)
Next, we define the map :
y = a(y) = u(@g (). (5.1.6)

The Euclidean metric (??) transforms to

go = Z gpqdyp ® dyq

1<p,q<3
=dys@dys+ > [Gpa(y1,y2) — 293 Kpq(y1,92) + 43 Lpq(y1, y2)] dyp ® dyyg,
1<p,q<2
where
ox Ox
G = > Gpdypy®dy, = Y. <a’ a> dyp ® dyq,
1<p,g<2 1<pa<2 \9Yp Yq
ov Oz
K = Y Kpydyy®dy, = Y <a’ a> dy, @ dyq,
1<p,q<2 1<pg<e \OYp Y
ov v
L = Z qudyp & dyq = Z Typ, qu dyp ® dyq
1<p,q<2 1<p,q<2

are the first, second and third fundamental forms on 0f2.
Note that if x € V,;, N 0%, i.e, t(x) = 0, go reduces to

go = dys @ dys + G. (5.1.7)

3

g1+ By virtue of (?7), we may

Let us denote by g~ ! := (gpq);‘iq:l the matrix inverse of (gpq)
assume, by taking V,, small enough, that

1

5 1ds < (g7 =1 < 21d3 (5.1.8)

Let yo be such that <I);01 (yo) € Vg, N 0. We will prove that there exists a uniform constant
¢ > 0 such that

(1 —2¢ly —yol)g™ ' (y0) < g~ (y) < (1 + 2¢ly — yol)g~ " (wo)- (5.1.9)
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Proof of (?7). By Taylor expansion, we have

9 ') =9 (o) + R (5.1.10)
where R is given by
O(ly —wol) Oy —wol) 0
R:=|O(y—wl) Oy—wl) 0. (5.1.11)
0 0 1

Notice that the constants implicit in (?7) depends for instance on the point z( of the boundary,
in particular on the derivatives ingbwo, i =1,2,3. In a neighbourhood of zg, these derivatives
are uniformly bounded. We thus get

197 (y) — g (o)l < IR 1ds = cyqly — yollds, (5.1.12)

with ¢z, a constant depending on the point xg. However, since the boundary is compact, we can
cover the boundary by a finite collection of neighbourhoods of points (x;) (see Subsection ??
below). In each neighbourhood, we get an estimate of the type (??) with constant c,,. Defining
€ = max cg;, we get,

19(y) = 9(yo)| < cly — yollds . (5.1.13)

This way, ¢ does not vary as the point zg traces 9€2. Using (??), the claim follows from (??7). O

Let |g| = det(g). The Lebesgue measure transforms to dz = det(g)'/2dy. The Taylor
expansion of det(g)'/? in V,, gives us :

(1 + 2cly — o)) |9l (w0) < |91 (y) < (1 + 2cly — yol)|g]"* (o). (5.1.14)

Again the constant ¢ appearing in (??) can be chosen uniformly by compactness and regularity
of 9€). The magnetic potential A = (A1, Ay, A3) is transformed to a magnetic potential in the
new coordinates A = (A, Ag, A3) given by

oxy,

Ay(y) = ZAk@;Ol(y))a—yp, p=1,2,3. (5.1.15)

The magnetic field is given by

B = Z Ejkdyj A dyg,

1<j<k<3
where _ _
~ A A,
Bj. = OAr _ 0A;
yj Oy

For y € ®,,(Vz,), we define

By the fact that
A = Aydzy + Agdry + Azdrs = Ardyr + Asdys + Aszdys,
it follows that

Z Bjkdl‘j ANdzxy, = Z Bjkdyj A dyg.
1<j<k<3 1<j<k<3
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Consequently, we get N o
B(y) = |g|™"/*(Bas, Bs1, Bua).

The approximation of the magnetic potential in the new coordinates is done by replacing A by
its linear part at yo, which we denote A" = (Aln Alin Alin) g0 that

Ap(y) — A3 (y)| < Cly = yol?, (5.1.16)
for all p =1, 2,3, where
3 ~
A lin X 0A
A (y) = Ayo) + D> (up — vor) 5, (30) (5.1.17)
p=1 P

The following identity (cf. [?, formula (7.23)]) gives the strength of the magnetic field expressed
in the new coordinates,

3
Byo)|? = |9(y0)|1[ 5 gpq<yo>apaq], (5.1.18)
p,q=1

where o = (a1, g, ai3) is given by

= Phagy Ohag,
OA; OA; (
_ _ , 5.1.19)
Q2 o0 (vo) o0 (o)
A, A,
a3 = e (yo) Yo (yo)'

It follows from (??) that det (D)) = lg|/2.
The next Lemma expresses, in terms of the new coordinates, the quadratic form and the
L?-norm of a function u supported in a neighbourhood of .

Lemma 5.1.1. Let u € D(Pp,) such that suppu C Vy,. We have

Qi(u) = /V (—ihV + A)ul2dz

o

3 (5.1.20)
_ / 3 iy, + Ay (iR, + Ag) g dy,
R—0—p,q:1
and,
lullioey = [ Ju@)Pde = [ 1ol i)y (5.1.21)

+

5.2 Diagonalization of the metric and gauge transformation

Recall the Jacobian matrix ¢ := gy, introduced in (??) and valid in Vy,. Let yo be such that
@, (o) € Va, N OS2 The goal in this section is to get a simplified expression of the quadratic
form

3
L) 2w Q) i= [ 37 P (i, + AT (i, + A la(oo)
+p,q=1

(5.2.1)
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where A is the magnetic potential from (??), and @ is associated to u by (?7).

The matrix (g(yo)) being symmetric, in view of (??), it can be orthogonally diagonalized,
and such a diagonalization amounts to a rotation of the coordinate system. Namely, there is an
orthogonal matrix P (with P~! = PT) and a diagonal matrix D such that g(yo) = PDP~!. In
other words, there are a, b, A1, A2 € R such that

aq a9 0
P = —a2 a1 0 (5.2.2)
0 0 1
with a? + a3 = 1, and
A 000
D:i=[0 X 0], (5.2.3)
0 0 1
By virtue of (?7?), it is easy to see that Aj, A2 > 0.
Thus g can be written as
Ala% + )\2@% (—)\1 + )\2)&1&2 0
g:= | (=A1+ X2)ajaz /\ga% + )\10,% 0]. (5.2.4)
0 0 1
Let ¥ = yP~! = (a191 + asye, —asy1 + a1y2, y3) and
_ a1 A (y' P) + a: A" (y'P)
A"y = PA™(y'P) = | —ay A (y/ P) + a; Al (y/ P) (5.2.5)

ALy P)
Easy manipulations leads to

QI (u) = /R AT (—ihdy, + Ay PP () 2y

3
+

+ / . Ay |(=ihdy, + Ay P) P (M) 2dy + / ; |(—ihdy, + Ay P) P (M) 2dy.
R

+ Ry
(5.2.6)
Recall (77?), we have N
curl, (A™(y)) = (a1, a9, a3).
where aq, ag, ag are defined in (?7). It follows that
. a1 — a0
P teurl, (AM(y)) := | ageq + a1ag (5.2.7)

as
It is straightforward to show that
curly (A (y)) = P~ teurl, (A ().
This shows that the strength of the magnetic field is conserved under orthogonal diagonalization,

ie,
jcurly (A™(y))] = |eurl, (A" (y))] = (af + a3 + a3)'/* = [B(yo)|.
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Moreover, by (??), we may work henceforth with the diagonalized form of the metric and assume
that the matrix (g.,(yo)) is a diagonal matrix, i.e.,

A1 000
g(yo) = 0 )\2 0 (5.2.8)
0 0 1

It follows that |g(y0)|/? = VA .
Next, we perform the change of variables z = (21, 29, 23) = ()\}

by

/23/1, Aé/QyQ, yg) and denote

i(z) = (y) = G0 %2, Ay 20, 23). (5.2.9)
It is easy to check that

[, lo) PPy = [ i) P (5210)
R3 R3

+ T

Moreover, the quadratic form in (??) becomes

3
Qi) =S /R (—ihVs, + Fp) il dz (5.2.11)
p=1 +

where F = (F1,F2, F3) is the magnetic potential given by
Fi(z) = A VPAIROY 220,05 20, 2)
Fo(z) = Ay AP0, 0y )
Fy(z) = APO7200, 2, 2).

Let 8 = (B1, B2, B3) = curl,(F(z)) and note that the coefficients of 5 and « (see (?7?)) are
related by
B = )\2—1/2()% fo = /\1_1/2042, Bs = (M A2) " H2as.

The relation (??) gives that
18] = [eurl, (F(2))| = (8 + B3 + 85)"/* = Bl (o). (5.2.12)
Recall the magnetic field from (?7?), and note that for any 6 € [0, 7/2], we have
curl(Fp) = (0, cos(0), sin(0)).

Next we perform a rotation in the (21, z2)-variables chosen so that the image of (31, 52, 83) is
the vector |B(y0)|(0, cos(6p), sin(fp)) where 8y := 0(yo) is given by

0o := 0(yo) = arcsin (Fﬁ?’”) . (5.2.13)

We emphasize here that (??) is compatible with the definition of 6(x) given in (??), i.e., O(yp) =
0(@;01(1;0)). Moreover, the image of the magnetic potential by the rotation in the (z1,z22)-
variables, still denoted F(z), satisfies

curLlF(z) = ]ﬁ(yo) lcurl.Fyg, (2).

From this relation and the discussion in Section 77, it follows that there exists a smooth function
¢o such that B
F(2) = boFg,(2) + Vo, bo:=[B(yo)| (5.2.14)

From this and (??), we deduce the following lemma.
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Lemma 5.2.1. Let O be as defined in (??) and u € L*(Vy,). Then, there exists a function ¢
such that

Q) = | 1(=ihV + boF,) e/l dz, (5.2.15)
+

where, for 0 € [0,7/2], Fy is the magnetic potential defined in (27), by := |B(yo)| and, to a
function u we associate u by means of (??) and (?77?).

5.3 Approximation of the quadratic form
Let £,7 >0 (¢, T will depend on h and tend to 0 as h — 0). Consider the sets
Qoer = (—£/2,6/2)* x (0,T),  Qor = (—£/2,£/2)* x {0}, (5.3.1)

such that @, ((—€/2,€/2)?x(0,T)) C Vg, Consider a function u € L*(V,,) such that @, defined
in (77), satisfies

suppu € Qo.e7- (5.3.2)
We will approximate Qp(u) from (??) via the quadratic form in the half-space corresponding to
a constant magnetic field.

Lemma 5.3.1. Let Fy be the magnetic potential given in (??) and let yo € Qoe. There exists
a constant C' > 0 (independent of yo) and a function ¢ = ¢,y € C*(Qo 1) such that, for all
e € (0,1] satisfying e > (€ 4+ T') and for all u satisfying (?7) one has

’Qh(u) - /~ |(—ihV - + boFg, )e' /" ii|* dz
Qo,e,m

<Ce [ (=ihV, + boF, )e®/m 42 dz + C(2 + T2)2e! [ 2 dz, (5.3.3)

Qo,e, T Qo,e,T
and,
(1 —C(£+T))ﬁ 42 dz < ulZapy, ) < (1+C(£+T))ﬁ ]2 dz. (5.3.4)
Qo.e,T Qo,e,T

Here by = [B(yo)|, o = 6(yo), and to a function v(z) we associate the function ¥(z) by means
of (7?) and (77).

Proof. By (77?), we have

3
Qn(u) = > gPU—ihVy, + Ap) T (—ihVy, + Ag)t|g|'/dy.
Qo,6,Tp g=1

Using (??) and (?7), it follows that for some constant ¢; > 0

3
=arm{ [ 30 @) (-inT, + &) Ty, + A alatw] s
Qo.e.Tp g=1
5 ~ ~
< 0u) < (e (e+7){ [ )i, A (T, + R lgln) 2y ).
O,Z,Tp’qzl

(5.3.5)
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Let Hy(y) = Ap(y) - Agn(y), we get using (?77?) that,

Jullg(yo)[2dy. (5.3.6)

+

[, 1Blgtuo) 2y < 0@ ) [
R% R

Writing Kp =H,+ :&gn, we have the following estimate of Cauchy-Schwarz type

3
2% /W > g7 (yo)(—ihVy, + Ap™) T Htidy

+ p,g=1

3
<c [0 ) (-ihTy, + AR AV, + Ap) ady
RY pa=1

3
+e7t /RB > 9P yo)Hp i Hyudy, (5.3.7)
+ p,g=1

for any € > 0.
Recall the quadratic form O defined in (??). Using (??) and (?7), it follows that there
exists a constant co > 0 such that

(1= (W) — ol + T [ [l oo V2
+

3
< [ 3 ) (=it Ty, + A) T (kT + A, Tl dy

+p,q=1

< (1+2)Qp(u) + e (£ + T2)2€_1/RS % g (yo)|*2dy, (5.3.8)
+

for any ¢ > 0.
From Lemma 77, it follows that

(1—¢) [ |(=ihV. + boFg,)e'®/" i|? dz — co (¢ + T2)2/ |it]2dz
R% R3

+

3
< [ 3 0y, + BT (i, A la(o) Py
+p,q=1

<(1+¢) / (—ihV. + boFg ) 0/m 4[2 dz + ca(¢2 + T?)2~) / 2 dz. (5.3.9)
R3 R3

for any € > 0. Choose € > (¢ 4+ T'). Inserting (??) into (??), we obtain that for some constant
cy >0

(1— 036)/ |(—=ihV ., + boFg, )e'®/ M 1> dz — e3(0% + T2)25_1/ |it|2dz
R3 R3
+ +
< Qulu) < (1+ C35)/ |(—ihV, + boFg, )e'®/" i|? dz + c3(0% + T2)251/ [u[*dz. (5.3.10)
RS RS
Thus establishing (?7?).
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To prove (?77), we use (?7) and (??) and we see that for some constant ¢4 > 0, we have

(=t +7) [ loGo)Paldy < Julffa,, < 0+l +T) [ lo@olfaldy.
Qo,e,T Qo,e,T
(5.3.11)

Now, (??) yields (?7). Choose C' = max{cs3,c4}. O
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Chapter 6

Proof of Theorem 77

Our goal in this chapter is to establish the asymptotics of the sum of eigenvalues of the operator
Pr, stated in Theorem ??. This will be done by establishing matching lower and and upper
bounds. The variational principle for the sum of eigenvalues discussed earlier in Chapter 2 will
play a key role.

Section 77 is devoted to obtain a lower bound. We shall see that the bulk does not contribute
to the principal term and the analysis is restricted to the boundary. Locally near a point of the
boundary, the quadratic form can be approximated by a quadratic form of the half-space operator
with constant magnetic field.

Section 77 is devoted to the proof of a matching upper bound. Finally, in Section 77, we
prove Corollary 7?7 which provide an asymptotic formula for the number of eigenvalues of the
operator Pp,.

6.1 Lower bound

6.1.1 Splitting into bulk and surface terms

Let
M? <ol (6.1.1)

be a positive number to be chosen later (see (?7) below) as a positive power of h. We consider
smooth real-valued functions i and 1o satisfying

Vix)+d) =1 in  Q (6.1.2)
where ( ) /
1 i dist(z,00) < /2
() '_{ 0 if dist(z,00) >, (6.1.3)
and such that there exists a constant C7; > 0 so that
2
IV < Cre?. (6.1.4)

k=1

Let { fj}j-vzl be any L? orthonormal set in D(P;,) and @), be the quadratic form introduced in
(?7). To prove a lower bound for 3 _;(e;(h) —Ah)_, we use the variational principle in Lemma ??.
Namely, we seek a uniform lower bound (with respect to N) of

N
Z(Qh(fj) — Ah).

J=1
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The following Lemma shows that the bulk contribution is negligible compared to the expected
leading order term.

Lemma 6.1.1. Let A € [0,b) with b from (??). The following lower bound holds true

N N
Z Qh f] Z (Qh wlf] (Ah + C1h2§72) ||¢1f]”iz(g)) 5 (615)

7j=1 J=1
where {fj}é\f:l is an L? orthonormal set in D(Py,) and 1)y is the function from (77).

Proof. By the IMS formula, we find

2

On(f;) = Z (Qh Prfj) — h? H‘Vlbk’fjHiQ(Q)) '

k=1
Using the fact that ¢? + 43 = 1 and the bound on |V| in (??), it follows that
N 2 N
D (Qnlfy) —AR) =D (Qh(?bkfj) — (Ah+ C1h%¢7?) kaj”%z(g)> : (6.1.6)
j=1 k=1j=1
Let us now examine the term corresponding to k = 2 in the right hand side of (??). Using the

inequality (??) for u := 12 f;, we see that

[ 1y + Apasia = wo - ot [ fpa; P
Q Q
We write
h(b — Ch1/4)/ o f;2dx = hA/ o fi2de + h(b— A — 0h1/4)/ |4 fi |2 dx.
Q Q Q

This yields, in view of (?7),

Qu(tafy) > (Wh-+ Culs™?) [ fvaf P (6.1.7)
Q
This gives that the bulk term in (??) is positive, and the lemma follows. O

6.1.2 Partition of unity of the boundary

Recall the cut-off function 1 from (??), which is supported near a neighborhood of the boundary
09). Let
O1 :=supp Y1 = {x € Q : dist(x,00) <}, (6.1.8)

where ¢ is, as introduced in (?7).

Given a point = of the boundary, we let ®! be the coordinate transformation valid near a
small neighbourhood of = (these coordinates are introduced in Section ??). To each z € 09,
there exists §; > 0 such that

—1. (251 — Oy,

where, _ -
Qs, = (_590,590)2 x (0,0z), Or= q);l(ﬂ%)'
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Next, we consider the subset {25, of SN)(;Z to be

5e 6, \2
05, = (-2,2> < (0,6,),

and a covering of O; by open sets {O,},ca0. Using the compactness of the boundary, it follows
that there exist an integer K and an index set J = {1,---, K}, such that the sets {Og, }ics
form a finite covering of ;. For ease of notation, we write §; (respectively O;, ®;) instead of 0y,
(respectively O,,, ®,,). We emphasize here that the ¢;’s are fixed and independent of h. Thus,
by choosing ¢ = ¢(h) sufficiently small (see (?7) below), we may assume that

¢ < dp := mind;. (6.1.9)
leJ

Next, we choose {x;};cs to be non-negative, smooth, compactly supported functions such that

lez(x) =1 in O, supp x; C Oy, (6.1.10)
leJ

and such that there exists a constant Cy > 0 (independent of h) so that

> IVxi(@)]? < Cy, (6.1.11)
leJ
for all z € Q.
Consider the lattice {F™},,cz2 of R? generated by the square:
2
F = ( _ s 5) .
2°2

If m € Z2, denote by (7, sm) = ¢m € R? the center of the square F!™ so that we can write

S S S S
Fgmz(—*‘Frm,i—Frm) X <_*+3m7*+3m>-

2 2 2
Welet ;= {me€Z? : F"n(—%,%)2£0}. If m €7 and n > 0, we will write

F;n,l: <_Q+Tmaﬁ+rm) X (_ﬂ‘f'sman

2 2 2 §+3m)’ Q= F x (0,6). (6.1.12)

Let a < 1 to be chosen later as a positive power of h (see (??) below). We introduce a new

partition of unity of the square (—%, %)2 by smooth functions {@p, }mez, with the following

properties
. o 0p\2 ~ . myl
z; (Pml = m <_ 57 5) ;  Supp Soml C F(1+a) Pm,l = 1 in F(lfa)@ (6113)
mel;
and such that there exists a constant C's > 0 so that
> [ V@mal® < Cslas) 2. (6.1.14)

meZ;
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Construction of the partition of unity. Let a > 0. We consider a non-negative function y, €
C§°(R?) satisfying the following properties

1 2 . 1 1 2
a,f—i—a) XaEllIl(—*—Fa,*—(I), IVxal < C.

1
< <1 ( -
0< xe <1, supp xa C 5 5 > 2

We can construct ¢, in the following way. For each m € Z;, we consider the function

Ym (1, 8,t) = Xa((r —me 5 Sm)) We then set
S

Tm

Bt = .
\ ZkzeIl Tk
It is easy to check that the functions @, satisfy the properties in (77). O

We set
soml(x) = P (Pi(x)).

Let ym,; be an arbitrary point of Q7 (1 +a . As we did in Section 7?7, we may assume, after
performing a diagonalization, that gl(yml) (g1 is a short notation for g,) is a diagonal matrix
given by

)\m,l,l 0
gYm) =1 0  Ami2 Of. (6.1.15)
0 0 1

For y = (yl,yg,yg) € Ri’_, we denote y- = (y1,92) € R2. Applying (??) with g := Ym,| =

(yfﬁ,la 0) € F

(1+ ) X {0}, we immediately see that

Hg‘1/2 y) — A2 312 ‘<C§/\1/2 A2 (6.1.16)

m,l,1 ml2 m,l,17'm,l,2

Similarly, we can show that for some constant ¢’ > 0

_1/92 —1/2\-1/2 1/2,—1/2
gl =2 () = NG < dan s (6.1.17)
We also note that we can approximate the function X Xl within the domain Q77 (1 +a) by )le (Ym,1)-
Indeed, by Taylor expansion, we obtain that for some positive constant cs > 0

IXP () = X3 (ym1)| < ess. (6.1.18)
Put z = (21,22, 23) = (\,] 1/2 FRLLE /\m{myg,yg) and denote by
\L/2

mik(1+a)s

~m,l L (_ Sm,l,1 gm,l,l) % (_ Sm,l,2 Sm,l,2
2

Q(1+a)< 9 ' 9 9 7 9 ) k(:61’129)

In the following lemma, we apply localization formulas to restrict the analysis into small boxes
where we can approximate the quadratic form using Lemma ?7.

) X (O,C), Sm,l,k =

Lemma 6.1.2. Let A € [0,b) with b from (?7), Fy the magnetic potentz'al given in (??) and

Ym,l € F(1+ ) X {0}. There exist a function ¢ = ¢y, , € C'OO(Q(H_ o ) and a constant C > 0
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such that for all € € (0, 1] satisfying € > ¢ one has
N
Z Qn (1 f;) — Ah)
7j=1

N
(1-Ce) D> {/ [(—ihV. + b Fo,, ) €0t/ X fi|2dz

j=11eJ meI; Q(1+(L)§

—Al(haa,%s)/vml |¢m,ziz1>&fv’j|2dz}, (6.1.20)

(1+a)s

where ~ ) _ __—
A (1 -
A(hac,c) = AECh <a§)1 )(5+ Co)+Cee” (6.1.21)
— (3

b, = \ﬁ(ym7l)|, O, = g(ym,l) and to a function v(x), we associate the function v(z) by means

of (?7).

Proof. According to Lemma 7?7, the lemma follows if we can prove a lower bound on the right-
hand side of (?7). We start by estimating Qj(¢1f;). Using the IMS decomposition formula, it
follows that

Qu(1f;) = 3 (Qulatnfy) = B2 119l iy ) - (6.1.22)

leJ

Using (?77?), and implementing (?7), we get

Q1 f5) = (A + CrR2s™2) [ f172 0y
22@’1(%’“1@ (A + (Cr+ C)B?67?) [l 2 ) (6.1.23)

leJ

where we used that ¢ 2> 1.
Applying the IMS formula once again, we find, using that a < 1,

Qn(rxify) = > {Qh(sﬁm,ﬂlezfj) —h? H|v80m,l|w1lejHiz(Q) }

meZ;

> ) {Qh(@m,l%lej) — (C1+ Ca+ C3)h* (as) 2 lomuvixatill o) } (6.1.24)

mel;

The last inequality follows from (??) and C} := Cysup;c; | D®;||?. Inserting this into (?7?), it
follows that

On(¥1fj) = (Ab + CLh*s2) [0 fill 720
> Z Z <Qh(<ﬂm,z¢1lej) — (Ah + (C1 + Oy + Ch)h*(as)?) me,z%lejHiz(Q)) , (6.1.25)

leJ meI,;

Applying Lemma ?? with yo replaced by ym i, v = @mitvixifj, £ = (1 +a)s, T = ¢, we then

deduce that there exists a function ¢, = ¢y, , € Cm(@ziak) such that, for all ¢ € (0,1]
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satisfying € > ¢, one has

Qn(¥1f;) — (A + Crh*s2) [[vh1 £l 2q)

(1—Ce) Z Z |(—ih V. + b Fo,, ) €t/ "G b x fi|Pdz
leJ mEZl Q(1+a)§
— (AL 4 (C1 + Co + C3)hP(as) ) (1 +3C¢) +25C<*e ™) Y > |GmathrXifil* dz,

leJ mel; (1+a)§
(6.1.26)

where C' is the constant from Lemma ??. Put C' = max {01 + Cy + C4, 250}. Inserting (?7)
into (?7) yields the desired estimate of the lemma. O
6.1.3 Leading order term

For h,b > 0 and 6 € [0, 7/2], we recall the operator Pé\fh’b from (??7). Let us rewrite (??) as

N
> (Qn(fy) = Ah) = I + I, (6.1.27)
J=1

where
I =(1-Ce)x

N

ZZ Z<€i¢m’l/h¢m,zilﬁlij (fpéfml,h,bm,l — Ai(h,a,s,€))elmihg, X f),  (6.1.28)

j=lleJ mel
em,le(ovﬂ-/z}

and
I, =(1-Ce)x

N
ZZ > (Ot g X1 f (Por b, — Mi(Byays,)) e G L v fi). (6.1.29)
S

Below in (?7), the parameters a, ¢ and ¢ are chosen so that, when h is sufficiently small, one has
R AL (h,a,c,¢) < b, (6.1.30)

where b is defined in (?77?).
We begin by estimating I;. Using Lemma 77, we see that

Ilz—h(l—éa)z Z mzz Cr(Om) A1(ha<5)) X

leJ mel;
em 16[0 7T/2)

N
Z< Oty S @m i 5, o, k(B b1 e l¢ml/h¢1chpmlfJ> - (6.1.31)
j=1 (Q(lJra)c
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Here, for § € (0,7/2] and b > 0, {(x(6)}i are the eigenvalues from (??) and Ilg;(h,b) is the

projector defined in (??). Using (?7) and that dz = )‘717{31)‘7175 ody, we obtain that for some
constant Cy > 0

N
Z< Z(bml/hlel(PmlfJ?Hamh (h‘ bml) l¢ml/h¢1xl(pmlf]>

=i 2@,

N
1+ Cus) D> fi H(m, Lk, by, O ) i) r2()- (6.1.32)
7j=1

Here H(m,l, k, h, by, ,0m 1) is the positive operator given by,

H(m7 la k7 ha bm,la QTI’L,Z) = ¢1Xl§0m,lU<I>lVvZHyeiQSm’lH@m,l,k(hv bm,l) i, le—>qu>l ¢1Xl(10m Iy
where, for a function v, V,_,, is defined by

(Varsy0)(y) = (AT 1 AT 502, 3), (6.1.33)

and, for a function u, the transformation Ug, is given by
(Up,u)(x) = u(Pi(x)). (6.1.34)
Since { f; }é\le is an orthonormal family in L?((2), we deduce that

N
> (i Hm, bk by, 0m) fi) 12i0) < Te(H(m, 1k, By b g, Om))- (6.1.35)
j=1

Combining (?7?), (??) and (??), and using that € > ¢ (see (??) below), we obtain that for some
constant C5 > 0

—(1=Cs)hY . > bui Yy (GOmg) = b0, A (hya,s,2))
k

ledJ mEIl
97n,l E(O,ﬂ'/Q]
Tr(H(m, 1, k,h, by, 0m,)). (6.1.36)
It is straightforward to show that
TI'(H(m, l7 k h bm l7 m l))
3/2 3/2/ / 90207 W)XT (1) B (W1, w2, 0)[ Vi (UGm,zyk(h_l/Qbiﬁzf)) [*dyd,
(6.1.37)

where, for 6 € [0,7/2], vg (-, &) is the function defined in (??). Using (??) and (??), and that
i1 (z)] < 1 for all z € Q, it follows that

Te(H (m, Lk, hy b g, ) < (2) (L4 00) (R (i) + s)A T AL S o h=/268 %

£ _
// Spml Y1, Y2, )‘u9mlk( 1/2b¥%)‘;@/,21,23/2_m,h 1/2[)%%3/ )| dyd€, (6.1.38)
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where, for § € [0, 7/2], the functions {ug}x are introduced in (??). Performing the translation

v=~h" 1/2()1/2)\%372312 m and using that the function uy,, , 1 is normalized, we find
// 2211, 92, 0)ug,, o (200N s — in(g Pk Y20 ) [Pdyde
= sin(@m,l)/2 @m’l(yl,yg,O)dyldyg/2 e, .k (Y, hil/wa{’Zlyg)deng (6.1.39)
R R

+

—1/2,1/2.. ~
=h 1/2bn{7lsm(0m,l) /}R2 \cpm,ZIQdyldyg.
Inserting this into (?7?), we deduce that

TT(H(m7 la k» ha bm,la em l))

< (20) N A 2 ) + €)1+ )sin@) [ BmaPdinde. (6.140)
R

Using that the function ¢, is less than one and supported in the square F(Tia)c (the set defined
n (77?)), we see that

Tr(H (m, 1, k, by by, Om))
< 2m) T M A 5 (0 (Ymg) + €56) (1 + €8) sin(0) (1 + a) 6% (6.1.41)

m,l,1

Substituting (??) into (?7), we obtain that for some positive constant Cs > 0

I > —(1—Cge)(1+a) Z Z Z Ce(Orm 1) Al(hace)) X

leJ me
Orm,1€(0, 7r/2]

1/2 \1/2
62 l/\n{ll/\n{lQ(Xl(yml)“‘C5§) . (6.1.42)

Recalling (??), this reads

L > —(1 — 066)(1 a)2><
S 3 B0t h A (a5, ) )R AL AT () + 56)s% (6.1.43)

leJ mGZl
01, 1€(0,m/2]

We now proceed in a similar manner to get a lower bound of I5. By virtue of Lemma 77, it
follows that

Iy > —h(27)~ 1—0522%/2,% + 72— 7, A (B ays,E)) X

leJ meI;
Om,1=0

N
D (oM X F, s b3 ) M N ) jdedr, (6.1.44)

j=1 ( (1+a)s
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where, for (¢,7) € R? and b > 0, {1 (£)}1 are the eigenvalues from (??) and II; (€, 7; h, b) is the
projector defined in (??). Using Lemma ??, it follows that

L>—h2r)1-Ce) ) > bml/ pa(&) + 72 = h7o (B a,6,6)) %
leJ QmeIlo
m,l

N
> (X fio T (s b €, 1) M1 pma ) dgdr. (6.1.45)

Am,l
J:1 (Q(1+a)<)

dy, we obtain

: _\1/2 \1/2
Using (7?) and that dz = A\7 1A, 75

N
> (M KB f T, by €, 7)€ Xap )

2/ M,
j=1 L (Q(Ha)c)

N
< (L4 Cus) D (i H (m 1k by b 1€, 7) ) 120y (6.1.46)
J=1

Here H'(m, 1, k, h,by,;&,7) is the positive operator given by,

H/(m7 la h7 bm,l; ga 7_) = qzz)le(Pm,qu)le%ye_i(bm’lHl (67 T; h7 bm l) i$m, l‘/z—>qu>l ¢1X190m l
where Uy, and V,_,, are the same as defined in (??) and (??) respectively. Since { f]} '\, is an
orthonormal family in L?(£2), we deduce that

N

S i H (m Lk by s 6,7) fi) p2) < Tr(H' (m, 1k by by s €,7)). (6.1.47)
j=1

Inserting (??) and (?7) into (?7) yields

I > —h(1-Cse)(2m) ) 0 Y byyx

leJ mel;
em,l:()

/ (1) + 72 = h7 ', YA (hy 4y, €)) _Te(H' (m, 1, hy by s €, 7)) dédr. (6.1.48)
R2 ’
It is easy to see that

T\I‘(H/(m, l, h, bm7l; 57 7-))

= b/ h %2 /RS 920 )RR ()2 1 (w1 v, )| Vamsy (01 (h720, 216, 7)) [Py, (6.1.49)

+

where the function v; is defined in (?7). Using (?7?), (??), and that |¢1(x)| <1 for all z € €, it
follows that

Tr(H'(m, 1, By by g; €,7)) < (270) 711+ ¢5) (X (Ymt) +ese) A2 )\in/Ql 2h_?’/2b3/3><

m,l,1

/ Ba(yr 2, Ol (20, Ty, €) Py, (6.1.50)

R
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Using that the function uj(-;¢) (from (??)) is normalized in L?(R,), we get

Te(H' (1,1, b s €,7)) < (200) 7 0 0mg A5 A 5 (0 (Uma) + €56) (1 + eo) (1 +a) %% (6.1.51)

m,l,1

Inserting (?7?) in (?7) yields

L > —h(1—Cee)(dn?) 1> ST 02 A A (R (yma) + C<)(1 + )% x
leJ mel;

9777,,120
/ (u1(§)+72—h”b:nl,Al(h,a,c,s)) dédr. (6.1.52)
R2 ’ -

Using (77?), it follows that

I > —(1 - Cee)(1 + a) Z Z ( Ai(h,a,, 5))b72ﬂ,l)‘717’{2ll)\11n/2l2(xl (Yma) + ¢5¢)”

leJ mel
gm,l:(]

(6.1.53)

Inserting (??) and (??) into (??), we obtain

N
> (Qu(f;) = Ah) = =(1 = Cee)(1 + a)x

J=1

Z Z b2, rlﬁ A 717{320(1 (Ym.1) + C5§)E<0m75,h_lb;;lAl(h,a,g, 5))g2. (6.1.54)

leJ med

Using the fact that for all A\g € (0,1) the function (0, A\g] x [0,7/2] — E(6,\) is bounded by
Lemma 77, we see that the term

SU+a) 30 D7 brhiia) 7171/3,2E<9m,l7h*1b;51\1(h, a, 96))@2

leJ meZ;

is bounded by €< e s Ynez, Mg Mt 6% ~ C<|09|. This leads to

N
Z Qh f] —(1—066)(1—|—a)2><
j=1

Z Z )‘iﬁ 1A iﬁ 2~l2(ym l)bzn,lE@m,h h_lb;;l/h(h, a,s, €)>§2 + O(s). (6.1.55)
leJ meZ,;

By (?7?), we have A2 )\7171/%2 = 191(Ym,)|"/?. Recall that by, ; = \B(yml)| and 0,,; = Q(yml) For

m,l,1

y = (y+,0) € F™ x {0}, we define the function
G0) = [0 PR WBWPE(Fw). B M (ase).  (6150)
We pick yp,1 € F™ % {0} so that

min  G(y) = Glyma).
yeF™" x{0}
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Then the right-hand side of (??) is a lower Riemann sum. Hence, we find

> g m )% Ym,) b2y E (O gy b bmaAa (B, ay6,6,m))s% = Y Gyma)s® <
meT mez;
L., G O = | G@B@EEOE), 1 BEI A 0.6.9)do()
(6.1.57)
Plugging this into (??), and using that ), ; x?(z) = 1, we obtain

N

> (Qn(f;) — An)

j=1
> —(1 — Cge)(1 + a)? /89 IB(z)|*E(0(x), h | B(z)| A (R, a,s,¢€))do(z) + O(c). (6.1.58)

We make the following choice of €, a and ¢,

e=h't a=nY1% ¢ =pn8 (6.1.59)
This choice yields that for some constant C7 > 0, one has
_ A+ C7h1/8
1
h Al(h,a,§,€777) m as h—0.

The function [0,1) x [0,7/2] — E(6, \) is Lipschitz according to Lemma ??. This gives
‘E(G(az),h’lAl(h,a,g,a)\B(x)]’l) - E(e(x),A|B(z)r1)\ < CshM/8pL, (6.1.60)

for some constant Cs > 0 and b is the same as in (?7?). It follows that for some constant Cy > 0,
we have

N

S (Qulfy) — AR) > —(1+ Cghl/g)/

|B(:U)|2E<0(x), A|B(x)|_1))dz +OMY®),  (6.1.61)
= o9

uniformly with respect to N and the orthonormal family {f;};. Finally, Lemma ?? yields the
desired lower bound.

6.2 Upper bound

Let ¢ > 0 be as in (??) and F/™' be the set defined in (??) with [ € J and m € Z; being
the indices corresponding to the partitions {x;}ics and {@n }mez, introduced in (??) and (?7)
respectively. Let {y,,;} be a finite family of points in F" b {0} to be specified later at the end
of this section. To each point y,,; we associate by, ; = \ﬁ(yml)] and 0,,; = 5(ymyl) defined in
(??) and (?7) respectively (with yo replaced by y,, ;). Let y € Qgia)g (see the definition of the
set in (??)) and A, 11, Am 2 be the diagonal components of the matrix g;(yy,;) from (7?7). We

put z = (Air{3,13/17)‘71n/3,23/2ay3)- Let (¢,7) € R%. Recall the notation from (??) and define the
functions

= - 4 - ~ - :

fiam(y, & h) == h 3/45%111]‘,0%1 (h I/Qbiﬁz;f) (Pmaxitn) () if O € (0,7/2]

Gm(y; &, 1, h) = (277)71/2”3/45%3@1(hil/zb,lﬁzsf,T) (Brmaxitn)(y)  if Oy = 0.
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where vjg(-;€), vi(-;&,7) and 41 are the functions in (?7), (??) and (??) respectively.

Recall the coordinate transformatlon ®; valid near a neighborhood of the point x; (see Sub-
section ??). Let z = ®; '(y). We define f;;n(z,&h) = f]7l7m(y &h) and gy (2,8, 75 h) =
Gm(y, & 7 h). With A E [0,b), we put

M; =1
Fml = L Gm ) ENX I X T < ¢ (0rm,1) b, L, A0}

and
M er =

1 .
m {GmieneNxxIxR2 :  pi(€)+r2-b L A<0}

Note that b _ A < b~'A < 1. Hence the condition p1(¢) + 7% — b A < 0 implies, in view of
Proposition ‘7'7 , that there exists a constant K > 0 (independent of m ,1) such that

(&,7) € Ier == (0,K) x (~1,1). (6.2.1)
Define, for f € L?(Q),

'71f Z Z Z ]ml/ <faf],l,m f h >fjlm(x g h)d£7

leJ meL;
m ZE(O 71'/2]

and

@ =3 X [ Mg (il &omi) (o & 7).

leJ meIl
'ml =0

We have the following lemma.

Lemma 6.2.1. Let f € L?*(Q) and define the operator v by

vf=mf+1f

There exists a constant C1g > 0 such that the quadratic form associated to v satisfies

0<(vf, e < (14 Cios) ||f|!i2(9) . (6.2.2)

Proof. Consider f € L*(2). It is easy to see that (vf, f) > 0. Next, using that M;,,; < 1, we

see that
(Fimnf) ) < > D Z/’ i Fiam (@, &) 2 ‘ de. (6.2.3)
leJ mel;
Gmle(o 7I'/2}
By (??), we have
2 A 2
’<f7fj,l,m(x7€;h)>L2(Q)‘ = ’/RS f fj,l,m(y7§; h)|gl|1/2dy‘ . (6.2.4)
T

1/2

Approximating |g;|'/* using (?7?), it follows that there exists a constant C7; > 0 such that

2 Jp—— 2
’<f, fj,l,m(x7£;h)>L2(Q)‘ <1 +Cllg))\m,l,1)\m,l,2‘ /RS / ilwlszm,l(Uh,bm,lvj,em,l(z;5))dy’
+

o = 2
= (1 +Cll<)‘ /3 f )Zz%sbm,z(Uh,bm,lvj,em,z(Z;5))dz) :
R+
(6.2.5)
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Here, the transformation Uy, , is defined in (??) and for a function u, 4 is associated to u using

(7?) and (?77).
Substituting (??) into (?7?), we find

m,l

Uy < 04010 Y Y Z\/ F X B iU 030,05 ) 2| . (6.2.6)

leJ meL;
Gm ZG(O 7I'/2}
In a similar fashion, one can show that

Foof) oy <1+ Y 3 Y / | / F Xeh1Bna (2m) 2 (Unp,, 0y, 7)) | dedr

leJ mel; j
O1,1=0

Next, we recall the definition of v;4(-;€) from (??) (resp. v; from (??)) and use the fact that
100,01 }5 (vesp. uy(+,§) for all § € R) is an orthonormal set of eigenfunctions, we thus find

FAF) oy < 1401 33 / |01 Bt (2) [P (6.2.7)
leJ mGZl
By the change of variables z = ()\nﬁ 191, A:}{l 292, y3) and implementing 1 = |g;(y)|*/?|g:(y)| /2,
we see that
1/2 \1/2
/ |Xi01 @ f (2 ‘ dz = rr{ll rr{,l,Z/ 972 ()t (y) |Xl¢1$0mlf | dy.
We approximate |g;|~/2(y) using (??), we obtain that for some constant Cjy > 0
e Bmaf (D) dz < (L4 Crze) | |anl*[Rebs Bt F)|
s XiP1Pm,1J (2 Z S 126 - g X1P1Pm1J Y Y
R4 + (6.2.8)

=(1+ C’12§)/Q‘xlcpm7zw1f(x)‘2dx.

Here we have used (??) in the last step.
Implementing (?7?) into (??), and using (??7) and (?7), we get the claim of the lemma. [

By the variational principle in Lemma 7?7, an upper bound of the sum of eigenvalues of P,
below Ah follows if we can prove an upper bound on

(14 Cha6) " Tx[(Py — Ah)y] = (1 + Cip6) (Tr[(Ph — Ah)m] + Te[(Py — Ah)fyg])

We start by estimating

TPy - Am] =Y Y Z / Qi (fi 1 (1,5 1)) — AR || (s €3 1) |2 ) €

leJ me1;
'm lE(O 7T/2]
(6.2.9)
Here we recall the quadratic form Qj, defined in (?7?).
By (??), we have
/Q | fidm (2, & ) Pdec = /R Nal @) Fiam (v, & W)Pdy (6.2.10)
+
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Recall the transformation V,_,, introduced in (??). It follows from (??) and (??7) that there
exists a constant C73 > 0 such that

[ om0 P
Q

> (R (ymy) — Cra) Ay (A3 02312 / Vs (03,0, (A Y2032 €)) Bt () 2dy,
(6.2.11)

Let us write the last integral as

ml|‘/Hy(vj,om,l(h‘1/2biﬁz;E))%,z%le?J:/ml Vi (00,0, (b~ 1200 02:€)) [Py

(119—a)< (14a)s

+/m,z[_1+90ml¢1}|‘/zw(vjeml(h V2p)226)) Py, (6.2.12)

(14a)s
As we shall work on the support of M;,,; in view of (?7), we may restrict ourselves to the
indices (j, m,1) satisfying (;(0,,) < Abr_nll < Ab~!. Using Lemma ??, it follows that for all
a € V1 — Ab—1, there exists a constant C14 > 0 such that

ol ‘Vz—>y (Uj,em,l (h_1/2b¥32§ f)) (&m,l&l) (y) ’2dz

(14a)s

_Chaach—1/ -
> (1 — e~ Cuash ™) /Q oy Ve (Ui, (720, 12:9)) Py, (6.2.13)

(1+4a)s

where we have used (?77) and (?77?).
Implementing (??) in (??), we obtain

/ \fism(z, & R)|Pdx
0

2 (1 _ e—Cl4a§h71/2

)(X%(yml) C13§)/\1/2 A2 32, =3/2

m,l,17'm,l,27"m,l

/Qm Ve (00, (7Y 260/ %2:6))[Pdy.  (6.2.14)

(1+4a)s

Asin (?7), we find

/ / . 0,0, (R 1/2b¥3z;£)|2dyd§ = 2m) (1 4 a)%c%sin(0,,). (6.2.15)

l+a)§

Substituting this in (??), we deduce that

/ / Fram (. & 1) Pdrde

e Cusash ™) (2 (y,1) — C13<) (1 + a)*3A0 5 A:r{?mh_lbm,l(%)_lSin(emJ)' (6.2.16)

m,l,1
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Let us estimate Qp(fj;m). Applying Lemma ?? with w = f;; ,,, we find, for all € > g,

Qh(fj,l,m)
<(1 +Cs)/ , |(—ihV. + by Fo,, Je@mi/m i) 0| dz + Cste —1/%[ |\ fitml? dz

(14a)s (14a)s
<(1+COPPT | (Pt X)? | (—ihV + by, Jss, (020,026 d
(1‘+a)<
You oy —1v Y2 — 2
+h / (V@ P+ Ot G R ) 00, (02032 €) Pz, (6.27)
(14a)s

where C' is the constant from Lemma ?? and the set Q" (1 +a)§ is defined in (?7).

By (?7), (??), (??), and approximating X7 using (?7?), it follows that for some constant
Ci5 > 0,

Qh(fj,l,m)

< B2 (R (Ym 1) + Crse) /Q Y 4 b iFa, v, (202 d
(14a)s

4 OB 12 a0) ) [ e, (V6P dz, (62.18)
(14a)s

Performing the integration over £ € R, we get
[ Quhiam)as < ML AL B (27) 7 1+ 0P singd )
{ (X7 Ym.1) + C158)C(0m) + Crsh ™', (e~ + h*(ac)72)}. (6.2.19)
This combined with (??) yields, in view of (??),

Tr [(Ph — Ah)’yl]
< Z Z ZMJmMiﬁl iﬁ 2b2 2(2m) "L sin(0,,,) (1 4 a)?x
ZEJ mGIl
O ZE(O 7I'/2}
{2 m) + C152)G5Oma) + Crsh ™ bk (6% + B2 (a) 2)
= Aby (1= e (7 ) — 013<>}

=—(1+a?> Y >z%<ym,z>A%31%3,zb%z<2{Z )" sin (1) (G (6ma) — Ab)_}

leJ mEIl
Gm’LG(O,Tr/Q}
1
+ Ir(es)t7
where
Irest - 1 +a Z Z ZMJml§2)\7ln/2l,1)\7ln/2l Qbml(Qﬂ-)_l Sin(em,l)x
leJ mGIl
[ ZE(O 71'/2]
1, _ _ 1 —Cysach-1/2 ,~
{C15(€§j(9m,l) +h 1bmh(§4€ Y+ h2(as)7?) + Abm%l (e=Craosh ' Q(XlQ(ym,l) — C36) + Clgg)}.
(6.2.20)
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By virtue of Lemma ??, (??) reads

TP = ADN] < =140 D KW Mg e 2binas B (O, AbL) + T
leJ meL;
9m,l€(0,7T/2]

(6.2.21)
It remains to estimate

Te[(Ph — A)e] == 50N M, / Qi (gtm (2.6, 1)) — Ah[lgum (. &, 75 0)|* ) de

leJ meL,

EWES

(6.2.22)

We start by estimating gy (z, &, 73 2)||*. Tt follows from (??) (??) and (??) that there exists a
constant Ci3 > 0 such that

/Q (G €, 73 B) 2

> (21) " (R (Yma) — Crs )AL T A 6223/ / Vs (01 (Y262 52:.€)) gty () Py

= (21) (P (yma) — Crse) A3 A 62332 / fur (W26 33 €)Bmaths (y) Py, (6.2.23)

where the function uy(+, &) is introduced in (??). Let us write the last integral as

L 0 s gy = [ e Py

(1+a)§ (1+a)s

. =14 B (20 Sy )Py, (6.2.24)
(1+a)<

Due to the support of 1517 we note that the integral on the right hand side is restricted to the
set where y3 > ¢/2. Recalling (??) and selecting ¢ as in (??), one has for h sufficiently small,

1/2p-1/20 _ £\2 5 (p1/27,-1/25
(b**h c—&">(b"*h 5

Using this and Lemma 7?7, we obtain for some constant C1g > 0

1
-2 > 1—6bh_1§2 > 1. (6.2.25)

(B2 € (B ) (9) Py
Q(H-a)c

> (1— e Cros™h ™ / o u(hY2 s €)Pdy,  (6.2.26)
Q(ll‘ra)c

where we have used (??) and (?7).
Implementing (?7?) in (??), we obtain

/Q (G (2, €, 75 1) Pl

m,l,1

> (2m) 21— e~ 9 (R () — Crs6) At s obs g2 / o e Ry,
(1+a)s

(6.2.27)
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Using the same arguments that have led to (?77), one can show that

Qh(gl’m) < h*3/2biﬁ(2ﬂ')71 (%?(yml)—i-Cmé“)/le |(—Z‘hvz+bmvlF9myl)Ul(h*1/2b¥3z;§)’2 dz
(1+a)s

+Cah Ym0 0 ) [ o ds

m,l

(14a)s
1/2 \1/2 9
<Z Z )‘m/u nz/ZQbmz(lJra)QgZ(?W) X
lEJ mEIl
O, 1=0

{(%?(ym,z) + C158) (1 (&) +7°) + Cush b, L (T + hZ(ag)*Q)}. (6.2.28)

Integrating in § and 7 and taking into account (?77?), it follows that (recall (77))

Te[(Pr = A7) < 30N Mumaerhy s A7 002,,(2m) 723 (1 + a)x

leJ meI;

m,1=0

/R2 ((SCVIQ(ym,l) + Cise) (1 (€) +72) + 015h_1b,_n}l(<4€_1 + h2a"%7?)
— Ab (1 - e (2 (Ymy) — 013<)>d§d7

1+ Y RumoM N et en) 7 [ (€ 7 - M) dsar
leJ men, R?
m,l=

+ 10

rest?

(6.2.29)

where

rest B Z Z 7l,£T %21 1>\ir{2l 2bm l( )" 2§2(1 + G)Q/ <C155(M1(§) + 7'2)
leJ emeIlo R?2
m,l=

i Cl5h*1bxl(g4€*1 i h2a’2g*2) _ Ab;}l(efcmgzh—l(ﬁ(ym,l) — C136) + Clgg)>d§d7-. (6.2.30)

In view of Lemma ??, the estimate (?7) reads

Tr[(Ph = Ar)p] < =(1+a)? D" S KW 1 i L ob%s?(2m) B0, Ab ) + 12 (6.2.31)

Combining (??) and (??), and recalling (??), we obtain

Pn — Ah
| (Pn )1+C'10J

—(1+ Cro9)™ { 1+a) Z Z Xl (Ym,i) A %211)‘;/21 2b$n ZE(em,lyAb;z%l) + Ilgels)t + Ir(fs)t}
ZEJ mGIl

(6.2.32)
By (??), we have /\717{371/\717{?2 = |gi(yma)|"2. For y = (y1,92,0) € F™ % {0}, we define the
function

o(y) = o)X () |B(y) PE(0(y), 1B(y)| 7' A) (6.2.33)

7



We choose the points v, € F™ % {0} so that

max  v(y) = v(Ym,1)-
yeF™" x{0}

Then the right-hand side of (??) is an upper Riemann sum. We thus get

Z ‘gl(ym,l)‘1/2>712(ym,l)b3n,lE(0m,lab;:lA)CQ = Z v(ym,l)§2 >

mel; meL;
[, Odndi = [ @B, B A)do(e). (6231
—8;,00)2 o0

Using the upper bound estimate in Lemma ?7?, together with the fact that |B]| is bounded on
O and that >y ;> 7, §2)\71n/2ll)\1/2 ~ |09, we find

m,l,2
I+ 118 = O(e + hcte ™ + h(a)2). (6.2.35)
The choice in (?7?) yields
1 2
Tl + 1] = O('%).

Inserting this and (?7?) into (??), and using (??), we obtain

< (14 Cioh®$)7(1 + h1/8)2/ B(2)PE(8(2), A[B()| V) do(x) + O().
o0

The upper bound then follows from Lemmas 77 and ?7.

6.3 Proof of Corollary 7?7

Let us start by computing the left and right derivatives of the function (0,1) > A — E(6, \),

since we shall need these quantities later in the proof. Using the formula of E(6,\) given in
Theorem 77, we find

1 [e.e]

53 [ m©-Nde it 9=0,
gf(e, ) = 2512(0)0 (6.3.1)
+ - card{j : (j(0) <A} if 60 (0,7/2],
and . -
1/2 .
E - | () —NILdE if 6=0,
;T(e, A) = 3171;2(9)0 (6.3.2)
- 5 card{j : ¢;(0) <A} if 0 € (0,7/2].
Let € > 0. Using Corollary ?? and recall the notation from (??), we deduce that
Tr (Pr, — (A+¢e)h)- — Tr (Pp, — Ah)— > ehN(Ah; Pp, Q). (6.3.3)

On the other hand, by the formula in (??), we have
Tr (Pr, — (A+e)h)- —Tr (Pr, — Ah)_

= [ B@PE (B, (A + 2B ™) ~ BO@),AB@) ™) dola) + o(1). as h =0,

78



Implementing this into (?7?), then taking limsup;,_,,, , we see that

: . E(0(z), (A +¢)[B(x)|"!) — E(0(z), A|B(z)| ™)
h}rg%lip RN (Ah; P, Q) < /89 |B(z)] B do(z).

We recall here that |B(z)| > 0 for all z € 9Q. Taking the limit ¢ — 04, we deduce using (??),
and Lebesgue’s dominated convergence Theorem, that

. OE B
h}%ﬁp hN (Ah; Py, Q) < /a 1By (a(g;), A|B(z)] 1>da(x). (6.3.4)

Replacing € by —¢ in (??) and following the same arguments that led to (??), we find

lim inf A (AR Py, ©) > /a IB() g%(e(x),MB(x)rl)da(x). (6.3.5)

It follows by the assumption (??) that

/m B(x) gi(e(x),MB(x)w)da(x) _ /m B(z) gi(@(:c),A\B(x)]1>da(x). (6.3.6)

Combining (?7) and (??) we obtain

E
lim AN (AR; Pp, Q) = / IB(z) a—(e(gc),A\B(.f]c)y—l)cza(a;). (6.3.7)
h—04 F>10) 8A+
0FE
Denote n(0, A) := 8T(€’ A). We have thus proven the statement of the corollary.
+

Remark 6.3.1. Notice that if A does not satisfy the condition in (?7?), the proof of Corollary ??
still gives us,

/{m IB(z) gf (e(x), A|B(:c)|_1) do(z) < l'}lrg(i)IifN(Ah,Pm Q)

. OF .
gh}fri)%tipN(Ah,Ph,Q)g/m|B(x)%(G(x),A\B(az)] 1>d0(x). (6.3.8)
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