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CHAPTER 1

Introduction

The author has attempted to apply classical results from Teichmiiller theory to
the two dimensional part of the Witten-Reshetikhin-Turaev Topological Quantum
Field Theory. It should be mentioned that this TQFT has been used very effectively
to solve problems in Teichmiiller theory, for example, the asymptotic faithfulness
of the quantum representations of the mapping class groups [And06], the solu-
tion of Kazhdan’s Property(T) conjecture for the mapping class groups [And], and
that all finite groups are involved in the mapping class groups [MR12]. Here, we
propose studying quantum representations of the (orbifold) fundamental groups of
Teichmiiller curves which will give quantum representations of pseudo-Anosov ele-
ments. We also propose studying the cocycle, and its Lyapunov spectrum, given
by the parallel transport of the Hitchin connection along the geodesic flow in the
unit tangent bundle of Teichmiiller curves. We carry out this plan in the case of
one of the oldest and most popular Teichmiiller curve, namely, the one generated
by the flat surface obtained from gluing two copies of a regular pentagon together.
This curve was discovered by Veech in [Vee89] and has been extensively studied
by Lochak in [Loc] and by McMullen in [McMO06]. In theorem 0.2 below we give
an explicit expression for the quantum representation of the orbifold fundamental
group of this Teichmiiller curve obtained via monodromy of the Hitchin connection.
This expression involves certain iterated integrals called Hyperlogarithms which first
appeared in [Poi84]. We then construct a cocycle, using the parallel transport of
the Hitchin connection, over the geodesic flow in the unit tangent bundle of this
Teichmiiller curve, and relate this cocycle (in level one) to the Kontsevich-Zorich
cocycle considered in [KZ97] and [BM10].

Our constructions rely on the geometric point of view of the W-R-T TQFT. This
TQFT was first proposed by Witten in [Wit89], where he derived it from quanti-
zation, via path integral techniques, of the 24+1 dimensional Chern-Simons theory.
Shortly afterwards, Reshetikhin and Turaev gave a combinatorial construction of
this theory using the representation theory of the quantum group at a fixed root of
unity in [RT90], and [RT91], see also [Tur94]. Another construction, using skein
theory, was given by Blanchet, Habegger, Masbaum, and Vogel in [BHMV95].

7



8 1. INTRODUCTION

From the geometric point of view, this theory relies on the existence of a I'y
invariant vector bundle V%) — T4 with a I'y invariant projectively flat connection
v®) for every integer k& > 0. Here 7, denotes the Teichmiiller space of genus
g = 1 surface and I'y denotes the mapping class group of this surface. We recall
the definition of 7, and I'y in chapter four. The construction of this vector bundle
and the projectively flat connection was carried out by several authors, including,
[ADPW91], [Fal93], [Hit90], see also [And12], [AUO07b|, [AUO07a], [AU12b],
and [AU12a]. This connection is now dubbed the Hitchin connection

We briefly recall the construction of V(*) and V*). Let X be a compact Riemann
surface of genus g > 1. Let Mx be the moduli space of semi-stable holomorphic
vector bundles of rank two with trivial determinant on X. We discuss these moduli
spaces, for the general situation of vector bundles of any rank and degree, and their
constructions in detail in chapter two. In [NS65], it is shown that M x is a projective
variety, non-smooth in general, of dimension 3g—3. By a result of [DN69] it is known
that Pic(Mx) = Z. Let £ be the ample generator of this Picard group. Then, for
all X € 7,4, the vector spaces H°(My, Elj() glue together to give the vector bundle
V*) — 7,. The dimension of H?(Mx, £%) is given by the following formula

b4+ 2)\9 e T
: 0 k s 2
dim H (MX,»CX) = <2> El (Sln b+ 2) ga

which is called the Verlinde formula.

The action of T, lifts to V(*) and we get a quotient vector bundle (in the orb-
ifold sense) V(k) — Mg, where My = T,/I'y. Moreover, the connection v©®) s
invariant under the action of I'y, and descends to a projectively flat connection V(k)
in the bundle V(k). The monodromy of this connection provides us with a group

homomorphism
ot T (My, X) = End P(VY)).

Here, X € M, is a base point and VE’;’ is the fiber of V(k) over X. By defini-
orb

tion, we have that I'y = 7{""(M,, X). We call this homomorphism the quantum
representation of the mapping class group at level k.

Following [vGdJ98|, we give details on the construction of this vector bundle and
the Hitchin connection for ¢ = 2 in chapter 2 section 4. In this case, the connection
and the vector bundle are defined over

C:={(z,...,2) € C%z # zjifi # j},
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which is the space of ordered configurations of six points on C. The corresponding
family of smooth genus two curves is defined by the polynomials
6

v =[[e-=)

i=1
where (z1,...,2¢) € C.

Given a smooth genus two curve X, [NR69] showed that
Mx = |20x]| :=PH (J%, ©%).

Here J} = Pic’(X), and © := {L € Pic!(X)|h°(X, L) > 0} is the canonical theta
divisor. We discuss this isomorphism in detail in chapter 2 section 4.1. It is well
known that the dimension of H%(J )1<, ©2) is 29 for a genus g curve, which implies

Mx = CP3.

Moreover, the generator of the Picard group of CP? is Ogps(1), which gives £F =
Ocps (k). This implies that H(Mx, £F) = HY(CP3, O¢ps(k)). Let V be the space
of homogenous polynomials in four variables of degree one. It is well known that
HO(CP3, O¢ps(k)) is isomorphic to the space of homogenous polynomials in four
variables of degree k, thus H°(CP?, O¢ps(k)) = S¥(V) where S* denotes the k'*
symmetric power of a vector space. By gluing the vector spaces HO(Mx, £LF) we get
a vector bundle V¥) — C such that the fiber of this bundle is isomorphic to S¥(V).

Let C be the quotient of C by the action of the symmetric group Sg. In [vGdJ98]
it is shown that there exists a diagram of smooth covering spaces

(1.1) ctehe

with the corresponding short exact sequence of deck groups
(z./27)* — A(G) — S.

Here A(G) is a subgroup of the group of automorphisms of the (finite) Heisenberg

group. This group A(G) can be identified with a quotient group of Sp(4,Z), i.e.

A(G) 2 Sp(4,Z)/T9(2,4), where

'y(2,4) := { <I —21—0214 s —?—B;D> € Sp(4,7Z)|diag(B) = diag(C) = (0,0) (mod 2)} .

In [vGdJ98] it is shown that P*(V®) = (S*(V) @ N) x C, where N — C is a
line bundle. In the trivial bundle S®) (V) x C, [vGdJ98], sce also [GTNBO0], give
an explicit expression for a flat connection which is as follows

(k)

V" =d+ P w®)
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where w®) is following End(S*(V)) valued holomorphic 1-form on C

~. .dz; —dz;
(k) _ i,j 22 T P2y
w k Z Q o
1<i<y<6
where
—1
Fi=————
16(k + 2)
and Q¥ € End(S*(V)), defined in (2.19), are symbols of explicit differential opera-
tors which were calculated in [GTNBOO].

The authors in [vGdJ98] write down a symplectic basis for V' and construct a
projective (symplectic) representation of the deck group A(G) on V. This represen-
tation has a natural extension to PS*(V) for all £ > 0. We can thus consider the
following projective quotient bundle on C
(1.2) ]P)Sk(V) XA(G) g
where A(G) acts on the first factor by the projective representation and on the second

~ (k
factor by deck transformations. The connection V' is projectively invariant under
the action of A(G), see [vGdJ98], and descends to a well defined flat connection in
(1.2) which we denote by v,

REMARK 0.1. The pull back P*(V(®)) is actually isomorphic to $*(V) @ N where
N — C is a line bundle. But this line bundle, as remarked in [vGdJ98], does not
interfere with the construction of the connection.

Let C be a finite area hyperbolic surface equipped with a holomorphic embedding
f: C — Mgy, with ¢ > 1. The pair (C, f) is called a Teichmiiller curve if the
embedding is isometric with respect to the hyperbolic metric on C' and Teichmiiller
metric on My. It is well known that Mg, for g > 2, contains infinitely many
Teichmiiller curves, see [McMO09].

In chapter 3 we explain the concept of an affine structure on a topological surface,
and discuss the action of PSL(2,R) on the unit cotangent bundle of the Teichmiiller
space. Let (X, q) be in the unit cotangent bundle, i.e. X € T, and ¢ € H*(X, K%)
is a holomorphic quadratic differential on X of norm one. We explain and give
definition of the Veech group V (X, q) associated with the pair (X, ¢), and show that
V(X,q) can always be identified with a discrete subgroup of PSL(2,R). We then
discuss why the condition of V(X,q) being a lattice always leads to a Teichmiiller
curve H/V (X, q) — M, and how elements of V (X, q) are elements of the mapping
class group of X.
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We then study a particular Teichmiiller curve ¢: x — My, This curve was
discovered by Veech [Vee89] who showed that x = H/A(2,5,00) where

A(2,5,00) :=< S, T|S* = (SoT)’ =1d >

T—<12m%>, 5—(0 v € PSL(2, R).
0 1 -1 0

The group A(2,5,00) is also called the Hecke triangle group of order five. In terms

and

of affine structures and Veech group, this can be explained as follows. Let X be the
genus two Riemann surface defined by the equation y? = 2° + 1 and let cdy—f’f be a

quadratic differential on it, where ¢ is a normalizing constant such that HCCZL;H =1
In [Vee89)] it is shown that the Veech group V(y? = 2% + 1,6%2) = A(2,5,00),
which is a lattice in PSL(2,R) and thus leads to a Teichmiiller curve.

In terms of mapping classes, [Vee89] also shows that T corresponds to a Dehn
twist along two non-intersecting non-separating simple closed loops on X and U :=
S o T corresponds to a diffeomorphism of order five on X. As such T,U € T's.

In [Loc|, Pierre Lochak gave a finite covering mg: Xoo — X, Where Yoo :=
(CP! — p5) and ps is set of fifth roots of unity, see also [McMO06]. The deck
group corresponding to this covering is the order ten Dihedral group generated by
R(t) = (?(t), where ¢ = ei%r, and I(t) = 1 for all t € Yoo. The points 0 and oo are
fixed under R and interchanged by I, as such they project to an order five orbifold
point in x which we will denote by a € x. Let 49 be the path in X starting from
0 and running along the real axis to (1 —€). Let 4; be the semi circle starting at
(1 — €) making a counterclockwise turn around 1 to reach the point (1 —¢)~!. Let
70 and 1 be projections of 9 and 41 to x. Then the path ~ := ’yal -1 - Yo is closed
in y since (1 —¢) and (1 — ¢)~! are identified with each other under I.

Associated with the orbifold point a € x, is its order five stablizer group which is
isomorphic to (R). It is shown in [Loc] that (R) together with « generate the orbifold
fundamental group 7§"°(x,a), and under the isomorphism 7¢"°(x, a) = A(2,5, 00),
U is identified with (R), and T is identified with the closed loop . We will consider
the point a as a constant loop in x with the additional datum of the stabilizer group

of this orbifold point.

Let Coo == {(21,...,26) € (CP1)®|2; # z;ifi # j} be the space of ordered config-
urations of six points on the Riemann sphere. In [Loc] an embedding ¢: ¥ — Cuo is
given by

G(t) = (L+t,C+ M, + 2,3+ 3, ¢+ T, 00).
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Here, X := (CP! — {5 Uoc}). Let S, be the symmetric group on n elements and let
v,V € S5 < S be defined as follows

V/(Zh .- -72'6) = (25, 21, 2272'3724726) and V(zla .- -,Zﬁ) = (217257247337327»26)-

It is clear from the definition that v? = /> = Id and it can be easily checked that

(V(6(t)) = ¢(R(t)) and %V(@f)(t)) = o(I(1))-

Let Co be the quotient of Coo by the symmetric group Sg and let My be the quotient
of C» by PSL(2,C). Likewise, we can consider Ma to be the quotient of Co, by the
product group (PSL(2,C) x Sg). Since multiplication by % and (¢ corresponds to
a dilation and a rotation in PSL(2,C) we get that the map ¢ is equivariant with
respect to the D action on x and (PSL(2,C) x Sg) action on Co. This implies that
¢ descends to give a well defined map ¢: x — Ms. In fact we get the following

commutative diagram,

LAY
Py

% Coo
Py

X Mo

Notice that the 1-form w®) is not defined on the entire Cs. Let
D = {(z1,...,26) € Coo|zm = o0}
where 1 < m < 6. Notice that D;? is a divisor in C and isomorphic to the space of
ordered configurations of five points on C. We have the disjoint union
Cs =C I_Iglzl Dy

The 1-form w® is defined only on C.

In this case, to construct the quantum representation of Wf’"b(/\/lg, X), we first
choose a lift of any v € Wfrb(Mg,X) to Coo such that this lift lies in C C Cs. This

is possible, since if our chosen lift lies in Dy for any m, we can use the action of
PSL(2,C) to move this lift into C. We then further lift this to the covering C and use

the parallel transport of the connection %(k) in the trivial bundle S*(V) x C. , along
with the projective action of A(G), to give an element in End(PS*(V)). The result
is independent of our choice of the lift, since in chapter 2 section 4.5 we show that
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~ (k
the 1-form w(*) which defines the connection V( ) is projectively invariant under the
action of PSL(2,C). This then provides us with the homomorphism

o T ( Mz, X) — End PSH(V).
Notice that this process is a little different than the general situation outlined in the
beginning.

We calculate the quantum representation of 7¢™(¢(x), ¢(a)). A natural lift to
consider of ¢(v) is ¢(7), unfortunately ¢(3) € D. Thus, before lifting ¢(5) to C
we must first move it into C. Let Z € PSL(2,C) be the inversion in the unit circle,

and let o := (CP! — (u5 U oo U —pu5)). Consider the map
17[}: )20 — Ca
explicitly given as

N 1 1 1 1 1
Y(t) = ((+C*1t’ CH (2 B3+ 1+t

0), forallt e xo.

This map is the composition of the Lochak map <Z~> with the inversion Z followed by
permuting the first and the fifth coordinate. Since we have used the composition of
a Mébius transformation Z with a permutation in Sg to move the image QE()Z) into
C, it follows that 1(xo) projects onto ¢(x). In particular, the loop ¥ (%) projects to

the loop ¢(7).

Let (x1,...,z4) denote the basis for V' considered in [vGdJ98]. Let M € A(G),
then M is an equivalence class of 4 x 4 (symplectic) matrices which act on PV.

Denote also by M a choice of element in this class, then we know the action of M

on every basis vector z;. Given a monomial z¢z4z$z¢, the matrix M acts as

M (z§aha§a]) = M(x1)* - M(22)" - M(x3)® - M(z4)".

Since a basis for S¥(V/) is given by monomials of the form x¢z$z§z§ with a+b+c+d =
k we see how M induces an action on PS*(V). We will denote this induced action
of M by M*) € EndPS*(V'). This is only a projective representation since M is an
element of A(G) which only has a projective action on S*(V).

The differential operators 0% act on S* (V) by the Liebniz rule. We give an
expression for the following differential operator which will be needed later.

al4 | (23 —
2((1’43$1)2 + (.%'38172)2 + (3:28953)2 + <$1a$4)2 — 2.%‘1.%483518;34 — 21‘21‘38@&53)

We can now state the main theorem.
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THEOREM 0.2. Let k > 0 be an integer. Let %) : 79" ( My, $(a)) — End P(S*(V))
be the quantum representation based at the orbifold point ¢(a). Then, under the iso-
morphism 7™ (x, a) = A(2,5,00), we have that
(1) pM (W) = Mg

(2) <p(k)(T) = (q)(k))—l . <Ml(k) . exp(kmAl)>.<I>(k),

where,
0O 0 -1 0 -2 1 0o 2
My = 0 -2 -1 -3 M, — 1 -2 2
1 -1 0 -1 1 -1 0 -1
1 1 0 1 -1 1 -1 0
and

oM =T1d+ ) & S Lo(¢™,... ¢4, .. Ay € End(S®)(V))
r=1

¢t i e(us)T

Cirl
where, for 1 < i < 5, the complex number Lo(¢, ..., ¢ |1) =

1 S5 S;
1 ir 1 i9 1
/0 73” — (/0 73”71 o </0 7% —n dsh) ...dsir1>dsu

is an iterated integral along the interval [0,1]and A; = Q0 + Q%4 such that [a +b] =
[c+d] = [i] ([2] :== z(mod5)).

The iterated integrals Lo(¢%, ..., ¢ |1) also appear in the study of the motivic
fundamental group of (C* — pu,) (when specialized to n=>5) carried out in [DG], see
equation (5.16.1) and proposition 5.17 in the mentioned reference. In section 5.19
of the same reference, the authors discuss "motivic” properties satisfied by these
integrals. These iterated integrals also appear in the construction of the cyclotomic
Drinfel’d associator carried out in [Enr|, see section 2 and Appendix A in the men-

tioned reference.

Since the operators Qb are homogeneous of degree two, it follows that they act

by zero on V. This implies that for £k =1 we get
PDU) =My M(T) =M.

Lastly, we construct a cocycle in the unit tangent bundle of the Teichmiiller curve
using the parallel transport of the Hitchin connection. Let Uy be the unit tangent
bundle of the Teichmiiller curve and let p be the canonical Louiville measure on U.
It is well known that the geodesic flow in the unit tangent bundle of any finite area
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hyperbolic surface is ergodic with respect to the Louiville measure, [CFS82], which
implies the geodesic flow Ty: Ux — Uy, for s € R4, is ergodic with respect to u. We
have the degree ten branched covering map my: X — x. Using this map we can pull
back the unit tangent bundle 7T;5<U x — X which we denote by Uy — x. Likewise we
can lift the geodesic flow niTs: ntUx — w Ux, which we denote by Ts: Ux — UX.
Let 7%(p1) == fi be the lift of the Louiville measure. Since ¥ — x is a finite cover, it
follows that a(Uy) < oo, and Ty is ergodic with respect to fi.

We have the embedding ¥: xo — C. In proposition 3.1 (chapter 5) we compute
that

wet) =k Y AL

_ (T
1<i<h t C

where (¢ = e%i(%), A = Qb 1 Qod for 1 < a < bye<d <5 such that [a +b] =
[c+d] = [i] ([z] :== z(mod5)). This equation should be compared with equation (4)
and (64) in [Enr].

The pull back ¢*(w®)) is a meromorphic 1-form on C with logarithmic singular-

ities at us. Since it is regular at —pus, it is a holomorphic 1-form when restricted to

(k). This 1-form defines

X. We consider 1*(w®)) as a 1-form on ¥ and denote it by wy

a flat connection

(k) ._ (k)
V= d4wg
in the trivial bundle S¥(V') x . Both the bundle and the connection can be pulled
back to Uy, and we denote these pull backs by S*(V) x Ux and Vg?(

Let ||.|| be the operator norm on the vector space S¥(V'). We now have a finite
measure space (Ux, i), an ergodic flow Ty: Ux — Uy, and a flat normed vector
bundle S¥(V) x Ux. We are thus in a position to apply Oseledets multiplicative
ergodic theorem, see theorem 2.1 in the last section of chapter 6.

For any (z,v) € Ux we have the map

PT((J];) (Ty(x,v)): Rso — End(S%(V)), s € Ry
where PT(%
the cocycle

denotes the parallel transport of Vg?( along paths in Uy. This induces

9(%(8): SF(V) = SH(V),  s€Rs, (z,v) €UX

(1‘7

which is equivalent to the function

) : (Rso x Ux) — End(S*(V)).
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Let us suppose that the logarithm of the norm of %) is integrable. That is, for any
s € R>p, we have that

/ log(1 + 0 (s, )[)) dis < oo
Ux

where the norm on End(S*(V)) is induced from the norm on S*(V'). Then Oseledets
multiplicative ergodic theorem guarantees a filtration,

SFV)=F® 5P 5...5 F® 50
where Fj(k) are sub-bundles, and constants
AR S s )

such that
(k)
16 (5) - (DI = X705 o0

)

where j is the maximal value for which f € F j(k . Moreover, the filtration is preserved

by the cocycle, the number n depends on the dimension of S*(V), and due to the
(k)
J

Ux. Thus for every integer k > 0, the numbers A

ergodicity of the flow, the numbers A}’ do not depend on the initial point (x,v) €

(k)
J
and thus are called characteristic or Lyapunov exponents of the cocycle in question.

are invariants of the cocycle (),

In [KZ97] a cocycle, called the Kontsevich-Zorich cocycle, is constructed in unit
tangent bundles of Teichmiiller curves, see also [BM10]. This cocycle, like oK)
is given by the parallel transport of a flat connection, namely the Gauss-Mannin
connection. Let H; — x be the vector bundle with fiber over ¢ € y the first homology
(with real coefficients) of the compact genus two Riemann surface given by t € .
This bundle carries the flat Gauss-Mannin connection, a symplectic structure, and
a norm induced from the Hodge metric. The bundle, along with the flat connection,
can be pulled back to the unit co-tangent bundle Uy, and parallel transport of the
connection along the geodesic flow gives a cocycle 8% this is the Kontsevich-Zorich

cocycle.

REMARK 0.3. The phase space of the cocycle in [KZ97] is more general, but it
specializes to the situation of unit tangent bundles of Teichmiiller curves, as remarked
in [KZ97], see also [BM10].

At this point, one invokes the multiplicative ergodic theorem and obtains the

Lyapunov exponents

KZ KZ KZ KZ
AT >N > A3 > Ay
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associated with the cocycle #%Z. Due to the symplectic structure in the vector
bundle, one has that, see [KZ97] or [BM10],

1=X2 = 27 and M7= _\FZ

Notice that while #%) was associated with a trivial bundle, 85Z is not associated
with a trivial bundle, in fact, in [KZ97], see also [BM10], there is a formula for the
sum AZ 4+ A\EZ in terms of the degree of the bundle H; — Y.

We have the coincidence,
dim(V) = dim(H; (X, C))

where the vector space on the right hand is the complexification of the fiber H; (X, R)
of the vector bundle H; — x over any ¢t € x. Moreover, in [vGdJ98], the authors
introduce a symplectic structure in V. We make the following

CONJECTURE 0.4. The cocycle 0 and 05% coincide. i.e.

)\iKZ = )\El) where 1 <1 < 4.
This conjecture would be true if the monodromy of Vg) was conjugate to the

monodromy of the Gauss-Mannin connection. That this is probable follows from the
(1)

fact that monodromy of V)~< is given by the two symplectic matrices My and M;

given in theorem 0.2.
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CHAPTER 2

Moduli of Vector Bundles and Hitchin Connection

1. Jacobian and the Picard Group

As a motivating example we study the moduli space of line bundles on a compact
Riemann surface X of g > 1. Associated to X is its canonical bundle Kx — X. We
consider the space of abelian differentials, namely H°(X, Kx). By the Riemann-
Roch formula, we know that dim H%(X, Kx) = g and we let (wy,ws,...,w,) be a
basis of this vector space. Given any curve v on X we can define a linear form on
HO(X, Kx) by integrating, that is,

Wi — / Wi.
gl

We can consider cycles in Hi(X,Z) as curves in X. Thus for all v € H (X, Z)

we get a linear form
v: HY(X,Kx) = C

which gives us the canonical map
Z: Hy(X,Z) — Hom(H°(X, Kx),C).
Since H1(X,Z) is a lattice in R?9 = C9 and Z is injective, see lemma 11.1.1 in

[LB92], the image of Z is a lattice in H°(X, Kx)*. We are now ready to give the
definition.

DEFINITION 1.1. The Jacobian Jx associated to X is the quotient
HY(X, Kx)"/Z(H\(X,2)).
It follows that Jx is a Complex Torus and can be identified with C9/Z29. In

fact, if we fix a basis (A1,...,Agy) of H(X,Z) with intersection form given by the

matrix
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then we get a uniquely defined line bundle ©® — Jx whose first chern class can be
identified with the intersection form above, see [LB92]. Together, (Jx,Ox) define
a principally polarized abelian variety. It is a deep theorem of Torelli that two Rie-
mann surfaces X and Y are isomorphic if and only if (Jx,0x) and (Jy,Oy) are
isomorphic as principally polarized abelian varieties.

We now study holomorphic line bundles on X. A holomorphic line bundle is a

complex 2 dimensional manifold L with a holomorphic projection 7: L — X such
that every fiber 7=1(x) = C. Moreover, we require the projection to be locally
trivial, that is
(1) for all x € X there exists a neighbourhood U C X and ®y: 7~ 1(U) — U x C,
an isomorphism, equivariant with respect to projections to U.
(2) for nonempty V N U, &y o &' is of the form (m,w) — (m, f(m)w) where f
is a non-vanishing holomorphic function. We call such f transition functions for
m: L — X. We denote by Ox the sheaf of holomorphic functions on X and by O%
the sheaf of non vanishing holomorphic functions. It is obvious from the definition
that a transition function defines a cocycle in cech cohomolgy group H HX,0%).
Conversely, given an element g € H (X, O%) one can construct a holomorphic line
bundle G — X by declaring g to be the transition functions over the intersection of
open neighbourhoods whose cech cohomology groups we are considering.

DEFINITION 1.2. Define Picx to be the set of all holomorphic lines bundles on
X. From the discussion above it is clear that Picx = H(X,0%).

Since X is a compact complex manifold, it follows that jig (X, Ox) is isomorphic
to the de Rham cohomolgy group H'(X,Ox). We now associate a topological in-
variant to any line bundle. Consider the following fundamental exponential sequence

0->Z—0x — 0% — 1.

2mif

The map Ox — O% is given by f +— e . This induces the following long exact

sequence
0+7Z—-C—C"— HYX,Z) - H'(X,0x) - H(X,0%)
— H*(X,7) — H*(X,0x) — H*(X,0%) — ...
The first part of the sequence is due to the fact that all holomorphic functions on X
are constant. Since exponentiation is surjective, the map C — C* is surjective, and

by exactness it follows that H'(X,Z) — H'(X,Oy) is injective. We also know that
H?(X,Ox) must vanish. Putting all this together we get

0— H'(X,0x)/H X,Z) - H(X,0%) - H*(X,Z) =7 — 0
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DEFINITION 1.3. Let ¢1: HY(X,0%) — H?*(X,Z) = Z. Then the degree of
L € H(X,0%) is the integer c1(L).

By Serre Duality, H!(X, 0% ) = H°(X, Kx), thus dimH'(X, 0%) = g. From the
short exact sequence above, it follows that the set of degree 0 line bundles, which we
call Picg(, can be identified with the g dimensional complex torus

Pic% := HY(X,0%)/H (X, 7).

The theorem of Abel and Jacobi implies that Pic} 2 Jy, in fact if we make the
choice of a basis for the homology, then these are equivalent as principally polarized
abelian varieties. In conclusion, we see that the set of degree 0 line bundles on a
Riemann surface X comes naturally equipped with the rich structure of an abelian

variety.

2. Moduli of Vector Bundles

In the last section we saw that the set of holomorphic line bundles of degree 0,
Picg(, on a Compact Riemann Surface X is isomorphic to the Complex Torus Jy,
the Jacobian of X. Indeed, a choice of basis for H;(X,Z), yields a canonical (ample)
line bundle ©x — Jx, the pair (Jx,Ox) forms an (principally polarized) abelian
variety. In this section we study M%(n,d), the set of (semi-stable) holomorphic
vector bundles E — X of rank = n > 2 and degree = d € Z. This makes M%(n,d)
a generalization of the Jacobian of X. While M% (n,d) is not a group like the Jaco-
bian, it is still a projective variety, singular in general. The topology of this variety
is well understood, in the sense that Betti numbers have been computed. We will
not deal with the topology of this space, but rather concentrate on its geometric
quantization, which forms an essential part of Witten’s three dimensional Topologi-
cal Quantum Field Theory [Wit89].

Let X be a compact Riemann Surface of genus g > 2. By a holomorphic vector
bundle of rank r on X, we mean a r + 1 dimensional complex manifold F, with a
holomorphic projection map n: £ — X, such that 7 is locally trivial. The notion
of locally trivial is exactly the same as in the case of line bundles, except now the
fiber 771(x) = C". Also, the transition functions f are now matrix valued, that is
f e HY(X,Ox(GL(r,C))). Here Ox(GL(r,C)) is sheaf of holomorphic functions

with values in invertible r X r matrices.

Apart from the rank of the vector bundle, its degree is also one of the basic
invariants. Given a vector bundle £ — X we know that each fiber of the bundle
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is isomorphic to C". We can replace each fiber with its top exterior power, that is
ATC" =2 C. This procedure yeilds a two dimensional manifold A" E with holomorphic
projection A"E — X, thus, a line bundle. In the last section we saw that to every
line bundle L is associated its chern class ¢1(L) € Z.

DEFINITION 2.1. Let E — X be a holomorphic vector bundle. Then, degree of E
is the integer c1(A\"E).

At this point one could try to study the set of holomorphic vector bundles of
a given rank and degree. Unfortunately, this is too big a set to be parametrized
by a reasonable topological space. There are examples of continuous families of
holomorphic bundles E; — X fort € D, where D is the unit disk in the complex plane,
such that degree(Ey) # degree(E;) for any t € (D —0), and degree(E;) =degree(Ey)
where t,t' € (D —0). This is called the jumping phenomena, that is, in a continuous
family the degree of the vector bundle can jump. Jumping phenomena makes it clear
that we must impose further restrictions on the set we are considering. It turns out

that the correct restriction is semi stability.

DEFINITION 2.2. Let E — X be a holomorphic vector bundle of rank r and degree

d. Then, the slope of E is the following rational number pu(E) = %.

We are now ready to define semi-stable Vector Bundles.

DEFINITION 2.3. Let E — X be a holomorphic vector bundle. Then E is stable
(respectively semi-stable) if u(F) < u(E) (respectively p(F) < p(E)) for all non-
trivial holomorphic sub-bundles F C E.

Let M (n,d)® be the set of stable vector bundles E — X of rank n and de-
gree d. David Mumford, using Geometric Invariant Theory, was able to show that
ME (n,d)¥ is a (smooth) quasi-projective variety. Being quasi-projective, this vari-
ety is not compact. A compactification of this variety was first given by Seshadri by
using the concept of S-equivalence classes of strictly semi-stable vector bundles. We
explain this concept now.

LEMMA 2.4. Let 0 —» Fy — E — FEo — 0 be a short exact sequence of Vector
Bundles on X. If any two vector bundles in this sequence have slope i, then the
third also has slope p.

PrOOF. Since 0 — E; — E — FE5 — 0 is a short exact sequence, we have that
rank(E) = rank(E,) + rank(E>), and we also have that degree(E) = degree(E1) +
degree(Es). Now a simple calculation in linear algebra shows that if slope of any
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two vector bundles is the same, then the third vector bundle must have the same
slope as well. ]

Now, suppose I — X was a strictly semi-stable vector bundle. Then, by defini-
tion of semi-stability, there exists a sub-bundle F' C E such that u(F') = u(E). Now
consider the short exact sequence

FE
0 —>17~—>12—9»25~—>0.

Since p(F) = p(E) an application of lemma 2.4 yields that u(£) = pu(E).

PROPOSITION 2.5. Let E — X be a semi-stable vector bundle. Then there exists
a filtration (called the Jordan-Hoelder Filtration)

O=FEyCE,C---CE,=F

such that ,LL(EJ%) = w(E), and % is a stable vector bundle.
J J

PRrROOF. Suppose F — X is strictly semi-stable. Then there exists a sub-bundle
F C E such that u(F) = u(E). We construct the sub-bundle £ and we know by
lemma 2.4 that u(£) = u(E). Now, £ is a semi-stable vector bundle, because if it
was not then there exists some sub-bundle W C £ such p(W) > pu(£) = pu(E). But
since E is a semi-stable vector bundle it cannot have a sub-bundle (namely W) with
slope bigger than the slope of E.
Now that we have constructed a semi-stable sub-bundle %, we can apply the above
process again to construct further semi-stable sub-bundles. We apply the process
iteratively until we hit the trivial sub-bundle, and this yeilds the desired filtration.
O

REMARK 2.6. Notice that if E — X was strictly stable, that is, if all its sub-
bundles had slope strictly less than the slope of F, then the corresponding Jordan-
Hoelder Filtration would be empty. Thus, this concept is useful for strictly semi-
stable bundles.

DEFINITION 2.7. Let E — X be a semi-stable vector bundle. Let
O=FCEiC---CEp,=F

be its Jordan-Hoelder filtration. Then to E — X is associated the following graded
vector bundle

Gr(E) = @ EEJ'

j=1 1

where 1 < 7 < m.
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While the Jordan-Hoelder filtration of £ — X is not unique, the associated
graded object, Gr(FE), is determined by E.

DEFINITION 2.8. Let E — X and E' — X be two semi-stable holomorphic

vector bundles of rank n degree d. Then E is S-equivalent to E' if and only if
Gr(E) = Gr(E").

Notice that if £ — X is stricly stable, then Gr(F) = E.

DEFINITION 2.9. Let M?}(n, d) be the set of S-equivalence classes of holomorphic
semi stable vector bundles of rank n and degree d.

Now, it is a result of Seshadri [Ses12] that M% (n,d) is a singular (in general)
projective variety of complex dimension n?(g — 1) + 1. The structure of a complex
variety on the set M%(n,d) is given as follows. First one shows that M (n,d) as
a category is Artinian and Abelian. This implies that the deformation theory of
E — X is unobstructed. Thus, for any FE € Mf}(n, d) there exists an open ball U C
C"2(9_1)+1, with a fiber bundle structure, i.e. 7: & — U such that 771(0) = E, and
7Y (x) = E' where E' € M% (n,d). This gives us a system of complex local charts on
Mg(n, d), and it can be shown that these charts glue together to give the structure
of a Complex Manifold to the set MZ(n,d). To further show that M%(n,d) is a
projective variety, one shows that there exists an ample line bundle £ — MZ%(n, d)
and the sections of this line bundle can be used to embed M%(n,d) — P*, making
it a projective variety. We will talk more about this ample line bundle in the chapter
on Geometric Quantization.

Since Gr(FE) = E if E — X is a strictly stable bundle, we get that S-equivalence
class of E — X is the same as just the isomorphism class of £ — X as a vector
bundle. In fact, the locus of smooth points of M)B}(n, d) is composed entirely of
equivalence classes of strictly stable vector bundles. The locus of singular points is
then entirely composed of S-equivalence classes of strictly semi-stable vector bundles.
Moreover, in the generic case, it turns out the locus of singular points is strictly of
co-dimension greater than 2. All of these are again results due to [Ses12].

We also mention another feature of stability of vector bundles.

Let E,E’ be two vector bundles. We denote by H(Hom(E, E')) the space of
sections of homomorphisms from E — E’. In this light we have the following lemma.

LEMMA 2.10. Let E and E’ be two stable vector bundles of same rank and
degree. We have that H'(Hom(E,E')) = 0 if E is not isomorphic to E’, and
H°(Hom(E, E")) = C* if E is isomorphic to E’.
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This in particular implies that the space of automorphisms of a stable vector
bundle is just one dimensional. In fact, if £ — X is any vector bundle such that
H°(Hom(E, E)) = C* then FE is called a simple Vector Bundle. We in particular get
that every stable holomorphic vector bundle £ — X is also simple.

3. Flat Unitary Connections and a theorem of
Narasimhan-Seshadri/Donaldson

In the last section we saw that to a compact Riemann Surface X is associated
the space M)B}(n, d) of semi-stable holomorphic vector bundles of rank n and degree
d. In this section we will show that the complex variety M% (n,d) warrants two
other descriptions. In particular, we will have the following diagram

Mf}(n, d)

Donaldson Narasimhan-Seshadri

fg(n, d) RSJ( (n,d)

Weil
where FY{(n, d) is the space of gauge equivalence classes of unitary connections (with
constant central curvature) on a complex bundle E — X and RY(n, d) is the space of
irreducible representations of a central extension of fundamental group of X in U(n)

upto conjugation. The arrows represent homeomorphisms of topological spaces. We
will deal with the case d=0.

We first start with defining F{(n,d) with d = 0. Let E — X be a Complex
Vector bundle of rank n and degree 0. By a Complex Vector bundle we mean a
smooth vector bundle, not holomorphic, such that the fiber is isomorphic to C". We
denote by £™" the sheaf of functions on X with values in the vector bundle E ® Q%
where Q% is the nt" power of the cotangent bundle of X. Notice that since X is
1-dimensional, Q% = Ky where Ky is the canonical line bundle.

DEFINITION 3.1. A connection on E — X is a (Complex Linear) sheaf homo-

morphism

V: &Y - &t
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such that it satisfies the Liebniz rule

V(f-s)=d(f)®@s+ f-V(s).

Here f is a function, s € £°, and d stands for the exterior differential.

We will be interested in hermitian, or unitary, connections. So given a complex
vector bundle E — X, we introduce an additional datum of a unitary inner product
h: ExE — C. That is, h, is a unitary inner product in in the fiber E, for all x € X,
and it varies smoothly as x € X varies. We call the pair (E, h) — X a unitary vector
bundle. It is an elementary fact that every complex vector bundle admits a unitary
metric. We can now define the concept of unitary connections.

DEFINITION 3.2. Let (E,h) — X be a unitary vector bundle. Then a connection

V on E — X is a unitary connection, if

d(h(sl, 32) = h(V(Sl), 82) + h(sl, V(Sg))

This definition requires additional explanation. Here h(s, s2) is considered as
a function and d(h(s1,s2) as the exterior differential applied to this function. We
also have that h(a ® s1,s2) = ah(s1, s2) and h(s;,a ® s3) = @h(sy, s2) where « is
a complex valued 1-form. By definition we have that V(s) = a ® s’ where s, s’ are
sections of E.

Given a connection V: €2 — £ in a vector bundle, we have a natural extension
vV gk gkt

defined the following way. Let o € Q’)“( be a k-form and s € £°, then of course we
have that o ® s € EF. The connection now acts as follows

Vie®s)=d(a)® s+ (—1)*a A V(s)
Notice that for k = 0 the above is just the Liebniz rule, which also ensures that the
map is well defined, i.e. V(a® f-s) = V(f-a® s) where f is any smooth function.

Now, of course one would like to know if a connection V is actually a differential,
i.e. V2 =0, which will allow one to do cohomology theory on the complex E¥. The
obstruction to V2 = 0 is measured by the curvature of the connection V. We now
define curvature.

DEFINITION 3.3. Let E — X be a vector bundle with a connection V. Then the
curvature of the connection is defined as the following sheaf homomorphism

Fg=VoV:&— &2
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We modify the above to the setting we need by the following definition.

DEFINITION 3.4. Let (E,h) — X be a unitary vector bundle. Let V be a unitary

connection in this bundle. Then V is called a flat unitary connection if Fy = 0.

Let G be the group of automorphisms of (E, h) — X, which preserve the metric

h. Given a connection V in this vector bundle, and a g € G, we get a new connection
1

g-V-g .
DEFINITION 3.5. Let (E,h) — X be a unitary vector bundle. Then two unitary

connections V, V' are said to be gauge equivalent if and only if there exists a g € G
such that V' =¢g-V-g~!

We now have all the requisites to define the set FY (n,d).

DEFINITION 3.6. Let (E,h) — X be a unitary vector bundle of rank n, such that
the first chern class, or degree of E is d € Z. Then f%(n,d) is the set of all gauge

equivalent classes of unitary flat connections in (E,h) — X.

By using standard techniques of gauge theory, for example slicing theorem for
infinite dimensional Banach spaces, one can show that FY(n,d) is manifold of the
real dimension 2 + 2n2(g — 1). For more details, see for example [AB83]. Now we
can state the following theorem of Donaldson, please see [Don83].

THEOREM 3.7. For every [V] € F{(n,d) there exists a unique [E] € ME(n,d).

Here [V] denotes the gauge equivalent class, and [E| represents S-equivalence
class. The above theorem can be improved to a homeomorphism between spaces
ME (n,d) and F{(n,d), and in fact a diffeomorphism between strictly stable bundles
and irreducible flat unitary connections.

The idea behind this equivalence is following. Let V be a unitary connection
in (E,h) — X. Using the complex structure on X, we get a decomposition V =
V0 + VOl where

vio. g0 et ol gl 5 g0l
and the splitting &' = L9 @ £%1 is induced by the splitting Q% = Q;O & Qg;l where
the later is simply induced by the holomorphic structure on X. More explicitly, the
last splitting is the Hodge decomposition of complex 1-forms into holomorphic and
anti-holomorphic 1-forms. On the other hand, to give a holomorphic structure on a
complex vector bundle E — X it suffices to provide an operator

9: 0 — 01,
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We can already see that V%! behaves like the operator d and can thus be used to
give a holomorphic structure in E — X. The beauty of Donaldson’s theorem is that
given a flat unitary connection V in (E,h) — X, the corresponding V%! not only
induces a holomorphic structure, but a stable holomorphic structure in E — X. It
turns out that flatness of a connection and stability of vector bundles is somehow

the same concept in two different guises.

We will now define a third space RY(n, d) which has a rather topological flavor.
Let {A;, B;}, for 1 < i < g, be loops in X such that the fundamental group of X has
the following presentation

7T1(X) =< AzaBz > /(H?[A“Bl]),
where [4;, B;] is the commutator of the loops A;, B;. Let p be a representation of
m1(X) on C". That is,
p: m(X) — GL(n,C).

Given a representation p, it is easy to build a flat unitary connection V on X. The
construction goes as follows. Consider the trivial bundle

X xC",
where X is the universal cover of X. The fundamental group m(X) has an action

on both X and C", first as the deck group of transformations for X, and second as

automorphisms of C" given by the image of p, i.e.

(y,v) = (v(y), p(7)v)-

Consider the quotient vector bundle
E=X x », C"

by the action defined above. The trivial bundle is always equipped with the trivial
connection. This trivial connection descends to a connection V in the bundle E.
The vector bundle E has degree 0, or equivalently, the first chern class of E vanishes.
Since the first chern class is the only obstruction to a connection being flat, it follows
that V is a flat connection. In fact, if we assume that the representation is unitary,
ie.

p: m(X)— U(n),

then V is a flat unitary connection and [V] € FY(n,0) where [V] is the gauge
equivalence class of V. Thus to every unitary representation one can associate a flat

unitary connection.



3. FLAT UNITARY CONNECTIONS AND A THEOREM OF NARASIMHAN-SESHADRI/DONALDSC29

On the other hand, to every flat unitary connection, a unitary representation of
the fundamental group can be canonically associated. To see this, let v: [0,1] — X
be a path in X, and let 4 be the associated vector field. Let E — X be a vector
bundle of degree 0, equipped with a flat connection V. Let ¢ € T'(X,E) be a section.
Then the section v is parallel along v if the following is satisfied

Vi (@(t)) = 0.
Above is really a differential equation in local coordinates. Since any V locally has
the form
V=d+A
where d is the de Rahm differential and A an endomorphism valued 1-form, the pull
back to [0,1] is
V'V =dt — A(t), t €[0,1].
Now the condition of 1 being parallel is that v*1 should be a solution to the following
differential equation

dy*yp .
T A(t). Y P(1).

Let a := v(0) and let v be an element in the fiber over a € X, i.e. v € E,. Then there

exists a unique section ¢ € I'(X,E) which is parallel along v and (a) = v. This
is essentially because the above ordinary differential equation for parallel transport

always has a unique solution once an initial condition is given.

Now suppose that « is a loop in X, i.e. 7(0) = v(1) = a. Then any v € E,
can be parallel transported along v and end as v' € E,. Thus parallel transport
along a loop based at a € X provides us with a linear map say p(y) € GL(n,C)
such that p(y)(v) = ¢'. Now, it turns out that if V is flat, then p only depends
on the homotopy class of «. This is in particular implies that we get the following
representation from the parallel transport of a flat connection

p: m(X,a) = Aut(E,).

In fact, if we start with a unitary bundle (E,h) — X of degree 0, and a unitary
flat connection V, then the parallel transport along any path in X preserves the
hermitian metric h in the bundle. This in particular implies that the representation

we obtain is unitary, i.e.
p: m(X,a) = U(n).

Thus given any V € F¥(n,0), we get a unitary representation of the fundamental
group which we call p.
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In fact, given any V € FY{(n,d) we still get a representation, but of a central
extension 71(X) of the fundamental group, see the appendix of [Wel80]. That is,
we have the following short exact sequence,

0—-2Z—mX)—->mX)—1
and the parallel transport leads to the following representation
Pd: fl(X) — U(n)

Notice that this representation has a topological invariant which is the integer d.

Now, fix (E,h) — X, a hermitian vector bundle of degree d, and consider the set
R := {pglpa: 71(X) — U(n)}. There is an action of U(n) on this set which is given
as follows.
9-p4(7) = g.pa()-97" g€ U(n),y € m(X).

We now define the following space,

DEFINITION 3.8. RY(n,d) := {palpa: 71(X) — U(n)}/U(n).

It is well known that RY (n,d) is a manifold, in fact it is a symplectic manifold.
From the discussions above we have the following

PROPOSITION 3.9. There is a homeomorphism FY(n,d) = RY (n,d).

So far our discussion did not involve any holomorphic structure on E — X. In
this light we have the theorem of Narasimhan Seshadri [NS65], which states that
for every unitary representation, there is a semi-stable vector bundle.

THEOREM 3.10. There is a bijection between ME (n,d) and RY (n,d).

A representation p is called irreducible if its action does not preserve any non-
trivial sub-bundle. The result in [NS65] actually says that pg; € RS (n,d) is irre-
ducible if and only if the corresponding [E] € M% (n,d) is stable. This theorem thus
establishes a link between algebraic geometry of stable bundles and topology of the
surface captured by unitary representations.

4. Geometric Quantization and Hitchin connection in genus 2

Let X be a Riemann surface of genus g > 2. In the last section we saw that
associated to X is its moduli space of holomorphic semistable vector bundles of rank
n and degree d, Mg(n, d). In this section we specialize to bundles with n = 2 and
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trivial determinant. That is, let £ — X be a semistable vector bundle of rank 2.

Then moduli space we consider is
Mx: = {E—>X|/\2E%0X}/N5

where ~g means S-equivalence classes. It was shown in [NR69] that My is a
quasi-projective variety of dimension 3g — 3 and non-smooth for g > 3. Under the
Narasitmhan — Seshadri and Donaldson isomorphism, we have a homeomorphism

between M x and the moduli space of flat SU(2) connections on X.

The moduli space M x comes equipped with a non-abelian Theta Divisor, = C
M x, which is defined as follows,

= ={[Fle Mx|W(X,E® L) > 1}

where L € Pic9~1(X) such that h°(X,L) > 1. In [Bea88] it is shown that = is a
Cartier divisor and its linear equivalence class is independent of the choice of L. It
turns out that the line bundle Lx := O, (E) is ample and generates the entire
Pic(Mx), which of course implies that Pic(Mx) = Z [DN69]. The line bundle Lx
is called the determinant line bundle, and the dialyzing sheaf of M x is isomorphic
to E;l [DN69]. For every positive integer k, we will denote by V)((k) the vector space
HO(Mx, £%). Elements of V)((k) are called the non-abelian theta functions of level

k. The dimension of V)((k) is given by the famous Verlinde formula,

k+2\9 ', gr e
(2) 2 (sin® 7)™

By a result of [Hit90], the vector spaces V)((k) assemble to form a vector bundle
V#) — T(S) over the Teicmller space T(S). For the definition of 7(S) please see
section 1 of chapter 3. In [?], it was proposed that this vector bundle can be equipped
with a projectively flat connection

VR T(V®) - T(VW) @ Q4.
That this connection exists was shown in [And12], [Fal93], [Hit90], and [ADPW91].

The connection V¥ is now dubbed the Hitchin connection. The action of the map-
ping class group I'(S) on 7(.S), please see section 3 of chapter 3, lifts to an action on
the vector bundle V*). Moreover, the Hitchin connection is invariant under the ac-
() — Mg equipped
, which is the descent of v®) . Our main

aim is to study the monodromy representation of I'(S) := 7¢"*(M,) in Vj, given by
)

tion of I'(S). This implies that we get a quotient vector bundle V

with the projectively flat connection V(k)

. That is, to study the group homomorphism

pr: (Mg, X) = End P(V'E)

the projectively flat connection V(
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where X € M, is an isomorphism class of a Riemann surface of genus g and Vg() is

the fiber of V(¥) over X.

From now on we will restrict to the case that X has genus g = 2. In this
situation, the techniques of [Hit90] do not apply. Nonetheless, a construction of the
"Hitchin Connection’ in genus 2 was given in [vGdJ98], and this is the construction
we will recall in the following sections. It should also be mentioned that the general
technique of quantizing a family of Kaehler Manifolds developed in [And12] also
applies in genus 2.

4.1. Moduli of Bundles and |260|. Let Oy := {L € Pic?"}h%(X, L) > 1} be
the canonically defined Theta divisor in the space of line bundles of degree g — 1 on
X, and let |20 x| be the projective space of divisors linearly equivalent to 20 x. It is
a classical result that dimension of [n©x/| is n9 — 1, thus [n© x| = P*~!. One way
of understanding the geometry of M x is through the following map

(2.1) A: Mx — 20k,

where A(E) := {L € Pic?"}h%(X,E ® L) > 1}. Tt is shown in [Bea88] that for
a generic [E] € Mx, A(E) is indeed in |20x| and that it only depends on the S-
equivalence class of E. We record main properties of this map proved in [Bea88|
after introducing one more piece of notation. Let o € Pic/"!(X). Then we get
a translation map Pic/"1(X) — Pic’(X) given by L — L ® a~!. The divisor
Ox C Pic’(X) is the image of ©Ox C Pic/"}(X) under the translation map with
respect to some a € Pic/™}(X).

THEOREM 4.1. Let Lx be the determinant line bundle on M x, then PHY(Mx, Lx)*
>~ 20 x| = [20x|* and 2.1 coincides with the natural map h: Mx — PHO(Mx, Lx)*.

The theorem above in particular implies that H(My, Lx) = H°(Jx, 2@X), ie.
level 1 non-abelian Theta functions are isomorphic to classical theta functions of
level 2.

Notice the peculiar coincidence when g = 2 where the dimensions of the domain
and codomain of 2.1 match. It is indeed a theorem of [NR69] that for X of g = 2

we have
(2.2) Mx = |20x| = CP3.

That this is an isomorphism is proved by constructing an explicit map p: [20x| —
Mx and showing that this map is inverse to (2.1). This isomorphism in particular
makes it possible to study the non-abelian Theta functions explicitly.
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Let [z0, . .., zn] be global homogenous coordinates on P". Recall that O(1) is the
dual of the tautological line bundle O(—1) on P". Notice that any linear functional
L on C™"! induces a section o, of O(1) by restricting L to the fibers of O(—1). This

in particular gives an injection
(€™ — HO(P",0(1))

since oy, is identically zero only if L is zero. These are in fact all the sections of O(1),
i.e. the map above is a bijection. Now any k-linear form I on C"*! induces a section
or of O(k) by restriction to the fiber of O(—1). Since o is given by restriction to
a line, it is zero only if it is alternating in any two factors. This gives us the map

Symk(CY = HO(P, O(k))

which again is bijective. We identify SymF(C"T*) with the space of homogenous
polynomials of degree k in n + 1 variables.

Now if X is of genus g = 2, by using 2.1 we can identify Mx with P3 and the
determinant line bundle £x with O(1). Then by the discussion above, non-abelian
Theta functions of level k£ can be identified with homogenous polynomials of degree
k in four variables, V)((k) = Clzo, . . . , 23]k where [z, ..., z3] are chosen coordinates on
P3. This in particular gives an easy representation of the Verlinde formula

dim v = (k N 3).
3
We have that

(2.3) HO(Mx, L) = 5%(V)

4.2. Kummer Quartic Surface. We will now consider a special locus in M x
which will play an important role. Given X of genus g = 2, consider its Jacobian or
equivalently Pic’(X). One can define the following map [NR69]

f: Pic®(X) = My
where f(L) := [L ® L™!]. If we interpret Mx as |20 x| under (2.1), then we have
an equivalent map

g: Pic’(X) — |20x]
given by g(L) := LOx U L7'0x C Pic}(X). Pic’(X) acts on Pic'(X) by multipli-
cation and LOy := {L ® |¢ € Ox}, thus g(L) € |20x]|. It is obvious that these

maps commute with (2.1) and we get g(L) = A(f(L)). Recall that we denoted by
Ox CPic?(X) some translate of the canonical Theta divisor. We know that the line
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bundle Op;qo( X)(2é x)corresponding to the divisor 20 is ample and its sections
give the natural map

h: Pic® — PHO(Pic®, Op0xy(20x))* = |20x]".

By theorem 4.1 we know that [20x|* 2 |20/, and under this identification f can
be realised as the natural map h. We thus have three different interpretations of P2,
and three different maps of the abelian surface Pic’ — P3 which can all be identified.
In fact, the equivalence of f with h implies that f*Lx = Opico(x)(QéX).

The Kummer Surface Ky is defined to be the quotient Pic®(X)/i where i(L) =
L~1 is an involution. Notice that L is a fixed point of the involution if and only if
L? = Oy, i.e. if L € Picx[2] is a 2-torsion point. The group Picx|[2] is isomorphic
to (Z/27)?9, thus the number of 2-torsion points for g = 2 is 16, which are precisely
the singularities of x. The map f factors over the Kummer surface and gives a

closed immersion
K X — M X-
The image of Kx is precisely the locus of strictly semi stable bundles.

Taking the tensor product of any [E] € Mx with L € Picx[2] does not effect the
semi stability or the determinant and gives us [F®L] € M x. This gives a well defined
action Picy[2] x Mx — Mx. Moreover, we of course have Picx[2] x Pic?(X) —
Pic’(X) and the map f is equivariant with respect to these two actions. We also
have the action Picx[2] x Pic'(X) — Pic!(X) by tensor product, this induces an
action Picx[2] x [20x| — |20x| and the map g is also equivariant with respect to
this action. Lastly, the map (2.1) is also equivariant with respect to the action of
Picx[2] on its domain and codomain.

4.3. Heisenberg Group. . Now that we have an action of Picx[2] on our
moduli space M x, we would like to lift it to the line bundle Lx and get an action
on the space of its sections H'(Mx, Lx). If we are able to do that, we will get an
action on non-abelian Theta functions of all levels since V)((k) = S*(V3) where S
denotes the k" symmetric power of a vector space. While the Picx[2] does not lift,

there exits a central extension
1— C" — Gx — Picx[2] — 0,

which has a unique action Gx x Vi x — Vi x. In fact the group Gx can be defined
as the group of all lifts of actions of elements of Picx[2] to the line bundle £. The
group Gx is called the Heisenberg group. This group also acts in a unique way on
the sections of the line bundle f*Lyx = OPiCo(X)(Zé)X) and lifts the action of Picx 2]
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on Pic%. The Heisenberg group has a finite sub group G(X) which is the extension
of Picx[2] by the 4™ roots of unity, 4,

1 — ps — G(X) — Picx[2] — 0.

This group is also referred to as the finite Heisenberg group and is actually generated
by all the involutions in Gx. As a set G(X) := g x (Z/27)* x (Z/27)*. The group
structure, G(X) x G(X) — G(X), is given as follows,

(ta a, (I/)(S, ba b,) = (ts(_l)abla a + bv (l/ + bl)v

where ab’ := X7_ a;b;. The group G(X) has 64 elements, and it is non-abelian with
centre ZG(X) = {(t,0,0)}. We are interested in the group of automorphisms of
G(X) which is defined as

(2.4) A(G) = {a € Aut(G(X))|ayy, = 1d}.
From [AM99] we have the short exact sequence
(2.5) 0 — Picx[2]" — A(G) — Sp(Picx[2]) — 0,

where Sp(Picx[2]) are all automorphisms of Picx[2] which preserve the Weil pairing
and Picx[2]* = Hom(Picx[2], pt4).

In more concrete terms, A(G) can be defined as follows,
(2.6) A(G) == {¢ € Aut G(X)|4(t,0,0) = (¢,0,0),Vt € pq}.

To understand the structure of this group better, define a symplectic form E on
(Z)27)* = (7Z./27)?* x (Z/2Z)?, by E(x,y) = ab'+a’b, where = (a,a’) and y = (b, ).
Then the action of each ¢ € A(G) on (t,x) € juy x (Z/2Z)* can be written as

ot x) = (ho(2)t, My(x))

where hg: (Z/2Z)* — C*, and M, € Aut((Z/2Z)*,E) = Sp(4,Z/2Z). This gives
us a group homomorphism M : A(G) — Sp(4,(Z/2Z)) by M(¢) = My. The kernel
of this morphism is precisely G(X)/ZG(X) = (Z/2Z)*. This leads to the following
short exact sequence

(2.7) 0— (2/22)* — A(G) — Sp(4,Z./2Z) — 0

which will play a crucial role in the construction of the Hitchin connection.
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4.4. The Hitchin connection. In previous sections we fixed X, a compact
Riemann surface of genus two, and studied the properties of the moduli space M x
of semi-stable holomorphic vector bundles of rank two with trivial determinant on
X. The most notable feature was the isomorphism constructed in [NR69] between
My and CP3, see (2.2). In this section, we will consider a family of genus two
compact Riemann surfaces and study the fiber bundle over this family whose fiber
is isomorphic to Mx. We will then proceed to give the explicit expression of the
Hitchin connection, obtained in [vGdJ98], associated with this family.

Let
C:={(z1,...,26) € C®z; # z; for any i,j € 1,,6},
then C is the space of ordered configurations of six points on C. Consider the family

X — C of genus two compact Riemann surfaces where the fiber X, over every z € C
is the (canonical completion) of the curve defined by the equation

6
Y’ = H(a: - 2i)
i
in the affine plane.

Associated to every X, is its moduli space Mx_, which we can glue together
to get a fiber bundle M — C. By the theorem of [NR69], see (2.2), we get that
M — C is a (non-trivial) CP? bundle. Since the determinant line bundle of M,
can be identified with O(1) for every z € C, this construction also gives a line bundle
L — M such that L)y, = Lx, = O(1). The vector spaces HO(MXZ,[,’;(Z) glue
together to give the vector bundle

(2.8) v® ¢

for all positive integers k. Since HO(Mx., E’}}z) >~ SF(V), see (2.3), where S¥(V) is
the vector space of homogenous polynomials of degree k in four variables, we have
that the fibers of (2.8) are isomorphic to S¥(V). There exists a covering P: C — C,
such that the pull back of (2.8) to C trivializes, see [vGdJ98]. We will discuss this
covering since it is central to the construction of the Hitchin connection.
The symmetric group Sg acts on C as
(21,...,z6) — (zo.(l),...,za((;)) for all o € Sg.
The resulting quotient C/Sg is denoted by C and we get the short exact sequence

(2.9) 1= m(C) = m(C) — Sg — 1.

There is a well known isomorphism Sg = Sp(4,Z/2Z), see [CF96], thus the deck
group Sg appears as the last nontrivial group in the short exact sequence (2.7).
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The group 71(C) is isomorphic to the Braid group, Bg, of six points in C, see
[Bir75]. Let T1,...,T5 be the standard generators of Bg. Then there exists a group

homomorphism
(2.10) H: Bg — Sp(4,Z)

which is explicitly given as, see [CB88],

1 010 1 0 0O
1 1
211) r |01 00 g 0100
0010 1 010
00 0 1 00 0 1
[1 0 1 1] [1 0 0 0]
1 11 1
|0 o0 100
0010 0010
0 0 0 1] 0 1 0 1]
1 0 0O
1
T — 0 01
0010
00 0 1
The group A(G), see (2.12), can be given as a qoutient group of the symplectic
group, i.e.
where
(2.12)
I1+2A 2B
I'y(2,4) ;:{( —2i_C I+2D> € Sp(4,7)|diag(B) = diag(C) = (0,0) (mod 2)}

This isomorphism is given in [vGdJ98]. Since A(G) is a quotient group of Sp(4,7Z),
the map (2.10) induces the group homomorphism

The kernel of H defines a covering Q: C — C and gives the short exact sequence
(2.13) 1= m(C) = m(C) = A(G) — 1.

We now have two coverings C and C of C, with deck groups A(G) and Sg = Sp(4,7Z).
The two deck groups are related by the following short exact sequence

0 — (2/22)* — A(G) — Sg — 0
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which is just a rewriting of (2.7). This implies that we have a covering P:C—>C
and the short exact sequence

15 m(C) = m(C) = (Z/27)* — 1.

In total, there is a diagram of covering spaces

(2.14) ctelbe
with the following short exact sequence of covering groups

(2.15) (Z)27)* — A(G) — Ss.

The following result is from [vGdJ98]

LEMMA 4.2. The pull back of the vector bundle V*) — C to the cover P:C—C

is trivial for all k, that is,

PV =~ ($F(V)) x C.

PROOF. It suffices to show the result for k = 1 since V(*) = §¥(V). The argu-
ment for £k = 1 goes as follows. Associated to the family M — C is the family of
groups § — C with fiber over every z € C the Heisenberg group Gx,, which, recall,
is a central extension of Picx, [2]. Now, from the previous section we know that
there exists a unique irreducible representation (the Schroedinger representation)
Gx, X V)((’Z) — V)((’Z). By the theory of Theta functions, we know that the pull back of
g to C trivializes, i.e. p*G = Gx, X C , where Gy, is a fixed group which has a unique
action on every fiber of p*V(!) = V. Application of Schur’s lemma now gives us a
canonical isomorphism between the fibers (as representations of Gx_ ). This gives a
trivialization of p* V(). O

The authors in [vGdJ98]| construct a connection in the trivial bundle
P*(V®) as follows. For 1 < i < j < 6, consider the following FiJ € Aut(C*) given
in [GTNBOO].
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WIS AT L8RS 8RN L[8RAT Lu[eshs
~ ' - - 10001
+iloo-10 |, —t 0_100]» +1[0—100]7 —1[—1000}7 “‘1{1000]
00 0 —1] L1 0 00 ~1000 010 0 0100
T N N P R P Y
_ - 0010 -
Loiool ? 0100]’ ‘H[1ooo} +1[1 000}
=10 0 04 11000 0-10 0 0 -100
100 07 F0100 010 0
_;lo-100 _il1000| _q|-100 0
0010 | 0001 | 0 00—1]
00 0-1] 10010 0010
(%60 0] 700 0
+1 5001 —2[0001]
L0 0-10] 00-1 0
(6% 0 0]
+ilo 0 —10
Lo 0 0 14

Here the first row represents F'12,... F16 second row F23... F?5 and so on. Notice
that all these matrices are traceless. In fact, these matrices give a basis for si(4)
and define its standard representation. Under the well known isomorphism sl(4) =
50(6), these matrices give the half spin representation of so(6). Define the following

elements
Qb = [ @ F € U(sl(4)).
Any representation p: sl(4) — End(C?) lifts to a representation of the associative

algebras j: U(sl(4)) — End(C?*), which thus gives us an action (%) € End(C*).
We note here the following relations

(2.16) [, 0% =0,  [@F,QY + Q] =0
where i, j, k, [ are distinct indices. We define QZJ = Sk(p(QH7)) € End S¥(C*) for
all k > 0.

REMARK 4.3. The intuitive reason why sl(4) shows up is that Mx = CP2, and
PSL(4,C), which is a subgroup of finite index of SL(4,C), is the group of automor-
phisms of our moduli space. The representation of sl(4) just defined above, is a lift
of the automorphisms of CP?3 to the line bundle O(1).

The QZ] can be considered as second order differential operators acting on S¥ (V)
for any k as follows. For all 1 < i < j < 6 consider the second order differential

operator

(2.17) pa(Q7) = (Z aklﬂ?k@z)2

where FJ = (ay;) for 1 < k,l < 4 and (z1,...,14) is a basis for V. Then pg(2%7) €
End(S) where S is the space of all polynomials in the four variables z1,...,z4. The
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composition law for these operators as endomorphisms of S is
(2.18) (a:z-@j) o (xx0)) = ;2,00 + 012501

which implies that there will be some first order terms in (2.17). Let opg(Q%7) be the

symbol of pd(Qi’j ), i.e. de(Qi’j ) only contains the second order terms of pd(Qi’j ).

Define

(2.19) Q" = 5pg(Q27) € End(V).

For an integer k > 0, let

-1
2.2 = s
(2.20) TR
and define
(2.21) Q= E(opa(Q7)) = Q™ € End(S¥(V)).

It is clear that (AZ;CJ preserve the subspace Sk(V) C S of homogenuous polyno-
mials, and it is claimed in [vGdJ98] that SAZZ] satisfy (2.16). For an integer k > 0,
consider the End(S*(V)) valued holomorphic 1-form on C,

—~ 'dZ‘ _ dZ'
k) ._ J 4% J
1<i<j<6 ¢ J
~ dz — dzs
(2.23) =k Y auv Y
1<i<j<6 FT A

and denote by @® := P*(w®) the pull to C. Then &® is an End(S*(V)) valued
1-form, and the authors in [vGdJ98] define a connection

< (k)

(2.24) v i=d+ao®

in the trivial bundle S¥(V) x C. That this connection is flat follows from (2.16).

We note the following relations, reminiscent of the Ward identities in two dimen-
sional conformal field theory, see [Koh02], which will be used extensively later.

PROPOSITION 4.4. For any integer k > 1 we have that
1) Ycicjes ) = 3EK21d
2) forall1<j <6, Y%, Q) =kk?1d
i#]

3) Yrcicjee U (zi + 25) = 6kk?1d

PROOF. Direct computations, notice that (2) implies (3). O
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There exists a unique irreducible representation U: G(X) — Aut(V) such that
the centre acts by multiplication.This representation is called the Schrédinger rep-
resentation [vGdJ98], and it has a natural extension to higher symmetric powers.
Recall A(G) is a certain subgroup of automorphisms of G(X). For any ¢ € A(G),
we have that Uo¢: G(X) — Aut(V) is still an irreducible representation. By Shur’s
lemma, for each ¢ € A(G) we get a linear map Ty,: V' — V, unique upto scaler multi-
plication, such that T,U(h) = U(¢(h))Ty. This gives us the induced representation
on the projective automorphisms of V'

(2.25) T: AG) = PGL(V), ¢+ T,

which has a natural extension to projective automorphisms of higher symmetric
powers of V. Since A(G) acts on C as the deck group of the covering C — C and acts
on PS*(V) by (2.25) we get a quotient bundle

(2.26) PS* (V) x 4y C — C.
Let
(2.27) Endg(S*(V)) := End(S*(V))/(C* - 1d)).

Two End(S*(V)) valued 1-forms which are equivalent as Endg(S*(V)) valued 1-
forms are called projectively equivalent. In the next section, we give an equivalent
definition of projective equivalence for End(S*(V)) valued 1-forms on C in terms
of the coordinate functions. In [vGdJ98], the authors show that the 1-form @),
and thus the connection V', is projectively invariant under the action of A(G).

~ (k
Projective invariance implies that the connection V( ) descends to a flat connection
in (2.26) which we will denote by v,

We wish to linearize the action 2.25.

DEFINITION 4.5. Let

—_~—

(2.28) A(G) :={T:C* = C*3¢ € A(G) st TU(h) = U(¢(h))T}.

Then by definition we get the following short exact sequence

1—>(C*—>Z(\§)—>A(G)—>1

which shows that A(G) is a central extension. This central extension is related to
the universal central extension of the mapping class group. That is, we have the
mapping class group I's of genus 2 surface, which has a universal central extension

1—>Z—>fv2—>F2—>1,
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see for example [MR12]. Since A(G) is isomorphic to a quotient group of Sp(4,7Z),
the representation of I'y on homology gives a surjective map I's — A(G). By the
universal property, we get an induced map Iy — A(~G), in fact we get a map between
short exact sequences

1 Z 5 I 1
L
1 C* A(G) A(G) 1

(2.29)

The main property of A(G) is that it lifts the projective action 2.25 to a linear action
(2.30) T: A(G) — GL(CY).

We also define a finite version of A(G).

DEFINITION 4.6. Let

A(G)p = {T: C* = C*'3¢ € A(G) s.t TU(h) = U(¢(h))T and T (¥) = Id}.

In this case we also have a short exact sequence

1+ F—=AG)r— AG) =1

where F' is a finite group.

4.5. Invariance and Extension of the Hitchin Connection. In this section
we show that the Hitchin connection constructed in [vGdJ98] on the configuration
space C, this construction is recalled in the previous section, descends to a (pro-
jectively) flat connection on the moduli space My of genus two compact Riemann

surfaces.

Recall the configuration space C. We introduce the following equivalence relation
on this set:

DEFINITION 4.7. Let z and 7z’ be in C, then z ~ 2z’ if and only if there exists a

Mébius transformation
b
(2.31) F(z)= azt where ad —bc =1 and z € C
cz+d

such that F(z) =z, here F acts on C coordinate wise.

LEMMA 4.8. The quotient space C := C/~. has an action of the symmetric group
Se, and C/Sg is isomorphic to the moduli space Ms.
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PROOF. Let Cs be the configuration space of six points on CP'. Then the
product group (PSL(2,C) x Sg) acts on Cs and the quotient is My. This gives us
a map K: Csx — My and, see [vGdJI98], the restriction of this map to the open
subset C of Co is surjective. This implies that C contains at least one pre image
of every X € My under the map K. The pre images of K are orbits of Mobious
transformations, this implies that C'/Sg is in one to one correspondence with My. O

DEFINITION 4.9. Let k > 0 be an integer. Let A and B be holomorphic 1-forms
with values in End(S*(V)), then A and B are projectively equivalent if A — B is
trivial as a holomorphic 1-form with values in Endg(S*(V)), see (2.27).

In the sequel, we will deal with 1-forms on C, say A and B, with values in
End(S*(V) such that

6
A-B=K1d)f) dz
=1

where f is a C* valued function. By definition 4.9 it is clear that A and B are

projectively equivalent.

Suppose V4 := d+ A and Vg := d + B gave flat connections in the trivial
bundle V x C, and that A and B were projectively equivalent. Then the holonomy
of the two connections V4 and Vp would differ by a projective factor only. In
fact, if we consider V' x C as an associated bundle of a principal GL(n,C) bundle,
and V4 and Vp as principal flat connections, then the reduction of the structure
group to PGL(n,C) gives an associated bundle isomorphic to P(V') x C with induced
flat connections V4 and V. If A and B are projectively equivalent, then the
two induced connections V4 and Vp are isomorphic. Also, if A is projectively
equivalent to B, then they are isomorphic as Endg(S*(V)) valued 1-forms, where
recall Endg(S*(V)) is the quotient of the lie algebra End(S*(V)) by its center.

Recall the End(S*(V)) valued holomorphic 1-form w®) on C defined in the (2.22).
We prove a certain invariance of this form under Mobious transformations.

and
N(z') respectively. Suppose F was a Mobious transformation such that F(N(z)) =

N(Z'). Then F*(wl(]]f,)(z,)) is projectively equivalent to w&)(z).

PROPOSITION 4.10. Let z and z’ be in C with small open neighbourhoods N (z)
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PRrROOF. Since F' is a Mdbious transformation we know that it has a representa-
tion of the form (2.31). This implies that

wr (k) =i az;+b azj+b
F n) =k Q"dl —

1<i<;j<6

=k Z QZ’J <d IOg(ZZ‘ — Z]) — leg(CZi + d) - leg(CZj + d))

1<i<j<6
S wzwmmw@
1<i<j<6 S 1<z<]<6 €z + d €z +d
cdz;
=k R RS :
1<§<6 — zj Z cz; +d
where the last equality follows from (3) of proposition 4.4. This gives the proposition
since
(k) (k) " cdz
* _ fL2 v
F* (W) — (g = 6 kId; pa——?

O

Recall the covering P: C — C with the deck group A(G), see (2.14). The equiv-
alence relation in definition 4.7 is a local statement and thus lifts to an equivalence
relation on C. Equivalently, we can say z ~ 2’ if and only if P(z) ~ P(Z/). Let
C:=C, / ~ be the quotient space, this has an action of A(G) on it. A corollary of
lemma 4.8 is

C/A(G) = Ms.

Recall the connection 6( ) see (2.24), defined by the 1-form P*(w®)) := 5®) in
the trivial bundle S¥(V) x C.

be in PS*(V) x C. Then (v,z) ~ (v',Z)

DEFINITION 4.11. Let (v,z) and (v',Z") be
) = &M (2)(v).

if and only if z ~ 7' and 5*)(2')(v

Due to proposition 4.10 we know that &) is projectively invariant under (the
lift of) Mobious transformations. This implies that (v,z) ~ (v/,2’) if and only if
z ~ 7z and v = v'. This gives that

(2.32) (PS*(V) x C) /. =PS*(V) x C,

= (k
and the connection V( ) restricts to a well defined connection in (2.32). We can now

construct a quotient vector bundle

(2.33) PS* (V) X ) C
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where A(G) acts on PS¥(V) by (2.25). In [vGdJ98] it is shown that 6(16) is pro-
jectively invariant under the action of A(G), and thus descends to a flat connection

v in the bundle (2.33). We denote this vector bundle with a flat connection by

v
(k)
)

(2.34) PY®, V) = M.

Rest of this section is not directly related to the main results of this thesis. Let
Coo := {(21,...,26) € (CPY)®|2; # z; for all i # j},

this is the space of ordered configurations of six points on CP!. Notice that C is
contained in Cop. We wish to describe an extension of w®) to the entire space Coo.
It turns out that w®) does admit an extension, but as a meromorphic 1-form with
logarithmic singularities over certain subspaces of Cwo.

We now lay the ground work and recall logarithmic 1-forms. We describe Co, as
a disjoint union. For all 1 < m <6, let

(2.35) DY :={(z1,...,00,...,26) € Coo | 2m = 00}.

Notice that D;? is a divisor in Co, and isomorphic to the space of ordered configu-
rations of five points on C. The space Co, can now be written as a disjoint union,

For 1 <1 #m <6, let
(2.36) D?)S,l = {(2’1, - ,26) S D%O ‘ 2] = 0}.
Notice that D7, is a divisor in D and a co-dimension two sub-manifold of Cw. For
1<m<6let

6
(2.37) Dy =Dy — | | D).
#m

Lastly, for 1 < m < 6 let
(2.38) DY = {(z1,...,2) €C | zm =0}
which is a divisor in C.

LEMMA 4.12. For all 1 < m <6, let

In: DS — DY

be the restriction of inversion I: C* — C to DgY. Then Iy, is a diffeomorphism.
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PRrROOF. It is clear that I, is a bijection with inverse given by the restriction of
the involution I to DY,. Smoothness follows since inversion is an automorphism of
Coo- O

Denote by wik) the restriction of the 1-form w™® to DY,. We have the following.

LEMMA 4.13. Let 1 <m < 6. Then

dz; — dz; dz;
2. I* (W) = & Q2 T% 52 .
(289 AEUELIEDY Py

. R — Zj
1<i<5<6 =1
1,j#m i#=m

PROOF. Since the coordinate z,, = 0 on DY, , we have that

> §:wm “)

1<i<j<6

i,j7#m z;ém
Here, in the last sum > i szdzm’ if ¢+ > m we replace Q™ with Q™ since

i#m
Qim = (M Now,
6
e =k 3 o (B2 sy g g (),
1<i<j<6 A i1 %

We have that
dz; — dz
I =—22 ) = 1*(dl 7
w2 ) = rldionte— )
1 1
=dlog(— — —
og(Zi Zj)

= dlog(z; — z;) — dlog(z;) — dlog(z;)

and similarly

I <cizz) = —dlog(z).

(]

This gives
I (w®) = —1( Giidsi—dz 0 dlog
e T 2 Ty T 2 B
Li#m Lj#m
A~ 6 ~
— Z Q% dlog(z;) — Z Qi’mdlog(zi)>
1<i<j<6 i=1

ij#m i#m
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Now,
6 A~ .
Z Q" dlog(z) Z Q”Jdlog(z]) Z Q""dlog(z;) =
1<i<j<6 1<i<y<6 1=
i.j#m ij#m i#m
6
> Qdlog(z)+ > Qdlog(z) =5k*1d Y dlog(z)
1<i<j<6 1<i<j<6 i=1
i#m j#m i#m
Here, the last equality follows from (3) of proposition 4.4. This gives (2.39). O

If we wish to consider the extension of (2.39) as a 1-form on the entire D =
Do |_|6l:1, 1o then the term 5k%1d dzl in (2.39) has a logarithmic singularity along
1

Dy, . Mg;omorphlc 1-forms with logarlthmlc singularities along normal crossing di-
visors on a complex manifold are well studied, see [GH94]|, [Voi07a], and [Voi07b],
and lie algebra valued meromorphic 1-forms with logarithmic singularities along nor-
mal crossing divisors, which leads to logarithmic connections, were first studied in
[Del70].

We briefly recall this concept for the special case of smooth hypersurfaces. Let
M be a complex manifold and let N < M be a smooth hypersurface. That is, for
any n € N there exists an open subset U C M with local holomorphic coordinates
(21,...,2k) such that

NNU={z1,...,2, =0,..., 21}

Denote by szow (rN), meromorphic forms of degree p with pole of order r along
N. That is, a € QF /(rN) if « is holomorphic on M* := M — N, and for any n € N
with neighborhood U C M as above, z] « is holomorphic on U.

Denote by O, (log N) the subspace of Q4 (rN), where a € QF (log N) if for
every n € N with neighborhood U C M as above, a can be represented as follows,

dzn,

dz
A Ag—L AN gryrdziy Ao A gmdzi,,

1 T

a = g

where [ +m = p, z; # z,, and g; are holomorphic functions on U. In particular, if
o € 4 (log N) then o has a pole of order one along N. Also, Q},(log N) p; is a vector

dzn >

space over holomorphic functions on U, spanned by (dz, ..., d/z;, ooy dzg, G and

P
Of, (log N = /\Q}V[(log N

Logarithmic forms with the exterior differential form a complex usually denoted
(Q3,(og N), d), for general (co)-homological results concerning this complex we refer
the reader to aforementioned literature. The residue of a meromorphic function/form
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also has generalization to the case of higher dimensional complex manifolds. The
following result shed lights on the nature of residue, which can be found in [Voi07a]
and [GH94|.

LEMMA 4.14. Let n € N and U C M its neighborhood as above, then any a €
Q) (log N) iy can be represented as

dzp,
(2.40) a=0n"" 4y
Zn

where 8 and n are holomorphic p—1 and p forms on U respectively, and the restriction

of 8 to UN N is unique. Infact, one gets the following Residue map
Res: O (log N) — Q2!

where Q]])V_l denotes holomorphic p — 1 forms on N.

Since o € O (log N) |y can be represented as (2.40), Res(a) = 6.

Let E'x M be a trivial vector bundle on M, and End(E) x M the induced bundle.
Let N < M be a smooth hyper surface. One similarly defines the following vector
spaces as before

(@4, (log N) @ End(E)).

Let a € (Q4,(log N) ® End(FE)), then around every n € N, a has a representation
like (2.40), where now 6 € Qf ® End(E), that is 6 is a holomorphic p — 1 form on N
with values in End(FE). Likewise, one gets the following map, see [Del70] for details,

(2.41) Res: (92,(log N)) © End(E) — (0% @ End(E)).
Following is the logarithmic analogue of a flat connection.

DEFINITION 4.15. Let o € (},(log N) ® End(E)), then V = d + « is called a
flat logarithmic connection with singularities along N, if V |+, where M* = M — N,
is a flat (holomorphic) connection.

The residue of the flat logarithmic connection V = d + « is defined to be
Res(a) € Q% ® End(E)

where Res is the map (2.41). Thus, residue of a logarithmic connection is a holo-

morphic End(E) valued function along the locus of singularity of the connection.

The following result is essential in the theory of logarithmic flat connections, and
shows why such connections are well behaved. The proof of this result can be found
on page 79 of [Del70].



4. GEOMETRIC QUANTIZATION AND HITCHIN CONNECTION IN GENUS 2 49

THEOREM 4.16. Let N — M be a smooth hyper surface. If V = d + «, for
a € (Q,(log N) ® End(E)), is a logarithmic flat connection on M with N as the

locus of singularity, then the conjugacy class of Res(«) in End(FE) is constant.

We can now characterize the 1-form (2.39) as a logarithmic 1-form on the entire

. 00
divisor Dgy.

COROLLARY 4.17. We have that

6
I (%)) € Qe (log( || Dpop)
im
that is, the pulled back 1-form I;z(wgf)) extends to Dy° as a logarithmic 1-form with
More-

singularities along the disjoint union of smooth hyper surfaces |_|6,:17 D,
l#m ’
over,

Res(I* (w™)) = 5k%1d .

PROOF. Recall from (2.37) that D = D2 | [_, D,. The 1-form I, (w) is
l#m ’

o

holomorphic on Dy7, but on each D;°; the term

21a Ym
Zm
in I} (w,(lf)) has a simple pole with residue k2 1Id. O
The group of Mobius transformations, which we denote by M, is the group of
(complex) automorphisms of CP! and thus acts on C. It is also well known, see
proposition C.4 of [Mas88], that M is isomorphic to PSL(2, C) and generated by the
following three one dimensional subgroups; namely

translations
(2.42) T(z)=z+a, acC

dilations
D(z) =az, acC”

and special conformal transformations
z
S(z)=—, a€cC
(2) az+1’
where z € CP!. We show that wé’é) in invariant under the action of M and that it
descends to the quotient space Cs /(M X Sg), which is the moduli space of six points

on CP!. We begin with the following definition.
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THEOREM 4.18. The 1-form wé’f}) is projectively invariant under the action of the

group of Mébius transformations Ml on Cxs.

PRrOOF. Recall from (2.42) the three groups 7', D, and S which generate M. Let
s(a), t(a), and d(a) be smooth paths contained in S, T, and D passing through the
identity of the respective groups. We have the action map

A: M x Csp — Coo.

Fix z=(z1,...,26) € C and denote by ~s(a), v:(a), and y4(a) the image A(s(a),z),
A(t(a),z), and A(d(a),z). Then 7,(a) is a path in C such that v5(0) = z, and
likewise for 7:(0) and ~4(1). Corresponding to these paths, we also have the vector
fields 4s(a), 4(a), and 44(a). Let Lxw denote the Lie derivative along a smooth
vector field X of a differential form w. We have the following computation of Lie

derivatives
and

6
(2.44) L5,w®) =6K*1d ) " dz;.

=1

Notice that these computations give the proof.

We now carry out the above mentioned computations. Let X be any vector field
on C. Then we have that

Lxw® =Ly (k Z ﬁi’jdlog(zi — z]))

1<i<j<6

=dLx <7% Z Q" log(z; — zj)>

1<i<j<6

since Lie derivation commutes with exterior differential.
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We compute the following

o {4 N N
i (B Q" log(zi — 25)) =k Q| — 1 LR J
Lot Y Wloglsi—z) =k Y (da oe (=2 Wl))
1<i<5<6 1<i<j<6 40
=k Z Q"7 ( log < R >>
1<i<j<6 da 00 (az; +1)(azj + 1)
~ o d
=k Z QwI (da log(z; — z;) — log(az; + 1) — log(az; + 1))
1<i<y<6 a=0
S S e
1<i<j<6
6
=6k°1d )z
i=1

where the last equality follows from (3) of proposition 4.4. This then gives us (2.44).
The calculation for (2.43) is similar and we leave it to the reader.

0

We now show that the Hitchin connection constructed on C in the last section
descends to the moduli space Ms of genus 2 compact Riemann surfaces. Recall C,
the space of unordered configurations of six points on the complex plane. We have
that P: C — C is a covering with the deck group Sg, and 71(C) = Bs. We also
have the explicit homomorphism Bg — Sp(4,Z) defined in (2.11) and the quotient
group A(G) = Sp(4,Z)/T'2(2,4) where I'y(2,4) is defined in (2.12). The kernel of
the induced homomorphism 71(C) — A(G) defines a covering C — C. These three
spaces give the following diagram of covering spaces

cteche
with the following short exact sequence of covering groups

(2.45) (z/22)* — A(G) — S

Let Coo be the quotient of Co, by the symmetric group Sg. Then 71 (Coo) = S Beg,
where SBg is the spherical braid. The group SBg has a presentation in terms of
Ti,...,Ts, the generators of Bg, such that T; satisfy the usual braid relations along
with additional relation, see [Bir75],

(2.46) Ty... TyT2Ty ... Ty = 1.
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Direct computation shows that the image of (2.46) is in the kernel of Bs — A(G),
which implies that the representation (2.11) induces a representation

(2.47) m(Co) = SBs — A(G).
The kernel of (2.47) defines a covering Coo — Coo. We again get a diagram of covering
spaces

Coo 55 Coo 55 Co

with (2.45) as the sequence of deck groups.

PROPOSITION 4.19. The action of Ml on C lifts to an action on CNOO.

PROOF. For any % € C let z := P(2) € C. Recall that M is generated by the
three one dimensional subgroups S, T, and D. For any a € D let l, C D be any
path connecting the identity of D with a. Then [, - z C C is a path contained in C
with endpoints z and S(a)(z). Let la - 2 be the unique lift of I, - z such that it starts
at Z. Let af(\z/) be the end point of l;/z'. If laN-z was independent of the choice of the
homotopy class of I, then we get a well defined lift of the action of D to C. Since S
and T are simply connected, by the same argument as above, we get that the action
of S and T lifts.

To prove that the action of D lifts, we show that the end point l:-/z is independent
of the choice of the homotopy class of I, C D. Let S C D be the orbit of the unit
circle in D. Then (S!) = m(D) =2 Z. Since S! C C is a closed loop, we have that
S! € 71(Css). Let S! be the unique lift of S! such that the identity of S! is Z. Since
P:C — C is a smooth covering with deck group (Z/2Z)* we have the short exact

sequence
m(C) = m(C) — (Z/27)*.

If S! was in the kernel of the second homomorphism of the short exact sequence
above, we would have that S! € 7(C), and thus is a closed loop. If this was true,
then the lemma would follow, since the product of two non homotopic loops with
same end points will be some power of S! and thus the lift of this product will be a
closed loop, which implies that their end points will be same, and thus independent
of the homotopy class.

We now show that S! is indeed in the kernel of the second homomorphism of the
short exact sequence above. There are two cases to consider. One, where z is not in
D? for any . In this case S! is homotopic to the pure braid

(2.48) (T T3TyT5)°
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where T; are generators of the braid group Bg. We have the explicit representation
Bg — Sp(4,7Z), see (2.11), and by (5.29) we have that (Z/2Z)* is a normal subgroup
of A(G). Recall that A(G) is the quotient group Sp(4,Z)/T'2(2,4) and we get the
map
Bs — Sp(4,Z) — A(G).

It is easily checked, using (5.29), that the image of (2.48) in A(G) is trivial, since
(Z/27)* is a normal subgroup of A(G), it follows that the image of (2.48) in (Z/2Z)*
is trivial.

Now suppose that z € DY for some i. In this case S! is homotopic to a pure

braid whose fifth power is homotopic to (2.48), which implies that its image is also
trivial in (Z/27)*. O

The product group (A(G) x M) acts on Cao, where M also denotes the lift of the
action on Cs, and the moduli space Mo is identified with the quotient

Coo/(A(G) x M).
Let (I)C(,]é) denote the pull back ]B;O (wgé)). Consider the trivial vector bundle
P(S¥(V)) x Coo

where S¥(V) denotes the space of homogenous polynomials of degree k in four vari-
ables. The pulled back form defines a connection 6((!2) =d+ (I;(()];). The form aé’é) is
projectively invariant under the lifted action of M since it is the lift of a projectively
invariant form under the action of M. This implies that the connection 6012 is pro-
jectively invariant under the lifted action M. Moreover, by the same argument used
in [vGdJ98] to show the projective invariance of PX (w®) under the action of the
group A(G), we get that the form Z&é’é), and thus the connection %OIZ , is projectively

invariant under the action of A(G).

Consider now the quotient bundle
(2.49) P(S® (V) X (a@)xna) Coo

where A(G) acts on Coo by deck transformations and acts on P(S®)(V)) by (2.25),
and M acts on Cs by its lift (proposition 4.15), and acts on P(S®) (V) by parallel

~ (k ~ (k
transport of Véo) along its orbits. Since V " is projectively invariant under M, its
(k)

[e.9]

action defined on P(S®)(V)) by parallel transport is trivial. The connection V
descends to a flat connection in the quotient bundle (2.49), since it is projectively
invariant under the action of the product group (A(G) x M). We thus obtain a
projective vector bundle with a flat connection on the moduli space of genus two
compact Riemann surfaces, which is equivalent to (2.34).






CHAPTER 3

Ergodic Theory

In this chapter, we recall the well known result, first proved by Heinz Hopf, that
the geodesic flow in the unit tangent bundle of a finite area hyperbolic surface is
ergodic with respect to the Louiville measure. We start with basic definitions in
measure theory with the aim of introducing measure preserving transformations and
measure preserving flows on a measurable space. We then give some examples of

such transformations.

A foundational result in the theory of measurable transformations is the Poincare
recurrence theorem, we state this theorem and discuss its consequences in section
3. We then proceed to give the definition of an ergodic transformation. Given a
measurable transformation which is also ergodic, Birkhoff proved that the space
average and the time average of any function (which is integrable) on this space are
equal. We state and discuss this result in section 4.

Of particular interest is a measurable space not only equipped with an ergodic
transformation, but also with a (normed) vector bundle with a flat connection. In
the usual jargon of dynamical systems, this is the situation similar to a measurable
cocycle on a space with an ergodic transformation. In this regard, there is the
celebrated theorem of Oseledet called the multiplicative ergodic theorem. We recall
a statement of this theorem as it appears in [KZ97] and discuss its consequences in
section 5.

Lastly, we turn to the case of geodesic flow on a hyperbolic surface which we be
used later in this thesis.

Most of the material in this chapter is from [CFS82], [Wal00], and [BKS91].

1. Fundamentals of Measure Theory

We recall some basic facts from measure theory which are necessary in the study
of dynamical systems. Let X be a set.

DEFINITION 1.1. A o-algebra of subsets of X is a collection B of subsets of X
satisfying

55
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a) X € B,
b)if Be B — X\Be€&B,
c¢) if B, € B foralln>0 = |J,~, B, € B.

The main property of a o-algebra is that it is closed under countable unions,
and by property (b) of the definition, also closed under countable intersections. If
a o-algebra has been chosen, then the pair (X, B) is called a measurable space, and

can be equipped with a measure. We know define what a measure is on (X, B).

DEFINITION 1.2. Let (X, B) be a measurable space. Then a function p: B — Rxq
is called a measure if
o0 oo
,u< U Bn) = ZN(Bn)
n=1 n=1

when {By} is a pairwise disjoint sequence of elements in B.

A measure p is thus a non-negative set function on a o-algebra which is also
countably additive. If a o-algebra and a measure p has been chosen, then the
triple (X, B, i) is called a measure space. The measure space (X, B, ) is called a
probability space if the measure is normalized, i.e. u(X) = 1. The measure space
(X, B, ) is called complete if all subsets of X of measure zero are contained in B.
From now one we will solely restrict to complete measure spaces (X, B, ) such that
pu(X) < oo.

Given (X, B, ) we must now define a nice enough class of functions f: X — R
such that they preserve the measurable structure on X. To this end, we first recall

a canonical o-algebra associated to any topological space X.

DEFINITION 1.3. Let X be a topological space. The o-algebra generated by the
closed subsets of X is called the Borel o-algebra.

By property ( c) of the definition of a o-algebra, it follows that the algebra
generated by the open subsets of a topological space X is also the Borel o-algebra.
For R, the algebra generated by subsets of the form (—oo,a| is the Borel algebra.
We denote this o-algebra by D.

DEFINITION 1.4. Let (X,B,pu) be a measure space. A function f: X — R is
called measurable if for all Borel subsets D C R, i.e. D € D, f~Y(D) € B.

We will now study maps between measure spaces which preserve the measurable

structure.



2. EXAMPLES OF DYNAMICAL SYSTEMS 57

DEFINITION 1.5. Let (X1, By, 1) and (Xg, Ba, ua) be measure spaces. Then
a) T: X1 — Xy is measurable if T~1(By) € By for all By € Bs.
b)T: X1 — Xa is measure preserving if T is measurable and p1(T~1(B)) = uz(Bz)
for all By € Bs.

A measure preserving transformation 7: (X, B,u) — (X, B, u) is an automor-
phism if 7 is invertible and 7! is also measure preserving. From now on we will
assume measure preserving transformations are automorphims. We will also be in-

terested in measure preserving flows on a measure space which we define below.

DEFINITION 1.6. Let (X,B,u) be a measure space. Suppose {TI;}, where t €
R, is a one-parameter group of measure preserving transformations of (X, B, u),
i.e Toypi(x) = Ts(Ty(x)) for all s,t € R and x € X. Then {T;} is a flow if for
every measurable function f(z) on X the induced function f(Ty(x))on the Cartesian

product X x R is measurable.

We can define two types of DynamicalSystems.

DEFINITION 1.7. A discrete dynamical system is a measure space (X, B, ) equipped
with a measure preserving transformation T .

A continous dynamical system is a measure space (X,B,u) equipped with a flow

{13}

The basic problem in dynamical systems is to understand the long terms behavior
of the measure preserving transformations. For a discrete dynamical system, one

would like to understand

n=1
Jm 2 ST
k=0

, for all x € X. That is the long term evolution of a point under the measure
preserving transformation. Likewise, for continuous dynamical system one would
like to understand

1t
lim t/o f(Tr(x))dr.

t—o0
An answer to these questions is provided by basic ergodic theorems which we shall

cover in the following section.

We now study some examples of measure preserving transformations.

2. Examples of Dynamical Systems

Let Tor™ := S x --. x S! be the n dimensional torus. Let (z1,...,z,) be local

coordinates on this torus. Then the differential of the measure in local coordinates
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can be written as du = dxy - - dx,. In fact, Tor™ = R"/Z", and as such induces a
measure p from the canonical lebesgue measure on R™. Notice that this measure is
normalized, that is, p(Tor™) = 1.

Now consider the following transformation T': Tor™ — Tor™ given as
T(x1,...,2n) := (x1 + a1(modl),. .., z, + an(modl)), a; €R

This transformation obviously preserves the lebesgue measure p. Thus T is a measure
preserving transformation, it is called a translation on the torus. In particular, for

n = 1 we get the rotation of a circle.

Let M be a compact smooth manifold. Let (x1,...,z,) be a choice of local
coordinates, and let p(z1,...,2,) € R5o be an infinitely differentiable function. Then
the differential of a measure in local coordinates is given as du = p(z)dxy - - - da,.
In fact, p(x) is called the density of the measure p. Notice, that a choice of any
smooth positively valued function provides us with a measure on M. The situation
is a little different if we impose the structure of a Riemannian manifold, in this we

get a canonical measure.

Let (M, g) be a compact Riemannian manifold. In local coordinates, the Rie-

mannian metric takes the following form

n
d82 = Z gi,jd:z:idxj,
ij=1
where the invertible matrix (g; ;) is the metric tensor. In this light one has the
following.

DEFINITION 2.1. Let (M,g) be a Riemannian manifold. Then the differential
of canonical measure, g, induced by the Riemannian metric g is given in local
coordinates as follows

dpg = +/|det(g; ;)| x dx1, ..., dzy,.

So we see that any (M, g) is canonically a measure space.

Now, let M be a smooth manifold and let T" be a smooth diffeomorphism. Let
w1 be a measure on M with density p: M — R>g. We will state a condition for the
diffeomorphism 7' to be measure preserving. Let (z1,...,z,) be local coordinates
around x € M and let (y1,...,y2) be local coordinates around T'(z) € M. T is locally
determined by smooth functions fi,..., f, such that y; = fi(z1,...,2,). Then T
preserves the measure  if and only if

ey, _ pT@)
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If the above is true for all x € X, then T is a measure preserving transformation of
M with measure pu.

We now define a continuous dynamical system on a smooth manifold. Let X be
a smooth vector field on M. Then, for all x € M we get a system of differential
equations % = X(z). Let x1,...,2,) be local coordinates around z, the system of

differential equations can be written as
dxy dz
» :Xl(q:l,...,:cn),...,d—: = X,(x1,...,2p).
DEFINITION 2.2. Let X be a wvector on a smooth manifold M. For all x € M,
define Ty(x) € M fort € R to be the point of M given by the solution to above

differential equation at time t with initial condition Ty(x) = x.

It is clear that this defines for us the a flow {T;}. Weather this flow is measure

preserving or not is given by the following theorem of Louiville.

THEOREM 2.3. Let M be a smooth manifold equipped with measure p of density
p. Then p is invariant with respect to {T}} if and only if

0
> 5y PXk) = 0.
k=1 "k

Thus, any vector field on a smooth manifold with measure which satisfies the

above induces a continuous dynamical system, or a measure preserving flow on M.

3. Recurrence and Ergodicity

Let (X, B, 1) be a measure space equipped with a measure preserving transforma-
tion T': X — X. Corner stone of dynamical systems is the Poincare Recurrence Theorem
which states that almost all x € X under iterations of T" will come arbitrarily close
to x € X. That is given enough time, the point x will return to any neighborhood
to . We will make this more explicit.

DEFINITION 3.1. Let (X,B, 1) be a measure space and T: X — X a measure
preserving transformation. Let B € B. A point x € B is said to be recurrent with
respect to B if there exists at least one n > 1 such that T"™(z) € B.

The statement of Poincare Recurrence Theorem is as follows,

THEOREM 3.2. Let (X,B,u) be a measure space and T: X — X a measure
preserving transformation. Then for each B € B almost every point x € B is

recurrent with respect to B.
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Here, by almost every z € B we mean that pu{z € B|there exists non >
1 T™(z) € B} =0, i.e. the set of points in B which are not recurrent is of measure

Zero.

PROOF. Denote by N the subset of B consisting of points which are not recur-
rent. This then implies that N € B since

N=Bn (u;;ozl T”(X\B)).

If x € N, then all points of the form 7"(x), n = 1,2,... do not belong to B,
and hence T"(z) ¢ N. Therefore, N NT™" = @, which means that all the sets,
N, T(N),T?(N),... are disjoint. Therefore

12 Go T ) = S0 u(r () = Y wv)
n=0 n=0
But the last inequality follows if and only if u(N) = 0. O

Given a measure space (X, B, 1) and a measure preserving transformation 7': X —
X, it is possible that there exists some B € B such that T-!(B) = B. In this case
the transformation can be split into two pieces and studied separately. That is, since
T~(B) = B we get that T~(X\B) = X\B, and one can study 7|5 and Tjx\ p in-
dividually. We thus need a concept of irreducibility of the transformation, and this
is provided by ergodicity. In other words, if a measure preserving transformation is

also ergodic, then it can not be reduced. We give the definition now.

DEFINITION 3.3. Let (X,B,u) be a measure space and T: X — X a measure
preserving transformation. Then T: X — X is ergodic if for B € B, T"1(B) =
B = p(B) =0 or u(B) = p(X).

The ergodicity condition can be restated as: the only subsets of X which are
invariant under 7': X — X are of measure 0 or of full measure. This in particular
implies that the dynamical is irreducible. We also have the following equivalent
definitions of ergodicity.

LEMMA 3.4. Let (X,B,u) be a measure space and T: X — X a measure pre-
serving transformation. Then the following are equivalent
a) T is ergodic.
b) u(T-Y(B)AB) =0, BEB =  u(B) =0 or u(B) = u(X).
¢)VA,Be B, uwA),u(B)>0 In>0 st u(T"(A)NB)>0.
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Here (AAB) denotes the symmetric difference between the sets A and B, i.e.
(AAB) := (AU B)\(AN B). To understand further properties of ergodicity we will
need the notion of invariant functions, which we define below.

DEFINITION 3.5. Let (X,B,u) be a measure space equipped with T: X — X,
a measure preserving transformation, or {1}, a measure preserving flow. Then a

function f is invariant with respect to T or {T}} if for all x € X we have

9(T(x)) = g(z) = g(T ™" (x))
9(Ti(x)) = g(x), VteR.

Ergodicity has strong implications for invariant functions. Namely,

LEMMA 3.6. Let (X,B,pu) be a measure space equipped with T: X — X, an
ergodic transformation, or {T;}, an ergodic flow. Then every invariant function f

with respect to T or T is constant on any set of full measure.

PrOOF. If f(x) is an invariant function, then for any a the set C, = {z €
X|f(xz) < a} is invariant. Therefore pu(C,) equals 0 or p(X). This proves the

lemma. OJ

4. Space Average, Time Average, and Birkhoff’s Ergodic Theorem

One of the most useful property of ergodic transformations is that the space
average and the time average of functions (of class L!) is equal. This property
has found numerous applications in mathematics, and is essential in the study of
Statistical Mechanics. Let us begin by defining these objects.

DEFINITION 4.1. Let (X, B, ) be a measure space equipped with T: X — X, a
measure preserving transformation. Let f € LY(X,B, ). Then the time average of
f forallz e X is

n—oo n

n=1
(3.1) lim =5 F(TH(x) = fla).
k=0

Let (X, B, 1) be a measure space equipped with {T;}, a measure preserving flow. Let
f € LYX,B,u). Then the time average of f for all x € X is

(3.2) lim /0 F(To(@))dr = f(a).

t—oo t

At this point the question of existence of the limits defined above, or the existence

of time averages, arises. This is answered by the following Birkhoff Ergodic Theorem.



62 3. ERGODIC THEORY

THEOREM 4.2. Let (X,B,u) be a measure space equipped with T: X — X, a
measure preserving transformation, or {T;}, a measure preserving flow. In either
case, the time averages 3.1 and 3.2 exist for almost p every x € X. Moreover, the
time average f(z) € LY (X, B, i), and it is invariant under T or {T;}, and

[ f@dn= [ @

The integral [y f < f(z)dp is called the space average of the function. If we assume
that our dynamical system is ergodic then we get the following corollary.

COROLLARY 4.3. Let (X, B, i) be a measure space equipped with T: X — X, an
ergodic transformation, or {T;}, an ergodic flow. Then for any f € LY(X,B, ), the
space average and the time average coincide, i.e. for almost u every x € X, we have

or
iy [ o= [ o

Ofcourse the RHS of the equalities above are independent of x € X. This shows
that for an ergodic dynamical system the time averages are the same for almost any
x € X, in other words, they are an invariant of the ergodic transformation.

ProoF. Since Birkhoff ergodic theorem states that the time average is invariant
under the transformation or flow, and since any invariant function of an ergodic
transformation or ergodic flow is constant, we it follows that the time average is

constant. |

The fact that the time average and the space average is equal means that the
trajectory of a measure preserving transformation goes to every set in the measure
space, except possibly sets of measure zero. If the transformation is further assumed
to be ergodic, then the trajectories not only go to every set, but they are equi-
distributed. In this light we can state one more lemma.

LEMMA 4.4. Let (X, B, 1) be a measure space with T an ergodic transformation.
Let B € B be such that u(B) > 0, then u(Up>oT ™(B)) = 1.

5. Oseledet’s Multiplicative Ergodic Theorem and Lyapunov Exponents

We recall the setting in the last section. Let (X, B, ) be a measure space with
a measure preserving transformation 7. In this section we will study the situation
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where the dynamical system is equipped with a measurable function
v: X — GL(n,R).
Such a function induces the map
&: Z x X - GL(n,R)

defined by

forallz € X and n € Z.

DEFINITION 5.1. Given a discrete dynamical system (X, B, u) with T, any mea-
surable function ®: Z x X — GL(n,R) is called a measurable co-cycle over T

Notice that ®(z,0) = Id. Also the map ¢ is said to be the generator of the
cocycle. The cocyle ® also induces the extension of ¢ which we call

F: X xR" — X xR".
This extension is defined as follows
F(z,v) := (T(x), ¢(z) - v).
In this case the m!" iterate of F' is defined as

F"(z,v) = (T"(x), ®(m,x) - v).

This extension F' effectively translates the dynamics, or behavior of any point
x € X under iterations of T, into linear dynamics, that is the associated behavior
of (z,v) € X x R™ under iterations F™. In the case of dynamical system without
co cycles, we had the Birkhof f Ergodic theorem which stated the existence of time
averages. One wonders time averages can be defined for the extension F' and if they
exist or not. As it turns out, there is a natural notion of time averages in this setting,
and there is a generalization of the Birkhof f Ergodic theorem, called the Oseledets
Multiplicative Ergodic theorem.

THEOREM 5.2. Let (X,B,u) be a measure space and T a measure preserving
transformation. Let ¢: X — GL(n,R) be a measurable function, and ®: X x Z —
GL(n,R) the associated co cycle. If

/ logll () < o,
X

here ||.|| is any norm, then
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a) for almost all x € X there exist real numbers A\i(z) < --- < A\y(z) and a
filtration
Vo(x) c Vi(x) C -+ C Vp(x) =R"
which is kept invariant under the action of the extension F: X x R™ — X x R",

b) for all v € V;\V;—1 we have
o1
nh_)rgo - log||®(n,z) - v|| = A\
The numbers \; are called the Lyapunov exponents and the filtration is called the
Lyapunov filtration.

A stated in the theorem, the choice of the norm does not effect the filtration or
the exponents. The geometric meaning of Lyapunov exponents is to indicate how
the length of any given vector changes under successive iterations of F'.

If in the theorem we had also assumed that the measure preserving transfor-
mation T is also ergodic, then the Lyapunov exponents \;(z) are constant for all
x € X. In other words, if T is ergodic, then the exponents are invariants of the
ergodic dynamical system (X, B, u) with 7.

There is also a version of the Multiplicative Ergodic theorem for a continuous

dynamical system. We will state this theorem as it appears in [KZ97].

THEOREM 5.3. Let Ty: (X,B,u) — (X,B,u), for t € Ry, be an ergodic flow
on measurable space such that u(X) < co. Let V.— X be an Ry equivariant finite
dimensional vector bundle. Assume that a (non-equivaraint) norm ||.|| on 'V is chosen
such that for allt € Ry,

(33) [ o8+ 3 Vo = Vi) s < o
Then there are constants \1 = Ao = ... = A\ and an invariant filtration of V'
V=VyD2--DV),, D0
such that, for p-almost every x € X and all v € V,, one has
IT2(v)]| = XDt oo

where j is the maximal value for which v € (V)\j)m. Moreover, the filtration and the

constants do not depend on the choice of the norm.

Notice that this theorem is stated for a semi flow, i.e. {T;} for t € Ry. If we
consider a flow, i.e. ¢ € R, then the dynamical system is reversible and the one
gets a filtration similar to above for ¢ € R_. The filtrations in the forward and
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reverse direction are compatible, and one gets an invariant decomposition of the

vector bundle.

We now give a few examples of cocycles on dynamical systems taken from
[KH95].

Let X = {x} be a single element, and ¢(z) = A € GL(n,R). Then the Lyapunov
exponents are logarithms of absolute values of the eigenvalues of A. In this case the

limits of course exist.

In the previous section we saw that a compact Riemannian manifold (M, g) is
a measure space, and a diffeomorphism f: M — M acts as a measure preserving
transformation. The derivative of the diffeomorphism

acts on the tangent bundle of M and induces a cocycle as follows.

Represent M as a finite union of diffeomorphic copies of the n-simplex, that
is M = U/, such that in each /\; there exist local coordinates so that TM D
TA; = A; x R™ and all the non-empty intersections A; N A are (n — 1) dimensional
manifolds. By slightly perturbing the boundaries 9/\; of the A\; if necessary one can
always obtain a decomposition {A}l_;such that the measure of all the boundaries
0/\; is zero. Thus we obtain the following decomposition

M = U;Int/\;

and on each A\; the tangent bundle is trivial. Therefore the derivative D f can be
interpreted as a linear cocycle

Df: M =U;IntA; — R™

with D f(x) being the matrix representing the derivative at = in local coordinates, so
the cocycle D f depends on the choices of decomposition of M and local coordinates.
However, for another choice of local coordinates the coordinate change sending one
representation into another in uniformly bounded together with its inverse, and
we get that the spectrum of the derivative of the cocycle does not depend on the

coordinate representation.

6. Geodesic Flow on Hyperbolic Surfaces

Let H := {(x,5) € R?ly > 0} be the upper half-plane. Equip H with the
hyperbolic metric
B dz? + dy?

2
ds "
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The hyperbolic metric defines a topology on H. Once we have a topology, we can
take the Borel o-algebra which is generated by all the open subsets of H. Denoting
by B this o-algebra, we get a measurable space (H, B).

The hyperbolic metric provides us with the area form; dz‘jy. That is, given any

subset B C H, the area of B is defined as

dxdy
AreaB:/ )
(B) iy

This area form provides us with a non-negative function Area: B — R, which is

also countably additive, i.e.

Area( Uyl By) = Z Area(By,)
n=1

where all B,, € B are disjoint. Being a non-negative countably additive function
on the set B, Area provides us with a measure on (H, B). Notice that (H, B) with
the Area is not a finite measure space, i.e. Area(H) = oc.

We now study the geodesic flow on H with respect to the hyperbolic metric. To
study the geodesic flow, we need to consider UH, the unit tangent bundle of H. As
a set

UH :={(z,y,9)|(z,y) € H, ¥ € (0,27)}

That is, the tuple (z,y,9) € UH represents the unit tangent vector based at
(z,y) € H which makes the angle ¥ with the z-axis. It is clear that UH is a circle
bundle over H, i.e. every fiber of UH can be identified with S'. The circle has
a natural lebesgue measure, infact if we choose S' = ¢ for ¥ € (0,27) then the

differential of this measure is simply di¢. The form d”ff/gdﬁ now induces a measure,

which we denote by p, on UH. That is, the measure of any subset B C UH is now

dxdydy
M(B) = / 2 -
B Y

given as

Again, notice that u(UH) = oo.

DEFINITION 6.1. The measure u on the unit tangent bundle of the hyperbolic

plane is called the Louiville measure.

To describe the geodesic low on UH the following identifications are useful.

LEMMA 6.2. SL(2,R) = UH and SL(2,R)/SO(2) = H.
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ProoOF. SL(2,R) acts transitively on H. Consider the map
¢: SL(2,R) — M,

where Id — (0,1) =i € H, i.e. the identity element of the group is identified with 4,
and for any A € SL(2,R), we have that

A— Ai e H.

Since SL(2,R) acts transitively, we get that the map ¢ is surjective. Now, the
subgroup SO(2) acts by rotations, which means it has a fixed point or stabilizer.
This fixed point is ¢ € H. Thus, if S € SO(2) then Si = i and SO(2) forms the
kernel of the map ¢ which implies SL(2,R)/SO(2) = H.

Since the fiber over i of UH is a circle, SO(2) acts transitively on this fiber, and
thus can be identified with it. Now, if z € H then there exists A € SL(2,R) such
that Ai = z, and we can identify the fiber of UH over z with the set A-SO(2). This
gives us that SL(2,R) = UH. O

SL(2,R), being a locally compact lie group, can be equipped with the Haar
measure. Since we have identified SL(2,R) with UH, we will consider both these
spaces with the aforementioned Louiville measure, p.

We now describe the geodesic flow on UH = SL(2,R).

DEFINITION 6.3. The geodesic flow Ty: SL(2,R) — SL(2,R) is given by
1
AHA(W Q)
0 ez

The fact that {7} is a flow, i.e. Tj4s = T} o Ty, is obvious. The fact that {T;}
is measure preserving follows because the action of SL(2,R) on H is by isometries,

ez 0

thus —: | € SL(2,R) preserves the hyperbolic metric. Since the measure y is
e2

essentially the area form of the metric, if the metric is preserved then the area form

for allt € R.

is preserved, thus the measure p is preserved.

In the jargon of dynamical systems, we have a measure space, (UH, B, u) with
a measure preserving flow {7;}. We still have the problem that pu(UH) = co. To
overcome this problem, we will pass to quotients of UH by discrete subgroups of
SL(2,R).

Let I' be discrete subgroup of SL(2,R) such that H/I' := X is a finite area not
necessarily compact surface. Since I' is a subgroup of isometries of the hyperbolic
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metric, we get a well defined metric on the quotient X. Let 7 C H be a fundamental
domain for I'. Then we have

dxdy
AreaX:/ .
() F Y2

For the unit tangent bundle UX = UH/T', we have the identification with the
homogenous space
UX =SL(2,R)/T.
In fact, the surface X can be identified with the double coset space

SO(2)\SL(2,R)/T.

REMARK 6.4. Notice now we are considering the left action of SO(2) no SL(2,R)
where as before we were considering the right action.

The Liouville measure p on UH descends to a measure 1 on UX. The total
measure (UX) < oo if and only if Area(X) < oo, where Area(X), as mentioned
before, is just the hyperbolic are of the fundamental domain F.

Since the flow T;: UH — UH is an isometry for all t € R, it also descends to a
flow on UX. This is explicitly given as follows. We have that

UX = SL(2,R)/T := {B -T|B € SL(2,R)}

We use the same notation for the flow T;: UX — UX and define it as

t
BT B- <62 0t> T
0 e2
for all t € R.

Assume that X := SL(2,R)/I" has finite area. Then we get a continuous dynamical
system.

DEFINITION 6.5. Let X be as above. Then we have a measure space (UX, B, fi)
with a measure preserving flow {T;} which is described above. This dynamical system

is called the geodesic flow on the hyperbolic surface X
Of course now the question of ergodicity of {7}} arises. In this regard we have
the following theorem which was first proved by Heinz Hopf.

THEOREM 6.6. Let I' be a discrete subgroup of SL(2,R) such that H/T' := X has
finite area. Then the geodesic flow {1} on the space (UX, B, ) is ergodic.

REMARK 6.7. This theorem has been generalized to hyperbolic manifolds of
higher dimension.



CHAPTER 4

Teichmiiller Theory

Given a topological surface S of genus g > 1, one wonders ’how many’ different
complex structures S can be endowed with and whether the set of all complex struc-
tures on S itself is a nice space, and if yes, whether it is an object in the category of
smooth manifolds, complex manifolds, etc. If one considers the set of complex struc-
tures, up to the equivalence of being biholomorphic, then Riemann showed that this
set My, now called Riemann’s Moduli space, is a non-compact complex manifold.

The Teichmiiller space T (S) of S, is the set of equivalence classes of marked
complex structures on S. The significance of this space is that it can be thought of
as the universal covering space of M, with the deck group of transformations being
the mapping class group, I'g, of S. The space 7 (5) is rich with geometric structures.
To name a couple, it has a (non-complete) Kéhler metric, called the Weil-Petersson
metric, and it has a Finsler metric, called the Teichmiiller metric.

In this chapter, after defining 7(S), we take a look at its unit cotangent U*7 (.5)
and in particular the geometry of the pair (X,q) € U*T(S). Such a pair defines a
singular flat structure on X, and provides a way to study X in terms of euclidean
geometry. In this respect, we study the PSL(2,R) action on any pair (X,q) and
define the Veech group V(X,q) associated with any pair (X,q). The Veech group
V(X,q) has a map to PSL(2,R), and if the image of this map is a lattice, then the
PSL(2,R) orbit of (X, q) descends to a unit tangent bundle of a hyperbolic surface
(non-compact) in the unit tangent bundle of the moduli space: U*M,. Such a
hyperbolic surface is called the Teichmiiller curve given by (X, q).

We end this section by studying a particular Teichmiiller curve which was dis-
covered in [Vee89]. We will use a degree ten branched cover of this curve which was
explicitly constructed in [Loc], see also [McMO6|.

Most of the material in this chapter is from [ACG11], [FM11], and [Penl2].
We wish to thank Anton Zorich for allowing us to use the figures appearing in his

beautiful treatise [Zor] on Flat surfaces.
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1. Teichmiiller Space and its cotangent bundle

Let S be a smooth compact surface of genus g > 2. Let X be a compact Riemann
surface with an orientation preserving diffeomorphism f: S — X. The pair (X, f) is
called a marked Riemann surface, and f a marking. Two marked Riemann surfaces
(X, f) and (X', f') are said to be equivalent if f' o f~! is isotopic to an isomorphism
between X and X'.

DEFINITION 1.1. Given S as above, its Teichmiller space T(S) is the set of

equivalence classes of marked Riemann surfaces (X, f).

The space 7 (S) admits the structure of a complex analytic manifold of dimension
3g—3, see [ACG11], and [Abi80]. Topologically, 7(S) is homeomorphic to the unit
ball in C3973, this is a result of Fricke. Let t = (X, f) € T(9), then the fiber T,7(S)
of the tangent bundle 77 (.5) is the space of deformations of the complex structure on
X. By Kodaira — Spencer theory, this space of deformations is the first cohomology
of the sheaf of holomorphic vector fields on X, see [ACG11]. More explicitly, let
Kx be the canonical bundle of X, then sections of K% are holomorphic vector fields
on X, thus H'(X, K%) is the deformation space of X. Moreover, by Serre duality
we obtain

HY(X, K%)" = H(X, K%)
where the right hand side is referred to as the space of holomorphic quadratic differ-
entials on X. By Riemann-Roch formula, we know that the dimension of H%(X, K%)
is 3g — 3. Notice that this provides us with an identification of the fiber of the co-
tangent bundle 7,7 (S) with H(X, K%).

Let (X, f) € T(S) and ¢ € HY(X,K%). We will recall some facts about the
geometry of a quadratic differential ¢ on a Riemann surface X. Let {z,: Uy, — C}
be an atlas of charts for X. With respect to this atlas, any ¢ € H°(X,K%) is
specified by a collection of expressions {¢q(2q)dz2}, where dz2 = dz, ® dz,, such
that
1) Each ¢4 : 24(Us) — C is a holomorphic function with at most a finite set of zeroes.

2) For any two overlapping charts z, and zg, we have

03(28) (2)? = balza)

The last condition says if 1) is the change of coordinate map between z, and zg then
¢p(2)(d)? = al(2).

This also implies that the order of the zeros of a quadratic differential are independent
of the coordinate representation.
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A quadratic differential ¢ € H(X, K%) induces a Hermitian metric on the punc-
tured surface X\Z(q) where Z(q) is the finite set of zeroes of q. If ¢(z)dz? is a local
expression for ¢, then the metric in these coordinates is given by

|p(2)|dzdz.

Notice that this metric is flat, or euclidean, as one can introduce a coordinate ¢ such
that ¢(z)dz? = d¢?, and the metric takes the form

dcdc.

Thus, X\Z(q) can be equipped with a metric which locally looks like the euclidean
metric. In fact, this metric extends to a singular euclidean metric on X with cone
type singularities precisely at Z(q). Let v: [0,1] — X\ Z(q) be a path, then v is a
geodesic of this metric if and only if at each point ~y(s), it is a straight line in the
coordinate {. An intrinsic characterization of geodesics is that

arg(q), = constant,
where, by definition, we set arg(q)}, = arg(¢(v(s)) - 4°) if ¢(z) = ¢(2)d2>.

DEFINITION 1.2. Let X be a Riemann surface with a holomorphic quadratic dif-
ferential q. Then a path ~v: [0,1] = X\Z(q) is a
a) horizontal geodesic if arg(q), = 0
=7

b) vertical geodesic if arg(q)|,

in the singular euclidean metric induced by q on X.

Let us analyze what happens at zeroes of g. If p € Z(q) is a zero of ¢ of order n,
then locally around p there exist a coordinate ( such that in this coordinate ¢ can
be written as

a(¢) = (d¢™=)”.
This coordinate neighborhood is the same as gluing n + 2 half disks together. In
other words, p will have n 4 2 horizontal geodesics emanating from it, likewise, n + 2
vertical geodesics. The point p can be thought of as an n + 2 pronged singularity, or

a conic singularity of angle m(n + 2).

This metric also induces an area form. If ¢(z)dz? is a local expression for g, then
the area form is defined as

dA,(2) = %]qﬁ(z)\dé Adz = |¢(2)|dz A dy.

In fact, using the area form one can define a norm in H%(X, K% ), which is given as

follows

lall = /X 1A, Vge HO(X,KY).
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Any ¢ € HY(X, K%) also determines a foliation on X. The recipe is as follows,
any q can be thought of as a map ¢q: T X — C, where T X is the holomorphic tangent
bundle of X. In particular given a section of T'X, i.e. a holomorphic vector field, ¢
acts as an evaluation on it. If 4 is a holomorphic vector field such that it evaluates
under ¢ to positive real numbers, then the integral curve v of this vector field will be
part of the horizontal foliation. The set of all integral curves « such that + evaluates
to a positive real number, together with the set of zeroes of the differential ¢ provide
foliation of X which we call the horizontal foliation. Likewise, the set of all integral
curves whose vector fields evaluate to negative real numbers provide the vertical
foliation of X. Both these foliations, as the name suggests, are transverse to each
other.

In fact, these foliations coming from ¢ can also be equipped with a measure.
Again, suppose in some chart U C X, ¢ has the representation ¢(z)dz?. Then the

following function
w(z) = /U [Im(v/¢(2)dz)|

provides a measure for the horizontal foliation. If we replace the imaginary value
by the real value, then we obtain a measure for the vertical foliation. Thus, any
q € H(X, KE{) provides a measure foliation of X. In fact, it is a deep theorem of
Hubbard and Masur [HM79], that any measured foliation (upto a certain equiva-
lence) on X can be obtained from some ¢ € H*(X, K%).

2. Flat structures and PSL(2,R) action on the (unit)cotangent bundle

Let S be a smooth surface of genus g > 2, and let ¥ be a finite set of marked
points on S. The following definition if due to [Vee89].

DEFINITION 2.1. Let {V;, ¢;} where ¢;: V; — C be an atlas for S\X such that on
non-trivial intersection V; N'Vj the transition function

¢ij=¢jo¢;:C—=C

is a translation, i.e. ¢i;(z;) = +zj + ¢;j where ¢;j € C is a constant. Then a Flat
structure on S\X is the obvious equivalence class of such atlases. We denote by
(S,X,u) a choice of Flat structure.

The above defined transition maps are of course biholomorphic, thus a Flat
structure on S\X is in particular a complex structure. In fact this complex structure
extends over the entire S. Outside of ¥, Flat structure endows S with a euclidean
metric which is simply the pull back of the euclidean metric on C = R? by the
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functions ¢;. In particular this metric induces an area form, and the area of S\ 3 with
respect to this metric is called the euclidean area associated to the Flat structure.

At the points ¥ a singularity of this euclidean metric is developed. That this
should be the case is obvious, since S has genus g > 2 and by uniformization theorem
can not admit a metric of zero curvature everywhere. Thus, all the negative curvature
of S is concentrated at 3. In fact, the singularity of the euclidean metric at X is of
cone type. That is, around each p € ¥ the total angle is not 27, but rather 7(n + 2)
for n > 1.

As an example, consider a polygon P with even number of edges, such that for
each edge e; there exist another edge e;s of same length and parallel to e;. Let P C C.
Then P admits a Flat structure, where the interior of P is covered by one chart, and
each edge e; is identified with the corresponding parallel edge e;s by translation. This
endows an atlas on P\V where V' C P are the vertices of the polygon. Moreover,
the transition functions of this atlas are translations, thus P\V is endowed with a
Flat structure.

FIGURE 1. The polygon P (After A. Zorich)

We will now study deformations of Flat structures. Given a Flat structure
(S, %2, u), let {Vi,¢;} be the collection of charts corresponding to u. Let A €
PSL(2,R). Then we get a new Flat structure (S,%, Au) which is defined as fol-
lows. Recall ¢;: V; — C = R2, Any matrix A € PSL(2,R) acts on the R%2. We post
compose the chart function ¢; with this action. That is, we define new holomorphic
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functions ¢; := A o ¢;, and get
¢i/ Vi — C.

LEMMA 2.2. The atlas {V;, ¢y} defines a Flat structure on S\X.

PRrooF. For {V;, ¢y} to define a Flat structure we must check that the transition
functions are translations. Since ¢y := A o ¢;, we get that the transition function
b(i5)(2i) = £2; + cij changes to ¢;jy(2i) = £2; + Acy;. Since Ac;j; is again constant,
we get that ¢y is a translation. O

However, if A is a rotation. That is, if A = €', then the local change of co-

ordinates is simply 2/ = €'z, and there is no change in the Flat structure. More

precisely, if A € PSO(2,R) then (5,3, u) = (5,%, Au) as Flat structure. In fact,
(S,2,u) = (S,%, Au) only if A € PSO(2,R).

i\\
1T o

Fannni R E =

(/ JA - \// //30

~

FIGURE 2. Deformation of a Flat structure. (After A. Zorich)

Since the action of any A € PSL(2,R) is area preserving, we get that the eu-
clidean area of the Flat structure (5,3, Au) is the same as the euclidean area of
(S, %2, u).

The most important point of this construction is the fact that this deformation
of the Flat structure also provides a deformation of the complex structure. That
is, (S,%, Au) has the structure of a Riemann surface, and this complex structure
is not the same as the complex structure on (S, 3, u), provided A ¢ PSO(2,R).
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Let H be the upper half plane and let (S,%,u) be a flat structure. Since H =
PSL(2,R)/PSO(2,R) (see the section ”Geodesic Flow on Hyperbolic Surfaces”), we
get a family of Flat structures parametrized by H, where the fiber over i corresponds
to (S, %, u) and fiber over any A € H corresponds to (S, %, Au).

As each Flat structure (S, X, u) is also a complex structure on S, we also get a
family of complex structures parametrized by H. We wish to make this more explicit
and give embeddings

H < T(S).

The trick to this construction is the fact that the pair (X, ¢), where X is a Riemann
surface and ¢ is a holomorphic quadratic differential, induces canonically a Flat
structure (S, 3, u(q)), where S is the underlying topological surface of X and ¥ are
the zeroes of q.

LEMMA 2.3. Let (X,q) be a Riemann surface with a quadratic differential q.
Then there exists a canonical Flat structure (S, Z(q),u(q)) where S is the underlying
topological surface of X and Z(q) C X s the set of zeroes of q.

PROOF. We need to define an atlas on X := X\Z(q) satisfying the desired
properties of a Flat structure. This is done by the help of the local expression of
q outside of Z(q). At any point of X, there exist natural coordinates, say ¢ such
that ¢(¢) = d¢?, and moreover these coordinates are defined upto an addition of a
constant. Thus, these coordinates provide an atlas for X with the property that
transition functions are all translations, giving us the desired Flat structure. O

Let A € PSL(2,R)/PSO(2,R) and consider the Flat structure (5, Z(q), Au(q)).
Corresponding to this Flat structure is a Riemann surface with a quadratic differen-
tial (X', ¢"), where X’ is the complex structure induced by the atlas of Au(q) on X',
and the quadratic differential ¢’ € H°(X’, Kx) is the corresponding deformation of
g. Notice that the number and the order of zeros of ¢ and ¢’ is the same. Also,
since A preserves the euclidean area, which is the norm of the quadratic differential
in complex analytic language, we get that

lall = NIl

We use the notation A(X,q) := (X’) to talk about the complex structure com-
ing from the Flat structure (S, Z(q), Au(q)). Let t = (X, f) € T(S) and let ¢ €
HY(X,K%) such that ||g]| = 1. All the constructions above work if one considers
(X, f,q) that is a marked Riemann surface with a holomorphic quadratic differential.
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We then have an embedding
H(X, f,q) = T(9),

given by A — A(X, f,q) = (X', f) based at the point (X, f,q) € U*T(S) in the
unit cotangent bundle of 7(S). That is under the embedding the point (i,7) € UH
is identified with (X, f,q). Notice that we have a family of complex structures
parametrized by H, but the marking f remains the same. Thus, we get a family of

marked Riemann surfaces.

DEFINITION 2.4. The embedding H(X, f,q) — T(S) is called the Teichmiller
disk based at (X, f,q).

Notice that if A € PSO(2,R) then A(X, f,q) = (X, f). That is, A stabilizes the
marked complex structure. On the other hand, the action of A on ¢ is by rotation,
that is Aq = €”’q. In particular, the orbit PSO(2,R) - (X, f,q) C Ul pT(5) is a
copy of S1. In particular we have an action of PSL(2,R) on U*T(S).

3. Veech Groups and Teichmiiller curves

Let S be a smooth surface of genus g > 2. Let I'(S) be the group of all iso-
topy classes of orientation preserving diffeomorphisms of S, in other words I'(S) =
mo(Dif fT(S)). The group I'(S) is called the mapping class group of S. This group
acts on T(9) as follows, if g € T'(S) and (X, f) € T(S), then

g'(va):(vaog_l)'

If we consider T (S) as a complex manifold, then the action of I'(.S) is by holomorphic
transformations. Moreover, I' acts properly and discontinuously but not effectively.

The resulting orbifold quotient is called the moduli space of genus g curves,
Mg :=T(S)/T(S).

In the last section we saw that every (X, f,q) € Uly ;T(S) generated a Te-
ichmiiller disk which was an embedding of the upper half plane,

H(X, f,q) = T(S5)
based at (X, f,q).

DEFINITION 3.1. Let (X, f,q) € Ulx f)T(S). Then the Veech group of (X, f,q),
denoted by V(X, f,q) C T'(S), is the group of mapping classes which stabilize the
Teichmdiiller disk H(X, f,q).
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Here by stabilize we mean a mapping class which preserves the disk globally, and
not point wise. Although, there may exist some mapping class which fixes the disk
point wise. We have the following result on generic Veech groups, see Moller’s article
in [Pap09].

PROPOSITION 3.2. For a generic (X, f,q) the group V(X, f,q) is trivial.

We will especially be interested in the case V(X f, q) is large. To make this more
precise, we first observe that there exists a group homomorphism

V(X, f,q) - PSL(2,R)

which might have a non-trivial kernel. This is given as follows. Let (5,3, u) be a
Flat structure. Let I'(:S,X) be the group of orientation preserving diffeomorphisms
of S which preserve the set ¥ point wise. Then g € T'(S,X) acts on (S,%,u) by
precomposition with charts. More precisely, let {V;, ¢;} be the atlas giving the Flat
structure, consider a new atlas defined by {g(V;), #; 0o g~ '}. That is, if ¢;: V; — C is
a chart for u then ¢; 0 g=1: g(V;) — C is a chart for g - u.

Now consider the Flat structure (S, Z(q),u(q)) induced by (X, f,q). Let g €
V(X, f,q), and let g act on the Flat structure (S, Z(q),u(q)) as explained above.
Now, by the very definition of H(X, f,q) as an orbit of PSL(2,R), it follows that
H(X, f, q) is stabilized by g if and only if there exists an A, € PSL(2,R) such that
g-u(q) = Ag(u). On a given chart (V,$) this condition means that pog=! = 4,0 ¢.
In other words, the action of g on (X, f,q) is af fine, the result again is a Flat
structure which is a deformation by A,. This provides us with the aforementioned
group homomorphism

V(X, f,q) - PSL(2,R) g Ag.

We state the following main characteristics of the image of V(X, f,q) obtained in
[Vee89).

THEOREM 3.3. The image of V(X, f,q) in PSL(2,R) is always discrete and never
co-compact.

A discrete subgroup A <PSL(2,R) is called a lattice if a fundamental domain of
A has finite hyperbolic area, or equipvalenty, if the quotient surface H/A has finite
hyperbolic area.

DEFINITION 3.4. (X, f,q) is said to be a Veech surface if the image of V(X, f,q)
in PSL(2,R) is a lattice.
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Although we are not concerned with dynamics of Flat structures, we state the
following remarkable result dubbed the Veech dichotomy.

THEOREM 3.5. If (X, f,q) is a Veech surface, then for any given direction in
St either all foliations are ergodic or all foliations are periodic. In particular, there
exist at least one periodic direction.

It is the existence of this periodic direction which implies the non co-compactness
of V(X, f,q). If V(X, f,q) is a lattice then H(X, f,q)/V (X, f,q) is a finite area non-
compact hyperbolic surface.

DEFINITION 3.6. Let (X, f,q) € UT(S) be such that the Veech group V (X, f,q)
is a lattice. Then the surface x := H(X, f,q)/V (X, f,q) is called the Teichmiller
curve generated by (X, f,q).

Notice that this curve descends to an embedding in the moduli space of curves

H(X, f,q) —— T(S)
L

orb(

We of course have that 7{""(y) = V(X, f,q). Teichmiiller curves also provide a

large supply of pseudo-Anosov elements. By a theorem of Thurston, see [Thu88|,

orb

under the identification of 7§"* as a subgroup of PSL(2,R), any v € 7§"%(x) whose
corresponding matrix A, € PSL(2,R) is such that |TrA,| > 2 corresponds to a
pseudo-Anosov mapping class in I'(S). Moreover, any matrix with absolute value
of trace bigger than 2 is conjugate in PSL(2,R) to a unique diagonal matrix with
entries A and A\~! where \ is a positive real number. The stretch factor of A, is

bigger of two values A and A\~1.

4. Example

Let X be the genus 2 algebraic curve defined by the equation y? = z° + 1. Let
g be the quadratic differential on X defined as cdyi;. Here c is a constant such that
llgll = 1. Thus, (X, f,q) € U*T(S) where f: X — S is any arbitrary marking. In
[Vee89] it is shown that the image of V (X, f,q) in PSL(2,R) is a lattice, in fact
it is shown to be conjugate to the Hecke triangle group A(2,5,00), which has the
following presentation
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(4.1) A(2,5,00) :=< S, T|S* = (SoT)> =1d > .

T:lQCOS%, 5201‘
0 1 -1 0

The Flat structure (5,3, u(q)) corresponding to (X, f,q) can be described as

where

follows. Take a regular pentagon P in C. Let P; be a reflection of P along one of
its edges. The union P U P; is a non-convex octagon, call it O.

FIGURE 3. The octagon O (After A. Zorich)

For each edge e; C P, where e; is not the edge along which we reflected P,
there exists an edge e; in P; which is parallel to e;. We identify these parallel sides
to obtain a closed compact surface S. It can be checked, by triangulating O and
applying the Euler characteristic formula, that the genus of S is two.

Endow S with the complex structure X’, such that the quadratic differential dz>
extends to a quadratic differential ) on X. Scale O such that ||| = 1. All the edges
of O are identified to a single point 3 € S. This point is the only zero of 1 and it
has order four. It is shown in [Vee89] that (X, q) is isomorphic to (X', 1)), see also
the article by Earle and Gardiner in [QS97].
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Since the image of V (X, f,q) in PSL(2,R) is a lattice, it follows that
x :=H(X, f,q,)/V (X, f,q) is a Techmiiller curve, and we have the embedding,

X‘—)Mg.

We will study a degree ten ramified covering 7y : x — x which was introduced in
[Loc]. The advantage of this covering is that it has an embedding in the configuration
space of six points over which the Hitchin connection V was defined in chapter 1

section 4. We make this more precise now.

Let Coo := {(21,...,26) € (CP')%|z; # z;}, be the space of ordered configurations
of six points and C = C/Se, the space of unordered configurations defined in section
4 of chapter 1. Since PSL(2,C) is the group of complex automorphisms of CP!, it
also acts on Co,. We consider the action of the product of two groups

PSL(2,C) x S ~ Coc

and the qoutient My is the moduli space of six points on the Riemann sphere, or
equivalently, the moduli space of genus 2 curves. These moduli spaces are equivalent
since any (z1,...,26) € C defines a genus two curve given as the zero set of the equa-
tion y? = (x —21) ... (z — z5). On the other hand given any genus 2 Riemann surface
X, a choice of basis for the homology induces a basis < a1, as > for H'(X, Kx).
Then the following map

a (z)

()

d: X - CP', ®):=

is of degree two and simply branched over six points in CP!. Thus, X is a hyper
elliptic curve. The branching locus of X and X' is the same if and only if X and X’

are isomorphic as Riemann surfaces.

We now study the aforementioned covering of the Teichmiiller curve discovered
in [Loc].

Define ¥ := (P! —u5) where ps are the fifth roots of unity. We have the embedding
b: Xoo — C, where Yoo := (P! — (5 U 00)) given by the following explicit map
introduced in [Loc] and [McMO06]

(4.2) o) = (L+t,¢+ ¢, 4+ 72,3+ 3 ¢+ ¢, 00),

where ¢ = ¢%'. Notice that ¢(t) belongs to Cx for all ¢ € x. This follows from
the following computation: Suppose ¢* # ¢b. Then ¢* + (% = ¢? + ¢~ implies

a__ b
t= _CEb+§—a = Ca"rb € lu’5’

Dihedral group.

We will now consider the action of Dihedral group of order 10 on ¥. Consider the
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transformations R,I: CP! — CP'! defined by R(z) = (*z and I(z) = 1. Notice
that R generates a cyclic group of order five and I is an involution. We define
D :=< R, I >. Explicitly, D has the following presentation

(4.3) D=<RIR =I°?=(Rol)*=1d > .

Notice that D(us) = ps, i.e. the set of fifth roots of unity is preserved under the
action of D. This gives us a well defined action D ~ x. We define the quotient
X = X/D and let 7y : X — x be the quotient map. Following is proposition 4.11
from [Loc].

PROPOSITION 4.1. 7™(x) = A(2,5,00) where /A(2,5,00) is the Hecke triangle
subgroup of PSL(2,R).

Notice that this proposition implies that x is a hyperbolic orbifold, namely a
sphere with two orbifold points, say a,b € x and one puncture. Let us fix the
notation, such that the order of ramification at a,b is two and five respectively.

We consider now the following two elements v,/ € S5 < Sg.

DEFINITION 4.2. v(z1,...,26) = (25, 21, 22, 23, 24, 26)
and V/(Zlv ) 26) = (217 Z5y R4y Z35 22, Z6)

It is clear from definition that 1° = /> = Id. We have the following relationship
between v and R and between v/ and I.

LEMMA 4.3. v(4(t)) = (' @(R(t)) and V' (d(t)) = to(I(t)).
Proor. We compute
ClO(R() = ¢TH1+ 4 ¢+ ¢+ 4,8 + ¢, ¢+ (TP 00)
= (M LA CH T G R G+ P 00).
Now, the last tuple is the same as
(" ML+ £, TP (T2 (P 00) = w(6(1)),
By a similar calculation, we obtain that
to(I(t) = (1+4,.¢1+ ¢, C o+ (T 4 TP+ (T 00) = 0(6(1))-
O
Since multiplication by ¢~! and t are both elements of the dilation subgroup of

PSL(2, C) this lemma immediately shows that the map (5.1) descends to give a well
defined map ¢: x — My and that we get the following commutative diagram
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X i Co
Py

X Coo
Py,

X M

Here Co, is the quotient of Cs, by the group Sg and My is the quotient of Co by
PSL(2,C).



CHAPTER 5

Quantum representation of the (orbifold) fundamental

group

1. Introduction

Recall Cy, the space of ordered configurations of six points and Coo =2 Coo /S,
the space of unordered configurations defined in section 4.4. Since PSL(2,C) is the
group of complex automorphisms of CP!, it also acts on Cs. We consider the action
of the product of two groups

PSL(2,C) x Sg ™~ Coo

and denote the quotient by Ms. Hence My is the moduli space of six points on the
Riemann sphere, or equivalently, the moduli space of genus 2 curves. We will study
the embedding of a Teichmiiller curve in this moduli space discovered in [Vee89]
and further studied in [Loc].

Recall from the previous chapter, that Yoo := (CP! — u5), where us are the fifth
roots of unity, and that we have an embedding ¢: ¥ — Coo, where ¥ := CP' —(u5Uc0),
given by

(5.1) o) = (L+t, ¢+ ¢+ 72, G+ 3 ¢+ M 0),

27i

where ( =e5 .
We consider the action of the Dihedral group D of order 10 on Y. This group

is generated by the transformations R,I: CP' — CP!, defined by R(z) = (?z and
I(z) = 1, which are of order five and two, respectively.

Notice that D(us) = us, i.e. the set of fifth roots of unity is preserved under the
action of D. This gives us a well defined action D ™ Y0, and we define the quotient
X ‘= Xoo/D with corresponding quotient map 7y : Xoo — X. Then x is a finite
volume hyperbolic surface with orbifold singularities. Topologically, it is a sphere
with two orbifold points b, a € x and one puncture, and the order of ramification at
b and a is two and five, respectively, i.e. 73(b) = {—us} and 7%(b) = {0, 00}.

83
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The orbifold fundamental group is calculated in [Loc],
" (x) = A(2,5,00),

where A(2,5,00) is the Hecke triangle subgroup of PSL(2,R), which is generated by

the elements
T_ 1 2cos % ’ g 0 1 .
0 1 -1 0

These satisfy the relations S? = (S o T)5 = Id.

We consider the following two elements v, € Sg,

v(z1,...,26) = (25,21, 22, 23, 24, 26) and V' (z1,...,2¢) = (21, 25, 24, 23, 22, 26),

and it is clear that v> = 12 = Id. Also, we have the following relationship between
v and R and between v/ and I,

Cv(@(1)) = G(R(1)) and %V’(J)(t)) = o(I(1)).

Since multiplication by % and ( corresponds to a dilation and a rotation in
PSL(2,C), we get that the map ¢ is equivariant with respect to the D action on
X and (PSL(2,C) x Sg) action on Cs,. This implies that ¢ descends to give a well
defined map ¢: x — M. In fact we get the following commutative diagram,

(5.2) ¢

Here Co is the quotient of Co by the group Sg and My is the quotient of Coo by
PSL(2,C).

In [Vee89], William Veech showed that the algebraic curve y? = z° + 1 equipped
with the quadratic differential cdy—f’; generates a Teichmuller curve V' — Ms, and that
7o (V) is precisely A(2,5,00). In proposition 5.8 of [Loc] it is shown that V = y
as Riemann surfaces and their images in My coincide. Thus, ¢(x) can be considered

the Teichmiiller curve generated by the algebraic curve y? = 2° 4 1 equipped with
o’ =1.

the quadratic differential C%Q. Here c is a constant such that Hcy—2
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2. Generators of the (orbifold) fundamental group

Recall from the last section that 7™ (x) = A(2, 5, 00). We choose explicit paths
based at the order five orbifold point of y such that they generate the group 7" (x).
Let 49 C x be the path starting from 0 and running along the real axis to 1 —¢, where
€ is an arbitrarily small positive real number. Let 4; be the semi-circle starting from
1 — € moving around 1 in an anti clockwise direction until it reaches (1 — €)=, We

will also need 7, ! which is the path running from 1 — € to 0 along the real axis.

Recall that the order five rotation R stabilizes, or fixes, the point 0. This implies
that

m%(0) = a

is an orbifold point of order five, and the stabilizer group of this orbifold point is
isomorphic to (R). The end points of the semi-circle 4; are identified with each other
under the involution I, which implies that the projection

(1) =11 C X

is a homotopically non-trivial closed loop. Consider the projection of the path g,
m(50) =70 C X

then the composition

(5.3) Yoo M =7CX

is a closed, connected, homotopically non-trivial loop with the property that it starts
and ends at the order five orbifold point a € Y.

The following is part of proposition 4.11 from [Loc].

PROPOSITION 2.1. The loop ~y along with the orbifold stabilizer group (R) gen-
erates ™™ (x, a), and under the isomorphism 7™ (x,a) = A(2,5,00) the order five
stabilizer of the orbifold point a is identified with U := SoT and ~y is identified with

the infinite order element T'.

By the commutativity of (5.2) and (5.3), it follows that

(Foo © Pw)(‘%(%)_l) - (P 0 POO)(QB(:Yl))) - (P © Pw)(‘%(%))) = ¢(7).

We will construct a lift 4, of ¢(y), such that 7 is a connected path contained in C.
Later we will compute the holonomy of the connection given by the 1-form (2.22)
along ~.
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Recall from (2.35) the divisors DS° := {(21,...,00,...,26) € Coo } where 1 < m <
6 and mt" entry is fixed to co. Notice that D,, is a divisor in C and isomorphic to
the space of ordered configurations of five points on C. We have the disjoint union

(5.4) Coo =CLES,_, D

In particular, the image ¢(x) C Dg°. Let Z € PSL(2,C) be the inversion in the

unit circle, i.e.

7 0 1 ’
1 0
and let
(5.5) X0 = (CIP’1 — (us Uoo U —ps))

where ps is the set of fifth roots of unity. Consider the map

Y:ixo—=C, ti=Zoo

which can be written explicitly as

1 1 1 1 1

The image 1(Xo) is now contained in C. Since Z € PSL(2,C) and My is the
quotient of Co, by the product (PSL(2,C) x Sg) it follows that the map ¥: xo — C

covers the map ¢: x — Ma. In particular, (P © Px)(¥(X0)) C ¢(x). Also, since
0 and 7 are in the complement of —pus, it follows that

(5.7)  (Poo © Poo)(®(50) ") * (Poo © Poo)(¥(71))) - (Poo © Poo)(¥:(50))) = ¢(7)-
We will construct a path p; C C such that

("9((50)™))) - pr- (1) - ¥ (F0) € C
is a connected path and projects to ¢(y) in Ma.

0), forallt € xo.

Let us first analyze the image ¢ (50). The initial point ¢(0) is shown in Figure
1. Here the six points form a symmetric configuration by taking the positions at the
fifth roots of unity and zero in the specified order.

In Figure 2 the dashed lines show the trajectory of the six points as one travels

along ¥ (5p). At the end point of ¥ (5p), the points z; and z4 are a small distance

(depends on €) away from the positive real number ﬁ(() and a quick calculation

shows that at the end points z; and z4 are conjugate to each other, and both have

their real parts bigger than ﬁ(c). Moreover, z; lies in lower half plane of C and

z4 lies in the upper half plane. This local picture at ﬁ(ﬁf) is shown in Figure 3. A

similar story holds for the pair zo and z3 around the negative real number 2}{%“2)
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2

FIGURE 1. The configuration at 1(0). The crosses represent the po-

sitions of the points and t; are the generators of the braid group

The point z5 moves to % and zg remains fixed at zero. Notice also that the end point
of ¥(50) is the initial point of 1(71). We now look at the configuration at the end

FIGURE 2

point of ¥(71). Recall that 4; was a semi-circle traversed anti-clockwise around one

from (1 —€) to (1 —€)~1. At the end point of 1(7;), the points z; and z4 are still

conjugate to each other but both have real parts smaller than ﬁ(() and z lies in

the upper half plane and z4 lies in the lower half plane. In effect, both z; and z4

move in an anti-clockwise semi-circle around ﬁ(()’ This is also shown in figure 3.
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A similar story holds for the pair zo and z3 around the negative real number ﬁ(cg).
The point z5 moves to % and zg remains fixed at zero. Notice also that the end point

of 9(71) is not the initial point of 1 (79)~!.

We now construct a path p; which whose initial point is the end point of 1(51).
We calculate that

(5.8) Y16 =v(1-e (w1 -e7").

Consider the following map

pr:[1,(1—¢€)7'] = PSL(2,C) s~ [; (1)] .
Let pr(¥((1 — €)71)) be the path in C obtained by applying the path in Mébius
transformations p; to ¥(1—¢)~!. We will denote by p; also the path p;(1((1—e€)~1)).
It follows from (5.8) that the configuration at the end point of p; differs from the
configuration at (1 — €) only by the permutation /. The trajectory of z4 and 2;
along the path p; is shown in red in figure 3. A similar story holds for z and z3.
The point z5 moves a little to the right and zg is fixed at zero.

% (%o)

a(D3)

P(%1)

FIGURE 3

Since the end point of p; differs from the initial point of (¢)(59)~') by the per-
mutation ¢/, it follows that v/(¥(50)~!)) - pr is a connected path with initial point
¥((1 —€)~1) and end point v/ ((0).
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Since the initial point of v/(¥(50)~1)) - pr is the end point of ¥ (F1) - ¥ (o) it
follows that

(5.9) =V ®((0)™)) pr-v(n) - v(F) CC

is a closed path in C with initial point 1(0) and end point +/(1)(0)). Since the two
endpoints of 7 are related by the element v/ in Sg, it follows that P (7) C C is a
closed loop in C. Moreover, since p; is entirely contained in the PSL(2,C) orbit, it

follows that (P © Px)(pr) is a constant loop in Mj. Lastly, from (5.7) it follows
that

(Poo © Poo)(3) = 6(7)-
While My is an orbifold, its covering C is a smooth manifold, thus the stabilizer
group (R) of the orbifold point ¢(a) € Mz acts on C. Since 0 € x is a fixed point of
the action of the generator R, we analyze the action of R on C by computing

P(R(0)) = v~ ¢ Mp(0)
= 1(0)

where the second equality follows from the fact that R(0) = 0. This in particular
implies that 1(0) is a fixed point of the transformation »~1¢~! in the product group
(S x PSL(2,C)). We represent v~ '¢~! as a path in C as follows. Consider the
following path in PSL(2, C)

1 —Tis 1
pi: 0,4] = PSL(2,C), s |© o
5 0 e 5

Denote also by pgr the path in C given by the action of pr on the point 1(0). At both
the initial and the end point of this path the first five points sit at the fifth roots of
unity (sixth at zero) but with different ordering. The ordering differs by v~!. Since
the end points of pg are related by an element in Sg, Ps(pr) C C is a closed loop.
Moreover, since pg is entirely contained in the PSL(2,C) orbit, (P - Pxo)(pr) is a
constant path in Msy, namely ¢(a).

The paths 4 and pr both start at 1(0). We now represent the image of these
paths in C as braids. Let

(5.10) ¥(0) = P(¥(0))  ¥:=P(F)  pr:=Plpr)

where P is the restriction of Py to C. Then 7 and pgr are both closed loops based
at ¥(0). We pick ¥(0) € C as the base point for the fundamental group. It is well
known that

m1(C,%(0)) = B
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where Bg is the braid group of degree 6. The choice of generators that we make for

Bg based at 1(0) is shown in figure 1. Here ¢y, ...,¢5 are the generators, where t;
corresponds to the point z; and z;41 exchanging positions by traveling around each
other in anti-clockwise fashion.

It is now a straight forward exercise to represent the loops 7 and pg in 71 (C, W)
as braids in terms of the generators t;. Figure 4 shows the braid and the word in
the generators corresponding to pr and figure 5 shows the braid and the word in the
generators corresponding to 7.

o)

e

X

\

>

2 3 ! 5 1 6

FIGURE 4. The loop pg illustrated as the braid t4t3tot tsts from top
to bottom

"
N

3

a
)

J

O
\U—‘

/

h

3 2 6

[

1 5

7

FiGURE 5. The loop 7 illustrated as the braid tgtotststotststitits
from top to bottom
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Recall from (2.10) the group homomorphism
H: Bs — Sp(4,7)
explicitly given by (2.11) and from (2.12) the quotient group A(G) = Sp(4,Z)/I'2(2,4)

where

'y(2,4) := { (I —21—514 s j—iD) € Sp(4,7)|diag(B) = diag(C) = (0,0) (mod 2)} .

Since A(G) is a quotient group of Sp(4,Z), we have the short exact sequence
'y(2,4) — Sp(4,Z) — A(G).

By composing the map H: Bg — Sp(4,Z) with the second homomorphism above,
we get the homomorphism

The following lemma will be essential in our monodromy computations.

LEMMA 2.2. The image of the closed loops pr and 7 under the homomorphism

H: Bg = 7'('1(@,1[)(0)) — A(G)

is My and M respectively where

0 0 1 1 0 -1 0 -2
-1 0 3 -1 -2

My = My = 0
-1 0 0 O -1 1 -2 1
1 -1 0 -2 1 -1 1 =2

PRrROOF. Figure 4 and figure 5 show the words in our choice of generators for Bg
for the loops pr and 7. We simply use the representation (2.11) on these words to
arrive at My and M;. O

3. Pullback of the connection and iterated integrals on the Teichmiiller

curve

In the last section we defined the curve xo given by (5.5), and an embedding
w: )20 —C

given by (5.6). Recall from section 4.4 the End(S*(V)) valued 1-form w®) on C
defined in (2.22). In this section we compute and analyze the pull back of the 1-form
w®) under 1.
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ProprosITION 3.1. We compute that projectively

A dt
(5.11) Prwh) =% > s
1<i<5 S

where (' = 627”( ), A4; = Qab 4 Qed for1 < a<byec<d<5b such that [a+b] =
[c + d] = [i] where [x] := x(modb).

REMARK 3.2. For any 1 < i < 5, there exists only one solution for A; with the

given constraints.

PROOF. The image ¥(¥o) is contained in DY C C, where DY, for 1 < m < 6 are
defined in (2.38). The 1-form w®) restricted to DY takes the following form

7 zdl
DO_ < Z QJ Z_ZJ ZQGZ)

1<ei<y<h
= k( Z Q% dlog(z — zj) + Z Qi’ﬁdlog(zi)>
1<i<j<5 i=1

Thus the pull back is given by

w0 (k) i 1 1
v )_k< 2 delog<0+<lt Cﬂ+<]t)

1<i<y<5

5
- Z ﬁi’Gdlog(Ci + C_it)>

i=1

Now

1 1 s S
dlog ({i—i—g_it_ Cj+C_jt> =dlog(¢"+ ('t — ¢ — ()
— dlog(¢" +¢7't) — dlog(¢! +¢7)

which implies that

P (w®) ( > QYdlog(¢'+ ¢t — T = ¢TI

1<i<j<5

ot

— Y OMdlog(('+ ¢ — > QMdlog(¢ + ¢It)) Z QSdlog(¢ + ¢~ Zt)).

1<i<y<h 1<i<y<h i=1

Now,

5
Yo Q¥dlog(¢'+ (T + Y Q¥dlog(¢+¢TT) + Y 0 Fdlog(¢T+ () =

1<i<j<5 1<i<5<5 i=1
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6

> QWdlog(C+¢T )+ Y QMdlog(¢! —¢Tt) = —k*1d Y dlog(¢'+¢ ')

1<i<j<6 1<i<j<6 =5

where the last equality follows from (3) of propsition 4.4. This gives us that

6
v (w®) = k( Y OYdlog(¢h+ ¢t = ¢ = ¢ + K2 1A Y dlog(¢ + g%))

1<i<j<5 =5
Now,
S (¢ = ¢ )t
dl ) i ) I = . - - -
og(¢'+¢ "t =7 = (77t) (G — )+ (Ci — ()t
_ L
CCZ — +t

This can be simplified by

IS AN S A S
(- I

the result being
dt

dbyc+cﬂ—@—cﬂw=t_gﬂ-

Notice that
C’H‘j — Ck‘-H

if i +j =k + I(modb).

Similarly,

Cildt

G+t

_odt
o+ <2

dlog(CZ + (™ Zt)

This implies that

(5.12) P (w®)) = k< > tA_idé +k2Id Y t+62@>

1<i<5 1<i<5

which is projectively equivalent to (5.11).
O

Notice that while (5.12) has poles over the set of negative fifth roots of unity, the
1-form (5.11) does not and it extends as a holomorphic 1-form over x. Both (5.11)
and (5.12) are Fuchsian differential equations with (regular) singularities at us and
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p1o respectively. Form now on we will consider (5.11) as an Endg(S*(V)) valued
holomorphic 1-form over y and denote by

k *
(5.13) w;) = ¥ (w®)
and the corresponding flat connection in the trivial bundle P(S*)(V)) x ¥ by
(k) ._ (k)
(5.14) v = d ol
Let us make the choice of line segments running from ¢?, for 1 < i < 5, to infinity

as the branch cuts for the logarithm on y. With this choice (5.13) can be written as
W) =% Y dlog(t - ¢ A,
1<i<5

(%)

From this expression it is clear that w;” is a logarithm 1-form on C with values in
Endg(S*¥(V)), where the logarithmic singularities are at s, and the residue at each
¢t e ps is A;.

The differential forms ;
v: [a,b] — X be a smooth map and for each ¢’ let us denote by

o where (¢ € pus give a basis for Hlp(%,C). Let

7 ( iitgi) = fi(si)ds;
the pull back of the 1-form ; Cl to the interval. The ordinary line integral of this
1-form is given by
a0 s
which is independent of the parametrization of v. Now choose some r-tuple (¢, ..., (')

where each (% € us, and consider the recursively defined integral
(5.15)

La(C, . G ) /f“ ( R ( [ hts d)d)d

where it
Fo s s, =7 ().

Given a smooth path v and a tuple (Cil .,¢%), the integral (5.15) is the iterated

integral of the differential forms

= CZ along the path . The integral (5.15) was
extensively studied in [LD53] under the name of Hyperlogarithms. This integral is
independent of the choice of the parametrization of v and depends on the homotopy
class of «. In particular, such integrals are building blocks of the solution to the
differential equation given by the parallel transport of (5.14), and thus play a crucial
role in monodromy computations involving the connection (5.14). For general prop-

erties of iterated integrals, we refer the reader to [Kas95] and [LD53]. We use these
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integrals in the next chapter to give an explicit expression of the parallel transport
of the connection (5.14) along arbitrary path in x.
For now, let us consider iterated integrals over a generating set of the m(x,0).
Let f,, for 1 < m < 5 be the image of
Pm: (0,1 — € = X, pm(s) =s¢™.

Associate to fy, the loop gm = f.} - 6m - fm € T1(X,0), where d,, is a small loop of
radius € traveling around (" based at the end point of f,,.

The fundamental group m(x,0) is generated by g,,. Recall the automorphism
R: x — x given by multiplication by (. The automorphism R acts on the generators
of the fundamental group as follows,

R(gm) = Gim)+1

and it is clear that the action of R is transitive on the set of generators {g,,}, i.e.
the set {gm} is the R orbit of any g,.

For the path f5, we have that

L dt _ds
p5 t_CZ _S—Ci’

thus for the choice of the r-tuple ((%,..., (%), the corresponding iterated integral

according to the formula (5.15) is
(5.16)

LO(Cil Cir‘l_e) - /16 # /Sir ; e /Si2 #dsi ...ds; ds;,.
) ) 0 Si,. — CZT 0 Sip 4 — C'Lr—l 0 i, — C“ 1 r—1 r

It is clear that the integral above converges as ¢ — 1 if and only if (*~ # 1. For a
choice of (¢*1,...,(") such that (" # 1 we will denote by

(5.17) Lo(¢h,...,¢"[1) eC
the limit of the iterated intergal (5.16) as € — 0. For a given (', ..., (%), the number
(5.17) can be evaluated as a sum of polylogarithms of degree n where 1 < n < r.
We have that

> Lo(¢'1) =1log(5),  and > Lo(¢M ¢ ) eR.

1<i<4 ¢i1 ¢i2
(2 #£1
It is probable that for any r > 1, the sum

> Lo(¢™, .. ¢

¢, ¢ e(us)T

¢l
is a real number.
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For an integer £ > 0, let us define the following convergent power series in
End P(S*(V))

o0
(5.18) o =1d+ ) K ST Lo(Ch. L TN Ay, L Ay,
r=1 MG e (ug)T
¢ir#£1
We note here the striking similarity between the series @ék) and the cyclotomic

)

version of the Drinfel’d associator defined in [Enr|. The series, <I>ék also appears in

[DG], see equation 5.16.1 and proposition 5.17 in the mentioned reference.

We construct a power series similar to (5.18) for other paths f,,,. For this purpose
we notice that R(fm) = fm+1 and

[ dt . dt
Pi\y—¢i ) = Pulem\ s —civm )

In the light of these relations, we define a convergent power series for 1 < m < 5,
which is a shift of (5.18) by [m]. Let

(5.19) oF) =1d+ ) K > Lo(C™ o I Ay ) - - Ayt -

r=1 ¢, ¢ire(ug)T

Cirl
Notice that for all » > 1 we have A; +m] # A1t [ since Cir £ 1.

CONJECTURE 3.3. Recall the order five matrix My from lemma 2.2. This matriz
has an action on EndP(S*(V)) for all k > 0 which is denoted by Mék). We have
that

(Mo(k))fl kA; - Mék) = Afjj41-

Let us now define a map from the set of generators {g,,} to End P(S*(V)), by
k _
(5:20) o2 (gm) = (@) A0y,

The permutation v/ € S5 has a natural action on the set {®,,} given by permuting
the index m. A simple calculation also gives the following equivariance property

k k — k
o (Rlgm)) = (B30 v @i

_ (k) -1 EA . &R
= (Pusmy) ™ €T Dy
where the second equality follows from the definition of /.
LEMMA 3.4. The representation (5.20) extends to a group homomorphism
p¥): m1(%,0) = EndP(S*(V))

which is infact the monodromy of the connection (5.14).
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PROOF. The represenation (5.20) clearly extends to the entire set of generators
{gm} of m1(X, 0) thus inducing the morphism.The fact that this morphism is the mon-
odromy of (5.14) follows from the general theory of monodromy of such connections
outlined in [Was87|, [Kas95]| and [LD53]. O

For monodromy computation of the orbifold fundamental group of x, we need to
(%)
X

neighborhoods of the singularities ps. Following results will be used in the sequel.

analyze the asymptotic behavior of the parallel transport of V3 in arbitrarily small

Fix an arbitrarily small positive real number €. For each 1 < ¢ < 5, consider the
following embedding

(5.21) B;: Df = X, bi — ¢+ b;

where D} := {b; € C|0 < |b;| < €}. An easy calculation shows

A; A;
(5.22) B (W) = k(bi + > ln—(C?’—O))dbi

1<5<5
i#]

Let Y;(b;) be an End P(S*)(V)) valued function over B;. Then Y; is a solution of
(5.22) if

. (A A; |
62 R e

1<5<5
i#]
PROPOSITION 3.5. For all 1 < i < 5, there exists a unique Y; satisfying (5.23)
such that

(5.24) Yi(bi) = Qi(bi) b
where Qi(bi) = _,~¢ q,(j)bg, with q,(j) € EndP(S*(V)), and Q;(0) = q(()i) = Id.

REMARK 3.6. For the expression bfAi to make sense on D}, we must choose a
branch cut for the logarithm. We choose the the positive real axis in D] as the
branch cut for the logarithm.

PRrOOF. By the theory of ordinary differential equations there exists a solution
Y; satisfying (5.23). We show that there exits a family ¢’ satisfying the above stated
requirements such that Y; is of the form (5.24). We write out
(5.25)
[(bi)A; , A; Aj .
Y/(b) = Qb + £ QA prar _ (A ) Qi) b
(0 = (@i + # 2GRt (T4 ¥ e

1<5<5
i#]
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This can be rewritten as

bi Qs (b;
(5.26) biQi(bi) — K[Ai, Qi(bi)] = —k Y A‘(@Qgi()_)bi‘
1<Z‘;£<]5

Expanding the above in powers of b;, we get [4;,¢}] = 0, and for r > 0

(5.27) ral? - H{A;, ) kz (Y o )

1<5<5
i#]j

The above equations, for every r, have a solution. Indeed, if we take q(()i) = 1Id,

then qﬁi) is uniquely determined by q(()i), . ,q,(,i_)1 due to the fact that the operator

rId —% ad(A;) is invertible with inverse equal to
(5.28) 72}—m
n=>0

The convergence of @Q;(b;) results from the general fact that a formal solution of a
regular singular equation is necessarily convergent, see [Kas95]. O

4. Computing Monodromy

Recall from Chapter 1 that we have the diagram of covering spaces
chehe
with the corresponding sequence of deck groups
(5.29) (2)272)* — A(G) — Se

where A(G) is a quotient group of Sp(4,Z). We also have P: C — My where My
is the moduli space of compact genus two Riemann surfaces. We also have the
bundles P(S*(V)) x C, P(S%(V)) x C, and the quotient bundle (2.26) on C, with flat

connections V g , V(k), and V(k) respectively, where
vVE = d 4 o®

and 6('“) is defined as the pull-back of V(k), and it (6(’“)) is equivalent to the pull
back of V(k) by the appropriate composition of covering maps. We also have the
(projective) bundle with a flat connection on Ma, see (2.34), and the pull-back of
(2.34) to C coincides with the bundle (2.26) and the connection v,

Recall from (5.10) the loops pr and 7 in 71(C,(0)) such that the projection
of pp to My was the constant loop ¢(a), namely the order five orbifold point of
the Teichmiiller curve ¢(x), and the projection of 5 to My was the closed loop
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d(v) C d(x). Together, ¢(y) and the order five stabilizer group of the orbifold point
¢(a) generate the 79" (¢(x), ¢(a)).

Recall also, that we have preferred lifts of the point ¢(0) and the paths pr and
7 in C, namely ¢(0), pr and 4. In this section, we compute the parallel transport of
the connection V*) in the bundle S*(V') x C along the paths pg and 4. Our strategy
is to use specific parametrizations of these paths, pull back the connection to the

parameter space and compute the parallel transport there.

Let C* be the group of non-zero complex numbers. There exists an obvious
action of C* on C given by coordinate wise multiplication. We denote by C% C C the
C* orbit of z € C. Thus given any z € C, we get an embedding

: C"=C
based at the point z.

LEMMA 4.1. Given z € C, the pull-back connection T;‘V(k) 18 trivial in the bundle
PS*(V) x C* over C*.

REMARK 4.2. This lemma is a direct corollary of proposition 4.10 and theorem
5.25 contained in chapter 2, but we give a direct proof here which is more instructive.

PROOF. Recall the 1-form, (2.22), defining the connection V) is given as a
sum of holomorphic 1-forms £ QY %, which take values in the endomorphisms
i 2

of S¥(V). Tt is easy to see that
T*<d2i—d2’j>: Zi — Zj da:dﬂ,
a

\ oz oz (zi — 2j) a

where « is the global coordinate on C*. This implies that

V0 —gen Y @l
1<i<j<6 @

—d-3r1a%

«

where the second equality follows from (4.4) of chapter 2.
Consider the following parametrization of the unit circle in C*,
§:[0,27] — C*  where §(s) = e™.
Notice that (§) = 71(C*, 1), i.e. § generates the fundamental group of C*.
Now 75V restricted to 4 is
5

(5.30) (1. 06)*VHF)(s) = d — 3k 1d 5 =d—i3kId.
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Let
Y(s) = ea:p< — i3k Id(s)).
Then
Y'(s) = —i3k1d Y (s),

which implies that Y(s) gives the parallel transport of (5.30). The monodromy of
(5.30) around the generator 0 is then

Y (27) = e:rp( - 3(2m)md) = Id € Endy(S*(V)).

This implies that the monodromy of 7*V¥) along 4 is trivial in PS*(V), and
since § generates the entire fundamental group, it follows that Vv *) is trivial over
any orbit C7. g

We also get the following.

COROLLARY 4.3. The parallel transport of v *) along pr 1s projectively trivial.

PROOF. Recall that the path pr C C is given as the orbit of a rotation in
PSL(2,C) applied to ¥(0) . This implies that pr is contained in C:z;(o)' The result

now follows from lemma 4.1 O

We will need the following statement later.

PropPOSITION 4.4. The C* action on C lifts to C.

PROOF. This follows from theorem 4.19 in chapter 2, where M is PSL(2, C), since
this C* action is the action of dilations in PSL(2,C). O

Now we compute the parallel transport of v*) along 4. Recall from (5.9)
7=V (@((50)1)) - pr- (1) - (%) C C.

In order to compute the parallel transport along ¥ we must compute the parallel
transport along all the paths separately appearing in the expression above.

We observe that the parallel transport of v along py is trivial. This follows
since py is contained in the C* orbit of 9((1 —¢)~!) and proposition 4.1 tells us that
Vv ©*) s trivial along any C* orbit.

We now compute the parallel transport along ¥ (%1). The semi circle v; C x is
contained in the image of Bj, defined in (5.21), which is a punctured disk of radius
€ based at 1 € .
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PROPOSITION 4.5. The parallel transport along (B o ¥)*(1(31)) with respect to
(B o )*V®) in PSE(V) is

Ql(—ie) . 6.’L‘p( — ﬂ'ikAl) . Ql(ie),
where Q1(b1) is the power series from proposition 3.5 (of this chapter).

REMARK 4.6. We assume the ¢ in the definition of B; to be bigger than the € in
the definition of 4;. The € appearing in the proposition refers to the e for 4;.

PRrROOF. From proposition 3.5 we know that the parallel transport of
(By 0 1)*V*) is given by a solution of the form Y (b1) shown in (5.24). The pull
back (By o 9)*(1(71)) is a semi circle in D; traveling in an anti-clockwise direction
from ie to —ie, avoiding the positive real axis in D; (which was our choice for the
branch cut of the logarithm on D;). Thus the parallel transport is given by

Y (—ie)(V(6) ™ = Qu(—ie)(—ie)" (e F41)Q (ie) !

)
1(—i€)exp(log(—ie)kA;)exp(—log(ie)kA;)Qy(ie)
)
)

i€)exp((log(ie) + mi)k Ay )exp(—log(ie)k A1) Q1 (ie) "
i€)exp(mikA;)Qy(ie) 1,

1

I
O O O

(—
(—
(—
1(—
where the first equality is from (5.24) and third equality follows from our choice of
the branch cut for the logarithm. O

Now we compute the parallel transport of ¥V *) along 1(90). Recall that 49 C x is
the interval [0, 1—¢]. We take the pull back ¢*(V*)), which is given in (5.11), restrict
it to the interval [0,1 — €], and compute the monodromy there. This monodromy
was computed in section 3 of this chapter and is given by the following convergent

series
e . .
(5.31)  PHA-e=Td+> & > Lo(¢",....{"[1—€)A; ... A,
r=1 Cilv"'vgi?ﬂepﬁ
where the complex numbers Lo(¢%, ..., (|1 — ¢) are iterated integrals defined in
(5.16).

THEOREM 4.7. Let k > 0 be an integer. Let
s 7" (Mo, ¢(a)) — End P(S*(V))

be the monodromy representation of the Hitchin connection based at the orbifold point

¢(a).

RecallU and T, the generators of the orbifold fundamental subgroup m§"(¢(x), #(a)).

Then
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1) M () = (Mg
2) pN(T) = PRI (1)1 (]\41%))’1 - Q1(—ie) - exp( — wikAy) - Q1(ie) ! -PR(1—¢)
where Mék) and Ml(k) are from lemma 2.2.

PROOF. Recall from Proposition 2.1, that the elements U and T of 7¢"*(x,a)
are represented by the generator of the stabilizer of the orbifold point ¢ € x and
the curve v, respectively. These in turn lift to the loops p and 7 in C, so we must

)

calculate the holonomy around these loops with respect to v(k .

Starting with P, let PT(p) denote the desired parallel transport map of V(k)

around p, and let PT(p(1(0))) denote the parallel transport of V) around the lift
p(¥(0)) of p to C. Then lemma 2.2 and corollary 4.3 imply that

PT(p) = My ' - PT(p(y(0))) = My

as projective endomorphisms of S*(V'), because PT(p(¢(0))) is projectively trivial.
Also, proposition 4.4 implies that the element My € A(G), which is the image of

p € m(C,%(0)) under the map

771(65 111(0)) - A(G)a

is in fact independent of the curve p C C* connecting 1 to (~'. This proves the first
part.

For the second statement, we first get that

PT(3) = M{ ' PT(y),

and by applying (5.9), we get that

PT(7) = M- PT(/ (¥(5) ") - PTE' (¥((1 = ) ™)) - ¥ (1)) - PT(4(50))

=PT(4(50) ) - M- PT( ($((1 — ™)) - (1)) - PT(¢(50)),

where we used the fact that the connection 6(@ is equivariant with respect to the
action of A(G) to commute M, ' with the parallel transport. This commutation also
had the effect of removing v/ from v/(¢)(59)~") because M; ' maps to v/ under the

map A(G) — Sg. Finally, PT(1)(3) ') is equal to Y (3), and therefore, the desired
expression follows from proposition 4.5. U

For k = 1, we in particular have that
1)\— 1)\ —
P =™ pO@) = ()

The second equality follows since Q% are differential operators of order two and act
on homogenous polynomials of degree one, thus on P(V'), by zero. This implies that
PO(1 - €) = Qy(i€) = exp(—mikA;) = Id.
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Moreover, in [Kas95] and [LD53] it is shown that

e—0

lim o) (T) = (&{)~L- (<M§’“>>—1 ceap( m'kAJ) 9"

where recall from the last section that

O =1d+> K D> Lo(Ch,.. ¢ DA Ay
r=1

¢ G Eug)T

This gives the theorem 0.2 in the introduction with ®*) = @gk).
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CHAPTER 6

Geodesic Flow

1. Hyperlogarithm and Parallel Transport of Hitchin connection

Recall that ¥ := CP! — {u5 U oo}. Let us make the choice of line segments
running from each element in ps to infinity as the branch cuts for the logarithm. Let
p,q € X be distinct and let v: [0,1] — X be a path starting from p and ending at ¢
and avoiding the branch locus of logarithm. and let a € us . Consider the following

function
 dt q—a
Ly(alq) ::/ = log )
p L—a p—a
where ¢ is the global rational coordinate on x. Now choose some tuple (a1, as,...,a,),

where each a; € ps, and consider the recursively defined integral in [LD53|

1L e, Qe
(6.1) Lp(a1,a2,...,a7,|q) ::/ P(aba?» y Ay 1|Q)_
p t—ar

Such integrals are called Hyperlogarithms for a; € us.

We have the uniform bound

(6.2) |Lp(a1,a2, ...,ar|q)‘ < 7:“L'<l(’y)>7"’

g

where [(7y) is the euclidean length of v and o is the shortest euclidean distance from
v to ps. If the path ~ is such that it is contained entirely in a small disk around p,
then (6.1) can be expanded as the following series

r = m 1
(—1) Z::(q_p) Z vi(vy +v9)...(v1 +vo + ... + 1)

m=r vi+vo+...+vr=m

1

“(ar — )" (az —p)=.(ar — p)*r

in this disk.

Recall from (5.14) the connection V;k) in the trivial bundle P(S*(V)) x ¥, where

V is the space of homogeneous polynomials of degree one in four variables. Let
(k)

~v:10,1] — X, we denote the parallel transport of V7 along this path by
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PT®) (y(s)): [0,1] = End P(S*(V)),  se]0,1]
and define
(6.3)

PT® (y(s)) :=1d+ > ¥’ > Lo(a, ag, ..., ar|7(5))Aays Ay, - - - Aa,

rz2l  ai,a9,...,ar€(1s)"
where A,, € EndP(S*(V)) are second order differential operators defined in (5.11).
We show that (6.3) is convergent with respect to a suitable norm.

Let ||.|| be the operator norm on PS*(V). This norm satisfies the schwartz and
the triangle inequalities. For convenience of notation, we define

(6.4) ZXT(S) = Z < Z Lo(a1,az,. .. a.|y(s))Aq, - - AaTl,Aar).
r=0 r=>0 “ai,az,...,.ar€Eus

We rewrite the norm (6.2) as

(6.5) |La(a1, az, ..., ar|v(s))| <

where 8) 1= ¢ an s) 1s the euclidean length of the path ~(s), an s) 1s the
here D 52 and I(s) is the euclidean length of the path d 6(s) is th

shortest length from the path 7(s) to any a € ps.

PROPOSITION 1.1. The series Y75 X, (s) converges absolutely for s € [0,1] if
d(s) > 0.

PROOF. From definition we get

)% ()| (u 3 La<a1,a2,...,ar\fY(s))Aal,k...Aar_l,kAar,ku)
0

r>0 Qa1,a2,...,arEU5

<
WV

V/A\
WE

( S |La(ara o arly(s)) ||Aal,k...AaM,kAar,k||)

a1,a2;...,ar U5

( S |La(aran o ar o (s)) ||Aa1,k||...||AarhknnAamkn)

----- ar€ps
HAW_I,uHAaT,kH))

D(s)"
(P (X taal
a1,a2,...,ar U5
Here, the first equality follows from triangle inequality, second from schwartz in-
equality, and third by the bound (6.5). Now, let 2z, := ||Aq | for all a € us, and

3
WV
o

/AN
WE

<
WV
o
Q
=
o
M

Nk

<

3
WV
o
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2= e Za- We then get that

[ee]
Z( 3 uAal,ku...HAar1,k||HAa,«,kH) _ ( S et )
>0

r=0 “ai,...,ar€ps r Q1,...,arEQ5
o0 r (o]
T
<Y (Ta)-x-
r>0 “Ma€us r=>0

We substitute this in the expression derived above to obtain

SIxEN < (P X Ml 40

r=0 r=0 a1,a2,...,ar EQ5
[eS)
D(s) ="
2 : D
S < rl = eP

If D(s)z < oo then eP(¥)* < 0o, and the lemma is proved. Now, D(s)z = oo if and

1oal ) )

only if §(s) = 0. This case is excluded by assumption. O

We now show that (6.3) is the parallel transport of V;k). Recall that
(k) _ (k)
V)~< =d+ wy
where the 1-form wgc) is defined in (5.13).

THEOREM 1.2. Let y(s) be a path in x. Then
(PT®Y = PTWWW.

Proor. From the definition of w(fg) we must show that

(k) (
(6.6) & —k Z PT®) (y &

et 7(8) —a

Using (6.3) we have that,

(k) (~(s >
dPT™(y(s)  _ i<1d+2k7" 3 La<a1,...,am<s>>Aa1,...Aar>

ds
r=1 alﬁ'“7a7‘€(u5)r

- Id+ZkT <Z > La(al,...,arh(s))Aal...AM>

r>1 r>1 at,.. 7QTE(N5)T

From (6.1) it follows that the hyperlogarithm satisfies the following differential equa-

tion.

d _ La(a,...,ar—1|v(s))

—-La(ar,. arly(s)) = 7(s) — a
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Using this differential the right hand side above becomes

A+ Ky (Z > La(al,...,a,«_1|fy(s))Aal...Aar1>7(;;1“_a.

r=l a€ps “r>lag,.,ap—1€(us) L

Rearranging the terms we get

e8] Aa,
kZ(Id+ZkT > La(ala---aar1|7(S))Aal"'A“"‘1>’y(s)ia.

ac s r>1 ai,...,ar—1EH5

The term in the bracket is exactly PT®*)(v(s)), which yields the desired result (6.6).
U

2. An application of Oseledets multiplicative ergodic theorem

Let Ux be the unit tangent bundle of the Teichmiiller curve and let p be the
canonical Louiville measure on Uy. It is well known that geodesic flow on the unit
tangent bundle of any finite area hyperbolic surface is ergodic with respect to the
Louiville measure, [CFS82], which implies the geodesic flow Ts: Ux — Uy, for
s € Ry, is ergodic with respect to . We have the degree ten branched covering map
Ty X — X. Using this map we can pull back the unit tangent bundle 7:Ux — x
which we denote by Ux — X. Likewise we can lift the geodesic flow 7(T: nzUx —
7 Ux, which we denote by Ts: Ux — Ux. Let 7T;<~<(,U,) := [i be the lift of the Louiville
measure. Since Y — x is a finite cover, it follows that a(Ux) < oo, and T} is ergodic
with respect to ji.

In the previous section we developed that for integer an & > 0, we have the trivial
vector bundle PS*(V) x y with the flat connection V;k), where V' is the space of
homogeneous polynomials of degree one in four variables. Both the bundle and the
connection can be pulled back to Uy, and we denote these pull backs by PS* (V) x Uy
and Vg?(

Let us choose some norm ||.|| on the vector space PS*(V). We now have a finite
measure space (Ux, i), an ergodic flow T, Ux — Uy, and a flat normed vector
bundle PS*(V) x Ux. We thus in the situation of Oseledets multiplicative ergodic
theorem which we recall as it appears in [KZ97].

THEOREM 2.1. Let Ts: (X,u) — (X, pn), for s € Ry, be an ergodic flow on
measurable space such that p(X) < co. Let V.— X be an Ry equivariant finite
dimensional vector bundle. Assume that a (non-equivariant) norm ||.|| on V is chosen
such that for all s € Ry,

(6.7) / log(1 4+ ||Ts: Va = Vi ol dpt < 0.
X
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Then there are constants Ay > Ay > --- > A\ and an invariant filtration of V.
V=V,D2---DV, D0
such that, for p-almost every x € X and all v € V; one has
ITy(@)l = M0, 0o

where j is the maximal value for which v € (Vy, ).

For any (z,v) € Ux we have the map

PTY)(Ty(2,v)): Rog — EndPS*(V), s € Rxg

where PT, ((]I;) denotes the parallel transport of v *) along paths in Uy. This induces

the cocycle

(6.8) 00 (5): BSH(V) = PSH(V), s € Rao, (x,0) € UK.

The cocycle (6.8) is equivalent to the function
(6.9) 0*): (Rsg x UR) — End PS*(V).

Let us suppose that our cocycle (6.9) is integrable. That is, for any s € R>q, we
have that
(6.10) | w1+ 16965, )1) di < o

Ux

where the norm on End PS*(V) is induced from the norm on PS*(V).

Given (6.10) holds, Oseledets multiplicative ergodic theorem, see theorem 2.1 in
the introduction, guarantees a filtration,

PS*(V)=F® S5 FEF 5.5 F® 50

where Fj(k) are projective sub-bundles, and constants

such that
k
600, (8) - (1)) = X7 s o

(x7v

where j is the maximal value for which f € Fj(k). Moreover, the filtration is preserved

by the cocycle (6.8), the number n depends on the dimension of S*(V), and due to

)

the ergodicity of the flow, the numbers )\gk do not depend on the initial point

(4
J
cocycle (6.8), and thus are called characteristic or Lyapunov exponents of the cocycle

(z,v) € Ux. Thus for every integer k > 0, the numbers A}’ are invariants of the

in question.
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Our situation is analogous to [KZ97]. Recall that x parametrizes a family of
compact genus two Riemann surfaces. Corresponding to this family, one gets a vector
bundle on x whose fiber is the first homology (with coefficients in C) of the Riemann
surface. This bundle comes equipped with a flat connection called the Gauss-Mannin
connection. Just as in our case, one lifts this bundle and the connection to Uy, and
uses the parallel transport of this lifted connection to give a cocycle

(6.11) 057 (Rso x UX) — End(H)

where H is the first homology group (with coefficients in C) of a genus two Riemann
surface corresponding to some x € . Notice that in this case the vector bundle is not
trivial, but the authors in [KZ97] claim that it is trivializable (on the complement

of a set of measure zero) and thus the procedure works.

REMARK 2.2. In [KZ97], the authors actually take H to be the first homology
group with real coefficients. It becomes clear in conjecture 2.3 why we consider

complex coefficients here.

As is well known, there exists a canonical intersection form with respect to which
H is a symplectic vector space, and this form provides a norm ||.||xz on H. Moreover,
the Gauss-Mannin connection preserves the symplectic form, which implies that the
KZ cocycle (6.11) takes values in Sp(4, C).

Now we have the peculiar coincidence
dim(V) = dim(H).

Moreover, in [vGdJ98] authors write a symplectic form in V', and we will denote the

induced norm by |.||¢s in V. Recall that the monodromy representation of 7™ (y, a)

(0
X
matrices My and M; calculated in lemma 2.2. This means that V

calculated by the parallel transport of V" when k& = 1 is given by the two symplectic

1)
X
symplectic form in V' defined in [vGdJ98]. In the light of this discussion, we make

preserves the

the following

CONJECTURE 2.3. Let us equip the vector spaces H and V with norms ||.||kz
and ||.||gs. Then, (6.9) is integrable, and the Lyapunov exponents of the cocycle 61
and 5% coincide.
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