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Abstract

In this paper we present the asymptotic theory for spectral distributions of
high dimensional covariation matrices of Brownian diffusions. More specifi-
cally, we consider N-dimensional It6 integrals with time varying matrix-valued
integrands. We observe n equidistant high frequency data points of the under-
lying Brownian diffusion and we assume that N/n — ¢ € (0, 00). We show that
under a certain mixed spectral moment condition the spectral distribution of
the empirical covariation matrix converges in distribution almost surely. Our
proof relies on method of moments and applications of graph theory.
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1 Introduction

Last decades have witnessed an immense progress in the theory of random matrices
and their applications to probability, statistical physics and number theory. Since
the seminal work [16], and increasingly so since [9], the asymptotic behaviour of
the spectrum of random matrices received a great deal of attention. We refer to the
monographs [1, 4, 10] for a detailed exposition of recent results and techniques.

This paper is devoted to the study of spectral distribution of empirical covariation
matrices of Brownian integrals. On a filtered probability space (2, F, (Fi)iej0,1), P)
we consider a diffusion process (X;):cpo,1 that is defined as

t
Xt:X0+/ fde87 (11>
0

where W denotes an N-dimensional Brownian motion and f is a RV*N

function given as

-valued step

ft = Zﬂl[tl,htl)(t) (12)
=1



where 0 =t < -+ < t,, = 1 is a fixed partition of the interval [0,1] and the
matrices T}, 1 < j < m, are either deterministic or independent of the driving
Brownian motion W. In mathematical finance one of the most central objects is the
empirical covariation of X, which is defined via

n

(X = ) (X = X ) (X

i=1

— Xi1)" (1.3)

K2
n

Here and throughout the paper A" denotes the transpose of a matrix A. For a
fixed dimension N it is well known that [X] converges to the covariation matrix
XV = fol fsf.ds as n — oo whenever the It6 integral at (1.1) is well defined.
When N converges to infinity at the same rate as n the situation becomes much more
delicate. In the following we briefly review some recent work on spectral distribution
of large covariance/covariation matrices. Recall that for a given matrix A € RV*V

with real eigenvalues A1, ..., Ay the spectral distribution of A is defined via

1 N
FAz) =5 D Lpy<a
j=1

In [8] the author studies the spectral distribution of the empirical high dimensional
covariance matrix based on i.i.d. data, which corresponds to our model (1.1) with
f being constant. In this framework the spectral distribution of the empirical co-
variance matrix converges and, more importantly, there is a one-to-one connection
between the limit of the Stieltjes transform of FIXI?' and the limit of FPX" (given
the latter exists). It is exactly this relationship, called Mar¢enko-Pastur equation,
which makes the estimation of the spectral distribution of the covariation matrix
[X]" possible. In another paper [18] the authors consider the model (1.1), where the
time variation of f comes solely from a scalar function. In other words, they study
processes of the type f, = a,T, where a : R — R is a scalar function and 7' € RV*¥,
In this situation the methods of [8] can not be directly applied to infer F' XTIV but
a certain modification of the functional [X]», which separates the scalar function a
and the matrix T, still leads to a feasible procedure.

Unfortunately, both methods do not work when the function f has the form (1.2).
More precisely, the Stieltjes transform method is hardly applicable in our setting
unless all matrices T71,...,7T), have the same eigenspaces for all N. In this work
we follow the route of method of moments, which has been originally proposed by
[17] in the context of random matrices. The basic idea is to show the almost sure
convergence of all moments of the random probability measure F X%, Then, under
Carleman’s condition, the limiting distribution is uniquely determined by the limits
of moments. The idea of the proof is heavily based on combinatorics of colored
graphs. The main result of the paper is the following theorem.

Theorem 1.1. Assume that N/n — ¢ € (0,00) and the following conditions hold:

(i) There ezists a constant 79 > 0 such that ||T}||op < 70 for all 1 <1 < m and
uniformly in N.



(ii) For any k > 1 and any multi-index 1 € {1,...,m}* the mized spectral moment
condition holds:

MF = lim —tr(HTl Tl> (1.4)

N%oo
exists in the almost sure sense and is non-random.

Then FXIW converges in distribution to a non-random probability measure F' almost
surely. The k-th moment my, of F' is given via

k
mk:Zcrfl Z Z Crul/H <a>H ty—ty—q)y, (1.5)
r=1

vitt+vr=k U'e{l,...,m}k

where 1@ = (11 1%y € {1,...,m}" are such that V' = (1D, ... 17)). The power
Sl 18 deﬁned as Sy = 22:1 nl(a) where

n(® — #{j : 1Y =l}, ifa=1,
#{j#1: =1}, else.

The definition of ¢,y is given in section 2.4.

The paper is structured as follows. In section 2 we present an overview about
related problems and give some remarks on the conditions of Theorem 1.1. At the
end of this section we also give the definition of the constant ¢, . Section 3 is
devoted to the proof of Theorem 1.1.

2 Related problems and remarks

In this section we review some related studies and comment on conditions of Theo-
rem 1.1.

2.1 Limit theory for a fixed dimension N

As we mentioned in the introduction, the definition of a covariation matrix implies
the convergence in probability

[X]NiﬂX]N as n — 00

n

when the dimension N is fixed. Furthermore, the asymptotic results of |5, Theo-
rem 2.5] imply the following theorem.

Theorem 2.1. Assume that the process f is cadlag (not necessarily of the form
(1.2)). Then we obtain the stable convergence

Vi (X - Nd“/Awm@ (21)

where W' is a N2-dimensional Brownian motion independent of the o-algebra F and
the N? x N2-dimensional matriz A, is given as

AR CH O CIF N with C, = [ f7.



Quite surprisingly, Theorem 2.1 holds for general cadlag stochastic processes f.
We remark that Theorem 2.1 can be transformed into a feasible standard central
limit theorem (cf. [11, Example 3.5]), thus making statistical inference for compo-
nents of [X]" possible. Such general results do not hold anymore when N — oo and
one requires much stronger conditions on the process f.

2.2 Limit theory in the setting N/n — ¢ € (0, 00)

In this subsection we shortly review the results of [8, 18]. In [8] the author considers
empirical covariance matrices of i.i.d. vectors. In the setting of our model (1.1) it
means that the function f is deterministic and constant over the interval [0, 1]. In
order to state the main result we introduce the Stieltjes transform, which is defined
via

my(z) = /]R ! p(dx), zeCT, (2.2)

r—z

where p is a measure on R and C* := {z € C: Im 2z > 0}. Since the matrix f is
constant, we can write (in distribution)

X, = Xo+ 52w,  with © = [X]V.

The following path breaking result, called Marcenko-Pastur equation, has been
shown in [9] for the case of a diagonal matrix ¥ and extended later to general
covariance matrices 3 in [12].

Theorem 2.2. Assume that the spectral distribution F> of ¥ converges in distribu-
tion to F' as N — oo. When N/n — ¢ € (0,00) the following results hold:

(i) Define the function vy (2) == —2~"(1 = N/n) + Nm x (2)/n for z € CT.
Then there exists a deterministic function v such that

vixiy (2) = v(2) almost surely.

(ii) The function v from (i) satisfies the Marcenko-Pastur equation

1 > x

——— =2z —F(dz). 2.3

: C/O 1+ zv(2) (dz) (2:3)

(i11) The equation (2.3) has a unique solution, which is the Stieltjes transform of a
measure.

In practice it is of course impossible to check whether the spectral distribution
F* converges as N — oo. A pragmatic solution to this problem is to assume that N
is large enough, so that F'* can be identified with its theoretical limit F. In the next
step, as proposed in [8], discretization and convex optimization can be applied to
construct a numerical algorithm to compute the function F' from Marcenko-Pastur
equation (2.3). At this step the approximation vixj~ (2) ~ v(2) can be used. Finally,
since we have identified F* with F, the spectral density of the covariance matrix
can be recovered from F'. This procedure shows the importance of Marc¢enko-Pastur
equation for statistical inference.



In the work [18] the authors propose an extension of this procedure to time-
varying matrices fs, where the time variation is described by a scalar function.
More precisely, they consider models of the type (1.1) with

fs = aszl/Qa

where a : [0,1] — R is a scalar function and ¥ is a positive definite matrix with
tr(X) = N (possibly random, but independent of W). In this setting the Marcenko-
Pastur law for [X]» can not be expected to hold in general as it has been demon-
strated in [18, Proposition 3]. The functional [X]Y requires a modification to satisfy

the Marc¢enko-Pastur equation (2.3). Such a modification is given as

) = ) z": (Xe = X) (X = Xemn)® (2.0
" " i=1 | X — Xﬂ|2 ’ ‘
where | - | denotes the Euclidean norm. Intuitively speaking, the proposed trans-

formation of the original statistic [X]¥ eliminates the scalar variation a, and the
methods of [8] become applicable. Indeed, under certain conditions, the spectral
distribution FIX" is connected to F* through the Marcenko-Pastur equation (2.3).

We refer to [18, Theorem 2| for a detailed exposition of the asymptotic theory.

2.3 Remarks on conditions of Theorem 1.1

In this subsection we provide a discussion of conditions of Theorem 1.1.

First of all, we remark that the mixed spectral moment condition at (1.4) is
a rather strong condition, which however seems to be necessary according to our
proofs. Nevertheless, in some special cases this assumption can be replaced by an
easier condition. For instance, in the setting of a constant function f,ie. T} =--- =
T,, =T, a necessary condition for Theorem 1.1 to hold becomes

" s F, (2.5)

where F77" is the spectral distribution of 77* and the convergence is in distribution
almost surely towards a non-random distribution function F'. This assumption is
used in classical works [13, 17]. In this framework the boundedness of the operator
norm at (i) of Theorem 1.1 is not required as this condition can be overcome by
a truncation argument. More precisely, defining F77" (z) := N1 vazl Lix<anr)s
assumption (2.5) implies the convergence

TT*
F.5 — F

where F is a non-random distribution function, for all 7 > 0. The convergence of
moments result similar to (1.5) is then proved by showing the corresponding assertion
for a fixed 7 and letting 7 — oco. We refer to e.g. [4] for a detailed exposition. Also
the condition (1.4) of Theorem 1.1 follows directly from (2.5) and boundedness of
|TT™|,, due to the obvious relation

1 .
Ntr(TT*)k = /J:kFTT (dx).
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However, in the general framework of (1.2) the convergence of, say, joint spectral
distribution of matrices 7117, ..., T, T is not sufficient to conclude convergence of
mixed spectral moments at (1.4). The reason is that the behaviour of the expression
at (1.4) is not solely determined by the eigenvalues of the involved matrices, but
crucially depends on their eigenspaces. For the very same reason the truncation ar-
gument of [17] does not work, and spectral boundedness at (i) of Theorem 1.1 has to
be assumed explicitly. Therefore it seems hard to avoid imposing condition '(1.4). Let
us remark however that when matrices 717, ..., T, T have the same eigenspaces
for all N, i.e. there exist eigenvectors vy, ... vy such that T} v; = )\Z@vi, then condi-
tions (i) and (ii) of Theorem 1.1 can be replaced by assuming the almost sure weak
convergence of the joint spectral distribution

towards a non-random distribution function F'.

It is worth noticing that in the framework of free probability the mixed moment
condition is referred to as the convergence of the joint distribution of the noncommu-
tative random variables Ty Ty, ..., T,, T, as N — oo. See [3, 15| for an overview of
this theory and its applications to random matrix theory. In particular, asymptotic
freeness of TV17, ..., T, T allows to weaken the mixed moment condition. Denoting
for N x N random matrices 7y (A) = SE[tr(A)], the matrices TV T}, ..., T,, T, are
asymptotically free if for all iy # iy # -+ - # i and all py, ..., px >0

Aim 7y [(7,T5)" = on (T T)™) - (L) = o (T, T)™))] = 0.
By linearity of 7y it is then obvious that all mixed limiting moments exist if and
only if the spectral distributions F7:7i' converge to nonrandom limiting distributions
F; with finite moments of all orders for i = 1, ..., m, almost surely.

2.4 Definition of ¢,y

In this subsection we give the definition of the constant ¢,y that appears in Theo-
rem 1.1.

Given I' € {1,...,m}* and vy,...,v, with v; +--- + v, = k, we let 10 =
(l§“>, ce lﬁi)) € {1,...,m}" such that I' = (1M, ... 17). We recall the definition

@ _ #{j - 10 =1, ifa=1,
DU #G AL LY =1, else.

Given a tree, i.e. a connected graph without cycles, G with r vertices Hy, ..., H,,
we define for [ € {1,...,m} and a € {1,...,r} numbers nl(a)’G in the following way:
Let H,,, ..., H,, be the vertices adjacent to H, in G (i.e. the vertices connected to
H, by a path of length 1), where we leave out the vertex that lies on the path from

H, to Hy, if a > 1. We set
nl(a)’G =#{je{l,....p}: li“j) =1}

6



Then, we have

m T nl(a)'

1 !
Crull = a p 1 (@G < (@)
2 v L G = eyt

=1 a=1

where the summation runs for all trees G on {Hy, ..., H,}. Here, Sy ¢ is the set of
all permutations 7 on the {2,...,r} for which at least one of the following holds:

(i) 10®) £ 1®) for some p € {2,...,r}

(ii) G # G, where G is the graph obtained from G by permuting the vertices
H,, ..., H, according to .

3 Proof

For the proof of Theorem 1.1 we rely on the well known moment convergence theo-
rem.

Theorem 3.1. Let (F,) be a sequence of p.d.f.s with finite moments of all orders
My = [ ok dF, (x). Assume my,, — my, forn — oo for k=1,... where

(a) my < oo for all k and
(b) 220:1[7712k(F)]_i = 0.

Then, F,, converges weakly to the uniquely determined probability distribution func-
tion F with moment sequence (my).

Condition (b) is known as Carleman’s condition. For the proof we refer to [7,
Theorem 3.3.11].

The strategy for proving Theorem 1.1 is the following: In the next subsection we
introduce colored Q™-graphs. In the two subsections thereafter, these graphs take a

key role in showing that
N

holds for all k, where m,, is defined as in Theorem 1.1.
Then, in subsection 3.4 we argue that

[ (mi(FY) ~ Bpmi(FY9)])] = 0v2), (3.2)

which yields my(F [XW) — my, almost surely, by virtue of the Borel-Cantelli Lemma.
Finally, verifying that the sequence (my) satisfies Carleman’s condition and applying
Theorem 3.1 completes the proof.

Our proof extends the proof given in [17] (see also [4] and [2]) for the case of
constant function f. In order to deal with our more general setting we introduce
colored graphs and use new combinatorical arguments.

Throughout the proof, we denote the entries of the matrices 1; by (1});
and likewise for other matrices, in order to maintain readability.

_ 4+
=t



2)

Jj2 =Js J3

Figure 1: A colored Q"-graph for k = 6 and m = 2. Here, 1 = (1,2,2,1,2,1) where 1 =
green and 2 = red.

3.1 Colored Q"-graphs

For I = 1,...,m let ¥ be N x [n(t; — ¢;_1)] matrices containing i.i.d. standard
normal variables independent of T;, where [n(t; — ¢;_1)] denotes the integer part of
n(tl - tl—l)- Set

1 m

XN ==Y TV
(XL = Z:: RO
By virtue of the well known fact

1

|F* — FB|| < —rank(A — B)

N

for N x N symmetric matrices A and B, it is easy to see that
| PRI — PR, 0, (33)

as n, N — oo. Therefore, we can replace [X]Y by [X]Y for the proof of Theorem 1.1.

Conditioning on all 7} as given allows us, moreover, to restrict ourselves to nonran-
dom 7; for the proof.

In order to show the convergence of the expected k-th spectral moment E|my (F Xy )]
we are faced with the equation

E[m (FXN)) = liE[m(Z LYY, T; ) ]

N nk
1=k (1), (), *(l) %(l1) (k) (k) *(Ue) (k)
- N E[Z t11112 12;1 J11; tlBZi o tlslzz 203k — 1y13k 1Jkka74]:‘ikt'LSkIZl:|7
Li,j
(3.4)
Here, the summation runs over alll = (Iy,...,l;) € {1,...,m}*andi= (i1,...,i3) €

{1,...,N}3* For all a, the index j, varies over {1,...,[n(t;, —t,_1)]}.

In order to carry out the summation we introduce colored Q*-graphs which
correspond to the summands in the above equation. These graphs are related to
()-graphs as used by the authors of [17].



L 2= i5 =1 7

i i1 =113 i3 =111 /N\ /1829110

(1)

J J1 = Jja w
@

Jj2 =73

Figure 2: A colored Q" -graph in C3 and its pillar.

Definition 3.2. Let k > 0. Given multi-indices 1 € {1,...,m}* i€ {1,... N}
and j = (j1,...,Jk) where j, € {1,...,[n(t;, —t,,-1)]}, we define the colored Q-
graph Q135 in the following way. Choose m arbitrary colors ci, ..., cy,. For brevity
we will usually not distinguish between [ € {1,...,m} and its associated color ¢;.
Draw m + 1 horizontal lines, the i-, j")-, ..., j™™-line. Mark the numbers {1,..., N}
on the i-line and, for all [, the numbers {1,...,[n(t; — t;_1)]} on the j-line. For
s =1,...,k, draw horizontal edges colored in [, from i3,_o to i3,_1 and from i34 to
i3s11 with the convention that iz = i;. For s = 1,... k, draw a vertical (down)
edge from is,_; to j, on the j)-line and a vertical (up) edge from j, to is,, both
edges also colored in 5. The result is a connected directed graph forming a cycle. It
consists of 4k edges and always 4 subsequent edges are of the same color. Figure 1
provides an example of a colored Q-graph.

There is a one to one correspondence between colored Q*-graphs and the sum-
mands of (3.4). Highlighting this correspondence we introduce the notation
(), (), = () px(ln) | o) (k) ) (k) (k)
(ty)Ql,iJ o E[tnllzyw]ly]ll; tl:ahlx o Zsllz 213k — 1y1311: 1]ky]k1§kt13kil} (35)
We will organize the colored Q"-graphs in three categories and then derive the

limit for (3.4) if the summation runs only for graphs from one of these categories.
To this end, the following definitions are required.

Definition 3.3. The head H(Q;;) of a colored Q"-graph @Q;; is the subgraph of
all vertices on the i-line and all horizontal edges.

Definition 3.4. The pillar of a colored Q*-graph @y is the Graph obtained from
(135 by first gluing together coincident vertical edges, then gluing all vertices on the
i-line that are connected in the head of ()1, and then deleting all horizontal edges.
The pillar is undirected and colorless. See Figure 2 for an example.

We divide the colored Q" -graphs in the following three categories. Category C;
contains all graphs ()1;; such that every down edge of ()1;; coincides with exactly
one up edge, and such that the pillar of Q;; is a tree. An example of a colored Q-
graph in this category is the graph in Figure 1. Note that coincident vertical edges
are always of the same color. Category C, contains all colored Q'-graphs that have
at least one single vertical edge. Category Cs contains all other colored Q*-graphs.
The graph in Figure 2 is in this category since its pillar contains a cycle.

9



Now we can split the sum (3.4) into

Elmi(FXY)] = N [ 3 () + D (o + 3 (o] (3:6)

Qe QeCe QeCs

The second sum vanishes since a vertical edge in () which is single corresponds
to a factor yfjl) in (3.5) that occurs only once. Hence, the expectation is 0 due to
independence.

In the following section we argue that the third sum is negligible for n, N — oo.

In the section thereafter, the limit for the first sum is derived.

3.2 The limit for the sum of C5 graphs

We make the following conventions on notation: For a Q*-graph Q we denote by
r the number of connected components of the head. By s1,...,s,, we denote the
numbers of noncoincident jU, . .., j0™-vertices, respectively, and s = s; + - - - + Sy,.
Denote further by p the number of noncoincident vertical edges of Q).

Lemma 3.5. For a category Cs colored QT -graph Qu;; it holds that p+ s — 1 < k.
Furthermore, the degree of each vertex of H(Quz) is at least 2.

Proof. The pillar of Q;; has r + s vertices and p edges and is connected. Therefore,
r+ s — 1 < p where equality implies that the pillar is a tree. We distinguish two
different cases.

Case 1. If every vertical edge of J1;; has coincidence multiplicity 2, it holds that
p = k, since (Q1;; contains 2k vertical edges. If, in this case, the pillar would be a
tree, Q1;; would be in C;. Therefore, we have r +s —1 <p = k.

Case 2. One vertical edge of ()1;; has coincidence multiplicity larger 2. We have
p<kandthusr+s—1<p<k.

Every i-vertex of (J1;; connects either with at least two horizontal edges or with
one horizontal and one vertical edge, which is then single. Therefore, if some vertex
of H(Q;;) has degree one, we have Q1;; € Cs. O

In order to show that the sum corresponding to Cs in (3.6) is negligible for
N — 0o, we introduce the concept of isomorphic Q-graphs.

Definition 3.6. Two colored Q*-graphs Qy;; and Qy y j are isomorphic, or Qs ~
Qv j, if we can obtain @Q;; from Qyyy by permuting the numbers on the lines
i,j, ..., i) In particular, Quij ~ Quyy implies 1 =1

Lemma 3.7. It holds that

Ey:=N"n""Y (ty)g =0 (3.7)
Q€eCs

for N,n — oo with N/n — ¢ € (0,00).

10



Proof. Observe the identity

=Nty Y (e (38)

Q3 Q€[Qs]

where the first summation is taken for a representative system of pairwise not isomor-
phic graphs in category Cs and the second summation for all Q*-graphs isomorphic
to 3. It is sufficient to show that for arbitrary Q3 € C5 we have

N~'n™F 3" (ty)g — 0. (3.9)
QE[Qs]

Glue coincident vertical edges of ()3 into colorless down edges. Let every vertical
edge that connects with the j¥)-line correspond to the matrix

Y(l’[’) = {(N - 1)”}N><[n(tlftl,1)]7

where p denotes the coincidence multiplicity of the edge.
Applying Theorem A 35. of [4] and Lemma 3.5 yields that there is a constant Cy,
such that
N™'n™ 3" (ty)g < OGN "' FNTH = O(N ), (3.10)
QE[Qs]
and the proof is complete. O

3.3 Limit of the Expected k-th Spectral Moment

In this subsection we derive the limit of the first sum in (3 6) For a colored Q-

(L), (I1) (k)
yzzjlymﬁ' ylgk uky%sm

NIy (g =N"n"" Y (D)

QeCy QeCy

graph @ € Cy, the expectation factor E|
Therefore,

| of (ty)g equals 1.

depends on the heads of the graphs only. Using the notations introduced in the last
subsection, there are

[Tintee )/ L0t~ -] -

colored QQ*-graphs with the same head as ). Every graph @; € C; has k noncoin-
cident vertical edges and its pillar is a tree with r + s vertices and k edges where
s =81+ -+ sp,. Consequently, we have k = r + s — 1. Therefore, it holds that

N_ln_k Z (t)H(Q) = N_l Z _T—H H tl - tl 1 + 0(1) (311)
=1

QeCy H(Q)eH(C1)

where H(C;) denotes the set of colored heads for graphs in C;. We first derive the
limit for this term if the summation runs for a class of similar heads.

11



Definition 3.8. A Q*-graph @ induces a partition of the set {1,...,3k}, where a
and b are in the same partition set if and only if ¢, and i, are connected in H(Q).
Let @ and @’ be colored Q*-graphs with the same coloring vector. The heads H(Q)
and H(Q') are similar (sometimes we also say () and @' are similar) if they induce
the same partition. The equivalence class of heads similar to H (@) will be denoted
by [[H(Q)]]. See Figure 3 for an example.

At this point it is convenient to introduce the notion of component coloring
multi-indices (CCMIS). For a head of a colored Q*-graph we denote the connected
components by Hy, ..., H, and their sizes (i.e. the number of edges they contain) by
2vy, ..., 2v,. For some component H, of the head, the CCMI 1@ = (l l(a ) €
{1,... ,m}”a is defined in the following way. We obtain a natural order for the edges
of the @*-graph by the order of indices in (3.5), i.e. the first edge connects i; and

19, the second 75 and j; and so on. We set l,()a) = [ where [ is the color of the b-th up
edge that connects to H,.

Remark. Note that for a given Q*-graph @ the multi-index (11,... 17) is not
uniquely determined since it depends on the labeling of the head components Hy, ..., H,.
We follow the convention that H; contains the index 7;. The labeling of the com-
ponents Hs, ..., H,, however, remains arbitrary, for reasons that will be explained
later.

Let us now analyze the summation of () (g) for a similarity class [[H(Q)]].

Lemma 3.9. Introducing the notation

q
(1), = [[ 1.7

=1

for 1 = (ly,...,1;) € {1,...,m}9, we have for a colored Q* graphs Q1 € Cy with
COMIs 1M, . 1)

T

Y W =TT ) + O(1)).

H(Q)e[[H(Q1)]] a=1

Proof. We write
/
Yo Ba@ =Y Owm O, (3.12)
H(Q)e[[H(Q)]]

where (t)p,,...,(t)n, are products of entries of T1,...,T,,, T}, ..., T, associated
with the distinct cycles Hy, ..., H, of the head in the same manner as colored Q*-
graphs are associated to products of the form (3.5). The summation ¥’ runs for all

MAim@

i1 = i10 i7 i3 =15 iq i1 =110 12 = ig ig =ig 13 =14 =15

Figure 3: Two similar heads.
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indices of these entries over {1,..., N}, with the restriction that entries of different
cycles have distinct indices.

Consider first > (t)y, for some a € {1,...,r}. By the definition of the CCMI
119 and recalling that the pillar of Q is a tree it is not difficult to verify that

@y @)y @ (1@ (a)
Z(t)Ha = Z tzl(zlg )thg )t29,(54 ) M tiQ(ll,:C:)ligya tlgij,ai)l = tr(TT*)l(a) .
ie{1,...,N}2va

Then, applying the inclusion-exclusion principle, and recalling ||7;||,, < 7 for all ,
yields

(1@ (a) (@)
Z t(ll )t('l2‘ ) . _t(,ll ) = tr(TT*>1(a) + 0(1)7

1122 1213 22v4?1
ie{l,...,N}2va
{i150esioyg YNM=0

for any finite set M C Z. . The statement follows now by induction over the distinct
cycles of the head. O

Applying this Lemma we find

N Z " (tm@ H tr—t1)
H(Q)e[[H(Q1)]] =1

T

i 1Htl—t, D[] My, (3.13)

a=1

Now, in order to derive the limit of E[my,(F%)], it is sufficient to determine, for
given r, vy, ..., Uy, 81,...,5m and 1M 10 the number of similarity classes with
this specific parameters.

Definition 3.10. Two components H, and H; of the head of a colored Q*-graph
in C; are vertically connected if there is a down edge starting at some vertex in H,,
which is followed by an up edge that ends at some vertex in H,. Note that if H, and
H,, are vertically connected, then there is exactly one down edge leaving H, that
is followed by an up edge connecting to H, and exactly one down edge leaving H,
that is followed by an up edge connecting to H,. These four edges form two pairs
of coincident edges and are of the same color. Therefore, we may understand the
vertical connections as colored as well.

Definition 3.11. For a colored Q"-graph @ € C; with components Hy, ..., H, we
define the connectivity tree G to be the graph with vertex set {H;, ..., H,} where
(H,, Hp) is an edge in G if and only if H, and H, are vertically connected in Q.

Note that due to the arbitrary labeling of Hy, ..., H, most Q*-graphs have more
than one possible connectivity tree.

Lemma 3.12. It holds that
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where

k T m
-1 v,
mg = E c’ E E CT,I/,I’ | | Ml<2) H(tl — tlfl)sl’”’l/'
r=1 a=1 =1

vi4-ur=k le{l, .m

Here, I = (10 ... 17) where 1 has length v,. For the definition of Siuy See
Theorem 1.1, for the definition of ¢, v see section 2.4.

Proof. Recalling (3.6) and Lemma 3.7 it is sufficient to derive that

N~tn=Fk Z (ty)g — my.
QeCy

Thus, by virtue of (3.11) and (3.13) there are two things left to show:

(1) For a Q*- graph Q with CCMIs 1V, ... 17 the number of noncoincident ver-

tices on the jU-line is s, = >, nl(a).

(2) There are ¢,y similarity classes of Q*-graphs with CCMIs 1010,

For (1) note that every vertex on the j¥-line has either degree 2 or 4 and its degree
is 4 if and only if it lies on a vertical connection of color [. Therefore, s; is the number
of up edges colored in [ minus the number of vertical connections of color [.

The number of up edges colored in [ is the number of [-s in the CCMIs 1) ... 10m),
Let H, and H, be two vertically connected components where in the connectivity
tree Gg H, lies on the path from Hj, to H;. Then, the color of the vertical connec-
tion (H,, Hyp) is lf’). Therefore, the entries l%b) for b > 1 correspond one to one to the
colors of the vertical connections of (). This proves claim (1).

For (2) we first show that there are

m s

H (a) G) 1{n§“)’GSn§"’}

=1 a:l

similarity classes of Q*-graphs with connectivity tree G and CCMIs 1) . . 1),
Within a component H, a vertical connection (H,, H}) is at a certain position p €
{1,...,v,}, meaning that the p-th down edge leaving H, is followed by an up edge
connecting to H,. It is straightforward to verify that two Q*-graphs with the same

connectivity tree G and the same CCMIs 1V, ... 17) are similar if and only if within
all components all vertical connections are at the same positions.
Consider component Hy, and let H,,, ..., H,, be the components adjacent to it

in G. A Q"-graph @ with connectivity tree GG contains the corresponding vertical

connections (Hy, Hy,), ..., (Hi, Hy,), n (1 of which are colored in [. Since H; has

nl(l) leaving down edges of color [ we have

m 1)
H n; -

1 1).G
= () =)

possibilities of positioning the vertical connections among the vertical edges leav-
ing H;. Now turn to some component H, # H;. There is one component H,, verti-
cally connected to H, that lies on the path from H, to H; in G. By construction, the

1{nl(1),c;§nl<1)}
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vertical connection (H,, H,,) is at position v, within H, and it is colored in ZY‘). For
distributing all other vertical connections at H, on their possible positions within
H,, we are left with

m a)

H n@%)1 1{n§“)’GSn§“)}

=1

possibilities. This leaves us, overall, Wlth

r

11 H (a) G), L@ 6 <ny

=1 a:l

possibilities for distributing all vertical connections of all components on their pos-
sible positions.

Most similarity classes have more than one possible connectivity tree and CCMIs
since the components Hs, ..., H, are arbitrarily labeled. By definition of the set Sy ¢,
introduced in section 2.4, a Q*-graph @ has | Sy ¢| possible connectivity trees and
CCMIs where G is one possible connectivity tree for ). This proves (2). O

Remark. The arbitrary labeling of the components Hs, ..., H, is necessary in order
to apply the combinatorical arguments of the proof above. If we, for example, label
the components in order of appearance with respect to the natural order of edges,
we impose subtle restrictions on the CCMIs, leading to more involved expressions.

In the next subsection we complete the proof of Theorem 1.1.

3.4 Convergence of my,(FXI)

The following Lemma ensures the a.s. convergence of mk(Fmg). The proof relies on
corresponding results for constant f. For more details we refer to [4, Theorem 4.1].

Lemma 3.13. [t holds that
Efmy(FER) — Emy(FER)4 = O(N72).
Proof. For a = 1,...,4, given multi- indices l (l§“), - ,l,(f)) e {l,....m}* i, €

{1,... N} and j, = G\, ..., i) with 5" € {1,. - [n(t,@ —t,@ )]}, we denote
P P
by Q. the corresponding colored Q*-graph Q, i, j.- Then, we have

— 1 4
E[my(FXR) — B (FIV)) = {Nnkz Vaws —E|7 5 Z(ty)Ql,i,jH

]'717-] ]'7i7j

DY [H ty)a, — E( ty)Qa])] (3.14)

li,.0da a=1

If, for some a, all vertical edges of (), do not coincide with vertical edges of one of
the other graphs, we obtain

4

E[[]((tw)e. — Elw)a,))] =0

a=1

15



from independence. Thus, ) = U@, consists of either one or two connected compo-
nents. By expanding (3.14) we have

Bl (FYW) — By (FRIV)]!

(ty)a.) £+ + f[E[(ty)QaJ)

%
i
]
E
:j -~

Applying Theorem 1A.35. of [4], in a similar way as in the proof of Lemma 3.7,
for each of the 16 summands within the brackets separately, shows that this sum is

O(N-2). O

Now, combining Lemma 3.12 and Lemma 3.13 we have, by virtue of the Borel-
Cantelli Lemma and (3.3),
for all k, where my is defined as in Theorem 1.1. Therefore, if the sequence (my)

satisfies Carleman’s condition, applying Theorem 3.1 completes the proof of Theo-
rem 1.1.

Lemma 3.14. The sequence of limiting spectral moments my, satisfies

o0
E ka
k=0

Proof. Consider the matrices 5; = %TlYlYl*Tl* for [ =1,...,m. The spectral distri-
bution of m}ﬁ}ﬂ* is known to converge to the Marcenko-Pastur law p,, (z) with

support [(1—/u)% (1+/u)?] for I =1,...,m, where y; = c(t; — t;—1)". Thus, we
have

[V
?r""

1 1 *
Jim tr(S7) < Jim (6 = i) Tillgp Py — tl_l)Yl Y, .
2%k
< 72k (1 + maXl(yl)> ,
for [ =1,...,m. Therefore, the result follows from
1
my(FEI) < T (e(S) + - 0x(S))

which holds due to the convexity of the function A — tr(A)¥, see for example [6,
Theorem 2.10]. O
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