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SUMMARY

This thesis analysis the use of Brownian semi-stationary (BSS) processes to model the main statistical fea-
tures present in turbulent time series, and some asymptotic properties of certain classes of smooth pro-
cesses.

Turbulence is a complex phenomena governed by the Navier-Stokes equations. These equations do not
represent a fully functional model and, consequently, it has been necessary to develop phenomenological
models capturing main aspects of turbulent dynamics. The BSS processes were proposed as an option to
model turbulent time series. In this thesis we proved, through a simulation-based approach, the potential of
BSS processes to model turbulent velocity time series. It turns out that this family of processes reproduces
accurately some of the main features present in turbulent time series, such as the distribution of the velocity
increments and the statistics of the Kolmogorov variable. We also studied the distributional properties
of the increments of BSS processes with the intent to better understand why the BSS processes seem to
accurately reproduce the temporal turbulent dynamics.

BSS processes in general are not semimartingales. However, there are conditions which make a BSS
process a bounded variation process with differentiable paths. It is natural to inquire if it is possible to
obtain an asymptotic theory for this class of BSS processes. This problem is investigated and some partial
results are presented. The asymptotic theory for BSS processes naturally leads to the study of the same
problem for multiple Lebesgue integrals of Brownian motion. This thesis also presents some research about

the asymptotic problem in the context of integrals of Brownian motion.
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DANSK RESUME

I denne athandling analyseres anvendelsen af Brownske semi-stationare (BSS) processer til modellering af
de primzere statistiske egenskaber i turbulente tidsreekker, derudover studeres de asymptotiske egenskaber
for bestemte klasser af glatte processer.

Turbulens er et komplekst fenomen beskrevet af Navier-Stokes ligningerne. Disse udger dog ikke
en funktionsdygtig model, og, som konsekvens heraf, har det veret nedvendigt at udvikle fenomenolo-
giske modeller til beskrivelse af de vesentlige aspekter i turbulent dynamik. BSS processerne er, af flere,
blevet foreslaet som en mulighed til modellering af turbulente tidsreekker. I denne athandling har vi, ved
en simuleringsbaseret tilgang, studeret potentialet ved at bruge BSS processer til modellering af turbu-
lente hastighedstidsraekker. Studiet har vist, at denne familie af processer, pracist gengiver nogle af de
primeere statistiske egenskaber i turbulente tidsrekker, som eksempelvis fordelingen af hastighedstilvaek-
ster og de statiske egenskaber af Kolmogorov variablen. Derudover, har vi studeret de distributive egensk-
aber af tilvaeksterne i BSS processer, med henblik pa at opna en sterre forstaelse af hvorfor BSS processerne
precist gengiver den temporale turbulens dynamik.

BSS processerne er generelt ikke semi-martingaler. Dog findes der betingelser, under hvilke en BSS
proces har begranset variation og differentiable stier. Det er naturligt at sperge om det er muligt at udlede
en asymptotisk teori for denne klasse af BSS processer. Dette problem er undersogt og delvise resultater
bliver praesenteret. Den asymptotiske teori for BSS processer leder naturligt til studiet af samme problem
for flere Lebesgue integraler af Brownsk bevagelse. Derudover prasenteres der ogsa i denne athandling

forskning i det asymptotiske problem i forbindelse med integraler af Brownsk bevaegelse.
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Background on turbulence

IN THIS CHAPTER we present some preliminaries about turbulence and its relation to BSS processes.

1.1 BASICS ABOUT TURBULENCE

Turbulent flows are characterized by low momentum diffusion, high moment convection, and rapid vari-
ation of pressure and velocity in space and time. Flow that is not turbulent is called laminar flow. The
non-dimensional Reynolds number Re characterizes whether flow conditions lead to laminar or turbulent
flow. Increasing the Reynolds number increases the turbulent character and the limit of infinite Reynolds
number is called the fully developed turbulent state.

Turbulence, as part of hydrodynamics, is governed by the Navier-Stokes equations which has been
known since 1823. In general there is no known unique solution for these equations, and it is not possible
to describe the wide range of turbulent phenomena from basic principles. Consequently, a great deal of
phenomenological models have emerged that are based on and designed for certain aspects of turbulent
dynamics.

In general, turbulence concerns the dynamics in a fluid flow of the three dimensional velocity vector

v(t,x) = (v (t,x),v, (t,x),v, (t,x)) as a function of position x = (x,,x,,%;,) € R*and time t. A



derived quantity is the energy dissipation, defined as

e(t,x) = E Z (Oyv; (t,x) + Oy vi (8, x))2 , (1.1)

£,j=1,2,3

describing the loss of kinetic energy due to friction forces characterized by the viscosity v.

Insight into the process that transforms kinetic energy into heat can be gained through the Richardson
cascade ([31]). In this representation kinetic energy is injected into the flow at large scales through large
scale forcing. Non-linear effects redistribute the kinetic energy towards smaller scales. This cascade of
energy stops at small scales where dissipation transforms kinetic energy into heat. It is traditional to call
the large scale L of energy input the integral scale and the small scale # of dissipation the dissipation scale
or Kolmogorov scale. With increasing Reynolds number the fraction L/# increases, giving space for the so
called inertial range 5 < | < L where turbulent statistics are expected to have some universal character.

The resolution of all dynamically active scales in experiments is at present not achievable for the full
three-dimensional velocity vector. Most high-resolution experiments measure a time-series of one com-
ponent v (in direction of the mean flow) of the velocity vector at a fixed single location x,. Based on this

restriction one defines the temporal energy dissipation

= aute) = (Fn)) (12)

where v denotes the mean velocity. The temporal energy dissipation (1.2) is expected to have similar sta-
tistical properties as the true energy dissipation (1.1) for stationary, homogeneous and isotropic flows.
Discrepancies appear at small scales and are termed surrogacy effects. The derivation of (1.2) from (1.1)
is based on Taylor’s Frozen Flow Hypothesis ([37]) which states that spatial structures of the flow are pre-
dominantly swept by the mean velocity ¥ without relevant distortion. Under this hypothesis, widely used
in analyzing stationary turbulent time series, spatial increments along the direction of the mean flow (in

direction «, ) are expressed in terms of temporal increments

v(t+s,x)—v(ta) =v(t,x, —s) —v(tx,).

1.2 THE KOoLMOGOROV-OBUKHOV STATISTICAL THEORY OF TURBULENCE

O. Reynolds, considered as the father of the scientific research in turbulence, had already realized that the
deterministic study of turbulence is impracticable and that its analysis should be in statistical terms [30].
There were some early efforts in this direction but it was Kolmogorov ([23, 24]) who, for the first time,
was able to introduce a statistical theory for turbulence with important implications.

Kolmogorov proposed a theoretical framework for turbulence, sometimes referred to as K41 theory,

which applies to homogeneous and isotropic turbulence. In this framework, Kolmogorov made two as-



sumptions:

1. The energy dissipation rate has a finite non-vanishing limit as the viscosity tends to zero while keep-

ing the scale and velocity characteristic of the production of turbulence fixed.

2. Inthelimit of verylarge Reynolds numbers, there is a scaling exponent i € R such that the velocity

increments # (I; ,x) = ¥ (t,x) — ¥ (t,x + 1) satisfy
#(Ltx) £ 2% (Ltx), VA€ Ry,

for all x and all increments Al and I small compared to the integral scale.

Since in a laminar flow the dissipation goes to zero with the viscosity, the first assumption is generally
called “the existence of a dissipative anomaly” and is well supported by experimental and numerical results.
The second assumption, generally called the “self-similarity” hypothesis, holds only in an approximate way.

The K41 scaling hypothesis immediately implies scaling laws for the structure functions S,

1 r
S, (I t,x) :E{<L_i(l; t,x) - |1|> } , peEN, (,x) €e Ry xR} 1€ R?, (1.3)
namely,
S, (1;t,x) oc 1] (1.4)

The case p = 3 is remarkable since Kolmogorov showed that the four-fifths relation

S, (Iit,x)

—gﬂ{amxnnmz (1.5)

holds without any need to assume self-similarity ([23]). All these scaling relations are meant to apply
within the inertial range. Equation (1.5) is reasonably well supported by experimental and numerical data.
The four-fifths law (1.5) and the self-similarity hypothesis imply that i = 1/3. As the units of #, £ and

[|1]], are m/s, m> /s* and m, respectively, necessarily
Sy (%) = GE {= (6x)1* 1" (16)

where C, are dimensionless constants. The constants C, cannot depend on the Reynolds number, since

the limit of infinite Reynolds number is already taken.

Remark 1 Equation (1.6) implies that the energy spectrum of turbulence follows a k=5/3 law (where k is the

wavenumber). This is the so-called s/3rd-Kolmogorov law.

Remark 2 If v; (x,) denotes the component of the velocity vector in direction of the mean flow at time t at the
fixed position x,, the Taylor Frozen Flow Hypothesis ([37]) implies that the structure functions for temporal



increments

Sp (17 t, XO) =E {(Verl (Xo) — Wt (xo))p} y P € Nv (tvxo) € R+ X R3ll > o, (1-7)

also satisfy
Sp (%) = GE{e (t,%,) 1 /> (18)

for some constants C,,, and l within the temporal counterpart of the inertial range n /v < | < L /7.

Remark 3 In 1945 the physicist L. Onsager made a profound observation ([28]): any fluid velocity v that sat-
isfies the Kolmogorov-Obukhov scaling can not have a gradient continuous in x (i.e. space). More precisely, in
mathematical terms, v is Hélder continuous in x with Hélder index 1/3. This implies, as pointed out by B. Birnir,

that the turbulent solutions of the Navier-Stokes equations are not smooth [13].

Careful experimental and numerical examinations of the scaling laws reveal small but measurable dis-
crepancies from K41. Indeed, the structure functions S, display a power-law behavior S, (1) o< |[1]| iP within
the inertial range, but the scaling exponents {,, do not exhibit the exact linear behavior {, = p /3 predicted
by K41. Hence the self-similarity assumed in K41 may actually be broken. Nowadays the scaling exponents
{, are known with great accuracy and they seem to be universal, that is independent of the mechanism by

which the turbulence is driven [19].

The K41 theory was criticized by Landau for not taking into account the influence of the large flow
structure on the constants C, and for not including the influence of the intermittency in the velocity fluc-
tuations on the scaling exponents [26]. In 1962, in order to address these problems, Kolmogorov pub-
lished two hypotheses ([25]), usually referred to as K62, about a quantity V that combines velocity incre-
ments and the energy dissipation. In its original formulation, Kolmogorov considered spatial averaging
over spheres. In the presentation below, we reformulate the hypotheses using spatial averaging along the
mean flow direction x which allows to translate the spatial structure into the time domain using the Taylor

Frozen Flow Hypothesis. The hypotheses are:

(i) Let Av, (r) = v(x+r/2) — v(x — r/2), where v (x) denotes the x component of the velocity
vector (¢, x, , z) at fixed time t. Let re, be the integrated energy dissipation over a domain of linear

size r, where

x+r/2
& (t,x) ! / e(t, o, x,,%,)do. (1.9)

r —r/2

Then, for r < L (where L is the integral scale), the pdf of the stochastic variable

Av, (1)

Ve bx) =

(1.10)



only depends on the local Reynolds number

Re, = r(re, (t7x))1/3/v. (1.11)

(i) For Re, >> 1, the pdf of V, does not depend on Re,, either, and is therefore universal.

Although, for smallr, an additional r dependence of the pdf of V, has been observed ([36]), the validity
of several aspects of K62 has been verified experimentally and by numerical simulation of turbulence (see
e.g- [20]). In particular it has been shown that the conditional densities p(V,|re,) become independent
of re, for scales r within the inertial range. However, the universality of the distribution of V' has not been
verified in the literature. In this respect, it is important to note that the experimental verification of the
Kolmogorov hypotheses for high resolution data is restricted to temporal statistics and as such relies on
the use of the temporal energy dissipation (1.2) instead of the true energy dissipation (1.1). In the time
domain, the Kolmogorov variable V'is defined as

u(t —s/2)

where u(t) = v (t,%,) —v (t — s, X, ) denotes the temporal velocity increment at time scale s, v is the mean

velocity and Z(s, t) is the coarse grained temporal energy dissipation

1 t+s/2
Z(s,t) = —/ e, dr.
t

$ Jt—s/2

We have skipped reference to the spatial location in (1.12).

1.3 SCALING OF THE ENERGY DISSIPATION

Kolmogorov’s refined similarity hypothesis (i) implies that the coarse grained energy dissipation shows
the scaling behavior E {&; (t,x)"} o< I"". More precisely, Kolmogorov’s hypothesis (i) provides a relation

between the scaling exponents {, of the structure functions S, and the scaling exponents 7, namely

P
Zp = 3 + Tp/s

In the time domain, under stationary flow conditions, the corresponding scaling of E {Z(s, t)*} is re-
lated to a scaling law for E {¢,&, }. Motivated by this fact, one considers the correlators of order (n, m) of
the (surrogate) temporal energy dissipation &; (1.2), denoted by c,,, (t), and defined as

Efefe}

wm (£) ‘= === 1, N,t . .
Cn, () E{e?}E{ag’} n,me >0 (113)



In [32] it was reported that for time-scales t within the temporal counterpart of the inertial range, one
observes scaling

G (£) OC £

The length of the scaling range can be extended by plotting c,, ,», (£) as a function of ¢, ,,, (t). This improved

scaling for the correlators is called self-scaling.

1.4 INTERMITTENCY AND THE PDF OF VELOCITY INCREMENTS

The Kolmogorov-Obukhov theory had a major influence in the study of turbulence. Numerous efforts have
been dedicated to the analysis of the structure functions S, and S,,, and their scaling behavior. However, it
could be more meaningful and enlightening to understand the probability density functions (pdf) of the
velocity increments, rather than a set of moments.

Experimental and numerical studies have provided evidence that the densities of the velocity incre-
ments have heavy or semi-heavy tails at small scales, while they are almost Gaussian at large scale where
energy is fed into the flow ([19]). This evolution of the pdf across scales is traditionally referred to as “aggre-
gational Gaussianity” in turbulence studies. A typical scenario is characterized by an approximate Gaussian
shape for the large scales, turning to exponential tails for the intermediate scales and stretched exponential
tails for dissipation scales. The deviation from Gaussianity at small scales is refered to as “intermittency”

In [6], it is reported that the evolution of the pdf of temporal velocity increments, for all amplitudes
and all scales, can well be described within the class of normal inverse Gaussian (NIG) distributions (see
Appendix D).



Ambit processes and Brownian semi-stationary

processes

IN THIS CHAPTER, we include a brief review of some aspects of ambit processes and Brownian semi-
stationary (BSS) processes that are essential in Paper A for the modelling of turbulent velocity time se-
ries, and in Paper B for the analysis of the cumulants of increments of BSS processes. BSS processes are
fundamental in this thesis.

This Chapter is divided in two Sections. Section 2.1 discusses the definition of a very simple version of
an ambit process, relevant for the modelling of the turbulent energy dissipation. Section 2.2 presents the

most relevant elements of BSS processes.

2.1 INTEGRATION WITH RESPECT TO A LEVY BASIS

Ambit processes were introduced in [9] as a framework for tempo-spatial modelling. These processes are
defined in terms of integrals with respect to a Lévy basis. Here, we restrict our attention to those ambit
processes defined as the stochastic integral of a deterministic function with respect to ahomogeneous Lévy

basis defined on R?.



Denote by 3, (R?) the set of bounded Borel subsets of R*. A Lévy basis A on R* is an infinitely di-
visible, independently scattered random measure on R?, i.e. (A (A)) ,¢ B,(R:) 18 a stochastic process such
that: (i) A (A) is infinitely divisible; (ii) A (A) and A (B) are independent if A N B = &; and, (iii) If
A,y ..., A, € By (R*) are disjoint and such that U™ A; € B, (R?), then

i=

A (OAl) = zn:A (A).

A Lévy basis A on R* is called homogeneous if A (A) LA (A + x,), forx, € R>.

The stochastic integral [ fdA of a deterministic measurable function f : R> — R with respect to a
homogeneous Lévy basis A is defined in two steps: (a) If f = Y\ a1, is a real simple function on R*
with 4,, ..., A, disjoint, for A € B (R*), we define

/fdA: iaiA(AiﬂA).

(b) Iff : R* — R can be approximated almost everywhere (with respect to the Lebesgue measure) by a

sequence of simple functions {f, } as in (a), provided that the limit exist, we define

/AfdA =P —lim /AfndA, (2.1)

for A € B (R*). We say that a measurable function f : R* — R is A-integrable if the integral (2.1) exists.

LetK{z{ X} :=logE {exp (zX)} and C {z { X} := logE {exp (izX)} denote the log-moment gen-
erating function and the log-characteristic function, respectively, of the random variable X. The functions
K and C will be called the kumulant and cumulant function, respectively. For each homogeneous Lévy

basis A, we can associate a random variable A’ to A such that
K{ziA(da)} =K{z1A'}da,

and

C{ztA(da)} =C{z1i A} da.

The random variable A’ is called the Lévy seed of A.

The stochastic integral [ fdA and the Lévy seed A’ satisfy the next relation (see [29] for a proof).

Proposition 4 Let A be a Lévy basis on R* and f : R* — R a A-integrable function. Then

K{zi/Af(a) dA(a)} :/AK{zf(a)iA’}da

8



and

C{zi/Af(a) dA (u)} :/AC{zf(a)iA'}da.

For the purposes of this thesis, an ambit process is a stochastic process (Y;),~., of the form

Y, = /Af((o,t) ~ a)dA (a),

where A € B, (R*) and A; = A+ (o, t). For amore general definition of ambit processes and a discussion

of their mathematical properties, we refer to [5].

2.2 BROWNIAN SEMI-STATIONARY PROCESSES

Brownian semi-stationary (BSS) processes, introduced in [11] as potential models for turbulent velocity

time series, are stochastic processes of the form

¢ t
Zi=yp+ / g(t—s)odB, + / g (t—s)g.ds, (2.2)

where y is a constant, (By),p, is standard Brownian motion, g and g are nonnegative deterministic func-
tions on R, with g (t) = q (t) = ofort < o, and (0y),cp and (), are cadlag processes. When (o, ¢)
is stationary and independent of B, then Z is stationary. In this thesis, only stationary BSS processes are
considered.

In general, BSS processes are not necessarily semimartingales. A sufficient condition for Z to be a
semimartingale is that o and ¢ have second finite moments, g, g € L' (R4) (| L* (R4),¢ € L* (R4 ) and
g(o+) < oo (see [16]).

It is well-known that for any semimartingale X the limit

n
2
K, = lim >~ (% ~ X0 (23)
j=1
exists as a limit in probability. The derived process [X] expresses the cumulative variation exhibited by X
and is called quadratic variation. For the case where (2.2) is a semimartingale, using the stochastic Fubini

theorem and It6 algebra, we get

(dZ)" = g (o+) o7dt

and

2= [ @2y =g o) [ was (20

When X is not a semi-martingale, the limit in (2.3) might not exist. However, as has been proven in



[16], under certain assumptions on g it follows that

n

N t
}EWZ(Ziﬁ_ZO_I)ﬁ) :‘/o crszds, (2.5)

j=1

where

R(s) = E[(G,— G, G, = / ¢(s— 1) dB,

Equation (2.5) is a particular case of the more general result established in [16].

The specification of the kernel g proportional to a gamma density,
g(xsa,v,1) = a-x"""exp (—Ax) 10,00) (%) A>o0,v>o0, (2.6)

is of particular interest since, for this class of kernels, the BSS process (2.2) has some nice mathematical and
modelling properties. From the mathematical perspective, we have that, when g is a gamma kernel (2.6),
the semimartingale character of (2.2) is determined by the value of the exponent v: Z is a semimartingale
ifand only if v > 3/2. Besides, this type of kernels form the most simple class of functions that fulfill the
assumptions necessary to satisfy (2.5). From the modelling point of view, we have that BSS processes with
a gamma kernel reproduce Kolmogorov’s 5/3rd law (see Remark 1).

The properties mentioned in the above paragraph make the BSS process with a gamma kernel a relevant

object of study in this thesis.
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Modelling turbulent time series by BSS-processes

THis CHAPTER summarizes the main results of the application of BSS processes to model turbulent veloc-
ity time series (Paper A).

One of the main ingredients of BSS processes (2.2) is the volatility o which, in the approach described
here constitutes the energy dissipation process € = 0%, and will be modelled as the exponential of an ambit
process. Section 3.1 briefly describes the ambit model for the energy dissipation. Section 3.2 presents the
BSS model for turbulent velocity time series whose modelling performance will be illustrated in Section

3.4. Section 3.3 describes the algorithm used to estimate the model parameters.

3.1 A LEVY BASED MODEL FOR THE TURBULENT ENERGY DISSIPATION

The model for the stationary turbulent velocity field takes as an input the temporal energy dissipation which
is modelled as the exponential of an ambit process. In [35] it is shown that this Lévy based approach is able
to reproduce the main stylized features of the energy dissipation observed for a wide range of data sets,

including the data analyzed in this thesis.

Specifically, we model the stationary temporal energy dissipation € as the exponential of an integral

11



with respect to a homogeneous Lévy basis L on R?,

& = exp (/ L(dy,d5)> = exp (L (A (1)) (3.1)
A(t)
where A (t) = A + (o, t) for abounded set A C R*. The ambit set A is given as

A={(x,t) : 0 <t < T,—f(t) <x < f(t)}. (3-2)

For T > o,k > 1,and 6 > o, the function fis defined as

1/0
-7 .
f() = (1 n (k.t/T)f;) , o<t<T. (3.3)

This specification of the ambit set is adapted to reproduce the empirically observed scaling of correlators
(1.13).

In [35] it is shown that the density of the logarithm of the energy dissipation is well described by a
normal inverse Gaussian distribution, i.e. loge; ~ NIG (a, B, u, §). For the correlators c, ; to exist it is
necessary to assume that £, has exponential moments of order p + g leading to the conditionp+g < a—§p.
The parameters of the underlying NIG-law of L and the corresponding ambit sets have been estimated in

[35] for a number of turbulent data sets including the one used in this thesis.

3.2 A STOCHASTIC MODEL FOR TURBULENT VELOCITY TIME SERIES

Inspired by [ 10], stationary time series of the main component v; of the turbulent velocity field are mod-

elled as a BSS process of the specific form

t t
vt=vt(g,a,ﬁ,xo)=/ g(t—s+xo)osst+B/ glt—s+x)olds =R +pQ  (34)
— oo —o0

where gis a convolution of gamma kernels (see (3.6)), 0> = efor e given by (3.1), and f and x, are positive
constants.

The introduction of a cut-off x, ensures that [v] is positive. Equation (2.4) implies that 0 can be iden-
tified, up to a factor, with the temporal energy dissipation.

In this set-up, the Kolmogorov variable V (1.12) is given as

v, = wlt=s/2) (3.5)

EPPRTYAL
(0"
where u; (t —s/2) = vy, — v—, and v = E{v;}. The conditional independence of V refers to

12



the independence of p (V;| [v],) on [v],. Here [v], denotes the quadratic variation over the time horizon
[t —s/2,t+ /2]

The term 8 - Qin (3.4) determines the skewness of the density of velocity increments u; = v; — v,.
For this reason we refer to f as the skewness parameter.

The kernel g = g (-, a,, v,, Ay, a1, V1, A, ) can be expressed as
1
g (x; ay, Vi, 117 Ay Vs )rz) - alaszl+VlillR+(x)/eix()h'kklz(liu))uv‘il(l_ u)vz_ldu. (3.6)
o

The relevant parameters are (a,v,,,,v,,1,) witha = a,a,. From (3.6) it follows that v (g, o, B, x,) is
a semimartingale if v, + v, > 3/2. This choice for gin (3.4) reproduces accurately the spectral density
function (sdf) of turbulent velocity time series and provides physical interpretation of the parameters in-
volved. Consider the modelv (g, o, B, x,) and assume that2, < A,. Forv, = 5/6,, denotes the frequency
where the inertial range starts and A, denotes the frequency where the inertial range ends. Furthermore, 2v,
and 2 (v, + v,) give the slope in the sdf within the inertial and the dissipation ranges, respectively. Thus,
Kolmogorov’s 5/3rd law implies that v, ~ 5/6.

3.3 ESTIMATION PROCEDURE

The modelling framework (3.4) has three degrees of freedom: the energy dissipation ¢?, the kernel g and
the skewness parameter f. The estimation of the parameters of ¢* from data has been performed in [35].
It remains to estimate g and f.

The third order structure function S, (1.8) of (3.4) can be written as

$; (1) = 3BE{(AR)" (AIQ)} + PE{(AIQ)’}, (3.7)

where R and Q are given asin (3.4),and AR = Rj — R,, A\Q = Q — Q,, for | > o. Given paths of R
and Q, our estimator for § is the value that minimizes the distance, in the sense of least squares, between
the empirical third order structure function and (3.7) for a suitable range of scales . Besides, given a value
of B, our estimated parameters of g are those that minimize the distance, also in the sense of least squares,
between the empirical sdf and the sdf of (3.4).

The complete estimation procedure can be described as follows: 1) We neglect the skewness parameter
p and we estimate the parameters of g from the sdf. 2) Having a simulation of the o process, we perform a
simulation of (3.4). 3) Using the simulation of the BSS process produced in 2), we estimate f8 as described
above. 4) We re-estimate the kernel g using the empirical sdf and the current value of B. 5) With the same
simulation of o, we repeat steps 2) and 3) until we observe stabilization.

Under certain assumptions, we can ensure that the estimation procedure gives reasonable values for

the skewness parameter  and the parameters of g. We refer to Paper A for a detailed presentation of these
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Figure 3.4.1: Comparison of the structure functions S,, n = 4,6 from the simulation of (3.4) (red)
and the structure functions estimated from the data (blue). The time lags s are measured in units of
the finest resolution of the empirical data.

conditions.

3.4 MODEL PERFORMANCE

In this Section, we present some exemplifying Figures illustrating the performance of (3.4) for modelling
turbulent time series.

Figure 3.4.1 presents the structure functions S, and S, for empirical data and a simulation of the model
(3-4). The data are measuraments of time series of the main component of the turbulent velocity vector in a
hellium jet experiment. The model shows very good agreement. It is important to note that the parameters
of the model are completely estimated from the energy dissipation statistics and the structure functions S,
and S; with no adjustable parameter for tuning the behavior of S, and Sg. Besides, the model reproduces
excellently the structure order functions S, and S;, as can be seen in Paper A.

Figure 3.4.2 shows the densities of velocity increments u; for time lags s = 1,64. In Paper A it is
shown in more detail that the model (3.4) accurately reproduces the evolution of the densities of velocity
increments across scales. NIG distributions fit these densities very well for different scales and amplitudes
in full agreement with the results reported in [6].

Figure 3.4.3 presents the conditional densities p (Vt\ [v] t) ofthe Kolmogorov variable Vfor some values
of [v],. This Figure shows that, for  within the temporal counterpart of the inertial range, p (V;| [v],) is
independent of [v], for simulations and empirical data.

A similar excellent agreement between data and simulation is also obtained for energy dissipation cor-

relators (see Paper A).
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Figure 3.4.2: Comparison of the densities of velocity increments p (u), s = 1,64 from data (blue
circles) and from the simulation of (3.4) (red crosses). The solid lines correspond to fitted NIG-
distributions based on maximum likelihood estimation.

7 déta simulation

logp(‘/fl [v],)
logp (V| [v],)

Figure 3.4.3: Comparison of the conditional densities p (Vt| Mr) of the Kolmogorov variable from
the data and from the simulation of (3.4) for t = 128 (in units of the finest resolution of the empiri-
cal data) and values [v], = 0.8,0.9,1,1.1,1.2.
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On the cumulants of increments for two classes of

Brownian semi—étationary processes

IN THIS CHAPTER, we study the distribution of the increments of two classes of BSS processes via their
cumulants.

More specifically, we find formulae for the camulants of the increments of (2.2) assuming that o = ¢,
¢ = &* and where & has two forms: 1) * is a Lévy semi-stationary process (see, e.g., [40]); 2) €” is the
exponential of an ambit process driven by a homogeneous Lévy basis on R*. In the first case, the formulae
we find are given in terms of the Lévy seed of the Lévy process that drives €. In the second case, we obtain
a formula for the n-th moments of the increments of Z in terms of the Lévy seed of the Lévy basis that
drivesloge®. These formulae can be used to iteratively compute the cumulants of the increments of Z. The
second case was used in Paper A and Chapter 3 to model turbulent velocity time series.

The increments of the process Z contain relevant information about Z itself, as well as of its elements.
For instance, the increments may indicate how much the process Z varies, e.g. if it has finite quadratic
variation (see [7]). The increments of Z also provide a way to estimate its parameters (see [ 16]; Paper A). In
addition, the increments of Z are relevant for the theory of turbulence since the increments of the velocity

field are the object of study in the Kolmogorov-Obukhov theory, which is probably the most important
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theory in turbulence.

This Chapter is organized as follows. In Section 4.1 we derive a formula for the cumulants of the incre-
ments of a BSS process assuming that * is a Lévy semi-stationary process (LSS). In Section 4.2 we apply
the formula derived in Section 4.1 to some specific examples of Z. Section 4.3 presents a formula for the
n-th moments of > assuming that it is the exponential of an ambit process. We use this formula to compute
iteratively the cumulants of the increments of Z. In Section 4.4 we apply the formula derived in Section 4.3

to some specific examples of Z.

4.1 FORMULA FOR THE CUMULANTS OF THE INCREMENTS OF A BSS-PROCESS FOR €

SPECIFIED AS A LSS PROCESS: THEORY

Consider the BSS process

t t
X, = / g(t—s)edBs + / q(t—s)eids (4.1)

—0Q0

where g € L* (R) andq € L' (R), withg(x) = q(x) = oforx < o, and € is a Lévy semi-stationary
process (LSS) independent of B given by

g = /t h(t—s)dL,, (4.2)

where, under the truncation function T = o, L is a subordinator with characteristic triplet (m, o, v) , and

h € L' (R) is non-negative satisfying i (x) = o forx < oand

t
/ / (LA R (t—s)a*) v (dx) ds < o0. (43)
—oo JRy
Besides, we assume that L has finite first moment, i.e. that

E[L] = /R av (dx) < oo. (4-4)

Under these requirements, the process X is well-defined. Condition (4.3) ensures that the process £2
is well-defined (see [12], Corollary 4.1). In the remaining part of this Section, we deduce a formula for the

cumulants of the increments of X in terms of the cumulants of L' = L,.
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CUMULANTS OF A, X RELATIVE TO THE CUMULANTS OF L’

Fort > o,let A;X = X; — X, and

¢ (s) = (g(t—s) —g(=s)), and y,(s) = (q(t —5) —q(=s)). (45)

Thus, A:X can be expressed as

AtX:/¢>t (s) ESdBS+/‘//t (s) exds.
R R

The cumulant function C {z § A;X} := log E (exp {izA;X}) of A/ X is given as

C{z1AX}=logE <exp {—izl /R ¢2 (s) e*ds + iz/ A0 6§ds}>
IogE<exp{iZz/R /Rfl’i (s)h(s—r)dL,ds + 1z/ /\//t (s—r)dL ds}> (2.6)

The formula for the cumulants of A,X in terms of the cumulants of L’ that we obtain in this Section is

a consequence of the Fubini Theorem [3, Theorem 3.1] applied to the double integrals in (4.6).

Lemma 5 The elements of the process X satisfy:

| [eene=ndd= [ [ 66ne—n . (47)
/R/R%(s) (s — r) dLds = //% h (s — r) dsdL,. (48)

Proof. See Paper B. m
Fort > oandt > r,define C, (t,r) and C, (t,r) as

(t,7) /1[/t (s —r)ds, (t,r) /([)t (s—r) (4.9)

when the integrals exist, and set C, (t,7) = C, (t,r) = o otherwise. Furthermore, for (t,z) € Ry x R
and t > r,define H;, = izC, (t,r) — :2°C, (t,r). Using the functions C, and C,, we shall express the

cumulant function of A, X in terms of the cumulants of L.

Equation (4.6) and Lemma s imply

C{z1AX} =1logE (exp { /_ too H, . (r) dL,})
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Thus, assuming that all cumulants of the Lévy seed L’ exist,

C{ziAtX}z/_ C{Hy (1) 1L} dr / Z"m H" (7) dr, (4.10)

where «,, (V) denotes the m-th cumulant of the random variable V. From this last equation we can obtain

a formula for the cumulant function of A, X in terms of the cumulants of L'.

Proposition 6 Lett > o and assume that all cumulants of L' exist. Besides, let C, (t,r) and C, (t, r) be as in
(4.9) and, forz € R, set H; . (r) = izC, (t,r) — 12°C, (t,r). If

Z Kmnif/) /_ |Hee (r)|" dr < o0 (4.11)

m=1

forz € D C R, then

C{ziAtX}— (=Y / Z( )c;m—f(t,r)cg—m(t,amdr  (4a2)
- m=[j/2]

forz € D.

Proof. See Paper B. m

The next proposition provides a simple condition on the functions C, and C, to satisfy (4.11).

Proposition 7 Lett > o and assume that all cumulants of L exist. Besides, let C, (t,r) and C, (t, r) be as in
(4.9) and, forz € R, setHy ; (r) = izC, (t,r) — :2°C, (t,r). Assume there exista > o, > oand M (t) > o
such that

max {|C, (t,7)[,[C. (t, )]} < M(¢) |r|" " (4.13)

Then H, , satisfies condition (4.11) for |z| sufficiently small.

Proof. See Paper B. m

Remark 8 From the proof of Proposition 7, it is easy to see that the condition
max {|C, (£:)], [C. (£ 1)} < M () (|r* V1) e

also implies that H, , satisfies condition (4.11) for |z| sufficiently small.

As a consequence of Proposition 6, we have that the cumulants of A;X can be expressed in terms of the

cumulants of L.
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Corollary 9 Assume that all cumulants of L' exist. Let t > o. If the conditions (4.11) or (4.13) are satisfied,

then we have the relation

GAx) =1 > ( " )"’"(L) /_ " (t,r) " (t,r)dr j €N (4.14)

—j)Jd™m - ml
=i N "
Remark 10 Ifwe assume that g = o in (4.1), then C, (t,r) = o. Under the condition (4.11), this implies that

j ,f"/i(é )) () dr ifjiseven

K]' (AtX) = ) (4'15)
0 ifjis odd

forje N

In the derivation of the formulae (4.12) and (4.14), we have assumed that all cumulants of the Lévy
seed L’ exist. This is a very strong and restrictive condition. More generally, for the formulae (4.12) and
(4.14) to hold it is only necessary to have that E {(L’)j } < oo forsomej € N. Then, the cumulant
function of L’ can be written as

"k (L)

C{ztL'} :ZT(iz)m—&-oﬂzV) as z — o. (4.16)

m=1

Relation (4.16) can be used to reproduce the same arguments that led to the formulae (4.12) and (4.14).

In this case, condition (4.11) can be replaced by

j

) "'"ni!L/) 1 IH,.. ()" dr < oc.

m=1

4.2 FORMULA FOR THE CUMULANTS OF THE INCREMENTS OF A BSS-PROCESS FOR €

SPECIFIED AS A LSS PROCESS: EXAMPLES

In this Section we study the cumulants of A,X for three examples of X given by (4.1), assuming that > isa
LSS process given by (4.2). We assume that all cumulants of the Lévy seed L' exist. For the first example,
g=o,g(x) ="
X permits to obtain closed expressions for the cumulants of A.X in terms of hypergeometric functions. In

*1r, (x),ford > o, and £* is an Ornstein-Uhlenbeck process. This specification of

the second example, g and g are proportional to a gamma density and, again, € is an Ornstein-Uhlenbeck.
In the last example, g, g and the kernel & of €* are proportional to a gamma density. In this last case, the
marginals of (4.1) are generalized hyperbolic distributions. The last three examples are relevant in the

context of turbulence modelling.
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A

EXAMPLE 1: g (x) = ¢"1r,, (x), ORNSTEIN-UHLENBECK PROCESS £

Ford,p > oand 2 # p, consider the model (4.1), (4.2) with g (x) = e ™1, (x),q = o, h(x) =

e "1, (x) and L a subordinator. Then, fort > o,

F) = (=) () + e ()

and
elet
C(tr) = . pep' (e(ﬂfp)t - e(ka)') R, (1)
Pr 2
le ((1 _ e—)»t) (1 _ e(zl—p)r) + e—zlt (e(z);—p)t _ 1)) R (7’) ,
2l —p

where ¢ and C, are the functions defined in (4.5) and (4.9), respectively. The function C, satisfies the
condition (4.13) in Proposition 7. According to the formula (4.15), assuming that L’ has finite moments

of all orders, we have that «,,,,—, (A;X) = o, form € N, and

Km (L) (2m)! pm pm  (1—e™)’
am (BX) = n :n t) . F, [—m, ) )
Kan (AX) 2"m! (21 — p)" pm 4 (6 mzh—lerzl—p d, (t)

TF'(1+m T(1+ P )
r(1+m+szp) WA—p 2d—p

form € N, where
4 () = ((1 _ e‘“)’ gy (e(zl—p)t _ 1))

and , F, is the Gaussian hypergeometric function. A detailed derivation of the formula for ,,, (A:X) can

be found in Paper B.

In the following, form € Nandt > o, k,, (A;X) denotes the normalized cumulant x,, (A;X) =
&m (AX) [k (L), where L' is the Lévy seed of the process driving &”.

The first two normalized cumulants of A, X are

1—e M

E;_ (AtX) = AP

and

3¢ GHEP (M — ) (4e2MX — 2¢P'p — 2 (21 — p) €M HP)E 4 AT (30 — p))
4dp (4° — p?)
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2p
6T (5%)

(A +p)T (52)

+

It is easy to check that

3 6-T (Z;ﬂp)
%, (AX) —

+ .
R ()

The kurtosis ¥, (A:X) /%2 (A¢X) is decreasing as a function of t, and decreasing as a function of A and
p. This suggests that the non-normality of Ao X escalates as the value of A and p increase.

Even in this simple case, despite it was possible to find closed expressions for the cumulants of A/X; it
is not feasible to determine when the distribution of the increments of X belongs to a known class. This

exemplifies the complex dynamics exhibited by the increments of a BSS process (4.1).

X

ExaMPLE 2: g (x) = a% ™1g, (x),q(x) = xPe ™1 (x), ORNSTEIN-UHLENBECK PROCESS &>

For min {a, /2} > —1/2andA,p,p > owith21l # pandy # p, consider the model (4.1), (4.2)
with g (x) = x®e ™1, (x),q(x) = afe™*1p, (x),h(x) = e " 1g, (x) and L a subordinator. BSS
processes of this type have interesting mathematical properties and they are relevant as models for the
temporal turbulent velocity field. Among the most remarkable mathematical properties for this class of
BSS processes, we find multipower variation type limits (see, e.g., [16]). The parameter a controls the
smoothness of X and determines when X is a semimartingale: X is a semimartingale if and only ifa > 1/2.
From the modelling perspective, it has been shown in [34] that the BSS process (4.1), under the as-
sumptions of the present example with a = —1/6, reproduces the scaling behaviour of second order tur-

bulent structure functions
E{(X; — X,)’} o £/3, (4.17)

for a certain range of scales t. Besides, the increments display non-vanishing odd cumulants. This is spe-
cially relevant in the context of turbulence.

Fort > o, we have

V() = e (= 9F et = (<9 1 () + e (1= 9 a0 (9)

which yields
e P(t=1)
Ctr) = m(F(lﬂ?) TG B — (=1 (u—p) e, ()
e P(t=7)
o (T TR (=)
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—"T 1+ B, —r (e —p) ().

The functions ¢, and C, are given as in (4.5) and (4.9), respectively. The functions C, and C, satisfy the
condition (4.13) in Proposition 7. Therefore, assuming that L’ has finite moments of all orders, the cumu-

lants of A X are given by the formula (4.14).

To our knowledge, it does not seem to be possible to express H; , in terms of simple functions. How-

ever, (4.14) can be evaluated numerically.

EXAMPLE 3: GENERALIZED HYPERBOLIC MARGINALS

Forc,y € R,1 > oand —1/2 < a < o, consider the model (4.1), (4.2) with

7a+1/z ~

(%) = clix“efgxlﬂg (%)

g I (m + 1)'/2 * ’
iza+1 B
o aa —Ax

10) = 75y ()
1_)‘“_1 —2a—1 —796

hiw) = T (—2a) a s (2),

and L a subordinator. Choosing L’ such that the OU process

t _
E? — / e—l(t—u)dLu

has the generalized inverse Gaussian law GIG(2, y, 0) (see Appendix D), it was reported in [4] that the law
of (4.1) is the generalized hyperbolic GH(1, , 0, o, c*, 7) (see Appendix D). Notice that the distribution
of X does not depend on the parameters (X, a). However, the law of A.X depends of these parameter as

can be seen in the expression of C;, i = 1, 2.
For the present example, for t > o,

—2a-+1

0 = 1 A (=97 = () @ =9 i )

and

—2a-+1
A T

06 = oy 1 (9T = ) s (9 8 (= 9" e (9
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Consequently,

_ _ o \eatr . At
C(tr)= ye_l(t_')qo’t) (r) + 7é {—1 + (2™ sin (2a7) Beta (%, —2a, o)
m

sin (2a7) £9He M (—p) T2

t
- ,F, (1, 20 + 1,20 + 2, f) } 1R (r)
r

7 (2a +1)

and

_ _ \atr 2t
C, (tr)= cle_l(t_’h(o’t) (r) + e {1 + (Z)™ " sin (saz) e Beta (g, —2a, o)

4

r “ —At/2 _

-2 (a+1) : (—V) azFl(_uﬂa—’_lvl_a’f)
T(2a+1)T(1—a) t
sin (2a7) £9He M (—p) 2

7 (2a +1)

t
,F, (1, 20 + 1,20 + 2, 7> } IR (r) ,
r
where Beta (-, -, ) : (—00,0) X (—00,0) X (—00, 0] — C denotes to the incomplete Beta function
o
Beta (x,a,b) = — / W' (1 — w)" " dw.
X

The functions C, and C, do not satisfy the condition (4.13) in Proposition 7. However, they fulfill the
condition in Remark 8. Thus, when E {(L')"} < oo foralln € N, the cumulants of A;X are given by
(4.14).

4.3 FORMULA FOR THE CUMULANTS OF THE INCREMENTS OF A BSS-PROCESS FOR €*
SPECIFIED AS AN EXPONENTIAL AMBIT PROCESS: THEORY
Consider the BSS process (4.1) with
ei=exp{A(A+(0t)} tER, (4.18)

where A is a homogeneous Lévy basis on R* and A € B;, (R?). In this Section, we deduce a formula for
the n-th moments of €* and the increments of X. These formulae can be used to compute the cumulants of

the increments of X in terms of the camulants of Lévy seed A'.

THE FORMULA FOR THE CUMULANTS

Throughout this Section, Leb will denote the Lebesgue measure on R* and K [z] = K{z { A’}.
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For (s, ...,s,) € R",

E{ee e} :exp{/ K
]Rz

For a general ambit set A, the evaluation of (4.19) might be difficult. The main obstacle is to split U’ A;

ZIAS‘ (r)‘| dr} . (4.19)

i=1

into the sets {x Sy 14, (x) = ]},] = 1,...,n. For the type of ambit sets we are interested in, it is

easier to compute the intersections of (A;,)|_, than the previous partition.

Lemma11 For(s,,...,s,) € R",

/Rl K lzn: 1, (r)] dr:izn: > () K m] <nl1>Leb (AS,.I n-- ﬁAsq)

i=1 m=1 l=m 1<;,<...<ii<n

n 1
—m !
YT Sl Jub (200004 G0
I=1 1<, <. .. <ii<n m=1 m
Proof . See Paper B. m

Formula (4.20) is easily evaluated numerically for n not too large. Furthermore, it permits an explicit
computation of the cumulants of the increments of X when A’ has a normal distribution and the ambit set

Ahas a specific form (see Section 4.4).

Lemma 12 Letn € N. Under the convention H;.):l ¢ () = H,?:l v, (55) = 1, we have that

1n/2)
(AX)"}= Z( > (2i — )Nl
fa [ [ [an z,mt 5) "rfm @E{eeaa),

where nl! represents the double factorial of n € NU {0, —1}, and ¢ and y are the functions defined in (4.5).

Proof. See Paper B. m

In the turbulence modelling context, the n-th moments of increments of the temporal turbulent ve-
locity field are relevant as they constitute a basic element in the Kolmogorov-Obukhov theory. In par-
ticular, for X to be a relevant model for the temporal turbulent velocity field, it should reproduce the
2/3rd-Kolmogorov law (4.17) for a certain range of scales t. Lemma 12 implies that, to satisfy the 2/3rd-
Kolmogorov law, ¢2 (s) oc t7/%b () and y, (s) oc t7/3b (t) when t is in a neighborhood of o, where
b (t) is a bounded function in such a neighborhood with b (o) # o. In particular, X with g = o and
g(x) = a7/ M1k, (x),ford > o, satisfies (4.17). This example of the BSS process (4.1) was used
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in [34] to model turbulent velocity time series. Lemma 12 can also be used to determine the behavior of
¢? (s) and ¥, (s) around o to satisfy other scaling laws, in addition to the 2/3rd-Kolmogorov law.
Lemmata 11 and 12 provide a way to compute the moments of the increments A.X. Furthermore, it is

possible to compute the r-th cumulants x, (A,X) by the recursive formula (see [33])

r—1

& (AX) = ¢, — Z (r ]_ 1)E {(AtX)j} Kr—j (AX) r> 2. (4.21)

j=1

The generality in the shape of the ambit set, the distribution of A’ and the form of the kernels g and
q make it difficult to get closed expression for the n-th moments and the cumulants of A.X. However, the
formulae in Lemmata 11 and 12 provide a simple way to evaluate the moments numerically. This might

help to analyze the distribution of the increments of A X.

4.4 FORMULA FOR THE CUMULANTS OF THE INCREMENTS OF A BSS-PROCESS FOR €

SPECIFIED AS AN EXPONENTIAL AMBIT PROCESS: EXAMPLES

In this Section we study the cumulants of A, X for some examples assuming that £ is the exponential of an

ambit process. In these examples the cumulants of A’ appear implicitly in the function K [z] = K{z { A}.

4.4.1 NORMAL LEVY BASIS EXAMPLE

We assume that ¢ = o and A’ ~Normal(y, §) (i.e. K [z] = pz 4 1§°2*), and we analyze the cumulants of
the increments of the model (4.1), (4.18) for a triangular ambit set.

The normality of A’ allows to simplify the formula (4.20), and we get

1 I p+ 8{ ifl =1
> ( ) (=) "K[m]={ & ifl =2

— \m
m=t o otherwise

This provides a way to compute the n-moments E {E: g Eszn} that we will use to calculate cumulants

and n-moments of A, X.

Lemma 13 Letn € N. Then,

logE {g:‘g; e 552} =n ((4 + i) Leb (A) 4 §* Z Leb (AS‘,‘ mAs.z) 1>}

1<, <i, <n

Leta, T > o. Assume that g = o, K [z] = pz + 18”z* and that A is the ambit set given by
A:{(x,t)ERzzogtST,M§%(T—t)}. (422)
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Fors, <s, <s, + T,
Leb (A, NA,) = :ﬁr (T= s —s.|)*.

Since Leb (A;, N A, ) has this simple expression, the present example also gives a simple expression for

(4.19). Namely,

[

21‘451 (r)] dr=n (y + b:) Leb (A al Z Z —lss = 80)" 1>}

i=1 i=1 j=i+1
which implies that
- (=)’ > (—1)"
— an nTa 2n — an _nTa b
e C{et Ay = 3 e ™) o7+ 3 e et
where [|-[|, = [|-[| s ) and

/dsl /ds,,¢t $1) - @7 (sn) exp 8 Z Leb (ASH ﬂASu)1{n>1}

1<i,<i, <n

In Paper B it is shown that, forz &~ 0,a - T- §* = o,

Clet X}~ — T2 || |-
2

Thus AX behaves similar to a normal distribution. (The distribution of A;X is not exactly normal but gets

more and more normalasa- T -8 | o.)

4.4.2 GAMMA LEVY BASIS EXAMPLE

Leto > a > —1/2and B, 7,1 > o. Consider the model (4.1), (4.18) withg = o, (x) = x"¢ ™1p, (),
Agivenasin (3.2) and K [z] =log (1 —z/B) 7,z < B (ie. A’ hasa Gamma(y, #) law). In general, it
is of interest to determine specific distributional properties of AX;. Of particular interest is the question
of infinite divisibility of A;X. The present example provides a case where the distribution of A/X is not
infinitely divisible.

Figure 4.4.1 shows x, (AX) /x2 (AX) for (y,B8) = (1,5),(0,L, T) = (1,10,1),a = —1/3, —1/6 and
1 = 1,2, 3. It is well-know that, when the distribution of X is infinitely divisible, the cumulants «, (X), for
n > 3,are the moments of the Lévy measure of X. This implies that, when the distribution of X is infinitely
divisible, x, (X) > o. Figure 4.4.1 shows that x, (A, X) < ofor2 = 1,2,3. Therefore, the law of A X

cannot be infinitely divisible.
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Figure 4.4.1: Standardized cumulant «, (AX) /«% (AX) for Example 4.4.2 with (6,1, T) = (1,10,1),
A’ ~Gamma(y,s), and different values of @ and 1. (a) Parameters a = —1/3and 2 = 1,2,3. (b)
Parameters a = —1/6 and 1 = 1,2,3. We use blue for A =1, red for 1 = 2 and green for 1 = 3.

29



30



An asymptotic problem for two classes of smooth

processes

THis CHAPTER summarizes the main ideas and results from Paper C.

Let (X;),>, be a stochastic process. When X is a semimartingale, it is well-known that the limit

Lnt)
. 2

Jim . (Xi/w — X(im1)/n) (s.1)

=1
exists in probability. In particular, when X is a bounded variation (BV) process the limit (5.1) is o. It is
natural to ask how we can rescale (5.1) to recover a non-trivial limit for the case where X is a BV process.
We address this problem for two classes of smooth processes: the integrated Brownian motion (IBM) and
the smooth Brownian semi-stationary (BSS) process with a gamma kernel. A smooth processisa stochastic

process that is differentiable.

The integrated Brownian motion is a stochastic process of the form

t S Sn—1
I :// / B, ds,ds,_, - - - ds,ds, n €N,
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where (By),p, is a standard Brownian motion. The index # indicates the number of iterated integrals and,
therefore, the number of derivatives ] has. We will denote the class of these smooth processes by ZBM.
Concerning BSS processes, we are interested in the asymptotics of (2.2) withq = g = 0,0 = 1andg

given by the gamma kernel

g(x) =x* exp (_hx) 1(0,00) (x) ) (5-2)

witha > 1/2,1 > o. We will refer to this subclass of smooth BSS processes as SGICBSS.

§.1 STATEMENT OF THE PROBLEM

Considerastochastic process (X;),~ , such that X € ZBM U SGKBSS. The process X has differentiable
paths. From the Mean Value Theorem, it follows that the normalized realized quadratic variation (NRQV)

[X,] of X, defined as
nt)

[X,), ==n Z (Xi/n — X(i—ym) (5-3)

i=1
satisfies

X, T3 (X)7dr (s-4)

fort > o. Motivated by this limit, we are interested in the asymptotic behavior of

o ([X,,]t _ / t (x;)ldr) (s5)

when n — 00, for some suitable 8 > o. There are two immediate problems related to (5.5): 1) What is
the correct value of > o, if any, to have a non-trivial limit? 2) What is the limit distribution given the
correct 32 This last question can be naturally extended to stronger concepts of convergence. For simplicity
we only consider the case t = 1.

Paper C contains some approaches that partially answer these questions.

5.2 THESGICBSS crass

Consider a stochastic process (X;),.,~, whose paths are in C* [0,1]. In this case, it is possible to find a
B where (5.5) has an almost sure non-trivial limit. The proof of this result is an application of Taylor’s

Theorem and Theorem s in [15].

Proposition 14 Let (X;)_ ., be a stochastic process whose paths are almost surely in C* [0, 1] . Then,

o (- [ orar) 5 -2 [ ara—- L
° n—00 12/, 12
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Proof . See Paper C. m
IfX € SGKBSS with a > 5/2, the paths of X are almost surely in C* ([0, 00)). The distribution of
v= 2 x"

iz(o)l) depends on the value of a.

Remark 15 Since the index n represents the number of derivatives for the IBM J', P € C* ([0, 0)). Conse-
quently, Proposition 14 also applies to J*, forn > 3.

It still remains open to determine the rate of convergence and the limit distribution of (s.5) for the
stochastic processes in SGICBSS with index1/2 < a < 5/2, that is, for the BSS processes that are not in
C3[o, 1).

5.3 INTEGRATED BROWNIAN MOTION
In this Section, we summarize some investigations about the limit distribution of (s.s) for J}.
5.3.1 CONVERGENCE OF THE VARIANCE

s [ (e

where [J”'] denotes the NRQV of J™.

Restricting to the case m = 1, we get

‘We have that

> ds,

" a.s. 2
Vi ]t ”_—)>oo i Bids

for which we first analyze the variance

t
A, ;= Var (U;]t - / B?ds)

fort > o. Isserlis’ Theorem (see [21]) implies the next result.

Proposition 16 Fort > oandn € N,

45 |nt|* — 6ont |nt|> — 15 |nt]* + 1snt [nt] + |nt] + 1504t

At = 4snt

)

Proof. See Paper C. m

An immediate consequence of Proposition 16 is the next result.

Proposition 17 Fort > o,

t
1 Ll 2
[]n]t%/Bsds.
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5.3.2 THE LIMIT DISTRIBUTION

We are interested in shedding light on the limit distribution of

t
a2 (- [ mas).

To clarify the main aspects, we only consider the case t = 1.
It turns out (see Subsection 5.3.4) that the limit law of 2, , seems to be a Rosenblatt distribution [27,
39]. Using Maejima and Tudor’s parametrization of the Rosenblatt distribution [27], we propose the next

conjecture.

Conjecture 18 Let R (h) denote a Rosenblatt random variable with index h € (1/2,1). Then, we have

A, 5 R(),

whithh =~ o.9.
Numerical simulations of 2, , and R (0.9) show strong evidence supporting the previous conjecture
(see Subsection §.3.4).

§.3.3 AN EXPRESSION FOR 2, ,

In relation to Conjecture 138, it is of interest to express
t n i 2 1
X, =, - / Bds=nY (/ Bsds> - / Bds,
° i=1 = °

in terms of a double Wiener integral with respect to B. .

Proposition 19 We can rewrite the random variable X, as

X, = / / Fn(r7 S)dBrst - ia (5~6)
o Jo 6n

where
Fulris) = n 3 £ (0f7(5) = (= max(r, )
and
o s€fo ),
16 =qi-s se [0,
o, s € [#1]
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Figure 5.3.1: (a) Histograms in log-linear scale of the Rosenblatt sample (blue) and the ,c0000,:
sample (purple). (b) QQ plot of the o000, Sample and the Rosenblatt sample.

Proof. See Paper C. m

The double integral expression (5.6) might provide evidence supporting Conjecture 18 since the Rosen-
blatt distribution can be expressed as a second order Wiener chaos (see, e.g. [38]). One possible way to
prove Conjecture 18 would be to show that F, (r, s) convergesin L, to the kernel that appears in Proposition

1 of [38]. However, this has not yet been done and is not part of this thesis.

5.3.4 NUMERICAL RESULTS

Figure 5.3.1 illustrates the conjecture for 2l,, ,. These figures were obtained by simulating 10000 samples
of Rosenblatt (0.9) and 10000 samples of 2, , for n = 10°. Figure (a) shows two histograms in log-linear
scale: the histogram of the Rosenblatt sample (blue) and the histogram of the 05000, Sample (purple).
They are very similar. Figure (b) corresponds to the QQ plot of the 2,5000,, sample and the Rosenblatt

sample.
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Conclusion

THE ANALYSIS PERFORMED in this thesis clearly demonstrates that Brownian semi-stationary processes
are well adapted to reproduce key characteristics of turbulent time series. The parameters of the model are
solely estimated from the marginal distribution and the correlator ¢, , of the energy dissipation and from
second and third order structure functions of velocity increments. This has been done under the specific
model specification (3.4) with a shifted 2-gamma kernel g. The use of a shifted 2-gamma kernel is motivated
by its ability to accurately reproduce the empirical sdf.

The data set analyzed here has a relatively high Reynolds number, with a visible inertial range. Inves-
tigations carried out for other data sets have shown that the BSS processes have the same potential for
modelling turbulent velocity time series even for smaller Reynolds numbers.

The present work also provides a way to compute the cumulants of the increments of BSS processes
for two specific classes of volatility processes. It is not possible to find closed expression for all the cases
and examples presented here. However, the formulae are simple enough to be evaluated numerically.

Of particular interest is the discussion in Subsection 4.4.2 since it provides an example where our anal-
ysis of the cumulants shows that the distribution of the increments of a specific BSS process is not infinitely
divisible. It remains open to determine conditions on the BSS processes such that their increments have

an infinitely divisible law.
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Our main purpose for studying the cumulants of increments of BSS processes was to establish a way
that sheds some light on the distributions of increments via cumulants. This is a first step to understand why
the BSS approach is able to model a great variety of stylized features in turbulence. The results discussed
here allow to directly compare the models with data without time consuming simulations of the underlying
processes.

‘We have not been able to solve the asymptotic problem for the smooth processes. The techniques used
here do not provide the full answer since they do not permit to determine the limit distributions and the
precise rate of convergence. For integrated Brownian motion, we have provided strong numerical evidence
supporting a Rosenblatt limit for the asymptotic problem in the J' case. It remains open to determine the

veracity of such a limit.
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Paper A: Modelling turbulent time series by
BSS-processes

Jost ULiseEs MARQUEZ* AND JURGEN SCHMIEGEL !
*DEPARTMENT OF MATHEMATICS, AARHUS UNIVERSITY.
TDEPARTMENT OF ENGINEERING, AARHUS UNIVERSITY

ABSTRACT

Brownian semi-stationary processes have been proposed as a class of stochastic models for time series of
the turbulent velocity field. We show, by detailed comparison, that these processes are able to reproduce
the main characteristics of turbulent data. Furthermore, we present an algorithm that allows to estimate
the model parameters from second and third order statistics. As an application we synthesise a turbulent
time series measured in a helium jet flow.

A.1 INTRODUCTION

Stochastic modelling of the turbulent velocity field, understood as an explicit stochastic approach (in con-
trast to an implicit set up in terms of governing equations and/or in terms of related quantities like velocity
increments or velocity derivatives) is generally speaking not well developed in the literature. Most of the
existing literature on stochastic turbulence modelling deals with models for derived quantities like velocity
increments, energy dissipation and accelerations.

Early attempts to model the rapid variation of the turbulent velocity field include [4, 10, 11, 18, 23, 36]
(among many others). Such phenomenological approaches are sometimes called “synthetic turbulence”
and can be divided into two classes. The first direction starts from modelling the velocity field and derives
the model for the energy dissipation by taking squared small scale increments. The second line of inves-
tigation focuses on modelling the energy dissipation field and derives the velocity field by various, partly
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ad hoc, manipulations. The approach presented here conceives the energy dissipation as the fundamental
field, entering directly the model for the velocity field and obeying the physical interpretation of the energy
dissipation as the squared small scale fluctuations.

In [36], an iterative, geometric multi-affine model for the one-dimensional velocity process is con-
structed and some of the basic, global statistical quantities of the energy dissipation field are derived. How-
ever, this discrete, dyadic approach does not allow to give explicit expressions for more specific statistical
quantities.

Another dyadic, iterative approach for the construction of the velocity field is discussed in [ 10]. Their
model is based on a wavelet decomposition of the velocity field combined with a multiplicative cascad-
ing structure for the wavelet coefficients. As discussed in [18], such wavelet approaches are superior over
discrete geometric approaches as they allow to model stationarity in a mathematical more rigorous way.
The approach discussed here does not suffer from problems related to mathematical rigour and no iterative
limit arguments are needed for the construction. A related and interesting wavelet-based approach is dis-
cussed in [11], which allows for a sequential construction of the field. A further wavelet-based approach
[4] builds on random functions and their orthogonal wavelet transform. The authors show that to each
such random function there is an associated cascade on a dyadic tree of wavelet coefficients.

The models [10, 36] fail to incorporate skewness for the velocity increments [23], a basic property
of turbulent fields. As an alternative approach, [23] proposes a combination of a multiplicative cascade
for the energy dissipation, the use of Kolmogorov’s refined similarity hypothesis [24] and an appropri-
ate summation rule for the increments to construct the velocity field. Here, again, only discrete iterative
procedures are employed which make analytical statistical statements very difficult.

The stochastic models discussed in the present paper, called Brownian semi-stationary processes, have
been proposed to be potentially suitable for turbulence modelling in [8, 9]. These processes define the
turbulent velocity field explicitly and as such allow for analytic calculations and identification of the pa-
rameters of the model with physical quantities.

In [8] it has been shown that Brownian semi-stationary processes are able to qualitatively reproduce
some aspects of turbulence statistics like the evolution of the densities of velocity increments across scales
and the conditional statistics of the so-called Kolmogorov variable. Here we will extend and quantify in
detail the comparison of the model with empirical data by including more stylized features of turbulent
data. Our goal is to estimate the parameters entering Brownian semi-stationary processes from a given
turbulent data set. Based on this estimation, a numerical simulation of the model is then compared in
great detail with the turbulent data set at hand, including statistical properties not used for the estimation
procedure.

The paper is organized as follows. In Section A.2 we list the main stylized features of turbulent time
series we use to validate the model. Brownian semi-stationary processes as models for the turbuent veloc-
ity field along with cascades processes as models for the energy dissipation are presented in Section A.3.
Section A.4 addresses the estimation procedure for the parameters of the model and briefly outlines the
numerics behind the simulations. Finally, Section A.5 concludes and summarises the results.

A.2  STYLIZED FEATURES OF TURBULENT TIME SERIES

In general, turbulence concerns the dynamics in a fluid flow of the three-dimensional velocity vector (7, t) =
(vx(7, 1), vy (7, t), v, (7, t)) as a function of position 7 = (x, y, z) and time t. A derived quantity is the energy
dissipation, defined as

E(Et)EE ST (OwFE D +ouE )’ (A1)
i,j=x,y,z
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The energy dissipation describes the loss of kinetic energy due to friction forces characterized by the vis-
cosity v.

A pedagogical valuable illustration of a turbulent flow can be gained from the Kolmogorov cascade
[20]. Inthis representation kinetic energy is injected into the flow at large scales through large scale forcing.
Non-linear effects redistribute the kinetic energy towards smaller scales. This cascade of energy stops at
small scales where dissipation transforms kinetic energy into heat. It is traditional to call the large scale
I of energy input the integral scale and the small scale # of dominant dissipation the dissipation scale or
Kolmogorov scale. With increasing Reynolds number the fraction I/7 increases, giving space for the so
called inertial range < I < I where turbulent statistics are expected to have some universal character. A
more precise definition defines the inertial range as the range of scales 1/k where the spectrum E(k) (the
Fourier transform of the correlation function of the velocity field) displays a power law E(k) oc k=5/3 [20].

The resolution of all dynamically active scales in experiments is at present not achievable for the full
three-dimensional velocity vector. Most experiments measure a time series of one component v (in di-
rection of the mean flow) of the velocity vector at a fixed single location 7,. Based on this restriction one
defines the temporal (or surrogate) energy dissipation for stationary, homogeneous and isotropic flows

1sv (dv(re, t)\”
() =% <(dt)> , (A2)
where ¥ denotes the mean velocity (in direction of the mean flow).

The temporal energy dissipation (A.2) is expected to approximate basic statistical properties of the
true energy dissipation (A.1) for stationary, homogeneous and isotropic flows. For other flow conditions,
the temporal energy dissipation still contains important statistical information about the turbulent velocity
field.

The transformation of the spatial derivatives in (A.1) to the temporal derivative in (A.2) is performed
under the assumption of a stationary, homogeneous and isotropic flow and the assumption of Taylor’s
Frozen Flow Hypothesis [35] which states that spatial structures of the flow are predominantly swept by
the mean velocity v without relevant distortion. Under this hypothesis, widely used in analyzing turbulent
time series, spatial increments along the direction of the mean flow (in direction x) are expressed in terms
of temporal increments

v(x,y,z,t +5) —v(x, 9,2, t) = v(x — Vs, y,2,t) — v(x,y, 2, t). (A.3)

In the present paper, we only deal with homogeneous, isotropic and stationary turbulence. Furthermore,
we restrict to temporal statistics at a fixed position in space and refer to the inertial range as the temporal
counterpart of the spatial inertial range defined by time scales s where /v < s < I/v. Time scales
s < /v are called dissipation time scales and time scales s 2> I/7 are called integral time scales.

In what follows, the notion energy dissipation refers to the temporal energy dissipation, unless other-
wise stated. We also skip reference to the spatial location 7, in (A.2) and write &, for £,(rg ).

The most striking feature of time series of the energy dissipation is the strong variability with localized
and clustered outbursts of different size and duration. This strongly fluctuating behaviour, which is far away
from what might be expected in a Gaussian framework, is called the intermittency of the energy dissipation.

The traditional characterization of the intermittent behaviour of the energy dissipation refers to the
coarse grained field amplitude over a time horizon T

1 t+T/7.
S(T.0= 1 / e (A4)
t—T/2
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It has been shown in numerous publications that the moments of the coarse grained energy dissipation
follow a scaling law in the inertial range for large Reynolds numbers

E{z(T,t)"} oc T~ (A.s5)

where the positive multifractal scaling exponents £(n) are expected to be universal in the limit of very large
Reynolds number (cf. e.g. [20, 31] and references therein). The term multifractality refers to the non-
linear dependence of the scaling exponents £(n) on the order n. The notion of a Reynolds number refers
to the time-wise defined Taylor micro-scale Reynolds number [20]

Var{v}

NG

(A.6)

where Var denotes the variance.
An immediate consequence of the scaling relation (A.s) in second order n = 2 is scaling of correlators
¢p,q of order (p, q) = (1,1). These correlators are defined as

E {5€5?+s }

6u(s) = ——tCts T (A7)
#i0) = Elare (L)
The empirical analysis of ¢, ; revealed the existence of a range of scales s where
Gpg(s) 0x 577 (A.8)

and 7(1, 1) = E(z) [2,14,15,16,21,26,27,28,32].

Intermittency of the velocity field refers to the fact that fluctuations around the mean velocity occur in
clusters and are more violent than expected from Gaussian statistics. Furthermore, the frequency of large
fluctuations increases with increasing resolution. In terms of moments of temporal velocity increments

ug(t) = vyt — v, s >0 (A9)
intermittency is usually described by (approximate) multifractal scaling of structure functions (e.g. [1,25])

Su(s) = B{u,(£)"} oc 57, (A.10)

Here, v; is one component of the velocity (usually along the mean flow) at time ¢t and at a fixed position and
the time scale s is within the inertial range. When appropriate, we write u; instead of u, (¢) in (A.9) since
we are only dealing with stationary time series.

Multifractal scaling of structure functions is assumed to hold in the limit of infinite Reynolds number
[20]. However, experiments show that the scaling behaviour (A.10) might be poor, even for large Reynolds
numbers [ 3, 31]. Furthermore, even if the scaling relation (A.10) holds, the inertial range still covers only
part of the accessible scales where intermittency is observed.

From a probabilistic point of view, (A.10) expresses a scaling relation for the moments of the probabil-
ity density function (pdf) of velocity increments. A proper estimation of higher-order moments requires
an accurate estimation of the tails of the pdf. Thus it may be advantageous to directly work with the pdf. In
terms of the pdf, intermittency refers to the increase of the non-Gaussian behaviour of the pdf of velocity
increments with decreasing time scale.

A typical scenario is characterized by an approximate Gaussian shape for the large scales (larger than
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scales at the inertial range), turning to exponential tails within the inertial range and stretched exponential
tails for dissipation scales (below the inertial range). This change of shape across all scales clearly reveals
the inadequacy of a characterization of intermittency solely via multifractal scaling of structure functions
(whichis observed only within the inertial range). In [7, 6] it is shown that Normal inverse Gaussian (NIG)
distributions are well adapted to accurately describe the densities of velocity increments at all scales and
for a wide range of Reynolds numbers.

In 1962, Kolmogorov [24] published two hypotheses (usually refered to as K62) about a quantity V
that combines velocity increments, being a large scale quantity, and the energy dissipation, being a small
scale quantity. The first hypothesis states that the pdf of the stochastic variable

= ()
depends, for r < L, only on the local Reynolds number
Re, = r(re,)"/3 v. (A.12)
Here,
Avi(r) = v(x 4+ r/2,9,2) — vi(x — r/2,y,2) (A.13)

denotes the increment of the component v of the velocity vector in direction of the mean flow (the x-
direction) at scale r and rz, is the integrated energy dissipation (A.1) over a domain of linear size r

1 x+r/2
g = —/ (o,y,z,t)do. (A.14)

" Jx—r/2

The second hypothesis states that, for Re, >> 1, the pdfof V, does not depend on Re,, either, and is therefore
universal.

Although, for small #, an additional r dependence of the pdf of V, has been observed [33], the validity
of several aspects of K62 has been verified experimentally and by numerical simulation of turbulence [22,
33, 34, 37). In particular it has been shown that the conditional densities p(V,|re,) become independent
of re, for a certain range of scales r within the inertial range. However, the universality of the distribution
of V has not been verified in the literature. In this respect, it is important to note that the experimental
verification of the Kolmogorov hypotheses is, with reasonable resolution of scales, restricted to temporal
statistics and as such relies on the use of the temporal energy dissipation (A.2) instead of the true energy
dissipation (A.1). In the time domain, the Kolmogorov variable Vis defined as

V., = us(tf 5/2)

*T s )" (A15)

where u,(t) denotes the temporal velocity increment (A.9) at time scale s, 7 is the mean velocity and Z(s, ¢)
the coarse grained temporal energy dissipation (A.4).

A.3 MODELLING FRAMEWORK

In this Section we present the stochastic framework for modelling turbulent time series. One of the main
ingredients of the model is the surrogate energy dissipation which, in our approach, will be modelled as

47



data Ambit set NIG-law
R 1 I f T k 0 a B Y s
985 | 0.21 | 443.9 | 367500 | 880 | 10000 | 2.20 | 2.50 | -2.00 | 2.42 | 3.06

Table A.3.1: Parameters for the data set analysed in this paper. R denotes the Taylor micro-scale
Reynolds number, 7 is the Kolmogorov scale (in units of the finest resolution), I denotes the integral
scale (in units of the finest resolution) and ]‘ is the sampling frequency. The parameters T (in units
of the finest resolution), k and 6 characterize the ambit set (A.17). The parameters a, f, y and §
specify the NIG-law of the Lévy seed of L in (A.16).

a continuous cascade process. We briefly discuss cascade models in Subsection A.3.1. Subsection A.3.2
presents the model for the temporal turbulent velocity field along with its most relevant properties.

A.3.1 THE CASCADE MODEL FOR THE TURBULENT ENERGY DISSIPATION

Our model for the turbulent velocity field takes as an input the temporal energy dissipation which is mod-
elled as a continuous cascade model [30]. In [30] it is shown that this Lévy based approach is able to
reproduce the main stylized features of the energy dissipation observed for a wide range of data sets, in-
cluding the data we analyze in the present paper.

Specifically, we model the temporal energy dissipation € as the exponential of an integral with respect
to a homogeneous Lévy basis L on R?,

e = exp ( / L(dy,ds)) — exp (LA (D)) (A16)
A(t)

where A(t) = A + (o,t) for abounded set A C R*. The set A (t) is called the ambit set. From the
homogeneity of L it follows that (A.16) is a stationary stochastic process. For details about Lévy bases and
the derivation of some of the properties of (A.16), we refer to [30] and the references therein.

The ambit set A is given as

A={(x,t) : 0 <t < T,—f(t) <x < f(t)}, (A.17)

where T > o. For T > o,k > 1,and 8 > o, the function fis defined as

(awm
fl) = <1+(k-t/T)9> 0<t<T. (A.18)

This specification of the ambit set is adapted to reproduce the empirically observed scaling of correlators.

In [30] it is shown that the density of the logarithm of the energy dissipation is well described by a
normal inverse Gaussian distribution, i.e. loge; ~ NIG (a, B, 4, §). For the correlators ¢, 4 (A.7) to exist
itis necessary to assume that &, has exponential moments of order p + g leading to the conditionp + g <
a — B. As discussed in [30], for a realistic modelling, it is enough to require existence of Cp,q P to order
p + q = 4.5. Furthermore, we set E{c¢} = 1 for convenience. Under these constraints, the parameters of
the underlying NIG-laws and the corresponding ambit sets have been estimated in [30] for a number of
turbulent data sets including the one we use in our analysis. Table A.3.1 lists these parameters.
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A.3.2 A STOCHASTIC MODEL FOR TURBULENT VELOCITY TIME SERIES

Brownian semi-stationary (BSS) processes, introduced in [9] as potential models for turbulent velocity
time series, are stochastic processes of the form

t t
Zi=u+ / g(t—s) o dW, + / q(t—s) agds, (A.19)

where y is a constant, (W;) «cr is standard Brownian motion, g and g are nonnegative deterministic func-
tions on R, with g () = q (t) = ofort < o,and (0y),p and (a;), are cadlag processes. When (¢, a) is
stationary and independent of W, then Z is stationary.

In general, BSS processes are not necessarily semimartingales. However, in our modelling application,
the choice of the ingredients of the model (A.19) ensures the semimartingale property. For that reason,
we focus on the special case where (A.19) constitutes a semimartingale, keeping in mind that many of the
arguments in the sequel are equally true for the general case. A sufficient condition for Z to be a semi-
martingale is that o and a have second finite moment, g,q € L' (Ry)(L* (Ry), ¢ € L*(Ry) and
g(o+) < oo (see [17]).

Following [ 8], we model time series of the main component v; of the turbulent velocity field as a BSS
process of the specific form

v = (g,0,B) = /_ g(t—s)odW, + ﬁ/_ g(t—s)olds = R, + BS; (A.20)

whereg € L' (R1) NL* (R ) is a non-negative function, o is a stationary process independent of Wwith
E[0°] < 00,and B is a constant.

It is well-known that for any semimartingale X the limit

n

], = lim 37 (% %) (a21)
j=1

exists as a limit in probability. The derived process [X] expresses the cumulative variation exhibited by X
and is called quadratic variation. For the case where (A.20) is a semimartingale, using It algebra, we get

(dv,) = ¢ (o+) a7t

and
], = / (@) = ¢ (o) / s (A22)

In this setting, the quantity (dv;)* /dtis the natural analogue of the squared first order derivative of v which
in the classical formulation is taken to express the temporal energy dissipation (A.2). Consequently, the
quadratic variation [v] is the stochastic analogue of the integrated energy dissipation and 0 can be identi-
fied, up to a factor, with the temporal energy dissipation. We will therefore assume that 6> = ¢, where € is
the process given by (A.16). Note that in this set-up the Kolmogorov variable V (A.15) is given as

Vt,s _ U (t — sl//?;)
(v[v]5)
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and the conditional independence refers to the independence of p (V4| [v]}) on [v]:. Here [v]. = [1], tsfa
[v];_/, denotes the quadratic variation over the time horizon [t — s/2,t 4 s/2].

The limit in (A.21) may not exist in the non-semimartingale case. However, even in the general case,
0* can still be identified, up to a normalisation, with the surrogate energy dissipation (see [17, Theorem
3.1]).

Note that [v] in (A.22) is independent of the second term in (A.20). This second term determines the
skewness of the density of velocity increments u; = v; — v,. For this reason we refer to f8 as the skewness
parameter.

For the specification of the kernel g we start the discussion following [29] where a convolution of
gamma kernels was proposed to model the second order statistics of turbulent velocity time series. The
gamma kernel is defined as

h(x;a,v,1) = a-x""" exp (=A%) 1(0,00) (%) (A24)

witha > o,v > oand 1 > o.
The convolution of two gamma kernels, h, (x; a,, v, 1,) and h, (x; a,, v,,1,) , can be expressed as

g(x7 alvvnllaauvl?)’z) = hl (x7 alavlall) *hz (xv uuvzahz)

alazxv‘ﬂrllﬂh(x)/efx()““Hz(‘*“))uv‘ﬂ(l—u)vl_ldu. (A.2s)

o

The relevant parameters are (a, v,, ,, v,, 4,) with a = a,a,. We say that a function is a 2-gamma kernel if
it can be written as the convolution of two gamma kernels.

In the following g will denote a 2-gamma kernel with parameters (a, v,, 2,,v,,1,), 4, < A,. In [20] it
is shown that the sdf 7, (w; g, o, B) of (A.20) is then given as

7 (w38, 0,B) = @ (1 + BT (w)) (1 + <2§w> ) _v‘<1 - (21“)) ) ‘“’ (A2¢)

where7,. is the sdf of the process o*. Referring to the parameters of g, we also write7, (w; a, v,, 1,,v,,,, o, B)

for7, (w; g, o, B).
Ignoring the skewness term in (A.20), i.e. f = o, the sdf7, of the velocity field v behaves as

1 w <A /2m
7 (w;a,v,,4,,v,,4,,0,0) X ¢ w™™ L/2r € w <K ,/2m (A.27)
w0 >, fam

Thus, for v, = 5/6, A, denotes the frequency where the inertial range starts and A, denotes the frequency
where the inertial range ends. The value v, = 5/6 reflects Kolmogorov’s 5/3rd law [20] and 2 (v, + v,)
gives the slope within the dissipation range (large frequencies). For the general case, ie. B # o, the
previous interpretation remains essentially true since, for the data set we analyzed, °7,: (w) < 1 for
PWEY RN

From (A.25) it follows that v (g, o, f) is a semimartingale for v, + v, > 3/2. Kolmogorov’s 5/3rd law
implies that v, = 5/6. Combining this with the estimated value of v, (by fitting the empirical sdf at large
frequencies) shows that v, + v, > 3/2 for the data set we analyzed (see Section A.4.2). It is for this reason
that our focus is on the semimartingale case.

In the semimartingale case, the convolution of gamma kernels does not allow to identify the process
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o* with the energy dissipation since g (o+) = o. Therefore, we propose for the kernel g a shifted 2-gamma
kernel

g(& Xo, Gy azvvnvzakn 7‘2) - (hl (1 a, vl7ll) * hz (7 a, Vzalz)) (x + xo) 1]R+ (x) ) (A'ZS)

where h, (x; a,,v,,2,) and h, (x; a,, v,, A,) are gamma kernels and «, is a positive constant. We say that a
function is a (2, x, )-gamma kernel if it can be expressed as (A.28).

Figure A.4.1 shows, as an illustrating example, an excerpt of the empirical velocity time series and from
a simulation of the model (A.20) using a (2,10~ 7)-gamma kernel for g, a cascade model for ¢* and the
estimated f (see Section A.4.2). The sdffor the data and the sdf from the simulation are compared in Figure
A.4.1(c). We can identify three characteristic regimes in the empirical sdf: a flat part at small frequencies,
a scaling regime with approximate exponent —s/3 and a steeper part at the large frequencies. The central
part reflects Kolmogorov’s 5/3rd law [20], which is expected to hold in the inertial range. The influence
of the shift x, on the sdf of v; can be expected to be negligible for frequencies w < x,*. To confirm this
conjecture we include in Figure A.4.1(c) the sdf of the model with x, = o and all the other parameters
unchanged. Differences only arise at frequencies around 10°. This implies that for not too large frequencies
the interpretation of the parameters of the model according to (A.27) remains valid. The inclusion of the
shift x, bends the sdf away from the scaling (") at the very large frequencies.

A.4 SIMULATION RESULTS

In this Section we compare, in detail, the statistical properties of the model (A.20) to the stylized features
described in Section A.2. We also briefly mention some aspects of the numerics behind the simulation and
discuss how the skewness parameter § and the (2, «, )-gamma kernel g can be estimated from empirical
time series.

The data set we analysed consists of one-point time records of the longitudinal (along the mean flow)
velocity component in a gaseous helium jet flow. We refer to [ 13] for more information about the data set.
In Table A.3.1 we list the Taylor Reynolds number R, the Kolmogorov scale 7, the integral scale I and the
sampling frequency}.

A.4.1 MODEL PERFORMANCE

The performance of the (A.20) for modelling turbulent time series is illustrated by comparing the marginal
distributions of velocity increments, the structure functions and the conditional independence of the Kol-
mogorov variable. The estimation of the model parameters is based on the analysis of the sdf and the third
order structure function and on the marginal distribution and the correlators of the derived energy dissi-
pation.

Figures A.4.1(a) and A.4.1(b) show examples of time series of the velocity from data and from the
simulation, respectively. The similarity between the characteristics of both time series is clearly present. A
first quantitative result is given in Figure A.4.1(c) displaying the corresponding sdf. The model reproduces
the empirical sdf for the whole range of observed frequencies.

The excellent agreement for the sdf translates directly to the corresponding second order structure
functions that are shown in Figure A.4.2(a). Note that the sdf (or equivalently the second order structure
function) is the basic observable that determines the parameters of the (2, %, )-gamma kernel g used for the
simulation. The excellent agreement for the sdf (and S, ) strongly indicates that the parametric choice of a
(2, x,)-gamma kernel is appropriate.
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Figure A.4.1: (a) Excerpt of the empirical time series (in arbitrary units). (b) Excerpt of the sim-
ulated time series (in arbitrary units) using the model (A.20). (c) Comparision of the sdf from the
data (gray dots) and from the simulation of the model (A.20) (black dots). The solid line corre-
sponds to the sdf obtained from the simulation with x, = o and all other parameters unchanged.
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Figure A.4.2: Comparison of the structure functions S, (A.10), n = 2,3, 4,6 from the simulation
of (A.20) (black) and the structure functions estimated from the data (grey). The time lags s are
measured in units of the finest resolution of the empirical data.

The estimation of the skewness parameter f is essentialy based on fitting the third order structure func-
tion S, (see Figure A.4.2(b)). Taking into account the notorious uncertainty for the estimation of S, from
turbulent data, the model captures well the details of S, (¢).

Examples of higher order structure functions are shown in Figures A.4.2(c) and A.4.2(d). Again the
model shows excellent agreement. Only for S5 some small systematic deviation is observed which is due
to an amplification of small errors not visible for S, and slightly visible for S;. It is important to note that
the model is completely specified from the energy dissipation statistics and the structure functions S, and
S, with no adjustable parameter for tuning the behavior of S, and Se.

Figure A.4.3 shows the densities of velocity increments u; for various time lags s. The densities evolve
from semi-heavy tails at small time scales towards a Gaussian shape at the large time scales. NIG distribu-
tions fit these densities very well for all scales and all amplitudes in full agreement with the results reported
in [7, 6]. The corresponding steepness and skewness parameters are shown in the NIG shape triangle in
Figure A.4.4. Again, simulation and data show a good agreement.

Figure A.4.5 illustrates the performance of the model concerning the conditional independence of the
densities of the Kolmogorov variable. For t within the inertial range, p (Vt,s| MZ) is independent of [v]i
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Figure A.4.3: Comparison of the densities of velocity increments p (1), s = 1, 64, 256, 1024 from data
(grey circles) and from the simulation of (A.20) (black crosses). The solid lines correspond to fitted
NIG-distributions based on maximum likelihood estimation.

1 T T
o8\ ya
.
\ . y
06 o R
" /
w
\ . y

04 ° B
02r ]

. \/ .

-10 05 00 05 10

Figure A.4.4: NIG-shape triangle for the evolution of the pdf of velocity increments across lags for
the data (grey) and for the simulation of (A.20) (black). Each point corresponds to a different time
lag s =1, 4,16, 32, 64,128, 256, 512, 1024, increasing from top to bottom.
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Figure A.4.5: Comparison of the conditional densities p (V:.|[v]!) of the Kolmogorov variable (A.23)
from the data and from the simulation of (A.20) for t = 128 (in units of the finest resolution) and

¢
values [v]. = 0.8,0.9,1,1.1,1.2.

Figure A.4.6: Comparison of the conditional density p (Vi.| [v]. = 1) from the data (grey) and from
the simulation of (A.20) (black).

The values of [v]! cover the core of the distribution of [v]! for which a sufficient sample size is ensured.
=1

Figure A.4.6 shows a direct comparison of p (Vt75| Mz ) for the data and the simulation, showing the

strong similarity of the distributions.

Finally, Figure A.4.7 shows the correlators of order (1,1) and (1, 2) of the energy dissipation estimated
from the empirical velocity time series and from the simulation of (A.20). Besides small scale scatter, data

and simulations show (nearly) perfect agreement.
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Figure A.4.7: Comparison of the correlators ¢, 4 (t), (p,q) = (1,1), (1,2), of the energy dissipation
estimated from the data (grey) and from the simulation of (A.20) (black). The time lags t are mea-
sured in units of the finest resolution of the data.

A.4.2 SIMULATION OF BSS PROCESSES

In this Subsection we briefly describe how we simulate the BSS-process (A.20) using time series of 0. The
algorithm is based on

wgnf)lonn(p [ g@otds [ g @) (A9)

which provides the conditional distribution for v; (g, o, B) |0*. In principle, to reproduce v; (g, o, B) |0* a
complete path for ¢ is required. However, using a sufficiently small mesh, a linear interpolation on ¢ gives
the desired accuracy.

Let§ > oand N € N. Assume that we know the values o7 ; fori = o, . .., N. The linear interpolation
for ¢* is given by the formula

N—1 Py Py
~ Oipy — 0} . Py
o= Z { (+ 5 > (s—i- 8+ } 1i.5, (i41)3] (s).
Thus,
wgwp) (b [Te0F s [ 207 ).

Assuming that N is large enough, and since g € L, (R;) N L, (R, ), we can, for e > o, choose ¢ > o

such that - .
J G O

Thus we replace the kernel g by the approximation g = g - 1, 5. Let g = n - §, for n € N. Expanding and
applying a change of variable, we have that

< &

[ 305 = 53 [Feb++0 (604 o) b (Ao
o k:0 o
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fort > § - n. Therefore, v;.5 (g, 7, ) [0,j = n, ..., N — 1, can be obtained by simulating a normal random
variable with mean (A.30) and variance (A.31). Thus, by interpolation, we obtain a path for v, (g, o, f) |o
on the interval [§ - n, N - §] through the approximation v; (g, 7, #) [0

A.4.3 ESTIMATION PROCEDURE

Our modelling framework (A.20) has three degrees of freedom, the energy dissipation ¢, the kernel g
and the skewness parameter f. The energy dissipation can be estimated from velocity increments at the
smallest time scale. This has been done in [30] for the data set in the present study. Following [30], we use
a NIG Lévy basis in (A.16) and the ambit set to be of the form (A.17). The relevant parameters are listed
in Table A.3.1.

It remains to estimate f and the kernel g within the class of (2, x, )-gamma kernels. Given a value of §,
our estimators for the parameters of g are those that minimize the distance, in the sense ofleast squares, be-
tween the empirical sdf and the sdf of (A.20) usingx, = o. Asa consequence of the physical interpretation
derived from (A.27), the minimization is performed restricting A, to values around the initial frequencies
of the inertial range, and restricting A, to values near the end of the inertial range. These constraints have
proven to produce good approximations to the empirical sdf. The shift x, is obtained by fitting the very
large frequency behaviour of the sdf. It is important to note that the scatter of the data at large frequencies
does not allow to estimate a precise value of x,. We choose x, = 10~ 7 by visual inspection.

For the estimation of the skewness parameter f, we consider the third order structure function S, of
(A.20) rewritten as

S, (1) = 3BE{(AIR)" (A1)} + PE{(AiS)’}, (A.32)

where AIR = Rj — R, and A;S = §; — S, for | > o. Given paths of R and S, our estimator for f is the
value that minimizes the distance, in the sense of least squares, between the empirical third order structure
function and (A.32) for a suitable range of scales ! (between the smallest scale and the location of the peak,
see Figure A.4.2(b)).

The complete estimation procedure can be described as follows. We first neglect the skewness param-
eter f and we estimate the parameters of g under this restriction from the sdf. Then, having a simulation of
the o process, we perform a simulation of (A.20). Using this simulation, we estimate f8 as described above.
Next, we re-estimate the kernel g using the empirical sdf and the current value of f. We perform this algo-
rithm until we observe stabilisation of . This algorithm has proven to stabilise after 7 iterations. Figure
A.4.8 shows the parameters of g and f obtained after each iteration. The resulting g function is depicted in
Figure A.4.9.

The algorithm described above produces similar kernels in each iteration. Therefore it is reasonable to
assume that the L*-distance between these kernels is small.

The following Lemma provides some bound for the convergence of (A.20).

Lemma 20 Consider the model (A.20). Let p, f, > oand g, g € L, (R). Assume that:

1. ¢ = Efo*] < o0.

2. max{||g, — ¢ L(R) ’ g —g L.(R)} < W,fore > o.
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Figure A.4.8: Estimated values of the parameters of the (2, x,)-gamma kernel g with x, = 1077 and
estimated value of the skewness parameters p for each of the iterations performed.
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Figure A.4.9: The (2,107 7)-gamma kernel g corresponding to the estimated parameters in Figure
A.4.8 (iteration 7). Time t is measured in units of the finest resolution of the data.

Then, we have that
||Vt (gl’ 7, ﬁ1) — W (g> o, IB)HLZ(Q) < C‘/2|ﬁ1 - ﬁ| ”gHL,(R) + e
Proof. Let
t
po= [ a9 -gl-9}ods.
t
[ tBa -9 -asc- 9} e

e
I

for t > o. Observe that

@=A/l{&U—O—ﬂrﬂﬂﬁ%+0%—M/;gG—Odﬁ

Then
t
||Vt (glaavﬂl) 7vt(g70'a,8) Lz(Q) ||Pt LZ(Q) =+ |ﬂliﬁ‘ H/ g(tis) O?ds
—o0 L.(Q)
t
[ -9 -glt-9)aa
— L.(Q)
The Cauchy-Schwarz inequality implies that
Eloiet] < E[o}] " E[o}]" = E[o*] =, (A33)

forany (s,r) € R*. Thus,

t
H/ g(t—s)oids

2 t 2
—EK/’go—ﬂdﬁ)]Scmzm
L,(Q) -0

59



and
2

<cllg — gl ) -
L.(Q)

|/ tee-o-e0-apa

1td isometry and (A.33) imply that

[Pt

@) < ¢ |lg — gl

L.(R) *
Thus,
||Vt (glv g, ﬂl) — Wt (g7 g, ﬁ)HLz(Q) < 61/4 ”gl 7gHLz(]R) + CI/Z |ﬁ1 - .B| Hg”L,(]R)
+Cl/lﬁl g — ¢ L(R)
< e+ B, —m llg L(R)

which concludes the proof. m

Under certain assumptions, we can ensure that the estimation procedure gives reasonable estimators
for the skewness parameter . Assume thatv; (g, o, B) is the ideal model with gin the class of (2, x, )-gamma
kernels. Let {g, } ney be asequence of (2, x,)-gammakernels and { 8, } . a sequence of positive numbers,
and assume that E [¢°] < 00, g, — g pointwise and g, bounded by an integrable and square-integrable
function.

Following the notation in (A.20), for each n € N, we decompose ; (gn, o, ,/.3") = Ri(gy,0) +
B, St (gn, o). Forl > o,let

aj = E[(AR(g:, )" (AS (g, )],
a = E[(AR(g0))" (AS (g 0))],
I = E[AS(gn0)],
b = E [(AIS (gna 0'))3] )
fo(5B) = 3(Bar—B,al) + (Bl — b)),

where AR (+,-) =R/ (+,+) =R, (+,-) and A S (+,-) = Si (+,+) — S, (-, +). Observe that fis the difference
of the third order structure functions of v (g, a, ﬂn) and v (g,, o, ).

Lemma 21 af — ajand b} — by, foranyl > o.
Proof. Define

o/ (s) = & (l=5) =8 (=) 100 (5)
o(s) = g(l=35) —g(=5)1(—00.) (5) -

E[0°] < coimpliesthat (s,, s,,s,) — E [U; oy 0:3} isabounded function in R*. Thus, from the Dominated

Convergence Theorem,

b = E[(AS(gn0))]
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1 1 1
- / / / 01(5) 9 (52) 91 (5) E [ 2202 ] ddssds, = by

On the other hand, from Ité isometry and the Dominated Convergence Theorem,

ai = E[(AR(g:,0))" (AS (gn;0))
= E[AS (g1, 0) E[(AIR (g4, 0))" |o]]

= El/lmﬁ(S)cr?ds.EK/lm(p;‘(r)a,dBr>2|gH
- /_l . /_l o) (¢7 (r)* E[o?0?] dsdr
7 /_loo /_loc 9, () (¢ (r)" Elolo}] dsdr = a.

This finishes the proof. m
The next Proposition ensures that a converging sequence 3, converges to the right value.

Proposition 22 Assume there is some l, > o such that f, (lo; f) = o and that p, converges. Then, B, — B.

Proof. Assume that [, > o satisfies f, (I,; f) = o. Then,
. _ n 3 _ R31 —
Tim {3 (Ba, — B,at) + (B0, — Bib)} = o.

This implies
3(B—B.)a,+ (B =) b, =o,

where §, = lim §§. Therefore,

(B—B.) Gaw + (B + BB+ 52) b) = o,

Thus, necessarily, B, = . m

A.5 CONCLUSION

The analysis performed in this paper clearly demonstrates that Brownian semi-stationary processes are well
adapted to reproduce key characteristics of turbulent time series. The parameters of the model are solely
estimated from the marginal distribution and the correlator ¢, , of the energy dissipation [30] and from
second and third order structure functions of velocity increments. This has been done under the specific
model specification (A.20) with a (2, x,)-gamma kernel g. The use of a (2, «, )-gamma kernel is motivated
by its ability to reproduce the empirical sdf. The fact that, starting from second order and third order struc-
ture functions, higher order structure functions, the evolution of the densities of velocity increments across
scales and the essential statistics of the Kolmogorov variable are also reproduced clearly indicates the ap-
propriateness of the semi-parametric model (A.20).

In [12, 19] a similar approach for modelling turbulent velocity time series is suggested. They propose
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a causal continuous-time moving average of the form

Y, = / g(t—s)dL, (A34)

where L is a Lévy process with zero mean and finite second moment. A non-parametric estimation of the
kernel g from second order statistics of turbulent data shows the same qualitative behaviour as the kernel
estimated in the current study. The extraction of the driving noise L from velocity time series is addressed
in [ 19] showing that the autocorrelation of the energy dissipation resulting from the model agrees well with
empirical findings. The performance of (A.34) for turbulence modelling beyond second order statistics is,
however, not discussed. It would be interesting to compare the two approaches in more detail, including
more of the stylised features discussed in the present paper.

The data set analyzed here has a relatively high Reynolds number, with a visible inertial range. It is
important to investigate how the model performs for lower Reynolds numbers, where inertial range scaling
is not observed. Concerning the model for the energy dissipation, this has been done in [30] where it was
shown that continuous cascades are equally suitable for a wide range of Reynolds numbers. For the velocity
field itself this is work in progress.
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APPENDIX

The normal inverse Gaussian (NIG) distribution is a four-parameter family of continuous probability dis-
tributions whose probability density function is given by

o (000 (52))

e (x50, B 8) = 2
G (x5 a, B, g, = — ¢ =
) a(5*)

4
)

(A35)

where y = a* — f,q(x) = v/1+ «* and K, denotes the modified Bessel function of the second kind
with index 1. The domain of variation of the parameters is givenby y € R, § € R4, ando < |f| < a.
The parameters a and f are shape parameters, y determines the location, and § determines the scale. The
distribution is denoted by NIG (a, §, &, §).

The normal inverse Gaussian distribution is a subclass of the generalised hyperbolic distribution. These
distributions were introduced by Barndorff-Nielsen [ 5] to describe the law of the logarithm of the size of
sand particles.

The cumulant function K (z; a, B, 4, §) = logE [exp {zX}] of a random variable X with distribution
NIG (a, B, u, 8) is given by

K(z;a,B, 4, 8) =zu+8 (7— ar — (ﬁ—l—z)z) . (A.36)
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It follows immediately from this that the normal inverse Gaussian distribution is infinitely divisible. Namely,
if X; ~ NIG (a, B, ;s 8,-), i = 1,2, are independent random variables, then we have X, + X, ~ NIG(a, 8,
U+, 8 +8,).
It is often of interest to consider alternative parametrisations of the normal inverse Gaussian laws. In
particular, letting @ = 8a and E = 5B, we have that @ and B are invariant under location-scale changes.
Sometimes it is useful to represent NIG distributions in the so-called shape triangle. Consider the
alternative asymmetry and steepness parameters y and £ defined by

E=0+7) 7, x=0t

where p = f/aandy = §y = §/a*> — B*. These parameters are invariant under location-scale changes.
Their range defines the NIG shape triangle

{(r§)o<t<,—E<y<E}.

When y = o the NIG distribution is symmetric. Values y > o indicate a positively skewed distribution
and y < o a negatively skewed law. The steepness parameter £ measures the heaviness of the tails of the
NIG distribution. The limiting case £ = o corresponds to a normal distribution.
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Paper B: On the cumulants of increments for two
classes of Brownian semi—é‘tationary processes

JosE ULisEs MARQUEZ
DEPARTMENT OF MATHEMATICS, AARHUS UNIVERSITY.

ABSTRACT

In this article we obtain formulae for the cumulants of the increments of two classes of Brownian semi-
stationary (BSS) processes. The first class corresponds to BSS processes where the volatility is a Lévy
semi-stationary process and the second class consists in BSS processes where the volatility is given as the
exponential of an ambit process. We analyse and apply these formulae having in mind applications in the
context of turbulence. Specifically, we apply these formulae to some particular examples of BSS processes
that are relevant as models for turbulent velocity time series.

B.1 INTRODUCTION

In this note, we study the cumulants of the increments of Brownian semi-stationary processes (BSS). The
BSS processes, introduced in [9], are stochastic processes of the form

¢ t

Zt:y-l-/ g(t—s)Esst—i—/ q(t—s)cds (B.1)
— 00 — 00

where g and g are deterministic functions with g (f) = g (t) = ofort < o, € and ¢ are adapted stochas-

tic processes, (B), p is standard Brownian motion on R and y is a constant. When the process (&;, ¢,) is

stationary and independent of B, Z is stationary itself. In general, the BSS processes are not semimartin-

gales which make them a very interesting class of stochastic processes. For a more detailed and extensive
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discussion about the BSS processes and their use as modelling framework, we refer to [7, 9, 5, 14, 24, 27].

BSS processes have been used to model time series of the turbulent velocity field for stationary and
isotropic flows (see [24, 27]). In this paper we restrict our attention to the particular case where ¢ = 2,
which arises in the context of turbulence. In this setting, the process € is interpreted as the turbulent
energy dissipation, a process that measures the loss of kinetic energy in a turbulent flow due to friction
forces.

The increments of the process Z contain relevant information about the process Z and of its elements
(g 9, € and ¢). For instance, the increments may indicate how much the process Z varies, e.g. if it has finite
quadratic variation (see, e.g. [5]). The increments of Z also provide a way to estimate its parameters (see
[14, 24]). In addition, the increments of Z are relevant for the theory of turbulence since the increments
of the velocity field are the object of study in the Kolmogorov-Obukhov theory ([18]), which is probably
the most important theory in turbulence.

In this paper we find formulae for the cumulants of the increments of Z assuming that ¢ = &> and
where €* has two forms: 1) * is a Lévy semi-stationary process (see, e.g,, [29]); 2) £* is the exponential
of an ambit process driven by a homogeneous Lévy basis on R”. In the first case, the formulae we find are
given in terms of the Lévy seed of the Lévy process that drives . In the second case, we obtain a formula
for the n-th moments of the increments of Z in terms of the Lévy seed of the Lévy basis that drives log .
These formulae can be used to iteratively compute the cumulants of the increments of Z. The second case
is pertinent since it has been used to model the energy dissipation and turbulent velocity time series (see
[24,27]).

This paper is organized as follows. Section 2 contains the necessary background to understand the role
ofthe increments and their importance in turbulence. In Section 3 we derive a formula for the camulants of
the increments of BSS processes assuming that £ is a Lévy semi-stationary process. In Section 4 we apply
the formulae derived in Section 3 to some specific examples of Z. Section § presents a formula for the n-th
moments of £> assuming that it is the exponential of an ambit process. We use this formula to compute
iteratively the cumulants of the increments of Z. In Section 6 we apply the formula derived in Section 5 to
some specific examples of Z. Section 7 concludes.

B.2 BSS PROCESSES AND TURBULENCE

BSS processes have been used as phenomenological models for the temporal velocity field in turbulence
([8, 24]). The strength of the BSS modelling framework lies in the fact that the volatility term £ = ¢ and
the functions g and g can, to a large extent, be chosen arbitrarily.

In these BSS models g = f - g, where f > o. The parameter f8 controls the skewness of increments
of the velocity field and is called the skewness parameter (see [8, 24]). In [27] it is shown that, taking
g proportional to the convolution of gamma densities, BSS processes accurately reproduce the spectral
density function found for turbulent time series (including the 5/3rd-Kolmogorov law).

According to [8], €* = ¢ can be identified with the energy dissipation. The literature provides a num-
ber of different phenomenological models for the energy dissipation (see, e.g., [18, 20, 28], and the refer-
ences there). Of particular interest here are ambit models. Ambit models are a continuous generalization
of cascade models ([11, 13, 19, 21, 20, 22, 28]), which are an important and well-studied class of phe-
nomenological models for the energy dissipation. Ambit models are able to reproduce a very rich class of
probability laws and their ingredients can be chosen in a way such that the empirically observed scaling
and self-scaling of certain moments of the energy dissipation are reproduced. This potential to model the
energy dissipation has been illustrated in [28].

In [24], it is shown that the BSS models are able to reproduce the main stylized features of turbulent
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velocity time series. Assuming that * is given by the ambit model estimated in [28] and thatgandq = - g
are proportional to a shifted convolution of gamma densities, the parameters of the BSS model (B.1) are
estimated from data obtained in a helium jet experiment. The shift in the convolution of gamma kernels
was introduced to reproduce the behavior of the spectral density function at very small scales. The results
in [24] show that BSS processes are able to reproduce: 1) the probability law of the increments of the
velocity field; 2) the structure functions of order p = 2, 4, 6; 3) scaling and self-scaling observed for the
energy dissipation; 4) the conditional independence of the Kolmogorov variable; and 5) the skewness of
velocity increments. All these features are directly related to the increments of the velocity field. For this
reason, it is essential to better understand the increments of BSS processes and to have at hand formulae
that allow to compute cumulants without time-consuming simulations of the underlying process.

B.3 FORMULA FOR THE CUMULANTS OF THE INCREMENTS OF A BSS-PROCESS FOR €
SPECIFIED AS A LSS PROCESS: THEORY

Consider the BSS process

t t
X; = / g(t—s)edB + / q(t—s)exds (B.2)

where g € L* (R) andq € L' (R), withg(x) = q(x) = oforx < o, and ¢ is a Lévy semi-stationary
process (LSS) independent of B given by

€ = /_t h(t—s)dLs, (B.3)

where, under the truncation function T = o, L is a subordinator with characteristic triplet (m, o, v) , and
h € L' (R) is non-negative satisfying h (x) = oforx < o and

t
/ / (A AR (t—s)a*) v (dx) ds < o0. (B.4)
—oo JRy4
Besides, we also assume that L has finite first moment, i.e. that

E[LJ:/R xv (dx) < 50, (B.s)

Under these assumptions, the process X is well-defined. Condition (B.4) ensures that the process £ is
well-defined (see [10], Corollary 4.1). In the remaining part of this Section, we deduce a formula for the
cumulants of the increments of X in terms of the cumulants of L' = L,.

B.3.1 PRELIMINARY CALCULATIONS

Let AJX = X; — X, fort > o. We have that
AX = / ¢, (s) €,dB; + / Vv, (s) elds
R R
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where, for t > o,

¢, (s) = (g(t—s) —g(=s)), and ¥, (s) = (q(t —5) —q(=9)). (B.6)
Then, the cumulant function C {z I A;X} := log E (exp {izA:X}) of A/ X is given as
C{ziAX}=IogE (exp {—zzz /R ¢? (s) exds + iz/]R v, (s) 8§ds}>

:kgEGq{—fA;é¢ﬂgh@—4%&@&+&A;4yAgh@——0dL%D.@7)

The formula for the cumulants of A.X in terms of the cumulants of L’ that we obtain in this Section is a
consequence of the Fubini Theorem [ 2, Theorem 3.1] applied to the double integrals in (B.7). In the next
lines we check that ¢, ¥, h, and L satisfy the conditions stated there.

Remark 23 Since h, q > o, Tonelli's Theorem implies that

/R/R%(S)h(s_r)der:/R/R‘/’t(s)h(S—f)drds<oo
[ [e@ne—ndar= [ [ g6 nt—rnad <o

The Fubini Theorem [ 2, Theorem 3.1] applies to centered Lévy processes. Therefore, for the moment,

and

we will consider the process Y; = L, — tE[L}], where L/ is the pure jump part of L under the truncation
function 7 = o (i.e. the characteristic triplet of L/ under the truncation function 7 = o'is (0, 0,v)). Let

¢ : R — Rbe given by

o(y) = /R (()’u)l pyul<iy + (2 [yu] —1) 1{\yu|>1}) v (du)

+

and for all measurable functionsf : R — R define

I, =it {e> 05 [ o). de 1)

Moreover, let L? = L? (R, B (R)) denote the Musielak-Orlicz space of measurable functions f with
/ () ul® A [ (w) ] v () dw < o0,
RJRy

equipped with the Luxemburg norm |[ﬂ|¢ (seee.g. [15]). Fort > o, define

fi(x,5) = ¢} (x) h(x —s) and f{ (x,5) =y, (x) h(x—s),
and

ﬁc,t :ﬁ (xv ) and fz,t :fti (x’ ) .
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We want to change the order of integrationin I, = [,, ijg x,s) dLidxand L= [, [.. fl (x,s) dL,dx. Thanks
to Remark 23, we do not need to worry about the drift term of Yand the work is done if we change the order
of integrationinZ, = [, ijg x,s)dYdxandZ, = [ fqu x,s) dY;dx. We apply the Fubini Theorem
to Z, and Z,. There are only two conditions to check in the Fubini Theorem [2, Theorem 3.1]: 1)j§c¢t ,
fi, € L? forx € R;and, 2) fJR Hfg t” dx < 00 and fJR HthH dx < 0. Since h € L' (R), from (B.s)

follows that jg cand fg ¢ belong to the Mu51elak Orlicz space L?, i.e. jfc ‘) ﬁ,z € L? (condition 1). Besides,

E(’/}I{ﬁt(s)dl@) < z<p§(x)//R+h(x—s)uv(du)ds
= gt (e //]R+ )uv (du) d
= e () <
and, similarly,
E(’/sz,t(s)dn) 2]y, (x I//[R ) uv (du) d
= 2y, (0] <

Sinceﬁ,t andfz,t are in L?, Theorem 2.1 in [23] shows that

Il <5 (| [ ax)) ), < s (| [ o0

H/iJ‘q) < 16¢¢? (x) and |lﬂ;7tH¢ < 16c|y, (x)] -
Since g € L* (R) and q € L' (R), this implies that

/|L}§C,t||¢dx<oo and /|m,t||¢dx<00-
R R

This proves the second condition in the stochastic Fubini Theorem. The Fubini Theorem implies that

/R/Rﬁ(S)h(s—r)dY,ds:/R/R(pf(s) S_,dsdy_/ /‘Pt h(s 1) dsd,
[ [ vntemnarac— [ [ v@nicmngan = [ [ v@nenar,

It follows that

).

Therefore,

/R/R‘/’:(S) s —r)dL.ds = / /¢>t (s — r) dsdL,
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and

//% h(s—r) dL,ds — / /% h (s — r) dsdL,.

Remark 24 Fubini Theorem 3.1 in [2] also states that f; (-,s) ,f! (,s) € L* (R), for almost all s € R (with
respect to the Lebesgue measure); i.e.

/1//t h(s—r)ds < oo and /(/:t h(s—r)ds < o0,
for almost all v € R. However, in our case, this is also a consequence of Remark 23.

B.3.2 CUMULANTS OF A;X RELATIVE TO THE CUMULANTS OF L

Now we can proceed to find a formula for the cumulants of A;X. For (t,z) € Ry x R, let H;, :
(—00,t) — C be the function given by

e )= [ (v hs—n) - 20 9hG =0} s (B9)
when the integral exists, and o otherwise. Then, from (B.7),
C{ztAX}=logE (exp{/t Hi, (1) dL,}) = /t C{H,.(r) 1L} dr
/ Z“’” )y () ar, (B.o)

where «,, (X) denotes the cumulant of order m of the random variable X.

Proposition 25 Lett > o and assume that all cumulants of L' exist. Define

(t,r) /\//t r)ds and C, (t,r) /([)t h(s—r)ds, (B.10)

when the integrals exist, and C, (t,r) = C, (t,r) = o otherwise. If H, . (r) = izC, (t,r) — 12*C, (t,r) and

3 (L/)[ |H . ()" dr < o0 (B.11)

forz € D C R, then

oo . L/
C{ziAtX}— 1G24 / Z ( )cm—f(t po (e ) g ) pa)
=" ml
=Tj/2]
for z € D. In particular, if there exist § > o and M (t) > o such that

max {|C, (t,7)|,|C, (t,r)|} < M(t) e, (B.13)
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then (B.12) is true for |z| sufficiently small.

Proof. Changing variables and using the regular Fubini Theorem, for z € D, we can rewrite (B.9) as

m

Clztax)= / Z"'"m, IS () @ e 0 S e e

I=o0

[ Xy ()eeneen 2w

[ (" Verran o en 22 ey a
oo am — 2 m!
/mi > ( )C”"’(trw () ) ey ay

j=t m=[j/2]

/ 5 ( )C””’(tr)C’m( y )y,

=1 B m=[j/2]

This proves the first part of the proposition. Now, assume that the functions C, and C, (B.10) satisfy (B.13).
Then, there is a constant K > o such that

S ] oSS [ (e o) s
S [ (el e e e
= |
<K / (e enr s e el d
g1<§:|z|’" (zmﬂ+1|z|"“)M(t)'" / o
p— 2 —o0

mnt

oo 1 ¢
<K ’"(’"“ - m)th—
KO (4 ) M
- KZO" (22| M (t) e*)" N

T2y m 21 m

m=i

for small |z|. This finishes the proof. m

As a consequence of Proposition 25, we have that the cumulants of A¢X can be expressed in terms of
the cumulants of L.

Corollary 26 Assume that all cumulants of L' exist. Let t > o. If the conditions (B.11) or (B.13) are satisfied,
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then we have the relation

j / t
ki (AX) = j! Z ( " )Km(L)/ C" I (t,r) O™ (tyr)dr j €N, (B.14)

- am—j) =™ ml
m=[j/2]

Remark 27 Ifwe assume that ¢ = o in (B.2), then C, (t,r) = o. Under the condition (B.11), this implies that

j /((L )) L Cl (k) dr ifjiseven
K]' (AtX) - ) (Bls)

o ifjis odd

forje N.

In the derivation of the formulae (B.12) and (B.14), we have assumed that all cumulants of the Lévy
seed L' exist. This is a very strong and restrictive condition. More generally, for the formulae (B.12) and
(B.14) to hold it is only necessary to have that E { (L)' } < oo for some j € N. In this way, the cumulant
function of L’ can be written as

C{ziLl'} = Z Km"(j/) (iz)" + o (|z|’) as z — o. (B.16)

m=1

Relation (B.16) can be used to reproduce the same arguments that led to the formulae (B.12) and (B.14).
In this case, condition (B.11) can be replaced by

J / t
o Enll) / |H, - (7)]" dr < oo,
m! oo

m=1i

B.4 FORMULA FOR THE CUMULANTS OF THE INCREMENTS OF A BSS-PROCESS FOR €*
SPECIFIED AS A LSS PROCESS: EXAMPLES

In this Section we study the cuamulants of A,X for four examples of X given by (B.2) and assuming that £* is
a LSS process given by (B.3). We assume that all camulants of the Lévy seed L' exist. For the first example,
q = o,g(x) = e ™, (x),ford > o, and €* is an Ornstein-Uhlenbeck process. This specification
of X permits to obtain closed expressions for the cumulants of A;X in terms of hypergeometric functions.
In the second example, ¢ = o, gis proportional to a gamma density and €* is an Ornstein-Uhlenbeck
process. For the third example, g and g are proportional to a gamma density and, again, €* is an Ornstein-
Uhlenbeck. In the last example, g, g and the kernel /1 of £* are proportional to a gamma density. In this last
case, the marginals of (B.2) are generalized hyperbolic distributions. The last three examples are relevant
in the context of turbulence modelling.
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A

B.4.1  EXAMPLE 1: ¢ (x) = e*1r, (x), ORNSTEIN-UHLENBECK PROCESS £*
4 8 + %)

Ford,p > oand 21 # p, consider the model (B.2), (B.3) with g (x) = ¢ ™1, (x),q = o, h(x) =
¢ P1g, (x) and L a subordinator. Then, fort > o,

97 (s) =M (1= ) 1p_ () + e 1 (s)

and
672%
C(t,r) = . Pe’" (e(l)‘fp)t — em*")') 1, (r)
pr 2
)Le ((1 _ e—lt) (1 _ e(zl—p)r) + e—zlt (e(z)u—p)t _ 1)) R (7‘) ,
24—p

where ¢ and C, are the functions defined in (B.6) and (B.10), respectively. For m € N, we define

efzmltempr N N m
C:n (t, 7') = W <€(z Pt _ 6(2 7}7)’) I]RJr (I’)
mpr s m
+( l(3 )m ((1 . e—lt) (1 _ e(zl—p)r) + e—zlt (e(zl—p)t _ 1)) R (r) ,
2d —p
_ 1
= W (D, (m,t,r) + D, (m,t,r)).
We expand D, and D, as
D, (m, t, 7’) _ e—zmltempr (e(z)l—p)t _ e(zl—p)r) R, (1‘)

m

_ ey (m) (1) el AP =pn—i) ()

. i
1=0

and

D, (m,t,r)=¢"" ((1 - eilt)2 (1 - e(ﬁ‘*”)'> 42 (e(ﬂ*p)t — 1))m r_(r)
m . i (22—p)t _ m—i
m _ 2i A—0)r (4 1
=" E (1) (1—e )‘t) (1 ) ) (em ) r_ (r)

= 2i (2d—p)t _ m—i i : . B
:Z: (7:1) (1 — e—lt) (eezml) Z: (;) (_1) e((z?» p)n+mp)r1]R7 (7‘) )

We get

¢
Ip (m,t) = / D, (m,t,r)dr

t
_ e—zmltZ(ﬂ.’l) (_l)ie(zA—P)t(m—i)/ (GA=p)itmp)r
! o

i=o
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((@A=p)itmp)t

_ —amMt - m R (2lfp)t(m7i)¥
() e S

and

S (M- () 2 Wleerrer

; (_l)n (1 - E_M) 2i e—zlt(m—i) (e(zl—p)t _ 1) (m—i)
i—o n=o (ﬂ) (21 - P) n—+ mp
B " )\ (i) ()" (1 _ e—u)li g 2M(m—i) (e(zl—p)t -~ 1) (m—i)
_Eg(’>(”) (A —p)n+mp
B zm: m—n m itn (71)n [(1 . e,m)l]i-‘rn [Cilm (e(?-)»*ﬂ)t _ 1)]m—j—n
_n:w: i+ n < n (2l—p)n+mp )

The expressions for Ip, and Ip, can be rewritten in terms of hypergeometric functions. For this, we
need the next lemma.

Lemma 28 Leta,b € R, c,d > oandm € N. Then,

Z (/ m ) (] + ﬂ) grnpm—i—n — (m) a" (a+ b)m_", n € NU{o}
j= VAN "

and
" /m\ a"b" " b" dm dm a
== 721:"1 -m,—, R K j .
nz:; (n) cn+dm  dm < " c L c b) if la/b] <1
In particular,
g i+ n n cn+dm dm c c a+b

Lemma 28 implies that
m ) e(GA=p)itmp)t

_ _—amlt m N\ A—p)t(m—i
Ip, (m, 1) =e {Z(z>( ) e (A —p)i+mp

m i (A= p)t(m—i)
_Z( ) (22 —p)i+mp
1 pm pm
= 72F1 — ) 9
pm ( mﬂ—PhLzl—Pl)
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_em ,F, (—m, il 1+ P ,emp)t)
pm 20 —p 20— p

IF'ai+m 1"(1+ Pm) —ptm
1 ( ) 20—p e P ZFl (_m pm 1+ pm e—(zl—p)t)

e m) e R Ry
and
dy' (t) pm pm_ (1—eM)’

I t) = - 2F1 -_m, 9 )

b, (m,1) pm ( mzl—pl+2l—p d, (t)
where

d, (t) = <(1 _ e—lt)’- + e—zlt (e(zl—P)t _ 1)) )

Therefore,

1

/_m Cbn)dr=ra— /_Oo (D, (m, t,r) + D, (m, t,r)) dr

1 I'(l—Fm)I‘(l—FjTP)
S e | (w2
_e—ptmzpl —m, pm 1+ pm ’e—(z?»—p)t
20 —p 20— p

—At)?

m pm pm (1—e )
ZFI - ) ’ .
+d (t) < mz}t—pl+zl—p X0 )}

The function C, satisfies the condition (B.13) in Proposition 25. According to (B.15), assuming that L’
has finite moments of all orders, we have that

kn (L) em)! [ pm pm (1= )
X) = _
Kam (AX) 2mm! (24 — p)” pm Ay (e)oF f=m, 2 —p’ o 2A—p’ 4 (1)

F1+mf(1+ Pm)
Comr(iefs)

: 1<_m» o+ ve(w)t>
I'(lerJr%) 2 —p A —p

and «,,—, (AX) = o,form € N.

+

In the following, form € Nandt > o, k,, (A;X) denotes the normalized cumulant x,,, (A, X) =
km (AX) [ (L), where L’ is the Lévy seed of the process driving £. We reserve the term normalized cu-
mulant only for the cumulants ¥ and standardized cumulant for the cumulants

T (AX) [7* (AX) o1 ko (AX) /627 (AX).

We have that
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and

3¢ (Aot (e“ — 2) (462“1 —2ef'p — 2 (21 — p) etp)t 4 o(A+p)t (22 — p))
4dp (41" — p?)
6-T (Z;fp)

A—p\
(24 p)’T (ﬁ_ﬁ)

Ky (AtX> =

+

It is easy to check that

~ 3 6-1"(2;;)
K4 (AtX) t—>_> A A + a_ .
o0 4p (2 + p) (2l+p)3f( ")

20 —p

The kurtosis ¥, (A:X) /%2 (A¢X) is decreasing as a function of t, and decreasing as a function of A and
p. This suggests that the non-normality of A, X escalates as the value of A and p increase.

Even in this simple case, despite it was possible to find closed expressions for the cumulants of A/X; it
is not feasible to determine when the distribution of the increments of X belongs to a known class. This
exemplifies the complex dynamics exhibited by the increments of a BSS process (B.2).

A

B.4.2  EXAMPLE2: g (x) = x%¢”"1p, (x), ORNSTEIN-UHLENBECK PROCESS &>

Fora > —1/2,1,p > oand 21 # p, consider the model (B.2), (B.3) with g (x) = x%¢ "1, (x),q = o,
h(x) = e "1, (x)and L asubordinator. BSS processes of this type have interesting mathematical prop-
erties and they are relevant as models for the temporal turbulent velocity field. Among the most remarkable
mathematical properties for this class of BSS processes, we find multipower variation type limits and that,
in general, X is not a semimartingale (see, e.g., [14]). The parameter a controls the smoothness of X and
determines when X is a semimartingale: X is a semimartingale if and only if & > 1/2.

From the modelling perspective, it has been shown in [27] that the BSS process (B.2), under the as-
sumptions of Example B.4.2 with @ = —1/6, reproduces the so-called 2/3rd-Kolmogorov law, according
to which turbulent velocity increments obey

E{(X; — X,)’}  £/3, (B.17)
for a certain range of scales .
Fort > o,
Pr(s) =M ((t—s) e — (—s)"’)2 i (s) + ¥ (t—s) eﬂ)‘tl(oﬂ) (s) (B.18)
and
eP(r—1)
C(t,r) = (21—711)2“4_1 (C(a+2a) =T (+2a,(t—r) (24 —p)))1r, (r)
P (r—1)
+—— {—ze_“e”tR (1) + (1+e")T (14 2a)
(24 —p)

—e”T (14 2a,—r (20 —p)) = T (1 + 24, (t — r) (22 — p))} wik_ (), (B.aog)
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where the function R : R™ — Ris defined as
R(r) = / (t—5)" (—s)" AP,
It is difficult to get a general expression for the cumulant of arbitrary order. For m = 2, we have that
t
/ e (tyr)dr =1L+ L+ + 1,
— 00
where

[ t eﬂ(’ft) r r 1 d
1—/0 W< (142a) =T (1424, (t—r) (21 — p))) dr

— L (470 (14 22) — T (14 24, 21))
2p

+2¢ P (20 — p) (T (1 +2a) — T (1 +2a, (24 — p) t)))
o r— 1y e
L=— / e t)zf 26 MR (1) dr = = VAT Cf;(l”“)
—o0 (22— p) pr (—a) (21 —p)

° eP(V_t) 4_aa
I :/ @ (T (1+2a) =T (1420, —r (22 — p))) dr = — AT (2a)
—oo (24 —p) P

Ki +a (t)&)

° P (r—t)
L= S TGt Tt aa (-0 (A p)

—o0 (24 —p)
—1—2a) 124 —pt 1— —172a
:271"(14—241,27#)—&—6 (21 =p) (T(142a) =T (1+2a,t (21 — p))) .
P p

It seems not possible to express the sum of the I;’s in a simple nice expression. However, the results pre-
sented here permit to numerically compute the cumulants.

X

B.4.3 ExAMPLE 3: g(x) = x"¢ “ip, (x),q (x) = xPe #1p, (x), ORNSTEIN-UHLENBECK PROCESS £

For min {a, $/2} > —1/2and A, p, p > owith 21 # pandy # p, consider the model (B.2), (B.3) with
glx) = x“e*“lﬂbr (%),q(x) = x’;e*‘mlR+ (x), h(x) = eP*1g, (x) and L a subordinator. This class
of BSS processes is a generalization of the class described in Section B.4.2. The main difference between
Example B.4.2 and Example B.4.3 is that the increments display non-vanishing odd cumulants (which is of
particular interest for turbulence modelling).

Fort > o, we have

40 = e (10— 9 — (<9 1 (9 4 (= 9 1 9
which yields
e P(t—r)
Cltr) = — (T+B) ~T(+h— (=) (a—p))ix. ()
(6 —p)
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P (t=r)
(ypp)l”{("ptl)““rﬂ)T(l+/37(tf)(yp))

—T 1+ B, —r(p—p)) e ().
The functions ¢, and C, are given as in (B.18) and (B.19), respectively. The functions C, and C, satisfy

the condition (B.13) in Proposition 25. Therefore, assuming that L’ has finite moments of all orders, the
cumulants of A.X satisfy (B.14) and the cumulants of A;X are given by the formula (B.14).

To our knowledge, it does not seem to be possible to express H; , in terms of simple functions. How-
ever, (B.14) can be evaluated numerically.

B.4.4 EXAMPLE 4: GENERALIZED HYPERBOLIC MARGINALS

Forc,y € R,1 > oand —1/2 < a < o, consider the model (B.2), (B.3) with

ia—‘“/z _
glx)=c /xaeleﬂh (%),
T (2a+1)""
XM+1 B
_ 20 —Ax
q(x)_yl"(m—i—l)x 4 ]R+ (x)a
X_Zu_l —20—1 —796
hiw) = T (—2a) a s (2),

and L a subordinator. Choosing L’ such that the OU process

t _
Zt = / eil(tiu)dLu

has the generalized inverse Gaussian law GIG(A, y, 6), the law of (B.2) is generalized hyperbolic GH(2, x, 6, 0, ¢*, 7)
(see [3], Section 5.4). The density of the GIG(2, y, 8) distribution is given by

o\ "> P 1
oo = (1) e e ls (Ere)} rer

where K, denotes the modified Bessel function of the third kind and the parameters (1, y, 6) have to satisfy
one of the following three restrictions

x>0,0>0,4<o0 or y>0,08>0,1=0 or y>0,0>0,1>o0.
The density of the GH(2, x, 0, 4, =, 7) law is

A 1_
() = (Vo) (e+277)
fanoaeex = TS (Vo)
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o (V+z —w) (e+27p) ) 7700
Vo T - ) (6+377)

for (2, x,6,4,%,7) € R x R, xR*andx € R.

The above parametrization for the GH law is the so-called (2, y, ¥, y, =, 7)-parametrization (in order
to avoid confusion with the increment functions (B.6), we replaced ¥ by 0). We refer to [12] for more

information about the different parameterizations of the GH distribution and their generalizations to the
R case.

Notice that the distribution of X does not depend on the parameters (i, a). However, the law of A, X
depends of these parameter as can be seen in the expression of C;, i = 1, 2.

The GH class is a very rich and flexible family of distributions that nests several other distributions and
has found applications in different areas. For more information about this distribution and its applications,
we refer, for instance, to [ 1, 17, 16] and the papers cited in [12].

For the present example, for t > o,

—2a+1
l As 2a 2 2a As 24—
006 =T 1 (97 = (29 i )+ (1= 9" e 0 (9]
and
CZXLWH _ _ 2 _ _
06 = T 47 (=97 = (97 ) s (9 e (=9 e (9
Consequently,
_ _ _ et . —t
C (tr)= 7e_l(t_')1(o’t) (r) + ve {—1 + ()" sin (2a7) e Beta (%, —2a, o)
7
: tza-l—l —At(_\2a—1 t
_sin (24171) . (me+ 1§ r) ,F, (1’ 2a 4 1,2a + 2, ;) } IR (7)
and

_ _ _\eatr . .y
G, (t,r)= clefl(tfr)l(o,t) (r) + e {1 + (z)" " sin (saz) e Beta (g, —2a, o)

™
oT (a4 1) e M/
T(2a+1)T(1—a)
sin (2a7) £9He M (—p) 2 F (

7 (2a +1) o

—a r
—r) " ,F, (—a, a+1,1—a, ;)

r

t
1,2a +1,2a + 2, )}m (r)7
where Beta (-, -, -) : (—00,0) X (—00,0) X (—00, 0] — C denotes to the incomplete Beta function
o
Beta (x,a,b) = —/ W (1 — w)" " dw.
X
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—a+1

In general, Beta produces complex values; however, (—1) Beta (x, a, o) is always real.

The functions C, and C, do not satisfy the condition (B.13) in Proposition 25 but they satisfy a similar
inequality. Since —1/2 < a < o, the functions (71)m+1 Beta (%, —2a, o), .F (1, 2a +1,2a + 2, f) and
,F, (—a, a+1,1—a, {) are bounded. Therefore, there exists M (a,t) > o such that

max{[C, (6,1)],1C. (6:7)[} < M(a, ) (M7 V™ V).

Similarly to condition (B.13), since —1/2 < a < o, the previous inequality implies that H; , satisfies
condition (B.11). Thus, when E {(L’)"} < oo foralln € N, the cumulants of A,X are given by (B.14).

Formula (B.14) implies
k (AX) = 7k, (L) Ry, (Ea,1) + 7, (L) Ry, (ta,2)
¢ty (L) Ry, (B a,d) + 740k, (L)) Ry, (ta,2) + 7, (L) R, ;5 (ta,2)

2

>

2
|

for some functions &;;,j = 3,4,i = [j/2],...,j. The parameter y determines the magnitude and the

sign of the skewness «, (A;X) / K/ (AX), and the kurtosis x, (A¢X) /2 (A¢X) is controlled by cand 7.

B.s FORMULA FOR THE CUMULANTS OF THE INCREMENTS OF A BSS-PROCESS FOR £
SPECIFIED AS AN EXPONENTIAL AMBIT PROCESS: THEORY

This Section provides a formula for the n-th moment of the increments of a BSS process of the type (B.2)
assuming that £ is an exponential ambit process. In order to have a self-contained presentation, Subsection
5.1 introduces some basic preliminaries about ambit stochastics. Subsection 5.2 presents the formula we
have derived.

B.s.1 AMBIT STOCHASTICS: A SHORT REVIEW

Ambit processes were introduced in [6] as a framework for tempo-spatial modeling. These processes are
defined in terms of integrals with respect to a Lévy basis. In the present paper, we restrict our attention
to those ambit processes defined as the stochastic integral of a deterministic function with respect to a
homogeneous Lévy basis defined in R*.

We denote by BB, (R*) the set of bounded Borel subsets of R*. A Lévy basis A on R? is an infinitely
divisible, independently scattered random measure on R?, i.e. (A (4)) . By(re) I8 stochastic process such
that: (i) A (A) is infinitely divisible; (ii) A (A) and A (B) are independent if A N B = &; and, (iii) If
A, ..., Ay € By (R*) are disjoint and such that U A; € B, (R?), then

A (OAl) = Xn:A (4).

A Lévy basis A on R* is called homogeneous if A (A) LA (A+x,), forx, € R* A € B, (R*).
The stochastic integral [ fdA of a deterministic measurable function f : R* — R with respect to a
homogeneous Lévy basis A is defined in two steps: (a) If f = Y ' a1, is a real simple function on R*
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with A, ..., A, disjoint, for A € B (R*), we define

/fdA: iaiA(AiﬂA).

(b) If f : R* — R can be approximated almost everywhere (with respect to the Lebesgue measure) by a
sequence of simple functions {f, } as in (a), provided that the limit exist, we define

/A fdA = P —lim /A fdA, (B.20)

for A € B (R*). We say that a measurable functionf : R* — R is A-integrable if the integral (B.20) exists.

LetK{z I X} = logE {exp (sX)} denote the log-moment generating function of the random variable
X. Asbefore, C{z I X} := logE {exp (isX) } denotes the cumulant function of the random variable X. To
each homogeneous Lévy basis A, we can associate a random variable A’ such that

K{z1A(da)} =K{z}tA'}da,

and

C{ztA(da)} = C{z1 A} da.

The random variable A’ is called the Lévy seed of A. Notice that this concept is analogous to the concept
of Lévy seed that we have used for Lévy processes.
The stochastic integral [ fdA and the Lévy seed A’ satisfy the next relation.

Proposition 29 Let A be a Lévy basis on R* and f : R* — R a A-integrable function. Then

K{zi/Af(a) dA(a)} = /AK{zf(a) TA'} da
" C{zi/Af(a) dA (a)} :/AC{zf(a)iA'}da.

It follows from Proposition 29 that the distribution of the stochastic integral is determined by the func-
tion f and the cumulant function of the Lévy seed A’. We use Proposition 29 to obtain a formula for the
cumulants of the BSS process when £* is an ambit process.

For our purposes, an ambit process is a stochastic process (1}),,, of the form

y, = /Af((o,t) ) dA (a),

where A € B, (R*) and A; = A+ (o, t). For amore general definition of ambit processes and a discussion
of their mathematical properties, we refer to [4].

B.s.2 THE FORMULA FOR THE CUMULANTS

Consider the BSS process (B.2) with
e =exp{A(A+ (0,t)} t€R, (B.21)
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where A is a homogeneous Lévy basis on R* and A € B, (R?). In this Section, we deduce a formula for
the n-th moments of €* and the increments of X. These formulae can be used to compute the cumulants of
the increments of X in terms of the cumulants of A’.

Throughout this Section, Leb will denote the Lebesgue measure on R*and K [z] = K{z{ A’}. We
start by finding an explicit formula for the n-th moments of €>. The next result, taken from [25], is the
starting point to deduce such a formula.

Lemma 30 For(s,,...,s,) € R",

E{elel et} = exp{/ K
R).

Since the form of the ambit set A (see e.g. [28]) can be very general, the evaluation of (B.22) might be
difficult. The main obstacle is to split U?_ A, into the sets {x : Y7 14 (x) =j},j = 1,...,n. For the
type of ambit sets we are interested in, it is easier to compute the intersections of (A;,)"_, than the previous

Z 1, (r)] dr} . (B.22)

i=1

partition. To proceed, we need the next well-known result.
Lemma31 Let (Q,G, Q) be aprobability space. IfA,, . . . , A, are events, define

SulAi. . A) = > QA,N--NA4,).

1<, <. <i<n

Then, form =1,...,n,
n n . Lo
Applying Lemma 31 to the formula in Lemma 30 gives the following result for log E {652 g - er }
Lemma 32 For(s,,...,s,) € R",
/ K [Z 14, (r)} dr= n Z > (=)7K m] <Z>Leb (ASH n--- mAS,I)
R: i=1 m=1 l=m 1<i,<...<ii<n mn

:zn: 3 i:(—l)l_mK[m] (;)Leb(Ashﬂ---ﬂAsq).(B.23)

I=1 1<, <. <ii<n m=1

Proof . Define
V= U A, .
Form =1,...,nlet (B,)’ _ be the sequence of sets given by

B, = {"ERZ:Z%‘ (r):m}.
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Since K [o] = o, we have that

/z K lz 1, (r)] dr = /B K([m]dr = ZK [m] Leb (B,,) . (B.24)

i=1

Define

__Leb(4)
Q(A) = Leb (V)

The measure Q defines a probability measure on 55 (V). Thus, from Lemma 31, it follows that

Q(Bn) = Q({r: D, () = m}) =S (=) (m+ (nl; m)>sl (A, AL), (Bag)

i=1 I=m

where
Leb (ASU NN ASH)

Leb (V)

1<, <. < <n

The first equality on the right hand side of (B.23) follows from (B.24) and (B.25). The second equality is
a consequence of Fubini’s Theorem applied to the first equality. m

Formula (B.23) is easily evaluated numerically for n not too large. Furthermore, it permits an explicit
computation of the cumulants of the increments of X when A’ has a normal distribution and the ambit set
Ahas a specific form (see Section B.6).

Lemma 33 Letn € N. Under the convention H,(-):l ¢; (sj) = H,?:l v, (sj) = 1, we have that
/ol
E{(AX)"}= i —1)!!
(axry=3 (1) e

t t t t i
></ ds, - / ds; / dr, - / dr,,_z,-H ¢; (SJ)H‘/’t (s1)E {ESZ; €L Epe 'Einﬂ,} )
—o0 —o00 J—00 —00 =1 =

where n!! represents the double factorial of n € NU {0, —1}, and ¢ and v are the functions defined in (B.6).

Proof. Fort > o, define

t t
X; = / g(t—s)edB, X; = / q(t—s)exds,

and A X' = X — X, fori = 1, 2. Since

(AX) e~ N (o, /t ¢; (s) E:ds> )
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we have

i/2
_ (i—l! fioo ¢? (s) e2ds if i is even
E{(AX") e} = ( )

o ifiis odd.
Thus,

n

E{(AX' +AX)"} = Z (?)E {E {(ax)'[e} (AtXZ)”_i}

i—=o

anm (Z) (2i —1)IIE { ( /_t N ¢; () azds)i ( /_ toc v, (s) EidS) } :

i=o

E{(AX)"}

The desired result is a consequence of the Fubini Theorem applied to the last term in the above equation.
|

In the turbulence modelling context, the n-moments of increments of the temporal turbulent veloc-
ity field are relevant as they constitute a basic element in the so-called Kolmogorov-Obukhov theory. In
particular, for X to be a relevant model for the temporal turbulent velocity field, it should reproduce the
so-called 2/3rd-Kolmogorov law (B.17) for a certain range of scales t. Lemma 33 implies that, to satisfy
the 2/3rd-Kolmogorov law, ¢ (s) oc t7/6b (t) and ¥, (s) o< t7/3b (t) when tis in a neighborhood of o,
where b (t) is a bounded function in such a neighborhood with b (o) # o. In particular, X with g = o and
g(x) = xS M1p  (x),ford > o, satisfies (B.17). This example of the BSS process (B.2) was used
in [27] to model turbulent velocity time series. Lemma 33 can also be used to determine the behavior of
¢? (s) and ¥, (s) around o to satisfy other scaling rules, in addition to the 2/3rd-Kolmogorov law.

Lemmata 32 and 33 provide a way to compute the moments of the increments A.X. Furthermore, it is
possible to compute the r-camulants «, (A;X) by the recursive formula (see [26])

r—1

K (AX) =g, — Y (’ ; ‘)E {(AX)} kv (AX) 7> 2, (B.26)

j=1

The generality in the shape of the ambit set, the distribution of A’ and the form of the kernels g and
q make it difficult to get closed expression for the n-th moments and the cumulants of A.X. However, the
formulae in Lemmata 32 and 33 provide a simple way to evaluate the moments numerically. This might
help to analyze the distribution of the increments of A/ X.

B.6 FORMULA FOR THE CUMULANTS OF THE INCREMENTS OF A BSS-PROCESS FOR &*
SPECIFIED AS AN EXPONENTIAL AMBIT PROCESS: EXAMPLES

In this Section we study the cumulants of A;X for some examples of X assuming that £ is the exponential
of an ambit process. In these examples the cumulants of A" appear implicitly in the function K [z] =
K{z f A’'}. Itis possible to rewrite the formulae we found in terms of the cumulants of A’, but for simplicity
of presentation we avoid to do so.
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B.6.1 NORMAL LEVY BASIS EXAMPLE

In this Subsection, assuming that ¢ = o and A" ~Normal(y, §) (i.e. K [z] = pz + 18°2*), we analyze the
cumulants of the increments of the model (B.2), (B.21) for two different types of ambit sets. In the first
example, we assume that A has a triangular form. The second example deals with the case where A is an
ambit set coming from a modelling framework for the turbulent energy dissipation ([28]).

The normality of A’ allows to simplify the formula (B.23). For this, we need the next result.

Lemma 34 Letm,r € N. Then,

XI: (—)" (V;) (’:‘) _ (—)' ifl=r

m=o 0 ifl#£r

e (e )+ )

p+ %z ifl =1
= 5 ifl =2
0 otherwise

logE {elel -2 }

Sn

Therefore, when A’ ~Normal(y, §),
Z 1, (r)} dr

[

zn: > zl:(—l)l_mK[m] (;) Leb (AS,‘ N ﬁASI’>

I=1 1<i < .. <i<n m=1

5 .
<y—|— 2) > Leb(4,)+8 > Leb (A, NA,) 10

1<i<n 1<, <i, <n

n (y + 82) Leb(4) + 8 > Leb (A, NA,) 1{n>1)-

1<, <i, <n

This provides a way to compute the n-moments E {E; g - Ex } that we will use to calculate cumulants
and n-moments of A;X.
NORMAL LEVY BASIS EXAMPLE WITH A TRIANGULAR AMBIT SET

Leta, T > o. Assume that g = o, K [z] = yz + 18"z" and that A (see Figure B.6.1) is the ambit set given
by
A:{(x,t)eRzzogtST,M§%(T—t)}. (B.27)
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Figure B.6.1: Examples of ambit sets. (a) Ambit set (4.22) with parameters (a,T) = (1,1). (b)
Ambit set (3.2) with parameters (6,L, T) = (2,10,1).

Fors, <s, <s, + T,
Leb (4, NA,) = % (T = s, — s:))*.

Since Leb (A, N A,,) has this simple expression, the present example also produces a simple expression
for (B.22). Namely,

[

Zn: ()1 dr—(y—i— )ZLeb S+ 8 > Leb (A, NA,) 10

i=1 1<i<n 1<, <i, <n
5 a82 —
=n (y + 2) Leb (A Z Z —|ss = 80)" 1>}
i=1 j=i+1

which implies that

exp C{z I AX}=E (exp {iz2 /R ¢7 (s) €§ds})

oo n
:Z (_1) ZznenTa(y-‘r%)
2!

n=o

% / ds, - - - / ds,,gbi’ (s,) - (p: (s4) exp SZZ Leb (Asu ﬁAs,z) {n>1)
R R

1<, <i, <n

o ()" o ()"
— 52 — 52
:Z znn' ZznenTa(fH‘T) H¢t’|zn+z Znn' Z).nenTu(P‘f‘T)an7

n—o n—o
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where |||, = |-

L"(R) and

= — H(P Hzn /ds1 / dsn</>t 5)) (sn) exp ¢ &* Z Leb (Asfl ﬂASiz) L{p>1}

1<, <i, <n

Since ¢? (s) = ofors > tand by counting the intersections of A, we get that

n t s, +T s+T k ko .
Sl (2) [ e [T (7
k=2 —oco Js—T N

<ZH¢>t

S ) Y R B O RR I G
"> (1) ().

k=2

a

=

<|l¢,

Therefore,

o ()"
Z Z:.n rlTa y—f ||¢t||zn < expC{ziAtX}

2mn!
< 30 C0 gntet) g (+z (1) (e _1)> |

n—i
n=o

(]

The series on the right hand side converges, namely

s = i%zzn nTa(u+2 (H'Z( ) (eslm_l)>

n=o

Hd’iHi AT(5 /2+4) (1=e™) 2

2

aT(E2 H»y) ”‘Pt”,, aT(S"/ery) 2
(—2 +2e ¢ ¢ © 42

lloc I3

_ H¢ H o T(Sz/z+!4)zz+aT(82/z+y)Z2 + H‘P Hzel¢iIiear(sz/zﬂ)zzﬂT(ssz/Zﬂ)zz>
t tila :

Forz ~ oanda- T - §* =~ o, we have that

s R exp {—H%;Z exp {aT <y+ i)}} .

Thus, forz &~ oanda - T - § & o, the previous inequality implies that
P quality imp

C{ziAtX}N——e H(,bt

This means that, in this case, A;X behaves similar to a normal distribution. (The distribution of A;X is not
exactly normal but gets more and more normalasa- T - §* | o.)
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NORMAL LEVY BASIS EXAMPLE WITH AN AMBIT SET FROM A MODEL FOR THE ENERGY DISSIPATION

ForT > o,L > 1and 6 > o, define

1/0
N )
h(t) = (1+ o (T/L))") <t<T (B.28)

Consider the model (B.2), (B.21) assuming that K [z] = yz+ 18"2*,q = o and that A is the ambit set (see
Figure B.6.1) given by

A={(x,t) eER*: 0 <t<T,|x| <h(t)}. (B.29)

The exponential ambit process (B.21) with an ambit set of the form (B.29) has been used to model
the energy dissipation in a turbulent flow (see [28]). The process (B.21) with A given by (B.29) accurately
approximates the distribution of the empirical energy dissipation ¢; and is able to reproduce the scaling
and self-scaling behavior observed in the empirical correlators ¢, ,, (t) defined as

E{ejey
Cam (£) 1= _E{etedt n,m € N,t> o.

~ E{ef}E{er}

Fors, <s, <s, + T,
T

Leb (A, NA4;) = 2/ h(t) dt.

S8

In general, it is difficult to find simple expressions for Leb (A; N A, ). However, for some special cases, it
is possible to deduce some expressions. For instance, assuming that 8 = 1, we have that

T L Lis, —s, T
(s s — 1) 2TOT )log( et )

Leb (As, ﬂAsz) = L2 (1 + L) T

e

This implies that, for 8 = 1,

/ZK [il&, (r)] dr=n <y+ ‘i) Leb (A) — %ZZ s — | + M

i=1 i=1 j=1
2T+ L) =
+ 12 Z Z log (L |52 - 51| + T) 1n>1)
i=1 j=1

_n(n—1)10g((1+L)T)T(1+L)82'
LZ

The case (0,L, T) = (1.96,10%, 583) is pertinent for the modelling of turbulence since these are the
parameters estimated in [28] from empirical data. We have not been able to find a closed expression for
Leb (A, N A;,) in this case, but we have the approximation

Leb (As, mASz) ~ 65594-83.79-10*6 <1|1/23 — 0.195> 3

‘52 it
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Figure B.6.2: Standardized cumulant «, (AX) /x; (AX) for Example 4.4.2 with (6,L,T) = (1,10,1),
A’ ~Gamma(y,s), and different values of a and 1. (a) Parameters « = —1/3 and 2 = 1,2,3. (b)
Parameters a = —1/6 and 1 = 1,2,3. We use blue for A =1, red for 1 = 2 and green for 1 = 3.

B.6.2 GAMMA LEVY BASIS EXAMPLE

Leto > a > —1/2and , 7,1 > o. Consider the model (B.2), (B.21) withq = o,g (x) = x"e*)"‘uR+ (%),
Agivenasin (B.29) and K [z] =log (1 — z/B) 7,z < B (ie. A’ hasa Gamma(y, f) law). In general, it
is of interest to determine specific distributional properties of AX;. Of particular interest is the question
of infinite divisibility of A;X. The present example provides a case where the distribution of A/X is not
infinitely divisible.

Figure B.6.2 shows «, (AX) /x% (AX) for (7, B) = (1,5),(6,L, T) = (1,10,1),a = —1/3, —1/6 and
A = 1,2, 3. The small peaks are due to numerical effects.

It is well-know that, when the distribution of X is infinitely divisible, the cumulants «,, (X), forn > 3,
are the moments of the Lévy measure of X. This implies that, when the distribution of X is infinitely divisi-
ble, k, (X) > o.Forq = o,g(x) = 2% "1, (x),a = —1/3,Agivenasin (B.29) and A’ ~Gamma(1,s),
Figure B.6.2 shows that k, (A{X) < oford = 1,2, 3. Therefore, the law of A;X cannot be infinitely divisi-
ble.

B.7 ConcLusioN

The present work provides a way to compute the cumulants of the increments of BSS processes for two
specific classes of € processes. It is not possible to find closed expression for all the cases and examples
presented here. However, the formulae are simple enough to be evaluated numerically.

Of particular interest is the discussion in Subsection B.6.2 since it provides an example where our analy-
sis of the cumulants shows that the distribution of the increments of a BSS process is not infinitely divisible.
It remains open to determine conditions on the BSS processes such that their increments have an infinitely
divisible law.

Our main purpose to study the cumulants of increments of BSS processes was to establish a way that
sheds some light on the distributions of increments via cumulants. This is a first step to understand why
the BSS approach is able to model a great variety of stylized features in turbulence. The results discussed
here allow to directly compare the models with data without time consuming simulations of the underlying
processes.
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Paper C: An asymptotic problem for two classes of
smooth processes

OLE E. BARNDORFF-NIELSEN™, JOSE ULISES MARQUEZ*, AND MIKKO PAKKANENT
*DEPARTMENT OF MATHEMATICS, AARHUS UNIVERSITY.
TIMPERIAL COLLEGE, LoNDON

ABSTRACT

In this note we study an asymptotic problem for two classes of bounded variation processes: the smooth
Brownian semi-stationary process and the integrated Brownian motion.

C.1 INTRODUCTION

Let (X;),>, be a stochastic process. When X is a semimartingale, it is well-known that the limit

Lnt]
. 2
Jim . (Xi/w — X(im2) /n) (C1)
=1
exists in probability. In particular, when X is a bounded variation (BV) process the limit (C.1) is o. It is
natural to askhowwe can rescale (C.1) to recover a non-trivial limit for the case where Xis a BV process. We
address this problem for two classes of smooth processes: the integrated Brownian motion (IBM) and the
smooth Brownian semi-stationary (BSS) process with a gamma kernel. A smooth process is a stochastic
process that is differentiable.
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The integrated Brownian motion is a stochastic process of the form

t S, Sp—1
I = / / / B, ds,ds,—, - - - ds,ds, n €N, (C.2)

where (By), ., is a standard Brownian motion. The index # indicates the number of iterated integrals and,
therefore, the number of derivatives J has. We will denote by ZI3M the class of these smooth processes.
The BSS processes, which were introduced in [ 1], are stochastic processes of the form

t t
Zi=u+ / g(t—s) o dW, + / q(t—s) agds, (C.3)

where y is a constant, (W}), g is a standard Brownian motion, g and g are nonnegative deterministic func-
tions on R, with g (t) = g (t) = ofort < o,and (0),c and (a;),. are cadlag processes. When (o, a) is
stationary and independent of W, then Z is stationary. This motivates the name Brownian semi-stationary.
The specification of g in the gamma form

g (%) = " exp (=A%) 110 00) (%) ; (C.4)

witha > —1andA > o,is of some particular interest, because of its simplicity and because it allows explicit
analytic calculations. When @ € (—1/2,1/2) \ {0} the process Z is not a semimartingale (see [1]). For
a > 1/2, the process Z has differentiable paths and, therefore, is a bounded variation process (see [1]).
We are interested in the asymptotics of the class of smooth BSS processes withq = 4 = 0,0 = 1andg
given by (C.4) with a > 1/2. We will refer to this subclass of smooth BSS processes as SGKBSS.

Originally, we expected to obtain some standard central limit theorems for this problem. Soon we
realized that for the considered processes the standard techniques do not work. Therefore, it is necessary
to develop new techniques to obtain a satisfactory and full theory. This note contains some approaches
that partially answer the questions we were interested in.

C.2 STATEMENT OF THE PROBLEM

Consider a stochastic process (X;),., suchthatX € ZBM U SGKBSS. The process X has differentiable
paths. From the Mean Value Theorem, it follows that the normalized realized quadratic variation (NRQV)
[X,] of X, defined as

[ nt]

[‘X”L = VIZ (Xi/n - X(ifl)/n)za (CS)
satisfies ,
a.s. N2
), % [ o (o)

fort > o. Partly motivated by this limit, we are interested in the asymptotic behavior of

o ([xn]t _ / "y dr) (C7)

when n — 00, for some suitable f > o. There are two immediate problems related to (C.7): 1) What is
the correct value of > o, if any, to have a non-trivial limit? 2) What is the limit distribution given the
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correct 32 This last question can be naturally extended to stronger concepts of convergence. For simplicity
we only consider the case t = 1.

C.3 THESGKBSS crass

In this Section we analyse the problem stated in Section C.2 for the SGICBSS class.

Consider a stochastic process (X;) ., whose paths are in C* [0, 1]. In this case, it is possible to find
a B where (C.7) has an almost sure non-trivial limit. The proof of this result is an application of Taylor’s
Theorem and Theorem s in [2].

The next theorem was taken from [2], Theorem s. The original formulation in [2] has a typo mistake,
corrected below.

Theorem 35 Iffis twice differentiable and f' is bounded and almost everywhere continuous on [0, 1), then

e ([0 Sr(554)3) - 4 [ e LE

Using Theorem 35 we can prove the next result.

Proposition 36 Letf € C ([o,1]). Then,

g&#QéMW—[UMﬁ@=—;[WMW&

where ATf = f(i/n) —f((i—1) /n),i=1,...,m,n €N

Proof . Using Taylor’s Theorem, we have that

s (2) (50 1 (5) 30 (5) 2 602

for(i—1) /n < £, < i/nyi=1,...,nn € N. This implies

= (5)) 510 () s ey

n4

o (S (5 5+ (S) e

From the last equation we get

S, =n* <n > (ar) - l (f (x))* dx>

i=1

(S0 (7)) 3 [vors) 2l (5):

i=1 i=1




2 () () (5
3 () ) S )

1 1 1 L
=A,+-B,+C,+-D,+-E, + —F,.
4 3 6 36

2
n

Since f) %) and fU) are integrable for j, k = 1,2, 3, we have that

$,— A2 =AL+ 2B, +C, + D, + <E, + ~F,
4 3 6 36

) () R ) b )
23 (5) 2 () {r (5) <6 )
A () a0 e L e
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Z{ (52)77 @) =21 () (n) } 2

4Z{< (5)) - ()} 2+ Zf’(' )6
206

o [ (Y @re-Ywre)e-t [reree  c

n— 00

On the other hand, Theorem 35 implies

Aﬁ=n2<z<f<l_l/2)> f—/(r’ )

a0 —F 0F ()

n—00 o dx* 12

(Co)

Combining equations (C.8) and (C.9) gives

lim S, =— /f Vf" () dx — — s (f (x))" dx

dx*

([ s - / (W +7 1" () )
— [y

which concludes the proof. m
Proposition 36 implies the main result of this Section.

Corollary 37 Let (X;), ., be a stochastic process whose paths are almost surely in C* [0, 1] . Then,

5 o ! N2 a.s. _i ' 11\2 _ _i /1|2
" <[Xn]l /o (%) dr) N~ 12/0 () dr = 12 IX ”Ll(o").

IfX € SGKBSS with a > 5/2, the paths of X are almost surely in C* ([0, 00)). The distribution

of Y = ||X”||zz(o7l)

reproducing the arguments used in [ 5] to obtain the characteristic function of the Rosenblatt distribution.

depends on the value of a. It might possible to find the characteristic function of Y

Remark 38 Since the index n represents the number of derivatives for the IBM J, P € C* ([0, 0)). Conse-
quently, Corollary 37 also applies to J", for n > 3. Integrating by parts we get

& s 1
—k=]= / B, ds, = - / (S - 1) dB;.
ds* . 2/,

The technique used to determine the limit in Proposition 36 requires f € C3|o, 1]. This method cannot
be extended to functions in C*[o,1] \ C*[o,1] or C*[0,1] \ C3[o,1]. It is necessary a new technique to
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determine the rate of convergence for functions in these sets. When f = Xis a stochastic process, a broadly
used technique consists in using moments to estimate the rate of convergence of quantities similar to (C.7).
Since the terms in (C.7) display a complicated dependence, the use of moments did not help us to find the
rate.

It remains open to determine the rate of convergence and the limit distribution of (C.7) for the stochas-
tic processes in SGICBSS withindex1/2 < a < 5/2, that is, for the BSS processes that are notin C?|o, 1].
There is evidence suggesting that e/ might be the correct rate of convergence.

C.4 INTEGRATED BROWNIAN MOTION

In this Section, we perform some investigations about the limit distribution of (C.7) for J;. In Subsection
C.4.1 we establish a L, convergence together with its respective rate of convergence. Subsection C.4.2
discusses a conjecture about the limit distribution for J;. Subsection C.4.3 presents a useful decomposition
that partially motivates the conjectured limit distribution for J;. Subsection C.4.4 contains the numerical
validation of the conjecture of Subsection C.4.2.

C.4.1  CONVERGENCE OF THE VARIANCE

a.s. t d *
s [ (5] ) e

where [J7] denotes the NRQV of J" as defined in Subsection C.2.

Restricting to the case m = 1, we get

‘We have that

t
1 a.s. 2
Uile =5 | Beds

for which we first analyze the variance

t
Ayt = Var (U;]t - / Bjds)

fort > o. Isserlis’ Theorem (see [3]) implies the next result.

Proposition 39 Fort > oandn € N,

45 [nt|* — 6ont |nt|> — 15 |nt]* + 1snt [nt] + |nt] + 1504t

An t = 45

)

Proof. We will compute A, ; using

var (1) [(ma) = { (- [ma) bl [mal}
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‘We have that

Lnt) : Lnt] |nt] . Lnt)
ECIY @] o= 3 {@my (o) }+ Bt
i=1 i=1 j=i+1 i=1
= A +A,.

Fubini’s Theorem implies that

|nt| |nt]

>3 / / / / E{B,B.B,B, } dr.drdsds,

i=1 j=i+1
nt]

Z/ / / / E{B,.B,B.B,,} dr,dr,dr.dr.

From Isserlis’ Theorem (see [3]) it follows that

E{B,B.,B.B, } = (rnAn,) (r;,Ar,) + (rnAry) (rn Ar) + (rnAr,) (rAry).

Then, we have that
|nt| |nt]
Z E: / / / / (s \'sy) (r Amy) + 25,8, ] dr,drds,ds,
i=1 ; i+1
[nt] [nt] (3i — 2) 3] —2) (1— 21.)2
593 L]
gn’ 216
i=1 j=i+1

[nt] |t

A= 32(// (nAr) drzdn)Z:Z(y;;)Z.

=1

Therefore,
I ’ ) sy Gi—a) —aip] 2 Gisay
el (Swy) ey 3 [Blm b S
i=1 i=1 j=i+1 i=1

On the other hand, we have that

[nt] [nt]

E Z(A?}‘)Z/otB:ds = Z/E{A] > B} ds

i=1

L]

_ Z// /ﬁ E{B, BB} dr.dnds.
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Isserlis’ Theorem implies that
E{B,B.B:} =s(rnArn)+2(sAr)(sAr),

and, therefore,

[nt] t WJ
E Z(A?]l)z/ Bids p = </ > </ / (rnAr) drzdrl>
[nt]
+2 Z / (/ / sAT)(sAr) drzdrlds>
[nt]

_ Z (60i*nt — 6oint + 15nt — 401 + Goi* — 35i + 8)
3ons

Then, combining the previous expectations, we get

2

L]

e{ (- [ma) J= nZ(A?J‘)Z/OtB?dS

=1

e Ll (3i—2) (35— 2) (1— 21')2
=2 Z Z + 218

t111+1

(31' — 7.)2 7 (3i — 2) t
~ 7 [ ~ 7
+ ; 3n5 + 12 Z 3n3

i=1

¢
LGJ: (60i*nt — 6oint + 15nt — 401 + 60i* — 35i + 8)

1515

_ 1o5n*t* + 30n*t* (1 — 3 |nt]) [nt| — 6ont |nt| (4 [nt]* —1)

18on+
L Lnt] (4= ss [nt] = 0 [nt] + 225 |nt)")

18on*

Furthermore, we have that
LﬂfJ

E (/ / E{BB}erdrl>:L6n’:3J(3Lntj—1).

i=1

Thus,

6n3

E{U;]t—/ B?ds} = \;f;g‘: (3 I_nt _1)2_ tllj’ld (3 |_?ltJ _1)_'_%
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and

Var ([];,]t _ /tB§d5> _ 45 [nt|* — 6ont |nt|> — 15 LntJ1+ wnt |nt] + |nt] + 15n4t4.
o 43n

This finishes the proof. m
Aninteresting observation about A, ; is that we do not have the same order of convergence for different
t's. To exemplify this, consider two different values t, = 1and t, = 1/3. Notice that, forn, k € N,

1 1 270k* + 222k + 5
An,t, = A},k,t1 = T A}k-}—x,tz Y
4513 45k3 1215 (1 + 3k)

Clearly, A, ;, tends to o with the same order for any subsequence {n; }. However, the last equations show
that A, ;, has different rates of convergence for different subsequences.
An immediate consequence of Proposition 39 is the next result.

Proposition 40 Fort > o,

t
AR / B:ds.
o

C.4.2 THE LIMIT DISTRIBUTION

We are interested in shedding light on the limit distribution of

t
A, = A (U;L -/ B:ds) |

To clarify the main aspects, we only consider the case t = 1.

It turns out (see Subsection C.4.4) that the limit law of 2L, seems to be a Rosenblatt distribution
[4, 7). Using Maejima and Tudor’s parametrization of the Rosenblatt distribution [4], we have the next
conjecture.

Conjecture 41 Let R (h) denote a Rosenblatt random variable with index h € (1/2,1). Then, we have

A, 5 R(H),

where h = 0.9.

Numerical simulations of 2, , and R (0.9) show strong evidence supporting the previous conjecture
(see Subsection §.4.).
C.4.3 AN EXPRESSION FOR %2, ,
In this Subsection we derive an expression for the random variable

t n ﬁ 2 1
X, =[], - / Bids = nz (/ Bsds> - / Bids,
° i=1 % °

in terms of a double Wiener integral with respect to B. This partly allows to heuristically justify the Rosen-

blatt distribution for 2, ,.
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Proposition 42 We can rewrite the random variable X,, as

X, = / / F,(r,s)dB,dB, — 6i (C.10)
where .
F,(r,s) = an,-(") (r)ff") (s) = (1 — max(r,s))
and
L sefo)
176 =i s[5, (G
o, s € [#1]

Proof. Using integration by parts (twice), we obtain
/ Bids=B; — / sdB; = 2/ BdB; +1— 2/ sB,dB; —/ sds
—2/(1—5)BdB —&—7 /1—5 dB,dB —|—7

// 1—maxrs)dBdB—|—f // 1—maxrs)dBdB+ (C12)

where the last equality follows because (r,s) — 1 — max(r, s) is a symmetric function

Suppose that o < a < b < 1. Integration by parts yields
b b 1
/ Bds = bB, —aB, — / sdB; = (bl(oﬁb) (s) = a1(o,a) () — s1(ap) (s))dBS

/olmax (b — max(a,s), 0)dB,.

‘We can thus write .
/n Bds = / ff")(s)dB

where f<") (s) is as defined in (C.11). A straightforward calculation yields

! n ?d [ i 2 | — i [ —
ff)(s)zds: *S-i- i—s ds:l 1+ sldszl o 3
° o M o\ 1 3 . 3 33 s

Using the multiplication formula for Wiener integrals, we find that

(/&Bsds)zz (/O‘ﬁ")(s)d3> //f< £ (5)dB,dB, +/fn>
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Thus,

nZ(/ Bds) //(Zf” 1 ( )dBdB +;—é. (C.13)

=1

Combining C.12 and C.13, we obtain

36,,:/ / F,(r,s)dB,dB, — —,
o Jo 6n

(rs) =n DA77 () = (1= max(r, ).

where

This concludes the proof. m

The double integral expression (C.10) might provide evidence supporting Conjecture 41 since the
Rosenblatt distribution can be expressed as a second order Wiener chaos (see, e.g. [6]). One possible
way to prove Conjecture 41 would be to show that F,(r,s) converges in L, to the kernel that appears in
Proposition 1 of [6]. However, this is work in progress.

C.4.4 NUMERICAL RESULTS

In this subsection we present some numerical results that motivate Conjecture 41.
To test our conjecture about 2, ,, we need to simulate the Rosenblatt distribution. The next asymptotic
result provides a way to do so.

Proposition 43 Let§, i = 1,2, ..., be a stationary Gaussian process withE [§,] = o, E[£] = 1, and

E [giz,.] - i ((,-+1)2”_2]~ZH+(]~_1)2H), i=12 .,

where H € (0,1). IfH € (3/4,1) then

Z (& —1) N llm Rosenblatt (2H — 1) .

i=1

1

nZH—l

Remark 44 Therandom variables §; have the same distribution as the normalized increments of fractional Brow-
nian motion with Hurst parameter H.

Also, in order to test the conjecture about 2, ,, it is necessary to simulate such a random variable. This
means that we need to simulate the increments of J' and the integral fol B?ds. We simulate the increments
of J' by approximating Riemann sums. Being more precise, we partition the interval [0, 1] ink >> n equidis-
tant points, i.e. we use the partition {0, 1/k, . .., (k — 1) /k, 1}. Then, we approximate the increments

m/n
AT = :n/n _]l(m—l)/n = /(m_,)/,, Byds, form=1,...,n,

through the Riemann sum ZL /) B(i+m)/k/k. Besides, we approximate the value of fol B:ds by the Rie-

mann sum Zi:o B? n /k, where we consider the previous partition of [0, 1]. Here, it is important to note
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Figure C.4.1: (a) Histograms in log-linear scale of the Rosenblatt sample (dashed) and the 2o0000,:
sample (solid). (b) QQ plot of the 0000, Sample and the Rosenblatt sample.

that [J}] and [’ B2ds are not independent.

Figure 1 illustrates the conjecture for 2, ,. These figures were obtained by simulating 10000 samples
of Rosenblatt (0.9) and 10000 samples of 2, , with a discretization of k = 107 and an increment size of
n~' = 10~ °. We standardized the samples by subtracting the sample mean and dividing by the sample
variance. Figure (a) shows two histograms in log-linear scale: the histogram of the Rosenblatt sample
(blue) and the histogram of the 200000, sample (purple). They are very similar. Figure (b) corresponds

to the QQ plot of the 2,50000,; Sample and the Rosenblatt sample.

C.5 CONCLUSION

In this note, we have partially solved the problem stated in Section C.2 for the class SGICBSS. The tech-
niques used here do not provide the full answer since they do not permit to determine the limit distribu-
tions. We have also provided strong evidence supporting a Rosenblatt limit for the asymptotic problem in
the J' case. It remains open to determine the veracity of such a limit.
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Some relevant probability distributions

THI1s APPENDIX briefly discusses some probability distributions that are used in this thesis.

D.1  GENERALIZED INVERSE (FAUSSIAN DISTRIBUTION

The generalized inverse Gaussian (GIG) distribution is a three-parameter family of continuous probability
distributions whose probability density function is given by

0 A/2 A—1
fGIG(A,X,Q) (x) = (l) ZK;C(W exp {—i (% + 9x) }; x€R

where K, denotes the modified Bessel function of the third kind with index A and the parameters (1, x, 6)
have to satisfy one of the following three restrictions

x>0,0>0,1<o0 or y>0,0>0,A=0 or y>0,0>0,1>o0. (D.1)

The distribution is denoted by GIG(}, y, ).
The GIG law nests the inverse Gaussian (IG) distribution (A = —1/2) and contains many special cases
as limits, among others the Gamma and Inverse Gamma distributions.

The GIG distribution is infinitely divisible. Besides, the moment generating function of a random
variable V ~GIG(2, y, 0) is determined by

v A2 Ky ( X(\//—zz))
V= 2Z) Ky

For a more extensive discussion of the GIG law, we refer to [22].

Elepav] = (
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D.2 GENERALIZED HYPERBOLIC DISTRIBUTION

The generalized hyperbolic (GH) distribution was introduced in [ 1] to describe the law of the logarithm
of the size of sand particles. The GH class is a very rich and flexible family of distributions. For an extensive
discussion of this distribution and its applications, we refer, for instance, to [ 1, 17, 18] and the papers cited
in[14].

Different parameterizations are known for the GH law. A summary of the most used parameteriza-
tions, and the relation between them, can be found in [14]. Here, we focus our attention to the so-called

(A, 1, ¥, 4, =, 7)-parametrization. The density of the GH(, x, ¥, g, =, 7) law is

(VW) y+27)
(2m): /2Ky (VAT)
Ky (\/ (X +=7 (= w)) (v + z—*yz)) i)
\/(x +37 (- p)) (V+27)

where K, denotes the modified Bessel function of the third kind withindex, (4, x, ¥, 4, £,7) € R x R’ xRR?
and x € R. The parameters (1, y, ¥) satisfy one of the restrictions (D.1).

JenOv sy (x) =

X

The parameters A, x, and y are shape parameters that determine the weight in the tails. In general, the
larger those parameters the closer the distribution is to the normal distribution. The parameter y deter-
mines the location, X partially regulates the variance, and y regulates the skewness. If y = o, then the
distribution is symmetric around .

The (1, x, ¥, ¢, =, 7)-parametrization is obtained as a normal mean-variance mixture distribution where
the mixing distribution is the generalized inverse Gaussian distribution GIG(2, x, V).

The GH distribution is infinitely divisible. Besides, there are closed expression for their characteristic
and moment generating functions (see [ 14, 18] for more details).

D.3 NORMAL INVERSE GAUSSIAN DISTRIBUTION

The normal inverse Gaussian (NIG) distribution is a four-parameter family of continuous probability dis-
tributions whose probability density function is given by

w K (Saq =t )
F1G(a pus) () = —— 70 )> (D.2)

™ q ( =
where y = a*> — >, q(x) = /1 + 2 and K, denotes the modified Bessel function of the second kind
with index 1. The domain of variation of the parameters is givenby y € R,§ € Ry, ando < |B] < a.
The parameters a and f are shape parameters, y determines the location, and & determines the scale. The
distribution is denoted by NIG (a, §, y, §).

The NIG distribution is a particular case of the GH law that arises when 1 = 1/2 in foH(,p,0,4,5.7)-
However, the (1, x, ¥, 4, =, y)-parametrization of the GH law produces a parametrization for the NIG
distribution which differs from the above parametrization fuig(a,g,u,5)- The relation between these two
parameterizations can be found in [14].
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The cumulant function K (z; a, B, 4, §) = logE [exp {zV}] of a random variable V with distribution
NIG (a, B, 4, §) is given by

K(z;a,ﬂ,y,S)zzy—l—S(y— al—(ﬁ—i—z)z). (D.3)

It follows immediately from this that the normal inverse Gaussian distribution is infinitely divisible. Namely,
if X; ~ NIG (a, B, ;s 8,-), i = 1,2, are independent random variables, then we have X, + X, ~ NIG(a, B,
u +u,, 8 +8,).
It is often of interest to consider alternative parameterizations of the normal inverse Gaussian laws. In
particular, letting @ = §a and E = §f3, we have that @ and E are invariant under location-scale changes.
Sometimes it is useful to represent NIG distributions in the so-called shape triangle. Consider the
alternative asymmetry and steepness parameters y and £ defined by

E=0+7)7 x=0t

where p = B/aandy = §y = §\/a> — B*. These parameters are invariant under location-scale changes.
Their range defines the NIG shape triangle

{8 o<t<y, —E<y<t}.

When y = o the NIG distribution is symmetric. Values y > o indicate a positively skewed distribution
and y < o a negatively skewed law. The steepness parameter £ measures the heaviness of the tails of the
NIG distribution. The limiting case £ = o corresponds to a normal distribution.

The NIG law has a wide range of applications. For more details about this distribution and their appli-
cations, we refer to [ 1, 2, 6, 8].
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