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Abstract

This thesis concerns optimal semiclassical analysis in two different settings. The
first setting concerns an optimal semiclassical bound for the trace norm of certain
commutators. The second setting is a more classic semiclassical question and it
concerns an optimal Weyl law. Both settings concerns optimal semiclassical analysis
but different methods are used in each setting.

The commutators considered is a non-magnetic Schrédinger operator commuted
with either a positions operator or a momentum operator. For these commutators
an optimal bound on the trace norm in terms of a semiclassical parameter is proven.
Commutators of this type are not usual objects to consider in semiclassical analysis.
But the bounds on the trace norm of the commutators correspond to a mean-field
version of bounds introduced as an assumption by N. Benedikter, M. Porta and B.
Schlein in a study of the evolution of a fermionic system.

What is presented here in this thesis on the Weyl law is work in progress. It is
well established that a Weyl law is valid for self-adjoint differential operators with
smooth coefficients under certain assumptions. The question considered in this thesis
is what happens if the coefficients are not smooth. Can an optimal Weyl law still be
proven?

In the thesis an optimal Weyl law is proven/reproven where the coefficients are
once differentiable and the first derivative is Holder continuous. In order to prove
this Weyl law a class of rough symbols is defined. For this class a full symbolic and
functional calculus is proven. Moreover a microlocal approximation of the propagator
is constructed, which is not a Fourier integral operator!

The thesis also has a section on the possible future directions to go with the work
on the Weyl law. There are a substantial number of interesting questions that could
be pursued.






Resumé

Denne afhandling omhandler optimal semiklassisk analyse i to forskellige situationer.
Den fgrste situation omhandler en optimal semiklassisk begrsensning pa spornormen af
bestemte kommutatorer. Den anden situation er mere klassisk semiklassisk analyse, da
det omhandler en optimal Weyl lov. Begge situation omhandler optimale semiklassiske
resultater, men der bruges forskellige metoder i de to situationer.

Kommutatorerne, der betragtes i athandlingen, er en ikke magnetisk Schrodinger
operator kommuteret med enten en positions operator eller en impuls operator. For
disse kommutatorer bevises der en optimal semiklassisk begraensning pa spornormen.
Kommutatorer af denne type bliver normalt ikke betragtet i semiklassisk analyse,
men begransningen pa spornormen af disse kommutatorer svarer til en middel-felts
approksimation af nogle begraensninger introduceret som en antagelse af N. Benedikter,
M. Porta and B. Schlein i et studie af evolutionen af et fermionisk system.

Det der praesenteres i afthandlingen om Weyl loven er i gangvaerende arbejde. Det er
velkendt at der geelder en optimal Weyl lov for selvadjungerede differential operatorer
med glatte koefficienter under visse antagelser. Det spgrgsmaél, der undersgges i
afhandlingen er: Hvad sker der hvis koefficienterne ikke er glatte? Er det sa stadig
muligt at bevise en optimal Weyl lov?

I athandlingen bevises/genbevises en optimal Weyl lov, hvor koefficienterne er en
gang differentiable med Holder kontinuerte forste afledte. For at bevise denne Weyl
lov introduceres en klasse af grove symboler. For denne klasse af symboler bevises
der fuld symbol og funktional kalkyle. Yderligere konstrueres der ogsa en mikrolokal
approksimation til tidsudviklingen, der ikke er en Fourier integral operator!

Afhandlingen indeholder ogsa en sektion om mulige retninger man kunne arbejde
videre med i forbindelse med Weyl loven. Der er et betydeligt antal interessante
spgrgsmal man kunne forfglge.
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Preface

"Mathematics is not a deductive science — that’s a cliché. When you try

to prove a theorem, you don’t just list the hypotheses, and then start to

reason. What you do is trial and error, experimentation, guesswork."
—Paul R. Halmos I want to be a Mathematician

This thesis marks the end of my studies as a PhD student at the Department
of Mathematics, Aarhus University. The studies were supervised by Professor Sgren
Fournais and funded by the Sapere Aude project: Semiclassical Quantum Mechanics
(DFF-4181-00221) from the Danish Council for Independent Research held by Sgren
Fournais.

The thesis consists of some introductory chapters and two papers. The papers are
at first glance very different but they are both concerned with optimal semiclassical
analysis. The main difference is the methods used in each paper. The two papers are:

e Paper I: An optimal semiclassical bound on certain commutators.
e Paper II: Optimal Weyl asymptotics for operators with irregular coefficients.

Paper I has been uploaded to arXiv with identification arXiv:1912.08467 and is
presented in the same form in the thesis as the one on arXiv. This paper is co-authored
with my supervisor. While we discussed all results and cooperated on the calculations
I have done most of the typesetting for the paper with useful comments from my
supervisor. Parts of paper I is advances on the result contained in my progress rapport
for my qualifying exam.

Paper II is work in progress and is a self-contained review of what we so far have
been able to prove/understand concerning optimal Weyl laws without full regularity.
The paper is slightly rough around the edges since it really is work in progress. Most
results have been discussed with my supervisor and some details have been work out
in cooperation.

The structure of the thesis is such that the first chapter is an introduction to
semiclassical analysis and the Weyl law. The second chapter is an introduction to
Paper I followed by the paper itself. The third chapter is an introduction to Paper II
and a discussion on in which directions we hope to be able to continue this research,
after this follows Paper II. Each chapter has its own bibliography which is the last
section of the chapter.
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Chapter 1

Introduction to semiclassical
analysis and Weyl’s law

Semiclassical analysis can be viewed as the study of a system as a parameter tends
to zero. In the context of quantum mechanics and classical mechanics, semiclassical
analysis is the mathematically rigorous investigation of the Bohr correspondence
principle i.e. that classical mechanics is the limit as # tends to zero of quantum
mechanics. From a mathematical point of view letting a parameter tend to zero is not
an unnatural case to consider but in physics the parameter A is Planck’s (reduced)
constant which is a fixed number up to the units in which one is working. But how
can it be allowed to take a physical constant to zero. Here it should be noted that
Planck’s reduced constant is a small number i = 1.054571817 x 10734 J - s (joules
times seconds). This number is negligibly small in a world where quantities are
measured in joules and seconds (classical physics). But in the world of subatomic
physics this is no longer a small scale (quantum physics). Hence letting A tend to
zero can be interpreted as moving from microscopic to macroscopic scale which is the
essence of the Bohr correspondence principle.

Besides a physical interpretation of semiclassical analysis it is also widely used
within the theory of partial differential equations where the parameter often will
appear by a scaling of the original partial differential equation. Moreover it also
appears in a connection between geometry and analysis.

1.1 Weyl’s law

In 1910 the physicist H. Lorentz came to Gottingen to give a seminar. In his lecture
he proposed the mathematical problem of counting the eigenvalues of the Laplace
operator on a domain (the standing waves or pure tones) and conjectured an asymp-
totic solution formula. Famously, D. Hilbert commented that this problem seemed
too difficult to be solved in his lifetime. It was therefore surprising that D. Hilbert’s
own student H. Weyl succeeded in proving the expected formula already the next
year [27]! Notes from the lectures by H. Lorentz were published in [19]. Actually this
formula was also conjectured independently in 1910 by the physicist A. Sommerfeld
in [26]. Both had based their conjecture on the book “The Theory of Sound” (1887)
by Lord Rayleigh.

The operator considered by H. Weyl was the Dirichlet Laplacian on a bounded

1



2 Chapter 1. Introduction to semiclassical analysis and Weyl’s law

domain © in R?, where he proved the formula:

[SI[oH

To(1(_aon(~Apg)) = (271T)dwd Vol(Q)A

where wy is the volume of the unit ball in R%. During the following years H. Weyl

(14+0(1)) as A — oo,

published several papers [28-31] on the asymptotic distribution of eigenvalues and
in [30] he conjectured the two term asymptotic formula

Tr(1(—oon(=AD))

= (27]%)dwd Vol(©)A

as A — 0o, where Vol'(99) is the surface area of Q. The formula is also formulated for

1 Wd—1 / d—1 d—1 (1'1>
1@ Vol (O)A 2 4+ o(A 2 ),

d
2

Neumann boundary conditions where the minus in front of the second term should
be a plus.!

H. Weyl’s original proof was based on a technique which is now called Dirichlet-
Neumann bracketing. This technique is simple, elegant and very robust. However, it
cannot be used to obtain precise formulae including lower order correction terms. The
variational methods were further developed but did not lead to sharp error bounds
but generalisations instead.

The next advance was the application of Tauberian methods in this context first
due to T. Carleman [4].2 The idea of this method is to consider a function F(A4,t) of
the operator A and an auxiliary parameter . Then, under the right assumptions,

Tr[F(A,t)] = / F(s,t)dTr[Ea(s)], (1.2)
R

where E4(s) is the spectral projection. Now one tries to construct Tr[F (A, t)] using
theory from partial differential equations and then try to recover Tr[E4(s)]. One of
the very essential steps in this method is the choice of the function F'. Some of the
examples are F(A,t) = e, F(A,t) = (t — A)~' or F(A,t) = A’. For each of these
functions there is a rich theory in PDE but they are difficult in the Tauberian part
(the recovering of Tr[F 4(s)]) and have not yielded sharp error bounds so far (to the
author’s knowledge).

In the context of the Tauberian method V. Avakumovi¢ 2] and B. Levitan [18]
used the function F(A,t) = e®4. They were able to recover estimates of the order
(’)(/\%) for closed manifolds and away from the boundary.

The next step was due to L. Hormander who in [11] approximated the operator
e by Fourier integral operators and thereby extended the results of V. Avakumovié
and B. Levitan. The results of L. Hormander was further extended by J. Duistermaat
and V. Guillemin in [7], who recovered the error 0()\%) for elliptic differential

1 H. Weyl only considered the cases d = 2, 3.

2 The Tauberian method or theorems originates from analytic number theory and is named after a Hun-
garian born, Austrian mathematician Alfred Tauber. The name Tauberian theorem was first introduced
by Hardy and Littlewood in 1913.
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operators on a compact smooth manifold without a boundary. For the proof they
needed to assume that the measure of all periodic geodesics is 0.

The obstacle to get results with sharp remainder for smooth manifolds with
boundary was the construction of the approximation to €4 close to the boundary.
This problem was partially circumvented by R. Seeley in [22]. It was first in 1980
that V. Ivrii proved the conjecture under two assumptions. The first assumption is
that the boundary 02 is smooth and the second is that the measure of all periodic
billiards is zero. In the same year R. Melrose in [20] proved an analogous result for
compact manifolds with smooth boundary but under more assumptions. One of these
assumptions is that the boundary is everywhere strictly geodesically concave.

This short survey is not giving the full history of the progress on the Weyl
conjecture. For a more detailed history about this problem see the surveys [1, 5, 15]
or see the introductions in the mentioned papers.

We should in this section also mention that the development did not end with the
proof of V. Ivrii in 1980. After this V. Ivrii and others tried to relax the assumptions
on the boundary [3, 13, 14]. Others have not just considered the counting function
but also the sum of the negative eigenvalues, where R. Frank and S. Larson this year
(2019) obtained an optimal result on two terms asymptotic for the sum of negative

eigenvalues for the Dirichlet Laplacian in a Lipschitz domain [8].

1.2 Generalisations of Weyl’s law

The result obtained for the Laplacian on a manifold with or without boundary was
during the period also extended to higher order differential operators. The higher
order differential operators were assumed to be elliptic and defined on a manifold with
or without boundary. A special case is the Schrodinger operator. They also started
to consider the question of operators acting in L? (]Rd) and not just on a compact
manifold. The question asked here was essentially the same: How many eigenvalues
are there less than or equal to a certain number A7

We will focus on the case of operators acting in L?(R?). Different types of problems
were considered simultaneously but with similar methods. As an example we have
the two following problems for Schrodinger operators:

e Find the spectral asymptotics as A — oo for Tr[1(_, x(H)], the number of
eigenvalues less than or equal to A\, where H = —A + V and V(z) — oo as
|z| — oo.

e Find the spectral asymptotics as h — 0 for Tr[1(_o 0)(H)], the number of
eigenvalues less than or equal to 0, where H = —h%?A + V.

These two problems are quite different but the first can be deduced from the second
under the right assumptions. The classical problem was the one receiving the most
attention at the start but some also did work on the semiclassical problem. We will
not give a full survey of the development for the semiclassical problem but instead
fast forward to the results due to B. Helffer and D. Robert, which first appeared
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in [9] for the counting function. The results can also be found in the monograph [21].
We will consider more general operators than just the Schrodinger operator.

As we saw in the previous section optimal results relied on microlocal analysis
and the same is true in the semiclassical setting. The class of operators they consider
they call h-admissible operators. We can think of these operators as operators of the
form

A(h) =) Op}(ay),
Jj=0
where Op)'(a;) is a Weyl-quantised h-pseudo-differential operator of the smooth
symbol a; and the sum should be understood as a formal sum. The rigorous definition
for these types of operators will be recalled later. The prime example for this type of
operators is the semiclassical Schrédinger operator Hy = —h?A + V which is given
just by the principal symbol ag(z, p) = p* + V(z) for V which is smooth and not ill
behaved. An optimal Weyl law for these operators is an expression of the form

T (A)] = G L [ 1csontaota. ) dedp-+ 0=,

for a number \g < A such ag'((—o0, \]) is compact and non-critical for ag(z,p). A
number \g is a non-critical value when

\Vao(z,p)] > ¢ >0 forall (z,p) € ag ' ({\o}).

This non-critical condition is essential for the proofs to be valid. It should be remarked
that the form of the leading term of the Weyl conjecture is of the same form as the
above phase space integral. Moreover in order for the proof to be valid we need extra
assumptions on the symbols than stated here.

In the previous section we stated some of the techniques entering the proof of
the Weyl conjecture. As it turns out these ideas also enter in the proof of the above
formula. Their proof has roughly three main steps. First they use a functional calculus
for h-admissible operators to localise the problem in energy space such that all
remaining values are non-critical. Then a Tauberian argument is used to smoothen
the spectral measure and introduce a propagator. The third step is to approximate
the propagator by a Fourier integral operator and do a stationary phase argument.
Hence the steps used in this approach are very similar to the steps described in the
previous section.

These results were further extended by B. Helffer and D. Robert in [10], where
they consider functions of the form gs(t) = (¢)%, where (t)— = (|t| —t)/2 and s > 0,
of the operators. Here they get more terms in the asymptotic expansions. In the case
where the subprincipal synbol is zero (a1(z,p) = 0) the expansion becomes

Tr[gs(A(R) — N)] = (27r1h)d /Rd /Rd gs(ao(z, p) — \) dwdp + O(R+5=9),

for 0 < s <1 and a number \g < A such ag ' ((—0o0, \]) is compact and non-critical
for agp(z,p).
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Similar results to these have also been proven by V. Ivrii [12] but with a slightly
different method. In Ivrii’s approach he considers the Schwarz kernel of the counting
function directly and proves his results on the level of kernels. In his work there is a
key observation: The construction of the propagator as a Fourier integral operator is
not required to get full asymptotics for these types of problems. Usually the Fourier
integral operator of the propagator is constructed for times in a small interval around
zero. But by applying suitable scaling arguments and hyperbolic energy estimates he
showed that the traces under consideration is negligible in the region i’ < [t| < Ty
for 0 < 6 < 1. For |t| < h? he showed that a “rough” approximation to the propagator
is sufficient to get the full asymptotics. This observation will be discussed further in
Chapter 3.

The above generalisations have all been for global operators. There have also
been work where the problem is localised by a multiplication operator with a smooth
compactly supported function. Results of this kind have been obtain by V. Ivrii
and can be found in [12, 16]. In the case of the Schrodinger operator A. V. Sobolev
obtained local result in [23]. In the results obtained by A. V. Sobolev one does not
need to assume the potential to be smooth in the whole space but only in a sufficiently
large neighbourhood of the localisation.

The semicalssical results have so far all been with a non-critical condition at an
energy \. For a Schrodinger operator there is an approach due to V. Ivrii (see [12, 16])
where it is possible to prove optimal error terms with out a non-critical condition.
This approach is also described by A. V. Sobolev in [24], where he extends the results
mentioned above to operators which only locally are assumed to be Schrédinger
operators. The approach is called multiscale analysis and the one suggested by V.
Ivrii can be viewed as a discrete approach. There is also a continuous version suggested
by J. P. Solovej and W. L. Spitzer in [25].

There are also works by L. Zielinski where he does not assume the non-critical
condition [36, 38-40|. Here L. Zielinski rewrites the error in terms of volumes and is
able to get a sharp bound with an assumption on the size of phase space volume.

Weyl laws have also be extended to symbols not taking values in C but in a
Hilbert space. The case of the Hilbert space being a space of matricies can be fund
in the monograph by M. Dimassi and J. Sjostrand [6] and monographs [12, 16] by V.

Tvrii.

1.3 Non-smooth theory

Almost all the previous results have assumed smoothness of the symbols. There were
results in Section 1.1, where the boundary was not smooth. But what about the case
of general differential operators with non-smooth coefficients? Can an optimal Weyl
law still be proven?

These types of results were first proven by L. Zielinski in [32-35], where he obtained
sharp estimates without assuming smoothness. We only mention L. Zielinski here,as
he was the first to obtain sharp estimates, but others also considered the case of
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non smooth coefficients. L. Zielinski considered globally elliptic differential operators
with non-smooth coefficients on compact manifolds with or without boundaries and
on the whole space (R?). In these papers L. Zielinski considered the number of
eigenvalues less than a number A and the asymptotics as A tends to infinity. As
microlocal analysis requires smoothness of the symbols this type of theory can not
a priori be applied. Instead the first step is to regularise the coefficients such that
they become smooth. This regularisation was based on ideas that appeared in [17]
by H. Kumano-go and M. Nagase. Then he could use techniques from microlocal
analysis on the regularised operator and by comparing the spectral asymptotics for
the two operators he could obtain the result. He proved the sharp estimate under the
assumption that the coefficients are differentiable and the first derivative is Lipschitz
continuous.

The results of L. Zielinski were generalised by V. Ivrii in the semiclassical setting
in [13|. Here the coefficients are assumed to be differentiable and with a Holder
continuous first derivative. Moreover in the paper he uses the semiclassical result to
prove the classical analogue. In [3] V. Ivrii together with M. Bronstein reduced the
assumptions further by assuming the first derivative to have modulus of continuity
O(|log(x — y)|~1). In this paper they considered not only one regularisation of the
original operator A but two framing operators AF such

A7 < A< AT

in the sense of quadratic forms. The parameter € is connected to the semiclassical
parameter i in a way which depends on the regularity of the coefficients. One of
the advantages of constructing two approximating operators is that by the min-max
theorem we have

Tr[1(— 0,0 (A)] < Tr[1(Zoo,0(A)] < Tr[1(_oo g (AD)]-

This implies that they can reduce the proof to showing a Weyl law for the approxi-
mating operators and compare the phase space integrals. They prove this Weyl law
by microlocal techniques. We will later return to some of the ideas entering this
approach.

In [37] L. Zielinski used the semiclassical setting to generalise the methods used
in [32-35] to obtain sharp estimates for globally elliptic differential operators with
non-smooth coefficients, which he assumed to be differentiable and with a Holder
continuously bounded first derivative.

For the non-smooth theory there are also works without a non-critical condition.
The ones known to the author are the works by V. Ivrii and L. Zielinski.

1.4 Applications of Weyl’s law

Weyl’s law is not just a purely mathematical pursuit. It has a strong and deep
connection to physical problems. As seen in the very start of this introduction the
problem was first introduced by two physicists. Some of the connection to physics is
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in the description of vibrations of a string or membrane, heat radiation of a body in

thermal equilibrium or the Schrodinger equation. We will not here go into further

details about these connections here. In stead we refer to [1, 5|, which is still not a

complete list.
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Chapter 2

An optimal semiclassical bound on
certain commutators

In the first paper we consider semiclassical bounds on the trace norm of the commu-
tators

[1(—00,0](Hh)7xj]7 [1(—00,0](Hﬁ)7 Qj] and [1(—00,0](Hﬁ)7 eitax]' (21)

Here Hj, is a Schrodinger operator acting in L?(R?) of the form Hj = —h?A +V,
where A is the Laplacian on R? and V is a real-valued function. The operator Qj is
given by Q; = —ih0,, for j in {1,...,d}, x; is the multiplication operator with x;
for j in {1,...,d} and e is the multiplication operator with the function e”*. The
bound on the trace norm of the commutators we prove is

11 (o001 (Hp), z5][h < CA'™"and  [|[1(_oo0)(Hp), Q411 < CA* Y, (2.2)

where ||| denotes the trace norm. The bound on the trace norm of the last commu-
tator in (2.1) follows as a corollary. The exact statement of our main theorem and
our assumptions will follow shortly.

First of all why is this an interesting question? In order give some answers we
need to set up some notation and terminology.

Definition 2.0.1. Let Q C RZ x RZ be open, p be in [0, 1] and m a tempered weight
function on RZ x Rg. We call a function a a symbol with weights (m, p) if a is in
C>(Q) and satisfies that

10507 a(x,p)| < Cam(z, p)(1+ |(z,p)[) P11, (2.3)
for all (x,p) in Q and «, B in N¢. The space of these functions is denoted 7 ().

This space is a Fréchet space with the natural family of semi-norms.

The tempered weight function is also called an order function. This is the case in the
monographs [5] and [11]. We have chosen to call them temperate weights to align
with the terminology in the monographs [6] and [9].

With this definition we can define the Weyl-quantised 7 pseudo-differential opera-
tor (A-UDO) we consider.

Definition 2.0.2. Let m be a tempered weight function. For a symbol a in the set
ry (Rﬁ X Rg) we associate the operator Opy'(a) defined by

Opy (a)y(x 27rh /Rd /Rd (w=vp)q (T8 p) 4 (y) dy dp, (2.4)
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for ¢ in S(R?) (the Schwartz space). The integral in (2.4) shall be interpered as an
oscillating integral.

For the properties of this type of operators we refer to one of the monographs
[5, 6,9, 11].

We can now give some answers to why this question is interesting. If we consider
two h-pseudo-differential operators A(h) = Opy'(a) and B(h) = Opj}’(b) with symbols
satisfying that lﬁgaga(x,pﬂ and |0§05b($,p)| are elements of L!'(RZ x Rg) for all
multi indicies @ and 3 in N¢. Then by Theorem I1-32 and Theorem 11-49 in [9] we
have the bound

I[A(R), B(W)] |1 < Ch'~4,

This bound implies that the bounds in (2.2) are optimal in terms of the semiclassical
parameter /i even though the operator 1(_., gj(H}) is not a A-WDO. Hence as a purely
semiclassical question is interesting to see if optimal errors can be achieved in this
setting.

The bounds in (2.2) correspond to a mean-field version of bounds assumed in
a series of papers by N. Benedikter, M. Porta and B. Schlein et. al. [1-4]. In these
papers they consider time evolutions of fermionic systems in certain regimes. They
prove that if the initial state is a Slater determinant and the one-particle reduced
density matrix of this state satisfies a semiclassical commutator bound as in (2.2),
then the evolved state remains close to a Slater determinant. We will not here go into
further details of the result, as it requires another formalism and machinery than we
otherwise will use but refer to the papers [1-4]| for further details. Bounds of this type
have also been assumed in [7], which appeared this year (2019). So the semiclassical
bounds of this type is not just interesting from a purely semiclassical view it also has
applications in other areas.

2.1 Main theorem

Before we state the main theorem we will state the assumptions on V for which we
can prove the theorem.

Assumption 2.1.1. Let V : R¢ — R be a function for which there exists an open
set Qy € R? and € > 0 such that

1) Visin C®(Qy).

2) There exists an open bounded set €. such that Q. C Qy such that V > ¢ for
all z € Q¢.

3) Vg is an element of L}, (RY).

The assumption of smoothness in the set €y is needed in order to use the theory of
pseudo-differential operators. The second assumption is needed to ensure that we
have noncontinuous spectrum in (—oo, 0] and enable us to localise the operator. The
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last assumption is just to ensure that we can define the operator Hj by a Friedrichs
extension of the associated form. We can now state our main theorem:

Theorem 2.1.2. Let Hy = —h?A 4V be a Schridinger operator acting in L?(R?)
with d > 2, where V' satisfies Assumption 2.1.1 and let Q; = —ihdy; forj € {1,...,d}.
Then the following bounds hold

111~ so0)(Hr), 2]l < CRYTand  ||[1(_oo 0 (Hp), Q][ < OB, (2.5)
where C is a positive constant.

As a corollary to the above theorem we obtain:

Corollary 2.1.3. Let H, = —h?>A +V be a Schridinger operator acting in L*(R?)
with d > 2, where V' satisfies Assumption 2.1.1. Then the following bound holds

11 (=001 (), €511 < Ct[p* 4, (2.6)
for all t in R, where (t,z) is the Buclidean inner product and C' is a positive constant.

The corollary follows by an application of the Duhamel formula/principle and the
the first bound in Theorem 2.1.2. One thing we emphasise is that in our proof we
found a way to circumvent the use of a smoothing procedure. This step will be briefly
explained in the next section.

2.2 Ideas entering the proof of the main theorem

We will in the following use the notation from Assumption 2.1.1. Moreover we will
only discuss the first commutator in Theorem 2.1.2 as the ideas used to prove the
two bounds are the same.

The first step in the proof of Theorem 2.1.2 is to localise the problem. This is done
by choosing a x in C§°(Qy) such that y(x) = 1 for all z in Q.. With this localisation
we have

1L (— 00,01 (Hr)s 5]l11 = 111 (=000 (HR)s X111 + [[[1(—00,0)(HR)s (1 = x)z5l[l1. (2.7)

For the last term in the right hand side of (2.7) we use an Agmon type estimate and
a corollary to the Cwikel-Lieb-Rosenbljum bound from [8] to prove it is negligible.
What remains is the localised part of the commutator.

For the localised part we prove the bound in two steps. First we prove the bound
under a non-critical assumption, where we are localised to a ball. Then this result is
used to obtain the general local result by the multiscale argument.

Before we state the localised version with a non-critical condition we need some
notation and to recall an assumption:

Assumption 2.2.1. Let H be an operator acting in L?(R%) such that

1) H is selfadjoint and lower semibounded.
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2) There exists an open set Q C R? and a realvalued function Vi, in C§°(R?) such
that C§°(Q2) C D(H) and
Hu = Hloc

for all w in C§°(Q2), where H,lioc = —R2A + V.

This assumption is taken directly from [10] and we will also be applying a result from
that paper. The first localised version we prove is:

Theorem 2.2.2. Suppose the operator H acting in L?(RY) with d > 2 obeys As-
sumption 2.2.1 with Q = B(0,4R) for R > 0 and

V(@) +|VV(@)]* +h>e (2.8)
for all x in B(0,2R), where ¢ > 0. For ¢ in C§°(B(0,R/2)) it holds that
o).l < R and |[1-soq (M), 0@l < CH7L (29)

for all sufficiently small h and j € {1,...,d}, where Q; = —ihd,;. The constant C
only depends on the dimension, the numbers [0SV oo and |0%¢]|oo for all a in N,
and the numbers R and ¢ in (2.8).

The new assumption on V' in equation (2.8) ensures that 0 is a non-critical value
of the operator. In order to prove the bounds here it is convenient to rewrite the
commutator as

[1(—00,0} (/H)v SD] = 1(—00,0] (H)SD]‘(O,OO) (H) - 1(0,00) (H)QO]-(—OO,O] (H)a (210)

where the bound is proven for each of the two terms in (2.10). In order to prove the
bounds we localise in energy to a region close to zero where all values are non-critical
and the rest. For the technical details, see the paper. This localisation gives us a term
of the form

L0/ (H) L0, (H),
where 7 is chosen such all values in [—27n, 2] are non-critical values. In order to

estimate this term we make a h dependent dyadic decomposition of the interval
(—n, 0] by introducing the functions

1 t n=20
Xon(t) = {1(h,0]( )

(*4”h,74”_1h](t) n e N.

By letting Xy 1(t) = xnn(—t) we also have a decomposition of (0,7). With these
function we get

N(h) N(Ii

1Ll (H)h < D ZHXn n(H)oXm,n(H)|l1- (2.11)

n=0 m=0
Why is this a useful estimate? Under the assumptions in the theorem one can prove
that
Tr[L(_gnp,—an2 (H) ] < 4"H71C,
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by applying [10, Theorem 4.1], which is an optimal Weyl law for this type of operators.
Hence by a Cauchy-Schwarz inequality we have

n+m

X (H)pXmn(H)|1 < C4 2

p-d,

The issue is that these terms are not summable. To make the sum converge we split
the sum according to which of the numbers m and n are largest. In the case n < m
we use the simple fact that ¢t + 22771 is large on the support of Xm,n and small on
the support of x, 5. This trick gives the estimate

~ 1 ~
”Xn,h(/H)@Xm,h(/H) ”1 < m ||Xn,h(H) [[907 /H]v ,H]Xm,h(/H) ”1 (2'12)

What we have gained from this is a prefactor which will make the sum convergent if we
can estimate the double commutator. The semiclassical parameter =2 in the prefactor
is canceled by the A2 coming from the double commutator. By the assumptions on
the operator H the double commutator can be calculated explicitly and then the
term can be estimated.

The above trick is the one that enable us to avoid a smoothing procedure which
is often used to get optimal error bounds in such problems.

To move from this local result to a local result without a non-critical condition
we use a multiscale argument as stated in [10]. We will not give further details here
on how this argument works but we refer to the paper. This local result without a
non-critical condition now gives the estimate for the first term of the right hand side
in (2.7).

2.3 Possible extensions of the result

A first question could be to incorporate a magnetic potential. The answer to this is
most likely positive as the optimal Weyl law we used is actually proven for a magnetic
Schrédinger operator. Moreover the double commutator should still be computable.
For other types of operators one would need to ensure an optimal Weyl law as the
one we have used and an Agmon type estimate, as the one we applied heavily used
that our operator was a Schrédinger operator.

Then there is the work to generalise this result to the precise assumption in [1-4],
where the setup is that of a many-body problem. This would probably require some
additional techniques than the ones we apply. However we consider the present
contribution a first important step.
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Paper 1

An optimal semiclassical bound on
certain commutators

by Soren Fournais and Soren Mikkelsen

Aarhus University

Abstract: We prove an optimal semiclassical bound on the trace norm of the
following commutators [1(_e 0](Hp), 2], [1(—cc,0)(Hr), —ihV] and [1(_w oj(H}), €],
where Hj, is a Schrodinger operator with a semiclassical parameter f, = is the position
operator and —iAV is the momentum operator. These bounds corresponds to a
mean-field version of bounds introduced as an assumption by N. Benedikter, M. Porta

and B. Schlein in a study of the mean-field evolution of a fermionic system.

I.1 Introduction and main result

We consider a Schrodinger operator Hy, = —h?A + V acting in L?(R?) with d > 2.
Here A is the Laplacian acting in L?(R?) and V is a real valued function. We will be
interested in the following trace norms of commutators:

1L (oo (Hn)s 5]l (oo (Hr), @1l and  [|[1(Zoo0)(Hp), €™*]|I1,

where Q; = —ihd,; and z; is the position operator for j € {1,...,d}. Moreover 14
denotes the characteristic function of a set A and ||-||; denotes the trace norm. The
main theorem will be the bound for the first two commutators and the bound on the
last will follow as a corollary.

Let us specify the assumptions on the function V' for which we study the operator
Hy,.

Assumption I.1.1. Let V : R? — R be a function for which there exists an open
set Oy € R% and € > 0 such that

1) Visin C*(Qy).

2) There exists an open bounded set €. such that Q. C Qy such that V > ¢ for
all z € Q¢.

3) V1gg is an element of L, (RY).

17
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The assumption of smoothness in the set 2y is needed in order to use the theory of
pseudo-differential operators. The second assumption is needed to ensure that we
have non continuous spectrum in (—oo, 0] and enable us to localise the operator. The
last assumption is just to ensure that we can define the operator Hy by a Friedrichs
extension of the associated form. We can now state our main theorem:

Theorem 1.1.2. Let Hy = —h?A +V be a Schridinger operator acting in L*(R?)
with d > 2, where V' satisfies Assumption 1.1.1 and let Qj = —ih0y; forj € {1,...,d}
futhermore, let hg be a strictly positive number. Then the following bounds hold

11— so0)(Hn), 2]l < CRYTand  ||[1(_oo 0 (Hn), Q][ < OB, (2.1)
for all kv in (0, ko], where C' is a positive constant.

From Theorem 1.1.2 we get the corollary:

Corollary 1.1.3. Let Hy = —h?A +V be a Schridinger operator acting in L*(R?)
with d > 2, where V' satisfies Assumption 1.1.1 futhermore, let hg be a strictly positive
number. Then the following bound holds

1L (—oo0) (Hp), 211 < CJelRt 4, (2:2)

for all t in R? and all h in (0, ho), where (t,x) is the Euclidean inner product and C
18 a posilive constant.

Theorem 1.1.2 and Corollary 1.1.3 are semiclassical in the sense that they are of most
interest in the cases where the semiclassical parameter & is small. The upper bound
ho on the semiclassical parameter is needed in order to control the constants as we
do not have uniformity for # tending to infinity.

The proofs of Theorem 1.1.2 and Corollary 1.1.3 are given in section I1.4. The
proof of Theorem 1.1.2 is divided into three parts. First a local version of the theorem
(see Theorem 1.3.3) is proven with a non-critical assumption (2.4). This proof is
based on local Weyl-asymptotics proven in the paper [15] and an /A dependent dyadic
decomposition which will be introduced in the proof. In the first part we will not
be considering the operator Hy directly but an abstract operator H which satisfies
Assumption 1.2.1 below. The abstract version is needed for the later multiscale
argument.

The second part is to remove the non-critical condition by a multiscale argument
as in [15] (see also [9, 10]). The main idea is to make a partition of unity and on each
partition scale the operator in such a way that a non-critical assumption is achieved
and then use the theorem with the non-critical condition. The final step in this part
is to remove the dependence of the partition by integration.

The third part is to first note that the theorem obtained in the second part gives
the desired estimate in the classically allowed region {V < €} and then prove that the
classically forbidden region {V > e} contributes less to the error term than the desired
estimate. This is done by applying an Agmon type bound on the eigenfunctions of
the operator Hy,.
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Commutator bounds of the type considered in this paper were introduced as
assumptions in a series of papers by N. Benedikter, M. Porta and B. Schlein et. al. [2-5]
where they considered mean-field dynamics of fermions in different settings. The
bounds considered here are a first step to verifying their assumption, since the
bounds proven here correspond to a mean field version of the bounds they need. The
assumption reappeared in the paper [11].

Already the mean-field version of the bounds, treated in this paper, is non-trivial
as they are optimal in terms of the semiclassical parameter A, which is easily seen by
the calculus of pseudo-differential operators.

1.2 Preliminaries

Assumptions and notation

First we will describe the operators we are working with. Under Assumption I.1.1 we
can define the operator Hy, = —h*A + V as the Friedrichs extension of the quadratic
form given by

d
blf0) = [ 1D 00 f@)g@) + V() f(@gl@ da, £, € DIb).
=1
where
D) = {7 € @] [ PIF )P do <o and [ W@l de < oo

In this set up the Friedrichs extension will be unique and self-adjoint see e.g. [13].
Moreover, we will also consider operators that satisfy the following assumption

Assumption 1.2.1. Let H be an operator acting in L?(R?) such that
1) H is selfadjoint and lower semibounded.

2) There exists an open set 2 C R? and a realvalued function Vi, in C§°(R?) such
that C§°(Q) C D(H) and
Hu = H*u

for all w in C§°(Q2), where H,ZLOC = —R2A + V.

The above assumption is exactly the same as in [15]. It is important to note that the
assumptions made on the the operator Hy in Theorem [.1.2 imply that Hj satisfies
Assumption [.2.1 for a suitable V},.. When referring to this assumption further on we
will omit the loc on the operator H ,lioc and the function Vj,. when we only consider
an operator satisfying the assumption.

The construction of the operator via a Friedrichs extension will also work for
the local Schrodinger operator, where V,. is C§°(R). But in this case the operator
can also be constructed as the closure of an h-pseudo-differential operator (A-¥DO)
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defined on the Schwarz space. By an -~-WDO, A = Op}'(a) we mean the operator
with Weyl symbol a, that is

On} (@)6(0) = e [ [ "0 (252, 5) wty) dy .

for ¢ € S(R?) (the Schwarz space). The symbol a is assumed to be in C*°(RZ x RZ)
and to satisfy the condition

020 a(x,p)| < Cagm(z,p), (2.3)

for all multi-index a and § and some tempered weight function m. The above
integrals should be understod as oscillating integrals. We need this as the results
on Weyl-asymptotics needed is based on (A-¥DOs). For more details see e.g. the
monographs |7, 14, 16].

We call a number E in R a non-critical value for a symbol a if

(Vea(z,p), Vpa(z,p)) #0  V(z,p) € a” ({E}).

In the case where a(z,p) = p*> + V(x) the non-critical condition can be expressed
only in terms of the function V' by assuming that

IVoV(@)?+|E-V(z) >0,  V(z,p) €a'({E}),
since it is immediate that

Vea(z,p)|* + [Vya(z,p)|* = [VoV(2)* + 4|E = V(2)|,  Y(z,p) € a '({E}).

Optimal Weyl-asymptotics

We are interested in optimal Weyl-asymptotics for an operator H acting in L?(R%)
satisfying Assumption 1.2.1. When we only have one operator we will not write the
loc subscript on the operator. In the following we will denote the open ball with
radius R by B(0, R). For this kind of operators we have from [15, Theorem 4.1] the
following theorem:

Theorem 1.2.2. Suppose the operator H acting in L*>(R?) with d > 2 obeys Assump-
tion 1.2.1 with Q = B(0,4R) for R > 0 and

V(@) +VV (@) + k> e (2.4)

for all x in B(0,2R) furthermore, let hy be a strictly positive number. For ¢ in
C5°(B(0, R/2)) it holds that

1 _
Tr[1( o0 (H)ep] — (@nh)d /Rd /Rd 124y (0)<0} (@, p)p(x) da dp| < Ch'™,

for C' a positive constant and all kv in (0, ho]. The constant C depends on the numbers
R, ho and c in (2.4) and on the bounds on the derivatives of V' and .
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One can note that in our “non-critical” assumption (2.4) in the above theorem there
has appeared an h. This assumption would either imply that |V (z)|+|VV (z)]? > ¢/2
or i > ¢/2. In the first case the assumption gives us our non-critical assumption.
In the second both sides will be finite and the formula can be made true by an
appropriate choice of constants.

Proposition 1.2.3. Suppose the operator H acting in L*(RY) with d > 2 obeys
Assumption 1.2.1 with Q = B(0,4R) for R > 0. Moreover suppose there is an € > 0
such that

[V(z) = E|+ |VV(z)* + h>c, (2.5)

for all x in B(0,2R) and all E in [—2¢,2¢] furthermore let ho be a strictly positive
number. For ¢ in C§°(B(0,R/2)) and two numbers a and b such that

—e<a<b<e,

it holds that
Tr[1,(H)@] < Cilb— alh™® + Coh' 9,

for two positive constants Cy and Cy and all h in (0, ho|. The constants C1 and Co
depend only on the numbers R, ho and ¢ in (2.5) and on the bounds on the derivatives

of V and .

Remark 1.2.4. We suppose we have an operator H acting in L?(RY) with d > 2,
which obeys Assumption 1.2.1 with Q = B(0,4R) for R > 0. If it is assumed that
there exists a ¢ > 0 for which

V()| + |VV(z)]* +h>c,

for all x in B(0,2R), then by continuity this would imply the existence of a ¢ > 0
and an € > 0 such that

V(x) = Bl + |VV(2)* +h 2 ¢,

for all x in B(0,2R) and all E in [—2¢, 2¢]. That is we could generalise the assumptions
in the proposition. But we have chosen this form of the proposition due to later
applications.

Proof. We can rewrite the trace of interest as
Tr[L1a,5)(H) @] = Tr1 (oo (H) ] = Tr[1(—oo,a)(H)¢]- (2.6)
If we consider the trace Tr[1(_ 4 (H)¢] then we can rewrite this in the following way
Tr[1(oop) (H)p] = Tr[1(—oo,0)(H — b))

The operator H — b satisfies Assumption 1.2.1 with V replaced by V — b and by
assumption we have

V(z) = b+ |VV(2)]> +h>c, (2.7)
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for all x in B(0,2R). The b should be understood as by(z) where x is C3°(B(0,4R))
and x(x) =1 for z in B(0,3R). Hence we can omit the xy when we are localised to
B(0,2R). By Theorem 1.2.2 we have the following identity

Tr[1(—oop) (H)p] = Tr[1 (0,01 (H — b)¢]

1 _
= (27Th)d/nd /Rd 1{p2+V(z)fb§0}($7p)90(l') d$dp+0(h1 d) (2.8)

1 —
~ (2rh)d /Rd /Rd L2 v ay<ny (2, 9) (@) dedp + O(R'™),

where the error term is independent of b. Analogously we get that

Tl 06 = o |, | Losviosa @ 0)e(@) dadp+ O, (29)

Since the two error terms are of the same order we can, when subtracting the two
traces, add the two error terms and obtain a new error term of order i'~¢. Hence we
will consider the integral

L [ v oela) = g v @ ople) dedp.— (210)

By assumption this integral is finite. In order to evaluate these integrals we note that
by assumption we are in one of the following two cases

h> g (2.11)
or
V(z) — E| + |VV(z)[]2 > % (2.12)

for all x in B(0,2R) and all E in [—2¢,2¢]. In the first case (2.11) we can estimate
the integrals by a constant and replace =% by A!~% at the cost of % For the second
case (2.12) we have, by the Coarea formula, the equality

L | i voran @)@ = 1 v o p)ota) dodp

1
= plx dSdFE,
/a Ap2+V(x):E} ( ) ‘(vxv(x)a vpp2)’

where S is the surface measure. By support properties of ¢ and (2.12) we have that

1
sup T ds < C. 2.14
Ec|—¢.€] /{p2+V(:v)E} SD( ) ’(VxV(.Z‘), Vpp2)| ( )

Using (2.14) we get

b 1 b
() dSdE < / CdE < C|b— al, 2.15
/a /{p2+V(x)E} (VaV (2), Vipp?)] a o (215)

where C'is the constant from (2.14), which is independent of a, b and /. By combining
(2.6), (2.8), (2.9), (2.13) and (2.15) we get

(2.13)

Tr[L, 5 (H)p] < Cilb— alh™® + Coh' 4.

Which is the desired estimate and this ends the proof. O
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The previous proposition gives that we can get the right order in A of the trace if
we consider sufficiently small intervals. This will be a crucial point in the proof of
Theorem 1.3.3.

Furthermore we will be needing a corollary to the Cwikel-Lieb-Rosenbljum (CLR)
bound. This corollary is stated in [12, Chapter 4].

Corollary 1.2.5. Letd > 1, v > 0, A > 0 and H = —A +V be a Schridinger
d
operator acting in L*(RY) with (V + %)_ in L2T7(RY) and V. in L} (RY). Then

loc

Tr(1(—oo,—x(H)) < 2 1 6D (V(z)+ %)%Jﬂ dx,

TN (4)8 T( +7) Jra

where I' is the gamma function.

We will use this corollary in the following way.

Remark 1.2.6. Let Hy = —h?A + V be a Schrédinger operator acting in L?(R9)
and suppose it satisfies Assumption [.2.1. We will later need an a priori estimate

on the number Tr(1(_c, <](Hp)). To obtain this we will consider the operator H), =
—RPA+V — 5. Clearly,

Tr(L(_oe,—2)(Hi = 5)) = Tr(1 —A+ % —553). (2.16)

(—OO,—#] (

If we apply Corollary 1.2.5 to the right hand side of (2.16) with v =1 and A\ = ;7

we get
2
R 2

T s+1
Tr(1 o o (~A+ja = gi)) Sca | (GF = )2 da

(3
cd y 44 (2.17)
S MUOES L

The last integral in (2.17) is finite by Assumption 1.2.1 since the support of (V(z) —

32)_ is compact and the function is continuous. Combining (2.16) with (2.17) we get

the bound o
Tr(l(,oo&](Hh)) < 7 (2.18)

where we have absorbed the integral and ¢ into the constant.

Trace norm estimates of operators

In this subsection we will list some results on trace norms and estimates of trace
norms for operators. First recall that for an operator A the trace norm is

Al = T ([447%)
and the Hilbert-Schmidt norm 1is
[All2 = v/Tr (AA*)

Moreover we will use the convention that || Al| is the operator norm of A. The following
lemma is a modification of [15, Lemma 3.9]. The proofs are completely analogous.
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Lemma 1.2.7. Let Hy, = —h2A+V be a Schridinger operator acting in L*(R®) with
V in CP(RY). Let f be in C°(R) and ¢ in C°(RY). We let v € {0,1}, hg > 0 and
Qj = —ih0y, for j € {1,...,d}. Then

Q5 f(Hp)llL < Ch™4,
for all b in (0, ho). If 1 is a bounded function from C*®(RY) and ¢ > 0 such that

dist[supp(y), supp(¢)] > c. (2.19)

Then for any N in Ny

Q5 f(Hp)llh < CnRY,
for all kv in (0, hg]. Both constants C and Cn depend on the dimension, the functions
¢ and ), the numbers hy, |0V |lso for a in N3, [0 f||oo for j in Ny, ¢ in (2.19) and
sup(supp(f))-

The following theorem is an extension of Theorem 3.12 from the paper [15] as an
extra operator has been added. It is less general in the sense that we only consider
compactly supported, smooth functions applied to the operator, whereas in the paper
more general functions are considered. Again we omit the easy modifications of the
proof in [15].

Theorem 1.2.8. Let H satisfy Assumption 1.2.1 with Q = B(0,4R) for an R > 0.

Let f be in C3°(R) and let r € {0,1}, ho > 0 and Q; = —ihdy; for j € {1,...,d}. If
¢ is in C3°(B(0,3R)) then for any N >0

leQ5[f(H) — fF(H]l1 < CnhY

and

Q% f(H)|ly < CR™?

for all i in (0, hy], where the constants Cy and C' only depend on the dimension and
the numbers ho, |07 f|loo for j in Ng and |0°V||so, [|0%¢||lce for a in Ng.

1.3 Local case

In this section we will present the first step in the proof of Theorem 1.1.2 where we
prove a local version of the theorem under a non-critical condition. It should be noted
that we are not trying to get optimal constants in the following.

Auxiliary bounds

Before we proceed we will consider a simple case where the function applied to the
operator is a smooth function with compact support. Moreover we will prove a bound
on a Hilbert-Schmidt norm which will prove to be useful.

The first auxiliary result is a simple case of Theorem 1.3.3, where we consider the
same commutators as in the theorem but we apply a smooth, compactly supported
function to our operator instead of the characteristic function.
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Lemma 1.3.1. Suppose the operator H obeys Assumption I1.2.1 with Q = B(0,4R) for
R >0 and let f be in C3°(R) and hg > 0. For ¢ in Cg°(B(0,3R)) and Q; = —ihdy,
for j€{1,...,d} it holds that

I (H). ¢l < OR™and [|Lf(H), @]l < OB,

for all h in (0, hg] and a positive constant C, where C only depend on the dimension,
the function @, the numbers ho, |0V || for a in N3, |07 f|ls for j in Ny and
sup(supp(f))-

Proof. We start by proving the first commutator bound. By Theorem 1.2.8 we note
that for any N > 0

117 (), elll < NILf (H), @)l + CnRY, (2.20)

hence we need only prove the bound for the trace norm of [f(Hj), ¢]. Let g € C5°(R)
such that ¢(¢)f(t) = f(t) and 0 < g(t) <1 for all ¢ in R. Then we have that

[f(Hp), 0] = f(Hp)p — o f(Hp)

= g(Hp) f(Hn)p — pg(Hp) f(Hp) + g(Hp)of (Hr) — g(Hr)p f (Hr)
= g(Hp)[f(Hnr), ] + [g(Hp), ] f (Hp)-
These equalities implie that
1Lf (Hn), Ml < Nlg(Hp)[f (Hr), @lll1 + [[[g(Hn), ©1f (Hp)ll1- (2.21)

We start by considering the first trace norm ||g(Hp)[f(Hp), ¢]||1 and the second can
be treated by an analogous argument. Let ¢ be in C$°(R?) such that $p = ¢ and
0 < @ < 1. Then we have that

lg(Hr)[f (Hr), ellly < llg(Hp)@Lf (Hr), @1l + lg(Hr) (1 — @).f (Hp)ell1
< llg(Hr) @l lILf (Hp), o)l + 111 = @) f (Hr)elln (2.22)
< Ch | [f(Hp), @]l + CnhY,
for all N > 0, where we have used Lemma [.2.7 in the last inequality. That

I[f(Hp), ¢ll| < Ch, (2.23)

is a consequence of the functional calculus for h-UDOs presented in [14]. It also
follows fairly easily from an argument using the Helffer-Sjostrand formula [6] and the
resolvent identities. The estimate on the second term in (2.21) is similar and will be
left to the reader. This estimate concludes the proof. O

The next lemma is very similar to the above lemma.

Lemma 1.3.2. Suppose the operator H obeys Assumption 1.2.1 with Q = B(0,4R)
for R >0 and let f be in C§°(R) and ho > 0. For ¢ in C§°(B(0,3R)) it holds that

-, @l f(H)]l2 < Ch'~2,

for all ki in (0, hy] for a positive constant C, where C' only depends on the dimension,
the function @, the numbers hg, |0V || for a in N&, |07 f|ls for j in No and
sup(supp(f))-
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Proof. Let o1 be in C§°(B(0,3R)) such that ¢1¢ = ¢ and 0 < 1 < 1. Then by
Assumption 1.2.1 the commutator [H, ¢] is local in the sense that

[H, ] = [Hp, pler,

where Hj, is the operator from Assumption 1.2.1 i.e. Hy = —h?A 4V, where V is in
Cg° (RY). Therefore there exists a A9 > 0 such that —\g is in the resolvent set of Hj,
and the operator Hy + Ao is positive (e.g. A\og = 1 + ||V||oc) We then have that

I[H, el f (H)ll2 =[Hn, ©)o1 R, (—Xo) (Hi + Xo) f(H)]2

<|[[Hpn, ] Ru, (= Ao)e1(Hp + o) f(H)]]2 (2.24)
+ 1[Hns plle1, B, (= A0)|(Hn + Xo) f(H) 2,

where Ry, (2) = (Hp — 2)!. If we now consider each of the terms separately we can
for the first term note that by Assumption 1.2.1 and Theorem 1.2.8 we have

I[Hps ) Rz, (= A0) o1 (Hp + Ao) f(H) |2 < I[Hny ] Ra, (—Ao) o1 (K + Xo) f(H) ]2
< ™2 |[[Hn, o] Riz, (— o)

< CR'"3,
(2.25)
where we have used the bound
d
[(Hn )R, (M)l < 1Y 1200, @y — ihipro ) Rir, (M)l < k. (2:26)
j=1

where we have calculated the commutator explicitly. The bound in (2.26) is valid
since D(Hj) C D(Q;) for all j € {1,...,d}. Moreover in (2.25) we have used the

following estimate

o1 (H + o) f(H)15 = Trlp1 (K + Ao) f(H)*(H + Ao)ei]
< [lo1(H + Xo) fF(H)*(H + Xo)er|ly < CR™,

by Theorem 1.2.8. For the other term on the right hand side of (2.24) we note that
I, eller, B (= A0)|(Hi+ o) f(H)ll2 = [[[Hp, el R, (= 0) [Hp, 1l f(H) |2 (2.27)

Let @2 be in C§°(B(0,3R)) such that pap1 = 1 and 0 < ¢ < 1 and note that by
Theorem 1.2.8

I[Hns @1 R, (= o) [Hp, 1].f (H) |2

= ||[Hp, ¢] R, (— o) [Hp, o1]e2f (H)||2 2.28)
< [|[Hn, @) Rty (—20)2 | Rizy (—20)? [His 1] 02 f (H) 2
< CR*E,

where we have used that the commutators [Hy, ¢| and [Hp, ¢1] can be calculated
explicitly and that their domains contains the form domain of Hy. Combining estimates
(2.24), (2.25) and (2.28) we get the desired bound. O
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Local case with a non-critical condition

We will now state and prove the local version of the main theorem (Theorem I.1.2)
with a non-critical condition. It should be noted that we are only dealing with open
balls as the domain in Assumption [.2.1 since when we extend the result we will use
them to cover a general open set.

Theorem 1.3.3. Suppose the operator H acting in L2(]Rd) with d > 2 obeys Assump-
tion 1.2.1 with Q = B(0,4R) for R > 0 and

V()| +|VV(z)? +h>c, (2.29)

for all z in B(0,2R), where ¢ > 0. Furthermore, let hg be a strictly positive number.
For ¢ in C§°(B(0,R/2)) it holds that

11 (—oo0(H), @lllt < CR'™and  [|[1(_s 01 (H), Q]I < CR' ™Y, (2.30)

for all i in (0,ho] and j € {1,...,d}, where Q; = —ihd,,;. The constant C only
depends on the dimension, the numbers || 0%V ||oo and ||08¢loo for all a in NZ, and
the numbers R and c in (2.29).

Proof. We start by proving the first bound in (2.30). We notice that

(100,01 (H); 0] = 1(Zo0,0/(H)01(0,00) () = 1(0,00) (7)1 (—0,0] (H)- (2.31)

We will consider each of the terms in (2.31) separately and they can be handled with
analogous arguments. So we only consider the term 1(_ o(H)91(0,00)(H). By (2.29)
and continuity, there exists an € > 0 such that for all E in [—2e, 2¢] we have

E—V@)+VV@)P+h=

for all z in B(0,2R). Without loss of generality we can assume ¢ < 1. Let g1 and gg

be two functions such that
* 91(H) + go(H) = 1(—co,0(H)
e supp(go) C [—¢,0] and go(t) =1 for t € [—£/2,0].
e g1 € C(R).

That g1 can assumed to be compactly supported is due to the fact that the spectrum
of H is bounded from below. With these functions we get that

1(—o0,0/(H)91(0,00) (H) = g1(H) L (0,00)(H) + g0(H) 01 (0,00)(H)

(2.32)
= [gl (H)’ 90]1(0,00) (H) + gO(H)Spl(O,oo) (H)

For the first term we note that by Lemma [.3.1 we have the estimate:

1lg1(H), 211 (0,00) F) 1 < [l[g1(H), ¢]]l1 < CR. (2.33)
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In order to estimate the term go(H)¢1(g o) (H) we let f be in C5°(R) such that
f(t) =1 on [—¢,0] and supp(f) C [—2¢,¢]. Then we have

90(H)PL(0,00)(H) = go(H) f(H)PL(c,00)(H) + go(H)pL (0, (H)
9o(H)[f (1), 11 (e 00) (H) + go(H) 10,5 (H)-
Again from Lemma 1.3.1 we have the estimate:
lgo(F)[f (1), )1 (c00) ()11 < (I[F (H), @]l < CR'1 (2.34)

What remains is to get an estimate of the trace norm of the term go(H)p1(o)(H). In
order to estimate this term we define the following & dependent dyadic decomposition:

Xua(t) = {1(“]() "

1(_4nh7_4n71h] (t) nec No.

moreover we let X, #(t) = Xnn(—t). Then there exist N (k) in Ny such that

N(h)
Z 9o(H)Xn,i( and  1(g Z L0, (H)-Xm,n(H)-
With these equalities we get the following inequality:
N(h) N(h)
lor(H)eLoa(H)lh < Y D Ixns(H)eXma(H)lh
n=0 m=0
N(h) N(h) N(R) N(h)
= Z Z HXn,h(,H)(Pim n(H Hl + Z Z ”Xn h SDXm,h(H)”l
n=1m>n m=1n>m

+ ) s () eXos )l + D Ixos(H)eXma(H) 11 + [Ixo.n(H)eXo.n(H) 1.

(2.35)
We will start by considering a term from the first double sum. Hence we assume that
m >n > 0. The support of x, n(H) is [-4"h, —4" 1] = [-22"h, —22("=D ], which
contains the point —22"~1A, and similarly the support of Xm n(H) is 4™ 1h,4™h] =
[22(m=Dp, 22mp) We note that we can make the following estimate, using the spectral
theorem.

1Xn,1(H) o Xm,m(H)1

= Ixna(F)@(H + 22" B)Xon n () (H + 2271 0) My

< xnn(H)o(H + 22" h) Xomn (H) 1 (220" D 4 2277 1) !
(22D h 4+ 2277 ) T g i (H) (K + 22" B) X (H) |11

+ X0 (H) [ H]Xm n(H) 11}
22n—1

IN

S 22(m—1) 4 22n—1 HXn,h(%)SO)A(/m,h(H)Hl

+ (227D 4 2271 R) () [0, H) X () |11,
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With
22n—1

= Q3(m—1) 4 g2n-1°

The above calculation implies that

(1 = @)X s (H)Xmn(H) 1 < (22 DR+ 2277 1) I 1 (H) [0, HXom,n (H) |1

This implies the following estimate

s (O (POl (1L — @)~ D4 22 1) (PO M (PO
1 ~
< Sty IXnn () 2, H]Xom n(H) |1
(2.36)

Due to the double sum in (2.35) we need to repeat the argument. By an analogous
argument the following estimate holds

- 1 -
X n (B0, HXmn(H) 1 = amyy IxXn s (R) Lo B Hmn(H) [0 (2.37)
By combining (2.36) and (2.37) we get that

HXn,h(H)QO%m,h(H) Hl < m HXn,h(H> [[(pv %]7 H]%m,h(}o Hl (2'38)

We will now prove that

m+n

B 160,

HX”,B(H)SDSZWL,E<H)H1 S C4Q(m_1)h2 - 4%m—%nh ’ (239)

for m > n > 1 is true. By Assumption [.2.1 we have that
e, H], 1] = ([0, Hil, Hil, (2.40)

since we have assumed that the operator H acts on C3°(B(0,4R)) as the operator
Hj,. By a calculation we note that

d d
[[SD’ Hh Hﬁ =n? Z Z Ql@xjle] + QJSO:L‘J:CZQZ) + 29093] Vx] +h @x]x]xlxl]
Jj=11=1
(2.41)
where Qj = —ih0;; and . (x) = (Ox,;¢)(x). With this form of the double commutator

we have

HRHh(Z)[[SOaH]ﬂH]RHn(Z)H < ChQ, (2'42>

where Ry, (i) = (Hp —i)~! is the resolvent at the point 4, since D(Hp) C D(Q;)
for all j € {1,...,d}. In order to estimate the right hand side in (2.37) let 9 be in
Cg°(R?) such that ¢(z) = 1 for all z in supp(y) and supp(v)) C B(0, R/2). As the
double commutator is local, which follows from (2.40) and (2.41), we have

Ixnn(F) [0, 1y HIXm e (F) 1 = X n(H) 9 [0, 1], Y Xm0 (H) 1 (2.43)
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By inserting two resolvents, applying a Cauchy-Schwarz inequality and the estimate
(2.42), we have

X1 (F) [, ], H]toXm 1 (H) |11
= [Ixnn(H)(Hp — i) R, (0) [, H], HI Ry (8) (Hp — D)o Xmpn(H) [0 (2:44)
< || X w(H)Y (Hy — )|l (i = D)9 Xm0 (H)]|2-

If we consider the first of the two Hilbert-Schmidt norms we have

I (F) W (Hp = ) ll2 < X0 (H) (Hp = D)0 l2 + X0 (H)[; Hil 2. (2.45)

By Assumption 1.2.1 and Proposition 1.2.3 we have

[IXn, 5 (H) (Hp — )9 [l2 < 2[[xn,n(H)]l2 = 2\/ﬁ[¢xn,ﬁ(H)2¢] < 2VC4rhi=d. (2.46)

For the second term in (2.45) let f be in C§°(R) such that f(t) =1 for ¢t € [—3¢, 3¢]
and f(t) =0 for |[t| > 2¢. Then we have the bound

_d
X, ([, Hilll2 = X0 () F(H) [, Halllz < (|f (H)[, Hy]ll2 < ch'~2.
by Lemma [.3.2. Combining this estimate with (2.45) and (2.46) we get
Xt 1 (H) @ (Hy = i) |2 < V Canht—d, (2.47)
By analogous estimates we also get
| (= ¢ Xomn(H)]l2 < V Campi =, (248)
Now by combing(2.47) and (2.48) with (2.43) and (2.44) we get

n+m

X (F) 05 H], H]Xmn(H)]|1 < C4™2

h=d, (2.49)

By (2.38) and (2.49) we have the estimate (2.39). Using (2.39) we can now estimate
the double sum

N(h) N(h) o 0o

> 3 IR (Rl € 32 30—kl < ORI

n=1 m>n n=1m>n

The remaining terms in (2.35) can be estimated in a similar way. The second double
sum is estimated by the same argument but with the roles of m and n interchanged.
To estimate the two single sums we only need to introduce one commutator to make
the sum converge and then use the same arguments as for the double sum. For the
last term we use a Cauchy-Schwarz inequality. Adding all our estimates up we have
the bound

lgn ()10, () 1 < CRI. (2.50)

By combining (2.50) with (2.33) and (2.34) we get the estimate

11— 00,0](H) 0L (0,00)(H) 1 < CRI. (2.51)
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Since the trace norm satisfies the equality ||A|1 = ||A*||1 we also have the bound,
1110,00) (H) L (oo 0y (H) 1 < CRI. (2.52)

By combining (2.51) and (2.52) with (2.31) we obtain the desired bound for the first
part of (2.30).

For the second estimate in (2.30) we essentially repeat the argument. The main
difference occurs when the double commutator [[¢, H|, H] is calculated. In this case,
one has to calculate the commutator [[¢Q;, H], H]. This can be done and one obtains
the result

[[0QiH], H] = [[¢Qi, Hp], Hp]

d
=h? Z 205, Vi, Qj + 202, Ve, Qi — 2ihpe; Vip iy — 1o, Vi,
j=1

+ h? Z { SOV:CZ e Qr — Zh(SOVm apz, T Z 4Qk80mjszin
J=1

_ 4Zh(,0IJCC]gIk:QZQ] + 27}1@95]9% QZQ] + 2h30xjxjxk QiQr + hZSOxjxjxk,xk. Qz] }7

where we have used Assumption I.2.1. From this form we can note that again we
have a bound of the type

1R, (1)[[¢Qi, H), H] Ry, (i) | < ch?,

since D(Hj) C D(Q;Q;) for all j,i € {1,...,d}. From here the proof proceeds as
above just with some extra terms to consider. We omit the details. O

Local case without non-critical condition

In this subsection we will apply the multiscale techniques of [15] (see also [9, 10]).
Using this approach will allow us to remove the non-critical assumption on the
potential. Before we state and prove our theorem we will need a lemma and a remark.

Lemma 1.3.4. Let Q C R? be an open set and let f be a function in C1(Q) such
that f > 0 on Q and assume that there exists p in (0,1) such that

IVaf(@)] < p, (2.53)

for all x in Q.
Then

i) There exists a sequence {x1}72 in Q such that the open balls B(xy, f(xy)) form
a covering of Q. Furthermore, there exists a constant N,, depending only on
the constant p, such that the intersection of more than N, balls is empty.
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it) One can choose a sequence {@p}72, such that ¢y, € C§(B(xk, f(xy))) for all k
in Ng. Moreover, for all multiindices o and all k in Ny

102 o1 ()| < Caf ()71,
and -
k=1
for all x in Q.

This lemma is taken from [15] where it is Lemma 5.4. The proof is analogous to the
proof of [8, Theorem 1.4.10].

Remark 1.3.5. A crucial step in the following proof is scaling of our operator. Let
Dy and T, for f >0 and z € R?, be the unitary dilation and translation operators
defined by

(Dyu)(z) = f2u(fz),
and

(Tzu)(z) = u(z + 2),

for u in L?(R?). We let f be a positive number and suppose H satisfies Assumption 1.2.1
with © being the open ball B(z, f). We will consider the operator

H = fATU)H(T.Up) .

The operator H is selfadjoint and lower semibounded since H is assumed to be
selfadjoint and lower semibounded which is the first part of Assumption 1.2.1. The
last part of the assumption will be fulfilled with the set B(0, 1), the function Vf(x) =
f72V(fz + 2) and a scaled h which we will call h. To see this note that for ¢ €
C3°(B(0,1)) it holds that (T.Uy)*p is an element of C§°(B(z, f)) since

(T.Up) o(x) = F2p(552).

Hence we have that, using Assumption 1.2.1 for H

ﬁcp =— (}%)2 Ap(z) + 2V (fr + 2)p(x), (2.54)

This calculation shows that our operator H satisfies Assumption 1.2.1 with Q = B(0, 1),
Vioe = V¢ and the new “Planck’s constant” h = f—hz

We are now ready to remove the non-critical assumption.

Theorem 1.3.6. Suppose the operator H acting in L*>(R?) with d > 2 obeys Assump-
tion I1.2.1 with an open set Q C R and let hy be a strictly positive number. For 1 in
C3(Q2) it holds that

11 (oo (H), 11 < CR'™T and  ||[1(so0(H), ¥Qs] 1 < CRY, (2.55)

for all h in (0, ko], where C is a positive constant.



1.3. Local case 33

Proof. First note that by assumption # is in C§°(£2). Hence there exists ¢ > 0 such
that
dist(supp(v), 9Q2) > €.

We define the function f by
1
fla)=A71[V(z)* + |V V(2)* + r?]* A>0, (2.56)
where we have to choose a sufficiently large A. It can be noted that f is a positive

function due to A being a fixed positive number. We will need to choose A such that

3

fla)< s and [Vof() <p< g (2.57)

8

Since V' is smooth with compact support A can be chosen such that (2.57) is satisfied.
The construction of f allows us to choose A such that the bounds are valid for all &
in (0, ho]. Hence A will be independent of &, for i in the interval (0, hg]. Moreover,
we observe that this construction gives the estimates

V(2)| < Af(2)?, and |9,V (x)| < Af(=). (2.58)

This observation will prove useful for controlling bounds on some derivatives.
By Lemma I.3.4 with the set £ and our function f there exists a sequence {x}72,
in Q such that Q C |J;2y B(zk, f(xx)) and there exists a constant N1 in N such that
8

kel
for all Z C N such that #7 > N1. Moreover, there exists a sequence {¢}32, such
that o), € C3°(B(zk, f(2x))),
05 < Caf(x) Vo e N,

and

Zg@k(aj) =1 Vo € Q.
k=1

Since supp(t)) C Q the union (J,~, B(xy, f(z)) forms an open cover of supp(¢) by
assumption the support is compact hence there exists Z C N such that #7 < oo and

Q c | Blaw, f(ar).
KeT

We can assume that each ball has a nontrivial intersection with 2. Since at most N1
8
balls intersect nontrivially we can without loss of generality assume that

> pr(x) =1 Vo €supp(y).
kel
From this we get the following estimate:

112 (000 (F), 11 < D L (00 (H)s er¥] 1. (2.59)

kel
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We will consider each term separately. We can note that the function ¢ is smooth
and supported in the ball B(xg, f(zx)). The idea is now to make a unitary conjugation
of our commutator such that a non-critical assumption is obtained.

Let T}, be the unitary translation with z and let Uy (,,) be the unitary scaling
operator with f(zy). We will use the notation from Remark 1.3.5 and let

ord(x) = o (f(xr)z + ).

Since the trace norm is invariant under unitary conjugation we have that

11 (00,01 (H)s r]l11
= F(@r)’1f (@) "2 (Te U () ) [L(—o00,0) (H)s 068 ] (To, Up () It
= F@) 211 oo)(H), ox0] 1.

By Remark 1.3.5, H satisfies Assumption 1.2.1 with & = Af(z;,) "2, f/f and B(0, 8),
since by construction we have that B(xy, 8f(xy)) C 2.
For all = in B(xzy,8f(x)) we have that

flx) = f(@) = flar) + f(ex)

> - max Vo f(cx + (1= c)ap)llz — x| + f(zp) (2.60)

> (1 —8p) f(zk).

Analogously we can note that

f(z) < (1+8p)f(xr), (2.61)

for all x in B(zy,8f(x)). We note that the numbers 1 £ 8p are independent of k.
The aim is to use Theorem 1.3.3. To see that the non-critical assumption (1.3.6) is
satisfied we note that

Vi (@) |+h + Vo Vi ()2
= f(@) 2 (IV(f @)z + z)| + b+ (Vo V) (f @)z + 21)]?)
= f(zg)” (\/|V (zx)z + 1) 2 + VE2 + /[ (V.V)( f(fﬂk)fﬂ+13k)!4>
)2 (IV(

> flan) "2 (IV(far)a + 20) 2+ B + [(VaV)(Fan)z + z)|) F
= flar) 2A%f(f(zp)z + p)?
> cA? > 0.

Here we used (2.60) and (2.61) to get the cancelation. Therefore the assumption
(1.3.6) is valid for the operator . In order to ensure uniformity of the error terms
from Theorem 1.3.3 we need the derivatives of 17f and S;I;ﬁ to be bounded uniformly
in k. We note that

105V | = | f ()1 *172(00V) (f (wr)2 + 2)] < Ca,
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where we in the cases of @ = 0 and |a| = 1 use the estimates from equation (2.58).
For ¢ we note that

02 ond] = Uﬂ%“”Ej() (F@r)z + 20 (0220 (f (o) + )

B<a

<Z()xwwwwwwmmﬂmg@

B<a

Lastly we need to verify that the new semiclassical parameter is bounded. By the
choice of A we have

h 2
fxg)? =A%

where we have used the definition of the function f (2.56). Hence we are in a situation

hy =

where we can use Theorem 1.3.3 which implies that

1L e ().l = 2L oo (B ol
FL 1—d
Sf“%Fc(fm%P> (2.62)

écm*d/’ f(x) d,
(g, f(zk))

with C independent of £ in 7 and where we also have used (2.60) and (2.61) in the

last estimate. Since f is a bounded function and at most N1 of the balls B(xy, f(xk))
8

can intersect non-empty we get the estimate

4 dx < C(N1)Vol(Q). 2.63
keZI/B(xk,f(xk))f(x) v= ( §) ol(€2) ( )

By combining (2.62) and (2.63) with (2.59) we get the estimate

12— o0) (Ha)s Bl <Y L (oo 0] (M), ortf] 1 < CRI,
kel

where C' depends on the set €2, the number N1, the derivatives of ¥ and the potential
V. We now need to prove the second bound in (2.55). The proof of this bound is
completely analogous. Notice that when the unitary conjugation is made one should
multiply by f(zx)3f(2r) ™2 instead of f(zx)?f(xr)~? due to the extra derivative. This
ends the proof. O

I.4 of Theorem 1.1.2 and Corollary 1.1.3

In this section we will use the results obtained in the previous sections to prove
Theorem 1.1.2 and then use this theorem to prove Corollary 1.1.3. First the proof of
Theorem 1.1.2:
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Proof (Proof of Theorem 1.1.2). Recall that we are in the setting with Hp = —h%A +
V being a Schrédinger operator acting in L?(R?) with d > 2, where V satisfies
Assumption I.1.1 and & is bounded by a strictly positive number hy. We will here
prove the following bounds

11 (o0 (Hp), i1 < OB and  [|[1(_oo 01 (Hn), Qs]l1 < CR'™Y,  (2.64)

where Q; = —ihd,, and j € {1,...,d}.

Without loss of generality we can assume that V' attains negative values. If not,
then Hj; would be a positive operator with purely positive spectrum which implies
both commutators would be zero and hence satisfy the estimate.

By assumption we have the open set Qy for which V'€ C*°(Qy) and the bounded
set (). satisfying that Q. C Qy. Hence we can find an open set U satisfying that it is
bounded and

Q. CcCCcUcCc Qy,

where CC means compactly imbedded. We let x be in C§°(U) such that 0 < y <1
and y(x) =1 for all z in Q.. Moreover we let Y be in C§°(Qy) such that 0 < y <1
and Y(x) = 1 for all z in U. With these sets and functions we have that our operator
Hj;, satisfies Assumption 1.2.1 with Q = U and Vj,. = Vx. With this setup we are
ready to prove the bounds in (2.64).

We will now consider the first commutator in (2.64) and note that

12 (00,0 (HR)s @] ll1 < [[[1 (00,00 (Hr)s X2illl1 + L (—c0,01(Hn), (1 = X)zill[1.  (2.65)

For the first term in (2.65) we are in a situation where we can use Theorem 1.3.6 since
xx; is in C3°(U) and Hj, satisfies Assumption 1.2.1 with = U. Then the theorem
gives us the bound:

1L(—co0)(Hn), xaillls < ORI (2.66)

For the other term we note that
11 (=000 (HR), (1 = x)wa] It < 11 (—o0,0)(Hr) (1 = X)@ill1 + [|(1 = x)2i 1 (—o0,0)(Hn) 1
= 2|[1(—co,01 (Hn) (1 = X) i1
By a Cauchy-Schwarz inequality we have that
11— 00,00 (Hr) (1 = X)@illt < (11 (—o0,0)(Hr) 2/ (~c0,0) () (1 — X)i|2

1 (2.67)
= Tr(1 (00,01 (Hn))2 |1 (—o0,0)(Hr) (1 = x)i[2-

The first term squared can be estimated by a constant times hos by Remark 1.2.6.
For the second term we calculate the trace in a basis of eigenfunctions for Hj.

11— o0,0) (Hr) (1 = X)zill3 = Tr[1(Zoo,0)(Hr) (1 — x)#7 (1 = X)1(_o0,0) (Hp)]
= ) (oo (Hn) (X = )7 (1 = X)L (—oo,0] (Hn)on, )

A<

= ST = it 2 -
An<0
(2.68)
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In order to estimate the L?(R%)-norm, we let d(z) = dist(z, ). For all z in the
support of 1 — x we have that d(z) > 0 since €. is a proper subset of the support
of x. We can note that V is an element of L{ (R?) hence Lemma I.1.1 gives the
existence of a constant C' only depending on V' such that for all eigenvectors v, with

£ we have the estimate

eigenvalue less than 7

—1
12 | L2 (ray < C,

where 0 = \f . With these observations we can note that for all norms in the last sum
of (2.68) we have for all N in Ny the bound

— -1 -1
(1 = X)zitn [ Za gy < 1= X)@ie™ " |22 |2 ay

BN, 0PN —spon—1 2
< _ . ph 2.69
<1 x):cz(égp) ()7 15 (2.69)
< OnIPY,

where the constant depends on the choice of the set U, (¢) and the power N. If we
now combine this estimate with (2.68) we get

11 (o0 (HR) (1 = X3 < OB, (2.70)

where we have used Remark 1.2.6 to estimate the number of terms in the sum in
(2.68). Combining (2.70) with (2.67) we get

11 (o0 (HR) (1 = X)il|1 < CyRN

Now by combining this bound with (2.66) we get the desired bound in (2.64).
For the second bound in (2.64) we take the same x as above and note that

1L (—o0,0 (HR), Qilll1 < 1 (00,01 (Hr), XQilll1 + |[1(—00,0)(Hr), (L = X) Q] 1-

The first term can as above be estimated by applying Theorem 1.3.6. The second
term will be proven to be small as before. We note that

111 (00,0 (1), (1 = x)Qi]ll1 < [11(—o0,0)(Hr)(1 = X)Qill1 + [|(1 = x) Qi1 (—o0,0 (Hn) 1
< 2|1 oo, (H) (1 = Xx)Qill1 + Rl (—oo,0) (HR) D, X|I1-

The second term is on the same form as the left hand side of (2.67) and hence can
be treated as above. For the first term we have that

11 (0,01 (Hr) (1 = X)Qillt < [[1(—c0,0) (Ha)l[2]1 (00,01 (Hr) (1 = X)Qill2-

The first term can be controlled by Remark 1.2.6. For the second term we have that

11 o0 (H) (1= )@ill2 =IL (o0 () (1 — Q1 — )L ooy (H)|}
<1 (Zoo,0) (Hr) (1 = X)) (Hp + €)(1 = X)L (Zoo,0 (Hn) 175
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where

c=1- mlenSi(V(I)) (2.71)

If we now calculate the trace norm by choosing a basis of eigenfunctions of Hy we
get that

11 (—o0,0)(Hr) (1 = x) (Hp + ) (1 = X)L (—0,0) (Hn) 11
= > (oo (Hr) X = x)(Hp + )1 = X)L (Coo,0) (H)on, tn).-

An<E

If we consider just one of the terms we have by the IMS formula that

(1 (—o0,0) (HR) (1 = x) (Hp 4 ¢) (1 = X)X (—o0,0 (HR)¥n; ¥n)
= (1 = X)L (—o00,0) (Hr)¥n, (1 = X)L (00,0 (Hn)¥n)
+ (Hn(1 = X)L (—00,0)(Hp)¥n, (1 — ) (—00,0] (HR)¥n)
= (1 = X)L (—00,0)(Hp)¥n: (1 = X)L (—00,0] (Hr)¥n)
+ (1 = X)HpnL(—oo,0) (H) Y, (1 = X) (00,01 (HR)¥n)

e / Vax2l6n]? do
Rd
< (e A = )bl + BNV axltnlZagma-

We can note that the number ¢ + A, is less than or equal to ¢+ § for the possible
values of \,. For the two norms we can use the same trick as in (2.69) and thereby
show that they are small in A. This completes the proof. O

Now the proof of the corollary:

Proof (of Corollary 1.1.3). We start by observing that the operator

[1 (o001 (Hp), ],

is a trace class operator by Theorem I.1.2, where the commutator is interpreted as
the sum of the commutators with each entry in the vector . Moreover we note that

[1(_co 0 (Hp), €8] = 1o o) (Hp)e "™ — 0701 o (H)p)

e s (2.72)

We define the function f : R — B(L?*(R%)), where B(L?*(R?)) are the bounded
operators on L%(R?), by
Fs) = e 1051 o (Hy)e b,

For this function we note that

ez<t7x>(f(1) - f(O)) = [1(—00,0](Hh)7 ei(t,x)].
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By (2.72) we have that

d . —i(t,x)s i(t,x)s . —(t,x)s i(t,x)s
25/ (8) = —ilt, z)e 091 o o) (Hp)e 008 e 00051 o (Hy) (t, et
= ie” BT o (Hp), (8, z)]e" b5,

With this we note by the fundamental theorem of calculus that
1
I8 e, 0 = [ 091, () ]

d
< L (oo0) (H), (t 2Dl < D [51111L (- oo,0) (Hn), ]2
j=1

With this bound the desired result follows from Theorem 1.1.2. O

Appendix: Agmon type estimates

In this appendix we will prove an Agmon type estimate, that is exponential decay
of eigenfunctions for a Schrédinger operator. Such results were proven by S. Agmon
see [1].

Lemma I.1.1. Let H, = —h?A +V be a Schridinger operator acting in L*(R%),
where V' is in L}OC(Rd) and suppose that there exist an € > 0 and a open bounded sets
U such that

V(z)>e whenz e UC.

Let d(z) = dist(z, Q) and 1 be a normalised solution to the equation
Hyy = Evp,
with E < /4. Then there exists a C > 0 depending on V and € such that
™ 4 2ge) < C,

for d = %.

Proof. We start by defining the set ). by
Q. = {z € R?| dist(z,U) < 1}.

For convenience and without loss of generality we assume that 0 € U, which implies
that d(z) < |z| for all z in R%. For « € (0, 1] we define the function ¢, by

d(x)

py(x) = 14z

Then ¢, is a bounded function for all 7’s by construction. Moreover we can note
that d(x) is almost everywhere differentiable with the norm of the gradient bounded
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by 1 since it is Lipschitz continuous with Lipschitz constant 1. Hence ¢ is almost
everywhere differentiable. We will prove the bound on the 2-norm is uniform in the
parameter 7y for the functions ¢, and let y tend to zero.

In order to prove the desired bound we need a partition of unity. We let x : R¢ — R
be a smooth function such that 0 < xy < 1, x(x) = 1 for all z in Q¢ and Supp(x) C U°.
For this function we note that

5 f71 5 }L71 1] h71
1597 Y| 2 may <[[€*" (1 =X)¥ | 2ay + €777 XVl L2 (ra)
_1
<1+ (19" x|l L2 (ay,

where we have used that 1 — x is supported in Q. and ¢, (z) = 0 for = € €2.. Since
¢~ is a bounded function the left hand side in the above inequality is well defined.
What remains is to estimate the last term in the above inequality.

To this end we note that since v is an eigenfunction with eigenvalue E we have
that

—1 —1
(5 = BN ey = (5= B) [ @™ol da

= (X024 (5 — H)W).

Note that the above expression is real, hence we can take the real part of the right
hand side without changing it. If we do this and use the IMS-formula we get that

Re({e®#" 2y, (5 — H)¥)) =Re(("" 'y, (5 — H)*" " y))

12 [ [V da

Note that the above gradient is well defined almost everywhere due to our previous
observations. Since e‘;‘f’vh_lxw € Q(H) and is supported in U¢ we have that

Re((¢*" xp, (5 — H)eP" ™ xap)) <0,

since (5 — H) is a negative operator when restricted to U¢. From this we obtain the
inequality

—1 —1
(5= B bl < 12 [ [V P da.
We note that
VPPt X < 4V 2 4 4e2 e W R, (73)

where the gradients are defined almost everywhere with respect to the Lebesgue
measure. The first term in (73) is almost everywhere given by

—1 62 —1
4|ve(54p—yh |2X2 — 4?‘V¢7|2626@Yﬁ X2'
We note that for  in Q. [V, (z)| =0, and for almost all z in Q¢

Vd@) |, @l L, P
A T (T O

Vy(2)] <
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Hence for all z in R% we have,
[Voy ()] < 2.

With these estimates we get that
S b1
(5 = B )23 g
<8 [ AR o [ TP da
Rd Rd
—1 —1

= 852”@5%07}3 XwHiQ(Rd) —+ 4/Rd 62&0'715 ‘VX‘2|¢’2 dz.

This implies that

1 —1
(5 — B — 882" x| 20 oy < 4/er XM TPy ) da.

With our choice of § = % we have that

which implies that

—1 32 1
H(B&th Xq/}H%Q(Rd) < E/Rd 6259%71 ’vX’2|¢’2 dz.

We note that |Vx|? is supported on the set €. \ U and hence uniformly bounded by
a constant which depends on the sets. Hence we get that

Lot oo dr < [ e i
Rd Q\U

<C [p|? dx < C,
Q\U

where we have used that 292" =1 for all z in Q.. This implies that there exists a
constant C' > 0 which only depends on the potential V' such that

1€ Xl ey < C-
This estimate implies that we have the following uniform bound in ~
126" 4l 2y < 14 C
By monotone convergence we can take v to zero and we obtain the desired result:
1"l 2y < C,

with a constant only depending on the potential V. U
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Chapter 3

Weyl asymptotics with irregular
coefficients

This paper draft is concerned proving Weyl laws for operators with irregular coeffi-
cients, where irregular means non-smooth and we consider operators acting in L?(R9).
The presentation in the paper is self contained but it is work in progress. Some of
the results in the paper is already know from the works of V. Ivrii and L. Zielinski.
In the cases of already known results we have here given different proofs of these
statements.

3.1 The main theorem

The prime operators in this paper are differential operators of the form

ARy =Y (hD)*ans(x)(hD)’, (3.1)

lal,[BI<m

which is of order 2m, and defined via the associated quadratic form. Here we have
used the notation

d
(hD)* = [ [ (=ihda,)™,
j=1

for all multi indices « in Ng, where Ny is the natural numbers including 0. We remark

that the semiclassical magnetic Schrédinger operator:
Hy = (—ihV, + A2 +V,

where A is a vector potential and V' a potential, can be written in the form (3.1). In
the case where the coefficients a,3 and the potentials are smooth there are condition
implying an optimal Weyl law see e.g. [8]. In this paper we prove the following Weyl
law:

Theorem 3.1.1. Let A(h) be a differential operator of order 2m with the form

A(h)= Y (hD)*aap(z)(hD)",

laf,|8]<m

where the coefficients aqg(x) are in CHH(RY) for w in (0,1] and real. We suppose the
following conditions on the coefficients are satisfied.

43
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(2) There is a o > 0 such that min,cgi(ang(x)) > —vo for all o and .

(13) There is a y1 > o and C1, M > 0 such that

aap(®) + 71 < Cilaas(y) + 1)1+ |z —y)™,
for all z,y in R?.

(¢4i) For all j in {1,...,d} there is a ¢; > 0 such that
|0; a0 ()| < ¢j(aap(z) +71)-

Suppose there exists a constant Cy such that

Z aa,@(x)pa+ﬁ > 02 ’p|2m7 (32)

|lee|=|B]=m
for all (z,p) in RY x Rg. Moreover we suppose there is ¢ > 0 such that

IV pao(x,p)| > ¢ for all (z,p) € ag* ({0}), (3.3)

where

a@p)= 3 aapla)p .
lal,|B|<m

Lastly we suppose there is a v > 0 such that the set aal((—oo, v]) is compact.
Then we have

1 —
T e (A = s [ ] 1ai(aalap) dodpl < O
for all sufficiently small h.
Where the set C1#(R?) is defined by

Cl,u(Rd)
={f € C' (RN [0y, f(z) = 8z, f(y)| < Clz — y|! Yo,y € R? and j € {1,...,d}}.

The list of assumptions in the theorem is not short. But why do we need all these
assumptions?

That we need some regularity of the coefficients is expected and that is why the
coefficients are supposed to be in C1#(R%) for a y > 0. The assumptions in (i), (i7)
and (ii1), can be seen assumptions on the behaviour of the coefficients for large values
of z. Since in the case of the coefficients having compact support they are all verified.
This regularity is need as we will use functional calculus of rough pseudo-differential
operators.

Without assumption global ellipticity (3.2) we could easily be in a situation, where
we there operator only had essential spectrum. This assumptions is also used to verify
properties of the approximating operators.
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The non-critical assumption (3.3) is essential for our proof to be valid. Compared
to the usual non-critical assumption, where the whole gradient is assumed not to
vanish, then this assumption is more strict as it imply the usual non-critical condition.
But as we will see in the very last section in this chapter it is possible to use multiscale
arguments with such a non-critical condition.

I strongly believe that these assumptions is not optimal. The assumptions that the
coefficients are real on should be able to relax to the assumption that the coefficients
may be complex but should satisfies that a,s(7) = @ap(x) for all @ and 8 in NZ. To
allow the coefficients to be complex would require a slight change of the assumptions
in (7), (i) and (7i7). These assumptions could possible also be changed slightly on
their own, but I am at the moment unsure if this change would generalise them. As
stated in the beginning this is really work in progress.

Results of this type was first obtained by L. Zielinski in [11-14] but with higher
regularity. V. Ivrii generalised the result by L. Zielinski in [6] to coefficients which
is differentiable and with a Hdélder continuous first derivative. This was further
generalised by M. Bronstein and V. Ivrii in [1], where they reduced the assumptions
further by assuming the first derivative to have modulus continuity O(|log(z —y)|~1).
In all these papers they considered operators defined on a compact smooth manifold
with and without a boundary.

Firstly we will briefly describe the main ideas entering a proof of this type of
Weyl law in general. Usually an optimal Weyl law is proven by means of microlocal
analysis and this is not possible to use when the coefficients are not smooth. Instead
we construct two framing operators AF (k) such that

AZ (h) < A(h) < AT (),
in the sense of quadratic forms. By the min-max theorem we have
Tr[1( o001 (AD)] < Tr[1( oo 01(A)] < Tr[1 (oo 0(A)]-

Hence what we need to do is to prove an optimal Weyl law for the framing operators
such the difference between the phase space integrals is of the right order to.

These framing operators are what we call rough pseudo differential operators and
we will in the next section state the definition and discuss some of their properties.

3.2 Rough symbols and pseudo differential operators

In this paper we consider a different types of symbols inspired by the framing
procedure. This procedure can be seen in Section 1.3 in the paper. We have chosen
to call the rough symbols which aligns with the terminology in [7]. We define the
rough symbols by:

Definition 3.2.1 (Rough symbol). Let Q C RZ x Rg X RZ be open, p be in [0, 1],
€ > 0, 7 be in Z and m a tempered weight function on Rg X Rg X RZ. We call a
function a. a rough symbol of regularity 7 with weights (m, p, ) if ac is in C*°(2)
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and satisfies that

1028, 9] ac(x, p,y)|

< Coaﬁ’ym(xapa y)(l + |(x,p, y)‘)_p(‘a|+|ﬁ‘+lfyl) if |a| + |’y| S T
= | Capye Mm@, p, y) (1 + |, p, y)) U HBEDD it o] + |y] > 7,
(3.4)

for all (z,p,y) in Q and «, 3, v in Ng, where the constants C,g+’s do not depend on
e. The space of these functions is denoted I'p%" (2). The space can be turned into a
Fréchet space with semi norms associated to the estimates in (3.4).

This definition of the symbols is almost the same as the one in [8]. The new thing is
the regularity parameter which can be interpreted as the measure of how smooth the
“original” symbol was and the parameter . For further remarks on the dependence on
the parameter ¢ see the paper. To these classes of symbols we can define associated
operators and this is done in the paper.

To consider rough symbols is not new. In [7, Section 2.3 and 4.6] V. Ivrii considers
a similar class of symbols and associated operators. We remark that generally in the
monographs [5, 7| the symbols are not assumed to be smooth but to have a sufficient
number of derivatives. This is due to the fact that in reality we never take an infinite
number of derivatives but only a finite number when working with pseudo-differential
operators.

In the monographs [2] and [19] they also consider rough symbols but here all
variables become rough. These classes are introduced as these types of symbols
naturally appear in a proof of the sharp Gardinger inequality.

With this definition we can almost analogous to the definitions in [8], define
h-e-admissible symbols, pseudo-differential operators with symbols from the above
class and h-e-admissible operators. In order for the operators not to diverge in all
norms as h tends to zero we need to assume there exists a § € (0,1) such that
e > B9, This assumption is no real restriction as we want to choose e = '~ for a
suitable 6. Moreover under the assumption € > A'~? it is also fairly easy to prove
that the operators with positive regularity are well-defined operators from S(R?) into
itself. The proof of this is complete analogous to the proof of the same statement for
the operators considered in [8]. In the case of negative regularity the operator does
not diverge in operator norm as ki tends to zero if the operator comes with & raised
to at least the absolute value of the regularity.

One of the main differences is we need to specify the regularity of these objects. An
other significant difference concerns the error terms in asymptotic expansions of these
new operators. To give an example of this we recall the definition of a A-admissible
operator from [8].

Definition 3.2.2. We call an operator A(%) from £(S(RY), L?(RY)) h-admissible
with weight m if the map

A (0, ko) = L(S(RY), L2(RY),
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is smooth. There exists a sequence a; in TH/(RY x Rg) and a sequence Ry (h) in
L(L?(R%)) such that for N > Ny, Ny sufficient large,

N
A(R) =) W Opy(a;) + AN Ry (),
=0

and
sup |[Rn(h)||z(z2ray) < oo
he(0,h0]

here £(S(R?), L2(R)) is the linear operators from S(R?) into L?(R%). If we compare
with the definition of Ai-e-admissible operators which is

Definition 3.2.3. We call an operator A.(h) from £(S(R?), L?(R?)) h-e-admissible
of regularity 7 > 0 with weight m if the map

Ac (0, ho] — L(S(RY), L2(RY)),

is smooth. There exists a sequence a. ; in Fg?gj (R4 x RZ X Rg), where 79 = 7 and
7j41 = 7; — 1 and a sequence Ry in £(L*(R%)) such that for N > Ny, Ny sufficient
large,

N
Ag(h) = Z I Opﬁ(a&j) + hN+1RN(6, h),
§=0
and
PNTYIRN (2, 1) g (rayy < B O,

for a strictly positive increasing function k.

At first glance the two definition semens the same bot in the later we need to introduce
an increasing function k in the estimate of the norm of the error terms. The necessity
of this function is due to the error term which comes from application of the stationary
phase theorem. If we just recall Quadratic stationary phase theorem:

Theorem 3.2.4. Let B be a invertible, symmetric real d x d matriz and (u,v) —
a(u,v; h) be a function in C°(RE x R?) for all h in (0, hg). We suppose v — a(u,v;h)
has compact support for all u in Rﬁ and h in (0, hg]. Moreover we let

I(u;a,B,h):/ e%w“’wa(u,v;h)dv.

n

Then for each N in N we have
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where sgn(B) is the difference between the number of positive and negative eigenvalues
of B. Moreover there exists a constant ¢, only depending on the dimension such the
error term Ry41 satisfies the bound

<B_1DU, DU>N+1

R )| <cp
R (s )] < el 2

a(u,v; h)|| (3.5)

H2H Ry

where [5] is the integer part of 5, and the norm is the Sobolev norm.

This version is from [8]. For the estimate on the error term in (3.5) it is evident what
the challenge is. When we have to evaluate the Sobolev norm we need to take up to
additional [§]+ 1 derivatives which does not come with a h. Hence if these derivatives
are in the rough variables we need to be able to compensate up to € ~[31-1, But this
number is fixed so for application we just need to take a sufficient number of terms in
the expansion. Hence it does not give rise to a problem just a detail to be aware of.

After defining these symbol classes and operators we prove that we still have a
full symbolic calculus for the rough operators. We prove a Calderon-Vaillancourt
type theorem and give criteria for the operators to be Hilbert-Schmidt and trace
class. Finally we also prove that a full functional calculus is still valid for this type of
operators under assumptions similar to the assumptions in [8]. To my knowledge the
construction of the functional calculus has not been consider by others prior to this
work.

3.3 The approximation of the propagator

In order to prove a Weyl law we will need some sort of approximation of a propagator.
After the work of L. Hérmander in [4] this approximation, also called parametric, have
usually been constructed as a Fourier integral operator. For the actual construction
in the semiclassical setting see [2, 8]. The challenge in this approach is that the
construction is not explicit. The phase function is the solution to the Hamilton-Jacobi
equation associated to the principal symbol. Hence it becomes hard to see how the
roughness of the principal symbol affects the Fourier integral operator.

Instead we do a microlocal approximation by an operator for which we directly
construct the integral kernel. The kernel has the following form

KUN(»T’yat,& h)

N
1 PP
/dem Ya—y.p) pith™'ac,o(z Z (ith™ ) u;(x,p, i, €) dp,
R
7=0

- (2mh)d

where the u;’s are compactly support in z and p so the integral do exists as a proper
integral. This construction is inspired by the construed used by L. Zielinski in [15].
This construction is completely explicit and is made recursively by choosing a 1y and
then find u; and so fort The construction is only valid as an approximation for short
times of the order A3 , where the ¢ is the one from the assumption on ¢.

We need an approx1mat10n which is valid for a A independent time T in order to
be able to prove a Weyl law. What we do is to prove the following theorem.
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Theorem 3.3.1. Let A.(h) be a h-c-admissible operator of reqularity T > 1 which
satisfies Assumption 11.7.1, has a bounded principal symbol and there exists a 0 in
(0,1) such that € > h'=0%. Suppose there exists a number n > 0 such a;é([—277, 2n)) is
compact and a constant ¢ > 0 such

Vpaco(z,p)l > ¢  forall (z,p) € aZj([—2n,2n)),

where az o is the principal symbol of A.(h). Let f be in C§°((—n,n)) and 6 be in
Cs(RY x Rg) such that supp(6) C a;é((—n,n)). There exists a constant Ty > 0 such
that if x is in Cgo((%hlfv,To)) for a ~y in (0,6], then for every N in N, we have

| Tr[Op} (0) £ (A=(1) Fy [X](s — Ae()) Opy (0)]] < Cnh™
uniformly for s in (—n,n).

Assumption I1.7.1 is the assumption that ensures selfadjointness of the operator the
exact assumption is in the paper and F, 1 [x] is the inverse to the semiclassical Fourier
transform. This is a version of |2, Proposition 12..4], where we have modified the
proof to fit in the framework of rough pseudo differential operators. The result in the
theorem is of the same nature as the theorems in [7, Section 2.3].1 Moreover there are
similar result in the papers [16-18| by L. Zielinski proved by another method then in
our paper and |7].

This theorem shows that the construction of the propagator in the i dependent
interval is sufficient as the traces we consider is negligible for times in (%hk”, To)
under a non-critical condition, where the times are hidden the support of x.

I was slightly surprised by the fact that the theorem is true. The way I think
about it heuristically is that the theorem gives the bound

I Tr[Opy (B)e™ ™ A=) Opy (6)]] < CwhY,

for ¢ in (%h1*7,T0) under a non-critical assumption. The operator Opy'(6) can be
viewed as localisations since 6 has compact support. Then the term eith™ Ae(h) Opy (9)
is the evolution of a particle initially located in the support of § under the operator
Ac(h). The non-critical condition says in terms of classical mechanics that the particle
is moving. Hence if the support of 8 is sufficiently small we should have moved out of
the support. So when we compare against the non evolved 6 we should have obtained
that the support of the two operators are disjoint. Hence the trace becomes small.
This heuristic idea is rather hard to see directly in the proof given in the paper.

3.4 The Weyl law

After establishing the symbolic and function calculus for the for certain rough pseudo-
differential operators and constructing an approximation to the propagator we are in
the paper able to prove the following Weyl law for rough pseudo-differential operators.

1V. Ivrii was the first to prove these types of theorems.



50 Chapter 3. Weyl asymptotics with irregular coefficients

Theorem 3.4.1 (Weyl law). Let A.(h) be a strongly h-e-admissible operator of
reqularity T > 1 which satisfies Assumption I1.7.1 and there exists a 0 in (0,1) such
that € > B'=9. Suppose there exists a n > 0 such a;é((—oo, n)) is compact, where a.
is the principal symbol of Ac(h). Moreover we suppose

|Vpaeo(z,p)| > ¢ forall (z,p) € a;(l)({()}). (3.6)

Then we have

1 _
T8 e (A ()] = G L, [ 1coteente.p) dedpl < o,

for all sufficiently small h.

The proof of this theorem is analogous to the proof of the corresponding theorem in
the non-rough case in [8]. What is remarkable in this theorem is that we do not need
to assume the operator to be a differential operator.

After this is proven we are able to prove the main theorem state in the beginning
of this chapter (Theorem 3.1.1). The proof is to verify that the assumptions in the
theorems ensures that the framing operators satisfies the assumption of the just stated
Weyl law (Theorem 3.4.1). This is the last proof in the main part of the paper draft.
For sake of completeness we have added an appendix on multivariate differentiation
and Taylor’s formula.

There is one remarkable observation to do concerning the results obtained here.
If now the starting operator A(h) had been a h-admissible operator which satisfies
the assumptions in [8] for an optimal Weyl law. Then one might be interested in

perturbing this operator by a non smooth potential V' and consider the operator
A(h)+ V. (3.7)

Then this operator would no longer be a h-admissible operator. But it will be possible
to frame this operator by two rough pseudo-differential operators which can be chosen
to be h-e-admissible under the right assumptions on V. Then we could get an optimal
Weyl law for these operators and compare phase-space integrals to see if an optimal
Weyl law can be achieved for the operator (3.7). These kinds of results have not, to
my knowledge, been obtained before.

3.5 Future work

As said in the beginning of this chapter, this is work in progress and what is presented
in the thesis is where we are at the moment. In this section we will describe where
we want to go from here.

A first thing we would like to do, is to extend the Weyl law to other functions
than 1(_, (t). In particular we are interested in functions of the form

o) = (0 = (11" 3:8)
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for s in (0, 1]. We should be able to use the techniques from [3] to obtain results of

the form
1

|T1"[gs(As(h))] - W /Rd /Rd gs((lg,o(l',p)) dl‘dp| < ChH—S_d,

in the case where the subprincipal symbol is zero (ac 1(x,p) = 0). In the case where
the subprincipal symbol is not zero we expect an extra phase space integral. From
this results we would like to extract similar results for the irregular operators. But
we do suspect that more regularity of the coefficients are needed to obtain optimal
results for s > 0 than the case s = 0, which requires the coefficients to be in C''#(R?)
for a p > 0. The case s = 1 is of particular interest for the Schrédinger operator.

If we in the following let Hy be a Schrédinger operator given by

Hy = (—ihV, + A2 +V,

where A is a vector potential and V' a potential. Then we would also like to investigate
if the methods used here can give local results for the Schrédinger operator without
full regularity and with a non-critical condition, that is results of the form

I Telea (el [ [ (o A@) 4V @)pla) dadp| < OB+, (39)

where ¢ is a function from C°(R?). We suspect that in the case where s = 0 will
require that the potentials is in C™#(R%) for a p > 0 and we suspect the restrictions
to be more strict in the case of a s > 0.
One of the main obstacles at the moment for our approach to work is that if we
have the relation
H, <H,<H;

in the sense of quadratic forms. Then we can not use the min-max theorem to get
the relation

Tr[p1 (— oo, (Hy )] < Trlpl (oo 0)(Hn)g] < Trlol(—oo0)(Hy ). (3.10)

Moreover I do believe that a relation like the one in (3.10) is not valid in general.
But it might be possible to compare the trace with small errors in the semiclassical
parameter. But without this relation we need some other method to compare the
traces. This other method is unclear to us at the moment of handing in this thesis.

An other interesting thing to investigate if some of the results also can be extended
to also cover Pauli operators, but we will just leave this as a small remark.

Of cause it could also be interesting to see to what extent we can prove optimal
Weyl laws without a non-critical condition. As mentioned this have already been
studied before by V. Ivrii with collaborators see |1, 6, 7| and L. Zielinski see |17, 18].

In the case we are able to prove a statement as in (3.9) we will be able to
remove the non-critical condition under some assumptions. Unfortunately one of these
assumptions is on the dimension. This will be sketched in the following subsection.
The method we will use is a multiscale argument as in Paper I but with some other
choices of auxiliary function(s).
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Before this argument is sketched and we end this introductory chapter we would
like to make a small comment. One of the generalisations we do hope is possible to do
is to generalise the result from [9, 10] by A. V. Sobolev to cases where the potentials
does not have to be assumed smooth. But much work is needed before this will be
possible.

Multiscale argument sketch

In this subsection we assume Hp to be a Schrodinger operator given by
Hy,=-R*A+7V,
where we assume V' to be at least one time differentiable. Assume that if
V(z)|+h3>c>0 forall z € B(0,4R), (3.11)

for a R > 0 then we have for all ¢ in C§°(B(0, &)) the estimate

I Telan ()] = g [, [ 000? + V@)@ dadpl < OB, (312

for all & in (0, kg, where Ag is some positive number. Now assume we have a potential
V which is at least once differentiable and a function ¢ from C§°(R?). Denote the
support of ¢ by 2. Then we would like to study the trace

Tr[gs (Hh)so] .

To do so we define the functions
i(z) = AW [V(@)2+ ks and  f(z) = i(z) = A7 (|V(@)]* + h3)T,
for A > 0. We need to choose the number A such that

1
Val@)| <p < g (3.13)

This choice can be made uniformly for % in (0, hg]. Then there exists a sequence
{zn}n C Q such that
Qc | Blan,l(zn)),
neN

where at most IV, balls can intersect non-empty. Moreover there also exists ¢, in
C§°(B(zn, l(zy))) such that

Z on(z) =1 for all z € Q.
neN

The existence of the sequence of points and sequence of function is ensured by
Lemma [.3.4 from Paper L. Since 2 is compact we can find a finite subset Z of N such
that

Qc | Blan, I(zn)).

ne’l
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By doing a possible finite extension of Z we also have
Z on(x) =1 for all x € Q.
nerl
We will use the following notation
h

Iy = Uzy), fn=f(xz,) and h, = E

We have that h,, is uniformly bounded since
I(x)f(x) = A3 (|[V(2)]* + h5)T > A72h,
for all . We define the two unitary operators U; and T, by
Uf(z) =12 f(lz) and T.f(z) = f(z+2) for f e LA(RY).

Moreover we set

= —ho A+ £V Iz + ).

What we would like is the function V(z) = f; 2V (Inz + ) to satisfy (3.11) for all =
in B(0,8) with h,, instead of h. To see this note that by (3.13) we have

(3.14)

(1=8p)l, <l(z) < (1+8p)ly for all x € B(zp, 8l,). (3.15)
Hence for x in B(0, 8) we have

~ 2
V(@) + b = £ 2V Iz + 20)] + (752)5 = 1 1V (Inz + 20)| + 55)

(3.16)
> 1 Al + o) > (1 — 8p) A.

)
That is V(z) to satisfy (3.11) for all  in B(0,8) with h,, instead of i. Hence by
(3.12) with R = 2 we have for n in 7

I Telas(Hn) o] = s [ 90+ Vi) eusa) dod)
= 72 Telgn (o, ) (T, Ui Yoo (T, U, )
= it Loy L Ul 0652 + 2V (G )l + ) dad

< oy,

(3.17)

where we have used that (T, U, )one(Ty, U, )* acts as the multiplication operator
ene(lnz + x5,) on functions supported in B(0,1). If we try and sum the obtained

error terms over n we get

Z Ch};rsfdfgs _ Z éh1+sd/ l;dfTQLS(lnfn)dflfs dx

nel nel B(zn,ln)
3d—3—3s

= Zéh1+s_d/ 157, 2 dx (3.18)

ne’l B(@n,ln)

<3 éh1+s—d/ I(z) " da,

nel B(@n,ln)
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where we have used the definition of f,, and (3.15). What we see from this is that in
order to combine (3.17) and (3.18) into a estimate of the type

I Telan ()l = s [ [ 0 + V@)ola) dedl < ORI 10)

we need to assume d > 3 + s hence for s = 1 we need d = 4 for this argument to
work. We have here followed the approach to multiscale analysis presented in [10] but
arguments like this can also be found in [5, 7|.
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Optimal Weyl asymptotics for
operators with irregular
coefficients

by Soren Mikkelsen

Aarhus University

Abstract: This paper is a status/review on ongoing work concerning Weyl laws
without full regularity. Some of the results are already known and reproved here.
Others are to the authors knowledge new results. The main result is a Weyl for elliptic
differential operators of order 2m where the coefficients are differentiable with a
Holder continious derivative. In order to establish this result a class of rough symbols
is defined. For the associated rough operators we prove a symbolic and functional
calculus. The paper also contains a microlocal construction of the propagator which
is not a Fourier integral operator.

II.1 Introduction

In 1911 H. Weyl proved the first Weyl law in [22] and in [23]| he conjectured the
formula

Tr(1(—o0,(—AD,0))
d _ 1 Wd—1

1 d
= Wdeol(Q)/\’z 1n)T

_ _ 3.1
Vol (AT + o(A“T), (3:1)

as A — 0o, where —Ap ¢ is the positive Laplacian on an open bounded domain £2
with Dirichlet boundary conditions, wg is the volume of the unit ball in R?, Vol(f2) is
the volume of Q and Vol'(99) is the surface area of Q. This conjectured formula was
first proven in 1980 by V. Ivrii in [9] under some extra assumptions on the set Q. In
the yeas between the conjecture was stated and the proof by V. Ivrii, a substantial
number of mathematicians worked on the problem. We will not give a full review of
the development here but we refer to the surveys [1, 3, 14] as our main interest is in
a problem arising from the work on the Weyl conjecture.

This type of formulas was during the period also considered for other types of
operators and slightly different settings. We will in this paper be working in the
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semiclassical setting and study differential operators of the form

A(R)= Y (hD)%aap(x)(RD)”,

laf,|8]<m

acting in L?(R?), where we have introduced a semiclassical parameter i and used
the notation

d
(hD)* = [[(~ihda,)*,
Jj=1

for o € Nd. In the case of smooth coefficients it was first proven in [6] by B. Helffer
and D. Robert that a formula of the type

T e (A = s [ [ Lo (ol ) dodp+ 001,

where

aop (SC, p) = Z Qo (‘r)pOéJrB’
el | BI<m

is true for a number \g < X such ag ! ((—o0, A]) is compact and non-critical for ag(, p).
A number )\g is a non-critical value when

|Vag(z,p)| > ¢ >0 forall (x,p) € ag'({No})-

Actually the proved such a formula for a larger class of pseudo-differential operators.
The classical analog was proven by L. Homander in [7], where the operator was
defined on a smooth compact manifold without a boundary.

If we consider the assumptions above. Then this immediate raises two questions:

e What happens if the coefficients are not smooth? Can a Weyl law still be proven
with optimal errors?

e What happens if a non-critical condition is not assumed? Can a Weyl law still
be proven with optimal errors?

We are not the first to ask these questions. Answers to both have been provided in
different cases. We will in this paper focus on the first question. But for the second
question it is possible for Schrédinger operators to prove optimal Weyl laws with out
a non critical condition by a multiscale argument see [2, 10, 15, 16|, this approach is
also described in [20]. This multiscale argument can be seen as a discreet approach
and a continuous version have been proved and used in [21]. The essence of this
approach is to localise and the locally introduce a non-critical condition by unitary
conjugation. Then by an optimal Weyl law with a non-critical condition one obtain
the right asymptotics locally. The last step is to average out the localisations. V.
Ivrii has also considered multiscale analysis for higher order differential operators
but to treat these cases extra assumptions on the Hessian of the principal symbol
is needed see [12, 15|. There is also an other approach by L. Zielinski see |30, 31|,
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where he proves optimal Weyl laws without a non-critical condition but with an extra
assumption on a specific phase space volume.

If we consider the the first question. Then the first results with an optimal Weyl law
was proven in the papers [24-27| by L. Zielinski. In these papers L. Zielinski obtained
an optimal Weyl law under the assumption that the coefficients are differentiable
with Lipschitz continuous first derivative. L. Zielinski did not in those papers consider
the semiclassical setting. These results was generalised by V. Ivrii in the semiclassical
setting in [11]. Here the coefficients is assumed to be differentiable and with a Holder
continuous first derivative. This was further generalised by M. Bronstein and V. Ivrii
in [2|, where they reduced the assumptions further by assuming the first derivative to
have modulus continuity O(|log(x — y)|~1). All these papers considered differential
operators defined on a compact manifold.

We should mention that both V. Ivrii and L. Zielinski has considered both
questions simultaneously.

We will in this paper consider differential operators acting in L?(R?). The main
theorem we will prove in this paper is a Weyl law for differential operators of order
2m of the form

A(h) =3 (hD)*aqas(x)(hD)",

lal,[BlI<m

where the coefficients a,g(x) are once differentiable with Holder continuous derivatives.
We will also need some other conditions on the operator. The exact statement of this
Weyl law is in Theorem I1.10.1.

In [29] L. Zielinski also considered operators acting in L?(R?) but he has to assume
the first derivative to also be bounded, which we do not have to assume, hence our
theorem generalises this assumption.

The structure of the paper is such that the first section is a preliminary section
which fixes some notation. Then in the next section we construct two framing
operators to approximate the operator of interest. Inspired by these framing operators
we define a class of rough pseudo-differential operators. For this class of operators we
verify symbolic and functional calculus. Then we construct an approximation to the
time evolution. After this is done we are ready to prove a Weyl law for the rough
pseudo-differential operators and use this to prove the main theorem.

II.2 Preliminaries

This preliminary section we mainly set up notation and some definitions. We will in
this paper use the notation

AMz) = (1 + ||z, (3.2)

for z in R? and not the usual bracket notation. Moreover for more vectors z, y, w
from R? we will use the convention

1
Az, y,w) = (1+ |22 + [yl + [w]*)2, (3.3)
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and similar in the case of 2 or more vectors. We will denote the negative part of a
number by (¢)_ for ¢ in R defined by

0 =1-1 (3.4

which is a positive number. We will denote the Schwartz space by S(R?) that is

S(Rd) ={f¢€ COO(Rd) | sup ]wﬂDaf(x)\ < oo Va,fB e Ng}, (3.5)
z€R4

where we use the convention
N = {1,2,3,...} and Ny = {O}UNO.

When working with the Fourier transform we will use the following version for 2 > 0

Fillp) = [ e p(a) da,

and with inverse given by

1

F W) = g [ e 70 0) do

where ¢ and 1) are elements of S(R?).

We will by £(Bj,B2) denote the linear bounded operators from the space B into
B and £(B;) denotes the linear bounded operators from the space By into itself. For
an operator A acting in a Hilbert space we will denote the spectrum of A by

spec(A).

Finally we use the following definition of a non-critical value for an differential
operator:

Definition II.2.1. For a differential operator of the form

ARy =Y (hD)*ans(x)(hD)’,

lal,[BI<m

where the operator is defined via the associated quadratic form. We call a number F
in R non-critical if there exists ¢ > 0 such that

Vpao(z,p)| > ¢ forall (z,p) € a5 ({E}),

where

ap(x,p) = Z aaﬁ(x)paJrB.

o), B]<m

This condition is not the usual non-critical condition as we only assume the
gradient in p to be non vanishing. This assumption is called &-microhyperbolicty
in [10, 15] and is also called a non-critical condition in [28].
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I1.3 Approximation of operators

In this section we will construct our approximating (framing) operators. The con-
struction is similar to the one used in |2, 10, 12, 13| and [28]. The most important
part in this construction is Proposition I1.3.2, which also can be found in |2, 15].
Before we state it we need a definition. The definition is

Definition I1.3.1. For k in Ny and y in (0, 1] we denote by C*#(R%) the subspace
of C¥(R?) defined by

CPH(RY) = {f € C*RY) [ |05 f(x) — 85 f(y)| < Clz — y|* Va € N§ with |a| = k}.
We can now state the proposition.

Proposition I1.3.2. Let f be in C**(R?) for a p in (0,1]. Then for every e > 0
there exists a function f. in C(R?) such that

100 fo(z) — 0% f ()] <Cue® 1ol o] <k,

3.6
00 f(2)] <Coct il o> k41, (36)

where the constants is independent of €.

The function f is a smoothing (mollification) of f. Usually this is done by convolution
with a compactly supported smooth function. However here we will use a Schwartz
function in the convolution in order to ensure the stated error terms. The convolution
with a compactly supported smooth function will in most cases “only” give an error
of order € except if k is equal to 1.

Proof. We start by letting Fj[w] be in C§°(B(0, 1)) with Fi[w](p) = 1 for all p in
B(0, %), 0 < Filw] <1 and Fi[w](p) = Fi]w]|(—p). Then

1 , 1
wle) = g [ P FB A = g [ cos(l@n) Filel o)

is a real Schwartz function. Hence for all n in Ny there exists a ¢, such that

Cn

W) < (3.7)
(1 +[yhm
Moreover we can note that for all @ in Ny with |a| > 0 we have
[ vt dy = (=D Al = 0 (38)

d

We now let w.(z) = e %w(e~'x) and define

fe(@) = f*rwe(x) = /Rd f(z —ey)w(y) dy.

For o in N¢ with || <k — 1 we let

_=\B
Ral,y) =000 —ep)— 3 T gati piy,

|
B:la+B|<k B
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that is R, is the reminder term of the Taylor expansion of 0% f(x — ey) around x up
to order k. By Taylor expanding 0% f(x — ey) with exact reminder estimate we get

|Ra(2,y,€)|
_ (—ey)’ [T _ \k—198+a _ _(—53/)5 B+a
_)ma%lkk 3 /0(1 s)F RO T f(r —esy) ds 3l 9, f(x)
8 rl
< X R [t oz e - s - 07 (o) s
B:la+pl=k '

< ey trlol(1 4 Jy)R Y,

where we in the last inequality have used the uniform Hoélder continuity of the k’th
derivative. Note that the constant c; only depends on the function thought the
constant in the Holder continuity of the k’th derivative. If we now use this estimate,
(3.7) and (3.8) we have

02 1.0) = @) = | [ (021 = e9) = 22 f(@)wt) dy

Y
SIRCCTTEEDS ) 90t () eo() dy

|
B:1<|a+B|<k g
< [ Ra(e,.20(0)| dy
Rd
< cektrlel L dy

- e (1+ [y[)*t
< Ca€k+#*|a|_

This gives the first statement in (3.6) in the case || < k — 1 for |a| = k we have by
the uniform Holder continuity

o 1.0) = 025 = | [ (@28 = e9) = 2 @)t dy
< [ 1028 =) = 2 @)l dy
< Cet /Rdy|"w(y) dy < Cuet.

For the second statement in (3.6) we let |a| > k + 1 and take a 8 < a in N@ such
that |a — | = k then

2 @) = ] [ (0 (o —ey) — 07 pa))Ofsta) d

< CE“IM/ |85w(y)| dy < Ca€k+ﬂf|a|‘
R4

this yields the second statement of (3.6) and hence concludes the proof. ([
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We will in the following give a situation where the framing operators can be found.
We will consider is a differential operator of the form

A(R) =Y (hD)%aap(x)(hD)?,

laf,|8]<m

where the operator is defined via the associated quadratic form and the order is 2m.
In order to find the framing operators we need to assume the operator is globally
elliptic. The type of framing operators used here is the same form as the framing
operators used in [28].

Proposition 11.3.3. Let A(h) be a differential operator of order 2m of the form

A(h) =) (hD)*aas(z)(hD)”,

lal,|B1<m

where the coefficients aqp(x) are in CH#(R). Suppose there exists a constant C such
that

Z aaﬁ(aj)pOH_B > C|p|2ma (39)

la|=|8]=m

for all (x,p) in R x Rg. Moreover we suppose A(h) is self-adjoint and lower semi-
bounded and let Ac(h) be the operator obtainded by replacing the coefficients of A(h)
by agﬁ(x) which is the smoothed function of ang(x) according to Proposition II.3.2.
Then there exists a set of framing operators AZ (h) and AF(h) of the form

AF(B) = A(B) £ CLePTH(T — R2A)™,

€

where these operators are globally elliptic for all sufficiently small € and satisfy the
inequalities

AZ (h) < A(h) < AZ(h),

in the sense of quadratic forms. Moreover if 0 is a non-critical value of A(h) in
the sense of Definition I1.2.1 then AZ (h) and AX(R) can be chosen such 0 is also
non-critical for these operators for all sufficiently small .

Remark I1.3.4. If we consider the magnetic Schrodinger operator
H = (—ihV + A)? 4V, (3.10)

where A(z) is a magnetic vector potential and V' is the electric potential. Then will
H ., under suitable assumptions on A of V', satisfy the assumptions from the previous
proposition. In the case of Schrodinger operator without a magnetic potential the
framing operators HF can be chosen as

HE = —h?A + V. £ cebtr,
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Proof. We start by considering the operator A.(h) of the form

A(h)= ) (hD)%a;4(x)(hD)”

laf,|8]<m

where we have replaced the coefficients of A(f) with smooth functions made according
to Proposition I1.3.2. For ¢ in Q(A(h)) N Q(A-(h)) we have by a Cauchy-Schwarz
inequality

AW, ¢l = AW @]l < Y [(aas — agp) (kD) ¢, (hD)*p)]
|al,|B|<m

1 ghtn
§| ||zﬁ|: ek ll(@as = ag5)(hD)’ |13 ey + ?H(ﬁD)a@HQLz(Rd)
al,|B|I<m

<cebtr 3T (hD), ).

laf<m

(3.11)

We recognise the last bound in (3.11) as the quadratic form associated to (I —h2A)™.
Hence for sufficiently choice of constant we can choose the framing operators by
taking

Ao(B) £ ce®H (T — B2A)™,

where the operator are defined in the sense of quadratic forms. We first consider the
ellipticity of the framing operators. Here we have

S aS st £ et H

la|=[Bl=m
= > (ahp(@) —aap@)p® P+ D agp(z)p™tP LM
laf=[Bl=m laf=|8l=m
> — &t p|*™ + Clp™ = Clp|*™,
(3.12)

for sufficiently small ¢ and all (z,p) in R% x ]Rg. Hence if we choose C; such (3.11)
and (3.12) both are satisfied and take

AE(h) = A(h) £ C1eMH(T — R2A)™,

€

then both operators are uniform elliptic and by (3.11) these operator satisfy the the
inequalities

AZ (h) < A(h) < AZ(h),

in the sense of quadratic forms.
For the last part we assume 0 is a non-critical value for the operator A(h) that is
there exist a ¢ > 0 such that

Vpaoe,p)| > ¢ for all (z,p) € ag*({0}),
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where

a@p)= 3 aapla)p .
lal,|8]<m

In order to prove that 0 is a non-critical value for the framing operators we need to
find an expression for a;(l)({O}) for the framing operators, where we have omitted the
+ and — in the notation. By the ellipticity we can in the following calculation with
out loss of generality assume p belongs to a bounded set. We have

aS,O(xv p)

= S (@) — anp(@)p™ P £ LA T4 S aas(a)ptE.
lee],|BI<m la],|B]<m

(3.13)
Since we can assume p to be in a compact set we have that

| S (o) - aap@)p®? £ G g < R,
laf,|B]<m

This combined with (3.13) implies the inclusion
{(z,p) € R**[aco(w,p) = 0} C {(z,p) € R**[Jag(x,p)| < C**"}.
Hence for a sufficiently small € we have the inclusion
{(z.p) € B[ aco(x.p) = 0} € {(z.p) € B[ |Vyao(w,p)| > 5} (3.14)
by continuity. For a point (x,p) in {(z,p) € R**|a. o(z,p) = 0} we have
Vpaz,0(z, p)

= D (a3p(@) = aap(@)) V™t £ Cre VL (14 pP)™ + Viao(z, p).
lal,|8]<m
(3.15)

Again since we can assume p to be contained in a compact set we have

Z (agp(z) — aa,@(x))vppa+5 & C16k+“Vp(1 +pH)m| < Cektr,
lal,|B|<m

Combining this with (3.14) and (3.15) we get
c c
Vpteo(e.)| 2 [Vyaole,p)| — G5 > € —0eho = C (3.6)

where the last inequality is for ¢ sufficiently small. This inequality proves 0 is also a
non-critical value of the framing operators. O

The framing operators constructed in the previous proposition are operators with
smooth coefficients. But when we take derivatives of these coefficients we start to get
negative powers of € from some point. Hence the classic theory of pseudo-differential
operators can not a priori be applied.

We will in the following sections see that in fact it is possible to verify most of
the results from classic theory of pseudo-differential operators. After this has been
developed we will return to these framing operators.

Essential there is not a unique way to construct these framing operators but a
large number of different choices.
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II.4 Definitions and quantisations of rough
pseudo-differential operators

In this section we will inspired by the approximation results in the previous section
define a class of pseudo-differential operators with rough symbols and state and prove
some of the properties of these operators relating to quantisation. The definitions
and proof are very similar to the definitions in the monograph [17]. Before we define
our rough symbols we recall the definition of a tempered weight function for the sake
of completeness.

Definition I1.4.1. A tempered weight function on R” is a continuous function
m: RP — [0, 00|,

for which there exists positive constants Cp, Ng such that for all points z; in R the
estimate
m(z) < Com(a1)(1 + |1 — =[)™°,

holds for all points z in RP.

For our purpose here we will consider the cases where D = 2d or D = 3d. These
types of functions is in the literature sometimes called order functions this is the case
in the monographs [5, 32]. But we have chosen the name tempered weights to align
with the terminology in the monographs [8, 17]. We can now define the symbols we
will be working with.

Definition II.4.2 (Rough symbol). Let Q C R x RY x RY be open, p be in [0, 1],
€ > 0, 7 be in Z and m a tempered weight function on Rg X Rg X RZ. We call a
function a. a rough symbol of regularity 7 with weights (m, p, ) if ac is in C°°(2)
and satisfies that

1050, 0) ac(x,p, y)|

_ [ Capym(a,p,y) (1 + |(@, p,y) ) PUeHHPHAD if o + |y < 7
~ | Capye™ 1Pl (z, p,y) (1 + (2, p, y)) ~PUHEFRD i o] 4 ] > 7,
(3.17)

for all (z,p,y) in Q and «, 8, v in Ng, where the constants C,,’s do not depend on
e. The space of these functions is denoted I'p2" (2). The space can be turned into a
Fréchet space with semi norms associated to the estimates in (3.17).

Remark II.4.3. It is important to note that the semi norms on I';%2" () should be
chosen weighted such that the norms associated to a set of numbers «, 3,y will be
bounded by the constant C,g, and hence independent of e.

If € is equal to 1, then are these symbols the same as the symbols defined in
Robert [17] (Definition II-10). We will always assume € < 1 as we are interested in
the cases of very small €.

We will later call a function ac(z,p) or bz(p,y) a rough symbol if it satisfies the
above definition in the two variables z and p or p and y. This more general definition
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is made in order to define the different forms of quantisation and the interpolation
between them.

If we say a symbol of regularity 7 with tempered weight m we implicit assume
that p = 0.

This type of rough symbols is contained in the class of rough symbols consider
in [15, Section 2.3 and 4.6].

The following remark will be crucial.

Remark I1.4.4. We will later assume that a rough symbol is a tempered weight.
When this is done we will implicit assume that the constants from the definition of a
tempered weight is independent of €. This is an important assumption since we need
the estimates we make to be uniform for 7 in (0, fip] with g > 0 sufficiently small and
then for a choice of ¢ in (0,1) we need the estimates to be uniform for & in [0, 1].

Essentially the constants will be uniform for both £ in (0, fig] and € in (0, 1], but
if € < A then the estimates will diverge in the semiclassical parameter. Hence we will
assume the lower bound on € and when this bound is assumed we will hide € in A.
The assumption that e > A~ is in [10, 15] called a microlocal uncertainty principal.
In |10, 15] there is two parameter instead of just one. This other parameter can to
my knowledge be used to scale in the p-variable.

As we are interested in asymptotic expansions in the semiclassical parameter we
will define Ai-e-admissible symbols, which is the symbols depending on the semiclassical
parameter A for which we can make an expansion in h.

Definition I1.4.5. With the notation from Definition I1.4.2. We call a symbol a.(h)
h-e-admissible of regularity 7 with weights (m, p, ) in Q, if for fixed € and a kg > 0
the map that takes ki into ac(h) is smooth from (0, ip] into T'p2" (©) such that there
exists a Ny in Ny such for all N > Ny we have

ag(flf,p, Y; h) = a€70($7p7 y)“‘haa,l(a?;Z% y)+ : '+hNaE,N($7p7 y)+hN+1/rN(xap7 Y; h)7

.o m,T;
where a. ; is in FPE 123‘

the bounds

(€2) with the notation 7; = 7 — j and 7y is a symbol satisfying

AN 0205 0)rv (w, p, y; )|
<Copy N0 (2, y, p) (1 4 | (,y, p)|) P12 NI FlelHPERD,

where k1 is a positive strictly increasing function and k9 is non-decreasing function.
For k in Z F:gk (Q) is the space of rough symbols of regularity 7 with weights
(m(1+ (x4, p))*, p ).

Remark I1.4.6. We will also use the terminology h-e-admissible for symbols in two
variables, where the definition is the same just in two variables. This definition is
slightly different to the “usual” definition of an h-admissible symbol |17, Definition II-
11]. One difference is in the error term. Here is the fist sign of error terms getting
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small in the semiclassical parameter but not as fast as in the non-rough case. The
functions k1 and ko will in most cases be dependent on the tempered weight function
through the constants in the definition of a tempered weight, the regularity = and
the dimension d. It should be noted that the function ks might be constant negative.

We will now define the pseudo-differential operators associated to the rough symbols.
We will call them rough pseudo-differential operators.

Definition I1.4.7. Let m be a tempered weight function on R% x Rd X ]Rd pin [0,1],
e > 0 and 7 in Z. For a rough symbol a. in T)%" (R4 x Rd X ]Rd) we assoc1ate the
operator Opy(a.) defined by

Opu(a)(@) = s [ [ (o p)oty) dya,
for ¢ in S(RY).

Remark I1.4.8. With the notation from Definition 11.4.7. We remark that the
integral in the definition of Opp(ac)1y(z) shall be considered as an oscillating integral.
By applying the techniques for oscillating integrals it can be proven that Opyp(ac) is
a continuous linear operator from S(R?) into itself. The proof of this is analogous to
the proof in [17] in the non-rough case. Hence by duality it is can also be defined as
an operator from S’(R?) into &' (R9).

Definition 11.4.9. We call an operator A(h) from £(S(R?), L?(R%)) h-s-admissible
of regularity 7 > 0 with tempered weight m if for fixed € and a hy > 0 the map

A 2 (0, hg) = L(S(RY), L2(RY))

is smooth. There exists a sequence a. ; in Ty (R% x ]Rg X RZ), where 79 = 7 and
7j41 = 7; — 1 and a sequence Ry in £(L?(R%)) such that for N > Ny, Ny sufficient

large,
N

A:(h) =) 1 Opn(ac) + "' Ry (e, h), (3.18)
j=0
and

N Ry (2, 1) £ (z2may < B° ) O,
(L2 (R%))

for a strictly positive increasing function .

Remark 11.4.10. By the results in Theorem I1.6.1 we have if the tempered weight
function m is in L°°(R?) then for a h-e-admissible symbol a. (k) of regularity 7 > 0
with tempered weight m the operator A.(h) = Opp(a-(h)) is a h-e-admissible operator
of regularity .

Remark I1.4.11. When we have an operator A (h) with an expansion

Ac(h) = 1 Opn(ac,)),

720
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where the sum is understood as a formal sum and in the sense that for all IV sufficiently
large there exists Ry in £(L%(R%)) such that the operator is of the same form as in
(3.18). Then we call the symbol a. o the principal symbol and the symbol a.; the
subprincipal symbol.

Definition I1.4.12. Let A.(h) be a h-e-admissible of regularity 7 with tempered
weight m. For any t in [0, 1] we call all h-e-admissible symbols b.(h) in (7" (RS x RY)
such,

A)0(e) = s [ I = 0 i) oty) dy .

for all 1 € S(R?) and all & €]0, ho], where hg is a strictly positive number, rough
t-e-symbols of regularity 7 associated to A.(h).

Notation I1.4.13. In general for a symbol b.(h) in Ty (R2 x Rg) and ¢ in S(RY)
we will use the notation

Omns(be)i(o) = s [ [ e (1 =+ by pi)s(o) dy

We have the special case of Weyl quantisation when ¢t = %, which is the one we will

work the most with. In this case we write
Oph,é(bs) = Opy, (be).

For some application we will need stronger assumptions than hA-e-admissibility of
our operators. The operators satisfying these stronger assumptions will be called
strongly h-e-admissible operators with some regularity. As an example we could
consider a symbol a.(z,p) in T2 (RY x Rg). For this symbol we could then consider
ac(z,p,y) = ac(tx + (1 — t)y,p) and ask if this symbol is in Tpz" (RS x RE x RY),
where m(z,p,y) = m(tx + (1 — t)y,p). The answer will not in general be positive.
Hence in general we can not ensure decay in the variables (z,p,y) when viewing a
function of (z,p) as a function of (z,p,y). With this in mind we define a new class of
symbols and strongly h-e-admissible operators.

Definition I1.4.14. A symbol a. belongs to the class T2 (RE x RY x RY) if a. is
in T (RE x RY x RY) and there exists a positive v such that

as € T (),
where Q, = {(2,p,y) € R¥ ||z —y| < v}.

Definition I1.4.15. We call the family of operators A.(h) = Opn(a-(h)) strongly
h-e-admissible of regularity 7 if a.(h) is an A-e-admissible symbol of regularity 7
with respect to the weights (m,0,¢) on RY x ]Rg X RZ and the weights (m, p,e) on
Q, = {(z,p,y) € R¥ ||z —y| < v} for a positive v.
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Remark I1.4.16. It should be noted that a strongly A-e-admissible operator is also
h-e-admissible but as a consequence of the definition the error term of a strongly
h-e-admissible operator will be a pseudo-differential operator and not just a bounded
operator as for the h-e-admissible operators.

In what follows we will investigate the connection between strongly h-e-admissible
operators and operators defined by t-quantisation. Before we proceed with this we
will just recall Quadratic stationary phase asymptotics.

Theorem I1.4.17. Let B be a invertible, symmetric real d x d matriz and (u,v) —
a(u,v; h) be a function in C°(RE x R?) for all h in (0, hg). We suppose v — a(u, v; h)
has compact support for all u in Rﬁ and h in (0, ho|. Moreover we let

I(u;a,B,h):/ eﬁwv’wa(u,v;h)dv.

n

Then for each N in N we have
I(ua, B, h)

. eisen®) N pi (p=1p,. D)
=Q@2rh)z ——7 Y (2 + BN Ry (us h),
|det<B>|%;)ﬂ< 2i "

v=0

)ja(u,v;h)

where sgn(B) is the difference between the number of positive and negative eigenvalues

of B. Moreover there exists a constant ¢, only depending on the dimension such the

error term Ryi1 satisfies the bound

<B_1Dv, DU>N+1
(N +1)!

where [5] is the integer part of 5 and ||-||

[B1(us )] < call a(u, v; h)||

H[%]“(Rg)’
n s the Sobolev norm.

H' 2 ®y)
A proof of the theorem can be found in e.g. [17] or [32]. It should be noted that we
will apply this theorem where the function a is a rough symbol with some regularity.
Hence we need to be aware of the number of derivatives we are taking in the rough
variables and especially we will need to be aware when considering the error terms as
the estimate involves a number of extra differentiation on the symbol.

We will now prove a connection between operators with symbols in the class
Ipe (RE x RY x RY) and t-quantised operators.

Theorem 11.4.18. Let a. be a symbol in f;rng(Rg X Rg X RZ) of reqularity = > 0
with weights (m, p,e) and

1 PR
A6(w) = g [ [ ot pgyoty) dydp

We suppose there is a § in (0,1) such ¢ > h'=0. Then for every t in [0,1] we
can associate a unique t--symbol by of regularity T with weights (m, p,€), where
m(xz,p) = m(x,z,p). The t-ce-symbol b, is defined by the oscillating integral

1 o
bi(z,p,h) = W/Rd /Rd el 1<”’q>a5(x+tu,p+q,x — (1 —t)u)dgdu
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and symbol by has the following asymptotic expansion

N
bt(ﬂf,p; h) = Z hja&j(x,p) + hN+1TE,N+1(x7p; h)u
=0
where

i (Du,D ) ag(w + tu,p,x — (1 — t)u) o’

ae,j(z,p) =
and the error term satisfies that
pN+1 \agangH (x,p,h)| < Cd,NawghNH&t_(T_N_z_d_IaD‘m(:c,p, ) Az, p)pNO,
for all a and B in Ng. In particular we have that

aco(x,p) = a-(x,p, )
a€,1($7p) = (1 - t)(Vprae)(x,p, .1') - t(VIDpaE)(x7p7 :U)

Remark I1.4.19. It can be noted that in order for the error term not to explode,
when the semiclassical parameter tends to zero, one needs to take N such that

T—1-d+6(N+2+d) >0.

If the symbol is a polynomial in one of the variables or both then the asymptotic
expansion will be exact and a finite sum. This is in particular the case when “ordinary”

differential operators are considered.

Proof. We start with the case where a. is a Schwartz function. Then the operator A
has the kernel

1 / NN e g (2, q,y) dg.

Ko n(z,y) = @rh)? Jg

If now the operator A.(h) had an associated t-e-symbol b;(x, p, h) then we would
have

1 o
Ko n(z,y) = / M@V Dy (1 — t)a + ty, ¢, 1) dg.

(27Th)d R4
By the change of coordinates given by = Z + tu and y = & — (1 — t)u in the above
expressions we have

1 R
Ko p(x+tu,x — (1 —t)u) = W /Rd el 1<“’q>bt(:n, q, h) dg.

This identity we recognise as the inverse Fourier transform of the ¢-e-symbol. Hence
the associated t-e-symbol is given by the integral

bi(z,p, h) = / e~ up) g, ach(x +tu,z — (1 —t)u) du

Hua= Plag(z + tu, g,z — (1 — t)u) dg du

c(x+tu,p+q,x — (1 —t)u) dg du.
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Which defines a unique symbol. In order to pass to general symbols which is not
Schwarts functions we need to use oscillating integral techniques. That is we replace a.
by gsae and let 0 — 0o, where g is a Schwartz function which is 1 in a neighbourhood

of the origin and

go(z,p,y) = g(£,2,4).

By this we get the existence of the t-e-symbol as an oscillating integral and hence
also the uniqueness.

We now turn to the asymptotic expansion of the t-e-symbol b;. Here we will apply
quadratic stationary phase approximation and in order to do this we will need a
localisation. We introduce a smooth cut-off function x such that supp(x) C [—2,2]
and x(t) =1 for ¢ in [—1,1] and let

xal(u, q) = X(’“‘Q""‘q’z>
,q) = .
i@, p)?
With this localisation we split the symbol a. in the two parts agl) = x4a. and

ag) = (1 — x4)ac and bgj ) is the part of the ¢t-e-symbol corresponding to agj ),

We start with studing the term bgl). Here we use quadratic stationary phase
asymptotic (Theorem I1.4.17). We will use the theorem with the block matrix B

given by
B_ 0 I 7
Iy 0

where |det(B)| = 1, sgn(B) = 0 and B~! = B. Thus we have for N in N

N
b (z,p, 1) = 3 Waej(@,p) + BNy (2, p, 1),

j=0
where )
(=)’ i
ae j(T,p) = -l (Du, Dg)’ ac(z + tu,p+ ¢,z — (1 = t)u) u=0’
J: q=0
and
(Dy, Dg)N !
‘TN+1(3§‘,p, h)‘ < waéﬂla(ﬂ? +tu,p+q,x — (1 - t)u)‘ Hd+1(Rz><]Rg)'

In order to control this error term we note that on the support of ag) we have

Az, p)*.

N

Jul* + q” <
From this inequality one can deduce
1
5)\(1‘,]?) <Nz +tu,p+q,z— (1 —t)u) < 4X\(z,p).

Moreover since m is a tempered weight function there exists Vg in Ny and a positive
constant C such that

m(z +tu,p+ q,x — (1 — t)u) < Cm(z, p,z)A(z,p)"°".
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With this we get the following bounds on the error term

hN+1|7"N+1(J,‘,p, h)|

<CynhVTU sup 97T P xa(u, @)ac(x + tu,p + g,z — (1 — tu))|
(u,q)€R??
loo|=[B|=N+1
[v[+]8|<d+1

SCdWhNHe_(T_N_l_d)*m(:):,x,p))\(a:,p)pNO.
For o and (3 in Ng an analogous argument yields the bound.
hN+1 |8§65TN+1($a b, h)| < Cd,N,a,ﬂhN+16_(T_N_2_d_|a|)7m(xv b, .fL‘))\(CL‘, p)pNo .

Which is the desired estimates on the first part of the error term. If we consider the

ae ;'s then by our assumptions on a. we have
acy(p) € T, (RE X RY),

where the class is defined in Definition I1.4.5. What remains is to estimate the part
of the error term arising from b( ),
On the support of a( ) we have |ul? + |q|? > %/\(x,p)Qp this implies the following

operator
—ih
D) QZ[Qjauj+uj8Qj]>
[uP? + JaP <

(2)

is well-defined when acting on as’. The real tronsposed of L is

_ hz qj0u; + 10y, 2u;q;
ul>+lql*  (Jul? + |q]?)?

By induction we get for k in N

<Lf>k—— ST fuslu,0)050,
(Jul? + 1922 o 55 < !

where f, 5(u,v) are uniformly bounded on the support of o). We note that
L(eiﬁ‘1<u,q>) _ eih_1<u,q>’
which implies
b§2)(w,p, h)

= (= wa) (1)) o
z' 27rh /Rd/Rd (LY a0 (2 + tu,p + ¢,z — (1 — t)u) dg du.

By our assumptions on the symbol a. and the definition of a tempered weight, there
exist a Ny in N and a positive constant C' such that

1050708 (@ + tu,p+g,0 — (1= )u)] < =10 Cm(a, p,2) (1 + [u] + |a)™
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for all @ and 8 in Ng. Now for k > 2d + 2 + Ny we have

b (2, p, )|

1
k—d {lul2+q>> $ Mz,p)?}
< pFdgy, Z / /R ) -

o+l <k (lul* + lgl*)>

x 0508 aP (x + tu,p+ q,x — (1 — t)u)| dgdu

< CHE e R =, p, ) A, p) R+ =20=80),
By analogous arguments we get the estimate
waaﬂb 2)($,p, h)| < Chk_ds_(T_k_‘aD*m(l‘,p, x))\(l‘,p)_p(k+1_2d_N0),

Hence by choosing k sufficiently large we get a better estimate for \bg) (x,p, k)| and
\6585 b§2)($, p, h)| for a and 8 in Ng, than for the error term from Quadratic stationary
phase asymptotic. This yields the desired estimate. ([l

From this Theorem we immediate obtain the following Corollary, which will prove
useful in later sections.

Corollary I1.4.20. Lett; be in [0,1] and by, be a ti-e-symbol of reqularity 7 > 0 with
weights (m, p,e) and suppose € > h'=0 for a & in (0,1). Let A-(h) be the associated
operator acting on a Schwarzt function by the formula

A)0(w) = g [ [ (1= )+ g )(0) dy

Then for every ty in [0,1] we can associate an admissible ta-e-symbol given by the

exTpansion
N
bt2 (h) = Z hjthJ + hN+1T€,N+1(:L'ap; h),
=0
where
to —t
bea(:0) = 2= (9,1t (2,1,

and the error term satisfies that
N0 e 1 (2,9, )| < Canvash™ e TN 2D m (2, p)A(, p)P o,

for all a and B in Ng, the number Ny is the number connected to the tempered weight
m.

This corollary can also be proven directly by considering the kernel as an oscillating
integral and the integrant as a function in the variable ¢;. To obtain the corollary
do a Taylor expansion in t; at the point ts, then do partial integration a number of
times and then one would recover the result.
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II1.5 Composition of rough pseudo-differential operators

With the rough pseudo-differential operators defined and the ability to interpolate
between the different quantisations our next aim is results concerning composition
of rough pseudo-differential operators. The theorems and proofs in this section is
almost equivalent to the ones in [17]. The first result on composition of operators is
the following theorem.

Theorem I1.5.1. Let A.(h) and B:(h) be two t-quantised operators given by

A(R)0(2) = G /R /R D0 (1= )+ 62, )0 (=) d=dp
and
Beh)0() = g [ [ e (0 = )z + .0l dy

Where a. and be be two rough symbols of regqularity T, > 0 with weights (m1, p,€)
and (ma, p,€) respectively. We suppose there exists a number 6 > 0 such that € > B9,
Then the operator C.(h) = Ac(h) o B:(h) is strongly h-e-admissible and C.(h) =
Opni(ce), where cc is a rough admissible symbol of reqularity T = min(ry, m2) with
weights (myma, p,€). The symbol c. satisfies the following: For every N > Ns we have

N
h) = Z h‘jC&j + hN+1T5,N+1(a€7 bEa h)
j=0
with
io(Dy, Dy; Dy, D)) -
Caj(-x;p):( ( v #.' - ”)) [ag(x,p;u,v,u,u)bg(x,p;u,v,u,y)] u=v=0"
7! p=v=0
where

o(u, p;v,v) = (v, ) — (u,v)
ac(z,p;u, v, 1, v) = ac(x +tv +t(1 — t)u,v + (1 —t)pu + p)
be (2, pyu, v, p,v) = be(x + (1 — t)v — t(1 — t)u, v — tp + p),
Moreover the error term re n+1(ae, be; h) satisfies that for every multi indices ., 5 in

Ng there exists a constant C(N, a, B) independent of a. and b. and a natural number
M such that:

hN+1|80‘05r5 N+1(ae, be; z, p, 1)
<Ce™ \a|h5(7 N—2d—2)_+7—2d~ 1g (as,ma, be, ma)ma (z, §)ma(z, §)
Az, €)~PINMD+al+1B])
where

g (aeambbsamQ)

- sup e(T—M)—+ol |3§a?(3¥1821ag(a:, €00 b (x, )|

[v1+72|+|m +n2| <M my(x,§)ma(z,§)
(z,6)eR?

x Az, £)PUntrzltim+ie)),
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The function N(M) is also depending on the weights m1, mo and the dimension d.
Remark I1.5.2. The number Ny is explicit and it is the smallest number such that
O(Ns+2d+2—7)+7>2d+ 1.

This restriction is made in order to ensure that the error term is estimated by the
semiclassical parameter raised to a positive power. If one compares this result to the
classic result of composition of t-quantised operators. Then there are some similarities
and differences. The similarities are in the form of the symbol for the composition and
how it is proven. The main differences is that for this new class there is a minimum
of terms in the expansion of the symbol for the composition in order to obtain an
error that does not diverge as h — 0.
The form of the c¢’s we obtain in the theorem is sometimes written as

c(x, & h) = PuDuDuDo) (g (4t + (1 = tyu, v + (1 — )+ €)

X be(z+ (1 —t)v —t(1 —t)u,v —tp + )| —peo-
u=v=0

Proof. The first step is to notice that the kernes of A.(h) and B.(h) are

1 ih~Yz—2z
Kan(@2) = g [ "5 ac(1 = )+ 2.0 dp
and
1 ih™1(z—
Kp.ny(z,y) = W /Rd e y’q>ba((1 —t)z +ty,q) dg,

where the integrals is oscillating integrals. Hence the kernel of the operator C.(h) is
given by

Keo (7, y) 27rh YTy /Rd /Rd /Rd (o=2p)+{z— y’q>)a5((1 —t)x +tz,p)
be((1 —t)z +ty,q)dqdpdz.

As in the proof of Theorem I1.4.18 we now have that a t-e-symbol for the operator
C.(h) is given by the following expression in order to correspond to the kernel above.

) eth™ {@+tu—z,p)+(z—(z—(1—t)u),q) — (u,£))
ce(w, &5 1) 27rh (27h)2d /Rd /Rd /Rd /Rd

a:((1 —t)(x + tu) + tz,p)b((1 — t)z + t(x — (1 — t)u), q) dgdp dz du.

It is important to note that the above integrals all should be understood as oscillating
integrals and one can verify that all phase functions satisfies the assumption for the
integrals to be well-defined. In order to apply Quadratic stationary phase asymptotic
we need to make a change of variables to the variables (u, v, v,u) given by

u=u v=tp+(1—t)g—¢
V=2 w=p—gq.
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The old coordinates can be recovered by the equations
u="u g=v—tpu+¢§
z=v4+2x p=v+(1—-t)u+¢.

The determinant of the Jacobmatrix for this change of variable is 1. Hence when we
make the change of variables we get

Cg(l‘,f; h) -

; _iﬁ1_1(<v,u>—<u7y>) _ B

(27h)2 /Rd /Rd /Rd /Rde as(z +tv +t(1 —thu,v + (1 —t)u + &)
Xbe(x+(1—t)v—t(1—t)u,v —tp+ &) dudyrdvdu.

With this change of variables we have transformed the phase function into the map
o(u, p;v,v) = (v, ) — (u,v) which corresponds to the Quadratic form on R*¢ given
by the matrix B defined by

0 I, O 0
B_ I, 0 O 0

o o0 0 -,

0o 0 -1, O

We have that |det(B)| =1, sgn(B) = 0 and B~! = B. In order to apply quadratic
stationary phase we have to first make a partition of unity. We let x be in C§°(R)
such that x(¢) =1 for t € [—-1,1] and x(¢) = 0 for |t| > 2. With this function we
define

o (50, 1o, ) _X<Iv\2+ l? + Juf? + !v!z)
16 R Y ) 17]_6)\(:1375)2/) Y

and we let
dy(z, & v, pyu,v) :X%(:p,f;v,,u, u,v)as(z +to+t(1 —t)hu,v+ (1 —t)u+ &)
X be(z+ (1 —t)v —t(1 — t)u,v —tu+§)
da(x, & v, pyu,v) =(1 — X%(x,&v,,u,, u,v))as(z 4+ to + (1 — t)u, v+ (1 —t)u + &)
X be(z+ (1 —t)v —t(1 —t)u,v —tp+§).

We now split the expression for c.(x,&; h) up in two parts cl(z,&; h) and ¢2(x, &; h)
corresponding to the integral over d; and ds respectively.

We start by considering consider the part arising from the integral of the function
da(z,&; v, pyu, v). On the support of da we have

1
2 2 2 2 2
ol + 1l +uf? + o2 = oA €)%,
Hence we can construct a linear first order differential operator L which acts on
e~ (v} =(w 1) a5 the identity and then use partial integration. The operator L is
given by
d

ijl[pj&,j + vjﬁuj — uj&,j — I/jauj}

L=ih
[0 + [pl? + [uf? + 12
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The real transposed of the operator L is given by

_th [Mav] +vj0u; — w0y, — V0, Hivj — UV
lol* + \M\2+ Juf? + |v[? (o + |l + [ul? + [v[?)?

By induction we get for M in N

(—im)™
(Lt)M = 5 5 5 o\ M Z f(%75(v,u,u, V)aﬁagalag,
([0 + [+ [ul® + [V 12) 2 o1t 161 <m

where the functions fo%7 5(v, pt,u,v) are smooth uniformly bounded functions defined
on the support of do. We now have

c2(x, & h)
-t —ih™ ((0,) —(up)) ([ HYM .
(2mh)2d /Rd /Rd /Rd /Rd@ (LYY do(z, & v, py u, v) dpdy do du.

We will shortly impose conditions on the number M for the integral to be convergent.
If we consider the absolute value of the integrant we have

(LYMdy(x, & v, 1, u, V)|

M
< 2 2 h 2 Z aﬁ’yn|8aaﬁa’381€d2(‘r’§;v)ﬂu u, V)|
(02 + [l + [ul? + )% oo

The function ds is a product of three different functions (1 — x1), @. and b hence we
4
need Leibniz’s formula in order to estimate the derivatives of ds. Firstly we note that
all derivatives of (1 — x1) are uniformly bounded. Hence in estimating the derivatives
4

of dy what is important is the derivatives of a. and b-. In the following we will use
the notation and estimates

ml(:v,ﬁ;v,u,u, V) = ml(ZL'—FtU +t(1 - t)“‘?” + (1 - t)u +§>
< Cma (2, &) (1 + |ul + |v| + [v] + |u))™,

and

Thz(%f;vvﬂ,w V) = mg(ﬂ? + (1 - t)’U - t(]' - t)uv v—tp +€)
< Cma(x, &)1+ |ul + [v] + [v] + [u))™,

where the existence of the constants is ensured by the definition of tempered weights.
If we just consider the sum in the above expression we get by applying Leibniz’s
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formula a number of times

S O 08000100d (e, & v, pu, )|
lee|+| B+ |y +Inl<M

< > SN ok 10090 00 0 (€ v, V)|

lee|+[Bl+|v|+InI<M ortas=a 81 +62=4
Y1+Y2=Y n14n2=n

X 052020200 be (x, & v, py u, v))|

< >N M0 ac(w, & v, o, w)||(95200be (2,650, 1w, V)|

|| +|B8|<M a1+ae=a
B1+pP2=0

< 6—(T—M), Z Z (%6(7— M)_ (33‘ §v, p,u, V) @Q(xagfvuuﬂ U, 1/)
|04|+‘B|SM%11%2 —a m (ZL‘,&,U,,UJ,’LL,V) mQ(xag,’Uapﬂuﬂ/)
1 2=

X (09108 ) (x, & v, py 1w, ) (08202 (2, & v, 1, u, V)|

< Cre™ M=y (2, ©)ma(w, )Gar,r (ac, ma, beyma) (1 + [u] + [v] + ] + |u]) 2N,
where
gM,T(aea my, b€7 m2)

109197 ac (x,€)9520.%b- (. €)|

— (T—M)- p(lar+az|+]B1+B2()
= sup € Az, €)”
lon+aa|+|B14-B2| <M my(z, §)ma(, £)

(w,€) R

The number Gy - (as, m1,bs,m2) is by assumption finite for all M in N and indepen-
dent of e because of the factor (")~ since 7 = min(ry, 72). The inclusion of A(z, €)
in Garr(ae, m1,be, mg) is technically not required here but it will be useful for later
estimates. If we use this estimate in the expression of ¢2(z, &; h) we have

1
(2, & )] SW/W /R /R [ M oo 50,100 dp

ChMeg=(T=M)-
_Wml(x> g)m2($7 f)gM,T(as, my, be, mg)

. 2Ng
X/ ( +‘u’+|v‘—|—‘l/‘+’u’) — dﬂdydvdua
(Jv|2 4+ |p)|? + |ul]?2 + |v|?) =

where 1
Q= {(v, ,u,v) € RM[ ol + |ul? + |uf* + [v]* > E/\(w,f)%}-
We observe that the integral is convergent if M > 2Ny 4 4d. But in order to make

the constant arising from the integral independent of Ny we choose M > 4Ny + 4d
then we have

/ (14 |u| + |v] + [v] + |u|)?M
Q (|02 + |2 + [ul? + v]2) =

4Ng
S/ (’U|+‘U|+|V|+|/,L|) R d,U/dVd'Ud'U,<C)\(CC 5) M 4N0 4d)
@ ([0 + [l + |ul® + [v?) 2

dpdv dv du
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Hence we have

|2(2, & 1)l
< O™ =200y (2, ©)ma(x, €)Gar r (e, ma, be, ma) A, €)M 40740,
By our assumptions on € we have for M > 7
hM—2d€—(T—M)_ < hT-ﬁ-(S(M—T)—Qd.

Hence for every N in N there exists an M in N and a constant only depending on N
such that

|2(w, & h)| < OnhNmy (a, ©)ma(x, €)Gar,r (ac, miy, be, ma) Az, €) 7PN D

By analogous arguments this extents too the following: For every N in N and «,f in
Ng there exists an M in N and a constant C(N, «, §) only depending N, « and
such that

020, (.5 1) o
< C(N, o, B)RNeolm (2, €)ma (2, €)G57 (ac, ma, be, ma)A(w, €PN,

This was first part of the error term. The second part will come from the remainder
when applying Quadratic stationary phase asymptotics.

We now turn to the part of the integral where we integrate di(x,&;v, u,u,v).
For this integral we can now apply Quadratic stationary phase asymptotics hence
Theorem I1.4.17 gives for N in N the expansion

—ih ™ ((v,pu) —(u,v) d du dv dv d
cl(x, & n) 2Wﬁ2d/Rd/Rd/Rd/Rd 1(z, & v, pyu, v) dudv dv du
Z (io DU,DM,DU,D )) [

aé‘(x p7u v /’Lv )58(:1:7])7“77)7,“7 )] u=v=0
p=v=0

+ AV Ny (ae, bes B)

where we in the sum have used that the localising part of d; is constant 1 in a
neighbourhood of 0, hence if a derivative have been applied to it and we evaluate at
0 we get 0. Moreover the reminder 7 n41 satisfies that

0(Dw,Dy; Dy, D N+1
e 41 (ae, be B)| < eqf 2P (N1 2l (1"5;”’“’“»’/)Hszl(Rngngngg)'

We can note that we have the desired form for the terms contributing to the new
symbol. What remains is to estimate the error term from the Quadratic stationary
phase asymptotic and the contribution from the integral of ds. For the error from the
Quadratic stationary phase asymptotic we start by noticing

Dy,D,;Dy,Dy N+1 .
H(U( (;ZLV-&-I)! i dl(xvgavnu”u’V)HH2d+1(R$><RZ><Rg><Rg)
< COnaA(@, €)™ sup Dy, Dy; Dy, D)) Ny (2, & v, i, u,v)| - (3:20)
In|<2d+1
{022+ a2+ v 2 < i A (2,6)%P}

| u/ﬂ)u( (
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If we only consider the expression o(Dy, D; Dy, Dy))NTdy (2, & v, p, u, v) we have

U(DU7 Dua -D’Ua DI/))NJrldl(mv 57 v, 1, U, V)
:(<DvaDu> - (DU,DV))NHdl(:r,f;v,u,u,y)

= Z Jagaﬁaﬁagafdl(x,ﬁ;v,u,u,l/),
la]+[Bl=N+1

where the J,3’s are constants which may be negative. In particular one should note
that from the above expression we see that in the rough variables u and v we can at
most get N + 1 derivatives. This is the important part in the above calculation. How
the derivatives exactly are is not important for the next estimate. We now have, as
above, for M = N 4+ 1+ |n]

107100 (0(Duy Dy Dy, Dy ))¥ 1 (0, &5 0, 1, u, v)|
< CN,dE*(T*M)‘QMJ(aE, mi,be,mo)my(z +tv+t(1 — t)u,v + (1 —t)p+ &)
X mo(z+ (1 —t)v—t(1l —t)u,v —tu+§)
X M@ )T @ A o+ t(1 = u, v+ (L= )+ &)
2NHD e Nz + (1=t — (1 — tu, v — tu + &),

<rkti<
2(N+1)+|n|

(3.21)

where again

gM,T((IE? miy, b€7 m2)

(r01) 109197 ac (x,€)0520.%bc (, )|

= sup € )\(x’g)ﬁ(\a1+a2|+l,31+62\).
|14z | +|B1+B2| <M my(x,§)ma(r,§)
(z,£)eR??

The different powers j, k and [ in (3.21) corresponds to j derivatives on a., k
derivatives on b, and [ derivatives on y 1 . Now since we, on the support of di, have

16
the estimate [v]? + |u|? + |u> + [v|? < FX(z, €)% we get the following two estimates

Az +to+t(1 = thu, v+ (1 — )+ &)~ <2\ (x, )7L,

Mz 4+ (1=t —t(1 —t)hu,v — tp+ &)1 <2X(x, )7 (3.22)

By the properties of tempered weight functions there exists C7 > 0 and Ny in Ny
such that

my(z 4+t + (1 — u, v+ (1 — ) + &) <CyA(x, €)Nor,

ma(z+ (1 —t)v —t(1 —t)u,v —tu+§) §C1)\(:L’,§)N0P' (3.23)

Now by combining (3.20), (3.21), (3.22) and (3.23) and with M = N + 2d + 2 we
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have

|7e N+1(az, be; h)|
< Cyye TN=2=2-g 1 (az,my, b, my)
x i (x, §)ma(z, §)A(x, §) PPAH 0D
< CqyhODE=N=2d=2)-q (a4, my,b., m2)

x my (z, E)ma (@, E)A(x, §) PRV I No=d),

Recall that the error term comes with AV 1. Hence if we expand to at least a number
Njs such that 6(Ns+2d+2 —7)+ 7 > 2d + 1 we will have an estimate with /& raised
to a positive power. For o and § in N¢ we can by an analogous argument find a
positive constant C' = C(a, 8,d, N) such that

1050, 72 v+1(ac, be: 1)
< Oelalp(0=D)(r=N-2d-2)_ gMT(ag,ml,bg,mg) (3.24)

Xml(fl),é)mg(l‘,f) ( f) P2(N+1+|al+|B]—No—d)

Now we can combine the estimates on the two different parts (3.19) and (3.24) of the
error term and then we arrive at the estimate

WY 02O e N (ae, bes h)| = WY ORO e v (ae, bes h) + DR 0F 2 (, & D)
<Celalpp(r=N=2d=2)47=2021 G0 (4 my, be, ma)m (2, §)ma(x, €)

Az, 5)—0(N(M)+Ia|+lﬂ\)’
for N > Nj, where we have used that the contribution to the error from c2(x,&; h)

can be arbitrary small. Hence the main error term is the part from the Quadratic

stationary phase theorem. This ends the proof. O

Remark I1.5.3 (Particular cases of Theorem II1.5.1). We will see the 3 most
important cases for this presentation of the composition for t-quantised operators.
We suppose the assumptions of Theorem I1.5.1 is satisfied.

t = 0: In this case the amplitude will be independent of u hence we have
ce(, p; h) = " PrPu)[a, (2, q)be(y, p)]
This gives the formula

1
Cs,j(xvp) - Z aagas(x7p)ng€(x7p)

|lal=j
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t = 1: This case is similar to the one above, except a change of signs. The composi-

tion formula is given by

co(z,p; h) = e~ M PuPad g (y, p)be(, q)]

y=x
p=q

This gives the formula

; 1
cejl@p) = (=1 D —Dlac(x, p)d5be(z, p).

laf=j

t= % (Weyl-quatisation): In order to obtain a not to complicated formula for
the ¢;’s we will need an extra change of variables in the proof. Recall that before
applying stationary phase we had the following expression for c.

ey 1 —ih = ((v,) — (u,v))
e & 1) =5y /R /R /R /Rde

vy lad v uw, K
ag(x+2+4,y+2+§)bg(x+2 ik 2+§)d,ud1/dvdu,

in the case t = % If we do the change of variables

1 +1 ,u+

2" "1 2 "
1 1 "
“U——u="r v—— =
2" " 1 2 7

22d and the function o

we note that the determinant for this change of variables is
satisfies that

o(u, psv,v) = 20(w, p;r, 7).

Hence we obtain

e ) = L[ et
i (27Th)2d Rd JRA JRd JRd

ac(z+w,p+&be(x +r, 7+ &) dpdr dwdr.
As in the proof of Theorem I1.5.1 we can obtain

(@, pi ) = /37 P=PPeDO o (2, )by, q)]

with

ing 1
Cej(@,p) = (5) ﬁ[U(vaDp;Dy?‘Dq)]jaE(xvp)ba(ya Q)‘%zg-

The last equation can be rewritten by some algebra to the classic formula
(0%
cien) = S —a(5)"(35) @Dl Dz ).
|| +|8]=7
The above formula could also have been derived from the expression in Theorem I1.5.1
but this is a slightly harder calculation.
In all three cases we can note that the symbols for the compositions of operators
is the same as in the non-rough case.
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We now have composition of operators given by a single symbol. The next result
generalises the previous to composition of strongly f-e-admissible operators. Moreover
it verifies that the strongly h-e-admissible operators form an algebra. More precisely

we have.

Theorem I1.5.4. Let A.(h) and Bz(h) be two strongly h-e-admissible operators of
reqularity 7, > 0 and 17, > 0. with weights (m1, p,€) and (ma, p,€) respectively and of
the form

Ac(h) = Opy (az) and B:(h) = Opj (be)
We suppose € > h'=0 for a & in (0,1) and let T = min(r,, 7). Then is C.(h) =
Ac(h) o B:(h) a strongly h-e-admissible operators of regqularity T > 0 with weights
(mima, p,e). The symbol cc(x,p; h) of Co(h) has for N > N5 the expansion

N
ca(a:,p; h) = Z hjca,j(m7p) + hN+1C6(ae(h)7 be(h)§ h)a
=0
where
1 /1\lel N8l o
cej(w,p) = Z m(g) (‘ 5) (ap Dgae,k)(angbe,l)(fE,P)-
||+ 8] +k+1=j

The symbols a. . and b.; are from the expansion of a. and b respectively. Let

N

as('xap) = Z hjas,j(xvp) + hN+1TE,N+1(a€) €, Dp; h)
k=0

and equualint for b.(x,p). Then for every multi indices o, [ there exists a constant
C(a, B, N) independent of a. and b. and an integer M such that
W02, ¢ (ac(h), be(h); . ps 1)
< O(a, B, NYRO(T-N =242 47=2d=1 ol (3 pyimy (2, p) A, p) PV A Flal+13D)

{Z{QMT(%], ma, e N1 (b<(1)), ma) + Gof (re 1 (ae (), ma, be j,ma) }
7=0

+ Z gMT aE,j7m17 (5 kamQ) + g?\}g—(TE,N+1(a6(h>),mlvre,N+1(b5(h))am2)]7
N<j+k<2N

M/j’ ( )
g T aE,m 5 bg, m‘z

oyl (o gm Y2 N2
—  sup M)l |020; (07 0" ac (z, £) 032 O b (x, £)))|

ly1+y2 |+ 2| <M my(x,§)me(z,§)
(z,6)eR??

x Az, £)PUntrzltim+ie),

The function N(M) 1s also depending on the weights m1, mao and the dimension d.

The proof of this theorem is an application of Theorem II.5.1 a number of times
and recalling that the error operator of a strongly A-e-admissible operator of some
regularity is a quantised pseudo-differential operator.
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I1.6 Rough pseudo-differential operators acting on
L*(RY)

So far we have only considered operators acting on S(R?) or S’(R%). Hence they can
be viewed as unbounded operators acting in L?(R?) with domain S(R?). The question
is then when is this a bounded operator? The first theorem of this section gives a
criteria for when the operator can be extended to a bounded operator. This theorem
is a Calderon-Vaillancourt type theorem and the proof uses the Calderon-Vaillancourt
Theorem for the non-rough pseudo-differential operators. We will not recall this
theorem but refer to [5, 17, 32].

Theorem I1.6.1. Let a. be in FS?;.T(R% X Rg), where m is a bounded tempered weight
function, T > 0 and there exists a ¢ in (0,1) such that € > RY=9. Then there exists a
constant Cg and an integer kq only depending on the dimension such that

10Dy (ac)¥ll 2 < Cdl ﬁgﬁk h=lel 19208 ag (a, p) |19 £2 ray
(:r,;))eﬁﬁ

for all ¢ in S(RY). Especially can Op}Y (az) be extended to a bounded operator on
L2(RY).

That the above result is in-fact true is some kind of miracle. But as we shall see in the
proof most of the work nedded to prove the theorem is actually to prove the classical
Calderon-Vaillancourt theorem for non-rough symbols. Which we know is valid.

Proof. We start by writing the L?-norm of interest and make a change of variables

|Opy; aa)wHL?(Rd

ih~Y{x—y,p) z+y 2
/R 271-71 Qd‘/Rd/Rd ac (% ,p)w(y)dydp‘ dx
= [ T L Lt po o= dga
27T (27)2d R4 JRA
h(l 8)d 2 + _ )
- x ) 2 e
/ (2n)2 /]Rd /Rd p)U(y) didp|” dz,

where we have used the change of variables

(3.25)

F=h 11y y = ﬁ_H(sy D= h_ép
and the following definition of functions
da(iaﬁ) = aa(xap) - ae(hl_(siaa héﬁ) 1;(.%‘) = w(iﬁ) - ¢(h1_6£)'

We can from this change of variables note that we are now calculating the L?-norm
of the function OpY ()¢ times A1 =9? If we consider the new symbol a., then it is
still a symbol and in the new coordinates and

10207 6. (7, p)| = (020 ac (W22, 1p)| < I =INeHolBle=lely (4 p) < m(z,p),
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for all @ and § in Ng. Hence in the new coordinates the symbol is not rough. Now
from the classical Calderon-Vaillancourt theorem we get existence of a constant Cy
and an integer k; only depending on the dimension such that

|OPY (@) || r2(ray < Ca - sup 0505 ac(&, P19l 2 (e,
lal,|B|<kq
(z,p)eR??

Now by combining this with (3.25) we get

HOp‘I;V(as)ZZ}H%%Rd) = h<1_5)d”Opvlv(&s)u;HL?(Rd)

<=0y sup (02004 (&, 5) |19l o gy
|a|7|ﬁ‘§kd
(:E,ﬁ)ERQd

<Cy sup h(l"”‘a'\aﬁf}faa(w,p)\WHm(Rdy

lal,|B1<kq
(z,p)eR??

This is the desired estimate and this concludes the proof. [l

We have now established criteria for which a rough pseudo-differential operator is
bounded. But we also need some criteria for which they are Hilbert-Schmidt and
trace class. First we consider the Hilbert-Schmidt case.

Proposition 11.6.2. Let a. be in F&’T(Rg X ]Rg) with T > 0 and suppose a. is an
element of L?(RY x ]Rg), Then is

W 1
10 (@0lfis = gz L, [, loc(o.p) 2 dec

Proof. By assumption the object

1

— ih~ Y p—
fhl[aa(%ﬂ/f)](x—y) = (27rh)d/Rdeh < y’p>aa(LJ2ryap) dp

exists as an oscillating integral and is an element of L?(RZ x Rz). Let {@n}nen be an
orthonormal basis for L?(RZ x Rg) then by Parsival’s formula

109 (02 s = Y108R (0l = [ [ 177 fae(542 ) = )P dydo
n=1

With the change of variables

r+y
w = 5 z=x -1y,

which have a determinant with absolute value 1, and the Plancherel theorem we have

" 1
1003 @)lfis = g [, [ et )P dec

This is the desired equality and this ends the proof. O
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The above Proposition is a complete characteristic of all rough pseudo differential
operators which are Hilbert-Schmidt operators. In the case of rough pseudo differential
operators we are only able to give a sufficient condition for the operator to be trace
class.

Before we continue we will just recall /prove the following Lemma

Lemma I1.6.3. Let b, be a rough function of reqularity 7 > 0 in C§° (R4 x Rg). Then
the estimate
1003 (e eqzaeoy < o [, [ et dodp
holds.
Proof. Let ¢ and 9 be two functions from C$°(R?). Then we have

O0} 00 0) = g [ [ [ eI poty)(w) dydp.

With the change of variables

Tty
2

=T —Y,

which have a determinant with absolute value 1, we have

(O} 02069 < (g [ [ bt [ ot

Now by changing z into 2z and apply a Cauchy-Schwarz inequality in z we have

7 S w w 2)|?dz 2)|? dz
(00 (42| < gy [ [ twmydodo [ oGPz [ o),

This inequality implies the desired estimate and this ends the proof. [l

) (w ) dzdpdw.

1\3\1\1

We can now give a criteria for the rough pseudo differential operators to be trace
class. The criteria will be sufficient but not necessary. Hence it does not provide a full
characteristic for the set of rough pseudo differential operators which are trace class.

Theorem I1.6.4. There exists a constant C(d) only depending on the dimension
such

0Py (ae) [T < h(d) Z hlAl /]Rd /]Rd |8x85a5(:1:,p)] dxdp.

la]+]8]<2d+-2

for every a in T (RE x RY) with 7 > 0.

Remark I1.6.5. The above estimate does not a priori imply that the trace norm of
a rough pseudo differential operator is of the order A~ ¢ as there might appear extra
factors of ¢! from the integrands. These extra factors will be determined by the
regularity of the symbol.
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If one had used a semiclassical Harmonic oscillator in the proof the estimate

would have been

w C(d N N
0Py (ae)llTe < h?C(H‘)l Z pled+18] /]Rd /]Rd \axagag(x,p)] dzdp.

laf+|B]<2d+-2

which in terms of the semiclassical parameter A is a “worse” estimate even though we
do not get factors of e~! from the derivatives.

In the case where the rough symbol a. is a Schwarz function it is possible to
obtain a bound of the type

w C(d,a
Op} (a2 e < 100

for any x > 0, where the constant now also depends on the symbol a.. Hence this
indicates that the right order of the semiclassical parameter should still be h~¢ for
the trace norm of the rough pseudo differential operators.

In the following section we will use estimates of the type

w C(d,a
[Op ), < o) (3.26)

under the assumption that the symbol and all derivatives are integrable. Estimates

is the worst we can possible get from the theorem but they are sufficient for our
applications.

Proof. In this proof we let |(z,p)|s = max;(|z;|,[p;|). We start by letting x be in
C3°(RE x Rg) such x(z,p) = 1 on the set {(z,p) € R*||(z,p)[c < 2} and with
support contained in {(z,p) € R??||(x,p)|s < 1}. With this function we let

xX(x—v,p—n)
v arend X(€ =7, p— 1)

Xqyn(T,p) = 5

for v,n in Ng. This is a partition of unity for R% x Rg and hence we have

10p} (a) e < > 1OPK (Xymae) | mv- (3.27)
v,neNg

We start by considering one of the terms in the sum, hence let a v and 7 be given.

We define the unitary operators T, and U,, by
() (@) = flx =) and  (Upf)(x) = e f(a).
With these operators we have
(T5Un) Opy (Xy.nae)(ThUy)" = Opj (x0,08e),

where a.(z,p) = a-(x + v,p + n). Sine the trace norm is invariant under unitary

conjugation we have

1OPE (xynae)llTe = [|OPR (x0,08¢) |-



I1.6. Rough pseudo-differential operators acting on L*(R%) 89

We now let Hy = —A + 22 (the harmonic oscillator). This operator is positive,
self-adjoint and has pure point spectrum. The eigenvalues are given by

E;j=Q2h+1)+ 2j2+1)+- -+ (2ja+1),

for j in N&. For this operator we have

—d— 1 =
IH; e = —355 = C(d) < oo

jend
The above number only depend on the dimension. We now have
10K (x0,00e)[le = | Hy " Hg ™ Opj (x0,002) ||
< C(d)[|HS Opy (x0.0de) | £ (2 (ray)-

The operator Hg“ is a pseudo differential operator with a symbol b(x, p) which is a

(3.28)

polynomial in x and p of degree 2d + 2. If we choose to consider the Weyl-quantisation
of Hg“ and apply the result on composition of pseudo-differential operators we
get that Hg“ Op} (x0,0as) = Op™(ce) is a rough pseudo-differential operator. The
symbol c.(z, iip) of this operator satisfy the bound

el < S cash?lO20 x00 (e, hp)ae (. hp)|
lal+]8|<2d+2
<c Z hlﬁ'1supp(x0,0)(xvp)’(axaapﬁds)(x7 hp)|,
|a|+[8]<2d+2

where we have used the correspondence between a semiclassical pseudo-differential
operator and a non semiclassical pseudo-differential operator and that the support
of X0,0 is contained in {(z,p) € R*||(x,p)|o < 1}. The constant ¢ is dependent on
the multi indices o and 8 (as it is the maximum of the ¢,(’s) and the estimates
on the derivatives of xg. All of these numbers is only dependent on the dimension.
Lemma II.6.3 now imply

d ~
”}IdJrl Op‘g(XO,an) ”L(L2(Rd

)
C o Af~
<o 2 W] L @l ©20]5) ) dedy
la|+|8|<2d+2

é (6%
o I /R d /R aupptr (5 DI(O207 ) () dod.

|| +|B]<2d+-2

For the functions x,,, at most 224 of them has not disjoint support. Hence combing
the above estimate with (3.27) and (3.28) we get

I Opy; (ac) v

C(d)é .
< éd) DL /R d /R aunptor (520207 ac) (@, )| dedp

v,meN? |a|+|B|<2d+2

C(d)&2% 5 -
ST X 2 h Adéd1<axapa€><x,p>\dxdp.

v,meNG al+|B|<2d+2

By letting C'(d) = C (d)&2%? we have the desired estimate and this ends the proof. [
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The previous theorem gives us a sufficient condition for the rough pseudo differential
operators to be trace class. The next theorem gives the form of the trace for the
rough pseudo differential operators.

Theorem I1.6.6. Let a. be in ng‘g(Rg X ]Rg) with 7 > 0 and suppose 8?85a€(33,p)
is an element of L'(R% x Rg) for all |o] 4+ |B] < 2d + 2. Then is Opy (ac) trace class
and

(0D (02)) = s [, [ oelop) dadp

The proof of this theorem is analogous to the proof of |17, Theorem II-53] and
will not be given here.

I1.7 Self-adjointness and functional calculus for rough
pseudo-differential operator

In this section we will establish a functional calculus for rough pseudo-differential

operators. The construction is similar to the one made in [17] except we need to be

more aware when taking derivatives in x.

First we will give criteria for the operator to be semi-lower bounded and self
adjoint.

Assumption I1.7.1. Let A.(h) be a h-e-admissible operator of regularity 7 and
suppose that

(Hy) Ac(h) is symmetric on S(R™) for all & in ]0, Ag).
(Hz) The principal symbol a. ¢ satisfies that

( n;lé%% ae0(x,p) =0 > —00.
x7p

(Hs) Let v1 < v and v1 < 0. Then a.g — v is a tempered weight function with

constants independent of € and
ey € T (2 )
for all 5 in Njy.

Remark I1.7.2. The assumption in (H3) that a. o —1 is a tempered weight function
with constants independent of ¢ is crucial. If this is not satisfied then all constants
will start to be dependent on e, which is not desirable. Written out the assumption is
that there should exist Cy > 0 and Ny in N such that

No
a:0(x,p) =1 < Colaco(@o,po) = 1) (1+ Ve =20 +lp—pl?) ~  (3:20)

for all (z,p) and (zo,po) in R% x RY and all € in (0, 1].
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Theorem I1.7.3. Let Ac(h), for hin (0, fig|, be a h-c-admissible operator of reqularity
7 > 1 with tempered weight m and symbol

as(h) = Z Wa. .
j=0
Suppose that Ac(h) satisfies Assumption I1.7.1. Then there exists hy in |0, hig] such
that for all h in 10, h1] Ac(h) is essential self-adjoint and lower semi-bounded.

Proof. We let t < 7y, where 7y is the number from Assumption I1.7.1. For this ¢ we

define the symbol
1

bet(z,p) = —F——.
7t(x p) as,O(xap) —t

By assumption we have that b, ; € ng; o= (RE x RY). For N sufficiently large
we get by the formula for composition of symbols and the Calderon-Vaillancourt
theorem that

N

(A(h) =) O}/ (=) = Y _ ¥ Opj! (ac.) Op} (be.r)
j=0
+ BN Ry (R) Opy (beyt)
=I+ hSn(e, h),

where the operator Sy satisfies that supyc g no) SN (€, 2)|| £(22(rayy < 00. In the above
calculation have we chosen N sufficiently large such that the operator has the form
written above. We note that if 7 is chosen such that h||Sn (e, 7))l z(r2re)) < 1 then
the operator I + hSy(e, h) will be invertible. We have by the Calderon-Vaillancourt
theorem that Op}'(b.;) is a bounded operator. This implies that the expression
Op} (bet)(I+hSn(e, h)) " is a well defined bounded operator. Hence we have that the
operator (A¢(h) —t) maps its domain surjective onto all of L2(R%). By [19, Proposition
3.11] this implies that A.(h) is essential self-adjoint.

Since we have for all ¢ < v that (A-(h) — t) maps its domain surjective onto all
of L?(R%) they are all in the resolvent set and hence the operator has to be lower
semi-bounded. (]

If the rough symbol is positive, does this imply that the associated operator than
positive? In general this is not true but it is close to be true as the next theorems shows.
which is a version of the sharp Gardinger inequality for rough pseudo-differential
operators.

Theorem I1.7.4. Let a. be a bounded rough symbol of reqularity T > 0 which satisfies
as(z,p) >0 for all (z,p) € Rg X RZ,

and suppose there exists 6 > 0 such that € > h'=%. Then there exists a Cy > 0 and
ho > 0 such

(Opy (ac)g, 9) = —h°Cllgll r2(ray
for all g in L*(RY),
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Proof. We will really on the “usual” semiclassical sharp Gardinger inequality with
the semiclassical parameter h = he~!. We have by a change of variables

/ / / T emup g (252, p)g(y)g(x) dydpda
27Th rd Jrd Jra
eI g (e252, djdpd3
27Th /Rd /Rd /]Rd as(e=5%,p)g(ey)g g(ex) diydpdz
NI IR G (T 1) a(0)F () dijdpds
27Th /Rd /]Rd /Rd ac (5%, p)3(9)3 (%) dydpds

eY(Opy (a:)g, 3),

(Opy (ae)g; g)

(3.30)

where the change of variables was

a-(52 p) = a. (%, p) = a-.(eZHL, p) 9(z) = g(z) = g(ex).

The change of variables have given us a new operator to consider Op})(a.) with the
new semiclassical parameter h. The new symbol satisfies for all @ and £ in Ng the

estimate
|080] 4. (%, p)| = |08 ac (e, p)| < e~ lC < ¢,

by our assumptions on the symbol a.. Hence in the new coordinates and with the
new semiclassical parameter h the shapr Gardinger inequality imply there exists a
constant Cy > 0 and hg > 0 such for h € (0, hy] we have

(Opy(a<)g, 9) = —Cohllgll 2ra)-

Now combing this with (3.30) we arrive at

(Opy(ac)g, 9) > —CofthgHL?(Rd) = _Cohé”g”LQ(Rd)'

This is the desired estimate and this ends the proof. U

The next theorem shows that the resolvent of an operator which satisfies Assump-
tion I1.7.1 is a rough pseudo-differential operator.

Theorem I1.7.5. Let A(h), for h in (0, hy], be a h-e-admissible operator of regqularity
7 > 1 with tempered weight m and symbol

h)=> Wac;.

320
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Suppose that Ac(h) satisfies Assumption I1.7.1 with the numbers vy and ~1. For z in
C\ [y1,00) we define the sequence of symbols

beoo = (aco—2)""

11 1
De,zji1 = —be - y- a'ﬁlﬁ(—mlﬁ\(a;Dg“E”“)(angbe’z’l)’ (3.31)
ol +|Bl+k=j+1
0<i<y

for 7 > 1. Moreover we define

M
Beon(h) = Wb ;.
j=0
Then for N in Ng we have that
(As(h) - Z) Op%v Bs,z,N =1+ hN+1Az,N+1(h)v (3'32)
with
N+1j A CRFEN) 2] aw)
h 2 h < Ch”® —_— , 3.33
e e 1), (3.33)

where K is a positive strictly increasing function and q(N) is a positive integer
depending on N. In particular we have for all z in C\ [y1,00) and all h in (0, 1] (A1
sufficient small and independent of z), that (Ac(h) — 2)~t is a h-e-admissible operator
with respect to the tempered weight (azo — 1)~ and of reqularity T with symbol:
B.(h) =) Wb, (3.34)
Jj=0

Before we prove the actual theorem we will need some lemma’s with the same setting.

Lemma I1.7.6. Let the setting be as in Theorem I1.7.5. For every j in N we have
2j—1

bE,Z,j - Z d5717kb§,—'z—,10’ (335)
k=1

where d ;1 are universal polynomials in 8;‘8,?@571 for || + 8| +1<j and d. ;1 €
IRV
F(()?g Y)H T forallk, 1 <k <2j—1. In particular we have that

bE,Z,l = _a’EJbg,z,O'
In order to prove this Lemma we will be needing the following Lemma:

Lemma I1.7.7. Let the setting be as in Lemma I11.7.6. For any j and k in N we let
d67j7kb’;:;10 be one of the elements in the expansion of be . ;. Then for all multiindices
a and B it holds that

lal+18]

000 dej i bEt = D dejrnasbit ™,

n=0
where d. jjn.ap are polynomials in %' of e, with || + 8|+ k < j+|a|+|5] of
degree at most k+n and they are of reqularity at least T— j — |a|. They are determined
only by o, B and d. ;.
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Proof. The proof is an application of Theorem I1.1.2 (Faa di Bruno formula) and
the Corollary II.1.3 to the formula. For our «, 8 we have by the Leibniz’s formula
(Theorem II.1.1) that:

|o|

858& €., kbftlo *85{ 97d ,Jk ngo"‘ Z < )aa ’d ,Jka ngo

lv|=1
'y<a
18]
=(0000de j)0EE L + ) < >a§-<agda,],kagb’;g{)
I¢]=1
¢<B
lal
S ( ) (0005d. ; )T
ly|=1
y<a
18l laf
+> 0> ( )( ) (9576097 d,. ;1) OSOIVELY,.
I¢I=1 |7=1
(<B v<L«

We will here consider each of the three sums separately for the first we get by the
Faa di Bruno formula (Theorem II1.1.2)

8. g
> (C) 8y~ 05 de ; kOSHELY,

I¢|=1
¢<B
] 1<l
B _ k—i—n
=y < . 0505 de ik Yy (—1)" n(ktn)! LT D e 05tao - 95 ag
I¢l=1 n=1 Gt +Cn=C
¢<p |Gi|>0
18| ] c it
— n n
= Z { Z Cky"ﬁ:ﬁy(&? Cagdsy.]yk Z cClw"»CnaglaO”.ap Bao}bE,Z,O g
ng=l " |¢|2ng Gt g =¢
=p Gil>0
L k+1+
n
Z d 7]7k Oé,ﬁ,nfj 620 6'
ng= 1

This calculation implies that we have a polynomial structure where the polynomials
de j k,a,8,ns are polynomials in 83/8;[3 ae with |o/| + |8'| + k < j+ |a| + || and of
regularity 7 — j — |a.
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For the second sum we again use Faa di Bruno formula (Theorem I1.1.2) and get

|al

> (V) (0000 d, ;) OUE T

lv[=1
V<o

|a

B aa— o (k+n)' k+14n
- Z 9,0, d vakz k! a0 Z 1,02 @0 - - - 03" a0

|v|=1 n=1 Y1t F =y

v<a |vi|>0

o] o]

— E: Mag -7 kt+1t+n

= E { E Ck,na o 778 97 de j i ey 03 G0 axnaao}ba,z,o °

na=1 " |y|>na Vit Yna =y

y<a [v:|>0
|l
k+1+n

=Y dejrapnabiio™

Nna=1

This calculation implies that we have a polynomial structure where the polynomials
de j k.o fome are polynomials in (9?/85,@57;{ with [o/| + |8'| + k < j+ |a| + |3] and they
are of at least regularity 7 — j — |a|.

For the last sum we need a slightly modified version of the Faa di Bruno formula
which is Corollary 11.1.3. If we use this we get that

1Bl el
S5 (D) () @rcorasmmontsh
e
18l lal I<I+1]
8 ) g
=1 Iyl=1 n=1
(< n=a

x> S 05 0 ac g - - 05 O ac o

Y1V TP
In(7,¢)

la[+[8] |8+l

=YY Y nannc@ )

n=1 [C[+1vI=>n Tn(v,¢)
(<8, 7<a

% 8518;/1@570 . 8,5"83“%,0}1)’”””

€,2,0

+
§ : k+14n
:Jk’ﬂaﬂbsz,o ’

where cigyjykm’a,g are polynomials in Gg‘lﬁg/ag,k with |o/| + |8/ + k < j + |a| 4+ |B] of
degree at most k + n and they are of regularity at least 7 — j — |a|. If we combine all
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of the above calculations we get the desired result:

|ee|+18]
Boxg ., prtl i k+1+n
apawd€7]7kb€,z,0_ d€7]7k7”7a7ﬂb€,z,0 ’

n=0

where d. j .05 are polynomials in 8;“/65/(15,;6 with |o/| + 8|+ k < j + |a| + |B] of
degree at most k + n and they are of regularity at least 7 — j — |a|. The form of
the polynomials is entirely determined by the multi-indices «, 8 and the polynomial
de j k- O

Proof (Proof of Lemma I1.7.6). The proof will be induction in the parameter j. We
start by considering the case j = 1, where we by definition of b, . 1 have

1 1 1
bs,z,l = _bs,z,() : Z al B! ﬁ NEl (anga&k)(angbe,Z,o)
ol +|8l+k=1 (=2)

d . .
—1 1
= _ba,z,() (aa,lba,z,o + Z ?819”@5,0890” ba,z,O + iaa:n CLa,()apn ba,z,())

n=1

. d
4 2 2
= _bs,z,() (as,lbe,z,O - 5 E apnas,OaﬂcnaE,Oba,z,O + axnas,oapnas,obe,z,o)

n=1

2

= _a&lbs,z,(]'

This calculation verifies the form of b . 1 stated in the lemma and that it has the
form given by (3.35) with d. 11 = —a.,1 which is in the symbol class F((fg_vl)ﬁ_l by
assumption.

Assume the lemma to be correct for b, , ; and consider b, , j+1. By the definition

of be . j+1 and our assumption we have

1 1 1
= B 8
66727]4-1 - - 6612,0 ’ Z alp! ﬁ (_2)|5‘ (a}?DzaE,k)(ap DaO:LbE,ZJ)
I+|a|+|B|+k=5+1
0<I<y
——beeo{ Y cas(O5Dias) (0] DEb-z0)

|| +]8]|+k=j+1

J
> Y caslODia)(@D5be0) |
=1 l+|a|+|8|+k=j+1
=—booo{ Y cas(O5Dias)(0]DEb-z0)
o]+ B|+k=j5+1

30 Y caslODlac) (O Dideu bl ).

=1 m=1l1+|a|+|8|+k=j+1

We will consider each of the sums separately. To calculate the first sum we get by



I1.7. Self-adjointness and functional calculus 97

applying Corollary 11.1.3

> cap(0yDlac k)05 Dobe.z 0)

o+ B]+k=j-+1
|48
=Cq, B0, j4+1be 2,0 + Z {Ca’/g(angaE,k) Z Cnb?:})
o] +|8]+k=j+1 n=1
| +]B81=1
X Z cgll €"851D0‘1a5,0---ngDg‘"aE,o}
In(o,B)
Jj+1

:Ca,ﬁa57j+1b57270 + Z { Z Z Ca,B,n

n=1l " |a|+|B|+k=j+1Tn(a,B)
laf+[81=n

X (98 Dfac )00 DYt acg - - - 85”D§“aa,o}b?§%
Jj+1

§ : n+1
- du]na)ﬂ €,2,00

where Jm}n,aﬁ are polynomials in 8§/8£la5,k with [o/| + |f'| + k < j + 1 of degree
n + 1 and of regularity at least 7 — j — 1. The index set Z,,(«a, ) is defined by

In(Oé,,B) = {(alw")anuﬁla”'uﬁn) N2nd

| Zozl =a, Zﬁl B, max(|oyl, |5]) > 1VI}.

The form of the polynomials is determined by the multi indices a and 5. Moreover
we have that the polynomials ds jn,a,3 are elements of F(ao R

If we now consider the triple sum and apply Lemma II.7.7 we get

Jj 2i-1

Sy > Ca,8(05 DY ac i) () DS de y mbl'T))

I=1 m=11+|a|+]6]+k=j+1

j_2-1 |al+|5]
; 1
=20 > cs@Dlaa)( )" Y duumnastli "
I=1 m=1l+|a|+|8|+k=75+1 n=0
2j—-1 j |e|+|B]

m=1|=[m1) 1 [+|a|+]Bl+hk=j+1 n=0

J
= Z Z Z Z COC/B a Dﬂafk)(_l)l ‘dslmnaﬁb?j&Jrn
J

[\
—

11

- J
> Z S cap(@Dlacjpa-1n) (=) de i st

m=1_[m-1111 n=0 |a|+|8]=n

—_

where the Ja,l,m,na,ﬁ are the polynomials from Lemma I1.7.7. The way we have
expressed the sums ensures k£ always is the fixed value j+1—1—n. From Lemma I1.7.7
we have that Jg,l,m,n,awg are polynomials in ag’aﬁ'as,m with |o/| + 8| +m < I+
n < j+ 1 of degree n + m and with regularity at least 7 — | — |a|. Hence the
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factors caﬁ(@g‘Dgaa,jH_l_n)(—i)'o"cZE,l,m,n?aﬁ will be polynomials in 8§‘,65/a57m with
|o/| + 18| +m < j+1 of degree n+m + 1. The regularity of the terms will be at least

T—l=laf-=(G+1-l-n)—|pl=7-(+1),

where most terms will have more regularity. By rewriting and renaming some of the
terms we get the following equality

J 20-1

>N > Ca,8(05 DS ac 1) () D3 de y mb! o) E:dammﬁﬁﬁ,

=1 m=114|a|+|8|4+k=5+1

where d. ;.5 again are polynomials in ag’aﬁ'as,k with [o/| +|f'| +k < j+1 of
degree n + 1 of regularity at least 7 — (j + 1). By combing these calculation we arrive

at the expression

1 1
b5727j+1 :_b&‘,Z,O : Z CM'IB'%( )|ﬁ| (a 'D a5 k)(a D bEZl)
o+ |Bl+k=j4+1 7
0<I<j
J+1 2j
= EZO{ZCZ JnaﬂbazO+Zd57jyn:aﬁb?:})}
n=1

2541
_ k+1
- Z dE,j'ﬁ‘LkbE,z,O’

where the polynomials d. j;14 are universal polynomials in 8;“'85 ,as,k with [o/| +

|8'] + k < j 4 1 of degree k and with regularity at least 7 — j — 1. Hence they are
V(i

elements of F(()‘jg WHT=0+D | This ends the proof. O

Lemma I1.7.8. Let the setting be as in Theorem 11.7.5. For every j in Ng and o, B
m Ng there exists a number cj g > 0 such that

)

>2j+04|+|»3

8/3304[) 1< e —(r—j—la])— N —1 &
’ 'p Ox s,z,]’ = Gja,BE (ae,(] ")/1) dist(z, ["}/1700))

for all z € C\ [y1,00) and all (z,p) € RE x Rg,

lae,0—1]
|a5,0—z\

cases according to the real part of z. If Re(z) < 1 then

Proof. We start by considering the fraction and we will divide it into two

!%ﬂ—wlglg 'V—Vﬂ ‘
lac,0 — 2| dist(z, [y1,00))

If instead Re(z) > 1 and |Im z| > 0 we have by the law of sines that

laco — 2| laco— |

sin(¢1) — sin(¢2)

> laco — 7,
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Im

Re

1 o

Figure 31: One case of Re(z) > v and |[Im z| > 0.

where we have used that 0 < sin(¢2) < 1. If we apply this inequality and the law of
sines again we arrive at the following expression

laco—ml .1 _|z=m]

laco —z[ 7 sin(¢1)  [Im(2)]

Combining these two cases we get the estimate

laco — 71 |z — 7]

laco — 2| — dist(z, [y1,00))
If we now consider a given b . ; and o, 3 in N¢. Lemma I1.7.6 and Lemma I1.7.7 gives
us

For all z € C\ [y1,00). (3.36)

25—1 25—1|a|+|8
§ : « k+1 2 § : k+1+n
p x 5 2] 858 7]7kbs,z 0 €,5,k,n a75b€ 2,0
k=1 n=0
(ao ’71)

with d. gka,s in Iy Fmr—j=lel, By taking absolute value and applying (3.36) we

get that

2j—1lal+|Al
105020251 < D D |dejkinasbEe™]

2j—11al+I8] laco — v\
STORD I el (R
pr o’ ‘aa,O_z‘
2j+|o|+|B]
< 7(7-7j7|a|)_ . —1 &
<Cj,a,BE (ae,o ) dist(z, [y1,00)) ’

where we have use

berr| = (ae0 —71) 1 ( 2 — )
=% lac,o — z[(aco0 — 1) ~ (aco —1) \dist(z, [y1,00))

We have now obtained the desired estimate and this ends the proof. O

Proof (Proof of Theorem I1.7.5). We have by Lemma I1.7.6 that the symbols b, . ;

(a0_71)717

are in the class Iy - ™ for every j in No, where b, . ; is defined (3.31). Hence

we have that
N

Bs,z,N(h) = Z hjba,z,j-

J=0
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-1

is a well defined symbol for every N in Ny. Moreover as (ap — 1)~ " is a bounded

function we have by Theorem I1.6.1 that Op}'(Bc . n(h)) is a bounded operator. Now
for N sufficiently large we have by assumption

N
Ac(h) — 2= Opy (aco — 2) + »_ h* Opy (ac i) + N Ry (e, h),
k=1

where the error term satisfies

N Ry (e, 1) | 2 emay < RPN Oy
for a positive strictly increasing function x. If we consider the composition of A.(h)
and Op) (B: . n(h)) we get

N N
Ac(h) Opy (Beon(h) =Y h* Opy(azx) > # Opj (b - 5)
. =0 (3.37)
+ > WNTH Ry (e, h) Opy (be 2 )
j=0

If we consider the first part then this corresponds to a composition of two strongly
h-e-admissible operators. As we want to apply Theorem 11.5.4 we need to ensure N
satisfies the inequality

I(N+2d+2—71)+7>2d+ 1.

As this is the condition that ensures a positive power in front of the error term. If we
assume N satisfies the inequality. Then by Theorem I1.5.4 we have

N N o
Z R Opy (ac k) Z 7 Opy (be,2,5)

k=0 §=0

N
= K Opy(cey) + BV Opy (G (ae(h), Bz, z, N(R); b)),
=0

where

1 /1\le 14 18]
cawr) = > () (—3) @Dl @]D5be ) ).
|a|+[B]+he+5=1

The error term satisfies for every multi indices a, 8 in N&, that there exists a constant
C(«, B, N) independent of a. and B; , y and an integer M such that

P20 ¢ (e (1), be () 2,55 )| < Caa, B, NN =227 =21l

Z ng —j—k ae k7(a£0 ’}/1)71)872,]',(&570—’)/1)71),
JHE<2N
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where gg“ﬁfjfk are as defined in Theorem II.5.4. By Lemma I1.7.8 we have for all
j+k<2N

g(])\},ﬁT—j—k<a€,k7 ((1570 - 71)’ baz,j7 (aa’o _ ’Yl)il)

= sup e(TI k=M= Hlel |90 02 (7 O ac i (w, €) 02O be 2. (. €) )|
[v1+v2l+nm+n2 | <M
(z,6)eR?
< Copm sup e(T=i—k=M)——(T—k—m1)-—(T—j—2)-
Iv1+v2 |+ +n2| <M
(z,6)eR?

B 25+ M| o+ 8]
dist(z, [y1,00))
2j+M
<o |z — ]| Jj+M+|a|+| A
= YapM dist(z, [y1,00))

Now by Theorem I1.6.1 (Calderon-Vaillancourt Theorem) there exists a number My
such that

Mg
N+1 w . k(N |z — |
h HOm@H%m%BaAN@%qup®w<C%()(&%@km“m> :

If we now consider the symbols ¢ ;(z,p) for 0 <1 < N. For I = 0 we have
Ce,O(xJ?) = (as,O(map) - Z)b&z’()(.%',p) =1
By definition of b, . o(z,p). Now for 1 <1 < N we have

1 1ylel, 1\I8 .
Cel = Z M<§> (‘5) (apD:fas,k)(angb&z,j)
e+ B8] +k+5=l
1 /1y\lel 1\ 18I
- ¥ M(i) (=3) (O Diack)(@5Dsber) + (a0 = )beres
al+|Bl+k+i=t
| |0|§Bj|§l71]
1 /1ylel, 1\ .
= > ) (mg) @PLe)@Dg..)
a|+|B|+k+j5=I1
| |0|§Bj|§l71]
1 1 1
_ 1 o Bpap
i (g 0 PR 0 Db
0<j<ii

=0,

by definition of b, . ;. These two equalities implies

N
> " BT Opy (ae k) Oy (bezj) = I + AN+ Opy (C(ac(h), Be, z, N(h); ). (3.38)
k,j=0
This was the first part of equation (3.37). If we now consider the second part of

(3.37):

N
> BN Ry (e, 1) Opy (be 2 5)-
7=0
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By Theorem I1.6.1 and Lemma I1.7.8 there exist constants My and C' such that

j ‘z B ’)/1| 2j+Mgy
W . < TV R
W |Opy (be,2,i) £ r2maeyy < C <dist(z, [71,00))>

for all j in {0,..., N}. Hence by assumption we have

N q(N)
N+1+j5 W ) < K(N) ‘Z - 71’
R e ) OB s oy < O (s

Now by combining this with (3.37) and (3.38) we get
(Ac(h) — 2) Op} Beon = I+ WNTIA, vy (h)

with

a(N)
N+1 < OFFEN) ]
R A N1 (M) 22 (rayy < CR <dist(z, ) ,

where k is a positive strictly increasing function and ¢(N) is a positive integer
depending on N. Which is the desired form and this ends the proof. O

We are now almost ready to construct/prove a functional calculus for operators
satisfying Assumption I1.7.1. First we need to settle some terminology and recall a
theorem.

Definition I1.7.9. For a smooth function f : R — R we define the almost analytical
extension f : C — C of f by

o+ in) = (Z f<r><x>W> o(wy),

r=0
where n > 1 and
o(z.y) = (35)

for some smooth function w, defined on R such that w(t) =1 for |¢{| < 1 and w(t) =0
for |t| > 2. Moreover we will use the notation

O+ i) = (gg; + g;j)

; (Z 10 @) “j{fr> (0 (a.) + iy a,) + 2 1@ D (),

D) !
2 — n!
where o, and o, are the partial derivatives of o with respect to x and y respectively.

Remark I1.7.10. The above choice is one way to define an almost analytic extension
and it is not unique. Once an n has been fixed the extension has the property that

0 (@ +iy)| = Oly|")
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as y — 0. Hence when making calculation a choice has to be made concerning how
fast |0f| vanishes when approaching the real axis. If f is a C§°(R) function one can
find an almost analytic extension f in C§°(C) such f(z) = f(z) for  in R and

0f (x4 iy)| < Cnly/N, for all N > 0.

without chancing the extension. This type of extension could be based on a Fourier
transform hence it may not work for a general smooth function. For details see [5,
Chapter 8|.

The type of functions for which we can construct a functional calculus is introduced
in the next definition:

Definition I1.7.11. For p in R we define the set S” to be the set of smooth functions

f : R — R such that
O] = [ @) < er@p

for some ¢, < oo, all z in R and all integers r > 0, where A(z) = (1 + |z|?)

A= US”.

p<0

1/2.

Moreover we define A by

We can now recall the form of the spectral theorem which we will use:

Theorem I1.7.12 (The Helffer-Sjostrand formula). Let H be a self-adjoint op-
erator acting on a Hilbert space 7 and [ a function from A. Moreover let f be an
almost analytic extension of f with n terms. Then the bounded operator f(H) is given

by the equation
1

£ = [ 9)( — 1) Liaz),

where L(dz) = dxdy is the Lebesque measure on C. The formula holds for all numbers
n>1.

We are now ready to state and prove the functional calculus for a certain class of
rough pseudo-differential operators.

Theorem I1.7.13. Let A.(h), for h in (0, ho|, be a h-c-admissible operator of regu-
larity 7 > 1 and with symbol

as(h) = Z Wa, ;.
320

Suppose that A.(h) satisfies Assumption I1.7.1. Then for any function f from A,
f(Az(h)) is a h-e-admissible operator of reqularity T with respect to a constant
tempered weight function. f(Ae(h)) has the symbol

ag(h) = Z hjaij,

720
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where

ag,o = f(a&O)?

T (L) 3.39
1 . (3.39)
af,j - Z : k;) ds,j,kf(k)(aa,o) forj >1,
k=1 ’

the symbols d ;. are the polynomials from Lemma II.7.6. Especially we have
al ) = ac1fW(az).

The proof is an application of Theorem I1.7.12 and the fact that the resolvent is a

h-e-admissible operator as well.

Proof. By Theorem I1.7.3 the operator A.(h) is essentially self-adjoint for sufficiently
small A. Hence Theorem I1.7.12 gives us

F(A(h) = == | 0f(2)(z — A-(h)) ™" L(dz),

where f is an almost analytic extension of f. For the almost analytic extension of f
we will need a suffiently large number of terms which we assume to have chosen from
the start. Theorem I1.7.5 gives that the resolvent is a h-e-admissible operator and
the explicit form of it as well. Hence

[ A
FA0) = [ 87 Y OBy () L(d2)

[ AT e~ A ) A () L),
T Jc

where the symbols b, , ; and the operator A, y1(h) are as defined in Theorem II.7.5.
If we start by considering the error term we have by Theorem I1.7.5 the estimate

1 12| q(N)
[T (z)] <dist(2, [%OO)))
|

2|9V

[T (z) [N+

12 = Ac(i) ™ A1 () paqasy) SCREY)
SC’h"‘(N)

for N sufficiently large and where ¢(N) is some integer dependent of the number N.
We have

0F(2)] < e > IfT Re(2))MRe(2)" Mo (2) + el 7D (Re(2)) || Tm(2) "1y (2),
r=0
where
U={ze€C|ARe(2)) < [Im(2)| < 2A(Re(2))},

and
V ={z€C|0< |Im(z)| < 2A(Re(2))}.
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This estimate follows directly from the definition of f. By combining these estimates
and the definition of the class of functions A we have

H% /(C Of ()Nt (2 — A-(h) 7 A v () L(dz)Hﬁ(LQ(Rd)) < ORW),
What remains to prove the following equality
R Mo
2 /c 01 (2) Op}! (be,2.3) L{dz) = > _ 1 Opj!(al ), (3.40)
= 2

where the symbols al . are as defined in the theorem. We will only consider one of

&,J
the terms as the rest is treated analogously. Hence we need to establish the equality

1 .
~ [ 07(2)Opi (b L) = O (e,

As both operators are bounded we need only establish the equality weekly for a dense
subset of L2(R%). Hence let ¢ and 9 be two functions from C§°(R?) and a j be given.
We have

([ 07 Op (bue) L) 0) = - [ DFOD (b)) Lid2), (3.1
C C

where we have

(Opy (bs 2,5)P V)

feupip, (5 ¥(x) dydpd
27Th /I\Qd /I\Qd /I\Qd 537.7( 2 7P)<P(y)¢(x) yapaxr
g, be,z ("3 b (x) dydpd
UHOO 27rh /Rd /Rd /Rd 9o (T, Y, P)be,2 (5%, p)p(y) ¥ (z) dydpdz,

),

(3.42)
where the function g is a positiv Schwartz function bounded by 1 and identical 1 in a
neighbourhood of 0. I the above we have set g,(z,y,p) = g(%, %, £). The next step

in the proof is to apply dominated convergence to move the limit outside the integral
over z.

We let x be in C§°(R?) such that x(p) = 1 for |p| < 1 and x(p) = 0 for |p| > 2.
With this function we have

27Th /]Rd /Rd /Rd ) 9o (2, Y, p)be 2 5( ;yvp)SO(y)E(SC) dydpdx
27‘(‘71 \/Rd Ad Ad (z—y,p) (x,yap)X(P)b‘g’Z’J(Lgy,p)@( )@( )dydpd:c

/ / / =00 g, (2,1, p) (1 = X(P) e, (552, D)o (y) () dydpdz].
R4 JRA JRA

By Lemma I1.7.8 we have

’/Rd /Rd /Rd ) (ﬂf7y7p)x(p)ba,z,](x2ﬂ,p)go( )
<o (fal)

:sw
QU
£
i)
QU
=
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where the v, is the number from Assumption IL.7.1. The factor e~("=/)- is not an
issue as the operator we consider has i/ in front. We have just omitted to write this
factor. This bound is clearly independent of 0. We now need to bound the term with
1 — x(p). Here we use that on the support of 1 — x(p) we have |p| > 1. Hence the
operator

(=i & 20
M = p|2d (Zayk = |p|2d Z 8y )
k=1 la|=d

is well defined when acting on functions supported in supp(1l — x). We have

Ml Ha—yp) _ il z—y.p)

We now have

/ / / @) g, (2,4, p) (1~ X(0))be (552 D)o (y) () dydpda
Rd JRd JRA

= /Rd /Rd /Rd @=v2) (1 — x(p)) M (go (z, y, p)be - ; (552, p)o(y)) 0 (x) dydpdz].

If we consider the the expression Mg, (z,y,p)b- . ;(*5L, p)p(y) we have by Leibniz’s

formula
| Mg, (2, y,p)b=..; (T2, p)p(y))|

h2d o
‘p|2d‘ § : 82 9o (7, Y, )b, ZJ( o) 7]9)90(2/)‘
loe|=d

= I 3 B el o) (5

|al=d L2

h2d ‘Z_,.Y| 27+18|
—(r—j—18)= ( 1= — Tl
< Copatomn ) D > & 70 <\Im<z>\>
|a|=d B<L2a
h2d

—(r—j—2d) |z = 7|\
T—j—2d)_
= it tamio® (14 i)

where we again have used Lemma I1.7.8. This imply the estimate
L L L e e g )L = )b (52 D) 0) )
Rd JR? JRE

4 _ 2j+2d
SO <1 o)

If we combine this estimate with (3.43) and (3.44) we have

1 ih™x— T -
i L L e e (5 )0} D) dudp

‘Z - ")/1| 274+2d
Im(z)] >

< Ce(r=9)- <1 -
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As above we have

‘ /«: 2f(2) (1 + ‘EH:(Z;DWd L(dz)) < 00

Hence we can apply dominated convergence and by an analogous argument we can
also apply Fubini’s Theorem. This gives

. / o1 (z)<op¥(bm,j)s&, V) L(dz)
T Jc

= et Ha—y.p) o (o
U—>oo 27Th /Rd /Rd /Rd 9 (. 9,p)

x /C O (2)be 2y (552, ) L(d2)p(y) () dydpda
(3.45)

If we only consider the integral over z then we have by a Cauchy formula and
Lemma II.7.6 that

71r/ 5f(z)ba,z7j(L;wjp)L(dz)

275—1
-~ [of )3 desa(H I (50) L0
%1 _ k+1
= de, 7p of(z L(dz
Z Jk 2 c )<a5,0( ¥ p)—z> (dz)

which is the desired form of agj given in (3.39). Now combing this with (3.41), (3.42)
and (3.45) we arrive at

([ 07) 00 be) L), = (O a0

The remaning j’ can be treated analogously and hence we obtain the equality (3.40).
This ends the proof. ([

With the functional calculus we can now prove some useful theorems and lemmas.
One of them is an asymptotic expansion of certain traces. But before we do this we
have the following theorem.

Theorem I1.7.14. Let A.(h), for h in (0, hol, be a h-e-admissible operator of regu-
larity 7 > 1 and symbol
= Z hjaaj.
j=0

Suppose that Ac(h) satisfies Assumption 11.7.1. Let E1 < Es be two real numbers and
suppose there exists an n > 0 such a;é([El — 1, B2 + 1)) is compact. Then we have

spec(Ac(h)) N [E1.E2] C spec,,(A:(h)), (3.46)

for h sufficiently small, where spec,,(Ac(h)) is the pure point spectrum of A-(h).
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Proof. Let f and g be in C§°((E1 —n, E2 + 1)) such g(t) = 1 for t € [Ey, E5] and
f(t) =1 for t in supp(g). By Theorem I1.7.13 we have

F(Ac(R)) = Ae g (R) + BV Ry g (e, 1), (3.47)

where the terms A, r n(h) consists of the first N terms in the expansion in A of

f(Az(R)). We get by (3.47) and the definition of g and f that

9(Ac(R)(I = F¥ T Ry1,5(e, 1)) = g(Ae(h)) Az, g n ().
Hence for A sufficiently small we have
9(A=(h)) = g(A=(0) Ac pn ()T = BV Ry 5 (e, 1) 7
thereby we have the inequality
lg(A-(M) e < ellgllooll Ac,pn (B)l|7e < CR7H, (3.48)

where we have used Theorem I1.6.4. Since 1z, g,)(t) < g(t) we have that 15, g,)(A:(R))
is a trace class operator by (3.48). This implies the inclusion

spec(Ac(h)) N [E1.E2] C spec,,(A:(h)),
for h sufficiently small. This ends the proof. O

Theorem I1.7.15. Let A.(h), for h in (0, hol, be a h-e-admissible operator of regu-
larity 7 > 1 and symbol

as(h) = Z Wa, .

Jj=>0
Suppose that Ac(h) satisfies Assumption I1.7.1. Let E1 < Es be two real numbers and

suppose there exists an n > 0 such a;é([El —n, By +n]) is compact. Then for every
fin C§°((Er, Eq)) and any Ny in N there exists an N in N such that

N
| Tr[f(Ac(R))] — (27T1;-L)d Zthj(ﬂ A(h))| < CRNo+1-d.
=0

for all sufficiently small h, where the T} ’s is given by

2j—1

—1)k
1y 4m) = [ [ S 0 o) dod,
Rd JRd =1 .
where d. ;1. are the polynomials from Lemma I1.7.6. In particular we have

To(f. A0) = [ [ Flaco) dedp
and

Ti(f, Ac(h)) = /R ) /R Jaes D (az o) dzdp.
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The proof is an application of Theorem II1.7.13 which gives the form of the operator
f(Az(h)) combined with the trace formula from Theorem I1.6.6 and we use some of
the same ideas as in the proof of Theorem I1.7.14.

Proof. Let f in C5°((E1, E2)) be given and fix a g in C5°((£1 — 1, E2 +n)) such that
g(t) =1 for t € [Ey, Es]. By Theorem I1.7.13 we have

F(Ae(h) = Ac g (h) + BV Ry g (e, 1),
and

9(Ac(h)) = Az g n(h) + hN—HRNJrLg(ea h),

where the terms A,  n(h) and A 4 n(h) consist of the first IV terms in the expansion
in i of f(A:(h)) and g(Ac(h)) respectively. Since f(A:(h))g(Ac(h)) = f(A(h)) we
have
f(A())
= (Ac pn(R) + WY R, 1 (5, 1) (Aegv (B) + BV By g2, 1)
= Ac N (W) Ac g (h) + BN A p N () R ,g (e, B) + R, g (e, 1) Ac g n ()]
By Theorem I1.6.4 we have that

1 (Ac(R) = Ac gn(h) Acg v (B) |1 < CRANI 7247 (3.49)

as h — 0. Hence taking N sufficiently large we can consider the composition of the op-
erators A. r n(h)Az g n(h) instead of f(A-(h)). By the choice of g and Theorem I1.5.4
(composition of operators) we have

N
Ac (W) Acgn(h) =1 Opj(al ;) + BN Ry g 4(eh, ac)
7=0

(3.50)
= A. s n(h) + BN Ry g4 (eh, ac).
Hence we have Theorem 11.6.4 that
Az . (R) — Az g (h) Az g v (B) | e < CREN) 72471, (3.51)

where we have used that the error term in (3.50) is a h-pseudo-differential operator,
which follows from Theorem II1.5.4. Theorem I1.6.6 now gives

N

Tr[Ac p v ()] = 3 W Tr(Op} (ol )]
=0
1 N 2]'_1 ( 1)k (352)
j - k
=0 k=1
By combining (3.49) and (3.51) implies that
Te[f (A (P)] = Tr[Ac v (B)]] < CRIV 7201, (3.53)

Hence by choosing N sufficiently large and combining (3.52) and (3.53) we get the
desired estimate. O
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The next Lemmas will be use-full in the proof of the Weyl law. Both of these Lemmas
are proven by applying the functional calculus and the results on compositions of
operators.

Lemma I1.7.16. Let A.(h), for h in (0, hy], be a h-e-admissible operator of reqularity
7 > 1 and symbol

as(h) = Z Wae ;.

Jj=0
Suppose that Ac(h) satisfies Assumption 11.7.1. Let E1 < Es be two real numbers
and suppose there exists an 1 > 0 such a;é([El —n, B2 +n]) is compact. Let f be in
C§°((E1, E2)) and suppose 0 is in C5°(RE x RY) such supp(f) C a;é([El —n, Ea+1))
and 0(z,p) =1 for all (x,p) in supp(f(ao,e)). Then we have the bound

I(1 = Op} (8))f(Ac(h)) |1 < CNRY
for every N in Ny
Proof. We choose g in C§°((E1, E2)) such g(t) f(t) = f(t). We now have
[1(1 = Opy (0)) f(Ae(R) e < [I(1 — Opg (0)) f (A (M)l £ (22 may) 19 (Ae(P)) [ 1
As in the proof of Theorem I1.7.15 and combined with Theorem 11.6.4 we get
lg(Ae (M)l < Cah™7
Form Theorem I1.7.13 f(A-(h)) is h-e-admissible operator with symbols
al (h) = Zhjag,j,

j=0
where
2j—1 (‘Dk
alj=3" 1 Geikf ® (az0),
k=1 ’

the symbols d; ; are the polynomials from Lemma II.7.6. The support of these
functions is disjoint from the support of symbol for the operator (1 — Op}'(6)). Hence
by Theorem I1.5.4 we get the desired estimate. U

Lemma I1.7.17. Let A.(h), for h in (0, hy], be a h-e-admissible operator of reqularity
7> 1 and symbol
a-(h) = Z Wae ;.
Jj=0

Suppose that Ac(h) satisfies Assumption 11.7.1. Let Ey < E be two real numbers and
suppose there exists an n > 0 such a;é([El —n, B2 + 1)) is compact. Suppose 0 is in
C&°(RE x Rg) such supp(f) C a;é((El, E»)).

Then for every f in C§°([Er—n, Ea+n]) such f(t) =1 for allt in [E1 — %, Ex+ 3]
the bound

IOBY (O)(1 = F(A(A)) | £z < OnY,

1s true for every N in Ny
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Proof. Theorem I1.7.13 gives us that f(Ac(h)) is Ai-e-admissible operator with symbols
ag(h) = Z hjaij,
Jj=0

where
= (D
ai:j = Z k! d&jka(k)(as,o)a

k=1

the symbols d. ; are the polynomials from Lemma I1.7.6. Hence we have that the
principal symbol of (1 — f(A-(R))) is 1 — f(ac,0). By assumption we then have that
the support of § and the support of every symbol in f(Ac(h)) are disjoint. Hence
Theorem I1.5.4 implies the desired estimate. O

I1.8 Microlocal approximation and properties of
propagator

In this section we will study the solution to the operator valued Cauchy problem:

WU (t, 1) — iU (t, ) Ac(h) =0t £ 0
U(0,h) = 6(x, D) t=0,

where A, is self-adjoint and the symbol 6 is in C§°(R% x Rg). In particular we will
only consider the case where A.(h) is a strongly h-e-admissible operator of regularity
7 > 1 which satisfies Assumption I1.7.1. Hence for sufficiently small % the operator
Ac(h) is self-adjoint by Theorem I1.7.3. It is well-known that the solution to the
operator valued Cauchy problem is the micro localised propagator 6(z, D)eiﬁfltAE(h).

We are interested in the propagators as they turn up in a smoothing of functions
applied to the operators we consider. In this smoothing procedure we need to know the
behaviour of the propagator for ¢ in a small interval around zero. Usually this is done
by constructing a Fourier integral operator (FIO) as an approximation to propagator.
For our set up the FIO approximation is not desirable as we can not control the
number of derivatives in the space variables and hence we can not be certain about
how the operator behave. Instead we will use a microlocal approximation for times in
[—h1=3, B3],

The construction of the approximation is recursive and inspired by the construction
in the works of L. Zielinski. If the construction is compered to the approximation in
the works of V. Ivrii, one can note that Ivrii’s construction is successive. Hence the
constructions are not the same.

Our objective is to construct the approximation Uy (¢, ) such that

||hatUN(t, h) - ’LUN(t, h)A5||£(L2(]Rd))7

is small and the trace of the operator has the “right” asymptotic behaviour. The
approximation we will construct as a polynomial in ¢ and % with operator coefficients.
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These operators will have kernels given by some rough functions. The kernel of the

approximation will have the following form

N

1 ih~ 1 (z— ith™lac(z ar—1\j
(z,y) — L /Rdeh {e=y:p) gith™"ac(2.p) g (ith™ Y uj(z,p, h,e) dp,
Jj=0

where IV is chosen such that the error are of a desired order, and the u;’s are compactly
supported rough functions in x and p. It can be noted that this kernel is much like a
kernel of a rough pseudo-differential operator.

If we consider the expression we want to show is small and assume A, having
quantisation Opy; (as) and use the results on how to compose two operators given
by kernels. Then the kernel of hd,Un(t, k) — iUn(t, h)A- is given by

1 1 1 N :
(@) > g [, € IO D S it o)

d
(2mh) =

N
— jeith™ as(@p) Z (ith™ ") u;(z, p, by €)ac(y, p)} dp.
7=0

If we now make a Taylor expansion in the space variable y centred at the point x of
ac(y, p) we get

. (Y —2)* ga
a=(y,p) = Z Taﬁaa(x,p)
_ « 1
w3 WP L gai sty -0 ds
When inserting the Taylor expansion without the error term in the kernel we get

N
1 o o .
(z,y) — i) h)d/ M a=up) (g, [ith o (xp) > thuy(x,p, h,e)]
s R4

§=0
(o) N (y—)°
— i PN " (2, p hye) Y yTaﬁda(x,p)}dp-
j=0 la|<N '

By partial integration in p and applying the identity

(y B x)aeih_l@—y,p) _ (ih)|a|8§6ih_l(x—ym>’

the kernel becomes

N
(z.7) = 1 / eiﬁ_1<x—y,p>{hat [eith—lag(x,P) Z tjuj (z,p, h,e)]

(27Th)d R4 j*O

_ Z aa ith~lac (z,p) thuj T p,h E)a as(x p)]}dp

la| <N Jj=0
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We note that we act we the operator
hdy — iPn 1 C°(Ry x RE x RY) — C®(Ry x RY x RY),

where

—iR)lel
Prben) = Y T b, 9o ),

lo|<N

on the expression
N

eith™ as(w.p) Z(ith_l)juj (x,p, h,e).
j=0
Hence in order to obtain the desired estimates we need to understand what the action
of hdy — Py is.
The above discussion is the heuristic behind the next theorem, where we construct
the approximation explicitly.

Theorem I1.8.1. Let A.(h) be a h-c-admissible operator of reqularity 7 > 1 with
tempered weight m which is self-adjoint for all h in (0, hg], for hg > 0 and with
e > 10 for a § > 0. Let O(z,p) be a function in C3°(RE x Rg). Then for all Ng € Ny
there exist an operator Un(t,e, h) with integral kernel

KUN (‘Ta yataga h)

1
:(Qwh)d/R ezh Ha—y,p) zth 1a50 Z ’Lth ju] T p,ﬁ 5) dp,
7=0

2

such that Ky (z,y,0,¢,h) is the kernel of the operator Opy o(0) = 0(x,hD). The
terms in the sum satisfies uo(x,p, h,e) = 0(x, p),

uj(z,p, hye) € C§°(Rg x Ry)
and they satisfies the bounds

Cap 7=0
\6580‘11](30 p,h,e)| < S Cophe 18] j=1
Caﬁhlﬂw De—IBl j>92

for all a and B in Ng in the case T = 1. For 7 > 2 the u;’s satisfies the bounds

Cop j=0
0505w (2, p, hye)| < Cophe VPl j=12
Ca5ﬁ2+§(j_3)€_|ﬁ| j>3

for all a and B in N&. Moreover Uy satisfies the following bound:
10U (t, h) — iUn (t, ) Ac|| g2 (ray) < CAN

for |t] < hi=5.
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Remark I1.8.2. If the operator satisfies Assumption I1.7.1, then by Theorem I1.7.3
the operator will be self-adjoint for all sufficiently small /. Hence Assumption I1.7.1
would be sufficient but not necessary for the above theorem to be true.

The number N is explicit dependent on Ny, d and § as N need to greater than or
equal to the number 2(% + 1). This follows directly from the proof.

Proof. We start by fixing IV such that IV is the smallest integer greater than or equal

to
No+d-—1

2( 5

+1)
since this implies
N
1446 5—1 —d > Ny.
By assumption we have for sufficiently large M in N the following form of A.(h)

M
Ac(R) = W Opy(ac;) + FM M Ry (e, h). (3.54)
j=0

We can choose and fix M such the following estimate is true
hM+1||RM(6, h)H/;(L2(Rd)) < CMhNO.

With this M we consider the sum in the expression of A.(h). By Corollary 11.4.20
there exists a sequence {ac ;}jen, of symbols where a. ; is of regularity 7 — j and a
M such

M
Zh] Opy) (ac,5) Z Opp, 1 (@ ;) ﬁMHRM(E, h), (3.55)
7=0 7=0

where a. o = a. o and
FM Ry (e, W)l £ ray) < Cph™.

We will for the reminder of the proof use the notation

ME'

ag,] x,p). (3.56)
=0

The function a.(y, p) is a rough function of regularity 7. These choices and definitions
will become important again at the end of the proof.

For our fixed N we define the operator hd; — iPy : C®(R; x R x Rg) —
C>=(R; x RE x RY), where

—ih)led ~
Prbt ) = 3 T b1, )08 (2. ))
CES

for a b € O°(R; x RY x Rg). First step is to observe how the operator hd; — Py acts
on it az0(@:p)y (g, p) for 1 € C°(RE x Rg). We will in the following calculation
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omit the dependence of the variables  and p. By Leibniz’s formula and the chain
rule we get

o L —iR)lel o
(hdy — iPy)e ™ 200 = hggelth "oz — iy (Za')ag{e”" 1209924, }
la|<N '

_ | | I
=ia., oe”h @e0eh) — 4 Z 207? Z (g) Bgelth af’oagfﬁ{wagae}

la|<N " B<a

_sB)lel
—za Oezth agow 1th asowa — Zh‘ n‘/h_lae,oaa{waadg}
E ] T

lo=1
B —zh\ al 8 ith~taco na—p -
DI (PR
lal=1p<a
N . N .
ith~la - , —im)l e e e ‘ —ih)lel
sie (o —2) —i Y e o uoga —i Y
la|=1 lo|=1
|ex] . k 5
x Y (ith™)F 3" capg ™0 ] 05 ac 00y Pt (o, )
k=1 B1+-+Br<a j=1
|B5]>0
- N (—i )|a\ N
=lth ™ ae0 [i¢(a5,0 - da) -1 Z 8(1{"(/18(1&5} —1 Z Zth
|a|=1
Y (_Zh)lal B; a—(B1+-+B) o~
x Z ol Z Ca,B1-+ By Hap as,Oap {y05 ag}}
la|=k T Bt +B<a i=1
\ﬁj|>0
. 1 N
:Z'ezth_ Qg0 Z@'thil)kq,?(wa z,p, h, 8)
k=0
(3.57)

From this we note after acting with 7d; —iPy on e @=0@P)) (. p) we get jeith =0
times a polynomial in ith~! with coefficients in C§°(RY x ]Rg) depending on v, A and
e. If we consider the coefficients in the polynomial we have

|CI0(T/J7957P7 h78)’
N .
) (—ih)lel
= hblaeo —ae) + 3y O {udg e
or|=1
o e 23 - h‘Ol' = h|a| T—|a

TS M ptwaad <ans > Met Y M

laf=1 |af=1 lod=r+1

T plad N plel (1-8)(m—]|a|)

< Clh-f- Z Hca + Z Hcoéh = Ch

lor|=1 |a|=T7+1

(3.58)
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where C' depends on the p-derivatives of ¢ and 9%a. on the support of ¢ for |a] < N.
For 1 < k < 7 we have

| (¥, , p, h, €)|
o~ (i) B e (Bt [0
=1 > > capn [[ 0 acody T paRa
o=k T Bt +Bk<a j=1
|B5]>0
Tl N el (3.59)
_ v r—la|
< Z Co + Z Cao7 €
la|=k |a|=7+1
T h|0l| N h\oe| (1-8)(r—la) N
S Z Ca? + Z Coé?h S Ch .
|ee|=Fk la|=7+1

where C' depends on the p-derivatives of i and 0a. on the support of ¢. For
7 < k < N we have

(v, 2, p, h, €)|
o~ (i) B e (BB [0
=| Z ol Z Ca,B1--By, Hapjas,oap ! F{poYac}|
| =k T Bt A Be<a j=1 (3.60)
|B5]>0
N plal —|a| N plal (1—8)(r—|al) (k=75
<D ey NS D ey < Cnrrie,
o=k || =k

where C depends on the p-derivatives of ¢ and 0%a. on the support of 1. It is
important the the the coefficients only depends on derivatives in p for the function we
apply the operator to. One should also note that if ¢ had & to some power multiplied
to it. Then it should be multiplied to the new power obtained. In the reminder of the
proof we will continue to denote the coefficients obtained by acting with hdy — iPy
by ¢; and the exact form can be found in (3.57).

We are now ready to start constructing the kernel. We set ug(x, p, i, €) = 0(x, p)
which gives the first term. In order to find u; we act with the operator 70; — i{Pn on
e”hilaf’ouo(x, p, h,e) (where we in the reminder of the construction of the approxi-
mation will omit writing the dependence of the variables (x,p) in the exponential).
By the calculation (3.57) we get

N
(hdy — iPN)eithilaE’Ouo(:c,p, h,e) = jeith™ ac0 Z(it?’fl)qu(ug, x,p,hye).
k=0

This would not lead to the desired estimate. So we now take
U1 (xapv ha E) = _QO(UOa z,p, ha 6)'
We can note by the previous estimates (3.58) we have

|U1($,p, h,&')’ - ‘qO(u(]vxupu hv 5)‘ < hC. (361)
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If we now use the operator Aid; — iPy on eith™ac,0 (ug(z, p, B, €) + ith~ui(z, p, h,€)).
Then according to (3.57) we get

(hdy — iPN) (™" %0 (ug(, p, B, €) + ith ™~ us(z,p, b, €)))

N
—jeith™az0 Z(ith_l)qu(uo, x,p,h,e) + ieimilaf’oul(x,p, h,e)
k=0
N
+ith~ie™ w0 N " (ith ) ey (ur, @, p, iy €)
k=0

2

N
:ieith_laeo Z (ith™! qk ug, L, p, i, +Z (ith™! k‘H w(u1, z,p, hye)).
k=1 k=0

If we now take us(x,p, h,e) = —%(ql(uo,x,p, h,e) + qo(u1, z,p, h,e)) and act with
the operator hd; — iPy according to (3.57) we get

2
(hdy — iPy)e™ 20 N (ith™Yu;(x,p, he)
j=0

2
= ieithilaaﬂo[ (ith )" gp (uj, z,p, b, €) +Z i(ith™ 1) "t (z, p, hye)
j=1

MOMM
wMz -

_ zth 1a50§ :

7=0 k=

(ith™! kﬂqk(uj,x p, h,€).
—J

We note that the “lowest” power of ith~! is 2. Hence it is these terms which should
be used to construct us. Moreover we note that by (3.58) and (3.59) we have

lua(z,p, h,€)| = a1 (uo, z, p, hy€) + qo(ur, z, p, hye)| < 3C(h+ h?) < Ch, (3.62)

and ug is a smooth compactly supported function in the variables = and p. Generally
for 2 < j < N we have

1
1]
(xp,hs __;E qj—1— k‘ukaxp7h€)
k=0

We now need estimates for these terms. In the case 7 = 1 the next step will be empty,
but for 7 > 2 it is needed. For 7 > 2 we have

2
1
lus(x,p, hye) § E \go—k(ur, 7, p, hye)| < Ch2
k=0

where we have used (3.58), (3.59), (3.61) and (3.62). For the rest of the u;’s we split
in the two cases 7 = 1 or 7 > 2. First the cases 7 = 1 for 2 < j < N the estimate is

|uj(x, p, Bye)| < CRITOU=2)
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Note that uo satisfies the above equation hence if we assume it okay for j — 1 between
2 and N — 1 we want to show the above estimate for j. We note that

j—1

1
|uj($apa hv 5)| <- Z|Qj—1—k(uk’7 Z,p, ha €)|
J k=0
SC(‘(]j—l(u& €,p, h: 6)‘ + ‘Qj—2<u17 Z,p, h7 5)|
j—2
+ Z‘ijlfk(ukaxvpv fL,E)‘ + ‘QO(uj—laxvpv h,&')‘)
k=2
j—2
<C(HW + W + Z RIHOU—1-h—1)+1+0(k=2) | p2+6(-3))
k=2

Sc(hl-i-(s(j—Q) + h2+5(j—2) + h2+5(j—4) + h2+5(j—3)) < Ch1+6(j_2),

where the last inequality only holds for § < % and we have used (3.58), (3.60) and
the induction assumption.
Now the case 7 > 2 which we will treat as 7 = 2, here the estimate is

[uj(@,p, hye)] < ORI
for 3 < j < N. To prove this bound is the same as in the case of 7 = 1. In order to
prove the bound with the derivatives as stated in the theorem the above arguments

are repeated with a number of derivatives on the u;’s otherwise it is analogous.
What remains is to prove this construction satisfies the bound

1RO, Un (t, h) — iU (t, h)AgHﬁ(L2(Rd)) < ChMo

Here we only consider the case 7 = 1 as the cases 7 > 2 will have better estimates.

Hence from the above estimates we have for &k in {0,..., N} and [t| < hl=s
C k=0
|(ith ™Y ug (2, p, )| < { CRYS k=1 (3.63)

CHITG-2) > 2

The first step is to apply the operator i0; — iPx on then “full” kernel and see what
error this produces. By construction we have

N

(hdy — iPy)e™ 20 N (ith ™) uy (w, p, b e)
k=0

N N
:Z Z zth kﬂ qx(uj, z,p, h,e).
=N-—

J=0k=N—j
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If we start by considering j equal 0 and 1 we note that:

where we have used (3.63) and that in the double sum k + j > N and § < . When
these estimates is combined we have

N
|(hdy — iPy)e™ 920 3" (ith ™ oug (2, p, by )| < CRII(E D), (3.64)
k=0

We now let Un(t, i) be the operator with the integral kernel:

KUN(CU,y,t,€,h)
1 ) ) N
- - th= (x—y,p) Jith™ *ac o(z,p) L —1Nj,
= 2nn) /R Pt e o ;Wﬁ Yuj(x,p, h. ) dp,

which is well defined due to our previous estimates. In particular we have that it is a
bounded operator by the Schur test. We now need to find an expression for

KU N (t, 1) — iUn (L, h) A ().

In the start of the proof we wrote the operator A.(h) in two different ways (3.54)
and (3.55). If we combine these we have

M )
Aa(h> = Z h] Oph,l(a6,j> + hMJrlRM(g? h) + hMJrlRM(g? h)
7=0

— Opy1(a@c) + B Ry (e, h) + M Ry (e, 1),
where the two reminder terms satisfies

IR Ry (2, B) + WM Ry (2, 1) | ey < OB
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If we use this form of A.(h) we have

hoUn (t, h) — iU (t, h) Ac(h) = hoyUn (t, k) — iUn(t, h) Opy 4 (@)
— WM UN (8, B) R (e, h) — iR UN (£, h) Ry (&, h).

If we consider the the operator norm of the two last terms we have
IR Uy (8, B) Ry (2, B) + BMH U (&, h)Rag (e, 1) | cir2may < CRN (3.65)
as Un(t, h) is a bounded operator. What remains is the expression
hoUn (t, h) — iUN(t, h) Opp 1 (Ge)-

The rules for composition of kernels gives by a straight forward calculation that the

kernel of the above expression is

1 - -
K(z,y;2,h) = / eI (R, — dde (y, p)) e ae0(@P)

(27Th)d R4

N
X 2 (ith™! Ju] x,p, h,e)dp.
7=0

The next step is to rewrite the above kernel. This is done by doing a Taylor expansion

of a. in the variable y centred at x. This gives

wtrn) = 3 YD o)
— )« 1
+ > (N+1)(ya;)/o (1—s)N0%a:(x + s(y — x), p) ds.

We replace a.(y,p) by the above Taylor expansion in the kernel and start by consid-
ering the part of the kernel with the first sum. Here we have

N
1 / ih~Nx—y,p) ith™Yae o(z,p) ]
=g | € PIhose =04 Z (ith™ Y uj(z,p, h,e)
(27Th) R4 =0
(y— ) -
—1 Z L4 0%, (z,p)etth” Yac,0(@,p) Z ith™! Ju] x,p,h,e)]dp
v @ =0
1 . al
_ ih~ 1 {(z—y,p) o, ith™tac o(z,p) th j A,
e e 1 u;(x,p, h,e
(2mh)d /Rd [ ]Z_% J )
. (_Zh)la‘ arqo s ith™lac o(x,p) al o r—1\j
—i ) 0510 (@, pe O@PIN (ith™ Yuj(x, p, hye)]] dp
la] <N =0
1 ) ) al
— i~ z=yp) (R, — iP ith™ac (z,p) ith~ Y B d
i [ (hdy — iPy)le S Gith™ s (@, p, )] dp,
(27Th) Rd =0
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where we have used the identity
(y - x)aeih*1<x—y7p> _ (Z-h)aageihfl@—y,p)’

and integration by parts. If we now consider the part of the kernel with the error
term we have

N

—1 ih~ Y (z—y,p) ztf ]
e zth wi(x,p, h,e
(2mh)d /Rd ; J )
% Z (N+1)M 1(1 Ngog dsd
ol _8) xag(:c—G-S(y—:C),p) sap
la|=N+1 ' 0
. N
_ -1 / eih*1<x—y,p) Z (N + 1) ( Zh) 804 —ith~la Z Zth
(27Tﬁ)d Rd Oé

|a|=N+1

1
<) [ (L= 508 (o + sly — ). p) dsldp
0

[
Il
o

where we again have used the above identity and partial integration. Combing the
two expressions we get

K(z,y;¢,h)

N
ih~Yx— . ith~lae(x, e—1N\d
= @rhy /Rdef R (hy, — iPy) [y (it g (. p, he)] dp
7=0

N
i ih~ Y z— (_ih)a a . la
g Ju e B O g ey
! =

|a|=N+1

1
X w;(z,p, h,e) /0 (1 —s)No%.(z + s(y — x), p) ds]dp
(3.66)

In order to estimate the operator norm we will divide the kernel into two parts. We
do this by considering a part localised in y and the reminder. To localise in y we let
be a smooth function on R such ¥(y) = 1 on the set {y € R?| dist[y, supp, ()] < 1}
and supported in the set {y € R?| dist[y,supp,(#)] < 2}. With this function our
kernel can be written as

K(z,y;e,h) = K(z,y;¢, )Y (y) + K(x,y;6, 1) (1 — ¥(y)) (3.67)

If we consider the part multiplied by (y) then this part has the form as in (3.66)
but each term is multiplied by ¥ (y). By the estimate in (3.64) we have for the first
part of K(z,y;¢e,h)(y) the following estimate

(@=y.p) (hoy — iP ith™lac o(z.p) (ith Y u;(x, p, h,e d
[ )~ Pl Z Putern s

<Y(@)p(y)ChIHE,
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For the second part of K(x,y;e,h)Y(y) we have by Leibniz’s formula and Faa di
Bruno formula (Theorem II.1.2) for each term in the sum over «

—_ [ . —
o [ezth Lae o(z,p)

N 1
X Z (ith™ ) u;(x,p, h e)/ (1 —s)No%.(z + sy — x),p) ds]v(y)
J=0 0

N |o¢| » N+1 ' k
S M e S Y e T 0ann(en)
j=0 k=0 B1++Pr<a n=1

18>0

1
% ag_(/gl—i--“-i-ﬁk)[uj(x,p, h,¢) /0 (1 —8)N0%c (2 + s(y — x),p) ds]v(y).

We note that for j equal 0 we have an estimate of the following form:

(_ih)ml ith™Lae o(x,p) = ar—1\k : Bn.
—e ’ Z (ith™") Z Ca,B1 By H Oyraco(, p)
' k=0 Bi++Bp<a n=1

|B51>0

1
x 9o Pt [y, p, hw‘f)/ (1= 8)NOZac(x + s(y — ), p) ds|y(y)
0
N+1

< O3 BN e Ny @)y (y) < CRV RSV ED NNy () (y)
k=0

< CRF N =Dy () (y).

(3.69)
We note that for j equal 1 we have an error of the following form:
(=il -~ 1yk+1 :
Tez ae,0(z,p) Z(Zth_ )t Z Cov o f H 85na510(x,p)
k=0 B14+Pr<a n=1
18;1>0
1
x O~ k40 [y (2, p, By €) / (1 - )Y 0pac(z + s(y —x),p) ds|y(y)
0
Nl ) )
<O AN D RN (2)gp(y) < CENF2 R 2N NN (1)) ()
k=0
SN
< O 2 Dy(a)y(y),
(3.70)

where we have used the estimate |ui(x,p, h,e)| < ch. We note that for j greater than
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or equal to 2, we have an error of the following form:

N+1 k

—’Lh |C¥| 3 *1(1 ) - j
(al)e th™"ac (@) Z (ith 1)k+J Z Ca,B1-By, H agnag’o(x’p)
k=0 Bt +Bp<a n=1
1851>0
1
x o=t 40 [y (2, p, By 8)/ (1= s)N0%ac(z + s(y — x),p) ds(y)

0

N+1
< O3 BN s D RIHG=D Ny (1)) (y)

k=0

< CRNHLE s VD LG =2 = NNy )y (y) < CREH2 D=2 ) )

< CR Dy @)u(y),
(3.71)
where we have used the estimate |u;(x,p, h,e)| < chi'+°U=2). Now by combining
(3.71), (3.70) and (3.71) we arrive at

/\

ih~ 1 (z—y,p) _ih) zth (z,p)
\/Rde > ot zm

|a|=N+1
1
X i (2, p, h,e)/o (1= )V oRac(a + s(y — 2).p) dslib(y) dp

< CR* SN Dy (2 (y).
Combining this estimate with (3.68) we have
K (2, y; 2, B)ib(y)| < CRMEN=Ddy @) (y) < CANw () (y), (3.72)

where the last inequality is due to our choice of N made in the start of the proof.
Now we turn to the term K (z,y;e,h)(1 — 1 (y)). On the support of this kernel we
have

1< |z -yl
due to the definition of ¢. This imply we can divide by the difference between x and

|z—y|
[z—yl

y where the kernel is supported. The idea is now to multiply the kernel with to

an appropriate power 1. We take 1 such

m(z + s(y — z),p) C
‘x _ y‘Qn S ‘LL‘ _ y’d+1 for (xvp) € Supp(9)7

where m is the tempered weight function associated to our operator. The existence
of such a 7 is ensured by the definition of the tempered weight. By (3.66) the kernel
K(x,y;e,h)(1 —(y)) is of the form

1 i (x—
(27Th)d/Rder < y7p>s0(xvyup; hve)(1_¢(y))dp7
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where the exact form of ¢ is not important at the moment. Now for our choice of 5
we have

/ 6z‘h—1<a:—y,l7><p($’ y,p; hye)(1 —(y))dp
R4

— |27
ih~Hx— € Yy
= /}Rdeﬁ ( ym)x_y;%(p(m,y,p; h,e)(l —¢(y))dp
. ih~ Y z— 1
= [P S e B ) ey pi ) (1 - ()
R Ivl—n ==yl
= /Rd emﬂ(x_y’p ‘x - y!2’7 Z (ih) 2’7827 o(x,y,p; h,e)dp.

By analogous estimates to the estimate used above we have

1 —1(y)

|z —y[?n

> (@)1 o(x,y, p; hy€)
IvI=n

am(1—2)+143(N-1) L —¥(¥)
< CHh n(1-3) 2 )Wlsupp(ﬁ)(l'ap)a
ith™a=(2p) in o which gives ith™1
when we take a derivative with respect to p; for all j in {1,...,d} and that |t| < K3,
The rest of the powers in A is found analogous to above. Hence we have

where the term A~ is due to the exponentials e

_3s S(N_1)— 1—
K (2, y:6,h)(1 — (y))| <CR*UI—2)H1Ha (V=) dlsuppr<>(x>*“‘Jﬁgy2*

|z — y[dHT
1—4(y)
N
By combining this with (3.67) and (3.72) we have
1-9
llf(w,yse,ﬁ)lEEC7hAb[¢%$)¢(y)+-1smn%(®($)kr__14591}' (3.73)
We have by definition of ¢ the estimates
1—4(y) !
sup ¢$T/Jy +1su l’dySC-f—/ Scl
zeRd JRY Wieyy) o, 0)] )|$ - y|d+1| ly[>1 |y\d+1
1—9(y)
sup Y(x)Y(y) + Lsupp. ——=|dx < Cy
sup Rd| ()¢ (y) pp,.(0) (% )| y|d+1|
These estimates combined with the Schur test, (3.65) and (3.73) gives
10, Un (t, h) — iUn (t, ) Ac|| (2 (ray) < CAN®
for |t| < K1=%. This is the desired estimate which ends the proof. O

In the previous proof we constructed a microlocal approximation for the propagator
for short times dependent on A. It would be preferable to not have this dependence of
h in the time. In the following Lemma we prove that under a non-critical condition
on the principal symbol a localised trace of the approximation becomes negligible.
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Lemma I1.8.3. Let A.(h) be a h-e-admissible operator of regularity T > 1 with
tempered weight m which is self-adjoint for all h in (0, hg] and with € > 9 for a
§ > 0. Let 0(x,p) be a function in C$°(RE x Rg). Suppose

\Vpaco(z,p)| >c>0 for all (z,p) € supp(d),

where ac o is the principal symbol of A.(h). Moreover let the operator Un(t,h) be the
one constructed in Theorem I1.8.1 with the function 8. Then for |t| € [%ﬁl_g, 1] and
every Ny in Ng it holds

| Te[Un (t, B) Opp 1 (8)]] < CR™
for a constant C > 0, which depends on the constant from the non-critical condition.
The essence of the proof is partial integration and cyclicality of the trace.
Proof. Recall that the kernel of Uy (¢, k) is given by
Kyy(x,y,t, e, h)

N

]. i —1 r— i _1as z . _ .

:W /Rdeh (z—y.p) gith™ac( ,p)Z(”h 1)Juj($7p7h7€) dp,
j=0

where we have from Theorem II.8.1 the estimate
N
sup sup ]82‘85 Z(ithil)juj(a:,p, hye)| < Copgh®DNelel,
zp |t|<1 =

This initial estimate is a priori not desirable. In order to make the notation less
complicated we let B be an operator with integral kernel

1 i N x— ith~la. o(x
(27Th)d /Rder { y’p>eﬁ EYO( 7p)b(l’7pat7ha€) dp7

where b € C§°(RY x Rg), supp(b) C supp(f) and satisfies

sup sup |9292b(z, p, t, h, )| < Cogh~'elol,
z,p |¢]<1

KB(l'ayatva h) =

for some positive number [ and all @ and 3 in N&. Here we note that Uy (¢, h) is an
operator of this kind. Since we suppose |V,az | > ¢ > 0 on the support of 6(z, p) we
have

KB(x) Y, ta £, h)

1 % -1 r— 7 Lila z
:W /]Rd e =1 y7p>e th 5,0( ’p)b(l',p,t, h, 5) dp

d
_; / eih—l (x—y,p) Zj:l (apj Qg0 (-ra p))2 eith_lae,o(
-~ (2mh) [Vpaeo(z,p)?

—zht_ ) Opjac0(z,p) "
(z—y,p) ) . ith as,o(x,p)b th d
(2nh)d Z/Rd |Vpaeo(z,p)]? P (@,p,t, 7€) dp

m’p)b(:p,p, t,h,e)dp

th_ i a th= 1 (x— Op,a ’O(x’p)
Z/ e ol P Pt PN
pUe, )
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If we calculate the derivative we get that

8pjas,0(xap)

Oy ih™ o —y,p)
! IVpaeo(z,p) 2

b(x,p,t,h,e)l
apj aa,O(xv p)
‘vpas,()(x7p)’2

ap]-aé:O(xap)
e bz pot b e)l.
oot p Pt

= ih Y (wy — yy)e™ v b(x,p.t, h,c)

ih~ Y z—
4+ eth y#})@pj{

Combining these calculations we have that

d d
B=—t"') [z;,Bi ] +iht"' ) By,
j=1 Jj=1

where B; ; and Bs ; are operators given by the kernels:

Kp, (z,y,t,h,¢€)
1 ih~ Y (z—y,p) Jith~Lac o(z,p) 6Pja570(x?p>
e ’ SO\BP) L T~ h(x,p,t,h,e)dp,
(2mh) /]Rde ‘ [Vpaeo(z, p)|? (@ ) dp

and
KBQ,]' ($7 Y, t7 hu 8)

1 ih™ 1 (x—y,p) ith™ac,o(x,p) Op;ac0(x,p)
= To_1\d ! TPl et e, 0Py | L} t,h dp.
(27Th)d /I‘Qd ¢ € Pj |:|vpa5,0($,p)|2 (vaa y 75)] D

If we now consider the trace and use the cyclisity of the trace we have

d d
Tr(B Opy,(0) = ¢ ) Tr(faj, B1j] Oppa(9)) — iht ™"y Tr(Ba,j Opy, (6))

j=1 j=1
d d
=t Tr(Bylxj, Opy(0)]) — iht ™'Y Tr(Ba,; Opy,1(6))
j=1 j=1
d d
= ht™" Y Tr(Buj Opy,(3p,0)) — iht™" Y Tr(Ba,; Opy,1(0)).
j=1 j=1

By our assumptions on ¢ we note that we have gained h3 compared to our naive first
estimate hence if do this procedure again on the operators By ; and Bp ; we will gain
an additional factor of 7. By continuing this a sufficient amout of times we end up
with the desired estimate. (]

The previous Lemma showed that under a non-critical assumption on the principal
symbol a localised trace of our approximation becomes negligible. But we would also
need a result similar to this for the true propagator. Actually this can be proven in
a setting for which we will need it, which is the content of the next Thoerem. An
observation of this type was first made by V. Ivrii (see [11]). Here we will follow
the proof of such a statement as made by M. Dimassi and J. Sjostrand in [5|. The

statement is:
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Theorem I1.8.4. Let A.(h) be a h-e-admissible operator of reqularity T > 1 which
satisfies Assumption 11.7.1, has a bounded principal symbol and suppose there exists
a o in (0,1) such that e > Bl=%. Furthermore, suppose there exists a number n > 0
such a;(l)([—Qn, 2n)) is compact and a constant ¢ > 0 such

Vpaco(z,p)| > ¢ for all (z,p) € a_y([—2n,21)]),

where az o is the principal symbol of A.(h). Let f be in C§°((—n,n)) and 6 be in
C&°(RE x Rg) such that supp(f) C a;(l)((—n, n)).

Then there ezists a constant Ty > 0 such that if x is in C°((3h'77,Tp)) for a v
in (0,0], then for every N in N, we have

ITe[Op} (0) (A= (M) Fy ' [X] (s — A=(1)) Op (9)]] < Cwh™
uniformly for s in (—n,n).

Remark I1.8.5. Theorems of this type for non-regular operators can be found in
the works of V. Ivrii see [15] and L. Zielinski see [30, 32]. In both cases the proof
of such theorems is different from the one we present here. The techniques used by
both is based on propagation of singularities. The propagation of singularities is not
directly present in the proof presented here but hidden in the techniques used.

In both [5] and [15] they assume the symbol to microhyperbolic in some direction.
It might also be possible to extend the Theorem here to a general microhyperbolic
assumption instead of the non-critical assumption. The challenge in this will be
that for the proof to work under a general microhyperbolic assumption the symbol
should be change such that microhyperbolic assumption similar to the non-critical
assumption is achieved. This change might be problematic to do since it could mix
the rough and non rough variables.

The localising operators Op)/ () could be omitted if the first step of the proof is
change to introducing them by applying Lemma I1.7.16. We have chosen to state the
theorem with them since when we will apply the theorem we have the localisations.

Proof. We start by remarking that it suffices to show the estimate with a function

xe(t) = X(%), where y is in C§°((3,1)) uniformly for ¢ in [2'=7,Tp]. Indeed assume
2T,
R
of size %h1_7 and make a partition of unity which members is supported in each

such an estimate has been prove. We can split the interval (%hlfﬂ Tp) in intervals

of these intervals. Hence by linearity of the inverse Fourier transform and trace we
would have

| Te[Opy (6) f (A= (7)) F, X (s — A=(R)) Opy ()]
M(h)

< 3 [Te[Op} (6) £ (A= (1) F;, M, (s — A=(1)) Op} (0)]] < CyhN =140,
j=1

Hence we will consider the trace

Tr[Opy (0) f (Ac(R) Fy, *[xel (s — Ac(h)) Opjy (6)],
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with xe(t) = X(%), where y is in C§°((3,1)) and € in [A'~7, Ty]. For the rest of the
proof we let a N in N be given as the error we want.

Without loss of generality we can assume 6 = ), ), where the 6;’s satisfies that
if supp(6x) Nsupp(6;) # O then there exists j in {1,...,d} such |9, aco(x,p)| > ¢ on
the set supp(6x) U supp(6;). With this splitting of § we have

Tr[Opy (0) (A= (h) Fy, [xel(s — A<(h)) Opy (8)]
= > Tr[Op} (6k) £ (A (h)Fy M xel (s — Ac(R)) Opy (61)].
k

1

By the cyclicity of the trace and the formulas for composition of pseudo-differential
operators we observe if supp(6y) Nsupp(6;) = 0 then the term is negligible. Hence
what remains is the terms with supp(fx) N supp(d;) # 0. All terms of the form
are estimated with analogous techniques but some different indexes. Hence we will
suppose we have a pair supp(6y) N supp(;) # 0 such |9y, az o(z,p)| > ¢ on the set
supp(0y) Usupp(6;). This imply we either have 0, ac o(x,p) > € or —0p, aco(x,p) > €.
We suppose we are in the first case. The other case is treated in the same manner
but with a change of some signs.

To sum up we have reduced to the case where we consider

Te[Opj (6r) f (A= (7)) Fy, * [xel (s — A= (R)) Opy (6],

where 0y, ac o(x,p) > ¢ on the the set supp(6x) Usupp(f;). The next step is to change
the principal symbol of our operator such it becomes global microhyperbolic in the
direction (0;(1,0,...,0)), where 0 is the d-dimensional vector with only zeros.

We let @9 be a function in C§°(RY x Rg) such ¢2(z,p) = 1 on a small neighbour-
hood of supp(#x) U supp(6;) and have support contained in the set

{(xap) € RQd | |8p1a6,0(x3p)| > g}

Moreover we let ¢ be a function in C§°(RY x RZ) such ¢ (z,p) = 1 on supp(y2) and
such that
. (3.74)

o0

supp(¢1) € {(z,p) € R ‘ ‘apla&@(x’p)’ >
With these functions we define the symbol
az,0(,p) = az0(z,p)p1(z,p) + C(1 — pa2(z, p)),

where the constant C' is chosen such @, o(z,p) > 1+ n outside the support of ¢a(x, p).
We have

ap1d570($7p) = (aplaa,())(%p)%@l(xap) + a&,O(xap)(aplsol)(x)p) - 08171802(%17)-

Hence there exist constants ¢y and ¢; such

ap1 dE,O(map) > co—C1 ((ng’g(l',p))Q, (3'75)

for all (z,p) in R??. To see this we observe that on supp(fy) U supp(f;) we have the
inequality
a}na/s,()(map) Z C.
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By continuity there exists an open neighbourhood Q of supp(éx) U supp(6;) such

Op, Gz o(x,p) > g and (1 — ¢3) # 0 on Q°. Hence outside Q2 we get the the bound

a}na/s,()(m:p) Z co — Cl(a'f:‘,()(x7p))27

by choosing ¢; sufficiently large. This estimates is that our new symbol is global
microhyperbolic in the direction (0;(1,0,...,0)).
Our assumptions on the operator Ac(h) imply the form
No
Ac(h) = W Opy(ac;) + N H Ry, (b ),
j=0

where Ny is chosen such
hNOHHRNo(h?5)H£(L2(Rd)) < CpNv e,

By A.(h) we denote the operator obtained by taking the Ny first terms of A. (k) and
exchanging the principal symbol a. g of A.(h) by a.o . Note that the operator A.(h)
still satisfies Assumption 11.7.1 as the original symbols where assumed to be bounded.
We have

A (h) — A-(h) = Op} (acp — dc0) + BT Ry, (h,e),

and by construction is a. o — @ o supported away from supp(y) U supp(¢;). Hence if
we apply the identity

(2= A(h) ' = (2 = Ac(h) ! = (2 — Ac(R)) M (Ae(h) — Ac(R)) (2 — Ac(R)) 1,

and use the formula for composition of operators we get for Ny > 7 the estimate

OB () ((= — A=(m) ™ = (= = A-(1) ™) Op @0
—CH OB (B0)1(= — A=(m) ™ (A=(h) — (W)= ~ Aelh) ™ oquaquny
h(Nl—T)6+7'—d hN
SN T N G

(3.76)

for z in C with |Im(z)| > 0. In order to use the above estimate we will use Theo-
rem [1.7.12 and hence we need to make an almost analytic extensions of the function
f. Let f be an almost analytic extension of f, such f is in C3°(C) and

f(x) = f(z) for all z € R
8f(2) < On|Im(z)|N for all N € N.

Such an extension exists according to Remark I1.7.10. As F;, ! [x¢](s — z) is an analytic
function in z we have by Theorem I1.7.12 the identity

Tr[Opy (0r) f A(h))ff [xel(s — A<(h)) Opj (01)]

1 / B(F) (2)F el (5 — =) Te[ODY (6) (= — Ac(R)) ™" Opy (61)] L(d2).
(3.77)
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This identity is also true for flg(h) On the support of f we have

- 1 ith™1(s—z g
Fillvells =) = 5 [ @7 ar < €5

Now by the properties of f, (3.76), (3.77) and the above estimate we have for Ny > 7

| Te[Opy (6x) f (A= (1)) Fy, *[xel (s — Ac(h)) Opyy (6))]
— Tr[Op}) (6k) f(A Ah))fh Yxel(s — A<(R)) Opy (6)]]

<= 107 el =2

x Tr[Opy (k) ((z — A=(R) ™" — (2 — Ac(h)) ") Opy (61)]| L(d>2)
< Oy ANI=DF+T=d=1 4 OpN |

Hence by choosing Ny sufficiently large we can change the principal symbol. Note
that the constant C'y, also depends on the symbols.

For the reminder of the proof we will omit the tilde on the operator and principal
symbol but instead assume the principal symbol to be global micro-hyperbolic in the
direction (05 (1,0,...,0)) ((3.75) without the tildes).

In order to estimate

Tr[Op}) (6k) f (A (R)) Fy el (s — A<(R) Opy (6))],

we will need an auxiliary function. Let ¢ be in C*°(R) such ¢ (t) =1 for ¢t < 1 and
Y(t) = 0 for t > 2. Moreover let M be a sufficiently large constant which will be fixed

later and put
Im(2)
U (2) = (= 2),
1
where p = MTE log(#). With this function we have

Cy|Im(z2)|V, if Im(2) <0
Oty (2) [T (2) [N + iy ' (M22), - if Im(2) > 0,

for any N in N. Again we can use Theorem I1.7.12 for the operator A.(%) on the
function (fqu)(z)f{l[ ¢](s — z). This gives

(ftbun) (A= (R) Fy, Hxel (s — Ac(R))
(fwm( )Fy Hxel(s = 2)(2 = A=()) ™ L(dz),

10(f )] < { (3.78)

1
™
where we have used that F ' [Xf](s — z) is an analytic function in z. Hence the trace

we consider is

Tr[Opy (0k) f (Ae (ﬁ))fn [xel(s — A=(h)) Opj (01)]
/ () (2)F, [xel(s — =) T[Op} (6y) (= — A=(h)) " Op} (6,)] L(dz)

) - ; /Im(z)>0 o L(dZ)

Slm e

\

(3.79)
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If we shortly investigate each of the integrals. Firstly we note the bound

C

| Tr[OpY (A1) (2 — Ag(h))*1 Opy (0)]] < W‘

If we consider the integral over the negative imaginary part we have

= o2 F )T (s = 2) TrIOPE (B1) (2 — A<(1) ™ O (8] L(d)

I 2N m(z
< Czcjl\fl Im(2)"" e dIm(z)
Th* Jimz)<o |Im(z)]

Con NoN—o _ A7 (2N-2)7y—d
< W(g) < CREN=21

for any N in N. We have in the above calculation used partial integration and the

)

estimate ¢
€ Im(2)
i lel(s — 2)] < O 5
The above estimate imply that the contribution to the trace from the negative integral
is negligible. If we split the integral over positive imaginary part up according to p

we have by (3.78) the estimate

E /0<I e O(fhu)(2)Fy HIxel (s — 2) Tr[Op} (61) (= — A=(h)) ™" Opy (6)] L(d2)]

™
Coné
— d+1
Th Jo<tim(z) <

Wy (2)[Im(2)[Ne 5 dTm(z)

5 & N a & Mho o 1inin Ay (N 1)y—do1
Scwlh SCW?log(ﬁ) < CMANT ;
For any N in N. Hence this terms also becomes negligible. What remains from (3.79)

is the expression

L I el ) THOPE (0 — A1) O (0)] L(d2)
(3.80)
In order to estimates this we will need to change all our operators. This is done
by introducing an auxiliary variable in the symbols and make an almost analytic
extension in this variable. Recall we have change the operator A.(h) such it is a
sum of Weyl quantised pseudo differential operators. Hence in the following we let
q(z,p) be one of our symbols and we let ¢;(z,p) = q(x, (p1 + t,p2,...,pq)). We now
take t be complex and make an almost analytic extension ¢; of ¢; in t according to
Definition I1.7.9 for |Im(¢)| < 1. The form of ¢ is
- (¢Im(t))"

Gi(x,p) = _(95,9)(x, (p1 + Re(t), pa, . . Pa))
r=0 :

Recalling the identity

Opf‘;(QRe(t)) — et Re(t)h~ oy Op%v(q)ei Re(t)h*lggl’
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we have

~ g ilmtrfie “x W Aar i Re Tz
OpY(G) = (T'())e e a1 Opw(gr g)etRe®h™ o1, (3.81)
=0 :

<

If we take derivatives with respect to Re(t) and Im(¢) in operator sense we see

0

Wi i . (ZIm(t»T —iRe(t)fflxl W/ Aar iRe(t)h*1m1
dRe(t) Opi (6) = h; ¢ [z1, Op} (9, 9)]e

n .

and

0 ~ .n Z.Imtril_i —1lg W/ ar 7 T
0 W(qt) :ZZ( (rg)l))' e Re(t)h~! 1Oph(ap1q)e Re(t)h 1z

| =
=
—

1Im(t))"” _iRe -1z W/ Aar iRe(t)h 1z
( T'( )" —iRe(t)n L Opy (07 g)ei R a1

[e=]

r=

In the above calculation the unbounded operator x; appear, but for all the symbols
we consider the commutator [x1, Opy (9}, ¢)] will be bounded. This calculation gives

9 .0 WS\ (ZIm<t))n —iRe(t)h~lay w (an+1 iRe(t)h~lay
(6Re(t)+281m(t))0ph(qt)_ al € Opy (9, a)e

This imply

0 ~ - n ;

I OB (@)l < Cab™m(e)]"  for j = 1
0 - n

1554 (hs )| (22 rayy < Callm(®)[",

(3.82)

for any n in Ny by choosing an almost analytic expansion of this order. The operator

Ac(h;t) is the operator where we have made the above construction for each symbol
in the expansion of the operator. Moreover we have by the construction of A.(;t)

A (hit) = e RO 0 g_(p) e Re MM 21 4T (¢) Bo(hs t)

where Be(h;t) is a bounded operator this form is obtained from (3.81) with q replaced
by the symbol of A.(k). This gives

z— Ac(Bst) = (2 — U Ac(W)U)[I + (z — U*A-(R)U) " Yi Im(t) B (h; 1)),

where U = e!Re®h™'21 Hence if [Im(t)| < ‘Imci(f)' the operator z — A.(h;t) has an

inverse where C1 > || Bz (%;t)| £ (r2(ra)) + 1. This imply that the following function

0(t, z) = Te[Opy (Br,e) (2 — Ac(li; 1))~ Opy (B11)]
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is well defined for |Im(t)| < W The function have by construction the properties

hi|Tm(z2)]
o 9 el Im()|"
’(aRe(t) “aIm(t))”(t’Z” = 3Tm(z) 2

In(t, 2)| <

for n in Ng. But by cyclicity of the trace the function (¢, z) is independent of Re().

Hence we have T (t)

. ey Im(t) ™
+2Im(¢ — <

|77( ¢ Hl( )72) 7](072)‘ - hd|1m(z)|2

by the fundamental theorem of calculus. The construction of 1 gives us that
1(0,2) = Tr[Opy (04) (2 — A=(h))~" Opy (61)].

Hence we can exchange the trace in (3.80) by n(—igh, 2) with an error of the order
rYm=4 This is due to our choice of p; = % log(%) in the start of the proof and that
the integral is only over a compact region where [Im(z)| > g—ll due to the definition
of 1, . It now remains to estimate the term

- / B( o) (2) Fi  [xel (5 — )iz, 2) L(d2), (3.83)
Im(2z)>p1

T
where

0(—ipz, 2) = TrlOPY (O —ius) (2 — Ac (s —ipz)) ™ OD} (G1,—ipr )],

and po = % From the construction of the almost analytic extension we have the

following form of the principal symbol of z — A.(h; —ips)

2 = Geo(,py —ip2) = 2 — (aco(x,p) — i12(Fp, ac0) (2, p) + O(13))-

For —%42 < Im(z) < 0, where ¢ is the constant from the global micro-hyperbolicity
(3.75), we have by the global micro-hyperbolicity for |Re(z)| < n and # sufficiently
small

Im(z — @e o(, p; —ipa)) > copa + Im(z) — Cua(Re(z) — aco(z,p))>.

To see this recall how the principal symbol was changed and that if Re(z) — ac o(x, p)
is zero or small then is (9p,a-0)(x,p) > 2¢p hence we have to assume h sufficiently
small. This implies there exists a Cs such we have the inequality

Im(z — aco(x, p; —ip2) + Copo(z — Geo(x, p; —ip2)) (2 — aeo(x, p; —ip2))
Co
> 5/-1'2 + Im(z),

Where we again assume h sufficiently small and that all terms from the product in
the above equation which is not (Re(z) — ac(x,p))? comes with at least one extra
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po. Now by Theorem I1.7.4 we have for every g in L*(R%)

Im((Opy (2 — @e,0(—ip2))g, 9)) + Cap2l|Opy (2 — @ 0(_W2))9HL2 R9)
> (Opy (Im(2 — @co(—ip2)) + Capz(z — aco(—ip2))(z — de0(—ip2)))g, 9)
— cp2h®||gll7 2 g

~ CO,U2
+1m(2) 9172 ey — €0 + n2b) |9l 72 (may = —o

Col2
( 2

\Y

HQHL2 (R2)>

for A sufficiently small. Now by a Hélder inequality we have

C
229122 )
g|<oph (2 = de0(—in2))g, 9)| + Copz]| OD} (2 — aco(—ip2))gll7 2 gy

Cop2

<5 + Cop2)[|Opy (2 = die,0(—ip2)) 9172 ga)-

||9||L2(Rd) + (m

This shows that there exists a constant C' such

COHZ

91l L2(ray < [|OPK (2 — @c0(—ip2)) 9l L2y

for all g in L*(R?). Since Op}(z — e o(—ipz)) is the principal part of A (F; —ips)
and the rest comes with an extra A in front as we have assumed regularity 7 > 1 the
above estimate imply

CoM2 .
H9HL2 ®e) < Iz — A (B —ip2)g L2 (rays

for h sufficiently small. We can do the above argument again for Im(z) > 0 and obtain
the same result. The estimate implies that the set {z € C| Im(z) > —“/2} is in the
regularity set of A.(h; —ipus). Since {z € C| Im(z) > — <21 is connect we have that
this is a subset of the resolvent set if just one point of the set is in the resolvent
set. For a z in C with positive imaginary part and |z| > 2||A.(h; —ip2)|| we have
existence of (z — A.(h; —ip2))~" as a Neumann series. Hence we can conclude that

(z— A (h; —ipg)) ! extends to a holomorphic function for z in C such Im(z) > —3&

This implies

0= / (Pt ()5 (s — )0n( i, 2) L(d:)

e /(C O Frbm -2 ) (2) Fy [xe)(s = 2)n(—ipa, 2) L(dz)

. / Bt ) (2) F el (5 — 2)(—ipea, 2) L(d)
Im(z)>0

™

i1 / O Fi g ) (o) x5 = 2m(—ia, 2) L(d2),
T JIm(z)<0
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where we have used that w_%(z) =1 for all z in C with Im(z) > 0. This equality

1

gives us the following rewriting of (3.83)

1 / B Fiby) (2) F M el (s — 2)n(—ipez, ) L(d2)

T JIm(z)>pm

= 1/ Doty ) (2) 55 el (5 — 2l 2) L(d2) + O(),
Im(z)<0

(3.84)

for any Ny in Ny. We have
O by a2 )(2) = O(f)(2) (Wt car2)(2) + Fo (2)51/17%(2),

for Im(z) < 0, where we have used that v, (2) = 1 for Im(z) < 1. The part of the
integral on the right hand side of (3.84) with the derivative on f will be small due to
the same argumentation as previously in the proof. What remains is the part where
the derivative is on w_% . For this part we have

1 5\ _ .
= F(2)00_cona (2)F; H[xel(s — 2)n(—ipa, ) L(d2)]
T JIm(z)<0 40
C £ gz
< h . 2/ —77<Re(z)<77 —€ 2n L(dZ)
K (C—lglog(ﬁ» fcf;ol g(1 )<1m(z)<—{f’c’7§g log(4)
C 50 oe(n) _ ce? o0 M

2 2
201 _ h 2C’1

- 2 RAT2 012 loo(L)2
hd (%—l’glog(%)) ) o8 (z)”

Hence by choosing M sufficiently large we can make the above expression smaller
than #Y for any N in Ny. This concludes the proof. O

This proposition actually imply a stronger version of it self, where the assumption of
boundedness is not needed.

Corollary I1.8.6. Let A.(h) be a strongly h-e-admissible operator of reqularity T > 1
which satisfies Assumption I1.7.1 and there exists a 6 in (0,1) such that ¢ > K9,
Suppose there exists a number n > 0 such a;é([—Qn, 2n]) is compact and a constant
c >0 such

Vpaco(z,p)l > ¢ for all (z,p) € azy([~2n,21)),

where ac is the principal symbol of A.(h). Let f be in C§°((—n,n)) and 6 be in
C&°(Re x Rg) such that supp(0) C a;é((—n,n)). There exists a constant To > 0 such
that if x is in Cg°((3h*7,Tp)) for a~y in (0,6], then for every N in N, we have

I Te[Op} (8) f (A=(h) F H[XI(s — A<(R)) Opy ()] < CvAY,

uniformly for s in (—n,n).
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Proof. The operator A.(h) satisfies the assumptions of Theorem I1.7.13. This gives
us the functional calculus for the pseudo differential operator for functions in the set
A which contains all functions from C§°(R). It can be remarked that the function
FOF (s — t) is a C°(R) in ¢ and both imaginary and real part is also in
C5°(R) just with real values. By g(t) we denote either the real or imaginary part of
F(O)F; L x](s — t). Theorem I1.7.13 gives

g(Ac(h)) => 1 Opy(al)),

7=0
where
ag,o = g(az0)

2j—1

@ =3 CV oWy forj

57j - k[ 6,],]{?9 570 .7 - 9
k=1

(3.85)

the symbols d ;. are the polynomials from Lemma I1.7.6. Now Let ¢ be in C(‘)’O(Rg X
R%) such ¢(z,p) =1 on a neighbourhood of supp(f(ac.0)Fy [x](s — acp)). Then if
we define the operator A.(h) as the operator with symbol

az(h) = Z Wa. ;.
Jj=>0
This operator satisfies the assumptions in Theorem I1.8.4. Hence we have
| Tr[Op} (6) £ (Ae(R))F, ' [X] (s — As(R)) Opy (0)]] < Cnh™ (3.86)
But by construction we have

lg(A=(R)) = g(A=(h))|| < Cub",

for every n in Ny, where we have used the form of the symbols given in (3.85).
Combining this with (3.86) we achieve the desired estimate. (]

I1.9 Weyl law for Rough pseudo-differential operators

In this section we will prove a Weyl law for rough pseudo differential operators and we
will do it with the approach used in [17]. Hence we will first consider some asymptotic
expansions of certain integrals.

Theorem I1.9.1. Let A.(h) be a h-e-admissible operator of reqularity T > 1 which
satisfies Assumption I1.7.1 and there exists a § in (0,1) such that € > R0, Suppose
there exists 1 > 0 such that ao_é([—2n,2n]) is compact, where a. is the principal
symbol of Ac(h). Let x be in C5°((—To,Tp)) and x =1 in a neighbourhood of 0, where
To is the number from Corollary I1.8.6. Then for every f in C§°((—n,n)) we have

No
[ A ADI I 4 de = (2] S e (s) + O]
R =0
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where the error term is uniform with respect to s € (—n,n) and the number Ny
depends on the desired error. The functions &j(s) are smooth functions in s and are

given by
1

€ols) = f(s / L s,
0( ) ( ) (4 0=5} |VG/570‘
2j—1

dey
6= 3 )0k g
k=1 {

as,0=5} ‘vaa,0|

where the symbols d. ;i are the polynomials from Lemma I1.7.6. In particular we have

€1(s) = —F(5)0, / Gel g

{ac,0=s} |Va57()‘ >

The proof of the theorem is split in two parts. First is the existence of the expansion
proven by a stationary phase theorem. Next is the form of the coefficients found by
application of the functional calculus developed earlier.

Proof. In order to be in a situation, where we can apply the stationary phase theorem
we need to exchange the propagator with the approximation of it constructed in
Section I1.8. As the construction required auxiliary localisation we need to introduce
these. Let 6 be in C§°(R% x Rg) such supp(#) C a;é((—n,n)) and 6(z,p) =1 for all
(x,p) in supp(f(acp)). Now by Lemma I1.7.16 we have

(1 = Op} () (A= (h))e™ A1y < [|(1 = OD} (0)) F(Ac(B)) e < CwEN, (3.87)
for every NV in N. Hence we have
| Trlf (Ae(R)e™ AP — Tx[Op} (6) £ (Ac(m) ™™ AP < O™,

for any N in N. This implies the estimate

[ Tl Dl ) d

R (3.88)

= / Tr[Op} (0)f (Ae ()™ A< M]e "y (1) dt + O(AN).
R

In order to use the results of Section II.8 we need also to localise in time. To do
s

this we let x2 be in C§°(R) such x2(t) =1 for ¢ in [—%hk%, $h'2] and supp(y2) C
[—hl_%, hl_%]. With this function we have

/R Tr[Op} (8) f (A (b)) A<Mty (1) d
- /RTf[Op%V(e)f(Aa(h)>e“ﬁ‘“f<h>]e-“%<t>x<t> dt (3.89)
" /R Tr[Opy (0) f (Ac(h))e™ A<M e (1 — o (1)) (1) dt.

We will use the notation x(t) = (1 — x2(—t))x(—t) in the following. If we start
with the second term which we will prove is negligible. Before we do so we need an



138 Paper 11

extra localisation. This localisation can be introduced as the first hence if we use the
estimate in (3.87) and cyclicity of the trace again we have

Tr[Op} (6) (As (h))e™"™ 4<M] = Tx[Op} (6) f (A ()™ 4" Op} (6)] + O™,
Now by Corollary I1.8.6 we have
[ OB O)7 () A O ) 5 (—t) de
R

= 2h Tr[Opy (0) f (A<(h)F, ' [X] (s — A=(R)) Opy ()]
< CnhY,

(3.90)

uniformly in s in [-7, 7] and any N in Ny. What remains in (3.89) is the first term.
We need to change the positions of the operators f(A.(h)) and eith™ 1 Ac(h) Byt they
commute so we can just do it. Here we have to change the quantisation of the
localisation. By Corollary 11.4.20 we have for any N in Ny
Op} (8) = Opp (63 ) + KN Ry (h),
where Ry is a bounded operator uniformly in A since 6 is a non-rough symbol.
Moreover we have
N 1
00 (w.p) = > = (= =) (VD) 0(x, p)

Jj=0 !

If we choose N sufficiently large (greater than or equal to 2) we can exchange Opy’(6)
by Opy, (6)Y) plus a negligible error. We will in the following omit the N on 6.

For the first term on the right hand side in (3.89) we have [t| < E=%. Now by
Theorem I1.8.1 there exists Uy (t, €, h) with integral kernel

KUN($7y7t7€7 h)

N

1 .

:(27rh)d /Rd Pt ol Z Zth juJ z,p, h, ) dp,
J=0

such that
1RO UnN (t,e, h) — iUN(t,e,h) Ac(R) || o2 (ray < CRN, (3.91)

for |t] < K73 and Un(0,¢e,h) = Opy(6o). We emphasise that the number N in the
operator Uy is dependent on the error Ny. We now have

| Te[Opy o(f0)e™™ A=) f(AL(h))] — Te[Un (¢, &, ) f(A=(R))]]

= | Tr] /Ot Os(Un (t — 5,2, h)e™" A= £ (A (1)) ds]|
= | T /0 t(—(atUm(t — s,e,h) + ih Un(t — 5,6, ) Ac(h))e™! A<M £(A(h)) ds]|
<h” / [A0sUn (s, €, h) — iUN(s, €, h) Ac (D) || £ (12 ey

x || i A £ (A (R))||7y ds

< Oy,
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where we have used (3.91). By combining this with (3.89) and (3.90) we have

[ OB O)7 (A APl ) (1)
R (3.92)
= [ TN 2D (A a0 b + O,

Before we proceed we will change the quantisation of f(A.(h)). From Theorem I1.7.13

we have
F(A(h)) =" W Opy(al),
Jj=0
where
Pk
agvj - Z L dE,j,kf(k)(as,O)a (3.93)
k=1

the symbols d; j are the polynomials from Lemma I1.7.6. We choose a sufficiently
large N and consider the first N terms of the operator f(A.(%)). For each of these
terms we can use Corollary I11.4.20 and this yields

w M
Opy; (ai:j) = Oph,l(ag,j )+ BM T Ry,

where AMT1 Ry is a bounded by Cy/hY in operator norm. The symbol ai_c]M is given
by

al’; _Zﬁ(i)( «Dp) al ;.

If we choose N sufficiently large we can exchange f(A:(h)) by

N

~ i M
Oph,l(ag’M) = Zﬁj Oph,l(aij ),
j=0

plus a negligible error as Un(t, ¢, ) is trace class. We will omit the M when writing
’"’va 3
az"" . Hence we have the equality

[ O @) (A ) APl (o)
= [ N2 O L e a0 e+ O(RY)

As we have the non-critical assumption we have by Lemma I1.8.3 that the trace in
the above expression is negligible for %hl_g < |t| < Tp. Hence we can omit the ya(t)
in the expression and then we have

(/ﬂmﬁwvmmmwﬁmﬁwimmwmwﬁ

R (3.94)

Z/Tﬂmwamomﬂdﬂk”mﬂﬂﬁ+0WW
R
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The two operators Un(t,¢, k) and Opy, ;(az al M ) are both given by kernels and the
composition of the operators has the kernel

KUN(t7a7h) Ophyl(ag’M) (7,y)
1 N
= — ih~ < p ith=* €, f
= (2rh) /Rd e JZ:% (ith™" ) uj(z, p, b )3l (4, p) dp.

We can now calculate the trace and we get

/ TY[Un (t, 2, i) Opyy (a1 )]e™ 5 x (1) dit

/ / / et o@D =2y, p. t, b, e)alM (z, p) dadpdt,
27Tﬁ R4 JRd
(3.95)

where
N

u(z,p, h,e) = Z(ith_l)juj(x,p,t, h,e).
§=0

In order to evaluate the integral we will need the stationary phase theorem. We will
use the theorem in ¢ and one of the p coordinates after using a prober partition
of unity according to p. By assumption we have that |V,a.| > ¢ on the support of
0. Hence we can make a partition €; such that dp,a. # 0 on €2; and with loss of
generality we can assume that €2, is connected. To this partition we choose a partition
of the unit supported on each of the sets ;. When we have localised to each of these
sets the calculation will be identical with some indicies changed. Hence we assume
that d,,a. # 0 on the entire support of the integrant. We will now make a change of
variables in the integral in the following way:

F: (‘T,p) — (X7 P) = (xlv <oy Id, a€70($7p)7p27 LI de)'
This transformation has the following jacobian matrix

Iq Odxd
DF = | Vgal, Vpal,|,
Od—1xd+1  la—1
where I is the d-dimensional identity matrix, Val and V,al are the transposed of
the respective gradients and the zeros are corresponding matrices with only zeroes
and the dimensions indicated in the subscript. We note that

det(DF) = 8p1a570,

which is non zero by our assumptions. Hence the inverse map exists and we will
denote it by F~! and the inverse. For the inverse we denote the part that gives p as
a function of (X, P) by Fy !. By a change of variables we have

/ / / h as 0( ) s)u(aj’p’ t’ h’ 6)&£’M("I},p) dl‘dpdt
R4 JR4

// / 1P ) U w(X, Fy Y(X, P),t,h,e)al™ (X, Fy Y(X, P)) AX dPdt
Rd JRd ap;[ai:‘,o(‘)(7172 (X7P)) 7
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where we have omitted the prefactor (27/)~%. If we do the variable change P, = P, —s
we arrive at a situation we we can apply quadratic stationary phase. Hence by
stationary phase in the variables Py and t, (3.88), (3.89), (3.92), (3.94) and (3.95) we
get

/ Te[f(Ac ())eith ™ Ae®)eitshy (1) dt = (2mh)1~ d[ZthJ )+ o), (3.96)
R j=0

uniformly for s in (—n,n). This ends the proof of the existence of the expansion.

From the above expression we have that £;(s) are smooth functions in s hence
the above expression defines a distribution on C§°((—n,n)). So in order to find the
expressions of the &;(s)’s we consider the action of the distribution. We let ¢ be in
C§°((—n,n)) and consider the expresion

/R/RTr[f<Aa<h>>e“ﬁ‘lAf<h>1e“S’iw)so(s) dtds. (3.97)

Using that f is supported in the pure point spectrum of A.(h) we have

/R /]R Tr[f (Ac(h))el™ ™ AeMe ity (t)p(s) dtds
n) / () (A (R) — 5) ds],
R

where we have used Fubini’s theorem. That f is supported in the pure point spectrum

(3.98)

follows from Theorem I1.7.14. If we consider the integral in the right hand side of

(3.98) and let ¢ be in C§°((—2,2)) such that ¢(t) =1 for |[t| < 1 we have
/R () e(Ac(h) — 5)ds = / / = (1) p(As(B) — 5) dsdt
4 /R /R eI (8)(1 — (5))p(As(h) — s) dd.

(3.99)
If we consider the last integral on the right hand side of (3.99). Then by the identity

ih 1 |
—itsh™ —itsh
(8>8n s e'LS ,

partial integration, the spectral theorem and that the function (1 —(s)) is support
n |s| > 1, we have that

I [ 00 = vl Aeh) = ) dsd] oy = OnhY, (3.100)

for any N in N. Now for the first integral in the right hand side of (3.99) we have by
Theorem I1.4.17 (Quadratic stationary phase)

/R/e—itsh—lx(t)w(s)gp(/ls(h) — s)dsdt

(3.101)
= 27rhz hﬂ 0)p) (Ao (R)) + AN Ry 41 (),
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where we have used that 1(0) = 1 and 4()(0) = 0 for all j € N. Moreover we have
from Theorem I1.4.17 the estimate

Ryn()<c Y / / NI ()N 4k (5) (A () — s)] dbds.

I+k=2
As the integrants are supported on a compact set the integral will be convergent and
since ¢ is C§°(R) we have by the spectral theorem

[BN+1(R)| 222 mayy < C- (3.102)

If we now use that x is 1 in a neighbourhood of 0 and combine (3.98)—(3.102) we
have

/ / TY[f (A ()it A< D)emit5h (1) o(s) dbds
RJR

= 2mh Te[f (A (h))p(A=(h))] + Cwh".

Since both f and ¢ are C3°((—n,7n)) functions we have by Theorem II1.7.15 the
identity

(3.103)

N
1 ; -
Te{f(A=(W)e(Ae(B)] = g D W Ti(fio, A=(W) + OGN (3.104)
=0
From Theorem II1.7.15 we have the exact form of the terms T;(f¢, A-(h)), which is
given by

Jra Jra(f ‘P)(as,O) dzdp =0
Tj(f(,D,AE(ﬁ)) = fRd fRd aal f‘P (as 0) dzdp Jj=1
fRd fRd i] 11 kl dej k (fSD) (as,O) drdp j > 2,

where the symbols d. ; ; are the polynomials from Lemma I1.7.6. If we combine (3.96),
(3.103) and (3.104) we get

/ &()p(s) ds = Ty(fio, Ac(h)).

If we consider Ty (fp, Ac(h)) we have
To(fe, A / (fe)(ae,) dxdp
R

:/Rded w)/ L —— dS,dw,

where S, is the euclidian surface measure on the surface in RZ x }RZ given by the

equation a. o(z,p) = w. If we now consider Tj(f¢, A-(h)) we have

25— 1
(k)
7o) = [ [ Z a0 0c) dodp
2] 1 _ k} d
=Y ( 1') /(f(p) (w)/ Ik 1S, dw (3.105)
k=1 k! R {ac,0=w} ‘va870|
275—1

i
1 de

=N = w) / L 4, dw,
K
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where we in the last equality used partial integration. These equalities implies the
stated form of the functions ;. O

We will now fixing some notation which will be useful for the rest of this section.
We let x be a function in C§°((—To,Tp)), where the Tj is a sufficiently small number.
The number will be the number T from Corollary I1.8.6. We suppose x is even and
x(t) =1 for |t| < % We then set

o 1 —its
Xi1(s) = 27T/Rx(t)e b dt.

We assume x7 > 0 and that there is a ¢ > 0 such that x1(¢) > ¢ in a small interval
around 0. These assumptions can be guaranteed by replacing x by x * x. With this
we set

~ 1 N 1 it h_l
ls) = ) = 5o [ e e
Before we prove a Weyl law we recall a Tauberian theorem from [17, Theorem V-13].

Theorem I1.9.2. Let 71 < 7 and oj : R — R be a family of increasing functions,
where h is in (0,1]. Suppose that
(i) op(T) =0 for every 7 < 1.
(i) op(T) is constant for T > 1.
(tit) op(1) = O(h™™) as h — 0, n > 1 and uniformly with respect to T in R.
)

(1v) Oron* Xn(T) = O(R™™) as h — 0, with the same n as above and uniformly with
respect to T in R.

where xp, 1s defined as above. Then we have
on(1) = op * xn(1) + O(A™9),
as h — 0 and uniformly with respect to T in R.

We can now formulate and prove a Weyl law for the rough pseudo differential
operators.

Theorem I1.9.3 (Weyl law). Let Ac(h) be a strongly h-e-admissible operator of
reqularity T > 1 which satisfies Assumption I1.7.1 and there exists a 6 in (0,1) such
that € > h'=9. Suppose there exists a > 0 such a;é((—oo, n)) is compact, where a.
is the principal symbol of Ac(h). Moreover we suppose

|Vpaeo(z,p)| > ¢ forall (z,p) € a;(l)({O}). (3.106)

Then we have

1 _
01 e (A1) = G L, [ 1coteente.p) dedpl < o,

for all sufficiently small h.
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Proof. By the assumption in (3.106) there exists a v > 0 such

Vpazo(z.p)| > & for all (x,p) € azp([~2v,20]).

N O

More over by Theorem I1.7.3 we have that the spectrum of A.(%) is bounded from
below uniformly in A and let E' denote a number with distance 1 to the bottom of
the spectrums. We now take two functions f; and fa in C§°(R) such

fi(t) + fo(t) =

for every t in [E,0], supp(f2) C [—4, %], f2(t) = 1 for t in [~%, £] and fa(t) = fa(—1)
for all ¢t. With these functions we have

Tr[1(—o0,01(Ac ()] = Tr[f1(A=(R))] + Tr[f2(Ac (7)1 (00,01 (A= (R))]- (3.107)

For the first term on the right hand in the above equality we have by Theorem I1.7.15
that

DA = G [ [ Alacolop) dedp+ O, (3.108)

(2mh)d

In order to calculate the second term on the right hand side in (3.107) we will study
the function
w = M(w; 1) = Te[fa(Ae (1)1 (g ) (Ac ()] (3.109)

We have that M (w; h) satisfies the three first conditions in Theorem I1.9.2. We will
use the notation

P = supp(f2) Nspec(Ac(h)),

where spec(Ac(h)) is the spectrum of the operator A.(h). The function M can be
written in the following form

h) - Z f2(€j)1[ej,oo)(w)v

€; P

since fo is supported in the pure point spectrum of A.(%). This follows from Theo-
rem I1.7.14. Let xp be defined as above. Then we will consider the convolution

(M (-5 h) % xn)( /MShX}‘(U—S ds-nge]/ Xn(w — s)ds.

e; €P

If we take a derivative with respect to w we get

Ou(M (-5 h) % 0p)(w) = Y falej)Xn(w — €))

e;€P
27rh/Tr Fa( A (h))eith™ A =it~y .

by the definition of xj. We get now by Theorem I1.9.1 the identity

8w(M('§h)*)A(h)(w):(27T1h)df2(w)/{ ) }|v;0’d5‘w+(’)(hld). (3.110)
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This verifies the fourth condition in Theorem I1.9.2 for M(-; /), hence the Theorem
gives the identity

Tr[f2(Ac(n )) Ae())]

1 1-d
27rh / fa(w /{aso ) dSydw + O(h %) (3.111)

(27rh /Rd/ fa(aeo(z, p))1 (- oom(aso(x p)) dzdp + O(h' ).

By combining (3.107), (3.108) and (3.111) we get

T (AeW)] = s [ [ 1Caacale.p)) dadp+ 001

This is the desired estimate and this ends the proof. O

I1.10 Weyl law for differential operators with irregular
coefficients

We now return to the differential operator of the form

ARy =) (hD)*aas(z)(hD)”,

|al,|B|<m

where the operator is defined via the associated quadratic form and the order is 2m.
As we saw in Section 1.3 we could find framing operators for this type of operators.
The aim now is to use the theory that we have just developed to prove a Weyl law
for these operators.

Theorem I1.10.1. Let A(h) be a differential operator of order 2m of the form

A(R)= Y (hD)%aap(x)(RD)?,

laf,|8]<m

where the coefficients aqz(x) are in CH*(RY) for w in (0,1] and real. We suppose the
following conditions on the coeficients are satisfied

(2) There is a o > 0 such that min,cga(ang(x)) > —vo for all o and .
(ii) There is a y1 > o and Cy, M > 0 such that
aas(2) + 1 < Crlaas(y) + 1)1+ |z =y
for all z,y in R?.

(i43) For all j in {1,...,d} there is a c¢; > 0 such that

‘6l'jaaﬁ<$)’ < Cj(aa,b’(x) +'71)'
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Suppose there exists a constant Cy such that

Y aas(@p™’ = Cofp, (3.112)

loe|=|B]=m
for all (z,p) in RY x Rg. Moreover we suppose there is ¢ > 0 such that

|Vpao(x,p)| > ¢ for all (z,p) € aal({()}),

where

ap(x,p) = Z aug(x)pte.

), B]1<m

Lastly we suppose there is a v > 0 such that the set ay*((—o0,v]) is compact.
Then we have

1 _
T e (A = s [ ] 3a(aatap) dodpl < O
for all sufficiently small h.

There are quite a number of assumptions in this theorem. We will shortly here
discuss them. The assumptions in (i), (i7) and (#ii), can be seen assumptions on the
behaviour of the coeflicients for large values of x. Since in the case of the coefficients
having compact support they are all verified. This regularity is need as we will use
functional calculus of rough pseudo-differential operators.

Without assumption global ellipticity (3.2) we could easily be in a situation,
where we there operator only had essential spectrum. This assumptions is also used
to verify properties of the approximating operators. The non-critical assumption (3.3)
is essential for our proof to be valid.

Proof. By Proposition I1.3.3 we can find two framing operators AZ (h) and A (h) of
the form
A (h) = A(B) £ CLe' (T — B2A)™,

where A.(R) is the original operator with the coefficients replaced by a z(x) which
is the smoothed function of a,s(x) according to Proposition I1.3.2. The proposition
also gives for a sufficiently small €, 0 is a non-critical value for the framing operators
and they are globally elliptic. With out loss of generality we can assume ¢ to be less
than or equal to 1.

If we consider the new coefficients agﬁ(x) the by construction they are given by

cipla) = | anslo = ety du

where w(y) is a real Schwarz function integrating to 1. Hence there exists a sequence
of numbers ¢, for n in Ny such that

Cn

w(y)| < W

(3.113)
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By taking a slightly larger « than 1 in the assumptions we have that a35 () +7is
positive. Moreover by assumption we have for any = and z in R?

i) 7 = [ (aas(o = 29) +2)ly) dy

<Chlaaplz) +7) [ (14 o=y = =) Mty dy

3.114
<Ch(aaplz) +7) [ 2101+ o = =M + 1y oty dy S
<C(agp(2) + aap(2) — ags(2) + 1) (1 + |z — 2))M
<C(agp(2) +7)(1+ |z — 2™,
where we have used
laas(2) — agp(2)| < cet (3.115)

by Proposition I1.3.2 and we have used that ¢ < 1. This calculation verifies that
the functions ag 4 (z) + v are tempered weights and the numbers C' and M are both
independent of ¢ in (0, 1]. Moreover for j in {1,...,d} we have

’axjazﬁ(x” :| /Rd 8xjaa6(x - gy)w(y) dy| < /]Rd |axjaaﬂ(x - 5y)w(y)\ dy

< /Rd ¢j(aap(@ — ey) +71)lw(y)| dy (3.116)

<Clans@) +1) [ (1+ )M (o)l dy
<Cj(ags(z) +7),

where we again have used (3.115). The calculation also shows that C} is uniform for
e in (0,1]. For any 7 in N? with |n| > 2 we have

0% 5(@)] < e < coet (a5 () + ), (3.117)

by Proposition I1.3.2 with a constant which is uniform for ¢ in (0,1]. All these
estimates will prove useful later. If we consider the framing operators AZ (%) and
AT (h) they have the form

AZ(R) = > (hD)*a5s(x)(hD)? + Che'tH(I — PA)™, (3.118)

laf,|B]<m

as the coefficients are smooth we can represent the operators AX(h) as Weyl quantised
rough pseudo differential operators,

2m
AE(n) = 31 Opi () (3.119)
j=1
where the principal symbol is
afo(z,p)= Y aiu(x)p®™ £ Cret L+ pH)™. (3.120)

lal,|8]<m
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The subprincipal symbol is the terms where 1 derivative have been used on one of the
coefficients. The symbol a. o contains the cases where 2 derivatives have been used
on the coefficients. This continues for all the symbols. By the estimates in (3.116)
and (3.117) gives us that the framing operators satisfies Assumptions 11.7.1 and has
regularity 7 = 1. What remains in order to be able to apply Theorem I1.9.3 is the
existence of a o > 0 such that the preimage of (—oo, 7] under aio is compact. By the

uniform ellipticity we have that the preimage is compact in p. Hence if we choose

v = g and note that as in the proof of Proposition II.3.3 we have the estimate

Y (@) — aap(@)p £ CrF (LM < CFPL (321)
], B]<m

since we can assume p to be in a compact set. This implies the inclusion
v v
{(z,p) € R*|aZg(z.p) < 5} C {(2.p) € R |Jag(x.p)| < 5 + C*H).

Hence for a sufficiently small & we have that {(x,p) € R??| aio(x, p) < §} is compact
due to our assumptions. Now by Theorem 11.9.3 we get for sufficiently small A and
e>h'% for a positive § < % that

1 -
|Tr[1(_0070](A6i(h))] = @rhyd /Rd /]Rd 1(_0070](a§fo(:1;,p)) dzdp| < Ch*=%  (3.122)

Here we choose § = ﬁ Now if we consider the following difference between integrals

[ [ et dsan = [ [ 1 cofacotep) dods
Rd JR4 R2 JR4

) (3.123)
= / / 1[*051"’“,081"'”](a&O(xap)) dl’dp < C€1+M7
Rd JR4

for € and hence & sufficiently small. Where we in the last inequality have used the
non-critical condition. By combining (3.122) and (3.123) we get

1 - ~ f—
| Tr[1(— 0,0 (Asi(h))] - W /Rd /Rd 1(_0070](a£’0x,p)) dzdp| < CAY= 4 Celtrp=d.
(3.124)
If we take ¢ = i’ we have that

eltn — () (1=5) _ p;

Hence (3.124) with this choice of § and ¢ gives the estimate

T e (AZ)) = g [ [ Lan(aatan) dodpl < OHL - (3125

Now as the framing operators satisfied the relation
AZ (h) < A(h) < AT (),
we get by the min-max-theorem the ralation

TY[AZ ()] < TH{A(R)] < Tr[AZ (1))
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Combining this with (3.125) we get the estimate

1 1-d
T e (A = s [ ] 1oi(esn(op) dodpl < OB (3126)
Which is the desired estimate and this ends the proof. O

Remark I1.10.2. Both Weyl laws have been for the function 1(_. () applied to
the operator. By translations and changing the assumptions slightly we could have
taken any number £ instead of 0 and we could have considered 1z, pg,)(t) also under
a slight change of assumptions.

Remark I1.10.3. This is how far we got before i handed in my thesis. One observa-
tion to do, is that the method we use here to prove the Weyl law for the irregular
differential operators actually also would work if in stead the operator had been a
h-admissible operator as in [17] perturbed by an irregular potential. Of cause this
is only under the right conditions on the h-admissible operator and the irregular
potential. But to our knowledge this has note been covered before.

Appendix: Multivariate differentiation and Taylor’s
formula

In this appendix we will recall some results about multivariate differentiation and
the multivariate Taylor’s formula. We will start with Leibniz’s formula:

Theorem I1.1.1 (Leibniz’s formula). Let a be in N&. For any C1*(R?) functions
f and g it holds

o2 f(x)g(x) = 3 (©) 02 f(2)ae P g(x).
5 (3)

A proof of the forumla can eg. be found in [18|. The next result gives a multivariate
chain rule for any number of derivatives:

Theorem I1.1.2 (Faa di Bruno formula). Let f be a function from C*°(R) and
g a function from C*®(RY). Then for all multi indices o with |a| > 1 the following
formula holds:

|

B f9@) = fPe@) DY Cara (@) O5tg(x),
k=1 al‘i“(');;lf-géc:a

where f®) is the k’th derivative of f. The second sum should be understod as a sum
over all ways to split the multi index o in k non-trivial parts. The numbers cq,...ay 'S
are combinatorial constants independent of the functions.
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A proof of the Faa di Bruno formula can be found in [4], where they prove the
formula in greater generality than stated here. It is also possible to find the constants
from their proof, but for our purpose here the exact value of the constants are not
important. The next Corollary is the Faa di Bruno formula in the case of a R?¢
instead of just R%. But we need to controle the exact number of derivatives in the
first d components hence it is stated separately.

Corollary I1.1.3. Let f be a function from C®(R) and a a function from C>(RY x
Rg). Then for all multi indices o and B with |o| 4 |5 > 1 the following formula holds:

||+ 8]
a0s f( Z F® ) S s P o a(a, p) - - 00 alx, p),
Ik(avﬂ)

where the set T (v, B) is defined by

Ik:(aaﬁ) = {(ala'” 7ak)/81)' 75k‘) € N2kd
\ Zalfa ZBZ 3, max(|oyl,|8]) > 1VI}.

The second sum is a sum over all elements in the set Iy (v, B), the constants c’gll’g’}c

are combinatorial constants independent of the functions and f*) is the k’th derivative
of the function f.

We will only give a short sketch of the proof of this corollary.

Proof (Sketch). We have by the Faa di Bruno formula (Theoram II.1.2) the identity

|a|

oy f Z F®)(a Z CoyapOota(z,p)--- 05 a(x,p) (127)
a1+---+ak:a
|Oéj|>0

By Leibniz’s formula we have

0,05 f(a(z,p))

laf
=2 ( ) D ale,p) Y carea 0y (08 alwp) - O alz,p)).
k=1

v<p al+-Fap=a
|aj\>0

(128)
In order to obtain the form stated in the corollary we need to use the Faa di Bruno
formula on the terms

k
%M (alw,p)), (129)
and we need to use Leibniz’s formula (multiple times) on the terms

0% alx,p) - O ala, p)). (130)

If this is done, then by using some algebra the stated form can be obtained. The
particular form of the index set Zy(«, ) also follows from this algebra. O
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We end this appendix by recalling the multidimensional Taylor’s formula just for sake

of completeness as it is used multiple times.

Theorem II.1.4 (Taylor’s formula). Let f be in C*(R?); then for x and y in R?
one has

« 1
fle+y) = Z %Qﬁ‘f@)—i— Z kzy/o (1 — 8102 f(z + sy) ds.

la<k |o|=k

A proof of the formula can e.g. be found in [18].
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