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LINKAGE AND CODES ON COMPLETE
INTERSECTIONS

JOHAN P. HANSEN

ABSTRACT. This note is meant to be an introduction to coho-
mological methods and their use in the theory of error-correcting
codes.

For an evaluating code on a complete intersection, the dimension
is determined by the Koszul complex and a lower bound for the
minimal distance is obtained through linkage.
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1. NOTATION AND COHOMOLOGY OF PROJECTIVE SPACE

Let k be an algebraically closed field and let P! = P!(k), (I > 1) be
the projective space over k. The structure sheaf Op: of P! is denoted
by O, the universal linebundle Op:(1) by O(1) and tensorpowers of it
by O(d) = Opi(d). Correspondingly H(O(d)) denotes the cohomology
group H (P!, O(d)) and h*(O(d)) = dim,(H (O(d))) it’s dimension.
Remark 1.1. The following are well-known results on the cohomology
of projective space.

i) H(O(d)) ~ klzy, . .., 7)), consequently
0 if d<0
i) h’(O(d)) = ’
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2 JOHAN P. HANSEN
iii) h'(O(d) =0 if 0<i<l
iv) (Serre duality.) H (F(d)) = H*(FV(—~d—I—1)) for all coherent
sheaves F, in particular
v) h'(O(d)) =h(O(=d — 1 - 1)).
Later £ will be the finite field IF,with ¢ elements.

2. THE IDEAL OF A FINITE SET OF POINTS IN PROJECTIVE SPACE

Let X = {P,,...,P,} be a finite set of distinct points in P'. Let
S = k[xy,..., 7] be the homogenous coordinate ring of P! and let
I C S be the homogenous ideal of the points Py, ..., P, and let Z C O
be the corresponding sheaf of ideals.

Lemma 2.1. The ring S/I is Cohen-Macaulay and I has a graded free
resolution
Fo: 0-F, 2. 9k 2750 (1)

correspondingly in terms of sheaves
Fo: 0o F b Ay m Dy g (2)

Proof. Each point P; corresponds to a primideal Ip, of height [ in the
homogenous coordinate ring S. Let I be the homogenous ideal of
Py, ...,Pie. I =1p N---NIp, accordingly I has height [. Consider
any ideal JC S, the quotient of I by an ideal J with I C J C S.

Assume that ht(j) = r and J is generated by r elements. Then there
are two possibilities, namely r = 0 or r = 1, as dim(k[zo, ..., z;]/I) = 1.
If r = 0, then J = I and the associated prime ideals of S/T are precisely
Ip,,...,Ip, all of which has height [ and j is unmixed. If r = 1, then

ht J = [+ 1, J is a maximal ideal in S and .J is trivially unmixed.
The unmixedness theorem therefore holds in S/I, and we conclude
that this ring is Cohen-Macaulay [M1, Theorem 32]. By the theorem
of Auslander Buchsbaum [AB], we finally have that the homological
dimension of S/I is . O

Remark 2.2. Following [L], each F; in (1) is of the form
Fi = @S (i)™

and in terms of sheaves

F; = @(O(—di )
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where d; ; > 0 are the degrees of the generators of Imd; and «;; the
number of generators in each degree. These numbers are accordingly
positive integers.

Example 2.3. (Koszul complex) Let X C P! be a complete in-
tersection defined by a regular sequence of homogenous polynomi-
als fi,..., fi of degrees dy,...,d;. Let S = F,[xg,..., 7] and let
E=S(—d)® - -® S(—d;) be the free graded S-module and consider
the S-linear homomorphism of degree 0:

s:EF— S

!
(gla v 7gl) = Zglfz
i=1
with image I, the ideal of X. Then the Koszul complex

. d; .
NE —— N7'E,
provides a free resolution of [

0 —— AE "y s M\E=FE ——> T s 0 (3)

Lemma 2.4. Let X be a finite set of points in P!, let T be the defining
sheaf of ideals. Let Hx(d) denote the Hilbert-function of X. Then for
all d, we have

i) Hx(d) = h"(O(d)) —h*(Z(d)) = |X| - h'(Z(d))
i) W (Z(d) =0 if 1<i<lI

0 if —-l—1<d,

Y i —l-1>d

iii) h'(Z(d)) =

Proof. As X is assumed finite and therefore of dimension zero, we have
that H'(Ox(d)) = 0 for i > 0. Consider the short exact sequence

0— Z(d) - O(d) — Ox(d) — 0.

To prove i) consider the start of the associated long exact cohomology
sequence:

0 — H°(Z(d)) — H°(O(d)) — H*(Ox(d)) — HY(Z(d)) — H'(O(d)) —

as the last term is zero by Remark 1.1 and H°(Ox(d)) is the number
of points in X, we obtain i) by taking the alternating sum dimensions.

As for ii) and iii) take i > 2 and consider the following part of the
long exact sequence

— H'7(Ox(d)) = H'(Z(d)) — H(O(d)) — H'(Ox(d)) —
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As the two extreme terms are zero, we have that
h'(Z(d)) = h'(O(d)) (4)
which in turn is zero by Remark 1.1 for 1 < 7 < [. Finally we have
from (4) and by Serre duality (Remark 1.1), that
h'(Z(d)) = h'(O(d)) = h°(O(~=d — 1 - 1))
and iii) follows fromRemark 1.1. O
In case X is a complete intersection intersection of [ hypersurfaces
the Koszul complex of Example 2.3 gives a resolution of I, taking alter-

nating sums of dimensions in degree d in (3), we calculate the dimension
in terms of the degrees of the defining equations.

Lemma 2.5. Let X C P! be a complete intersection defined by a requ-

lar sequence of homogenous polynomials fi,..., f; of degrees d, ..., d,.
Then
. .
. d—>7_ di +1 d+1
-3 Y (TETNL () e
j=1 1<i1<+<45<n

Later it will be of importance that a small number of points impose
independent conditions on forms of sufficiently high degree.

Lemma 2.6. Let V be a finite set in P!, then for d > |V] — 1:
Hy (d) = [V].

Proof. For any m points in P! with m < d, there exist hypersurfaces
of degree d through the first m — 1 points, but not through the last
point. 0

Lemma 2.7. Let X be a finite set of points in P!, let T be the defining
sheaf of ideals and let F. be a locally free resolution of T, such that we
have the exact sequence:

0—=F1—+Fo—-—=>Fy—1—=0.
Let Ny =Im(F;, = F; 1) C Fq fori=1,...,0—1 and let Ny = T.
In particular, we have the short exact sequence
0=F1—=>Fro>Ny—0

For all d, we have
-1

h(Z(d)) = ) _(=1)'h’(Fi(d)). (6)

1=0
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WL (T(d) = B (Fi1(d)) — W (Fio(d) + b NG o)) (7)
Proof. The exact sequence

0— F_1(d) = Fro(d) = -+ = Fo(d) = Z(d) = 0

breaks up into a number of short exact sequences, starting with

0 — Ni(d) = Fo(d) = No(d) =Z(d) = 0 (8)
the general being
0 = Nj(d) = Fi(d) = N;(d) =0 (9)
the penultimate being
0= Ni-i(d) = Fia(d) = Nia(d) — 0 (10)
and finishing with
0—0—=F 1(d) = N,_1(d) — 0. (11)

Claim: h*(N;(d))=0 for 1 <i < j
Proof of claim: Downward induction on j.
The induction starts with 7 =1 — 1 and we have

hi(M—1(d)) = hi(ﬂ—1(d)) =0

for 1 <i<[—1 by Remark 1.1.
For the induction step, let 1 < ¢ < [—1 and consider a part the long
exact cohomology sequence, starting with 0 by Remark 1.1.

0 = H'(F;(d)) = H'(Nj(d)) = H™* (N (d))
By induction assumption H™ (Njy1(d)) = 0 for i + 1 < j + 1, hence
H*(N;(d)) =0 for i < j.
End proof of claim.

From the general short exact sequence above and the (proved) claim,
we have the short exact sequence

0 = H(Nj41(d)) — H'(F;(d)) — H'(N;(d)) = H' (Njs1(d)) = 0

from which the statement (6) follows by taking alternating sums of
dimensions.

To prove statement (7) consider the short exact sequence (8) and
part of the associated long exact cohomology sequence:

> H'(Fold)) — HY(Z(d)) = H(N;(d)) — B2 (Fo(d)) -

The two extreme terms are zero by Remark 1.1, hence

h?*(Ni(d)) = ' (No(d)) = h'(Z(d)).
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Inductively, using the same argument on (9) , we obtain:
W™ (Mima(d)) = - - = h*(Mi(d)) = h' (No(d)) =h'(Z(d)).  (12)

Now consider (10) and the top part of the associated long exact coho-
mology sequence:

—— 7 (Fia(d)) — HT (Ni2(d) —
H'(N-1(d)) — H(Fia(d) —— HWia(d)) —— 0

By Remark 1.1 the first term is zero, taking alternating sum of dimen-
sions and combining with (12) proves statement (7). O

3. LINKAGE

The idea of linkage is basically, that two closed subschemes Vi, V5 C
P are said to be linked if their union Vi UV5 is a complete intersection.
More precisely

i) V1, Vs are equidimensional without embedded components and
without common irreducible components.
ii) V1 U V4 is a complete intersection X in P!

In [PS, Proposition 2.5] there is a useful description of a projective
resolution of the ideal Zy, of V5 linked to V;, which we recollect. Let
Vi, Vs be linked and assume that V; is locally Cohen-Macaulay and let
X be the complete intersection linking V; and V5. Let F, be a projective
resolution of Oy , for example the Koszul resolution, and let F;, be a
projective resolution of Oy, , i.e. we have two exact sequences:

— Fi —— Fia > Fo » Iy —— 0

—>f1i—>f1i,1 7 . >f10 >IV1—>O

where Zy, is the ideal of V} and Zy is the ideal of X. As V] C X, there
is a canonical morphism o : Ox — Oy,, which induces a morphism of
complexes:

Fo: —— Fi —— Fiq > Fo > 0
] | I
Fre: — Fi; — Fria > Fio > 0

Let e be the sum af the degrees of the equations of X and let N
be the maximal length of the two complexes. Then the morphism of
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complexes above gives rise to a morphism of complexes:

FiV(—e)e: 0 —— Fiy(—e) > o s Fiy(—e) —— 0
| | | |
F'(—€)e: 0 —— F(—e) > o >y FN(—e) —— 0

The mapping cone of this morphism «"(—e), of complexes gives a
resolution of the ideal Zy,, i.e. there is an exact sequence:

0
Fig(—e)

Fii (=€) ® Fy/(—e)

Fij (—e) & Fy(—e)
(13)
Fiiy(—e) © F(—e)




8 JOHAN P. HANSEN

4. EVALUATION CODES

From now on k = F,, where F, is the finite field with ¢ elements.

The error-correcting codes we consider are codes where the code-
words are the values of rational functions at a finite set of k-rational
points. Such codes have been treated in [La], [RT1], [RT2] and [H].

Definition 4.1. Let X = {P,,...,P,} C P! be a finite set of n points.
Let I C Fy[xo, ...,z be the ideal of X. Let F,[xo, ..., 2] be the
homogenous polynomials of degree d and let f, € F,[xo, ..., zi](g), such
that fo(P) # 0 for all P € X.

Then for each d > 0 we denote by Cy C F," the image

Cd = (I)(Fq[.TO, C.. ;xl](d)) - Fqn
of the evaluating morphism

d . Fq[l'g,...,l'l](d) —)IFqn (14)

fr <fo(P1>""’fo(P1>> (13)

It is clear from the definition of the Hilbert-function, Lemma 2.4 and
Lemma 2.5, that we have the following result

Proposition 4.2. The dimension of the code Cy is determined by the
Hilbert function

In particular if X C P! is a complete intersection defined by a requ-

lar sequence of homogenous polynomials fi, ..., f; of degrees d, ..., d,.
Then
. .
. - d—>0_ d; +1 d+1
dlmcd:Z(—l)] | Z. < S +(°]
j=1 1<i1 <+<i;<n

Example 4.3. (Reed-Muller codes) Let X = A(F,) C P! be the F,-
rational points in P! with 2y # 0. Then X is a complete intersection
with defining ideal

q_

— q -1 1
I=(2f — 2" "q,...,2] —x0" "))

From the proposition above, we have

dim Cy = zl:(_l)j <l> (d - Jéq - l)

=0 J
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4.1. Minimal distance and linkage. A lower bound for the minimal
distance for evaluating codes on complete intersections are obtained
with the help on linkage and the fact that a small number of points
impose independent conditions on forms of sufficiently high degree. In
[C] similar techniques are used to prove a generalisation of the Cayley-
Bacharach theorem.

Theorem 4.4. Let | = 2 and let X C P be a complete intersection
of two hypersurfaces of degrees dy,d>. Let d > d; — 3 fori = 1,2 and
let d < dy + dy — 3, then the evaluation code Cy has minimal distance
>di+dy—d—1

Proof. Let Vi C X be any subset of X with |Vi| > n—(d; +dy —d—3)
and consider the canonical projection

Cd — O(Vi)d — 0, (16)

where C'(V})q4 is the evaluation code on the points in V;. We shall prove
that the projection in (16) is injective.

Let V5 be the the set residual to V4 in X, such that V; and V5 are
linked by X.

We have resolutions for the three sheaves of ideals Zx (d), Zy, (d), Zv, (d),
namely the Koszul resolution , see Example 2.3:

0— O(—(d1 + d2)) — O(—dl) ©® O(—dg) —Tx — 0, (17)
a locally free resolution of Zy, as in (2):
0— Fi1 = Fio—> Ty, = 0 (18)

and the corresponding twisted mapping cone resolution (13) of Zy, (d):
0
Fig(d = (dy + dy))

Fil(d— (dy + do)) ® O(d — dy) ® O(d — d) (19)

IVI (d)
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Taking the long exact cohomology sequence og (17) gives:
h'(Zx () = h*(O(d — (di + d2)))
=h"(O(d) + dy — d — 3))
by Remark 1.1 as d > d; — 3.
As |V3| =1 < dy + dy — d — 3 the points in V3 impose according to

Lemma 2.6 independent conditions on forms of degree d; + dy — d — 3,
i.e.

(20)

h’(O(dy +dy — d — 3)) — h (T, (dy +dy — d — 3))
= Hy,(dy +dy —d — 3) (21)
= |13

Combining (20) and (21) gives together with (6) applied to the resolu-
tion (18) that

h'(Zx(d)) — [Va| = h*(Zv, (dy + dz — d — 3))
=h'(Fio(d +dy — d — 3)) (22)
—h(Fiy(dy + dy — d — 3))

On the other hand taking the long exact cohomology sequence of
(19) gives

HY (FY(d— (d + dy)) ® O(d — dy) ® O(d — dy))

H'(Zy; (d))

H?(Fiy(d — (dy + do)) ® O(d — dy) ® O(d — dy)) (23)

H?(FY(d— (dy + do)) ® O(d — dy) ® O(d — dy))

H?(Zv; (d))

The top term is zero by Remark 1.1 and the bottom term is zero by
Remark 2.4. Remark 1.1 gives h*(O(d — d;)) = h®(O(d; —d — 3)) = 0
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and

Finally (22) and (24) gives that
h'(Zx () — [Va| = b' (Zy; (d))
which by Lemma 2.4 implies that
dim Cy = Hx(d) = Hy, (d) = dim C(V})4

and therefore the projection in (16) has to be injective.

11

(25)

(26)
0

Example 4.5. (Reed-Muller codes continued) Let X = A(F,) C
P? be the F,- rational points in P? with 2y # 0. Then X is a complete

intersection with defining ideal

— (d -1 q -1
I= (2] — 20" wo,..., 2] —xp" 1))

q—3 < q < 2q—3, From the theorem above, we have that the minimal

distance of Cyjis > 2q¢—d —1for g — 3 < d < 2¢q — 3,



12

[
[M1]
[M2]

[MWS]

[PS]
[RT1]

[RT2]

JOHAN P. HANSEN

REFERENCES

Auslander, Maurice and Buchsbaum, David A., Codimension and multi-
plicity, Ann. of Math. (2), 68, 1958, 625-657

Auslander, Maurice and Buchsbaum, David A., Corrections to “Codimen-
sion and multiplicity”, Ann. of Math. (2), 70, 1959, 395-397

Hansen, Johan P., Points in uniform position and maximum distance
separable codes, Zero-dimensional schemes (Ravello, 1992), 205-211, de
Gruyter, Berlin, 1994

Coppo, Marc-Antoine, Une généralisation du théoreme de Cayley-
Bacharach, C. R. Acad. Sci. Paris Sér. I Math., 314, 1992, 8, 613-616,
Iversen, Birger, Cohomology of sheaves, Springer-Verlag, Berlin, 1986,
xii+464

Lachaud, Gilles, Number of points of plane sections and linear codes de-
fined on algebraic varieties, Arithmetic, geometry and coding theory (Lu-
miny, 1993), 77-104, de Gruyter, Berlin, 1996

Lorenzini, Anna, Betti numbers of points in projective space, Journal of
Pure and Applied Algebra, 63, 1990, 2, 181-193

Matsumura, Hideyuki, Commutative ring theory, Cambridge University
Press, Cambridge, 1989, xiv+320,

Matsumura, Hideyuki, Commutative algebra, Benjamin/Cummings Pub-
lishing Co., Inc., Reading, Mass., 1980, xv+313

MacWilliams, F. J. and Sloane, N. J. A., The theory of error-correcting
codes. II, North-Holland Mathematical Library, Vol. 16, North-Holland
Publishing Co., Amsterdam, 1977

Peskine, C. and Szpiro, L., Liaison des variétés algébriques. I, Invent.
Math., 26, 1974, 271-302

Renteria, C. and Tapia-Recillas, H., Reed-Muller codes: an ideal theory
approach, Comm. Algebra, 25, 1997, 2, 401-413

Renteria, C. and Tapia-Recillas, H., Linear codes associated to the ideal
of points in P? and its canonical module, Comm. Algebra, 24, 1996, 3,
1083-1090

E-mail address: matjph@imf .au.dk

INSTITUT DE MATHEMATIQUE DE LUMINY, 163 AVENUE DE LUMINY, CASE
907, 13288 MARSEILLE CEDEX 9 , FRANCE



