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ABSTRACT

It is of interestto considermodelsfor point processesthat allow for interactionbetweenthe points
aswell as for inhomogeneityin the intensityof the points. Markov point processmodelsarevery
usefulto describepoint interactionandcanalsobeusedto describeinhomogeneity. A particulartype
of inhomogeneousMarkov point processesobtainedby transforminga homogeneousMarkov point
processwill beconsidered.Thepositionof cell profilesin a 2D sectionof themucousmembranein
thestomachof a ratwill beexaminedusingthis model.

Keywords: Inhomogeneity, Interaction,Likelihood, Markov point process,Poissonpoint process,
Strausspointprocess.

INTRODUCTION

Thepositionof thecentresof cellsin tissuecanbe
describedby a spatialpoint process,whereeach
cell centre is representedby a point. A point
processis astochasticmodelfor pointpatternsthat
describesthepropertiesof thepointpattern:Trend
in the intensityof thepoints(inhomogeneity)and
interactionbetweenthepoints.

In surface covering layers (epithelium) such
as skin, mucous membranesand cartilage, a
gradientcan usually be observed in the direction
perpendicularto the surface. In planesparallelto
thesurfacehomogeneitycanbeassumed.Thus,it
is of interestto considermodelsfor pointprocesses
thatallow for inhomogeneityin a givendirection.
Furthermore,suchmodelsmustbeableto describe
interaction between points. Between the cell
centresthere is a natural inhibition since a cell
hasan extendandtwo cell centresthereforehave
to be a certain distanceapart. Consideringcell
division, inhibition on a smallscaleandclustering
ona largerscalemightbeobserved.

Typically we do not observe the full 3
dimensionaldatabut only a 2 dimensionalsection
wherethetrendis alongoneof thetwo dimensions.
In this paperwe will considera 2 dimensional
sectionof epithelium and model the position of
cell profilesusingapointprocesswith adirectional
gradientandsmallscaleinhibition.

Markov point process models are flexible
and tractablemodels for describing interaction.
HomogeneousMarkov point processesare well
studied and tools for statistical inference well
developed,seee.g. Diggle (1983), Geyer (1999)
andBaddeley andTurner(2000). Inhomogeneous
Markov point processeshave been much less
considered.

The model proposedby Jensenand Nielsen
(2000)is aninhomogeneousMarkov pointprocess
model, where the inhomogeneityis obtainedby
applying a bijective differentiable mapping to
a homogeneousMarkov point process. The
interactionis theninheritedfrom thehomogeneous
Markov model. In casesof inhibition betweenthe
points there is strongexperimentalevidencethat
the statisticalinferencecan be separatedinto the
statisticalinferencefor a inhomogeneousPoisson
point process(model with no interaction)and a
homogeneousMarkov point process,cf. Jensen
andNielsen(2000).However, this issuestill needs
a thoroughinvestigation.In this paperwe will use
this typeof statisticalinferenceandwill seethat it
givesagooddescriptionof theepitheliumdata.

MATERIAL AND METHODS

The imagein Figure 1 was suppliedby Thomas
F. Bendtsen. The imageshows a 2D sectionof

1
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themucousmembraneof thestomachof a healthy
rat, where the darker spotsare the cell profiles.
In the top of the imagewe have the cavity of the
stomach,andin thebottomof theimagethemuscle
tissuebegins. In this papertheprofilesonly in the
marked region are studied. In right hand-sideof
Figure 1 the position of the nuclei in this region
areshown. For convenience,thewindow is scaled
into the window � 0 � 893�-��� 0 � 1� . In what follows,
wefind amodelthatdescribethispoint pattern.

As mentioned in the introduction there is
an obvious directional trend in the point pattern
and small scaleinhibition sincetwo cells cannot
overlap. In the remainsof this paper, the point
patternwill beanalyzedusingtheclassof Markov
point processesby transformation,which will be
introducedbelow.

Let X denotea 2 dimensionalhomogeneous
Markov point process,andlet γ be the parameter
that describesthe point interaction. In Markov
point processes,interactions are only allowed
betweenneighbourpoints. A typical example
of a Markov point processis the Strausspoint
process,cf. Strauss(1975),wheretwo pointsare
neighboursif their distance is less than some
constantR   0. The probability density of the
point processis controlledby γs¡ x¢ , wheres£ x¤ is
thenumberof neighboursin a givenpoint pattern

x. Then, if 0 ¥ γ ¥ 1, the tendency of points
rejectingeachother increasesthe smallerγ is. A
valueof γ equalto 0 is thehard-coremodelwhere
no pair of points have distanceless than R, and
γ ¦ 1 is the Poissonmodel, the model with no
interactionat all.

Let hθ £ η � ξ ¤§¦¨£ η � lθ £ ξ ¤©¤ be a differentiable
bijective parametrizedmapping. Then,according
to Jensenand Nielsen (2000), Y ¦ hθ £ X ¤ is
a Markov point process,inhomogeneousin the
direction of the second coordinate, and with
density

fY £ y¤�¦ fX £ hª 1
θ £ y¤«¤ n ¡ y¢

∏
i ¬ 1

£ l ª 1
θ ¤\­®£ yi2 ¤�� (1)

where fX is the density of X, yi2 is the second
coordinate of the i’ th point yi of y and n £ y¤
is the number of points in y. As fX controls
the interactionbetweenthe points,the interaction
betweenpoints in the transformedpoint process
Y is inherited from the homogeneousmodel
X. The differential term £ l ª 1

θ ¤ ­ controls the
inhomogeneity. For more detail, seeJensenand
Nielsen(2000). Note that thefirst coordinatesare
not transformed,andthereforethemodel(1) only
describesinhomogeneityin thesecondcoordinate
direction.
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Figure1: ImagebyThomasF. Bendtsenshowinga 2D sectionof themucousmembranein thestomach of a healthy
rat. To theright, thepositionsof thenucleiof thecell profilesin themarkedregionof theimageare plotted.Thisis
thepoint patternconsideredin thepresentpaper.
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In applicationssuchasthe point patternfrom
Figure1, wehaveaninhomogeneouspointpattern
which we want to describeby a point process
model. Using the transformationapproach,we
assumethat the point patternin question,say y,
is arealizationof atransformation-inhomogeneous
point processY. The aim is then to find a
transformation such that the back-transformed
point pattern x ¦ hª 1

θ £ y¤ is a homogeneous
point pattern. Finally, well-known theory for
homogeneouspoint patternscan be applied in
orderto find amodelX describingx.

The problem of finding a suitable
transformationis not simple. The density(1) can
be split into the densityfor a homogeneouspoint
processand that of an inhomogeneousPoisson
point process. However, the inhomogeneity
parameter θ enters into both parts, and so
maximumlikelihoodestimationof θ is not based
on the inhomogeneousPoissonpart alone. In
practicehowever(simulationstudies),theestimate
θ̂0 basedon the inhomogeneousPoissonpoint
processseemsto be very good to describethe
inhomogeneity. Thus, θ̂0 will herebe usedasan
estimateof θ .

In order to analyze a homogeneouspoint
pattern we first consider summary statistics in

order to find the characteristicsof the particular
pointpatternsuchthatasuitableparametricmodel
canbeproposed,seee.g.Diggle (1983).Thenthe
parametersin the proposedMarkov point process
model are estimatedusing likelihood or pseudo-
likelihoodtheory, seeGeyer (1999)andBaddeley
andTurner(2000).Noticethatit is alsopossibleto
uselikelihoodandpseudo-likelihoodtheoryin the
full inhomogeneousmodel.This is howevermuch
morecomplicated,seeJensenandNielsen(2000).

RESULTS

To describe the inhomogeneity in the second
coordinate direction of the point pattern
from Figure 1, we will consider exponential
inhomogeneity, i.e.£ l ª 1

θ ¤ ­ £ η ¤ ∝ eθη ¯
The following mappinglθ : � 0 � 1��°±� 0 � 1� hasthe
aboveproperty,

lθ £ η ¤²¦ 1
θ

log ³ η £ eθ ´ 1¤¶µ 1· ¯
In Figure 2 (b) the back-transformeddata point
pattern is shown, where the inhomogeneity
parameter used in the transformation is
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(a) Centresof cell profiles

¸hª 1
θ̂0

 

 

• • •• • •••• • • • ••• • • •• • •• •• ••••• • •• ••• • • •• •• •• • • •• • •• • •• •• • • • ••• • • •• ••• • •• •• ••• •• •• •• • •• ••• • ••• •• • •• •• • • •• •• •• •• • •• •• • •• • ••• • •• • •• •• •• • • • ••• •• • • •• • ••• •• • • • •• • • • •• • ••• • • •• •• •• ••• •• ••• • •• •• • • • •• • • ••• • • • •• • • • •• •• • • • •• • • •• •• •• •• • • •• • • ••• •• • •• • • •• •• •• • • • •• • • •• • •• • •• • • • •• • •• •• •• • •• • •• •• •• • •• • ••• • •• •• •• • • •• ••• ••• • • •• • • •• • • • •• • •••• • • • •• • • • • • • • • ••• • • •• • •• • • •• • • •• •• • • •• • •• • • • • • •• •• • •• • • • •• • • •• •• • • • ••• • •• •• • • • • • •• • • • •• • •• • •• •• • •• • • • ••• • • ••• •• • • •• ••• •• • • • •• • • • •• • • • •• • •• •• • ••• • • •• • • • •• •• • • ••• • • • • •• •• • •• •• • • • • •••• • • • • •• • • • •• • • •• • • • • • •• • •••• • • • • ••• • • •• • • • •• • • •• • • •• • •• • •• • • • • •• • • • •• •• • • •• • • • • • • •• • • • •• • •• • • •• •• • • • •• •• • • •• • • • • • • • •

(b) Back-transformedcentres

Figure2: Point patterny from Figure 1 of cell profile centres(a) and the correspondingback-transformedpoint
patternx ¹ hº 1

θ » y¼ (b). Thetransformationparameteris the maximumlikelihoodestimatein the inhomogeneous

Poissonpoint processmodel,θ̂0 ¹ 1 ½ 3043.
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(b) Back-transformeddatavs regularStraussmodel

Figure3: EmptyspacefunctionF and nearestneighbourfunctionG for the back-transformeddata point pattern
versusthePoissonpointprocess(a) andtheStrausspointprocesswith parametersβ ¹ 760, γ ¹ 0 ½ 09andR ¹ 0 ½ 007
(b). Envelopesare thepointwisemaximaandminimaof 39 simulatedprocesses.

the maximum likelihood estimate θ̂0 in the
inhomogeneousPoissonmodel. Notice that this
pointpatternappearsto behomogeneous.

To determinethe interaction structure of a
homogeneouspoint pattern,we comparethepoint
patternwith ahomogeneousPoissonpointprocess.
This is typically doneby comparingthe F, G, J,
K andpair-correlationfunctions. Seee.g.Diggle
(1983), Stoyan et al. (1995) and van Lieshout
and Baddeley (1996) for more details on these
functions.In whatfollows, I haveconsideredonly
theF andG functions,but theconclusionswould
be the sameusingany of the other functions. In
thefirst plot of Figure3 (a) theF function for the
back-transformeddataand for the homogeneous

Poissonpoint processareplotted. TheF-function
canbe thoughtof asa statisticthat measuresthe
amountof empty spacein the point pattern. As
seen,the back-transformedpoint patternhas the
sameamountof emptyspaceasthePoissonpoint
process.In the secondplot of Figure3 (a), the G
functionis shown. This functionis theprobability
functionfor thenearestneighbourdistancesin the
point pattern.As seen,theback-transformedpoint
pattern has less of the small nearestneighbour
distancesthanthePoissonpoint process,which is
a sign of small scaleinhibition. This is of course
dueto thefactthatwe only considerthecentresof
thecell profiles.

A Strausspoint processis a usefulmodel for
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(a) Data
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(b) Transformedsimulationsof regularStrausspointprocesses

Figure4: Plot of thedatapoints(a) andfour simulationsfromtheexponentialinhomogeneousStrausspointprocess
(b).

describinginhibition. In Figure 3 (b) the data
is comparedwith a Strausspoint processwith
parametersβ ¦ 760, γ ¦ 0 ¯ 09 and R ¦ 0 ¯ 007.
Due to the very small distanceR, the amount
of empty spaceis close to that of the Poisson
point process.The amountof very small nearest
neighbourdistancesis reduced.Fromthetwo plots
we concludethat the back-transformeddatapoint
patterncanbe assumedto be a realizationof the
Strausspoint processwith parametersas above.
Hence, the data point pattern can be regarded
a realization of the exponential inhomogeneous
Strausspointprocesswith density

fY ¿ yÀ�Á α ¿ β Â γ À β n Ã yÄ γsÃ hÅ 1
θ Ã yÄÆÄGÇ θ

eθ È 1 É n Ã yÄ n Ã yÄ
∏
i Ê 1

eθyi1 Â (2)

whereθ ¦ 1 ¯ 3043, β ¦ 760, γ ¦ 0 ¯ 09 and R ¦
0 ¯ 007. In Figure4 thedatais plottedtogetherwith
four simulationsfrom thispoint process.

Notethat,exceptfor thesmallscaleinhibition
causedby non-overlappingcells, the data point
patternis very closeto being an inhomogeneous
Poissonpointprocess,cf. Figure3 (a). Therebythe
estimateθ̂0 basedon the inhomogeneousPoisson
modelis averyaccurateestimate.

DISCUSSION

It appearsasif thereis alsoa gradientin the first
coordinateof thedatapointpattern.Themaximum
likelihood estimatebasedon the inhomogeneous
Poissonpoint processis θ̂02 ¦ ´ 0 ¯ 27159. The
estimateis very small and it could be interesting

to perform a statistical test: θ2 ¦ 0. More
interestingwould be to comparegradientswithin
varioussectionsfrom the samerat. Probablythe
gradientin the first coordinatecan be explained
as variation, while the gradient in the second
directionis significant.It couldalsobeinteresting
to comparedifferent ratsand to comparehealthy
ratswith ratstreatedwith anti-aciddrugs.

Furthermore,I havenotdistinguishedbetween
thetypeof cellsin themucousmembrane.Thereis
muchinterestin aparticulartypeof cells,theECL
cells, and it could be interestingto test whether
thesecellsareuniformly distributedamongall the
cells. This is the caseif the gradientfor the ECL
cellsis thesameasthegradientfor all thecells.

Notethat,in thispaperwehavemodelleda2D
sectionof a 3D structure.Supposingthatwe have
thefull 3D dataset,thesamemodelcouldbeused
wherenow X is a 3D homogeneouspoint process,
the transformationis hθ £ η � ξ � ν ¤D¦u£ η � lθ £ ξ ¤�� ν ¤
andthe inhomogeneousmodelis still of the form
(1). However, we do not have informationabout
thethird dimension,andthiswill mostoftenbethe
situationin reality. Conclusionsaboutthe model
for the3D databasedonthemodelobtainedfrom a
2D sectionis notstraightforward.Methodsusedin
Stereologymaybeuseful.SeeStoyanetal. (1995,
Section11.6.2)andHahnet al. (1999).

Finally, it should be noticed that the
transformationmodel only describesthe position
of the cell profile centres and not the whole
image. Transforming the image would
give homogeneous distributed positions but

5



Nielsen� (2000)

inhomogeneousdistributed profile sizes. The
image should be describedby a marked point
process,seee.g.Baddeley andMøller (1989),with
profile positionsmodelled by (2) and marks of
the points being the sizesand shapesof the cell
profiles.

A preliminary report was presentedat the
Xth International Congress for Stereology,
Melbourne,Australia,1-4 November1999.
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�ï �U¹2ó�Ø�Æ5¹»¸6Ø�Æ�ß�×3Ø�Æ Ù Ø�Ù�Ü�ËK¸Ð¹»¸>¾'Ø�È�¹»ÇÏ·�¸6Ø�Á�Þ8¹�¿�¸!¾'Á�¿ ï õåÈÝ¾Yö»Å�Æ�¿�¾Y¸!ß�Ø�×ÊW¹»Æ�ÞKË2¿4w´ai b |�i b �bÓ{w ³ w · w®d b k � ��i�fg|�i b ��ã�woe¡w�� _a`
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¯
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�a¯ � w �%¶ b ¼¾v ¶ r ¶ �
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Á*¸©¾'¹»Å©¿�É�ÁYÄ6Å©Ç�¼*¾�º*¿�À;Å©º³¾6ö Æ©É�ÁYÁ�¸�¾×É�Å�Á*¼�Ä6Å�º³Ý¤À;¼³ËÌ¾�Ç�Ç©Ä4Á ÄáØ�Ädí;¾MÁ*¸©¾ �FÅ©¾hº®ÁbÀÔí6¾h¼*Ä6Ê»Ê
¼³¾hº³É©Ê�ÁhÕý ���¶�ÞÒ��bÿq�)��Ô\ÕyÕ)��Ù à �y*\�YÕ)��Ù¯���¯ÔZ&
õFÀ;¼GÁ�¸�¾/Âh¾�Ê»Ê�ÇFÄ4Á�Ä�ö.Ïd®;Ó%¹»ºGÝ¤É©Ê$�FÊ�Ê»¾�Ç.ö�º*¾h¾/õ1¹»Ø6É©¼*¾ � ö(º*À × � ÏZz;Ón� × ÏZz;ÓTÝ¤À;¼òÄ6Ê»Êtz�1 Ý ��Õ

õFÀ;¼|¾dÄ6Â ¸�z½1 Ý ��ö�Á�¸©¾}¹»Å©Å©¾�¼®ã�¿©Ê­Ä6Å�¾}¼*Ä4Á�¹�À;º|Ý¤À6¼|Á*¸©¾óÇFÄ�Á ÄÃ¸FÄ4º/Æ�¾h¾hÅmÂhÄ6Ê»Â�É©Ê­Ä�Á�¾hÇ
Ý¤À6¼l¾dÄ6Â ¸�@ 1 × Ï\z6Ó²ÕóÖ�ºl¾²ð�¿©Ê»Ä6¹»Å©¾�Ç ¾dÄ6¼³Ê»¹»¾�¼hö�Ä�Á*Á�¾�Å�Á�¹»À6ÅmÂdÄ6Å�Å©À>à Æ�¾'¼*¾�º³Á�¼³¹»Â²Á�¾hÇmÁ*À
Á*¸©¾Cº³¾�Á�Ï � Ó`º*¹�Å©Âh¾CÀ6Å©Ê�ìYÁ�¸©Ä4ÁTí4Ä6Ê»É�¾ Ñ@FÏZz;ÓG1 × ÏZz;Ó�àL¸©¹»Â ¸'ËÌÄ�ð�¹»Ë×¹[+h¾�ºeÁ*¸©¾C¹�Å©Å©¾h¼´ã�¿©Ê»Ä6Å©¾
¼*Ä4Á�¹�Àu¹»ºbÄU¿�À;º³º*¹»Æ�Ê»¾MÂdÄ4Å©Ç©¹»Ç©Ä4Á�¾MÝ¤À;¼lÁ�¸�¾½ÙyÛ Ü�Õ æ�ÅZõ`¹»Ø;É©¼³¾ ø Ï�Ä�Ó�àå¾Ìº*¾�¾ÃÄu¿©Ê»À4ÁYÀ6Ý
Á*¸©¾UËÃÄ�ð�¹�ËÃÄ6Êò¹»Å©Å�¾h¼®ã�¿©Ê­Ä4Å©¾u¼�Ä4Á*¹»À;º >³À;¹�Å©¾hÇçÆ�ìçÝ¤É©Ê»Ê�Ê�¹»Å©¾�ºhÕé·�¸�¾ÚÇ©À4Á*Á�¾�ÇéÊ�¹»Å©¾�º×¹�º×Ä
¿�Ê»À6ÁMÀ4Ý�Á*¸©¾uÂhÀ;¼³¼*¾hº³¿âÀ6Å©Ç©¹»Å�Ø�¼*Ä4Á�¹�À;º�Ê�À;Ø�Ïd`bc�ÏZz�] Ñ@©Ï\z6Ó*Ó]Õ±`bcÔÏ\z¯] Ñ@	c²Ó³Ó²Õ Í|À6Á�¹�Âh¾½Á*¸FÄ4ÁMÁ�¸�¾
Á�àòÀ½Â�É©¼³í6¾hºlÄ6¼³¾óÑ×À;Å©Êôìuº*¹»ËóÉ©Ê�Á�Ä6Å©¾hÀ6É©º*ÊôìuÄ6Å©ÇUÁ�¸©¹�º�¹�º�¹�ÅUÁ*¸©¾óÂhÄ6º*¾�º�àL¸©¾�Å Ñ@	cß¹»º�Á�¸�¾
ËÌÄ�ð�¹»ËóÉ©Ës9|�Y¹ôí;¾�Åsz�1 Ý ��Õ%·�¸�¾hÅ.ö

Ñ@©ÏZz;Ób� Ñ@	c�lÎ� Ê»À6Ø `nc�Ï Ñ@©ÏZz;ÓK�a!©Ó`bc�Ï Ñ@	c��a!�Ó �ÞÑmlÎ� Ê�À;Ø `�Ï\z¯] Ñ@©ÏZz;ÓK�a!�Ó`|ÏZz�] Ñ@	c��a!©Ó � Ñ

Ñ@©ÏZz;Ó )� Ñ@	c�lÎ� Ê»À6Ø `nc�Ï Ñ@©ÏZz;ÓK�a!©Ó`bc�Ï�Ñ@	c��a!�Ó ��ÑmlÎ� Ê�À;Ø `�Ï\z¯] Ñ@©ÏZz;ÓK�a!�Ó`|ÏZz�]YÑ@	c��a!©Ó %�Ñ

ý ���¶�ã���bÿq�)��Ðb�V�?Ò����,Õ à ��*Z�YÕ)�,Ý½Ù¯���¯ÔZ&
Û�¾²Á;z�c³�zÑ�� Ñ6ÑV®MÄ6Å©ÇÝ �Ã� ð¯z j9n c�]az j Ypo�]	�	�	��]az jYl ]az�c	]az l ]��	�	��]�z�qpo	]az î c�ô��
õFÀ;¼GÄ4Å�ì�z�·�ö�ºnúÈÑYÄ6Å©ÇÌÄ6Å�ì
@ �Q� � 1 × Ï\z�·�Ó²ö;àò¾�Â�À;ËÌ¿�É�Á�¾�Á�¸�¾|¿�¼*À±�FÊ�¾�Ê»¹$
6¾hÊ�¹»¸©À(À(Çó¼�Ä�Á�¹»À
É�º*¹»Å�ØmÏ;³;Ó�ÕGæ�Ýyº
��Ñ�ö�Á�¸�¾bº³¾hÂ�À;Å©Çyº³É©Ë ¹�ÅZÏT³�Óå¹»ºLÂ ¸FÄ4Å©Ø;¾hÇuÁ�À   Þ c° � · ¸kl Õæ�ÅUõ1¹�Ø;É©¼*¾ ø Ï¤Æ�ÓòÁ�¸�¾lÆâ¾²Á�àå¾�¾hÅ�ã�¿©Ê­Ä6Å�¾hºL¼�Ä4Á*¹»À;ºCÄ6¼*¾l¿©Ê�À6Á*Á*¾hÇuÄ6ºCÁ*¸©¾lÇ©À6Á³Á�¾�ÇÚÊ�¹»Å©¾�ºhÕ
·�¸�¾�¿©¼³À±�FÊ�¾|Ê�¹[
4¾hÊ»¹�¸©À(À�Ç�¼*Ä4Á�¹�ÀY¹»ÅÚÏ\z¯] Ñ@�Ï\z6Ó*ÓT¹»º%Á�¸�¾hÅ'Á�¸©¾|º*É©ËpÀ4Ý�Á�¸�¾�¹�Å©Å©¾h¼´ã�¿©Ê»Ä6Å©¾LÄ6Å�Ç
Æ�¾�Á�àò¾h¾�Å�ã�¿�Ê­Ä6Å©¾�ºG¼�Ä4Á*¹»À;º�ö;º*¾�¾óÏT³�Ó²Õ`·�¸©¾L¿©¼*À��FÊ»¾CÊ�¹[
4¾hÊ»¹�¸©À(À�Çb¼�Ä4Á*¹»À;ºTÄ6¼*¾�¿©Ê�À6Á*Á*¾hÇ'Ä6ºTÝ¤É�Ê»Ê
Ê�¹»Å©¾�º�¹»ÅUõ1¹�Ø;É©¼*¾ ø Ï¤Æ�Ó²Õ
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·�¸�¾óí;¾�¼³Á�¹�ÂdÄ6Ê`Ê»¹�Å©¾hº|ËÃÄ4¼�
�º�Á*¸©¾�¹»Å�Á*¾h¼®ã�¿âÀ6¹»Å�Á/Ç�¹»º³Á�Ä6Å©Â�¾hºqð�� l ]_�V¢�]	�	�	��]_� µ ô�Õ/Í�À6Á*¾

Á�¸FÄ4ÁÌÁ�¸©¾ÚÆâ¾²Á�àå¾�¾hÅ�ã�¿©Ê­Ä4Å©¾hºá¼*Ä4Á�¹�ÀZ¹»ºÌ¹»Å©Â�¼*¾hÄ6º*¹�Å©Ø�Ï�Ä6Å©Ç�ÂhÀ6Å�Á*¹»Å�É©À;É�º ÓÌÆ�¾�Á�àò¾h¾�ÅÈÁ�àòÀ
º*É©Â ¸Uí6Ä4Ê»É©¾�ºLÄ6Å©ÇU¸FÄdí;¾}Ä'Ç�ÀÔàLÅ(ã�àåÄ6¼*Ç©º�>³É©Ë×¿uÂh¼*À6º*º*¹�Å©Ø'Á�¸©¾YÊ»¹�Å©¾hº�ö©º*¾�¾}è�¾hÂ²Á�¹»À6ÅOÒ;ÕQ³�Õ

õFÉ©¼®Á�¸©¾�¼*Ë×À;¼*¾4ö�Å©À6Á�¹�Âh¾YÁ�¸FÄ�Á/¹�ÅÚÁ�¸�¾ó¹»Å�Á*¾h¼³í4Ä6ÊòÏ�Ñ��_� l �eÉ©¿yÁ*ÀÌÁ*¸©¾��F¼³º³Á/Ê»¹»Å�¾bËÌÄ6¼x
�ã
¹»Å©Øs� l ö1À;Å�Ê�ìWÁ*¸©¾ÃÊ»Ä6º³ÁbÆ�¾�Á�àò¾h¾hÅ(ã�¿©Ê»Ä6Å©¾hºó¼�Ä4Á*¹»À;ºY¸FÄ6ºbÆ�¾h¾hÅZÂdÄ6Ê�ÂhÉ©Ê»Ä4Á�¾�Ç.Õ½·�¸©¾ÌÀ6Á�¸©¾�¼
Æâ¾²Á�àå¾�¾hÅ�ã�¿©Ê­Ä6Å�¾hºb¼�Ä4Á*¹»À;ºY¹»ÅmÁ*¸©¹»ºY¹»Å�Á*¾h¼³í4Ä6ÊTÄ6¼*¾×Ä6Ê�ÊTº*ËÌÄ6Ê»Ê�¾h¼�ö Ä6Å©Ç�º*ÀÚÄ6¼*¾'Á�¸©¾'¿©¼³À±�FÊ�¾
Ê»À;Ø4ã�Ê»¹$
6¾hÊ�¹»¸©À(À(Ç×¼*Ä4Á�¹�À;º�º*¹�Å©Âh¾lÁ*¸©¾Y¹»Å©Å©¾�¼®ã�¿©Ê­Ä6Å�¾ß¼�Ä4Á*¹»À;ºLÄ4¼*¾YÄ6Ê�Ê�Ñ�Õý ���¶� Ï��bÿq�)����Õ��8*�%'�8|)Ô\%:ÔE}V���¯ÔZ&kÕ
·�¸©¾ß¿©¼³À±�FÊ»¾�Ê»¹$
6¾hÊ�¹»¸©À(À(ÇyÏ ­ Ó
¹�ºòËÌÄ�ð�¹»Ë×¹[+�¾hÇ×¹»ÅãzÃ�ÞÑ�� Ñ;ÑV®;Ð�Õ`·�¸©¾h¼³¾hÆ�ì½Á*¸©¾�Ý¤É©Ê�Ê.ÙÚÛeÜ
¹»º

Ï Ñun] Ñw)] Ñz,] Ñ@ l ] Ñ@	¢²Ób�üÏü®�³�®��I³�] Ñ�� Ñ ø Ò � � ] Ñ�� Ñ;ÑV®;Ð6Ñ�]dÒ�� ­ Ñ � ]   Ñ�� Ð�®�°;Ó
è(¹»Å©Â�¾¨@ � c � � Ñ@	cdö(àå¾/Ä6Ê»º³Àó¸FÄdí6¾/Á�¸©¾�¿FÄ6¼®Á�¹­Ä4Ê�¿�¼*À±�FÊ�¾�Ê�¹[
4¾hÊ»¹�¸©À(À�Ç�àL¸©¾�¼*¾Ã@b¹»ºn��ð�¾hÇ

Á�À Ñ@	c>Õ%·�¸©¹»ºL¹�º�ÅFÄ6Ë×¾hÊ�ìÌÁ�¸©¾YÆ�¾�Á�àò¾h¾�Å�ã�¿©Ê»Ä6Å©¾�º�¼*Ä4Á�¹�À;ºhÕ%·�¸�É©º�ö�Á*¸©¾Y¿FÄ6¼®Á�¹­Ä4Ê�ÙyÛ Üé¹�º

Ï Ñun] Ñw)] Ñz,] Ñ@	c l ] Ñ@	ci¢²Ób�üÏd®�³x³�� Ñ�] Ñ�� Ñ ø ­�� ø ] Ñ�� Ñ;Ñ�®�Ò¯°�]dÒ±� ­ Ñ � ]   Ñ��µÐ±®;Ð;ÓX�
·�¸©¾CÆ�¾�Á�àò¾h¾hÅ(ã�¿©Ê»Ä6Å©¾hº%¼*Ä4Á�¹�À©ö6¹�º`¹�Å©Âh¼³¾dÄ6º³¹»Å©Ø/À;Å�¹»Å�Á*¾h¼³í4Ä6Ê�º�Ï\�V·ü�_��· ¸kl �9ÕT·�¸�É©º�ö;Á�¸©¾LÙÚÛeÜ
Ý¤À;¼
Á*¸©¾/¿©Ä6¼³Á*¹­Ä6Ê�Ä6ÅFÄ4Ê�ì(º*¹�ºò¹�ºå¾²ð�¿©Ê�¹»Â�¹�Á�Êôì 
�Å©À>àLÅ.ö Ñz �6��· � Ñ�� Ñ6ÑV®�Ò � ³�® ø ö�º*¹�Å©Âh¾|Á�¸©¹�ºå¹�º
Á�¸©¾YÀ;Å©ÊôìÊ��· Æ�¾�Á�àò¾h¾hÅWÑ�� Ñ6ÑV®�Ò¯°�Ä6Å�ÇUÁ*¸©¾YÅ©¾²ð(Á|Ø;¼*¹�Ç�ã�¿�À;¹�Å�ÁCÑ�� Ñ;ÑV®;Ð6Ñ�Õ
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õF¼³À;Ë Á*¸©¾�àCÄdì'ÇFÄ4Á�Äb¹�º%º�Ä6Ë×¿©Ê�¾hÇ.ö;àò¾�Æ�¾hÊ�¹»¾²í;¾�Á�¸FÄ�Áv@	¢�� Ñ�ö�Ä4Å©Ç×àL¹�Ê»Ê�Å©À>à�Á�¾�º³ÁGÁ�¸©¹�ºhÕ
·�¸�¾bÁ*¾hº³Á|º®Á Ä4Á*¹»º³Á*¹»ÂßÂhÄ6ÅUÆâ¾YÂdÄ4Ê»ÂhÉ�Ê­Ä4Á*¾hÇUÄ6º|Ð©Ï¤Ö   �   ¼�Ó�ö©àL¸©¾h¼³¾

ÖB�ÈÊ»À;Ø `�Ï Ñz�]ÔÏ Ñ@ l ] Ñ@	¢�ÓK�a!©Ó`|Ï\z	c�]ÔÏ�Ñ@	c l ]YÑ@	ci¢²ÓK�a!�Ó ] �0� Ê�À;Ø `/Ï Ñz,]>Ï Ñ@ l ] Ñ�ÓK�a!�Ó`/ÏZz	c	]ÔÏ�Ñ@	c l ] Ñ�ÓK�a!©Ó ]¼0�zÊ�À;Ø `|ÏZz	c	]ÔÏ Ñ@	c l ] Ñ�ÓX��!©Ó`�ÏZz	c�]ÔÏ Ñ@	c l ] Ñ@	ci¢�ÓX��!©Ó �
ñO¾�¸FÄdí;¾óÖÃ��Ò;Õ � ® � °�®(Õ/·�¸©¹�º/¹»º|Á�¸©¾}ËÃÄÔð�¹�Ë�É©Ë í4Ä6Ê�É©¾óÀ6Ý1Á�¸©¾óÝ¤É�Ê»Ê ¿©¼*À��FÊ»¾}Ê»¹[
4¾²ã

Ê�¹»¸©À(À(ÇÚÝ¤¼*À6Ë õ1¹�Ø;É©¼³¾ ø Ï�ÆFÓ²Õb·`ÀuØ;¾²ÁßÁ�¸©¾�í4Ä6Ê�É©¾V�/ö�àå¾'ËÌÄ±
6¾}Á�¸©¾�Ý¤É©Ê�ÊTÄ6Å©Ä6Ê�ì(º*¹�º�Ý¤À;¼@	¢³� Ñ���ð�¾hÇ�Õòæ�ÅUõ1¹�Ø;É©¼*¾ � Á*¸©¾l¼*¾�º*É©ÊôÁ�¹�Å©Ø'Ê»¹[
4¾hÊ�¹»¸©À(À�ÇÌ¼�Ä4Á*¹»À;ºCÄ6¼*¾l¿©Ê�À6Á*Á*¾hÇ.Õ%·�¸�¾YÝ¤É�Ê»Ê
ÙÚÛeÜ,Æâ¾�ÂhÀ;Ë×¾hº

Ï�Ñun] Ñw�] Ñz�]YÑ@ l Ób�üÏü®�³V®�� Ñ�] Ñ��ôÒ>Ñ ø � °�] Ñ�� Ñ;ÑV®;Ð±°�]dÒ�� ­ Ò¯°;Ó
Ä4Å©ÇUÁ*¸©¾Y¿FÄ6¼®Á�¹­Ä4Ê�ÙyÛ Ü

Ï Ñun] Ñw)] Ñz,] Ñ@	c l Ób�üÏd®�³V°��ôÒ�] Ñ��ôÒ>Ñ � ³ � ] Ñ�� Ñ;ÑV®6Ð6Ñ�]dÒ�� ­ Ñ � ÓX�
Ö�Ø�Ä6¹�Å'àò¾/ÂhÄ6Å½�©Å©ÇÌÁ*¸©¾�¾�ð�Ä6Â�Áò¿FÄ6¼®Á�¹­Ä4Ê�ÙyÛ Ü Ä6º
Á*¸©¾Lº*ËÌÄ6Ê»Ê�¾hº®ÁG¹»Å�Á�¾�¼®ã�¿�À;¹�Å�ÁGÇ�¹»º³Á�Ä6Å©Â�¾
Ý¤À6¼LÁ*¸©¾b¿âÀ;¹�Å�Á�¿©Ä4Á*Á*¾h¼*Å�5 jYl~O������E� �h� ÏZ!©ÓåÊ»Ä6¼*Ø6¾h¼�Á�¸FÄ4ÅWÑ�� Ñ;ÑV®;Ð4Ñ�Õ
ñO¾bØ;¾�Á Ñz��#Ñ�� Ñ;Ñ�®;Ð � Ð�Ò ø Õ
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·�¸�¾Ãí4Ä6Ê»É©¾×À6Ý;¼ ÂhÄ6ÅäÆ�¾ÃÂdÄ4Ê»ÂhÉ�Ê­Ä4Á*¾hÇ Ä6ºóÄ6Åä¹�Å©Å©¾h¼´ã�¿©Ê»Ä6Å©¾'¼�Ä�Á�¹»À�ö�z � z�cdö1àL¹�Á*¸

À;Å©Ê�ìUÀ;Å�¾óÁ�¾�¼*Ë]¹»ÅyÁ*¸©¾Mº*É©Ë]º*¹�Å©Âh¾ ��� � Ïd5 jYl���� Ï\!�Ó*Ó�� ­ Ä6Å�Ç��	� � Ïd5 jYl~ ������O� �h� ÏZ!©Ó³Ó�� � ÕßñO¾
Ø;¾�Á;¼��   ­ ��®;Ð�Ò¯®�³�Õ

·�¸�É©º�ö6Á�¸�¾
Á*¾hº³Áeº®Á Ä4Á*¹»º³Á*¹»ÂG¹»º`Ð©Ï¤Ö   �   ¼LÓn�{®�� Ð ­ ÕeÜTí4Ä6Ê»ÉFÄ�Á�¹»Å�ØLÁ*¸©¾GÁ�¾hº®Áeº³Á Ä�Á�¹»º®Á�¹�Â
¹»ÅOÄU� ¢ Ï®Ò>ÓlÇ�¹»º³Á*¼*¹�Æ©É�Á�¹�À;Å.ö.Á*¸©¾×Á*¾hº®Áó¿©¼³À;ÆFÄ6Æ�¹»Ê»¹ôÁ�ìW¹�º}Ñ�� ®;Ð-�áÕ½õ�¼³À;Ë ÄáÁ�¸©¾�À;¼*¾²Á�¹�ÂdÄ6Ê�Ê�ì
¿âÀ;¹�Å�ÁßÀ6ÝGí(¹»¾²à àò¾'¸FÄ6Çm¾²ð�¿�¾hÂ²Á�¾hÇ�Á�¸FÄ�ÁßÁ�¸©¾�Á*¾hº®Á�ºlÝ¤À;¼Ã@	¢ �üÑ½Â�À;É©Ê�ÇmÆâ¾'Ä6Â�Âh¾�¿�Á�¾�Ç.Õ
·�¸©¾Y¼*¾dÄ4º*À;Åuàå¾bØ;¾²Á�º³É©Â ¸WÄMÊ�ÀÔàzÁ�¾�º³Á|¿©¼³À;ÆFÄ6Æ©¹�Ê»¹ôÁ�ìÃ¿©¼³À;ÆFÄ6Æ�Ê�ì½Æ�¾hÂhÄ6É©º³¾bÁ*¸©¾YÅ(É�Ë�Æâ¾�¼
À6Ý1Ç©Ä4Á ÄM¿�À;¹»Å�Á�º�¹�ºCí;¾�¼³ìuÊ­Ä4¼*Ø;¾4Õ
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