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E-THEORY IS A SPECIAL CASE OF KK-THEORY

V. MANUILOV AND K. THOMSEN

ABSTRACT. Let A and B be C*-algebras, A separable, and B o-unital and stable. It is
shown that there are natural isomorphisms

E(A,B)=KK(SA,Q(B)) =[SA,Q(B) ® K],
where SA = Cy(0,1) ® A, [-,-] denotes the set of homotopy classes of #-homomorphisms,
Q(B) = M(B)/B is the generalized Calkin algebra and K denotes the C*-algebra of compact
operators of an infinite dimensional separable Hilbert space.

1. INTRODUCTION

Connes and Higson have introduced a variant of Kasparov’'s K K-theory, [3], [9], called
E-theory, originally with the purpose of realizing a theory developed by Higson, [7], which is
half-exact with respect to arbitrary extensions of (separable) C*-algebras. E-theory relates
directly to Kasparov’s theory via a natural map

KK(A, B) — E(A, B),

which is an isomorphism when A is nuclear, but which is not always injective, reflecting the
fact that K K-theory is not half-exact in general, [15]. By specializing, this map gives us
also a natural map

KK(SA,Q(B®K)) — E(SA,Q(B®K)),

where SA = Cy(0,1) ® A is the suspension of A, and Q(B ® K) = M(B® K)/B ® K
is the generalized Calkin algebra, or ‘corona’ algebra, of the stabilized C*-algebra B ® K.
Thanks to the unrestricted excision properties of E-theory, combined with Bott-periodicity
and stability, there is a natural isomorphism E(SA,Q(B ® K)) = E(A, B), and we have
therefore a natural map

KK(SA,Q(B®K)) — E(A, B). (1)

The main result of the present paper is that this map is an isomorphism, when A is separable
and B o-unital. The method of proof is easily explained. In [12] we introduced a method
which produces a genuine *-homomorphism ¢ : A — Q(B ® K) out of an asymptotic
homomorphism ¢ = (¢t),cp; o) + A = Q(B). We will show that this construction gives rise
to a group homomorphism

[SA, Q(B) @ K]] — [SA, Q(B @ K) © K],

where brackets [-,:] (resp. double brackets [[-,:]]) denote the set of homotopy classes of
homomorphisms (resp. of asymptotic homomorphisms). Composed with the obvious map
[SA, Q(BRK)®K] — KK(SA, Q(B®K)), we obtain a natural map F(A, B) = [[SA, Q(B)®
K]] — KK(SA,Q(B ®K)), which we show is an inverse for the map (1). As a by-product

of the proof we obtain a description of E-theory as homotopy classes of x-homomorphisms.
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Despite the simplicity of the idea behind the proof, the actual realization of the approach
is quite technical, and it will occupy the remaining part of the paper.

It should be pointed out that an alternative translation between K K-theory and E-theory
was obtained by the second-named author in [16]; specifically, it was shown that

E(A,B) = KK(A,Cy([1,0), BRK)/Cy([1, ), B®K)),

when A and B are both separable. However, C([1, 00), B&K)/Cy([1,0), B®K) is a nasty
C*-algebra which is never g-unital (unless B = 0), and is certainly a rather unnatural gadget
to consider in relation to K K-theory. In contrast Q(B ® K) is always unital and a 'must’ in
every theory dealing with extensions of C*-algebras.

In [12] we came very close to the conclusion that E(A, B) = [SA,Q(B) ® K], in that we
proved the equality E(A, B) = lim [SA, Q(B®K)® M,]. By combining this with the result
in the present paper we see that lim [SA,Q(B ® K) ® M,|] = [SA,Q(B ® K) ® K]. This
equality seems so plausible that one is tempted to write down a direct proof. However, we
are unaware of any proof which avoids the use of asymptotic homomorphisms.

2. FUNDAMENTAL NOTATION AND TERMINOLOGY

Let A and B be C*-algebras, M(B) the multiplier algebra of B and ¢ : M(B) —
M(B)/B = Q(B) the quotient map. An asymptotic homomorphism ¢ = (¥¢)icfi,00) : A —
Q(B) will also be called an asymptotic extension of A by B. Two asymptotic extensions
@, A — Q(B) are unitarily equivalent when there is a norm-continuous path (u;)scp o), of
unitaries in M (B) such that lim;_, ., Ad ¢p(u;)ot(a)—pi(a) = 0 foralla € A. An asymptotic
extension ¢ : A — Q(B) is said to be split (as an asymptotic extension) when there exists an
asymptotic homomorphism (A¢)sef1,00) : A — M (B) such that lim;_.o gg 0 Ad¢(a) — ¢(a) =0
for all @ € A. (We will show along the way that this is equivalent to the apparently stronger
condition that there exists an asymptotic homomorphism (A})¢cp1,00) : A — M (B) such that
gg o ANj(a) = p(a) for all @ € A, t € [1,00), provided only that ¢ is equi-continuous, cf.
Lemma 4.3.) An asymptotic homomorphism ¢ = (¢¢)epi,00) : A — B is equi-continuous
when the family of maps (¢1)ic,00) : A — B is an equi-continuous family, i.e. has the
property that for all @ € A and all € > 0 there is a 6 > 0 such that [|¢;(a) — ¢ (b)]| < €
for all t € [1,00) and all b € A with |ja — b|] < §. It is well-known that any asymptotic
homomorphism ¢ : A — B is asymptotically identical with an equi-continuous asymptotic
homomorphism 1, in the sense that lim; .., ¢¢(a) — 14(a) = 0 for all @ € A. Thanks to this
it is almost always possible to restrict the attention to asymptotic homomorphisms that are
equi-continuous. This is also very useful for asymptotic extensions. To make it even more
useful we make the following observation.

Lemma 2.1. Let ¢ : A — Q(B) be an equi-continuous asymptotic extension. Then there
is an equi-continuous family of maps (Pi)en, ) : A — M(B) such that qg o oy = ¢y for all
t € [1,00) and supep o) |P:(a)|| < 0o for all a € A.

Proof. Since ¢ is an asymptotic homomorphism, lim sup,_, . ||¢:(a)|| < |la|| for all a € A.
Since ¢ is equi-continuous, we can define a continuous map ® : A — Cy([1,00), Q(B)) such
that ®(a)(t) = pi(a). There is a surjective x-homomorphism @ : Cy([1,00), M(B)) —
Cy([1,00),Q(B)) such that Q(f)(t) = ¢u(f(t)). By the Bartle-Graves selection theorem
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there is a continuous section S : Cy([1,00),Q(B)) — Cy([1,00), M(B)) for @, and we set
pila) = (S0 ®(a)) (1). m

We will refer to & = (&)1 o0
discretization, {pg, 122, of an asymptotic homomorphism ¢ = (¢;)

) as an equi-continuous lift of ¢. Recall, cf. [11], that a
):A—>Bisgiven

te[l,00
by a sequence t; < ty < t3 < ... in [1,00) such that

(d1) lim,,_, t, = 00, and
(d2) limy, oo SUPyepy, 4,11 [l02(@) — 1, (a)|| = 0 for all a € A.

When A is separable discretizations always exist, cf. [11].

For any C*-algebra A we denote by SA the suspension of A, i.e. SA = Cy(0,1) ® A, and
we denote by IA the C*-algebra C[0,1] ® A. For any s € [0,1], evy : [A — A is then the
«-homomorphism given by evaluation at s, i.e. evy(f) = f(s).

Concerning extensions we will adopt the terminology from [12]; in particular, we will call
an extension ¢ : A — Q(B) asymptotically split when there is an asymptotic homomorphism
m: A — M(B) such that ¢(a) = ggom(a) for all a € A, t € [1,00). Concerning asymptotic
homomorphism we shall use the standard notation and terminology; in particular [[A, B]] will
denote the homotopy classes of asymptotic homomorphisms from A to B, and [[A, B]]., will
denote the homotopy classes of completely positive asymptotic homomorphsims from A to
B, where we call an asymptotic homomorphism ¢ = (SOt)te[l,oo) : A — B completely positive
when the individual maps ¢, are all completely positive contractions. It is fundamental
to our approach that KK-theory can be realized by using completely positive asymptotic
homomorphisms, specifically that KK (A, B) = [[SA, SB @ K], cf. [8].

3. THE BASIC CONSTRUCTION

Let D and E be C*-algebras, D separable, E o-unital. Let (¢;)wcn,00) : D — Q(E) be
an equi-continuous asymptotic extension. We will construct an extension ¢/ of D by E out
of ¢. The construction was introduced and used in [12], and uses Voiculescu’s tri-diagonal
projection trick from [17]. Let b be a strictly positive element in £ of norm < 1. A wunit
sequence (cf. [12]) in E is a sequence {u,}>°, C F such that

(ul) for each n =0,1,2,... there is a continuous function f, : [0, 1] — [0, 1] which is zero
in a neighbourhood of 0 and u,, = f,,(b),

(u2) upy1u, = u, for all n, and

(u3) lim,, .o u,x = x for any x € E.

Unit sequences exist by elementary spectral theory. Given a unit sequence {u,}°, we set
Ay = /up and A; = \J/u; —uj_1, j > 1. Note that (u2) implies that
NA; =0, [i—jl =2 (2)

Lemma 3.1. For any norm-bounded sequence {m;} C M(E), and any k € N, the sum
> o0 AymAjx converges in the strict topology to an element of M(E),

0.]
1) Ajmy Ay g]| < sup [|my]|
J

J=0



4 V. MANUILOV AND K. THOMSEN

and
HqE(ZA my Ay )| < limsup [, .
7=0
In particular, 7 Ajm;Ajy € E when lim; o [|m;]| = 0.

Proof. For any e € F and any N < K in N, we get the estimates

K K K
1D AgmiAganel” < 11D AgmymiAsll| Y e AT el < HZe*AikeH max_|[m|
j=N j=N j=N

N<i<K

and
I Zﬁﬁkm*AaeHQ <l ZAMW Akl Ze*NeH <| Ze*A%H max HmzH
j=N j=N j=N j=N

from the Cauchy-Schwarz inequality in the Hilbert C*-module M (E)X~N. Tt follows that
E;io A;mjAj4y converges in the strict topology, as asserted. We can then take N = 0 and
let K tend to infinity in the first estimate to conclude that

I ZA m; A k|| < sup [lrm]-

7=0

If we only let K go to infinity we see that
lae (3= Asmy Ao )| < 11 3 Aymsdyel < sup flm
j=0 j=N =

for all N. t
Let (Pt)teqi,00) : D — M(E) be an equi-continuous lift of ¢. We will say that the pair

((@repoo  fmn}io)

is a compatible pair for ¢ when

(p1) limy, oo SUDye(1 oy [UnPi(a) — Pe(a)unl| =0
for all a € D.

Lemma 3.2. For any unit sequence {v,}22 in E there is a unit sequence {u,}>>, such that
Uy, 18 in the convexr hull co{v; : i > n} for all n, and

(Brepoo  (mm}io)

1s a compatible pair.

Proof. Let F; C F, C F3 C ... be a sequence of finite sets with dense union in D. Since
(Pt)ien,00) is an equi-continuous family of maps it suffices to construct a sequence {u,}2
such that

(V1) Jun@i(a) — Bi(a)u,|| < L for all a € F, and all ¢ € [1,n + 1],
(V2) Uplp—1 = Up—1,1 = ]-7
(v3) up, € co{v; 1 i > n},
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for all n. The u,’s are constructed inductively. The argument for the induction start is
contained in the argument for the induction step, and we will therefore only give the latter.
So assume that wu,_; has been found. Since w,_; € co{v;}, there is an N > n such that
Vilp—1 = Up_q for all i > N. Since co{v; : i > N} is a convex approximate unit in F, the
existence of w,, follows from [1] or [14]. O

Lemma 3.3. Let (@)te[lm) be an equi-continuous lift of . There exists a sequence t; <

to <tg < ... in[l,00) such that {¢y, }5°, is a discretization of ¢ and

(t1) limy, oo SUDses, 4,411 [1P2(@) — @, (a)|| = O for alla € D, and
(t2) t, <n for alln € N.

Proof. Let F} C F;, C F3 C ... be a sequence of finite sets with dense union in D. By
uniform continuity there are N,’s in N, V,, > 1, such that, for any s,t € [n,n + 1],
1

1
— < — =z _’\S < =
o=t < 5 = 18a) - Bulall <

for all a € F,. Set Ny = 0 and t; = k + J’—<N°+J§il++l"'+Nk> when Ny + Ny + -+ N, < j <

No+ Ni+ -+ N+ Niy1. Then limy, oo SUpeps, 4,41 |1P:(a) — &1, (a)|| = 0 for all a € {J,, Fl.
By equi-continuity of ($;):cf1,00) the same must hold for all @ € D. Since lim, .o t, = 00,
{¢r, 122, is a discretization of ¢. Note that ¢, < n for all n by construction. u

Lemma 3.4. Let <(cpt)t€ Loo) » LUntps 0) be a compatible pair for p. There is then a sequence
ng <nyp <ng < ... i N such that

(t3) ny —ni_1 > i+ 1 foralli>1,

(t4) By 5D, 5P 45y (| (1= 1) (Bl@)B1(6) — Bolab) || = s a)ipe(b) — or(ab) | =
0,

(t5) Ky U, 5Py || (L= ) (Bla) + ABD) = Bela+ M) | —  gra) +
Agi(b) — pi(a -+ Ab)]| =0, -

(16) 10y U, 5Py | (1 — 1) (Bila”) = Bi(@)*) || = [leu(a) — gu(a)*]| = 0

for all a,b € D and all A € C.

Proof. Let F} C F;, C F3 C ... be a sequence of finite sets with dense union in D, and
note that
Ki = {@(a)pi(b) — pi(ad) : t € [1,i+ 3], a,b € Fi},
U {@i(a) + A\pe(b) — p(a+ b)) -t € [1,i+ 3], a,be F;, A€ C, |\ <}
U {@(a®) —pi(a)" :t€[l,i+ 3], a € F;}

is a compact subset of M (FE). Since {u,}°, is an approximate unit for F there is an [; € N
so large that

I =ug)mll < lgp(m)ll + -

for all m € K; and all j > [;. Set ng = ly and n; = max{l;,n;_1 + i+ 2}, ¢ > 1. Then (t3)
holds, and (t4)-(t6) hold for all a,b € |, F;, and all A € C. We can therefore conclude by
appealing to the equi-continuity of (¢ )ieq1,00) and (4)1ef1,00)- O
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Let ((@)te[l’oo) ) {un}g’oz(]) be a compatible pair for ¢. Let {¢;, }°°; be a discretization of

(¥¢)tef,00) such that (t1) and (t2) hold. Let {n;}2, be any sequence in N such that (t3)-(t6)
hold. In this setting, put
A0 = /Ung

and
Aj:,/unj—unjfl, jZl

Lemma 3.5. There is then a *-homomorphism ¢/ : D — Q(E) such that
() = (30 A3, (DA,
=0
foralld e D.

Proof. Since {||@gi(d)|| : t € [1,00)} is bounded, we can apply Lemma 3.1 to see that
> 20APi;,, (d)A; converges in the strict topology. To check that ¢/ is a *-homomorphism,
we calculate modulo F, with the aid of Lemma 3.1:

(5 8080 @8,) (S 857002

= Z AJ (pt1+1 A Sptj-'»l + Z AJ Pt; +1 A AJ+1(pt]+2 (b)Aj-l-l

+ Z Aj+1()/0\tj+2 (a)Aj+1Aj()/0\tj+1 (b)A] (by (2)>
=0
- Z A]'(:/O\t]gq (a)(t/o\tjﬂ (b)A?AJ + Z Aj(i/o\tjﬂ (a)(t/o\tj+2 (b)Aj+1AjAj+1
Jj=1 J=1
+ Z Aj@r, (P, (DA 88 (using (t2) and (p1))

I
NE

A]'(:/O\t]gq (a)(t/o\tjﬂ (b)AJQAJ + Z A]’@tﬁl (a’)g/p\t]‘ﬂ (b)Aj+1AjAj+1

J=1

+ Z AT () () FAV IR PAVTAVER (using (t1))

<.
Il
—

[e.9]

= NGy, (ab)AIA; + Z TAVICHI (1) VAV ERVAN YAV RS
1

j= j=1

+ 3 NG (ab) A AGA (using (t4))

j=1

=3 0B (ah)A, (since (A2 + A2, + A2 )A, = A, j > 2).
7=0
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Hence ¢f(ab) = ¢/ (a)p?(b) for all a,b € D. The other conditions for ¢/ to be a x-
homomorphism (i.e. linearity and self-adjointness) are established in the same way. O

Remark 3.6. If ¢ : D — Q(F) is a genuine *-homomorphism then it is natural to use a
t-independent lift 3; then it is obvious that ¢/ = ¢, i.e. our basic construction does not
change x-homomorphisms.

We will refer to ¢/ as a folding of p. The quadruple

((Boeptoe)» Luntitos {mi} 2o, {t:121)

which goes into the construction of ¢/ will be called the folding data.

At first sight it is not clear how much a folding depends on the folding data chosen for its
construction. Furthermore, it is not difficult to vary the construction in different ways, for
example by omitting condition (t3). A major part of the proof consists of showing that in
the appropriate setting and modulo the appropriate equivalence relations the construction
is in fact independent of all choices made. Specifically, we will show that it gives rise to a
group homomorphism

F:[[SD,Q(E) ® K] - [SD,Q(E ® K) © K].

For this purpose, condition (t3) will come in handy.

4. PREPARING THE GROUND

Let A and B be (C*-algebras, A separable, B o-unital. We say that an asymptotic
homomorphism ¢ = (¢t)icn) : A — B is uniformly continuous when the function
[1,00) 3t — ¢(a) is uniformly continuous for all a € A, i.e. when the following holds:

Vae AVe>030>0 : |[t—s| < = |pila) —ps(a)]] <e

Lemma 4.1. Let p,7p : A — B be asymptotic homomorphisms such that limy .., p(a) —
Yi(a) =0 for all a € A. If ¢ is uniformly continuous then so is .

Proof. Left to the reader. O

Lemma 4.2. Let p : A — B be an asymptotic homomorphism. There exists a continuous
increasing function v : [1,00) — [1,00) such that limy_o 7(t) = 00 and (pr))icp,o0) : A — B
15 uniformly continuous.

Proof. Thanks to Lemma 4.1 it suffices to prove the statement when ¢ is equi-continuous.
Let F; C F; C F3 C ... be a sequence of finite sets with dense union in A. There is a d,, > 0
so small that [¢i(a) — ps(a)|| < 2 for all a € F, and all ¢, s € [1,n] with [t — s| < §,. For
each n we choose k, € N so large that d,,,4 > é Set N; =1+ 22:1 kn,7=1,2,..., and
Ny = 1. Define r : [1,00) — [1,00) by

Ny
rt) =3+ N e (NN
J
To check that (¢,))ic1,00) is uniformly continuous, let a € A and e > 0. Since ¢ is equi-
continuous there is an n € N and an element b € F,, such that 1 < £ and supte 1,00 l0¢(@) —

@i(b)|| < 5. For x > N,, and |z — y| < 1, we have that |r(z) — ()\< <5+4Whenx€
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[Nj, Njy1]. Since r(z),r(y) € [1, j+4] in this case, we see that ||, ) (D) —@r@) (0)|| < 755 < §
for all z,y with x > N,, and |x—y| < 1. Choose § €]0, 1] so small that ||g0r(x)(b)—g0r(y)( )|| <<
for all z,y € [1, N, + 1] with |z —y[ < §. Then [|y@)(b) — @ry) (D)|| < 5 for all 2,y € [1, 00)
with |z —y| < 6. It follows that ||, (z)(a) — @rgy(a)]] < € forall z,y € [1 o0) with |z —y| <
4. O

Lemma 4.3. Let A : A — Q(B) be an equi-continuous asymptotic extension. Assume that
A is homotopic to a split asymptotic extension, i.e. that there is a homotopy ® : A — IQ(B)
connecting A = evgo® with an asymptotic extension evy o® which is split (as an asymptotic
extension). It follows that there is an equi-continuous asymptotic homomorphism § : A —
M (B) such that \y = qg o d; for all t.

Proof. The proof is based on an idea of Voiculescu, cf. [17], and is a refinement
of the proof of Lemma 2.1 in [12]. By assumption there is an asymptotic homomorphism
' A — M(B) such that X is homotopic to the asymptotic extension gg o)}, t € [1,00). Let
¥ : A — M(B) be an equi-continuous asymptotic homomorphism such that lim; ., ¢;(a) —
Yi(a) = 0 for all a € A. There is then an equi-continuous asymptotic homomorphism
® : A — IQ(B) which is a homotopy connecting A and gp o 9, i.e. evgod, = )\, and
evio®, = gg oty for all t. Define A : A — Cy([1,00), IQ(B)) by Aa)(t) = P(a). A is
continuous since ® is equi-continuous. Let @ : Cy([1,00), IM(B)) — Cy([1,00), IQ(B)) be
the surjective *-homomorphism induced by idcjo1) ®gp : IM(B) — IQ(B), i.e. Q(f)(t) =
(idepo, ®g8) (f(1)), t € [1,00). By the Bartle-Graves selection theorem there is a continuous
section S for ). We set

pi(a) = eve (S o Aa)(t) + s (Yu(a) — evi (S o Ala)(t)))
foralla € A, all t € [1,00) and all s € [0, 1]. Then

g5 (1i(a)) = evo (Q 0 S o A(a)(t)) = Mi(a)

for all a,t. Hence pf, s € [0,1],¢ € [1,00), is an equi-continuous family of maps such that

(m1) (p))ief,00) Is an asymptotic homomorphism, and
(m2) gp o pd(a) = M\(a) for all a € A and all ¢.

Furthermore, since ¢;(a) —evy (S o A(a)(t)) € B,

(m3) lim; oo SUpsep ) llgs © pi(a*) — g o pf(a)*|| = 0,
(md) limy o sUpepo, HqB o pf(a)gp o p;(b) — qp o pi(ab)|| = 0, and
(m5) limy oo SUpepo, ||qB o p17(a) + Agp o pi(b) — qp o pi(a + Ab)|| = 0,

for alla,b € A and all A € C. Choose continuous functions f; : [1,00) — [0,1],4 =0, 1,2, ...,
such that

(m6) fo(t) =0 for all ¢t € [1,00),

(m7) fn < fnq1 for all n,

(m8) for each n € N, there is an m,, € N such that f;(t) = 1 for all i > m,, and all
tell,n+1],

(m9) limy ., max; |’ t)( ) — ,u{”l(t (a)] =0 for all a € A.
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The last requirement, (m9), can be fulfilled thanks to the separability of A and the equi-
continuity of the family uf, s € [0,1], ¢ € [1,00). Let F; C F» C F3 C ... be an increasing
sequence of finite subsets with dense union in A. For each n, choose m, € N as in (m8).
We may assume that m, 1 > m,. By general facts on quasi-central approximate units ([1],
[14]) we can choose elements

Xg > X' > X5 >
in B such that 0 < X <1 for all ¢ and X" = 0 for ¢ > m,,, and

(i) XX, = XZ"Jr1 for all 4,
(ii) [|[ X[z — x| < L +]lgp(a)|| for alli =0,1,2,...,m, —1, and all z € S,
(iti) || X7y —yXP|| <+ for all i and all y € Ly,

where L, = {pi(a): s€[0,1], a € F,, t € [1,n+ 1]} and

Sn = Api(a) + i (b)) — pi(a+Mb): a,be F,, s€[0,1], t€[l,n+1], A€ C, |\ <n}
U {ui(ab) — pi(a)u;(b) : a,be F,, se€0,1], t € [l,n+ 1]}
U {w(a*)—ui(a)": a€F,, s€l0,1], te[l,n+1]}

are the compact subsets of M(B).

By choosing the X’s recursively, we can arrange that X" X7 = X} for all k and all
i < Myy1. By connecting first X to X via the straight line between them, then X7 to
X7 via a straight line, then X7 to XJ™ etc., we obtain norm-continuous paths, X (¢,1),
temmn+1],i=0,1,23,...,in B such that X(n,i) = X, X(n+ 1,i) = X" for all i
and

(m10) X(¢,0)X(t,i+1) = X(t,i+ 1), t € [n,n+ 1], for all 4,

(m1l) [|X(¢t,9)x — z|| < £+ [lgp(z)| for all i = 0,1,2,...,m, — 1, ¢t € [n,n + 1] and all
r €S,

(m12) [| X (¢,9)y —yX(t,9)] <+ forall i, allt € [n,n+1] and all y € L,,.

In addition, X(t,7) = 0,4 > muq1,t € [n,n + 1. Set Af = /1 —X(t,0), and A} =
VX(t,j—1)—X(t,7),j > 1, and define 6; : A — M(B) by

Z At f](t

Note that the sum is finite for ¢ in a compact set, and that ¢ — §;(a) is norm-continuous.
Observe also that

(m13) AZA} = 0,]i — j| > 2, for all £, and
(m14) >°72, (A;)2 =1 for all t.

It follows from (m6) that ¢p o d6;(a) = ¢qp o pd(a) for all a,t. Thanks to (m2) it now only
remains to show that § = (0¢),c; oy I8 an asymptotic homomorphism. We check that it

is multiplicative. Because (6;)icn,00) i an equi-continuous family, it suffices to consider
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a,b € F,, and show that lim; ., d:(a)d;(b) — 6;(ab) = 0. For this purpose observe that for

any sequence of functions g; : [1,00) — M(B),i =0,1,2,..., we have the estimates
I ZAtga OA;] < supllgi @I, | ZAJQJ Al < sup lgi()] (3)
Jj=0 !

for all t. This follows as in the proof of Lemma 3.1.

In the following we will write ~ between two expressions that depend on ¢ when their
difference tends to 0 in norm as ¢ tends to infinity. We will use repeatedly the estimate (3)
in the calculation below.

(S uwt e (f:Az-ufﬂ'“’w)Az)
j=0
_ZAt O (a) (ML) ! At+ZAt (@)ALAL PO (B)AL,
+ZAJ+1 T @ ()AL ALl (B)AL (using (m13))
~ 3RO @l O ) (A1) A5 + fjA;-u{“ )l (D) AGA AL
§=0 =0
+ZAt O M B)ALAL_ AL (using (m12))

Jjog—1

N ZAt fj(t fj(t (b) (At At + ZAIE fi t)( )M{J t)(b)A;A§+1A§+1

=0
+ZAt 0 ()PP () ALAL_ AL (using (m9))
~ ZN J(ab) (A))* AL + Z ALl (@) ALAL AL
=0
—i—ZAt fi®) (ab)AGAS | Aj (using (m11),(m4) and (ml))
= ZAt f’(t (using (m13) and (m14)).

Similar con81derat10ns show that ¢ is also asymptotically linear and asymptotically self-
adjoint. O

The following lemma is crucial in understanding to what extend the basic construction

depends on a choice of folding data.

Lemma 4.4. Let ¢,¢ : A — Q(B) be equi-continuous asymptotic extensions. Assume that
the asymptotic extension

(59):A— My(Q(B))
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is split (as an asymptotic extension). It follows that for any foldings, ' and ¥/, of ¢ and
W, respectively, the extension

(% 5) A= M@B)

1s asymptotically split.

Proof. Let <(<pt)t€ Loo) » Vn s {mi}io, {ti}i2 1) be the folding data used to define o/
and ((wt)teuoo {ul,}02 o, {ni}2,, {ti}s2 ) the folding data used to define /. To simplify

notation, set w; = u,, and w, = u/ ! for all 7. By assumption there is a an asymptotic
homomorphism 7 = (7;)cf1,00 : A — MQ(M(B)) such that
lim g () 0 mila) = (7)) ) =0 (4)

for all a € A. We may assume that « is an equi-continuous asymptotic homomorphism. Let
Fy C F, C F3 C ... be a sequence of finite sets with dense union in A. Since ((u” ) ))neN

is an approximate unit in My(B) we can choose a sequence 0 =19 < r; <71y <73 < ... in
N such that

I (1 N J) [(@(d) @t(d)) - 7Tt<d>} | < % +1 (W(d) wt(d)> — Daa(B) © m(@)l )

forallt € [1,n+2|, j > 1,9, d € F,. Tt follows from conditions (pl) and (t4)-(t6) on the
folding data that we can arrange that

(@) lu;@e(a) = Grla)u;ll < 75, t€[Li+2], 5>,
(b) I (1 — ;) (Be(a)e(b) — elab)) || < llpe(a)pe(b) —r(ab) |+ 77, t € [1,i+2], j =,

(©) (1 —uy) (Brla) + APe(b) — Br(a+ b)) [| < [[¢i(a) + Api(b) — prla+ AD)|| + 77, t €
1,i+42], 7 >r,

(@) 1 (1 =) (Be(a®) = Bel@)*) | < leela®) — gela)* | + 77, tE[Li+2], j =

() llsBila) = Byl < gy t € [Li+2) G2
0u(b) = Bulab) ) I < 19n(@)(b) —n(ab) |+, ¢ € [1,i+2), 5 > 7,
(@) 11(1 =) (o) + M(B) = dhula+ 20)) || < [[0a(@) + Mu(b) = ula+ M) + 5, ¢ €

(@) 11 (1=5) (Bula") = G} | < o) =l + 2. ¢ € [Li+2], G =7,
for all a,b € F; and all A € C, || <.
We will construct continuous paths w;(t), wi(t), t € [0,00),i=0,1,2,..., in B such that

wl) {w;(t)}s2, and {wg(t)}fio are unit sequences for all ¢,

W +(0) = w;, wi(0) = w} for all i,

w;(t) = wy, wi(t) = w] for i > rpy when t € [k, k + 1],

0<k> > Wy _y, w0<k> > wrk 17

w;(t) € co{uy : j > ni}, wi(t) € co{u):j > ni} for all 4,¢,

w;(t) € co{uy 1 j > rp_1}, w'(t) € co{uf:j >y} for all i when t € [k, k+ 1].

=
o N
g

wH
wb

(
(W2) w
(w3)
(w4)
(w5)
(w6)
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To see how to do that, assume that we have constructed {w;(t}32, and {wi(t)}2, for all
t € [0,k]. Then w,,_, < wo(k) < wyi(k) < -+ <wp—1(k) < wy (k) = w,,, and w;(k) = w;,
i > 1. Thanks to condition (t3) on the folding data there are elements vy < vy < -+ < v,
from {u; : n,, 11 > j > n,, } such that

wo(k) <wi(k) < <wpq(k) S wyy, Svg <0y < - Sy, KWy g1 < Wigo <

is a unit sequence. We define w;(t), t € [k, k + 1], such that w;(t) = w;, i > rj, + 1. To define
w;(t) for i <7y and t € [k, k+1], set I; = [k+- ]+1’ k:+7ftrll] j=0,1,...,7% On the interval
I;, wy,_; is the line from w,, _;(k) to v,,_;, while w,, is constant on I; for m # r, — j. This
completes the construction of {w;(t)}2, for ¢ € [k, k + 1]. Proceed inductively to construct

{w;(t)}2y, t € [1,00). {wi(t)}2,, t € [1,00), is constructed in the same way.

Note that (a)-(d) and (a’)-(d’) in combination with (w6) imply that

(A) sup; [w;(s)@e(a) — Ge(a)w;(s)]| < 3, s,t € [i,i+1],
(B) sup; || (1 —w;(s)) (8e(a)e(b) — Ge(ab)) || < llpe(a)r(b) — pi(ab)l|+ 7, s, € [i,i+1],
(C) sup; [ (1 = w;(s)) (r(a) + Ap(b) — e(a + Ab)) || < llpr(a) + Api(b) — pi(a + AD)| +

1, s, te [z,z—l— 1],
(D) sup; || (1 = w;(s)) (Pe(a*) = Ge(a)*) | < llpe(a®) — we(@) | + 1, s,t € 3,0+ 1],

and

~

(A) sup, [ (5)u(a) — a0 < 3 € i 1
() sup, || (1= w)()) (Dula)Belt) = Dulab)) | < (@)u(b) —ulab)| +1, st € [, i+1],
)

)
(C) sup; || (1 — wj(s) (@Et (@) + Xu(b) = dula+20)) || < u(a) + Au(B) — Yu(a+ AB)]| +
1 s,t€ [z z—l— 1]

(5)

77

(D) sup; || (1= w(s)) ($ula”) = Gula)*) || < lda(a”) = wula)”| + 4, st € [ii+1],
for all a,b € F; and all A € C, || <.
Set 2t) = Vel K40) = Vi), 50) = Vul) —wia®), MO =

\/w —w!l_((t), i > 1, and define f*,¢' : [1,00) — [, ) by f* () = max{t,t;+1} and
g'(t) = max{t,t; ,},i=1,2,.... Let

be the matrix decomposition of 7. We define p = (pt)icn ) : A — Ma(M(B)) by
/)t(a) _ (Zz 1A ( )‘Pfl(t ( )A (t) 0 )
0 it Ai0)@gi (@) Ai(1)

(
Ao(t)m (a)Ao(t)  Ao(t)m(a)Ay(t)
" (A/() FH(@)Do(t)  Aj()m (a) AL (t))

Note first of all that due to (w3) one has

f
qM(B) © Pt = <% wof) (6)
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for all ¢. It suffices therefore to show that p is an asymptotic homomorphism. To simplify the

following calculations set ®;(a) = > Ai(t)Driy(a)Ai(t), Wi(a) = 072, Ag(t){p\gi(t)(a)Ag(t)

so that
(@@ 0 Ao(t) O Ao(t) 0
Pt(a)—< té)%(@)*( 0 Az)(t))”t(“)( 0 Aé(t))'

Note that (®;)icf1,00) is an equi-continuous family by Lemma 3.1 since ($i)ief1,00) i5. As 7
is also equi-continuous, we find that (p;)icp1,00) is an equi-continuous family. To show that
pi(a)pi(b) ~ pi(ab) for all a, b it suffices therefore to check for a,b € F,,. We find that

Dy (a) D¢ (b)
= f; Ai()@ i (@) Ai(t)* B i (D) Ai(t) + f; Ai(1) @it (@) Ai(8) Aiga (1)@ gy (b) A (£)
+ f; Ai() @i (@) Ai(8) Aima (1)@ pi-16) (b) Ai—a (£)
~ ZA ()i (@) Prin (D) Ai(8)*Ai(t) + f;ﬁi(t)@fi(t) (@) P11y () A (1) A (2)?
+ 2 Ai()@ i (@) Prim1 (D) Ai(H) A (t)? (by (A), (w5) and (p1))
~ ZA ()@t (@) Ppiry (D) A ) + ZA V@it (@) Price) (0) Ay (1) Aia ()
+ Z Ai(6)Pgi) (@)P i (D) A (8) Ay (¢)° (by (t1))
- i A)B i (D) A (1A (1) + Z DB i (D) A (1) D (1
" i DB i (D) A (1) (1) (by (D), (w5) and (t4)
= By(ab) — Ay (1) Ao(t)* By o (ab) (since f% A1) = 1).

In the same way we see that

()W) ~ i(ab) — AL (0 A9(0) 1 ().
It follows from (5) and (w6) that

Aq(t)? Py1(y(ab) A (1)?
( 1 All(t)2> ( 1291(”((11)) ~ ( ' A ()2 ) Wt(&b). (7)
Thus

®e(a) @¢(b) @ (ab) A1 (t)2A0(t)?
(" i) (" i) ~ (" i) = (72 sgpagr ) mlad)
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It follows from (A), (A’) and (w6) that (A%(t) Af(t)> asymptotically commutes with m(a) for
all @ € |J,, F,. Hence

Ao(t) O Ao(t) O Ao(t) 0 Ao(t) 0 Aop(t)2 0
( 0 Ag@))ﬂt(a)( 0 AUt )( 0 Ag@))ﬂt(b)( 0 Ag(t)> N( Oo( Aé(t)?)”t@b)- (9)

)
Finally, it follows easily from (7) that

(

0

di(a Ao(t)2 0 Aog(t)2A1(t)? 0
( ()\I/t(a)> ( s Aé(t)Q)ﬂ'tG)) ~ ( O()O 10 Ag(t)QA/l(t)Q)ﬂ-t(ab) (10)
and

Ao(t)2 0 o4 (b) Ao(t)2A1(t)? 0
(07 gt Y ma) (PO gy ) ~ (SORO b ) mlab). (11)
Now the desired conclusion, that p;(a)p:(b) ~ pi(ab), follows by combining (8), (9), (10) and
(11). That p is also asymptotically linear and self-adjoint follows fairly straightforwardly
from (C), (C), (D), (D), (t5), (t6), (w6) and the fact that = is asymptotically linear and
self-adjoint. O

Lemma 4.5. Let ¢,¢ : A — Q(B) be asymptotic extensions that are unitarily equivalent.

It follows that there are foldings, ! and ', of ¢ and 1, respectively, such that (%f 8) and

(wof 8) are unitarily equivalent.

Proof. By assumption there is a norm-continuous path (v;)icfi,0c), Of unitaries
in M(B) such that lim; .., Adgg(v;) o ¢i(a) — ¥(a) = 0 for all a € A. It is easy

to see that we can take folding data ((@)te[l,oo),{un};’ozo,{ni}fio,{ti}fil) for ¢ and

((Jt)te[lm), {ul,}oo 0. N}, {t;};’;) for ¢ such that w,, = u,,t, = t/, for all n and n; = n;
for all 4, and such that, furthermore, lim; . vy, — vy, = 0 and lim;_oc wp, v, — vy U, = 0.
Let ¢/ and v/ be the foldings obtained with such choices. Set Ay = ,/u,, and A; =

\/Un; — Un,_,, j = 1. Then Z;io Ajvg, Aj converges in the strict topology to an ele-
ment v € M(B). Using Lemma 3.1 we see that gg(v) is a unitary in Q(B) such that

Adqp(v) o o/ = /. Let w € My(M(B)) be a unitary lift of (qBO(U) qB(OU)* ) Then
Adguym)(w)o (50) = (% 0) -
U

We assume now that B is stable. This gives space to add extensions and asymptotic
extensions: Let Wi, W5 be isometries in M(B) such that W,W; + WoWy = 1. When
Y, A — Q(B) are asymptotic extensions we set (¢ @& ¢)i(a) = gg(W1)(a)gs(W7) +
a(Wo)ei(a)ge(Wy). Up to unitary equivalence this addition is independent of the choice of
isometries, Wy, Ws.

Lemma 4.6. Let ¢ : A — Q(B) be a completely positive asymptotic extension. Assume that
Y is homotopic to an asymptotic extension which is split (as an asymptotic extension). It
follows that there are

1) a completely positive asymptotic extension p : A — Q(B) which is split (as an
asymptotic extension),

2) a continuous increasing function r : [1,00) — [1,00) with lim;_. 7(t) = 00 , and

3) a norm-continuous path (Uy)icpi o0y, of unitaries in Mo(M(B))
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such that
lim Aqu2 (B) (Uy) o (%(t)(a) m(a)> . (0 m(a)) =0

t—o0

foralla € A.

Proof. Since 9 is equi-continuous, Lemma 4.3 tells us that there is an equi-continuous
asymptotic homomorphism ¢ : A — M(B) such that gg o ¢, = ¥, for all t € [1,00).
By Lemma 4.2 there is a continuous increasing function 7 : [1,00) — [1,00) such that
limy .o 70(t) = 00 and such that (¢r,@))ie)1,00) is @ uniformly continuous asymptotic homo-
morphism. Since gp © Qry1) = Vryr), We can assume that ¢ is uniformly continuous. Set

=Y 13 Let {Vi}2, be a sequence of isometries in M(B) such that > ;2 V;V;* =1, in

the strict topology. Set
v(a) = Z Vieor+¢(a)V,
=2

It is clear that v : A — M(B) is an asymptotic homomorphism since ¢ is. We claim
that gp o 7y is a completely positive contraction for all ¢ € [1,00). We prove first that
Il —gpori(a)]] <1 when 0 <a<1in A. To this end, let {b,}>°; be an approximate unit
in B. Then

It - g5 o m(a)] < (1 - fjvkbmv,:) (1- Zwt wla )(1 - kab Vi)l
k=1

= || ZV — @, 4¢(a)) Vi + Vi(L = b)) V" + ZV — @1,14(a)) (1= D)V
o (12)

for all n,m. For a given € > 0 there is a K € N such that |1 — ¢;;15(a))|| < 1+ € for all
j > K and all s € [1,00). This is because ¢ is an asymptotic homomorphism. In particular,

| Z Vi(l = o 14(a)) V[ < 1 +e
SK

We see therefore from (12) that

K
11— g5 o (a)]| < max{l+e || > Vi(1=bn) (1-@a(@) 1=b)V/ [} (13)
j=2
for all m € N. Since gp o ¢y, 4 is a completely positive contraction for all j = 2,3,..., K,

there is an m € N such that

(1= 50) (1= tyse@) (L= )] < 1+

for all j € {2,3,..., K}. Since € > 0 is arbitrary, it follows therefore from (13) that ||1 —
gg o y(a)|| < 1. Similar arguments show that gp o 7 is a linear self-adjoint contraction,
and combined with what we have just established this implies that ¢ o 1; a positive linear
contraction. By applying the same argument to the maps M, (A) — M, (Q(B)) induced by
gpovy, we see that ggovy is a completely positive contraction for all t. Let r : [1,00) — [1, 00)
be a continuous function such that

b+ <7(t) <tpy +t (14)
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for t € [n,n + 1]. Set
St = 1=V, V¥ = ViV, + cos <g(t - n)) V,V* + cos (g@ - n)) Vol Vi

+ sin (5(15 — n)) Vo1Vr — sin (g(t — n)) |78 %

for t € [n,n +1]. Then S; = SS"~1...S3, t € [n,n + 1], is a norm-continuous path of
unitaries in M (B), constructed such that (14) and the uniform continuity of ¢ ensure that

lim S, (Vi o (@) +Zwt+t a)V;')s; - Zv%ﬂm V=0

for all @ € A. Since V. = >, V;V*, is a an isometry in M(B) such that
V (X2, Vier+4(@)V) V= 1(a) for all a,t, we canput p=v®0and Uy =S, 1. O

Lemma 4.7. Let ¢ : A — Q(B) be an asymptotically split extension. It follows that there
is a asymptotically split extension v : A — Q(B) and a unitary U € My(M(B)) such that

Ad qr ) (U)o (59) =(89).

Proof. By assumption there is an asymptotic homomorphism ¢ = (@¢)ieji,00) 1 A —
M (B) such that qg o @, = ¢ for all ¢t € [1,00). Set

B={f e[l 00), M(B)) : qp(f(1)) = gs(f(1)),t € [1,00)}.

Then ¢ defines a x-homomorphism ¢ : A — B/Cy([1,0), B). By the Bartle-Graves selection
theorem there is a continuous section y : B/Cy([1,00), B) — B for the quotient map B —
B/Cy([1,00), B). Set pi(a) = x (p(a)) (t). Then (gpt>t€[17oo) is an asymptotic homomorphism
such that g o, = 9 for all t. Compared to ¢, ¢ has the property of being equi-continuous.
This will be helpful in the construction of v. Let {d;};en be a dense sequence in A. Let
{1, bien be a discretization of ¢, cf. [11], chosen such that supep, | 4 l0e(di) — w1, (di)[| <
%, k <1, for all i. For each ¢+ € N, choose «; > 1 such that

(15)

SR

lpr+ 2 (di) =, (di) || = -

for all ¢ € [1,4] and all k& < i. Let {V;};en be a sequence of isometries in M (B) such that
Y0, ViV =1, in the strict topology. Set

= Z ‘/Z(ptl-i-o% <d>v
=2 '
To check that v is an asymptotic homomorphism we must check that

tll)m sup HSOt +4 ( >90ti+a%<b> - g0ti+agi(ab)|’ =0 (16)

€N

for any pair a,b € A. Let € > 0. Since @ is an asymptotic homomorphism, there is an N € N
so large that

s (@or s (6) s s (ab)] <
for all t € [1,00), when ¢ > N. Choose T' € [1,00) so large that

SEE HSOthLaii(a)SOthLa%(b) - 90t¢+a%<ab)” <e
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when ¢ > T'. Then
516115 Hwtﬁfi(a)wtﬁcﬁ(b) - sot#ag(ab)ll <e

when ¢t > T', proving (16). The other asymptotic algebraic identities follow in the same way.
Since pi(a) — ps(a) € B for all a, s, t, (15) ensures that v;(dg) — v1(dy) € B for all k and ¢.
Thanks to the equi-continuity of ¢, g o 14 is a continuous map for each ¢, so the density
of {d;}ien in A ensures that v = gg o 7y is independent of ¢, and hence defines an extension
which is asymptotically split by construction. Note that 1 @ v is unitarily equivalent to
[t = qp © Ji, Where

irla) = Vigy o (@V7 + D Vigy 1 (@)V7
=2
Set S =3, Vi_1V;*. Then S is an isometry in M(B) which by (15) has the property that
Ad S ovy(dy) — u(dy) € B for all ¢, k. It follows that Ad gp(S)ov = u. Hence v v @ 0 is
unitarily equivalent to v @ 0. Since v is unitarily equivalent to 0 @ v it follows that ¥ ® v is
unitarily equivalent to 0 @ v, which is the statement of the lemma. O

We will say that an asymptotic extension ¢ : A — Q(B) is semi-invertible when there
is another asymptotic extension 1 : A — Q(B) such that ¢ @ 1 is split (as an asymptotic
extension).

Lemma 4.8. Let ¢, : A — Q(B) be two semi-invertible asymptotic extensions that are
homotopic. Then there exists a split asymptotic extension p such that ¢ & p and Y & p are
unitarily equivalent. In fact, there is a unitary U € My(M(B)) such that

lim Ad g, (U) o (%(g@ 0 ) - (%(ga) 0 )> )

t—00 pe(a) ut(a

foralla € A.

Proof. = We may assume that ¢ and v are equi-continuous. Choose equi-continuous
asymptotic extensions 1,11 : A — Q(B) such that ¢ @ ¢ and ¥ @ ¢ are split. Then
@ @1y is homotopic to the split asymptotic extension ¢ @ 1)1, and hence pu; = ¢ H )y is split
by Lemma 4.3. Set ps = ¢ @ 1, and note that ¢ @ puy is unitarily equivalent to ¢ @ pus.
It follows from Lemma 4.7 that there are split asymptotic extensions v; such that u; @ v; is
unitarily equivalent to v;, 1 = 1,2. Set p = vy @ 1s. U

5. PROOF OF THE MAIN RESULTS

For any C*-algebra D we denote by sp the stabilizing x-homomorphism sp : D — D® K
given in standard notation by sp(d) = d ® e11, and we let fp : Q(B) @ K — Q(B ® K) be
the canonical embedding.

Lemma 5.1. There is a group homomorphism
F[[SA,Q(B) ©K]] — [SA, Q(B® K) @ K]

such that Flo] = [sqpsk) © (B 0 ¢)!], when ¢ is an equi-continuous asymptotic homomor-
phism ¢ : SA— Q(B) @ K.
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Proof. We prove first that the class of sgsk) © (8p © ¢)! in [SA,Q(B ® K) ® K] is
independent of the choices made in the construction of (3zo¢)’. The philosophy underlying
the approach is due to Higson, cf. Theorem 3.4.3 in [6]. Since [[SA, Q(B) ® K]| is a group
there is an equi-continuous asymptotic homomorphism ¢ : SA — Q(B) ® K such that

(59):SA—Q(B)eK

is homotopic to 0. It follows that
(ﬁBin 0 )
0 Bpoy

is homotopic to 0, and hence split (as an asymptotic extension) by Lemma 4.3. Then Lemma

4.4 tells us that
<(6Bow>f 0 )
0 (Bpoy)’

is asymptotically split. It follows then from Lemma 4.7 that [SQ(B®K)o(ﬁBogp)f] = —[sq(BaK)©
(Bs o ¥)!] in [SA,Q(B ® K) ® K]. Thus [sqex) © (Bp © )] = —[sqmex) © (Bp © ¥)],
regardless of the folding data used in the construction of (8p o ¢)/. Assume next that
0,¢ + SA — Q(B) ® K are homotopic as asymptotic homomorphisms. By Lemma 4.8
there is a (split) asymptotic extension p : SA — Q(B ® K) such that (8p o ¢) @ p and
(B o ¢') @ p are unitarily equivalent. Since we are now free to choose the foldings at will

we conclude from Lemma 4.5 that [sqsek) © (85 o ©)] = [soex) © (BB © ¢')']. Hence
F:[[SA,Q(B)®K]] — [SA,Q(B ® K) ® K] is well-defined, and by using the freedom of
choice of foldings again it follows that F' is a homomorphism. O

Let i @ [[SA,Q(B) ® K]|l,, — [[SA4,Q(B) ® K]] and I : [SA, QB ® K) ® K] —
[SA, Q(B ® K) ® K]]., be the obvious (forgetful) maps. Denote by 55 : Q(B) — Q(B ® K)
the homomorphism induced by sp: B — B ® K.

Lemma 5.2. The composition
154, Q(B) ® Kllop —— [[S4, Q(B) @ K]] =~ [[SA, Q(B ® K) © K],

agrees with (5 & idg)«.

Proof. Let ¢',¢ : SA — Q(B) ® K be completely positive asymptotic homomorphisms
such that ¢ represents the inverse of [¢'] in [[SA, Q(B)®K]].,. Set ¢ = fpo¢’ and ¢ = fgo
', It follows from Lemma 4.3 that there is an equi-continuous asymptotic homomorphism
m:SA— My(M(B)) such that

(% ) = Qa(pax) o m (17)

for all t. Let (&), (@t)teu,oo) : SA — M(B) be equi-continuous lifts of ¢ and 1), respectively.
Let ((@)te[l’oo) cAun oo, {ni}2, {ti}fil,) be the folding data used to define ¢/, so that

SDf(a) = dBgK <i Aj@tjﬂ (@)Aj),

J=0

where Ag = /Uy, and Aj = | /up, —upn,_,, j > 1. Let F1 C F, C F3 C ... be a sequence
of finite sets with dense union in SA. Since we can choose the folding data at will we can
apply Lemma 3.2 to arrange that

1A (@) — Pela) A < 277 (18)
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for all @ € Fj, t € [1,5 + 3], and all j. It follows then that
Uila) = apar 0 Bu(a) = apec (3 At(a)A; ),
§=0

for all ¢ € [1,00), first for all @ € |J,, F,, and then by continuity for all « € SA. We now
proceed much as in the proof of Lemma 4.4: Using (17) we choose a sequence r; < ry < 13 <

. in N such that ]
1—u; ?e(d) . +
(7 m,) (P Gy ) —ml@)] 11 < — (19)

forallt € [1,n+ 3|, j > rn_9, d € F,, and such that (a)-(d) and (a’)-(d’) from the proof of
Lemma 4.4 hold, with u; = u;. We then construct the same path {w;(t)}2,, t € [1,00), of
unit sequences as in the proof of Lemma 4.4, but this time we set

a) — Yot Ai(t)Priy (@) Ay(t) OA
pla) = ( 0 Z?OlAi(t)@/)t(a)Ai(t))

. (Aoo(t) Af@)) (@) (A%(t) A(?@)).

As in the proof of Lemma 4.4 we see that p is an asymptotic homomorphism. Since
f
qBeK © pr = <% £t>

for all ¢, it follows from Lemma 4.6 that [sqpek) © ¢/] = —[sosek) 0¥ in [[SA, Q(BRK) ®
K]lep. Since —[sgek) © Y] = [sqssk) © ¢|, we conclude that [ o F oi = (3Q<B®K) o ﬁB)*.
Note that sopek) o S and 55 ® idx both map Q(B) ® K into Q(B) ® K ® K, and that
there is a unitary U € M(Q(B) ® K ® K) such that AdU o sqpek) © B = 5p ® idk. Since
the unitary group of M(Q(B) ® K ® K) is connected in the strict topology, it follows that
sosek) © Fp and 5 ® idg are homotopic. Hence I o F o4 = (55 ® idk).. O

Note that since B is stable there is an isometry V € Q(B ® K) such that Q(B) >
z — V*sp(x)V € Q(B ®K) is an isomorphism, which we will denote by 7, and such that
AdV o~ = 55. We can therefore improve Lemma 5.2 as follows.

Lemma 5.3. The composition

[SA, Q(B) ® K] [SA, QB @ K) @ K]l
zl o l(’71®idﬂ<)*
[[5A,Q(B) © K]] [[SA, Q(B) @ K]]ep

15 the identity.

In a similar way we can prove

Lemma 5.4. The composition

[[SA,Q(B) ® K]| [SA,Q(B®K) @ K]]
IoFl / l(’}/l@id]]()*
[SA,Q(B®K) @ K] [SA, Q(B) ® K]l

15 the identity.
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In fact, the proof is somewhat simpler because we don’t have to worry about complete
positivity of the asymptotic homomorphisms.

Corollary 5.5. The map i : [[SA, Q(B) ® K]|.,, — [[SA, Q(B) ® K]] is an isomorphism.

Proof. It follows from Lemma 5.3 that i is injective. Since the v;'oi = io~ ! we
conclude from Lemma 5.4 that 7 is also surjective. U

Before we finally relate E-theory and K K-theory we need to identify K K (SA, Q(B)) with

[SA,Q(B) ® K]].,. By [8] and [5] one has KK (SA, D) = [[SA, D ® K]]., for any separable
C*-algebra D. To pass from separable C*-algebras to Q(B) we use the following statement.

Lemma 5.6. Let A and B be C*-algebras, A separable and B o-unital. Then
h_r)n[[AvD®KHCP = [[AvB@KHCIH hLQKK(AaD) = KK(AaB)v
D D

where the limits are taken over the net of separable C*-subalgebras D of B.

Proof. There is an obvious map lim [[A, D®K]]., — [[A, B&K]],. Let 9 : A - BeK
be a completely positive asymptotic homomorphism. Let {e;;}; jen be the standard matrix
units in K. Then

{s5" (Lar(s) ® €1:) pe(a) (Larp) @ €51)) 1t € [1,00),4,j € N,a € A}
generates a separable C*-subalgebra D of B such that ¢,(A) C D @ K. This shows that the
map is surjective. Handling a homotopy of completely positive asymptotic homomorphisms
in the same way shows that the map is also injective. By [4], KK (A, B) = [¢A, B ® K],
and since gA is separable when A is, the same argument shows that lim KK (A, D)
KK(A,B).
Since Q(B) is unital we can combine Lemma 5.6 with [8] and [5] to conclude that

KK(5A,Q(B)) = [[SA,Q(B) © K]lep. (20)

Lemma 5.7. Let A be a separable C*-algebra. Then the functor [[SA, — ® K]] is half-exact
on the category of all C*-algebras, and there is a natural isomorphism [[SA, Q(B) @ K]] =
[[SA,SB ®K]], for any stable C*-algebras B.

oo

Proof. By working with equi-continuous asymptotic homomorphisms we can adopt the
proof of Lemma 5.6 to conclude that
(54, B @ K] = lim{[SA, D @ K]}, (21)
D
for any C*-algebra B, where we take the limit over the net of separable C*-subalgebras of B.
Therefore the fact that [[SA, — ® K]] is half-exact on the category of separable C*-algebras,
cf. [3] and [5], implies that the same is true on the category of all C*-algebras. Hence the
canonical extension 0 — B — M(B) — Q(B) — 0 gives rise to a long exact sequence, a
part of which is

[[SA, SM(B) ® K]] — [[SA, SQ(B) ® K]] =2~ [[SA, B® K]] — [[SA, M(B) ® K],

cf. e.g. Theorem 21.4.3 of [2]. To show that J is an isomorphism it suffices now to show
that [[SA,SM(B) @ K]] = [[SA, M(B) ® K]] = 0. Since B is stable there is a sequence of
isometries V;,7 =1,2,3,..., in M(B) such that ¢(m) = > .=, V;mV;* converges in the strict
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topology for all m € M(B) and defines an endomorphism v : M(B) — M (B). Furthermore,
for any pair of isometries Wy, Wy € M(B) for which W, W} + WoWy5 =1,

U=Waly +) WiV V'
1=2

is a unitary in M (B) with the property that Wy (m)W+WomW5 = Ad Uoty(m) for allm €
M(B). It follows that 1, +id, = 1., both as endomorphisms of the group [[SA, SM(B)®K]],
and of the group [[SA, M(B) ® K]]. Hence [[SA, SM(B) ®K]] = [[SA, M(B)®K]] =0, and
we conclude that 0 is an isomorphism.

Applied with A replaced by SA we get an isomorphism

[[S?A, SQ(B) @ K]] = [[S*A, B® K]]. (22)
It follows from (21) and [5] that the suspension maps
S+ [[SA,Q(B) @ K]] — [[S*4,5Q(B) ® K] (23)
and
S:[[S?A, BRK]] — [[S*A, SB @ K]] (24)

are both isomorphisms. Since S3A ® K and SA ® K are equivalent in E-theory, there is also
an isomorphism

[S*A, SB®K]] = [[SA, SB ® K]]. (25)

The desired isomorphism [[SA, Q(B) ® K]] = [[SA, SB ® K]] is put together by (23), (22),
(24) and (25).

U

Theorem 5.8. Let A be a separable C*-algebra, and B a stable o-unital C*-algebra. There
1s then a natural isomorphism

E(A, B) = KK (SA, Q(B)).

Proof. It follows from Lemma 5.7 that F(A, B) = [[SA, Q(B) ® K]|]. We have already
seen that KK(SA,Q(B)) = [[SA, Q(B) ® K], cf. (20). Combine Lemma 5.2 and Lemma
2.3. U

Corollary 5.9. Let A be a separable C*-algebra, and B a stable o-unital C*-algebra. Then
E(A,B) =[SA,Q(B) ® K].

Proof. It follows from Lemma 5.3 that [ : [SA, Q(BRK)®K] — [[SA, Q(B®K)®K]].
is surjective. To show that it is also injective, observe that Lemma 4.3 of [12] tells us that
the composition

SAQB) K] [SAQBeK) oK
io[l / l (v~ @idx)_
[SA, Q(B) ® K] [SA, Q(B) ® K]

is the identity. O
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