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Summary

A rotational version of the famous Crofton formula is derived. The motivation
for deriving the formula comes from local stereology, a new branch of stereology
based on sections through fixed reference points. The formula shows how rotational
averages of intrinsic volumes measured on sections passing through fixed points are
related to the geometry of the sectioned object. In particular it is shown how certain
weighting factors, appearing in the rotational integral formula, can be expressed in
terms of hypergeometric functions. Close connections to geometric tomography will
be pointed out. Applications to stereological particle analysis are discussed.
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1 Introduction

(Classical stereology makes it possible to obtain information about quantitative
properties of a spatial structure from randomly positioned and orientated sections
through the structure. The same stereological methods apply for arbitrarily posi-
tioned and orientated sections if the spatial structure is translation and rotation
invariant. Up-to-date monographs on stereology are Baddeley and Jensen [3] and
Benes and Rataj [4].

Prompted by advances in microscopic sampling and measurement techniques,
a new branch of stereology, local stereology, has been developed during the last
decades, cf. [5, 11, 17, 18, 22, 27, 29]. The microscopic techniques involve optical
sectioning by means of which virtual sections can be generated through a reference
point of the structure. A typical example is optical sectioning of a biological cell
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through its nucleus. A technical advantage of such sectioning of biological mate-
rial is that the boundary of a central section is much more clearly seen than the
boundary of a periferal section. More importantly, central sections carry more in-
formation about the structure than arbitrary sections. The main field of application
of local stereology is in quantitative analysis of cell populations. The local meth-
ods do not require specific assumptions of the shape of the cells which is a great
advantage in practice. Local stereology is by now recognized as being very powerful
in biomedicine, especially in neuroscience and cancer grading. Recent important
examples of applications are [1, 12, 13].

In local stereology, geometric identities involving sections through a fixed point
are used. A geometric identity has the following general form

/ (X N L)AL = B(X),

where o and (3 are geometrical quantities (volume, surface area or, more generally,
intrinsic volumes), X is the spatial object of interest, L is the probe (line, plane,
grid of parallel lines, linear subspace, affine subspace) and dL is ‘uniform integra-
tion’ over positions of L (integration with respect to a measure invariant under
a certain group action). In local stereology, we focus on geometric identities for
Jj—dimensional planes L; in R? passing through O (L; is a j—dimensional linear
subspace in R? called a j—subspace in the following). The mathematical founda-
tion of local stereology has been developed in [15]. It should be noted that local
stereology is closely related to geometric tomography, especially to central concepts
of the dual Brunn-Minkowski theory, as pointed out in [10], see also [8]. In geometric
tomography, a(X N L) is called a section function for particular choices of a.

A number of geometric identities have been developed in local stereology, in-
cluding a generalized Blaschke-Petkantschin formula [16], a slice formula [19], a
geometric identity for surface area [14] and a vertical section formula [4]. Affine
versions of the vertical section formula and the generalized Blaschke-Petkantschin
formula appeared already in Baddeley [2] and Zahle [31], respectively. A review of
these geometric identities has recently been given in [21].

To the best of our knowledge a geometric identity involving rotational averages
of general intrinsic volumes is not yet available. In the present paper, we derive such
a geometric identity. Recall that for a subset X of R?, satisfying certain regularity,
we can define d + 1 intrinsic volumes Vi (X), k = 0,...,d. For d=2 and 3, the
intrinsic volumes have the following interpretations, cf. e.g. [3],

d=2: Vo(X) = A(X) area

2V1(X) = L(X) boundary length
Vo(X) = x(X) Euler-Poincaré characteristic
d=3 V3(X) = V(X) volume
2V5(X) = S(X) surface area
7V1(X) = M(X) integral of mean curvature
Vo(X) = x(X) Euler-Poincaré characteristic

The formula to be derived in the present paper shows how the rotational average
of intrinsic volumes relates to principal curvatures and their corresponding principal



directions of the original spatial structure. The formula can be regarded as a rota-
tional version of the classical Crofton formula, relating integrals of intrinsic volumes
defined on j—dimensional affine subspaces to intrinsic volumes of the original set X,

/fd V(X N F)AF! = a0 Vajin(X), (1)

7=0,1,...,d,k=0,1,...,7. Here, 3’-";1 is the set of j—dimensional affine subspaces
in R? and F; = 2+ Lj;, L; j—subspace, z € L; . Furthermore, dF} = dz?~/dL{ is the
element of the motion invariant measure on j—dimensional affine subspaces, where
dL;l is the element of the rotation invariant measure on E;l, the set of j—subspaces,
and dz?7 is the element of the Lebesgue measure in LJ-L. Finally, cq;x is a known
constant.

The formula to be derived in the present paper focuses instead on the rotational
average

/ V(X N Ly)dLd. (2)
£

An early version of the formula has already been presented in [14] but here the
rotational average of intrinsic volumes is related to curvatures on sections. The
formula derived in the present paper states more clearly how the rotational average
of intrinsic volumes is related to geometric properties of the original spatial structure.

The derived identity will allow us to relate averages of measurements of intrinsic
volumes in section planes passing through a fixed point to quantitative properties
of the set under study. Knowledge of rotational averages of sectional curvatures
are of particular importance in relation to the study of cell populations. Change in
curvature properties may be associated with deficiencies of the cell population as
discussed in [9]. The latter paper did however not relate curvatures measured in a
section plane to properties of the original set.

The proof of the formula uses the representation of curvature measures as integral
currents carried on the unit normal bundle of the set (see [30]). The main technical
tool is Federer’s coarea formula for currents and the form of the curvature defining
current for the flat section of a body which has already been used in [23]. We
use the framework of compact sets with positive reach introduced by Federer in
1959 [6] in connection with curvature measures; this set class extends the family of
convex bodies, and a restriction to convex bodies would only save almost no effort.
An extension to finite unions of sets with positive reach (encompassing polyconvex
sets) is mentioned as well.

The paper is organized as follows. In Section 2, basic concepts from geometric
measure theory are shortly summarized. The rotational integral formula for intrinsic
volumes is presented in Section 3. In Section 4, we show how certain weight factors
appearing in the rotational integral formula can be expressed in terms of hypergeo-
metric functions. Modified sectional intrinsic volumes with a more clear relation to
geometric properties of the original set are introduced in Section 5. Applications to
stereological particle analysis is shortly discussed in Section 6. Section 7 is devoted
to a geometric measure theoretic proof of the main theorem. In Section 8, extensions
of the main theorem are discussed. The paper has been written such that a reading



of Sections 2 to 6 does not require specialist knowledge in geometric measure theory.
The presented results are illustrated by 6 simple examples.

2 Preliminaries

For the background of multilinear algebra and geometric measure theory, we refer to
Federer’s book [7]. We shall also use the notation of [7] throughout the paper, unless
otherwise stated. In particular, H* denotes the k—dimensional Hausdorff measure
in R,

We will consider compact sets X C R of positive reach. To explain this notion,
consider the parallel set of amount s > 0 defined as X, := X + sB(0,1) where
B(0,1) is the closed unit ball in R?. Following [6], the supremum of all s > 0, such
that for any y € X, there exists a unique point in X nearest to y, is called reach X.
The normal cone Nor(X, x)

Nor(X,z) ={w € R%:v-w <0 for v € Tan(X, z)}

is the dual cone to the tangent cone Tan(X, z) of X at x (which is always a convex
cone if reach X > 0). For an illustration, see Figure 1. The unit normal bundle of
X is given by

nor X = {(z,n) : x € 9X,n € Nor(X,z) N S" '},

where S9! is the unit sphere in R

[

<_

Nor(X,x) +

Figure 1: Ilustration of the parallel set X of X, the tangent cone Tan(X, z) and
the normal cone Nor(X, x).

Using the parallel sets it is possible for H¢~1-almost all points (z,n) € nor (X) to
define (generalized) principal curvatures x;(z,n) € [—reach X, oo] and corresponding
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principal directions a;(z,n) at (z,n), i =1,...,d — 1, see [24] and [30]. We assume
that the principal directions are ordered in such a way that

ai(x,n),...,aq_1(z,n),n

form a positively oriented orthonormal basis of R.

To each compact set X of positive reach we can associate d + 1 intrinsic volumes
Vi(X), k =0,1,...,d. The intrinsic volume V;(X) is the volume (Lebesgue mea-
sure) of X, V;_1(X) one half of the surface area (provided that X is d-dimensional
in the sense that the normal cone Nor(X,x) does not contain a line for almost
all boundary points z), and V(X) is the Euler-Poincaré characteristic of X, see [6,
Theorem 5.19]. For k =0,1,...,d—1, it can be shown that the kth intrinsic volume
has the following integral representation, cf. [30],

Ki(x,n _
L Y gk, @
d—k norxmdlk 1+ k2(x,n)
where o, = 27%/2/T'(k/2) = H*1(S¥~1) is the surface area of the unit sphere in R,
I is a subset of {1,...,d — 1} and |I| denotes the number of its elements. Since
the principal curvatures may be infinite, we set \/H—Q =1 and \/H—Q = 0. In the

special case where X is a (d — 1)—dimensional manifold of class C?, the principal
curvatures k;(z,n) = k;(x) are functions of x € X only and (3) reduces to

‘/lc(X):L Z HKJZ )HH (dw),

T4_ -
d=k JOX |1 _q_1_k iel

cf. [28, Section V.3] and [26, Section 13.6].

Let Ed be the Grassmann manifold of j-dimensional linear subspaces of R,
0<j< d The elements of £d will usually be denoted by L;, LL stands for the
orthogonal complement of L; Wthh is a (d — j)-dimensional subspace of R%. Note
that E;l can be regarded as a j(d — j)-dimensional smooth compact submanifold of
a Euclidean space (see [7, §3.2.28]) and, hence, we can equip it with the Hausdorff
measure H’(4=7). We shall use the shortened notation here

ALY = H/“D(dLy).

d
/ dLJ = Cd,ja
Ld

J

The total mass of the measure is

where
0d0d—1- " 0d—j+1

O-jo-j—l s 0

Caj =

The resulting measure on E;-l is the unique, up to multiplication with a positive
constant, rotation invariant measure. If 0 < ¢ < j and L, € ,Cg is fixed, then ,C;.l(q)

denotes the set of j-subspaces containing the fixed subspace L, (note that E?(q) is

isomorphic to £;-1:g). The measure described by the integration dL? dL;ﬁl is

Jj(G-1)
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clearly rotation invariant on E;’ and, after computation of its total mass, we get the
relation

d_ 91 374 d

gj

Note that a subspace L; € L4 G(j—1) can be written as
LJ = Ljfl D Lin {Z},

Where @ indicates orthogonal sum and Lin {z} is the linear space spanned by z €
1 NS4 The space E , is thereby isomorphic to the unit sphere S¥in Ly
modulo Change of sign and We can write

dLd ) = sH*(dz).

Jj(i—-1)

In the main text of the paper, we will use the following result, valid for u € R\ L,
and a measurable non-negative function g, cf. [15, Proposition 3.9],

/ , p(ulLH)[2) ALY,
ca " \IPILDP | Cagiq
1 d—j j

T B(d- /20 -0/2) / gly)y = (1 -y) Ny, (5)

0 < ¢ < j<d. Here, p(-|Ly) denotes the orthogonal projection onto Lj.

The Grassmann manifold £ can be embedded into the linear space A i R? of
j-vectors in R? as the submanifold of simple unit j-vectors modulo change of sign
(cf. [7]). The space A; R is equipped with the scalar product which can be defined
on simple j-vectors as

(g A Aug) - (g A+ Awy) = det(u; - Ul)j,l:l'
Given two linear subspaces L,, L, with sum of dimensions p + ¢ > d, we define
G(Ly, L,) as the determinant of the orthogonal projection of (L,NL,)t (the orthogo—
nal complement of L,NLg in L,) onto L, cf. [15, p. 47]. We have 0 < Q( L, <1
Note that if p+q = d then G(Ly, Ly) = |L,- L |, with the scalar product introduced
above. In the main part of the paper we shall often use that G(Lg4_1, L) = |p(n|L,)|,
where n is a unit normal of Ly_;. For d = 3, G(L,, L,) is simply |sin «| where « is
the angle between L, and L,.

The following result concerning the G functions turns out to be useful.

Lemma 1. Let L,, L, be subspaces of dimensions p,q, respectively, p+q > d, and

let {vy,...,v,} be an orthonormal basis of L,. Then
G(Ly. Ly)* = Y G(Ly Lin{v;: i € I})*.
IC{1,...q}
[|=d—p



Proof. We shall identify the subspaces Lin{v; : ¢ € I} with the simple unit |/|-
vectors /\,.; v;. In order to show the result of the lemma we use that for any index
subset [ with cardinality d — p,

G( Ly \vi) = 9Ly L)G(Ly O Ly \ 04)

icl icl

(see [15, Proposition 5.1]), where the last function G has to be understood as defined
relatively in the g—subspace L,. If dim(L,NL,) > p+q—d then G(L,, L,) = 0 and
the equality is obviously true. We shall suppose in the sequel that dim(L, N L,) =
p+ q —d. It is enough to show that

3 g(L N L, ) ~ 1. (6)

IC{1,...,q} el

[/|=d—p
We may represent the orthogonal complement of L,NL, in L, as a unit (d—p)-vector
in Ly and G(Ly N Ly, \jcpvi) is its scalar product with A;c;v; in A, L. Since
{Niervi : |I| = d — p} forms an orthonormal basis of A, Ly, (6) follows. O

In the new rotational formula to be derived in this paper, hypergeometric func-
tions play an important role. A hypergeometric function can be represented by a
series of the following form

00 k—1 .
Fla, B;7: 2) :ZH 0‘+Z)Hi:0(ﬁ+z)i
k=0

z 0(7/%_i) k!
_ T()  T(a+ k(B +E)* -
F@D(B) &= TH+k K

The coefficient of z* is for k = 0 equal to 1. We shall always assume that a+3—v < 0
which ensures that the series is convergent for |z] < 1. In case 0 < # < 7, we can
also represent the hypergeometric series by an integral

PloBimi2) = g | = =y

3 The main Theorem

The particular cases relating to rotational averages of sectional Lebesgue measure
can easily be derived. In the simplest case where k = 7 = 1, we get

/Vl(Xle)dL‘f—// dz'dLé
L4 £4 JXNLy
= [ el
X

where we at the last equality sign have used polar decomposition in R%:

= |z|*tdatd L]
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More generally, the rotational average can for k& = j, where j = 1,2,...,d, be
expressed as follows

/Ld VJ(X N Lj)dL;l = Cdl,jl/X |x|7(d7j)dxd. (9)

The proof of this geometric identity can be based on the Blaschke-Petkantschin
formula [16, 31].

Example 1. For d =3 and j = 2, we get, cf. (9),
/ A(X N Ly)dLi = B(X),
L3

where
B(X) :n/ 2 1da?.
X
O

In order to solve the more difficult remaining case k < j, we consider a compact
set X C R? with positive reach. Given O # z € R n € S% ! and A, C R? a
g-subspace perpendicular to n, we define

g(Lijq)Z d
=~ 4 dLA
|p(n|Lj)[d-a 70

Qj(xv n, Aq) = /
L)

where the integral runs over all j-subspaces containing the line through O spanned
by . Note that Q;(z,n, A,) is finite whenever n £ x since |p(n|L;)| > |z - n| / |z|.
For a subset I of {1,...,d—1} and a point (z,n) € nor X with principal directions
a;(x,n), we shall use the notation Ay = A;(z,n) for the (d—1—|I|)-subspace spanned
by all the vectors a;(z,n) with i & I.
Theorem. Assume that O ¢ 0X and that for almost all L; € Ef,
(z,n) €nor X,z € L; = n L L. (10)

Then for any 0 <k < j,1 <7 <d,
/ V(X N Lj)dL]
£

1 / 1
Oj—k Jnor X |x|d7j

Hiel "ii(xa n)
X Q ) 7A _
|I|=jzlk o I)H?:f Vi+ K7 (2, n)

provided that the integral on the right-hand side exists.

H d(e,n), (1)
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It is worthwhile to compare the rotational version (11) of the Crofton formula
with the classical Crofton formula (1). The right-hand side of the classical Crofton
formula is, up to a known constant, V;_;4(X). The right-hand side of the rotational
version of the Crofton formula has an integral representation similar to that of
Vi j+x(X) but with the additional terms 1/|z|*7 and Q;(z,n, Ar). For j = d, these
terms are identically equal to 1 and (11) reduces to the well-known integral form (3)
for intrinsic volumes. In the next section, we will show for j < d that Q;(z,n, A;)
can be expressed in terms of hypergeometric functions. If X is a ball, then 1/|x|?~J
and Q;(x,n,Ar) are constant and the right-hand side of (11) is proportional to

Vajpr(X).

Corollary 1. Let the situation be as in Theorem. Assume furthermore that 0X is
a (d — 1)—dimensional manifold of class C*. Then,

/ V(X N L;)dL?
cé
1 1 d-1(
=— 2@ Z Q,(z,n(x), Ar) Hm )H (dx), (12)
j=k Jox \T|=j—1—k il

where n(x) is the unique outer unit normal to 0X at x.

Proposition 1 below shows that the regularity condition (10) is mild; in partic-
ular, the second statement of Proposition 1 implies that (10) can be violated only
for exceptional choices of the origin.

Proposition 1. Assume that O ¢ 0X. Then, the regularity condition (10) holds
whenever X is convex. Furthermore, if X is a compact set with positive reach, then

HYz € R?: 2+ X does not satisfy (10)} = 0. (13)
Proof. To verify (13), it is enough to show that (H? x H/(@=))(N) = 0, where
N ={(z,L;) eR*x LI : I(x,n) €nor X,z +x € Lj,n L L;}.

The image of N under the projection II : (z, L;) — (p(z|L;), L;) is the subset of
j-flats in R? “locally colliding with X which is known to have finite r-dimensional
measure with r = d—1+j(d—1—7) (see [25]). Hence, the invariant (d—j+j(d—7))-
dimensional measure of II(N), and, consequently, also the (d-+ j(d— j))-dimensional
measure of N, is zero. [

Sufficient conditions for the boundedness of the integral in Theorem are given in
the following proposition.

Proposition 2. The integral in Theorem converges if X is convex or if j — k < 2,
in particular, always in R3.

Proof. If X is convex then all principal curvatures are finite and nonnegative, hence
the integrated function is nonnegative. One easily sees that the integral on the left
hand side is bounded, hence the right hand side is bounded as well.
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For the second assertion, note that since n L. A;, we have

G(Lj, Ar) = G(Lj,n")G(L; Nt Ap)
g(LjJLL)
= |p(n|Ly)|.

Consequently, Q;(z,n,A;) < [|p(n|L;)|*+ dL?(l) =: ¢(j, k,d) which is clearly
finite if j — k& < 2. Thus, we have
1 Hie[ "’ii(% n)

- Q‘(I’,H,A]) —
Lol 2 @t g

1 H ’%i(xan)
S/ - Q‘(Z',”,A[) — el
o 157 2 e A s

1 d—1 ‘ B
= (dist (O, 0X))d— (j _1— k) (4, k, dyH* (nor X) < oo.

IN

H (2, n))

M (d(z,n))

The fact that H? !(nor X') < oo follows from the (locally) (d — 1)—rectifiability of
nor X, cf. [30, p. 560]. O

4 Explicit forms of Q;(z,n, A,)

We will in this section evaluate the integral Q;(z,n, A,) where O # z € R, n € S%!
and A, is a g—subspace perpendicular to n. The dimensions j, ¢ satisfy 1 < j,¢ <
d—1and j+q > d. We will first consider the case ¢ = d — 1, next ¢ = 1 and finally
1 < ¢ < d— 1, representing increasing degree of complexity.

4.1 The case g=d—1
Here, A, = n' and G(L;,n*) = |p(n|L;)|. It follows that

G(Lj, Ag)*

, A) = dL?
QJ($7n7 q) /Lc.l(l) |p(n|Lj)|d*q 7(1)
= |p(n|L;)|dL]
Ed
J(1)

= Cd—l,j—1F(—1/27 (d—37)/2;(d—1)/2; |p(”|L1L)|2)7

where we have used (5) and (8) at the last equality sign. Since L is the line spanned
by z,
p(n|Li)]? = sin® 3, (14)

where § = Z(x,n). Using the series expansion of the hypergeometric function, a
first-order approximation of (); becomes

d—j .
Qj(x,n,Ay) = Ci—1-1 (1 — 2 _‘71) sin? ﬁ) )
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In the particular case where 8 = 0 we have
Qj(% n, Aq) = Cd—1,j—1-
Example 2. Ford =3 and j = 2, we find, using (8),

1 d—j d—1 N2
P (-5 S5 izor)

2 w/2 .
= [ a0

_ §E<|p<n|Lf>\,w/z>,

where E is the elliptic integral of the second kind. For X C R? such that 0X is a
2-dimensional manifold of class C?, we find, cf. (12),

/ L(X N Ly)dL3 = B(X),
ES

where

BX) =2 / el B ()| L) /2 )

and n(z) is the unique outer unit normal to 0X at x. O

4.2 The case g=1

Since j +q > d, we have j = d — 1 or j = d. Since the case j = d is trivial, we
concentrate on 7 = d — 1. We will assume that d > 3 because the planar case d = 2
has been treated in the previous subsection.

As shown in the proposition below, Q;(x,n, A;) becomes a linear combination
of hypergeometric functions.

Proposition 3. Let g =1 and j = d—1. Let A, be spanned by a and let o = Z(x,a),
B = Z(xz,n) and § = Z(m,p(alzt)), where m = w(n|zt) = p(n|zt) / |p(n]zt)|.
Then,

(d-1)/2 ~11d+1
Qa-1(x,n,a) = m sin” o {sin2 OF < 5o + - sin? ﬁ)

1 d 1

+ cos> OF ( 5 3 + sin25>} (15)
Furthermore,
d—1

d—3 1 d—1 .

ZQd—l(l‘7n7 (IZ‘(IL',TL)) = Cd—l,d—2-F1 < 9 5; 9 ;Slnz ﬁ) . (16)
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Proof. Let Lq_; be spanned by z and Ly_, C 2. Then it can be shown that
g(Ldfb a) =sina ng (Ld*27p(a|xJ_))7

where the upper index 2+ of G indicates that the function G is here considered
relatively in z+. Furthermore,

Ip(n|La—1)* = cos® B + sin® B cos® Z(m, Lq_s).

It follows that

Qd—l('ranaa)
G(Lg_1,a)? d
— b B g
/d L) [p(n|Lg-1)]* -1
— sin?a G*" (La_s, plalz™))?[1 — sin® Bsin® Z(m, Ly_s)]” T dL4L,
Ly,

where L4~} is the set of (d — 2)—subspaces of 2. Each such subspace Ly can be
identified with its unit normals v, —v € S92 C z*. Using this identification, we get

i 2

Q- (w1, a) = == / (v - m(ala™))*[1 — sin? B(m - v)*] 7 dv® 2.
Sd—2

Using the coarea formula on the mapping ¢ : v — (m - v)? with Jacobian

Jo(v; S972) = 2im - v|\/1 — (m - v)2,

cf. [15, Proposition 2.11], we finally get after some manipulation

Qa-1(z,n,0a)
d—1 ]_

. Sln (0] B o1 s 1
- / /Sd _— (v - m(alz™))*[1 — (sin® B)y]~ 2\@@@ dy

d—11 d+1
- d2 sin® o [Sln 0F = il Slfl2 B
oT (&) 2 72 2

d—1 3 d+1
+cos29F( SRRDX ;— ;sinQﬁ)],

where 0 = Z(m, p(a|zt)) satisfies

cos « cos (3
cos = ———.
sin arsin 3
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A direct way of proving (16) is the following

d—1 d—1 2
Y1 G(La1,a:)° 4
Qa-1(z,n,a;) = = dL?
z‘zl 1( ) L3 10 |p(n|Ld_1)|d_1 o

p(n|La1)® 4
= ——————dL
/m o Il La) [T

= [ bl g

d—1(1)

d—31d-1 .
:Cd—l,d—QF( 5 ,5; 5 ;s1n25),

d—1

where we at the last equality sign have used (5) and (8). O
Example 3. Ford =3 and j = 2, we find that

d—1

Z Qd—l(xa n, CLi(I', n)) =C1 =T

i=1
does not depend on x and n. It follows for X C R® with 0X a 2-dimensional
manifold of class C? that, cf. (12),

[ 0 Lz = ),

where
BX) = 1/ |17|_122:W‘(I)/€‘($)H2(d$)
9 ox ~ i i
and wi(x) = Qa(x,n(x),as_i11(x)) /7, i = 1,2, sum to 1. d

4.3 Thecasel<qg<d-1

This case is more complicated than the two previous cases. We conjecture that
Q;(z,n, A;) can be written as a linear combination of four hypergeometric functions.
The details will be worked out in a future paper. Note that the previous cases cover
all cases of immediate practical interest (d = 3).

5 Modifications for applications

In the previous sections, we have derived new geometric identities of the form
[ e n Lz = sex),
£

showing how the rotational averages of the sectional intrinsic volumes depend on
the principal curvatures and their principal directions of the set X. The ‘opposite’

13



problem of finding functions « defined on X N L; with rotational average equal to
the intrinsic volumes of X is also of interest for applications, see Section 6 below.
So in this section we will study the problem of finding « such that

/ﬂd a(X N Ly)dLT = Vaji(X),

0<75<d,0<k<j. It turns out that the cases £ = 7 and kK = 7 — 1 can be solved
but otherwise the problem is largely open.

5.1 The case k=

For k = j, V4_j41 is Lebesgue measure and the Blaschke-Petkantchin formula implies
that, cf. e.g. [15, Proposition 4.5],

[ Vas (X 0 L)L = Vi),

1 <j <d, where

~ 1 ) )
Vai(X N L) = /X ) |2 dad. (17)
nL;

Cd—1,5—-1

In geometric tomography, ffdﬂ- is a special case of a dual volume, cf. [8, (A.63)]. Dual
volumes have a number of interesting properties, cf. [10, Section 4]. In particular,
they satisfy a generalization of the dual Kubota integral recursion (see [8, Theorem
A.7.2]). Also, (17) can be expressed as a section function as defined in [8, Section
7.2].

Example 4. Ford =3 and j = 2, we find
/ a(X N Ly)dLs = V(X),
L3

where )
a(X NLy) = —/ |z|d2?.
T

XNLo

5.2 Thecase k=j5—1

For k = j — 1, results in [15, Proposition 5.4 and Section 5.6] can be used to show
the following proposition.

Proposition 4. Let X be a subset of R with 0X a (d — 1)—dimensional manifold
of class C* with finite surface area. Assume that O ¢ 0X and that

H" ({z € 0X :n(x) L x}) =0.

Then, for1 < j <d,

/Ld ‘N/d,jfl(X N Lj)dL;l = V;l71<X)a

14



where

20d—1,j—1‘~/d,j—1(X NLj)
1 d—j j—1

- /ax ,lTE (‘57 g gl (:c)|L%)I2) H - (d),
nL;

nr,(r) € L; is the unit normal to 0X N L; at x € 0X N L; and Ly = Lin {x}.

Proof. Using [15, p. 142-144], we find that

i Ly
Ahéim§aXL”h) Lin = V1 (X), (18)

Cd—1,5—1 Cd,1

where

/2

Al (0X, Ly Li) = > fal* (o, (@) L]

T
T(d/2) ,oxhe,
1 d—j j—1

< F (~5 - L b, @)

Interchanging the order of integration in (18) and applying [15, Proposition 5.4], we
obtain the result. O

Note that \N/d’j_l(X N L;) can be determined from information in L; alone.

Example 5. Let d = 3 and j = 2. Furthermore, let |p(np,(x)|Li)| = sinvy(z).
Then,

F (—l b 1;sin2 ’y(m)) = cosy(x) + y(x) siny(x),

cf. [15, Example 5.10]. It follows that
/ (X N Lo)dLE = S(X),
ES

where
a(X NLy) = %/ |z|(cos y(z) + v (x) sin y(x))H' (dz).
OXNLa

5.3 Thecase k<j—1

In order to make some progress in the case k < j — 1, let us consider the following
generalized intrinsic volumes

~ 1 i HZ "'ii(xa 77,) _
VA0 = —— [ Japr Y e M i, ),
Od—k Jnor X I|=d—1—k Hi:l 1+ l‘ii(ﬁC, n)

15



0<k<d-1,i>k. Notethat f/kdk(X) = Vi(X). Tt follows from the proof of the
main Theorem that for 0 <k < 5,1 <5 <d,

/ﬁd ‘/djfjJrk,k(X N Lj) de
1 [Lics 7, 1)
= Z Qi(@,n, Ar) == EI/_l 2
j—k Jnor X I|=j—1—k H¢:1 + K; ($, n)

Comparing with the integral representation (3) of V;_;1x(X), the right-hand side of
(19) will be proportional to Vy_;x(X) if Q;(z,n, A;) is constant. This is, of course,
not the case in general. But the sum of the @);s are constant in the case of practical
interest discussed in the example below.

H N d(z,n)).  (19)

Example 6. Let d = 3 and j = 2. Suppose, for simplicity, that 0X is a 2-
dimensional manifold of class C%. In R3, it still remains to find o such that

/ a(X N Ly)dLE = M(X),
£3

where

M(X) = / L k2 () + o) H2 ()

2

X

is the integral of mean curvature of X, cf. the list of intrinsic volumes in R? given in
the Introduction. Using (19), we can obtain the following related geometric identity

/ a(X N Ly)dL3 = M(X), (20)

where
2

M(X) = /aX Zwi(x)m(x)HQ(dx),

and the weights w;(x) are defined in Example 3 and sum to 1. Furthermore, the o
in (20) is given by

1
a(X NLy) = —/ 2|k, (2)H (dz),
T JoxNLy
where K, () is the curvature of 0X N Ly at x € Ly. O

6 Applications to stereological particle analysis

In this section we will briefly discuss how the derived geometric identities can be
used in the stereological analysis of particle populations. The particles are regarded
as a realization of a marked point process ¥ = {[x;; Z;]} where the z;s are points in
R and the marks =; are compact subsets of R? of positive reach. The ith particle
of the process is represented by X; = z; + Z;. In this framework, z; is called the
nucleus of the ¢th particle and =; the ‘primary’ or ‘centred’ particle.

16



Under assumptions of stationarity and isotropy of the particle process, it can be
shown for any nonnegative measurable function h that

BY b =) :/\/Rd/Ph(x, K) Py (dK)da, (21)

where ) is the particle intensity and P, is a probability distribution on the set P
of compact sets in R? of positive reach. The distribution P,, is called the particle
distribution. We let =y be a random compact set of positive reach with distribu-
tion P,,.

In relation to such a particle population, a geometric identity

/d a(X NLy)dL! = 3(X) (22)

can be used to express the mean value of a specified measurement a on sectioned
particles in terms of a certain S—content of the original particles (Examples 1-3).
A geometric identity may also give the measurement « to be determined on sec-
tioned particles in order to estimate the mean particle f—content for a specified
(Examples 4-6).

To be more specific, note that for the generic particle =y, we get from (22) that

EB(EO):E/ a(EoﬂLj)dL;’:/ Ea(Zy N Lj)dLy.
L L;l

Since the distribution of = is invariant under rotations, Ea(=ZyNL;) does not depend
on L; and it follows that for an arbitrary but fixed j—subspace Lo

Lo
—Oé(:,() N LjO)
Cd,j

is an unbiased estimator of EF(Z,), i.e. the mean value of a(Zg N Ljo)/cq,; with
respect to the distribution P,, of =g is equal to EF(Zy). In practice, a sample of
particle {z; + Z; : x; € W} is collected in a sampling window and a central section

is determined through each particle. The resulting estimator of E3(=Zy) based on
this sample becomes

LS aE@0 L) /N, (23)

C .
a.j {i:x;, €W}

where Ny is the number of sampled particles. Using (21), it can be shown that
this estimator is ratio-unbiased for E[3(Z), i.e. the ratio of the mean values of the
numerator and denominator is equal to E3(=).

17



7 Proof of main Theorem

Let L;_y € LY, be fixed and write S*7 = S%J(L; ). Let further L? be the linear
space spanned by Lg_; and z whenever z is a vector which does not lie in L;_;. We
introduce the following mappings.

finor X\ {(z,n):n LLj} — RY x St
(,n) = (z,7(n|L7)),
g:nor X\ (L x §%Y) — 847,
(w,n) — w(@]Liy),

where 7(-|L) = p(-|L)/|p(-|L)| denotes the spherical projection onto the unit sphere
in a subspace L.

Lemma 2. The differentials of the mappings f, g are

~plul(L)h)

pGIL )]

z,n)(u,v) = (u p(vl L5 N o) (n‘p(u|(L§)J‘))p(p(:L‘|Lj‘_1)‘L;?ﬂnJ‘)
i) = (o PG (eI L ) P (ol 3)]

(n - p(al L) p(ul (E5)*)
@I p(nlLE)] )

Dg(z,n)(u,v) (24)

(25)

(u,v) € R? x R,

Proof. The formulae are obtained by a routine calculation, using the representation
p(n| L) = p(n|Lj—1) + (n - m(w|Lj_y))m(x] L),

Note that the differential of the spherical projection 7, : n+— m(n|L) is

_ p(wlLNnt)
Dy == )

O

The idea of the following procedure is as follows. Given any linear subspace
L € L£¢ of R* which does not ‘osculate’ with X (i.e., there is no pair (z,n) € nor X
with n L L), then X N L has positive reach and its unit normal bundle (relative
to L) is
nor (X N L) = {(z,n(n|L)) : (x,n) € nor X}.

This fact follows from [6, Theorem 4.10]. Note also that if X and L do osculate
than X N L need not have positive reach; therefore, such cases have to be avoided
by assumptions.

At first, we shall show a technical lemma stating that for H?7-almost all z €
Sa=3 Hi=talmost all points in f(g~{z}) have a unique pre-image under f. This
will enable us later to use the area formula for f without multiplicities. (For an
analogous result for the translative formula, see [32].)

Let f©) denote the restriction of f to g7'{z}.
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Lemma 3. For H% 7-almost all z € S we have

H ™ ({(z,v) € f(g7*{z}) : card f{(z,v)} > 1}) = 0.

Proof. Let N denote the set of all (z,n) € nor X, n } L7, such that there exists
another unit vector n’ # n, n' J Lj, with (z,n’) € nor X and f(z,n) = f(x,n’).
We have to show that

HH(f(NNg {z}) HY(dz) = 0. (26)

Sd—i

Using the area and co-area formulae, the last integral can be bounded from above
by

/ / Ji A f@ ariT I (dz)
Sd—3 JNNg—1{z}

= [ s 2 ),

where J;_1 f#), Jy_;g(x,n) is the (j —1)-dimensional Jacobian of f*) at 2 = g(z,n),
(d — j)-dimensional Jacobian of ¢ at (z,n), respectively. We shall show that almost
everywhere on N, at least one of the Jacobians is zero . To end this, note that

ker Dg(x,n) = Tan(g~"' {2}, (z,n)) = Tan(nor X, (z,n)) N (L x RY).

If dim ker Dg(x,n) > j—1then J,;_;g(z,n) = 0. Assume thus that dim ker Dg(x, n) <
j — 1. Due to the definition of N, if (z,n) € N then there exists a nonzero vector

¢ :=(0,m,.(n' —n)) € Tan(g {2}, (z,n))
such that Df)(z,n)¢ = 0, hence J;_; f*)(z,n) = 0. O

In what follows we shall use the representation of curvature measures (intrinsic
volumes) of a set X with positive reach by means of the associated normal cycle Nx
due to Zihle [30]. Nx is a (d — 1)-dimensional current on R??

Nx = (H* 'Lnor X) A ax,

i.e., the (d — 1)-dimensional Hausdorff measure restricted to nor X, multiplied with
a unit (d — 1)-vectorfield orienting nor X; this can be given in the following form:

d—1
1 Ki(z,n)
x(@ ) zz/\l ( 1+ ki(z,n)? (@, ) 1+ ra(z,n)2 ( )) (27)
(recall the convention \/110002 =1, \/1-|1—oo2 = 0). The current Ny acts on (d—1)-forms

¢ on R? as

NX(qb):/ X(ax(x,n),¢(m,n)>Hd71(d(x,n)).

19



The Lipschitz-Killing curvature form ¢, on R?? of order k = 0,...,d — 1 is defined
as

a4 1 -
<(u(1)>u%)/\/\(ug 1>ucll 1)79016(3:7”)) = a Z <u;1 /\"'/\Ugd,ll /\nan>7
€1+---+€Zd:_?id—1—k

where €, is the volume d-form in RY. The kth intrinsic volume of X can then be
expressed as
Vil(X) = Nx(¢x)-

When considering a section of X with a j-subspace L7, the upper index (j) will
always indicate that the corresponding notion is considered in the j-dimensional
space L;, and not in the whole R?. (E.g., N )(g% JPRCE:! (j — 1)-dimensional current in
L; x Lj.)

For the definition of the slice (N, g, z) of the current Ny with the Lipschitz
mapping g at a point z see [7, §4.2.1 and §4.3.13]. We need to fix an orientation of
the unit sphere S*~7 in L= | which is the image of g. To do this, we fix a unit simple

(j—1)-vector w;_; orienting L;_; and a unit simple (d—j+1)-vector wy_;1; orienting

LJ-{l, so that (wj_1 Awa—jt+1,) = 1. Let Q;_1, Qq_;+1 be the dual multi-covectors

to wj_1, Wa_jr1. If 2 € S99 we choose wy_;(2) = warjr1Ldz as the unit simple
(d — j)-vectorfield orienting S%J. Its dual form will be denoted Q4—;(2) = 22Q4_ ;41
and we denote also by §2;(z) = wq_1 A dz a volume form in L?. Note that

Qj(Z) N Qd,j(Z) = Qd.

Further, f#¢ denotes the push-forward of a differential form ¢ by a Lischitz
mapping f, whereas f47T' is the dual pull-back of a current 7.

Lemma 4. Assume that
H ' ({(z,n) €Enor X : z € Lj 1}) =0 (28)
and that for H7-almost all z € S47, (10) holds with L; = L?. Then
N)(gr)WLJz. = 7(éf)<NXag7Z> + f;(gﬁ_z)<NX,97 —2)
for H* 7 -almost all z € S,

Proof. First, we apply [7, §4.3.8,13] to get the expression of the section current
(Nx,9,2) = (W eg™{z}) AC
for H/~'-almost all z € S97, with the unit vector field

ax(x,n)L </\d7j Dg(z, n)) Qa_j(g(x,n))
Ji19(z,n)

Q(x,n) =

associated with ¢g~'{z}. Further, we apply [7, §4.1.30] (area theorem for currents)
together with Lemma 3 and obtain

FE N, g,2) = (H7'Lf(g7H2)) A
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with unit vector field
(A DI @)
) = S )

(In fact, f*) cannot be extended to a locally Lipschitz mapping over the whole space
L% % S7=1 nevertheless, due to (10) and since the unit normal bundle is closed, we can

find a compact set containing ¢g~'{z} to which f (*) can be extended as a Lipschitz
function, verifying so the assumption of [7, §4.1.3].)

Conditions (10) and (28) assure that for H/-almost all z € S%~, nor V(X NL?)
agrees with the disjoint union of f(g~'{z}) and f(¢g~*{—=2}) up to a set of H/~!-
measure zero. It is thus sufficient to verify that the vector fields n and axn L coincide

almost everywhere, for H% J-almost all z € S/, Since both are unit tangent vector
fields associated with the same set, if suffices to show that they have the same
orientation. To check the orientation, it is sufficient to verify that for almost all
(z,v) € nor V(X N L), (n(z,v), gog)( )) > 0if d — 1 — p is the number of infinite
principal curvatures of X N L at (x,v). We have

with a positive factor a.. The last expression will be calculated later and the form
(33) shows that it is positive at points where exactly d — 1 — p principal curvatures
are infinite. O

For the application of Lemma 4, the following result will be needed.
Lemma 5. If O ¢ 0X then (28) is fulfilled for almost all L;_4 € E?_l

Proof. Note that (28) can be written equivalently as
H ' (nor X N (L;—1 x RY)) =0 for almost all L;_;. (29)

If 7 = 1, the assertion follows from the assumption O ¢ 0X. Let us procede by
induction on j. Assume that 7 > 1 and (29) is true for j — 1. We shall show that

Hjil(nOI"X N (Lj—l(j—Q) X Rd)) =0

for almost all L;_;(j_o) and almost all L;_,, which is equivalent to (29). For L;
fixed, consider the locally Lipschitz mapping

¢:nor X \ (Lj_o x RY) — Sd_jH(LjLQ)

qiven by ¢(z,n) = w(z|Lj,). Applying [7, §3.2.22(2)] to ¢, we get that ¢~'{z}
is locally (H772,j — 2) rectifiable, hence H'~*(¢~1{z}) = 0, for H? 7 -almost all
z € S4IT(L;,). Since

nor X N (Lj—l(j—Q) X Rd) = (ﬁil([;j_l(j_g) N Lj;2) U (HOI‘X N (Lj,g X Rd))

and Lj_y(j_2) N Lj{2 has only two points, the assertion follows. O
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Proof of Theorem. Using the desintegration (4) we can write

/ Va(X N L;)dL,
e
2
= —/ / V(XN L) dLyG-nydLj
T ILg L
1
= — [ Z(L,_)dL_,, (30)
0j 5?71

and
Z(L;1) ::/ V(X N L) R (dz),
gd—j

S9J being the unit sphere in Ljﬁl (recall that L% denotes the subspace spanned by
L;_y and z). The subspace L;_; will be fixed in the following. Our next aim is to
evaluate the integral Z(L;_;). Let us remark that we do not know at this moment
whether the integral exists since V(X N L%) can change sign.

Assume that (28) holds and that

(10) holds for H*7 — almost all z € S (31)

Using Lemma 4 and [7, §4.3.13], we get

T =2 [ (1) 00.9)) () i

2/ ((Nx,9,2) (f*e) H* (dz)
Sd—j ‘
=2 (Nxeg* ) (F7¢))

= 2/ <CLX, g#Qdfj A\ f#gO]gj)> deil.
nor X

We can represent the (d — 1)-vector ax in the form
ax = (u1,v1) A+ A (Ug—1,Vq-1)
with ug—jy1,...,us—1 € L7, since
dim (Tan(nor X, (z,n)) N (LY X R))>(d—1)+(j+d) —2d=j—1.

Then (u;,v;) € ker Dg(z,n),i=d—j+1,...,d— 1, and, hence,

I(Ljq) = 2/norx< d/_\ng($>”)(Uz‘aUz‘)an—j(2)>

X < | /\ Df(xa”)(uiavi)’@;&j)(W(HILJZ-))>Hd1(d(:c,n)).
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Using the definition of gog ) and (25), we obtain

< d/_\1 Df('rvn)(uivvi)790](€j)(7TL]Z.n)>

i=d—j+1
p(vi| LY N nt)
= sgn[< u; A — 7T(n|Lj),Qj>
S At A Lo
1 1
= I) JL7 N
o [P, ) - klzk sgn <£\IPUI n*)

A N\ Pl ) Ap(alL), ).

i€l
with summation over all index sets I C {1,...,d — 1} of given cardinality |I|,
where sgn [ is the sign of the permutation which maps the numbers 1,...,|I| in

an increasing order onto I, and |I| + 1,...,d — 1 in an increasing order to I¢ :=
{1,...,d =1} \ I. On the other hand, (24) yields

< d/_\ng(%n)(Uz‘an)7Qd—j(Z)> = W< /\p wil (L5)7), Qa—j (2 )>

i=1
Thus we get
2 1
I(L; 1) =—— . 7 (z,n) H¥ (d(z,n 32
L= o | e e e ) @
with

r(,n) = Z<sgnf>< Ap(lLr ant) A A p(oilLE Ant) Ap(lLy)

= iel ieIC
d—1

A /\p<u@-|<L§>L>,Qd>.
i=j

Using the fact that u; € L; for ¢ < j — 1, we can write

T(x,n) = Z (sgn])(sgnJ)< /\p(uALfﬂnl)

cJ iel
=k, J|=5—1
A /\ vZ|Lxﬂn Ap(n|L;) A /\ p(ui|(L§f’)L),Qd>
e J\I ieJC
= Z (sgn])(sgnJ)< /\p(po(ui,vi)uﬂLfﬂnL)
cJ i€l
1=k, [T |=j—1

A /\ pl uuvz |Lxmn )/\p<n|LJ)
e J\I

A\ p(polus,vi) (L) )Qd>

ieJC
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here po(u,v)—wu and p;(u,v) = v are the orthogonal projections and the summations
is taken over all index subsets I C J C {1,...,d — 1} of given cardinalities. The
last expression is the value of a (d — 1)-form applied to ax, hence it does not depend
on the particular representation of the (d — 1)-vector ay. Using the representation
(27), we get

HzeJ\I Ki
T(x,n) = Z (sgnJ
cJ RV

[I|=k,|J|=j—1

. < APl 0 AplalLi) A plad()), )

i€J i€JC

A pla|ZE N0t Ap(n|L;)

zEI/'%Z
|1']Z1 kH V14K Jgp

ieJ
J1Zi-1
< |\ plal(LD*)
i€eJC
ZEI/ Ki Z /\ 7)
Z plai| L) A p(n|L;)
[I'|=j—1— kH vite Jor ieg
N
< |\ plail (L))
i€JC
2
oy e gl p)
[I'|=j—1— kH 1+ K7 Jor icJe
J1Zi-1

Applying Lemma 1 to the subspaces L7 and A;, we obtain

H EI LZ 2
T(z,n) = E : c AT 33
o) m:j—1—kH 1+ : G (L5 A) (33)

Revoking (30) and (32), we arrive at
/ Vi(X N L;) dL;
La

/ > Wict %50 n, 4y 1o (d(e,m)).
JJUJ k Jnor X

sk 11 H"’”

with

9) 1
A= oy BTt A A

j—1

Finaly, we apply the coarea formula for the projection h of the subspace L;_; into
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the orthogonal complement of z, see Lemma 6:

~ 1 1 . 9
Qx,n,Ar) = /ﬁd J(j—l)(d—j)h([zj—l)kddij |p(n|L§)|jka(Lj,A1) dL;j_q

j—1

j 1 1
_ j—1773,—1 ] z 9 4
"/ﬁ@aww}i (07 L)) s e 9 5 A

_% 1 / G, A
2 [l ™5 Jea Tp(nl L)+ 7070

J

= %Q(I7 n, AI)

(we have used the fact that h~'(L;_1) is isomorphic to the space E;_l of (j —1)-
subspaces of Lf), and the assertion follows. O

Lemma 6. Given a nonzero vector x € R and 1 < g < d—1, consider the mapping
h: ,Eg \ ‘Eg(l) — Egil(l'l),
Ly = p(Lglz™).
Then the Jacobian of h is given by

|x|d—1—q

Ip(a| L)

Jq(dflfq)h([’q) =

Proof. Choose an orthonormal basis {uy,...,us} of R? such that u; = w(z|L,),
Ug = 7r(95|qu) and L, is spanned by uy, ..., u, Considering Eg as a submanifold of
/\q R?, the g-vectors

S =ui A ANy ANup ANugyr - ANy, 1<i<jg, j+1<r<d,

form an orthonormal basis of the tangent space Tan(ﬁg, L,). Then, denoting v; =
7(ug|at),
h(Lq) :Ul/\UQ/\"'/\Uq,

and if the g-vectors (] are defined as & with u; replaced by vy, then
G: 1<i<gq q+1<r<d-1,

form an orthonormal basis of Tan(LI™!, h(L,)). We can evaluate the differential
Dh(L,) at these basis vectors:

1
Dh(Ly)(&]) = —— (7 +1<r<d-1
( q)(gl) Sinl(:c,ul)Ch J + ST )
Dh(L,)(&]') =0, 1<i<q,
Dh(Ly) (&) = ¢, 2<i<qq+1<r<d-1.
Consequently,
1 o]

Jq(d—l—q)h(Lq)

- [sinZ(z w)[e [p(a] L)
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8 Extensions of the main theorem

A very slight modification of the proof of Theorem yields a local variant of (11) for
curvature measures: Let the assumptions of Theorem be fulfilled and let, moreover,
h be a nonegative measurable function on R%. Then

//h(:z:)Ck(XﬂLj,dx)dL?
£dJL;
1

1
—— | @) ——
Oj—k /norX ( )|x|d_]

[Tics mi(, n) d-1
(@, m, Ar = H (d(z,n)).
X ij_l_kQ ( )H?:1 /71 n H?(l’,n) ( ( ))

(Recall that the curvature measure Ci(X,A) of X at A is defined by a formula
analogous to (3), with the indicator function 14(z) added to the integral, see e.g.
[30].)

Furthermore, we can use the additivity of curvature measures to generalise The-
orem to finite unions of sets with positive reach. A set X C R? is called a Upp set
if it can be represented as a locally finite union X = (J;2, X; for some m € N such
that for any index set 7 C {1,...,m}, the intersection [,.; X; has positive reach
(provided that it is nonempty). Note that, in particular, sets from the extended
convex ring are Upg sets. Using the index function

ix(x,n) = 1X(x)<1 — lim lim X(X NB(x+ ((r+ S)n,r))),

r—04 s—04

r € RY n € S (B(y,t) denotes the closed ball of centre y and radius ¢ and x
stands for the Euler-Poincaré characteristic), we can define the unit normal bundle
of X as the support of ix and the normal cycle of X as

Nx = (H* 'Lnor X) Aixax,

where ay is a unit simple (d — 1) vector field orienting nor X in the same way as in
the case of sets with positive reach. Applying Nx to the Lipschitz-Killing curvature
forms, we obtain additive extensions of curvature measures for Upg-sets (see [24]).

Corollary 2. Let X be a compact Upr set with an Upr representation X = |J;-, X;
such that for any I C{1,...,m}, O € 0(\,c; Xi and (,c; X; fulfills (10). Then for
any 0 < k < 7,

/Ed VHX NL;)dL) =

Oj—k

] —1 Hie] I{i('ra ’I'L) d—1
8 /norX ZX(ZE’ n) |x|d7] Ijz—l—kQ(x’ " I) H;j:_ll 1+ /112(17, ’I'L) " ( (x7 n))7

provided that the integral on the right hand side has sense.
Remark. 1t follows from Propositions 1 and 2 that the assumptions of Corollary 2
are fulfilled and the integral converges whenever X is a compact set from the convex

ring with O ¢ 0X.
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