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1 Introduction

The theory of bipower, and more generally multipower, variation has developed out
of problems in mathematical finance; for motivation and some first results and appli-
cations see [5], [6], [7], [8], [9], [10], [26], [27], [28], [29]. It is natural, therefore, that
initially the focus was on Brownian semimartingales, for which a rather complete
and comprehensive theory is now available, cf. [3] (also [4] and [18]). Extensions of
the theory to Lévy processes and [to semimartingales have been obtained, particu-
larly by Jacod in [15] (cf. also [8]), and applications to finance of such extensions
are discussed in [17] and [25].

A further avenue of generalisation is to stochastic integrals with respect to Gaus-
sian processes having stationary increments. This was begun in [2], [12] which
treated the power variation case, providing in particular a feasible central limit the-
orem for inference on the integrands in question!. The techniques used there, as well
as in the present paper which considers the bipower case, come from very powerful
recent results developed in the context of Wiener/It6/Malliavin calculus, especially
by Nualart, Peccati and coauthors, see [21], [22] and [23] (cf. also [19]). (In fact,
we believe that there are no other tools available that would allow derivation of the
conclusions in the present paper.)

The structure of the paper is as follows. Section 2 lists a number of background
results needed for the proofs, given in the Appendix, of the main results, which are
presented in Sections 3 and 4. Those Sections discuss limit laws of bipower variation
for Gaussian processes with stationary increments and for integrals with respect to
such processes, respectively. Section 5 concludes.

2 Background

In this section we review the basic concepts of the Wiener chaos expansion. In
particular, we present a multiplication formula (Proposition 1) and a multivariate
central limit theorem for a sequence of random variables which admit a chaos rep-
resentation (Theorem 2). The latter is based on the theory for multiple stochastic
integrals developed in [21], [23] and [14].

Consider a complete probability space (2, F, P) and a Gaussian subspace H; of
L*(Q, F, P) whose elements are zero-mean Gaussian random variables. Let H be a
separable Hilbert space with scalar product denoted by (-, )i and norm || - ||;. We
will assume that there is an isometry

W : H-—H,
h +— W(h)

in the sense that

E[W (hy)W (hg)] = (h1, ho)m.

It is easy to see that this map has to be linear.

! As discussed in [2], an important early forerunner of that paper is a paper by Guyon and Leon
[13] which derived quadratic variation limit results for stationary Gaussian processes.
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For any m > 2, we denote by H,, the m-th Wiener chaos, that is, the closed
subspace of L*(Q), F, P) generated by the random variables H,,(X), where X € H;,
E[X?] =1, and H,, is the m-th Hermite polynomial, i.e. Hy(x) =1 and H,,(z) =

(—1)me Lo (=),

Suppose that H is infinite-dimensional and let {e;,;7 > 1} be an orthonormal
basis of H. Denote by A the set of all sequences a = (ay,as,...), a; € N, such that
all the terms, except a finite number of them, vanish. For a € A we set a! = I13°,a;!

and |a| = > @;. For any multindex a € A we define

1 o0
o, = ﬁHiZIHai(W(ei))'

The family of random variables {®,,a € A} is an orthonormal system. In fact
E I Ho, (W (e) )IEZ, Hy, (W (e:))] = dapal

where d,, denotes the Kronecker symbol. Moreover, {®,| a € A, |a|] = m} is a
complete orthonormal system in H,, .
Let a € A with |a| = m. The mapping

I, :H°" — H,,
®Zlez®ai = 12, Ho, (W(es)),

between the symmetric tensor product H®™, equipped with the norm v/m! || ggem
and the m-th chaos H,, is a linear isometry. Here ® denotes the symmetrization of
the tensor product ® and I is the identity in R.

Forany h=h ® - ®@hy,and g = ¢ @ -+ ® g, € H®™, we define the p-th
contraction of h and g, denoted by h ®, g, as the element of H®20"=P) given by

h®pg: <h1>gl>IH"'<hpagp>]th+1®"'®hm®gp+1®"'®gm~

This definition can be extended by linearity to any element of H*™. h ®, g does
not necessarily belong to H®?™ ) even if h and ¢ belong to H®™. We denote by
h ®, g the symmetrization of h ®, g.

Proposition 1. For any h € H®? and g € H®?, we have

LWL =S () () ra-seBr 1)

r
r=0
Proof: First, note that
Il<€i) == W<€z>
Let a € A with |a| = p and ¢ = 1. Due to linearity of I, it suffices to consider the
case h = @, , 2%, g = e;. It holds that

i=1 "1

Ly(@:2y 7" ) 1(e5) = T2y Ho (W (€)W (&)

=1 "1

Assume that j is an index such that a; = 0. Then

1€ ®1e; =0

2
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and
~ 00

T2 Ha, (W (€)W (€)) = Lpr (8,2 €] @ €)),

so we have that

L(@:2y ") 1(e)) = Ly (®i2 €™ @ ) + plp-1(®21€7" @1 ¢).

Assume now that a; # 0. Then we obtain the identity

~ o0 Ra; CL] ~ 00 ®a/
®i=1€; 1®163 p®1 1€

with a} = a; if i # j and a} = a; — 1. Furthermore,
T2, Ho,(W(e) )W (ej) = 112, i Ha, (W (ei) (Haya (W(ej) + a;Hoy 1 (W (e5)))
= p+1(®21 " ® €5) +p[pfl(®f01 " @ €5,
since the Hermite polynomials verify
H,1(x) = xHy(x) — nH, 1(x).

Hence, the relationship (2.1) is true for ¢ = 1. The general formula follows by
induction through the lines of the proof of Proposition 1.1.3 in [20]. O

Remark 1. Note that if we take h = ¢,%?, g = ¢;%7 we obtain the well-known
identity

H, (W () Hy(W(e) = 5 o (2)(7) -,

r r
r=0

Now, let G be the o-field generated by the random variables {W (k)| h € H}. Any
square integrable random variable F' € L?(Q, G, P) has a unique chaos decomposition

F:ilm(h )

where h,,, € H®™ (see [20] for more details).
Finally, we present a multivariate central limit theorem for sequences of func-
tionals F,, € L*(Q,G, P).

Theorem 2. Consider a sequence of d-dimensional random vectors F,, = (F}, F2,
F%), such that F¥ € L*(Q,G, P) and

= i I,(hE
m=0

where by, . € HO™. Assume that the following conditions hold:

(i) For any k =1,...,d we have

hm lim sup Z m!||hf, | [3gem = 0.

N—oo pooo

m=N+1
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(i) For k,l=1,...,d we have
m! lim ||hy, [ hem = Sik.

m! lim (hE Bl Vpem =30, k#1,

and > 2°_ Y™ =¥ € R™.
(iii) Foranym>1,k=1,....dandr=1,... m—1
B [[hy, o, @r g ol [gge2im—n) = 0.
Then we have

Fn - hO,n L Nd(oa E) ) (22)

as n tends to infinity, and for any natural number N and k=1,...,d
N 4 N 2
lim E (Z Im(h’;hn)) =3 (Z 2;;;) . (2.3)
m=1 m=1

Proof: Under the conditions (ii) and (iii) the weak convergence (2.2) of the vector

(Iml(h}nl,n)’ ]m2(h$nz,n>’ s 7Imd(hqu,n)) )

is shown in [23] (moreover, these authors prove that (2.2) implies (2.3)). Under the
additional condition (i) this result can be extended to general multivariate sequences
F,, with squared integrable components (see [2]). O

Example 3. Consider a sequence of stationary, normalized, centered Gaussian ran-
dom variables (X;);>;. We want to study the asymptotic behavior of the sequence

Y, = %gﬂm ,

where H is a real-valued function of Hermite index R > 1, i.e.

[e.9]

H(z) =Y cnHp()

m=R

with cg # 0 (in particular, this implies that F[H (X;)] = 0). Assume that F[H?*(X;)]
=Y pm!c < oco. We can take H; =span{X;,i > 1}, and IH = H;. The inner
product on IH is then induced by the covariance function p(k) = cov(Xy, Xi4x) of
the sequence (X;);>1 (note that p(0) = 1). We obtain the following representation

0o 1 n
= = mIm(X?m>

n

> 1
S mx;@m).
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Set
1 n
hpm = — e X7
Py
Assume that

2o < oc. (2.4)

It holds that

Z m'HhmnulH@m = Z m'C Z p" (i —j)

i,7=1

:nimw%lﬁzp (1—_» Zm'c <1+22p >:

Note the identity

n

2
hmn r hmn - _m - X®(m T‘) X®(m T)
n ®r I, . E: (i—J) ®

This implies

Hhm,n Or hm,nHQ]Hm(me)

4 n
Cm m—r( .
= N = e (k= D" = R (G = )
Z7j7k7l71
N iVivk
- Tm Z P (@)p" (G —Ek)p" " (5)p™ (i — k) (1 B T) :
i’j’k:()

where the last term converges to 0 under assumption (2.4) (see [12] for a detailed
proof). Thus, under assumption (2.4), conditions (i)—(iii) of Theorem 2 are fulfilled,
and we deduce that

Y, =5 N(0,02).

3 Asymptotic theory for bipower variation of
Gaussian processes with stationary increments

We consider a Gaussian process (Gy)¢>o, defined on a filtered complete probability
space (0, F, (Fi)i>0, P), with centered and stationary increments. The variance
function R of the increments of G is defined as

R(t) = E[|Gep — G, t>0. (3.1)

In this section we study the asymptotic behaviour of the bipower variation processes

[nt]

V(Gap7 Q)? - Z |AnG|p|Az+lG|q ’ b, q Z 0 3 (32)

p+q
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where A’G = G: — Gz and 77 = R(:) = E[|A?G]?], using the multiplication
formula (2.1) and the central limit theorem discussed in the previous section. For
this purpose we introduce the representation

2l” = apmHn() | (3.3)
m=0

where the H,, are Hermite polynomials as defined in Section 2.

In order to give a statement about the asymptotic behaviour of the bipower
variation process V(G p, q)7 we require the following assumptions on the variance
function R defined in (3.1), which were introduced by Guyon and Leon in [13]:

(A1) R(t) = tPLy(t) for some B € (0,2) and some positive slowly varying (at 0)
function Ly, which is continuous on (0, 00).

(A2) R'(t) = tP2Ly(t) for some slowly varying function Lo, which is continuous
on (0,00).

(A3) There exists b € (0,1) with

Lo(y)
L()(l’)

K =limsup sup

z—0  yeg[z,xb]

<

Recall that a function L : (0,00) — IR is called slowly varying at 0 when the identity

lim L{tz)
2\0 L(z)

—1 (3.4)

holds for any fixed ¢ > 0. Provided L is continuous on (0, c0), we have
|L(z)| < Cx™ z € (0,7 (3.5)

for any a > 0 and any 7' > 0 (where the constant C' > 0 depends on o and T).
Finally, we introduce the correlation function of the increments of G, i.e.

AMG AT .G
Tn(j) - COV(;G7 1i) 9 j Z 0. (36)

Tn Tn

By the triangular identity, and due to the stationarity of the increments of G, we
know that r,(0) = 1 and

R(EY) + RUSH = 2R(2)
2R(3) |

We start with the weak law of large numbers for the sequence V (G} p, ¢)}. Through-

ra(J) = J=1 (3.7)

3 |=|S

out this paper we write Y =% Y when supieom 1Yy — Vil L0 for any T > 0.

Theorem 4. Assume that conditions (A1)-(A3) are satisfied. Then we have

V(G;p,q)} uep .

—) ’
S

(3.8)
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where the quantity pl(oflq) 15 given by

p;”g = Z ApmGgmm! 7 (1). (3.9)
m=0

Proof: see Appendix.
Remark 2. Notice that by orthogonality of Hermite polynomials the identity
(n) _ EHA?G P|AYLG q]

KA U T
holds. Moreover, since the function L is slowly varying at 0, assumption (A1),
(3.9) and (3.7) (and the dominated convergence theorem) imply that

T}Lngop 0 = Z Ap,m g, m™! 27t -1 = EHBiﬂ/z - Bfff|p|Bf+/f Biﬂ/2|q] 5
m=0

(3.10)
where B%/? is the fractional Brownian motion with Hurst parameter 5/2. Conse-
quently, Theorem 4 yields the uniform convergence

V(G;p,q)} = ppgt.

Next, we present the weak limit of the properly normalized sequence V(G; p, q)}.
Notice that the central limit theorem for bipower variation is valid under the same
assumptions that are required to show the corresponding result for the power vari-
ation case (see [2]).

Theorem 5. Assume that conditions (A1)-(A3) hold and 0 < § < 3. Then
we obtain the weak convergence (in the space D([0,T])? equipped with the Skorohod

topology)

V(G; n
(Gt,\/ﬁ<—( > 2 —t)) — (Gt,@Wt> , (3.11)
Pp. P,
where W is a Brownian motion that is defined on an extensz’on of the filtered prob-
ability space (2, F, (Fi)es0, P) and is independent of F, and o pq 15 given by
a;q = lim n Var (V(Bﬁ/Q,p, q)7 ) , (3.12)

where B%/? is the fractional Brownian motion with Hurst parameter 3/2.

Proof: see Appendix.

Remark 3. In Theorem 5 the constant p;(ﬁz) can not be replaced by its limit p, ,

defined in (3.10). This is due to the fact that the bias \/ﬁ(pgfq) — Ppq) Can, in general,
converge to infinity.

Remark 4. The finiteness of a g (for 0 < B < %) and its exact representation
is shown in (6.11) in the Appendlx Note that due to the assumption (A1) the
behaviour of the function R near 0 is similar to that of the fractional Brownian

motion with Hurst parameter (5/2. This is reflected in the formula (3.12).

7
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The proof of Theorem 5 relies on the methods developed in the previous section.

In the first step we apply the multiplication formula (2.1) to obtain the chaos de-
V(Gipa)}
)
finite dimensional distributions of the sequence given in (3.11). Finally, we prove

the tightness condition.
Notice that the weak convergence in (3.11) is equivalent to the stable convergence

(in D([0, 77)?)

composition of the sequence /n ( — t). Then we show the convergence of

phd Pr.a

where F¢ denotes the o-algebra generated by the process G (see [1], [16] or [24]
for more details on stable convergence). The latter result is crucial for proving a
functional central limit theorem for the bipower variation of integral processes which
is presented in the next section.

\/E(V(G;p, Q)i t) Foogt Tpayy (3.13)

4 Extensions to integral processes

In this section we extend the limit theorems of the previous section to integral
processes

t
Zt:/ 'U/SdGs (41)
0

defined on the same probability space as GG, where the stochastic integral is the
pathswise Riemann-Stieltjes integral. Assumption (A1) implies that G has finite
r-variation for any r > 2/ and hence by [30] the integral in (4.1) is well-defined for
any stochastic process u of finite g-variation with ¢ < 1/(1 — (5/2)).

First we state the law of large numbers for the integral process which is valid
under the same assumptions as in the power variation case.

Theorem 6. Assume the conditions (A1)-(A3). Suppose that u = {u,t € [0,T]}

is a stochastic process with finite r-variation, where r < —*— . Set

1-(8/2)"
t
Zt :/ USdGS.
0

t
V(Z:p,Q)} = ppg / |us[PTds,
0

Then for p,q > 0 we obtain

as n — oo.
Proof: see Appendix.

Remark 5. Note that integrals with respect to fractional Brownian motion Z; =
fot uSstﬁ /? are a special case of this setting leading to the same limit.

Next we provide the weak limit theorem of the properly normalized bipower
variation.
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Theorem 7. Assume the conditions (A1)-(A3) and suppose that u = {u;,t €
[0,T} is a stochastic process with finite r-variation, where r < W, and which
is Héolder continuous of the order a with a > max(1/(2(p A 1)),1/(2(¢ A 1))). Then

we obtain for Z, = f(f usdGg and p,q > 0

. n t t
(Gt,\/ﬁ(—v(z ’(f)’ D / |us|p+qczs)) — (Gt,% / |u5|p+quS)
Pr.q 0 Pr,a Jo

as n — oo, where the convergence is in D([0,T])* and W is a Brownian motion
defined on an extension of the filtered probability space (2, F,(Fi)is0, P) and is
independent of F.

Proof: see Appendix.

Combining Theorem 7 and 6 we can derive a feasible central limit theorem for the
bipower variation.

Corollary 1. Under the assumption of Theorem 7 it holds that

V(Z;p,q)¥ t
(1 )
V(Z:2p.29)} 92,4 — N 1).
P2p,2q p,%,q

5 Conclusion

In this paper we derived convergence in probability and stable central limit theo-
rems for bipower variation of Gaussian processes with stationary increments and
for associated integral processes. The corresponding asymptotic theory for multi-
power variation can be obtained similarly in a straightforward manner. Extensions
of the results presented here to spatial and tempo-spatial settings would be of in-
terest, as would simulation and empirical studies of how well the limit laws work in
applications.

6 Appendix

In the following we denote all constants which do not depend on n by C'.

Let H; be the first Wiener chaos associated with the triangular array
(A?G/Tn)nzl,lgjg[nt], i.e. the closed subspace of L?(2, F, P) generated by the ran-
dom variables (A}G/7,)n>1,1<j<ing- Notice that H; can be seen as a separable
Hilbert space with a scalar product induced by the covariance function of the pro-
cess (AYG/Tn)n>1,1<j<my)- This means we can apply the theory of Section 2 with
the canonical Hilbert space IH = H;. Denote by H,, the mth Wiener chaos asso-
ciated with the triangular array (A}G/7,)n>1,1<j<ng and by I, the corresponding
linear isometry between the symmetric tensor product HP™ (equipped with the
norm v/m/! ||-||H?m) and the mth Wiener chaos. "

qt.

First, we present the chaos decomposition for the sequence V(G;p,q)} — ppq
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Lemma 1. For any t > 0, we obtain the decomposition

00 [nt]
V(G:p.g =31 (Y0 +om ), (6.1)

where the kernels f™ € HY™ are given by

= zm: s (%YM & <%>®mh. (6.2)

0 Tn Tn

(for simplicity we suppress the dependency of f™ on n) with

I+h\(l+m—nh
Shm Z%Hhaqu hl( ; )( ] )7"2(1)- (6.3)

=0

Proof of Lemma 1: Using the multiplication formula (2.1) and the linearity of
the mapping I,, we obtain the representation

[nt]

onar =18 5 e[

=1 m1,m2=0

(B (529

n Tn

[nt]

iy 3 apmlamrffmu( )( );<1>

i=1 m1,m2=0

X Iml+m2_2l<(A?G)®m1—l . (A?JrlG)@mz_l)]

00 [nt]
=3 Im( Z fm)
m=0

Notice that ap2m,+1 = 0 for all m > 0 and p > 0, because the Hy,, 41 are odd
functions. This implies the identity

[nt]

V(G p,q)? — plt = i[m< me>+o (n~1),
m=2 i=1

which completes the proof of Lemma 1. O

Next, we present a lemma which has been shown in [2].

Lemma 2. Suppose that conditions (A1)-(A3) hold. Let e > 0 with e < 2 — (3.
Define the sequence r(j) by

r(j) =G -17"72 =2, (6.4)

and r(0) =r(1) = 1. Then we obtain the following assertions:

10
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(i) It holds that
1~ o, .
7j=1

If, moreover, B +¢€—2 < —% it holds that

e}

ZTQ(j) < 0

(ii) For any 0 < € < 2—[ from (6.4) there exists a natural number ny(e) such that
(Dl <Cr(G), 720
for all n > ny(e).
(iii) Set p(0) =1 and p(j) = %((] —1)f =258 + (5 + 1)5) for j > 1. Then it holds
that
() = p(j)
for any 57 > 0.
Finally, we show the following result.
Lemma 3. It holds that

0 - L+R\ (l+m—h
00 < S laallagrennalt( ") (T 0l 69)

=0

() 1 "
<Ol (rrn<1>\<1 - \rnu)\)) ’ (6.6)

where the constant C' does not depend on n, m and h.

Proof of Lemma 3: First, notice the identity

) Zapll' < 0.

From this we deduce that a7, < € (for any fixed p > 0). Now, recall that |r,(1)] < 1
since 1, is a correlation function of a process with stationary increments. Conse-
quently, we obtain the inequality

L+h\[(l+m—h
Z|apl+h||aql+mh|z'( )( i

C o0
<_———— (1+1)---(1 1)

Al'G P

Var (‘

) 1 m
=¢ (m( )

Hence, we deduce the assertion of Lemma 3. U

11
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Proof of Theorem 4: We will first show the pointwise convergence V(G p, q)} pj(g q) t

L0, Using the expansion (6.1) and the stationarity of the increments of G' we
obtain the identity.

o0 [nt]fl
Var (VG —sit) = St (S Bt 5 Y (-0 S )
m=2 k=1

(6.7)

Now, by (6.2), Lemma 2 (ii) and Lemma 3 we have the inequalities

m 9 qm
1 1m < (D lsiml) <€ . (68
oy <,; " ) (m)?(Ira (D] = |ra(1)]))>™
m 2
[ Fiidgen] < C™ (3 Isiin]) 7™ = 1)
h=0
4mrm(k —1)
<cm : (6.9)
(m!)?(Jrn (D1 = [ra (1)]))>™
for some C' > 0. Consequently, we deduce that
. (M) < M 4
var (VIS0 =) < €| S o (G ey e)
2t exp ( 7 - [t -1
n ((l n (L)]( 1 \ n(1)]))2 > 2 ]
" k=1

since 7™ (k) is decreasing in m. This implies Var (V(G DPyq)y — {n )t> — 0 (because

(1) — 2971 — 1) by Lemma 2 (i), and we obtain the pointwise convergence

VGpah r
w "
Pr.q
The ucp convergence follows immediately, because V(Ggf;qw is increasing in ¢ and the
limit process g(t) = t is continuous. Pra O

Before we proceed with the proof of Theorem 5 let us show the following lemma.

Lemma 4. Under the assumptions (A1)-(A3) and 0 < § < 3 we have

lim n Var (V(G;p, q)y pé”q)t> = ai’qt , (6.10)

n—oo

where o ’q is defined in (3.12). Moreover, we obtain the identity

T = Zm!(z a(m)p'(1) +2 Z Cly 1o 15 (T Zpll —1)p2(k+ 1) (k)) :
m=2 =0 (11,l2,13) € Tm k=1

(6.11)

12
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where Jp, = {(l1,12,13) € IN*| [; >0, l;+1ly+13 = m}, p(4) is the correlation function
of the increments of the fractional Brownian motion B/? defined in Lemma 2 (iii),

zl:mf] m LR\ fm—h
Shsh 2741 2)+l j l—j )

Jj=0 h=j

la+13 m -1 h m—h
Cly,la, 13 Z Sh Sh la+h ( — s + ll) <12) ( h ) ’

and the quantity s}’ is given by

O L+h\ [(l+m—h
s, = nhjﬂoo 35”11 = Z ap,l+haq,l+m—hl!< I ) ( / )Pl(l)‘

=0

Proof of Lemma 4: We assume w.l.o.g. that t = 1. First, we prove the identities

17 em = D™ (m)ri(1) | (6.12)
=0
I Fidwen = Y e, (m)rt (k= Drl2(k + Dris (k) | (6.13)
(ll,l2,13)€Jm

where cl(")(m) (resp. 01(22,13 (m)) are defined exactly as ¢;(m) (resp. ¢, 1,15(m)), but
s is replaced by s, .

Notice that
AZG —— A?mG'

Tn Tn

h=0 tie{iit1}4{t;=i}=h
Next, we obtain
11 3em
=S () () (BB (802G
My h' Tn o [ 1, Tn o [,

where the second sum is over all indexes t;,t; with t;,¢; € {1,2}, #{t; = 1} = h and

]’j

A" G
i{t; =1} = h’. Since <AT—;G, 4 >H1 = ry(1) or r,(0) = 1, we get the representation

Tn

m

17 lem = D ™ (m)ra(1) |

1=0
where we have to compute cl(") (m). For this purpose we need to count all possible
h,h' and all t4,t), with t4,t, € {1,2}, #{tq = 1} = h, £{t,, = 1} = k' such that
H{tdzl,t&:2}:], ﬁ{td 1 2(:d 1} h_]7
ﬂ{td:27t2l:1}:l_]7 ﬂ{td_27td_2}_m_h+j_l7

13
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where 0 < j < [. For this condition to be satisfied we require that j < h <m—1[+
and h' = h — 25 + 1. Moreover, for fixed 7 and h there are

(mG)

of the above-mentioned combinations. By summing over all possible 7 and h we
obtain the identity (6.12).

The second identity can be deduced in a similar way. To compute 01(32,[3 (m) (for

(I1,1,13) € Jy) we need to look at all possible h, h" and all ¢4, ¢, with t; € {1,2},
the{k+1,k+2}, t{ta=1} = h, 8{t, = k + 1} = b’ such that

Hta=2,t;=k+1} =1, tHta = 1,t, =k + 2} = Iy,

These conditions imply that Iy < h <m—1; =ly+13 and ' = h—1Iy+1,. Moreover,

for fixed h there are
m\ (h\ [m—h
h)\j)\1l—1J

of the above-mentioned combinations. Hence, we obtain (6.13).
Now, recall the identity (6.7) (for ¢t = 1):

n Var (V(G;p, Q) — pﬁ) Zm'(l\fl HH®m + — Z n—k)(fi" >f1+k>H®m>'

m=2

As in the proof of Theorem 4 we obtain the approximation

n—1
n Var <V(G;p, q)] — pz(gflq)) < C(l + 22T2<k - 1)) :
k=1

where the function r is defined in Lemma 2 (i). When 0 < 8 < 2 the constant e>0
(in the definition of the function r) can be chosen such that 5+ € —2 < —=. In this

case we have .
Z r*(k —
k=1
Finally, recall the convergence
m(j) = p(J)
for any j > 0 (see Lemma 2 (iii)). By the dominated convergence theorem we deduce
that

n Var (V(G;p, q)} — pﬁ,"(})
- Z m'(Z )pl(l) +2 Z Cly Lo, 13 Zpll - 12 k + 1) (/C))
=0 (I1,l2,13)ETm k=1

On the other hand the right-hand side of the above convergence equals 02 =
lim,, ., n Var (V(Bﬁ/ 20, q)} ) because p is the correlation function of the incre-
ments of the fractional Brownian motion B”/2. This proves (6.11). O

14
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Proof of Theorem 5. We divide the proof of Theorem 5 into two steps. In the first
step we prove the convergence of finite dimensional distribution of the sequence
(Gt, NLD (% — t)) Then we prove the tightness of this sequence.

Pp,q

Step 1: Define the vector Y, = (V,!,..., YT by

[nby]
1 ATG P A G e
vi=— ‘ i R kel () 6.14
i=[nay]+1
where (ay,bi], & = 1,...,d, are disjoint intervals contained in [0,7]. Clearly, it

suffices to prove that

(Gbk Gak7 Ynk)lgkgd L <Gbk - Gak’ UIMI(ka - Wak))

1<k<d

where o, , is given by (3.12) (because pﬁ,q) — pp.q, Where p,, is given in (3.10)).

By Lemma 1 we obtain the representation

0 1 [nbk]
=2 Im(— > fZ”) +0(n™2).
m=2 \/ﬁ i=[nag|+1

Since
E[(Gbk - Gak)Yn” =0

for any 1 < k,l < d, it is sufficient to check the following conditions.

(i) For any m > 1 and k = 1,...,d, the limit

[nbk]
it [| 2 50 g g =Rt
i=[nag]+1
exists and
[nbx]
' . m
Zm SUPH D S| <0
1 [nak]+1
(ii) For any m > 1 and k # h,
[nby] [nbh]
(e S 3 ). =0,
z [nag]+1 i=[nap]+1

(iii) Forany m > 1, k=1,...,dand 1 <p <m — 1, we have that
[nbg] [nbg]

(7 X #)e(F L )

i=[nay]+1 z [nag]+

=0.

H®2(m P)

15
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Under conditions (i)-(iii) we then obtain (by Theorem 2) the central limit theorem

Y, 25 N, (0 o2 diag(b; —ay,..., by — ad)> : (6.15)

L 21

where o2 is given by (3.12). Since the increments of the process G are stationary

we will prove part (i) and (iii) only for £ = 1, a; = 0 and b; = 1.

(i) By the same methods as presented in Lemma 4 we obtain

02 (ch Z Cly 1o 15 (M ZPZI —1)p"2(k+ 1)/ (k?>>,
- k=1

1=0 (l1 l2 ls)eJm
2
o Ly
m=2 ﬁ i=1

Hi@m
and Y% o> (m,1)707,

(ii) For any 1 < k, h < d with b < ap, we have

[nby] [nby]

[nb] [nbr]
<\/— Z fzm77 Z fm> Z Z fl 7f1+z 7 H®m

i=[nay]+1 j=[nag]+1i=[nap]+1

Assume w.l.o.g. that a, = 0, by = a,, = 1 and b, = 2 (the case by < a; is much
easier). By part (ii) of Lemma 2 with 0 < € < 2 — 3 in the definition of r (see (6.4))
we obtain the approximation (by (6.9))

‘< [fo[zf>

1= nah +1

n—1

<3250+ Lm0 +9)

=1

for some constant C,, > 0. It follows that r™(j) < (j —1)717? for some § > 0 and
for all m, 7 > 2. Hence, we obtain

[nby] [nbn]

<\/_ 2 f[”,T 2 fm>u;®m_>0

i=[nag]+1 i=[nap]+1
as n — OoQ.

(iii) Fix 1 <p < m — 1. We obtain the identity

[ ®p [}
- o (s)' () ), (1)
- h,m°h';m ) T )
o h h' Tn Tn [ n, Tn Tn [ 1,
Anp+1G ®...® AZnG ® At;?+1G ®® ATiILG ,
Tn Tn Tn Tn

16
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where the second sum is running over all indexes t,t; with ¢, € {i,i + 1} , ¢} €
{j Jj+ 1} t{ty, = ¢} = h and £{t;, = j} = K. Now, by Lemma 2 (ii) (with
0<e < 2 — (3 in the definition of ) and Lemma 3 we deduce the inequality

Gz r)e Gzl
_g Yoo il = 1=k = 1)

1<g,l,hk<n

< <A?G)®(m—p) _ (A?G>®(m—p) (AZG’)@(m_p) _ (AZG>®(m_p)>
X & , Q
Tn Tn Tn Tn ©2(m—p)
Hl

where ”~” denotes the symmetrization and r(—1) := 1. Applying again Lemma 2
(ii) and Lemma 3 we see that it suffices to prove

n? Yy (=l =D (Jh =k = 1)

1<j,l,hk<n

X (7 = hl = D)™ P ([l = b = )™ ([ — k| = 1)r* (|l — k| = 1)

— 0,

where 0 < a < m — p. The latter term is smaller than
nh Y (g = (R () e (| — ke (|- K.
—1<j,l,k<n—2

Without any loss of generality we can assume that p = m —p =1 and a = 0 or
a=1. Fora =0and any 0 < € < 1 we get

D DI (N DY (R ()) NS S G S (T )

—1<j<n—2 —-1<i<n—2 —1<j<[ne] —1<i<n—2

vt Y (% <|j—u>r<w)2

[ne]<ji<n—2 —1<i<[ne/2]

vt (O i)

[ne]<j<n—2 [ne/2]<i<n—1

<o Y 7~2<5))2+6 S o2 Y R

—1<i<n—2 —1<i<n—2 [ne/2]<l<o0

which converges to 2 (3 7“2([))2 as n — oo by Lemma 2 (i). The desired
result follows by letting ¢ tend to zero. O

Step 2: 1t suffices to show the tightness of the sequence v/n(V(G;p, q)f — pl(fq)t). Set

70 = (VG0 =) = Y- 1o (%ifm)

17
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and
[nt]

N
e Ee(Er)
m=2

In Step 1 we have proved that conditions (i)-(iii) of Theorem 2 are satisfied. Then
by (2.3) and the Cauchy-Schwarz inequality we obtain the approximation

P12 = ZpN| = 012N - 70N > )
o Bz - Nz - 2N

< X
< oOrallnt] = [ti])([nts] — Int]) - op,(ts = 11)?

- A - Al

for any t; <t <ty and A > 0. On the other hand condition (i) of Theorem 2 also
implies that

hm limsup E[|Z" — Z""|*] = 0.

N—oo pooo

Using this we conclude that

o} (ts —t1)?
P(120 2312 012~ 271 2 2) < Tl 200

for any t; <t <ty and A > 0, from which we deduce the tightness of the sequence
Z by Theorem 15.6 in [11]. This completes the proof of Theorem 5. O

Proof of Theorem 6: We will show that

[nt]—1 t
1 n n P
n 17_n (p+9) Z |ATZPIAT, Z|1 — pp,q/ |us[PHads,
i=1 0
where we can follow similar ideas as in [12] and [2].
First we look at the case p,q < 1, then we obtain, for any m > n

[mi]

t
m”! 7(p+q Z|Amz|p’Az+1Z‘q _/)p,q/ |ug|Pds
0

[mt]

=m0 N AP 2P (1A% 21— up AT GI)
7=1

[mt]

+m” T—(p+q)Z|u] ]+1G|q <|AmZ|P |U%ATG|P>

[mt
+m iy, () (Zm] AT Gl s AT GPP

_Z Z |us AJ+1G|q

1= ljeln )

uinlAgﬂG\P>
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)
+ (mle(p+Q) Z ‘u%‘pIUz Z ’A]+1G‘q|A;nG‘p
=1

JEIN(3)
0 [nt]
— pa Ui— pUi q
" > = [Plus

=1

[nt] ¢
+ P (n > fui Plus|? — / |us|p+qu)
i1 n n 0

where 1,(i) = {j : £ € (52, 1]}, 1 <i < [nt].

Agm) converges in probability to zero, uniformly in ¢, as m tends to infinity. We
denote by ||.||e the supremum norm on [0, T']. Using the Holder inequality we obtain

[mT]
[AT o = mThrn 0 Y AT 2L |IATL 21— g AT G

Jj=1

[mT] 1/2

< <m17'm2p2 \A;.”pr)

j=1

[mT] o\ 1/2
< (ot (1632 - g A zr)’)

Jj=1

[mT)

< ( QPZ‘AmZPp)
[mT] 1/2
< - —2q Z |A]+1 J+1 |2q> :

The first term tends to pa, fOT lus|?Pds in probability as follows by Theorem 2 of [2],
and the second term can be shown to tend to zero as in the proof of that theorem.
The convergence of Bgm) to zero as m — oo can be verified analogously.
For any fixed n, Dgn’m)

tends to infinity. In fact,

converges in probability to zero, uniformly in ¢, as m

[nT]

D] < Y fue | fus |
=1

e 3 |ATGPIAT, Gl - 221 F g
n

JEIn(3)

X

since we know by Theorem 4 that

[mi]
m RO ARGIIATL G .
7j=1
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For the term C{™™ we obtain

[nT)
chm)H <m 7 <P+Q>Z Z ‘u i1 [Plus |7 = Jugm 1 [Plus AT G
=1 jel,(i)
—l—H|u|p+q“ sup m i (P+o |AmG|p|A G|’
0<t<T Tg([nt]—l)zéjﬁi'j[nt] "
[nT)
< —(p+q) p < i — s q)
mlr j£3|uu||| I (L
3 |yl ag.of
J€In(3)
( [nT) p
p+a) 1| — Jul”
e S et s (] )
< |arep|an.cf
JEIn(3)
+ || ulP| Sup m ~lr et > AFG"[ATLG,

(] -1)<j<[nt]

where we denote Z,(i) := (=2, £], 1 <i < [nt]. As m tends to infinity, we find as

n ’'n

above by Theorem 4, that this converges in probability to

[nT]
p K
mzﬁ%wmuz up st -

i—1 S€In(H)UIn(i—1)

[nT]

+ullle Y sup

i—1 S€Ln(i+1)UIn (i)

wizt [P — Jusf”
n

WWWQ-

By the same argument as in [12], F;, tends to zero almost surely as n tends to infinity.
Finally we have to show that lim,, . HE(”) HOO =0.

7] p+q
BN < 225 sup Jlusa Pl = ful ] + gy 1l
T on Heer,@! " n

[nT]
Sﬂp,q<||IU|”||oon_ Z sup fu s |* = Jus|’|

—1 S€In(i)

[nT]

+llulllgn™ Y sup Jluiss [P — fug |

i—1 S€Zn(4)

X ]
03 sup [fua]? - fulf?] x qu—\us\qi+—°°>’
i=1 SGIn() " n

where the terms tend to zero by the same arguments as for F,.
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Next we look at the other cases of p and q. Without loss of generality we may
assume p < q and ¢ > 1.
In the following we will use

1/q 1/q 1/q
(S faitttos+ ) ™ < (3 laal )+ (3 Jalle)

which follows by some straight forward application of Minkowski’s inequality to-
gether with the triangular inequality.
Hence we can show that

[mt]

1
( ~Ly=(ta) Z\Amzyl’mﬁl \Q) <IN IV V£ VI VI

i=1 jeln (i)
[nt]

iy S A7 GIIATGY

iy JELn ()
1/q
= P8 i Pl )
n n n
i=1

[nt] q) 1/q

_ (Pra
vm_<zqz

=1

with

[mi] a\ 1/q

] = < (p+q Z|Amz|p j+1 A;’—Lf—l >
[mt 1/q

I = (m_lT_ pta) Z jus AT 20| AT Z )

17 = <m*17,;<1°+q> S s AT G i 1AmG|p>
2 (jnt]) <G <2 nt]
[ni] 1/q

v = (m—lf— pr 3 Z s AT Gl (-1 — uz;1)A;~nG|p>
=1 jel, (4
] e

V= (mflf PO S (g~ us) AT G 1AmG\p)

uﬂ|pluz
n

ug|plui
n n

On account of this we obtain

‘ [mt]

(m T (e Z‘Amz‘p’A]H :Opq/ ‘US‘}quS v

1/q
< ||+ |+ I+ |IV|+|V]+ | VI] +‘VH— <pp,q/ ‘US‘P-HI(ZS) ‘
0

L0

by the same arguments as for the case p, ¢ < 1. This completes the proof. 0
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Proof of Theorem 7. We obtain, for any m > n

[mt] :
—1 m
() P 3| ZPAT 21— | e
. ]
= (o) T ST AP 2 (|ATLZ)7 ~ Jug AL G
j=1
B [mt)
F(08) 7m0 Sy AR GI (JAF 2~ Juss A7GP)
=1
. [mt] [mt]
+ (o) T PR N us AT Gl ATGE = m T2y | [P
j=1 =
. ]
= (o) TR Y D s AT G lus ATGP + Uussoa |
i=1 jeI,(3)
[rt]
+ (o) V2 ) Z\uz Pluc|” Y AT Gl ATGP
JEIN(3)
m1/2 [TLt]
— i1 Pl le
- ;|un1| |us

[nt]

+m” 1/2Z|Uz [Pl | ml/Q/ lus|Pds

By a combination of the arguments of Theorem 6 and Theorem 7 in [2] together
with the result of Theorem 5 it can be shown that ||A™)||o, ||B™|e, ||C™™ |5

G_
1E®low — 0 and D™ =" 82 [ fu,|?*dW, as n,m — oc. .
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