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LATTICE GAUGE FIELD THEORY AND PRISMATIC SETS

B. AKYAR AND J. L. DUPONT

ABSTRACT. We study prismatic sets analogously to simplicial sets except that realiza-
tion involves prisms, i.e., products of simplices rather than just simplices. Particular
examples are the prismatic subdivision of a simplicial set S and the prismatic star
of S. Both have the same homotopy type as S and in particular the latter we use to
study lattice gauge theory in the sense of Phillips and Stone. Thus for a Lie group
G and a set of parallel transport functions defining the transition over faces of the
simplices, we define a classifying map from the prismatic star to a prismatic version
of the classifying space of G. In turn this defines a G-bundle over the prismatic star.
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1. INTRODUCTION

In the study of global properties of locally trivial fibre bundles it is a fundamental
difficulty that the usual combinatorial methods of algebraic topology depends on the
use of simplicial complexes which structure behaves badly with respect to local trivi-
alizations. By a theorem of Johnson [8], the base and total space of a locally trivial
smooth fibre bundle with projection 7 : £ — B can be triangulated in such a way that
7 is a simplicial map. But obviously even in this case a general fibre is not a simplicial
complex in any natural way. However such a fibre has a natural decomposition into
prisms, i.e., products of simplices, and the whole triangulated bundle gives the basic
example of a prismatic set, analogous to the notion of a simplicial set derived from a
simplicial complex. Prismatic sets were introduced and used by the second author and
R. Ljungmann in [6] (see also Ljungmann’s thesis [10]) in order to construct an explicit
fibre integration map in smooth Deligne cohomology, see also [5]. But the important

Key words and phrases. Simplicial set, Chern—-Simons class, Prism complex, Classifying Space,
Subdivision.
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special case of the prismatic subdivision of a simplicial set was used in Akyar [1] in
connection with “Lattice Gauge Theory” in the sense of Phillips and Stone [14], [15],
[17] and similar constructions have been used in other connections, see e.g. [13]. One
can see [9] for further information about Lattice Gauge Fields.

In this paper we shall give a more systematic treatment of prismatic sets and their
properties but we shall concentrate on the applications to lattice gauge theory extend-
ing the work of Phillips and Stone to arbitrary simplicial sets and all dimensions. For
an arbitrary simplicial set S and a given Lie group G together with a set of parallel
transport functions in their sense, we construct a prismatic set P(S) of the same homo-
topy type as S and a classifying map from P(S) to a prismatic version of the standard
model for BG. This is one of our main results (Theorem 8.1). Geometrically, for S a
simplicial complex, P(S) is closely related to the nerve of the covering by stars of ver-
tices (Theorem 5.1). In turn this gives a principal G-bundle with a connection and thus
in principle gives rise via the usual Chern-Weil and Chern-Simons theory to explicit
formulas for characteristic classes (Corollary 8.2). We shall return to this elsewhere.
One can see [2], [3], [4], [7], [18] for further information about Chern-Simons Theory.

The paper is organized as follows:

In chapter 2, prismatic sets are defined and their various geometric realizations are
studied.

The third chapter introduces the prismatic triangulation of a simplicial map and
in particular of a simplicial set. Furthermore, we comment on the calculation of the
homology of the geometric realization of a prismatic set.

In chapter 4 we study prismatic sets associated to stars of simplicial complexes. It
turns out that the prismatic set P.(S) given in this chapter in the case of a simplicial
complex is the nerve of the covering by stars of vertices.

In the fifth chapter, we compare the two star simplicial sets and prove that there is a
natural surjective map p : P.(S) — P St S. It turns out that this map is an isomorphism
for S = K?, where K is a simplicial complex.

In chapter 6, we introduce a prismatic version of the classifying space. This is done by
replacing the Lie group G by the singular simplicial set of continuous maps Map(A?, ).

In chapter 7, we introduce the notion of “compatible transition functions” similar to
the “parallel transport functions” of Phillips-Stone [15] for a simplicial complex K. We
show how a given bundle on the realization of a simplicial set and socalled “admissible
trivializations” give rise to a set of compatible transition functions and vice versa.
We end the chapter with a remark on the relation between the compatible transition
functions and parallel transport along a piecewise linear path.

Finally in the last chapter we construct the classifying map for a given set of com-
patible transition functions. For this we construct a prismatic map from P(S) to the
prismatic model for the classifying space constructed in chapter 6.

Acknowledgements. We would like to thank Marcel Bokstedt for his interests and
comments during the preparation of this paper.
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2. PRISMATIC SETS

Prismatic sets are similar to simplicial sets but they are realized by using prisms
instead of only simplices.

Let A? = {(to,...,t,) € RPT1| 3" ¢; = 1,¢; < 1} be a standard p-simplex given with
barycentric coordinates. A prism is a product of simplices, that is, a set of the form
AD-tp — AD % ... x A

The motivating example is triangulated fibre bundles:

Example 2.1. Given a smooth fibre bundle 7 : ¥ — Z with dimY = m + n,
dim Z = m and compact fibres possibly with boundary. By a theorem of Johnson
8], there are smooth triangulations K and L of Y and Z, respectively and a simplicial
map 7' : K — L in the following commutative diagram

K| ==Y
Nt
L| == Z
and the horizontal maps are homeomorphisms which are smooth on each simplex, here

K| = U,ex, A* x 7/ ~, k=0,...,dim K, is the geometric realization.

One can extend a given such triangulation of Y — Z to a triangulation of Y — Z.

Y
,
™
% % % A
a; z ar
A simplex 7 in K has vertices 7 = (b),. .., bgo U7 S bh ) with o = (ao, .. .,a,)

such that #’ (b;) = a;. Here, we give the set of vertices of the total space, the lexico-
graphical order. So geometrically, for an open simplex o in L, we have
o) = lolx | AT xr,
TeT—1(0)

We collect all these in the formal definition below using simplicial sets. For these we
recall the notation but refer otherwise to Mac Lane [11], May [12].
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Definition 2.2. A simplicial set S, = {S,} is a sequence of sets with face operators

d; + Sq — Sq—1 and degeneracy operators s; : S; — Sgy1, ¢ = 0,...,¢q, satistying the
following identities:
. dj—ldi Do < j
did; = { didi1 @ 127,
. . : y < y
$i85 = { Sj+15i . Z _']
Sj8i—1 - 1 > 7,
and
Sj—ldz' 1<y
d;sj = id @ i=7ji=j5+1

sidi—1 ¢ 1>7+ 1.
Example 2.3. A simplicial complex K gives a simplicial set where
K, = {(aiy,--.,a;,) | some nondecreasing sequences for a given linear ordering of Ky}
is the set of p-simplices.

Example 2.4. Given an open cover U = U; of Z we have the nerve NU = { NU(p)} of
the covering, where

NU(p)= | | Uyn---NT;,
10,--050p

and (i, . ..,14,) is nondecreasing for a given linear order of the index set.
Let us denote Uy, N ---NU;, by Uy, ;,- NU is a simplicial manifold, where the face
and degeneracy maps come from the followings

dj : UiD?"'7iP - Uio,.--,%j,...,l’p
Si  Usg,ip = Uso,.oiijisoenip

That is, NU(p) is a smooth manifold for each p and the face and degeneracy maps
are smooth. There is also a corresponding simplicial set N4 = {NyU(p)} called the
discrete nerve of the covering. Here Ny (p) is simply the set consisting of an element
for each non-empty intersection of p+1 open sets from Y. So there is a natural forgetful
map NU — NgU.

Note. If S, has only face operators, then it is called a A-set.

Definition 2.5. Given p > 0, a (p + 1)-multi-simplicial set is a sequence {Sy, .4}
which is a simplicial set in each variable ¢;, i = 0,...,p.

Definition 2.6. A prismatic set P = {P, .} is a sequence P, = {P, ,..q,} of (p+ 1)-
multi-simplicial sets, i.e., with face and degeneracy operators

d. : P — P

i
7 P,490;---,9p D,q05---s¢i—1,---,qp
i

- P — P

Si+ Lp,q0,.0p P40y @i+ 1, ,qp

such that d}, s; commute with df, sf for i # k, and such that d}, s’ for fixed i satisfy
the identities in Definition 2.2.
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Furthermore there are face operators

dy : P —

P190;-++5dp P=1,90--,Gk>-50p
commuting with d and s (interpreting dj = s§ = id on the right) such that {P,,} is
a A-set.

Definition 2.7. If similarly P has degeneracy operators

Sk Ppgo — P,

140+ ap +1,90;---,qk 9k 5 dp

then P is called a strong prismatic set.
Remark. In this case (B, dg, s) is a usual simplicial set.

In general, degeneracy operators given in Definition 2.7 do not exist naturally so in
this case (P,,,dy) is only a A-set.
Example 2.1 continued: A triangulated fibre bundle

7 |K| —|L|
gives a strong prismatic set P.(K/L) by letting
Bp(K/L)gy..qp € Kprgorta, X Lp

be the subset of pairs of simplices (7, 0) so that ¢; + 1 of the vertices in 7 lies over the
i-th vertex in . Then we have face and degeneracy operators defined in the obvious
way. It is now straight forward to check that this is a strong prismatic set.

Example 2.8. For a given simplicial set S, consider E,S =S, x---x S, (p+1)-times.
™ B,S — E,_1S is the projection which deletes the i-th factor. Similarly, the diagonal
map 9; : £,S — E,.15 repeats the i-th factor. This is a strong prismatic set.

Prismatic sets have various geometric realizations.

Definition 2.9. First, we have for each p the thin (geometric) realization

1P| = |_| AT X Py go,..., qp/N (2.10)
q0,---,4p

«

with equivalence relation “~” generated by the face and degeneracy maps

6;“ « A0-GiGp _y AGo-ditledp 5004

77? - Ad0-Gidp _, AGo--4i—1l..Gp
J - ’
respectively. {|P, |} is a A-space hence it gives a fat realization
P =] ar<|p,. |/~ (2.11)
=0

by only using face operators dj.

The face and degeneracy operators dy, s; act on A%?% as the projection and the
diagonal, respectively so they induce a structure of a simplicial set on |P,|. In other
words, the projection m; : A%~ — Ad-G-% deletes the i-th coordinate and the
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diagonal map A; : A%-% — A%-%% -9 repeats the i-th factor. Then the further
equivalence relation on |P,| given in (2.11) is generated by

(5it, s,0) ~ (t,ms,d;o), te Apfl, s € Ad-dr, 0€P,q. 4

-
If P is strong then we also have a thin realization
[Pl =1IPIl/ ~
given by the above and the further relation
(n't,s,0) ~ (t, Ass, 8;0), t € AP s € ATir g€ Py

Similarly, we can define for each p, the fat realization ||P||, that is

15 = |_| AT Pp,qg,...,qp/ ~

with equivalence relation given by only the face maps d;
Moreover, we have the very fat realization

NP = AP x 1.1/ ~
p=>0

using only face operators.
For a given simplicial set S and E,S as in Example 2.8 we have || |E.S| || as the fat
realization of the space which maps p-th term to |S.| x -+ x [S.|, (p + 1)-times.
Define for a space X, E,X = X x --- x X, (p+ 1)-times. Let us say X = |S| then
| |E.S]| || is contractible.

3. PrRiSMATIC TRIANGULATION

Let us return to the case of a triangulated fibre bundle |K| — |L|. In this case the
natural map

Pp(K/L)qo,---qp — Rgotetgptp

induces a homeomorphism

|P(K/L)| — |K|

In this diagram, the top horizontal map we shall call the prismatic triangulation home-
omorphism

A |P(K/L)| = |K]
induced by
A, 8% 82 (1,0) = (tos”, .. 1,87, 7) € APYI X K\, (3.1)

where (t,5,7,0) € AP x A% x P (K/L)g..q, a0d ¢ = qo + - - + qp.
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Note. If ¢ is an open p-simplex in L then A provides a natural trivialization of
|K|, = 7~(0), that is, a homeomorphism
Ao X|P,(K/o)| = |K|,.
We can generalize this construction to any simplicial map:

Example 3.2. Prismatic triangulation of a simplicial map. Let f : S — S be a
simplicial map of simplicial sets and define P.(f) by

Pp(f)qo,---,qp ={(0,0) € Sgo+taptp X Sp | f(o) = Mqo,...,qp<5)}

where the corresponding map

pud0p o AGOF P AP

is given by
{0,...,ql.--lgo++@a+p,...,00+---+q+p} —{0,...,p}
By this, we mean that the basis vectors ey, ..., e, are mapped to ey, and ezy1,.. .,

€go+qi+1 are mapped to e; and etc. Explicitly

Hqo,...ap = Sq+p © S(go++gp+p—1)...(qo++gp—1+p) © " © Sq0 © S(go—1)...(0)

where the §; are left out and

S(go+-+gi+i=1)...(qo++qi—1+i) = Sqo+Fgi+i=1 9" O Sqottgio1+is

1=20,...,p. The boundary maps in the fibre direction
d; : Pp(f)qo,---,qp - Pp(f)qo,~~~,qu,---,qp

are inherited from the face operators defined on S,1,. Thus

d;(a, 5’) = (dq0+---+Qi—1+i+j—10’ 6-)'

Similarly the degeneracy maps 33‘ on Py(f)ao,.a

Sé‘ : Pp(f)qO,...,qp - Pp(f)qO,...,qi-l—l,...,qp

are inherited from the ones on S,;,. That is,
S;(U, ) = (Sqot-tqi1+i+j—10,0)-
The boundary maps

di : Pp(f)qm...,qp - p—l(f)qo ----- Giy--qp
are determined by the boundary maps defined on both S, and Sp. Thus

d'(0,0) = (dggt-tqi_s+i-1 0+ * © dggieiq1i—10, diT),
here the composition of the face operators can be shortly written as

d(q0+---+qz'_1+i—1)---(qo+~~~+qz'+i—1) = dq0+---+q¢71+i71 ©:-:0 dqo+---+qi+i71'

Note. P(f) is a prismatic set, but in general not a strong one.
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Theorem 3.3. There is a pullback diagram

1P 2—1S.]
lllfll llf
IS, ——=15.]

In particular X 1s a homotopy equivalence.

Proof. The map A : AP x A% x Py(f)q..q, — AP X Sqp, is given by A(t,s,0,0) =
(tos®, ..., t,s?, o). The commutativity of the diagram follows from the definition of P.(f)
since

Bp(faoeap S Sap X Sp
consists of pairs (0,5) € Syi, X S, such that f(o) = jg,..q,(5) € Sp.
By the commutativity of the diagram, A factors over the pullback |5 | x5 [|S.] in
the diagram

S| x5, [1S.]] === |S.]

lllfll llf
¥ q Y
15] S|
Here elements in the pullback |S.| x5 ||S.|| are represented by pairs ((t,0), (,5)) such

that f(0) = fig....q,(7) and £ = 2% (t), where 0 € Sy, & € S;. Therefore A x || f]| :
I1P.(A] I —1S] x ||S| induces A in the diagram

PP —1S] x5 15, === S|

L

1511 1S |S.]

Now A is a homotopy equivalence. Indeed, an argument similar to the note following
(3.1) gives a homeomorphism of the preimage || f|| of an open simplex in ||S.||. Hence
A is shown to by a homeomorphism by induction over skeleton of ||S_|. O

Example 3.4. Prismatic triangulation of a simplicial set. Let S, be a simplicial set
and S, = * the simplicial set with one element in each degree, Here P,(f) = P,S
is called the p-th prismatic subdivision of S and for each ¢t € AP the map A,(t, —) :
|P,S| — |S.| is a homeomorphism. In this case, Theorem 3.3 gives a homeomorphism
A IPS| || 2 | * | x S, here || % || = U, A"/OA™. In particular A : || |[P.S] || — |S.]
is a homotopy equivalence. We shall call P.S the prismatic triangulation of S.

For later use, let us give the explicit construction of the p 4 1-prismatic set P.S. and
its realization:

Pquo,---,qp = Sqo+---+qp+p'
The face operators

@) . _ _
d] : Pqu07~~~7Qi7~~~qu - Sq+p - Pquo,---,qu,---,qp - Squpfl
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are defined by

(i) .
djZ = dq0+"'+qz'_1+i+j7
7 =0,...,q. Similarly, the degeneracy operators
Sj(l) t PpSqo,sgivnay = Oatp = PpSqo,qit1,qs = Sgipti
can be defined by
ng) = Sqot-tgi-1+itio

7=0,...,q;. The face maps

dgi) : PpSo,..apy = Fp-1500,..4ir0
are the operators corresponding to

() . AGo+Hdittaptp—l _ AGottetaptp
take (eo, . .., €qpttipttaptp—1) 1O (€0, - -, Eqotetqptp)s deleting the elements go+- - -+
Qi1+ 1,...,q0+ -+ q +i. It deletes (¢; + 1)-elements. In contrary to this, there is
no degeneracy operator.

Now we turn to the realizations. For the sequences of spaces {|P.S.|}, we obtain the
fat realization:

IIPS]II =[] A% x |PS]/-~,

p>0

where
|PpS.| = |_|Aq0"'qp X Sqo-teetgptp/ ~

and the face operators 7, : |P,S.| — |P,_15.| are given by m; = proj; xd; with proj; :
A —, A\0--Gi-9r heeing the natural projection.
Note that A\, : A? x |P,S.| — |S.| satisfies

Apo (e xid) = A,q o (id x7;).
Thus A, induces the map A on the fat realization.

Let ||| P.S.]||P respectively || |S.]||? denote the subcomplexes generated by AP x |P,S)|
respectively AP x |S |. Then the restriction of A to || |P.S.| || is given by

Ap(t,s,0) = (t, (¢, s,0)).
Corollary 3.5. The map A, induce a homeomorphism
A IPS = ST = < 1S
Corollary 3.6. The composition map proj, oA = A
HPS|F= S — 1S

1s a homotopy equivalence.
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Remark 1. We can calculate the homology of the geometric realization of a prismatic
set as follows:
A prismatic set P, has a double complex (C, ,(PS), 0, Oy ). Here

Cp,n(PS) = @ Op,qo,---,Qp(PS)
qo+--tagp=n

is the associated chain complex Cp,(PS) generated by P, 4, . 4,- The vertical boundary
map is defined by using boundary maps in the fibre direction

i,
Or" Pcp,qo,---,qp - PCPvQOy---in*L---qu

defined by ' = 3= (—1)’d:, where, if ¢; = 0 then 0'p = 0. The total vertical boundary
map is then

av _ aOF + (_1)q0+181F T (_1)QO+---+Qp—1+papF.
There is also a horizontal boundary map

Oy = 0y + (—1)qo+181 4+ (_1)40+"'+qp71+p8p’

ak:{ 0 : ifg >0

where

dk : if qr = 0,
so that 0 = 0y + Oy is a boundary map in the total complex PC, which is the cellular
chain complex for the geometric realization. Hence it calculates the homology. In
the case of P.(f) for f : S — S a simplicial map, the double complex gives rise to a
spectral sequence which for a triangulated fibre bundle is the usual Leray-Serre spectral
sequence.

Remark 2. For each p and each ¢ € &p, Ap(8)7 1S — {t} x | P,S| induces a map of
cellular chain complexes
aw : C(S) — C,.(PS)
given by
aw(z) = Z Sqo+-+ap-1+p—1 © " © Sq0(T) (g0, ap)
Go++ap=n
where x € S,,.

4. PRISMATIC SETS AND STARS OF SIMPLICIAL COMPLEXES

For a simplicial set S and the prismatic triangulation P.S there is another closely
related prismatic set F,S. which as we shall see for a simplicial complex is the nerve of
the covering by stars of vertices considered as a prismatic set.

Definition 4.1. For S a simplicial set let P.S be the prismatic set given by

BpSgo...ap = Sqot-taptap+1-

where face and degeneracy operators on Pqum___’qp are inherited from the ones of S;y2,11
as follows:
Let ¢ = qo + - - - + qp, the face operators

@ . _p _p
dj . Sq+2p+1 - Pquo ap 7 Pq+2p = Pquo,...,qi—l,...,qp

-----
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are defined by
ng) = dq0+"'+Qi—1+2i+j7 j == 07 e q; but j ?A 21+ 1 + Z q..
k=0

So P,S,,.....q, has only g+p face operators, i.e., we skip the following p+1 face operators

'7qp
{dQO+17 dQO+Q1+37 Tt dQ+2p+1}'
Similarly the degeneracy operators
SE'Z) D Sgvapt1 = Sgr2p42
can be defined by

(@)

$;" 1= Sgototgat2iti,  J=0,...,q, but jF2+1+ Z Q-
K

Furthermore the face operators are

d(i) : Sq+2p+1 = PPSQO7~~~7‘];7 7 Pg+2p—qi—1 = prlsqow,di,wqp

corresponding to
@ . AGT2p—ai—1 _ Ag+2p+1

which take (eo, . .., €g+tgttapt2p—1) 10 (€05 - - -, €qapt1), Dy deleting the vectors with
indices (qo + -+ qi—1 +2i,...,q0+ -+ + ¢ + 20+ 1). So it deletes ¢; + 2 elements.
That is,

di) = dgotetq 1420 © - 0 dggttgig2ivr, ¢ =0,...,p.

Remark. As P.S, P.S is a prismatic set but in general not a strong prismatic set.

Realization of P.S.. Notice that
I |PS| | = |_| AP X AT ) ppsqo,---7qp/~

p=>0
where the equivalence relation apart from the internal relations in |P,S| using d;i)

and sgi), include the relations

(gita (s,9)) ~ (t,mi(s,v)),
with m; = (proj;) x d; the face operators on |P,S.|.
The relation of P.S with S, and P.S is as follows:
Proposition 4.2. Leti: ||S.|| < || |P,S.] || be an inclusion defined for (t,z) € AP x S,

by
i(t,z) = (t, 1,500 0s,x) € AP x (A" x Sy, C AP x |B,S],

and r: || |[PS.| || — ||S.|| be the retraction defined for (t,s,y) € AP x A®-% x S, o014
r(t,s,y) = (t,do..qo © dgo+1 0+ © d(gotetgp1+2p)...(q+2p) © dgi2p1Y),

where the d; are left out and d(gy...1q;_+23)...(qo++ai+2i) = Dgot-+qi_1+2i°" * *Olgot-t-q;+2i>
1=0,...,p.
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(1) i is a deformation retract with the retraction r.
(2) There is a commutative diagram of homotopy equivalences

ISl —=1[|P.S.]]
N
IPS.]]
lA
[REAR
where f: AP x A0 x S o) — AP X A©- x S, takes (t,s°, ..., s, x) to
(t, 8., 8, Ago+1© dggrqu+3 © *++ 0 dg12p11%), T € Sypaps1-

The proof is straight forward see [1] for details.

For a simplicial complex K there is another prismatic complex defined using the stars
of simplices. That is, let Ko = {a; | € I}, where I = {1,..., N}, be the set of vertices
and let K,, = {0 = (aiy,...,a;,) | 70 < --- < iy} be the set of n-simplices such that if
o € K, then any face 7 = (a%, e al-jk) lies in K. We shall write 7 < o in this case.
Now K x K is also a simplicial complex with the lexicographical order of the vertices

(a;,b;) < (ay,by) < either i < i ori=1i and j < j',
where {(a;,,bj,), ..., (a;,,b;,)} € K x K.
Definition 4.3. Let K be a simplicial complex. The Star of K is defined as
St(K) ={(0,7) € K x K |30  such that c UT g0’} C K x K.
This is equivalent to say that
St(K) = {faces of ¢’ x 0/ C K x K}.

Remark 3. For each 0 € K, ({¢} x K) N St(K) is the closure of the usual open star
of o, i.e., the union of the open simplices having o as a face. Whence the name St(K).
Note that St(K) C K x K is a subcomplex.

Let K* denote the simplicial set associated to the simplicial complex K. That is,
K" ={(ai,,-..,a;,) | {aiy, ..., a;,} asimplex of K (with repetitions) ip < --- <i,}.

St(K)? are the following:

Let (0,7) € K x K, where 0 = (a,...,a:,), T = (bjy,...,bj;,). For (o,7) € St(K),
let o' =0 UT = (Cpy,---,Ck,). By allowing repetitions in Definition 4.3, i.e., by taking
o' € K*, we can assume n = p+q so that either ¢;, = a;, or ¢y, = b;,, wheret =0,...,p,
u=0,...,q. Also we can assume ¢, = a;,, and if a;, = b;, then b;, comes before a;,.

In other words (o, 7) is of the form

— / _ /
0 = dlll...l/qo- 9 T = dul...upa I

where 0 <y <---<y;<nand 0 < py <--- < pp, <nand p,; #v;, Vi,j. Therefore
we introduce for a general simplicial set S the following.
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Definition 4.4. Let St(S) be the simplicial subset of the diagonal 6(S x .S) containing
all simplices of the form

! !
(qu---m Oy, 1y0 s Sppy © Apyo sy ),

where 0 < vy < -+~ <yg <nand 0 < py < -+ < pp < nowith p; # vy, Vi, j as
above. Here s, ,, = 8,008, , dy. v, =dy, 0-0dy, Sy, g = Su, ©+ 08, and
d =dy, 0---0dy,.

H1---Hp

Lemma 4.5. For K a simplicial complex, there is a map
st : St(K)® — St(K*®)
which is an 1somorphism.

Proof. By the discussion made before, there is a well-defined map st. Indeed, St(K)® is
a simplicial set generated by

{(o0,7) e K x K |30' € K* such that 0 = d,, ,,,0', 7 = dp,. .0

and (8y,..0,0, S, T) € 0(K* x K*)}.

By Definition 4.4, we can put st(o,7) = (Sv,..1105 Sp,... T) € St(K®). Clearly st is an
isomorphism since for (o, 7) € §(K* x K*) and o’ as in Definition 4.4, (0,7) € K* x K*
determines an element in K x K by deleting repetitions and this is unique. O

Remark 4. The projection on the first factor 7 : S x § — S gives a simplicial map
m : St.(S) — S. Hence, we obtain a prismatic set P, St(S) = P.(m) as in Example 3.2.
Here with g =qo+---+q, and 0 = 5,1, 0dy,..0,0" = ligy,..qp0> T = Sppepiy © Ay, 0
we have

P, St(8)g0,...qp = 1(0,7,7) € St(S)g4p X Sp T (S X S)gqp X Sy | 0, T given above}.

That is, 71 (0, 7) = figq,....q,(7), Where & = d,,. 1,0’ € S,. So The elements in P, St(.5)g.....q,

),
are of the form (fiq,..q,0, 7, ), where 7 € S,. Here explicitly

Haqo,....qp = Sq+p © S(g+p—1)...(qo++ap—14p) * * - Sqo+q1+15(q0+q1).-.(q0+1)Sq05(q0—1)...(0) -

5. COMPARISON OF THE TWO STAR SIMPLICIAL SETS

We shall now prove that this is closely related to the prismatic set P.S defined in the
previous section.

Theorem 5.1. (1) There is a natural (surjective) map
p: PS — PSt(9).
(2) If S = K*, where K is a simplicial complex, then p is an isomorphism.

Proof. (1) Take an element v € P,Sy o = Sgot-tgpt2pt1- Then v and qo,...,qp
determine an element p(y) in P, St(S)y,,...q, together with a (p + 1, ¢+ p + 1)-partition



14 B. AKYAR AND J. L. DUPONT

(11« vy Uy Tpt1s s - - - Jgipt1) Of m=¢q+2p+ 1, where ¢ = gy + - - - + ¢,. Here
i1=¢qo+1
l2=qo+q +3

p=q+ - +q-1+2p—1
lpr1=¢qo+ -+ ¢ +2p+1
correspond to the p;’s defined in Definition 4.4 and the j’s correspond to the com-

plementa that iS, j17 s 7jq0+17 jqo+2> s 7jqo+Q1+27 s 7jq0+'"+qp—1+p7 s 7jq0+"'+qp+p+17 are
07---7(]0>C]0+2>---7QO+C]1+2’QO+(]1+4>--->C]0+"'+Qp—2+2p—27~->%+'“+
Qp—1+2p,q0+ -+ Q1 +2p,...,q90 + -+ + qp + 2p, respectively. Then, in terms of
Remark 4 at the end of Section 4, we define

p(y) = (0,7,0) € PpSt(S)qo---qp C Sgip X Sqap X Sp

where
0 =do. gy ©dgyr10-0 d(qo+~~~+qp71+2p)...(qo+~~~+qp+2p) © dq+2p+1(7) = djl...jq+p+1(7)
T =dgy110dggyqy 4300 dqo+---+qp+2p+1(’7) = dil...z'p+1 (”Y)
T = Sqo++ap+p © S(qo+-+gp+p—1)...(qo++ap-1+p) © Sqo+-+gp-1+p—1°

++ 0 801141 © S(gotar).—-(qo+1) © S0 © S(go—1)...0) (T)
= S(g+p—1)..(q+p—qp) © " © S(go+aq1)-..(q0+1) © S(q0—1)...(0) (‘_7)

= Hago,...ay (0)-
Using the above expression for ¢ in terms of d’s and v, we get

0 = S(qtp—1)efatp—an) © " © S(go+ar)-(g0+1) © S(@o—1)...0 © L. jgspia (V)

Now St(.S)go+-+q,+2p+1 contains the simplex

(Sjgrprit © S(gtp—1)(g+p—ap) © " © S(go+ar)-(do+1) © S(go—1)-0 © Dy jipsr (V)5
Sip+1---i1di1---ip+1(7)) - (qu+p+1---j107 Sip+1---i17_)'

It follows that (o, 7) € St(S) and hence p(y) = (0,7,7) € P, St(S)q,....q,-

Now p is a surjective map: Suppose (0,7,6) € F,St(S5)g,...q, and we shall find
v € P)Sg,....q, Such that p(y) = (o,7,5). Thus (0,7,0) € P, St(S)g,...qp C (S X ) gip
is such that

mi(o,7) € Im{ﬂqo,...,qp : Sp = Sgip}
where 7 € S,,.

Again use the partition (p + 1, + p + 1) as above, put v = Sipp1..i10 € Sqropti-

Indeed since

(Sjgipr1 © Sjg—gptp—10 "0 Sjgo+ar+2 © Sigo+19 Sipp1.in T)

is of the required form as in Definition 4.4 and since

(07 T) = (dkl---kp+1 X dil---ip+1)(8jq+p+1 © qu“]p+p—1 00 quo+41+3 © qu0+10', Sip+1---il7_)
— )
here dp,. .k, ., = dgo41 © dggrq+3 0+ 0 dggtigy_142p—1 © dgy2pr1- SO the di’s and the

9
dr’s are the same, where d; = d;, ;. ,-
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We have (o, 7) € St(S). Hence p() € P.St(95)..
(2) If S = K*, K simplicial complex then
Py St(K*)go,.qp = {(0,7) € St(K*)gqp C (K X K%)gu

| 7T1(07 T) € Im{/"tq()u"':‘,zp : KPS - K;]S-H?}}

The map py,...q, : K,° — K., takes (ig, ..., ip) to (do,...,00,..., 4, ...,i ). Then
N—— N——
(go+1)-times (gp+1)-times
S
0= (Qigs - Qigyy -+ Uiy -+ ) € K04y,
T = (bJO7 e b]qg’ T b]q0+-~-+qp,1+p’ T qu+p) €K q+p-
By the definition P,(K®)g...qp = Pp(K*)go41,.q0+1- Then v in K%, 49,1 given by
Y = (Cos- s Cootl - |Cqottaqprtops -+ Carops1) € Ko yo ry is uniquely determined by
o and 7.

Explicitly the inverse map p~' : P, St(K®)g..q0 — PpK®g,..q, is defined by
p Yo, 7) =7, where

(aio, .. .,aip),

(bjm ey qu+p) and

g
T

./ Y -/ . . . .
Py (]O? s 7]q07 Zoqu0+17 e 7.7q0+q1+17 /Ll| s |jq0+---+qp_1+p7 s 7.7q+p7 Zp)

such that for Zf:ol gG+tp<s< Zfzo ¢ +p

lee1 0 Js Sip—1
]; = Js 0 1 < Js < g
e e < sy

k=1,...,p. Hence v € PpKSqoﬁ,,,yq

St(Ks)q-i-?zH-l- _
Therefore p : P K® — P St(K*) is an isomorphism. 0

, exists and is uniquely determined by (o,7) €

Remark. Note that p is not injective for a simplicial set in general since for constructing
the inverse map P St(S) — PS, there is no unique choice for the element v in P.S.. In
fact, we do not know which degeneracy operators we will use in order to define v, so in
general the inverse is not well-defined.

6. THE CLASSIFYING SPACE AND LATTICE GAUGE THEORY

For the definition of a classifying map we need a prismatic version of the standard
construction of the classifying space.

Let G be a topological group and the usual classifying space BG = EG /G which is
constructed as a simplicial space EG, = G, x --- x G, (p+ 1)-times, BG, = (G X - - -
x G)/G.

In order to make this simplicial set discrete we can replace G by the singular simplicial
set of continuous maps S,G = Map(A?, G) and E.S.G as in Example 2.8 is a prismatic
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set. However we shall need another model constructed as follows: For a continuous
map a € Map(AP x A% GPT1) Then we define

a(t, s, ..., s") = (ap(t, s°),a1(t,s",s1), ... a,(t, % ..., s)),

where (t,s%,...,s?) € AP x A% S G acts on this prismatic set and we define

P,EGy,.. o = {a: AP x A%~% — GPT1 ] q;(£', s) is independent

of s for all j different from 4}.
PBG = PEG/S.G, that is,
Po,BGy,...qp = PpEqu,---,qp/SpG'

Proposition 6.1. The evaluation maps give horizontal homotopy equivalences in the
diagram

IPEG||| —— EG

lll Il lV

IIP.BG.| || — EG/G
Furthermore the top map is equivariant with respect to the homomorphismev : |S.G| — G.

Proof. First notice that the evaluation map ev : |S.G| — G is a homotopy equivalence.
Also the equivariance is obvious by the commutative diagram

evXev

| [P.EG.|| x|5.G]| EG x G
R
| |P.EG.|| — EG

Since || |P.EG | || and EG are both contractible, the evaluation map induces a homotopy
equivalence on the quotient. U

7. LATTICE GAUGE THEORY, PARALLEL TRANSPORT FUNCTION

In Lattice gauge theory in the sense of Phillips and Stone [15] they construct for
a given Lie group G and a simplicial complex K a G-bundle with connection on |K]|
associated to a set of G-valued continuous functions defined over the faces of a simplex.
These they call “parallel transport functions” since they are determined by parallel
transport for the connection. In this section we shall introduce similar “compatible
transition functions” for K replaced by a simplicial set S and in the following section
we shall use these to construct a classifying map on the star complex P.S.. First we
consider G-bundles over simplicial sets.
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Definition 7.1. A bundle over |S| is a sequence of bundles over AP x ¢ for all p, where
o € S, and with commutative diagrams;

&
FdJO' Fg’

| |

_ gd
AP 1xdja—>Ap><<7

and

r 4
s;0 Fo-

.

n
AP X 5.0 —= AP x o

with the compatibility conditions:

gjéfi_ €_i€_j_1 : Z<j
gitlel o 4>y,

i Pt i<
wn' = 721‘?1—3' ) =
oo ov>,
and
N i<y
Pe=¢ 1 : i=ji=j+1
gyt o i>j+1.
Given a G-bundle F' — |S|, G a Lie group, since AP is contractible, we can choose a
trivialization ¢, : F,, — AP X0 x G for a non-degenerate o € S,,. If o is degenerate, that

is, there exists 7 such that ¢ = s;7, then the trivialization of o is defined as pullback
of the trivialization of 7, that is, ¢, = " (¢,).

Definition 7.2. ( Admissible Trivializations ) A set of trivializations is called admis-
sible, in case @, for o = s;7 is given by ¢, = 5° (¢, ).

Lemma 7.3. Admissible trivializations always exist.

Now, let us construct the transition functions for a simplex o € S, before giving the
following proposition:

Definition 7.4. Given a bundle and a set of trivializations, we get for each face 7 of
say dim7 = ¢ < p in o, a transition function v,, : A? — G. E.g., if 7 = d;0 then the
transition function v, 4., : AP~ — G is given by the diagram

AP x (dio) x G —2= AP x (o) X G

o,

APt x dio AP X o
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where dio =7 and © = p, 0 0 ;. So

{vor |0 € S, and 7 is a face of o}
are the transition functions for the bundle over |S|.

Remark. The transitions functions are generalized lattice gauge fields. Classically
Lattice gauge fields are defined only on 1-skeletons but one can extend them to p — 1
simplices for all p, given rise to transition functions on AP, as above.

We now list a number of propositions stating the properties of these. The proofs are
straight forward. For details see Akyar [1].

Proposition 7.5. Given a bundle on a simplicial set and admissible trivializations, the
transition function v, ., where T is a face of o, satisfies;

(i) o is nondegenerate: if v = djo and T = d;y then

Vor = (Vgry 0€")0 1.

This s called the cocycle condition.

(ii) o is degenerate: If o = sjo’ and T = d;o then when i < j for T = s;_17" one
gets 7" = d;o" and when i > j+ 1 for T = s;7' one gets 7' = d;_10’. For the
other cases, i1 = j ori=j+ 1, 7 =0c'. Then the transition functions satisfy:

Vg 71 O 77]'71 o< j
Vor = 1 i=4i=45+1
Vogrron 10>+ 1

(iii) If 7 is a composition of face operators of o, e.g., T = Vg i =1,....p,

where dP~(1) = d;o---od, then

Vo,r = (UJ,Jla o (62)}7 Z)'<UJ10,CZ2U © <€Z)p ' )

i
s (UCZP*(”UU,CZP_%' o€ )~Ucip—io,r~
Proposition 7.6. Assume that we have a bundle over |S|. Then

(1) There exists admissible trivializations such that the transition function is given

by
Vodio = 1 4f T < p.
(2) ForT = dP~Vg i=1,....p, we get Vg as product of some transition func-
tions:

Vo = (V5 0 (1)) (0g, 0 () )(wgg 0 (€ )
o (Vgp—(iry, © (5i)1).(vdp_ig).

(3) The transition functions v, , satisfy the compatibility conditions:

i Vd, i< p—1
vyo0e’ = T p
Vd,_10-Vdpo 1=pP— 1
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(4) For a degenerate o, we have
Vg © nj = Usjo
for all j.

Proposition 7.7. Given a bundle, one can find admissible trivializations such that the
transition functions are determined by functions v, : AP™' — G for o € S, nondegen-
erate.

Proposition 7.8. Suppose given a set of functions

vyt AP @G
for o €S, for all p, satisfying the compatibility conditions
vy o€’ = Udi‘{ : z.<p—1
Vdp_10-Vdpo t=p—1

and

Vg0 = Vo O 7.
Then one can define for each o € S, and each lower dimensional face T of o, a function
Uyr Such that (i) and (it) in Proposition 7.5 hold and such that

Jv, o= p
U"’T_{ 1 i<p.

Proposition 7.9. Given a set of transition functions v,, satisfying (i) and (ii) in
Proposition 7.5, there is a bundle F over |S| and trivializations with transition func-
t10ns Vg, 7 .

Corollary 7.10. Given a set of functions v, satisfying the compatibility conditions in
Proposition 7.6, one can construct a bundle F' over |S| and the trivializations with the
transition functions Vo4, = Vs and vy g4, = 1 when © < p and vy, = v, 0 n' for a
degenerate o.

Definition 7.11. A set of functions {v, },cs as in Proposition 7.8 are called a set of
“compatible transition functions”.

We end this section by comparing these compatible transition functions with the
“parallel transport functions” (p.t.f.) of Phillips and Stone [15]. For S = K* these
consist of a set of maps, V, : ¢, — G for each r-simplex ¢ of K, r > 1, ¢, is the
(r — 1)-cube given by 0 < s,, <1,...,0<s,,_, <1, where o = (ayg,...,a,) € K with
the compatibility conditions

1. Cocycle condition

Vo(Says--38q, =1, 8a,_1)
= ‘/<a0 ----- ‘lp>(8a1’ Tt Sap—l)“/v(apy---yar>)<sap+17 ey Sar—l)'
2. Compatibility condition

Vo(Sars--28a, = 0,...,5a,_,)

- WaOv---vépy---yar—ﬁ(Sal’ s Sapy e Sa'rfl)’
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Now, suppose we have compatible transition functions {v,} for a principal G-bundle
E — |K| with triangulated base. Then for o = (ay,...,a,), the p.t.f. V, : ¢, — G is
given by the parallel transport E,, — £, along paths determined as follows:

Let 0 = (ag,...,a,) € K* and $ = (Sqg, -+ Sa,_,) € Co-
We pick r — 1 points as Pi,..., P._; so that P; is on the line segment from ag to aq,
that is,

Py = (1—84,)a0 + Sq,a1 = ((1 = 4y, 84y ), {00, a1)) € |K|.
Similarly, P, is on the line segment from P; to as, P = (1 — $4,)P1 + Sq,a2. Then
Py = ((1 = 8a,)(1 = Say), (1 = Say)Says Sags (G0, a1, az)).
By continuing in the same way, we get
Poi=(1—54_,)P—o+ 54, ,ar_1.

Let a be the piecewise linear path from agy through P, ..., P._; to a,. In other words,
a is determined uniquely up to parametrization by r — 1 numbers s,,,..., S, ,. For
P._y=(t,do) e A" ' x K, y,d.oc = {ay,...,a,_1), the element

Vo(s1,. ooy Sr1) = 0,(t) € G

is to be interpreted as the parallel transport along «.

ar

8. THE CLASSIFYING MAP

The construction of The Classifying Map

For a given set of compatible transition functions (c.t.f.) {v,} satisfying Proposi-
tion 7.8 we have seen in Proposition 7.9 that there is an associated G-bundle F over |5 |.
Recall that the composite map projoL : || |P.S|| — || |S.| || — |S] is a homotopy equiv-
alence, where L = A o f is given as in Proposition 4.2. In this section, we construct a
classifying map for the bundle (projoL)*F over | |P.S.||.

Theorem 8.1.

(1) For given c.t.f.’s {v,}, there is a canonical prismatic map m : P.S. — P BG.
(2) The induced map of geometric realizations

Il Im/ ]

evoll[m| || =m: | |PS]| — || IPBG|| = BG
is a classifying map for the G-bundle (projoL)*F over || |[P.S]||.
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Proof. (1) The map m : P.S. — P.BG is defined as

m(o) = [(ag, a1, ..., a,)]

where o € Pquo,,,qp = Sytop41, ¢ = Qo + -+ ¢, and a; : AP x A% — G are given

below. In the following, we use for convenience the interior coordinates (¢4, ...,t,) of
the standard simplex with barycentric coordinates (tg, ... ,t,).
th=1—ty, tao=1—ty—ty, ..., tpor=1—ty—---—t,_4, t, =1,

such that 0 < ¢; < 1,i=1,...,p, 1 >t >--->1¢,>0and > " ti =11 <1,
1=0,...,p.

In these terms the map A from Section 3 is induced by the maps A, : AP x A% —
ATT2HL given by

Ap(t,$°,0,...,0,57,0) = (3(1)(1 ) bty O (1= b)) b, b, b

’7q0

sp(ts —ta) +ta, ..., sy (1 — t2) + ta, T2, 1o,

-
-1 —
ST (tp1 = bp) by SD (bpoy — 1) + Ly, s
Sitpy -y Sy tps O).
For convenience, we drop p in A,(¢)(s) and write A(t)(s). Next, let p@ : Adt2p+l

AT +ai-1+271 he the degeneracy map for i = 1,...,p defined by

(@) Qo+ +aqi—1+2i—1 a+2p

P\ =1 Y
deleting the last ¢; + - - - + ¢, + 2(p — i + 1) coordinates. So e.g.

pPIA(E) () = <3(1)(1 —t1) +tr, s (T —t) +
si(ty —ta) +ta, ..., 3;1(751 — to) +tg, to, ta,

1 _
B byt = 1) by S0 (Gt — 1) + 1y, tp>,

where p®) := =%+ =1 o ... o ni+2 ig deleting the last gp + 2 coordinates. With this
notation, the maps a; : A? x A%% — G defining the classifying map m(o) are given

by
ap(t,s°,0,...,87,0) =1
ap 1(t,s°,0,...,8"710) = vgﬁd(p)a(p(”)()\(t)(s)))fl,
apa(t,s°,0,...,8"7%,0) = v, g, (PP (A(t)(5))) !

a1(t,5°,0,5,0) = Uy po (0P (A(B)(5))
0(t,5,0) = vy ol PV AO($) "
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Here the boundary operators used above are given as follows:

dp) * Sqrapt1 = Sqt2p—gp—1

is defined by d,) := dgy2p—q, " -0 dgyop+1, deleting g, + 2 elements. On the other hand,
in the formula dV) = cZ(p) = d,). Let’s denote

A~

d/(p*i) — CZ(iJrl) O-+-0 d(p)

i=0,...,p— 1, which deletes the elements (qo+ -+ ¢ +2i —1,...,q+2p+1). Tt
deletes g1+ -+ ¢ +2(p—19) =q— (g + -+ ¢)+2(p— ) elements. Here

qH2iH1-3 P g T Pgq2i-1-Y P g,
i = 1,...,p. By using the equivalence relations on m we can see that m(dyo) is
independent of s for all j different from . Take t{j = 0 then v_ g4, (1,...,...,1,1,1)

does not depend on s where j =1 # 0 = i.

(2) For given c.t.f.’s v,, we now have the map of realizations || |m| || : || |P.S| | —
I 1P.BG| || given by

|| |m| ||(t7 870) = (t,S, [(a07 x '7ap)])°

The associated bundle map is given as follows: ~
We have a bundle F' on |S| by Proposition 7.9 and |F,S.| — [S.| is an epimorphism,
so by pulling back we get a bundle F' — |P,S |, i.e.,

F F
|P.S|—15|

Transition functions used to define the classifying map m are taken from the bundle
F — |S|. Let’s take o € S, 9,41 and there is a fibre at (A(¢,s°,0...,s",0),0), by using
the trivialization ¢, : F, — A972P*1 x5 x G and the projection on the last factor, we get
F, — G. Let’s denote this composition by cﬁa(f) where f := (A(t,s°,0,...,87,0),0),
fo € Fiaw,s0,0,..,52,0),0), 0 € Sgrops1. On the other hand

. q+2p—gp—1
Pd o - Fd(p>a — A X d(p)O' x G

gives us

Pigyo t Fagye = G-
By the definition,

@U(j(p)fa) = Uo,d(p)a(p(p))\(ta 507 07 ceey Sp7 O))'@d(p)o(f)

where the compatible transition function is

dpyo’

Umd(p)g- : Aq+2p7qp71 — G,
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The last component in || [m] [|(Z, s, f,) is defined via the trivialization o, (f) which is
©.(f). By using the compatible transition function VUo,d,o We find the p-th component
as

-1 _ ~
Ua,d(p)a(p(p)A(t7 807 07 R Sp7 0)) Cpa(f)

We can apply the same method several times to get the other coordinates in |||ml||(, s, fs).
By the definition PEG/SG = PBG, PEG = ||[NG|| and v : NG — NG we can
identify PBG = ||[NG/||. Then the required map m is

m(t,s,o) = [(ao,...,ap)] O
In particular for a simplicial complex K we get the following (c. f. [15])

Corollary 8.2. (Phillips-Stone)

(1) A set of compatible transition functions {v,} for K a simplicial complex there
18 a natural prismatic map

P.St(K*) — PBG.

(2) The induced map on geometric realization gives a classifying map for the bundle

F pulled back to | St(K)| C |K| x |K].

Proof. In the second part of Theorem 5.1, we have showed that p : PK* — P St K* is
an isomorphism. On the other hand in the previous proposition, we have defined the
classifying map m. This is also valid when S = K*. So the p.t.f. v, will determine a
natural map

m : PSt K® — PBG. O
Furthermore 7, : P St(K®) — K is a homotopy equivalence.

Remark. The point of the corollary is that there is a connection in the prismatic
universal bundle in the simplicial sense (see [6]) which thus pulls back to a connection
in the bundle over the star complex. We shall return to this elsewhere.
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