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1 Summary

The closed form of a rotational version of the famous Crofton formula is derived. In
the simplest case where the sectioned object is a compact subset of R? with a (d—1)-
dimensional manifold of class C? as boundary, the rotational average of intrinsic
volumes measured on sections passing through a fixed point can be expressed as an
integral over the boundary involving hypergeometric functions. In the more general
case of a compact subset of R? of positive reach, the rotational average also involves
hypergeometric functions.
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2 Introduction

Local stereology is a collection of sampling designs based on sections through a
reference point of the structure under study, cf. [3]. The majority of the local stere-
ological methods have been derived in the nineties, including methods of estimating
number, length, surface area and volume. These methods have found numerous
applications, in particular in the microscopic analysis of tissue samples, cf. [2] and
the references therein.

Only very recently, a rotational integral formula has been derived for general
intrinsic volumes, cf. [4]. This new formula opens up the possibility for developing
local stereological methods of estimating curvature (for instance, integral of mean
curvature). The formula shows how rotational averages of intrinsic volumes mea-
sured on sections are related to the geometry of the sectioned object X C R?. The
rotational average considered is of the following form

/ V(X N Ly)dLs, (1)
£
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0 <k <75 <d, where E;l is the set of j—dimensional linear subspaces in R?, V}, is
the kth intrinsic volume and dLg is the element of the rotation invariant measure
on Ef with total measure
d
/ dLJ =Cq,5-
2

_040d-1"""0d—j+1
Cd,j - O:0: e g ’
3Y5—-1 1

Here,

where o, = 272 JT(%) is the surface area of the unit sphere in R,
In the simplest case where X C R? is compact with a (d—1)-dimensional manifold
of class C*? as boundary dX, the rotational average (1) takes the following form,

provided 0 ¢ 0X,

/a wr;(z 1_[/<;z ) HO (d), (2)

X rcq,..,d-1} icl
H=j—1-k
where H* denotes the k—dimensional Hausdorff measure, x;(x),i=1,...,d—1, are

the principal curvatures at x € 0.X and wy; is a real non-negative function defined
on 0X, cf. [4]. If X is a ball, the function w; ; is constant and the rotational average
is therefore proportional to the (d — j + k)th intrinsic volume of X which has the
following integral representation

Z H’%l )H N (dw),

|[I|=j—1—Fk i€l

Viji(X) =
Oj—k Jox

cf. |7, Section 13.6] and [8, Section V.3].

In the present paper, we derive a closed form expression of the function wr ;
involving hypergeometric functions. This expression allows us to study in detail
how the rotational average depends on the local geometry of X in the non-spherical
case.

The paper is organized as follows. In Section 2, we define the function wy; and
provide background knowledge on hypergeometric functions and other issues. In
Section 3, the closed form expression of wr; is derived while Section 4 contains a
simplified expression of the rotational Crofton formula, under additional assump-
tions. The proof of one of the lemmas is deferred to an appendix.

3 Preliminaries
In [4], it was shown that the function wy ; satisfies the following equation
okl wr(x) = Q;(x, n(x), A (), (3)

where n(x) is the outer unit normal to 0X at x and Aj(x) is the linear subspace
spanned by the principal directions of curvature a;(x) with ¢ ¢ I. Furthermore, for
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any x € R?\ {0}, n € S4! and ¢—dimensional linear subspace A, C R? perpendic-
ular to n, Q; is given by the following integral representation

- g(Lj7Aq)2
e, Ag) = / (L)

where E?(l) is the set of j—dimensional subspaces containing the line spanned by =z,

dLiy), (4)
(1)

p(-|L;) indicates orthogonal projection onto L; and G(L;, A;) can be regarded as a
generalized sinus of the angle between the subspaces L; and A,. A precise definition
of G is provided at the end of this section. In the more general case of a compact
subset X C R? of positive reach, the rotational average (1) can also be expressed in
terms of the functions wy ;, cf. [4].

Note that in (2) and (3), we consider A, with

g=d—1-(j—1-k)=d—j+k

It follows that for such A, we have j +¢ > d. If j = 1 and z_Ln, then the integrand
in (4) is not defined; in this case we set Q;(x,n,n*) = 0. In all other cases, n £ L;
for dL;l(l)—almost all L;. Note that Q;(z,n,A,) is finite whenever z [ n since
p(n|L;)| = | - n|/]z].

Only in the cases ¢ = 1 and ¢ = d — 1, [4] succeeded in finding closed form
expressions for ()}, involving hypergeometric functions. Recall that a hypergeometric
function can be represented by a series of the following form

. T =Tla+kILO+k) "
Fla,bic;z) = r(a)r(b);0 Tc+k) kI

When a = 0 or b = 0, the hypergeometric function is identically equal to 1. The
series converges absolutely for |z| < 1. In case 0 < b < ¢, we can also represent the
hypergeometric series by an integral

1 1
F b:c: - - 1 — —a, b—1 1— c—b—ld )
(a,b;c;2) B(b7c_b)/0( 2y) "y (1 —y) y
When z = 1, the extra assumption ¢ — a — b > 0 is necessary. Transformations

formulae for hypergeometric functions are often useful. In particular, we shall use
the following formulae, cf. [1, (15.2.17) and (15.2.20)],

(c—a—1)F(a,b;c;z) +aF(a+1,b;¢;2) = (c—1)F(a,b;ce —1;z)  (5)

c(1—=2)F(a,b;c;2) + (¢ —=b)zF(a,b;c+ 1;2) = ¢F(a — 1,b;¢; 2). (6)
For ¢ = d — 1, it was shown in [4] that
Qj(x,n, Ay) = a1 j1 F(=1/2,(d — j) /2 (d — 1) /2;50° §), (7)

where 3 = Z(x,n). For ¢ = 1, we must have j = d—1. For A, = span{a}, a € S,
it was shown in [4] for  and n linearly independent that,

Qq4_1(z,n,span{a})

r(d=1)/2 ) o (d—11 d+1
— . . QF . L 2
—ZF((d 19/2) sin a[sm ( 5 3 g ; sin ﬁ)
d—1 3 d+1
2 9, w2
+ cos QF( 55 Ty sin ﬁ)], (8)



where a = Z(z,a), 3 = Z(z,n) and 0 = Z(m,p(a|lzt)). Here, m = m(n|zt) =
p(n|at)/|p(n|zt)|. Note that in the case where z is a multiple of a, € is not well-
defined. Then, (8) should be understood as

Qa-+(,n, span{a}) = 0.
In the next section, we address the remaining cases where 1 < ¢ < d — 1. Let
us end this section by giving the precise definition of the function G which enters
into @;. For this purpose, we let for p < d and z1,...,x, € R? P(xy,...,x,) be the
parallelotope spanned by z1,...,z,,

P(xy,...,xp) ={ @1+ + X2, : 0< N, < Li=1,....,p}
We let

Vp(asl, ce ,Z'p) = Hp(P(ZL'l, e ,.Tp)).

Definition 1 (cf. [9] p. 532). Let L, € L% and L, € L¢. Choose an orthonormal
basis of L, N L, and extend it to an orthonormal basis of L, and an orthonormal basis
of L,. Then, G(L,, L,) is the d-dimensional volume of the parallelotope spanned by
these vectors. [

It follows from Definition 1 that if dim(L, + L,) < d then
g(Lm Lq) = 0.
In the case dim(L, + L,) = d and either p = 0 or ¢ = 0, G(L,, L,) = 1. Finally, if
dim(L, + L,;) =d and 0 < p, ¢ < d, we can choose orthonormal bases for
L,NLy : a,...,0p4q-d

LN (L, N L) ¢ by, by

LN (LN L)t ciyevvsCayp
Then,

Q(Lp, Lq) = Vd (al, cooy Qpyg—d, bl, ce ,bd_q, Cly. .. ,Cd_p)
= Vg (p(ba]Lg), - p(ba—gl L))
= vd—p (p(cl|L$)7 ce 7p(cd—p|L$)) )

cf. [3, Proposition 2.13 and 2.14].

4 Closed form of @);

We will now derive a closed form of Q;(z,n,A,) valid for 1 < ¢ < d — 1. Possible
values for j are j =d —gq,...,d — 1. Note that we must have d > 3 and j > 2. We
let « = Z(x,A,). The angle § and the unit vector m are defined as in the previous
section. We shall assume that x lies in a general position with respect to n and A,,
so that a, 5 € (0,7/2).

We first show the following lemma. We use here and in the following the notation
L3(M) for the set of r-dimensional linear subspaces contained in M € £2.
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Lemma 2. Let A, € LI (n'), where LI~ (nh) is the set of q-subspaces contained
inn*. Let L; = L;_; & span{z}, where L;_, € E;lj(xL). Then,

Gg(L;, Aq)2 = sin® o g(’cl)(Lj,l,p(Aq|9cl))2 + cos? o Q(IL)(Lj,l, AN mL)Z, (9)

where the upper index of G« indicates that the function G s considered relatively
in . The second summand vanishes when j + q = d.

Proof. Consider first the case j + ¢ = d. In this case,
dim(L; ; + A, Nat) <d—1
and the second summand of (9) vanishes because
g(xL)(L]’—la Aq m :L,J.) — O

In order to prove (9) in the case j+¢ = d, first notice that if dim(L; + A4,) < d, then
left- and right-hand sides of (9) are both zero. If dim(L; + A,) = d, we can proceed
as follows. Let {ai,...,a,} be an orthonormal basis of A, such that a; = 7(z|A,)
and a; Lx, 1= 2,...,q. Then we have
g(Lja Aq) = Vq (p(al‘Lj_>7p<a2‘Lj_>> U ,p(aq‘Lj_))

= Vo (pp(ar|z)|L7 ) plas| L), -+ plag L))

= [p(as]a™) |V (p(r(ar|z) L5 ), plaa| L), -+ plag] L))

= [p(ar]e )|V (p(m(ar|™) | Liy), plaz| L), -+ plag|Li=y))

= |sin £(z, Aq)lg(xL)(L];l?p(Aq’l’l)).
Let now j + ¢ > d and choose an orthonormal basis {uy,...,u;_1} of L;_y. Given

an index set I C {1,...,7 — 1}, we shall write L; for the linear hull of {u; | i € I}.
We have by [4, Lemma 1],

G(Lj, A)® = Y G(Lr, A+ > G(Lr+span{z}, 4,
|I|=d—q |I|=d—q—1
By applying the identity [3, Proposition 5.1]
G(Ly, Ay) = cos L(z, A)GW ) (Ly, Ay N xt)

to each summand in the first sum and by repeating the above procedure from the
case ¢ + j = d to each summand of the second sum, we obtain

g(Lj’Aq)2
= Z (3082L(x,Aq)g(xL)(Ll,Aqﬁxl)2
[|=d—q

+ Z simQZ(x,Aq)g(gﬁ)([/bJU(Aq|xL))2

|[I|=d—q—1

= cos” (2, A)G" (L1, AgNat)? +sin® Z(x, A)G (L1, p(Aj 1 |2H))”.
]



Let B, € L&' (z). Define

1“1 (m, B,) = fleos® Z(m, L 1))G""

W(L;_1, B,)*dL}
ij

J=1

where
d—q
2 .

f(2) = (cos? B + zsin® B)~
Using Lemma 2, we have by definition of @),

Q;(z,n, A,) = sin’ aljdjll (m, p(Ay|z)) + cos? oz]jdjll (m, A, N a™b). (10)

Note that the second term vanishes when j 4+ ¢ = d. In the next lemma, we give a
useful expression for ];1:11 (m, B,) in terms of an integral over a half-sphere that can

be used for B, = p(A,|zt) and B, = A, Nx*.

Lemma 3. Let m € S%2(z'), the unit sphere in a*, B, € L (at) and f -
R, — R, measurable. Then,

2
];'1:11(77% B,) — Cd_g,j_g/ f(cos* Z(v,m))

A J d-2(4q
where m* = {x € R | z-m > 0},

J(v) = cos® Z(u, By) (k{75 _y sin® Z(v, B, Nu') + k{=5 5 cos® Z(v, B, Nu™)),

j—2,p— 7—2,p—

u=n(mlv") and k{; = m if i +7 > d and 0 otherwise. Note that the second

term in J(v) vanishes whenever d = j + p.
Proof. We apply the coarea formula for the mapping g : L;_; — 7(m|L;_;) defined

on E?j N{L :m £ L} with Jacobian J; 2g(L;_1) = tan/=2Z(m, L;_;) (cf. |5,
Lemma 4.2]). Using that

g '(v) = {L;j_o ®span{v} | L; 5 € ﬁ?:g’(:ﬁ Nt Nmt)},

1

= [ feost Zm. L )G L0, B, AL

/ f(COS2 é(m, Lj_l))g(xl) (Lj—17 Bp)2 dL¢—3Hd—2<dv)
=2z bynmt Jg1(v) Jj-29(Lj-1) o

/ ( )g(xH(Lj_l, B,)2dL43H 2 (dv)
o

f(cos? Z(m,v))

S
/Sd—Q(xi)mm+ tani=2 Z(m, v)
/

f(cos? Z(m,v))

d=2(z 1)+ tan=2 Z(m, v) £

G (Lyp @ span{u}, B,)*dL§=H"*(dv).




It is enough to show that the inner integral is equal to c4_3 ;o times the Jacobian
J(v) in the lemma. Using [5, Lemma 4.1|, we can apply the decomposition

G Ly 1, By)? = o L, By)G ™ (L 1, By Nt
Apply Lemma 2 to G« ™)(L; 1, B, Nut)?, we get

g(mLﬂuL)(Lj_l, Bp N UL)2
= sin® (v, B, N ul)g(me“Lm”L)(Lj_g,p(Bp Nut|ot))?
+ cos® Z(v, B, Nuh)GE M (L, By nut not)
Note that the second term vanishes when d = p 4+ j. By integrating over E?:S’ and

using the identity

EdQ(L“lg)%iLf::k%cQLiL

(cf. |5, Lemma 4.3]), we finally obtain the expression for J(v). O

Using Lemma 3, it is possible to express ];1:11 in terms of hypergeometric func-
tions. The somewhat lengthy proof is deferred to the Appendix. The result is
formulated in the lemma below.

Lemma 4. Let the situation be as in Lemma 3. Then,

1
[7(m,B,) = I—f(j +1,p+1,d+2)

j—

d—q d—j d+1
X (p—(d—l)cos29)F( 2q7 2‘7; ; ;sinQﬁ)

+(d — 1) cos* OF <d—q d_J'd_l;sin2ﬂ)],

2 7 2 7 2

where §(j,p,d) = ki35, 1ca—s ;2 and 6 = Z(m, B,). O

We are now ready to formulate and prove the main result. It turns out that the
result also holds for ¢ = 1, d = 1, see below the proof of Theorem 5.

Theorem 5. Let ¢q = 1,...,d —1 and j = d — q,...,d — 1. Furthermore, let
r e R\ {0}, n € ST and let Ay € LI (n). Let a = L(x, Ay), § = ZL(x,n) and
cosf = <ocsb - qupnose that «, 3 € (0 ”). Then,

sinasin 3 ° 72

d— i
Qj(xanaAq) = ( j)g(j—l—l,q—l—l,d—i—Q)

q
_ _ 1
X {sinQOz[sinQHF (d q’d ];d+ ;sinQﬁ)

2 T2 2
d—q d—j+2 d+1
2 . . 2
+ cos 9F( 5 5 Ty s 5)}
jtq—d [(d—q d—j d+1 _,
F el .
T < I R



Proof. We use the form of Q;(z,n, A,) given in (10). In the first summand in (10)
we have a factor of the form Ij‘-ljll (m, B,) with p = dimp(A,|zt) = q¢. We need to
determine Z(m, p(A,|z*)). Since

_n—pnlz) 1 <n_cosﬁx>

m = = —
lp(nlzt)]  sinf ||

we have

p(mlp(A,fe) = Sp(nlp(A,le)

By using the decomposition 4, = span{r(z|A4,)} ® (4, Nz') and that nlA,, we
get
p(nlp(Aga™)) = p(nlr(r(z]4,)la)),
where
m(z[Ag) = p(r(z]Ag|z) 1

m(m(z|Ag)le™) = Ip(m(x|A,)|z+)] ~ sina

(W($|Aq) - cosai) .

]
Since nlm(x|4,), we obtain

|7 (w (2] Ag)|z) - ]

cosf = ]p(m’P(Aq’tTl))’ =

sin 3
1 r-n cos o cos 3
= ——F—— | oS - . . .
sin asin 3 || sin asin 3

In the second summand we have a similar factor with p = dim(A4,Na*) = ¢—1 and
0 =7, iecost =0. Lemma 4 together with the identity

_Jtq—d

<(j+1,q,d+2)_Tg(j+1,q+1,d+2)
implies
s+ 1l,qg+1,d+2
Qi(z,n, A,) — (U qq )
d—q d—j d+1
x { sina|(q — (d —1)cos® ) F q’ J; + :sin’ 3
2 2 2
d—q d—j d—1
+(d—1)cos20F< 2(], 2]; 5 ;sin2ﬁ>]
d—q d—j d+1
+cos2a(j+q—d)F( 427, i ;sin26> }, (11)
2 2 2
where cos ) = % The result now follows by using (5). O

Note that in case ¢ = 1 and j = d — 1 , the equation in Proposition 5 reduces
to (8). When ¢ = d — 1, we have Z(x, 4,) = § — Z(x,n); hence, cosa = sin 3 and
cos = 1. Then, by applying (6) and (11) and using the identity ¢(j + 1,d,d +2) =
Cd—1,j—1, W€ obtain (7)



5 The sum of Q);

The resulting expression for the rotational average, obtained by combining (2), (3)
and one of the expressions for ();, is quite evolved. In this section, we discuss
simplified expression for the integrand of (2), under additional assumptions. First,
we derive a result for the sum of @);.

Proposition 6. Let the situation be as in Theorem 5. Then, for 0 <k < j <d,

) — 1 | —k—2d—j5 d—1 |
Z Qj(xanaAI(x)):Cdl,jl<Jk )F(j 5 2j; 5 ;Slnzﬁ)-

I1cq{1,...,d—1}
[I|=j—1—k

Proof. The sum of the ();—terms can be determined, using Theorem 5. Recall that

Ar(z) = spanfa;(z)|i & I}.
If we let af = Z(z, Ar(z)) and ¢ = d — j + k, we find

Z cos® oy = Z Ip(z]|Af(x Z Zx a;(z))?

I|=j—1—k I|=j—1—k [|=j—1—k i¢l
d—1
— . — . . 2
— Z Z(x a;(x (q B 1) x-a;(x))
|I|=q i€l i=1

= (472 et spantanto) o = (472 pteln e

q

= (Z:i) sin? 8
5 = (7) ()= () ()

I|=j—1—k

and

By using (5), (6) and the relation d; ( Ne(j+1,g+1,d+2) = (d_;L)Cd—Lj—h we
arrive at the following formula

> Qz,n, As(x))

I|=j—1—k
sGG+1,q+1,d+2)(d—2\], . . d—q d—j d+1 .,
= —1 Ja ) X
d—q d—j d—1
— 2 . )
+ (d—1)cos BF( 5 T g s 5)]

B j—1 d—q—2d—j d—1 _,
_Cd—l,]—1<d_q_1)F< 9 ) 9 ) 9 ,Sll’lﬂ

— 1 | —k—2d—j5 d—1 |
:Cd—l,j—l(]k >F(j 5 ) 2]5 B §81H25)-




In case ¢ = 1 and j = d — 1, the expression above reduces to the one in [4],
namely

d—1

d—31d-1 .
;Q(xanaai(m))zcd—l,d—QF( 5 75; 9 5311125)-

By using the series expansion of the hypergeometric function, the first order approx-
imation of ) @) becomes

5 s (1)) (4 ),

(1) ()

We can use Proposition 6 to simplify the integrand of (2) for x € 90X satisfying

Q

We find
i Ci—14-1 1 .
Z wlvj(if)H/ﬂ(ff) = s ()7' . P k()R
IC{1,...,d—1} iel Jj—k
[|=j—1-k
| —k—2 d—j d—1
XF(‘] 5 7 2.]’ 5 ;Sinzﬁ).

In particular, if B¢ is the unit ball in R, we get

d a_ (711 0d
/L}i Vk<B ﬂLJ)dL] = ( L )Cdl,jla‘ .

j—k

This result can also be derived directly as follows
/ Ve(B*N Lj)dLS = cq;Vi(BY)
c?
e (J> (J—Fk) o
5] k ] Tk

Jj—1 04
= Ciq—1.i— .
k d—1,j 10'j_]€
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Appendix: Proof of Lemma 4

In the proof of Lemma 4, we will utilize the following integral equation
- 2 sin® B\ 5 2
/ cos ﬁ—l—l 5 (r*)°(1 +r)~“dr
0 r

%B(b—i—;c(b—l—%))F(a b+ ; sin? ) (12)

valid for a, b, c € R, whenever 0 < b—i—% <cand (€ ( ) When = Z, the extra
assumption ¢ — (a + b+ 1) > 0 is necessary.

Let the situation be as in Lemma 3. If we let v = Z(v,m) € [0, 7] be the angle
between span(m) and span(v), we may write m = p(mv) + p(m|vt) = vcosy +
usin vy, hence

N’I

[pmlB, 1w )|

B,Nut)| =
lp(v| B, Nu~)| cos 7

Consequently, by using Lemma 3,

L7(m, By) _ / [p(u]By)|* f(cos® 7)
s(7,p,d) §4-2(3L)ym+ tan/ =2 v

— i1
X (1 - dp+1|p(m\Bp Nub)|? cos™ 7) H2(dw),
where ¢(j,p,d) = k:d 5, 1Cd-3j-2. We shall use the area formula with ¢(v) =
m(mvt) = u deﬁned on S472(xNm™)\span(m). Since 9 is bijective with Jacobian
Ja—2¥(v) = tan™® Z(m,v*) = tan™"¥ £(m,v) and ¢ = Z(u,m) = Z — v, the area
formula implies that

L7(m, By) / [p(u]By)|*f (sin* ¢)
g(jvpa d) Sd=2(gL)nm+t tand_j_lc

— i1
X (1 — dp+1|p(m|Bp Nut)|? sin ™2 C) H2(dw),

d

where f(2) = (cos? 3 + zsin? )~ "z . Hence,

. d—j—1
I;l__ll(m, B,) =<(j,p, d) (Kl - p]T[Q) ) (13)
where , )
[p(u|By)[* f(sin” (), g4-»
K = . d 14
! /SdQ( ym+ tan? 71 ¢ HT (dw) (14)
and

K- | 1By 0 ) PlpCal BT (07  cos™ Gy a5
Sd=2(zL)ynm+

sind=i+1 ¢

11



Using the coarea formula with ¢ : (S¥2(z1t) Nm™) \ span(m) — S4=3(xt Nm*)
defined by p(u) = 7(ulm*t) = uo and with Jy;_s¢(u) = (sin Z(u, m))~ @) we obtain
(note: m* = {x € Réx-m > 0})

2 1.2
K, = / / |p(U‘Bp)| f(SlH é(u’m))Jd_,lg@(u)Hl(du)Hd_g(duo)
sa-3(a+nm=) S~ (wo)

tan?7=1 /(u, m)

-/ [ IwtalBRs (s 2w m)
s4-3(atom) S~ uo)
x cos? I £ (u,m) sind 72 Z(u, m)H (du)H3 (dug).

Define ¢ : Ry — ¢ (ug) by &(r) = ﬁéi% = u with J1&(r) = ﬁ The area
formula implies

ko= [ e et m)
x cos® I Z(&(r), m) sind "2 Z(&(r), m) JLE(r)drH 3 (dug).
We now use that sin? Z(£(r), m) = ﬁ and

2 _ [p(uol By)I* + r2|p(m|B,)[* + 2rp(uo| By) - p(m| By)

p(E()1B,) o

I

which, in combination with the equality
/ plualB,) - plom| B (du) =0
Sd=3(zLnmi)

and (12), lead us to the following expression

> (|p(uo| Bp)|* + r2|p(m|B,)|? Ly(r?)
- | [l B BN e
Sd=3(zLnmL) Jo (1+7r2)=2
1 -7 741 — -7 1
_1g d j7j+ 2 d q,d ];d+ sin? 3 H,
2 2 2 2 2 2
1 d—j+2 j7—1 d—q d—j+2 d+1 9
-B F : : B _
+ 2 ( 2 ) 2 ) ( 2 ) 2 ) 2 7Sln ﬁ |p(m| p)l 04 2

with H, = fsd—S(xlmmi) [p(uo| Bp)|>H43(dug). The convergence criteria in (12) are
satisfied since 1 < j < d and 0 < § < 7 by assumption. Note that the differences
between K; and K, are the extra terms sin? ¢ and

[p(ulB, Nm>)|”

[p(m|B, Nu™)* = |p(m|B,)[*
" 7 p(ulB,)P?

Hence, K5 can be rewritten as

K2 — |p(m|Bp)\2 / f(Sin2 g) |p(u|Bp n mJ_>|2 Cosd_j_l CHCFQ(du).

$4-2(zL)m+ sind—I+1 ¢

12



ug+rm
|lug+rm|’

By applying the area formula for the mappings ¢ : v — m(ulm*) and £ : r —
the integral above becomes

/ / f(sin? O)[p(u| B, N m*)[? cos® 771 ¢ sind = CH (du)HY 3 (dug)
S4=3(ztnmL) J o1 (uo)

djl

= / Ip(uo| B, N m* A nhr ) 3 drH*3(dug),
Sd=3(zLamL) 1 + 7”2) B}
where we used [p(&(r)|B, Nm*b)|* = Muol% for the last equality. Using (12),
we obtain
B (d—j j—1 d—qg d—j d—1
K, = PIB)E 5 J ] 7 a4 d—j. 8 H,
2 2 2 2 2 2

with Hy = fsd,g(xlmml) ‘p(u0|Bp N ml)‘ZHd*?’(duo). It remains to calculate the two
integrals H; and Hs.
Define ¢ : S*3(xt Nmt) — SP=Y(B,) by ¥ (up) = 7(uo|Bp) = uy with

(sin? @ + cos? 0 cos? 0(uy )2
Jp—1(ug) =
p 1¢( 0) |p(u0|Bp)|p_1

Here, uy = m(ug|Bp), miy = m(m|B,), § = d(u1) = Z(u1,my) and 0 = Z(m, B,). The
area formula gives us

e HP~(du
m= [l — )
SP=1(By) J = (u1) (sin® @ + cos? 0 cos? )2

Define ¢ : m* N By Nat — ¢~ (uy) by

(sin@)uy + (cos @ cosd)my + w
|(sin B)uy + (cos B cos d)ma + w|’

((w) =

wemtn Bpl Nnzt,
where my = m(m|B;-). The Jacobian of ¢ is

(sin? 0 + cos? 0 cos? §)2
d—p—1-*

(sin? @ + cos? 6 cos? § + |w|?) 2
Thus, by using the fact that

[p(C(w)|By)| =

the area formula implies

[ B e

J((w) =

sin ¢
|(sin O)uy + (cos @ cos §)ma + w|’

sinp+1 0 d—p—2
= s JCW)HTP T (dw)
mtnBLinzt (sin® @ + cos? 0 cos? § + |w|?) 2

HEP2(dw).

3 P+10
= (sin* 6 + cos® 0 cos® 5)% / o

mtnBEnzt (sin? 0 + cos? 0 cos? § + |w|2)%

13



Hence,

Pt
H, = / / sin” 0 P2 (dw)HP (duy )
Sp—1( m

LaBLnat (sin? 0 + cos? 0 cos? § + |w|?)?

sin?™1 4
= 04—p— 2/ / 5 i rd_p_3der_l(du1)
SP=1(B,) (sin® @ + cos? 0 cos? § + 12)z

1

= 04_p 2bi_p 345" 0/ HP (duy ),
8 8 sp-1(B,) (sin® § + cos? f cos? 5)p+2
where o, = H™ (S 1) = 27 % and
()

o ym 1 1 n—m—1
bmn:/ U g=-p( .
Ty (+)E 2 2 2

The last integral can be evaluated after substitution with ¢ = sin? §(u;)

2 p—1
Hy = p wg_osin?™ OF (p; : pT ]2) cos? «9) = wg_a(p —cos?0),  (16)

where wy = 72 /T(1 + 4) is the volume of the unit ball in R and the second equality
follows from the relation

2 p—1 1
F Zi,p—;g;z =(1—-2 (1_2)_;,;1’
2 ' 2 2 »
whenever z # 1. The computation of Hy can be carried out similarly. Define

Y S8zt Nmt) — SP2(B,Nm™t) by ¥ (ug) = m(ue| B, Nmt) = uy with Ji(ug) =
Ip(uo| B, N mt)|~P=2. The coarea formula implies

H, = / / Ip(aio] B, () 270 (o)~ H7 (g YH? 2l )
s7-2(Bymt) Sy ()

_ / / Ip(uio| B, 1 ) PR (g YHP2(duy ).
SP=2(Bpnmt) Jyp—1(u1)

The inner integral can be calculated using the area formt}ﬂa with ((w) = m:[z'

defined on (B, N m*)* Nnmt with J;_, 1((w) = (H';wp)%p Using the equality

p(C(w)| B, Nmt)|? = 1+|1w|2, we obtain

/w . |p(wo| By N ml)]pHd*pfl(duo)
ul

1 5
- T, 19 Ji_._ Hd*pfl d
/(BpmmL)memeL (1 + |w|2> d—p 1C(w) ( w)

1 g
= / Hd_p_l(dw)
(Bpnm D)L nmtnzt 1+ |w?

/7 1 \%
— dfp72d
O'dpl/o (1—|—7’2) T T

= Ud—p—lbd—p—2,d-
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Hence,

Hy =0, 104—p-1bi—p-—24 = wa—2(p — 1). (17)

By inserting (16) into (14) and (17) into (15) we get

alp—cos?O)  (d—j j+1 d—q d—j d+1
K, = 2(192008 )B< 237.7; )F( Qq’ 21; ;r ;SmQﬁ)

_ 20 d—7+2 7—-1 d—qg d—7+2 d+1
+ 7228 Jx2 ] F 4877 %2.0% w2 g),
9 9 9 9 2 9

and

o(p— 1) cos? -1 g d—j d—1
ngwd 2(p ) cos HB d j)] 7 d q)d j;d sin?j) .
2 2 2 2 2 2

which, in combination with (13), implies

1 . d—j j—1
- _g(jﬂpv d)Wd_gB <—]7j—>

2 2 2
_ _ 1
X[(p—cosQH)F(qu,dQ‘];d; ;Sin2ﬁ)
d—j d—q d—j+2 d+1 |
_ 2 : Cain2
+ (d —2) cos ed—lF( 5 5 ; —5isin ﬂ)
(d—j7-1) 9,0 —1 d—q d—yj d-1 .,
P (p 1)cos€d_1F 5 T3 g ;sin“ 3 ) |.
By using (5) the expression above can be rewritten
_ . d—j j—1
I]d—ll(m7 BP) = §g(j7p7 d)wdeB (T7 T)
O A B ol C k) [C ) B
d—1 d—1
xF(d_q,d_J;d+1;sin2ﬁ)
2 2 2
. d—q d—j d—1 .
_ 2 . 2
+ (7 —1)cos 9F< 5 g g sin ﬂ)}

Use PEPRE
(.] - 1)§(j7p7 d)wd—ZB(%ja j;)
2(d — 1)

1 .
5§(]+1,p+1,d+2):

and the proof is complete.
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