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Introduction

1 Summary

This thesis contains a short introductory section followed by four papers. The
introduction presents the topics and main results of the papers. The papers A,
B and D concerns risk theory. In A and B premium depending risk processes
are studied, while the subject in Paper D is an additive model in a Markovian
environment. Paper C is about failure recovery via RESTART.

Paper A A certain class of diffusions with jumps is considered. Between
jumps the process behaves like a Cox—Ingersoll-Ross process driven by a Brow-
nian motion independent of the jump process. The jumps arrive with expo-
nential waiting times and are allowed to be two—sided. The jumps that are
mixtures of exponential distributions are assumed to form an independent,
identically sequence, independent of everything else. The fact that downward
jumps are always allowed makes passage of a given lower level possible both
by continuity and by a jump. In case of passage by a jump the resulting un-
dershoot is considered too. As one of the main results of the paper, the joint
Laplace transform of the first passage time and the undershoot is determined.
So is the probability of passage in finite time. Both the joint Laplace trans-
form and the probability of passage in finite time are decomposed according
to the type of passage: Jump or continuity.

Paper B A class of Ornstein—Uhlenbeck processes driven by compound
Poisson processes is considered. The jumps arrive with exponential waiting
times and are allowed to be two-sided. The jumps are assumed to form an
iid sequence with distribution a mixture (not necessarily convex) of exponen-
tial distributions, independent of everything else. When the drift is negative
the probability of ever crossing a given lower level is less than one and its
asymptotic behaviour when the initial state of the process tends to infinity
is determined explicitly. The situation where the level to cross decreases to
minus infinity is more involved: The level to cross under plays a much more
fundamental role in the expressions for the ruin probabilities than the initial
state of the process. The asymptotics of the ruin probability in the positive
drift case and the limit of the distribution of the undershoot in the nega-
tive drift case is derived in the case where the lower limit decreases to minus
infinity.
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Paper C A task such as the execution of a computer program or the
transfer of a file on a communications link may fail and then needs to be
restarted. Let the ideal task time be a constant ¢ and the actual task time
X, a random variable. Tail asymptotics for P(X > z) is given under three
different models: 1: a time-dependent failure rate p(t); 2: Poisson failures and
a time-dependent deterministic work rate r(t); 3: as 2, but r(¢) is random and
a function of a finite Markov process. Also results close to being necessary and
sufficient are presented for X to be finite a.s. The results complement those of
Asmussen, Fiorini, Lipsky, Rolski & Sheahan | Math. Oper. Res. 33, 932-944,
2008] who took r(t) = 1 and assumed the failure rate to be a function of the
time elapsed

Paper D This is a work in progress. We consider a risk process {R};>0
with the property that the rate § of the Poisson arrival process and the dis-
tribution B of the claim sizes depends on the state of an underlying Har-
ris recurrent Markov process {X;};>0. In this setup we derive a version of
Lundberg’s Inequality. This involves finding eigenfunctions in the setup of a
Markov-modulated random walk.



2. Risk processes and ruin probabilities

2 Risk processes and ruin probabilities

Risk theory is often associated with the mathematical problems that are faced
by an insurance company that has to decide how much the premiums should
cost and how big the capital reserve should be in order to minimise the prob-
ability of bankruptcy.

The capital reserve is modelled over time by the so—called risk reserve
process {R;}1>0. Let u = Ry denote the initial reserve, and let ¢(u) be the
probability of ultimate ruin — the probability that the reserve ever drops below
zero. For this define 7(u) = inf{t > 0 | R; < 0} as the time of ruin (when the
initial value is u). Then

P(u) =P(1(u) < 0o) = P( %ggRt <0|Ry=mu).

Often this setup is reformulated into using the claim surplus process {S¢}i>o0
defined by S; = u — R;. Then instead

7(u) =inf{t >0 | Sy > u},

and ¥ (u) can be expressed as

where M = sup;> St.

The claim surplus process is very often assumed to have the following basic
form

Nt
St = ZUZ _pt7
=1

where {U;} are the claims and N; the number of claims in the time interval
[0,%]. Furthermore p is rate at which the premiums flow in per time unit. To
make the definition meaningful it is necessary that NV, is finite for all ¢.

A classical version of this is the Cramér—Lundberg model, where the claims
{U;}ien are assumed to be iid, and {N;}¢>0 is a time homogeneous Poisson
process independent of {U;};cn. For this model several more and less specific
results for ¢(u) are well-known and can e.g. be seen in Chapter III of [6]. A
classical result is the Cramér—Lundberg Approximation, stating

b(w) ~ Ce

as u — oo, where v is derived as the solution of the so—called Lundberg
equation.

A meaningful generalisation of this model is Markov—modulation. Instead
of having constant claim intensity and identically distributed claims, one could
assume that they depend on some underlying Markov process. An example

3



INTRODUCTION

is that both claim sizes and the number of claims reasonably depend on the
type of weather (sun, wind, rain, etc). Such a model in a rather general setup
is studied in Paper D.

A type of model that differs from the classical setup is when the premiums
depend on the current reserve. Then the risk process { R;} is modelled by the
equation

Ny ‘
Rt:u—ZUi—i—/p(Rs)ds,
i=1 0

where r(t) is some function that decides how big the premiums should be
depending on the current reserve. Such a model is the subject of study both
in Paper A and Paper B.

Note that in the classical model only the difference between the starting point
u and the level to cross under (which is zero) is of importance because of the
additive structure. This is not the case in a premium depending model. Hence
different levels to cross under — denoted £ — will be of interest in Paper A and
Paper B.

3 The setup for Paper A and Paper B

In Paper A the risk process of interest, X, is given by the following stochastic
differential equation

dXt = KZXt dt‘i‘d‘/t +U\/ ’Xt‘dBt (31)
and in Paper B the simpler process
dX; = kX dt + dV;, (3.2)

is the subject. In both (3.1) and (3.2) {V;}+>0 is a compound Poisson process
defined by

Nt
Vi=> Un.
n=1

Here {U,} are iid with distribution G, and {N;} is a homogeneous Poisson
process with parameter A\ independent of {U,}. In (3.1) {B:} is a Brownian
motion independent of everything else.

In both (3.1) and (3.2) some assumptions concerning the jumps are made. It is
assumed that the downward part of the jump distribution G has a distribution
that has a density that is a linear combination of exponential densities. We
use the decomposition G = pG_ 4+ ¢G4, where 0 <p <1,¢q=1—p, G_ is the
restriction to R_ =] — 00;0[, and G is the restriction to Ry =]0;00[. Then

4



3. The setup for Paper A and Paper B

it is assumed that
G_(du) = g_(u)du =Y opue"  for u<0. (3.3)
k=1

In Paper B and in some situations of Paper A also the upward part of the
jumps are assumed to be such linear combinations of exponential distributions

Gy (du) = g4 (u)du = Z Bavge V" foru>0. (3.4)
d=1

The distribution parameters are supposed to secure that the definitions above
actually form distributions (e.g. >, &; =1 and g4 > 0). The parameters are
arranged such that 0 < pu; < - - < prand 0 < vy < -+ < vs.

The process in (3.2) behaves deterministically like an exponential function

o

Figure .1: Illustrates a path for the process defined in (3.2)

between jumps. A path of the process can be seen in Figure .1. The process in
the figure has a negative drift paramtre . In that case the process is recurrent.
If on the other hand the drift is positive, the process will be transient.

The process given by (3.1) is not deterministic between jumps. Instead it
evolves like the following Cox—Ingersoll-Ross diffusion process

dYy = kY dt + o/ |Y:| dBy .

An important property of this process is that 0 is an absorbing state.
A simulated path of the process (3.1) is seen in Figure .2. Also for this

5
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10
1

Figure .2: Illustrates a path for the process defined in (3.1)

process the sign of the drift parametre x is substantial: If kK < 0 the process
is recurrent, while it is transient when s > 0.

Assume that x > 0 and write P, for the probability space, where Xy = =
P,—almost surely. Let [, be the corresponding expectation. For some ¢ < x
we shall (both in Paper A and B) be interested in the stopping time 7 (the
ruin time) given by

T =7(0) =inf{t > 0|X; < ¢} (3.5)

Furthermore define the undershoot Z

which is well-defined on the set {7 < oco}. It is important to notice that in
most cases the level £ can by crossed through continuity as well as a result
of a downward jump. Nevertheless the process in (3.1) might not be able to
cross £ through continuity. That will be in one of the two situations 1: x > 0,
£>00r2: k<0,¢<0.

In Paper A the joint distribution of 7 and Z will be of interest. This distribu-
tion can be expressed through the joint Laplace transform for 7 and Z which
may be defined as

E.[e "%, A;] and E.le 75 A], (3.7)

where A; and A, is a partition of the set {r < oo} into the jump case A; =
{1 < 00, X; < £} and the continuity case A, = {7 < 00, X; = (}.

6



4. The results in Paper A

In Paper B the focus will particularly be on the probability of ruin within
finite time given by P,(7 < c0). Note that for both of the processes (3.1) and
(3.2) this probability will be 1 in the recurrent situations, where x < 0.

4 The results in Paper A

The aim in Paper A is to describe the joint distribution of 7 and Z for the
model (3.1) through finding an explicit expression for the joint Laplace trans-
form given by (3.7). The method applied in this paper for finding the joint
Laplace transform has previously been used in [34], where the simpler model
(3.2) was studied.

In the present paper a version of [t6’s formula is established
e T F(Xrne) = f(Xo) + /0 et Ap () - o)) ds + My, ()
where A is the infinitesimal generator for X:
Af(@) = e f (@) + Flel (@) 3 [ (7o +9) = 1)) Glan)

defined for x € [¢,00[\{x}. here M is some mean-zero martingale. Suppose
that a partial eigenfunction for A can be found. That is a function f: R — C
that is bounded and continuous on [¢, oo and furthermore two times differen-
tiable on [, co[\{x} with

Af(x)=0f(x) forall z € [¢,o00].

Then obviously (4.1) becomes much simpler, and from using optional stopping
it is obtained that

B, [e" £(X0)] = f(a).
If f furthermore have the form
fla)=e <70
on the interval | — oo, £[ then the equation becomes
Eqle™"% Aj] + fi( BT Ac] = f(2).

This can be solved w.r.t. E;[e~977¢%; A4;] and E,[e~%7; A.] if two partial eigen-
functions for A are found.

After this the main task is to construct such partial eigenfunctions. These
partial eigenfunctions are defined as linear combinations of functions on the

form
R ={ @ vzl (12
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where 11 and vy are some specified complex integration kernel and I' some
(as well specified) contours in the complex plane.

For these functions the generator is particularly nice (it is achieved that (A —
0I)f is a simple exponential function on [¢, co[) and hence with f an adequate
combination of these fr—functions makes (A —6I)f =0 on [¢, col.

A major part of the work is finding an adequate number of contours I" such
that the right linear combination of the fr—functions is possible. The choice
of these contours seems to depend on the parameters of the downward jump
distribution (3.3) if £ > 0, and both the downward and the upward jump part
in the case, where ¢ < 0.

5 The results in Paper B

In this paper the simpler model (3.2) is considered. When the drift parameter
Kk is positive we have (as mentioned above) that

P, (7(f) < 00) < 1.

We are studying the behaviour of this probability when either x — oo or
¢ — —oo. The basis for this study is the results from [34], where an explicit
formula for the probability was derived. It turns out that the results in [34]
need to be reformulated in a way that resembles the formulation in Paper A.
Also the choice of integration contours will have to be slightly different.

For the  — oo limit it all boils down to finding the asymptotic behaviour of
the fr—functions which is done in two central lemmas. After this the main
result is easily derived:
P.(7(¢) <

i BT <00
T—00 e_Mlmx_Tl_l
where K is some specified constant, and p; is the dominating part of the
downward jumps.

In the £ — —oo case things get more complicated since £ is a more fundamental
part of the definition of the partial eigenfunction than the initial state z.
When ¢ changes, the constants in the linear combination defining the partial
eigenfunction also changes. Hence finding the limit is a question about keeping
track of the solution vector of a multidimensional linear equation. Here results
similar to the Lemmas mentioned above are used to describe each parameter
in the equation system. The following result is obtained
T
S Po(r(6) < 00) = = 3, ),
=

where the functions f} (x) are on the form described in (4.2) and {c¢;} are
some specified constants.

8



6. The setup and results of Paper D

Finally also the limit when ¢ — —oo of the Laplace transform for the under-
shoot is studied in the case, where x < 0 and hence P, (7(¢) < oo) = 1. This
involves arguments similar to the ones in the limy_, . P,(7(¢) < c0) case, and
it is obtained that for all { > 0

Hence the undershoot converges to a simple exponential distribution defined
by the dominating exponential parameter in the downward jump distribution.

6 The setup and results of Paper D

This paper is a work in progress. It can be regarded as a first attempt to
consider ruin problems in the presented rather general setup.

Setup

We assume that the arrivals are not homogeneous in time but are determined
by the process X, where X is a Harris recurrent Markov process. Given X the
sum Zfﬁl U; is an inhomogeneous Poisson process: Claims are independent
and at time ¢

e The arrival intensity is 5(X)
e A claim arriving has distribution By, .
Among several other regularity conditions we assume that
z+— B(z) and 2z~ B.lo]

are bounded functions (here the notation By [s] = [, € B, (dy) has been used).
Let 9, (u) := P(7(u) < 00), where P, is defined such that Xy = z.

Results

Apparently the direction of the drift of {S;} is seen from the sign of n defined
below.

For each z € E let p(z) := [;°yBy(dy) and p@(z) = [ y? B,(dy)
denote the mean and second order moment of B,. Define

and let furthermore
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Then it is shown that .
St/t ﬂ}& p* — 1,

and thereby that ¢, (u) = 1 if n <0, and that ¥, (u) < 1if n > 0.

Hence the case, where 1 > 0, is of interest when considering the asymptotics
of ¥, (u). The main idea is changing measure to a situation, where n < 0. A
fundamental part of this change of measure is the existence of an eigenfunction
for the operator

Py f(w) = By f(X,)]
with « chosen such that the corresponding eigenvalue is 1. If A is this eigen-
function it is shown that

Lta _ h(Xt)eaStftn(a)

h(z)
is a non—negative martingale with mean 1. Then the changed measure is
defined with {L{'} being the likelihood process. Furthermore it is shown that
under the changed measure P$ the process {S, X} has a distribution similar

to the original distribution under PP;, but now with n < 0. Thereby it becomes
possible to derive asymptotic results for ¥, (u).

7 The setup and results of Paper C

We consider a RESTART setting with some job that ordinarily would take
the task time (ideal task time) T" to be executed. At some point during the
execution a failure may occur at time S;. After that the execution will have
to be restarted, and at this point the time until the task is performed is
supposed to be T. However another failure may occur at time Sy and after
this the system will have to be restarted again. This procedure will go on until
the task has been performed without failures, that is an interval between two
failure occurrences of size at least T'.

The total task time will be denoted X. Hence obviously X > T'. Furthermore
we shall denote the waiting times between failure times {U,}nen (that is
U, =Sy — Sp—1). With the definition

R:=inf{n e N|U, > T}

we have that
X = SR—l +T.

In this setup we are interested in the asymptotic behaviour of the probability
P(X > z),

when x — oo.

10



7. The setup and results of Paper C

In Asmussen et al. [8] these tail asymptotics were found under a variety of
distributions of 7' and the U-waiting times. It is assumed that the {U,}-
variables are iid with some common distribution. A particular important case
is the one with exponential waiting times (hence {5, } is a Poisson process)
and a fixed ideal task time 7" = ¢. Then it can be shown that

P(X >x) ~ce ", (7.1)

where c¢ is some constant, and -y is found as the root of

0
1:/ ey (7.2)
0

with p the parameter of the exponential waiting times.

In Paper C we consider a variety of slightly different scenarios. First we as-
sume that the Poisson process {S,,} is non-homogeneous with some varying
(but deterministic) rate pu(¢). A very similar problem is assuming that {S,}
has constant rate but that the system works on the task with some determin-
istically varying rate r(t). A third model, that is considered in the paper, is
where the rate depends on an underlying Markov process. Altogether we have
the three models:

Model 1 Failures at time ¢ after the start of the task occur at deterministic
rate p(t).

Model 2 Failures occur according to a Poisson(u*) process with constant rate
w*. At time ¢ after the start of the task the system works on the task at rate

r(t).
Model 3 As Model 2, but the rate function 7(t) is given as r(t) = 7y ;) where

{V(t)}t>0 is an ergodic Markov process with p < oo states and rq,...,r, are
constants with r; > 0 for at least one 3.

In both Model 1 and Model 2 it is possible that P(X = co) > 0, and a first
result shows that

limsup p(t)/log(t) <1/t = P(X =00)=0

t—o00

litminfu(t)/log(t) >1/t = P(X=00)>0.
—00

Hence only a modest increase in p(t) may cause that the task never terminates.
A similar result is reached for Model 2 stating that with a small decrease
in r(t) it is obtained that P(X = oo) > 0. The results for Model 2 follow
from the similar results concerning Model 1 via a rather simple time—change
argument.

In the cases of a decreasing u(t) in Model 1 and an increasing r(¢) in Model

11
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2, where obviously P(X = oo) = 0, we study the asymptotics of P(X > z)
when z — co. For Model 1 we have with p(t) ~ at™? and 0 < 8 < 1 that

P(X > z) ~iog e-iwlogr — gmeiw

where ¢; = (1 — )/¢ (with the notation f(x) ~i0g g(x) if log f(x) ~ log g(x)).
The proof is based on an exponential change of measure to a situation, where
the sequence {U,} is iid with distributions concentrated on [0,¢]. A similar
result is obtained for Model 2: If 7(t) ~ at” with n > 0, then

— ot —coxt!
P(X > 2) moq e 20" 1087 — gmecaa™

where ca = an/(n + 1)¢. Also here the arguments are derived rather easily
from Model 1 by applying a time-change argument.

Both with respect to proof and result Model 3 resembles the simple model
in (7.1). From applying the Markov renewal theorem it is obtained that

P(X >x)~ce ",

where v is found as the solution of some multi-dimensional version of (7.2).

12
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PAPER

The Ruin Time for a certain Class
of Diffusion Processes with Jumps

Anders Rgnn-Nielsen

Abstract

A certain class of diffusions with jumps is considered. Between jumps the
process behaves like a Cox—Ingersoll-Ross process driven by a Brownian
Motion independent of the jump process. The jumps arrive with expo-
nential waiting times and are allowed to be two-sided. The jumps that
are mixtures of exponential distributions are assumed to form an indepen-
dent, identically sequence, independent of everything else. The fact that
downward jumps are always allowed makes passage of a given lower level
possible both by continuity and by a jump. In case of passage by jump the
resulting undershoot is considered too. As one of the main results of the
thesis, the joint Laplace transform of the first passage and the undershoot
is determined. So is the probability of passage in finite time. Both the
joint Laplace transform and the probability of passage in finite time are
decomposed according to the type of passage: Jump or continuity.

Determining the Laplace transform uses the martingales that can be
derived from It6’s formula if a partial eigenfunction for the infinitesimal
generator of the process can be found.

Finding partial eigenfunctions involve using complex contour integrals
as the eigenfunctions are defined as linear combinations of such integrals.
An important part of the search for a partial eigenfunction is finding the
sufficient number of contours for integration.
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1 Introduction
In the present paper the process
dXt = /iXt dt+dUt+J\/ ‘Xt‘dBt (11)

is studied where (U;) is a compound Poisson process with jumps (both the
upward and downward parts) that are allowed to have densities that are linear
combinations of exponential densities. Furthermore (B;) is a Brownian motion
independent of (Uy). The aim is to determine the distribution of the first
passage time of a given level ¢ when the process has initial state x > ¢£. The
passage of the lower level £ can be a result of a downward jump as well as
a continuous motion. We shall distinguish between the two types of passage
when considering the passage time. In case of passage because of a jump the
distribution of the so—called undershoot will be determined as well.

The joint distribution of the passage time and the undershoot will be de-
termined by establishing an expression for the joint Laplace transform. This
is found from It6’s formula applied to partial eigenfunctions for the infinites-
imal generator A for X. The method has previously been used in [13]. Here
the simpler model corresponding to the case o = 0 for the process mentioned
above was studied (that is an Ornstein—Uhlenbeck process driven by the com-
pound Poisson process U). A major part of the work in [13] and the present
paper is the very construction of the partial eigenfunctions. They are defined
as linear combinations of functions given as contour integrals in the complex
plane. It turns out to be crucial that the jump structure is given as mentioned
above and that the waiting times between jumps are exponential. With these
assumptions it is obtained that when the generator A is applied to the con-
tour integral functions, the resulting functions are simple linear combinations
of exponentials. When an adequate number of these functions are combined
in the right way it can be obtained that the combination is a partial eigen-
function. Hence a crucial part in the construction of the partial eigenfunction
will be finding the adequate number of integration contours in the complex
plane.

As a result of the larger complexity of the model (1.1) compared to the
one studied in [13] both establishing It6’s formula and finding the sufficient
number of contours becomes more involved: For It6 to be true some additional
constraints are imposed to the eigenfunction and now contours for two different
integration kernels are requested as a result of the more complicated version
of the generator A.

The technique of using partial eigenfunctions for the infinitesimal generator
has appeared before. In [17] Paulsen and Gjessing considers a model like (1.1)
but in the more general (and also different) setup

dXt == (p+l€Xt) dt—dUt-f— \/O’%ﬂ-O’%XtQ dBt +Xtht (12)

18



1. Introduction

Here both U and U are compound Poisson processes. In [17] it is shown that a
partial eigenfunction for the corresponding infinitesimal generator for (1.2) will
lead to the ruin probability and also the Laplace transform for the ruin time.
In [8] Gaier and Grandits show — without ¢ and U in the model - the existence
of this partial eigenfunction under some smoothness assumptions about the
jump distributions in U. This result is extended to weaker assumptions in [9].

The fact that both the ruin distribution and the undershoot is of interest is
reflected in the literature through the so—called Gerber—Shiu penalty function

O, (a) =E*[g(Xr—, X;)e ]

In [4] integro-differential equations similar to the ones involved in finding
partial eigenfunctions are derived for ®,(a)). This is in the model (1.2), but
with ¢ = 0 and some assumptions about the jump distribution.

Another example of solving equations that is similar to finding partial
eigenfunctions for the generator can be found in [6]. Here — as it is also done
in the present paper — the ruin probability is decomposed into ruin as a result
of a jump and ruin due to continuity and the equations that these functions
satisfy are expressed.

For the OU case where o0 = 0 and x > 0 some explicit results are achieved
in [17] for models with negative jumps (positive jumps are not allowed). The
jumps are either a mixture of two exponential distributions or a I' distribution.
Here an explicit formula for the Laplace transform of the time to ruin is
expressed. For the case of exponential negative jumps also see Asmussen [2],
Chapter VII.

In Novikov et al [16] an OU-process very much like the one in [13] and
[17] is studied. But here it is assumed that the drift x is negative and only
negative jumps are allowed. In both the cases exponential and uniform jumps
the Laplace transform for the passage time is determined. The technique is
finding a partial eigenfunction for the infinitesimal generator. In [3] this re-
sult is extended to a more general driving Lévy process instead of a compound
Poisson process. Whereas the only downward jumps allowed are still expo-
nentials. A model similar to the one in [16] is studied in Kella and Stadje
[15]. But here the first hitting time (not passage) is considered for both an
upper and a lower level. In the case of a lower level the hitting time obviously
differs from the passage time. For both the upper and lower level the Laplace
transform for the hitting time is expressed in terms of real valued integrals.

A technique very similar to the present paper and [13] was used in [10]
and [12]. In [12] the Markov additive model given by

t t Ny
Xt::c+/ ﬁJsds+/ O'Js_dBS—ZUn (1.3)
0 0

n=1

is considered, and in [10] a similar but simpler model is the subject. Above J
is a discrete spaced Markov Chain that also governs the jump times of (V).
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Here a version of 1t6’s formula for the joint process (X, .J) is established and
partial eigenfunctions for the generator of this process are requested. The
eigenfunctions are constructed as simple linear combinations of exponential
functions. The much more complex partial eigenfunctions constructed in the
present paper for the model (1.1) makes these phase-type waiting times from
(1.3) too complicated to handle.

The paper is organised in a way that resembles [13], but all results will have
to be reformulated and proved again due to the more complicated setup. First
(Section 2) the setup is defined. In Section 3 some constraints are found for
the functions that It6’s formula can be applied to. The additional conditions
that makes these functions partial eigenfunctions are stated afterwards. In
Section 4 the joint Laplace transform for the passage time and the undershoot
is expressed under the assumption that it is possible to find two functions that
meet the conditions from Section 3. In the following Section 5 a skeleton of
how these functions look like is defined and it is proved that they actually
meet the conditions from above if a sufficient number of integration contours
for some complex kernel can be found. Finally in Section 6 a suggestion of
how to choose these contours is made. It is shown that the proposed contours
fulfil the conditions established in Section 5 and it is also argued that no more
contours can be found.

2 The model

We consider a process X defined by the following stochastic differential equa-
tion:

dXt == IiXt dt+dUt+O'\/ |Xt|dBt (21)
where (B;) is a standard Brownian motion and (U;) is a compound Poisson
process defined by

N
U= Vo (2.2)
n=1

Here (V},) are iid with distribution G' and (V;) is a Poisson process with
parameter A.

The solution process X is a process that between jumps behaves like a con-
tinuous diffusion process (with drift part £ X;dt and diffusion part o+/| X¢| dBy).
The jumps arrive with exponential waiting times.

Assume that x > 0 and write P, for the probability space where Xy = x
P,—almost surely. Let £, be the corresponding expectation. Define for ¢ < x
the stopping time 7 by

=7 :=inf{t > 0|X; < (}. (2.3)

For ease of notation ¢ is most often suppressed. Furthermore define the un-
dershoot Z
Z=0—-X; (2.4)
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which is well defined on the set {7 < co}. Of interest is the joint distribution
of 7 and Z. This distribution will be expressed through the joint Laplace
transform defined by

E.le "% A;] and E.le 75 A], (2.5)
where A; and A, is a partition of the set {7 < oo} into the jump case A; =
{T < 00, X; < £} and the continuity case A, = {7 < o0, X, = (}.

It can be shown that the process is transient with
P (7(¢) < 00) < 1

if the drift is positive, and recurrent with
P, (7(¢) < 00) =1

if the drift is negative.

3 It0’s formula

We are looking for some functions f for which the following version of It6’s
formula holds

TNt TN
O () = XK+ [ e AT —0g (X)) ds+ [ e,
0 0

(3.1)
Here A is the generator of X and M is some suitable martingale. By consid-
ering the diffusion part and the jump part of the process X separately we can
find an expression for the generator and by that the martingale as well.
Between jumps the process behaves like the diffusion process Y given by
the following differential equation

dY; = kY, dt + o+/|Y;| dBy .

It can be shown that 0 is an absorbing state for this process (the arguments can
be carried out via the results formulated in e.g. Freedman [7]). That means
that the original process X can be absorbed by 0 between jumps. When the
next jump arrives the X—process will leave the state again.

Because of the special property of the state 0 some difficulties arise when
applying the standard It6 formula to this process. Therefore the process Y is
considered where

dY; = kY, d(t A 72) + or/|Yi| dBins,

and .
7, = inf{t > 0|Y; < a}
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with a > 0. Itd gives that the following result holds

df () = (5 (Y)Y + 3./ (Y)o? Vil ) d(7a A1) + ['(Yi)o/ [Vl dBl*  (3.2)
when f is bounded and two times differentiable (on the interval [a, ool).

Similarly we can find the generator and martingale for the jump part of
X. The jump part is simply the process (U;) that can be viewed as a marked

point process. The following result is obtained by using the version of Ito’s
formula that concerns marked point process theory (see [11]):

SO = FU A [ (10 +) = S(0)) Gl + 1

where (M,) is the martingale defined by
Mt = / f(Us— + y) - f(Us—)) Mo(dsjdy) :
10,t] xR

Here M° is the martingale measure from the Poisson jump structure:
Mo(d‘sa dy) = M(dS, dy) —Ads G(dy)
with g the counting measure defined by for all t > 0 and B € B

1(]0,¢] x B) = number of jumps in the time

interval ]0,¢] of a size within B.

Combining the results for the continuous part and the jump part gives the
following version of It6 on the interval [0,7,] when f is bounded and two
times differentiable and furthermore Af is bounded

Ta /At

f(Xront) = f(Xo) + ; Af(Xs)ds + Mz, ne (3-3)

where 7, is the stopping time for X that corresponds to 7,:
7, = inf{t > 0| X; <a}.

Here a > 0. The generator A is
Af (@) = ref' () + Fla| () + A/R (flz+y) - fz) Gldy),  (3.4)

and (M;, n) is a zero-mean martingale given by
dM; = f'(X;_)o/X;_ dB; + /R F(Xie +9) — f(X,—) M°(dt,dy). (3.5)
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Hence we get that for all § > 0

Ta /AL Ta /At
IO (X e) = £+ [ AT -0 (e st [ e an,
0 0
(3.6)
where the last part is a martingale.

The aim in the following is to find the class of functions f where the formula
(3.6) holds on all the time interval [0, 7].

If £ > 0 we can just choose a = . Remembering that 7 = 7(¢) gives the
formula (3.1) when f is a bounded and two times differentiable function such
that Af is bounded as well.

The case when ¢ <0

If £ < 0 the problem becomes more complicated as a result of the passage of
the state 0. We have conditions on the functions f such that (3.6) is fulfilled
on the interval [a, col.

Now consider a bounded, continuous function f : R — C that is two times
differentiable on [¢,00[\{0} and satisfy that Af is bounded on [¢, c0[\{0}.
With such a function f the formula (3.6) holds for all @ > 0 and thereby it
makes sense to consider the limit when a — 0.

On the set { X, <0, X, > 0} it follows easily that

ToNt TNt
N f(Xype) = FX0)+ [ I(AFCL) 05 (X)) ds [ e,
0 0

(3.7)
because an a > 0 could be found such that 7, = 79.
The situation that corresponds to the set {X;, = 0, X;,— = 0} is more com-
plicated. Now the process reaches the state 0 as a result of a continuous
movement. As f is assumed to be continuous the left hand side of (3.6) has
the limit

679(70/\1‘,)]0(0) )

When the left hand side has a limit when ¢ — 0 the right hand side must
have one as well. Because both f and Af are assumed to be bounded each of
the two integrals will even converge separately. So the desired formula is now
shown until the time 7q:

e U F(X)) = f(Xo) + / e S (Af(Xs) — 0f(X,))ds + / e % dM, (3.8)
0 0

for t € [0;70]. It should be noted that Af(X;) is not defined at the time point
7o, but this is not essential as it is the integrand in a Lebesgue integral.

The next problem is to show that the formula is still satisfied after the time 7
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on the set {X,, =0, X,,— = 0}. As mentioned above the state 0 is absorbing
for the diffusion part of X, so on the set {X,, =0, X;,— = 0} the process will
stay in the state until the next jump. The time of this jump is denoted as

7" = inf{t > 19| X} # 0},

and the formula (3.8) is considered on the time interval |7, 7*[. On this
interval X = 0 so the left hand side of (3.8) is simply

e % 1(0), (3.9)

and the question is whether the right hand side can be reduced to something
similar. In order to make the expression meaningful an extension of the defi-
nition of A to cover the situation x = 0 seems necessary. Hence define

AF(0) = A / ((y) — £(0)) G(dy). (3.10)

A change in the definition of M as well will be convenient:

dM; = f/(Xt—)U\/Xt—l(Xt,¢0) dB; + /Rf(Xt_ +vy) — f(X—) M°(dt,dy).
(3.11)
It is important to notice that this is equivalent to the previous definition of M
on the time interval [0, 79| so the results obtained till now will also hold with
this definition. By using (3.10) and (3.11) some straightforward calculations
show that the left hand side of (3.8) reduces to (3.9) .
By this it has been shown that the equation (3.8) is true for all ¢ € [0, 7*[.
That the formula is still true at the time point 7* can be shown rather easily:
At the left hand side the increment

e U (f(Xre) — £(0)) (3.12)

is observed while the right hand side is affected by the increment

[t = [0+ y) - £(0) (u(dusdy)
{r*} {T*}xR
= e " (f(Xr) = £(0)

that equals (3.12).

At time 7* the process will leave 0 by virtue of a jump. This jump can be
either positive or negative. In the first case an analogous argument will explain
why (3.8) is true until the next time where the state 0 is attained and passed.
So two new stopping times are defined:

702 = inf{t > 7| X; <0} and 75 = inf{t > 792|X; # 0},
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and similar to the previous arguments it is shown that (3.8) holds on the time
intervals [7*, T02] and |72, 5] -

In the case of a negative jump — where X« < 0 — the formula is shown in the
same way as above. This is a result of the symmetry around 0 of the original
It6’s formula on the interval [0, 7,]: If the starting point = is negative and the
stopping time

70 =inf{t > 0|X; > a}

is defined for some a > z the formula (3.8) can be shown for all ¢ € [0, 7, A T].
By extension arguments that involve stopping times similar to 7y and 7* it
can be concluded that (3.8) is true until the next time 0 is passed.

Overall it has been shown that in spite of the possible movements across the
state 0 the formula (3.8) is true on all the interval [0, 7]. Hence

TAL TNE
TP = fX0) + [ e AR o) ds+ [ e an,
0 0

(3.13)
for all ¢t € R where M is defined by (3.11).

It is left to show that the last part in (3.13) is a martingale.

Given that ¢ — e~% is bounded it satisfies to show that (M, a¢);>0 is a mar-
tingale. Using (3.13) with 6 = 0 yields

TNt
Mons = F(Xone) = F(Xo) /O AF(X,) ds

from which it can be seen that (M a¢)o<s<t is bounded for all ¢ > 0 since both
f and Af are assumed to be bounded. A further result of f being bounded
is that

(/ f(Xsf'f'y)_f(Xsf) MO(dS,dy)>
[0;7 At xR

t>0

is a martingale. In addition to this

TAL
( /0 P X )o/TKo k20 st)

t>0

is a local martingale since the integrand is predictable. Furthermore (M;a¢)i>0
can be written as the sum of two local martingales

TNt
Mpe :/ f/(Xs—)J ‘XS—H(XS—#O) dBs
0
_l’_

/ F(Xoe +y) — F(Xoo) M°(ds, dy)
[0;7AE xR
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and hence it is a local martingale itself. Additionally (Mra¢)i>0 is shown to
be bounded on finite intervals so it is a true martingale.

All together it is shown that if f : R — C is continuous and bounded and
satisfy that if

> 0:
e fis two times differentiable on [¢, co[ and

o Af defined by
Af(@) = o f (@) + Flalf"(@) + ) [ (Fa+9) - Fla) Glay
for 2 € [¢,00[ is bounded, and if
< 0:
e [ is two times differentiable on [¢, 0o[\{0} and
o Af defined by

ke f(z) + \w!f” )4 Ao (e 4 ) — F(@) Gldy) x40
Af@) = {AIR T £ =0

for x € [l, 00[ is bounded,

then it holds that

TAt TAL
O FOG) = FX0) 4 [ AP <05 (X)ds+ [ e, (3.9
0 0

for all ¢t € R, where the last part is a zero-mean martingale.

Now assume the function f : R — C to be continuous and bounded, two
times differentiable on [¢, 00[\{0} (or [[,00[ in the [ > 0 case) and is chosen
such that it is a partial eigenfunction for A on [¢, 00[\{0}:

Af(z) =60f(x) forall z € [l;00[\{0}. (3.15)

With this property satisfied Af is of course bounded. If in addition to this f
in the ¢ < 0 case satisfy the condition

O =12 / fly & 050 = [ (H) - £0)) Glay).
the definition Af(0) = X [ (f( (0)) G(dy) yields that Af(0) = 6f(0). B

this the above condltlons are satlsﬁed such that (3.13) is true. Besides the
formula can be rewritten in the following much simpler way:

e_G(TAt)f(Xt) = f(Xo) + /TM e % dm, . (3.16)
0
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Since the last part is a zero mean martingale taking expectation on both sides
gives the following

E,e 0T f(X p) = f(z) forallt>0. (3.17)
All together we have obtained the following result
Lemma 3.1. For a function f : R — C the equation (3.17) holds if

£>0: e fisbounded, continuous and two times differentiable on [¢; 00|
o Af(y) = 0f(y) fory € [¢;00]
o f(y) = Le <=9 fory <1
¢=0: e f is bounded and continuous on [0;00[, together with two times

differentiable on ]0; 00|

o Af(y) =0f(y) fory €]0;00]
e f(y) = Le¢(=y) fory </t

0<0: e fis continuous and bounded on [{;00[
o f is two times differentiable on [¢;00[\{0}
o Af(y) = 01(y) for y € [t;00[\{0}
* J(0) = x5 Je S (w) Gldu)
o f(y)=Le Y fory <.

4 The Laplace Transform

In this section the joint Laplace transform is derived under the assumption
that a sufficient number of partial eigenfunctions f can be found satisfying
the conditions in Lemma 3.1.

The 6 > 0 case

Since f is assumed to be bounded the use of dominated convergence yields
the following in the equation (3.17) when ¢ — oo

E.e " f(X,) = f(2). (4.1)

Remark that on the set {7 = oo} the expression has limit 0 since f is bounded.
This means that the expectation is well-defined although there is no contri-
bution from this set.

Hence only the set {7 < oo} is of interest when taking expectation. The
set is divided into the two cases A; = {7 < 00, X, < {} and A, = {7 <
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00, X; = £}. A partitioning that separate the case where 7 is reached as a
result of a jump from the continuous case. This gives

Ey [G_GTf(XT)Q Ajl + f(g)Ex[€_6T§ Al = f(z). (4.2)

To make the formula less complicated it is assumed that f has the following
form on | — oo; |
f(x) = Le= ¢ when x < (. (4.3)

This yields that (4.2) can be rewritten as follows
LE 77 Aj] + F(OE, [ A] = f(x). (4.4)

It is from this equation the two requested expressions for the joint Laplace
transform are attained. This requires two different partial eigenfunctions f;
and fo that both satisfy the conditions and have the form (4.3) on the interval
| — o0;1][. From these functions two versions of the equation (4.4) emerge.
From this expressions for both E,[e~%7=¢%; A;] and E,[e~%"; A.] can be found:

Em[efl%fCZ;Aj] _ fl(él?f(‘ii : éll(;é)(ij(g) (45)
o Lafi(@) - Lifa(a)
R S AU AGK 0

The 6 = 0 case

When it is assumed that 6 = 0 the equation (3.17) must be treated differently.
Now it has the form

Eef(Xrnt) = f(2)
that can be divided into
Eo[f(X7);m <t + B [f(Xe);7 > 1] = f(2).

If it aside from the assumption that f is bounded is assumed that either
limy oo f(X¢) = 0 a.s. on {7 = oo} or P,(7 < 00) = 1 then using dominated
convergence yields that

Eo[f(X7);7 < oc] = f(z) .

By dividing into the jump and the conituity cases the equation becomes the
following when it is assumed that f has the form (4.3) on the interval | — co; (]

LE[e™%; Aj) + F(OPa(Ac) = f(2). (4.7)

If two partial eigenfunctions f; and fo with the requested properties can be
found the expressions for the joint Laplace transform is as follows — similar to
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(4.5) and (4.6):

—cz. 41 _ HOfa(z) = fi(z)f2(0)
Bl A)] = Laf1(€) — L fo(£) (48)
Lo fi(z) — L1 fo(x)

Px(Ac) Toh ) =L l0) (4.9)
If ( =0 as well (4.7) becomes even more simple
LPy(Aj) + f(OP2(Ac) = f(x). (4.10)

5 Partial Eigenfunctions

In Section 4 an expression for the joint Laplace transform was derived. This
was done under the assumption that two partial eigenfunctions f; and fo
could be found. That is the assumption that two functions f; and fo satisfy
the conditions formulated in Lemma 3.1.

In this section a template for how these functions could look like is made. In
the next section this template is exploited more concrete. The main focus will
be on the partial eigenfunction part of the conditions:

Af(y) =0f(y)  fory e [f,00[\{0} .

Subsequently the other conditions will be considered. It seems practical to
decompose the jump distribution into a positive and a negative part

G = pG_ + QG+,

where 0 < p <1, ¢=1-p, G, is a distribution on R} =|0;00[ and G_ is a
distribution on R_ =] — 00;0[. In addition it is assumed that G_ is a linear
combination of exponential distributions:

G_(du) = g—(u)du = Zakuke”’““ foru <0, (5.1)
k=1

where it is assumed that » € N, 0 < p; < --- < g, and that the ay,’s fulfil that
ar # 0 and ¢g_ is a density on R_. The last property induce that > oy =1
and the fact that g_ is a density induce that a; > 0.

This assumption concerning the structure of the downward jumps is essen-
tial in the further calculations since it causes that A f(y) attains an exponential
structure. This restriction is not as hard as it might seem since the class of
these distributions is dense among all distributions on R (with respect to the
topology induced by week convergence).

It seems necessary to consider the cases [ < 0 and [ > 0 separately.
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The situation where [ is non—negative
Now define fy: R — C by

0 y >4
foly) :{ Le-) y2g (5.2)

where L is some complex constant. By straightforward calculations it can be
shown that
(A—00)fo(y) = )\LZ Qellt etk (-0)

pr+C

Furthermore define fr : R — C by

frly) = { ({r Yo(z)e V* dz g ii ’ 53

where 1)y is some suitable complex—valued kernel and I' is a contour in the
positive part of the complex plane C; = {z € C : z > 0}. T is assumed to
have the form

F={~(t):6 <t <}

with v a continuous function that is differentiable except at a finite num-
ber of points. An expression for fr(y) can be found by using the following
substitution when y > /¢

02
W)= [z = [ Ombele a6

The integral is well-defined if

O
(e dz = [P Od )l 0 de < o
| 01
and with the same notation it holds that

- |T,Z)0(Z)|€7?11Rez dz > /|F| |¢O(Z)|e*y2Rez dz

whenever y; < yo. Furthermore it holds that
)] < [ e ds.
r

By this it is seen that fr is bounded and two times differentiable on [¢; 00|
with

/wo 2)e V*dz og  fL( /wo )22e Y dz
when y € [[; 00 if only
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5. Partial Eigenfunctions

* Jir |1o(2) e~ Re% dz < oo
¢ Jir| [¥o(2)] |2]e = dz

¢ Jir| [Y0(2)] |Z|2€_€Rez dz.

The strategy of the following is to choose ¢y and I' in such a way that (A —
0I) fr(y) attains the same exponential structure as (A — 6I)fo(y) when y €
[£; 00.

We shall assume that g has the form

2pAa
b)) = (Ez-1)n TRk

2K
T 2pAa, A
_ T 2k—pg o2 qA )
x<Ikz i)~ 2 >wp(ﬁFv> (5.5)
k=1
with F(z) some primitive of
h(z)
ﬂz — 1

With these definitions we have the result:

Theorem 5.1. Let I' = {v(t) : 61 <t < 02} C C4 be a complex curve with ~y
a continuous function that is differentiable except at a finite amount of points.
Assume that a version of 1y (given by (5.5)) exists that is holomorphic in an
area containing I'. Assume furthermore that

(i) f|r| [Yo(2)]e™ —lRez 1, « o
(i) f|p| Yo (2)| |z]e” fRez 7, « 00

(i) fipy Woo(2) 26~ dz < o

(i) fipy 222 |e~Rez dz < oo

(v) Do(¥(81))v(61) (5—G(81)) e #7100 = g (7(82))(82) (K~ G (82) ) e~¥7(®)
fory>10.

Then with fr defined by
z)e Y% dz >
fF(y) _ { ({F@Z)O( ) y =z

)

y </t

it holds for y > 1 that

(A—=01)fr(y p)\Zakuk( Z—(M)k fzdz)euk(f )
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where

¢0(z) -7
ME = [ 2 otz gy 5.6
h r; 2 = Mk (5:6)

Proof. For y > [ it is seen that

(A—=01)fr(y /1/)0 "22,2 —Kk)e Y dz
—l—p)\/ Zakuke“’““/wo Wtz 4o gy
V=1
+gA / / Yo(2)e” W2 dz Gy (du)
—()\+9)/¢0(z)eyz dz. (5.7)
r

A substitution similar to (5.4) used on the first term yields that it equals

2

02
y / ¥ (o (YY) (S (t) — k)e D dt

61

and by partial integration and another substitution this expression

~ [ (90(a) s = 0%2) + (22l — G )z
r
under the condition that

Yo(¥(51))y(01) (k — Fv(51)) e = 4o (4(82))7(82) (5 — Fv(82)) e 7).

Straightforward calculations applied to the second term in (5.7) gives that it

— A / o) (30 L Yoo g

uk—z

ﬂmzaw ( %(M)k —tz dz) o (l=y)

Now define L as the generalised Laplace transform for the G distribution:

Li(z)= /000 e “" Gy (du) .

This is well-defined for all complex numbers z with Rez > 0. By this definition
the third term from (5.7) can be rewritten in the following way

q)\/Fwo(z)L+(z)e_yZ dz .
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5. Partial Eigenfunctions

Altogether (5.7) has become

(A=o0fl) = - (wo<z><m—02z>+wa<z>z<m—”—§z>)e*wdz
o 03 S )

+pA Z oy ( Meffz dz) AT
k=1

rz— Hk

+q)\/rzp0(z)L+(z)eyz dz

—(A+0) / Yo(z)e ¥ dz. (5.8)
r
If all terms including an integral of the form [i.(---)e ¥ dz has the sum 0
(5.8) is reduced to
(A—0I)fr(y p)\zakﬂk( = 'u) _&d) He(=y)
— Mk

That result is achieved if the integration kernel 1)y solves the differential equa-
tion

Gol2) (=02 2)+h (2)2(k— % 2) = to(2) (— (A+0) +meku

k=1

AL+ ()

that is equivalent with the equation

vo(2) = 2;1)<9+n o z—i—Zp)\ak

k=1

+Q>\2h( )) Yo(z) , (5.9)

where
1—Ly(z)
h(z) = ————= .
() = —
Since the kernel g solves this equation the result from the Theorem has been
proved. O

It has been shown that for both fy and fr it holds that (A—61) fy and (A—
0I) fr respectively are linear combinations of the exponential functions y —
et (6=Y) A solution strategy is to define (the potential partial eigenfunction)
f as some suitable linear combination of fy and the fr—functions. With this
idea in mind we have the following result from the use of Theorem 5.1:

33



Paper A

Theorem 5.2. Let 0 > 0 and ¢ > 0 be given, and assume that fo and fr, for
i=1,...,m are defined as in Theorem 5.1 such that the conditions (i) — (v)
are satisfied. Define

Fy) = cifr,(v) + foly). (5.10)
i=1
If the constants c1,...,c, and L solve the equations
iciMﬁ fI— —9 (5.11)
P ot C
fork =1,... r, then f is a partial eigenfunction for the generator A on [l, col:
(A—=0D)f(y)=0 forye[l,o0| (5.12)

Remark 5.1. The theorem explains what it takes to construct partial eigen-
functions: Sufficiently many fr,-functions should be constructed in order to be
able to construct the equations (5.11). That boils down to finding sufficiently
many different integration contours I'; for the kernel 1g. It is a homogeneous
linear equation system consisting of T equations and the m + 1 unknowns
Cl,.--,Cm and L. Hence m = r contours are necessary to construct a partial
etgenfunction.

Since two partial eigenfunctions fi and fo are needed to solve the equations
(4.4) and (4.7) at least one of the integration contours in fo should be different
from the ones in fi. All together that takes m = r + 1 contours.

Furthermore it is worth considering which amount of difference is required
between the m = r+ 1 integration contours. FE.g.: Obviously the same contour
should not be reused several times. Here it is crucial that the equation system
given by (5.11) can be solved w.r.t ci,...,¢p and L. Hence the vectors of
constants

Mrp, = (M ,..., M)

associated to the contours I'; fori = 1,...,r should be linearly independent.
Otherwise this would correspond to a situation with less unknowns in the equa-
tion system.

When / is negative

In this case it is necessary to make assumptions about both the upward and
downward jumps. So assume that the positive part of the jump has the same
structure as the negative:

Gy (du) = g4 (u)du = Z Bavge V.
d=1
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5. Partial Eigenfunctions

Furthermore define the function fy as before, but replace the definition of fr
with the following

Vrdy y>0

ffly) = {&‘%@k : 520 (5.13)
~vzdy ¢ 0

fng(y) - { é‘FQ w2(2)6 ) otiegiwgise (514)

where I'y C C4, I'y C C are contours as before and 1, and o are integration
kernels given by

0 ~r _2pAoy s _2q\B4 0
2 =4+ + -1 _Z_
wl(z) — (g_ﬂz_l)n D 2Kk — 02 2 2k+vg0? " T 5T R 1
r _ 2p/\ak2 S _ _2qM\B4
<\ TG =) Zmme® | [] (2 + va)” 2t
k=1 d=1
and
9 r_2pAay s _2q)\Bq 0
52 —+ + -1 _Z_
7,[)2(2) — (%Z_l)f@ by 2K+ 02 by 2k—vg0? T Tk 1

r __2play i __2gM\B4
~ H(Z—Hk;) 2k+pro? H(z+yd) 2k—1g02 |

k=1 d=1

Definition 5.1. For convenience we shall use the following definitions

M#:/‘Eﬂﬁdz i=1,...,m, k=1,...,r
’ Ly 2~ Mk

- [ d=1. s
‘ Iy Vd+ 2
le?: Mdz j=1....n, k=1,...,r
! D, Mk — 2
N B 1 R T
! L, Vd+ 2
Nﬁk = Me_lzdz ji=1,....n, k=1,...,r
! L, 2~ Mk

Similar to the conditions () — (v) in Theorem 5.1 we will refer to the conditions
in the Notation below.

Notation 5.1. Let 6 > 0, ¢ > 0 be given and let fy, f%“ and flgﬁ be defined
as above fori=1,....,m and j =1,...,n such that for all flt“n it 1s true that
'y = {'yil(u) : 5111 <u< 6%1} - CJr and I'jo = {’yl-g(u) : (5%2 <u< 5%2} ccC
are complex curves with ~v;: continuous functions that are differentiable except
at finitely many points for t = 1,2. Furthermore assume that there exists a
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holomorphic version of each of the v-kernels that contains the relevant contour
.

Assume for i and I';1, i =1,...,m, that
(i) fi W (2)]dz < o0
(i1) fll“ul [1(2)] |z|e ¥Re* dz < 00 for all y > 0
(iii) fIFuI [v1(2)]|2|?e7 YR dz < oo for all y > 0
() fir, 1284z < o0 for k=1,
(v) f|rl||z+yd|dz<oof0rd—1

(i) 1 (vi1(6i1))vi1 (05) (5 — “—22%1(5}1))6*9%1(51-11)

= 1 (31 (615)) 71 (6%) (5 — Syin (6)) e ¥i1 (0i2)
for ally >0

and similarly for v and I'ja for j=1,...,n
(i’) f|ri2| [1ha(2)|dz < oo
(1) Jip,y 1¥2(2)le™ % dz < oo
(i) f|ri2| [o(2)] |2]e ¥R dz < 00 for all y € [¢;0]

(iv’) f|r‘12| [ (2)] |22 YR dz < oo for all y € [£;0]

(1)) f|F12|’z uk’dz<00f07’k:_1

(vi’) f|r‘2|’Z uk]e szz<oof0rk:—1

(vii’) f|F12|]Z+Vd]dz<oof0rd—1

sy o2 _ Y 2
(viii’)  a(52(03))j2(55) (5 + G ja(6h)) e

= 12(072(632))732(5%) (5 + G2 (83)) 772
for all y € [¢;0].

With all these definitions we can state and prove the following:
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5. Partial Eigenfunctions

Theorem 5.3. Assume that the integration contours I';y, i = 1,...,m and
Ljo, 7 =1,...,n satisfy the conditions in Notation 5.1. Define f : R — C by

m

fy)=> cift,(y +Zb L) + foly)  fory € [li0[\{0},  (5.15)

=1

then f is bounded and two times differentiable on [l,00[\{0}. If the constants

Cly-+yCm, b1, ..., by and L solves the following equations
- 3k 1
;ijFj + Lﬂk v 0 (5.16)
and

(ZqM%f) + (Z@-Nﬁf) =0 (5.17)
i=1 j=1

fork=1,...,r, and furthermore

(Z@-Nﬁj) — (ZcMﬁf> =0 (5.18)
j=1 i=1

ford = 1,...,s, then [ is a partial eigenfunction for the generator A on
[£,00[\{0}:
(A= 0D)f(5) =0 for all y € [t,00]\{0}.

Finally f is continuous in 0 with the value f(0) = /\Lﬁ-ﬁ Jg f(u) G(duw) if fur-
thermore

Seift,0) = ﬁ(z | A6

i=1

and

S 02, (0) = ﬁ(Z /0 L () Gldy)
=1 ‘
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Proof. Under the conditions in Notation 5.1 we have for y > 0
(A=0Dfpr,(y) = ry g P1(z)(—2)e " dz
1

0 T
+pA / Z appre’ ™ [y (2)e” 0TV dz du
Y k=1 I

+q)‘/ Z Bavge ¢1(2)€_(y+u)z dz du
0 4=1 I
—(A+0) | YPi(z)e ¥ dz
I
+"—22y P1(2)22e Y dz. (5.21)
I
The second term can be rephrased as

r 0
= pA ¢1(Z)Z/ e te” W gy, dz
I k=1""Y

0
= pA [ Ui(2) Z/ o€ duy eV dz
Iy k=1""Y

r
= pA [ %i(2))> ( Qb Okbk eyu%—ﬁ)) eV s
I k=1 B — 2 Mk — 2

. Qplk _
= pA — Y2d
P x/f‘1w1(2) <kZ:1Mk_Z>e z
+pA g Qg fl < Ll(z) dz) e HEY

el ry 2~ Mk
If it as in the £ > 0 case is assumed that
Y1 (31.(01))7 (61) (k=G 71 (81)) e ¥ CD) = by (71(83))71 (63) (K — G 71 (83) ) e ¥ %),
we can obtain the following result
(A—0D)ft (y)
=— / <w1(z)(m —0%2) + P (2)z(k — %22))6_92 dz
I
d Q) —yYz - wl (z) —HKkY
+ pA Y1(2) 27 e dz—i—p)\Zak,uk ——dz e
I k=1

kzlﬂk_z r; # — Mk

+ q)\/F 1(2)Ly(2)e ¥ dz — (A +0) A Y1 (2)e Y dz
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5. Partial Eigenfunctions

and since 1)1 solves the differential equation (5.9) we have

(A—6I) fpl P)\Zakﬂk< —(M)k z) e MKy (5.22)

For ¢ <y < 0 we have (recall that f{ (y) ff (y) and f{'!(y) are 0)

(A—0DfL (W) = o / ()= G ()
= g\ (2 6 —u(Vat2) gy, o= Y% d
q / 1 2 /_y dVd€ ue z

= g\ qpl(z) i [Mew(uﬁz)}w Y ds

Vg+z -
= 4+ Yy

= —q\ Z Bava ( d—(f)z dz) e’y (5.23)

Considering f122 when y > 0 yields

(A=00)fE,(y) = pA Z apppe™? [ o (2)e”WTWEdz du
=y k=1 I

L

= pA wz(z)Z/ agppe e VT du dz
Ty =1 l—y
r -y

= pA 1/)2(,2)2/ e A dy eV dz
I =1t~y

— A ¢2(z)2% (efymk—z) _eozfy)(uk—z)) Y%z

= P)\Z%uk< ¥al2) Z) e Y

Iy Mk — 2

+pA Z Qp b < Me%z dz) elrle kY (5.24)

Z J—
1 Iy Hk
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and when ¢ < y < 0 we get
(A—0D)fF,(y) = Wy [ da(a)(=2)e v dz
2

0 T
+p)\/ Z appre™ | aho(2)e” W dz du
=Y =1 I

~y
+qA / Po(2)e” W% dz G (du)
0 Iy
—(A+0) | a(z)e ¥ dz
o
—Zy | pa(2)2e VP dz,  (5.25)
1)

where the third term can be rewritten as

= qX | 2(2)Li(2)e”? dz G4 (du)
I

+q)‘218d1/d ( —%(Z) dz) evdy
d=1

I, Vd + 2

With an argument similar to the one before we have that

Iy # — Mk

+q)\i5dud < valz) dz) e’y
d=1

(A - HI)fIgz (y) = p)\z Qg bk ( Me*lz dz) etk (y=1)
k=1

Iy Vdt 2
if
U (72(67))72(07) (5 + G2(67)) e 720D
= 2(12(03))72(83) (5 + Fr2(83)) e V%),
Collecting the results attained so far and using the definitions in Notation 5.1
completes the proof of the partial eigenfunction part.
The two final conditions (5.19) and (5.20) follow immediately if f is adjusted

to have the same limit from left and right in 0. U

Remark 5.2. [t has been shown that with f defined as in (5.15) the equation
(3.17) is true if the conditions in Notation 5.1 are fulfilled and the constants
Cly-veyCm, b1y by and L satisfy the equations (5.16)-(5.20).

The equations (5.16)-(5.20) form together 2r+s+2 equations in the m~+n+
1 unknowns ci,...,cm, by, ...,by and L. Hence the total number of integration
contours represented by m + n should satisfy m +n = 2r + s + 2. Since two
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6. Integration contours

functions f1 and fs are needed when the joint Laplace transform is derived an
additional contour is needed in order to construct two different eigenfunctions.
Hence

m+n=2r+s+3

1S mecessary.
Similar to Remark 5.1 it should be discussed what it takes to the contours
to be counted as different. For a contours I';1 the vectors

_ 11 1r 21 2s
Mle_(MF ””MF“’MF“""’MF“)

i1’

needs to be linearly independent. Equivalent for the contours of the form I'jo
the vectors

_ 11 1r 21 2s 31 3r
NF].Q - (NF]Q’ “ee 7]\[11],2’]\[1‘*],2’ “ e 7NFj27NF “ee 7]\[11],2)

j2’

are supposed to be linearly independent.

6 Integration contours

In Section 4 it was shown that with two partial eigenfunctions satisfying the
conditions in Lemma 3.1 an expression for the joint Laplace transform can be
derived. In Section 5 a template for these functions were made. It was seen
that if an adequate number of integration contours can be found satisfying the
conditions in Notation 5.1 then the two eigenfunctions can be constructed. In
this Section we shall se one way to choose these contours.

Once again we consider the situations £ > 0 and ¢ < 0 separately.

Non—negative /

Here we will assume that the upward jumps have the same form as the down-
ward:

Gy (du) = gy (w)du =Y Bavge .
=1

Then vy becomes similar two 1 in the £ < 0 case:

0 | s~r_2pA . 2008
wO(Z) — (%Z . 1) EJFE Q,QKHO;IZQJrZ 2I€?H/d(¢i72 712;7%*1
r _ 2pAa s - 298,
) ( H(Z o 'uk) 2“”’“02) <H(z + l/d) 2/€+Vd‘72> (61)
k=1 d=1

and we are looking for m = r+ 1 integration contours I'y, ..., I',, for ¢y. Note
that

Wo(2)] = O (]2]2)  when |2| — o (6.2)
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Lpnp) L g (py)

Di

Figure A.1: Left: Shows I'; in case p; is a singularity. Right: Shows I'; in case
p; 1S a zero.

Also note that each of the points 0, i—’;, 1y fpy, —V1, ..., —Vs are either zeros
or singularities for ¥y depending on the parameters of the model. As a result
of that we have to consider the cases positive drift (k > 0) and negative drift
(k < 0) separately. Whether # > 0 or # = 0 might also have influence on the
considerations.

Positive drift, 6 > 0:

We are looking for r 4 1 integration contours contained in C4 that satisfy the
conditions (7) — (v) in Theorem 5.1. The fifth condition demands that the
function z(k — ”—;z)@bo(z)e_yz has the same value in both ends of the contours
I'. In practice this condition will be met by choosing the endpoints as zeros for
the function. Here the exponential factor e ¥* will be useful since an endpoint
could be a limit where |z| — oo.

Since it is assumed that x > 0 we have that 3—’; > 0 and that 0 is a singu-

larity for z(k — "2—22)@&0(,2)6_92.

Now let p1,...,pr41 be an ordered version of %, Uiy, pr and define 'y, .. Ty
by the following recipe:

e If p; is a zero for z(k — U—;z)wo(z)e*yz define

Li=Tgrp) i =1pi + (1 +4)t:0 <t <oo}.

e If p; is a singularity z(k — "Qiz)@po(z)e—yz define
T =Dgr(p) = {p+ (—1+i)t : —00 <t <0}U{p+ (1 +i)t: 0 <t < oo}
for a p €|p;—1,pi| (with the convention py = 0).
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6. Integration contours

g

Pi—1 Di

TR

Figure A.2: Shows the closed curve I'g

A sketch showing the two types of contours can be seen on Figure A.1. It is
important to notice that the definition of 1y depends on the choice of complex
logarithms in each of the power functions. These choices — that might vary
with the contours — should satisfy that all argument functions are continuous
along the contour (that is: 1 is holomorphic in an area containing I').
These contours are constructed such that the fifth condition is satisfied.
Left is checking (i) — (iv). The boundedness condition (7) is fulfilled since

/ [ (2)] dz < o0
L]

as a result of (6.2). The integration conditions (i¢) and (4i7) are satisfied since
1o(2) is a power function in z with no singularities along the contours and the
factor e7¥* decreases exponentially in the “infinite ends”. That (iv) is fulfilled
follows similarly but here it is important that each of the zeros for 1y at most

can be singularities of order > —1 for fﬂ—ﬁj}j

Remark 6.1. Regarding the definition of Igr(, it is important to notice that
the different choices of p €|pi—1,pi| give rise to the same results: If pi—1 <
p < p' < p; integrating along the closed curve T'g sketched in Figure A.2 will
give 0. When R — oo the contributions along the horizontal parts vanish and
hence the integrals along I'gr(y) and U'gr ) equals.

Contrary if p and p' are separated by a singularity u the corresponding
integrals (e.g. frgr,, and frg, - ) will be different. If the singularity p is of
order p < 0 with p # Z the fact that frg,, # fpsr(p/) is a result of the use
of different versions of the complex logarithm in the respective domains of the
contours. If on the other hand p is an integer (and hence < —1) the argument
is based on Cauchy’s Theorem.

Remark 6.2. [t is worth considering if any other useful contours could be
found. In the case where pyi1 is a singularity consider the contour I'gr(,y for
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ap > pry1. Since there a no singularities to the right of piy1 it must hold
that fr, = 0 where I'r is the closed curve that combines the cut off version of
Lgr(p) given by

{p+ (=14t —ZR<t<0}U{p+(1+i)t:0<t< HR}

and the circular arc Cr with radius R:
Cr= {p—l—Reit : —ingtg %7‘(}.

For any y > 0 we have |fc,(y)| < f|CR| [Yo(2)|e™Y dz and since the arc
length of Cr is O(R) the property (6.2) yields limp_ for,(y) = 0. Hence
frsr(p) = 0. In the exact same way it is seen that the vector of constants
Mry, , s zero. That is the fr-function corresponding to the contour I'gr ()
makes no contribution in the construction of the partial eigenfunctions (cf
Remark 5.1).

There is after all one special situation where it is not completely obvious
that an additional contour makes no contribution. Consider the case where
3—’; is a singularity for 1o of order p €] — 1,0[. Then (27—’3 is a both a zero of
z(k — %Qz)¢0(z)e_yz and a singularity for 1 (z). We have already defined the
contour FZT(Q_,;), but there is no reason why the contour

g

Doy :={2% + (1+4)t:0<t < oo}

should not satisfy the conditions (i) — (v) for some p < (27—’2“ Also assume

that there is some singularity p > (27—’3 with corresponding contour I'gr () where
D E]i—’;,u[. As a result of the comments in Remark 6.1 the two contours
Lsr(py and Ugr(p) will cause different integrals but we shall see that together

with I‘ZT(Q_,.;) the contour I'gr(,) will be redundant anyway. Now consider the
o2

factors in g. All factors except the complex power function z — (g—iz — 1)
can be chosen holomorphic in areas containing both I'gr(,) and I‘ST (25" For
o2

the contour FST this function (denote it ¢) can be chosen holomorphic on

%)
C\{zeR|z> i—’;} and for T gr( it (denote it ®) can be chosen holomorphic
on C\{z e Rz < (27—’3} The two versions of the power function can be chosen
such that they are equal on Cryy := {z € C|Imz > 0}. Consequently it holds
that

d(z) = ag(z) when z € Cry_ = {z € C|Imz < 0}

with o € C so |o~z| = 1. With ¢y and 1;0 defined using ¢ and ¢~) respectively we
have y(z) = at)o(z) when z € Ciy— and therefore

/ Po(z)e Y% dz = a/ Yo(z)e ™V dz.
-r 2K

7725 77 (23)

44



6. Integration contours

Here —FZT(Q_,{) is the contour defined by
0.2
2 N
T2 = B+ (-0 <t <00},

By letting p | 3—’; and using Cauchy’s Theorem one can see (remembering

p > —1) that for p > i—'}

rorgy () = /F o(z)e dz—/ do(z)e v dz
2K

T
7r(25) (2
= / o(z)e V% dz — a/ Yo(z)e V% dz
r -r
a2 zr (25

and similar for p < (27—'3

str(p) (y) :/F , ¢0(Z)e_yz dz — /_F 2 i/)o(z)e_yz d.s

zr(53) 7r(53)

It s seen from these two equations that integration along Ugr(y) is linearly
dependent of the integrals achieved by inlegrating along g and I‘ZT(Q,.;).
o2

Hence the contour is redundant.

The 6 = O—case:
It should be mentioned that the contours proposed above also applies when
¢ = 0. But in this case an additional assumption (see subsection 4) was that
lim, o f(x) = 0. This can be seen rather easily: In [18] it is even shown that
functions similar to the fr—functions decreases exponentially with this choice
of integration contours.

Negative drift, 6 > 0:

When « < 0 we have 3—’; > 0 so this point cannot be used as above because of
the requirement that I'; C C.. Instead 0 is a zero for z(k — U—;z)wo(z)e*yz and
hence an integration contour of the form I'zr(g) is useful. With py,...,pr41

denoting 0, 1, .. ., pt, the definition of I'y, ..., ;41 from above can be reused.

Negative drift, § = 0:

When 6 = 0 then 0 is a singularity for 1y of order —1 and hence 0 is no longer
a zero for z(k— "2—2z)w0(z)e*yz. Thereby the integration contour corresponding
to 0 will vanish.

Here it makes sense to consider the cases ( = 0 and ¢ > 0 separately. If
¢ = 0 the two probabilities P, (A;) and P, (A.) are requested and we have the
equation

LP,(A4j) + [()P2(Ac) = f(z).
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This equation can be solved using only one partial eigenfunction if we use the
fact that P,(7 < co) = 1 when x < 0. If only one partial eigenfunction is
needed the r remaining integration contours are sufficient.

If on the other hand ¢ > 0 two partial eigenfunctions are needed. Hence it is
necessary to find a function that substitutes an additional fr—function. Define

«_ )1 y=l
f_{O y<l ’

From straightforward calculation we have
T
AF*(5) = —3p Y age i

which is a sum of the same exponential functions that both Afy(y) and fr,(y)
consists of. Hence f* can be used in the construction of the partial eigenfunc-
tions similar to the fr—functions — this corresponds to an additional integration

contour.
Negative ¢
Here we are looking for integration contours I';; and I';9 for
g g J
r 2pAak s 2q}‘5d _ 2]
() = ;’: R LA T S
2pAay, S __29M\B4
Z _ Mk T 2K— o2 H(z + Vd) 2K+vg02
d=1
r_2pAay s _2q)\Bq 0
-1 _0_
QpQ(z) = WZ _ 1) Jrz 2K+ 02 2 261402 "L
r __2play S __2g)\B4
X H(z — Mk) 2k+-pug0? H(z + Vd) 2k—vgo?
k=1 d=1

respectively. Note that ¢ equals ¢ in (6.1) and that both 11 and v, has the
property (as (6.2)): |(z)] = O(]z|~2) when |z| — oo.
Once again it is convenient to consider different cases of k and 6 separately.

Positive drift, 6 > 0:

With the same procedure as in the ¢ > 0 case we can define I'q,..., Iy
as integration contours for ¢ (with the notation pi,...,p,4+1 for the ordered
version for 2 S5 MLy s )
o If p; is a zero for z(k — & )wo( Je Y% define
Li =Ty = {pi+(1+i)t:0<t < oo},
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6. Integration contours

o If p; is a singularity z(k — U—;z)wo(z)e*yz define
Li=Tgrp={p+t(-1+i)t: 0o <t <O0fU{p+(1+i)t:0 <t < oo}
for a p €]pi_1,p;[ (with the convention py = 0).

Here the conditions (i) — (vi) in Notation 5.1 have to be satisfied. The con-
ditions (i) — (v) are identical with the ones in Theorem 5.1. The remaining
condition (vi) does not cause any problems since the function fi—(jj has no
additional singularities along the I';; contours compared to ¢ (z).

Hence r + 1 integration contours are found for ¢;. Thereby it remains to
construct r+ s+ 2 contours for ¥5. Since the contours for ¥y are allowed to be

placed in the entire complex plane all the points —vs, ..., —vy, f—(fQ, 0, 0015+, oy
that are either zeros or singularities for vy are of interest. Let q1,...,Gris42
be the ordered version of these points and define I'1a,..., I 15122 by the
following;:

e If ¢ is a zero for z(k — _T"Qz)wo(z)e*yz define

Lia=Tpig) ={ag +(-1+i)t: 0<t < oo}

o If ¢; is a singularity for z(x — 77"2,2)1#0(2)6_92 define

Tjo=Tgg ={g+ (1 +i)t: —c0 <t <0}
U{g+(—=1+i)t:0<t< o0}

for a q €]qi, qi+1] (with the convention g, 4¢3 = 00).

A sketch showing this type of contours can be seen in Figure A.3. Note that
they are heading left (thereby the index ). These contours are supposed to
fulfil the conditions (i') — (vizi’) in Notation 5.1. The arguments are similar to
the ones before. Since both the contours “infinite ends” and y have changed
sign it is still true that e™¥* — 0 when z varies along the contour.

Remark 6.3. In Remark 6.2 it was seen that a contour on the form I'gr
with a p to the right of all singularities makes no contribution. It is similar
(just reversed w.r.t. the real axis) for the I jo—contours forapo: It is not possible
to use a contour on the form g,y with p to the left of all singularities for
V2.

Contrary the contour I';y o = Lsi(py with ig the largest singularity and
p > ig does make a contribution. The argument is much alike the one in
Remark 6.2. Let I'r be the closed curve in C that combines the cut off version
of Usi(p)

(»

{g+(-1—i)t: —R<t<0}U{g+ (-1+i)t:0<t<R}
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Figure A.3: The integration contours for s .

and the circular arc

T}

CR:{p+Reit:—%7T§t§

W=

Hence fr,(y) =0 for ally € [¢,0] and furthermore

3
i . A ;
fer(y) = / iRe o (p + Re™)e VPR g
_%W
Since y is assumed strictly negative the factor e VPR s unbounded and

exponentially increasing when R — oo if only —5 <t < 5. Hence the in-
tegrand will not decrease to 0 and there is no reason why the integral should

vanish. Consequently the frsl(p) —function is non—zero as well.

With a similar argument one can see (since £ < 0) that the constants N?:Q are

non—zero. Thereby also the vector '
11 1 21 2 31 3

Nrj, = (Npjys - Noyo Nbyy oo s NEy NE gy oo NP

J2’ J2? j2’? J2

makes an useful contribution.

Negative drift, 6 > 0:

Here 3—’; < 0 and 0 is a zero for z(k — U—;z)wo(z)e*yz. With p1,...,pr41 and
q1,- - Grt+st2 denoting the ordered versions of 0, uq, ...,y and —vg, ..., —v1,
0, f—gg, 11, - .-, i the same recipe as above can be used to define the 2r +s+3

integration contours.

Negative drift, 6 = 0:

In this case the solution strategy is the exact same as in the similar Section 6
for the positive drift case.
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PAPER

Asymptotics for the Ruin Time of a
Piecewise Exponential Markov
Process with Jumps

Anders Rgnn-Nielsen

Abstract

In this paper a class of Ornstein—Uhlenbeck processes driven by compound
Poisson processes is considered. The jumps arrive with exponential wait-
ing times and are allowed to be two-sided. The jumps are assumed to
form an iid sequence with distribution a mixture (not necessarily convex)
of exponential distributions, independent of everything else. The fact that
downward jumps are allowed makes passage of a given lower level possi-
ble both by continuity and by a jump. The time of this passage and the
possible undershoot (in the jump case) is considered. By finding partial
eigenfunctions for the infinitesimal generator of the process an expression
for the joint Laplace transform of the passage time and the undershoot can
be found.

From the Laplace transform the ruin probability of ever crossing the
level can be derived. When the drift is negative this probability is less than
one and its asymptotic behaviour when the initial state of the process tends
to infinity is determined explicitly.

The situation where the level to cross decreases to minus infinity is
more involved: The level to cross under plays a much more fundamental
role in the expression for the joint Laplace transform than the initial state
of the process. The limit of the ruin probability in the positive drift case
and the limit of the distribution of the undershoot in the negative drift case
is derived.
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1 Introduction

The main aim of this paper is to determine the asymptotic behaviour of the
ruin probability for a certain class of time-homogeneous Markov processes
with jumps. These processes, referred to as X below, can be viewed as
Ornstein—Uhlenbeck processes driven by a compound Poisson process.

The ruin time is defined as the time to passage below ¢ for an initial state
x > £. The passage below ¢ can be a result of a downward jump, and in some
cases a continuous passage through ¢ is is also possible.

The compound Poisson process (that partly is driving the process) has a
special jump structure. Both the downward and upward jumps are assumed
to have a density (not the same) that is a linear — not necessarily convex —
combination of exponential densities

The distribution of the passage time (and by that also the ruin probability)
is determined through the Laplace transform. This is found by exploiting
certain stopped martingales derived from using bounded partial eigenfunctions
for the infinitesimal generator for X. An explicit expression for the Laplace
transform is determined in [9]. Here the partial eigenfunctions are found as
linear combinations of functions given by contour integrals in the complex
plane. Also the Laplace transform ends up being a linear combination of
these integrals. It is the resulting Laplace transform from [9] that we shall
investigate in this paper.

One should distinguish between the two very different scenarios: Whether
the drift « is positive (hence X is pushed away to oo, that is X is transient)
or the drift is negative in which case the process X is recurrent. In the
negative drift case the probability P, (7(¢) < co) (with 7(¢) denoting the time
of passage) of ever crossing below ¢ when starting at z is always 1. On the
other hand when the drift x is positive we have that P,(7(f) < oo0) < 1 and
also that the probability decreases when either x — oo or £ — —oc.

In the present paper the asymptotics of P, (7(¢) < o0) < 1 is explored in
both of the situations x — oo and ¢ — —oo. This becomes a question about
finding the asymtotics for the complex contour integrals mentioned above. It
turns out that the £ — —oo problem is the far most complicated because
the dependence of £ in the construction of the partial eigenfunctions is much
more involved. Nevertheless the need of exploring the asymptotic behaviour
of the integrals is rather similar. When x — oo we see that P, (7(¢) < o0)
decreases exponentially (adjusted by some specified power function) with the
exponential parameter from the leading expontial part of the downward jumps.

The technique of using partial eigenfunctions for the infinitesimal generator
has appeared before. In [12] Paulsen and Gjessing considers a model like the
present, but in the more general (and also different) setup

dX, = (p+ kXy) dt — dU, + \/ 02 + 02X2 dB, + X;dU; (1.1)
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1. Introduction

Here both U and U are compound Poisson processes of the form 27]1\[21 Sp. In
[12] it is shown that a partial eigenfunction for the corresponding infinitesimal
generator for (1.1) will lead to the ruin probability and also the Laplace trans-
form for the ruin time. In [5] Gaier and Grandits show — without o7 and U in
the model — the existence of this partial eigenfunction under some smoothness
assumptions about the jump distributions in U. This result is extended to
weaker assumptions in [6].

In the case of 0’% = J% = 0, without U , and assuming exponential nega-
tive jump (no positive jumps are allowed) an explicit formula for the Laplace
transform is determined in [12]. Furthermore the exponential decrease in
P,(7(¢) < o0) is derived in the x — oo asymptotic situation for some fixed
0 < ¢ < z. For the case of exponential negative jumps also see Asmussen [1],
Chapter VII.

In the present paper the jump distributions are assumed to be light tailed.
The existing literature does not contain very explicit results for the asymptotic
ruin probability with that kind of jump distributions. In [4] and [14] it is
proved in the 03 = 0 case with k = sup{a | E[¢?Y] < oo} that for any € > 0

lim e" P (1, < 00) =0 and lim e"T9?P (7, < 00) = 00

T—00 T—00
In the case of heavy tailed jump distributions there are more explicit results for
the asymptotic behaviour of the ruin probability. In [10] results are obtained
for the asymptotics of the finite horizon ruin probability P,(7(¢) < T') in a
fairly general model with 03 = 0 and subexpontial jump distributions. Similar
results are reached in [3] in the infinite horizon case. Here the jumps belong
to a less general class of heavy tailed distributions.

In [7] and [8] the following model class of certain Markov modulated Lévy

processes
N

t t
Xt::c+/ 5J5d5+/ 0, dB,—> U,
0 0

n=1

is studied. The same partial eigenfunction technique is applied, and it is
showed that the partial eigenfunctions (and thereby also the ruin probabilities)
can be expressed as a linear combination of exponential functions (evaluated
in the starting point x). Hence the asymptotic behaviour of the probability
when x — oo is simply a question about finding the exponential function
with the slowest decrease. Since the model is additive the level ¢, that is to
be crossed at the time of ruin, enters into the setup symmetric to x. Hence
the asymptotics when ¢ — —oco are just as easy to derive. A recent paper
is Novikov et. al [11] where the Laplace transform is determined for a shot—
noise model with exponentially distributed downward jumps (and no positive
jumps allowed) for a process with negative drift. The Laplace transform was
also derived in the case of uniformly distributed downward jumps. In [2]
these results are extended to a more general driving Lévy process instead of a
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compound Poisson process. In both [11] and [2] some asymptotic results for
the distribution of 7(¢) are carried out. Here the limit distribution of 7(¢) is
expressed when ¢ — —oo for some fixed starting point x (recall that this is for
the negative drift case). This is a limit that is not considered in the present
paper.

The paper will be organised in the following way. In Section 2 the setup
is defined and the relevant results from [9] reproduced. The Theorem 2.1 is
also reformulated in a different (and appearently more complicated) version
Theorem 3.1 that turns out to fit the asymptotic considerations better. An
argument for this version of the Theorem can be found in [13] (though the
Theorem in that paper concerns a more complicated setup, the arguments will
with some small adjustments also fit this simple scenario). In the following
Section 2 the choice of some complex integration contours that are applied in
the Theorems 2.1 and 3.1 is discussed. This choice differs from the proposed
contours in [9] in order to suit the further calculations. In Section 4 the
asymptotic behaviour of P,(7(¢) < o0) is expressed when x — oo and in
Section 5 the limit when ¢ — —oo is found. Finally (also in Section 5) the
limit of the distribution of the undershoot is expressed for the negative drift
case when ¢ — —o0.

2 The model, some definitions and previous results

Consider a process X with state space R defined by the following stochastic
differential equation:
dXt == KXt dt + dUt s (21)

where (Uy) is a compound Poisson process defined by

N
U= Vo (2.2)
n=1

Here (V) are iid with distribution G and (/V;) is a Poisson process with pa-
rameter A. Both the downward and the upward part of the jump distribution
G is assumed to be a linear combination of exponential distributions. We
use the decomposition G = pG_ + ¢G4 where 0 < p < 1,¢g=1—-p, G_ is
restricted to R_ =] — 00; 0] and G is restricted to Ry =]0; 00[. That is

G_(du) = g_(u)du= Zakuke”’““ for u <0

k=1
S
Gyi(du) = g4(u)du= Zﬂdude_”d“ for u > 0.
d=1
The distribution parametres are arranged such that 0 < pu; < -+ < py,

0 <wv < - <vsand oy,3; # 0. Since g_ and g4 need to be densities
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2. The model, some definitions and previous results

> a; =1and ) f; =1. Furthermore both ; > 0 and 8; > 0.

The solution process X is a process that — between jumps — behaves deter-
ministically following an exponential function.

Assume that z > 0 and write P, for the probability space where Xy = =
P,—almost surely. Let E, be the corresponding expectation. Define for £ < x
the stopping time 7 by

T =7(0) = inf{t > 0|X, < ¢} (2:3)

For ease of notation £ is most often suppresed. Furthermore define the under-
shoot Z
Z=0—-X,, (2.4)

which is well-defined on the set {7 < co}. It is important to notice that the
level £ can by crossed through continuity as well as a result of a downward
jump. Of interest is the joint distribution of 7 and Z and especially the
probability P, (7 < co). The distribution of 7 and Z is expressed through the
joint Laplace transform defined by

E.le "%, A;] and E,le 75 A], (2.5)

where A; and A, is a partition of the set {7 < oo} into the jump case A; =
{1 < 00, X; < £} and the continuity case A, = {1 < 00, X; = (}.

The expression for the joint Laplace transform in (2.5) can be found from
solving two equations

Eole 7% Aj) + fi(OEL[e " A = fi(z) i=1,2, (2.6)

where f; and fy have to be partial eigenfunctions for the infinitesimal gener-
ator A for the process: f; : R — C should be bounded and differentiable on
[¢; 00 and satisfy the condition that

Afi(x) = 0fi(x) forall z € [¢;00[,

where A is defined by

Af@) = waf @+ [ (Fatw - f@)e@n. @0

In addition to this f; should have the following exponential form on the interval
] —o03 (]
filz) =e =) for z < 0.

It is important to notice that there exists some situations where only one
partial eigenfunction is needed: If ¢k > 0 the probability P, (A.) of crossing ¢
through continuity is 0 (recall that the process is deterministic and monotone
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between jumps). In this case finding E,[e”7—¢% ; Aj] is even simpler (from
(2.6) with the A, part equal 0):

E.[e™7%; Aj) = f(), (2.8)

where f is the single partial eigenfunction.

In the negative drift case (x < 0) it can be shown that P, (4;) + P,(A.) =
P,(T < o0) = 1. If furthermore § = ¢ = 0 the Laplace transforms in (2.6)
reduces to the probabilities P,(A;) and P,(A.). Hence only one partial eigen-
function is needed in order to solve the equation.

In [9] a theorem is given that schetches how to construct such partial
eigenfunctions. In the following this theorem is reformulated in order to fit
the further calculations. First define

0 y>4
foly) = { Le—S=9) 4 <y (2.9)
" fr(2)
_ r¥(z)e ¥ dz y =>4

fr(y) —{ 0 gl (2.10)

where 9 is the complex valued kernel defined by

9_ 4 _PAoy ° _gM\Ba

Y(z) =2+ 1(1_[(2—/%) K ><H(Z+Vd) K >, (2.11)

k=1 d=1

and I' is some suitable curve in the complex plane of the form I' = {~(¢) :
01 <t < d2}. Note that

(2] = O (Jz 77O+ (2.12)

when |z] — oc.

Theorem 2.1. Let > 0 and ( > 0 be given and let fo and fr, be defined as
in (2.9) and (2.10) for i = 1,...,m such that all T'; are concentrated on the
positive part of the complex plane C4 = {z € C : Rez > 0}. Assume that for
each contours I'; a holomorfic version of v exists that contains the contour.
Assume furthermore that fori=1,...,m it holds that

1) fipy ()R dz < o0
(1) f|ri| [ (2)] ’Z‘eieReZ dz < o0
(’L’L’L) f|FZ| |%|e—€Rez dz < 0o

(1) Y(5i(81))vi (8i1)e Y01 = 4h(;(852) )i (Fs0)e¥7i(032)
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Now define
m
Fly) = cifr,(w) + foly). (2.13)
i=1
If the constants ci,...,cyp are chosen such that
- 1
eME 4+ —FE_—¢ 2.14
Z.Zl S+ ¢ (2:14)

fork=1,...,r where My, is given by

z
ME = Me_& dz
' r; 2= Mk
fori=1,....mand k = 1,...,r, then [ is a partial eigenfunction for the
generator A.

The theorem shows what it takes to construct a partial eigenfunction: As
many fr,~functions — and by that sufficiently many integration contours —
such that the equation system (2.14) can be solved. To the construction of
one partial eigenfunction m = r integration contours are needed (note that the
equation system is homogeneous and has m + 1 unknowns). If an additional
eigenfunction is requested m = r + 1 different integration contours should be
found.

It is worth considering which difference between the integration contours
is needed. E.g. it should not be possible to repeat the same contour several
times. It is essential that the equation system can be solved with respect to
the unknowns ¢y, ..., ¢, and L. This implies that the vectors

My, = (Mp,, ..., M{")
for ¢ = 1,...,r are linearly independent — otherwise the situation would cor-

respond to one with less unknowns.

Theorem 2.1 can be used for all values of £. However it might in some respect
restrict the choice of integration contours. That makes the following theorem
useful although it look unnecessarily complicated. See [13] for a proof of a sim-
ilar theorem in a more complicated model. This theorem can be considered
as a special case. First define two new versions of the fr—functions:

ha - { e v

fé(y) _ { g‘FQ Q;Z)(Z)e_yz dz 1< y <0 . (2.15)

otherwise

For convinience we shall use the following definitions
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Definition 3.

(2)

le‘: dz i=1,....m, k=1,...,r
Iy =~ Hk
M3 = (2) dz 1=1,....m, d=1,...,s
' Iy Vd+ 2
Nk [ PR, —1,...n, k=1,
! D, Mk — 2
ngc,l: ﬁdz j=1,....,n, d=1,... s
! I, Vd+ 2
N3f: L)e_ﬁzdz j=1,....n, k=1,...,r

Tjo # — Mk

Similar to the conditions (i) — (iv) in Theorem 2.1 we will refer to the
conditions in the Notation below.

Notation 3.1. Let 0 > 0 and ¢ > 0 be given and let fy, frli1 and flgﬂ be
defined as in (2.15) fori=1,...,m and j = 1,...,n such that all T';; C Cy4
and I'jo C C are suitable complex curves (i should have holomorfic versions
containing these curves). Assume for 1 and Ty, i =1,...,m, that

(1) Jir, 1¥(2)]dz < o0

(ii) Jip,, 1% (2)] |zle7¥Re*dz < 0o for all y >0

(1) f|ri1||
(i) ‘[|Fi1|’

¥(2)

Z2—fu

¥(z)

z2+vg

|dz < oo fork

|dz < oo ford

=1,...,r

=1,...,s

(v) (i1 (81))yin (64)e ™1 0) = b (331 (8%)) i1 ()e ¥710%2) for ally > 0,

and similarly for ¢ and I'jo that
(i) fir () d2 < oo
(ii’) f|rj2| [1h(2)]e e dz < oo

(iii’) f|Fj2| [(2)] |z]le ¥Re*dz < 00 for all y € [£;0]

(iv’) f|Fj2| |Zw_(i)k|dz <oo fork=1,...,r

(v’) f|rj2| IMIG_EZ dz<oo fork=1,...,r

Z2—fu

(vi’) ﬁrj2||f£i?i|dz<mford:1,...,5
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2. The model, some definitions and previous results

» (82 (82
(vii’) Y(752(6%)))vj2(0% )e V200 = (12 (0%))yj2(62 e ¥152(052)
for all £ <y < 0.

forj=1,...,n.
With these definitions we can state

Theorem 3.1. Assume that the integration contours I';y, i = 1,...,m and
[Lja, 7 =1,...,n satisfy the conditions in Notation 3.1. Define f : R — C by

F) = cift )+ bife, () + foly) fory €[00, (3.1)
i=1 j=1
then f is bounded and differentiable on £ — oco. If the constants cy,...,Cm,

b1,...,b, and L fulfil the equations

1 —_—

=0 (3.2)

n
> bNEF 4L
7j=1
and

i=1

(iqulf> + (ibmﬁf) =0 (3.3)
j=1

fork=1,... 1 together with

<Zn: ij§§> - (i ciM§j> =0 (3.4)

ford=1,...,s, then f is a partial eigenfunction for A.

The choice of integration contours

In the following a short description of a choice for the integration contours
will be given. As mentioned in [9] there are several possible choices. The one
described here applies to cases with positive drift  (the situation with o =0
and x < 0 is studied in Section 5) and will differ from the ones defined in [9].

First assume that ¢ is positive. In this case only one partial eigenfunction
is needed and we shall use Theorem 2.1 so the contours I'y,..., [, fulfilling
(i) — (iv) are requested. The definition of the contours has its starting point
in the zeros and singularities of the kernel ¢). The real-valued points

_Vsa"')_l/l)oaul)""luﬂ“

are all such zeros or singularities. In the case where ¢ > 0 the contours
I'y,..., I, are chosen as follows
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T ph(y) LR (uy)

Hi

1; is a singularity for . Wi is a zero for 1.

Figure B.1: Shows the contour I'; in the two cases: p; is a singularity (left)
for ¢ and p; is a zero (right)

e If yu; is a zero for ¢ define

Ly =Ty ={pwi+ (1 +i0)t:0<t< oo},

e If y; is a singularity for 1(z) define

Li=Tgr ={p+(=1+i)t:—0o <t <0}U{p+(1+i)t:0<t < oo}

for a p €]pi—1, ;[ (with the convention g = 0).
A schetch of the chosen contours can be seen in Figure B.1. Now consider
the ¢ < 0 case. Here Theorem 3.1 is used. For the contours I'11,...,I1 one
can use I'y,...,I', from above. It remains to find n = r + s + 1 contours
I'2,..., 45412 in order to construct two eigenfunctions. For convenience
let p1,...,prys+1 denote the points —vg,...,—v1,0, 41, ..., and use the

following recipe:

e If p; is a zero for v define
def .
I, = FZl(pi) = {pi + (—1 +’L)t 0<t< OO}
e If p; is a singularity for ¢(z) define

Ty =Tgig & {p+ (1+i)t : 00 <t <0}U{p+(—1+4)t:0 <t < oo}

for a p €]p;; piy1| (with the convention p,isi9 = 00).
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4. Asymptotics with increasing x

Remark 3.1. It is important to notice that for the contours of the form
S™(w) the specific choice of p in Jpi—1, ;| is without influence as a result of
Cauchy’s Theorem. In fact p can be chosen freely in |, u;| where u; is the
biggest singularity for v less than p; (remember that 0 is a singularity so that
= 0).

Another important fact is that it can never happen that fr, = fr,., in
the case where both p; and w11 are singularities. If p; — the singularity that
separates the two contours — is of order p < 0 with p ¢ Z the fact is secured
from the use of different versions of the complex logarithm in the respective
domains of the contours. If — on the other hand — the singularity u; is an
integer the argument that fr, # fr,., is based on Cauchy’s Theorem.

i+1

4 Asymptotics with increasing z

When the drift £ is positive the probability P, (7 < 00) of ever crossing the
level ¢ is less than 1. Furthermore the probability decreases when the starting
point z increases. We have that (solving the equation system (2.6) w.r.t.
Py(r < 00) =Py (Ac) + Pr(45))

Ly — fo(0) fi(0) — Ly
La f1(€) — L1f2(¢) Laf1(€) — L1 f2(£)

if £ < 0 (where fi and fo are the two partial eigenfunctions constructed in
Theorem 3.1. In the £ > 0 case we have

E [e 7% A = f(x).

]P{L‘(T < OO) = fl(x)

+ fa(x) (4.1)

It is essential that the construction of the partial eigenfunctions f; and fy (or
f in the £ > 0 case) does not depend on the starting point z. The behaviour
of the probability P,(7 < oo) to be studied is therefore only determined by
the behaviour of the two partial eigenfunctions f; and fy when 2 — oco. We
have the following result:

Theorem 4.1. There exists a constant K such that

. P.(T < o0
—00 e—MT -1

The constant K is expressed explicitly in (4.9) below when ¢ < 0 and in (4.10)
for the £ > 0 case.

For the later use of the results it is convenient to formulate part of the proof
of Theorem 4.1 as self-contained lemmas:

Lemma 4.1. Assume that o; < 0, that is p; is a zero for 1. Hence I'j =
{pj+ (1 +2i)t:0 <t <oo} and fr, can be written as

fr, () = / (2 = ) 3 gy} (e dz
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with the notation

T S

by == I G-m) | TG +va ™

k=1,k#j d=1,

and p = —pai\/k > 0. Then it holds that

Jim e = ) [ ez, (4.2
where g is the integration contour
Fo={(1+4+dt:0<t<o0}. (4.3)

Proof. The expression of fr (x) can be rewritten in the following way

Jr, (@) (4.4)
= [ G
= /000(1 + 1) (14 0)8) b gy (1 + (14 i)t)e "ot DD gy
= e /000(1 + ) (1 +0)t) "9 gy (g + (1 +)t)e ") de
= e [T R D2 g (54 (4 D)

= et [ ) (04 005) 0 O+ ()0 as,

where the substitution s = tx has been used.
Consider the function

t— W\{u]’}(ﬂj +(1+ Z)t)| )
which — apart from being continuous — is strictly positive. Furthermore it is
O(|pj+(142i)t|~1=*=P) when t — oco. This gives the existence of a constant
C < oo such that
[\ g3 (5 + (L4 0)E)| < C forall £ > 0.
Especially this holds when ¢t = s/x for all s > 0 and = > 0. Thus the function

s C|(1+4)((1 + 20)s)°le*
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4. Asymptotics with increasing x

is an integrable upper bound for the integrand in the last line of (4.4) when
x > xg. By dominated convergence we get that

o0

im [ (10 (14 )8) gy (g + (1) 5) e ds

- /0 (L+4) lim ((141)8)"0 g0 (g + (1 +0)2)e 0 ds
N / (L+)((1+ 1)) g ypg)e 0D ds
0
= @Z)\{u]-}(uj)/ zPe* dz.
o

Hence the result is shown. O

Lemma 4.2. Assume that o;j > 0, that is p; is a singularity for . Hence
the contour I'; is defined as

Ij=T,={p+(-1+i)t:—co<t <0} U{p+(1+1i)t:0<t< o0},

with some p €)p;-1, i and with the notation from Lemma 4.1 fr; is written
as

Jr;(z) = /F (z — ,uj)pw\{uj}(z)e*“ dz.

n

i Jr@)

r—o00 P~ 16 HiT

Then
=) [ e, (4.5)

—a

where
I s={-a+(-1+4+it: —co<t<0}U{—a+(1+it:0<t < o0}
and a > 0 is some positive real number.
Proof. In Remark 3.1 it was argued that
frj(@) = fr,,(z)

for all p/ in Jpy; ,uj[ Since all 1’ €]py; 15[ will imply the same result one could
choose ' = ju,, — & for some suitable a > 0. Hence

Jr; (@)
= j—a/x( z)

J,
UK

8

(L40) (=2 + 1+ )t) Py gy (1 — L+ (1 +i)t)erto el g
1) (=2 4 (14 0)t) gy (g — &+ (=1 +d)t)e i toe (LDt g
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Using the substitution s = tx yields that the first integral equals
o0
xp_le_“f’”/ (1420) (141)s—a) "Y1y (15— 2+ (1+i3) 2) e D5 ds . (4.6)
0

From dominated convergence similar to Lemma 4.1 it is seen that the limit of
the integral in (4.6) as z — oo is:

w\{uj}(ﬂj)/ ((1 +1i)s — a)pe*(lﬂ)s ds.
0

Something similar is seen for the second integral. Hence it has been shown
that

y fr;(z)
1m

z—o0 gP—le HiT

= ¢\{uj}(ﬂj)/ (14+1)(— a+ (1 +i)s) e CoHIFD) g
0
0 .
+ U\ () () / (1 41)(—a+ (—1 +i)s) e (Cor(1HD9) g

= w\{uj}(,uj)/r 2Pe % dz. (4.7)

—a

O

Remark 4.1. A possible lack of consistency in the argument above might be
the following: The starting point of the contour, u', was set to move right
towards ;. Another solution could be letting it move left towards py (the
biggest singularity less than juj) with the definition p' = pj_1 + 5. From
redoing all the arguments the following result would be reached:

i D oun) [ e as

T—00 xpl—le—ml‘

a

what appears to be a slower decrease towards 0. What rescues the consistency
s that only one of the integrals is different from 0:

/ 2 e ?dz=0 and / 2z Pe™*dz #0.

Proof of Theorem 4.1. Consider the ¢ < 0 case (the ¢ > 0 will be the same
just more simple). Both f; and f2 are linear combinations of the fr functions.
Since x is assumed to be positive all fr,(x) = 0. Then both fi(x) and fa(x)
are linear combinations of

fr @) i, ().

So in order to study P, (7 < c0) it is sufficient to determine the behaviour of
the functions f%“(:c) when & — oo.
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5. Asymptotics as £ — —o0

For each each 1 = 1,...,r there are two possible situations to consider: a; < 0
and «; > 0. This is explored in the Lemmas 4.1 and 4.2 respectively and it
was shown that either way

lim J i1 (.%') _

T—00 (L-P—le_ﬂjm
for some constant K.

Since the ruin probability P,(7 < co) can be written as a linear combi-
nation of these functions the study of the asymptotics is simply a question
about finding the function with the slowest decrease. The function with the
slowest decrease is then fr, and since p; is always a singularity for ¢ the exact
asymptotic behaviour of fr, can be found in Lemma 4.1.

Let the two partial eigenfunctions f; and fo be the linear combinations

fi(z) = Zcilfrh.(.%') resp.  fo(z) = Zc?frh.(x) (4.8)
i=1 =1
for x > 0. Then
P,
lim LT <00)
T—00 e*ﬂlxx_Tl_l

- fr,, (z) (01 Loy — fo(0)
too0 vex _y \ M Lo f1(€) — Ly f2(£)

e p“lx"zi K

L R
TAT ) - L1f2<e>)

= K

)

where K is given by

pag A
K = <¢\{m}(u1) [ e dz)

—a

<C% Ly — f2(f) b fi(6) — Ly > .

Ly f1(€) — L1 f2(£) Ly f1(€) — L1 f2(£)
Hence the theorem has been proved in the ¢ < 0 case. With exactly the same
arguments when ¢ > 0 we derive

pag A
K=a (w\{m}(m) / dwe dZ> : (4.10)
r

—a

(4.9)

O

5 Asymptotics as { — —o0

Asymptotics of the ruin probability, positive drift

When considering the situation where £ — —oo the setup becomes more com-
plicated: The constants ci,...,¢, and by,...,b, in the construction of the
partial eigenfunctions change as ¢ decreases.
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In the study of the behaviour of P, (7(¢) < oco) given by (4.1) both f;(x)
and f;(¢) are of interest, ¢ = 1,2. With 2 > 0 and ¢ < 0 the expressions are
the following for the first of the two eigenfunctions

A0 = Zb] )R, (0)

]_78
,
Al) = D alO)ff,,(z).
i=1
This definition excludes the last of the integration contours I'y _,..., I 2.

Similarly fo(¢) and fa(x) are defined by

fa(t) = Z b;(0) 2, ,(0)
Jj=—s+1

fa(x) = Z 51'(5)]‘%1-,1(95) .

i=1

The constants ¢1 (), ...,c . (¢) and b_s(¢),...,b.—1(¢) are found as the solution
in a linear equation:

0 ... 0 N ... N(0)]
. T E E T . . — el (6) - ~ L -
0 ... 0 N () ... N () _ "
MEE M N NpL (6) 1
. . . Cr .
= Hr
.11" . .11" ir . 1.r b_s(g) 0
MFél .. MF§1 NEIS .. Ngi_l :
_MF1 . _MFT NF_S . NFT_1 . 1(5) 0
r— L -
i —Mlgf .. —Mlgf ngs_s .. ngf_l |
- (51)
5.1

With these definitions a limit of the probability P,(7(¢) < co) when ¢ — —o0
can be derived:

Theorem 5.1. The limits ¢; = limy_, o ¢;(£) are well defined and non—zero
fori=1,...,r, and

r

Jlim Po(7(6) < 00) = = > eift, ,(2).

i=1

Ezpressions of the ¢; constants are found in the Corollary 5.1 below.
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5. Asymptotics as £ — —o0

Proof. Tt is important to note that in the matrix A(¢) only Ngf(() (for k =
1,...,rand j = —s,...,r — 1) depends on ¢. Exploring this dependence by

applying the same technique as in the z — oo case yields for k = 1,...,r and
i=—s,...,—1 that
N (e 1
lim L (qﬁ) — = lim PR (2) e % dz
l——o0 egy_i(_e)%—l l——o00 eEV—i(—é)%*l Tio 2 — Wk
_y W=V aB_;\
= A / 277w et dz (5.2)

—V—i — Hk r

if —v_; is a root for 1)y. Here

P={(-1+1i)t:0<t< o0}

and

k=1 d=1,d#i

If instead —v_; is a singularity the result is

N3]:g V4 YRR Gy 2 B_iX
lim = (q/:f) = at _Z}( )/zq s e dz, (5.3)
f——o0 efl/_i(_g)%*l —V—i = Mk r
where
To={a+(1+i)t:—o0<t<0}+{a+(-1+i)t:0<t<o0}.
Furthermore )
lim NEF(e) = VU0 / e dr. (5.4)
{=—o0 —Hk JT

Finally the constants that relate to puq, ..., u, satisfy the following if p; is a
root

N3Z o A
lim —— 1+ = g .}(,ui)/z_p»zZ le? dz (5.5)
f——o0 efﬁui(_g)*po;i)\ Hi T
N3k , ; o
lim L - M}(M)/zpnkez dz if k #1i(5.6)
(=00 e—tpi(—f)~ = —1 Hi = Pk JT
and if it is a singularity
Ngl poA
lim ————r = U\ / 27 n e dz 5.7
=0 ot ) V) (1) (5.7)
N3k ' ; o
lim L - w\{m}(“)/ P dr itk #£i(5.8)
l——o0 efgf“(—f)_ — _1 Hi — Mk JT
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When the determinant of A(f) is considered it is crucial that Ni*(¢) has the
largest rate of growth when k£ = i. It is also important to note that if u; is a
singularity of an order in ]0;1[ and k # ¢ then the limit integral for Nféf(ﬁ) is
zero while the integral in the limit of Nfi’f(é) is not.

Now define the matrices

MEL o MRt NgE L0 NED
I T RV R
—ME;} -Mg! NE NE
| ME . MEONE N
and
NEL(@e) ... NE(0)
N(l) = : :
NEr(e) ... N (0)

The formulas (5.2) — (5.8) yield that
det(A(£)) ~ (det(N(£))(—1) s+ det(M))

and by using that Nﬁf(ﬂ) has the most rapid growth compared to Nféf(ﬁ) when
k #£ i it is seen that

r—1
det(N(£)) ~ <N§g 11 Nﬁj(@))
=1

which means that

r—1 r—1 pajA
det(N(E)) =0 <e£zj—1 Mj(_g)ijl P ) )

By Cramers Rule it is possible to find an expression for the constants ¢1(¢), ..., ¢ ()
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5. Asymptotics as £ — —o0

and b_4(¢),...,b.(¢) in the equation system (5.1):

i i 0 ... 0 N () NEL ()]
0 0 N?"‘ (D) NE_(0)
. 0 My ... M eri ‘ Nil
c1(0) = = det : : - : :
det(A(f)) 1r 1r 11" 1r
0 Mg ... MF§1 NEIS NEE”
0 —MI% .. =My Ny [
| 0 —Mlgj —Mlgf ngs_s Igf_l |
—A1(0)
and similarly for the remaining constants. It is seen that
r— r—1 P A
det(A;(0)) = O (efzjiw(_g)zji = >
fori=1,...,r + s and therefore
det(A;(0)) .
; g — _ = O 1 = 1’ ceey
ci(f) der(a() ~ oW "
det(Ar4s4145(0)) .
Furthermore
det(Ayoq1(0) ~ (det X — H )
L
det(Ar+s+1+j(f)) ~ (det( ) X —N H ) j = 1, e, T = 1
i=1,i#]
such that
b (e) det(Ar+s+1(€)) 1 1
0 = a0 "\ T3
det(A(0)) o NZ(0)
det(Arts+145(0)) L1
bi(6) = det(A(¢ A W=
et(A(0)) Hi N (0)

pa; A
:o<e€w(_g) - ) j=1...,r—1.
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The equivalent constants & (£), ..., (€) and b_sy1(f), ..., b.(¢) that belongs
to the second partial eigenfunction solve an equation system similar to (5.1):

[0 .. 0 N () ... NEHO T
S T BTG I
0 ... 0 N (O ... N¥(0) . .
Moo Mt N ... N{! 1
F1 'Fr FTSJFI 'F'r 5T(f) B ML
. T . : . B_S+1(€) - 0 )
M M N
—ME ... =M, N, ... N o
Fl Fr FTsJﬁl 'Fr i br(e) ] i 0 ]
| MR —ME o ONEE L NES
=A(0)
(5.9)

where the integration contour I'_g is replaced by I',. in order to obtain a new
and independent partial eigenfunction. It can be shown that the constants
have the following asymptotics as functions of ¢

= — i 1 — —buy (_p 222 P _
q@._o(mN%w>_o@ (—0) ) i=—s,...,—1

~ 1 1 —lur pog A .

_ - ) =—s+1,...
bi(0) (m N%(e)> O™ (=" ) j=—s+1,...,0
~ 1 1 pa])\
bi(l) ~ | —— =0 (e ™M (—0)= ) =1,...,7r
10 (MNI%?()> (e -0 J

The asymptotic behaviour of the flgj , functions is of interest as well. Similar
to the previous analysis it is seen that

For j = —s,...,—1:

aBjA
B ¢\{—y_j}(—l/_j)ﬁ 2 n e dz, if v_j is a singularity

a

aBjA

= ¢\{,,j}(—yj)/fz:eez dz, if v_; is a root .
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5. Asymptotics as £ — —o0

a)\

K a

g\
- ¢\{uj}(ﬂj)[ et dz, i pj is a root .
r

= ¢\{M}(Mj)[ 27w e dz, if p; is a singularity
r

By comparing these results with the asymptotics for the constants ¢;(¢), & (¢),

b;(¢) and 5]-(6) it is seen that

bj(é)flgj , (£) tends to zero exponentially fast as £ — —oo for j = —s,...,—1
. 5]( )fF 2( ) tends to zero exponentially fast as £ — —oo for j = —s +
1,.

)

bi(0)f2 ,(0) =0 (}Z) for £ — —oo when j=1,...,r — 1

bi(0f2 () =0 (}Z) for £ — —co when j = 1,...,r.

Left is finding the non-zero limit of bo(¢) fZ, ,(¢) when £ — —oo:

1
. 2 .
ZEIEIOO bo(g)frb’g (6) = Zl)moo Mr NBT( )fFo 2( )
I OO
fir (0} O)f 1oz dz
= —1.
Hence it has been shown that
li 0y = 1l bi( =1
Jim fi(6) = lim ]Z_:s Off,, ()
Egmoo (0 = zggloojgﬂb an

Furthermore it has been shown that all ¢;(¢) decreases to zero so

T

Jim fo(x) = lim GO A, (@) =0
=1
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and since all ¢; has a non—zero limit the limit limy,  fi(z) is well-defined
and non-zero. Then

i — im T 1_7](12(6) T M
L N Gy ORI N ATy
= lim fi(z) 11_ 00"'0:1:(1)
= — lim fi(x)

The asymptotic expression for ¢;(¢) can be rewritten as

N L
) (rM\ urN%gw))’

where
11 11 11 11 11 11 7
ME M MR ML N Ni
1r 1r 1r 1r 1r 1r
M= | MG MELOMEL L MEONE LN
=
~ME ML -MEL L MR NE NE
_ Af2s _ Af2s _ Af2s _ Af2s 2s 2s
| -ME . -ME -ME ... -MF NF_ ... NF |

Hence we have this result:

Corollary 5.1. Fori=1,...,r it holds that

) _det(M;) 1 Y\ 01(0) 1.z
JAm clf) = det(M)E( — /faz ¢

- ) (4 [ ear)

The undershoot when the drift is negative

-1

Now consider the negative drift case, k < 0. This situation is particularly
simple because only one partial eigenfunction, f, is needed since crossing ¢
through continuity is not possible. The Laplace transform of the undershoot
is therefore expressed by the rather simple formula

Edfe™%] = ().

A
Since 1 satisfies that [)(z)] = O(]z| "' "&) the negative s makes infinite inte-
gration contours impossible. Instead the following finite contours are chosen

72



5. Asymptotics as £ — —o0

J231 Hi

H1 M

p; is a zero for 1. Wi is a singularity for 1.

Figure B.2: The choice of contours in the negative drift case.

using that pq is always a zero for ¥. For each i = 2,...,r there are two pos-
sible definitions:

If p; is a zero define I'; as

(i + (=1 —d)t ogtg%}

. . i — M1
U {pi — i — ) + (~1+ iyt = B

If p; is a singularity define I'; as

(b 24 i+ 2y )+ (L (=) < ¢ < P
U{ui—k%—i—(l—i)t:—WgtSO}
U{ui—k%—i—(—l—i)t:WgtSO}

O = 25 i+ 2 — ) (L BT ey

A rough sketch of the two contours can be seen on Figure B.2

Remark 5.1. In [9] these contours are suggested to be half-circles and circles
but that choice makes the further calculations too complicated.

The partial eigenfunction f is defined by

r

fly) = cfrw) + U ) + foly), (5.10)

1=2
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where
f*(y) = 1[6;00[(y)
and the parameters co, ..., ¢, and U are the solutions of the equation (when
putting L = 1)
(O M0 - M (0) U 1
(O ME(O) o ME(O) || e pte
" e v Sl = ; (5.11)
: : - : : 1
~E0 Mo Mg ] e I
B(0)
where — as usual — the constants M{fz (¢) are given as
ME () = ﬁe*& dz
' r; # — Mk
fori =2,...,rand k =1,...,r. In order to explore the asymptotic behaviour

of U,cq,...,c, and through that the behaviour of f it is necessary to study
these constants.

From the use of these definitions the following result, which states that
the limit of the undershoot is a simple expontential distribution with the
parameter from the dominating part of the downward jumps, can be reached.

Theorem 5.2. For all { > 0 it holds that
lim Egle~¢%) =
L——00 el ) w1+ ¢
Proof. First the behaviour of the constants MI@Z (¢) when ¢ — —o0 is explored.
In the case where p; is a zero (for some i = 2,...,r) and ¢ # k the corre-

sponding constant can be written as

Hi—H1

kv [ (g bt (F1 =D -1
MFi(g)_/o (—1 Z)Mi+(—1—i)t—uke pat 0 dt (5.12)

N /”i_”1 Yl =i — 1) + (LA DY) i) +(=14000) gy

-1+ - -
Biiy ( )Mz‘ — iy — 1) + (=14 )t —

Rewriting the expression and applying the usual substitution s = (—¢)t to the
first part in (5.12) yields that it
B .
3 A (g + (=1 =)t o .
0 pi + (=1 =)t —
s==tt e_e“i(—é)%—l /(—Z) Lt 1- Z‘)w\{m}(ﬂi +(-1-— z)_ig)
0 pi + (=1 — 1) =25 — g

(—1 —i)s)~ St es(-1-0) ds

74



5. Asymptotics as £ — —o0

Hence by dominated convergence it is seen that the integral in the last line
has the limit

¢\{u¢}(ﬂz‘) /oo(_l — i) (~1 - z’)s)’m:i oS(-1-1) gg
0

Hi — [k
U\ sy (i) / P e
Hi — pE  J-T

where
—T={(-1-dt:0<t<o0}.

Now remains to discuss the asymptotics of the second part in (5.12). Here the
substitution s = (—¢)(t — (u; — p1)) is used and by that the expression equals

—4 “1'2"‘“1' —ifish

e (=0~

(=0 H5H I patps g pi—p 1)L ) es(H1+) g
X (14 (45 P L (=1 410)2 e s.

The integral has the following limit for £ — —oo

Y Y /ezdz
2 2 P

when using dominated convergence. The definition I' = {(—1+ )t : 0 < ¢ <
oo} has been used. The study of the asymptotics in (5.12) concludes that the
first part grows with a bigger rate than the last part. Therefore

gilznoo ‘s _ Py 4 S
e Hz(—g) K /’Ll /’Lk‘

Mk (¢ (g oy
(0 _ Oy () / L (5.13)
T

A result completely similar is found in the case where i = k:

Mllf(g) pAay;
lim = g / e de. (5.4
LN p— i () | (5.14)

The same substitution technique yields results in the cases where u; are sin-
gularities for . That gives

e [ e e
if ¢ # k and
. MI@Z(E) 2
égr_noom = U\ (s} (1) /Fa 27 ® efdz (5.16)
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when 7 = k. Here
—To={a+1—-i)t:—c0o<t<0}U{a+(—-1—1i)t:0<t<oo}.

With the results (5.13)-(5.16) the behaviour of the solutions U, cg,..., ¢, in
(5.11) can be expressed. The following asymptotic behaviour of the determi-
nant of the matrix B(¢) is observed

det(B(0)) ~ (-inMﬁ_(z)> . (5.17)

K1

And with B; denoting B where the ith column is replaced by the vector

[—ﬁ, e —WlJrC]T it is seen that
det(Ba() ~ (—miillMﬁwﬂ (518)

1=2
det(Bi(0) ~ () [ M0 619)

pa i +C pp g+ G JE{2,r}i=i

The solutions of the equation (5.11) are obtained from the use of Cramer’s
rule. In addition the asymptotic behaviour is determined from the results
(5.17)-(5.19). Together that is:

v = @ﬂ&@»w<;&>_ m

det(B(0) ~\ =L ) T m+¢
i = deBO) (Fe w1
T de(B0) =1 M (D)

with ¢ = 2,...,r. Since all MIZD (¢) are growing exponentially fast the asymp-
totics for f defined in (5.10) are easily determined. So is the limit of the
Laplace transform for the undershoot:

ZEEnOOEz[e%Z] = dim <Z; ci(0) fr,(z) + U(@J”@))
= ZEIEIOO U)-1

M1
p+¢
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PAPER

Failure Recovery via RESTART:
Wallclock Models

Anders Rgnn-Nielsen and Sgren Asmussen

Abstract

A task such as the execution of a computer program or the transfer of a
file on a communications link may fail and then needs to be restarted. Let
the ideal task time be a constant ¢ and the actual task time X, a ran-
dom variable. Tail asymptotics for P(X > x) is given under three different
models: 1: a time-dependent failure rate u(t); 2: Poisson failures and a
time-dependent deterministic work rate r(t); 3: as 2, but r(¢) is random and
a function of a finite Markov process. Also results close to being necessary
and sufficient are presented for X to be finite a.s. The results complement
those of Asmussen, Fiorini, Lipsky, Rolski & Sheahan [ Math. Oper. Res.
33, 932-944, 2008] who took r(t) = 1 and assumed the failure rate to be
a function of the time elapsed since the last restart rather than wallclock

time

Keywords change of measure, computer reliability, fluid model, inhomoge-
neous Poisson process, Markov-modulation, Markov renewal theorem, tail

asymptotics, time transformation
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1 Introduction and Statement of Results

Tasks such as the execution of a computer program or the transfer of a file on a
communications link may fail. There is a considerable literature on protocols
for handling such failures. We mention in particular RESUME where the task
is resumed after repair, REPLACE where the task is abandoned and a new
one taken from the pile of waiting tasks, RESTART where the task needs to
be restarted from scratch, and CHECKPOINTING where the task contains
checkpoints such that performed work is saved at checkpoint times and that
upon a failure, the task only needs to be restarted from the last checkpoint.

The protocols RESUME and REPLACE are fairly easy to analyze, see e.g.
Kulkarni et al. [14], [15] and Bobbio & Trivedi [8]. In contrast, RESTART
(Castillo [9], Chimento & Trivedi [10]) resisted analysis for a long time un-
til the recent work of Sheahan et al. [17] and Asmussen et al. [5] (see
also Jelenkovic & Tan [12, 13] for in part parallel work). Recent results for
CHECKPOINTING as well as references to earlier work can be found in As-
mussen & Lipsky [7].

The model of Asmussen et al. [5] assumes that failures occur at a time
after each restart with the same distribution G for each restart (a particular
important case is of course the exponential distribution). However, it is easy
to imagine situations where the model behaviour is determined by the time
of the day (the clock on the wall) rather than the time elapsed since the last
restart. Think, e.g., of a time-varying load in the system which may influence
the failure rate and/or the speed at which the task is performed. For example,
the load could be identified with the number of busy tellers in a call centre or
the number of users in a LAN (local area network) currently using the central
server. The purpose of the present paper is to provide some first insight in
the behaviour of such models.

We denote by X the total task time, including failures (a precise definition
is given below). One of our goals is to describe the asymptotics of the tail
P(X > z) as x — oo. For simple restart with constant task time and Poisson
failures, this is easy via a renewal argument. In fact, the details as given in
[5] lead to:

Proposition 1.1. Consider simple RESTART with ideal task time £ and
Poisson(p*) failures. Let o = vyo(¢, ") > 0 denote the root of

4
1 = //ﬁe(%“*)ydy. (1.1)
0

Then P(X > ) ~ cope™ % as © — oo for some 0 < ¢y < 00

Here and in the following f(z) ~ g(z) means f(z)/g(x) — 1. Similarly, we
will write f(x) ~iog g(2) if log f(x) ~ log g(x). This is the logarithmic asymp-
totics familiar from large deviations theory (though we will not use results
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1. Introduction and Statement of Results

or tools from that area!). It summarizes the main asymptotical features, but
does not allow to capture constants like ¢g, prefactors of smaller magnitude
etc.

It should be noted that ¢ is explicit given ~, but the value needs not
concern us here.

The emphasis in [5] is on the more difficult case of a random rather than
a constant ideal task time. However as a first attempt, we shall in the present
paper throughout assume a constant ideal task time of length ¢. We will
consider three models:

Model 1 Failures at time ¢ after the start of the task occur at deterministic
rate pu(t).

Model 2 Failures occur according to a Poisson(u*) process with constant rate
w*. At time t after the start of the task, the system works on the task at rate
r(t).

Model 3 As Model 2, but the rate function 7(¢) is given as r(t) = 7y ;) where
{V(t)}t>0 is an ergodic Markov process with p < oo states and rq,...,r, are
constants with r; > 0 for at least one i.

Models 1, 2 are self-explanatory. Model 3 could for example describe a LAN
with p users, where V(¢) is the number of users currently using the central
server and rg = 0, r; = r1 /i for i > 1.

Models 1 and 2 exhibit a feature not found in simple RESTART: it is
possible that P(X = co) > 0. This would occur in Model 1 if u(t) — oo fast
enough, and in Model 2 if r(t) — 0 fast enough. Our first main result gives
the critical rates:

Theorem 1.1. (1) Consider Model 1. If limsup,_, . u(t)/logt < 1/¢, then
X < o0 a.s., whereas P(X = 0o) > 0 if liminf, o pu(t)/logt > 1/¢.

(2) Consider Model 2 and assume that [ r(s)ds = oo and R(t) = fg r(s)ds <
oo for allt > 0. Ifliminf; oo r(R(t))logt/p* > £, then X < oo a.s., whereas
P(X = 00) > 0 if limsup,_, r(R(t))logt/u* < £.

The result shows that in Model 1 only a very modest rate of increase to
oo of p(t) may cause the task never to terminate, and that the same is the
case for Model 2 with only a very modest rate of decrease to 0 of (¢). In view
of this, it seems reasonable to concentrate on decreasing p(t) in Model 1 and
increasing r(¢) in Model 2. The simplest case is of course the power case, and
our second main result gives the asymptotics of P(X > x) in this case:

Theorem 1.2. (1) Consider Model 1 and assume that p(t) is strictly positive
with p(t) ~ at=8 with 0 < B < 1. Then

P(X > SC) %log efcla:logz — xfclx’
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where ¢; = (1 — B3)/¢.
(2) Consider Model 2 and assume that r(t) ~ at with n > 0. Then

P(X > x) zlog G_Can+110gx = x_Can+1,
where ca = an/(n + 1)L.

Note that f = 0 in (1) or n = 0 in (2) corresponds to the standard
RESTART setting, which is why we exclude these cases. Note also that in
both Model 1 and Model 2 the decay rate is faster than any exponential. In
Model 1 this is intuitive by comparing with Proposition 1.1 since v — oo as
1 — 0 with £ fixed. This is also the intuitive explanation in Model 2, but to
see this, one needs an intermediate step of time reversal given below.

For Model 3 it is trivial that X < oo a.s. because there is an infinity of
sojourn periods in the state with r; > 0 and the probability of task completion
in such a period is > 0. For the asymptotics, we need properties of the fluid
model

t
F(t) = /’I“V(S) ds.
0
More precisely:

Theorem 1.3. In Model 3, let k(s) denote the largest real value of the p X p
matriz K[s] with ijth element

/ eI (F(t) < 4,V () = ) dt.
0

Then k(s) increases monotonically from k(0) < 1 to oo in the interval s €
[0,00). If 73 denotes the unique value with k(y3) = 1, then Piy(X > z) ~
d;e” " for suitable constants dy, ..., d,.

Here dy,...,d, are again explicit, see Section 4, and as usual, IP; refers to
the case V(0) = i.

The outline of proofs is that first Model 1 is considered (Section 2). The
results for Model 2 then follow by exploiting the time-transformation connec-
tion between homogeneous and inhomogeneous Poisson processes (Section 3).
Theorem 1.3 for Model 3 is an easy consequence of the Markov renewal the-
orem, once it has been recognized how to write up an appropriate Markov
renewal equation.

Finally, Section 3 also contains a numerical example.

Notation For the Poisson process with constant rate p*, we write 57,55, ...
for the event times and U = S} — S¥_, for the interevent times (S5 = 0 is
not considered an event time). Similarly, the notation Sy, Se, ... and U, =
Sn — Sn—1 is used for the inhomogeneous Poisson process of failures in Model
1, and 81,5, ... and U}, = S], —S],_, for a certain auxiliary inhomogeneous
Poisson process with rate function p'(s) in Section 2. The corresponding
counting processes are denoted by N*(t), N(t), N'(t).
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2 Proofs: Model 1

Let N(t) denote the number of failures before ¢. Then the counting process
{N(t)}t>0 given by N(t) =sup{n: S, <t} is a time-inhomogeneous Poisson
process with rate function {pu(t)} >0

Define the stopping time 7 = inf{n € N|U, > ¢}. Then the total task
time is the r.v. X = 5,1 + £ if 7 < 0o and X = oo otherwise.

In the proof of Theorem 1.1(1) and in the following, define the integrated
intensity as M(t) = fg wu(s)ds. It is then standard that {N(t)}t>0 can be

represented by taking the event times as S, = M _1(5;;).

Proof of Theorem 1.1. Let ¢ be fixed, let u/(s) = (logs)™/¢ and define
X', M',U'n, S!, etc. the obvious way (the ideal task time remains ¢, not ¢'!).
Then for s > 1,

M'(s) = slogs/l'+0(1),
M'(s+10) = (s+0)[logs+O0(1/s)]/t' + O(1) = (s+{)logs/l' + O(1),

and hence
/ 1 (s) exp{—M'(s+ £) + M'(s) } ds (2.1)
1
B 0 ol <oo ifl <t
- /1 O(1)log s - s ds{ BRSNS (2.2)

For the intuition, note that (2.1) equals E> 7°{n: U} > ¢}, the expected
number of interevent intervals that would have completed the task, had the
task not been completed by the start of the interval.
Assume first ¢/ < ¢ and let A’(s) be event that U], < ¢ for all n with
1 < s. Clearly, P(A'(s)) > 0. Defining K'(s) as the number of n with

S!_y > s, U, > and letting F'(s) = o(N'(v) : v <s), we have
E[K'(s)|F'(s)] < / ' (v)exp{—M'(v+€) + M'(v)} dv.
By (2.2), we can choose s so large that this integral is (say) < 1/2 and get
P(K’'(s) > 1| F'(s)) <1/2 such that
P(X'=00) = P(A'(s) N {K'(s) =0}
_ E[I(A’(s)) P(K'(s) = O|.7-"’(5)H > P(4(s))/2 > 0.
Let next ¢ > . The above estimates for M’ imply that M'~'(s) =
st'/log s(1+o(1)) as s — oo, and hence that

Sp_1?' 4
S;z—l = long_l(l‘f'O(l)) = " (1+O(1)) a.s.
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Thus

STPUL > 0| F(Sh) = Y exp{-M'(S,_, +0)+M(S], )}
n=1

n=1

= Zexp{—élog S, /0 +0(1)} = oo as.
n=1

The conditional Borel-Cantelli lemma therefore implies that U] > ¢ for in-
finitely many n.

Now consider a general p(s). If limsup,_, . pu(s)/logs < 1/¢, then for
some so and some ¢’ > ¢ we have u(s) < p/(s) for all s > sg. Then, realizing
N on (sg,00) as the independent sum of N’ and an inhomogeneous Poisson
process with rate p/(s) — p(s), we may assume

{Snfl 2 Sho1 > 80} - {S;.L_l : S;z—l > 80} .

Since U}, > ¢ for infinitely many n with S/, > so, this implies U,, > ¢ for in-
finitely many n with S,,—1 > sp and X < co. Similarly, if liminf,_, o u(s)/log s >
1/¢, then for some s¢ and some ¢ > ¢ we have p(s) > 1/ (s) for all s > sp, and
U, > ¢ for some n with S,,_; > so implies S/, > ¢ for some n with S/, _; > so.
Therefore the event that U, > ¢ for some n with S,,_1 > sg cannot have
probability one, which as above implies P(X = oo) > 0. O

We next consider the proof of Theorem 1.2 (1), describing the tail of X
in the most standard case, a Weibull type rate function pu(t) =~ at—? with
0 < B < 1. Note that 8 = 0 corresponds to the simple RESTART setting with
Poisson failures with p* = a. § < 0 is excluded because then P(X = co) > 0,
and B > 1 is excluded because then M (c0) < oo, a case that appears somewhat
pathological and that we do not study.

Before turning to the setup of Theorem 1.2 (1) we shall prove some less
clear results for a general u(t). Assume that u(t) is decreasing with limit 0.

The probability P(X > z) can be written as P(X > z) = P(B(x)) where

B(x) = {Ul <l Ury—1 S4o—Sr -1 < E}, T(z) = inf{n: S, > x}.
Obviously, we must have B(z) C C(z — {) where
C(SC) = {Ul Sf,...,UT(m) Sf}

But in fact z > S;,_p > o — £ implies Upp )11 < 4., Upzy—1 < € and
T — Srz—1 < L (see Figure C.1). That is,

B(z) = C(z - 1), (2.3)
so deriving the asymptotics for IE”(C (x — t)) will solve the problem.
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r—{ ST(z—() ST(J:)—I z ST(:I?)

Figure C.1: Tt holds that z — S;(;)—1 < £ when U, (,_p) < £.

Choose v = (¢) such that

1 = /Oeeﬂ do = Heﬂ—q . (2.4)

Let @ be the probability measure where (Up,)nen are i.i.d. each with density
u — e on (0,/). Note that Q(C(z)) = 1 since Q(U; < /) = 1.

Proposition 2.1. For any pu(t) it holds that

7(z)
k=1

Proof. Define (F,)nen as the natural filtration for (Up,)nen:
Fn=0(Uy,...,Uy) (neN).
Note that 7(z) is a stopping time with P(7(x) < oo) = 1 (such that C(x) is

well-defined) and that C'(x) € Fp ().
Given 5,1, the conditional distribution of U, is determined by the density

fisw1(3) = () exp (= M) + M(Su-1))) (5> Suc)

(on {S,,—1 < oo} in the case of M(o0) < 00). If M(00) < 00, this distribution
is defective with

Pis, (U, = 00) = exp ( N /

Snfl

o0

p(uw) du> = exp ( — M(o0) + M(Sn_l))> .

Therefore the joint density of (Uy,...,U,) (w.r.t. the Lebesgue measure on
(0,00)") is

gn (U1, ... up) = H 9o, (ug) = H p(sk) exp ( — M (s) + M(Sk—1)>
k=1 k=1
= (T sn)) expl{=M(sa)}
k=1
for (ug,...,u,) € (0;00)™. Here the notation s = uj+ - --+uy has been used.
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Under Q the vector (Uy,...,U,) has density
B (ug, ... uy) =€’ .

Define
Fy={Uy <0,....Uy <0},
Then F,, € F,. If D,, C F,, and D,, € F, (that is D,, = {(Un,...,U,) € Cp},

where C), C [0,/]™ is Borel measurable), we have

P(D,) = EQ[Q"(U“‘”’U")-D”].

ho(Uyy ..., Up)’

Thus by a standard extension to stopping times (e.g. [4] pp. 131-132)

gT(:I?)(Ul’ R U’T(J?)):|

P(C(z)) = E@[hf(z)(Ul,...,UT(x))

where we have used that Q(C(z)) = 1 and P(7(z) < 00) = Q(7(z) < 00) = 1.
When the expressions for g, and h,, are inserted, this becomes the requested
result. O

O

Proposition 2.2. If u(t) is decreasing with limit 0 then
()
[z/€]
P(C(z)) < 63< H p(x — k€)> exp (— M(z) — yz)

k=0

when © — o0, for some constant cs.
(ii)
1
P(C(z)) > caexp (Z log (u(z + £)) (1 + o(1))(z + E))
X exp ( —M(z+10)—(1— 1/6)’yx>
when x — 0o, for some constant cy.

Proof. For (i), recall that x < S;(;) < o+ ¢. If either v > 0 or v < 0, the
expression for IE”(C’ (x)) in Proposition 2.1 is bounded up by a constant times

7(x)
Bo| [ u(s.)] ex (= M)~ 32) (2:5)
k=1
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Left is exploring the behaviour of the expectation in (2.5). First rewrite it as

m(z)—lz/t] -1 (z)

7(z)
E@[Hmsk)} - E@[( [T wso)( 11 u(&))]
k=1 k=1 k=7(x)—|z/l]
T(@)—|x/t) -1 |2/t]
< Bo| JI  wso](II wte-#0).
k=1 k=0

In the inequality we have used that p is decreasing and the fact that
ST(J;) >, ST(z)—l >x -1, ST(x)_Q >x—20,..., ST(z)—\_a:/EJ > T — L:C/fjf

Since limy_,~ p(t) = 0 the second factor above obviously decreases — very fast
— to 0. We show that the first factor — the expectation — decreases to 0 and
thereby is bounded such that we have the result from the theorem.
We have
7(z)
z/Eq[Uh]

Since Eq[U;] < ¢ and therefore z/Eq[U;] — |x/¢|— oo, this yields that

X1 Q-as.

X

T(z) — LZJ ¥ o Q-as.
Together with the fact that S,, — oo Q-a.s., this leads to

7(z)—|z/0]-1
H 1w(Sp) =30 Q-as.
k=1

because the factors in the product decrease to 0 and 7(z) — [z/¢] — 1 — oo.
Now let @ > 0 be a constant such that p(t) < 1 for ¢ > a and define the
stopping time

o=inf{n e N|S, > a}.

Then we have the following upper bound for the integrand in the expectation:

T(x)—|z/l] -1 (r(x)—[z/f]-1)Ac T(x)—|z/l] -1
I usy = ( II u<sk>>< 11 u<sk>)
b—

k=1 k=1 (r(z)—|z/t]-1)Ao
(r(x)—lz/t]-1)No (T(x)—|z/t]-1)Ao
< IT  Asw < II w0 < wor.
k=1 k=1

From Lemma 5.1 in the Appendix we have that this upper bound has finite
expectation. Hence by dominated convergence we can conclude that

7(z)—[z/t]-1 .
Eq [ M(Sk)} =30.
i
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(ii): Asin (i) we have

()
P(C(z)) = Eg [( 11 u(Sn)) exp (=M (Sr()) — ’YSr(w)}
k=1

and similarly the r.h.s. is bounded below by a constant times

(@)
Eg [ 11 M(sk)] exp ( — M(z+10) — w) . (2.6)

k=1

Recall that S <z + ¢ on {7(z) > k} so that a lower bound for (2.6) is
Eq {(,u(a: + E)T(z)} exp (— Az + ) —vz).
From Proposition 5.1 in the Appendix we have that this is bounded below by
exp (— o (u(z + 0) (@ +0)) exp (- M(x + ) — ’yx)

with
_z+y—1
o) = et

Combined with the result from Proposition 5.2 in the Appendix this gives

P(C(z)) > exp (% log(u(z + )(1+o0(1)(z + ) exp (~ M(z + ) — 7z)
when  — oo (remember that p(z) — 0). O
a

As a result of Proposition 2.2 and (2.3), we immediately get
Corollary 2.1. In the setup from above we have that
¢
(i) P(A(z)) < ¢ Lilfu(av —(k+1)0) | exp ( — M(z — ) — vz) when
x — 00, for some constal;;lcg,.

(i)

P(A(z)) > coexp (% log (p(z)) (1 + o(l))x) exp (— M(z) — (1 —1/)yz)

when x — oo, for some constant cg.

In the case where M (00) < oo the result becomes simpler:
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Corollary 2.2. If furthermore M (c0) < oo it holds that
lz/¢]

(1)) P(X > z) < ¢ H p(z — (k+1)¢) | exp ( — yz) when x — oo, for
k=1

some constant cy.
(ii)
1

P(X >zx) > cgexp (Z log (p(z)) (1 + 0(1))30) exp (— (1 —1/0)yz)
when © — 00, for some constant cg.
Proof of Theorem 1.1(i). If the intensity process is strictly positive and satisfies
wu(s) ~ as~? with 0 < 8 < 1, then 1, @ exists on the form cs—P with JTS
w(s) < m(s). With M, M the corresponding integrated intensity processes we
have e.g. M(s) = cs'=#/(1—f). Let furthermore X, X denote total task times
corresponding to y, 7 respectively. Then P(X > z) < P(X > z) < P(X > z)
and

lz/¢]
11 7tz — ko)
k=1

z/t)

—

k=1
Lz/¢]

I
~
T
=
—~
o
‘+
8l o
w
N—
T
=
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when z — oo for some constant C. The expression on the r.h.s. above is

Flog Qb Z :cJ - 1) —a-p)(| %= ]-1)

1-8
~ 7 Z
Nlog €T ¢ .

From (ii) we get

P(X >xz) > Cexp ( - %(1 — B)log (b+z)(1+ 0(1))x)

xexp( B(b—i—x)ﬁ—(l—l/é)fyx) .

Here the first factor decreases faster than the second so that this
1
Nlog  €XD ( — (1= B)log (b-+a) (1 + 0(1))95)

(1—p)log (b+ x)x)

1
Rlog €XP ( ~7

_1-8,
Rlog T £ .

All together we have shown that

1-8

P(X > z) Rjpg 277 *

when x — oo. O

3 Proofs: Model 2

Recall that in Model 2 the failure times (N;);>o form a homogeneous Poisson
process with intensity parameter p*, event times (S} ),en, and interevent times
(UX)nen. Again, £ is the ideal task time, and it is assumed that at time ¢ the
system works on the task at rate r(t), where r is a nonnegative measurable
function.

Define the continuous and increasing function R as

R(t) = /0 tr(s) ds.

It is obvious that P(X = oo) > 0 if R(00) < 00, so assume that R(co) = co.
Also assume that R(t) < oo for all ¢t > 0.

A straightforward calculation shows that the inverse R~! of R is continuous
and increasing function and given by

T O T
) = | ()
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Since R(t) is the amount of work that has been spent on the task up to time
t provided the task has not been completed, the total task time in absence of
failures is given by R(X) = ¢, i.e. X = R™(f). More generally, if the task
is not completed at the time S} _; of the (n — 1)th failure, then the task is
still uncompleted at the time S of the nth failure if and only if R71(S}) —
R™Y(S%_,) </ [these observations are close to some standard facts in storage
processes, see [3] p. 381].

It follows that the total task time X can be calculated as follows. First

define the time w as

w—lnf{neN]/ (t)dt > 1},
and let £* satisfy
é*
/ r(t)ydt =14
o1

Then the total task time X is

if w< oo and X = co when w = oo.

Proof of Theorem 1.1(ii). From the definition of N we can construct another
point process: Let S/, n € N be defined by S, = R(S};) for all n > 0. Since
S! = R7Y(S¥) it is well-known that (S, ),en are the event times of an inho-
mogeneous Poisson process with rate function p(t) = p*/r(R(t)).

It is directly seen that also

w = inf{n e N| S|, > (}.

Applying this yields the following definition of the total task time X’ corre-
sponding to S),, n € N

X/_{S:)l—f—g ,W<OO

00 , W=00

Especially we have {X = oo} = {X’ = oo} and hence the theorem follows
from Theorem 1.1(i). O

Define

f(x) :=ax", / fly 77 n 1:c"+1 .

Lemma 3.1. If r(x) ~ f(x) then

a

R(x)NF(x)—n+1

2™ and r(R(x)) ~ f(F(x)) =a e nx"("ﬂ).
(R(z)) ~ f(F(x)) ]
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Proof. Given € > 0, there exits a z( exists such that
(I—e)f(zx)<r(x)<(A+¢€f(x) forz>uxg.

Hence
1—6/ fly dy</ y)dy < 1+e/ fly)dy for x > xg

Thereby it is seen - since fo (x) dx — oo - that choosing x > z( large enough
gives
fo dy Jo () dy + [ r(y) dy
I f o fly)dy+ [ fy)dy
For the second result write
r(R(x) _ r(R(@)) f(R(x))
fF@)  f(R(z)) f(F(x))
where the first factor obviously has limit 1. For the second factor xg > 0 can
be found given e such that for z > zg

(1—-¢)F(z) < R(z) < (1+¢)F(z)

€ (1—2¢142e¢).

and hence
f(L=e)F(x)) < f(R(z)) < f((1+€)F(x))
for x > xy. Furthermore

f(L=e)F(z)) < f(F(x)) < f(1+e)F(x))

so it is obtained

A -gF@)  f(RE) _ f(A+eF()
f(A+eF (@)  f(F)  f((1-eF(x))
Since
f(1+e)F(x)) _ (1 + €>77
f(A=eF(x))  \1-e
has limit 1 as € — 0 the proof is complete. U

O

Proof of Theorem 1.2(i). Note that P(X = oo) = 0. With X’ defined as in
the proof of Theorem 1.1 it holds on {X < oo} that

(X > 2} = {R(X) > R(z)}
[, #)dt > R(z)}
-1 (
= {R(S,-1) +¢> R(x)}
={X"> R(z)}. (3.1)
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4. Proofs: Model 3

Recall that X’ is the total task time for a nonhomogeneous Poisson process
with intensity process (u(t))i>0 where p(t) = T(E(t)). From Lemma 3.1 we

have that

r(R(1) ~ f(F () = a (n : 1>nt77(77+1) |

and hence (u(t)) has a form that suits the theorem for Model 1. Since also
R(t) ~ F(t) applying the result for Model 1 to the relation (3.1) yields

~ (n+1) (n+1)
P(X > z) = P(X > R()) ~og R(@)™" 7 R@ ny, F(z)~ " F@)

4 Proofs: Model 3

The renewal argument in [5] leading to Proposition 1.1 for simple RESTART
uses a geometric sum representation of D = X — /. It is instructive for the
following to give a direct variant. Define Z(x) = P(D > z) and let z(x), Zy(x)
be the contributions to Z(x) from the events U > z that the first failure time
exceeds x, resp. U < x. A failure at time ¢ < z will contribute to Zy(x) if and
only if ¢ < ¢, which readily leads to

€T
Zy(x) = / Z(x —t)pe M I(t < 0)dt.
0
Similarly but easier, z(z) = [ pe *I(t < £)dt, and altogether,
xT
2a) = (o) + Zofa) = s(a)+ [ 2Dt
0

where g(t) is the defective density ue #I(t < ¢). The rest is then standard

renewal theory (e.g. [3] V.7).

Now consider Model 3 and write again D = X — ¢. Define Z;(z) = P;(D > x).
We then get the following Markov renewal equation:

Proposition 4.1.
P T
Zi(x) = zi(z) + Z/ Fij(dt)Zj(z —t)dt, (4.1)
j=1"0
where Fy; has density pe "'P;(F(t) < ¢,V (t) = j) and
zi(z) = / pe MP(F(t) < 0).
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Proof. We condition again on the time U = t of the first failure. Then for
D > 0 it is necessary that F(t) < ¢, and therefore z;(x) is the contribution
to Z;(x) from the event U > x. Similarly, conditioning in addition on V'(¢)
shows that the second term in (4.1) is the contribution from the event U < z.
O
The proof of Theorem 1.3 is now a straightforward adaptation of the de-
fective Markov key renewal theorem, [3] pp. 209-210. To give the value of D;
is also straightforward from the formulas there, but the formulas are tedious
and therefore omitted.
For computational purposes, one therefore needs to evaluate IP’(F (t) <
LV(t) = j). The four most common approaches are:

a) to let g(t, fiij) = (d/df)P(F(t) < f,V(t) = j) and derive a set of
PDE’s for the g(t, f;ij);

b) the transform inversion method of Ahn & Ramaswami [1];
c) the series expansion of Sericola [16];
d) simulation of P(F(t) < £,V (t) = j).

Example 4.1. Consider a LAN with N users. Each sends a task of an
exponential(v) duration to the central unit at rate A (no more tasks are sent
before completion), the central unit works at rate 1 and uses standard pro-
cessor sharing (works simultaneous on all tasks at the same rate). Thus, it
seems reasonable to take V(t) € {0,..., N} as the number of tasks currently
with the server, let

Giir1) = (N =X, Gigi-1) =V

and all other off-diagonal ¢;; equal to zero, and take r; = 1/i for i > 0, 19 = 0.
The model for V(¢) is an example of the so—called Palm’s Machine Repair
Problem described in [3] I11.3 with only a single repairman.

With 7; = limy o0 Pi(V(t) = j), the average service rate is r* = > [ m; /i
where 7 is the stationary distribution ov V. If failures occur at rate p and a
user sends a task of length ¢ to the central unit, a reasonable question is then
how the exponential decay rate v(¢) of this total task duration compares to
that v* of simple RESTART with service rate r* (that is, ideal task duration
¢/r*). To illustrate this, we took N = 10, A = 1, £ = 1 and considered 3x3
combinations of v, u: v chosen such that E;V(0) = 2,5,8 (low, moderate
and heavy load) and p = 1/5,1,5 (low, moderate and high failure rate). We
used method d) and obtained the following table over v and v* (the vaules of

~* are in (+)):
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E,V(0) 2 5 8

"

1/5 0.683 (0.744) | 0.259 (0.304) | 0.079 (0.079)
1 0.134 (0.121) | 0.040 (0.021) | 0.011 (0.004)
5 0.144 (0.030) | 0.212 (0.050) | 0.235 (0.094)

5 Appendix

Lemma 5.1. Assume that (Uy,)nen are iid variables with Uy, > 0. Let (Sy)nen
be the corresponding random walk, that is S, =Y p_, Uy for n € N. Define

7 =1inf{n e N| S, > a}
for some a > 0. Then

E[t"] < o0 forallt>0.

Proof. The result is obvious for ¢ < 1 so assume ¢t > 1. Since U; > 0 there
exist a constant b > 0 such that p := P(U; < b) < % Choose M € N with
bM > a.

Let 79 = 0 and define the stopping times (7,,)men recursively by

Tm = inf{n > 7,1 | U, > b}.

Then it holds that
™ 2> T

and (0,,)men are iid where
Om = T — Trm—1 -

Note that
o1 =7 = inf{n € N| S, > b}
and furthermore that
P(oy =n)=P(U; <b,...,Up—1 <b,U, >0) :pnfl(l—p)_

Hence

E[t7t] = Zt”p”_l(l—p)
n=1
= la-p Sy
p n=1
< 00,
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where it has been used that p < % Thereby we obtain

E[t"] <E [tZﬁilak] _E

M M
Ht"k] = [[ B = B M < oo.

k=1 k=1

O

Proposition 5.1. Assume that (Uy)nen are iid variables each with density
t — e on [0,t]. Let (Sp)nen be the corresponding random walk, that is
Sn = p_y U for n € N. Define

7(z) = inf{n € N|S,, > 2z} = inf{n € N| S,, —z > 0}
for some x > 0. Then
exp (= ¢ (2) (@ + 1)) <E[TW] <exp (- ¢! (2)2)
for all 0 < z < 1, where
p(0) = et«f:i)fy_l :
Proof. Because the Ugp—variables are bounded we have for all 6 > 0 that

h(f):=E [eGUl] < 00.

Consequently

is a martingale with mean 1. Define
7(x) = inf{n e N| S, > z}.

Then by optional stopping we have

65, (1) 05,
1:E[67;T(x)§n ¢ }

+E [—n;T(a@) >n

h(0)7@) h(0)

Let n — oo and note that ¢?>» < e/ on {r(2) > n}. From dominated
convergence we have

E &9 () E &%)
=E|—; < =E|——~—| .

h(6)@ 7(x) < o0 1(6)7@
Since & < S7(;) < @ + this yields

1 0z 1 0(z+t)
S P

96



5. Appendix

and thereby

1
—0(z+t) —0x
e <E [h(@)f(“)] <e .
)

Now consider the function 6 — h(0) = Elexp(6U;)]. It is strictly increas-
ing with ~(0) = 1 and limy_, h(A) = co. Hence ¢(0) = 1/h(0) is strictly
decreasing so that the inverse ¢! is well-defined (on ]0, 1]). Furthermore

ho) = E [eeUl}

t
- / e dy
0

= ﬁ [e(9+’7)t _ 1] )

This concludes the proof of the proposition. O

Proposition 5.2. For the function z — ¢~ '(z) studied in Proposition 5.1 it
holds that

() = — Tog(z)(1 +o(1)),
when z | 0.

Proof. We have that 0(z) := ¢~ !(z) can be found as the solution w.r.t. € of

the equation
L 0+
- et(0+y) — 1

which can be rewritten as
0+ ==z (et“’ﬂ) - 1) . (5.1)

Now let § > 0 and define 65(z) by

03(2) =~ log(z) .

With 6 = 65 the r.h.s. of (5.1) becomes 2!~ — z and the Lh.s. is of order log z
when z | 0. If § > 1 the r.h.s. increases faster than the L.h.s. as z | 0. With
z small enough we thereby have

05(2) +~ < 2 (et(95(2)+7) — 1) .

Note that the r.h.s. in (5.1) is an increasing and convex function of 6 while
the Lh.s. is affine. From that we can deduce that §(z) < 6s5(z). Similarly in
the 6 < 1 case we can see that 6(z) > 6s5(z). Hence

(=) = — 7 log()(1 + o(1))

as wanted. O
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PAPER

Ruin Theory in a Markovian
Environment

Anders Rgnn-Nielsen

Abstract

We consider a risk process { R}:>o with the property that the rate 8 of the
Poisson arrival process and the distribution B of the claim sizes depend on
the state of an underlying Harris recurrent Markov process {X;}¢>o. In this
setup we derive a version of Lundberg’s Inequality. This involves finding
eigenfunctions in the setup of a Markov-modulated random walk. This is
work in progress!
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1 Introduction

The aim of this paper is to determine the asymptotic behaviour of the ruin
probability 1 (u) for a Markov—additive risk process where the governing Markov
process is rather general. The idea is to see how the generalisation of the re-
sults of Chapter VI in [2], where the Markov process is discrete-valued, carries
through.

First recall the classical Cramér—-Lundberg model for the capital growth
of an insurance company

Ny

Y;‘,:U‘l’t_ZUia
i=1

where u is the initial capital of the company, {U;};cn are iid claim losses,
and {V;}+>¢ is a Poisson process, independent of {Uj; }ien, which describes the
occurrence times of the claims. Of interest is the time of ruin 7(u) = inf{t >
0] Y; < 0} and the probability of ruin within finite time ¥ (u) = P(7(u) < 00).
Usually the setup is reformulated into

leading to 7(u) = inf{t > 0 | S; > u}. For this model several more and less
specific results for ¢ (u) are well-known and can e.g. be seen in Chapter III
of [2]. A classical result is the Cramér—Lundberg Approximation, stating

Y(u) ~ Ce 7

as u — oo, where 7y is derived as the solution of the so—called Lundberg
equation.

A meaningful generalisation of this model is Markov—modulation. Instead
of having constant claim intensity and identically distributed claims, one could
assume that they depended on some underlying Markov process. An example
is that both claim sizes and the number of claims reasonably depend on the
type of weather (sun, wind, rain, etc).

Such a model is studied in [2] (and originally in [1]). Here it is assumed
that the underlying Markov process is ergodic and has a finite state—space.
One of the main results is a version of the Cramér—Lundberg Approximation.

In [12] a rather similar (but in some aspects more complicated) Markov
additive model given by

N t t
St:ZUi—/ 8. ds—/ 0. dB, (1.1)
i=1 0 0

is considered, and in [11] a simpler but similar model is the subject. Above J
is a discrete spaced Markov Chain that also governs the jump times of {N;}.
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Note that here the premium income is dependent of the Markov process, and
that a diffusion part as well is permitted to contribute to the risk process.
Another difference is that in this model the jump distributions are supposed
to be identical.

In this setup joint Laplace transforms of the time to ruin and the overshoot
at ruin is determined explicitly. This is done from establishing a version of
Itd’s formula for the joint process {X,J} and finding partial eigenfunctions
for the generator of this process. The eigenfunctions are constructed as simple
linear combinations of exponential functions. From these eigenfunctions the
asymptotic exponential behaviour of the ruin probability is easily derived.

Another subject related to the present is formed by the Markov random
walks. This can be considered as a discrete time version of the setup in this
paper. Ruin times for such processes are e.g. studied in the papers [8], [9]
and [10]. Another exposition that contains a rather clear asymptotic result
similar to the Cramér-Lundberg approximation is seen in [4].

The paper is organised such that it follows the exposition of the relevant
parts of Chapter VI in [2] rather closely. First the setup and the basic assump-
tions is introduced. In Section 3 a series of preliminary results are presented
and proved. Section 4 and 5 contain several technical results necessary for the
more concrete results in the final Section 6. In Section 4 — as a result of a yet
unsolved problem — another very important assumption is made.

2 Setup and basic assumptions

Consider a Markov additive process {Y;}i>0 = {St, Xt }+>0. That is Y is a
bivariate Markov process and X is a Markov process with state space F (a
complete and separable metric space) that governs the increments of S such
that

E[f(Stts = S0)g(Xso) | Fi] = Ex, [ (S5)9(Xs)] (2.1)

where F; = 0({Ys | 0 < s < t}). Furthermore we have used the notation E,
for the expectation w.r.t. P, under which Xy = z.
It is assumed that S has the form

The arrivals are not homogeneous in time but are determined by the process
X. Given X the sum 25\21 U; is an inhomogeneous Poisson process: Claims
are independent and at time ¢

e The arrival intensity is 8(X})

e A claim arriving has distribution By, .
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Here {B; }scp is a family of distributions on R. We shall use the notation

Blsl = [ erBa(ay
for the moment generating function of the distribution B,.
Of interest is the ruin time
7(u) =inf{t > 0| S; > u}
and (with the definition M := sup;>q.S;) the ruin probabilities
Pp(u) :=Py(7(u) < 00) =Py(M > u), Yy(u, T) :=Py(1(u) <T).

We assume that X is time-homogeneous, has paths in D = D(]0,00), E), and
that for any bounded continuous f : E — R and any s it holds that E, f(X5)
is a continuous function of z.

Let A denote the infinitesimal generator for X. We assume that X is
Harris ergodic. As described in Chapt. VII, section 3 of [3] X then has a
regeneration set R: Letting 7(R) = inf{t > 0 | X; € R} we have P,(7(R) <
o0) = 1, and furthermore for some r > 0 a probability measure A on E exists
such that for some € > 0

P,(z,B) > eX(B), r€R,

for all B € B(FE). From this regeneration set a renewal process {Z,} can be
constructed w.r.t. which X is regenerative. Hence X can be divided into one—
dependent identically distributed cycles of the form {X;}z, <i<s,.,. In fact
{X¢} 2, 01<t< 7,4 only depends of {X;} 7, <¢<z,., through {Xi}7 . _r<icz,.,-
Let {Y,,} denote the interarrival times for {Z, }, that is Z, =Y +--- + Y.

Also assume that
t— Xy

is continuous in probability. Let (P;);>p denote the transition kernel for X,
and define

(Puf)(@) = Bulf(X0] = | JPuCa.d).
Assume that R
z— fB(x) and x+— Bilo] (2.2)

are continuous and bounded functions on E. The ladder for all « in a suitably
large interval containing 0.

From this we obtain (by considering the compound Poisson process with the
maximal intensity and jumps) that for all ¢ > 0 and all n € N

sup sup E,[e®|h(X;)[] < oo for all o from (2.2). (2.3)
z€E||h||<1

sup E.[|S¢]"] < o0 (2.4)
el
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3. Preliminaries

3 Preliminaries

For each z € F let u(z) := [;°y By(dy) and 12 (z) = J5° y? By(dy) denote
the mean and second order moment of B,. Define

p(x) = Bx)u(z),

and let furthermore

* = z) w(dx = z)m(dx ':1—p*
p.—éfu (d), B-LLM)(d% ni=—2I

Let A € B(E) and let N¢(A) denote the number of claim arrivals up to time
t where X is in A:

t
M) = [ 1pxea Nds).
Also define (A¢(A))i>0 by

t
>=Amxnm@w&

We have

Proposition 3.1. Ast — oo,

Ni(A) py—as.
ti )11%_} /Aﬁ(x)ﬂ dz

for A € B(E). Especially it holds that Nt Pozas. ge

Proof. Simply write
Ni4)  Ni(4) AdA)
t A(A) t
Given (X;) we have that (N;(A)) is a inhomogeneous Poisson process with
intensity B(X;)1{x,ca}. Hence (see e.g. Chapt. 4.5 in [15])

Nt(A) Pz —a.s.
— 1.
Ai(A)

That the second factor has limit [, 3(x)m(dx) follows directly from the Er-
godic Theorem (see e.g. [3] Chapt. VII, prop. 3.7). O

Proposition 3.2. Ast — oco: (a) ExS;/t — p* —1; (b) S¢/t — Fozgs. p*—1.
For the proof of (b) we will need the following lemma:

Lemma 3.1. For f: E — R bounded, positive and measurable we have

/f dSIF’zas/f dz) .
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Proof. If f = 14 the result equals Proposition 3.1. That the lemma also holds
for simple functions is obvious. Since f is bounded we can choose simple
functions s,,, t,, for each n € N such that

sp < f<t, and |tp(z)—sp(z)|<1/nforallzec E.

Then

imanply [ 560 @) - [ @dtalrtaa)

<11msuphmsup\—/0 tn(X5) (ds)—/Esn(x)ﬁ(x)ﬂ(dx)]

n—o0 t—o00

—|—limsuplimsup\% / sn(X,) N(ds) — /E b () B(x) w(dz)|

n—o0 t—o00

< limsup 2 / —p(x

n—oo

Proof of Proposition 3.2. For the proof of (a) first notice that

Sp+t= /t Uy, N(ds) (3.1)
0

Given X the counting process N is a non—homogeneous Poisson process with
intensity (5(X¢))i>0. Similarly we have that for A € B(R) the number of
claims of a size within A up to time ¢ given X is a Poisson process with
intensity (8(X¢)Bx,(A))t>0. That is

(/ Liyy, eay N(ds) > | X ~ po((B(X¢)Bx,(A))e=0) - (3.2)
Hence
E[/O 1{UNS€A}N(ds)|X} :/O B(X,)Bx. (A)ds,

and by a classical extension argument via simple functions we obtain

e[ [ v Nas)x] = [ s0concaas

When dividing by ¢, the right hand side has limit p* P,—a.s. because of the Er-
godic Theorem. Since § and p are bounded functions (1/t f(f B(Xs)u(Xs) ds) .
t2

must be a bounded sequence. Taking expectations and using Dominated Con-
vergence yields that

A %Em {/Ot Un. N(ds)} B tli{& t / px } =0
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Together with (3.1) this concludes the proof of (a).

Given X and N we have that (U,,) are independent where U,, has distribution
By, . Then E[U,|X, N] = u(X;,) and we can write

N¢ t
;E[Unp(, N] = /0 1(Xs) N(ds).
Now for (b) write
S+t _ 1 <§: U, — iE[UMX, N]) 41 /t (Xs) N(ds). (3.3)
t t \ = — tJo

Note that z +— p(z) is a bounded measurable function because of (2.2). Then
Lemma 3.1 yields that the second term has the P, —a.s. limit [, pu(x)5(x) m(dx)
p*ast — oo.

Also because of the assumption in (2.2) we must have that z — u®)(z) is
bounded. Then obviously

|
E — Var[U,| X, N] < oo,
n

n=1

and from a classical version of the Law of Large Numbers it follows that given

X and N
1 M M
Vi <Z:1UR—Z:IE[URIX,N]> 2%0.

This must be true without the conditioning as well. Replace M by N; and
recall that Ny/t — [* Py—a.s.. Then the first term in (3.3) has limit 0, and
the proof of (b) is complete. O

Corollary 3.1. If n < 0, then 1.(u) = 1 for all x and u. If n > 0, then
Ye(u) <1 for all x and u.

Proof. The case n < 0 is trivial since the a.s. limit p* — 1 of S;/t is > 0, and
hence M = oo. The case n > 0 is similarly easy.

Now let 7 = 0. Because of the existence of a regeneration set, a renewal
process {Y; }nen exists such that {Xy, }nen are equally distributed and the
processes {X¢}y, ,,<i<y, for n > 1 are one-dependent. Define

7y =Sy,,  Zn=Sy,., — Sy,

n

Then {Z,}nen are one-dependent, and {Z,},>2 are equally distributed (if
Xy has distribution A also Z; ~ Z3) Since X is assumed to be positive recur-
rent (from the ergodicity) it holds that E)S; < oo and furthermore from [3],
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Theorem 3.2, we have

Y1 x)u(x) m(de *
s ae] = 1274 I)E’igﬁ) (@2) _ a

E,\{ (3.4)

0

But conditionally upon X the regeneration point Y7 is fixed. Thus by the
same extension argument as in Proposition 3.2
Y
E[Sy, | X] = B(Xe)pu(Xy) dt — Y. (3.5)
0

Combining (3.4) and (3.5) yields E)Sy, = (p* — 1)/E»Y1 = 0. Now
Sy, =Z1+...+Z,,

where (Z,,)n>2 are one dependent and equally distributed with mean 0. Then
due to the argument below limsup,,_, . Sy, = oo P,—a.s. and thereby v, (u) =
1 for all u.

First note that Kolmogorov’s 0—1-law is true for the tail-c—algebra F*° of
{Z,}. We obviously have that limsup,,_, . ﬁSyn is F*°—measurable. Then

a constant ¢ € [—o0, 00| exists such that

lim sup ﬁSyn =c Pas..
n—oo

Now assume that ¢ < co. Then
Px(#Syn >c+1)—0. (3.6)
But from a one-dependent version of the Central Limit Theorem we have that
LSy, SN(O,V)

for some variance V' > 0, which contradicts (3.6). Hence

lim sup ﬁSyn =00 P,as..

Another result that will be useful is the following. First define f, by

fa(@) = B(2)[Belo] = 1] — o (3.7)
and note that f, is bounded for a € © because of (2.2).
Proposition 3.3. For «, where (2.2) is fulfilled, it holds that

E[e*S" | X] = exp ( /0 FalX,) ds).
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Proof. We have the equality

St — oo Joy Ung N(ds)—at )

From (3.2) it is obtained
Bexw (o [ 10N (@) ]
—ew(( [ B(X) B, (4) ds) (¢* — 1)
= exp ( /0 t B(X,) / (ex14® — 1) By, (du) ds),

Note that given X and with A and B disjoint the integrals fg Ly, eayV(ds)
and f(f Ly, eByN(ds) are independent and furthermore el 1 4etln 1 =
e(@1a+b15)  This leads to

E[exp (a/otf(UNs)N(ds))|X] = exp (/Otﬁ(Xs)/(eaf(u) —1)Bx, (du) ds)

for simple functions f. Now the result follows from approximation. O

4 Fundamental operator and eigenfunctions

For the rest of the paper we shall consider the situation, where n > 0 and
hence 9, (u) < 1 for all z and u.

For some «, where & — B[] is bounded, define the operator P2 on b(E) by
P} f(x) = Eo[e™ f (X))

for f € b(E) and a > 0 (note that PY = P;). From the Markov additive
property (2.1) it is seen that (P§');>o forms a semigroup:

PP f(r) = By [o" B, [o5 F(X,)]|

= E. [e"SB[e5r+=5) £ (X, 7]

= P?+Sf(.%') 9
And as a result of the continuity in probability we have with f € bC(E)
lim E,[f(X,)] = £(x) (4.1)
—0
and
lim P7/(2) = f(2) (4.2)
—0

for all z € E. Hence (P§)¢>¢ is a strongly continuous semigroup (see e.g. [7],
Chapt. 1)
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Proposition 4.1. The semigroup (P{) is generated by the operator C* that
for g € bC(E) N DomA is given by

(C)(x) = g(x)(—a + B(x)(Bz[a] = 1)) + Ag(z). (4.3)

Proof. Let z = a € R and denote Gy, = 0({Xs | 0 < s < h}. Then for
f € bC(F) and h > 0 we have the following up to o(h)-terms:

K

Piif(z) = Eo [E[e™ £(X)|G]
Ex[E
=E

[e
[e541G1] £ ()]
x[E @Sr|Gp; no claims in [0, t]]f(Xh)]

[e
+E,; [(/OhE e*r|Gp; claim at time s|B(Xs)e ~Jg A dudS) f(Xh)}
ah(l / B(X B(Xu) d”ds)f(Xh)}

FE, e /0 B, [)B(X,)e™ i #00ea5) £(x,)]
= e (1 — hB(x))Eo[f (X))
+ MR, ] (o) E, £ (X))
= (1 — ah)Ey [f(Xn)] + hB(z)(Byla] — 1)E.[£(Xp)]
= [A(=a+ B(x)(Bola] — 1)) + 1] Eu[f(X5)]
= hf(@)(—a + B(z)(Bila] = 1)) + (Pnf)(x).
In the last equality we have used (4.1). Then for f € DomA

lim = (P £)(z) — /()

h—0
= f(@)(—a + B(z)(B:[o] = 1)) + lim h(th( z) — f(z))
= f(@)(—a + B(z)(B:[o] - 1)) + (Af)( )
which concludes the proof. O

For the rest of the paper we shall assume

Assumption 4.1. There exists ag > 0 such that
; a0St] —
Jim B, [e%07] = oo, (4.4)

and such that for a € © := [0, 0] a constant X\(a)) > 0 and a function h® €
bC(E) exists with 0 < h%,, < h*(z) < h$ . for all x € E and

min max

PSR = A(a)h® . (4.5)
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Furthermore () is the spectral radius if P§ and a simple eigenvalue. Assume
that both A(«) and h® are differentiable w.r.t. «. Finally assume that (2.2) is
fulfilled for all a € ©.

Remark 4.1. In Appendiz A a scenario is shown under which Assumption
4.1 s fulfilled without (4.4). There aq is simply chosen very small.

Consider the function P‘f‘/nho‘ for « € © and n € N. We have
P‘f‘Pf‘/nhO‘ = f‘/nP‘f‘ho‘ = A a) f‘/nho‘.

Since the eigenspace for P{ corresponding to A(«) is one-dimensional we have
P, h® = ch®. Using that (P‘f‘/n)" = P¢ yields ¢ = A(a)'/" and then

PR = A(a)h®

for all rational ¢ > 0. Since (P§);>¢ is a continuous semigroup we have the

result
P?ha — ot log()\(a))hoz _ etn(oz) he

where k(o) := log(A(a)).
Proposition 4.2. For each o € © we have that

1
k(a) = lim =logE,[e*"].

n—soo N
Furthermore o — k() is convet.

Note that apparently the function k(«) resembles the so—called Gértner—Ellis
limit known from large deviation theory — see e.g. Chapter 2 in Dembo and
Zeitouni, [6], or the discussion in Section 7 of de Acosta, [5].

Proof. We have constants 0 < ¢; < ¢o < oo such that
g < h®(z) < e forallz € E.

Then
E.[e*m¢1] < By [e®"h¥(X,,)] < Eg[e®ey]

and since E,[e®¥h®(X,,)] = (P2h)(x) = M) h®(z), we have
1 B[] < Xa)"he(z) < oy [e®"]

and thereby

L 1og ()42 Tog By [e™57] < Tog A(a)+— log(h%(x)) < ~ log(ca)+— log B[]

5, o8lcr)T - 108 By S logAla)T— 108 T)) = o io8le2) T 108 L .

Letting n — oo yields

K(a) = log(\()) = lim = log Ey[e®n] . (4.6)

n—oo N
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We will say that a positive function f is superconvez if log f is convex. From
the remark after Corollary 1 in Kingman [14] we have that a +— E,[e*5"] is
superconvex for each n € N. Then the Lemma in [14] yields that also

AMa) = limsup (Ex[eaS”])l/n
n—oo
is superconvex. Hence k is a convex function. ]

Let k% denote the derivative of h® w.r.t. .

Lemma 4.1.
E.[S;] = tx'(0) + ko(:c) —E,; [k:O(Xt)] .

Proof. From Proposition 5.1 we have E,[e®5h®(X;)] = e*(®h(z). By dif-
ferentiation

E,[S;e®Stho(X;) + e*St k% (X;)] = () (ko‘(Xt) + m'(a)ho‘(m)) .

Let o = 0 and recall that h°(x) =1 for all x and x(0) = 0. O

Proposition 4.3.
Ea} [St]

. 0
A T ©).
Proof. Simply divide by ¢t in Lemma 4.1 and let ¢ — oo. O

5 DMartingale and exponential change of measure

Let § € © and define the process {L; }+>0 by

h(Xy)
10 — 0Si—tk(0)
CT ()

Then we have the following useful result

Proposition 5.1. (LY)>o is a Py-martingale with mean 1. Furthermore
(L9)i>0 is a multiplicative functional.

Proof. First we see that
E[e"S%(X)] = (PYR®)(x) = O ()
and thereby also

o, e O 0516
E.[L{] = he(x) E.[e”*h’(Xy)] = 1.
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Then
E[Lerh‘}—t] = E[ihe}gi;gh) ISt+n—(t+h)r(0) ]]—“t]
= %&?M E[ee(st”_st)he(Xt+h)|]:t]

=rf.
That (L¢)¢>0 is a multiplicative functional follows from

Lg 0l = ﬁ o (Sts—5t)—sr(0)
Xy ’

where 6; is the shift operator. Then obviously

Ly =L (100 0).

Now define the probability measure ]P’g by
PY(A) =E,[LY;A]  for A€ Fi.

Let E? be the expectation under P?.

Definition 5.1. Define the following operators on bC(E) (the first resembles
P under P9) by

for f € bC(E). Let furthermore
%DomA = {h—fg | f € DomA}.

Note that since DomA is dense in b(E) (see e.g. Cor. 1.6, Chapt. 1 in [7])
then so is %DomA.

Now we can state and prove

Theorem 5.1. Under P9 the process {St, Xt }t>0 is a MAP. Here the distri-
bution of {S, X} is parametrised as follows:
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i) X has infinitesimal generator A? that on L DomA is given by A? =
h
ASCOA — k(O

(i1) The arrival intensity is given by 8°(x) = B(x)By[0)]

(iii) The claims are given by the distributions BY(du) =
alently: Blla] = Byla + 0]/B.[6])

m 2 (du) (equiv-

Proof. 1t is immediately seen from Chapt. II, Theorem 2.5 (Asmussen, 2000)
that {Sy, X} is a time homogeneous Markov process under IP’z (using the fact
that {L¢};>0 is a multiplicative functional).

We will now show from direct calculation that {S, X} fulfil the MAP-
condition (2.1) under the changed measure PY. First we see that with A € F;
it holds that

/ B L (Stss — S0)g(Xopa)| 1] dPY = / F(Sees — S0)9(Xeps) AP
A A
= /Af(5t+s = 51)9(Xt4s) Lt - Ls 0 0y APy,

= / E[f(St4s — St)g(Xeys) Lt - Ls 0 04| F] dP

:>\>\

E StJrs - ) (XtJrs)Ls ¢} 0t|]:t]Lt sz

E J(Stys — St) (Xt+s)Ls © Ht’]:t] dP

So P?-a.s. we have

E? Lf (Sts—51)9(Xits)|Fi]
= E[f(St+s — St)g(Xits)Ls 0 04| F]

ho( Xy o
-k [f(s“rs - St)g(XtJrs)h(?;;))eg(SHs St) (9)’_7_}]
1

e Q(Xt)E[ F(Shis — Sp)elSeta=50=s5 ORI (X, Yo(Xyrs)| }'t}
71 —SK
= Wy B (855012 (X, )g (X, )|

— B4, [£(S,)g(X.)].
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and hence for f € bC(F) we have

(P f)(x) = ES[e% f(X))]
= B, [L{e™ f(Xy)]

ho(X te(6) o
= Ly ha((xt)) QGSt ! (6)6 Stf(Xt)
e ) (0+a)S: 1,0
= Sy el 0) £ ()

— O (AP A f) (@) (5.1)

Since (Pf')¢>o forms a strongly continuous semigroup it is immediately seen
that so does (Pf’a)tzo. Recall that for f € DomA

Jim 1 (Pf+a Fo f) — e,

t—0

From applying the exact same arguments as in the proof of Proposition 4.1
one would obtain

lim (e’t“(G)Pf“‘ f- f) = Cfo — k(O)1.

t—0

Then with A f € DomA (& f € 73DomA)

Jim 1 (e—mw)A;ngmAhe Fo f)

t—0
—A; lim + (e—m<">Pf+aAh9 f— Ay f> — ACU AL — R(O)T.

ho 45
Hence the semigroup (Pf’a)tzo is generated by C%®, where C?* = A;;C”O‘Ahe—

k(0)I.
Letting a = 0 above yields

lim & (E2[/(X0)] ~ f(x)) = A CO Ay — R(O)T.

t—0

It is seen that X is a Markov process with infinitesimal generator A’ =
A;QICGAhe — #(0)T under P?. Here A has domain %DomA.
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We have for f € ; L DomA that (recall the definition of C* in (4.3)!)
(Cf)()

(A CU Ay f) (@) — 5(0) f ()

(—(0+a)+ B(SC)(Bx[@ + a] — 1)) f(z) + (A AA L0 f)(x) — K(0) f(x)

(

=(—a+B(x)(B]0+a] — [9]))f(x)+(—9+I3(x)(éz[9]_1))f(x)
+(AL AAhef><> K(0)f ()

—(—as 2 L0t z “10OA,, — £ T

= (e Bx[e]( B.[0] ~ 1)) f(@) + (A C A — K(OD/ (2)

= (—a+p°(Bla] - 1)) f(z) + (A%f)(2),

where A?, 8% and Eg are as in the theorem. This resembles the expression for
C® in (4.3) with the parameters stated in the theorem. For fixed ¢ > 0 we have
that the expression (Pf’a )(x) = E[e®S f(X;)] determines the distribution of
{St, X;} uniquely when « € (—9,6) (for some arbitrary 6 > 0) and f € bC'(E)
varies. Since a strongly continuous semigroup is uniquely determined by it’s
generator (see. Prop. 2.9, Chapt. 1 of [7]) we can conclude that {S, X;} has
distribution as a MAP with the stated parameters. O

Remark 5.1. It is immediately seen that under P? for @ < ag we have prop-
erties similar to (2.2):

z— B%x) and 2z~ BY[a]
are continuous and bounded functions. The ladder for 6 + a € ©.
From [2], Theorem 2.3, Chapt. II, we have

Proposition 5.2. Let 7 be any stopping time and let G € F, with G C {1 <
oo}. Then

E,(G) = h? (z)E [W exp (= 05, + 75(0)); G} . (5.2)

Recall from (5.1) that under P? the process {S, X} is Markov-additive
with fundamental operator Pf’a given by

(P ) (@) = e O (AP A ) ().

Since (PYTohf+e)(z) = et O+ pf+e(z) we obviously have that h?*®/h? is an
. : b oo
eigenfunction for P;" satisfying

(PRI /10 () = e OF)=RO) e (g /10 ()

Hence with % and py being defined under P as x and p* are defined under
P, we have

Lemma 5.1. x%(a) = k(0 + ) — k(0), and p}; > 1 whenever £'(6) > 0

Proof. The ladder comes from recalling that pj = r(0). O

116



6. Ruin probabilities

6 Ruin probabilities

From combining (4.4) with Proposition 4.2 and Proposition 3.2 we obtain that
k is differentiable and convex on © with x(0) = 0, x'(0) < 0 and k(ag) > 0.
Hence a solution v > 0 of the Lundberg equation k() = 0 exists.

Proposition 6.1. The Markov process X is Harris recurrent under P7 with
R as regeneration set and \ as the distribution at the regeneration epochs.

Proof. Recall
7(R) =inf{t > 0| X; € R}.

Since X is assumed to be Harris recurrent under P, we have that P,(7(R) <
o0) = 1 for all x € E. For convenience let 7 := 7(R) A 7(u). Since 7 At is
bounded Optional Stopping yields

1= Bo[L7]) = B [ by (o)
-l
+E, [hwl(x)eWSthv(Xt);T > t} .
Define hjax = max, h?(x) and k). = min, h7(z). Note that e"5th,(X;) is

bounded by €"hy max on {7 > t} so by Dominated convergence the second
term has limit 0 as ¢ — oo. Since L7 is a positive supermartingale it holds
that E,[L7] < E,[L}] = 1 and hence from applying Dominated convergence
to the first term we obtain

L s
Ez{m(x)ew TN B (X (Ryar(u)) | = 1

From [2], Theorem 2.3, Chapt. II, we have

BY[r(R) A 7(u) < 00] = By | =@ Sm0n iy (X )y )i 7(R) A (1) < 0]

hY(z)

I s
= B |1 g€ e (K rgnr)] = 1

using the assumption that P,[7(R) < oo] = 1. When u — oo we must have
that 7(u) — oo (explosions are impossible). Then

{T(R) AN7(u) < o0} | {T(R) < o0}

as u — oo. Hence
PI(T(R) <o0)=1.
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Furthermore we have for f € bC'(F)" that

B/ (X)) = Ex |3

e”S*h”<Jfr>f<J¥r>}
h. h.
> e R, (X)) 2 pBe e [ fay.
hmax hmax
]

Proposition 6.2. Assume that sup,cp E; [erCaT(R)] < oo for some r > 1.
Then X is Harris ergodic under P7.

Proof. From a standard extension of Proposition 5.2 to stopping times (see
e.g. Thm. XIIL.3.2 in [3]) we obtain

W (Xr(r)
hY (z)

h’y(XT(R))

B, [r(R)] = 53 | "

eWS"(R)T(R):| =E) [ T(R)EY [¢757m| X]

Using (3.3) and furthermore letting 1 = % + 119 yields

By [r(B)] < hog, [ecor®r ()] < e (g, [oreert®]) ", fr(p))

Hence from the assumption of the proposition we obtain sup,cp EX[7(R)] <
00. Recall that the first regeneration epoch Y of X under ]P’K can be produced
as follows: Let {&, }nen be iid 0-1-variables with probability € of being 1 and
let N =inf{n € N|¢, =1}. Then

Y=7Rh+r+717(R)2+r+...+7(R)n+7

where e.g. 7(R)2 is the waiting time after 7(R);+r until R is hit the next time.
Note that the 7(R) variables are independent of {{, }nen. Then obviously

E}[Y|N] < N sup E}[r(R)]
zel
and since N is geometrically distributed it has finite expectation. Hence
E\[Y] < 0. O

Under the assumption of Proposition 6.2 the results from Section 3 can be
applied to the process under P?. Note that x'(y) > 0 such that p% > 0 and
hence by Corollary 3.1 we have PJ(7(u) < o0) = 1.

Let &(u) := Sr(,) — u denote the overshoot. Then
Corollary 6.1.
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Noting that &(u) > 0 yields
Corollary 6.2.

7 Appendix

We will in this section use the following assumption

Assumption 7.1. Assume that the Markov process (Xi)i>o is irreducible
(with respect to a mazimal irreducible measure ¢), aperiodic and uniformly
ergodic. Let Q be the operator corresponding to the stationary distribution .
That is

Qr(e) = [ 1.
E
Assume furthermore that with some v > 0
P —Qll = O(e™). (7.1)

Recall that for some bounded operator T : bC(E) — bC(E) the resolvent
p(T) is defined as

p(T) :={y € C| (T —yI)~! exists}
and the spectrum o(T) is the compliment of the resolvent,
o(T) = C\ p(T).

For y € p(T) the operator (T —yI)~!is called the resolvent at y and is denoted
R(y)-

The following decomposition (see Riesz, Chap. XI, [16]) will be very impor-
tant. Assume that o(T) = 01 U0y, where o1 and o9 are disjoint and isolated.
Let I; for i = 1,2 be a closed rectifiable curve in p(T) which is the boundary
of an open bounded region D; such that o; = o(T) N D;. We have the result:

Theorem 7.1. The space bC(E) may be decomposed into the vector sum of
two linearly independent subspaces N1 and N3, where

TWN;) CN; and o(T|n;) =05
The parallel projection of bC'(E) onto N; is given by

1

P, =—— R(y) dy.
[2F3 271_2 o (y) y

Furthermore Py, =1 and Py, = 0 if and only if o1 coincides with o(T) and
o9 15 empty.
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Let Q be the operator corresponding to the stationary distribution 7:

/f (dy) forall x € E.
From (7.1) we have

[P QII—HSHP [[Pnh — Qhl| < ~p", (7.2)

and because of (7.2) and direct calculation one can see that

1 — 1
R(y) := ﬁQ‘i‘nZOW(Pn -Q)

is well-defined and —R(y) is the resolvent for Py at y when y # 1 and |y| > p.

With a proof similar to the one of Jensen [13], Lemma 2.2 (see also the ap-
pendices of [8], [9] and [10]) and using the formula (2.4) we have

Lemma 7.1. There exist K > 0 and n > 0 such that for |a| <mn, |y — 1| >
—p)/6 and |y| > p+ (1 — p)/6 it holds that
1P = A < Ko
and thereby

=> R@)[(P] —P)R(y)"
n=0

is well-defined with —R*(y) the resolvent for P{ .

From this result it is seen that for |a| < n the spectrum of Pf* lies inside the
two circles Ch ={y : ly—1|=(1—p)/3}and Co ={y : |y|=p+ (1 —p)/3}.
Hence the spectrum can be decomposed into two disjoint parts. From Theorem
7.1 we have the decomposition bC(E) = Nj(«) ® Na(«) such that

1 1
Q":=— [ Ri(ydy, 1I-Q":=

R%(y)d
271 el 27T’L Cy (y) y

are parallel projections of bC'(E) onto N;(«) and Na(«) respectively. With a
proof similar to the one of Lemma 2.3 in [13] we have the following Lemma:

Lemma 7.2. There exists 0 < § < n such that N1(z) is one-dimensional for
la| < 6. Furthermore sup, <5 ||Q% — Q| < 1.

Together with the results from Theorem 7.1 we have some eigenvalue A(z)
when |z| < ¢ such that P{f = A(«)f for all f € Ni(a). Now let 2z =a € R
with |a| < 4. Define ¢ € bC(FE) by ¢ = 1. Then Q%) € Ni(«) and obviously
Qy =1 and Q*Q%Y = Q™. Then from Lemma 7.2 we have that

Q% — 4[| < 1. (7.3)
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Hence (Q“¢)(z) # 0 for all x € E. Now consider
Q=5 [ R
N 211 e} 4 v

Each term (R(y)[(P{ — P1)R(y)]™)?¥ in R*(y)y can be written on the form

oo

1
2,

n,m=0

where all f,, , are real-valued functions, since P is a real operator. Hence
also R*(y)v has this form. Since

1 1

— —— X dyeR

21 Jo, (y — 1)my™ J

for all n,m we conclude that Q% is a real-valued function. From (7.3) it is
furthermore seen to have positive values, bounded away from 0. All together
we have that for |a| < 4§

P (Q%)) = AMa)(Q%),
where Q% is real with positive values bounded away from 0. Hence also \(«)

is real—valued.

As aresult of (2.4) also Lemma 2.5 and 2.6 from Jensen, [13], can be reproved.
Hence for « in a sufficiently small interval of a’s around 0 both o — A(«) and
a — Q% are differentiable.
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