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Abstract

Let A be a v-vector of self-adjoint, pairwise commuting operators and B a
bounded operator of class C™(A). We prove a Taylor-like expansion of the
commutator [B, f(A)] for a large class of functions f: R” — R, generalising
the one-dimensional result where A is just a self-adjoint operator. This is done
using almost analytic extensions and the higher-dimensional Helffer-Sjostrand
formula.
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1 Introduction

It is well-known that if A is a self-adjoint operator, B is a bounded operator of class
C™(A) in the sense of [1] and f satisfies |f™(z)| < C,(x)*™ for all n, then for
O§t1§n0,0§t2§1Withs+t1+t2<n0,

nol

Zk,f‘“ )ad}(B) + Ruy (A, B)

where ad%(B) is the k’th iterated commutator, R, (A, B) € B(H ;1Y) and HY, is
defined as D({A)!) equipped with the graph-norm ||v|; = ||(A)|| for t > 0 and H,’
is the dual space of HY. This follows relatively easily from using the (one-dimensional)
Helffer-Sjostrand formula

/ Jf(z )dz, (1)

where 0 = %(&E +10,) and f is an almost analytic extension of f, and the identity

BAA= Y g [ 70—
. (_713”0 /C F(2)(A— =)™ ad™(B)(A — 2)"\d=

when £ [ If (2)(=1)*(A — 2)7*1dz is recognised as f*)(A) using (1). See e.g. [4]
for details. Due to the higher complexity of the general Helffer-Sjostrand formula,
these calculations do not lead directly to the generalised result where A is a vector of
self-adjoint, pairwise commuting operators. However, we will follow the same idea.

The theorem may be viewed as an abstract analogue of pseudo-differential calculus.
The one-dimensional version is an often used result, see e.g. [2] and [4]. Apart from
the obvious interest in generalising the result to higher dimensions, our improvement
has proven useful in the treatment of models in quantum field theory, see [6]. In
particular, a lemma in [6] whose proof depends on our result, extends the results of
[5] to a larger class of models.

2 The setting and result

In the following, A = (A4;,...,A,) is a vector of self-adjoint, pairwise commuting
operators acting on a Hilbert space H, and B € B(H) is a bounded operator on H.
We shall use the notion of B being of class C"(A) introduced in [1]. For notational
convenience, we adobt the following convention: If 0 < j < v, then §; denotes the
multi-index (0,...,0,1,0,...,0), where the 1 is in the j’th entry.

Definition 1. Let ny € NU {oo}. Assume that the multi-commutator form defined
iteratively by ad’(B) = B and ad$(B) = [adiﬁéj(B), A;] as a form on D(A;), where
a > 9, is a multi-index and 1 < j < v, can be represented by a bounded operator

also denoted by ad}(B), for all multi-indices «, |a| < ng+ 1. Then B is said to be
of class C"™(A) and we write B € C™(A).
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Remark 2. The definition of ad$(B) does not depend on the order of the iteration
since the A; are pairwise commuting. We call |a| the degree of ad}(B).

In the following, H% := D(]H|®) for s > 0 will be used to denote the scale of
spaces associated to A. For negative s, we define H% 1= (H*)".

Theorem 3. Assume that B € C™(A) for someng >n+1>1,0<t <n+1,
0 <ty <1 and that {f\}rer satisfies

Ya3C,: [0%fr(z)| < Co(x)*lol

uniformly in A for some s € R such that t; +1t3+s <n+1. Then

n

(B, ()] = 3 0" F2(A) ad}(B) + Ran(A, B)

jof=1

as an identity on D({A)*), where Ry (A, B) € B(H"*,H'}) and there exist a constant
C independent of A, B and X\ such that

1Ran A B) gy < C S lad5y(B)]|

|a|=n+1

Remark 4. A similar statement holds with the ad$(B) and 0°fy(A) interchanged
at the cost of a sign correction given by (—1)*=!, and the corresponding remainder
term R) (A, B) € B(H ", H'?). This can be seen either by proving it analogously
or by taking the adjoint equation and replacing B by —B.

Remark 5. If £ < ¢; and ny > n+ 1 + k, then R, (A, B) can be replaced by
R} (A, B) € B(H ™ H%™"). This can be seen by commuting |A — z|~? and
ad%(B) in the terms of the remainder, see page 8.

3 The Proof

Let 2€C", Imz#0,1</¢{<vandg,g:R”— C be given as g(t) = |t — 2|72 and
ge(t) =ty — z,. Write for 23 < «

—)la=Bliq—7|! a— 92—
Tg(th) = (2\13)\5[(04,'2/3)53‘ (t — Re Z) 2/8|t - Z| 2 ﬂl'

Lemma 6. Let g be as above and o be any multi-index. Then

0°g(t) = > alTJ(t, 2)|t — 2

2B<a

Proof. For brevity, we will write o or 8¢ for a + §; or 3 + §;, respectively. The
formula is obviously true for |a| < 1. Now assume that we have proven the formula
for || < k. Let |a| = k and 0 < i < v be arbitrary. It suffices to prove the formula
for a’. One easily verifies using the chain rule that

(0%g™)(t) = —2n(t; — Re )|t — 2|72 (2)
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Now by the induction hypothesis, we see that

a5 5 2)la=Blal|a—g|! a— _ola—B|—
ot =op Yy ol bl A ‘Qﬁ Lt — Rez)* 20|t — 7|~ 2o—Fl-2
2B<a
Ia Blalla !/ ad; — _9la—Bl—
= > e (O (t — Re2)2 )¢ — 2| o2 (3)
26<a
2)le=Blol|a ! a— Ji —2|a—pB|—
+ et (¢ = Rez) (Ot — 2| ). (4
2B<a

For the sake of clarity, we will now consider each sum independently.

—_Nle=Blala—a]! _
(3) = W(O@ - Zﬁl)(t — Re Z)
2B<a

2)\& ﬁ| || 76 |I i_9pQt —9lat—Bt—2
_22 /8Z+1 2|B74‘/37.| OL? 3181) ( _Rez)a ﬂ |t_Z| Ia ﬁ‘

t— Z|*2\a*5|*2

2B<a
2B:i<a;
\a Bl i_ _9lat—B8|—
S, Y Pl R et )82 )
2B<a+46;

Using (2), we see that (4) equals

> Comassar (= Re2)* ™ (=2)(ja — | + 1)(ti ~ Re )|t — =~

218181 (a—28)!
2B<a
\a Bl i_ _92lat—Bl—
= Z (r +1—-26,)= 22\5\,3' a?”;ﬁ Lt — Rez)” Pt — o[ 200172
2B<a
—9 |ai7B\ iat—a8|! i _ i_ 3l
( Q)Iﬁlﬁ!(a?_lgo;a)!m (t—Rez)O‘ 2ﬁ|t_z| 2|la"—pB|—-2 (6)
20<a
_ylat=Blalai_g i Colai—Bl—
- 261 z)lﬂlﬁ!(a?—';ﬁ)!ﬁl (t = Rez) |t — z| 2 =F1=2, (7)
26<a

Now (7) cancels (5) except for possible terms with 26 = a + 0;:

_o)let =Bl i1lai—a i 9l —Bl—
(5) + (7) = 3 et ol (4 Re 20’29y — 5|2 —il2, (8)
Adding (6) and (8) finishes the induction. O

Lemma 7. Let B € C™(A) for some ng > 1 and let n € Ny and g be a multi-index
satisfying |ao| +n 4+ 1 < ng. Then

[ad3? (B), g(A)] = ) 53“9(/1) ad’"*(B) + R} (A, ad}’(B)), (9)

lal=1



where
RI(A,ad}’(B))

_ Z Z Bi+1 T/3+5i (A, Z) adjo+a+26¢(B)|A N Z|_2 (10)

|a4-6;— 8]~ a+26;

la|l=n—1 i=1

2B<a
f i = ap+a+d; -
£33 AT (4, 2)(A, - 5)ad (B A— 2 (1)
al=n =1
‘2/3|§o¢
i 67, [e% a—+0; —
£33 BT (4, 2) ad T B) (A - )| A - 22 (12)
al=n =1
‘2ﬁ|§o¢

Proof. The proof goes by induction. One may check by inspection of the following
identity that the statement is true for n = 0.

[ad (B), [A = 2[*] = = > |A— 2| 72(Ai — ) ad " (B)|A - 2|
(13)
= JA— 2[Pad T (B) (A — z)|A — 2|2
i=1

Now assume that we have proven the formula for k& < n, |ag| +n + 2 < ny. We will
now show that this implies that the formula holds for £ = n 4+ 1. We begin by noting
two useful identities.

_ Bi+l  B+9;
Tf(tv Z)|t - Z| 2= ‘aJrJ(ijB‘Ta—i-Qéj (t7 Z)‘ (14>

(B + DTk (t,2)2(t — Rezy) = (a; + 1 — 2B)T0 5. (¢, 2). (15)
Now using (13) and (14) we see that

(10) =Y > BELTIE (A, 2)|A = 2| 2adP T (B) (16)

|a|=n—1 2B<a i=1
v v
Bi+l _ Bi+di+1 rpB+i+d;
T2 2D D At Latas s (A7)
|a|=n—128<a i=1 j=1 (17)

X (A; = z;) ady T (B)|A — 2|

J
v v
Bit+1 Bj+6i;+1 B+6i+3d;
_I_ Z Z Z Z |Oé+5z_6| |a-i6i+gj—ﬂ|Ta+25i+§6j (A7 Z)
la|=n—128<a i=1 j=1 (18)

x ad TP (BY(A; - z)|A - 2] 72,

and by reordering and reindexing the sum in (16), (17) and (18), we get

16) =3 S S ETHA A — 2 2ad(B), (19)

i=1 |a|=n+12B<a
a;>2 B>l



and (17) equals

7 ] ,B 5 — T §j —
Z > ZZ|a ST (A 2)(A) — ) ady T (B) A — 22 (20)

=1 |a|=n+12B<a j=1
a;>2 Bi>1
and similarly for (18) with the factor (4; — Z;) adZOJraHj (B) replaced by the factor
adj°+a+5j (B)(A; — z;). Note that we may relax the extra conditions on «a and f in
the above statements, as a term with 3; = 0 contributes nothing.
Instead of continuing in the same fashion with (11) and (12), we note using (15)
that

=3 NN LT (A ) ad (B A2 (21)

laj=n 26<a i=1

Y Z a0 (A, 2)adP TN (B) A - 27 (22)

la|=n 26<a i=1

so we may focus our attention on (22):

Z YooY wEATI (A 2)|A - 2 2adyT(B) (23)

=1 |a|=n+1 2B<«

a;>1 2Bi<aq
v v
i—28; B+l B3
YD DD e Taaas, (A, 2)
=1 |a|]=n+1 2<a j=1 (24)

a;>1 2Bi<a;
x (A; — zj)adj“a*‘*j( B)|A — 2|2
o;—2B;  Bi+1 B+
+Z Z Z Z [o—p] |a+J5 ﬁ\Ta+26 (4, 2)

=1 |a|=n+1 26<a j=1 (25)
a;>1 2B <y

x adf T (B) (A — 2)|A — 2|

We note again that the additional conditions on o and [ are superfluous.
We may now recollect the terms. First we see using Lemma 6:

n n+1

1 Q apto 1 e apg+o
> —0%g(4) adi*t(B) + (19) + (23) = Y —0%g(4) ad%"t(B), (26)
la|=1 la|=1
then
0; _ ag+a+d; _
-3 Zmig“mTf:% (A, 2)(A; = 5)ady (B A= 272, (27)
la|=n+1 j=1
2B<a
and

6 ap+a 6j _
=) Z\aiz“ﬁ,ﬂf:% (A, 2)ad}" Y (B)(A) — )|A— 2|72, (28)
la]=n+1 j=1
28<a



so adding up, we have proved that (9) equals the sum of (26), (21), (27) and (28) as
stated. ]

The following lemma plays the same role for g, as Lemma 7 plays for g, but
contrary to Lemma 7, the proof is trivial.

Lemma 8. Let B € C™(A) for some ng > 1 and let n € Ny and oy be a multi-index
satisfying |oo| +n+1 < ng. Then

— 1
[0Sy (B), ge(A)] = D —0%ge(A) ad3 ™" (B) + Ryl (A, adf (B)),
laj=1
where RI(A,ad%(B)) =0 for n > 1, RY(A,ad%*(B)) = ad®™(B).
The following lemma also follows by induction.

Lemma 9. Let B € C™(A) for some ng > 1. Assume that h; € C*(R"), 1 <1i <k,
satisfies

d50(B), h(A)] = D7 L 0%hi(A) adi™(B) + R (A ad (B)),

|a|=1

where RM'(A,ad%(B)) is bounded for all n € Ny and multi-indices aq satisfying
lag| +n 4+ 1 < ng and 0*h;(A) is bounded for all 1 < |a| < ng— 1. Then

B.ITn4)] = 32 2o (T araai

laf=1 i=1
22 53“ (f[ hi)(A)R " o(Aadi(B)) T hi(A).
J=1 |a|=0 i=1 i—jt1

Let n+1 < ngy. lf weput k =v+1, h; =g fori+# v, h, = g, and apply Lemma 7,
8 and 9 we see that

[B,|A — z|7%(A; — z)]

= (A m) (A adi(B) + R4 B), )
where .
Ry,.(A, B)
- l‘% LU P AR (A adi(B)IA -2 24— 2)  (30)
> SO0 ) (A) ad§ O (B) A — 2| (31)
+ |2|:0i‘8a(g”_lgg)(A)R (A, ads(B)) (32)



In the following, we will refer to the terms of Ry, (A, B) as the remainder terms. Let
0<t; <n+1land0 <ty <1. By Hadamard’s three-line lemma and using (10-12),
(30-32), Lemma 6 and the identity

J

o <H fi) = Z ja! ' Haaifz‘,

i=1 S ay=a LLli=1 &t =1

we may inspect that each remainder term (with Ry, (A, B) replaced by the remainder
term) and hence Ry, (A, B) satisfies the inequality

(A)™ Re(A, B)(A)[| < C(2)" [Tm 2| 772, (33)

We will now use the functional calculus of almost analytic extensions. See e.g. [3]
for details. In the following, we write = (04,...,d,) where 0; = 1(9,, + i0,,) and
uj+v; =2 €C, 2= (2,...,2,) € C". The following proposition is inspired by [4]
and |7, Chap. X.2]|.

Proposition 10. Let s € R and {fr}rer C C°(RY) satisfy
Va 3C,: |0%fr(z)] < Chlz)¥1o.
There exists a family of almost analytic extensions { f,\} rer C C®(C") satisfying
(i) supp(fr) C {u+iv | u € supp(fr), [v] < C{u)}.
(ii) V€ >0 3C;: |0fs(2)] < Cofz)**HIm 2[".

Proof. We define a mapping C®°(R*) 3 f — f € C®(C") in the following way.
Choose a function k£ € C§°(R) which equals 1 in a neighbourhood of 0 and put
Ao = Co, A, = max{maxjq|=; Co, Ap—1 + 1} for & > 1. Writing z = u+iv € RV @ iR,

we now define
~ aoz u . Na Y /\ o Uj
i) =% i '< ) (i) |':|1 ﬁ(ﬁ)

[0

One can now check that the properties hold. O

Remark 11. Note that if we for a y € C§°(R”; [0, 1]) with x(0) = 1 define a sequence
of functions by fix(z) = x(%)fr(x), then

as a form identity on D({A)*) and we have the dominated pointwise convergence
Ofrn(z) = Of\(z) for k — oco.

Let {f)}es satisfy the assumption of Proposition 10 with s < 0. Then the almost
analytic extensions provide a functional calculus via the formula

AA) =0 : Dufr(2)(Ag — Z)|A — 2|72 dz, (34)
=17



where C, is a positive constant (again we refer to [3| for details). Note that the
integrals are absolutely convergent by Proposition 10(ii).

Multiplying (A)1 Ry, (A, B)(A)2 with dfy(z), we get from (33) and Proposi-
tion 10 (ii) that

I{A)1OFs(2) Ren(A, B){A)| < Cz)nttaternatiz, (35)

Hence, if t, +ty +5 < n+ 1, (A)10f\(2) Ren(A, B)(A) is integrable over C”. Using
(29), (34) and (35), we see that

[B, [A(A)] =C, Z 3efA B, (A= Z)|A — 2[7*]dz

- cz / ESC)> 56&0 (0= 20)) (A) dz adS(B)

lal=1

+Cyi / D fa(2)Ren(A, B) dz. (36)

We denote (36) by Ry.(A, B). Note that

14

S [ a0 (i — 2 — )z

=1 7C"

'80‘ /3ef,\ Nt — 27" (te — z0) d :—aafk()

which implies

n

(B ()] = 3 0" (A) ad5(B) + Ban(A, B).

laf=1

We have now proved Theorem 3 in the case s < 0. For the general case, we use
Remark 11 to see that [B, fi(A)] = limy[B, fra(A)] and clearly, fi \ satisfies the
assumption of Proposition 10 with the same s, so the estimate corresponding to (35)
is now uniform in k£ and A. The pointwise convergence and Lebesgue’s theorem on
dominated convergence now finishes the argument.
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