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Preface

The present thesis encompasses three different papers, “Regularity of eig-
enstates in regular Mourre theory”, [MW11], “Characterisation of the quasi-
stationary state of an impurity driven by monochromatic light I - The
effective theory”, [BPW11la], including a chapter on the construction of
time dependent C-Liouvilleans and “Towards a dynamical renormalisa-
tion group”, [BMW11], as well as an overview. We refer to the different
parts by [MW11], [BPW11a] and [BMW11], respectively.

The overview is organised as follows. We first provide a general con-
text for the three projects [MW11], [BPW11a] and [BMW11] in Chapter 1
and explain their conceptual relations from a wider perspective. Chap-
ter 2 is devoted to the more specific mathematical framework used in the
several projects, to present our results and to relate it to the literature. In
the Sections 2.1,2.2 and 2.3 we also expand on the conceptual relations
between [MW11], [BPW11a] and [BMW11]. For each of the four parts of
the present thesis, the references can be found in the last section of the
corresponding part.

* * *

A bi-national PhD-programme has certainly many aspects which are not
present in a normal PhD—programme. It opens great opportunities, but
also demands more of the relevant people. Thus, it is my pleasure to ex-
press my deep gratitude to my teachers Volker Bach and Jacob Schach
Moller. It has been an inspiration to work with these distinguished super-
visors, who opened many opportunities beyond the work of this thesis.

I am grateful for the joint work with Jean-Bernard Bru and Walter de
Siqueira Pedra and I learned a lot during the time of this collaboration.

I would like to thank Juliane for her love and support during the time
of my PhD studies. My thanks to my parents and my family, in particular
my brother Benjamin, for their encouragement.

I am grateful to Hans Knorr for showing me again that the trombone is
the most beautiful instrument. Morten Grud Rasmussen helped me a lot
with administrative issues, for which I am thankful, as well as for discus-
sions with members of the working group in Braunschweig and Mainz. In
the process of writing this thesis I have benefited from Rasmus Villemoes’
Ph.D. thesis, which I used as a IXITgX template, a lot of TeXnical help by
Hans Knorr and from the proofreading on parts of the manuscript per-
formed by Hans Knérr and Edmund Menge. Part of this work has been
performed at the Johannes—Gutenberg—Universitdt Mainz.

Matthias Westrich
Braunschweig, June 29, 2011
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CHAPTER

Introduction

A classical problem in dynamical systems is the relation between the evo-
lution of semigroups and the behaviour of the resolvents of their gener-
ators near critical points. One relation between the two is established by
the Laplace transform. Our main interest here is the long time dynamics
of quantum systems which are in constant interaction with the environ-
ment. These systems are called open (quantum) systems and they are said
to be closed if there is no interaction with the environment. Open systems
are usually modelled by closed systems consisting of two parts, a large
subsystem, which describes the environment, and a small subsystem en-
coding the degrees of freedom one is interested in. The open system is
then the (effective) evolution of the small subsystem. The long time dy-
namics for open quantum systems is quite different from the long time
dynamics in the context of scattering theory. In scattering theory one con-
siders timescales (or distances), which are large compared to the scale of
interaction.

The problems addressed in our work do not take into account the back-
reaction of the small subsystem onto the large subsystem, i.e., fluctuations
are not considered. Nevertheless, there have been recent results in this
direction, [DRMO08]. We consider small subsystems with finitely many
energy levels. Even though this is a strong simplification as compared to
more realistic models for the small subsystem, it does yield important con-
sequences, which are relevant even for physical experiments. For example,
the Nd:YAG laser is a crystal doped with neodymium atoms, which cor-
respond to the impurities in [BPW11a]. In such a situation our model is
the state—of-the—art model and provides useful insights. The environment
is typically modelled by a quantised boson or fermion field.

The three projects [MW11], [BPW11a] and [BMW11], involve a closed
or even selfadjoint operator H, on a Hilbert space H and a selfadjoint
operator A. Depending on the regularity of

t— eltA (z— H)f1 e A, (1.1)

our results provide information on the long time behaviour of the dynam-
ics of the subsystem. The framework in [MW11] is abstract, whereas in
[BMW11] we consider a spin boson type model at zero temperature. In

3



4 Chapter 1. Introduction

[BPW11a] we study the effective dynamics, which results from a fermion—
impurity interaction in presence of an external monochromatic light source.
The mechanism we rely on to obtain the long time dynamics is second
order perturbation theory. In case of [MWI11], we derive abstract, non—
perturbative results, which can be used as an input to second order per-
turbation theory, but these results are of interest beyond second order
perturbation theory. In [BPW11a] and [BMW11] we directly analyse the
dynamics of specific models.

We first define in Section 1.1 the closed quantum systems underlying
the analysis of [MW11] and [BPW11a]. In Section 1.2 we explain the rela-
tion between second order perturbation theory and long time dynamics,
which is amplified in the more specific discussion of Chapter 2.

1.1 Definition of Models

Unlike in classical physical theories, like Newtonian mechanics, not all
objects in quantum theory correspond to measurable quantities. For in-
stance, the physicists notion of “wave functions”, which are elements of a
Hilbert space ‘H, do not have a direct physical meaning in the sense, that
it cannot be measured directly in an experiment. On the other hand, the
measured quantities in physical experiments are the so—called observables.
Observables are well described by elements of a C*—algebra, V, which is
called algebra of observables. The states of the physical system are imple-
mented by positive linear functionals on V, with norm one. For any given
state w, one may use the GNS construction to obtain a *-representation
(Hw, Tw, Qw), consisting of a Hilbert space H,,, generated by the cyclic
vector (), such that

@(A) = (Qu, T (A) Qu)y,  VAEVD.

This construction suggests to consider the algebra of observables to be the
central object of the theory and that the Hilbert space is then constructed
after specification of the initial state of the system. In systems with in-
finitely many degrees of freedom this point of view is even necessary. For
instance, models involving boson fields, to be defined in a moment, turn
out to have inequivalent representations for equilibrium states at different
temperatures. In the context of relativistic quantum field theory Haag’s
Theorem, [Haa55], states that the so—called vacuum representation of the
free field is not unitarily equivalent to the vacuum representation of an
interacting theory.

The dynamics of a closed physical system is described by a one—param-
eter group of s—automorphisms, {7} ter}, on V. The representation
above naturally induces a one—parameter group of *—automorphisms,

{T?’}{@R}, with
w (Tt (A)) = (Qu, T (0w (A) Q) gy, , VEER, VA EV.

The represented dynamics, {7{’} {ter}- 18 in general only defined on a
dense set in the Hilbert space H,,, but extends by continuity to the en-
tire space and will be denoted by the same symbol. In order to associate
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{7y} (tery With the flow of an equation of motion, one needs to specify
the topology in which it is continuous. The two most prominent examples
are the C*—dynamical systems, which are strongly continuous in the norm-
topology of V and 7, (V) C B (Hy), respectively, and the W*—dynamical
systems, defined on the von Neumann algebra 71, (V)" C 9B (H,), which
are continuous in the weak operator topology. We denote with 7, (V)"
the bi-commutant of 77, (V). In the present work we encounter both sit-
uations. The projects [BMW11, MW11] address situations where the dy-
namics form a W*-dynamical system, but we use the Fock space represen-
tation at zero temperature, where the group {7}’} (tem} 18 unitarily imple-
mented, i.e., there is a strongly continuous unitary one—parameter group,
{Ucw ()} {1cry- such that

T (4 (A)) = U (F) 71w (A) Uy (1), VEER, VA € V.

Then, we study the object {Uw ()} {;cg) instead of {T?’}{tGR}. In [BPW11a]
the dynamics of the closed physical system is a C*—dynamical system.

We start with the definition of the type of Hamiltonians considered in
[BMW11].

1.1.1 Spin—Boson Type Models

As already explained, open quantum systems are typically modelled by
system composed of a “big” and a “small” subsystem, along with an in-
teraction between the two subsystems. The small system is described as
follows. Let N € IN, and define the Hilbert space of the atom as

Hat = CN.

The Hamiltonian describing the energy levels of the atom is given by a
selfadjoint operator,

Hat = Hj € B (Hat) = CN x OV,

The eigenvalues {E;,...,En} C R, E; < E, for1 < j < ¢ < N, of Hy,
represent the energy levels of the atom.

We now turn to the definition of the boson free field on the Hilbert space
of its vacuum representation, the bosonic Fock space. These constructions
are standard and may for instance be found in [RS80b, DG99, HHOS]. Let h
be a separable complex Hilbert space and denote the n—fold tensor product
of h by

" :=ph® --®h, necN.
\W_/
n times
The tensor product is to be understood as the closure of the algebraic

tensor product with respect to the induced Hilbert space norm on h®".
Moreover, we set h®0 := C.

Remark 1.1. We stress that whenever we consider tensor products of Hil-
bert spaces they will be understood as the closure of the algebraic tensor
product, unless one of the Hilbert spaces is the domain of an unbounded
closed operator, which is then specified in the text. In the latter case we
understand the tensor product as the algebraic tensor product.
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For any n € IN we denote with S, the orthogonal projection onto the
totally symmetric tensors, i.e. for ¢; € h,j=1,...,n

Si(1® - ®9,) 1= Y, Pu1)® @ Py,
oeSym(n)

where Sym () denotes the symmetric group of {1,...,n}.We define the
bosonic Fock space as

Fr=Th):=PF, Ff:=38 1%"),VneNU{0} =N,
n=0

where S, (b®0) := C, By definition, ¢ € F* is a sequence (l[J(n)>
with ¢,y € F,F, such that

7
nelN

2
< 00,

o

)3 Hll’(n)

n=0
The sequence ) := (1,0,0,...) € F is called the vacuum vector or short
vacuum. The Fock space renders a situation where the particle number, to
be defined in a moment, is not a conserved quantity, i.e. creation and
annihilation of particles are possible. The Hilbert space b is called one-
particle Hilbert space and for later use we define the subspace of finitely many
particles as

Flin == {lp e Fr| ¥ (n) = 0 except for finitely many n € ]N} .

Let A be a densely defined operator on h with domain D (A) C h. Assume,
that
ARI® - ®1+10A® - ®1+---+131®---®A

defined on S, (®"D (A)) is closable for any n € IN and denote its closure
by A(,). We then define the second quantisation, dI' (A), of A by

(@ (A) §) () := Ay P (n)r
o
< 00 .

for all ¢y € D (dI' (A)), where
If A is selfadjoint on D (A), then dI' (A) is selfadjoint on D (dI' (A)). For
h € b define the annihilation operator a (h) by

D (dl' (A)) == {4’ eFt |1P(n> €D (A<n>) , é HAM)‘/’(n)

_1 S .
a(h)Su(p1®: - ®¢,) =125 (Z(h,w)%@m@w@---@%)f
(=1
(1.2)
where ¢, means that ¢, is omitted in the product, and extend to a dense set

of F* by taking the closure, see [RS80b, Chapter X.7]. We set a (k) Q = 0.
The creation operator is its adjoint, a* (h) := (a (h))" and on Fy, given by

(@ (1) )y 1= (0 + 1) 1 (R Y, (13)
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The creation operator defined on Fy, is also closable. The annihilation
and the creation operator satisfy the canonical commutation relations (CCR),
ie for f,hep

[ (F).a ()] =0, [a(f),a" (W] = (f,h),

a* (-) =a(-),a* (-), as identities on Fy,. The field operator is defined as

1
¢ (h) = A

on the dense set F,,. Note, that ¢ (h) is symmetric and hence closable. Its
closure will also be denoted by ¢ (h).

In the sequel we in particular consider semigroups which arise from
semigroups on . Let A be the generator of the contraction Cp—semigroup
{T (t)},cg+- We use the following convention in this chapter, as well as in
[BMW11]:

(a(h)+a"(h)), (1.4)

IRO+ :=[0,00), R4 :=(0,00).

Then, we lift this contraction semigroup to F, by extension of linear
combinations of

(T () Su(1©@ @) =S (T() 1@ BT (1) 9y),
for any ¢, € h, 1 < £ < n. We have
[ (T (1) =", vie R,
and this construction readily carries over to contractive groups, like uni-
tary one—parameter groups.

From now on we choose for this chapter h := 12 (]Rd, CP ), with d,p €
IN. The number operator is defined as

N:=dI'(1),

where 1 is associated with the function R? 3 k + 1 and clearly, (N§) () =

Py, forany ¢ € Fgy,. Let w : R? — R be a measurable function, which
is non-zero almost everywhere. This function defines a multiplication
operator on h, which we again denote with w. We define the free field
energy as

Hf =dll (w) ’

which is selfadjoint on D (dI' (w)). We occasionally use the Hilbert space

2
Peal.

For p = 1, the Hilbert space of the compound system is given by

1
e CeI [ [T

H:=Ha®F"
and the free Hamiltonian defined as

Hy:=Hy®1+1® H;. (1.5)
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Let G € 2 (Rd, CNXN ) and g > 0. We define the Hamiltonian of the full
system by
Hy := Hy + ¢ (G), (1.6)

on the set CN ® (Fg, ND (Hy)). Since ¢ (h) is relatively Hfl/ 2_bounded for
any h € by, it follows that it is infinitesimally H¢-bounded and hence H,
is selfadjoint for any ¢ € R, by the Kato—Rellich theorem. Even though
“spin” usually refers to models with N = 2, we refer to all models of the
type (1.6) as spin-boson models.

1.1.2 Few Level Atoms and Fermion Fields

Models involving fermion fields instead of boson fields are more regular,
and it is possible to construct a dynamics on the level of the algebra of
observables as a C*-dynamical system. For this standard construction
consult for instance [BR96].

Observables of the reservoir are selfadjoint elements of the fermion C*—
algebra V;, which is defined as follows. Let ) be a separable and complex

Hilbert space, e.g. L2 (Rd, (D) , d € IN. The fermionic Fock space is defined as

F = EB p,
n=0
where A denotes the wedge product, i.e. for 9, € h, 1 <l <ncN,
1A Ag = ) 880 (0) Q1) @ ® Py
oeSym(n)

sgn (o) denotes the signum of the permutation o, which is 1 if ¢ is even
and —1 if it is odd. For any f € h, we define the fermionic annihilation and
creation operators, a(f) and a*(f) := (a(f))", respectively, by (1.2) and (1.3),
with only replacing the symmetric tensor product with the wedge prod-
uct. These operators implement the canonical anti-commutation relations
(CAR):

a(f)a*(h) +a*(h)a(f) = (f,h), (1.7)

a*(f)a(h) +a*(h)a*(f) = 0,

which yield the boundedness of a(f) and a*(f):
la* (s F-) = lla(H sz = lIflly,  f b (1.8)

The algebra of fermion observables, Vi, is defined as the C*-algebra gener-
ated by annihilation operators {a(f)}c,. The free fermion dynamics is
implemented by a Bogoliubov automorphism,

t(a(f):=a(c™f), VieR Vfe, (L9)
where w is defined as in the previous subsection. Equation (1.8) gives
directly the strong continuity of {Tg}{te]R} and hence {Vf, T{} isa C*—

dynamical system. Its generator, J¢ is a symmetric derivation, i.e., the
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domain D (J;) of the generator J; is a dense *—sub-algebra of V; and for
all A,B € D (d¢),

5i(A)* = 5¢(A*), 6i(AB) = 6;(A)B + Adi(B). (1.10)

The algebra of observables of the few level atom is B (Hat) = CN*N, with
Hat := CN. The Hamiltonian of the free atom is some selfadjoint matrix,
0 # Hay = H}, € B (Hat). Its dynamics is the continuous automorphism
group

T (A) = et pe~ VA € B (Hy), VEER,

generated by the symmetric derivation
Oat (+) :=i[Hat, -] -

We define the compound system’s algebra of observables as
V=98 (Ha) @V,

where the meaning of the tensor product is unambiguous as V; is already
realised as an operator algebra of the Fock space and B (H¢) is finite-
dimensional. The induced free dynamics is given by

=1t e, Vi e R. (1.11)

A simple interaction between the fermions and the atom is the bounded
symmetric derivation

Oint (1) :=1[Q®D(f), -],

where f € hand Q = Q* € B (Ha). The dynamics, {TEA’O)

generated by the symmetric derivation
M) () i= 60 () 4+ 66 () + Adine (), 0 £ A ER,

with domain D ((5“'0)) = Hat ® D (J¢), is again a C*-dynamical sys-
tem, see [BR87]. We introduced the coupling constant A, measuring the
interaction between fermions and the atom. In [BPW1la] we consider a

(A.0)

situation where the dynamics {Tt is perturbed by an external

} teR
force, acting on the atomic degrees of fr{eedgm, only. Mathematically, this
is implemented by
dp () :=1i[Hp, -],

where Hp € B (Hat) is a selfadjoint matrix, multiplied with cos (@t), for
a certain frequency @ € R. In [BPW1la] we require that Hp maps the
eigenspace of the biggest eigenvalue of Hyt to the eigenspace of the low-
est eigenvalue and vice versa, and is zero otherwise. Moreover, @ has to
satisfy a resonance condition, namely it is assumed to equal the energy dif-
ference of the biggest and the lowest eigenvalue. Thus we define the full
generator of the dynamics for any t € R as

o (+) 1= 6™ () + pcos (@t) dp (), 0 # p € R,
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which is a closed symmetric derivation on D ((59'” )) =D ((5(0’0)), vt € R.

Finally, we specify the initial states of the system.
Thermal equilibrium states of the free atom are Gibbs states g, for any
inverse temperature B € (0,0), given by the density matrix

ef,BHaf

= 1.12
Po "= Trey (e PHx) (1.12)

However, in presence of interactions with the pump or the reservoir, the
state w of the atom is generally far from any Gibbs state g,;. For any state
wat on B(C?), there is a unique trace-one positive operator p,, on €%, the
so—called density matrix of wy¢, such that

wat(A) = Trea (0, A) S A e B(CY).

Thermal equilibrium states of the reservoir are defined through the boun-

ded positive operators
1

T 14 oBl

acting on b for all (inverse temperatures) p € (0, c0). Indeed, the so—called
symbol d uniquely defines a (faithful) quasi—free state

dg : (1.13)

WR ‘= wdR (1.14)
on the fermion algebra Vg, by the following well known result:

Lemma 1.2 (Two-point correlation functions and quasi-free states).
Let d be any bounded operator on by satisfying 0 < d < 1. Then the correlation
functions

wi(lr) = 1 (1.15)
Wi (@*(f1) -0 (fu)a(g1) - -a(gn)) = S det ([(f;, dge)]x )(1:16)

for all {f; };1:1 , {gj};lzl C by define a functional which is the unique bounded

linear extension to the algebra Vg is a state wy. The operator d is called the
symbol of wy.

We call wyg the thermal state of the reservoir at inverse temperature 5. The
initial state, wq is defined as

WQ i= Wat @ WR, (1.17)

for some state w,r on B(C?). The evolution of the full system acting on
the initial state (1.17) is given by

A, A,
Wy = wg o TEIO”) = (Wat @ WR) © TE,OT]), te IR(J{.

This state reduced to the atomic part only yields a state
wat () (A) = wi(A®1g), A€ B(CY), (1.18)

forany t € IRS'.
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1.2 Long—Time Behaviour of Non-Relativistic Matter
Coupled to Quantised Fields

Now, we relate the projects of the present thesis, [BMW11, BPW1la, MW11].
We are interested in the long—time behaviour of quantum systems coupled
to quantum fields, which serve as “reservoirs”. In [MW11] we establish
a result on regularity of eigenstates of an abstract selfadjoint operator H,
which is useful as an ingredient to prove the existence of metastable states,
see Section 2.1.3 and estimate their decay in context of regular Mourre the-
ory, see Section 2.1.2. Although the analysis of [BMW11, BPW11a] is based
on direct estimates of the dynamics, spectral theory enters as an important
tool. More specifically, the asymptotic behaviour of the dynamics of the
full system restricted to the atomic degrees of freedom is linked to the
behaviour of the resolvent close to certain parts of the spectrum.

This is related to a classical problem of dynamical systems. Namely
consider the (autonomous) Cauchy problem (aCP),

Ly (t) = Au(t) (t€RH),
(aCP) { Zt(o) .

where A is a closed operator on a Banach space X and x € X. (aCP) is
mildly well posed, i.e. for any x € X there is a unique mild solution, if and
only if A generates a Co—semigroup, which is equivalent to the resolvent
of A,

R(z,A):=(z—A)"!,

being a Laplace transform, [ABHNO1, Sect. 3.1]. If u (t) converges in an
appropriate sense as t — oo, then 7 (A) A converges as A — 0, where
i1 (-) is the Laplace transform of u (-). Results about this implication are
known as Abelian theorems. Our main interest lies however in the converse
implication, i.e. to determine the long time behaviour based on spectral
information. These type of results are customarily called Tauberian theo-
rems. We analyse the behaviour of 7 (-) close to the real axis to determine
the long time behaviour. Theorems of this type are usually referred to as
complex Tauberian theorems.

1.2.1 Long-Time Dynamics and 2"4-Order Perturbation Theory

In this section we discuss the relation of long time behaviour of quan-
tum systems with second order perturbation theory, more specifically with
Fermi’s golden rule and thereby use [DF06]. Consider, for simplicity, a
spin-boson model (1.6), with the Cy unitary group, Y () := exp (—itHp)
on ‘H. Moreover, we define the Cy unitary group,

X(t):=e MMz, teR".

For a selfadjoint operator L, x € R and bounded operators A, B € B (H),
we define

A(x+i0—L) 'B:= li{‘r(l)A(xiie—L)le,
€
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provided the right hand side exists in norm. In this case the principal value

of (x — L)_l,

AP(fo)*lB:Z%(A(x+i0*L)’1B+A(x*iO*L)le)'

and the delta function of (x — L) ",

A&(x—L)B::%(A(x+i0—L)*lB—A(x—iO—L)*lB)

are well defined. Let
by ::l[HatZ E(]@l[HfZO], pg =1-P,

where 1[-] denotes a spectral projection. Note that for these projections
Pip (G)Py=0. If

M, Py (G) Py ((E¢ +i0) Py — HoPy) ' Pygp (G) Py

lim Prg (G) Py ((E¢ +ie) Py — HoPy) " Pug (G) Py,

exists for £ =1,..., N, we define the level shift operator (LSO), as
N — J— —\-1=
M:=—i) Pup(G)P;((E;+i0) Py — HoPy) ~ Py¢p (G) Py (1.19)
(=1

There are several notions of Fermi golden rule (FGR), depending on the
problem one has in mind. In the following definition we give a local
version of Fermi golden rule. “Local” means that one considers only a
spectral region close to a particular spectral value E,.

Definition 1.3 (Fermi golden rule). The (local) Fermi golden rule (FGR) holds
iff My exists foran £ € {1,...,N} and Im (M;) # 0.

Remark 1.4. If Fermi’s golden rule holds, then the eigenvalue E, is unsta-
ble if the perturbation is switched on.

Provided FGR holds and the resolvent of H, is sufficiently regular, see
Sections 2.1,2.3.3, then one can determine the evolution of

(y, f(Hg)e Msypy) = e7s 4 0 (32) /

where f is some compactly supported regular function, with support close
to E; and ¢, is an eigenstate of Hy corresponding to E,. For a discussion
of these type of results see Sections 2.1.3,2.3. For open quantum systems
however, one is more interested to find an effective evolution for the entire
“small system”, i.e. the atom. The results of the literature, discussed in
Sections 2.1.3,2.3 do not address eigenstates of Hy and in particular not
the ground state. Following [DF06], there are three “non-local” types of
FGR involving the LSO:
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1. Analytic Fermi golden rule: HyP + gzM, P:= 212]:1 Py, predicts up
to an error o (g2) the location and multiplicity of the resonances and
eigenvalues of Hy in a neighbourhood of the spectrum of Hy, o (Hp),
for small |g|.

2. Spectral Fermi golden rule: The intersection
o (HOP + g2M> NR,

predicts the possible location of eigenvalues of H, for small |g| # 0.

3. Dynamical Fermi golden rule: The semigroup

{exp (—it (HoP + g*M)) }tzo,

describes approximately the reduced dynamics PX () P, for small
8-

The dynamical Fermi golden rule has first been rigorously established by
Davies, [Dav74, Dav75, Dav76] in form of a weak coupling limit (WCL).
Davies proved under mild assumptions

- R .
1in%e”8 HoP pp=itg™"Hy p — (=iTM (1.20)
g—>

Note, that the time has been subject to a rescaling, i.e. the weak coupling
limit refers to a timescale where

T =tg% (1.21)

which is sometimes referred to as the van Hove timescale. Results beyond
this timescale are scarce, but see [Kos00] for the analysis of an explicitly
solvable model.

In the context of positive temperature and operators with a high degree
of regularity, namely translation analytic models, Jaksic and Pillet developed
a powerful method to compute the asymptotics as

(¥, e~ itHs ) — (A, ¢t (Hat T M) ey o 0 (7,

known as Jaksic—Pillet glueing, see [JP96a, Thm. 2.5]. Due to fundamental
obstacles, this method cannot extended to the zero temperature case. In
this case, one expects that the WCL cannot be extended to the original
timescale, but one rather has to find “higher order” LSO’s M(”), for a
given timescale T, = tg""¢, e € [0,1), n € N, n > 2. That is the eventual
goal of [BMW11].






CHAPTER

Mathematical Framework and
Results

The present chapter is devoted to a discussion of the mathematical frame-
work used in the projects, [BMW11, BPW1la, MW11] and the relation of
the results to the literature. We remark, that the notation is chosen in ac-
cordance with the notation of the different projects. This naturally leads to
a situation where a symbol is used in different meanings in the different
Sections 2.1,2.2,2.3, but we prefer this over introducing new notations.

2.1 Regularity of Eigenstates

The setup for this section is abstract, i.e. not dependent on a particular
model. [MW11] contains results proving a certain regularity of eigenstates,
¥, of an abstract selfadjoint operator H. More precisely, there is a second
selfadjoint operator A, such that H and A have a positive commutator
locally around the eigenvalue appertaining to ¥. Then we prove that

R >t e Ay

is either CK (R) or extends to an analytic map around the real axis, pro-
vided H is in a certain sense regular w.r.t. A. Thus we first introduce the
class of operators, ck (A), then positive commutators, also called Mourre
estimate and finally state our results and relate them to second order per-
turbation theory, which is based on a work of Cattaneo, Graf, and Hun-
ziker, [CGHO6].

2.1.1 Ck-Regularity

The notions and results presented in this section may be found in [GGMO04,
Sect. 2], which contains also a refinement of the class C! (A). For a general
account on the subject one may consult [AdMG96]. Let A be a densely
defined closed operator on a Hilbert space H. Note that then the adjoint of
A, denoted by A*, is also a densely defined closed operator. If B € B (H),

15
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then we define the sesquilinear form [B, A] by

(¢, (B, Aly) := (B"¢, Ap) — (A", By), VYo e D(A") VpeD (A)(é )

Definition 2.1 (The linear space C! (A)). An operator B € B (H) is said
to be of class C! (A) iff the sesquilinear form [B, A] is continuous in the
topology of H x H. In this case, we denote the unique bounded operator
associated with [B, A] by ad 4 (B) and moreover introduce the linear space

Cl(A) = {B € B (H)| B is of class C! (A)}. 2.2)

It can be shown that B € B (H) is in C! (A) iff B preserves the domain of
A. For k > 1 one could define a class C* (A) by iterating (2.1), i.e. first
replacing B with ad4 (B) and assuming continuity of [ad4 (B), A] in the
topology of H x H to obtain a unique ad4 (ad4 (B)) € B (H), associated
with [ad4 (B), A] and proceed iteratively. However, for the applications
we have in mind, A is selfadjoint which allows to give a more practical
definition of the class CF (A). From now on we shall assume that A is a
selfadjoint operator on H.

Definition 2.2 (CK (A) class for selfadjoint A). Let k € IN. A bounded
operator B € B(H) is said to be of class C¥(A), in short B € CK(A), if

RSt etABe 4 (2.3)

is strongly in CK(R). A (possibly unbounded) self-adjoint operator S is
said to be of class Ck(A) iff (i — S)~1 € CK(A).

As indicated earlier, this notion coincides with Definition 2.1 if k = 1.
Namely for all t € R, B € B(H) and ¢, ¢ € D (A), holds

t

((PleitABefitA _ B¢> _ /ds% (efisAq)/ BefisAllJ)
0
t

= —i/ds <e_iSA(p, [B, A] e_iSAl,l)). (2.4)

0

Thus, if B € C! (A) then one observes using (2.4) that B is of class C! (A)
in the sense of Definition 2.2. Conversely, if B is of class C! (A) in the
sense of Definition 2.2, then taking the derivative of (2.4) at t = 0 yields
B € C'(A). Similarly, one observes that B being of class C? (A) implies
ad, (B) € C! (A). Thus one may construct iteratively

ad (A) := ad, (ad’;;l (B)) , ad’ (B) := B, (2.5)
if B being of class C* (A), for k € IN. In concrete situations one has to work

with commutators involving two possibly unbounded selfadjoint opera-
tors H and A. In general they will not extend to bounded operators on H
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and the definition of the quadratic form [H, A] requires further restrictions
on its domain. Thus we denote by [H, A] the form

(¢, [H, Alp) := (Ho, Ap) — (Ap, HY), Vo, € D(A)ND(H). (26)

If (i—H)™' € C1(A), then D(A) N D(H) is dense in D(H) in the graph
norm of H and [H, A] extends to an H-form bounded quadratic form,
which in turn defines a unique element of B(D(H), D(H)*) denoted by

ada(H): D(H) — D(H)", 2.7)

see [GGMO04]. The space D(H)* is the dual of D(H) in the sense of rigged
Hilbert spaces.

Our result on the analyticity of eigenvectors of H with respect to A
requires a construction of multiple commutators of H and A which are
bounded as maps from D(H) to H in the graph norm of H. The construc-
tion is as follows: Let H € C'(A) and assume ad4(H) € B(D(H), H).
Then, [ad4(H), A] is defined as

(¢, [ada(H), Alp) = (- ada(H)g, Ap) — (Ap,ads(H)y),  (28)

forall ¢, € D(A)ND(H). Here we used, that ad 4 (H) is skew-symmetric
on the domain D(A) N D(H). Assume that this form extends in graph
norm of H to a form which is implemented by an element ad% (H) €
B(D(H), H). Proceeding iteratively, we construct ad’, (H) € B(D(H), H).
One may show, [MW11], that if H € C!(A) and ad/,(H) € B(D(H), H)
for 0 < j < k, then H € Ck(A).

2.1.2 Positive Commutators and Results

Let again H and A be selfadjoint operators on some Hilbert space H.
Denote with I C R an interval and with 1;(H) the spectral projections
of H onto the the spectral subspace pertaining to I. A positive commutator,
or Mourre estimate, is an inequality of the type

1;(H)i[H, A]1;(H) = Co1;(H) — K, (2.9)

where Cyp > 0 and K is a compact operator. Mourre estimates with K = 0
are called strict Mourre estimates. The Mourre estimate in the form cast
here goes back to a fundamental paper of Mourre, [Mou81], where it has
been used to prove absence of singular continuous spectrum in I. In the
context of regular Mourre theory, i.e. where the commutator of H and A
is relatively H bounded, these concepts have been developed further by
many authors, see for instance [PSS81, Mou83, J]MP84, AdMG96, Sah97].
We use a more recent form of the Mourre estimate. Namely, let A € R be
the eigenvalue w.r.t. the eigenstate ¥ of H and let /1 be a bounded smooth
function with
W(0)=1 h(0)=0,

and
sup ]h<k>(t)<t>’<] < .
teR
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Moreover, assume that / is real analytic in a ball about 0. Set h,(s) :=
h(s — A) and assume h) (H) € C1(A) and that there is a fi,. € CJ°(R, [0,1]),
such that

fioe(X) =1, and Iy (x) >0, ¥x € supp(fioe).

Definition 2.3 (Smooth Mourre estimate). We say H and A admit a smooth
Mourre estimate w.r.t. A, if there are Cy,C; > 0 and a compact operator K,
such that

iada(hy(H)) > Co— Cif2. | (H) — K, (2.10)

where fi,. | is defined as fioc, | := 1 — fioc

Remark 2.4. If H is of class C! (A), then the two formulations, (2.9), (2.10),
are equivalent in the vicinity of A, see [MW11] for details.

We are now prepared to formulate our results.

Theorem 2.5 (Finite regularity). Let H, A be selfadjoint operators on the Hil-
bert space H and ¥ be an eigenvector of H with eigenvalue A. Assume that H and
A admit a smooth Mourre estimate w.r.t. A and hy(H) € CKT1(A), for some k €

N. Then ¥ € D (Ak) and there exists ¢, > 0, only depending on supp(fioc),

Co, C1, K, [ ad’y (fioe(H))|, ladl, (hy(H))|, 1 < € < k, 1 < j < k+1, such
that

|4k || < ccli¥l- 2.11)

Remark 2.6. If one requires 11, € C¥(A) only, it is shown in [FMS11a], that
the statement of this theorem is false in general. Therefore, the result is
optimal concerning integer values of k. Above result is intimately related
to a result proven in [FMS11a] in the context of singular Mourre theory.
In contrast to the result obtained there, the bounds derived in [MW11] are
however explicit, which allows to prove that ¥ is an analytic vector of H
if a natural growth condition on the multiple commutators is required.

Theorem 2.7 (Analyticity). Let H, A be self-adjoint operators on the Hilbert
space H and ¥ be an eigenvector of H with eigenvalue A. Assume that H and A
admit a smooth Mourre estimate w.r.t. A and that H is of class C'(A). If there
exists a v > 0, such that, for all k € N,

lad% (H) (i — H) || < kto™*, (2.12)

then the map ‘
R >0 %Y cH (2.13)

extends to an analytic function in a strip around the real axis.

The applications of Theorem 2.5 and its connection to second order per-
turbation theory are discussed in Section 2.1.3. Theorem 2.7 reproduces a
result due to Balslev and Combes, [BC71, Thm. 1] on non-threshold eigen-
states of Schrodinger operators with dilation analytic interaction. Our
result is abstract and, as such, allows for new results of the type of Balslev
and Combes, [BC71, Thm. 1]. We close this section with an application of
Theorem 2.7, which is beyond the scope of [BC71]:
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Let H; be the Hamiltonian of a spin-boson model (1.6). Define the
coupling between atom and field by
G(k)=Bv(k), VkeRY

with a complex N x N matrix B. The function v is given by

o(k) := , VkeR3

and
w(k) == Vk2+m?, m>0,

i.e. we assume the model to be massive. The constant A > 0 plays the role
of an ultraviolet cutoff. Define

i
N =

(Vi-k+k-Vy).

N

This operator is symmetric and densely defined on L?(IR3) as it is the
well-known generator of the strongly continuous unitary group

(u(t)p) (k) = e 3t (e7'k) .

Then, take A := dI' (a). From [DG99] we may infer a Mourre estimate for
our model. Dereziriski and Gérard use a different generator of dilations,
namely

to = 5 ((Viw) (k) - Vi + Vi - (Viw) (k).

It is also possible to prove a Mourre estimate using their techniques if w(k)
is radially increasing, w(k) > 0, Vk € R3 and 0 is the only critical point of
w. One can prove, [MW11], that Hy is of class C! (A) for all ¢ € R and that
(2.12) is satisfied for all k € IN. Thus, for all ¢ € R any eigenvector of Hg
pertaining to an embedded non-threshold eigenvalue is an analytic vector
with respect to A. In the fundamental paper of Balslev and Combes on
spectral theory of dilation analytic models [BC71] and an extension due
to Simon [Sim72] it is proved that, for N-body Schrodinger operators with
dilation analytic potentials, there are no excited eigenstates. The proof
is based on an indirect argument using the fact that any non-threshold
eigenstate would be an analytic vector w.r.t. to the generator of dilations.

2.1.3 Resonance Theory based on Mourre Theory

In many physical problems excited eigenvalues which are embedded in
the continuous spectrum become unstable when a perturbation is switched
on. We refer to such unstable eigenvalues as resonances. The correspond-
ing eigenstates are called metastable states. Cattaneo, Graf and Hunziker
develop in [CGHO6] a mathematical theory of resonances based on posi-
tive commutators using the following condition.

Condition 2.8 (CGH). Let Hy := Hp + V, where Hj is selfadjoint, A is an
eigenvalue of Hy with eigenprojection P. The interaction V is symmetric
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and Hp-bounded. There is a selfadjoint operator A such that Hy and V
are of class C! (A) and for v € N the multiple commutators ad¥, (Hp),
ad% (V) € B (D (Hy),H), for k = 0,...v. Hy and A satisfy a Mourre
estimate (2.9), with some open interval I > A.

Using this condition the authors obtain the following result on the regu-
larity of the resolvent, which in particular implies a LAP.

Theorem 2.9 (CGH '06). Let Condition 2.8 be satisfied for v = n+ 3 and let A
be a compact subset of I. For s > n — 1, g small enough and

zeAf = {x+iye R+iR|x €A, 0< |y <a},

define

R(z8) = (i—A) " (z— PHP) ' (i— A) %,
where P := 1 — P. Then, there a constants c¢1,co > 0 such that fork =0,...,n—
]-/

dk
@R (zg)||<a
and . )
n— n— _

Moreover, derivatives and boundary value limits, both w.r.t. the operator norm,
may be interchanged.

WR (Z/g) - WR (Z/,g)H <c ‘Z —7

This result implies a decay of metastable states, which is the content of the
next theorem. The regularity of the resolvents of the previous result are
directly related to the polynomial decay in time.

Theorem 2.10 (CGH "06). Let Condition 2.8 be satisfied for v = n +5 and A be
a simple eigenvalue of Hy. Moreover, assume that the Fermi Golden Rule holds,
ie.,

T = Im (¥, V (A +i0 — PHyP) V¥) < 0. (2.14)

2
Then, there is a f € C§° (I), with f (x) = 1 for x close to A, such that
(¥, f(Hg)e ™M) = a(g)e ™ +b(t,g),
witha(g) =1+ 0 (g%),
[b(t, 8)| < cg?llog()|(1+)~"
and

Mg =A+g (¥, V¥)+ g (¥,V (A+i0— PHP)V¥) +0 (g?).

In particular, Im (Ag) < 0.

The two preceding results are a main ingredient for the following result.
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Theorem 2.11 (CGH "06). Let Condition 2.8 be satisfied for v = n + 2, then
ran (P) C D (A").

Our result improves on this by reducing the requirement to v = n +1,
thus improving the Theorems 2.9 and 2.10. The limiting absorption prin-
ciple can be deduced assuming H is of class C?> (PAP). This implies in
particular that ran(P) C D (A?), ie. ¥ € D (A?). Even by the improve-
ment of our result we would still need H to be of class C3 (A) in order to
verify this property. This would for example preclude application to the
model considered in [Ras10, Chapt. 2]. In [FMS11b] the authors prove the
Fermi Golden Rule (2.14) directly, bypassing the general limiting absorp-
tion theorems, assuming only ¢ € D(A). Combined with Theorem 2.5 this
establishes the existence of the limit in the Fermi Golden Rule abstractly
under a C? (A) condition. Moreover, the Theorem 2.11 does neither apply
to ¢3-models nor to Pauli-Fierz models below the ionisation threshold,
[FGS08], whereas our result applies to both.

2.2 A Pumping Scheme for Solid State Lasers

Before we start with the precise mathematical description of the frame-
work and our results, we first explain heuristically the phenomenology
and the purpose of our work.

For a pumping scheme we have in mind a setup consisting of an atom,
a reservoir and an external light source, we call also pump. In solid state
lasers, the atom is an impurity in a crystal, where the electrons of the
latter serve as the reservoir. The pump is tuned such that it is resonant
with respect to the largest difference of energy levels of the impurity. If
there is no pump, then the atom evolves to its thermal equilibrium, which
is effectively given by the Gibbs state. In this state, excited energy levels
become strictly monotonously decreasingly populated as one goes from
lower to higher energy levels. Thus for long times, a higher energy level
less populated than a lower one. Therefore it cannot be used as a source
for the creation of a coherent light beam, which is the laser. As soon as
the pump is switched on, it pumps electrons from the lowest level to the
highest. If the pump is strong enough to compensate for the relaxation to
the thermal equilibrium due to the interaction with the reservoir, one may
obtain even for long times a higher population of an excited level than for
instance in the ground state. This effect is called inversion of population. If
the pump becomes much stronger than the reservoir-impurity interaction,
the system starts oscillating. These oscillations are customarily called Rabi
oscillations. We aim at a situation where Rabi oscillations are not dominant.

The evolution of the population of the energy levels is phenomenolog-
ically described by a differential equation, called Pauli Equation, [AL07],

4
dt
where A and B are generators of completely positive semigroups, and n (t) :=

(ny (t),...,ny (t)) consists of the populations, ny (t), { =1,..., N, apper-
taining to the energy level Ey. The operatorA encodes the transition rates

(t)=(A+B)n(t), (2.15)
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between the different energy levels due to the interaction with the reser-
voir. The Markov chain generated by A is called spontaneous process. The
operator B encodes the transition rates due to the pump and the generated
Markov chain is called stimulated process. It is known that B is proportional
to the intensity of the pump. Note that (2.15) is an autonomous differential
equation. We prove in [BPW11a] the following:

1. The phenomenological Pauli Equation can be rigorously be derived
from an evolution generated by a time-dependent Lindbladian, which
in turn is associated to a microscopic Hamiltonian dynamics. The
derivation is not restricted to certain timescales, but holds uniformly
in t.

2. Under certain conditions, most importantly the requirement that the
Lindbladian satisfies a non—-commutative analogue of the irreducibil-
ity of Markov chains, there is a unique stationary population, n (o), such
that n (t) — n (c0) as t — oo. The evolution described by (2.15) is not
the physical one. Our derivation of the effective dynamics of the
population leads to an integro—differential equation which generates
an evolution that converges to 7 (o). However, as memory effects
are important, this state is attained in a different way than predicted
by (2.15).

3. We analyse the structure of A and B and find necessary conditions
for A, B to be satisfied. As (A + B) n (c0) = 0, this implies necessary
conditions on the stationary population 7 (o).

We proceed now as follows. First we establish in Section 2.2.1 a link be-
tween the algebraic dynamics and a non-autonomous evolution family on
a GNS Hilbert space which is well-suited for our purpose. This evolution
family can be reformulated as a semigroup on a larger Hilbert space, e.g.
12 (IRSr ,YJ), see Section 2.2.2. Then, we introduce the notions of complete
positivity and detailed balance condition, Section 2.2.3. Finally, we present
in Section 2.2.4 a simplified version of our results in [BPW11a].

2.2.1 Algebraic Dynamics and Tomita—Takesaki Modular
Theory

We are interested in the dynamics of the atom originating from the micro-
scopic automorphic evolution of the full system and intend to explain how
this is related to objects which may be analysed by spectral theory. It is
expected that this dynamics is described by an effective (generally dissipa-
tive) completely positive (CP) semigroup whose generator, the so—called
Lindbladian, is given by second order perturbation theory.

To this end, the GNS representation of the initial state w of the system
is the natural framework to use because it provides a Hilbert space struc-
ture which enables powerful tools of spectral analysis. This observation is
well-known, see, e.g., [BFS00, JP02]. The present section is an extract of
the chapter about time dependent C-Liouvilleans, [BPW11b], to which we
refer for the details.
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Assume that the initial state wy is of the form
wo = gat ® WR, (2.16)

i.e., wat = gat is the Gibbs state. Let ($), 77, Q) be its GNS representation.
Note that § := Hat ® AR, T 1= Tat ® TR and Oy := g ® O, where
(Dat, Tat, Qat,g) and (Hr, TR, Qr) are the GNS representation of g, and
wR, respectively. An important property of the initial state is that wy is
faithful. In particular, 7t is injective.

For simplicity, 77 (A) and 7t (V) are denoted by A and V), respectively.
Moreover, the cyclic vector ()y of the GNS representation is in this case
separating for 9, i.e., AQg = 0 implies A = 0. Indeed, wy is a (B, T)-KMS
state, where {7;};cR is the one-parameter group of *—automorphisms on
V defined by (1.11), see also [BR87, Corollary 5.3.9]. The weak closure
of the C*-algebra 7t (V) is a von Neumann algebra denoted by Mt := V".
The state wg on V uniquely extends to a normal state on the von Neumann
algebra 9t and {7;};cr also extends uniquely to a c—weakly continuous
*—automorphism group on 9, see [BR87, Corollary 5.3.4]. Both exten-
sions are again denoted by wy and {7;}cr, respectively. Because wy is,
in this case, invariant with respect to {7 }scr, there is a unique unitary
representation {U; }ter of {7t }ier, ie.,

VieR, AeM: Tt(A):UtAUt*,

such that U;Q)g = Q. As t — T1; is c—weakly continuous, the map t — U;
is strongly continuous. Therefore, the unitary group {U; };cR is generated
by a selfadjoint operator L, U; = e/*L. In particular, Q; € Dom(L) and L
annihilates (), i.e. LOg = 0. Moreover, L is related to the generator § of
the group {7 }er by the following relations: We have

{AQ: A€ Dom(d)} C Dom(L) C $ (2.17)

and
VA € Dom (9) : L(AQ)=6(A)Q. (2.18)

Now, if the faithful state wq; is not the Gibbs state g,¢ in (2.16) then the
GNS representation of wy is also given by (9, 7t, 2) where Q) = O, @ Qg
for some (Yt € Hat. In other words, the von Neumann algebra 9, the
corresponding extension of the x—automorphism group {7;};cr does not
depend on the initial state w,; of the atom. So, we assume from now on
that

wp = Wat @ WR

for any faithful state wat.
The (Tomita-Takesaki) modular objects of the pair (9%, Q)g) are impor-
tant for our further analysis. We write A, J, and

P:={AJAQ, : AeM}

respectively for the modular operator, the modular conjugation and the
natural positive cone of the pair (9, Q)4). Observe that Q = AJAQ4 € P
with

A=plto @1y,
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where p is the density matrix (1.12) of the Gibbs state gat. Additionally,
Q) is a cyclic vector for any faithful initial state w,¢ of the atom and hence,
by [BR87, Proposition 2.5.30], it is also separating for 1.

Standard results from Tomita-Takesaki theory (cf. [BR87, Corollary
2.5.32] and [BR96, Chapt. 5]) show that the generator L of the unitary
group {U; }seR satisfies

VteR: Lj+JL=0, ¢€ttpcpP, A=eP (2.19)

Here, L refers to as the standard Liouvillean of the *—automorphism group
{Tt}er.

In our setting, however, the free dynamics is perturbed by the pump
and the atom-reservoir interaction. Altogether, this leads to a perturbation
W; of the standard Liouvillean L. For time independent perturbations of
the generator ¢ of the dynamics {7;}ter (on V) of the form i[W, -] with
some bounded selfadjoint W € V, one has

vieR: 1)V (A) =" HWige W) con. AeV, (220)

where {7}V }cR is the strongly continuous *-automorphism group on V
generated by & +i[W,-]. Analogously as above, {1}'};cr defines a o—
weakly continuous group on whole 9t. In general, the operator L + W
neither annihilates ()4 nor satisfies

(L+W)J+](L+W)=WJ+]JW =0.

It is known, [BR87, Corollary 2.5.32], that there is an operator Ly, the stan-
dard Liouvillean of the dynamics {t}"};cR, satisfying [Lw, ]| = 0 together
with

VieR: T}N (A) = eltlw Ae~itlw AemM,
use [BR87, Corollary 2.5.32] and the c—weakly continuity of the map t —
7{'. Indeed, Ly equals L + W up to an element of the commutant m =
JOMJ of the von Neumann algebra 9. To determine it explicitly, it suffices

to solve the equation
[W+JAJLJI =0 (2.21)

for A € M. Straightforward computations show that A = W is a solution
of (2.21). Additionally using the uniqueness of the standard Liouvillean
Lw, one concludes that

Ly=L+W-—]JWJ,

is the only solution of (2.21).

The operator Ly does not necessarily annihilate (34 or some prescribed
vector () € P. In general, Ly only annihilates Qy € P, the vector repre-
senting the unique (B, 7"")-KMS state normal to wy. In other words, the
standard Liouvillean Ly anti-commutes with the modular conjugation J,
but has the drawback of not having ()4 in its kernel. A way to bypass
this problem is presented in [JP02, Section 2.2] where the notion of C-
Liouvilleans, £, is introduced. It is constructed such that £ = 0 for any
fixed () € P. In our case, we face the problem that the dynamics is non-
autonomous and the standard Liouvillean Ly, is time dependent. Using
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the C-Liouvilleans construction of [JP02, Section 2.2] we can design the
time depending Liouvillean of the non-autonomous dynamics such that
L) = 0. This is a very useful property for the analysis of the dynamics.

Therefore, we now extend the definition of C-Liouvilleans [JP02, Sec-
tion 2.2] to non-autonomous evolutions. First, the time dependent, boun-
ded, selfadjoint perturbation {W;};cr C V should define a family of sym-
metric derivations

(Swt =0 + i[Wt, ]

for all t € R, which generates a strongly continuous two—parameter family
{Tts}t>s of automorphisms of V, similar to the autonomous case (2.20).
The time dependent C-Liouvillean is defined by

Li:=L+W,— JAY?W,A"1/2) (2.22)

forany t € R.
Note that the term

Vi = Wi — JAV2W,A12) (2.23)
implements the commutator [W;, -] for any t € R, i.e. forany A € V,
(Wi, A] Q) = W AQ — (W A%)" Q) (2.24)
and using JA/2AQ = A*Q) we also deduce that
JAV2WATY2TAQ = (W AF)* Q.

In particular,
VieR: L Q=0. (2.25)
We have the following result.

Proposition 2.12 (Time-dependent C-Liouvilleans).

Assume that {W;}i>0€ CY(R, V) and {Vi}1>0 € CY(R, B ($)). Then, there is
an evolution family {Uys }+>s C B ($) solving on Dom (L) the non—-autonomous
evolution equations

Vi>s: atut,s = iﬁtut,s , asut,S = —iut,sﬁs , US,S =1.

Moreover, for any t > s, Uy possesses a bounded inverse Utjsl. If {Wi}ier is
periodic with period T > 0, then

Vt>s, ke€Z: Ups=Urrstkr-
The evolution family satisfies U; s = Q) and
VE>s, AeV: Ty (A) = U AU

In particular, {Tts }er also extends uniquely to a o—weakly continuous *—auto-
morphism evolution family on M.

The use of C-Liouvilleans is advantageous because of the presence of only
one evolution family in the dynamics described by

VA eM: UtrsAUs,tQ = Ut,SAQ.

In particular, it establishes a direct relation to the Lindbladian, which is an
operator defined on the von Neumann algebra 9t. Observe also that £; is
not selfadjoint anymore and may thus be dissipative.
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2.2.2 Evolution Semigroups

In the previous section we identified an evolution family, { Uy }+>s, which
implements the algebraic dynamics. In the present section we explain how
this is related to objects which may be analysed by spectral theory. To this
end, we represent this non—-autonomous evolution as an autonomous dy-
namics on an enlarged Hilbert space emerging through an additional de-
gree of freedom, which is a new time variable denoted by «. This method
enables a long-time analysis of the non-autonomous dynamics via a spec-
tral analysis of the generator of the associated evolution semigroup.
The enlarged Hilbert space is defined as

fjevo = LZ(T(D/'S;jat)/ T(D = ]R//%TZ/ (226)

of time-dependent 271~ !-periodic functions with images in $). The scalar
product on $evo is naturally defined, for all f, g € Hevo, by

2

(f Sevo 7= o [ (F(5),8 (1) 5t

“ 2 Jo
Then, there is a strongly continuous one—parameter semigroup {7, }.>0,
called evolution semigroup, such that, for all « > 0 and f € Hevo,

Vit € Tp ae.: To (f) (1) = Upp—of (t—a).
The evolution semigroup is generated by

d
®:= = + Leovo, D(0), (2.27)

where Levo is the bounded operator defined, for all f € $evo, by
Vt e Tp ae.: Levo(f) () := Le(f(1)).

In [BPW11a] we analyse an effective dynamics, which approximates the
two—parameter family {U;s}:>s in a certain sense uniformly in time. This
dynamics gives also rise to an evolution semigroup, but the operator Levo

is bounded, see Section 2.2.4, and hence D () = D (%) in this case.

2.2.3 Completely Positive Markov Semigroups and Balance
Conditions

In open quantum systems, one usually studies the restricted dynamics
on the small quantum system of the time evolution of the full, composite
system that typically is a small quantum object in interaction with macro-
scopic systems, i.e., reservoirs. This restriction on the time evolution for-
mally defines at any fixed time a map C within the set of density matrices
of the small system. This is pedagogically explained in [AL(07, Section
1.2.1]. As explained in [AL07, Section 1.2.2], such maps usually share sim-
ilar mathematical properties, which refer to completely positive maps defined
below. In some situations, for instance if the system evolves to a thermal
equilibrium, there is a balance condition for the generator of the effective
dynamics of the small subsystem, namely the (quantum) detailed balance
condition. We start with the definition CP maps and semigroups.
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Definition 2.13 (Completely positive maps).

A positive map C € B (B (X)) acting on the set B (X') of bounded opera-
tors on a Hilbert space X is called completely positive (CP) if the extended
map C ® 15(¢n) is positive for any n € N. If C is unital, ie, C (1x) = 1x,
then the operator C is called a Markov map.

Completely positive semigroups are simply semigroups which are CP
maps for all times.

Definition 2.14 (Completely positive semigroups).

A semigroup {C;}i>0 C B(B (X)), with X’ being a Hilbert space, is CP
if the map C; is CP for any t € R™. If C; is unital for any t € R™, then
{Ct}t>0 is called Markov.

From now on until the end of this section, X" is always a n-dimensional
Hilbert space. We denote by B, (X') = B (&) the Hilbert space of Hilbert—
Schmidt operators with scalar product

In the special case where a semigroup {Ci}i>0 C B (B (X)) acts on
B, (X), we can define the (unique) adjoint semigroup {C}}i>0 C B (B, (X))
via the equations

VE>0: (Cf(A),B)g,x)=(ACi(B)px)y, ABEB(X).

Note that a Markov CP and Cj semigroup {C; };>¢ defines a Cy semigroup
{CF}i>0 which preserves the trace. In this case, {C/};>¢ is also called a
Markov CP and Cp semigroup. Generators of Markov CP and Cy semi-
groups {C;}+>0 and {C}};>0 can then be characterised in the finite dimen-
sional case (cf. [DF06, Sect. 4.3]):

Theorem 2.15 (Generators of (CP) Markov semigroups, dim X = n).
An operator M € B (B (X)) is the generator of a CP semigroup iff there is a
completely positive map E € B (B (X)) and an operator A € B (X)) such that

M= A +A"+E. (2.28)

M € B (B (X)) the generator of a CP Markov semigroup iff it is the generator of
a CP semigroup and

1 1
M=i|Z(A+A), |-z (EQ)+EQ) | +E. (2.29)
2 2 \ T4 T T
Remark 2.16. We use in Theorem2.15 the left and right multiplication,
AA = AA and A*A := AA*, VA € B(X), respectively. Operators of

the form (2.28) are usually called Lindblad-, Lindblad—Kossakowski generator,
or short Lindbladian, [GKS76, Lin76]. We will use Lindbladian.

Let {Tt},cp+ » It € B(B(H)) be a continuous Markov CP semigroup
and w be a stationary state, i.e. w = woT;, Vt € R, wrt. {Tt}ens-
Assume that w is a faithful state of the C*-algebra B (H) and denote the
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corresponding GNS representation with (Hw, Tw, Qw)- There exists a con-
tinuous contraction semigroup {e~#t}, . on H,, such that

w (T (A) Qu = el (A) Q.

The following definition of the detailed balance condition is due to [FGKV77,
FGKV78], but we formulate it as presented in [Ali76].

Definition 2.17 (Detailed Balance Condition). We say that L satisfies the
detailed balance condition (DBC) iff it is a normal operator w.r.t. the scalar
product of H,,.

Remark 2.18. Let L = Lge + iLjy be the unique decomposition with re-
spect to the scalar product of H,,, such that L, L1y, are self-adjoint opera-
tors. If L satisfies the DBC one can show, [Ali76, Lemma 4], that L), = 0.
Define by

T (@t (A)) Qg = etRerry, (A) Oy

a continuous group {a;},.r of automorphisms of the C*-algebra B (H).
Moreover, the detailed balance condition implies that

e (g4 (A)) Qo = e iy, (A) Qu

defines a Markov CP continous semigroup {;}, Ry [FGKV77], and
LRe (Qw) =0 = Ly (Qu) -

We conclude this section with a short illustration of the DBC for Markov
chains with some finite state space which is not necessarily related to H.
Consider

d N ,
Enj (i‘) = Z; (Ajgl’lg (t) — Agji’lj (t)) , A]',g >0, ],f =1,...,N. (2.30)

This Markov chain satisfies the DBC w.r.t. #i = (iy,...,7iN), if

Ajgﬁg:Agjflj, j,£=1,...,N.
In case of thermal equilibrium, when n, is associated to the population of
the /™ atomic energy level, the relation between Ajy and Ay; is given by

the Boltzmann factor exp (—p (E; — E;)).

2.2.4 Results

In the present section we present a simplified version of the results of
[BPW1la]. We analyse the atomic dynamics resulting from the restric-
tion on B(C*) of the full dynamics generated by the symmetric derivation

(55)\’77). This corresponds to study the family of states {wat (t)}teRO* defined
by (1.18) or, equivalently, to study the corresponding family {p,, (t)}te]RO*

of density matrices. We are more precisely interested in the time behaviour
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of observables related to atomic levels only, and not to correlations be-
tween different levels. Mathematically, this amounts to study the orthog-
onal projection Pg (p,, (t)) of the density matrix p,, (f) on the subspace

D= D(Hat) = B(Hl) D---D B(HN) C Hat- (2.31)
In other words, we analyse the density matrix

N

Py (py (1)) = k_le [Hat = Ex] g (t) 1[Hat = Ey]

for any t € Ry . The density matrix p,, (t) is approximated by the solution

of an effective non-autonomous initial value problem in B(C¥) called the
effective atomic master equation, see [BPW1la, BPW11b]. Its generator is

a time-dependent Lindbladian SEA’”), i.e. it generates for any t € R a

completely positive group. This Lindbladian EEM) € B($at) is defined by
the following sum:

£§A”7)(p) i= Lat(p) + 1 cos(@t)Lp(p) + A2LR(p), P E Har.  (2.32)

The first term is the Lindbladian of the free atomic dynamics which is the
anti-selfadjoint operator defined by

Lat(p) = ~i[Har, p] = —La(p), P € Dat (2.33)
Similarly, the second term of (2.32) corresponds to the Lindbladian
Lp(p) == —i[Hp, p] = —L5(p), P € Hat- (2.34)

The third term includes a dissipative part £; € B($at), i.e., £Lr € B(9at)
is not anti-selfadjoint, which results from the Markov approximation of
atom-reservoir interaction. More precisely, the Lindbladian £ equals

Lr(p) := —i[Hramb, o] + £a(p), 0 € Hat. (2.35)

The so—called atomic Lamb shift Hy 4 and effective atomic dissipation £
encode the influence of the electron field-impurity interaction on the dy-
namics. For the explicit form of £; and Hp oy in terms of quantities of the
underlying microscopic dynamics, we refer to [BPW11a]. Here, we focus
on the structural properties.

We define now the effective atomic master equation as the initial value
problem

d A,
vez0: S(t) =M p(h),  p(0) = p(0) =pye  (236)
This evolution equation has a unique solution, since $),¢ is finite dimen-
sional. We denote the two parameter family solving (2.36) by {%Eg’”)}gs.
Let {7 }4>0 be the evolution semigroup on $eyo := 12 (T, Hat) associated
to {%Eg'm}tzs- The generator of {7, },>0 is given by

d d
g 4 (A1) A — “a
G . dt+£eVO,D(G ) D(dt>,
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where 2‘(3(,\5'7) is the bounded operator defined for any f € Hevo as

VteTpae: 9l (f) (1) =™ (f(1)).

For each € € 0(i[Ha, -]),

f.)g)m?) = Pe(/\,ﬂ)y)evo

is an invariant, finite dimensional subspace (see [Kat76, Chapter II]) of the
evolution semigroup {7, },>0 and

pM . % 74 (z - GW?)) iz (2.37)

\z—e|=§

is the Kato projection. Here, we choose R and A small enough to ensure

that the Kato projection, Pe(/\’”), is well-defined. The restriction of G*7)

onto the space ,6((]0’0) is denoted by

AA) .— péO'O)G(/\/'?) p(g(’/O)_ (2.38)
In [BPW11a] we construct a unitary operator

u: 50 500,

such that, for
AOD (p) = g;:‘p(p) +A22x(p),

we find
AN = gAAn g,
Under certain technical assumptions, we prove the following result.
Theorem 2.19 (Bru-Pedra-W. "11).
(i) For any e € (0,1), any state p € D C $Hat, with p = p(0), and any

observable A € B(C) = $a, the unique solution {p(t)}+>o of the effective
atomic master equation (2.36) satisfies the bound

[(Po (p(#)), Ay — (exp (a1} p, 4)

_ AT+ A

evo

Here C is a finite constant independent of p, A, A, 4, @, and .

(ii) There is a unique density matrix p,, € 573(()0’0) such that AMD () = 0.

Moreover, for all p € $H,¢ and any € € (0,1),

limsup [P (o (3)) — Pa (7o) < € (142079 PUEEID) - )

K—00

where C is a finite constant independent of p, A, A, , @, and «.
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Remark 2.20. We stress, that our analysis does note require a rotating wave
approximation (RWA), which would amount to replacing Hp cos (@t) by a
matrix of the type

0 N I
0
0 :
ge=it® 0 ... 0

The RWA suppresses certain “rapidly oscillating” terms in the “interac-

tion picture” of the equation (2.36), i.e. the evolution equation obtained by

conjugating {%E/};’”) }t>s with the one parameter group {"I'E/OO’O) }teR. This

approximation is physically meaningful if the detuning, A, is small com-
pared to the sum of the frequencies of the external light source, @, and
the energy difference of the atomic levels which are coupled ie. A :=
|@ — (EN — E1)| € @ + (Eny — Eq). In our setting, we even have A = 0, i.e.
a resonant pump.

Having established the existence of a stationary state, we still need to de-
rive a Pauli equation, for which n () = Pg (p,,). Denoting P3 := 1 — Pg
we find the following integro—differential equation:

Theorem 2.21 (The pre-master equation).
The family {p5 () }a>0 of density matrices defined by

Po () := Py (exp (oc/\(/\'”)) p) ,

for any initial density matrix p € $at, obeys the integro—differential equation

d
e @) = ALR (pp (1))
5 ar2
oz / Po 2y Phe™ R PEL Py (pg (1w —sA72) ) ds,
0

called here the pre-master equation. Moreover,
B = / Po £, PSR PL £, Pods € B($ar),
0

where the integral exists in norm.

Now we introduce

and
A= A2LpPy.
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Since ® is an invariant space of £ and B, we can define the Pauli Equa-
tion

%n(t) — (A+B)n(t), n(0)eD.

It has a unique solution which converges to 1 (c0) := Pg (p,,). Note, the
following two facts:

VtG]R+:

1. The generator of the stimulated process, B, is indeed proportional to
1%, which measures the strength of the pump, i.e., its intensity.

2. The operator B is a depends on £x, whose “diagonal entries”, i.e.,
the part of £ which acts non—trivially on ©, defining the sponta-
neous process generated by A.

We refer to [BPW11a] for a discussion of the relation of A and B to the
well-known “Einstein coefficients”. Those coefficients are known to satisfy
several restrictions and we derive analogues for the present setup.

2.3 Towards a Dynamical Renormalisation Group

In [BMW11], we study the long time dynamics of an open quantum sys-
tem consisting of a two-level atom which is weakly coupled to the en-
vironment. The environment is modelled by a massless boson field at
zero temperature. Assuming dilation analyticity of the Hamiltonian, we
derive an effective generator for the evolution of the atomic- and low en-
ergy photon degrees of freedom and provide quantitative errors in the
coupling constant. In the weak coupling limit our result reproduces the
well known results of Davies, [Dav74, Dav75, Dav76], for our model. As
already explained in Section 1.2, one expects for the type of model we
investigate, that the weak coupling limit in the sense of Davies cannot be
extended to times beyond the van Hove timescale. Our approach is a first
step to develop a renormalisation group analysis that provides for a given

timescale T, = tg" an effective generator Hy; + Tén) (Hg) for the evolution
of atomic- and low energy field degrees of freedom, as well as quantitative
error bounds. The effective operator is obtained as the unique solution of
an implicit equation.

We explain in Section 2.3.1 the isospectral Feshbach map, which is an
important tool in our analysis. In Section 2.3.2, we present a standard
result on Cy—semigroups, which expresses a Cy—semigroups in terms of
the resolvent of its generator. This is the starting point for our analysis in
[BMW11]. Then, deformation analyticity and in particular dilation analyt-
icity are defined in Section 2.3.3. Finally, our main result is presented in
Section 2.3.4. In Section 2.3.4 we also discuss the relation of our work to
results on resonances and metastable states.

2.3.1 The Isospectral Feshbach Map

We present here a new variant of the the Feshbach map for matrices, which
has been introduced in [BCFS03], namely the smooth Feshbach map. In
[BMW11] we use in fact the conventional Feshbach map, but as smooth
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Feshbach map can easily be related to the conventional one, and has
proven to provide significant simplifications in the renormalisation group
analysis of singular perturbation theory, [BFS98b, BCFS03], we believe it is
of interest for the reader. We also use [GHO08], where some assumptions
of [BCFS03] connected to the isospectrality could be generalised. Let H be
a separable Hilbert space and x and ¥ be commuting, non—zero bounded
operators on H and satisfying

XX =1 (2.40)
Let
H,T: D(H)=D(T)— H,

be closed operators and set W := H — T. Moreover, we use the abbrevia-
tions

Wy = xWyx, WX = xXWy,
Hy :=T+W,, Hy =T+ Wy,

where all operators are defined on D (T). Then, we have the following
definition.

Definition 2.22 (Feshbach pair). The pair of operators (H, T') is called Fes-
hbach pair for x, X, or short Feshbach pair, iff

1) xT < TxandxT C Ty,

(i) T,Hy: D(T)Nran()Y) — ran(x) are bijections with bounded in-
verse

(i) XH XWx : D(T) — H is a bounded operator.

At several stages inverse operators on subspaces are considered. We say
A: D(A) — H is bounded invertible on a subspace V, if its restriction to V
is bounded invertible. Note that

XWXH'X = xHxH; 'x — xTxH; 'x
is bounded by (i) and (ii).

Definition 2.23 (Smooth Feshbach map). Let x and X be commuting, non—
zero bounded operators on H and satisfying (2.40) and (H, T) be a Fesh-
bach pair. The Feshbach map is defined as

Fy (H,T) := Hy — xWxH; 'XWx.
It is also useful to introduce the following auxiliary operators

Qr = x—XH;'xWx
Q= x—xWxH;'%
With these prerequisites, we have the following theorem.

Theorem 2.24 (Feshbach isospectrality). Let x and X be commuting, non—
zero bounded operators on 'H and satisfying (2.40) and (H, T) be a Feshbach pair.
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Then, the following holds:
(i) Let V be a subspace with ran(x) € V and T : D(T
XT XV C V, then H is bounded invertible iff F, (H,T) : D (
is bounded invertible in V. Moreover,
_ -1 1
H™' = QuF (H,T)' Q +XH; ',

F (H,T)"' = xH 'x+xT'%.

ynv — Vv,
NV -V

(i))  xker (H) C ker (Fy (H,T)) and Qyker (Fy (H,T)) C ker (H). More-
over,
X:ker(H) — ker(F,(HT)),
Qy : ker (Fy (H,T)) — ker(H),
are linear isomorphisms and inverse to each other.

It remains to relate the smooth Feshbach map to the original Feshbach
map, [BFS98a, BFS98b], where x = P and P is an orthogonal projection,
i.e. P2 = P and P* = P. In this case, we may set T := PHP + PHP, where
P :=1— P, and obtain

PFp (H,T) P = PHP — PHP (PHP) ' PHP =: Fp (H),
where Fp (H) is the original Feshbach map.

2.3.2 An Inverse Laplace Transform

The starting point of our analysis in [BMW11] is the following result on
Co—semigroups. It is in fact the inverse Laplace transform of the resolvent
of the generator, [ABHNO1, Thm. 3.12.2].

Theorem 2.25. Let X be a Hilbert space and {T (t)}te]Rg be a Co—semigroup
with generator A and

|7 ()] < Me“ T}, M>0,w(T)€R.
Then, forallt >0, x € X, w > w (7T ), we have

k
— 1 i (wis) a1
T(t)x—klgilo 7o /e (w+is—A)  «x. (2.41)
Remark 2.26. (i) The preceding theorem is not valid for general Banach
spaces. However, if one replaces the assumption x € X by x € D (A), then
an analogue statement is true for Banach spaces.

(ii) Even though (2.41) is an expression for positive t, a representation
for unitary groups can be obtained by means of Stone’s Formula, [RS80a,
Thm. VIL.13].

(iii) If the spectrum of A is contained in a sector of angle < 7, the
integration (2.41) can be deformed to an appropriately chosen contour.
This has the advantage, that one can get rid of the “symmetric limit”,

limy e % ffk ..., and several parts of the contour may be discussed sep-
arately. In [BMW11] we just do that in order to obtain Theorem 2.30.
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2.3.3 Dilation Analyticity

Complex deformation techniques have first been used by Balslev and Com-
bes in the context of N-body Schrodinger operators, [BC71]. The interac-
tion is usually assumed to be relatively compact with respect to the free
Hamiltonian, which is not the case for our model. Le. let

H=Hy+V,

where Hy is selfadjoint and Vis relatively compact. If the complex de-
formed V, V; is relatively compact w.rt. the complex deformed Hy, de-
noted by Hy¢, then one can conclude by Weyl’s Theorem, [RS78, Thm.
XII1.14], that the essential spectrum of the deformed Hamiltonian Hy =
Hyz + V& equals the essential spectrum of the deformed “free” Hamilto-
nian, i.e.

Tess (HQ') = Uess (HO,r;‘) .

In particular, if the essential spectrum of Hyz is only in one half plane,
then this also holds for Hg. In our model, the interaction ¢ (G) of the
quantised boson field is not relatively compact with respect to the free
energy. Therefore, the essential spectrum can in general be spread in the
lower and upper half plane. In view of (2.41) this means that we pick up
exponential growth in those regions.

Next we define the complex deformation relevant for our application.
It is useful to introduce the following notion.

Definition 2.27 (Type A families). For some open subset B C C, a family
{H:} B of closed operators defined on a Banach space X is of said to be

of type A iff D (Az) =2 C X forall ¢ € B and the map
B>¢w— ng
is analytic for all x € 9).

We have the following well-known result on type A families, see [Kat76,
Sect. VIL.2, Thm. 1.3].

Lemma 2.28 (Resolvents of type A families). Let {Hs} ceB be a type A fam-
ily and z € ¢ (Hg, ), where ¢ (Hg,) is the resolvent set of Hg and &y € B. Then,

g (z—Hg) ! (2.42)
is analytic in some neighbourhood of ¢,,.

Lemma 2.28 implies that the resolvent set of He is preserved in the vicinity
of the given ;. In applications, we usually have a—priori knowledge on
the resolvent set for the free Hamiltonian for any ¢, € B. In our situation,
we are lead to stronger statements than Lemma 2.28, where analyticity of
(2.42) is even true for some strip around the real axis.

Let now Hg be defined as in (1.6), N = 2, d = 3, and w (k) := [k|,
Vk € R3. Let f € b and define the unitary strongly continuous one-
parameter group of dilations, u(-), on the space h by (u(a)f) (r,Q) =
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e 20 f (e7%r,Q)), using polar coordinates, (r,Q2). Its second quantised ana-
logue is denoted by U («) := T (u(a)). U leaves the domain of Hy, D (Hy),
invariant and one easily computes

Hy, = Hat +e¢ “Hg, Vo € R. (2.43)
Forany ¢ € C,
Hyg = Hat +e ¢ Hp,

is a closed and even normal operator on Hat ® D (Hg), as Hat is finite
dimensional. Moreover, { Hy ¢ } cec is a family of type A. From

1 et

(z—efx—E)) (efz—x—efE))’

it follows by functional calculus of the selfadjoint operator Hy, that z €

bz € €\ (65 {Eo,E1} + Rg) /

and hence

o (Hoz) = {Eo, E1} + e*R{.
We introduce now a condition on the coupling functions, which insures
that the full Hamiltonian gives rise to a family of type A. For matrix—
valued functions, we use the convention that the norm is the operator
norm on B (C?) and we write again ||Gl|,  instead of |G|y gc2<2 if G is
matrix—valued.

Condition 2.29 (Coupling functions). Let ¢, € (0,%) and the coupling
function, G, be an element of L2 (R3,%B (Hat)). The map R 3 a — G, :=
u(a)G extends to an analytic function in the strip I (&) := R +i(—Cy, &)
and
sup [|Gatiollp, < oo (2.44)
161<&o
Moreover,

G(k)=G(k]), (G(k),=0, VkeR> (=01 (2.45)
There is a cpp9 € R, such that

I1G (k)| < f}% Vk € R3. (2.46)
Finally, assume that ||G (k)|| — O sufficiently rapid, as |k| — co. We refer
to the sufficiently fast convergence ||G (k)|| — 0 as the ultraviolet cutoff.

Finally, on the domain Hat ® Fy, we define for & € I (&),

¢ (Gg) = \2 (ﬂ (Gg) +at (G§)> : (2.47)

Note, that we used ¢ for the annihilation operator, 4 (+), since it is anti-
linear in the argument. On the domain Hat ® D (Hy), we define the closed
operator

Hgz == Hos + ¢ (8Ge) - (2.48)

As ¢ (Gg) is infinitesimally Hy bounded, it follows that Hg ¢ is a family of
type A.
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2.3.4 Main Result and Resonance Theory

We distinguish two different problems of perturbation theory of eigenval-
ues, the regular perturbation theory, where the eigenvalue to be localised is
an element of the discrete spectrum of the unperturbed operator and the
singular perturbation theory, where the eigenvalue is in the essential spec-
trum. More specifically, let

Hg := Ho +gW,

where Hj is assumed to be selfadjoint, W is a relatively Hy—bounded per-
turbation of Hy. Then, assume that A is an eigenvalue of Hy with multi-
plicity m € IN. If A € 0gisc (Ho), or if there is a complex deformation' Hy,
of Hy, such that A € 0gisc (Hoz) one can analyse the spectrum by means
of the Riesz projection,

P(A) = 2;”11 fdz (Hye —2) ", (2.49)
Y

for sufficiently small g. Here, 7 is a contour in the resolvent set of Hy ¢
which encloses A as the only spectral point of Hyz and Hg e is the “com-
plex deformed” H;. We have already seen in Section 2.1.3 that excited
eigenvalues may be unstable and it is possible to estimate the decay of
matrix elements

(9, f(He ™Msyp) = (140 (g2)) ™™ b (t,8), Im (A (g)) >0,
b(tg) < o (g2> 1+t)N, VNeN,t>0, (2.50)

provided Fermi Golden Rule holds and the resolvent, (Hg - z) _1, is suffi-
ciently regular with respect to some auxiliary operator A. In Section 2.3.3
we consider the case where A is selfadjoint and the resolvent is even an-
alytic in a strip around the real axis with respect to the conjugation with
the group generated by A. In the context of regular perturbation theory
there are strong results on the decay rate of the resonances. These results
do usually assume a deformation analyticity of the Hamiltonian Hg, in
order to separate the essential form the discrete spectrum, but they to not
require a Mourre estimate. The first result which provided rigorous esti-
mates on the decay law of resonances states is due to Hunziker, [Hun90].
He proves a result with the same consequences as in Theorem 2.10, but the
error term b (t,g) decays as (1 +t) " for any n € IN, instead of some fixed
n related to the regularity of the resolvent. Both results, [CGH06] and
[Hun90], depend on the function f (-), which localises the group e #Hs
to a small interval around the eigenvalue A. For a different choice of f,
namely assuming that f is of Gevrey class, Rama and Klein proved re-
cently, [KR10], that for an abstract dilation analytic model that b (t,g) is
almost exponentially decaying,

1
aca,

IN

|b(t:g)| SO(gZ) e—Ct%, C

1See Section 2.3.3.
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for any a > 1, ¢ > 0 and g sufficiently small. Finally, in the case of
finite temperature, Jaksic and Pillet developed in [JP95, JP96a, JP96b] a
complex deformation technique, a complex translation, which allows to
deform Liouvilleans such that the discrete spectrum is separated from the
essential spectrum, even if the reservoir arises from a massless field. In
this vein the problem becomes tractable by regular perturbation theory,
whereas this is not possible for the generator of dilations.

In the context of singular perturbation theory, more specifically in
massless quantum field theoretic models, resonances have first been anal-
ysed by Bach, Frohlich and Sigal, [BFS98a]. Their analysis is based on the
isospectral Feshbach map. The Feshbach map has as an intrinsic feature a
reduction of state space. An iteration based on an repeated decimation of
the state space lead to the construction of a renormalisation group analysis,
which provides an algorithm to localise the resonance to arbitrary pre-
cision, [BFS98b, BCFS03]. The first result to determine the decay rate of
(2.50) for dilation analytic, massless, quantum field theoretic models has
been established in [BFS99], using a single step Feshbach map analysis.
The result proved there is of the same type than the result by Hunziker,
[Hun90]. In a more recent paper Hasler, Herbst and Huber proved also a
lower bound on the decay rate of (2.50). Their analysis is also based on the
Feshbach map, see [HHHOS].

In [BMW11] we provide a detailed analysis of the dynamics generated
by a two level spin boson model, with a dispersion relation w (k) = |k,
restricted to low field energies. More precisely, let Hg be defined by (1.6),
with N = 2 and eigenvalues of H,;, E; > Eg. We prove for the complex
deformed operator, H ¢.¢s S€e Section 2.3.3, a result, which we present here
in a simplified version.

Theorem 2.30 (Bach—-Meoller-W. "11). Let

7 H
Xoz (t) :=e sz

andp = g, u € (0,2), and pick v € (0, min (1,‘14’1 - %)) There is a bounded
operator, Eq ¢ (Hy), with [Eg,,: (Hg),Hog| = 0, such that for any t € R,

Hl [Hp < p] Xgg (8) 1[Hp < p] - e~ tEg e (Hy) H
< C (et e (0 4+ ghp D)),

for some C, co,c1,c2 € Ry, which are independent of g. Moreover, for £ = 0,1,
r € [0,p] and Py :=1[Hae = E)] ® 1[Hg < p],

Egi (1) Pagy = (Ez +e r—g?Au (0, Ez)) Pyy+ 0O <82P> :
Here, we used for ¢ = 0,1 the abbreviation

T e ’(G)(pm (e%k)

Aat (0.E0) ::/dk Ey (—Eo+e K
0 1-¢ 4

’ 2
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Remark 2.31. (i) It is possible to relate /N\M (0, Ey) to objects which are ¢
independent. For the ground state, / = 0, this yields a correction in sec-
ond order of ¢ with vanishing imaginary part = 0. For the excited state,
¢ =1, the obtained correction has a negative imaginary part, provided
Fermi Golden Rule holds.

(ii) To our knowledge, the evolution of the ground state has previously
not been addressed in singular perturbation theory. Note, that the error

contains an exponentially growing factor, ¢18°0"t which is due to contri-
butions of the ground state. This exponential growth is however of a mild
type, as it becomes constant on the van Hove timescale, where g% = const.
as g — 0.

(iii) The optimal choice of u depends on the value of t. If one chooses
U= %, then p% = g%pf%(v+%)

(iv) Our result reproduces Davies results in the weak coupling limit, but
also provides quantitative bounds.
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Regularity of Eigenstates in
Regular Mourre Theory

J. S. M@LLER AND M. WESTRICH

Abstract

The present paper gives an abstract method to prove that possibly
embedded eigenstates of a self-adjoint operator H lie in the domain
of the kth power of a conjugate operator A. Conjugate means here
that H and A have a positive commutator locally near the relevant
eigenvalue in the sense of Mourre. The only requirement is C<+1(A)
regularity of H. Regarding integer k, our result is optimal. Under
a natural boundedness assumption of the multiple commutators we
prove that the eigenstate ‘dilated’ by exp(i6A) is analytic in a strip
around the real axis. In particular, the eigenstate is an analytic vector
with respect to A. Natural applications are ‘dilation analytic’ systems
satisfying a Mourre estimate, where our result can be viewed as an
abstract version of a theorem due to Balslev and Combes, [BC71]. As
a new application we consider the massive Spin-Boson Model.

3.1 Introduction and main results

In this paper we study regularity of eigenstates 1 of a self-adjoint opera-
tor H, with respect to an auxiliary operator A for which i[H, A] satisfies
a so-called Mourre estimate near the associated eigenvalue A. Our results
are partly an extract of a recent work of Faupin, Skibsted and one of us
[FIS10a], and partly an improvement of a result of Cattaneo, Graf and
Hunziker [CGH06]. We consider in the present work the case of regular
Mourre theory, where the derivation of the bounds on A¥y is simpler com-
pared to [FIS10a]. In fact we derive explicit bounds which are independent
of proof technical constructions. The bounds are good enough to formu-
late a natural condition on the growth of norms of multiple commutators
which ensures that eigenstates are analytic vectors with respect to A. We
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46 Chapter 3. Regularity of Eigenstates

discuss how these growth conditions may be checked in concrete exam-
ples and illustrate this for dilation analytic N-body Hamiltonians and the
massive Spin-Boson Model.

The general strategy in this paper, as well as in [CGHO06] and [F1S10a],
is to implement a Froese-Herbst type argument, [FH82], in an abstract
setting. In a formal computation the Mourre estimate suffices to extract
results of the type presented here but to make the argument rigorous one
has to impose enough conditions on the pair of operators H and A to en-
able a calculus of operators. This is usually done by requiring a number
of iterated commutators between H and A to exist and be controlled by
operators already present in the calculus. The type of conditions imposed
is typically guided by a set of applications that the authors have in mind.
Most examples, like many-body quantum systems with or without exter-
nal classical fields, have been possible to treat using natural extensions of
conditions originally introduced by Mourre in [Mou81]. The same goes for
a number of models in non-relativistic QED like confined massive Pauli-
Fierz models and massless models, with A being the generator of dilations.
These are the type of conditions used in [CGHO06].

Over the last 10 years a number of models that fall outside the scope of
Mourre’s original conditions, and hence not covered by [CGHO06], have ap-
peared. We split them into two types. The first type are models that, while
not covered by Mourre type conditions on iterated commutators, still sat-
isfy weaker conditions developed over some years by Amrein, Boutet de
Monvel, Georgescu and Sahbani [AdMG96, Sah97]. These conditions play
the same role as Mourre’s original conditions in that they enable the same
type of calculus of the operators H and A. We call this setting for reg-
ular Mourre theory. Examples of models that fall in this category but
are not covered by Mourre type conditions as in [CGHO06], are: P(¢),-
models [DGO00] (with P(g) # ¢*), the renormalised massive Nelson model
[AmmO0], Pauli-Fierz type models without confining potential [FGS01],
the standard model of non-relativistic QED near the ground state energy,
where only local Ck conditions are available [FGS08], and the translation
invariant massive Nelson model [MR10].

The second type of models we wish to highlight are those for which
the commutator H' = i[H, A| is not comparable to H (or A). Here one
views the commutator as a new operator in the calculus and impose as-
sumptions of mixed iterated commutators between the three possibly un-
bounded operators H, A and H'. This type of analysis goes back to [Ski98]
and was further developed in [MS04] and [GGMO04a]. This situation we
call singular Mourre theory and is the topic considered in [FIS10a]. There
are two examples where this type of analysis is natural. The first is mass-
less Pauli-Fierz models with A being the generator of radial translations
[DJ01, GGMO04b, FIS10a, FIS10b, Ski98, Gol09] and the second is many-
body systems with time-periodic pair-potentials, in particular AC-Stark
Hamiltonians [MS04, FIS10a]. The technical complications arising from
having to deal with a calculus of three unbounded operators are signifi-
cant.

Part of the motivation of this work is to extract the essence of [F1S10a]
in the context of regular Mourre theory, where the technical overhead is
more manageable.
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A second motivating factor is drawn from the paper [FIS10b], which
is in fact intimately connected to [FIS10a]. We remind the reader of the
Fermi Golden Rule (FGR) which we now formulate. Let P denote the
orthogonal projection onto the span of the eigenvector ¢, and abbreviate
P = I —P. The FGR states that a, for simplicity isolated and simple,
embedded eigenvalue is unstable under a perturbation W provided

( lim (W, P(H — A~ ze)_1PW1p>) £ 0. (3.1)

Here H = PHP is an operator on the range of P. In the above statement
the existence of the limit is of course implicitly assumed. Due to the pres-
ence of the projection P, the operator H has purely continuous spectrum
near the eigenvalue A, and the existence of the limit can thus be inferred
from the limiting absorption principle (LAP). The LAP can be deduced using
positive commutator estimates, see e.g. [AAMGY96], provided there exists
an auxiliary operator A such that H and A satisfy a Mourre estimate near
A and (H —i)~! admits two bounded commutators with A, or more pre-
cisely H is of class C2(PAP) (see the next subsection). This implies in par-
ticular that ran(P) C D(A?), i.e. ¥ € D(A?). Even by the improvement
of [FIS10a], and in turn this paper, we would still need H to be of class
C3(A) in order to verify this property. This would for example preclude
application to the model considered in [MR10]. In [FIS10b] the authors
study the limit in (3.1) directly, bypassing the general limiting absorption
theorems, albeit applying the same differential inequality technique, and
prove existence of the limit assuming only ¢ € D(A). Combined with
[F1S10a] (or this paper) this establishes the existence of the limit in the
Fermi Golden Rule [FIS10b] abstractly under a C?(A) condition. The price
to pay is that one needs a priori control of the norm ||Ay|| locally uni-
formly in possibly existing perturbed eigenstates. While it is clear that
such a locally uniform bound does hold, provided all the input in [FIS10a]
is controlled locally uniformly in the perturbation, it is however imprac-
tical due to the complexity of the setup to extract such bounds in closed
form. In this paper we do just that in the simpler context of regular Mourre
theory.

As a last motivation, we had in mind a consequence of having good ex-
plicit bounds on the norms || A¥y||. Namely, provided one imposes natural
conditions on the norms of all iterated commutators, we show as a con§e—
quence of our explicit bounds on || A¥|| that the power series Y _4 lek P
has a positive radius of convergence, thus establishing that ¢ is an ana-
lytic vector for A. Here however, we have to work with conditions of the
type considered in [CGHO06]. Having established analyticity of the map
6 — exp(i0A)y in a ball around 0 one may observe that this map is actu-
ally analytic in a strip around the real axis, and thus this result reproduces
a result of Balslev and Combes [BC71, Thm.1] on analyticity of dilated
non-threshold eigenstates. As an example of a new result, we prove for
the massive Spin-Boson Model that non-threshold eigenstates are analytic
vectors with respect to the second quantised generator of dilations.
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3.1.1 Commutator Calculus

We pause to introduce the commutator calculus of [AdMG96] before for-
mulating our main results. Let A be a self-adjoint operator with domain
D(A) in a Hilbert space H. We denote with B(X,Y) the set of bounded
operators on the normed space X with images in the normed space Y and
B(X) :=B(X, X).

Definition 3.1. A bounded operator B € B(7H) is said to be of class C*(A),
in short B € CK(A), if ' '
RSt et ABe™ A (3.2)

is strongly in C¥(R). A possibly unbounded self-adjoint operator S is said
to be of class C¥(A) if (i —S)~! € CF(A).

The property, that B € B(H) is of class C!(A) is equivalent to the state-
ment that

(¢, [B, Alx) == (B*¢, Ax) — (A¢,Bx), V¢, x € D(A)

extends to a bounded form on H x H, which in turn is implemented by
a bounded operator, ad4(B), see e.g. [GGMO04b]. If B € C?(A), then
an argument using Duhamel’s formula shows ad 4 (B) € C!(A) and thus
there exists a bounded extension of the form [ad4(B), A]. This allows to
construct iteratively the bounded operator ad¥(B) := ad A(adgcfl)(B)),
for B € CK(A). We set ad’ (B) := B.

Commutators involving two possibly unbounded self-adjoint operators
H and A will in general not extend to bounded operators on ‘H and the
definition of the quadratic form [H, A] requires further restrictions on its
domain. Thus we denote by [H, A] the form

(¢, [H, Alx) := (Hp, Ax) — (A, Hx), V¢, x € D(A) N D(H).

If H € C'(A), then D(A) N D(H) is dense in D(H) in the graph norm
of H and [H, A] extends to an H-form bounded quadratic form, which in
turn defines a unique element of B(D(H), D(H)*) denoted by

ad,(H) : D(H) — D(H),

see [GGMO04a]. The space D(H)* is the dual of D(H) in the sense of rigged
Hilbert spaces.

Our result on the analyticity of eigenvectors of H with respect to A
requires a construction of multiple commutators of H and A which are
bounded as maps from D(H) to H in the graph norm of H. The construc-
tion is as follows: Let H € C'(A). We assume that ad 4 (H) € B(D(H), H).
Then, [ad4(H), A] is defined as

(¢, [ada(H), A]p) := (—ada(H)yp, Ap) — (Ay,ads(H)¢), (3.3)

forall , ¢ € D(A)N'D(H). Here we used, that ad 4 (H) is skew-symmetric
on the domain D(A) ND(H). Assume that this form extends in graph
norm of H to a form which is implemented by an element ad’(H) €
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B(D(H), H). Proceeding iteratively, we construct ad’, (H) € B(D(H), H).

Lemma 3.2. Let H, A be self-adjoint operators on the Hilbert space H and as-
sume H € C1(A). Ifad, (H) € B(D(H), H) for 0 < j < k, then H € C¥(A).

The proof of this lemma may be found in Section 3.5.

In several places we need an appropriate class of functions to regularise
the self-adjoint operators H, A, defined on D(H), D(A) respectively, and
enable a calculus for them.

Definition 3.3. Define B := {r € C;’(R,R)|r'(0) =1, r(0) =0, Vk € N :
sup;c | (£) (t)¥| < oo, 7 is real analytic in some ball around 0}.

Let h € B. For A # 0 redefine h)(x) := h(x — A). In the following
we will drop the index A as well as the argument of /) (H) and other
regularisations of H and 4, if the context is clear. The following condition
is a local C!(A) condition, as in [Sah97], plus a Mourre estimate.

Condition 3.4. Let H, A be self-adjoint operators on H and A € R. There
exist an h € B, hy(s) := h(s — A), with hy(H) € C!(A) and an f,. €
C5° (R, [0,1]), such that fi,.(A) = 1 and K (x) > 0 for all x € supp(fioc)-
Assume there is a smooth Mourre estimate, i.e. 3Co,C; > 0 and a compact
operator K, such that

iada(hy(H)) > Co— Cifp.  (H) — K. (3.4)

floc, 1 is defined as fioe, | =1 — fioc-

Remark 3.5. 1. The requirement /) (x) > 0, Vx € supp(fioc), implies
fioc € CK(A) if by € CK(A) for k € IN, since h, is smoothly invertible
(on each connected component of supp( fioc)) and fio,. may be written
as a smooth function of 7.

2. The assumption of K being compact is not necessary. In fact we could
replace this by the requirement that 14> A K, where 1 4> 4 denotes
the spectral projection on [A, o), can be made arbitrarily small.

3. For a comparison of the ‘local’ Mourre estimate (3.4) with the stan-
dard form of the Mourre estimate see Section 3.6.

Theorem 3.6 (Finite regularity). Let H, A be self-adjoint operators on the Hilbert
space H and 1 be an eigenvector of H with eigenvalue A. Assume Condition
3.4 to be satisfied with respect to A and hy(H) € C*1(A) for some k € IN.
There exists ¢ > 0, only depending on supp(fioc), Co, C1, K, || ad’ (fioc(H))]|,

lad/, (b (H))||, 1< £ <k 1< j<k+1, such that

| %] < cullwl. (35)

Remark 3.7. In [FIS10a, Ex. 1.4] it is shown, that the statement of Theorem
3.6 is false in general if one requires 1, € CK(A) only. Therefore, the result
is optimal concerning integer values of k.
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Condition 3.8. The self-adjoint operator H is of class C'(A) and there ex-
ists a v > 0, such that for all k € IN

lady (H)(i — H) || < kto™*. (3.6)

Theorem 3.9 (Analyticity). Let H, A be self-adjoint operators on the Hilbert
space 'H and ¢ be an eigenvector of H with eigenvalue A. Assume Condition 3.4
to be satisfied with respect to A and that Condition 3.8 holds. Then, the map

R >0 ey ecH (3.7)

extends to an analytic function in a strip around the real axis.

3.2 Applications

The applications of our result on ‘finite regularity of eigenstates’ are well
known and discussed in the literature [SAS89, CGHO06, HS00, MS04, FI1S10b].
In contrast results on the analyticity of eigenvalues in regular Mourre the-
ory are to our knowledge unknown. Even though the condition under
which our result holds appears difficult to verify in concrete situations,
we will illustrate for some deformation analytic models that it is strikingly
simple to check the assumptions of Theorem 3.9.

Let H be a self-adjoint operator on the Hilbert space H and U(t) :=
exp(itA) a strongly continuous one parameter group of unitary operators
U(t). The self-adjoint operator A is the generator of this group. Assume
that U(t) b-preserves D(H), i.e.

U()D(H) CD(H), VvVteRand sup [U(t)pllpp) <o, Vo€ D(H),
te[-1,1]

where |[¢||p(p7) denotes the graph norm of H.
Remark 3.10. Observe that the following are equivalent:

e U(t) b-preserves D(H).

e There exist 4, > 0 and C > 0 such that for all € R with |u| > p,,

we have (A —iy)~': D(H) — D(H) and
(A = i)l Dy 20 < Clpl ™

By [GGM04a, Lemma 2.33] one observes that U°(-) := U(") [py) is a

Co-group in the topology of D(H).

Proposition 3.11. Let H, A be self-adjoint operators and U(t) := exp(itA).
Assume that U(-) b-preserves D(H). Then for any k € IN the following state-
ments are equivalent.

1. H admits k H-bounded commutators with A, denoted by ad]A(H), j=
1,...,k
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2. The map t — I(t) = (@, U(t)HU(t)*p) € CK([~1 1]) forall ¢, ¢ €
D(H )ﬂD(A), There exist H bounded opemtors HD0),j =1,...,k

such that 4 dﬂ I(t)j—0 = (¢, H W(0)yp), for j = 1,...,k and all p,¢ €
D(H)ND(A).

3.t — y(t) == U(t)HU(t)*p € C*([~1,1];H) for all p € D(H), and
there exist H—bounded opemtors HY(0), j = 1,...,k, with the property

that ;ﬂlp(t)‘tzo = HU(0)y, forall j=1,...,k and Y € D(H).

If one of the three statements holds, then the pertaining H-bounded operators are
uniquely determined and we have

ilad, (H) = (~1)/HD(0), j=1,...,k (3.8)

Proof. Assume the commutator form [H, A] has an extension from D(H) N
D(A) to an H-bounded operator. Then an argument of Mourre [Mou81,
Prop.I1.2], keeping Remark 3.10 in mind, implies that (H +i)~!' : D(A) —
D(A). Hence, it follows that (H +i)~! is of class C! (A). A consequence of
this is that D(A) N D(H) is dense in D(H) (as well as in D(A)). (Alterna-
tively use Remark 3.10 backwards in conjunction with Nelson’s theorem
[RS75, Thm. X.49].) This remark implies that any extension of the com-
mutator form [H, A] to an H-bounded operator is necessarily unique.

(1) = (2): A consequence of the above observation is that ad), (H),

for j = 1,...,k, is symmetric for j even and anti-symmetric for j odd.
Compute first for ¢, € D(H)ND(A)

%I(f) = —(@, U®)i[H, AJU(t)"p) = —(o, U(t)iad 4 (H)U(t)" ).

If we evaluate at t = 0 we observe that H1)(0) = —iad 4 (H) can be used
as a weak derivative on D(H) N D(A). Iteratively we now conclude that

(=", u(H)i[ad) " (H), AJU (1))
= (=1)Me Ui adi (HU(t)"y).

Taking t = 0 implies (2). The computation here also establishes the for-

ﬁl(t)

mula connecting ad’, (H) and H 1) (0).

(2) = (3): From the computation of I’s first derivative above, evaluated
at 0, we observe that [H, A] extends from the intersection domain to an
H-bounded operator. Hence this extension is unique, and indeed all the

derivatives H() (0), j = 1,...,k are unique extensions by continuity. In
particular H)(0) are symmetric operators on D(H) and, for j = 1,...,k

and ¢, € D(H)ND(A),
di
dti

That (t) := U(t)HU(t)*y is itself continuous is a consequence of U°
being a Cy-group on D(H). We assume inductively that 1(¢) is an element

1(t) = (¢, U(D)i[A, HI D (O)]U()*p) = (¢, U HD (O)U(1)" ).



52 Chapter 3. Regularity of Eigenstates

of Ck-1([~1,1];H) and
d<! (k=1) .
L) = R Uy

Assume now ¢, ¢ € D(A) ND(H) and compute

k—1 k—1
(0 T (0) = (9 59 — (e UOHO U y)
- tis /St (¢, (UM HB ©)U(r)* — u(HHD )U(t))p)dr.

This identity now extends by continuity to ¢ € ‘H and ¢ € D(H). We can
furthermore estimate (for s < f)

k—1 k—1
H% (%lp(t) - %tp(s)) —~ U(t)H(k)(O)u(t)*lpH
< /'t HUHB ©O)u(r)* — U HB ©0)U(r)*)p||dr.

That the right-hand side converges to zero when s — ¢ (from the left) now
follows from the strong continuity of U° on D(H). A similar argument
works for s > t.
(3) = (1): Compute for ¢,ip € D(H)ND(A)
L — (0. HD (0
L@ (1) 0 = (0, HOO)p),

Conversely one can compute the jth derivative in terms of iterated com-
mutators, and hence (1) follows. Note again, that the very first step in
particular ensures that extensions are unique.

Examples

1. N-body Schrodinger operators. Consider the operator

1 1,.,N
H=->A+ Y Vii(xi—xj),
i<j
with Coulomb pair potentials Vij(x) = ci/(|x; — xj|), cix € R, on L*(X),
where

N
Xi={x= (1., o) eRV|x; e R}, 1<j<N, Y x =0},
=1

[HS00]. As a shorthand we write x = (xq,...,xy). The unitary group of
dilations, U(+) is defined by

U(t)p)(x) =" 2 p('x),

and U(t) = exp(itA) for the generator of dilations A. From Proposition
3.11 infer for some C > 0

[ ady (F) s ()20 < C2"-
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It is well known, that there is a Mourre estimate for a much more gen-
eral class than the Coulomb N-body Hamiltonian, including the following
example [HS00]. This enables Theorem 3.9.

Another example for N-body Schrodinger operators to which Theorem
3.9 is applicable is defined with Yukawa pair potentials. The pair potentials
Vix are now given by

C.ke_”“xl‘_le
Vii(x) := W, ck€R, u>0.

Observe the estimate

dk et
— ¢
dtk r

pure! <kldk, r:= |x; — xj\,

|t=0

for some a > 0. The r-dependent functions on the right-hand side of this
inequality are infinitesimally p-bounded, which again shows the appli-
cability of Theorem 3.9. Hence non-threshold eigenvectors are analytic
vectors with respect to A. This reproduces known results of [BC71].

2. The Spin-Boson Model. The ‘matter’ Hamiltonian is defined as

Ha:=€03, €>0,

with the 2 x 2 Pauli-matrices o1, 02,03. The corresponding Hilbert space
is Hat := C2. We briefly list the definition of the quantised bosonic field,
but for the details of second quantisation we refer to [DG99]. The Hilbert
space of the bosonic field is the bosonic Fock space,

Fyi=@PSH®", b:=L*R k),
n=0

where S, denotes the orthogonal projection onto the totally symmetric
n-particle wave functions. We denote for k € R with a(k) and a' (k) the
annihilation and creation operator, respectively. The energy of the free field,
H;, is defined as

Hy = /3ﬂ+(k)w(k)a(k)d3k, wlk) = VR Fme, m>0.
R
The Hilbert space of the compound system is

H:=Ha®F.

We define the coupling between atom and field by

®(0) = \2 [ oG ea' () + G @al)dk

with a complex 2 x 2 matrix G. The function v is given by
K2
~aZ
ok) = £ ke R
w(k

~—
Nl—=
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The constant A > 0 plays the role of an ultraviolet cutoff. We define the
Hamiltonian of the compound system, H, as

H:=Hx®1+1® H;+ ®(v).
Define,

a::%(vk-km-vk).

This operator is symmetric and densely defined on L?(IR3) as it is the
well-known generator of the strongly continuous unitary group

(u(t)p) (k) = e 2 (e7'k).

We will denote the second-quantised operators of a and u(t) by A :=
dT'(«) and U(t) := T(u(t)), respectively. A is the generator of the strongly
continuous unitary group U(t). Observe that

i’ ad’y (H) = dr (i’ ad’ (w)) + (1)@ ((m)%)

and ) .
@ (i) o) (Hy+1)72]| < [l (i) 0] 2 (3.9)
Since (in)‘v = ;—:; (¢"'v) |,_,, we have to estimate the multiple derivatives.

Consider the map

NI—=

T 2 -2z 2\2 —z 3
B(O,4)92»—>(ke +m) =w(e?k), keR’
where B (0, %) denotes the closed ball of radius /4, centred at 0. Ob-
serve, that B

m < |w (e k) | < etw(k) (3.10)

where the lower bound implies that z — w (e*Zk)f% is holomorphic in
B(0,%), for all k € R3. The upper bound ensures that D(1 ® Hy) is b-
stable with respect to U(-). Below, we will also show that ad4(H) €
9B (D(H),H), which implies by Proposition 3.11 that H € C!(A). Analo-
gously we define the holomorphic map

—z k2
T e ¢ Az
B(0,~)>z+— =v (e k), keR.
( 4) w(efzk)% ( )
We may compute by Cauchy’s formula,
—¢ 27

d’ —21\,— 32 a (%) —39( - —i
atl = ?) 7(9) ity
T P

v(@) := (1t/4)e'?, ¢ € [0,27). Using the estimate
4 _I 2
d eFe e 7%6! (

-4
- 3
7 ), VkeR},

NI—=

(v(efzk)e*%'z) <m~

b

z=0
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one finds together with (3.9)
| ((m)%) (Hp+1)72| < IR,
for some R > 0. Analogously, we get from (3.10)

dé
dzt

7T

</ (Z) _ee%w(k),

(w(e™h))

z=0

so that

Hdr(if ad’ (w))(H +11)-1H < |l ad’(w)w Yoo < L1,

for some ¢ > 0. From [DG99] we may infer a Mourre estimate for our
model. Dereziniski and Gérard use a different generator of dilations, name-
ly

Ky 1= %((Vka))(k) -Vi+ V- (ka)(k)).

It is also possible to prove a Mourre estimate using their techniques if
w(k) is radially increasing, w(k) > 0, Vk € R3 and 0 is the only critical
point of w. Thus, we conclude by Theorem 3.9 and Proposition 3.11 that
any eigenstate pertaining to an embedded non-threshold eigenvalue is an
analytic vector with respect to A.

3.3 Preliminaries

In what follows, we need some regularisation techniques from operator
theory. It is convenient to perform calculations involving multiple commu-
tators by using the so-called Helffer-Sjostrand functional calculus. Part and
parcel of this calculus are certain extensions of a subclass of the smooth
functions on R, the almost analytic extensions. The following proposition
allows us to define such extensions.

Proposition 3.12. Consider a family of continuous functions (f,)yenw € C*(R),

for which there is an m € R, such that (x)k””fy(lk) is uniformly bounded for all

n > 0. There exists a family of functions (fy)new, with fu [R= fu |r for any
n € N, such that

1. supp(fu) C {z € C|Rez € supp(fy) and |Imz| < (Rez)}.
2. |0fu(z)| < Cn{z)" N=1Imz|N forall N > 0.

The constant Cn does not depend on n.

For a proof of this statement see [Mol100].

Remark 3.13. We will call these extensions for almost analytic extensions,
because df, vanishes approaching the real axis.

Let € > 0. For any self-adjoint operator L and any f € C*(R) with

sup [ /() (1)) (3.11)
teR
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we may define a bounded operator f(L), by

f(L) == zim [D of(z)(z — L) tdz A dz. (3.12)

The integral on the right-hand side converges in operator norm. It is well
known that this definition coincides with the operator defined by func-
tional calculus. Concerning the class B however, we cannot directly apply
this definition. Inspired by a construction in [MS04] we consider the fol-
lowing instead.

Lemma 3.14. Let r € B. There is an almost analytic extension of t — r(t)/t =:
o(t), which satisfies due to Proposition 3.12 the bounds

|0p(z)| < Cn(z) " N72|Im(z) |V, (3.13)
Proof. Since r is real analytic around 0 we observe

sup o) (£) (11| < .

[t]<1
On the other hand, the Leibniz rule yields r¥) (£) = p®) (£)t 4+ ko= (¢)
and thus by induction

sup ‘p(k)(t)@f)k“‘ < co. O
[t]>1

For any r € B, set ry(t) := nr(t/n), p(t) := r(t)/t, Vt € R and define

ru(A) by functional calculus. If we require p(z) = p(z) the well-known

formula 1 ;
ra(t) = 3o /Cap(z)zfzdz NdzZ (3.14)

may be recovered. Observe, that

tt——n<1— Zt>. (3.15)
z— 4 z— -

The first term on the right-hand side is constant and vanishes when com-
puting commutators. Although we cannot use the formula (3.14) directly
as a representation of r,(A) on H, it is possible to use it on the domain of
A; a fact which is useful in the next lemma.

Lemma 3.15. Let B € C'(A), where B € B(H). For any r € B we have
[B,ru(A)] = r},(A)ad4(B) + R(r4, B), (3.16)

with

R(ry, B) :=

= —— [ B ada(B), Al @)z A dz, (317)

where J,(z) := n(nz — A)~! and the integral being norm convergent. Moreover,

thereisac >0

s-im R(r,) =0, and ||R(ry, B)|| < c||ada(B)]|. (3.18)

n—oo
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If B € C%(A), we have for any n € N and some a, > 0

|AR(ry, B)|| < af|ad% (B)||, [[R(ry, B)|| < gHadi(B)H- (3.19)
In addition,
s-lim AR(ry, B) = 0. (3.20)
n—oo

Proof. Let first B € C!(A). If we consider [r,(A), B] as a form on D(A) x
D(A), the commutator may be represented using (3.14) with ¢ replaced by
A, more precisely for all ,¢ € D(A)

(0 B, 1a(AN) = 5 [ 3 (A0, Tu(2)B) — (@, BIn(2) Ay) = 1 2
Observe, that the sum in the integrand is by definition
(A9 Ja(2)BY) = (0 BLa(2)A%) = (9,[ATu(2), Bly).
But since B € C!(A), we obtain using (3.15)

(¢, [AJn(2), Bly) = (¢, [nz]u(2), Bly)
= (¢,2Ju(z) ada(B)]u(2)9)

= (#2732 ada(B)¢) + (¢, = J3()[ada(B), AlJu(2)¥) -

There is an almost analytic extension p(z) such that

= ya _ N
BN < Oy 2, (321)
with z = x + iy, x,y € R. Choose N = 2 and observe that the integral
1 - 5 _
50 /Cap(z)z]n(z)dz Ndz (3.22)
converges in norm. Moreover,
= |z |2 -3
IBP(Z)IW < Gs(z).

Thus from 7'(t) = p(t) + p/(t)t we may infer that the integral in (3.22)
equals r;,(A). Estimate (3.21) shows that the integral (3.17) converges in
norm. Since

s-lim é]n (z) =0, (3.23)

n—oo 1M

the Theorem of Dominated Convergence implies (3.18).

Let now B € C%(A). Choose in (3.13) N = 3, replace in (3.17) the
commutator [ad4(B), A] with ad% (B) and observe that the integrand of
AR(gn, h)(B) is point-wise bounded by a constant times (z) ~3. The term
R(gn,h)(B) is point-wise bounded by a constant times (z) ~*. Both func-
tions are in L'(IR?) and hence the bounds follow. Eq. (3.20) is a conse-
quence of (3.17), (3.23) and an application of the Theorem of Dominated
Convergence. O
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Lemma 3.16. Let r € Band k € N. If B € CK(A), then

s-limadf (B) = adl(B).
n—oo

Proof. For k = 1 the statement follows from Lemma 3.15. Let k € IN and
assume
s—limad]f;l(B) = ad]Xl(B).

n—oo

The first term on the right-hand side of
ady, (ads, ! (B)) = ady, ! (ady, (B)) = 1, ads, " (ada(B)) +ady, " (R(ru, B))

converges strongly by the induction hypothesis and Lemma 3.15 since
ada(B) € Ck1(A). R(rn,adlr(;l(B)) is a sum of two integrals:

1

ad*~1(R(r,, B)) = e

Tn

- A -
| 30225 13(2) adk (ada(B) ()= 1 2
1 [ ) A ]
— z—m/cé)p(z)z],%(z) ad’r‘n 1(adA(B))g]n(z)alz/\dz.
Observe, that
lim 2], (2) = s-lim A(nz — A)~L = 0
stim 5 n(z) = stim Anz = 4) ! =0

The integrands are strongly convergent by the uniform boundedness prin-
ciple and converge to the product of the strong limits. Lemma 3.15 and
the Theorem of Dominated Convergence imply that we may exchange in-
tegration with the strong limit n — co. O

We use of the following expansion formula for commutators.
Lemma 3.17. Let K, L € B(H). Then, for any k € N,
k k .
KL =Y (]) L¥7 adj (K). (3.24)
j=1

It is convenient to regularise the operator A such that we may use the
Helffer-Sjostrand calculus and have sufficient flexibility in the proof. Let
¢ € C®(R,R) be such that

gty =tVte[-1,1], g(t) =2Vt >3, ¢(t) = -2Vt < -3, ¢ >0, (3.25)

and that t¢’(t)/g(t) has a smooth square root; clearly g € B. We set
n(t) :=ng(t/n) and define g, (A) by functional calculus. Observe, that

n— g(t) (3.26)

is monotonously increasing for all t+ € R. Set (t) := g(t)/t, for the
function g defined in (3.25). We may pick an almost analytic extension of
79, denoted by ¥, such that ¥ satisfies, up to a possibly different constant
Cy, the same bounds as p in (3.13).
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3.4 Finite Regularity of Eigenstates

Proof (Proof of Theorem 3.6). Using the convention A? = 1, the statement is
correct for k = 0. Let now be k € IN and assume ¢ € D(A*1). The
starting point for the proof is

0= (¢,i[h, g5 gmgklP), (3.27)

which may be rewritten as

0= (pi¥), iadg, (MYF)) +2Re(y, gmilh, gilwi") +2Re(y, [ilh, g5, gm] ¥ ("),

(3.28)

where we introduced the notation l/J£,k) := ¢k We abbreviate
Io(n,m) := (p0),iad,, (M), (3.29)
I(n,m) := 2Re(y, gmill, g19{) (3.30)

and

L(n,m) == 2Re(y, [i[h, g4], gm]9l) = 2Re(y, ([, gu], ghl¥(Y).  (331)

We organise the proof in three steps. In the first step we extract from I; a
term Ij) which is of a similar type as Iy. Then, starting with (3.28) upper
bounds to I, I(’J are established. Finally, using Mourre’s estimate we find
lower bounds to Iy, I, from which we conclude ¢ € D(AF).

Step 1. By an application of Lemma 3.17 we rewrite I; (1, m) as

k
Li(n,m) =2Re (i Y C) Ev(j k, n/m)) +2kRe (i(pF ), guR(gn, h)pH))

j=2
+2kRe (i(pY, gmgnada()pl)), (3.32)
where
Ev(j knm) = (97, g ad), () pl)
and

2k Re(i( Y, gmR(gn, 1)$1))
are present if k > 2 only, in which case ¢ € D(A) by induction hypothesis.
We discuss the term in the last line of (3.32) first. One computes

2kRe (i(p*Y, gyugt ad 4 (M) p0))) = 2k Re (i(p ), 7,2 ad 4 (h)p0))
= 2kRe (i(p{F), 7,upuada(h)pay ()
+2kRe (i), yupulpn ada()]pP)),
with v, being the operator v,,(A) and

ple) = 1| S5 pule) = ple/n),
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Hence, with
Ev(jik,n) = lim Ex(j,kmm) = (Agy ™ adg, ()9l), k=j>2,
we obtain

L(n):= n%li;rc}o L(n,m)
k

- 2Re (i} (?)El(j,k,n)) 4 2%Re (1G9, AR(go, 1))

j=2

+2kRe (i(p1, pulpn ada()]p()) + 2k, puiad 4 (h) puyP).
(3.33)

Set

Iy(n) == 2k(p®), puiad 4 (M) pupH)), I(n) == L(n) — Ij(n).  (3.34)

Step 2. First note that by an application of Lemma 3.16

L(n):= lim L(n,m) = 2Re(y,ilada(h), gk]p*))

m—o0

k
=2Re Z( )Ez ],kn

with (ki) )
Ex(jk,n) == (pn 7 adl, (ada(h))p®), k>j>1.

Eq. (3.28) may be rewritten as

Io(n) + Ij(n) =~ (n) — L(n). (3.35)

In order to find an upper bound for the right-hand side, we first estimate
E1(j, k,n), Ex(j, k, n) by

. — i k—j
2|E1(j, k)| < e[| ady, (h)gn ' Apl” + el 112,
. - ] k—j
21E2 Gk m)] < el ad), (ada ()9 E )12 4 gyl 012
for all Wi €jk > 0. The terms
i k=j ] (k=)
ladg, (h)gn "Adll, [ adg, (ada(h))gn ||
are uniformly bounded in n by Lemma 3.16, h € C**1(A) and the induc-
tion hypothesis. For the remaining terms in (3.33) we have
2] (p{f ), AR (g, )| < k(571 R (g, 1) AP + 690 2),

2k| (¢, pupn,ada (W)]9U)| < k(v [pn, iada (h)]guyp V12 + vl 9O |12).
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R(gn,h)A is uniformly bounded in virtue of Lemma 3.15. The function
t — p(t) is by assumption smooth. Note that

[pn,iada(h)gn = [pn,iada(h)]A7y,.

Further, since p € C°(R), an application of Proposition 3.12 together with

puvada(0)]A = - [ 3p(:)1a(2) 2% (1) 2 1 (2)dz 1 2

shows the uniform boundedness of [p,,ad(h)]gn. For1 < j <k—1is
(1/)511)),16]1\1 convergent in norm to A/y and hence (||}, ||)nen is bounded.
Choose now pj := (’]f)flk*lCo/lZ, €jk = (};)71(k— 1)71Co/12, v =
Co/(12k) =: 6 and observe

Io(n) + m) — 2 < Iy(n), (3.36)

where (I3(n)),en is a bounded sequence.

Step 3. Note, that we may assume fi,.(x) = x(h(x)), Vx € R, for some
compactly supported smooth function x because h is chosen to be in-
vertible on the support of fi,.. This implies fi,.(H) € C1(A), since
h € CH1(A), see [GGM04a, Prop.2.23]. Inserting the Mourre estimate
from Condition 3.4 yields

(", iln, Alp®) > Collp P2 — C1l foe L X 12 — (9, Kpb).
The second term is evaluated by

k

k
e M B [CVEU R

=1
where we used, that ¢ is an eigenstate and an adjoint version of (3.24).
Thus, the contributions from this term are uniformly bounded in n by
Lemma 3.16 and the induction hypothesis. The spectral projection 1) 4< (A)
defines a partition of unity, 1 =1 4/<A(A) + 14> (A). Hence we write

W, Kg) = (9,14 <A (AKPP) + (0,104 (AR,

Furthermore, we may estimate

(k) 1|12
K1 Ayl
|<¢,&">/1ASA<A>K¢5“>'§§(| e +v|¢,&">||2)

and

1 (11144 (AK]?
(939, 14154 (DK < 5 (">5+5 i1
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Observe that since K is compact and s-limp 0 X|4|>A = 0 we have

Ve > 03/\5 >0: ||X\A|>A5K|| <€,

but this implies VA > A¢

[Lapsa (AK] = 14154 (A)1 454, (A)K]| < e.
Thus, we may choose v = Cy/9, § = Cp/9 and pick then a A > 0 big
enough, such that
2[[1 4154 (A)K|> < CG/(9)?, (3.37)

ie. Cg —v—0—€ = Cy/3. Thus we arrive at

9||K1 1< (A)pl |2 2
n)—+

2C
Io(n) 2Co =

k
k _
01| 2 (7) ad ookt || 2 25200512
=1

The left-hand side is bounded in n by Step 2 and the induction hypothesis.

Analogously, one finds for I (1)

G
1o(n) +bw = a1,

for some b, > 0, n € IN and sup, .y by < 0. Let

f ( ) ad, (o)}

9||1<1\A\SA<A)¢,S">||2 2
2Cy

Finally, this gives with (3.36)

14(7’1) =b, +

C
% (g 12+ 1017 < 1) + La(n),
where the right-hand side is bounded in #n. By definition of g the result is

now a consequence of the Theorem of Monotone Convergence applied to
the left-hand side. U

3.5 Eigenstates as analytic vectors

To obtain explicit bounds, independent of the regularisations of A, we
apply Lemma 3.16 and use (3.35) as a starting point.

Proposition 3.18. Let k € IN, hy (H) € C**1(A) and Condition 3.4 be satisfied.
Then, for any eigenstate 1 of H with eigenvalue A € supp(fioc) and A > 0 being
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chosen as in (3.37) we have

k
HAklPHZ < 27”K1\A\§A(A)A lPHZ i @ 2
o Cg Co

96
(arancye (1ad I+ ads () A" 1ylP?)

12 ki(k+1
(1+2k)C0 = j+1

f (’f) ad)y (fioe) A1y

=1

+

¥ ) (4o At

+ [(A* T, ad, 2 () AFTy) ) (3.38)

Remark 3.19. The bounds derived in this proposition make the locally
uniform boundedness of Akl[J in the sense of Condition 1.10 of [FIS10b]
apparent.

Proof. Note that iy € D(A¥) by Theorem 3.6. We observe

. i _1
nlgr.}o[r?n,adf\ (h)] = nlgrolo n27ti

/C 35(2)]u(z) ad% (h) Ju(2)dz A dz = O,

since 0y has compact support and h € CK+1(A). Further with ¢(!) := Alp,
for0 <1<k,

lim Eq(j,kn) = (p*10,adl, (n)p®)) = E1(j,k), k>j>2,

n—oo

lim Ey(j k,n) = (¢, ad)y ()y®) = Ex(j,k), k=j>1.

Note that E1(j +1,k) = E(j, k) for k—1 > j > 1. Thus, Eq. (3.35) reads
after taking the limit n — oo

X - 3 K k+1 . .
(1+2k) (9%, iad 4 (h)p*)) = 2Re (z Y <],+1>E2(],k)) +2ReiEy(k, k).
j=1

The term Ej(k, k) is singular in the sense that one cannot commute one
power of A to the left-hand side and the estimate for E;(1,k) does not
improve under such a manipulation. To estimate E;(1, k) we note

—2Re(yp* Y, iad} (M)ypM) < Ll adh (M V)7 + el .
We pick up a combinatorial factor (k + 1)k/2 and thus choose

(k+ 1)k

For E;(k, k), the combinatorial factor is 1 and we estimate

—2Re(y,iad ! ()p®)) < L adq™ ()| + pfp® 2.

1
I
Choose now

p=(1+2k)Co27%
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This gives with (k + 1)k/2 < k? the inequality

@, iada (1)) — 23 2 < 2T (K1) g0
’ Tl4+2k 5 \j+1 ’
__ 16 k+1 2 120 492 (k=1))12
+ e (1adi 0yl + 8 ad (g IR).

Note, that the upper bounds are modified as compared to the bounds in
Step 2 of the proof of Theorem 3.6. Namely we use for 2 <j <k -1,

Ex(j k) = (¢4, ad (g 1) + (97, ad), 2 (kD).

Next, lower bounds are established using an analogous argument as in
Step 3 of the proof of Theorem 3.6. Observe that

9K 4<a (A) M2

(¥, iad ()p) + o
C £ (k q wn | ~oay o ® 2 o002
+C| ). ;) ada(fioc) Co2 ¢ I17 =~y ™I~
=1
Finally, we arrive at
Co (k)2 9|[K1 <A (A) AR |2 £ (k) I et |
— < +C ad A
o vl 2Co 1 l; ;) ada(fio) A9
16 k+1 2 220 a2 k=112
+ e (1adi 0yl + ) adi (1) A% 1yIP?)
2 K& k41 ,
+m]; (j+1)|E2(],k)|,
which implies (3.38). O

Lemma 3.20. Let K,L € B(H) and [(z) := (z — K)~! for z € p(K). Then,

adi(J() = ¥ )@ [[adf(K)(),  (39)
acC(k) “1* a i=1

where C(k) denotes the set of all possible decompositions of k = aj + - - - +ay, in
sums of natural numbers and further a := (ay,...,a,,).

The formula may easily be observed to be correct. For a proof of similar
statement see [Ras10].

Proof (Proof of Lemma 3.2). We proof the statement by establishing the for-
mula (3.39) inductively for K replaced by H and L replaced by A. Fork =1
we observe ad4(J(z)) = J(z)ada(H)J(z), since H € C!(A). Assume now
fork—1€N,p(H),

Llﬂ' @[ [adl(H))(z).  (340)

a* ]’:1
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Observe, that adi{(H)](z) € B(H), forall 1 < j < n,. It is well known
that the bounded elements in C'(A) form an algebra. This means that it

suffices to check that each of the operators adQ(H )J(z) is in C'(A). For
0 < m < k—1 we consider [ad’j(H)J(z), A]. Let y,¢ € D(A)ND(H),
then

(¢, [adi(H)](2), Alp) = ((=1)"](2) adz (H)¢, A9)
+(Ap,ad (H)] (2)9)

= (¢, [adj(H), A]](z)¢)

+((=1)"ad}(A)y, ](z) ada(H)](2)¢),

where in the last line we used
A](2)¢ = J(2)Ap+](z) ada(H)](2)9, V¢ € D(H).
By assumption, [ad’j (H), A] extends to a an element
ad*(H) € B(D(H), H),

which implies that [ad’{ (H)](z), A] extends to a bounded operator for 0 <
m<k—1,ie ad’(H)J(z) € C'(A). Hence H € CF(A). O

We devote the rest of this section to prove Theorem 3.9.

Proof (of Theorem 3.9). We organise the proof for analyticity in two steps
and, for simplicity, we suppose the eigenvalue A with respect to H,1p is 0.
We consider /(x) := x(1 + vx?) !, for sufficiently small v > 0, see Section
3.6 and replace fioc by fana, defined in (3.48). By assumption and Section
3.6, this h satisfies Condition 3.4. The first step consists of proving that ¢
is an analytic vector for A under the condition

lady (I, | ad% (fana) | < Ko™, VK € N, (3.41)

for some w € R4 to be fixed later in the proof. In the second step we prove
(3.41) using Condition 3.8. Note, that it is sufficient to prove analyticity of
the map 6 — exp(ifA)yp =: () in some ball around 0. Namely, if ¢(-) is
analytic in a ball then §(t + 0) := exp(itA)y(0), t € R defines an analytic
extension of this map to a strip. Alternatively, one observes the bounds
in (3.38) to be invariant under conjugation of H with exp(itA), t € R and
hence (-) extends to an analytic function in a strip around the real axis.

Step 1. Assume Condition (3.41) to be satisfied and abbreviate

. 12 [(k+1 L )
() = (g, () )64 g

. 12 k+1 L )
BK = g (o1 )10 adi 000 )

Motivated by Condition (3.41), we use the ansatz

Iy <ng™!, for1<1<k-1,
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for some g € R4, g < w, independent of I. Employing the assumptions
gives

2 2k q\/
a(j,k) < kg CO et 1) (1Y

thus
-1 12 2 k=3 j 12 2 1
2 15 < 12 (4 1 1
(K%g~) ];"‘(]’k) = Cow (w) = (w) = Cow (w) 1- ()
Analogously,

12 j+1
12 ,,—2k : 9
Bl < kg T i +2) (3)

and consequently

(kg =)~ Zﬁ k) < Cow (%)3

We continue by estimating (3.24),

(ﬁ) | fana, 1 99| < (6&)1 3 ( ) (LY g

]:

6C1 1
< klig7* () L :
Co (%) 1- ()

Further,
96Kk7 ad? (1)t~ V|2 _ (9) kg,
C3(1 + 2k)2 c2k2w2 w
96|[ad " (M¢I* _ 96 (1) -
C3(1 + 2k)? Czw2 w
and finally
27 02« ZIKIPAD* o o
Fg‘|K1|A\§A(A)¢( )H > Wb q .
Pick now g sufficiently small, such that all pre-factors of k!~ are less

than 1/6 and observe that this can be done uniformly in k. Then, we obtain
for our specified g

lp" V) < (k=1)1g~ %D = Jlp®| < kig .

This proves that ¢ is an analytic vector for A, given condition (3.41).

Step 2. We first compute the multiple commutators of h. For some ng €
IN, see Section 3.6, the function

h(x) = —3((i — x/np) "1+ (—i — x/ng) 1)
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and (3.48) satisfy Condition 3.4. It follows from Condition 3.8 and (3.40)
in the proof of Lemma 3.2 that the multiple commutators of & may be
expressed in terms of the multiple commutators of [(z) := (z — H/np) "},

adly (J(£0) = ng* Y ——J (i) Had”’ J(£i), (342

aeC( k) n,!

for any z in the resolvent set of H. The number of elements in C(k) is given
by 2K — 1, which may be verified by induction. Thus, we may estimate
(3.42) further in virtue of (3.6).

adk, ()| < ko (25 — 1) < klw* <2;”)k

Choose now R > w > 0 such that 4w < v and conclude as in Step 1 by
induction that for h, Condition 3.8 implies (3.41) and in particular, 1 €
C*®(A). It is obvious that fana gives the same bounds, which completes
the proof. O

Remark 3.21. 1. If we had used arctan(x) instead of h(x) = x(1+
xz)’l, we would have encountered the problem that the bounds
(3.41) are easily obtained from (3.6) in graph norm w.r.t. H, only.
In contrast, the decay at infinity of our choice of & allows naturally
for bounds in operator norm.

2. Note, that the first step in the proof uses the relations (3.41) only and
is, abstractly, independent of the stronger assumption (3.6).
3.6 The Mourre estimate in localised form

The Mourre estimate is usually cast in a different form than it is used here.
Let H, A be self-adjoint operators, H € C'(A). Let now Cy > 0 and K be
a compact operator. We denote by 1;(H) spectral projections of H for an
interval I C R. Suppose, that in the sense of quadratic forms on H x H

1,(H)i[H, A]1;(H) > Co1;(H) — K. (3.43)
This inequality is usually referred to as a Mourre estimate. Choose fio. €

CP(R) such that supp(fioc(H)) € I and fioc(A) = 1. Set fioc | =1 — floc
Then, multiplying (3.43) from the left and the right with fi,.(H) yields

fioci[H, Alfioe = Co+ Cofipe, . —2Cofioe, . — K,
where K := fi,K fioc is compact. As forms we observe Ve > 0
2fioe,L S €+ Lfpe
Pick e = 1/4. Therefore, we may rewrite (3.45) as

fiocilH, Al fioe > Co3 —3Cofip. . — K. (3.44)
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Let h € B. Set h(t) := h(t — A). By possibly shrinking the support of
floc we may assume supp(fioc) € supp(h,). To avoid obscuring the com-
putations notationally, we refrain from writing /1) and use h instead. Set
hy(t) := nh(t/n), V¥t € R and abbreviate K, (z) := (z — H/n)~!. Then, by
similar arguments as in Lemma 3.15,

floci adA (hn)floc = floch;zi adA (H)floc +R,

where

Rim g [ 3() 202K (2 flad o (), H) oK (2)d 1 .

Note that
floci adA (H)floc = flocll (H)Z adA (H)ll (H>f10c

is a bounded operator on H. Analogue estimates as in the proof of Lemma
3.15 yield

C
IR < =

fora C > 0. This gives

) . C
fiociada (H — 1) fiocll < (1 = 1) froci ad 4 (H) fioel + —

< (I = )Ly (DI + 1),

for some C' > 0. Taylor’s theorem implies for positive ¢ € supp(fioc)

t

R su t
1-H ()] < /|h”<s>dssP*E“‘;f(fbc)' sup [I"(s)|
0

sesupp (floc )

and analogously for negative ¢ € supp(fioc). Thus, there is a C” > 0 such
that

. c”
flocl adA(H - hﬂ)floc < n
Choose 1y € N large enough such that
, o
flocZ adA(H - hno )floc < Z (345)

Using fioe, 1 = 1 — fioc We obtain from (3.45), (3.44)

- 3C~0f120c,L - K- floc,Li[hno/ A]floc,L -2 Re(ﬁoc,Li[hnof(?z]L{é)

Nis

iy, A] >
Note, that all operators appearing in (3.46) are self-adjoint. With

floc,J_i adA (hﬂo )floc,l_ < H adA (hno) ||f1%)c,i’
V6>0:  £2Re(fioe 1iada(hny)) < 6] ada(hu,) > + 3 fRc 1,
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and a choice of J such that || ad 4 (hn,)||*> < Co/4 we find
ilhng, A] > Co— Cifiye . — K, (3.47)

where 0 < Cy := Cy/4. The other constant is C; := 3Cy+ 61 4 || ad 4 (11, ) |-
We may choose an i which is real analytic and extends to an analytic
function in a strip around the real axis. Thus it is possible to reformulate
inequality (3.47) using analytic functions only; a fact we rely on in the
proof of our analyticity result.
Consider the real analytic function

1 1 1 1
Jora ) = TG A :2<1+i(x—/\) +1—1'(x—)\)>’v’“6R‘

(3.48)
Replacing the constant C; with
Cy sup (floc,L,(x) ) ,
veR \fana, 1 (%)

where fun, | := 1 — fana, We may rewrite the Mourre estimate (3.47) as
ilh, A] > Co — Crfo, . — K. (3.49)

We denote the constant in front of f2 | in a slight abuse of notation again
with Cy. '
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CHAPTER

Characterisation of the
Quasi-Stationary State of an
Impurity Driven by
Monochromatic Light | - The
Effective Theory

J.-B. BRu, W. A. DE SIQUEIRA PEDRA, M. WESTRICH

Abstract

We study rigorously a pumping scheme of a solid state laser model
deriving from a microscopical model, which is composed of an im-
purity in a crystal interacting with a monochromatic external light
source. The main purpose of the present work is the analysis of its
effective dynamics and in a companion paper the link to the micro-
scopical model is established. We prove for the effective dynamics
the existence of and relaxation to a quasi-stationary state, which is
a stationary state up to Rabi-Oscillations due to the external light
source. Moreover, we characterise the state in terms of “generalised
Einstein relations” of spontaneous/stimulated emission/absorption,
which are conceptually related to the phenomenological relations de-
rived by Einstein in 1916. Our approach is based on a spectral analysis
of the evolution semigroup pertaining to the non-autonomous Cauchy
problem.

4.1 Introduction

In the present paper and in a companion one [BPW11b], we study the dy-
namics of an impurity in a crystal, which serves as a thermal reservoir,
interacting with an external monochromatic light source. In the corre-
sponding microscopical model, impurity, crystal and external light source

75
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are described by selfadjoint Hamilton operators. The crystal is modelled
by electrons in thermal equilibrium. By unitarity of the evolution, the com-
pound system does not exhibit dissipation. However, our main interest is
to obtain an effective description of the time-evolution of the population
of the energy levels of the impurity and especially its long-time behaviour.
We derive an effective evolution for the population of the energy levels of
the impurity, which differs from the phenomenological dynamics usually
used in the physical literature, [AL07], in the sense, that the correspond-
ing equation of motion is a integro-differential equation, whereas the phe-
nomenological equation, called Pauli equation, is an autonomous linear
differential equation. The long time behaviour of our equation is in generic
situations however the same as the one predicted by the Pauli equation. It
turns out, that for large time the dynamics attains a quasi-stationary state,
i.e. it is stationary up to an oscillation of a certain frequency. Moreover,
we find conditions on the structure of the quasi-stationary state in terms
of the generator of the large time dynamics. These conditions are are ex-
pressed in terms of certain relations, which are conceptually related to the
famous Einstein relations for spontaneous and stimulated transition rates
of an atom interacting with the radiation field, [Ein16].

Models related to our setup without external light source have been
studied extensively, see for instance [AL07, AJP06a, AJPO6b, AJPO6¢] and
references therein. The most important questions which have been con-
sidered in this context are existence and asymptotic stability of stationary
states, especially asymptotic stability of thermal equilibrium states, the
so-called “return to equilibrium” (RTE), [AJP06a, AJP06b, AJP06¢c, BFSOO,
JP96]. The thermal equilibrium satisfies a balance relation, which is called
detailed balance condition. It states, that the transition rate from level Ej to
level Ey, equals the transition rate from E; to E; times a Boltzmann factor,
exp (=B (Er — Ej)).

RTE typically occurs in models involving one thermal reservoir at a
given temperature T weakly coupled to a confined atom. As soon as there
are several thermal reservoirs at distinct temperature, the system does not
possess a thermal equilibrium state but rather a “non-equilibrium station-
ary state”, (NESS), [JP02, MMS07]. In our setting we certainly do not
expect a thermal equilibrium state to exist. On the other hand it is a ba-
sic model for pumping schemes of doped crystals, [SY68]. For a not too
strong external light source, henceforth called (optical) pump, one expects
for large time a steady emission of photons with frequency corresponding
to a specific energy difference of eigenvalues of the Hamiltonian describ-
ing the impurity. The steady emission is due to a stronger occupation of
a energy level of the impurity with energy E; as compared to an energy
level E; < E;. This effect is called “inversion of population” and it is a
central mechanism in lasers. Therefore, we expect a stationary state up
to small oscillations of the density of population of the impurity energy
levels, with a specific frequency, to exist. These oscillations are the “Rabi-
Oscillations”, [AL07, AGF10], which are imposed by the optical pump.

The general strategy of this project this is as follows: In [BPW11b] we
use a reformulation of the two-parameter family of automorphisms de-
scribing the evolution of the compound system using a non-autonomous
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analogue of C-Liouvilleans, introduced by Jaksic and Pillet in [JP02]. The
C-Liouvillean is the generator of a strongly continuous one—parameter
semigroup and in general not selfadjoint, but well suited for the analysis of
systems which do not possess a thermal equilibrium state. We then prove
that the non-autonomous C-Liouvillean dynamics is uniformly in time,
on the impurity’s degrees of freedom, perturbatively close to a dynam-
ics which is generated by a non-autonomous Markovian approximation
of the original dynamics. In the present paper, we start with the Marko-
vian approximation and employ a Floquet analysis of the corresponding
evolution semigroup. This allows us to derive general properties of the
quasi-stationary state without any phenomenological approximations, as
the rotating wave approximation, [AL07]. In this vein, we find a balance
condition of the quasi-stationary state, which represents a natural replace-
ment of the detailed balance condition.

A motivation for this work comes from the following consideration.
The laser effect is based on a phase transition of incoherent light to a di-
rected coherent light beam. To our knowledge there is only one setup
for which this phase transition has been successfully proven, namely for
the Dicke maser/laser model by Hepp and Lieb, . The model consists
in a Hamiltonian approach of a radiation field serving as a reservoir, a
finite number, N, of two-level atoms, finitely many quantised “radiation-
modes” and linear couplings of atoms and reservoir with atoms and atoms
with the radiation modes, [HL73]. The system undergoes a phase transi-
tion in the limit N — oo in the sense, that the radiation becomes coher-
ent. More than 20 years later, Alli and Sewell, [AS95], and related to this
Bagarello, [Bag02], proved some generalisations of these results, but in a
weak coupling limit regime. On the other hand, solid state lasers are usu-
ally constructed with weakly doped crystals, [SY68]. Thus a limit of many
particles is not suitable. The present work is in this sense a first step to a
laser model with fixed N, namely to understand its pumping scheme. An
important open problem remains however to find a realistic description of
a cavity. Recent work in this direction is due to Bruneau and Pillet, [BD09].

Another motivation is drawn from the structure of transition rates be-
tween different energy levels of the impurity. These rates derive from rela-
tions which are of a similar form as the famous Einstein relations, [Ein16],
which Einstein derived phenomenologically, assuming essentially only

e Wien’s displacement law,

o that the thermal equilibrium state of the atom, the Gibbs state, is
stationary w.r.t. the interaction with the radiation,

o that the radiation density diverges if the temperature tends to infin-
ity.

The situation he discussed is the interaction of an atom interacting with
the radiation field. The corresponding initial state was assumed to yield
a non-zero radiation density. He found in particular, that the rates for
the stimulated processes are proportional to the radiation density and the
rates of the spontaneous processes. In contrast, we consider a situation
where the initial radiation density is zero, but instead there is an opti-
cal pump. Therefore one can not expect the same relation between the
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stimulated and the spontaneous processes as in Einstein’s work. In our
model we find that the stimulated processes are proportional to the inten-
sity of the radiation as in Einstein’s work and that the matrix for rates of
the stimulated processes are determined by the “off-diagonal part” of the
inverse matrix for the rates of the spontaneous processes, A511)' A recent
work of Berman, Merkli and Sigal, [BMS08], relates the time of decoher-
ence, Tj,., Which typically measures the time until a quantum statistical
system becomes a classical statistical system, to A5113' ie. Tgee ~ A(;%).
In another recent work of Bach, Merkli, Pedra and Sigal, [BMPS11], the
possibility to control 74, using a special external light source, very much
different form ours, is investigated. In certain situations control of deco-
herence could thus enhance the inversion of the population. On the other
hand, by measuring the threshold of the pump intensity needed for inver-
sion of populations could yield a simple experimental test for control of
decoherence.

In the present paper we focus on the derivation and analysis of the
structure of the quasi-stationary state of the corresponding time-dependent
optical equation for the impurity. To this end, we replace the electron
field—impurity coupling by its Markov—-approximation, point-wise in time.
In a companion paper, [BPW11b], we complete the analysis of full micro-
scopic dynamics for translation analytic electron field-impurity couplings.
In particular, the approximation of the dynamics by a time-dependent op-
tical equation is justified for this class of couplings.

We organise the paper as follows. In Section 4.2 we define the micro-
scopic model and specify the initial state of the system. Then, in Section 4.3
we first define the effective master equation and specify its relation to the
microscopic model, see Section 4.3.1. In Section 4.3.2, we reformulate the
non-autonomous effective master equation as a so-called evolution semi-
group in a enlarged Hilbert space, in which the physical time is regarded
as a new degree of freedom. Moreover, a spectral analysis of its generator
yields an optical equation, which in Section 4.4 leads to a characterisation
of the quasi-stationary state in terms of generalised Einstein relations. In
the appendix we gathered some results used in the text for the reader’s
convenience.

4.2 Mathematical description of particle systems in
interaction with a reservoir

4.2.1 The reservoir

We introduce now well know objects and one may for instance consult
[BR87, BR96]. Let h; := L?(R3,C) be the separable Hilbert space repre-
senting the one—particle space of the reservoir. The one—particle Hamil-
tonian /; is then defined by using a dispersion relation. Consider some
measurable, rotationally invariant function E : R?>, — R, i.e. E(p) = E(|p|)
and define the multiplication operator h; = h1(E), f(p) — E(p)f(p) on
h1. Physically, E represents the energy of one particle at momentum p.

In the context of the Markov-approximations, also L? spaces on Bril-
louin zones, which model crystals in a more realistic way, could also be
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used as one-particle spaces. The results obtained are qualitatively the
same. In particular the rotation symmetry in not essential to the analysis
performed below. As we seek to keep technical aspects as simple as possi-
ble in the sequel, yet maintaining mathematical rigour, we even demand:

Assumption 4.1 (E). E(p) = |p|.

We consider a fermion reservoir which models electrons in thermal equi-
librium interacting with an impurity in a crystal. In the following, we
occasionally say “atom”, instead of “impurity”, especially as indices in
formulas. From physical point of view, this is not an unnatural name. An
interaction of the impurity with bosonic particles like phonons can also be
implemented, but for simplicity we refrain from considering it as it quali-
tatively leads to similar results w.r.t. the dynamics of the atomic state.

Thus, observables of the reservoir are selfadjoint elements of the fermi-
on C*-algebra Vg, which is defined as follows. For any f € by, let a(f)
and a® (f) := a(f)* be the fermionic annihilation and creation operators
on the antisymmetric Fock space F_(h1). These operators implement the
canonical anti-commutation relations (CAR):

a(f)a’(f2) +a" (f2)a(fi) = (fi fa), (41)
which yield the boundedness of a(f) and a* (f):

e (D7 o) = 2D 7 o) = Iflloy, f f2 € b1 (42)

The fermion algebra

Vi = lin{lR}U{a*(fl)...a*(fm)a(fmﬂ)...

I s,
o ) S fne b} @)

is defined as being the C*-algebra generated by annihilation operators
{a(f)}fehl. Note that Vg & B(F_(b1)) is strictly smaller than the C*-
algebra of all bounded operators B(F_(h1)).

The unperturbed dynamics of the reservoir is defined by a Bogoliubov
automorphism on the algebra Vg:

R (a(f)) =a(e™f), feby, teR. (4.4)

This condition physically means that the fermionic particles of the reser-
voir do not interact with each other, i.e., they form an ideal Fermi gas.
The latter equality uniquely defines an one-parameter group {T/*};cg on
Vr. By (4.2), this group is strongly continuous and hence, (Vg, ) is a
C*—dynamical system.

We denote its generator by dz. Generators of C*—dynamical systems
are symmetric derivations. This means that the domain Dom(d%) of the
generator d5 is a dense sub—«—algebra of V and, for all A, B € Dom(d%),

Sr(A)* = 6g(A*), 6r(AB) =6r(A)B+ Adxr(B). (4.5)
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Thermal states of the reservoir are defined through the bounded posi-

tive operators
1

T 1+ P

acting on b for all (inverse temperature) g € (0, c0). Indeed, the so—called
symbol dg uniquely defines a (faithful) quasi—free state

dr (4.6)

WR = Wiy, (4.7)
on the fermion algebra Vg, by the following theorem:

Theorem 4.2 (Two-point correlation functions and quasi—free states).
Let d be any bounded operator on b1 satisfying 0 < d < 1. Then the correlation
functions

wd(ln) = 1 (48)
i (@t (1) (fu)a(gr) - -a(gn) = Smndet ([{f; dg)]jx ) 49)

for all {f; }7:1 A gj}?zl C by define a functional which is the unique bounded
linear extension to the algebra Vg is a state wy. The operator d is called the
symbol of wy.

We call wg the thermal state of the reservoir at inverse temperature f.
This definition of thermal states is rather abstract but can physically be
motivated as follows: Confining the particles in a box of side length L
corresponds to the replacement of the momentum space R® by 227, i.e,,
L2(R®) by ¢2(3£Z?). In particular, the spectrum of Hg (and hence of its
fermionic second quantisation dI'_ (Hg)) is purely discrete. Moreover, the
operators e P~ (Hr) are trace—class for all side lengths L. Thus we can
define Gibbs states

(L)(_) (- e*ﬁdIl(HR))
I 1) = Tr(e— Pl (Hr)) ’

(4.10)

which has the thermal state wg as unique weak—x* limit when L — co. In
particular, it follows that thermal states inherit the KMS property of Gibbs
states, [BR96, Sim93]:

Theorem 4.3 (Thermal states and KMS property).
For any B € (0,00) and A,B € Vg, there is a continuous function Fap :
R + i[0, B] — C, holomorphic on R 4 i(0, B), such that, for all t € R,

Fap(t) = wr(ATF(B)), Fap(t+iB) = wr(TF(B)A). (4.11)

In particular, the thermal state wy is stationary.

4.2.2 The atom

The atom is modelled by a finite quantum system, i.e., its observables are
self-adjoint elements of the finite—dimensional C*-algebra B(C?) of all
linear (bounded) operators on C? ford € IN.
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In the sequel it is convenient to define left and right multiplication on
B(C%): For all A € B(C?) we define linear operators, A and A, by

B+ AB:=AB and B+— AB:=BA. (4.12)
= —

The Hamiltonian of the atom is an arbitrary observable Hyy = Hj; €
B(C%) representing its total energy. We denote its eigenvalues and cor-
responding eigenspaces respectively by Ex € R and H;, C €7 for k €
{1,...,N}. Ey is chosen such that E; < Ex whenever j < k. In other words,
Ej is the energy of the kth atomic level and vectors of H described the
sub-band structure of the corresponding level. The dimension 7y of Hj is
the degeneracy of the kth atomic level.

The Hamiltonian H,; defines the free atomic dynamics, i.e., a continu-
ous one-parameter group of *—automorphisms {73'};cR of the C*-algebra
B(€?), by

T(A) = etHat ge=itHat A e B(CY). (4.13)

The thermal states of the free atom are Gibbs states gat for any inverse
temperature B € (0,0), given by the density matrix

e M (4.14)

= 414
Py Tra (e~ PHat)
However, in presence of interactions with the pump or the reservoir, the
state w of the atom is generally far from any Gibbs state ga.

We thus E’proceed to consider arbitrary atomic states w,;. For any state
wat on B(C?), there is a unique trace-one positive operator p,, on €Y, the
so—called density matrix of wyt, such that

Wat(A) = Trea (0,0 A), A € B(CY).

Any state wa; on B(C?) can be represented as a vector state via its GNS
representation ($at, 7Tat, Qat), see for instance [BR87]. If wy is faithful, then
there is a direct way to construct the representation ($at, Tat, Qat). The
Hilbert space §),; corresponds to the linear space B(C%) endowed with the
Hilbert-Schmidt scalar product

(A,B),, :=Tr(A*B),  A,Be B(C%).
The representation 71, is the left multiplication, i.e.,
mat(A)=A, AeB(),
see (4.12) and the cyclic vector of the GNS representation of wy; is given
by

1/2

Qat 1= 01" € Nat, (4.15)

with p,, € B(C?) denotes the density matrix of w,t. In particular,

wat (A) = (Qut, AOat) , A€ B(CY),
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The dynamics of the continuous one—parameter group of *—automorph-
isms {73};cr of the C*-algebra B(C?) defined by (4.13) can be repre-
sented in the Schrodinger picture of Quantum Mechanics through the so—
called (standard) Liouvillean operator

Lat i= (Hat = Hat) = [Hat, ] = Ly (4.16)

acting on $,¢. Indeed, it is easy to check that:

Lemma 4.4 (Schrédinger picture of {73'}:cR).
Forallt € Randall A € B(CY),

Wat (T?t(A)) = <Qat (t) , ﬂat(A) Qat (t)>at/ Qat (t) = e_itLatQat.

4.2.3 The pump

The pump, i.e. monochromatic field interacting with the atom, is described
by the following time—periodic term in the atomic Hamiltonian:

11 cos(@t)Hyp, @:=Ex—E; >0. (4.17)

Hp = Hj € B(C?) is a selfadjoint matrix satisfying the following condi-
tion:

Assumption 4.5 (P). Hp = hp +hy, hp € B(C?), with

ker (hp)J‘ C ran (1[Hat = E1]), ran (hp) C ran (1[Hae = En]).

In other words, by (4.17), the pump produces only transitions between the
lowest and the highest atomic levels 1 and N.

From the physical point of view, the time-dependent pump may be
regarded as a partial classical limit of a closed physical system involving a
“quantised pump energy”. The corresponding initial state for this “quan-
tised pump energy” is given by a coherent state and hence, it is not a KMS
state, [Hep74, Wes08].

4.2.4 The reservoir—-atom—pump system

Define the C*-algebra V := B(CY) ® Vg. As both C*-algebras B(C%)
and Vy are already realised as algebras of bounded operators on Hilbert
spaces and since B(C?) is finite dimensional, we do not have to specify
the meaning of the tensor product. Observables of the reservoir-atom
system are selfadjoint elements of V. Its free dynamics is induced by the
one-parameter group {7t };cg of *—automorphisms of V defined by

=1ttt teR. (4.18)
This tensor product is well-defined and unique because the atomic algebra

B(C*) is finite dimensional. The generator of the free dynamics 7; is the
symmetric derivation J.
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Let w,¢ be any initial state of the atom and define the initial state of the
atom-reservoir system by

WQ 1= Wat @ WR.- (4.19)

Again, the latter is well-defined and unique, by finite dimensionality of
B(CY). If w* = gy is the Gibbs state then wy is clearly a (B, T)-KMS
state. Observe also that g, is a faithful state and we assume without loss
of generality that w? is a faithful state. The set of faithful states is dense
in the set of all states of the atom. Since the quasi—free state wx of the
reservoir is also faithful, this property carries over to the initial state wy of
the composite system.

The atom-reservoir interaction

The interaction between the atom and the reservoir involves fermion field
operators,

@(f) 1= 5 (" () +a(f) = ()" € BEF- ()
2
defined for all f € b;.

Choose a collection {Q,}7., C B(C“) of self-adjoint matrices and an
orthonormal system {f;};"; C b1, fu(p) = gi(|p|). Here, we assume
again rotation invariance of the functions f, for technical simplicity. More
general choices lead to results which are qualitatively of the same type
as ours. The atom-reservoir interaction is implemented by the symmetric
derivation

SR i=1 [Z Q,®d(f), |- (4.20)
/=1

Note that the orthonormality of the family {f,};_, does not inflict loss
of generality as for an arbitrary set {Q,}/*, C B(C%) of selfadjoint matri-
ces and (possibly not orthonormal) family {f;}; C by, there are m € NN,
{Q,}/L, C B(C?) and an orthonormal system {f;};"; C b; such that

0, 00() = 30,8 0(/).
(=1 =1

The atom-reservoir-pump dynamics

The full dynamics of the system involves the classical pump described
in Section 4.2.3, which is a perturbation of the free dynamics. It modi-
fies the symmetric derivation é by adding the time-depending generator
17 cos(@t)datp with
5at,p = Z[Hp 1y, - ]

and 17 € R. In other words, the atom-reservoir-pump dynamics is gener-
ated by

S = 6 4 1y cos(@t)Sap + Adarr, £ E R 4.21)
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Here, A, € R represent the strength of the atom-reservoir coupling and
the atom—pump coupling, respectively.

As 0y, and Jatp are bounded symmetric derivations, (55/\'77) is the gen-

erator of a strongly continuous one—parameter group of *—automorphisms
of V. As the map

i 60 _ )

. . A, .
1s norm—continuous, (55 " generates a strongly continuous two—parameter

(A1)

family of automorphisms 7, "’ of V corresponding to the non-autonom-
ous dynamics of the atom-reservoir-pump system. As 7 cos(@t)datp is

bounded and cos is a smooth function, the two-parameter family Tg/;’ﬂ)

may be constructed by the Dyson series.
Consequently, the time—-dependent state of the full system is given by

A, A,
Wy = Wy o TE’OW) = (wat ® WR) © 75,0'7), teRS.

This state reduced to the atomic part only yields a state
wat () (A) = wi(A®1g),  Ae B(CY), (4.22)

forany t € IRS' .

We will take later |A|, |#] < 1. In other words, we will take the atom-
reservoir and atom—pump interactions as a small, but non-vanishing, per-
turbation of the free dynamics. Moreover, we assume that the pump is
moderate w.r.t. the atom-reservoir interaction in the following sense:

Assumption 4.6 (MP). For any A € R, |57| < cA? for some fixed ¢ € (0, ).

Actually, it would suffice to impose |7| < c|A| for some sufficiently small
constant ¢ > 0, but the above condition is technically convenient. In the
opposite situation when |57| >> |A| and at small (7,A) € R?, the atomic
populations undergo Rabi oscillations, typically. We are rather interested
in the regime where the evolution of the full system is described (up to
negligibly small oscillations) by some relaxing dynamics in order to see,
for instance, a persisting inversion of population.

As it will be shown below, the contribution of the pump to the final
state of the atom is of order 72/A* whereas the contribution of the inter-
action with the reservoir is of order one. Thus imposing |#7| ~ A% means
physically that both the pump and the reservoir contribute in an essential
way to the final state of the atom. Hence, we say in this context that the
pump is weak whenever |i7| < A%

4.3 The effective atomic master equation

4.3.1 Definitions

The aim of this section is to analyse the atomic dynamics resulting from

the restriction on B(C“) of the full dynamics generated by the symmetric
)

derivation 55/\"7 , see (4.21). This corresponds to study the family of states
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{wat (1)}, Ry defined by (4.22) or, equivalently, to study the corresponding
family {p,, (£)}, Ry of density matrices. We are more precisely interested

in the time behaviour of observables related to atomic levels only, and not
to correlations between different levels. Mathematically, this amounts to
study the orthogonal projection Py (o, (f)) of the density matrix p,, (t) on
the subspace

D =D(Hat) :=B(H1) & & B(HN) C Hat- (4.23)

In other words, we analyse the density matrix

D (Par (t 21 at = Ex] 0 (1) 1[Hat = E]

for any t € Ry . The density matrix p,, (t) is approximated by the solution
of an effective non-autonomous initial value problem in B(C*) called the
effective atomic master equation. Its generator is a time-dependent Lind-

bladian SEA’”), i.e. it generates for any t € R a completely positive group,
see Section 4.5.1.

Similar to (4.21) this Lindbladian SEA’”) € B($at) is defined by the
following sum:

£§A”7)(p) = Lat(p) + 17 cos(@t)Lp(p) + A2LR(p),  pE Har. (424

The first term is the Lindbladian of the free atomic dynamics which is the
anti-selfadjoint operator defined by

Lat(p) == —i[Hat, p] = =L5:(0),  p € Nat. (4.25)
Similarly, the second term of (4.24) corresponds to the Lindbladian
Lp(p) == —i[Hp, p] = _EE(P)r P € Nat- (4.26)

The third term includes a dissipative part £; € B($at), i.e., £Lr € B(9at)
is not anti-selfadjoint, which results from the Markov—-approximation of
atom-reservoir interaction. More precisely, the Lindbladian £ equals

QR(P) = _i[HLamb/p} + Ed(P)/ P € Hat- (4.27)

The so—called atomic Lamb shift Hy oy and effective atomic dissipation £
encode, in the weak coupling limit, the influence of the electron field-
impurity interaction on the dynamics of the impurity and are defined as
follows. Denoting the spectrum of any operator A by ¢ (A), for each

e € 0(i[Ha,]) = {Ej— Ex :j,k € {1,2,...N}}, (4.28)
we define the sets
te:={(jk): Ej—Ex =€} C{1,2,...N} x {1,2,...N}.
Then, for every j,k € {1,2,...N} and any ¢ € {1,2,...m}, let V](]f) €
B(C*) be defined by

Vi) =1 [Ha = Ej] Q¢ 1[Ha = B (4.29)
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Using the family {V](,f) }ike of linear operators, the atomic Lamb shift
Hiamp € B(CY) is the selfadjoint element

(000
Hyamp = )3 ) Zd]k‘/]k ik (4.30)
e€o(i[Hat,])\{0} (jk)Ete (=1
where
d/(',ék) =PP {féﬁ) (-—(Ej— Ek))} , (4.31)
where

B) . |ge(Ix])?
fg (x) = lte Epp T3

and PP|[f] denotes the principal part of the function f. Meanwhile, the
effective atomic dissipation £; € B($at) is defined by

Lilp) = % Y Y ch ]k

eco(Lat)\{0} (jk)Ete {=

Y Y Zc]k ]k

ecot(Lar) (jk)ete (=

y ¥ Zc“)(“’)) o),  (432)

ecot(Lat) (jk)Ete (=1

N —

e Pe

with 0" (£at) := 0 (Lat) N R4, for all p € Hat, where

l A 0)* YA
9},;3 (o) = 2V]~(k)PV~() _V](k) ](k)P oV <> ](k>, 433)
O\ * 0)* A V4 0)* 14 )%
(ﬂf,k)) (0) = ZV()P ” ijk)ijk)P—Pijk)ijk)/ (4.34)
and
D= f1P(E; - Ey). (4.35)

Note that the second equality in (4.32) follows from
By O\ * I4
P =e PP, () (=2 (). @36

The terms Vj(ﬁ) ij(]f)* and Vj(ﬁ)* ij(}f) correspond to transitions between the
jth and kth atomic levels, whereas the other terms guarantee the Markov
properties of the evolution, i.e., the preservation of the trace of the density
matrix.

A priori, the family {Pp (o, (t))}tele of density matrices can have

several limits (depending on initial conditions) or even be oscillating, as
t — oo. We would like to avoid this situation and we thus assume the
following sufficient condition to obtain the uniqueness of the final density
matrix in the limit t — oo.
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Assumption 4.7 (B). Denote with M" the bi-commutant, of M C B(C%).
Then,

"

U {vi}| =8

) 0
(],k,ﬁ),cj,k #0

Indeed, this assumption implies that the semigroup generated by £ (or
£4) is relaxing and 0 is a non-degenerated eigenvalue of £z and £;, see
Theorem 4.35. The uniqueness of the final density matrix then follows
from Corollary 4.19.

In order to illustrate this condition, consider the following example:
Assume that m = 1 and the degeneracy 1y of the kth atomic level equal

ng=1forany k € {1,...,N = d}. Let {(pk}izl C € be an orthonormal
basis of eigenvectors of Hy; with Harp = Er¢py. If

Qi = 290], ke{1,...,d},

nk
an orthonormal ba31s of Hat. We assume the family of non—-negative num-

then the family {V k | satisfies V( W = ]( ) for all j j, k,n and forms

bers {c iK j,k:1 is irreducible in the sense that, for all j # k, there is a

sequence (ji,k1),..., (ju, kn) such that c]( 3( ,. "’C](‘:)k,, #£0,1 =, kn =k
and k; = jj1 for I € {1,2,...k — 1}. Physically speaking it means that any
arbitrary pair of atomic levels is connected by non-vanishing transitions.
By using the commutator identity

m] _ WyW] _ @) (1) ORRVARY;

[A, Vi } = {A, Vin Vn,k} =V, [A, Vn,k} + {A' Vin } Vik

for all j,n,k and the irreducibility of the family {c](.}c) }?/kzl one can check
that the commutant

!

U {V](;)} =Clga,

(), ¢l #0

from which Assumption (B) follows. This is in perfect analogy to well-
known results about unicity of invariant states of discrete Markov chains.
Assumption (B) concludes the list of required conditions and from now
on, we assume all of them to be satisfied.
We define now the effective atomic master equation as the initial value
problem

d
Ve 0: o) =M (p(),  p(0) =0y (0) =py  (437)

This evolution equation clearly has a unique solution, by finite dimension-
ality. Recall that p,; is the density matrix of the initial state w,; of the atom
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and p,, (t) is the density matrix of the time-dependent state wj¢ () de-
fined by (4.22) for any t > 0. Observe that the initial value problem (4.37)

defines a continuous two—parameter family denoted by {%E)s\’”)}tzg. Since

%Egm preserves positivity and the trace, this family is norm bounded. In-

deed for some finite constant C not depending on A, 1, s, and ¢,

VAsteR t>s: ||t < C. (4.38)

When the atom-pump interaction is absent, the dynamics become au-

tonomous and thus, the family {%E)S\,o) }+>5 corresponds to a one-parameter
semigroup denoted for simplicity by

vi>0: M0 =20 (4.39)

Under certain technical assumptions of the electron field-impurity cou-
pling the following theorem about the dynamics of the orthogonal projec-
tion Py (o, (t)) of the density matrix p,, (t) on the subspace © of block—
diagonal density matrix can be proven, see [BPW11b].

Theorem 4.8 (Validity of the Non—-Autonomous Master Equation).
The unique solution {p(t)}+>o of the effective atomic master equation (4.37) and
the atomic density matrix {p,, (t)}+>0 obey the uniform bound

[Po (p.:(t) = p(1))]| < C(A* +[Al|@] 1),

for some constant C < oo which neither depends on the initial state wat of the
atom nor on the parameters t, @, A, and 1.

Remark 4.9. The effective atomic master equation, (4.37), may be obtained
as a weak coupling limit, or Markov approximation, of the dynamics

{TEI/;’” )}tzs w.rt. the fermion degrees of freedom, similar to the results
of Davies, [Dav74, Dav76, Dav75]; see also [DF06] and references therein.
These results cover the autonomous case and one has to control the in-
fluence of the pump while taking the weak coupling limit. As Theorem
4.8 provides a uniform bound in ¢, i.e. it is not restricted to the van Hove
timescale, tA? = const., it contains any weak coupling limit results, which
prove convergence uniformly on compact intervals for tA?, typically. We
stress, that the weak coupling limit is taken in the GNS representation of
the initial state wy, taking thermal effects into account.

4.3.2 Evolution Semigroup of the Non—-Autonomous Master
Equation

In this subsection we perform a spectral analysis of the evolution semi-
group of the non-autonomous master equation, that is, the initial value
problem (4.37). To this end, we represent this non-autonomous evolu-
tion as an autonomous dynamics on an enlarged Hilbert space emerging
through an additional degree of freedom, which is a new time variable
denoted by a. This method enables a long-time analysis of the non-
autonomous dynamics via a spectral analysis of the generator of the asso-
ciated evolution semigroup.
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We thus proceed by first defining this enlarged space, which is the
Hilbert space

Hevo = LZ(TLO/ Sjat)/ Teo := R/%Z’ (4-40)
of time-dependent 27t@~!-periodic density matrices. The scalar product
on Hevo is naturally defined, for all f, g € Hevo, by

2n 2r

(F Qe = 5 | (0,8 (O)gdt = 5 [T (F(1)" g (1) d.

Then, there is a strongly continuous one-parameter semigroup {7 }y>0
such that, for all « > 0 and f € Hevo,

Vi€ Toae:  Tu(f) ()=t f(t—w),

14
where we recall that {%gé’ﬂ)}es is the continuous two—parameter family
defined from the non-autonomous master equation (4.37). Observe that

{%gg’”) }t>s is periodic in the sense that

A(Am) _ A(Am)
Ts = Tt+27'[w*1k,s+271¢27*1k (4'41)

for all k € Z and t > s. Therefore, 7, (f) € $evo. Moreover, the semigroup
{Za}a>0 is norm bounded, by the norm boundedness of the operator fam-

ily {%E,)s"’?)}tzs- Indeed, for some finite constant C not depending on A, 7,
and «,
VA eR a>0: | T |<C. (4.42)

The generator of the strongly continuous semigroup {7, },>0 is the
closed operator

G =~ o, p (G =D (jt) SV

where ﬂéi‘g?) is the bounded operator defined, for all f € $Hevo, by

VteTpae: 90 (F) () =M (f(t))

The derivative operator is the closed, unbounded operator with domain

d e} X (e
D (w) - {k L ae s ace o ) kol < oo} -
Observe that the spectrum of the generator G(°0) is purely discrete. In the
following we identify all vectors p € $)a¢ with constant functions p(t) = p

of Hevo-
In the next Lemma we show that the scalar products of the form

(Ta (0) ) A) evo

properly describe the time evolution of

(p(a), A)yy == Tr (p(w)A)

whenever the pump frequency, @, is sufficiently large.
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Lemma 4.10 (Effective behaviour of p (#)-I).

For any state p € © C $a, with p = p(0), and any observable A € D C
B(C%) = $at, the unique solution {p(t)}s>0 of the effective atomic master equa-
tion (4.37) satisfies the bound

[(o(a), A) gy = (Ta (0) , A)eyo| < CIIA] , (4.44)

where C is a finite constant not depending on p, A, A, , @, and a.

| A+ [AD
@

Proof. By Assumption (MP) || < cA?, for some fixed ¢ € (0, c0). The “vari-
ation of constants formula” provides a relation between the continuous

two—parameter family {%Eg’}”}gs and the semigroup {’Argo'o)}tzo, defined
by (4.39), is given by the integral equation

Vs, teR, t>s: 2 = (%0 +/ t09pM ey (4.45)
Here, for any t > 0, the operator

Qng)"”) = 252"’7) - SEO’O) = 17 cos(@t) £p + ALr

is the difference between the full Lindbladian ££A’}7), (4.24), and the free
one EEO’O) = Lat, (4.25). Since

2
. _ @ [F (0 _p0m
(p(a), Ahgy = (T (0) Aevo = 5= | ((T05” —11"%) (0),4)

(4.46)
we proceed by estimating the difference
A7,
I 20 = |

foranya > Oand t € [O,Zm@’l). To this end, we choose, for any a > 0,
the parameter r («) € 27t@~'INg such that

0<r(a)—a< 2t L.

Since QBEA’”) is periodic with period 2@~ !,

(An) _ ~(An)
t "= Tt-&-j(a),s-&-r(uc)

[
n

(cf. (4.41)) and thus, for any t € [0,271@ 1],

A1) A A (M)
Toc,OU - Tt,tjrx = %,0’7 T Totas (4.47)

with
di=t+r(a)—ae€ {0,477(0_1} :

Using the cocycle property satisfied by the two—parameter family {%Eg/”) Fess
together with (4.47),

~(A, ~A) (A, A (A7) \A(A,
TzEc,O”) - T:E,t 34 = Ti+z)§(7((5 017) 1) + (1—’(&&1)“)1';’0}7) (4.48)
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with § € [0, 47'((27_1]. Note that |[Hat, ]|l = O(@) and thus we cannot
expect H (1- T§ H a+5a - I)H to be small at § = O(@~!). How-
ever, for p, A € ® C B((Dd), (1 T(SO H a+5a—1)*(A)H are

indeed small at 6 = O(@~!): We infer from the integral equation (4.45)
that, for alls € Rand 6 € 0,40 ],

A, 00 St0 (0,0 A) o (A
L )= 0+ [

As

11—t ) = 2%, —1)"(4) =0,

forallp,Ae® C B((Dd), it follows that

|a-+3"@) < MEEAD ),
0 —

) AL D)

@ - @) = o= Al

for all p, A € ® and some C; < oo not depending on p, A, A and 7. On the

other hand, the family {%ng }t>s is uniformly bounded by (4.38). Hence,
it follows that

AT+ A
vie o2mo | |2l - 1< G A~ A
4 ()
with C; < co not depending on p, A, A, 11, @, t and «. Combining this with
(4.46), we arrive at the estimate (4.44). O

This lemma allows us to analyse the long-time behaviour of the solu-
tion {p(t)}+>0 of the non—autonomous master equation (4.37) via the au-
tonomous dynamics described by the evolution semigroup {7, }4>0-

The semigroup {7, }4>0 acts on an infinite dimensional Hilbert space
$Hevo, but the initial conditions we are interested in are constant functions,
i.e., elements of Hat C Hevo. It turns out that Ha¢ is almost parallel to some
invariant finite dimensional subspace of {7 },>0, see (4.51) below. As this
semigroup is bounded (see (4.42)), the restriction of the dynamics onto
this invariant subspace describes — up to small errors — the evolution of

{o(t)}>0-

More precisely, the invariant, finite dimensional subspace is defined by

o]y o)

e€o(i[Hat,|)
Here, for each € € o (i[Hat, *]),
(A . P( /W)ﬁevo

is an invariant, finite dimensional subspace (see [Kat76, Chapter II]) of the
evolution semigroup {7 },>0 and

pM . % f (z - G()"”))A dz (4.49)

|z—e|=8
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is the Kato projection. Here,
R:=min{|e —€|:¢,€ € o(i[Ha,]), e £€'} >0 (4.50)

and we assume in the following that A% (and thus |5|, by Assumption
(MP)) is small enough such that, for any € € o(i[Hya, -]) and z € C with

z] =% wehavee+z ¢ o (G(/W)). In other words, we choose R and A

small enough to ensure that the Kato projection, Pg()"”), is well-defined.

Next, we study the restriction of the dynamics described by the semi-

group {7, }a>0 onto the invariant subspace Sﬁi(li‘\’,”). In particular, if A, 7
are sufficiently small and @ is large enough, then we show below that this
restriction describes the time behaviour of {7, (p) }4>0 provided that the
initial value is a constant function, i.e., an element p € §,. Using Lemma

4.10, it yields

Corollary 4.11 (Effective behavior of p (¢)-II).

Forany p € D C Hay, with p = p(0), and any observable A € B(C?) ND, the
unique solution {p(t) }4>0 of the effective atomic master equation (4.37) satisfies
the bound

(p(a), A),, — Z <exp (oc Pe(A’")G()"W)Pe(A'U)> P,A>
€€o(i[Hat,])

< C|A| (/\2+|/\(1+

()

),

where C is a finite constant independent of p, A, A, 1, @, and .

evo

Proof. Define the projection

P()"W) = Z Pe(/\/ﬂ)

" €€ (i[Hat,])

(Am. Note that

onto the invariant subspace Ninv

Vo € Hat C Devo : Pi(r(l]‘l,O)P =0

whereas, by Kato’s perturbation theory of discrete eigenvalues, there is a
constant C3 < oo such that

Meanwhile, we also observe that the operator families

{exp (oc pA) G(Alﬂ)pe(/\rﬂ)) }

p.(/\ﬂ?) _ p(O/O)

inv inv

‘ < G302, (4.51)

a>0 ’

for all € € o(i[Hat, -]), are bounded semigroups because there are restric-
tions of the bounded semigroup {7 },>0 onto invariant subspaces:

Ya >0, €€ o(i[Ha]): TP =exp (oc Pe()"”)G()"”)PéA’”)> .
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Hence, using the equality

Top) = T((1-Pe")p) + 7 (PUp)
- T ((p.(o,o) _ p_(/\Jl)> p) + Y exp (lx Pg(/\,U)G(A,yy)PE(/\,r])> )

mv mv
GGO’(Z'[Hat,-D

we obtain the upper bound

(T(p) Moo= L, (exp (aPOVGIDEL) o, 1) | < Cyl|a] 22,
€€ (i[Hat,])

where C; < oo is a constant not depending on p, A, A, %, @, and a. The
assertion follows now from Lemma 4.10. O

As a consequence, we may reduce the dimension of the problem to the

finite—dimensional subspace 51(1/1\\;’7)'

Theorem 4.8 only compares the orthogonal projections Pg (p (t)) and
Ps (p, (t)) of {p(t) }+>0 and the atomic density matrix {p,, (t) }+>0, respec-
tively (see (4.23)). Therefore, our analysis is restricted to the evolution of

{Po (p(t)) }+>0. This quantity is related to the subspace Sﬁ(gA’") as shown

in the following lemma.

Lemma 4.12 (Effective behaviour of Py (p ())-D).

Forany p € © C $at, with p = p(0), and any observable A € B(Cd) = Hat, the
unique solution {p(t)}¢>o of the effective atomic master equation (4.37) satisfies
the bound

[(Po (p(a)), Ay~ (exp (x BV GODRI Y p, 4)

< cpal (i MO,

where C is a finite constant not depending on p, A, A, 1, @, and «.

evo

Proof. The orthogonal projection Py on $),; naturally induces an orthog-
onal projection, again denoted by Pg, on the Hilbert space $evo of time—
dependent density matrices by the equalities

VtETo, fE€Devo:  Po(f)(t) :=Po (f(t)).

Using this definition we get

(A1) ~ (M) plAd)
eeg(%{at/.]) <exp (oc P G\ Py )p, Py (A)>

T (e (e (s ) )

e€o(i[Hat,]) evo

evo

since

(Po (p(a)), A)ar = {p(&), Pp (A)) -
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We use now Corollary 4.11 to obtain the bound

1) _aGAm) pa)
(Po (p(0) )= T (o (P 4}
) evo

eco(i[Hat,]

< Gs|A| (A%'Mlg W)) (4.52)
with C5 < co. For any € € 0(i[Hat, -]), note that

P P = Po P 4 P (P — PO = 5 gPo + P (P — PV,
(4.53)
with the Kronecker symbol, J. .. Similar to (4.51), there is a constant
Cg < oo such that

max ‘ M _ PéO'O)H < CeA2. (4.54)

€€ (i[Hat,])

Therefore, we infer from (4.52)—(4.54) that

o (0(0)), 41— (Po (exp (xGADE) ) 4)

< G4 (/\2+|A(1(;—|A|)) (4.55)

with C;7 < oco. Finally, observe that

[ (655). )
evo

<eaG(/\ﬂ7)pé"r'7)p, Py (A)>
evo

evo

(1 ()
evo

Thus, using (4.54) and (4.55) we arrive at the assertion. O

The invariant spaces ﬁ(gA’”), related to the projectors Pé/\’m, are not explicit

enough for practical purposes. Therefore, the next step is to reduce the

dynamics onto the spaces 55(()0’0), which are explicitly known. To this end,

we denote the restriction of G(*1) onto the space .‘73(()0’0) by

A . plOO) Glan) pl00). (4.56)

It turns out that the dynamics of Py (o (t)) is properly described by the
semigroup generated by AM7):

Theorem 4.13.

For any ¢ € (0,1), there is a constant C, € (0, 00) such that,

Hexp (,x/\(m)> —exp (apo(/\ﬂ?)G(/\r'Y)pé/\/U)) H < G |AP9)
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In particular, Lemma 4.12 and Theorem 4.13 directly yield the following
corollary:

Corollary 4.14 (Effective behaviour of Py (p (t))-II).

Forany € € (0,1), any state p € © C $Har, with p = p(0), and any observable
A € B(CY) = 9at, the unique solution {p(t)}1>o of the effective atomic master
equation (4.37) satisfies the bound

[(Po (p(a)), A) — (exp (ka0 p, 4)

- AT+ A

evo

where C is a finite constant independent of p, A, A, 1y, @, and «.

The proof of Theorem 4.13 needs some technical preparations. For the
sake of clarity we defer it to Section 4.3.3 and continue our discussion on
the large time behaviour of Py (p (f)).

Observe that the Hilbert space S’J(()O’O) is not a subspace of Hat C HNevo,
because of oscillating terms present in it. Indeed, by taking any ONB
{eﬁ,k)}neKk, K := {1,...,dim (Hy)} C NN, of the eigenspace Hy C C¢,
k € {1,...,N}, of the atomic Hamiltonian Hy; (see Section 4.2.2), we define
the family

k’, ! o
(WG Ve 1), nek, wek, C Hat = B(CY)

of vectors by

(kl,nl) (k//)

k/
W(k,n) €’ = 5n,n”5k,k”e£,/ ) (457)

Then, the Hilbert space 53(()0’0) is equal to

fJ(()o,()) — span {e—itEkk/W((I’::};?)l') |(kK)e |J tmo, nekyn'e Kk/} ,
me{—1,0,1}

where Ey := Ex — Ep. We next remove the oscillating terms by defining

a unitary map U from 55(()0’0) to the subspace

’
n

5;)(()0'0) := span {W((]I:: ';/) |(kK)e |J twe n€Kg n' €Ky p C9ar

me{—1,0,1}
(4.58)
as follows: () ()
—it(Ex—E.s M L M
u (e M EEOWER ) = i, (4.59)

The behaviour of Py (p ()) can be studied through the generator A1),

which acts (non-trivially) on 55(()0’0) SZ $at, see (4.56) and Corollary 4.14. As
far as the large time behaviour of Py (p («)) is concerned, we can analyse
instead the evolution semigroup given by the generator

AN = uAMD U (4.60)
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acting now on the subspace 5:3(()0’0) C $at. This follows, for any initial

density matrix p € Hat, from the equality

o om ()s) = oo sa0) 7 )
( exp ( )) UPg (p))
- o lon(ei) )
= pp (a) (4.61)
and Theorem 4.35. We describe this more precisely in the following theo-
rem:

Theorem 4.15 (Long-time behaviour of Py (p (t))).
(i) Forall p € 53(()0'0),

RO (p) = Lep(o) +122r p)

with £,(p) and L (p) defined by (4.26) and (4.27) respectively.

(ii) There is a unique density matrix p,, € 5:3(()0’0) such that AN (p) = 0.
Moreover, for all p € Har and any e € (0,1),

A+ [A])

limsup [P (p (1)) — Pa (7| < € (142079 23

K—00

),@@

where C is a finite constant independent of p, A, A, 1, @, and «.

Proof. (i) This assertion readily follows from explicit computations.
(ii) Note that A}, given by the equality in (i) makes sense for all p € §at
whereas 5(()0’0) C $at is an invariant space of AW e B ($at)- By Theorem

4.35 and Assumption (B), AN € B($),) is the generator of a relaxing
Markov CP and Cj semigroup, see Definition 4.34. In particular, there is a
unique density matrix g, € Hat such that, for any density matrix p € Hat,

lim (exp (ozA(/\ '7)) p) = Do (4.63)

K—00

It follows that §, € fat is the unique density matrix satisfying A1) () =

0. As .6(()0’0) is an invariant space of AAM) € B($),t) containing density ma-

trices, one then has p, € 5:3(()0’0). Using (4.61)

Ji_r’r;oP@ (exp ((xA(/\’”)) p) = Pp (fy,)

as Pg (p) € $at is also a density matrix. The inequality (4.62) then results

from Corollary 4.14 and the finite dimensionality of $at. O
It now remains to characterise more precisely the density matrix p,, €
)"9(0 ) of Theorem 4.15 (ii).

Denote
P5:=1—Pp
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and observe that Py (.‘?)(()0’0)) and Pg (.‘?)((JO’O)) are invariant subspaces of the

Lindbladian £5 (4.27), whereas £, (4.26) maps Pp (5:3(()0’0)) to P%—(fj(()o/o)),

and vice versa. These properties allow a characterisation of the density

matrix Pgp (p,,) by means of a “pre—master equation” on the (smaller) sub-
space Pp (fj(()o’o)) for the semigroups {exp(aAM)},50.

Theorem 4.16 (The pre-master equation).

The family {p (&) }a>0 of density matrices defined by (4.61) for any initial den-
sity matrix p € $at obeys the integro—differential equation

A @) = N (o (@)

5 ar~?
+4’7? / Po 2y Phe R PEL P (pg (1w —sA72)) ds,
0

called here the pre—-master equation.

Proof. The result follows from standard considerations and may for in-
stance be taken from [JZK'03, Chapter 7]. O

By combining (4.63) with the equality A7) (5_) = 0 (Theorem 4.15 (i),
the density matrix p4 () must converge to Pp (f,,) as @« — oo and its
derivative must vanish in the limit # — oo. Using Theorem 4.20 proven
below, we get that

|Po2pPhe R PEEpPo | < Cre S, (4.64)

for some constants C; < co and Cg > 0. The latter ensures the integrability
of the integrand in the pre-master equation on the whole positive real line
[0,00). As a consequence, by Lebesgue’s dominated convergence theorem,
the limit Py (p,,) satisfies the following balance condition, which is defined

by the equation:
2

Lr (0) + 5% (0) =0 (+.65)

for p € 9Hat and where
B = /Pg!lpP%engP%EpP@dS € B($at)-
0

We note, however, that the balance condition (4.65) might, a priori, have
more than one density matrix as a solution. Next we give a criterion for
B to be associated with a generator of a CP Markov semigroup, which
we use to employ Theorem 4.35 for £z + B in order to obtain a unique
solution. It is useful to introduce the projections

Py :=1 [Hat = Ej|1[Hat = Ey, (4.66)
at = k]

forj,k=1,...,N. Note that

N
1flat = Z P]k
jk=1
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Proposition 4.17 (CP criterion for 28).

If

Pn1Lr PNt = an1 Py,
for some ay; € C, then B is the restriction of a generator B € B ($,t) of a
CP Markov semigroup, i.e.

B =3 rran(Pg) .
Proof. Note, that since £ is the generator of a completely positive Markov
semigroup, Re (vc]-k) > 0. By (4.64) follows that

1 «
(QP)_l = (P%SPP%) = /dS P%ESSRP%
0

exists, using Theorem 4.20 and that Pg is a projection onto an invariant
space of £. From Assumption (P) follows then for any s € R,

N
PoSpPs (L)' P5LpPo = ), By,

k=1
where the B, are given by
By = PunhpPin (£r) " PaihpPii — PynhpPin (£r) " Pinhi P
— — — —
-Pynhi Pyt (€r) 7 Pyihp Pt + Punhp P (£r) ' PinhpPr
«— - — «—
Bin = PulpPni(£r) " PinlpPyn — PuhiPai (€r) " Pyihp Pun
— — — —

-Pi1hpPiy (£r) " PinhiPun + Prlip Py (€)' PailpPan
— — — —
By = PunhpPin (£) 7 PinhiPun — PynfipPin (£1) 7" PaihipPan
— = — —
-Pynhi Pt (Er) 71 Pinip Pun + Punhi Pat (21) " Paihp P
— — — —
B11 = PuhpPni(€r) PnihpPi — PiihiPyi (£g) " Pinhp P
— — — —

-PyhpPin (£R) " Paihp Py + PrhpPin (£R) 7 PNt Pr,
— — — —

and B =0if jorkisin{2,..., N —1}. Recall that ran (P]- ) are invariant

spaces of £ and hence
Piy (€g) " Py1 = 0= Py1 (£r) " P
Theorem 4.20 implies Re (ay7) < 0. Observe, that
an1Pin = (Pn1€rPN1) e = PINCRPIN =: tiNPIN,

where (-)*fs denotes the adjoint with respect to the scalar product induced
by the Gibbs state p,

(A, By, :=Tr (pgA*B>,
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with the inverse temperature § of the reservoir, determined by the choice
of the KMS state wgx. Hence, a := apng = &1N- Thus,

By = —5671PNNhPP1Nhf>P11—DflPNNhltPNthPn
— — «— —
2R
= —7e(a)hphi§,
\rx\z ——

as one easily checks, using Assumption (P). Similarly one observes

For any p € B (9)at) we have

BNN (p) = ﬁ_lhphf)pl [Hat = EN] + Dc_ll [Hat = EN} phphik)
B1q (p) = Déilhf)hppl [Hat = El] + a1 [Hat = El] phighp

Define now the completely positive map

E:= By + Byt + Byn + By,

with
won = S (i o)
B = SRt i)
Moreover, setting
ilm (&)

and observing that A € B (H,t) is anti-selfadjoint we arrive at
B:=A+A+E

Since
*1

[1]
Il
[11

, ]

where (-)*! is the adjoint with respect to the scalar product (-, -)at, we
conclude E (1) = 0, and B is thus by Theorem 4.32 a generator of a CP
Markov (semi)group.

Remark 4.18.

1. The assumption in Proposition 4.17 corresponds physically to a fully
resonant pump, i.e. where the reservoir-impurity interaction does
not split the spectral line of the N1-transition. In this case, the N1
decoherence time is a number, not a general operator.
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2. As another criterion to obtain 9B being associated with the generator
of a CP Markov semigroup we do expect that for a strong decoher-
ence, i.e. the order of magnitude of the real part of £ Py compared
to the real part of £ Pp being big, B may be obtained as a weak
coupling limit, where the coupling parameter is given by the ratio
17/ A%, This would then imply that 9B is a (restriction of) generator of
a CP Markov semigroup, even if the reservoir-impurity interaction
creates a fine—structure splitting of the N1-transition.

3. We only need that the ground state of £ + ;2 /A*% is unique for the
characterisation of the quasi-stationary state. By Kato’s perturbation
theory of discrete eigenvalues this is always true for the weak pump,
i.e. sufficiently small ratio #7/A2.

Using Proposition 4.17 and Theorem 4.35 in combination with Remark
4.31, the solution of (4.65) is uniquely determined in the set of density
matrices of §,¢ and hence characterises Py (p,,) completely.

Corollary 4.19 (Characterisation of Ps (p,,) via the balance condition).

Let
Pn1E£r PNt = an1 P,

for some ang € C. Then, Py (p.,) is the unique density matrix satisfying the
balance condition

2

2R (Po (Po)) + 5B (Po (por) = 0.

4.3.3 Proof of Theorem 4.13

In this subsection, it is useful to extend the definition of A7) (4.56), 5:3(()0,0)
(4.58), U (4.59), and A1) (4.60) to all € € o'(i[Ha, -]) as follows:

Ag\,;y) — P€(0'0>G()"’7)P€(0’0).
HO0 . span W((Iflr’z';/) | (k, k') € U termo, 1 € Ky, n' € Kk’}
’ me{-2,-1,0,12}

it(e—Exp+Ep YA (K ')\ . yar (K m')
Ue et k)W(k,n) )‘_ W(k,n) :

AN — uaMuy .

(4.67)
Observe that
5% C oy 50— 500 _ 500,
whereas
Ve € 0(i[Hat, -])\{—®,0,@} : 5(()0,0) 1L 520,0).

Using these observations we can deduce the structure of the spectrum of

the generators Ag\’”):
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Theorem 4.20 (Spectrum of AE;A’”)).

Forall € € 0(i[Hat, -] )\{—®,0, @},
c(AM)) c iIR-R.,

(A1)

ie., any eigenvalue of A¢""’, € € t\{—w,0,@}, has a strictly negative real

part. Moreover, —@, 0, @ are non—degenerated eigenvalues of A(_A(g ), A(()/\’U), and

A((DA ’77), respectively.

Proof. Direct computations shows that

A = (~ie+ Loy +2225)

500
from which we infer

o(AM) = o(AM) = —ie + o ( AD

§ (0,0) )’

€

where AM) € B ($at) is seen as an operator acting on $at, see proof of
Theorem 4.15. 5:320’0) is an invariant space of AN € B($Ha). By Theorem
4.35 and Assumption (B), 0 is a non-degenerate eigenvalue of A*7). The
corresponding eigenvector is an element of HO0 fg(io(’g). Since A1)
generates a relaxing Markov CP and Cy semigroup, all non-zero elements

p e a(AAD

500 )\ {0} have a strictly negative real part Re (p) < 0. O

Lemma 4.21 (Stability of Assumption B under block localisation).
Let H € B(CY) be selfadjoint and denote by 1. the spectral projection of [H, -]

onto the eigenspace corresponding to an eigenvalue e € o ([H, -]). Then, there are
m € N, positive real number E]([;{) € Ry, and \7]-(£) € B(CY) such that

Yot - » ¥ ¥ 2l

eco(T, ) 2 ceot (Lu) (ih)ete im1
e~ pe

with
) o) = 20D v v,
(50) ) = 20 prd - 70 oD
Moreover, 7
U )| e e
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whenever Assumption (B) is satisfied. In particular,

Z 1e£d1£ (P)

eco([H,])
is the generator of a Markov CP and Cy semigroup satisfying Assumption (B).
Proof. For any V € B(C%) and all
eco([H-])={E—E:jke{1,2...M}},
we define the matrix V; € B(C?) by

Ve:=1(V)= Y 1[H=E] V1[H=E],
(jk)Ete

where {E]}]Ai , are the eigenvalues of H and

te:= {(j,K): Ej— Ex =€} C{1,2,... M} x {1,2,... M}.

By construction, note that

Y Ve=V.

eco([H,])

V € span { U Vg} .
eco([H,])

~(Le) . /
Vi =1V

and identifying the finite sets {1,2,...m} x ¢ ([H,"]) and {1,2,...11}, we
deduce (4.68), by Assumption (B). Furthermore, since, for all eigenvectors
A, B: € B(C?) of [H, -] with eigenvalues ¢, € ¢ ([H,-]) respectively, i.e.,
18 (Ag) = Ag and lg (Bg) = Bg,

AeBg = Ceqg, with 1. ¢ (Cs+§) = Ceyz, O

In particular, one has

Therefore, by defining

we obtain the equalities

Y ViV = ) 1s< Y, Vile(p) ), Vé“)

eco([H,]) eeo([H,]) geo([H,]) geo([H,])

= X X V(o) (Vo)

eco([H,])ger([H,])

= Y. VepVy
gco([H,])
Similarly,
Y. 21 (VIe(p) VF) =1 (V*VIe () — 1e (1 (o) VVY)
eco([H,])
= Y VeV -V Vep—pVi Ve
eco([H,])

which concludes the proof of the lemma.
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Lemma 4.22 (Behaviour of the spectral gap of A(M1),
Forall (A,y) € R xR,

min { |Re {p}|: p € o (A1) \{0}} > Cumh?,
with Cyp > 0 being a constant only depending on Hy amp, Hp, and £.

Proof. We define the function
g(A,n) == A"2min { |[Re {p}| : p € o(AM)\ {0} }

on the set R\ {0} x R. Observe that g(A, ) only depends on the ratio 7/A>
and is strictly positive, by Theorems 4.30 and 4.35. Indeed,

s(Am) = mm{ Re{p}|:peo ( (5250 +2x) \ﬁ(%) \{0}}

with 590) being an invariant subspace of A1), and £ is the generator

of a Markov CP and Cp semigroup satisfying Assumption (B), whereas
Lp := —i[Hp, "] (cf. (4.26)) with H, = H} and Tr (Hp) = 0. Their sum
must be a relaxing Markov CP and Cj semigroup, by Theorems 4.30 and
4.35. By Kato’s perturbation theory, for some constants c,7 > 0, g(A, ) > ¢
whenever 77 < rA%. Using again Kato’s perturbation theory and Theorem
4.35, s — g(%’%, 1) is a strictly positive continuous function on the in-
terval [r,'] for any finite constant #' > r. By compactness of the interval
[r,7'], it follows that

min {g(%*%,l) | € [r,r’]} > 0.

So, it remains to prove that g(A,7) > ¢ whenever 7 > 'A% for some
constants ¢’ > 0 and sufficiently large . Note that

o(AOD) = o( A7)

. C iR.
57)[(]0,0) )

Thus, as .6(()0’0) is an invariant space of A(*7), by Kato’s perturbation theory

for the discrete spectrum, the limit

lim g(s2,1) € [0,0) (4.69)

H—00

exists and satisfies

lin;log(%*%,l) > min{|Re{p}| pec ( Y. L;Eng) \{0}} ,
e€30([Hp,])
(4.70)
where 1, denotes the spectral projection of [Hp,-|. They are well defined
as Hp, is selfadjoint. By (4.27), we note that

Y, 1Lgle = Y 1841 — Y Lei[Hpamp, JLe. (471)
eega([Hp;D se%a([Hp,~]) 56%0([Hp,-])
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Using Lemma 4.21, the first sum on the rh.s. of this equality is the gen-
erator of a Markov CP and Cj semigroup satisfying Assumption (B). The
second sum is the generator of the continuous one-parameter group

exp (f % })18 (=i [Heamb, *]) 1e)
ecfo([Hp,
= limexp {1'1%217/\2 [Hp, ] } exp {—it (277)\2 [Hp, ] + A% [Hyamp, ]) } ,

AL0

by Theorem 4.33. As a limit of a product of automorphisms, which are
Markov and CP, the right hand side is also Markov and CP. Thus, the
operator (4.71) is also the generator of a Markov CP and Cj semigroup
satisfying Assumption (B) and, by (4.70) and Theorem 4.35,

lim g(>2,1) € (0, 00).

»—00

In other words, for some constants ¢’ > 0 and sulfficiently large ' > r,
g(A ) >c. O

We now conclude by the proof of Theorem 4.13, that is, for any ¢ € (0,1),

e alphapy™" GO PN

: < Ce AP, (4.72)

where the constant C; € (0, 0) does not depend on A, 7, and «.

Corollary 4.23. There are constants D < oo, C1,Cy > 0 independent of 17, A,
such that, for A sufficiently small,

lim sup A A M) ‘ < De G2,
X—00
A A, (A A, (4.73)
hmsup elxpé ’7)G(/\,17)P(§ 1) _eap(g W)G()\,U)Pé 1) S Deiacz)\Z/
X—00
and
li{“nsup Hexp (ocA(A’”)> —exp (aPéA’”)G(A'”)PéA’”)) H < DA?
—00
forall @ > 0.

Proof. Note that, by Lemma 4.22, for some ¢ € (0,c0) independent of A
and 7,

exp (aA()"W) —exp (&A(M))

L
= lim (e(ix_C/\z)“ _ e(l'x—C/\z)zx) (lx . C)L2 i A()‘rﬁ)) -1 i,
L—o0
exp (aPéA'W)G(A'W)PéAW)) — exp (&PéA,ﬁ)G(A,W)Pé/\,W))
L

, , -1
= ngrolo (e(zxfc/\Z)a - e(zxfc/\z),x> (ix Y + PéA,r;)G()\,r,)Pé/\,q)) dx
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and

lim exp (&A()"W)) — exp (&PéA’”)G()"”)PéA’U)) =cA?

&X—00
1
_/ezmx |:<A()\,17) _ C/\ZeZm'x)_l B (pé"'”)G()"”)PéA’”) — C)\ze27'[ix) —1} dx
0
Observe that
L
Jim (elF—eADE _ glix=chay (i3 — A2 4 A ~1gy
~>007L
L . 2y% i 2
(ix—cA%)a _ ,(ix—cA®)a
~ g [T 5 ) (ix — eA? 4 AVD) T (AN 201y
L—>oo_L (ix — cA”)?
L 25 ‘ 2
(ix—c)A"a _ q(ix—c)A"a
o (e e ) (i a2 (A y=1( A(A1))2
A Efild (ix —c)2 (i = )A% + AT =AY dx
and
L
Jim [ (o8 — el iy — a2 4 M GO M) L
—>00_L
L . 2 i 2
(ix—c)A"a _ q(ix—c)A"a
e [l e )
= A ngl;lo j (zx _ C)2
(i = c)A2 4 By G P ) =L (PP GO M) 2,
Hence, as

HA(M) H ) Hp(g/\/U)G(/\fﬂ)pé)"’i) H — 0\,

it suffices to show that for some finite constant C not depending on 7 and
A,

1
cA? > | (v — a2 4 B Gt ) (4.74)

7

-1
cA 2 > ((ix—c)AerAWﬂ)

c > (_CAZeZm'y + Pé)\fﬂ)G()\,iy)P(g/\r'l))fl _ (_C/\ZeZm'y + A(/\,t]))le
for all x € R and all y € [0, 1]. Observe that
A, A,
|at — p GO p D] = o(as), -
Assuming that the inequalities

H (_C/\Zezniy + Pé/\IW)G(/\,Y/)Pé)‘/ﬂ)> -1

CA 72, (4.75)

IN

CA72,

IN

WﬁM£W+MM01H
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hold, for some C < o0 and all y € [0,1], and by using the second resol-
vent equation one gets the third inequality in (4.74). Similarly, by using
Neumann series for perturbations of resolvents and assuming that the first
inequalities in (4.74) and (4.75) hold we obtain the corresponding second
inequalities (up to a pre-factor), if A is sufficiently small. Thus, it remains
to prove that the third inequalities in (4.74) and (4.75) are satisfied. Note
that these are equivalent to

‘ -1
‘ (—ceZmy +Lp + %Lp) < G, (4.76)
[(x=c)+ Lot <
by using Neumann series for perturbation of resolvents, with by s := %

and recalling » € [—31q, | for some prefixed, finite s, by Assump-
tion (MP). By Lemma 4.22 and by using Neumann series for perturba-
tions of resolvents, the maps g1 : [0,1] X [—9,20] — R, g1 : [-N,N] x
[—32, 7] — R defined by

7

i -1
g1y, ) :H<—ce my—l—ﬁR—i-%Ep)

Q(x,2) :H((ix—c)+£73+zﬁp)_l

7

are continuous. Hence, by compactness, the inequalities (4.76) hold for
some finite constant C depending only on N. Furthermore, for N suffi-
ciently large, from simple arguments Neumann series it follows, finally,
that the second inequality in (4.76) holds for all (x,r) € (R\[—-N, N]) x
[_%0/ %O] .

Proof of Theorem 4.13. Note that the semigroups

{exp (IXA(/\rW)) }a>0 and {exp (aPéA,ﬂ)G(A,q)PéA,W))}

are bounded, uniformly in A,#, as the first one is a CP semigroup and
the second one is the restriction of {7, },>0, see (4.42). Thus, Duhamel’s
formula yields the inequality

Hexp (ocA()"'i)) —exp (ocPé)"”)G()"”)PéAm) H

< Cuar| [P GO — A 4.77)

a>0

for some constant Cjp < oo independent of A, 7, and a. For some constant
C11 < o0, observe that

HP&A””GM'W\ <CpA? and HG(M)PSO’O)H < A2,

using PSO’O)G(O'O) = 0. Hence, we combine these last upper bounds with
(4.54) and the triangle inequality to get that

Hpé)‘/W)G(A,rz)Pé/\rﬂ) _ A(/\,q)H _ Hpé/\/ﬂ)c(/\,q)laé)\/ﬂ) _ péO,O)G(/\,q)PéQO)H

CpoAt, (4.78)

IN
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with Cyp < co. By (4.77), it follows that

A, (A1) ~(A) p(A)
S R N ey L (4.79)

with Cy3 < co. We finally infer from (4.79) and Corollary 4.23 that

o A e“p(g)"”)c(?w) pOWﬁ

< Cy7 max {xA4, A%+ e‘xcls/\z} , (4.80)

for all x > 0, where the constants Cig5, C17 € (0,00) do not depend on A, 7,
and «. Taking
x = |A|2(17€)74

in (4.80) we obtain (4.72) for sufficiently small A. O

4.4 The Generalised Einstein Coefficients

For any initial density matrix p € $at, the final (approximate) density ma-
trix Pp (p,,) of the atom restricted to the block diagonal subspace © of
9t is attained according to the solution {pg («)}a>0 of the pre-master
equation, see Theorems 4.8, 4.15 (ii), 4.16, and Corollary 4.19, provided
that B is the restriction of a generator of a (CP) Markov semigroup. We
assume this to be the case in this section, either by Proposition 4.17 or
other means, see Remark 4.18. Disregarding this for a moment, we could
have computed this final density matrix as the stationary density matrix of
some “phenomenological Pauli-equation”, similar to the Pauli-equations
found in the literature. The dynamics described by this phenomenological
Pauli-equation is in general quite different from the time evolution of the
density matrix {p (#)}4>0, which corresponds up to small errors to the
real dynamics {Ppp,(t)}+>0 of the atom, see again Theorem 4.8. Nev-
ertheless, both dynamics lead to the same density matrix Py (p,,) in the
limit t — oco. The coefficients of such Pauli-equations, called here gener-
alised Einstein coefficients, satisfy strong constrains, named here generalised
Einstein relations, which encode a balance condition for the final density
matrix Py (p,,), see Corollary 4.19. Therefore, the aim of this section to set
up more precise the notion of Pauli-equation and to analyse the structure
of its generator.
For this purpose, define first the positive cone

N
ot = BH(C¢)ND = conv < U B+(Hk)>
k=1
of block-diagonal density matrices of the atom. Here BT () denotes the
set of positive operators on a Hilbert space ) and conv (m) stands for the
convex hull of the set m. Observe that D" is an invariant cone of the
. ~(1,0)
semigroup {7, }+>0, see (4.39).
We next define the maps A;y, Bjx from B(Hy) to B(H;), respectively,

by
2
U
Biy : =—=P;
Ik 4\

Ajp : =A*P; &g Py,
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with Py defined by (4.66). From the proof of Proposition 4.17 we recall
th:iit B equals Bjx = 0 for all j € {2,...,N—=1}ork e {2,..., N—1},
an

2
Vo € B(Hi): Bui(p) = -y ((r) 7 (hpp) iy +p (2R) (ph;;)),

4A
Yo € BOr): B (o) = 1 ((er) ! (1) by 5 (2R) (ohp))
Vo € B): Buap) =1L (i (2R) ! () + (2R)” (ph*) ),

2
Vo € B(My): Bun (o) =15 (p (2r) 7" (pe) + (L) (o) )

Here, (£5) " is the Laplace-Transform

(Lr)™ / P35 ¥R P3 ds.
0

Physically, the map

A= Zk:Aj'k = A2¢x Py
Iz

from $at to Hat describes the dynamics of the fermion field-atom system
in absence of an electromagnetic field (pump). In other words, the “coeffi-
cient” A; has to be interpreted as the spontaneous (quantum) transition rate
of populations from the atomic level j to the atomic level k. The second
map

2

U
B:=) Bjy=—"5%
T ] 4)\2

from $)at to Hat describes the contribution of the pump to the final density
matrix and the “coefficient” B is interpreted as the effective stimulated
transition rate of populations from the atomic level j to the atomic level k
at the final density matrix.

We now remark that A;; and B map the positive cone BT (Hy) to the
positive cone B (H;) for all j,k € {1,...,N} because A and B generate
CP Cp semigroups. In many situations, for instance, in presence of sym-
metries, it turns out that A;; and B;; define maps from Ky C BT (Hy) to
K; C B"(H;) where K; and K} are sub-cones. The smaller the dimension
of such cones is, the more classical is the description of the final state via
the transition rates A;; and Bjx. It can even happen that the dimension
of all K;, j € {1,...,N}, can be chosen to be one. In this case we get
the usual classical phenomenological description with parameters given
as functions of microscopic quantities.

Therefore we define a simple notion for invariance of sub-cones { Ky } 11(\121
which ensures that A; and B, map K to K:
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Definition 4.24 (Invariant family of cones).
A family {Kk}li\jzl of sub-cones K C B (Hy) is an invariant family when-

ever
N
K := conv < U Kk>

k=1
. . . . . tA tB
is invariant under the action of the semigroups {e*4}, ; and {e'"}, .
By the Trotter product formula, observe that the subset K defined in this
definition is also invariant under the action of the semigroups {et (A+B) }t>0.

Furthermore, the invariance of the family {Kj} ,I(V:l yields
V],k € {1,,N} : Aj,k(Kk)rBj,k(Kk) C K]

In other words, A, and Bjx map, in this case, K to K;. One trivial

example of an invariant family is given by taking Ky = BT (Hj) for all
ke{1,...,N}.
The Pauli-equation reads now:

: d N
VE> 0, je{L... N}: pi(t) = ) (A]-,k + Bj,k) pr(t), 0;(0) = p; € K;.

B (4.81)
The unique solution of this initial value problem satisfies {p;(t)}+>0 C K.

Here the initial values {pj}]-]i |, comes from the initial density matrix p €
$Hat via the definition

Vie{l...,N}:  pji=1[Ha=Ej] p1[Ha=E].

Remark 4.25.

The discussion above shows that B = 72F(A), i.e.,, B is proportional to
the intensity of the pumping (monochromatic) light #? and proportional
to a fixed function F(A) of the spontaneous transition rates A. Einstein
has derived this kind of relation, called here Einstein AB-relations, for an
atom interacting with a (broad-band, i.e.,, non-monochromatic) radiation
field in his famous paper [Ein16] from phenomenological considerations
about the expected final state of the atomic populations and the asymp-
totics of the light intensity at large wave-numbers (Maxwell distribution).
Note that F strongly depends on the specific setting. Hence, the function
F appearing in the present paper cannot be compared to the one appear-
ing in Einstein’s works. However, the fact that the stimulated coefficients
only depends on light intensity and the spontaneous coefficient, seems to
be universal. We stress that this property is directly derived, here, from a
microscopic quantum mechanical description of the system under consid-
eration in rigorous way and not from phenomenological assumptions.

Einstein gives in his works a relation between the stimulated transition
rates Bj; and By ;: Denoting the degeneracy of the jth atomic level by n;,
he obtained the equations

V],k S {1, . ,N} : nkB]‘/k = leBk,]‘,
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called here Einstein BB-relations. Let p; denote the population in the jth
atomic level and define the stimulated flux from the kth to jth atomic level
by fix := Bjkpk- Then the Einstein BB-relations for transition rates reads

V],k S {1, ey N} : pjnkf]-/k — pkn]-fkrj =0. (4.82)
Consider the sub-cones
Vie{l,...,N}:  K}:=R§ 1[Ha = Ej] C B*(H;).

In our setting it turns out that a variant of BB-relations (4.82) for fluxes
holds, at least for density matrices in the sub-cone

N
K% := conv < U K2> .

k=1

In this context and for any density matrix p € $at, the population in the
jth atomic level is naturally defined to be

pi(p) :==Tr (pj) >0
forall j € {1,...,N}. Similarly, for all j,k € {1,...,N},

fix(p) = Tr (Bix(p) ) = Tr (Bix(py))
represents the stimulated flux from the jth to the kth atomic level with
respect to the density matrix p € $at.
Lemma 4.26 (BB-Relations for states in K°).
For any p € KY, the Einstein BB-relations for the flux hold:

pi(e)nifix(e) — pr(o)njfyi(p) = 0.
Proof. Clearly,
nipj = pj(0)1 [Hat = Ej] .

Thus the assertion follows from the equation
Tr (Bj,k(l [Hat = Ek])) =Tr (Bk,j(l [Hat = Ej] )) : O

Let j,k = 1, N, because in the other cases the flux vanishes and there is
nothing to prove. Observe that

2

Bin(1[Hat = EN]) = 4’77 ((’372)71 (hp) by +hp (LR) ™ (hlé)) ,
_ _ Lz —1 (7% * -1
Bui(UHa = Ea]) = L5 ((2r)™" () hp 15 (2R) 7" (1p) )

From the cyclicity of the trace,
2
N J— 77 *l * 71 *
Te(Bun(1[Ha = Ex])) = [T (hp (£r) (hp) +(£r) 7T (hp) hp)

= Lo (1) () e+ (2R) ()

= Tr (BN,1(1 [Hat = El])) :
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Observe that for 7 = 0 the final density matrix Py (p,,) is an element of the
cone Ky. More precisely, it is in this case the Gibbs state of Hyt. Thus from
the Lemma above, the uniqueness of Py (p,,) and Kato’s perturbation the-
ory for non-degenerated eigenvectors the (asymptotic) BB-relations follow
for the NESS at weak pump, in general.

Corollary 4.27 (BB-relations at weak pump).
For some C € (0,00) and all (17,A) € R?,

2
Pi(o)fik(Po () — Pr(Po (p))difij (Po ()| < C .

4.5 Appendix

For the convenience of the reader, we give in Section 4.5.1 a short review
on completely positive (CP) semigroups on Banach spaces, focussing on
the results relevant for our analysis.

4.5.1 Completely positive semigroups

In open quantum systems, one usually studies the restricted dynamics
on the small quantum system of the time evolution of the full, composite
system (the atom and one fermion reservoir in our case), that typically
is, a small quantum object in interaction with macroscopic systems, i.e.,
reservoirs. This restriction on the time evolution formally defines at any
fixed time a map C within the set of density matrices of the small system.
This is pedagogically explained in [AL(07, Section 1.2.1]. As explained in
[AL07, Section 1.2.2], such maps usually share similar mathematical prop-
erties, which refer to the so—called completely positive (CP) maps defined as
follows.

Definition 4.28 (Completely positive maps).
A positive map C € B (B (X)) acting on the set B (X') of bounded opera-
tors on a Hilbert space X’ is called completely positive (CP) if the extended
map C ® 15(cn) is positive for any n € IN. If C is unital, ie., C (1x) = 1y,
then the operator C is called a Markov map.

Then completely positive CP semigroups are simply semigroups which
are CP maps for all times:

Definition 4.29 (Completely positive semigroups).

A semigroup {Ci}i>0 C B(B (X)), with X being a Hilbert space, is CP
if the map C; is CP for any ¢t € R™. If C; is unital for any + € RT, then
{Ct}>0 is called Markov.

From now on until the end of Section 4.5.1, X is always a n—dimensional
Hilbert space. We denote by B, (X') = B (&X) the Hilbert space of Hilbert—
Schmidt operators with scalar product

<A,B>BZ(X) = TI'X(A*B), A,B € 82 (X) .
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In the special case where a semigroup {C:}i>0 C B (B2 (X)) acts on
B, (X), we can define its (unique) adjoint semigroup {C{ }1>0 C B (B2 (X))
as usual via the equations

Vt>0: <C? (A)'B>BZ(X) = <A,Ct (B)>BZ(X)/ A,Be B, (X) .

Note that a Markov CP and Cy semigroup {C; }>¢ defines a Cy semigroups
{Ct}i>0 which preserves the trace. In this case, {C/}>o is also called a
Markov CP and Cp semigroup. Generators of Markov CP and Cp semi-
groups {Ct}+>0 and {C[};>0 can then be characterised in the finite dimen-
sional case (cf. [GKS76, Theorem 2.2]):

Theorem 4.30 (Generators of CP Markov semigroups, dim X' = n-I).
The operator L € B (B, (X)) is the generator of a Markov CP and Cy semigroup
{Ct} >0 if and only if

n%—1

. 1
L(A)=i[h Al + ‘kzlcj,k {IVLAIVi+VE[A V)], AeB(X),
jk=
(4.83)
2
where h = h* € By (X) satisfies Try(h) = 0, {Vj};Lf C By (X) is an
orthonormal family {Vj};i;l C By (X) such that Try(V;) = 0 forall j €

1,--,n*—1}, and {c- } > 0 forms a complex positive matrix.
{ } Pk 1 <ipenrg 2 0 plex p

Additionally, the adjoint semigroup {C{ }> is the Cy (or C}), trace preserving
semigroup with generator equal to

2
: 1 nl * *
Lt (A) = —i[h, A] + 5 kz ox{[Vi, AVi] + [V/A Vi]},  AeBy(X).
jk=1

Note that [GKS76, Theorem 2.2] refers to the adjoint generator LT and
not the generator L, which is deduced from L' as in [AL07, Eq. (40)].
Moreover, [GKS76, Theorem 2.2] seems to indicate only one direction in
Theorem 4.30. However, a close look at its proof [GKS76, Proof of theorem
2.2.] shows both directions.

Remark 4.31. Observe that Theorem 4.30 implies that L + i[h, -], with h =
h* € B, (X) satisfying Try(h) = 0 and L being the generator of any
Markov CP and Cy semigroup {C;}¢>o, generates also a Markov CP and
Cp semigroup. This observation is used several times in the paper.

It is useful to also have a more compact expression of generators of (CP)
and (CP) Markov semigroups. From [DF06, Sect. 4.3] we take

Theorem 4.32 (Generators of CP Markov semigroups, dim X = n-II).

An operator M € B (B (X)) is the generator of a CP semigroup iff there
is a completely positive map & € B (B (X)) and an operator A € B (X)
such that

M= A +A"+E. (4.84)
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M € B (B (X)) the generator of a CP Markov semigroup iff it is the gen-
erator of a CP semigroup and M (1) = 0.

We also use a well-known fact about spectral averaging, which has a
close relation to general weak coupling limit results, [Dav74, Dav80]. We
use a special version appropriate for the applications we have in mind.

Theorem 4.33 (Spectral averaging).

Let X be a finite dimensional complex vector space and {exp (itL)},. be
a one—parameter group of isometries. Then, for any X € B (X),

eco(L) feo

t
Xfi= Y 1[L=e]X1[L=¢] := lim ¢! /ds e~ XHL,
0

and HL—iAX)
L (L f
lime 2e~ 1 =X,
A—0
uniformly on compact intervals [0, T|.
A crucial feature of certain Markov CP and Cp semigroups {Ct},~q C

B (B, (X)) used in our paper is the relaxing property defined as follows:

Definition 4.34 (Relaxing semigroups, dim X = n).

A Markov CP and Cy semigroup {C;}¢>0 C B (B; (X)) is called relaxing if
there is a unique trace-one and positive p, € B, (X), i.e., a density matrix
oo, such that, for any density matrix p € By (X),

lim Cf (p) = pe-

t—oo
In other words, a relaxing, Markov CP and Cj semigroup has a unique
invariant equilibrium state. Moreover, this state can be approximated for
large times via the density matrix C/ (p) for any initial state with density
matrix p. Spohn [Spo77, Theorem 2] gave in 1977 a characterisation of
relaxing semigroups which turns out to be pivotal in our study:

Theorem 4.35 (Condition for a Markov CP semigroup to be relaxing).
Let {Ct}i>0 C B(Bz (X)) be a Markov CP and Cy semigroup with generator

L given by Theorem 4.30. If {V]-}]izl C By (X) is a family of self-adjoint
operators on X and the bi—-commutant

({v]-}}if)” =B, (X)=B(X), (4.85)

then {Ci}i>o is relaxing. In particular, 0 is a non—degenerated eigenvalue of L
and
min {Re{w} |w € o (L) \{0}} > 0.

As explained after Assumption (B), the condition (4.85) is a non-commutative
version of the irreducibility of classical Markov chains.

Let {T't},cr+ , I't € B(B(H)) be a continuous Markov CP semigroup
and w be a stationary state, i.e. w = woTl;, Vt € R, wrt. {Tt}ers-
Assume that w is a faithful state of the C*-algebra B (H) and denote the
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corresponding GNS representation with (Hw, Tw, Qw)- There exists a con-
tinuous contraction semigroup {e~#t}, . on H,, such that

o (Tt (A)) Qu = e, (A) Q.

We conclude this section with the definition of the detailed balance condition,
see [Ali76, FGKV77, FGKV73].

Definition 4.36 (Detailed Balance Condition). L = Lge + iLj, be the uni-
que decomposition, such that Lge, Liym are selfadjoint operators. {I't}, g+
satisfies the detailed balance condition w.r.t. w iff

o (ar (A)) O = ebRerr, (A) Q)

defines a continuous group {a;}, . of automorphisms of the C*-algebra

B(H).

Remark 4.37. It can be shown that the detailed balance condition implies
that
T (8¢ (A)) Qo = e7Mm 1y (A) Qo

defines a Markov CP continuous semigroup {{;}, g+, [FGKV77]. In par-
ticular,
LRe (Qw) =0 = Ly (Qu) -



CHAPTER

Time—dependent C—Liouvilleans

This chapter provides the construction of time-dependent C-Liouvilleans,
whose autonomous counterparts have been invented in [JP02]. The con-
struction is a natural extension of the autonomous C-Liouvilleans. How-
ever, it is to our knowledge not contained in the literature. We will make
use of the notions and notations introduced in [BPW11a].

Assume that the initial state wj is of the form

Wy = gat ® WR, (56.1)

i.e., Wat = gat is the Gibbs state. Let ($), 77, }) be its GNS representation.
Note that 9 := Hat ® HR, 7T := 7Tat ® TR and Qg := Nt g ® Qr, where
(Dat, Tat, Qat,g) and (Hr, TR, Qr) are the GNS representation of g, and
wR, respectively. An important property of the initial state is that wy is
faithful. In particular, 77 is injective.

For simplicity, 77 (A) and 7 (V) are denoted by A and V), respectively.
Moreover, the cyclic vector ()g of the GNS representation is in this case
separating for 9, i.e., AQg = 0 implies A = 0. Indeed, wy is a (B, T)-KMS
state, where {7;}cR is the one—parameter group of *—automorphisms on
V defined by (1.11), see also [BR87, Corollary 5.3.9]. The weak closure
of the C*-algebra 77 (V) is a von Neumann algebra denoted by 9t := V".
The state wy on V extends uniquely to a normal state on the von Neumann
algebra Mt and {7;};cr also extends uniquely to a c—weakly continuous
x—automorphism group on 9, see [BR87, Corollary 5.3.4]. Both exten-
sions are again denoted by wy and {7;};cRr, respectively. Because wy is,
in this case, invariant with respect to {7;};cr, there is a unique unitary
representation {U;}ter of {T¢}ier, ie.,

VEER, AEM: T (A) = U AUY,

such that U;Q)g = Qg. As t — T1; is o—weakly continuous, the map t — U;
is strongly continuous. Therefore, the unitary group {U; };cR is generated
by a selfadjoint operator L, U; = eL. In particular, Oy € Dom(L) and L
annihilates (), i.e. LQO; = 0. Moreover, L is related to the generator § of
the group {7 }er by the following relations: We have

{AQ): A € Dom (§)} C Dom (L) C $ (5.2)
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and
VA € Dom (9) : L(AQ)=6(A)Q. (5.3)

Now, if the faithful state w,; is not the Gibbs state g,; in (5.1) then the
GNS representation of wy is also given by (9, 7t, 2) where Q) = Qat ® Qi
for some Qat € Hat. In other words, the von Neumann algebra 9t, the
corresponding extension of the x—automorphism group {7;};cr does not
depend on the initial state w,; of the atom. So, we assume from now on
that

wWo = Wat @ WR

for any faithful state wqt.
The (Tomita-Takesaki) modular objects of the pair (9, ()y) are impor-
tant for our further analysis. We write A, J, and

P = {AJAQg : Aec M}

respectively for the modular operator, the modular conjugation and the
natural positive cone of the pair (91, )4). Observe that QO = AJAQ, € P
with
A=t gy,

where p g is the density matrix (1.12) of the Gibbs state gat. Additionally,
) is a cyclic vector for any faithful initial state wy¢ of the atom and hence,
by [BR87, Proposition 2.5.30], it is also separating for 9.

Standard results from Tomita—Takesaki theory (cf. [BR87, Corollary
2.5.32] and [BR96, Chapt. 5]) show that the generator L of the unitary
group {U; }ser satisfies

VteR: Lj+JL=0, €"TPcPp, A=ePL  (54)

Here, L refers to as the standard Liouvillean of the *—automorphism group
{tt}ier-

In our setting, however, the free dynamics is perturbed by the pump
and the atom-reservoir interaction. Altogether, this leads to a perturbation
W; of the standard Liouvillean L. For time-independent perturbations of
the generator ¢ of the dynamics {7;};cr (on V) of the form i[W, -] with
some self-adjoint W € V, one has

VieR: 1V (A) =" HWige W) cogn AcVy, (55

where {7]'}icR is the strongly continuous *-automorphism group on V
generated by & +i[W,:]. Analogously as above, {7}"};cr defines a o—
weakly continuous group on whole 9. In general, the operator L + W
does neither annihilate ()4 nor satisfies

(L+W)J+J(L+W)=WJ+]JW =0.

It is known, [BR87, Corollary 2.5.32], that there is an operator Lyy, the stan-
dard Liouvillean of the dynamics {t}" };cR, satisfying [Lw, ]| = 0 together
with

VieR: 1)V (A)=ettwae v, Acom,
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use [BR87, Corollary 2.5.32] and the o—weakly continuity of the map ¢ —
7{'. Indeed, Ly equals L + W up to an element of the commutant m =
J9MJ of the von Neumann algebra 9. To find it explicitly, it suffices to
solve the equation

[(W+TALJ =0

for A € M. Straightforward computations show that A = W is one solu-
tion. Using additionally the uniqueness of the standard Liouvillean Lyy,
one can verify that

Lw=L+W-—]JWJ,

is the only solution.

The operator Ly does not necessarily annihilate ()5 or some prescribed
vector () € P. In general, Ly only annihilates Qy € P, the vector repre-
senting the unique (B, T"")-KMS state normal to wp. In other words, the
standard Liouvillean Ly anti-commutes with the modular conjugation J,
but has the drawback of not having ()4 in its kernel. A way to get around
this problem is presented in [JP02, Section 2.2] where the notion of C-
Liouvilleans, £, is introduced. It is constructed such that £ = 0 for any
fixed () € P. In our case, we face the problem that the dynamics is non-
autonomous and the standard Liouvillean Ly, is time-dependent. Using
the C-Liouvilleans construction of [JP02, Section 2.2] we can design the
time—-depending Liouvillean of the non-autonomous dynamics such that
L) = 0. This is a very useful property for the analysis of the dynamics.

Therefore, we now extend the definition of C-Liouvilleans [JP02, Sec-
tion 2.2] to non—autonomous evolutions. First, the time-dependent, self-
adjoint perturbation {W;};cr C V should define a family of symmetric
derivations

§Wt =0 + i[Wt, ]

for all ¢+ € R, which generates a strongly continuous two—parameter fam-
ily {T¢s}¢>s of automorphisms of V, similar to the autonomous case (5.5).
Recall that a symmetric derivation ¢ is an operator acting on a C*-algebra
where its domain is a dense sub—k-algebra and which satisfies on its do-
main

0(A)* =6(A") and O(AB)=J(A)B+ Ad(B).
To this end, we use a standard result on non-autonomous Cauchy prob-

lems.

Proposition 5.1 (Non-autonomous dynamics-I).

Let {6 }ter be a family of symmetric derivations having the same dense domain
Dom(6;) = D C V. Assume that, for all A € D, {6¢ (A) }ter € CH(R, V) and
foreach t € R, &; generates a strongly continuous one—parameter group of auto-
morphisms. Then, there is a unique evolution family {Tys}>s of automorphisms
solving on D the non—autonomous evolution equations

Vit >s: 0Tes = 0tTrs, OsTis = —Ttsls, Tss:=1.
If {6+ }ter is periodic with period T > 0, then

Vt>s, keZ: T15= Tt 4kT,s+kT-
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Proof. By Theorem 5.11 (iv) there is a unique evolution family {7¢s}i>s
solving the non-autonomous evolution equations stated in the proposi-
tion. By using the representation in Theorem 5.11 (iii) and the fact that J;
generates a group of automorphisms for any ¢ € R, it follows that {7;s}+>s
is also a family of automorphisms. The T-periodicity of {Tss}:>s results
from Theorem 5.11 (iii). O

Observe that the conditions of Proposition 5.1 are satisfied by {dw, }+>0 as
soon as {W; }ier € CH(R, V):

Lemma 5.2 (Non-autonomous C*—dynamics-II).
Assume that {Witer € CY(R{,V) and Wy = W; for all t € R. Then,
{0w, }ter is a family of symmetric derivations having the same dense domain

Dom(dy,) = Dom(6) C V.

Moreover, for all A € V, {dw, (A)}ter € CH(R,V) and for each t € R, dy,
generates a strongly continuous one—parameter group of automorphisms.

Proof. Since {W;}tcr C V, it is clear that {dw, };>0 defines a family of
symmetric derivations having the same dense domain Dom(é). Also, the
assumption {W; }er € C}(R, V) directly implies {6, (A) }ter € CL(R, V)
for all A € V. Moreover, as dy, is a bounded symmetric derivation, it
generates a *—automorphism group {¢"'},c for any t € R. Then, using
the Lie-Trotter formula [ENOO, Chap. III, Corollary 5.8], for any f € ]R(J)r ,
the strong limit

VreR: V= s— lim { (Tr/n‘f:\//tn)n}

defines a *—automorphism group {tM},er with generator dyy,. O

The construction of [JP02, Section 2.2] starts with the definition of the
linear space
O0:={A0:AecV}CH

Let ¢ be the map from V to O defined by i (A) := AQ. This map is an
isomorphism of the linear space V and O because (2 is a separating vector
for M. In particular, |AQ||,, := ||A|| defines a norm on the space O and
¢ is an isometry with respect to this norm. Thus, (O, ||-||,) is a Banach
space. Any element A € V also defines a bounded operator on O by left
multiplication, ie., A (BQ) := (AB) Q. Moreover, we define a strongly
continuous two—parameter family {T;}+>; acting on O by

Vi>s: Tis:=10Tys0 L (5.6)

In particular, since {T¢s}¢>s is a family of automorphisms, the operator
T; s has a bounded inverse and we observe that

VE>s: Tis(Q)=Q and TiAT,' =145 (A). (5.7)

We would like now to extend the two—parameter family {Tis}, SR to

$. To this end, following [JP02, Eq. 2.5] we directly define the time-
dependent C-Liouvillean as follows:
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Definition 5.3 (Time—-dependent C-Liouvillean).
The time-dependent C-Liouvillean is defined by

Ly =L+ W — JAY2W,A~1/2] (5.8)
for any t € R.
Note that the term
Vi = W; — JAY2W,AV 2] € B(0) (5.9)
implements the commutator [W;, -] on O for any € R, i.e. forany A € V,

(Wi, AJQ = W,AQ — (W A*)" Q (5.10)
and using JA/2AQ = A*Q) we also deduce that

JAV2WATY2TAQ = (W, AF)* Q.

In particular,

1/2 —-1/2 _
7812w IHB(O) — Wil < oo (5.11)
and

VieR: LQ=0. (5.12)

Note that the topology induced by the norm ||-||, on O is finer than
the topology w.r.t. the Hilbert space norm on the corresponding subspace
of 9. In particular, the boundedness of the operator

]Al/ZWtAfl/ZI

as an operator on $) is unclear, in spite of (5.11). Therefore, for every t €
R, we assume some sufficient conditions on the operator family {V;}icr
like its boundedness, in order to extend later the two-parameter family
{Tis}t>s to the Hilbert space .

Lemma 5.4 (Extension of {Ts}+>s-D.
Let {Vi}is0 € CH(R,B($)). Then, there is an evolution family {Uss}i>s C
B (%) solving on Dom (L) the non—autonomous evolution equations

Vt>s: Btllt,s = iLtUt,s , asllt,s = —iUt,SCS , us,s =1.

Moreover, for any t > s, U s possesses a bounded inverse th/_sl. If {Wi}ier is
periodic with period T > 0, then

Vt>s, keZ: U= ut+kT’S+kT.

Proof. The existence of the evolution family {U;s}¢>s solving on Dom (L)
the non—-autonomous evolution equation stated in the lemma is a direct
consequence of Theorem 5.11. To prove that U;s has a bounded inverse

Utfsl, we note that it suffices to prove that Utfsl € B(9) exists for small
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times |t —s| > 0, by the cocycle property. To this end, we use Corollary
5.12 together with the observation that /(! =)L is unitary and the bound

for sufficiently small |t —s| > 0. Therefore, the Neumann series explicitly
gives lltjs1 € B(9). If {Witier is T-periodic, then {U;s}i>s is also T—
periodic, by Theorem 5.11 (iii). O

t .
/ ut’r‘/rel(rfs)Ldr < 1
s 2

Combining this with Theorem 5.1 and Lemma 5.2, we deduce that the
evolution family {U;s}¢>s is the unique continuous extension of the two-
parameter family {T},}+>s to the Hilbert space $:

Proposition 5.5 (Extension of {T;}+>,-1I).
Assume that {Wi}i>0 € CY(R,V) and {Vi}1>0 € CY(R,B(9)). Then, the
evolution family of Lemma 5.4 satisfies U; Q) = Q) and

VE>s, AeV: Ty (A) = U AUy

In particular, {Tss }er also extends uniquely to a o—weakly continuous *—auto-
morphism evolution family on M.

Proof. Note first that U;s() = ) is a direct consequence of (5.12) and
Lemma 5.4. Using the isometry between O and V, {T;s (AQ)}i>s €
C!([s,0),0) for any s € R and every A € Dom (8), as {5 (A)}i>s €
C!([s, ), Dom (8)) with respect to the norm on V, by Propositions 5.1
and 5.13. Computing its derivative with respect to t > 0 by using the
non-autonomous evolution equation of Proposition 5.1 together with (5.6),
(5.2)-(5.3), and (5.10) we obtain that

atTt,S (AQ) = §Wf (Tt,s (A)) Q= lﬁt (Tt,s (AQ)) (513)
forallt > s and A € Dom (6). Meanwhile, since
VAeV: |JAQ| <Al =]AQ/ (5.14)

{Tis (AQ)}i>s € CY([s,00),Dom (L)) with respect to the norm on $ and
(5.13) also holds in the norm of $). By Proposition 5.1, it follows that

VA€ Dom (8): Ui (AQ) = Tps (AQ) 1= 145 (A) Q. (5.15)

By density, for any A € V, there is a sequence {A,},_; C Dom () con-
verging in V to A. We infer from (5.14) that this sequence {A,}, _; also
converges to A in the sense of §). On the one hand, by continuity of U; s in
9,

nlim utls (AnQ) = ut,s (AQ) .

On the other hand, using (5.15) and the continuity of T;s in O, one gets

lim Uy s (AyQ) = lim Ty s (A Q) = T; s (AQY).
n—oo n—oo
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As a consequence, Uis|p = Tis. In particular, from the uniqueness of the
inverse we obtain Ut_,sl lo = Tt,_sl' We then use (5.7) to deduce that

Vi>s, AcV, x€eO: Tis(A)x= th,SAthl_s1 (x) .
By density of O in ), we arrive at the final assertion of the proposition
VE>s, AeV: Ty (A) = UAUL ! . O

The use of C-Liouvilleans is advantageous because of the presence of only
one evolution operator in the dynamics described by

VA e M: Ut,sAUS,tQ = Ut,SAQ.

In particular, it establishes a direct relation to the Lindbladian, which is an
operator defined on the von Neumann algebra 9i. Observe also that £; is
not anymore selfadjoint and can thus be dissipative.

Appendix to Chapter 5

In this appendix we gather some standard results for non-autonomous
Cauchy problems for the convenience of the reader. Let X be a Banach
space, and | C R an interval of X'. We refer to [Paz83, Kat93, EN0O, Sch04]
as references of the results presented below. Consider the non-autonomous
Cauchy problem (nCP),

(nCP) {;iu () - A () +f(H) (te]), 516
where {A},c is a family of closed operators on X and f € Li_(],X).
The homogeneous (nCP), where f = 0, is denoted by (nCP),;. We start
with (nCP) and focus only on the (nCP)g of hyperbolic type, where the
Ay are generators of Cp—semigroups. The parabolic (nCP), addresses the
case in which Ay generates an analytic semigroup and much stronger results
on the well-posedness are known in this case. We start with the general
notion of well-posedness.

Definition 5.6 (Well-posedness). The problem (nCP)j is called well-posed
if there are dense subspaces V; C X, with Vs C Dom (A;5), Vs € ],
such that for each x € ) there is a unique solution u = u(-,s,x) €
C!([s,00) N ], X) of (nCP)q, with u (t) € 4, Vt € [s,00) N ]. Moreover, if
sy — sand x, — x in X, with (s,),cn C ], Xn € Vs, X € Vs, then

a(t,sy,xq) — 0(ts,x),

in X uniformly for ¢ in compact subsets of J. Here, @i (t,7,y) := u (t,1,y)
ift>randd(t,r,y) =y fort <randy € V.

If a (nCP) is well-posed, we define
Upsx :=u(t,s,x), t>s,5s€], x€ Vs

U; s naturally extends to X and the extension, denoted by the same
symbol, satisfies:
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1. The cocycle—, or Chapman-Kolmogorov property

Vi>r>s, tr,s€ ] Ups = U, Ups Uss =1

2. Moreover, for t > s, t,s € |, the map
(t, S) — ut,s
is strongly continuous.

Definition 5.7 (Evolution family).

A family U := {Uts}ysg5c; C B(X) of bounded operators on A’ is called
evolution family if it satisfies 1. and 2. If (nCP) is well-posed, we say that
U solves (nCP)g or that A () generates U.

In particular, we are interested in the non-autonomous evolution equa-
tions for which Vs = ), where ) is some dense subspace of X,

Vt>s, xe): Bt {Ut,sx} = A; {Ut/sx} , Us,s =1. (517)

The standard results providing well-posedness in this case are due to Kato,
[Kat53, Kat70, Kat73].

Standard sufficient conditions for the existence of an evolution fam-
ily U solving the non-autonomous evolution equation (5.17) includes the
notion of Kato quasi-stability.

Definition 5.8 (Kato quasi-stability).

For t € R, let A; be the generator of a Cy semigroup {S; (s) }s>0 C B(X).
The family {A¢}ser is called quasi—stable with stability constants y € R
and M € [1,00) if

n

Hsf/‘ (5]')

j=1

< Mexp (y Zs])

j=1
for all s; > 0 with j € {1,---,n},and all reals t; < ... < t,,.

This property is stable w.r.t. bounded perturbations [Paz83, Theorem 2.3]:

Theorem 5.9 (Kato quasi-stability and bounded perturbation).

Let {At}ter be a quasi—stable family of generators of Cy semigroups on X with
stability constants ¢ € R and M € [1,00). Then, for any uniformly bounded
family {Bi}ter C B(X), ||Bt]| < K < oo, { At + Bt }er is quasi—stable family
of generators of Cy semigroups on X with stability constants y’ = u + MK and
M =M.

A family {A¢}icr of generators of a Cy semigroup generates an approxi-
mating evolution family defined as follows:

Definition 5.10 (Approximating evolution family).
For any family {A¢}c[o,r) of generators of Cy semigroups, {S (s) }s>0 and
all n € IN, a two parameter family {Utsn},~ >0 is called approximating
evolution family iff

Utsn := St]-,n (t - 5) ’
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for all tin <s<t<tjyn and

k—1
T
Utspn = Stk,n (t - tk,n) [ H St]',n (7’[)] Stl,n (tl,n - S)

=111

forallk > 1, t;, <s < tj1u tiy <5 < tgy1,. Here tj, = (j/n) T for
je{0,---,n}.

Kato provided in [Kat53] conditions under which the approximating evo-
lution family {U s } 4~ 4~ converges strongly to an evolution family, which
is a solution of (nCP)y, [Paz83, Theorem 4.8].

Theorem 5.11 (Well-posedness of (nCP)g).

Let {At}ter be a quasi—stable family of generators of Cy semigroups on X with
stability constants y € R and M € [1,00). If Dom (A;) = Y C X and, for all
x € Y, {Aix}ier € c! (R, X), then there is an evolution family U satisfying
the following properties:

(i) ||Uss|| < Met(=%) and Uy sy C Y forall t > s.

(i) Forall T >t >s, UysY C Y and for any x € Y the map (t,s) — Upsx €
(Y, II-ly) is continuous, where ||-||, is the graph norm of Ao.

(iii) {Utsn}~q converges strongly to {Uys}~.

(iv) It is the unique evolution family solving (nCP)o, i.e., Uss := 1 and, for all
xe),

Vvt 2 S: E)fut,sx = Atut,sx .
Vi > st OsUpsx = —AsUpsx .
Corollary 5.12.
Let Ay := A + B with A being the generator of a Cy semigroup on X and

{Bi}ter € CH (R, B(X)). Then, there is a unique evolution family {Uys},~, C
B(X) satisfying (i)—(iv) of Theorem 5.11 and -

t
Vi>s: U =el)4 +/ Uy ,Bre =944y
s
in the strong sense.

We close with a result for the in-homogenous (nCP), where f # 0. In this
case the following theorem holds, [Paz83, Theorem 5.3].

Theorem 5.13 (Well-posedness of (nCP)).

Assume f € CY (R, X) and the assumption of Theorem 5.11. Then, the (nCP)
(5.16) has a unique Cl'~solution equal to

t
w(t) = Upsx + / U, f (r)dr,
S

where {Uy s}~ C B(X) is the evolution family satisfying (i)—(iv) of Theorem
5.11. B
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Towards a Dynamical
Renormalisation Group

V. BacH, J. S. M@LLER, M. WESTRICH

Abstract

In this paper we provide a detailed analysis of the long time dy-
namics of a spin boson model, restricted to low field energies. Assum-
ing dilation analytic coupling functions, an effective generator for the
atomic- and low energy photon degrees of freedom is derived. The
effective generator is obtained as the unique solution of an implicit
operator equation. We provide quantitative bounds on the approxi-
mation of the full dynamics by the effective dynamics. In the weak
coupling limit regime, our result reproduces the well known results
by Davies.

6.1 Introduction

We study the long time dynamics of an open quantum system consisting of
a two-level atom weakly coupled to the environment, which is modelled
by a massless boson field at zero temperature. Assuming dilation analytic-
ity of the Hamiltonian, we derive an effective generator for the evolution of
the atomic- and low energy photon degrees of freedom and provide quan-
titative errors in the coupling constant. In the weak coupling limit our re-
sult reproduces the well known results of Davies, [Dav74, Dav75, Dav76],
for our model. We neither require Fermi golden rule nor an infrared reg-
ularisation. For the type of model we investigate, it is expected that the
weak coupling limit in the sense of Davies cannot be extended to times be-
yond the van Hove timescale. Our paper is a first step to develop a renor-
malisation group analysis that provides for a given timescale 7, = £¢g" "¢,

for a fixed € € [0,1), n € N, n > 2, an effective generator Hat + Tén) (H)
for the evolution of atomic- and low energy field degrees of freedom, as
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well as quantitative error bounds. The effective operator is obtained as the
unique solution of an implicit operator equation.

The general strategy of this paper is to restrict to low momentum
modes the complex deformed Hamiltonian dynamics of the full system
and to analyse this object using the inverse (vector—valued) Laplace trans-
form. The inverse Laplace transform expresses Cp—semigroups in terms
of the resolvent of their generator. In spectral regions far from the un-
perturbed eigenstates, we obtain exponentially decaying error terms. For
regions close to the unperturbed eigenvalues, we analyse the restricted
resolvent by means of the Feshbach map. Estimates on the distance of
a given contour to the spectrum of the unperturbed Hamiltonian allow
to reduce the analysis to an “effective” Feshbach map. The residue theo-
rem yields the effective dynamics, and its generator is determined by the
“zeros” of the effective Feshbach map.

Our work is inspired by works on resonances over the past 30 years.
Let

Hg := Hy + gW,

where Hy is assumed to be selfadjoint, W is a relatively Hyp—bounded per-
turbation of Hy. Then, assume that A is an eigenvalue of Hy with finite
multiplicity. It is known, that excited eigenvalues may be unstable if a per-
turbation is switched on and it is possible to estimate the decay of matrix
elements,

(9, f(He ™y) = (140 (g2)) ™) +b(1,g), Im (A (g)) >0,
bLg)l < o) A+HT", meEN 20, 6.1)

provided Fermi’s golden rule holds and the resolvent, (Hy — z) !, is suffi-
ciently regular with respect to some auxiliary operator A. For our model,
the resolvent is even analytic in a strip around the real axis with respect
to the conjugation with the group generated by A. In the context of reg-
ular perturbation theory there are strong results on the decay rate of the
resonances. These results usually assume a deformation analyticity of the
Hamiltonian Hg, in order to separate the essential from the discrete spec-
trum. The first result which provided rigorous estimates on the decay law
of resonances states is due to Hunziker, [Hun90]. He proves a relation of
the type (6.1), but the error term b (t,¢) decays as (1 +¢t) " for any n € IN.

For finite regularity, i.e. if finitely many commutators of (Hg — z) “'and A
exist, Cattaneo, Graf and Hunziker proved in [CGHO6] a similar result as
Hunziker, but the decay of b (¢, g) is then related to the degree of regular-
ity and does not hold for any n € IN any longer. Both results, [Hun90] and
[CGHO6], depend on the function f (-), which localises the group s
to a small interval around the eigenvalue A. For a different choice of f,
namely assuming that f is of Gevrey class, Rama and Klein proved re-
cently, [KR10], that for an abstract dilation analytic model that b (,g) is
almost exponentially decaying,
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for any a > 1, ¢ > 0 and g sufficiently small. They also point out, that for
semibounded Hamiltonians Hy, the absolute value of the matrix element
(6.1) cannot be exponentially decaying. Namely, if (6.1) is exponentially
bounded, i.e.

(¢, f(Hg)e Msy)| < ce €, C,C" >0,

a Payley-Wiener argument implies ¢ = 0. Finally, in the case of finite
temperature, Jaksic and Pillet used in [JP95, JP96a, JP96b] a complex de-
formation technique, a complex translation, which allows to deform Li-
ouvilleans such that the discrete spectrum is separated from the essential
spectrum, even if the reservoir arises from a massless field. In this vein, the
problem becomes tractable by regular perturbation theory, whereas this is
not possible for the generator of dilations.

In the context of singular perturbation theory, more specifically in
massless quantum field theoretic models, resonances have first been anal-
ysed by Bach, Frohlich and Sigal, [BFS98a]. Their analysis is based on the
isospectral Feshbach map. The Feshbach map has as an intrinsic feature a
reduction of state space. An iteration based on an repeated decimation of
the state space leads to the construction of a renormalisation group analysis,
which provides an algorithm to localise the resonance to arbitrary preci-
sion, [BFS98b, BCFS03]. The first result to determine the decay rate of (6.1)
for dilation analytic, massless, quantum field theoretic models has been
established in [BFS99], using a single step Feshbach map analysis. The re-
sult proved there is of the same type as the result by Hunziker, [Hun90]. In
a more recent paper Hasler, Herbst and Huber proved also a lower bound
on the decay rate of (6.1). Their analysis is also based on the Feshbach
map, see [HHHOS].

For open quantum systems one is interested in finding an effective
evolution for the entire “small system”, i.e. the atom. Assume that Hy
has N eigenvalues with finite multiplicity, E,, with spectral projections Py,
¢=1,...,N. Moreover let PPWP; =0, for¢{=1,...,N. If

P;WP, ((E; +i0) Py — HyP;) ' P,WP,
= 11{1’(1) PgWﬁg ((E[ + 16) ﬁg - Hoﬁg) -1 EWPE,
€

M,

exists for £ =1,..., N, we define the level shift operator (LSO), as

N
M= —i Z PZWFE ((Eg + i0) Fg — Hoﬁg)71 ﬁgWPg. (6.2)
(=1

There are several notions of Fermi golden rule (FGR), depending on the
problem one has in mind. Following [DF06], there are three types of FGR
involving the LSO:

1. Analytic Fermi golden rule: HyP + ¢°M, P := 2?1:1 Py, predicts up
to an error 0 (g?) the location and multiplicity of the resonances and
eigenvalues of H in a neighbourhood of the spectrum of Hy, o (Hp),
for small |g|.
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2. Spectral Fermi golden rule: The intersection
o (HoP+g*M) NR,
predicts the possible location of eigenvalues of Hy, for small |g| # 0.

3. Dynamical Fermi golden rule: The semigroup

{exp (~it (HoP + gM)) }tzo,

describes approximately the reduced dynamics PX (t) P, for small
18-

The dynamical Fermi golden rule has first been rigorously established by
Davies, [Dav74, Dav75, Dav76] in form of a weak coupling limit (WCL).
Davies proved under mild assumptions

lim /%€ “HoP pp—itg *Hgp _ ,—itM (6.3)
§—0
Note, that the time has been subject to a rescaling, i.e. the weak coupling
limit refers to a timescale where

T= tg2, (6.4)

which is sometimes referred to as the van Hove timescale. Results beyond
this timescale are scarce, but see [Kos00] for the analysis of an explicitly
solvable model.

Finally, in the context of positive temperature, Jaksic and Pillet proved,
using translation analyticity facilitated by a novel method now usually re-
ferred to as Jaksic—Pillet glueing,

(‘IP’ e—l'tHgé) — (Al{j, e_it(Hat+E;t.°:1 gZHM(2”))B®) + O (e—Ct) ,

for some operators A, B and t — +oo, see [JP96a, Thm. 2.5]. Due to fun-
damental obstacles, this method cannot extended to the zero temperature
case. In this case, one expects that the WCL cannot be extended to the
original timescale, but one rather has to find “higher order” LSO’s M),
for a given timescale T, = tg", e € [0,1), n € IN, n > 2. That is the eventual
goal of our project.

This paper is organised as follows. In Section 6.1.1 we define the model
and the spectral projections used in our analysis. Then, we introduce
the complex dilation, provide an estimate on the numerical range of the
complex dilated model and state our main result in Section 6.1.2. The
proof if the main theorem is the content of Section 6.2 and finally in Section
6.3 we present heuristic ideas for an iteration of our analysis.

6.1.1 Definition of the model

We follow the convention of the literature, which may be found in [BCFS03].
To keep the analysis as simple as possible, we restrict ourselves to a 2-level
atom described by the Hamiltonian

Hat = H:t €®B (Hat) . (6-5)
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The corresponding Hilbert space is Hat := C2. The electromagnetic field
will be simplified by neglecting the polarisation of the photons. The state
space is then the bosonic Fock space

F =P Suh®", (6.6)
n=0
with
b := L*(R3,d%k), (6.7)

the orthogonal projection onto the totally symmetric n-particle wave func-
tions S, and Sph®’ = € - {Q}. QO is the vacuum vector of F. The scalar
product in F is defined as

(¥, @)=Y /Hd3kj1p7(k1,...,kn)(pn(kl,...,kn), 6.8)
n=0" j=1

VY = (¢,)nen, @ = (@)uew € F. Clearly, any element in F may be
identified by such sequences. Denote by Fy, the subspace of elements
Y € F corresponding to finite sequences ¥ = (¢,,),en. Then, for ¢ € b
we define a(¢)¥ =: ® as ® = (¢,,), with

¢, (ki, ... kn) = v/ +1./ Pig()p, (ki .. k) (69

and
a(p)Qy = 0. (6.10)

The operator a(¢) is closable and we denote its closure with the same
symbol and call it the annihilation operator. The adjoint of a(¢) with respect
to the scalar product, a*(¢), is called the creation operator. Note, that a(¢)
is anti-linear in ¢ and a*(¢) is linear, so that the symbolic notation

a(g) = [ #kgk)alk), a*(9) = [ @kplk)a" (k)

becomes meaningful if a(k),a* (k) are interpreted as unbounded operator-
valued distributions. They obey the canonical commutation relations (CCR)

[a*(k),a*(K')] =0, [a(k),a*(K)] = &(k —K'). (6.11)
Let w(k) := |k|, k € R3. Then, we define Hf¥ = (¢,,)nen, with
¢, k1, ... ky) = (Z w(k]-)> ¥, (k... kn), V¥ € Fo. (6.12)
j=1

The closure of Hy is self-adjoint and its spectrum consists of the positive
real half-line with the simple eigenvalue 0,

o(H) = Roo U {0} (6.13)

This gives the representation

H = / Bra* (k) w(k) a(k), (6.14)
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where the right hand side is to be understood as a weak integral. The state
space of the combined system is

H = Hu® F. (6.15)

On the domain Hat ® D (Hy) one observes Hy := Hy ®1+1Q® Hy to be
a selfadjoint operator, since H,; is finite dimensional. Next, we define the
coupled system. The (Segal) field operator is defined as

¢ (8G) = g/]RS Ak {G(k) a* (k) + G* (k) a(k)}, (6.16)

with G € L? (R3,C?*2) and g > 0, on the dense domain Ha ® Fp,. Since
¢ (¢G) is symmetric, it is closable. The operator ¢ (¢G) is infinitesimally
Hy-bounded on Hat ® (D (Hy) N Fgin) and thus

H, := Hy + ¢ (3G) (6.17)

is selfadjoint on the domain of Hy for any choice of g. As a short hand we
introduce the notation

a(gG) ::g/]R3 PkG(k) a(k), a*(3G) ::g/]RB PRG(k)a* (k).  (6.18)

We use the following spectral projections in order to reduce the field de-
grees of freedom. Let

Py :=1[H; < p], Py :=1— P, (6.19)

P:=1®1[H; <p], P:=1-P. (6.20)
It will be useful to also define the following projections on the range of P,

i.e.

Pa¢ = 1[Hat = E;] ® Pp, Payy := Ipp — Pay = 1 [Hat = E¢]~ ® Py. (6.21)

6.1.2 Spectral deformation and main result

Let f € h and define the unitary strongly continuous one-parameter group
of dilations, u(+), on the space h by (u(a)f) (r,Q) := e’%"‘f (e *r,Q), us-
ing polar coordinates, (r,Q). Its second quantised analogue is denoted by
U(a) :=T (u(a)). We will use the convenient Hilbert space b, consisting

2 2 —1724))?
of all f € b such that [|fl = [If]"+ Hw fH < co. Moreover, for

matrix—valued functions, like G,, we use the convention that the norm is
the operator norm on B (€?) and we write again [|G||,  if G is matrix-
valued.

Condition 6.1 (Coupling functions).
Let &) € (0,%) and G € L? (R?,B (Hat)). The map R 3 a — G, := u(a)G
extends to an analytic function in the strip I (¢y) := R +i(—¢,, &) and

sup [[Gusiolly,, < o (622)
10]<So
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Moreover,
G(k)=G(lk]), (G(k)y=0, VkeR3 (=01 (6.23)

There is a cg1 € R, such that

I1G (k)] < 8L, vk e RS. (6.24)

i

Finally, assume that ||G (k)|| — 0 sufficiently rapid, as |k| — co. We refer
to the sulfficiently fast convergence |G (k)|| — 0 as the ultraviolet cutoff.

For any bounded operator A € B (H), we write
Ay = U(a)AU" (1), a € R. (6.25)
U leaves the domain of Hy, D (Hp), invariant and one easily computes
Hy, = Hat + e “Hg, Va € R. (6.26)

For any z € C with | Arg_(z) | > ¢, the resolvent, Ry(z) := (z — Hya) ™!
extends to an analytic function of & in the strip I((j), as a consequence of
the first resolvent identity. Arg, denotes the argument function with cut
ata € (—m, ). Forany a € C,

Hoy = Hat +¢ “Hg,

is a closed operator on Hat @ D (Hg), as Hat is finite dimensional. From
the selfadjointness of H,; and Hy follows that the adjoint of Hy, is a closed
operator on H,t ® D (Hy) and

Hj, = Hat+ ¢ “Hy. (6.27)

Since
I:HO,(X/ H()k,pc:l - 0
as a quadratic form on Hat @ D (Hy), it follows that Hy, is a normal oper-
ator. Moreover, one may observe
o (Hon) =0 (Hat) +e %o (Hf), Va € C. (6.28)
Pick now ¢ € I (). Then, since Hy¢ is normal it follows from (6.28) that

1

< .
IR & = G E By r ety

(6.29)

Hille-Yosida’s theorem implies that Hp: generates a contraction semi-
group and as one easily observes also an analytic semigroup. Next we
shall define the “analytic continuation” of the dilated field operator, ¢ (Gy),
a« € Ry. Let § € I(¢y) be as above. Then, on the domain Hat ® Fyp, we
define

¢ (G) = \}E (2 (Ge) +a* (Ge))- (6:30)
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Note, that we used ¢ for the annihilation operator, 4 (-), since it is anti-

linear in the argument. Hence thereisa C; € R+, depending on ¢, ||G¢ H b’
H Gg , such that
hw
. _1
H¢ (Ge) (He+1) 2| < co. (6.31)
On the domain H,: ® D (H;) we define the closed operator
Hge:= Hys + ¢ (8Ge) - (6.32)

As ¢ (Gé) is infinitesimally H; bounded and Hy: generates an analytic

semigroup, one may observe by [Kat76, Thm. IX.2.4] that H,: generates

also an analytic semigroup. Moreover, {Hg,[: } Fel(z,) is an analytic family
0

of type A. For later reference, we introduce the constants
1o = e R sin (Im (&), 77, := e R cos (Im (¢)). (6.33)

Proposition 6.2 (Numerical range of Hgz). Forany g € R, and M > 1, the
numerical range of Hy ¢, denoted by NumRan (H, ¢), is contained in

— - ) 2 2
NumRan (Hgg) € N'R (Hgg) = [Eo 1] + ¢ ¢k w +D (|ef] 2g?m),

(6.34)
with '
Kp:={re"|r>0, acl-pp} (6.35)
and
D(r):={z€C| |z| <r}. (6.36)
For g = 0 one has
NumRan (Hyz) C [Ep, E1] +e ¢ [0,00). (6.37)
Proof. Let e > 0. Note first that
_1 1
z 2| < T 2Gsx . .
| (Ge) (He+e) 2| < |w2c; s ) (638)
This implies
1. 1 1 1
~2 “2|| <2677 |lw 2 G; .6
H(Hf+s) §(Ge) (i) | <20t oty o 639

From now on we write [|-[|;2 for ||||;2(g3 9 (1,)) and abbreviate ¢ :=

1
2 Hw—%GgHLZ. Hence, for all y € Hat ® D (Hf) we obtain

(4.9 (sGe) w)| < f’% (, (H +€) )

&
= g7 (, Hep) + ge2c ||| (6.40)
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1
Then, for all € Hat ® D <Hf2 > , l¥|l =1, we compute for the full Hamil-

tonian

(9, Hoep) = (¢, Haep) + e ¢ (1+C () (¥, Hrp) +C (), (641)

where

_cWesG)y) 5 o (¢ (8Ce)¥) 610
N (R e P I O =) R
Note that ) ~ .
C)| < |éflege?, ()] < cgel. (6.43)
Moreover, choose ¢ := (|e§| cMg)z, for M > (5 — 1)71,
B Im (0) M
|Arg (1 4+ (y))| = |arctan <1 T Re (€)> ’ < M_1 (6.44)
Putting the estimates (6.41), (6.43) and (6.44) together, we arrive at (6.34).
The case g = 0 is easily obtained. g

Remark 6.3. Note that in Proposition 6.2 for M > (% — 1)~ the opening
angle of K M is less than 7t/3, but that opening angle of K M is always

less than 1. Since Hgz is a normal operator for all ¢ € R, it follows
from Proposition 6.2 and Hille-Yosida’s theorem, that H, = generates a Co—
semigroup. We denote the semigroup generated by H, = with {X (t)} feR)

if ¢ # 0 and with {Y (t)}tele for ¢ = 0. Proposition 6.2 provides also
exponential bounds on the semigroups {X (t)}telRa” {Y <t)}telR5” namely

I1X ()] < AEleeM iy () <1, (6.45)
forallt € Rar.

We are now prepared to state our main result.

Theorem 6.4. Let 4
Xgz (1) 1= e st
and p = gt, u € (0,2), and pick v € <O,min (1,;1’1 — %)) There is a

bounded operator,

Boe (Hy) := Y z¢ (Hy) Py € B (PH)
(=0,1

and bounded operators zy (Hy) € B (Py ¢H), such that
Ej+efr—z (Hf) — ¢®An (r, 2 (Hf)) —0, £=01 (646
where for £ = 0,1, r € [0, p]

T e )(G)a—m (e7%k)

’2
A = [ dk
00 (7’12) / El—é _*_e,g (7’—|—k> —

(6.47)
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Forany t € Ry,
Hl [Hf < p] Xgz (t)1[Hf < p] — ¢ itz (Hy)

<C (et e (o2 1 gho i) ),

for some C,cq,c1,cs € Ry, which are independent of §. Moreover, for £ = 0,1,
and r € [0, p],

Egz (1) Pagy = (Ee +ebr—g?Au (0, Ef)) Pyo+ O (82P) :

Remark 6.5. (i) It is possible to relate A (0,E) to objects which are ¢
independent. For the ground state, £ = 0, this yields a correction in sec-
ond order of ¢ with vanishing imaginary part = 0. For the excited state,
¢ =1, the obtained correction has a negative imaginary part, provided
Fermi Golden Rule holds.

(ii) To our knowledge, the evolution of the ground state has previously
not been addressed in singular perturbation theory. Note, that the error
contains an exponentially growing factor, ¢18°0"t which is due to contri-
butions of the ground state. This exponential growth is however of a mild
type, as it becomes constant on the van Hove timescale, where tg2 = const.
as g — 0.

(iii) The optimal choice of u depends on the value of ¢. If one chooses
= %, then pl%v = g%p_%(w'%)_

(iv) Our result reproduces Davies results in the weak coupling limit, but
also provides quantitative bounds.

6.2 Effective Dynamics on the van Hove Timescale

The present section is devoted to a quantitative analysis of second order
perturbation theory. There are two recurrent quantities which are impor-
tant in our analysis.

Definition 6.6 (Control quantities). Define for any €,€’ > 0 the sets

AY =B (E) +et[d,00), £=0,1 (6.48)

€,€
and

Ao =AY U 4D (6.49)

€€ €€

For any z € C\ («40,0 N Af),p>, 0,0 = C\Agy, define

P
0 (2) := H Ho—z| (6.50)
Moreover, for any z € Ag, set
1 (1|Hf > ¢ 1
je (2) = H(Hf+P)2 (Eﬂ) (He+p)?|(, (6.51)
0—Z

provided the right hand side is finite.
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Remark 6.7. We remark, that the notation of (6.51) does not explicitly refer

1
to its p—dependence due to the factors (H¢ + p)2. This is done to ease the
notation in the upcoming estimates.

We start with the identification of the leading contribution to the dynamics
generated by (6.32). From now on, we drop the {—-dependence in H, z and
HO,@ .

Proposition 6.8 (Effective Feshbach operator —I). Let ¢ € (0,p). For any
z € Ay, define

Fp(Hg—2) = PHgP —zP — ¢?PWP (PH,P —zP) "' PWP, (6.52)
Fp(z) = PHgP—zP—g*A, (Hy,z), (6.53)
with
-1
A, (Hpz) = /R (PKGE (k) (Ha+e ¢ (He+w (k) —2)  (654)

xGg (k)1 [Hg +w (k) > p] P.

The operators Fp (z) and Fp (Hg — z) exist and are bounded. Set

wi%ng

1=
§ ‘= max {Hw 2Gg L2(]R3,<D)} < o0. (6.55)

121<]&l L2(R3,C)”
If
1
cosdp (2)8 < 5v/P, (6.56)

then there is a C € R, such that
N _1
|Fp (Hy—2) = Fp ()] < C (35 (2) 0 +30 (270 72) . (657)
Proof. We estimate the following terms:

A1 (z) i= @PWP ((PHgP —2P) ' — (HyP —zP) ') PWP,  (6.59)

Ar(z) = ¢ / Py 1[Hy + w (k) + w (ka) > p]
B, (0) x B, (0)
Pa* (kp) Gi (k) (Hat et (Hi+w (k) +w(ky)) — z)fl
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Observe that a Neumann series expansion and (6.56) yield

@1 < X IPW (R ) gW)" )

S il 1 1 n+1
< 20) g H(Hf+P) 2 W (He+p) 2
n=2
1 "
|(Hi+0)7 Ro (=) (He+p)?
3 ©
688 ce.830 (2) &
< 2 (Z)ZP(> ( )
P NG ,g VP
< % <C6.85p (2)8)3 1
Toa@\ VP el
4 <C6.85p(z)g)3_4c 30 (2)207 285, (6.60)
= weO U o o '
where R (z) := (Hy—z)' P. Moreover, let ¢, ¢, € H, with [[y,] =
[, = 1. Then,
|(1,L72, Az (2) ¥y)]
< 2@ Pradha |Gy (k) G () |
0)xBp(0)

Hf+w (k1) +w (k2) +p) 1 [Hg + w (k1) + w (k1) > p]
Hat + 7% (Hi 4 w (k) + w (k2)) — 2)

1—{ H(Hf +w (k) +w (k) +0) 2 a (k) P%’H
i

2 3 3 *
< 2@ [ o PRk 6w G k)]
2 1
.HH(Hf+w(k1)+w(kz>+p) 2 a (k) Py
=1
Gz Gz (ko)
< 2 2/ Prydk H e
< WL f om0 1R \Fkl Va (k)
2
T e () &) e +-0)7" Py |
b
< C3p(2) & ﬁ( Hi )
= 5p g p]‘:1 lp]/ Hf+plp]
< GCsp (z)gzp, (6.61)

where we used the Cauchy-Schwarz inequality for the third estimate and,
as a consequence of (6.24),

1
T2G < Cp.
“ ¢ L2(B,(0)) — P O

7

w263 (k)

L2(B,(0))
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In the following we use the inverse Laplace transform to determine the
effective evolution on the van Hove timescale of

N

X(t) = ﬁ dim_ / dx e~ {0HNDP (H, — (x +ic)) ' P, (6.62)
-N

where ¢ € Ry = (0,00) is chosen sufficiently large. The integral is under-

stood as a strong integral in H. We intend to deform the contour of the

integral above appropriately in several spectral regions. Let I' be a curve

in the resolvent set of Hy and define

_ 1
Y

provided the integral exists in norm. Note, that this implies restrictions on
the possible choices of I'. Observe that for any ¢’ € (—oc0,0] U {—o0},

VEER,:  Xp(f): /r dze P (H,—z) "' P, (6.63)

N—oo

tim [ dye NP (Hy - (&N +iy)) P =0,

Therefore, and by the analyticity of the integrand, we may always bend
the domain of integration in (6.62) far from the spectral points Ey, E; to
the lower half plane. Next we define a family of admissible paths in the
complex plane, to which the domain (6.62) will be deformed, see also
Figure 6.1.

Definition 6.9 (The contour I). Let 46 := E; —Ep, p = g", n € (0,2),
pick v € (O,min (1,;4’1 — %)) and ¢y € R4, £ =0,1. AcurveI' C C,
consisting of pieces FJ- for j =1le,0,m, 1,ri, such that

=T, UTgUlmUT; UTy (6.64)

and
n AO,O =Q, (6.65)

is called admissible iff the following requirements are met. There are inter-
vals

Jo = [ao, bo], 1 = [a1,b1], Jie = (=0,0], Jm = [0,1], Jii = [0, 0)

such that y; € C! (J;;Tj), is a continuously differentiable parametrisation
of T for j =le,0,m, 1, ri. Moreover:

1. e (0) = Eg — 6¢3™(©) and
Tie (%) = 71 (0) + 26, (6.66)
2. 79 (a0) = me (0), 79 (bo) = Eo + Se—3m(@) and

Im (7 (x)) := cog’p", (6.67)
if
-1 ) )
XE ({zefolRe(Z)e {Eo—4,Eo+4”), (6.68)
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Im(z)

RN D

; ; ; ! i Re(z)
: VED i : '
IHM
L ! ) L, |
Figure 6.1: The contour I'.
3. Vx €[0,1],
Ym (%) == x70 (bo) + (1 — x) 71 (a1) (6.69)
4.y, (a1) = E1 — 6e2m@) 4, (b)) = E; + de— 2@ and
Im (7, (x)) := c18°0", (6.70)

x€71_1 ({z€T1|Re(z)€ {E1—i,E1+i]}>, (6.71)
5. 74 (0) = Eq + de~51m(@),

Yt (X) 1= 7y (0) + xe~ 21(E), (6.72)

For later reference, we introduce

sin <Im <g)> ‘ > 0. (6.73)

Lemma 6.10 (Bounds for 3., 9p). Let e > 0. For any z € C\ Ag holds

- _
30 (2) < ‘eé‘ 1+ max M . (6.74)
P di (= AL)

Cs =0

Ife=0and z € Te UT'm Uy, then there are cr, ,Cr, € Ry with

Nl—

dist(z,Ago) > Cry, (1+]2) (6.75)

AV
Nf—=

% ()" > e, (1+]2]) (6.76)
and in particular there is a Cg 19 € R4, such that

30(z) <Cg10 <00, VzelUI'mUTI;. (6.77)
Moreover, if € = p, then there is a Co10 € Ry, depending on ¢, such that

Vz€ToUT1: 3p(z) < Coio < co. (6.78)
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Proof. Let € > 0. For any z € C\Ap, we have

e
E/j—z+eSr

p—c (E—z)
E/—z+eSr

e (z) = sup
r>¢, £=0,1

IN

‘eg‘ + sup
r>¢, (=0,1

—E
‘eg‘ 1+maxw = o)
01 dist (z,.40))

We consider first z € I'y; and € = 0. Observe by (6.72) that

dist (z, Agp) = |z — E1] sin (Im (g)) . (6.80)
Moreover, since
lz—Ei* = |z]* + E? —2ERe(2)
> |z*sin? (Arg (z)) + E3 sin® (Arg (z)) (6.81)
and
~Im () ¢ L
Arg (z) € [Arg (Ex -+ 8¢ 1m <2>> c (o, 2) (6.82)

there (6.75) holds for z € I';; and similarly for z € I'j,. There is a constant
C > 0, independent of p, such that dist (z, Agp) > C, for any z € I',. Since
I'm is of finite length, there is a Cr, > 0, such that (6.75) holds for any
z € I'Ne UI';, UTy. A similar consideration shows (6.76) and one may note
that dist (z,.Agp) < 9, (z) .

Observe that

dist (z, A((fg) = ‘Eg + pe 6 — z‘ >C(C)p, (6.83)

forz €Ty, £ =0,1 and a constant C (§) > 0, depending on ¢. In combina-
tion with (6.79) and

7

’efép— Eg—kzl <2 ‘e{’p—k ‘Eg%—efép—z

(6.83) yields (6.78). O

Now we estimate the contributions of the regions far from the singularities
near Ey, E; and we shall assume henceforth that I" is admissible.

Theorem 6.11 (Decay estimates — regular domains). Let ', =T, UT'n U
I'yi. For any t € R4 we have

Xy, (£) = Xry (8) + X, (1) + X, (1), (6.84)

where

1 7 _ -1 .
X, (1) :Izm../rjdze “p(Hy—z) P, t€R4, j=lmr  (6.85)
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Then, for
2g¢65Co.10 < P2, (6.86)
there is a Cg11 € Ry, such that
) 1
X1 (O] < Come™ (14 g0%) 657)
Proof. Observe,
Xy (8) = Y1y,,, (8) + 8B (1), (6.88)
with
- —izt a1
Yy, (1) 1= 575 J dze7 (Ho—z) P (6.89)
and
_ L7 Y 1
B(t):= 2t Jr, dze ™ (Hy—z)" PW(Hg—z) P. (6.90)

Since (Hp —z) ' P is holomorphic for all z € € with Im (z) < —1,p, we
obtain by Cauchy’s theorem,

Y1, () =Yoo, (1), VE € Ry, (6.91)

where 'y, £ = 1,2 are chosen such that Im (z) < —cs6, c5 > 0 as in (6.73)
and Iy UTy are closed curves. Thus

Yr. (1)]] < Ce ¢t (6.92)
Imr ( )

The error term B (t) is estimated as follows. By Lemma 6.10 there is
Cr,,, > 0 aindependent of p such that

NI—=

Vz € Ty s dist (2, Agg) > Cr, (1 + |z|2> (6.93)
and 30 (z) < Cg10 < oo. Using (6.55), (6.77) and (6.76) we obtain

H(HO —2) "' PgW (Hy —2) ! PH

o0 2
< PZOH(HO—ZWH
_1 _1ntl
|| (Fe+0) 7 W (Hi+p) 2
| He+ 0% (o — )7 (402 (694
— &%) n
< Cgo? (1+2°) 'Y (2%8\/;6“’) (6.95)
n=0
< Cgp? (1+|z|2)_1, (6.96)

for some generic constant C € R. Therefore we conclude

« —cs(t+r)
IgB (1) < Cgp? (€C5t+/dr eliﬂ) < Cgple . (6.97)
0
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Next we turn to investigate the behaviour of X in the spectral regions close
to the unperturbed eigenstates Ey and E;, which has some differences.
For the region close to Ey we obtain a mild exponential growth of the
dynamics, which is mild in the sense that it becomes uniformly bounded
on the van Hove timescale. In contrast E; may even turn into a metastable
state, which decays on the van Hove timescale under generic assumptions
on Goi. We investigate Xt first.

Lemma 6.12 (Spectral distance — I'g). Let p = g%, u € (0,2), pick
S (0, min (1,;4’1 — %)) and define

Ago (0, Eg) := 4 /]R+ dww? [(G)yg (w)|* (Ey — Eg +w) *. (6.98)

For any z € Ty, Fp (Hg —z) and Fp (z) are invertible on PH and there are
Ce.12, 66.12 € R, such that

-1 Co.12
HFP (Hg Z) H = 920 + ‘Z —Ep +g2A00 (0,Ep) ’ (6.99)

and

s C
ja 1 < 6.12 _ 1
H P (2) H = Po" 4]z = Eo+ £hoo (0, Eo)| (6.100)

provided g*p~" is sufficiently small. Moreover for some C € R,
[P (Hy—2) " = Fo(2) || < (0 20~ () | B (2) 7| (610D

Proof. Throughout the proof C denotes a generic constant in R.. We write,
z:=x+iy,x,y € Rand

dy (r,z) = ’eir —(z—Ep)|, t=0,1. (6.102)
Then foranyy € RT and 0 < a < 1,
dy(r,2)* = (mr+E—x)%+ (nor +y)°
> (a7t =1) P (- ) (x— B)
Choosing
M =<1 (6.104)
T+ o
we obtain
o 2
dy (r,2)? > OT +(1—a)|z—El*. (6.105)

Note that Estimate (6.105) is not uniform in . Thanks to our assumtion
that Gy = 0, £ = 0,1, the operator A, (H,z) may be represented as the
matrix

Ap (g 2) = ( Aot s ) (6.106)
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with
Aw(Hyz) = [ @ (), (0 (Ge)yo (K
(El + e (He + w (k)) —z)_l
1[Hi+w (k) > p] P, (6.107)
A (Hz) = [ d% (G) | (0 (Ge)yy ()
(Bt (Hi (k) —z)
1[Hi+ w (k) > p] P. (6.108)

Inequality (6.105) then yields for any r € [p,00) and z € C with Im (z) €
Ry the bounds

C
Ao (Hp )| < 0 - (6.109)
(2 + 12— Eaf)*
C
A1 (Hp z)|| < ! (6.110)

(- Ea)

These inequalities extend to I'g. For the inner part

Foﬂ<[50—j,Eo+ﬂ +i1R),

of I'y, the inequalities (6.109), (6.110) hold true. Let now z be in the com-
plement of the inner part, i.e. z € Ty, |[Re (z) — Eg| > . Then,

dy(r+w(k),z) > -, {=0,1 (6.111)

= >

and hence (6.109), (6.110) hold for all z € I'y. Moreover, by denoting the
matrix entries of Gg, Gz with (Gg)].k, (Gg)]‘k’ respectively, we have

N s# (o) \
$9((Ge)o) M (= Hy)

with
A¢(z,Hf) == Eg+ e SHy —z— ¢*Ay (Hpz), £=0,1.

We aim at the construction of the inverse of Fp (z) by means of the Fes-
hbach isospectrality with projection P, . Note that for any z € I'g, r +
w (k) = p,

di(r+w(k),z) > —. (6.112)

AN
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Thus, by (6.112), (6.105) and (6.110), it follows for all z € Iy, that

41,2 - An 2| = i r2) - S5
> %Uh (r.z) + g - Clng
> ldl (r,2) (6.113)
Therefore,
Ri(z) = (El e $HP—z— ¢*An (Hf,z)) R (6.114)
exists for all z € I'g on P, 1H and is bounded by
Hﬁl (z)H <co . (6.115)
Hence,
Fp, (ﬁp (z)) = Eg+ e_[:HfPat’O —z— gZAOO (Hg, 2)
~Patod ((Ge)y ) PataR1 (2) Pas  (6:116)
9 ((Ge)yo) Paro
is well-defined and we obtain the inverse of Fp (z) by
Fo2) ' = Qny (B () Fryy (B (2)) O, (B (2)
+Pa1R1 (2) Pag 1, (6.117)
with
Qpyo (Fp(2)) = Pago— Ry (2) Panp ((Gg)lo) Pao,  (6.118)
Qb (Fo(2)) = Pao = Parod ((Ge)y) PaaRi (2),  (6119)

iff Fp, ., (Fp (2)) is invertible on the range of P.tp. Note, that by (6.39) and

By Lemma 6.13 it follows for all z € I'g and all ¢ € Py oH, with |¢| =1,

Pacod ((Gg)m) Pa1 Ry (2) Pa1h ((Gg)m) Pat,oH <cilp. (6.120)

HFPat,O (fp (Z)) 1/)H > Cea3 (‘Z + %A (0, Eg) — Eo‘ +82PV> :

The inequality (6.100) follows now from

Qpy (Fr(2)), Q,, (Fr(2)) = Pao+ O (307) (6.121)
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and the finite length of I'y. It remains to prove the bound (6.99). First note
that for all z € I'g by Proposition 6.8, Lemma 6.10 and (6.100)

[(Bo(Hy—2) B 2) B ()| < c (o 4807 (F2)) . (6122)
Therefore, the Neumann series
_ Sl _ ~ ~ 1\ "
Fy(He—z2) ' = Y. B (2" ((FP (Hy —z) — F, (z)) E, (2) 1) , (6.123)
n=0
converges for sufficiently small g, and we obtain

7

HFP (Hg_z)ilH <2 H?p ()

provided p is sufficiently small, and thus inequality (6.99). Finally, in-
equality (6.101) follows from (6.122) and (6.123). g

Our goal is now to prove the invertibility of Fp,, (Fp (2)).

Lemma 6.13 (Invertibility of Fp,, (fp (z))). Let p = g u € (0,2) and
pick v € (O,min (1,],1_1 — %)) Then, for all z € Ty and all Y € PyuoH,
@]l = 1, there is a Cg13 € R, such that

HFPat,O (fp (Z)) IPH > Ce13 (‘Z + 8%A0o (0, Eg) — Eo‘ +g2p”) . (6.124)

Proof. We establish (6.124) in two steps. The first step addresses the inner
part of I'y, i.e. those z € Ty, for which

1)
Re (Z) S |:E0 — Z,Eo—f— i:l

and the second the outer part of I'y, i.e. z € I'y with

Re (2) € Re (Tp) \ {EO _ g,EO + ﬂ .

Step 1.
Let Re(z) € {EO — %, Eo+ g] , z € Tp. In order to obtain invertibility of

Fp,, (fp (z)) , we determine the imaginary part of

Eo+ e ¢HPao — z — §*Aoo (Hp, 2),

as the leading term. To this end, it is useful to relate Ag (z) to a slightly
different operator, which has an integrand that is analytic in |k|. Thus we
define

Aoo (Hg, 2) := 471/R+ ak fy (k) (Er+e 8 (Hetw (k) —2) P, (6125)

where

fe k)= e (k) f(K) =R |(G)yp (R (6.126)
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Note that

Aoo (1,2) = 471/]R+ ak f () (Er+e7% (r + w (K)) fz)*lx,ﬂk‘sz,@.

Then, for any r € [0, p],

‘AOO (r,2) — Ago (1, z)’ < C/]R3 Pk | fz ()] Xrs <o < Co (6.127)

Observe, that

~ -1
Ngo (T’,Z) = 4n /e—«ﬁR‘*' dwf (w) (El + eicr +w— Z) Xr<p

— =y —
= 47T/R+dwf(w)<E1+e r+w z) Xr<ps

by Cauchy’s theorem and the sufficiently rapid decay of f (Jw|) — 0, as
|w| — oo, due to the ultraviolet cutoff. Since f is real-valued, the imagi-
nary part of Ay (r,z) is given by

re~Re(®) sin (Im (&)) + Im (z)

Im (Ago (r,2)) = 47r/ dw f (w) Xr<p
( ) R+ |E4 +e*§r+w—z|2 =F
(6.128)
The denominator is uniformly bounded,
1
sup 5 < 0.
(r,w,z)€[0,0] xR+ xT |E1 +efr+w—z
It follows, that for some C > 0,
Im (7\00 (r,z)) > Clm(z) > 0. (6.129)

Now, we observe that

|&2Patod ((Ge)gy ) Paa R (2) Paab ((Ge) sy ) Paco|| < %, (6:130)
see (6.120). It is convenient to use the abbreviation
A (r,z) == Ep + e br—z— gZ/N\OO (r,z). (6.131)

We next determine the shift of the energy Eg by second order perturbation
theory. By the fundamental theorem of calculus we have

A (r,z) = Eg—z—g Ao (r,Eo)+e br+g? </~\00 (r, Eo) — Aoo (V/Z))
= Eg—z—g* Ao (r,E)) +e r—g?(Eg—2)h(r,z)
= Eg—z—g*Ag (r,Ey) +e%r (6.132)
~&M(r,2) + ¢*M (r,2),
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where
M(r,z) := (EO —z—¢* Ao (1, EO)) h(r,z), (6.133)
M(r,z) := 7\00 (r,Eo) h (r,z), (6.134)
hr,z) := /ds ( A00> r,z(1—s)+ Eps). (6.135)
Note that
sup |h(r,z)] <C.
rel0,0],z€l
This yields
_ 2% 2 - 477
A (r,z) = (Eo —z—8" Ao (r,EO)) (1 —g h(r,z)) +e tr+g"M(r,z)
= (Eo +e Sr—z—g*Ay (0, E0)> (1 — g°h (r,z))
+g° (Aoo (0, Eo) — Ao (7, EO)) (1 —g’h (T,Z)> (6.136)
+¢%erh (r,2) + §*M (1,2) .
With

Ago (1,2) := (EO +e Sr—z—g%Ag (0, Eo)) (1 — ¢%h (r,z)) (6.137)

and
H/N\oo (0, Eg) — Ago (r, EO)H < Cp, (6.138)

we find that (6.116) satisfies for any ¢ € PH, ||¢| =1,
HFPM’O (fp (z)) IPH > inf HAOO 1,z ’ — (g2p+g4) ) (6.139)

re(0,0]

By (6.105) we have

2K 2 ’7%72 2% 2
do(r,z+g AOO(O,EO)) ZT—I-(l—a)‘z—i-g AOO(O,EO)—EO‘

(6.140)
Moreover, for any z € C with Im (z) = cgg%0", co € R,
Im (Eo +e % —z—g%Ag (0, Eo)) = —Im(z) —nyr
—g2 Im (7\0() (O, EO))
=0
< —Im(z)
< —cogp". (6.141)
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Hence, by (6.140,6.141), follows for any ¢ € PH, ||¢|| =1,

[Fras (Fe @) ] = int [do (124 a0 0.50) [1 - £00:)
—C (& (1+p) +g4>‘
>t [0 0 o R 0. - o
()]
= B4 O et han (0,80) Eaf
()]

1— .
% ‘z + g%A00 (0, Eg) — Eo‘ +CgPp". (6.142)

Step 2.
Forallz € C,r € [0,p] and Re (z) € Re (T) \ [Eo — %, Ep+ ﬂ,

1 .
do (r,2)" 2 5 (Eo—x)" e 2RO =2 (Eg —x) yyr + (y + 1gr)?

1
> ;IE — 2z + Cp?. (6.143)
This inequality extends to
1 ~ 2
do (r,2)” = ¢ |Eo — (2 -+ 8%Aw (0,E0) )| +Co™, (6.144)

by an appropriate redefinition of C. Thus we find for any ¢ € PH, [|¢| =

7

HFPaf,o (fp (z)) lPH > I’Gil[g)fp] ‘do (r,z) — ng‘

1
2

1 s ey
> inf z+8 Ao (0,Eg) — Eg| +Cp
refop] |16
1 ~
> o @R (0.F0) —Eo[ +Cot,  (6145)

provided g% < pY, p small enough. This finishes the Step 2.
From (6.142) and (6.145) follows now (6.124). O

Lemma 6.12 sets us in the position to approximate Xr, by

~ 1 g _
Rry (8) 1= 5= . dze #F, (z)7', t € Ry. (6.146)

This is the purpose of the following proposition.
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Proposition 6.14 (Effective Feshbach operator — II). Letp = g#, u € (0,2),
and pick v € (O, min (1,;4’1 - %)) Then, for all t € R, there is a Cg 14

1

HXrg (t) — Xr, (t) H < Cp 146787 (pl% +g%p*2(”+%)) . (6.147)

provided p~'g? is sufficiently small.

Proof. C denotes again a generic constant in R. From (6.100) and (6.101)
follows

[y ()= %, 1) 1 /FO az e ((Fe (Hg—2) ' = B 2)71))|

27

Ceos’'t (pl_" +gp_('/+%)) -/Fo dz pr (z)le .

IN

IN

We split I'y into the inner part defined by (6.68) and its complement in Ty,
denoted by I'y. The inner part may be estimated by (6.100) as

E(ﬁr%

/dx

4
Eo—3$

- -1 5
F, (x + cogzpv) H <Cln <2g2pV) . (6.148)

For I'§ we choose a straight line from Eg &+ 6/4 + icog?p¥ to Eg =+ dezim(@).
Hence, we get similarly to (6.148) using (6.145),

/rg)dz |Boe7] < Ch‘(jV)- (6.149)

The elementary inequality

1 1
Vk € Ry, Vre (0,1): In (r) <-r

yields for

min(y(l—v),l—y(v—i—%))

= 2(24puv) O

the inequality (6.147).

Remark 6.15. We pause for a moment to comment on the relative size of
the error terms in (6.147). Observe that

g2 313
i = gp 2 2]".
o

Thus, if u € (2/3,2), then the second term dominates the first one and
vice versa for y € (0,2/3). The two terms are of equal size if y = 2/3.
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The next step is to write the one—parameter family {}N(ro (1) }t g, Asasum
€

\
Xr, (£) = Yr, (t) +0(1), (6.150)
where
= 1 4
Yoy (1) = g | dee R, (B (=) (6.151)
1 Yo(bo) )
= = / dxe Mgy (Fp(x—ics))  (6.152)
Yo(a0)

e—itZg(Hf) 0
+( . O)

Provided the integral on the right hand side of (6.151) exists, we define the
operator zg (Hs) as the solution of the implicit equation

Eo+e fr—z—g*An (r,2) =0, (r,2) € [0,p] x Go, (6.153)

see (6.162). Here, Gy is the interior of the compact set Gy, enclosed by the
curve 'y UTy = 9Gy, with

Io:= {—iq; + {EO — Cos (Im (g)) é,Ep + cos (Im (g)) (S] } . (6.154)
First, we establish a refined version of (6.150).

Lemma 6.16. Let p = gV, u € (0,2) and pick v € (O,min (1,;4’1 - )) .
Then, there is a Cg16 € Ry, such that

%y () = Yr, (8] < Coae (802 +e7%) . (6.155)

NI—=

Proof. Recall, that the inverse of fp (z) is given by

B =0n, (F@) K70, (@) +Ri(), (6156
with )
Ri(z) = (Pat,lﬁp (2) Pat,l) .
By (6.121) we have

Qryy (P (@), @, (B (2) = Pao + 0 (30),
for all z € I'y and moreover by (6.115)
Hﬁl (z)H <co .

This bound extends to Gy by a computation which is analogous to the one
leading to (6.187) and (6.188) in Lemma 6.20. Since R; (z) is holomorphic
in Gy we may deform the contour as
1 Re(7o(bo))
—itz _ 1 / —it(—ie) R (x — ics)
dze 1(2) i dxe 1 (x —ics)
Re(7q(a0))

and hence (6.155) follows. O

27mi Jr,
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We estimate now the contribution of the integral in (6.152).
Lemma 6.17 (Spectral distance — Ty). For all z € Ty we have

- -1
Fry (Fr(x—ics)) | <C (6.157)

Proof. As in the proof of Lemma 6.12, see (6.136,6.137,6.138), is

Fryo (Fp (2)) = Aoo (Hy,2) + O (pg? + g*) . (6.158)
Moreover,
- 2 e 2
’Aoo (r,z)( =dp (r,z + g% Ago (0, E0)> >C>0. (6.159)
Hence, for sufficiently small p follows (6.157). g

Lemma 6.17 implies

Yo(bo)

dx e—it(x—icé)FP .
at,

- -1
(Fp (x — iq;)) < Ceteo. (6.160)
0(40)
The construction of zg (Hy) is the goal of the following proposition.

Proposition 6.18 (Construction of zg (Hg)). Let p = g¥, u € (0,2), r €
[0, p] and pick v € (0, min (1,;1’1 - %)) For sufficiently small g there is a
unique zq (r) € Go, such that for

gr (z) ;= Eg+ e %r —z— ¢®Ago (1,2), (6.161)
qr (20 (r)) = 0. (6.162)

Moreover, the map
(0,0) 37— zo(r) (6.163)

is analytic and bounded in [0, p]. In particular, zq satisfies
z0(r) = Eg+e °r — g*Ago (0, Eo) + O <g2p> . (6.164)

Proof. We construct first zg (r) for a given r € [0, p] by Rouché’s theorem
and conclude the analyticity of (6.163) by the analytic implicit function
theorem.

Let r € [0, p]. Define

fr(z) :=Ep+ e Cr—z— g21~\00 (r,Ep), Vz € Gy. (6.165)
For all z € dGy we have
|fr (2) =4 (2)] gl (r,2)||Eo — 2
& (r2)| (Ifr (2)] (6-166)
+¢? ]7\00 (r, Eo)] +8%p ]6’5\) :

IAIA
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Observe now, that analogously to (6.140) and (6.144) combined with (6.159)
fr (z)| > Cg%, (6.167)

for all z € dGy. This implies for sufficiently small g,

fr (2) = ar (2)| < CLp 7" |fr (2)| < |fr (2)], V2 € 3Gy (6.168)

As f, and g, are analytic in Gy, it follows by Rouché’s theorem that g, has
as many zeros as f; in Gg, with the same multiplicity. The existence and
uniqueness follows now from

£ (Eo +efr— g?Ago (1, EO)) -0, (6.169)

since N
Eo+e r— g*Ago (1, Eg) € Gy, (6.170)

and because this is the only zero of f, in Gg. One easily observes that
(0,0) x Go > (r,2) + qr (2) (6.171)

is analytic in both arguments and that the derivatives do not vanish for
sufficiently small g. It follows from the analytic implicit function theorem
that (6.163) is analytic. Finally, by (6.136) and (6.133,6.134,6.135) we have

qr (z) = (EO +e ¢ —z—g%Ag (0, E0)> (1 — %h (r,z))
+82 (Aco (0,E0) = Aco (1, Eo) ) (1= ¥ (r,2)) (6.172)
+g%Crh (r,z) + §*M (r,2) .
Note, that this expression is meaningful for all z € Gy. Setting z = zo (),
the left hand side vanishes and since / (r, z) is uniformly bounded we have

¢%h (r,z9 (r)) # 1. Hence, we arrive at the relation (6.164). From (6.172)
follows moreover that z; is bounded on [0, p]. O

Proposition 6.18 allows now to define z( (Hy) by functional calculus and it
follows

qm; (20 (Hg)) = 0. (6.173)

The residue theorem implies then (6.152). We summarise these results in
the subsequent theorem.

Theorem 6.19 (The effective dynamics - I'g). Let p = ¢*, € (0,2), and
pick v € (O, min (1, pt— %)) Forall t € Ry and sufficiently small g holds

HXro (f) _ e—itz[](Hf)

< et oo (' 4 ghp d 7)),
(6.174)

Proof. The inequality (6.174) readily follows from (6.152), Lemma 6.16,
Proposition 6.18, (6.160) and Proposition 6.14. O
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After having established an effective time evolution pertaining to the atomic
level Ey, we now turn to the investigation of the excited state, E;. To this
end we start with the following lemma.
Lemma 6.20 (Spectal distances - I'1). Let p = ¢*, i € (0,2) and pick

v E <O,min (1,;4’1 — %)) For any z € Ty, Fp (Hg —z) and Fp (z) are

invertible on P'H and there are Cg 0, Cgo0 € R, such that

HFP (Hg - Z) 71” < gZPV_’C_6|§O_E1|, (6.175)
and B
pr (z)—1H < gzpvﬁio—Eﬂ (6.176)

provided g%~ is sufficiently small. Moreover for some C € R,
|Fo(Hg=2) ' =) || < (o' 20~ D) B (2)7Y||. 6177)

Proof. C denotes again a generic constant in Ry. We start again with
estimtates of dy (r,z). Let r € [0,p], z € Ty, such that |[Re (z) — E1| < §.
Then, by definition Im (z) = c1¢%0". We compute

di(r,2)? = (Re(z) = Ex—myr)* + (Im (2) + 177)
= (Re(z) — E1)? — 21,7 (Re (2) — Eqp) + e 2Re(@y? 4 Im (2)?
+2r1yIm (z)
——

>0

> (e—Re@r — cos (Im (€)) (Re (z) — El))2 +1Im (z)?
+(1-1}) (Re(z) — E)?
> (1-73) 2= E1f + 1}im (2)°
> C(©) (- Eaf + nicdg*o®)
2
> C () (|z —E|+ nlclgzp"> ) (6.178)

for some generic {—dependent C (¢) > 0. Assume now r € [0,p], z € I'y,
such that [Re (z) — E1| > ¢. Then,

Im (z)| < |Re(z) — Eq].

Since .
dr (r,2) = 2= Bt = || p = 5 |2 — Ex| + %", (6.179)

provided g is sufficiently small, the inequality (6.178) extends to I';.
Next, we consider

A1y (r,z) = Ep+eSr—zg%Ay (1,2) (6.180)
Ay (r,z) = Ep4e%r—2¢°A1 (0,E1), (6.181)
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where
[e¢] k .
A (r,2) = /dk E) fe(é’) (eri If;)— SXr<ps (6.182)
0
and
fe (k)= e (k) f(K) =R |(G)oy (R (6.183)

Write now a := Re (z) — Ep, b := Im (z). We intend to prove
dist (z, Ag}g) >C (&) >0, (6.184)

for all z € Ty. By redefining 7 := e~Re(¢)r, we may set for this consideration
Re (¢) = 0. This yields

do(r,2)> =P +a® + 1> — 21qra + 21,rb. (6.185)
Observe, that this function has a minimum at
1o (z) := 14 — 174b. (6.186)
Then
do (r,2)> > a® -+~ (8 — 170}/)2 (6.187)
= q%a2 +173b% + 2111 ab.

Since z € I'y, we have a > 25 and b > —#,,0. Hence,

do (r,2) nga® — 2n3n,6a
‘72’1% (1—mny)

46’3 (1 —1,) > 0. (6.188)

vV IV oIV

For any r € [0, p) we compute
A (rz) — An(0E)

b Xk4r>p Xk>p
= dk fz (k —
0/ fg()<E0+e§(r+k)—z E0+e§k—E1)

& 1 Xk>p
= dk f= (k - z
0/ fe ( )Xk+72p <E0+65(r+k)—z E0+e§k—E1>

(9]

/d fe (k) Xik+r>pXk<p
Eo+eb(r+k)—z

7 fe (k) (z—Eq — e’gr)
+ [ dx Eretoih o Erewny ¢
Hence,
A11 (T,Z) — Avll (7’,2)

= —& (A (rz) — A (0,Er))
= —¢%By(r,2) + & <E1 +e br— z) B, (r,z) (6.190)
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where

k) Xkr>pXk<p
B (7, = /d 6.191
1(r2) Eo—i—effr—f—k)—z ( )

/dk fe (k)
E0+€ g(1’—f—k) )(Eo—i—e—@k—El)'

By(r,z) := (6.192)

Note that by (6.188) and the definition of f¢, (6.183),

VzeT,0<r<p: |Bi(r2)]<Cp* |[Ba(r,z)|<C.  (6.193)
This leads to

An(r,z) = (E1 +e r— z) (1 +¢°B, (r,z)) —¢°By (1,2), (6.194)

and using (6.178) thus for allz € 'y, r € [0, p|:

|A11 (1’,Z)|

v

’El e br — z’ (1 - ng) — Cg%p?

C (|1 —2 +8%"). (6.195)

v

We again want to construct the inverse of Fp (z) on the range of P for all
z € I'1 using the Feshbach isospectrality. Therefore, we define

_ > ) -1
Ro(z) = (EO e CHP — 2 — ¢*Ago (Hf,z)) ) (6.196)

which exists by (6.188) for all z € I'; analogously to (6.113) and is bounded
by
Hﬁo (2) H <cs (6.197)

Thus,
Foyy (Fr(2)) =
Eo+e HPy1 —z — §*Aoo (H, 2) (6.198)
~8%Pat1d ((Ge)19) ParoRo (2) Pasod ((Ge)y ) Paea (6199)

is well-defined and we obtain the inverse of Fp (z) by

B = Qn, (@) e, (B (2) G, (Fo(2)
+PagoRo (2) Pago, (6.200)

with

Qpatl (F‘P (Z)) Pat,l - EO (Z) Pat,O(;i) ((G§)01> Pat,lr (6-201)
Qpatl (Fp(2)) = Pa1— Pa1d ((Gg)m) PwoRo (z),  (6.202)

iff Fp,, (Fp (2)) is invertible on the range of Py1. The statement follows
now by similar arguments as in Lemma 6.12. O
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After having established the spectral distance formulas (6.175,6.176,6.177),
we proceed as for I'g. We start with an analogue of Proposition 6.18. To
this end, we introduce G; as the interior of the compact set Gy, enclosed

by the curve I'y U I, = 9G, with

o (- on(§) s ()}

Proposition 6.21 (Construction of zq (Hg)). Let p = gV, u € (0,2), r €

[0, p] and pick v € (0, min (1,y‘1 - %)) For sufficiently small g there is a

unique z1 (r) € Gy, such that for

pr(z) = Ey+e %r —z—¢?Aq1 (r,2), (6.204)
with )
T e K2 |(G)gy (e7%K)|
A dk 2
n (1) / Eg—i—e@ +k)—z' (6205
the equation
pr(z1(r)) =0 (6.206)
holds. Moreover, the map
(0,0) 51— 21 (1) (6.207)

is analytic and bounded on [0, p]. In particular, z| satisfies
z1(r) = Ey+e °r—g*Aq1 (0,E;) + O (gzp) . (6.208)

Proof. Note that (6.188) implies that A11 (r,z) is analytic in z, uniformly in
r € Ry . Define for r € [0,p] and z € G,

fr(z) = Ey+e%r —z—g*Aq1 (1, Eq). (6.209)

Then, for some generic C € R, we get similarly to (6.166), (6.167) and
(6.168),

@)~ £ @ < g Au(r2)— Au (B
< ¢ (sup if\n (r,2) ) |z — E4
ZGGQ
< @ (Ifr @I+& [Au (n )| +g% e ™))
< Cgo ' |fr (2)]. (6.210)

Moreover, for sufficiently small g,
Er+e fr —¢*An (1, E1) € Gy,

and this is the only zero of f,. Hence there is a unique z; (r) € Gy, such
that

pr(z1(r)) =0. (6.211)

O
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Again, for small g, the analytic implicit function theorem implies the ana-
lyticity of (6.207). Also, analogously to Proposition 6.18 one obtains (6.208)
and the boundedness of z; on [0, p].

Remark 6.22. (i) Note that in contrast to Proposition 6.18, the construc-
tion of z; according to Proposition 6.21 involves {-dependent objects, and
thus z; depends on ¢.

(i) We do not use Im (7\11 (r,z)) < —const.

We omit now repetitions of Proposition 6.14 and Lemmata 6.16, 6.17 for
I';, because the same arguments can be used. Instead, we state the final
result in the following theorem.

Theorem 6.23 (The effective dynamics — I'y). Let p = g¥, u € (0,2), and
pick v € (O, min (1, pt— %)) Forall t € Ry and sufficiently small g holds

[xe, (6 =] < 0 (e g s (o7 4 g2 21D ).
(6.212)

6.3 Beyond the van Hove Timescale

In this section we give a brief outlook on how to establish an iteration of
our analysis. We only present heuristic ideas, not rigorous results. The reg-
ular domains, I, provide exponentially decaying error bounds, which
are small for any timescale 7, = t¢", € € [0,1), n > 2, n € IN. Therefore,
we restrict the discussion to the singular domains, I'y, £ =0, 1.

The construction of the previous section is based on the replacement of

P(Hgz—2z) 'P

by the Feshbach map, which in turn is approximated by fp (z)fl. In order
to obtain finer estimates, we propose to employ the spectral renormalisa-
tion group based on the (smooth) Feshbach map originally introduced by
Bach, Frohlich, and Sigal in [BFS98b] and later generalised by these and
Chen in [BCFS03]. We recall from [1] that the image under the Feshbach
map,

Fp (Hg — z) = PHgP — zP — g*PWD (PHgP — zP) ' PWP,

can be written as a power series in annihilation and creation operators by
. 517 5 5\ 1. Lo
expanding (PHyP —zP) ~ in a Neumann series, i.e.

Fp (Hg - Z) = Z Wi,m (Hf/ Z) ’

n,m>0

where W, ,, (H, z) is a Wick monomial with n creation and m annihila-
tion operators. We assume the Wick monomials to be normal ordered,
i.e. all creation operators are moved to the left and all annihilation oper-
ators are moved to the right, using the CCR, 6.11. Then, one can inter-
pret Fp (Hy —z) as renormalised Hamiltonian, which however depends
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non-linearly on z. This means, that one singles out a renormalised free
Hamiltonian, which is formally given by

H(()l) (Hf, Z) = W(),O (Hf,Z) ,

i.e. PHyP plus the contractions resulting from normal ordering, see [BCFS03,
Thm. 3.6]. The lowest order terms in the coupling constant of the operator

Hél) (Hg, z) are given by
H{Y (Hy 2) = PHoP — 2P — g2, (Hy,2) + O (g)

Therefore, the singularities in the integral,

-1
78 (t, Hy) : /dze*”z Hy" (Hy 2))

give rise to an analogue of exp (—itz;(Hg)), containing all orders of con-
tractions, not only the lowest. Then, one reduces the state space of this
renormalised Hamiltonian by applying the Feshbach map with projection
P :=1[H; < p?] to the Feshbach pair

1
(Fp (Hg —2), H" (Hy,2)),
where Fp (Hy — z) is now given as a normal ordered expression. Note that

[Hg" (e 2),1 [He < p?]] =0,

For this new operator one again applies normal ordering and obtains a
new renormalised Hamiltonian, whose interaction is smaller than p*, for
some a > 0, as was shown by Bach, Chen, Frohlich, and Sigal. Therefore,
we expect that the spectral distance estimates of the present paper can be
improved by some power of p. Then, the contour of the first step, I' = T'1)
can be deformed to a contour, I'?), which is closer to the spectral points
E;, £ =0,1. Again, we expect that the singularities in

23 (4, Hy) : /dze*”z Y (Hy,2))

yield an effective dynamics, which approximates the projected dynamics
P@X (t) P? on a larger timescale than the van Hove timescale. Eventu-
ally, we hope to establish a renormalisation group analysis of the dynamics
based on an iteration of the above. The steps described above are the first
in an infinite sequence which has to be controlled inductively.

We close with a remark about the normal ordering and its relation to
the spectral averaging in the theory of the weak coupling limit. The weak
coupling limit due to Davies involves a spectral averaging of the generator
of the effective dynamics. For A € B (Ha,¢) one has

T—o0

T
(A)y, = lim % / dt e'tHat A~ itHat = V"9 [Hy = E¢] A1 [Hae = Ef].
14
0
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In our approach there are also field degrees of freedom contributing to
the WCL and it is a priori not clear how the spectral averaging can be
generalised to this case, [Dav80]. The Feshbach map Fp (Hg — z) can be
written as

] p . n
Fp (Hg — z) = PHoP — zP + gPW Z%) KHO_Z) P(—g)W} P,
n=

and the normal ordering of the last term can be expressed by the formula

T = n
)1 itH - P \p(_ —itH
Tlgr;o{To/dte gpw,;]KHo—Z)P( g)W] e ,

which is a spectral averaging w.r.t. Hy, [BCFS03].
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