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Abstract

We derive a new rotational Crofton formula for Minkowski tensors. In special
cases, this formula gives (1) the rotational average of Minkowski tensors defined
on linear subspaces and (2) the functional defined on linear subspaces with
rotational average equal to a Minkowski tensor. Earlier results obtained for
intrinsic volumes appear now as special cases.
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1 Introduction

Minkowski tensors are an important morphometric tool in the analysis of shape
and orientation of spatial structures. They have been used with success, mainly in
material science [1-3] but there are also examples from the biosciences [4]. In the
imaging literature, Minkowski tensors are called moments; cf. [5].

These application examples have in common that the structure of interest can be
studied directly. However, in some cases the structure is only available via sections or
projections. In [6, 7|, formulae of Crofton type are derived for Minkowski tensors. It is
shown that integrals of Minkowski tensors on k-flats (k-dimensional affine subspaces)
in R? with respect to the motion invariant measure on such flats can be expressed
as linear combinations of Minkowski tensors evaluated on the original set. These
results build on the work of Alesker [8, 9] and its extension in [10].

In the present paper, we derive a rotational Crofton formula for Minkowski
tensors. This formula concerns integrals of Minkowski tensors on k-subspaces (k-
dimensional linear subspaces) in R? with respect to the rotation invariant measure
on such subspaces.

The motivation for deriving rotational formulae comes from local stereology [11],
where the aim is estimating quantitative properties of spatial structures from sec-
tions passing through fixed points. Local stereology is widely used in the biosciences.
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The rotational Crofton formula for Minkowski tensors can be used to derive local
stereological estimators of Minkowski tensors. Furthermore, the new identities gen-
eralize results in [12-14] obtained for Minkowski tensors of rank zero, i.e. intrinsic
volumes.

The paper is organized as follows. In Section 2 we review the definition of
Minkowski tensors. Integrated versions of Minkowski tensors are introduced in Sec-
tion 3. In Section 4, it is shown that a genuine rotational Crofton formula holds for
these integrated Minkowski tensors. This formula is an important tool in the deriva-
tion of the new geometric identities, also presented in Section 4. In Section 5, explicit
formulae for the integrated Minkowski tensors are derived. Section 6 describes the
use of the new geometric identities in local stereology while Section 7 summarizes
the results for tensors of rank two in R®. The paper concludes with a discussion of
the results and open problems.

2 Minkowski tensors

Let X C R? be a convex and compact subset of R%. Let r be a non-negative integer.
The volume tensor of rank r is then defined by

Bo(X) = - /X 2 Ag(da), 2.1)

Y

where )\ is the Lebesgue measure in R?. The notation z" is short for the tensor
r® -+ ®x with r factors. Note that ®,4,0(X) oc E(Y") where Y is a uniform
random point in X.

For £k =0,...,d — 1 and non-negative integers r and s, let
Wd—k
Dp, (X)) = ——— U A (X, d(x,u)), 2.2
B, ( ) 7! s!wd_k+5 \/Rdxgd—l k( ( )) ( )

where wy = 27%2/T(d/2) is the surface area of the (d — 1)-dimensional unit sphere,
S 2u® is the symmetric tensor product of z” and u®, and Ag(X, ) is the kth
support measure or generalized curvature measure of X, k = 0,...,d — 1; see |15,
p. 253|. Note that for s =0

Do X) = = / 2B (X, da),
rl Jx
where &, (X, ) is the kth curvature measure of X, k = 0,...,d. For r = s = 0,
we have ®; 09 = Vi, where V}, denotes the kth intrinsic volume, £k = 0,...,d. For
further details; see [16].
The measures Ag(X,-), k =0,...,d— 1, are concentrated on the normal bundle

NorX of X which consists of all pairs (z,u) where x € 0X and w is an outer
unit normal vector of X at x. For this reason, the tensors defined in (2.2) are called

surface tensors. In fact, Ax(X, -) has the following integral representation for a Borel
set A C R% x §-1

Ak(X, A) — 1 Hie[ K/i(‘r7 U’) Hd

Z d-1 / 2
Wd—k J AnNorXx I|=d—1—k [Ii V14 k{2, u)

2

Hd(z, u)),



where the sum runs over all subsets I C {1,...,d — 1} with d — 1 — k elements,
ki(z,u), i = 1,...,d — 1, are the generalized curvatures at (z,u) and H? ! is the
(d — 1)-dimensional Hausdorff measure.

If 0X is a regular hypersurface of class C?, then (2.2) reduces to

Wd—k
b, (X)= — " O, (X,dx),
reX) = P [ e (X,

where u(z) is the unique outer unit normal vector of X at x. For such smooth X

®(X, A) = ! /Amax > I ri@) 1 (da), (2.3)

Wd—k [I|=d—1—Fk i€l
where A C R? is a Borel set and x;(z), i = 1,...,d — 1, are the principal curvatures
of X at x. For k =d — 1, (2.3) reduces to
D41 (X, A) = IHH(ANOX). (2.4)

Furthermore, ®4_1,0(X) o< E(Y") where Y is a uniform random point on dX and
D41,0,5(X) o< E(U?) where U is the unique outer unit normal vector at a uniform
random point on 9.X. The surface tensor ®,_1 o has been studied in a stereological
context in [17].

The tensors defined at (2.1) and (2.2) constitute the Minkowski tensors. They
are tensor-valued valuations, continuous with respect to the Hausdorff metric and
isometry covariant. For the definition of isometry covariance and further results on
Minkowski tensors; see |6, 7] and references therein.

3 Integrated Minkowski tensors

In this section, we will introduce integrated Minkowski tensors for which a genuine
rotational Crofton formula holds. These tensors are weighted averages of tensors
defined on j-flats. Integrated Minkowski tensors appear to be the natural tool in the
development of rotational integral geometry for Minkowski tensors. Also, there are
some interesting new tensors in the class of integrated Minkowski tensors, which are
not isometry covariant.

Any j-flat (j-dimensional affine subspace) F; in R? can be written as F; =
x + L; where L; is a j-subspace, i.e. a j-dimensional linear subspace, and = €
L]*. By d(Fj,0) we denote the distance of F; to the origin. We have d(F},0) =
d(z + L;j,0) = |z|, where | - | is the Euclidean norm. The element of the motion
invariant measure on the space .7-"Jd of j-flats in R? can be decomposed as dF; d —
Ad—j(dz)dLY where dL{ is the element of the rotation invariant measure on L9, the
set of j-subspaces in Rd and, for given L; € E , Ad—;j(dz) is the element of the
Lebesgue measure in LjL. The total mass of dL;l is chosen to be

where




Definition 3.1. For 0 < k< j<d,t>j—dor0< k< j=d,t>0 and
non-negative integers r and s, the integrated Minkowski tensors are
o

k,r,s k,r,s

(%)= [ #UX 0 R 0)ar,

and

. F;
O (X) = /f %) (X 1 F))d(F;, 0)'dFY,

J

where the integrands @fr{) (X NF}) and <I>(Fj)(X N F;) are calculated relative to F;;

s 7,7,0

cf. [7, Sections 2 and 3/.

The condition ¢ > j —d ensures that @i’fr,s (X) is well-defined. In fact, if t > j—d
then

/ 1{X N F, # 0}d(F;, 0)dF? < oo
5

and Py, (X N Fj) is uniformly bounded as a function of F}.

Note that the classical Minkowski tensors are integrated Minkowski tensors with
t = 0 and j = d. More generally, for ¢ = 0 these integrated Minkowski tensors
are simply averages of classical Minkowski tensors defined on j-flats. Such averages
have been studied in depth in |7] where it is shown that for ¢ = 0 the integrated
Minkowski tensors are linear combinations of the classical Minkowski tensors. In
particular, it follows for t = 0 and 0 < k < j < d — 1 that, cf. [7, Theorem 2.4
and 2.5],

q’i’,?n,s(X) = adjksParrk—jrs(X), s€{0,1}, (3.1)
O 0 (X) = caj®aro(X). (3.2)

The constant of proportionality a4 ks is for 0 <k < j <d—1and s € {0,1} given
by

B (J—DUd+k —5)! Warh—jtsso
QAd, jk,s = Cd—1,j—1 k’!(d — 1)! .

Wk+s+2
Note also that (3.1) with s = 0 and (3.2) are direct consequences of the Crofton
formula for curvature measures; see |15, Theorem 5.3.3|.

The integrated Minkowski tensors fulfil

7t (RX) = R®)' (X), forall R€ Oy

k,r,s k,r,s

where Oy is the orthogonal group in R?, and the right hand side involves the natural
operation of Oy on the space of symmetric tensors of rank r + s. However, they are
not isometry covariant in general. For instance, for r = s = 0,

Fhno(X) = /f Vi(X N F)d(F;, O)'dF

depends for ¢ # 0 on the choice of the origin and is therefore not translation invariant.
Note also that
@J?t

k,r,s

(aX) _ ak—i—r-ﬁ-t-&-d—jq)j:t

k,r,s

(X),
SO @f;’;s is homogeneous of degree k +r +t+d — j.
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4 A rotational Crofton formula

We will now show a genuine rotational Crofton formula for the integrated Minkowski
tensors.

Proposition 4.1. For 0 < k < j <p <d, t > j —d and non-negative integers r
and s, we have

. 1 .
B0 = [ el nLar (4.1)
v Cd—j-1p—j—1 Jcd 7'
For j =k, (4.1) holds for s = 0.
Proof. We use the following decomposition
d(F;,0)%
d __ ) d
dFy = b L it AR dFy dLy, (4.2)

Cd—j—1p—j—1

0 <j<p<d,;see |15, p. 285]. We find

Oy (X) = /fd o) (X N Fy)d(F;, 0)'dF?
1 (F5) d—p+t 3 pp 374
= | [ e (X E)d(F, 0y rHaFr L]
Cd—j—1,p—j—1 Jcg JF?
1 :
- / L P (X N L,)dLY,
Cd—j—1p—j-1 Jed 7
The second statement is proved in exactly the same manner. O]

Proposition 4.1 does not directly provide rotational formulae for the classical
Minkowski tensors since the maximal possible value of 7 in Proposition 4.1 is d — 1.
However, by combining Proposition 4.1 with equations (3.1) and (3.2), we can derive
rotational Crofton formulae for all classical Minkowski tensors @y,  with s € {0, 1}.
In this sense, the situation is not more complicated than in [7]|, where affine averages
of classical Minkowski tensors are considered. Here, these affine averages are again
classical Minkowski tensors only for s € {0, 1}.

First, we derive a result for a rotational average of a classical Minkowski tensor.

Corollary 4.2. For s € {0,1} and t = p — d, the result in Proposition 4.1 reduces
to

[ B0 A L) arg = et g i) (1.3
cd Ap,p—qm—q,s
forO0<g<m<p<d.
Ifm=pands=0, weget for0<qg<p<d
/ O (X N L) dLd = o0 Lal groapod ). (4.4)
cd Cpp—q v



Proof. Combining Proposition 4.1 with equation (3.1), we find

1
/ o) (XN L,)dLl = ——— / P (X NLy)dLY
g Ap,p—q,m—q,s J £d
Cd—(p—q)~La=1 gp—qp—d
= UL g (X)),
Ap.p—gm—q,s

The second statement is proved in exactly the same manner. O]

Example 4.3. For d = 3 and p = 2, we obtain

1
/E 3 OS2 (X N Ly)dL3 = = By (X), (4.5)
2
e 1 D((s+3)/2)
+ B
) (X A [)dL3 = —— 2T ONE) gl 46
/ﬁ3 1,7‘,5( 2) 2 ﬁr((8+2)/2) O,T,s( ) ( )

for s € {0, 1}. Explicit forms of the integrated Minkowski tensors appearing on the
right-hand sides of (4.5) and (4.6) are given below in Example 5.2 and Example 5.4
for s = 0. ]

Note that for r = s = 0, the left-hand side of (4.3) takes the form of a rotational
average of an intrinsic volume

/dvm(XmLp)dLg, m=1,...,p—1.
ﬁp

These rotational integrals have been studied in detail in [12, 14]. The main result in
[12] is that under mild regularity conditions

1
/vm(XmLp)dLg: / 2|7 N Qplwu, Ap)
L NorX

d Wy—
P p—m [I|=p—1-m

y Hie] ”i@’ U)
15 /1 + K2z, u)

where the sum in (4.7) is over all subsets of {1,...,d — 1} with p — 1 — m elements
and Ay is the subspace spanned by the principal directions a;(x,u) with ¢ ¢ I. The
function @), is defined via an integral over all p-subspaces containing the line through
the origin spanned by x. Later, in [14], it was shown that (), is a linear combination
of hypergeometric functions. In Section 5 below, we extend the result (4.7) to the
case of tensors with an arbitrary non-negative integer r and s = 0.

From an applied point of view, it is in fact more interesting to find the func-
tional defined on the subspace L, whose rotational average equals a given classical
Minkowski tensor. This problem can again be solved for s € {0,1} by combining
Proposition 4.1 with equations (3.1) and (3.2).

HT N (A(2, ),  (4.7)



Corollary 4.4. For s € {0,1} and t = 0, the result in Proposition 4.1 reduces to

1
(I)d—‘rm—p,r,s(X) = ( 1 ) /ﬁd q)fn qqdrép(X NL )de (48)
q

Qd,p—q,m—q,s Cd—(p—q)—

forO0<g<m<p<d.
If m=p and s =0, we get for 0 < qg<p<d

1
Dypo(X) = - 1/£ et (X N L,)dLe. (4.9)
q

p—q,r,0
Cd,p—q Cd—(p—q)—

Proof. Combining Proposition 4.1 with equation (3.1), we find
/Ed (ng qqdrsp(X NL )dL = Cd—(p—q)—1,g— 1<Dm qrs(X)

= Qdp—qm—q,sCd—(p—q)—1,0-1 Patm—pyr,s(X)-
The second statement is proved in exactly the same manner. O

Example 4.5. For d = 3 and p = 2, we obtain

1
Ds,0(X) = o / @}:i,O(X N Ly)dL3, (4.10)
T ,C%
and .
Dy, (X)) = 27T(5—|—2) / Dy, (X N Ly)dLS, (4.11)
‘62

for s € {0, 1}. Explicit forms of the integrated Minkowski tensors appearing on the
right-hand sides of (4.10) and (4.11) are given below in Example 5.2 and Example
5.6 for s = 0. n

If we let 7 = s = 0 in Corollary 4.4, then (4.8) reduces to

1
Viem—p(X) = - 1/E Qb EP(X N Ly)dLe.
q

,0,0
In particular, for ¢ = 1 we get for m > 1

1 —1d—
Vism-o(X) = ——— [ arpeen, .

Qdp—1,m—1,0

where
WHX L) = /f Vs (X 0V Fy)d(Fpe, O) P

This is the main result in [13] where explicit expressions for ®?'}* ‘0.0 are given for

pldp

m = p,p— 1. In Section 5 below, we extend these results to @}, "}

non-negative integer r.

One of the advantages of using the integrated Minkowski tensors and the rota-
tional Crofton formula that holds for these tensors is that, the problem of finding
rotational averages of Minkowski tensors (Corollary 4.2) and the problem of finding
functionals with rotational average equal to Minkowski tensors (Corollary 4.4) can
be given a common formulation.

for an arbitrary



5 Explicit expressions for integrated Minkowski
tensors

5.1 Volume tensors

In this subsection, we will indicate what kind of geometric information the integrated
volume tensors carry about the original set X.

Proposition 5.1. For 0 < j <d, t > j—d and r a non-negative integer,

t+d—j\p(d
@2 4(X) = ﬁﬁ% [ el

2

Proof. Applying |11, Proposition 3.9] componentwise, we find

HIt

7,7,0

(X) = / a")(X 1 F)d(F;. 0)'dF

= // d(F}, 0)'\j(dz)dFy
FiJXNF;
== / / / 2" y|"Aj(dw) Ag; (dy)d LY
s Jed Jrk Jxn+Ly)
= // "Ip(x|L;) [ Aa(dx)d L]

=/ x|z M %dm] Aa(dz)

_7’!

cay P(HFH0(E)

- | alalthatdo)

2

O

Example 5.2. For d = 3, j = 1, and t = —1, Proposition 5.1 gives an explicit
expression for the integrated Minkowski tensor @%; o(X) appearing in (4.5). We find

2 r
ol (X zl/iA dz).
1,7"70( ) rl < ’[IZ" 3( [L’)
For d =2, j =t =1, Proposition 5.1 gives an explicit expression for the integrated
Minkowski tensor @%:71“70()( N Ly) appearing in (4.10). We find

2
(I)Ho(X NLy) = i / z"|x| Ao (de). =
T JXNL,

5.2 Surface tensors

In the proposition below, we give an explicit expression for the integrated Minkowski
tensors

PPap-d( x) (5.1)

m—q,r,s
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appearing in Corollary 4.2 in the case m < p. These tensors depend on a parameter
¢ that can be chosen freely within the range 0 < ¢ < m. In the proposition below,
we take ¢ = 1. The result in Proposition 5.3 holds for s = 0 and is a generalization
of the main result in [12].

Proposition 5.3. Suppose that O ¢ 0X and that for almost all L, € [,Z,
(x,u) e Nor X, z € L, = u L L,
Then for 1 <m < p <d, we have

1

ap,pfl,mfl 0

1 x"
- T A
r!wp_m/NorX e 2 Gl An

[I|=p—1—m

m,r,0 (I)Z’L 11pr(;i(X)

/ O (X N Ly)dLd =
L

d
P

Hie[ Ki(z, u) d—1
X HH(d(x,u)),
TRV A

where the sum runs over all subsets I of {1,...,d—1} with p—1—m elements and
Q) is explicitly given in [14).

Proof. Under the stated regularity conditions, we can apply a local version of the
main result in [12, p. 558]. We have for any integrable function h

Wy m/ /L z) B (X N Ly, dx) ALY

_ h(-T> o Hie[ KJZ'(ZL',U) 1 .
e B, X e A S )

Since

/ O (X N Ly)dLd = / / oL)(X N Ly, dz) dLe,
cd cd JL,

the result of the proposition follows by choosing each element of 2" restricted to X
as h(x). O

Example 5.4. Using Proposition 5.3 with d = 3, p = 2 and m = 1 we obtain for
s = 0 an explicit expression for the integrated Minkowski tensor ®¢7 (X ) appearing
in (4.6). We have I =), A; = u* and

0,r,s

Qp(z,u, Ay) = mF (=1, 1 1;sin Z(z, u)) = 2E(|sin £(z, u)|, §),

where Z(z,u) € [0, 7] is the angle between x and u, F'(a, b; ¢; z) is the hypergeometric
function defined at [18, eq. 15.2.1], and E(p, k) is Legendre’s incomplete elliptic
integral of second kind; see [18, eq. 19.2.5]. See also [12, p. 541]. It follows from

Proposition 5.3 that, when X is smooth,

2 '
LX) = —/ T B sin Z(z,w)], 2y (d). .

!l Jox |7]



In Corollary 4.4, we are interested in an explicit expression for

PP M L), (5.2)

m—q,r,s

where again ¢ is an integer that can be chosen freely in the range 0 < ¢ < m.
The difference between (5.1) and (5.2) is that the t-parameter is non-positive in the
former, whereas it is positive in the latter. The case m = p in equation (5.2) has
been treated in the previous subsection, so we focus here on the case m < p. It
suffices to find an explicit expression for Pt (X)), where t is a positive integer.

m— 1 TS
In the proposition below, we give the solution form=d—1ands=0.

Proposition 5.5. For a non-negative integer r and a positive integer t

></ o' F (=%, =1 isin® Z(z,u) Agoi (X, d(z,w)). (5.3)
RdxSd—1

Proof. Suppose first that X is a regular hypersurface of class C?. Using [11, Propo-
sition 2.10] componentwise, we find

B o) = [ @0 P (oo, O AP
d—1

1 / 2"d(Fy_y, O)H" 2 (dx)dFY,

2rl Jra  Joxor,_,
d
Li

L] 2y () ()L
LY OXN(Lg—1+vy)

1

- /E
1
27"'/[;

-5 axx’[ [, etel i ptatl Lo L, [ ).

d
d—1

)

I bl L) Ao (AL
Lt JOXN(La 1+y)

"

T "ol Li_y)| Ip(w(@) | La-1) 17 (dw)d Ly

Using [13, Proposition 4] on the inner integral, we find
d— )
Py 0(X)

_ Wd—1 F(%) (
4l (L

?/ o[l F (=5, =4 S5t sin® Z(w, u(x)) H' (da).

By (2.4) this yields the claim for smooth X. The quantities appearing on both
sides of equation (5.3) are continuous with respect to the Hausdorff metric; see 15,
Theorem 14.2.2]. Any convex compact set X can be approximated by smooth convex
compact sets, hence the result follows. O

10



Using Proposition 5.5, we find for smooth X, that

w1 P(EE)T(E)
4 T

></ |:r;|d’pF (—%,—%;’%;sirﬁ A(x,u(x))) HP(dx).
A(XNLy)

QLY P(X N L) =

This is one of the main results in [13, p. 6].

Example 5.6. Using Proposition 5.5 for d = 2 and t = 1, we obtain for s = 0 an
explicit expression for the integrated Minkowski tensor @é:;s(X N Ly) appearing in
(4.11). We find

1
L (X 1 Ly) = F/R a7l F (=4~ disin L) Ay (X 0 Lo ().
. 2>< 1

Here,

F(—1 -1 Lsin?y) = cosy + ysinvy;
cf. [11, Example 5.10].

6 Applications to stereological particle analysis

In this section, we will briefly discuss how the new geometric identities can be applied
in the stereological analysis of particle populations. The geometric identities are all
of the form

/ a(X N Ly)dLe = B(X), (6.1)

L3

where either a or § may be a Minkowski tensor; see Corollaries 4.2 and 4.4. In the
case where 3 is a Minkowski tensor, the geometric identity gives the measurement
a to be determined in the section X N L, in order to estimate the Minkowski tensor
specified by £.

These results can be used to estimate the distribution of a Minkowski tensor
in a particle population from sectional data, thereby providing information about
the orientation and shape of the particles. Let us assume that the particles are a
realization of a marked point process W = {[z;;Z;]} where the z;s are the points
in R? and the marks Z; are convex and compact subsets of R?. For simplicity, we
assume that the marks are independent and identically distributed according to
some probability distribution P,, on the space, K%, of convex, compact subsets of
R?. The ith particle of the process is represented by X; = x; + Z;. Let = have
distribution P,,.

Our aim is to estimate the distribution of 3(Zy) from sectional data. Available
for observation is a sample of particles {x; + Z; : x; € W} collected in a sampling
window. It is possible to perform measurements on any virtual section =; N L,,. If L,
is an isotropic section, then

- - - Ly 1, _
B(a(Z; 0 L)[E:) = /E a(Zn L) = gy,

» Cdp  Cdp

11



The distribution of 3(Z,) can now be estimated by the empirical distribution of
{B(E;) : & € W}, where

N
Al Cd, —
B(Ei) = Wp Za(:i N Ly,;)

J=1

and L,;, 7 = 1,..., N, are replicated virtual isotropic sections. It is worth noting
that it may not be informative to estimate the mean tensor of a particle population.
For instance, for any isotropic distribution P,, the tensor E[3(Zy) will be a multiple
of @, which does not contain information about the shape of =.

7 Rank two tensors in R?

Let us summarize the results obtained for tensors of rank two in R3. It is known
that a basis of all continuous, isometry covariant tensor valuations of rank two in
R3 is

Q‘/j7 j:07172737

(I)]'72,07 .7 = 07 17 27 37 (71)

(Dj,U,Qv j = 172a

where @ is the metric tensor; see e.g. [7, p. 485]. For d = 3 and p = 2, Corollary 4.4
provides identities of the form (6.1) for the following elements of the basis: QV5, Q V3,
®y90 and P35 0. The explicit formulae for these identities are given in the first four
rows of Table 1. The remaining tensors in the basis (7.1) depend on local curvatures
except for ®949. They do not appear to be accessible on sections passing through
the origin; see also Section 8 below. However, as we shall see now, it turns out to be
possible to derive an identity of the form (6.1) for @5 5.

By Alesker’s theorem |9, Theorem 2.2] and homogeneity considerations we find
that

- q)éﬁ)g(x N F1)dF13 = [1QV2(X) + B2Pp2,0(X) + B3P20,2(X)
1

for some coefficients 5; € R, i = 1,2, 3. The coefficients turn out to be 5, = 1/16,
P = 0, and P35 = 7/4. We derived them solving the system of linear equations
resulting from Examples 7.1 and 7.2 below. In principle, the coefficients are also
given in [7], but we found it instructive to determine them through explicit examples.
By (4.2) we have

/@002(XmF1 )AF} = // O (X N Fy)d(Fy, O)dF2ALS,
Ly JF?

and hence the formula in the last row of Table 1 follows using the first line of Table 1.

Example 7.1. If X = B? is the unit ball in R? then V5(X) = 271, ®p20(X) =
P20.2(X) = (1/6)Q, and

Y ™
[ @ioxn rart = So .
7
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Table 1: Rotational integral expressions for Minkowski tensors of rank two in R3. Here,
B(X) = fﬁg a(X N Ly)dL3.

B(X) a(X O Ly)
QA (X) L QWUX PR, 0)ar;
Q(X) 3 [, @G0 Ryt 0)ar;
Dy 50(X) % /f 12 cpg 2(X N R)A(F, 0)dF?
Bs390(X) % / VI (X N R)d(F, O)dF?
By 02(X) /f (jcﬂ D (X NEF) — —QVO(X N F1)>d(F1, 0)dF?

1

Example 7.2. Let X = Ly N B3, where L is the plane spanned by the first two
standard basis vectors ej, ey of R®. So X is a 2-dimensional unit disk in R? with
normal e3. We obtain V(X)) = 7, ®ga0(X) = (1/4)(Q — €3), Pop2(X) = (1/4)e3,
and
T
/ DX N F)AF} = 1—6(Q +€3). n
F

1

8 Discussion

In the present paper, we have derived new rotational Crofton formulae for Minkowski
tensors. The dimension of the rotating subspace appearing in these formulae is 2 or
higher, see Section 4. In the case of volume tensors, it is also possible to derive a
rotational Crofton formula, involving rotating lines. Using polar decomposition in
R?, we have

/ (X N L)LY = B(X), (8.1)
cf
with

B(X) = Pgpro(X)

and )
a(XnL) == [ el (da).
T JXxnLy

As explained in Section 6, the measurement « can be used to estimate the functional
S. A natural question to ask is whether « is unique. This is indeed the case in (8.1) if
« is rotation invariant; cf. [19]. Whether this holds for the general geometric identity
(6.1) with p > 1 is the object of future research.
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In Section 7, we have studied rank two tensors in R? and found that QVa, QVs,
Dy 90, P320 and Pg 2 can be expressed as rotational averages with respect to planes.
The remaining rank two tensors in the basis (7.1) are QVp, QVi, Pp20, P12, and
®, 2. For convex bodies, which is the set class considered in the present paper, QVj
is identically equal to the metric tensor () and therefore not of interest in relation
to describing a convex body. The other rank two tensors depend on local curvatures
and do not appear to be accessible on sections passing through the origin. Modified
functionals may, however, be accessible. Let X C R?® be convex and compact with
smooth boundary. If we consider more general functionals of the form

R == [ S wdem(@pi),

instead of .

V(X = & / (o) + ra(o)] ),

™

where w;(x), i = 1,2, are weight functions, summing to 1, then the weight functions

may be chosen such that V; is accessible on sections through the origin, cf. [12, p.
547-548|. Note that

171(X) =W(X)+ % /ax (wl(x) — %) Ak(z) H*(dz),

where Ak(z) = ki(x) — ko(z) is the deviatoric curvature at © € 0.X; see also [20].
It would be interesting to investigate whether a similar route could be pursued for
the Minkowski tensors mentioned above.

A second type of integrals that are of vital interest in integral geometry besides
Crofton integrals are kinematic integrals. In rotational integral geometry the analo-
gous notion to kinematic integrals are principle rotational integrals. To the best of
our knowledge, a principal rotational formula is still not available in the literature.
Focusing on intrinsic volumes, such a formula involves integrals of the form

[ vieen ) (8.2)
SOy4

k=0,...,d, where SO, is the special orthogonal group in R%, X and Y are convex
and compact subsets of R%, and v is the unique rotation invariant probability mea-
sure on SOy4. From an applied point of view such a formula is interesting. Here, X
is the unknown spatial structure of interest while Y is a known test set constructed
by the observer. The aim is to get information about X from observation of the
intersection of X with a randomly rotated version of Y. For k = d, (8.2) is, up to a
known constant, equal to

/ r@EDHENX A SR Y N ST dr
0

A result of a similar form involving two terms can be obtained for k = d — 1.
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