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Abstract

This dissertation investigates fusion rings, which are Grothendieck groups
of rigid, monoidal, semisimple, abelian categories. Special interest is in
rational fusion rings, i.e., fusion rings which admit a �nite basis, for as
commutative rings they may be presented as quotients of polynomial rings
by the so-called fusion ideals.

The fusion rings of Wess-Zumino-Witten models have been widely stud-
ied and are well understood in terms of precise combinatorial descriptions
and explicit generating sets of the fusion ideals. They also appear in an-
other, more general, setting via tilting modules for quantum groups at com-
plex roots of unity. The main goal of this dissertation is to generalize pre-
vious results to this setting.

Resumé

Denne afhandling undersøger fusionsringe, som er Grothendieck-grupperne
for rigide, monoidale, semisimple, abelske kategorier. Særlig interesse lægges
i rationale fusionsringe, dvs. fusionsringe for hvilke der �ndes en endelig
basis, for som kommutative ringe kan de præsenteres som kvotienter af
polynomiumsringe med de såkalde fusionsidealer.

Fusionsringene der hører til Wess-Zumino-Witten-modeller har været et
udbredt forskningsemne, og er blevet præcist beskrevet med hensyn til kom-
binatorikken og eksplicitte frembringere af fusionsidealerne. De forekommer
også i en anden, mere generel, opsætning via tiltingmoduler for kvantegrup-
per hvis parametre er komplekse enhedsrødder. Hovedformålet med denne
afhandling er at generalisere de tidligere resultater til denne opsætning.
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Introduction

Consider for some �eld k an abelian category F , which is k-linear and
semisimple, i.e., the Hom-spaces are �nite-dimensional k-vector spaces,
composition of morphisms is k-linear and there is a countable collection
of simple objects {Li | i ∈ I}, such that dimk HomF(Li, Lj) = δi,j and any
object in F is isomorphic to a �nite direct sum of the Li. Assume fur-
thermore that the category is rigid, monoidal and that the unit object is
simple. We call F a fusion category, and its Grothendieck group F = K0(F)
is called a fusion ring. If there are only �nitely many isomorphism classes
of simple objects, then we call F a rational fusion ring.

We are mainly interested in fusion rings associated to a semisimple Lie
algebra g. Examples of settings where they arise include:

(i) The category of �nite-dimensional g-modules.

(ii) The category of �xed-level representations of the a�ne Kac-Moody
algebra g̃ associated to g.

(iii) The category of tilting modules of the associated quantum group at a
complex root of unity.

(iv) The category of rational modules of the corresponding semisimple,
simply connected algebraic group over a �eld of positive characteristic.

The �rst three examples will be examined in this dissertation, with the
main focus on the case (iii). An examination of (iv) can be found in [AP95,
Section 2]. Of these four examples the last three lead to rational fusion
rings.

Let us deduce some properties of fusion rings with the aim to make the
notion of a fusion ring independent of the category theory. Let {[i] | i ∈ I}
denote the Z-basis for F corresponding to the isomorphism classes of the
simple objects in F . The ring structure on F relative to this basis is given
by

[i][j] =
∑
l∈I

N l
i,j[l],

v
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where N l
i,j = dimk HomF(Li ⊗ Lj, Ll) ≥ 0 is the multiplicity with which Ll

occurs in a decomposition of Li ⊗ Lj into simple summands. The duality
functor L 7→ L∗ on F has L ' (L∗)∗, so it maps simple objects to simple ob-
jects, giving an involution i 7→ i∗ of I, which induces an antiautomorphism
of F . If we let i0 ∈ I correspond to the unit object in F , this means that
N i0
i,j = δi,j∗ together with N l∗

i∗,j∗ = N l
i,j. We end up with the axiomatization

of a fusion ring given in De�nition 1.1.
Among other things, you may ask the following questions about fusion

rings:
Given a fusion ring F , in the sense of a countable set I and a set of

integers {N l
i,j ∈ N | i, j, l ∈ I} satisfying the above properties, can we

classify the non-equivalent fusion categories, whose Grothendieck group is
isomorphic to F? By Ocneanu rigity, cf. [ENO05, Theorem 2.28], over a
�eld of characteristic 0 the number of such is �nite. An approach to this
problem is to classify fusion categories with a small number of isomorphism
classes of simple objects, and here [Ost03], [Ost08] and [Lar14] take care of
the cases of 2, 3 and 4 classes.

Given a fusion category, give an e�ective method for calculating the
structure constants N l

i,j in the fusion ring. We ask for either an algorithm
that terminates in polynomial time or an identi�cation of the structure
constants with known numbers.

If we consider the basis elements {[i] | i ∈ I} as formal variables we may
present a rational fusion ring F as the quotient of the free polynomial ring
in |I| variables by some ideal, namely

F ' Z [[i]] /J,

where J is the ideal generated by relations [i][j]−
∑

l∈I N
l
i,j[l] for all i, j ∈ I.

Some of these variables can be eliminated, e.g. we may identify [i0] = 1.
Fix a subset {i1, . . . , ir} ⊆ I such that F ' Z [[i1], . . . , [ir]] /J

′ and no such
elimination may occur. What is a minimal generating set of J ′?

Of these questions we will focus on the last two.

Summary

The dissertation is structured as follows. Chapter 0 introduces notation
and terminology used throughout the dissertation.

In Chapter 1 three main examples of fusion rings are examined. The case
(i) above is used as a prototypical example to describe the combinatorial
structure of a fusion ring in terms of fusion rules. From (ii) we de�ne a
rational fusion ring, which is realized as a quotient of the �rst example.
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Finally (iii) gives rise to a class of fusion rings, which is seen to encompass
the previous examples.

Chapter 2 is a historical overview of the development of the theory on
fusion rings. Focus is on presenting the results used in this dissertation
according to when they were �rst introduced in the literature.

In Chapter 3 we address the problem of �nding a minimal generating
set of the de�ning ideal in a presentation of the fusion ring as a quotient
of a polynomial ring. A combinatorial approach is used for Lie algebras
of classical type, giving explicit expressions for generating sets in these
cases. For Lie algebras of low rank, general algebraic arguments give a
non-constructive result on an upper bound for the number of elements in a
minimal generating set.

In Chapter 4 we do a treatment of the fusion rings associated to simple
Lie algebras of rank 2. Case by case, explicit generating sets of the fusion
ideal are presented and shown by calculations to work. The �ndings are
compared to the results in the previous chapter.

In Chapter 5 we relax the axioms of a fusion ring to get similar structures
for which the previously studied methods and results apply. In particular
we study tensor ideals in the category of tilting modules of a quantum
group. We give a general result on �nding a generating set of the tensor
ideal, together with an explicit analysis in a case related to a Lie algebra of
rank 2.

In Chapter 6 we present our un�nished work and open projects. In
[Dou13] a canonical generating set of the fusion ideal is presented for each
fusion ring in the setting of (ii). We present our progress in generalizing
this result to fusion rings for quantum groups, and outline the obstructions
that arise in this setting.
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Chapter 0

Notation and terminology

We �x once and for all notation for well known objects and constructions.
General references are [Hum72] and [Jan96].

N ⊆ Z The set of non-negative numbers sitting inside the ring of
integers.

Q ⊆ R ⊆ C The �elds of rational numbers, real numbers and complex
numbers.

g ⊇ b ⊇ h A simple complex Lie algebra of rank r, a Borel and a
Cartan subalgebra.

Φ ⊇ Φ+ The corresponding root system and set of positive roots.
α1, . . . , αr The simple roots of Φ+.
α0, β0 ∈ Φ+ The highest short root and the highest long root.
Q The root lattice ZΦ.
E Euclidean vector space Q⊗ZR spanned by the root system.
(·, ·) Inner product on E such that (α, α) = 2 for all short roots

α.
di The numbers (αi,αi)

2
for each simple root which are either

1, 2 or 3 depending on g.
ω1, . . . , ωr The fundamental weights, dual in E to the basis α1

d1
, . . . , αr

dr
.

P The integral weight lattice
∑r

i=1 Zωi.
P+ The dominant weights

∑r
i=1 Nωi.

≤ The order on P given by λ ≤ µ⇔ µ− λ ∈ Q ∩ P+.
ρ Half the sum of the positive roots 1

2

∑
α∈Φ+ α =

∑r
i=1 ωi.

〈λ, α∨〉 The integers 2(λ,α)
(α,α)

for λ ∈ P, α ∈ Φ.
sα The re�ection λ 7→ λ − 〈λ, α∨〉α on P with regards to

α ∈ Φ.
W The Weyl group generated by all re�ections sα, α ∈ Φ.
w0 The longest element of the Weyl group.

1
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(aij)
r
i,j=1 The Cartan matrix, aij =

〈
αi, α

∨
j

〉
.

A The Laurent polynomial ring Z[v, v−1] over the integers.
Q(v) The quotient �eld of A.
vi The number vdi .
[n]v The nth quantum number vn−v−n

v−v−1 .[
n
m

]
v

The Gaussian binomial coe�cient [n]v ...[n−m+1]v
[m]v ...[1]v

.

Uv The generic quantum group over Q(v) associated to g with
generators Ei, Fi, Ki and K−1

i , i = 1, . . . , r and certain re-
lations, cf. [Jan96, 4.3].

E
(n)
i , F

(n)
i The divided powers Eni

[n]vi
,
Fni

[n]vi
, n ≥ 1.[

Ki

t

]
vi

The element
∏t

s=1
Kiv

−s+1
i −K−1

i vs−1
i

vsi−v
−s
i

, t ∈ N.

UA The Lusztig A-form, the A-subalgebra of Uv spanned by all
E

(n)
i , F

(n)
i and K±1

i , i = 1, . . . , r, n ≥ 1.
Uq The quantum group UA⊗AC over the A-algebra C by spe-

cializing v to a non-zero element q ∈ C.
U−q , U

0
q , U

+
q The subalgebras of Uq generated by {F (n)

i | i = 1, . . . , r, n ≥

1}, {K±1
i ,

[
K±1
i

t

]
qi

| i = 1, . . . , r, t ∈ N} resp. {E(n)
i | i =

1, . . . , r, n ≥ q}. Here qi = qd1 .

Unless otherwise stated tensor products are always over the complex
numbers, i.e., we write ⊗ = ⊗C. We also write dim short for dimC.

We assume for simplicity that the Lie algebra g is simple as the gener-
alization to the case of a semisimple Lie algebra is immediate.

0.1 Monoidal categories

The main subject in this dissertation is on rings in di�erent shades. The
purpose of this section is to set up the language necessary to formalize
categori�cation of rings. As a general reference one may use [ML98].

A category is additive if all Hom-spaces have a structure of abelian
groups such that composition of morphisms is bilinear and every �nite set
of objects have a biproduct. Necessarily the empty biproduct is a zero
object in the category. We use ⊕ for notation of the biproduct.

An additive category is abelian if all morphisms have a kernel and cok-
ernel and if every monomorphism is the kernel of some morphism and every
epimorphism is the cokernel of some morphism.
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A semisimple category is an abelian category where every short exact
sequence splits.

A (weak) monoidal category A consists of a bifunctor ⊗ : A×A → A
written A⊗B, functorial isomorphisms αA,B,C : (A⊗B)⊗C ' A⊗ (B⊗C)
for any A,B,C ∈ A, a unit object I ∈ A, functorial isomorphisms λA :
I ⊗ A ' A and ρA : A ⊗ I ' A for any A ∈ A subject to the following
axioms:

(i) The pentagon axiom: For any A,B,C,D ∈ A the diagram

((A⊗B)⊗ C)⊗D
αA,B,C⊗id

tt

αA⊗B,C,D

**
(A⊗ (B ⊗ C))⊗D

αA,B⊗C,D
��

(A⊗B)⊗ (C ⊗D)

αA,B,C⊗D
��

A⊗ ((B ⊗ C)⊗D)
id⊗αB,C,D // A⊗ (B ⊗ (C ⊗D))

commutes.

(ii) The triangle axiom: For any A,B ∈ A the diagram

(A⊗ I)⊗B
αA,I,B //

ρA⊗id

''

A⊗ (I ⊗B)
id⊗λB

ww
A⊗B

commutes. A is called strict monoidal if the isomorphisms αA,B,C , λA,
ρA are actually equalities.

By Mac Lane's strictness theorem every weak monoidal category is
equivalent to a strict monoidal category. We will therefore often omit the
associativity isomorphisms αA,B,C and the unit isomorphisms λa, ρA.

Let A,A′ be monoidal categories. A monoidal functor consists of a
functor F : A → A′, functorial isomorphisms βA,B : F (A ⊗ B) → F (A) ⊗′
F (B) for all A,B ∈ A, and an isomorphism ι : F (I) → I ′ satisfying the
natural compatibilities: For any A,B,C ∈ A the diagrams

F ((A⊗B)⊗ C)
βA⊗B,C//

FαA,B,C
��

F (A⊗B)⊗′ F (C)
βA,B⊗′id// (F (A)⊗′ F (B))⊗′ F (C)

α′
F (A),F (B),F (C)

��
F (A⊗ (B ⊗ C))

βA,B⊗C// F (A)⊗′ F (B ⊗ C)
id⊗′βB,C// F (A)⊗′ (F (B)⊗′ F (C))
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and

F (I ⊗ A)
βI,A//

F (λA)

��

F (I)⊗′ F (A)

ι⊗′id
��

F (A⊗ I)
βA,I//

F (ρA)

��

F (A)⊗′ F (I)

id⊗′ι
��

F (A) I ′ ⊗′ F (A)
λ′
F (A)

oo F (A) F (A)⊗′ I ′
ρ′
F (A)

oo

are commutative.
Let A be a monoidal category and A ∈ A be a given object. A right

dual to A is an object A∗ together with two morphisms

ηA : A∗ ⊗ A→ I, ιA : I → A⊗ A∗

such that the compositions

A
ιA⊗id // A⊗ A∗ ⊗ A id⊗ηA // A

A∗
id⊗ιA// A∗ ⊗ A⊗ A∗ ηA⊗id // A∗

are equal to the identity morphisms. There is a similar notion of a left dual
∗A to A. The category A is called rigid if every object in A has a right
and a left dual. If A is a semisimple, rigid, monoidal category, then for any
object A ∈ A there is an isomorphism A∗ ' ∗A.

Let stillA be a monoidal category. Amodule categoryM overA consists
of an exact bifunctor ⊗ : A ×M →M, functorial isomorphisms µA,B,M :
(A⊗B)⊗M → A⊗(B⊗M) for any A,B ∈ A,M ∈M and εM : I⊗M →M
for any M ∈M such that the diagrams

((A⊗B)⊗ C)⊗M
αA,B,C⊗id

tt

µA⊗B,C,M

**
(A⊗ (B ⊗ C))⊗M

µA,B⊗C,M
��

(A⊗B)⊗ (C ⊗M)

µA,B,C⊗M
��

A⊗ ((B ⊗ C)⊗M)
id⊗µB,C,M // A⊗ (B ⊗ (C ⊗M))

and
(A⊗ I)⊗M

µA,I,M //

ρA⊗id

''

A⊗ (I ⊗M)
id⊗εM

ww
A⊗M

commute for any A,B,C ∈ A,M ∈M.
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If A is a rigid monoidal category andM a module category of A then
we have canonical isomorphisms

HomA(A⊗M,N) ' HomA(M,∗A⊗N),

HomA(M,A⊗N) ' HomA(A∗ ⊗M,N)

for any A ∈ A,M,N ∈M.
LetM,M′ be module categories over a monoidal category A. A module

functor consists of a functor F : M → M′, and functorial morphisms
γA,M : F (A ⊗M) → A ⊗′ F (M) for any A ∈ A,M ∈ M such that the
diagrams

F ((A⊗B)⊗M)
FµA,B,M

uu

γA⊗B,M

))
F (A⊗ (B ⊗M))

γA,B⊗M
��

(A⊗B)⊗′ F (M)

µ′
A,B,F (M)

��
A⊗′ F (B ⊗M)

id⊗′γB,M // A⊗′ (B ⊗′ F (M))

and
F (I ⊗M)

FεM //

γI,M

''

F (M)

I ⊗′ F (M)

ε′
F (M)

88

commute for any A,B ∈ A,M ∈M. The module functor is called strict if
all the morphisms γA,M are isomorphisms. If A is rigid, any module functor
is automatically strict.

Let A be any category. A congruence relation R on A consists of an
equivalence relation RA,B on HomA(A,B) for any A,B ∈ A such that the
equivalence relations respects composition of morphisms. I.e., if f1, f2 are
related in HomA(A,B) and g1, g2 are related in HomA(B,C) then g1f1, g1f2,
g2f1, g2f2 are related in HomA(A,C). We de�ne the quotient category A/R
as the category whose objects are those of A and morphisms are equivalence
classes of morphisms in A, i.e., HomA/R(A,B) = HomA(A,B)/RA,B.

Let A be an additive, monoidal category. We say a full subcategory I of
A is a tensor ideal if K⊕L ∈ I if and only if K,L ∈ I and if A ∈ A, J ∈ I
implies A⊗J ∈ I. Let R be the congruence relation on A where RA,B(f, g)
if f − g : A→ B factors through an element of I, and de�ne A/I to be the
associated quotient category. This becomes an additive, monoidal category.
Furthermore A/I is a module category over A.
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0.2 The Grothendieck group

Let A be an additive category. The split Grothendieck group K⊕0 (A) of A
is the quotient of the free abelian group generated by isomorphism classes
[A] of objects A ∈ A modulo relations [A] = [B] + [C] whenever there is an
isomorphism A ' B ⊕ C.

If A is an abelian category then, as it is an additive category as well,
we could consider its split Grothendieck group. This group however is in
some ways too big. For instance two objects with the same composition
factors may not be identi�ed in K⊕0 (A). Instead we de�ne the (non-split)
Grothendieck group K0(A) to be the quotient of the free abelian group
generated by isomorphism classes [A], A ∈ A modulo relations [A] = [B] +
[C] whenever there is a short exact sequence 0→ B → A→ C → 0.

If A is additive, but not abelian, then we write K0(A) instead of K⊕0 (A).
Whether A is additive or abelian we call K0(A) the decategori�cation of A.
For any abelian group G isomophic to K0(A) we say that A categori�es G.

If A is an additive/abelian and monoidal category, then the (split/non-
split) Grothendieck group has a ring structure induced by ⊗: [A][B] =
[A ⊗ B]. If an additive/abelian category M is a module category over A
then its Grothendieck group K0(M) has the structure of a K0(A)-module.

If I ⊆ A is a full subcategory of an additive category such that K⊕L ∈
I if and only if K,L ∈ I then there is an injective embedding of the
Grothendieck group K0(I) in K0(A). If A is a monoidal category and I is
a tensor ideal in A then K0(I) furthermore has the structure of a K0(A)-
ideal and we may form the quotient K0(A)/K0(I).

Given a commutative, unital ring R and A the R-decategori�cation of an
additive/abelian category A is K0(A)⊗ZR. IfM is an R-module then an R-
categori�cation ofM is an additive/abelian category A and an isomorphism
M ' K0(A)⊗Z R.

0.3 The character ring and character

formulas

De�ne Z[P ] to be the group algebra over Z of the weight lattice P . It is
free with Z-basis {eλ | λ ∈ P} and its multiplicative structure is eλeµ =
eλ+µ, λ, µ ∈ P . The Weyl group action on P induces an action on Z[P ] by
weλ = ewλ, w ∈ W and we de�ne the character ring Z[P ]W to consist of the
invariant elements under this action. Then Z[P ]W is a subalgebra of Z[P ].

Each �nite-dimensional g-module L splits into a direct sum of its weight
spaces L = ⊕λ∈PLλ, obeying dimLλ = dimLw(λ) for all w ∈ W , so L
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de�nes an element in the character ring: chL =
∑

λ∈P dimLλe
λ ∈ Z[P ]W .

It is well-known that the character chL(λ) of the simple �nite-dimensional
highest weight module L(λ), λ ∈ P+ is given by the Weyl characters

χλ =

∑
w∈W (−1)l(w)ew(λ+ρ)∑
w∈W (−1)l(w)ewρ

(1)

and the set {χλ | λ ∈ P+} constitutes a Z-basis for Z[P ]W . (1) makes sense
for all λ ∈ P and we note that if the stabilizer StabW (λ) = {w ∈ W | w.λ =
λ} of λ in W under the shifted action w.λ = w(λ + ρ) − ρ is non-trivial
then χλ = 0. If the stabilizer is trivial then there is a unique w ∈ W such
that w.λ ∈ P+ and χλ = (−1)l(w)χw.λ.

If
∑

µ∈P aµe
µ ∈ Z[P ]W is a W -invariant element then multiplication

with a Weyl character is explicitly given by

(
∑
µ∈P

aµe
µ)χλ =

∑
µ∈P

aµχλ+µ.

As a Z-algebra Z[P ]W is generated freely by χωi , i = 1, ..., r, i.e., we
have an isomorphism Z[X1, . . . , Xr] ' Z[P ]W mapping Xi to χωi . This
means that any W -invariant element

∑
µ∈P aµe

µ ∈ Z[P ]W can be written
as a polynomial in the fundamental characters.





Chapter 1

Fusion rings

Let F denote the category of �nite-dimensional g-modules. For a dominant
weight λ ∈ P+ denote by L(λ) the simple module of highest weight λ. These
constitute all �nite-dimensional simple g-modules, and any module M ∈ F
splits as a direct sum of simple components: M =

⊕
λ∈P+ L(λ)⊕aλ(M),

aλ(M) ∈ N.
For λ, µ ∈ P+ the module L(λ) ⊗ L(µ) is again �nite-dimensional and

its decomposition into simple components are given by numbers Mν
λ,µ =

aν(L(λ) ⊗ L(µ)). We recall a few well-known properties of these tensor
products.

Direct sum ⊕ and tensor product ⊗ give F the structure of an abelian,
monoidal category. The trivial highest weight module L(0) = C is a unit
element, i.e., Mν

λ,0 = δλ,ν .
The structure constantsMν

λ,µ are non-negative integers and given λ, µ ∈
P+ only for �nitely many ν ∈ P+ are they non-zero.

For any L(λ) the dual module L(λ)∗ is again a simple module of highest
weight λ∗ = −w0(λ) ∈ P+, where w0(λ) is the lowest weight of L(λ). We
have (L(λ)∗)∗ = L(λ), L(0) appears exactly once in the tensor product
L(λ) ⊗ L(λ∗) and in fact M0

λ,µ = δµ,λ∗ . This means F is a rigid monoidal
category.

The tensor product of dual modules is the dual of the tensor product of
the modules themselves, in the sense that Mν∗

λ∗,µ∗ = Mν
λ,µ. We also see ex-

plicitly that the structure constants are given by Mν
λ,µ = dim Homg(L(λ)⊗

L(µ)⊗ L(ν∗),C).
If we forget the categorical structure on F and consider only the struc-

ture constants {Mν
λ,µ | λ, µ, ν ∈ P+}, what can we say about them? We

consider formal sums of elements indexed by P+ and give them a product
de�ned by the structure constants Mν

λ,µ. This is the ring structure on the
Grothendieck group K0(F) with various additional properties correspond-

9
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ing to the properties deduced above. In the following section we formalize
these properties.

1.1 Fusion ring axioms

De�nition 1.1. Let I be a countable set. A fusion rule on I is a set of
non-negative integers N = {N ν

λ,µ ∈ N | λ, µ, ν ∈ I} such that

(i) N ν
λ,µ = N ν

µ,λ for all λ, µ, ν ∈ I,

(ii)
∑

η∈I N
η
λ,µN

ζ
η,ν =

∑
η∈I N

η
µ,νN

ζ
λ,η for all λ, µ, ν, ζ ∈ I,

(iii) there is an element λ0 ∈ I and an associated map λ 7→ λ∗ given by
Nλ0
λ,µ = δµ,λ∗ such that (λ∗)∗ = λ and N ν∗

λ∗,µ∗ = N ν
λ,µ for all λ, µ, ν ∈ I.

The associated fusion ring F = F (N) is the free Z-module with basis
{[λ] | λ ∈ I} equipped with multiplication [λ][µ] =

∑
ν∈I N

ν
λ,µ[ν]. If the

indexing set I is �nite the fusion ring has �nite rank and we say it is ra-
tional.

Remark. The requirements in the de�nition has the following interpreta-
tion. The condition (i) is equivalent to the multiplication being commuta-
tive

[λ][µ] =
∑
ν∈I

N ν
λ,µ[ν] =

∑
ν∈I

Nν
µ,λ[ν] = [µ][λ]

and the condition (ii) is equivalent to it being associative

([λ][µ])[ν] =
∑
η∈I

Nη
λ,µ[η][ν] =

∑
η,ζ∈I

Nη
λ,µN

ζ
η,ν [ζ] =

∑
η,ζ∈I

Nη
µ,νN

ζ
λ,η[ζ]

=
∑
η∈I

Nη
µ,ν [λ][η] = [λ]([µ][ν]).

De�ne a map [λ] 7→ [λ]∗ = [λ∗] and extend by linearity to all of F .
Then (iii) is equivalent to this map being an involution ([λ]∗)∗ = [λ] and a
homomorphism ([λ][µ])∗ = [λ]∗[µ]∗. �

We say that two fusion rings F (1) and F (2) are isomorphic if there is a
bijection of their underlying index sets σ : I(1) → I(2) which respects (i)-(iii)
of De�nition 1.1, i.e., such that (N (1))νλ,µ = (N (2))

σ(ν)
σ(λ),σ(µ), σ(λ

(1)
0 ) = λ

(2)
0 ,

σ(λ∗) = σ(λ)∗.
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Properties of fusion rings

We deduce some results from the axioms of a fusion ring F = F (N) for a
fusion rule N on a set I.

We haveNλ0
λ,µ = δµ,λ∗ = δλ∗,(µ∗)∗ = Nλ0

µ∗,λ∗ so [ν] = [ν∗]∗ =
∑

η∈I N
λ0
ν∗,η∗ [η

∗]

=
∑

η∈I N
λ0
ν,η[η

∗] which lets us rewrite the multiplication

[λ][µ] =
∑
ν∈I

Nλ,µ,ν [ν
∗]

where Nλ,µ,ν = N ν∗

λ,µ =
∑

η∈I N
ν
λ,µN

λ0
ν,η. The set of structure constants

{Nλ,µ,ν | λ, µ, ν ∈ I} are completely symmetric in the λ, µ, ν ∈ I, for in-
stanceNλ,µ,ν =

∑
η∈I N

η
λ,µN

λ0
η,ν =

∑
η∈I N

η
λ,νN

λ0
η,µ = Nλ,ν,µ. As a consequence

we see that

N ν
λ0,µ

= Nλ0,µ,ν∗ = Nµ,ν∗,λ0 = N
λ∗0
µ,ν∗ = Nλ0

µ∗,ν = δµ,ν

so the special element [λ0] acts as the identity on F , denote it 1 = [λ0].
Moreover by the same formula Nλ0

λ0,µ
= δλ0,µ we see that [λ0]∗ = [λ0].

Given an x ∈ F write it in the basis given by I as x =
∑

λ∈I nλ[λ] and
de�ne a Z-linear form t(x) = nλ0 . By assumption it satis�es t([λ][µ]∗) =
Nλ0
λ,µ∗ = δλ,µ and furthermore t(x[µ∗]) =

∑
λ∈I nλt([λ][µ∗]) = nµ. For x, y ∈

F de�ne a Z-bilinear form (x, y) = t(xy∗). It is positive-de�nite since
([λ], [µ]) = δλ,µ.

Assume now that the indexing set I is �nite. Then the bilinear form
de�nes an isomorphism of Z-modules of F with HomZ(F,Z) by x 7→ [fx :
y 7→ (x, y)]. If we give HomZ(F,Z) an F -action by zf(y) = f(z∗y), then
this isomorphism is actually an isomorphism of F -modules since fzx(y) =
(zx, y) = (x, z∗y) = zfx(y) for all z ∈ F .

The exact sequence 0→ Z→ Q→ Q/Z→ 0 induces to

0→ HomZ(F,Z)→ HomZ(F,Q)→ HomZ(F,Q/Z)→ 0.

Since Q and Q/Z are injective Z-modules HomZ(F,Q) and HomZ(F,Q/Z)
are injective F -modules. This means that HomZ(F,Z) has �nite injective
dimension, and by the module isomorphism F ' HomZ(F,Z) constructed
above, we conclude that so has F , i.e., rational fusion rings are Gorenstein.

1.2 The Wess-Zumino-Witten fusion rings

We resume in this section the work with representations of the Lie alge-
bra g initated in the beginning of the chapter. The representation ring
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R = K0(F) has as elements formal di�erences of isomorphism classes of
�nite-dimensional representations of g with addition given by direct sums
of representations and multiplication given by tensor product. The struc-
ture constants M = {Mν

λ,µ | λ, µ, ν ∈ P+} de�ne a fusion rule on P+,
and the representation ring with Z-basis {[L(λ)] | λ ∈ P+} and product
structure

[L(λ)][L(µ)] =
∑
ν∈P+

Mν
λ,µ[L(ν)]

is the associated fusion ring F (M). The goal is now to show how to de�ne a
rational fusion ring in a natural way from this construction. The following
is mainly based on [Bea96].

Associated a�ne Lie algebra

Consider the ring C[[z]] of formal power series
∑∞

n=0 cnz
n. Its quotient

�eld C((z)) consists of formal Laurent series
∑

n∈Z cnz
n with cn 6= 0 for

only �nitely many negative n, and thus we have the polynomial ring C[z−1]
embedded in C((z)).

Let g̃ = g ⊗ C((z)) ⊕ CK denote the a�ne Lie algebra associated to
g. This is the central extension of the in�nite-dimensional Lie algebra g⊗
C((z)) with one-dimensional center CK. The Lie bracket on g⊗ C((z)) of
two elements x⊗ f and y ⊗ g is

[x⊗ f, y ⊗ g] = [x, y]⊗ fg + κ (x, y) Resz=0(gdf)K.

Here κ (·, ·) is the Killing form on g normalized such that coroots β∨ =
2β

(β,β)
∈ h corresponding to long roots β ∈ Φ has κ (β∨, β∨) = 2.

We have a decomposition

g̃ = g̃− ⊕ g⊕ CK ⊕ g̃+,

where g̃− = g⊗ z−1C[z−1], g̃+ = g⊗ zC[[z]] and g = g⊗ z0 are subalgebras
of g̃. Let also p = g⊕ CK ⊕ g̃+ denote a parabolic subalgebra of g̃.

For a dominant weight λ ∈ P+ let ∆(λ) = U(g) ⊗U(b) Cλ denote the
universal highest weight module of highest weight λ. Then L(λ) occurs as
the unique simple quotient of ∆(λ).

Denote by s the subalgebra of g̃ spanned by x−β0⊗z,K−β∨0 ⊗1, xβ0⊗z−1,
where x±β0 ∈ g±β0 are root vectors chosen such that [xβ0 , x−β0 ] = −β∨0 . As
a Lie algebra s is isomorphic to sl2.

Given an integer k ≥ 0 we extend the action of g on ∆(λ) to p by letting
K act by multiplication with k and g̃+ act trivially. We de�ne the induced
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highest weight modules ∆̃(λ) = U(g̃)⊗U(p) ∆(λ). ∆̃(λ) has a unique simple
quotient L̃(λ).

Recall the triangular decomposition g = n−⊕h⊕n of the Lie algebra g.
We call a g-module integrable if it is locally n−-�nite and locally n-�nite.
We say a g̃-module L is integrable if L is integrable as a g-module and also
as an s-module. Then the simple module L̃(λ) is integrable if and only if
λ ∈ Pk = {λ ∈ P+ | 〈λ, β∨0 〉 ≤ k}.

Rational conformal �eld theory

Consider the Lie algebra g ⊗ O[U ] where U = P1 \ {x1, x2, x3} is the pro-
jective line minus 3 distinct points and O[U ] is the ring of regular functions
on U . For an f ∈ O[U ] let (f)xi ∈ C((z)) denote the Laurent series expan-
sion of f at xi. For an integer k ≥ 0 and 3 weights λ, µ, ν ∈ Pk there is a
g⊗O[U ]-action on L̃(λ)⊗ L̃(µ)⊗ L̃(ν∗) given by

(x⊗ f)(v1 ⊗ v2 ⊗ v3) =(x⊗ (f)x1v1)⊗ v2 ⊗ v3 + v1 ⊗ (x⊗ (f)x2v2)⊗ v3

+ v1 ⊗ v2 ⊗ (x⊗ (f)x3v3).

Then we de�ne the vector space of conformal blocks on P1 with 3 marked
points

V †P1(λ, µ, ν
∗) = Homg⊗O[U ](L̃(λ)⊗ L̃(µ)⊗ L̃(ν∗),C).

It is a fact that up to isomorphism these spaces do not depend on the choice
of local coordinates x1, x2, x3.

De�nition 1.2. The fusion ring F = F (g, k) for the Lie algebra g at level
k is the free Z-module with basis {[λ] | λ ∈ Pk} and product structure
[λ][µ] =

⊕
ν∈Pk N

ν
λ,µ[ν], where Nν

λ,µ = dimC V
†
P1(λ, µ, ν

∗).

Remark. This de�nes a fusion rule on Pk. It is clear that the proposed
product structure is commutative. That it is associative follows from a
result in [TUY89].

The involution λ∗ = −w0(λ) preserves the positive part of the root
system, therefore �xes the longest root β0 and consequently λ ∈ Pk ⇔ λ∗ ∈
Pk, i.e., it restricts to an involution on Pk.

An analogue of [Bea96, Proposition 2.8] shows that V †P1(λ, µ, ν
∗) '

V †P1(λ
∗, µ∗, ν) so N ν

λ,µ = N ν∗

λ∗,µ∗ and thus the conditions in De�nition 1.1
are satis�ed.

Note that the indexing set Pk is �nite so F is a rational fusion ring. �
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Combinatorial description of WZW fusion rings

We will identify the representation ring R and the fusion ring F de�ned
above with certain anti-invariants in the free Z-module over the weight
lattice and describe their mutual relationship.

Let Hα ⊆ E denote the hyperplane �xed by the re�ection sα. For
an integer n ≥ 0 we let sα,n denote re�ection in the a�ne hyperplane
Hα,n = nα/2 + Hα, i.e., sα,n(λ) = λ + (n − 〈λ, α∨〉)α. In this section we
de�ne the a�ne Weyl group Wk+h∨ to be the group generated by W and
sβ0,k+h∨ , where h∨ = 〈ρ, β∨0 〉+ 1 is the dual Coxeter number.

Consider the group algebra Z[P ] of P with Z-basis {eλ | λ ∈ P}. The
action of W and Wk+h∨ on P extends by linearity to Z[P ]. Let Z[P ]W
resp. Z[P ]Wk+h∨

denote quotients of Z[P ] by the ideals generated by all
eλ − det(w)ewλ for λ ∈ P and w in W resp. Wk+h∨ (these rings are not to
be confused with the character ring Z[P ]W ). Then Z[P ]Wk+h∨

is a quotient
of Z[P ]W and we denote the quotient map p.

By [Bea96, Lemma 8.2] we have the following

Lemma 1.3. The linear maps

ϕ : R→ Z[P ]W , ϕk : F → Z[P ]Wk+h∨

which maps [L(λ)] to the resp. classes of eλ+ρ are bijections.

By the lemma there is a map π : R→ F making the diagram

R
π //

ϕ

��

F

ϕk
��

Z[P ]W
p // Z[P ]Wk+h∨

(1.1)

commutative. Explicitly the map π is as follows. If a weight λ ∈ P+ lies on
an a�ne wall, i.e., λ+ρ is �xed by an element ofWk+h∨ then π([L(λ)]) = 0.
Otherwise there is a unique w ∈ Wk+h∨ such that w.λ = w(λ+ ρ)− ρ ∈ Pk
and π([L(λ)]) = det(w)[L(w.λ)]. In particular π([L(λ)]) = [L(λ)] for λ ∈
Pk.

It is a fact that π is a ring homomorphism for all semisimple Lie algebras,
cf. [BK09, Theorem 3.7]. If λ, µ ∈ Pk this means∑

ξ∈P+

M ξ
λ,µπ([L(ξ)]) =

∑
ν∈Pk

Nν
λ,µ[L(ν)],

i.e.
Nν
λ,µ =

∑
w∈Wk+h∨

det(w)Mw.ν
λ,µ . (1.2)
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As a commutative, associative Z-algebra the representation ring R is
freely generated by the fundamental representations Xi = [L(ωi)], i =
1, . . . , r, i.e., it may be presented as the polynomial ring R ' Z[X1, . . . , Xr].
Since the map π in (1.1) is surjective and a ring homomorphism we may
identify the fusion ring F as a quotient Z[X1, . . . , Xr]/Ik where the ideal
Ik ⊆ Z[X1, . . . , Xr] corresponds to the kernel Ker(π) ⊆ R.

1.3 Fusion rings for quantum groups

Let q ∈ C be a root of unity and let l denote the order of q2. If l is even
this means q is a primitive 2lth root of unity, and if l is odd then q is a
primitive lth or 2lth root of unity.

We work with Uq, the quantum group at q obtained from the Lusztig
A-form UA of the generic quantum group Uv by specializing v to q. This is
a Hopf algebra and it has a triangular decomposition Uq = U−q U

0
qU

+
q . We

denote by Bq = U−q U
0
q the quantized version of the Borel subalgebra.

Each weight λ =
∑r

i=1 λiωi ∈ P de�nes a homomorphism λ : U0
q → C

by

λ(Ki) = qλii , λ(

[
Ki

t

]
qi

) =

[
λi
t

]
qi

,

i = 1, . . . , r, t ∈ N. In this way λ de�nes a 1-dimensional U0
q -module Cλ

which becomes a Bq-module with trivial U−q -action.
For a U0

q -module M and a weight λ ∈ P we de�ne the λ-weight space

Mλ = {m ∈M | um = λ(u)m ∀u ∈ U0
q }.

We say λ is a weight of M if Mλ 6= 0. The di�erent weight spaces of M
form a direct sum, and if M is a Uq-module the subspace

⊕
λ∈P Mλ is a

Uq-submodule of M .
We say a Uq-moduleM is integrable ifM is the sum of its weight spaces

and if, for each m ∈M and each i = 1, . . . , r, E(n)
i m = 0 = F

(n)
i m for large

enough n. Let Cq denote the category of integrable Uq-modules (of type 1).
Similarly we denote by C−q the category of integrable Bq-modules.

Induction modules

We have a functor F from the category of Uq-modules to Cq which takes a
module M to its maximal integrable submodule F (M) = {m ∈ M | ∀i :

E
(n)
i m = F

(n)
i m = 0 for n� 0}.
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De�ne the induction functor H0
q : C−q → Cq by

H0
q (N) = F (HomBq(Uq, N))

forN ∈ C−q . Here Uq is aBq-module by left multiplication and HomBq(Uq, N)
is a Uq-module by uf(x) = f(xu), u, x ∈ Uq, f ∈ HomBq(Uq, N). The in-
duction functor is left exact, and we denote its ith right derived functor by
H i
q = RiH0

q .
Recall that each λ ∈ P de�nes a one-dimensional Bq-module Cλ. We

de�ne the induction modules

∇q(λ) = H0
q (Cλ).

Then ∇q(λ) 6= 0 if and only if λ ∈ P+, and for such λ it has a unique simple
submodule Lq(λ). In this case it is �nite-dimensional and its character
ch∇q(λ) =

∑
µ∈P dim∇q(λ)µe

µ ∈ Z[P ] is equal to the Weyl character χλ.
For any M ∈ Cq we have Frobenius reciprocity

HomUq(M,∇q(λ)) ' HomBq(M,Cλ). (1.3)

Given an M ∈ Cq and a weight λ of M the projection M → Mλ is a
non-zero U0

q -homomorphism. If λ is a highest weight of M then um /∈ Mλ

for any u ∈ U−q ,m ∈ M , meaning the projection is a Bq-homomorphism.
Taking a 1-dimensional summand of Mλ and identifying it with Cλ gives
us an element of the right hand side of (1.3), which induces to a non-zero
Uq-homomorphism M → ∇q(λ).

It follows that the modules Lq(λ), λ ∈ P+ up to isomorphism form a
complete set of nonisomorphic simple �nite-dimensional modules in Cq. For
given a simple �nite-dimensional Uq-module M , let λ be a highest weight
ofM and take a non-zero homomorphismM → ∇q(λ) as above. This must
be an injection identifying M with the unique simple submodule Lq(λ).

The antipode S on Uq gives the dual M∗ = HomC(M,C) a Uq-module
structure by uf(m) = f(S(u)m), u ∈ Uq,m ∈ M, f ∈ HomC(M,C). We
de�ne

∆q(λ) = ∇q(λ
∗)∗

where still λ∗ = −w0λ. Then ∆q(λ) and ∇q(λ) have the same characters,
and Lq(λ) occurs as the unique simple quotient of ∆q(λ).

Lemma 1.4. For all λ, µ ∈ P+ we have ExtUq(∆q(λ),∇q(µ)) = 0.

Proof. Suppose that

0→ ∇q(µ)→ E → ∆q(λ)→ 0
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is a short exact sequence in Cq. If λ 6≥ µ then µ is a maximal weight for E,
and we have seen above that Frobenius reciprocity (1.3) gives us a non-zero
homomorphism E → ∇q(µ) and the sequence is split. If λ ≥ µ we dualize
the sequence and get

0→ ∇q(λ
∗)→ E∗ → ∆q(µ

∗)→ 0

which by the same argument is split, and consequently the �rst sequence is
too. �

The Grothendieck group of Cq
Let K0(Cq) denote the Grothendieck group generated by isomorphism classes
[M ] of integrable modules M ∈ Cq modulo relations [M ] = [L] + [N ] when
we have a short exact sequence 0 → L → M → N → 0 of modules in Cq.
The sets {[∇q(λ)] | λ ∈ P+} and {[Lq(λ)] | λ ∈ P+} are two Z-bases of
K0(Cq). ForM ∈ Cq we write [M : ∇q(λ)] for the coe�cient of [∇q(λ)] when
[M ] is written in the former basis.

For a �nite-dimensional Bq-module N we de�ne the Euler character χN
in K0(Cq) by

χN =
∑
i≥0

(−1)i[H i
q(N)].

For N = Cλ, λ ∈ P simply write χλ. By the quantum version of Kempf's
vanishing theorem (cf. [APK91, Corollary 5.7], proved in general in [RH03])
all higher induction modules for Cλ, λ ∈ P+ vanish such that χλ = [∇q(λ)]
justifying the abuse of notation as ch∇q(λ) is equal to the Weyl character.
Likewise we have χλ = (−1)l(w)χw.λ for general λ ∈ P and w ∈ W , cf.
[And03, Corollary 3.8].

An integrable module N ∈ C−q splits into a direct sum of its weight
spaces N = ⊕λ∈PNλ, which leads to a Bq-�ltration of N , and we have χN =∑

λ∈P (dimNλ)χλ. The comultiplication of Uq makes Cq into a monoidal
category and gives K0(Cq) a ring structure. The tensor identity [APK91,
Proposition 2.16] H i

q(M ⊗N) 'M ⊗H i
q(N) for M ∈ Cq �nite-dimensional,

together with the fact that χ is additive with respect to short exact se-
quences, gives us for λ ∈ P+

[M ][∇q(λ)] = χ(M ⊗ Cλ) =
∑
ν∈P

(dimMν)χλ+ν

=
∑
ν∈P+

(∑
w∈W

(−1)l(w) dimMw.ν−λ

)
[∇q(ν)].
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This can be rewritten as

[M ⊗∇q(λ) : ∇q(ν)] =
∑
w∈W

(−1)l(w) dimMw.ν−λ (1.4)

for M ∈ Cq �nite-dimensional and λ, ν ∈ P+.

The linkage and translation principles

Following [And03] we de�ne the strong linkage relation for Uq. Recall that
the Weyl group W is generated by the re�ections sα, α ∈ Φ of P given by
sα(λ) = λ−〈λ, α∨〉α, and that P+ is a fundamental domain for this action.
We also have the shifted action ofW on P �xing −ρ instead of 0, the shifted
re�ections being sα.λ = sα(λ+ ρ)− ρ = λ− 〈λ+ ρ, α∨〉α.

For i = 1, . . . , r let li = l/ gcd(l, di) and for any root α ∈ Φ with
α = w(αi), let lα = li. Note that this is independent of the choice of
i = 1, . . . , r and w ∈ W .

For α ∈ Φ and m ∈ Z de�ne the a�ne re�ection sα,m(λ) = sα(λ)+mlαα
and in the same way the shifted a�ne re�ection. The a�ne Weyl group Wl

is the group generated by all shifted a�ne re�ections sα,m, α ∈ Φ,m ∈ Z.
De�ne the fundamental alcove

Al = {λ ∈ P | 0 < 〈λ+ ρ, α∨〉 < lα ∀α ∈ Φ+}

The closure of Al is

Āl = {λ ∈ P | 0 ≤ 〈λ+ ρ, α∨〉 ≤ lα ∀α ∈ Φ+}

and this set is a fundamental domain for the a�ne Weyl group.

Remark. This notion of a�ne Weyl group is a generalization of the one in
Section 1.2. There will be more details on this at the end of the chapter. �

The shape of Al depends on whether l = lα for all α ∈ Φ or not. In
the �rst case it is easy to see that Al = {λ ∈ P+ | 〈λ+ ρ, α∨0 〉 < l} and
likewise in the second case Al = {λ ∈ P+ | 〈λ+ ρ, β∨0 〉 < l/dβ0}. For g of
type Br, Cr or F4 this is a question of whether 2 divides l and for type G2

of whether 3 divides l. If l is prime to all di, then the a�ne Weyl group is
actually the a�ne Weyl group for the dual root system in the Bourbakian
convention.

Let si = sαi , i = 1, . . . , r denote the simple re�ections in W . The a�ne
Weyl group is generated by the re�ections in the walls of Āl. Let s0 denote
the re�ection in the upper wall of Āl, i.e., if l = lα for all α ∈ Φ then
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s0 = sα0,1 and otherwise s0 = sβ0,1. Then {s0, s1, . . . , sr} with the shifted
action on P is a simple generating set of Wl.

Write λ ↑β µ if λ, µ ∈ P are related by µ = sβ,m.λ for β ∈ Φ+ andm ∈ N
with 〈λ+ ρ, β∨〉 ≤ mlβ, i.e., λ ≤ sβ,m.λ. We say that λ is strongly linked
to µ and write λ ↑Φ µ, or just λ ↑ µ, if there are λ = λ1, λ2, . . . , λr = µ such
that λi ↑βi λi+1 for some βi ∈ Φ+.

We record the linkage principle for which a proof can be found in [And03,
Theorem 3.13].

Theorem 1.5. Let λ, µ + ρ ∈ P+. Assume that Lq(λ) is a composition
factor of H i

q(w.µ) for some w ∈ W and i ≥ 0. Then λ ↑ µ.

Corollary 1.6. Let V ∈ Cq be an indecomposable module. If λ, µ ∈ P+

such that both Lq(λ) and Lq(µ) are composition factors of V then µ ∈ Wl.λ.

Proof. Suppose that µ /∈ Wl.λ. We will show that any extension

0→ Lq(λ)→ V → Lq(µ)→ 0

splits. Assume that λ 6≤ µ such that λ is a maximal weight of V . We have
seen that Frobenius reciprocity (1.3) gives us a non-zero Uq-homomorphism
V → ∇q(λ). By the theorem Lq(µ) is not a composition factor of ∇q(λ)
so the map V → ∇q(λ) has image Lq(λ) and the sequence is split. In case
λ ≤ µ we dualize the sequence, and the above shows that

0→ Lq(µ
∗)→ V ∗ → Lq(λ

∗)→ 0

is split, which in turn tells us that the original sequence is split. �

For µ ∈ Āl ∩ P+ there are no dominant λ ∈ P+ strongly linked to µ
other than λ = µ, so the module ∇q(µ) = Lq(µ) is simple.

For λ ∈ Āl let Cq(λ) be the full subcategory of Cq consisting of modules
whose composition factors have highest weights in Wl.λ. By the corollary
the category Cq is a direct sum of these subcategories

Cq =
⊕
λ∈Āl

Cq(λ)

and we let pλ : Cq → Cq(λ) denote projection functors.
For λ, µ ∈ Āl let w ∈ W be such that w(µ − λ) ∈ P+. De�ne the

translation functor T µλ : Cq(λ)→ Cq(µ) by T µλ (M) = pµ(M ⊗Lq(w(µ−λ))).
We record the translation principle for which a proof can be found in

[APK91, Theorem 8.3].



20 CHAPTER 1. FUSION RINGS

Theorem 1.7. Let λ ∈ Al, µ ∈ Āl. Then

(i) T µλH
i
q(w.λ) ' H i

q(w.µ) for all i ≥ 0, w ∈ Wl,

(ii) if w ∈ Wl with w.λ ∈ P+ then

T µλLq(w.λ) =

{
Lq(w.µ) if w.µ is in the upper closure of w.Al

0 otherwise
,

(iii) if StabWl
(µ) = {1, s} and w ∈ Wl satis�es w.λ < ws.λ, then there is

an exact sequence

0→ H0
q (w.λ)→ T λµH

0
q (w.µ)→ H0

q (ws.λ)→
. . .

→ H i
q(w.λ)→ T λµH

i
q(w.µ)→ H i

q(ws.λ)→
. . .

Tilting modules

A �nite-dimensional module T ∈ Cq is a tilting module if it has both a
∇q- and a ∆q-�ltration. Let Tq denote the subcategory of Cq consisting of
all tilting modules. It is obvious that direct sums and direct summands of
tilting modules are again tilting modules. We also note the non-trivial fact
that the tensor product of two tilting modules is also a tilting module, cf.
[Par92, Theorem 3.3].

We immediately see that for all λ ∈ Āl ∩ P+ the module ∇q(λ) '
Lq(λ) ' ∆q(λ) is tilting, and in fact for general λ the induction module
∇q(λ) is tilting if and only if it is simple.

The tensor product of a tilting module with a �nite-dimensional module
is again a tilting module, and therefore the category of tilting modules is
closed under translation functors.

Proposition 1.8. Let λ ∈ P+. Then there exists an indecomposable tilting
module Tq(λ) ∈ Tq such that

(i) all weights µ of Tq(λ) have µ ≤ λ,

(ii) dimTq(λ)λ = 1 and

(iii) Tq(λ) is unique up to isomorphism.

The proof is an analogue of [AP95, Proposition 1.7], which is originally
due to Ringel [Rin91] and Donkin [Don93].
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Proof. We have already noted that if λ ∈ Āl ∩ P+ then Tq(λ) = ∇q(λ) is a
tilting module that meets the requirements. We will use induction on the
length l(w) of elements w ∈ Wl for which w.Al ⊆ P+ to show existence of
Tq(w.λ) where λ ∈ Āl.

Let w ∈ Wl be such that w.Al ⊆ P+ and pick a simple re�ection s for
which l(w) < l(ws). If ws.λ = w.λ there is nothing to prove. Otherwise
pick µ ∈ Āl with StabWl

(µ) = {1, s}. Then Tq(w.µ) exists by the induction
hypothesis. Consider T λµTq(w.µ) which is a tilting module. By Theorem 1.7
we have a short exact sequence

0→ ∇q(w.λ)→ T λµ∇q(w.µ)→ ∇q(ws.λ)→ 0

showing that ∇q(ws.λ) will occur with multiplicity 1 in a ∇q-�ltration of
T λµTq(w.µ). Therefore we take Tq(ws.λ) to be the unique indecomposable
summand of this module such that Tq(ws.λ)ws.λ 6= 0.

To prove uniqueness, suppose that Tq(λ) and T ′q(λ) are two indecompos-
able tilting modules with the properties (i) and (ii). Then ∆q(λ) occurs as
a submodule in the ∆q-�ltrations of both Tq(λ) and T ′q(λ). This �ts into a
diagram

0 // ∆q(λ) // Tq(λ) // Tq(λ)/∆q(λ) // 0

0 // ∆q(λ) // T ′q(λ) // T ′q(λ)/∆q(λ) // 0

As Tq(λ)/∆q(λ) has a ∆q-�ltration and T ′q(λ) has a ∇q-�ltration induc-
tion on the lengths of the �ltrations together with Lemma 1.4 gives us
ExtUq(Tq(λ)/∆q(λ), T ′q(λ)) = 0. Under the surjection HomUq(Tq(λ), T ′q(λ))
� HomUq(∆q(λ), T ′q(λ)) let ϕ : Tq(λ) → T ′q(λ) be a homomorphism which
restricts to the identity on ∆q(λ). Similarly we get a homomorphism
ϕ′ : T ′q(λ) → Tq(λ) which restricts to the identity on ∆q(λ). The com-
position ϕ′ ◦ϕ is an endomorphism of Tq(λ) which is the identity on Tq(λ)λ.
Since Tq(λ) is indecomposable and of �nite length, it is a standard result
that ϕ′◦ϕ is either bijective or nilpotent, and we see the latter is impossible.
As the same applies to ϕ ◦ ϕ′ we conclude that Tq(λ) ' T ′q(λ). �

In the split Grothendieck group K0(Tq) we have a Z-basis {[Tq(λ)] | λ ∈
P+} and let (T : Tq(λ)) denote the multiplicity of Tq(λ) as a direct summand
of T ∈ Tq. As a ring K0(Tq) is freely generated by the isomorphism classes of
the indecomposable tilting modules belonging to the fundamental weights,
i.e., we have a presentation K0(Tq) ' Z[X1, . . . , Xr] with Xi = [T (ωi)], i =
1, . . . , r.
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Proposition 1.9. Let T ∈ Tq be a tilting module. Then for all λ ∈ Al we
have

(T : Tq(λ)) =
∑
w∈Wl

w.λ∈P+

(−1)l(w) [T : ∇q(w.λ)] .

We repeat the proof from [AP95, Proposition 3.20].

Proof. Since both sides are additive in T , it is enough to show the formula
for T = Tq(ν), ν ∈ P+, for which the left hand side is (Tq(ν) : Tq(λ)) = δν,λ.
If ν = λ ∈ Al then Tq(ν) = ∇q(ν) by the linkage principle, and the right
hand side is also 1. We are left to show that the right hand side is 0 for all
other values of ν.

By the linkage principle Corollary 1.6 the right hand side is 0 unless
ν ∈ Wl.λ. So suppose that ν = w.λ for some non-trivial element w ∈ Wl.
Consider the construction of Tq(w.λ) as a summand of T λµTq(w.µ) where
µ ∈ Āl is a weight �xed by a single non-trivial re�ection s such that w.µ is
in the lower closure of the alcove containing ν. Since translation is exact,
for each ∇q(y.µ), y ∈ Wl occuring as a sub-quotient in a ∇q-�ltration of
Tq(w.µ), we will see T λµ∇q(y.µ) as a subquotient in a �ltration of T λµTq(w.µ).
If y.λ < ys.λ the modules �t into an exact sequence

0→ ∇q(y.λ)→ T λµ∇q(y.µ)→ ∇q(ys.λ)→ 0.

If y.λ > ys.λ we have a similar result. Since the sequence is non-split we see,
that if ∇q(y.λ) occurs in a ∇q-�ltration of Tq(w.λ), then ∇q(ys.λ) occurs
too and contributes with opposite sign to the formula. �

The above proposition together with (1.4) applied to T = Tq(λ) ⊗
Tq(µ), λ, µ ∈ Āl∩P+, and ν ∈ Al, gives us the following multiplicity formula

(Tq(λ)⊗ Tq(µ) : Tq(ν)) =
∑
w∈Wl

(−1)l(w) dim∇q(λ)w.ν−µ. (1.5)

The negligible tilting modules

Let Nq denote the subcategory of Tq consisting of those tilting modules
which have no summands Tq(λ) with λ ∈ Al, these are called the negligible
tilting modules. It is shown in [AP95, Thm 3.21] that Nq is a tensor ideal
in Tq and that the quotient Tq/Nq is semisimple.

De�nition 1.10. De�ne the fusion ring Fq = Fq(g, l) for the quantum
group Uq to be the quotient of the Grothendieck group K0(Tq) by K0(Nq).
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Remark. The product structure on K0(Tq) induces a product structure on
the fusion ring Fq, which satis�es De�nition 1.1: It is commutative because
the multiplication on K0(Tq) is.

Let [λ] denote the image of [Tq(λ)] in Fq for λ ∈ Al. As a Z-module
Fq is free with �nite basis [λ], λ ∈ Al. We extend the notation [λ] ∈ Fq
to all λ ∈ P by saying [λ] = 0 if λ lies on a wall for Wl, and otherwise
[λ] = (−1)l(wλ)[wλ.λ] for the unique wλ ∈ Wl with wλ.λ ∈ Al.

From (1.5) the multiplication in Fq is then given by

[λ][µ] =
∑
ν∈Al

(Tq(λ)⊗ Tq(µ) : Tq(ν)) [ν]

=
∑
ν∈Al

(
∑
w∈Wl

(−1)l(w) dim∇q(λ)w.ν−µ)[ν]

=
∑
ν∈P

dim∇q(λ)ν [µ+ ν]

for λ, µ ∈ Al. In this notation we show associativity of the product struc-
ture:

([λ][µ])[η] = [η]([λ][µ]) =
∑
ν∈P

dim∇q(λ)ν [η][µ+ ν]

=
∑
ν,ζ∈P

dim∇q(λ)ν dim∇q(η)ζ [µ+ ν + ζ]

=
∑
ζ∈P

dim∇q(η)ζ [λ][µ+ ζ]

= [λ]([η][µ]) = [λ]([µ][η]).

The notation above satis�es [λ]∗ = [λ∗] for all λ ∈ P : Since the involu-
tion −w0 preserves both the highest short root and the highest long root
it preserves Al. Then it also permutes the walls Āl \ Al and therefore the
walls of Wl, i.e., [λ] = 0 if and only if [λ∗] = 0.

On the other hand, if λ lies o� the walls, then w0wλ∗w0 is an element of
Wl with w0wλ∗w0.λ = −w0(wλ∗ .(−w0λ)) = (wλ∗ .λ

∗)∗ ∈ Al, so by unique-
ness it equals wλ, i.e., [λ] = [λ∗]∗.

Using this we see

([λ][µ])∗ =
∑
ν∈P

dim∇q(λ)ν [µ+ ν]∗

=
∑
ν∈P

dim∇q(λ)ν∗ [µ
∗ + ν]

=
∑
ν∈P

dim∇q(λ
∗)ν [µ

∗ + ν] = [λ∗][µ∗]
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showing that the involution on Fq is a homomorphism. �

As a ring Fq is generated by the images of Xi = [Lq(ωi)], i = 1, . . . , r,
when l is big enough that Al 6= ∅. In the presentation of the Grothendieck
group K0(Tq) as a polynomial ring Z[X1, . . . , Xr] let Il be the ideal corre-
sponding to the Grothendieck group K0(Nq). Then Fq ' Z[X1, . . . , Xr]/Il.

Identi�cation with the WZW fusion rings

Given a Lie algebra g the fundamental alcove Al matches the region Pk
for certain integers k, l ∈ N, and it is reasonable to expect the fusion rings
F (g, k) and Fq(g, l) to be isomorphic. To be precise, we require that l is
divisible by all di, i = 1, . . . , r, (if g is simply laced this is always the case)
and then that k = lβ0 − h∨ = lβ0 − (〈ρ, β∨0 〉+ 1). In this case the de�nition
ofWk+h∨ from Section 1.2 and the de�nition ofWl of this section match up,
since they are both generated by re�ections of P in the walls of Pk = Al.

Under the above assumptions we show equality of the fusion rule N =
{Nν

λ,µ | λ, µ, ν ∈ Pk} from (1.2) and the fusion rule N ′ = {N ′νλ,µ | λ, µ, ν ∈
Al} from (1.5). To do this we recall Klimyk's formula [Hum72, Exercise
24.9] for λ, µ ∈ P+

[L(λ)⊗ L(µ)] =
∑
η∈P

tµ+η+ρ dimL(λ)η[L((µ+ η + ρ)+ − ρ)]

where tζ = 0 if ζ ∈ P is �xed by a non-trivial element of W , and otherwise
tζ = (−1)l(w) for w ∈ W the unique element of the Weyl group such that
wζ ∈ P+ is dominant. In both cases ζ+ is the unique element in P+

conjugate to ζ by W . Then the coe�cient of [L(ξ)], ξ ∈ P+ appearing in
this sum is

M ξ
λ,µ =

∑
w∈W

w.(µ+η)=ξ

tµ+η+ρ dimL(λ)ξ =
∑
w∈W

w.ξ=µ+η

(−1)l(w) dimL(λ)w.ξ−µ.

Finally we sum over all w′ ∈ Wk+h∨ , w
′.ν = ξ and get

N ν
λ,µ =

∑
w′∈Wk+h∨
w′.ν=ξ

(−1)l(w
′)M ξ

λ,µ =
∑

w∈Wk+h∨

(−1)l(w) dimL(λ)w.ν−µ.

Now this number matches exactly N ′νλ,µ =
∑

w∈Wl
(−1)l(w) dim∇q(λ)w.ν−µ,

since they are both given by the Weyl character χλ. Thus the fusion rules N
and N ′ on Pk = Al are the same, and the associated fusion rings F (g, k) and



1.3. FUSION RINGS FOR QUANTUM GROUPS 25

Fq(g, l) are isomorphic. We will therefore mostly work with the quantum
version of the fusion ring in the rest of the dissertation.

We note that all results and properties regarding the combinatorics of
the fusion ring F (g, k) in the Lie algebra setup are valid for the correspond-
ing fusion ring Fq(g, l) for the quantum group where the order l of q2 is
divisible by all di, i = 1, . . . , r. Much of the work in this dissertation is
focused on giving self-contained proofs in the quantum group setup and
generalizing them to arbitrary orders l.

The fusion ring for Uq(sl2)

As an example we explore the structure of the fusion rings associated to
the quantum group Uq(sl2). We let q ∈ C be a root of unity such that, for
l the order of q2, we have k = l − 2 ≥ 0.

Identify the dominant weights P+ with the natural numbers N. For each
dominant weight n ∈ P+ the induction module ∇q(n) is (n+1)-dimensional
with a basis e0, . . . , en such that ei has weight n−2i. The simple submodule
Lq(n) ⊆ ∇q(n) is the span of those ei for which the quantum binomial

coe�cient
[
n
i

]
q
6= 0. When n < l = ord(q2) all [µ]q = qµ−q−µ

q−q−1 6= 0 for

0 ≤ µ ≤ n and the induction module ∇q(n) = Lq(n) is simple.
For n, i ∈ N write n = n(0) + ln(1), i = i(0) + li(1) with 0 ≤ n(0), i(0) < l.

By [Lus10, Lemma 34.1.2 (c)] we have[
n
i

]
q

= q(n(0)i(1)−n(1)i(0))l+(n(1)+1)i(1)l2
(
n(1)

i(1)

)[
n(0)

i(0)

]
q

.

This shows that

(i) If 0 ≤ n < l then ∇q(n) = Lq(n) is simple.

(ii) If n ≡ −1 mod l then ∇q(n) = Lq(n) is simple.

(iii) If n = n(0) + ln(1) with 0 ≤ n(0) < l − 1 and n(1) ≥ 1 then we have a
short exact sequence

0→ Lq(n)→ ∇q(n)→ Lq(n− 2n(0) − 2)→ 0.

We conclude that ∇q(n) = Tq(n) is a tilting module if and only if 0 ≤
n < l or n ≡ −1 mod l.

Consider as in case (iii) an n = n(0)+ln(1) with 0 ≤ n(0) < l−1 and n(1) ≥
1, i.e., n is a regular weight. Form = ln(1)−1 we know that Tq(m) = ∇q(m),
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and that Tq(n) is the direct summand of ∇q(m)⊗Lq(n(0) + 1) involving the
weight n. In conclusion we have a short exact sequence

0→ ∇q(n− 2n(0) − 2)→ Tq(n)→ ∇q(n)→ 0. (1.6)

The idealNq has an N-basis in the indecomposable tilting modules Tq(n)
with highest weight outside the fundamental alcove, i.e., in P+ \Al = {n ∈
N | n ≥ l − 1}. We claim that the tilting module Tq(l − 1) = ∇q(l − 1)
generates Nq over Tq. To see this either use the general Proposition 3.1 or
check directly for low values of n ≥ l − 1

Tq(l − 1)⊗∇q(1) ' Tq(l)

Tq(l − 1)⊗∇q(2) ' Tq(l + 1)⊕ Tq(l − 1)

Tq(l − 1)⊗∇q(3) ' Tq(l + 2)⊕ Tq(l)
Tq(l − 1)⊗∇q(4) ' Tq(l + 3)⊕ Tq(l + 1)⊕ Tq(l − 1)

...

This is seen by looking at which induction modules occur in a ∇q-�ltration
of ∇q(l − 1)⊗ L for L �nite-dimensional, and compare it with (1.6).

In the Grothendieck group of Tq we set X = [∇q(1)], and identify
K0(Tq) ' Z[X]. The character of ∇q(1) is e + e−1 meaning that for any
n ≥ 1

X[∇q(n)] = [∇q(n+ 1)] + [∇q(n− 1)]. (1.7)

For low values of n we calculate

[∇q(2)] = X[∇q(1)]− [∇q(0)] = X2 − 1

[∇q(3)] = X[∇q(2)]− [∇q(1)] = X3 − 2X

[∇q(4)] = X[∇q(3)]− [∇q(2)] = X4 − 3X2 + 1

[∇q(5)] = X[∇q(4)]− [∇q(3)] = X5 − 4X3 + 3X

...

Inspired by these calculations we set up the hypothesis

[∇q(n)] =

bn2 c∑
i=0

(−1)i
(
n− 1

i

)
Xn−2i

and check that it respects (1.7). Then the presentation of the fusion ring
Fq = Fq(sl2, l), as a quotient of a polynomial ring, is given by

Z[X]/

〈b l−1
2 c∑
i=0

(−1)i
(
l − 2

i

)
X l−2i−1

〉
.



Chapter 2

Known results and conjectures

In this chapter we go through the development of the theory of fusion rings
associated to semisimple Lie algebras. Our focus is on getting precise ex-
pressions of the fusion rules and on presenting the fusion ring as a quotient
of a polynomial ring. We present key points in a seletion of papers con-
tributing to these areas in the notation introduced in Chapter 1.

2.1 Gepner 1991

In [Gep91] the fusion ring F = F (g, k) at level k ∈ N for a simple complex
Lie algebra g of type Ar, r ≥ 1, is studied. The study exploits heavily the
symmetry of the Weyl group W = Sr and the character ring Z[P ]W .

A simple �nite-dimensional representation L(λ) is identi�ed with the
Young diagram corresponding to λ ∈ P+. For λ =

∑r
i=1miωi ∈ P+ set

λi = mi + · · · + mr, i = 1, . . . , r. Then λ1 ≥ λ2 ≥ · · · ≥ λr ≥ 0 and the
level of λ is simply 〈λ, β∨0 〉 = λ1, i.e., λ ∈ Pk if and only if λ1 ≤ k. The
Young diagram of λ is then the non-increasing rows of boxes with λi boxes
in the ith row. Use the notation [a1, . . . , an] where n = λ1 is the number
of columns in the Young diagram, and ai is the number of boxes in the ith
column. Then r ≥ a1 ≥ a2 ≥ · · · ≥ an > 0.

There are two types of special representations of g: the fundamental
representations L(ωi), i = 1, . . . , r, whose Young diagram [i] consist of one
column with i boxes, and L(nω1), n ∈ N, whose Young diagram [1, . . . , 1]
consist of one row with n boxes.

Gepner proves a (Pieri) formula for the product of the isomorphism class
Xi = [L(ωi)] of a fundamental representation with any other element of R
represented in Young diagram by

[i][a1, . . . , an] =
∑

[b1, . . . , bm] (2.1)

27
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where the sum is over all those r + 1 ≥ b1 ≥ · · · ≥ bm > 0 with
∑
bj =∑

aj + i, aj + 1 ≥ bj ≥ aj, and with the convention that bj = r + 1 is the
same as bj = 0. This corresponds to adding i boxes to the Young diagram
without adding two boxes in the same row, and if a column has r+ 1 boxes
in it we remove it. As a consequence of this, he proves a (Giambelli) formula
which expresses any element in R as a polynomial in the Xi:

[a1, . . . , an] = det([ai + i− j])1≤i,j≤n (2.2)

where det is the determinant of this matrix with the convention that [0] =
[r + 1] = 1 and [i] = 0 for i > r + 1 or i < 0.

For a weight λ ∈ Pk we denote by [λ] the corresponding basis element
in F . The associated Young diagram has at most k columns, and we write
it [a1, . . . , ak] allowing some of the ai to be 0. The corresponding (Pieri)
formula for multiplication of [ωi] with another element of F is a truncated
version of (2.1):

[i][a1, . . . , ak] =
∑

[b1, . . . , bk] (2.3)

where the sum is over all those r + 1 ≥ b1 ≥ · · · ≥ bk ≥ 0 with
∑
bj =∑

aj + i, aj + 1 ≥ bj ≥ aj, and with the convention that bj = r + 1 is the
same as bj = 0. This corresponds to adding i boxes to the Young diagram
without adding two boxes in the same row, and we do not allow more than
a total of k columns. If a column ends up with r+ 1 boxes in it, we remove
it.

As the representation ring R is generated freely by the classes of the
fundamental representations Xi, i = 1, . . . , r, there is an identi�cation R '
Z[X1, . . . , Xr] with the polynomial ring in r variables. Gepner shows that
there is a surjective algebra homomorphism ϕ : R → F whose kernel I =
Ker(ϕ) is generated by the classes [L((k+1)ω1)], . . . , [L((k+ r)ω1)], i.e., we
have an isomorphism

F ' R/ 〈[L((k + 1)ω1)], . . . , [L((k + r)ω1)]〉 .

This is done by showing that all elements in R of level k + 1 is contained
in the ideal using the determinantal formula (2.2). Then the two formulas
for multiplication (2.1) and (2.3) agree.

The next step is to show that the relations [L((k + i)ω1)] ∈ R can be
integrated to a single polynomial V (X1, . . . , Xr), i.e. the partial deriva-
tives of V w.r.t. the variables Xi gives the relations [L((k + i)ω1)]. Such a
polynomial is called a potential function for the ideal I.

Denote by ε1 = ω1, εi = ωi − ωi−1, i = 2, . . . , r and εr+1 = −ωr =
−(ε1 + · · · + εr) the weights of the standard representation L(ω1) and set
qi = eεi , i.e., chL(ω1) =

∑
i=1,...,r+1 qi ∈ Z[P ]W .
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Written in these variables the character of the fundamental representa-
tion L(ωi) is

χωi =
∑

1≤j1<···<ji≤r+1

qj1 . . . qji ,

and the character of the representation L(nω1) is

χnω1 =
∑

1≤j1≤···≤jn≤r+1

qj1 . . . qjn ,

which can be seen, for instance, by the Weyl character formula (1).
For each positive number m ≥ 1 consider the element

1

m

r+1∑
i=1

qmi (2.4)

living in Z[P ] ⊗Z Q. The set of weights {mεi | i = 1, . . . , r + 1} is W -
invariant, so the element

∑r+1
i=1 e

mεi de�nes an element of the character ring
Z[P ]W . Consequently the element in (2.4) can be written as a polynomial
with rational coe�cients in the fundamental characters χωi , i = 1, . . . , r.
Let Vm(X1, . . . , Xr) ∈ R⊗Z Q be the same polynomial in the isomorphism
classes of the fundamental representations Xi, i = 1, . . . , r. Gepner proves
by calculations on the generating function V (t) =

∑∞
m=1(−1)m−1Vmt

m that
the derivatives of Vm w.r.t. the Xi are elements of R satisfying

∂Vm
∂Xi

= (−1)i−1[L((m− i)ω1)]

for m > i. We therefore set V = Vk+r+1, and we have the desired formula

F ' R/

〈
∂V

∂X1

, . . . ,
∂V

∂Xr

〉
.

Gepner ends the work with the type Ar case stating a conjecture on
fusion rings for Lie algebras of other types.

Conjecture 2.1. All fusion rings de�ned in the setting of rational confor-
mal �eld theory are presentable as the quotient of a polynomial ring by an
ideal generated by the partial derivatives of a potential function V , which is
a polynomial with integral coe�cients.
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2.2 Gepner and Schwimmer 1992

In [GS92] much of the work from [Gep91] is generalized to a Lie algebra
g of type Cr, r ≥ 2. Again the focus is on describing the fusion ring F =
F (g, k), k ∈ N, as a quotient of a polynomial ring modulo an ideal generated
by partial derivatives of a potential function.

The methods in this article are less combinatorial than in the previous
one, and characterizes the fusion ideal as an ideal of polynomials vanishing
on a speci�c set of points. The result, however, is phrased in the same
language as before.

Denote by ε1 = ω1, εi = ωi−ωi−1, i = 2, . . . , r, some of the weights of the
standard representation L(ω1) and set qi = eεi , i.e., chL(λ) =

∑r
i=1(qi +

q−1
i ) ∈ Z[P ]W . For m ≥ 1 the set of weights {±mεi | i = 1, . . . , r} is
invariant under the Weyl group action, so the element

1

m

r∑
i=1

(qmi + q−mi ) (2.5)

de�nes an element of Z[P ]W ⊗ZQ and can therefore be written as a polyno-
mial in in the fundamental characters χωi , i = 1, . . . , r with rational coe�-
cients. Let Xi = [L(ωi)], i = 1, . . . , r, denote the isomorphism classes of the
fundamental representations. Let Vm(X1, . . . , Xr) ∈ R⊗ZQ be the polyno-
mials obtained from (2.5). Then the partial derivatives of V = Vr+k+1 are
elements of R that generate the fusion ideal:

F ' R/

〈
∂V

∂X1

, . . . ,
∂V

∂Xr

〉
.

In conclusion, Gepner and Schwimmer con�rms Conjecture 2.1 in the
case of a Lie algebra of type Cr.

2.3 Bouwknegt and Ridout 2006

In [BR06] the method from [Gep91] and [GS92] for presenting the fusion
ring F = F (g, k), k ∈ N, for a Lie algebra g of type Ar or Cr in terms
of a potential function is revisited. It is shown that analogous potential
functions cannot describe the fusion ring for Lie algebras of other types,
which explains why no progress has since been made on Conjecture 2.1.

More precisely, for a simple complex Lie algebra g let Pλ denote the
set of weights with multiplicities of the representation L(λ), i.e. chL(λ) =
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∑
µ∈Pλ e

µ, and consider the element

1

k + h∨

∑
µ∈Pλ

e(k+h∨)µ ∈ Z[P ]⊗Z Q. (2.6)

For λ = ω1 this is formula (2.4) if g has type Ar and formula (2.5) if g
has type Cr. The set of weights {(k + h∨)µ | µ ∈ Pλ} is W -invariant, so∑

µ∈Pλ e
(k+h∨)µ is an element of the character ring Z[P ]W , and (2.6) can

be written as a polynomial in the fundamental characters χωi , i = 1, . . . , r,
with rational coe�cients. Let V λ ∈ Z[X1, . . . , Xr] ⊗Z Q denote the same
polynomial in the isomorphism classes Xi = [L(ωi)], i = 1, . . . , r, of the
fundamental representations.

Recall from Section 1.2 the presentation of the fusion ring F as a quotient
of R by an ideal Ik. It is shown by Bouwknegt and Ridout that the ideal〈
∂V λ

∂X1
, . . . , ∂V

λ

∂Xr

〉
⊆ R generated by the derivatives of V λ does not equal the

fusion ideal Ik for any λ ∈ P+, unless g has type Ar or Cr. The crucial
di�erence is, that for type Ar or Cr all integers 〈ωi, β∨0 〉 = 1, i = 1, . . . , r,
but for all other types there is an i with 〈ωi, β∨0 〉 > 1. Thus another method
is required in order to prove Conjecture 2.1.

Having established this negative result Bouwknegt and Ridout turn to
a di�erent method for describing a generating set of the fusion ideal Ik. Let
λ =

∑r
i=1 λiωi be a dominant weight. In a decomposition of L(ω1)λ1⊗ . . .⊗

L(ωr)
λr into irreducible components the module L(λ) occurs exactly once,

and all other occuring components L(µ) are of lower height 〈µ, ρ∨〉 < 〈λ, ρ∨〉.
Then in the presentation of the representation ring as a polynomial ring we
have

[L(λ)] = Xλ1
1 . . . Xλr

r − "lower terms".

They proceed to de�ne a monomial ordering on R making this precise, such
that the leading term of [L(λ)] is indeed Xλ1

1 . . . Xλr
r .

De�ne a monomial ordering ≺ on R by sayingXλ1
1 . . . Xλr

r ≺ Xµ1
1 . . . Xµr

r

if and only if

〈λ, β∨0 〉 < 〈µ, β∨0 〉 or
〈λ, β∨0 〉 = 〈µ, β∨0 〉 and 〈λ, ρ∨〉 < 〈µ, ρ∨〉 or
〈λ, β∨0 〉 = 〈µ, β∨0 〉 and 〈λ, ρ∨〉 = 〈µ, ρ∨〉 and Xλ1

1 . . . Xλr
r ≺′ X

µ1
1 . . . Xµr

r

where ≺′ is any other monomial ordering on R. This order indeed picks out
the leading term LT≺([L(λ)]) = Xλ1

1 . . . Xλr
r .

Note that the fusion ring has as Z-basis the elements {[L(λ)] | λ ∈
P+, 〈λ, β∨0 〉 ≤ k}, which are distinguished by ≺ from those elements [L(µ)]
with weights µ ∈ P+ \ Pk outside the alcove Pk = {λ ∈ P+ | 〈λ, β∨0 〉 ≤ k}.
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Consider the ideal 〈LT≺(Ik)〉 in R generated by the leading terms w.r.t≺
of polynomials in Ik. Bouwknegt and Ridout show, that as an abelian group
〈LT≺(Ik)〉 is generated freely by the set of monomialsM = {Xλ1

1 . . . Xλr
r |

〈λ, β∨0 〉 > k}, and as an ideal it is generated by the atomic monomials in
M, i.e., those monomials which cannot be expressed as the product of a
monomial inM and an Xi.

Note that the atomic monomials inM include all monomialsXλ1
1 . . . Xλr

r

associated to weights on the boundary 〈λ, β∨0 〉 = k + 1. For g of type Ar
or Cr these account for all atomic monomials, since 〈ωi, β∨0 〉 = 1 for all
i = 1, . . . , r, so if a monomial Xµ1

1 . . . , Xµr
r has 〈µ, β∨0 〉 > k+ 1 then we can

�nd an i such that µ−ωi ∈ P+ and 〈µ− ωi, β∨0 〉 ≥ k+1. For the remaining
types there will generally be other atomic monomials.

For all monomials Xλ1
1 . . . Xλr

r ∈ M de�ne a polynomial pλ ∈ Ik ⊆ R
whose leading term w.r.t. ≺ is Xλ1

1 . . . Xλr
r : If λ is on a shifted a�ne alcove

boundary, then [L(λ)] is in Ik, so set pλ = [L(λ)]. Otherwise, �nd a w ∈ Wk

such that w.λ ∈ Pk and set pλ = [L(λ)]− det(w)[L(w.λ)] ∈ Ik.
The following result is [BR06, Proposition 3]:

Proposition 2.2. The polynomials pλ associated to atomic monomials form
a Gröbner basis for the fusion ideal w.r.t. the monomial ordering ≺, i.e.

Ik =
〈
pλ ∈ R | λ ∈ P+ \ Pk with λ− ωi /∈ P+ \ Pk for all i

〉
2.4 Boysal and Kumar 2009

In [BK09] a number of conjectures regarding speci�c generators of the fusion
ideal is proposed. Again the isomorphism class of a simple representation
[L(λ)] is presented as an element of the polynomial ring Z[X1, . . . , Xr] with
variables the isomorphism classes of the fundamental representations Xi =
[L(ωi)], i = 1, . . . , r.

For a natural number k ∈ N they work with the fusion ideal Ik ⊆ R and
seek to conjecturally describe it in terms of a generating set whose size is
independent of the level k. They give 3 equivalent de�nitions of the fusion
ring where the �rst one is repeated in Section 1.2. Therefore we may use
the formula in Proposition 2.2 as a de�nition of Ik.

Below we state the main theorem of the paper and the subsequent con-
jecture.

Theorem 2.3. Let k be any positive integer. We have the following inclu-
sions of ideals
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(a) For g of type Br, Dr or E6

Ik ⊇
√
〈[L((k + 1)ω1)], [L((k + 2)ω1)], . . . , [L((k + h∨ − 1)ω1)]〉.

(b) For g of type G2

Ik ⊇

{√
〈[L((k + 1)ω1)], [L((k + 2)ω1)], [L(((k + 1)/2)ω2)]〉, if k is odd√
〈[L((k + 1)ω1)], [L((k + 2)ω1)], [L(ω1 + (k/2)ω2)]〉, if k is even.

(c) For g of type F4

Ik ⊇
√
〈[L((k + 1)ω4)], [L((k + 2)ω4)], . . . , [L((k + 6)ω4)]〉.

(d) For g of type E7

Ik ⊇
√
〈[L((k + 1)ω7)], [L((k + 2)ω7)], . . . , [L((k + h∨ − 1)ω7)]〉.

(e) For g of type E8

Ik ⊇

{√
〈[L((k + 2)ω8)], [L((k + 3)ω8)], . . . , [L((k + 29)ω8)]〉, if k is even√
〈[L((k + 2)ω8)], . . . , [L((k + 29)ω8)], [L(((k + 1)/2)ω8)]〉, if k is odd.

Conjecture 2.4. (a) All the inclusions in (a)-(b) in the above theorem are
equalities for g of type Br, Dr or G2.

(b) In addition, for g of type Br√
〈[L((k + 1)ω1)], [L((k + 2)ω1)], . . . , [L((k + h∨ − 1)ω1)]〉

= 〈[L((k + 1)ω1)], [L((k + 2)ω1)], . . . , [L((k + h∨ − 1)ω1)], [L(kω1 + ωr)]〉 ,

and for g of type Dr√
〈[L((k + 1)ω1)], [L((k + 2)ω1)], . . . , [L((k + h∨ − 1)ω1)]〉

= 〈[L((k + 1)ω1)], . . . , [L((k + h∨ − 1)ω1)], [L(kω1 + ωr−1)], [L(kω1 + ωr)]〉 .
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Verifying the conjectures

Computer aided we verify several of the conjectures for low levels k. For
each weight λ ∈ P+ we �rst calculate an expression of [L(λ)] in terms of
the fundamental classes Xi in the polynomial presentation of R.

Given an ideal I ⊆ R we use a version of Buchberger's algorithm to
calculate a Gröbner basis for I, cf. for example [KRK88]. To test whether
a given element p ∈ R belongs to I, we check whether p reduces to zero by
the Gröbner basis.

To test for membership of p in the radical
√
I of an ideal we add an

extra variable t to the polynomial presentation of the representation ring
and embed both p and I in R[t]. By the following lemma p ∈

√
I if and

only if the ideal 〈I, tp− 1〉 is the whole ring R[t].

Lemma 2.5. Let R be a noetherian ring and let I ⊆ R be an ideal. Then
p ∈
√
I if and only if the ideal localized at p contains a unit: Ip = Rp.

Proof. Assume p ∈
√
I, i.e., pn ∈ I for some n ≥ 1. Then 1 = pn/pn ∈ Ip

so Ip = Rp. On the other hand, let I ⊆ p be an arbitrary prime ideal. If
Ip = Rp then pp = Rp, so write 1 = a/fn for some a ∈ p. Then pn+k = apk

in p for some k ≥ 0 and consequently p ∈ p. So p ∈
⋂
I⊆p p =

√
I. �

These techniques and algorithms have been implemented in a java pro-
gram1, and results of an attempted veri�cation of the conjectures can be
seen in Table 2.3. Calculations for higher levels were initiated but aborted,
as the algorithm didn't terminate after 24 hours of calculating. We see that
Conjecture 2.4 (a) for g of type G2 is refuted for certain levels.

Let us make this concrete in the case where g has type G2 and the level
is k = 7. The polynomials in Z[X1, X2] corresponding to the generators of
the radical ideal are

[L(8ω1)] : p1 = X8
1 −X7

1 − 7X6
1X2 − 5X6

1 + 4X5
1X2 + 6X5

1 + 15X4
1X

2
2 +

21X4
1X2+5X4

1 +2X3
1X

2
2−6X3

1X2−8X3
1−10X2

1X
3
2−27X2

1X
2
2−

15X2
1X2 − 8X1X

3
2 − 12X1X

2
2 + 3X1 +X4

2 +X3
2

[L(9ω1)] : p2 = X9
1 −X8

1 − 8X7
1X2 − 6X7

1 + 5X6
1X2 + 8X6

1 + 21X5
1X

2
2 +

30X5
1X2 + 6X5

1 − 13X4
1X2 − 13X4

1 − 20X3
1X

3
2 − 50X3

1X
2
2 −

30X3
1X2+2X3

1−14X2
1X

3
2−12X2

1X
2
2 +9X2

1X2+7X2
1 +5X1X

4
2 +

16X1X
3
2 +21X1X

2
2 +8X1X2−2X1+4X4

2 +11X3
2 +6X2

2−2X2−1
[L(4ω2)] : p3 = X6

1 −X5
1 − 2X4

1X2 − 3X4
1 − 3X3

1X
2
2 − 2X3

1X2 + 2X3
1 +

6X2
1X2 +3X2

1 +6X1X
3
2 +9X1X

2
2 +2X1X2−X1 +X4

2 +5X3
2 +

4X2
2 − 2X2 − 1

1Available at http://home.imf.au.dk/troels/Del-B/ReAlGriDPCv1.2.zip

http://home.imf.au.dk/troels/Del-B/ReAlGriDPCv1.2.zip
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The weight 4ω1 + 2ω2 lies on the a�ne wall so the element

[L(4ω1 + 2ω2)] : q = −X7
1 + 2X6

1 + 4X5
1X2 + X5

1 + X4
1X

2
2 − 2X4

1X2 −
4X4

1 − 5X3
1X

2
2 − 10X3

1X2 + 2X3
1 − 3X2

1X
3
2 − 3X2

1X
2
2 +

3X2
1X2 +2X2

1 +6X1X
2
2 +6X1X2−2X1 +X4

2 +2X3
2 +X2

2

belongs to the fusion ideal. However if we consider the ideal 〈p1, p2, p3, qT − 1〉
⊆ Z[X1, X2, T ] we do not get the whole ring.

Type of g Conjecture 2.4 (a) Conjecture 2.4 (b)

B3 veri�ed for levels 1− 7 veri�ed for levels 1− 7
B4 veri�ed for levels 1− 4 veri�ed for levels 1− 4
D4 veri�ed for levels 1− 4 veri�ed for levels 1− 5

G2
veri�ed for levels 1− 6, 8, 10, 12
refuted for levels 7, 9, 11, 13

Table 2.3

2.5 Kor� and Stroppel 2010

In [KS10] the combinatorial structures of two geometric constructions re-
lated to g = slr+1 and an integer k ≥ 0 are extrinsically de�ned in an
analogues way.

One is the fusion ring F = F (slr+1, k) emerging in the theory of ra-
tional conformal �eld theory. The natural Z-basis is indexed by partitions
λ whose Young diagram �ts into a bounding box of size r × k, to which
the multiplicative structure constants are given as dimensions of conformal
blocks on P1 with 3 marked points.

The other is the quantum cohomology ring qH•(K0k,r+k+1), which is a
deformation of the ordinary cohomology ring of K0k,r+k+1. It has a Z[q]-
basis in Shubert classes [Ωλ] indexed by partitions λ, whose Young diagram
�ts into a bounding box of size k× (r+ 1), and the structure constants are
given by certain Gromov-Witten invariants.

In both cases the multiplicative structures are de�ned in terms of sym-
metric polynomials in pairwise non-commuting variables. The main theo-
rem of the paper is a realization of F as a quotient of qH•(K0k,r+k+1), which
comes as a consequence of the analogy of the combinatorial descriptions.

An interpretation of these variables are given as particle hopping oper-
ators on the extended Dynkin diagram of slr+1: A partition λ =

∑r
i=1miωi
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gives a basis element of F if and only if m =
∑r

i=1 mi ≤ k. In this case we
set m0 = k −m and we interpret the basis element as a con�guration of k
particles on a circle with r + 1 marked points with mi particles at place i.
Let ai, i = 0, . . . , r be the operator that moves a particle from the ith place
to the i+ 1st place in clockwise direction. If there are no particles at place
i the operator kills the con�guration instead.

For a subset I ⊆ {0, 1, . . . , r}, let aI = ai1 . . . ain be the product of the
operators ais with is running through I in anticlockwise cyclical order, i.e.,
such that if it = is+1 mod (r+1) then ais occurs to the right of ait . De�ne
the elementary symmetric polynomial en(a) =

∑
|I|=n aI for 1 ≤ n ≤ r, set

e0(a) and er+1(a) to be the identity and em(a) = 0 if m < 0 or m > r + 1.
Then by [KS10, Corollary 5.14] the operators en(a) commute and therefore

sλ(a) = det(eλti−i+j(a)) (2.7)

is well-de�ned. Here λti is the number of boxes in the ith column of the
dynkin diagram of λ. Now by [KS10, Theorem 6.18] multiplication in F is
given on the basis elements λ by

λ ? µ = sλ(a)µ. (2.8)

2.6 Douglas 2013

In his paper [Dou09] Douglas gives an abstract presentation of the fusion
ring F = F (g, k) for a simple complex Lie algebra g and integer k ∈ N
as a quotient of the representation ring R by an ideal Ik generated by a
set p1(k), . . . , png(k) ∈ R, where the pi(k), i = 1, . . . , ng, are isomorphism
classes of representations of g depending on the level k, such that the num-
ber ng is independent of the level. An upper bound on the number of

generators ng of the fusion ideal is
∑r

i=1 |W | /
∣∣∣W (̂i)

∣∣∣ where W (̂i) is the
subgroup of W generated by all simple re�ections s1, . . . , ŝi, . . . , sr except
the ith.

In his sequential paper [Dou13] Douglas improves drastically on the
upper bound of ng and extended the method to give a complete computation
of explicit generators in each case. For g a simple complex Lie algebra of
classical type or of type G2 we repeat in Table 2.4 his results on speci�c
generators for the fusion ideal Ik for level k ∈ N.

We also refer to Chapter 6 where we have sought to generalize part of
the work in the two papers to the setting of quantum groups.
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Ar, r ≥ 1 Ik = 〈[L((k + 1)ω1)], [L(kω1 + ω2)], . . . , [L(kω1 + ωr)]〉
Br, r ≥ 3 Ik = 〈[L((k − 1)ω1 + ω2)], . . . , [L((k − 1)ω1 + ωr−1)],

[L((k − 1)ω1 + 2ωr)], [L(kω1 + ωr)], . . . , [L(kω1 + ω3)],
[L(kω1 + ω2)] + [L(kω1)], [L((k + 1)ω1)]〉

Cr, r ≥ 2 Ik = 〈[L((k + 1)ω1)], [L(kω1 + ω2)], . . . , [L(kω1 + ωr)]〉
Dr, r ≥ 4 Ik = 〈[L((k − 1)ω1 + ω2)], . . . , [L((k − 1)ω1 + ωr−2)],

[L((k − 1)ω1 + ωr−1 + ωr)], [L(kω1 + ωr)], [L(kω1 + ωr−1)],
[L(kω1 + ωr−1 + ωr)], [L(kω1 + ωr−2)], . . . , [L(kω1 + ω3)],
[L(kω1 + ω2)] + [L(kω1)], [L((k + 1)ω1)]〉

G2 Ik =


〈[L((k

2
− 1)ω2)] + [L(k

2
ω2)], [L(ω1 + k

2
ω2)],

[L(3ω1 + (k
2
− 1)ω2)]〉, k even

〈[L(k+1
2
ω2)], [L(2ω1 + k−1

2
ω2)],

[L(3ω1 + k−1
2
ω2)] + [L(3ω1 + k−3

2
ω2)]〉, k odd

Table 2.4: Part of the table in [Dou13, Theorem 1.1]

2.7 Andersen and Stroppel 2014

In [AS14] an overview of the theory of fusion rings in the setting of tilting
modules for quantum groups, as presented in our Section 1.3, is provided,
and several of the techniques from the above-mentioned papers are applied.

In particular a generating set G for the category of negligible tilting
modules Nq, as a tensor ideal in Tq, is presented analogous to the Gröbner
basis analysis that lies behind Proposition 2.2.

Similarly they realize the fusion ring as a quotient of a polynomial ring.
The de�ning ideal in this commutative presentation is generated by the
polynomials corresponding to the elements in G, and in many cases they
are able to produce alternative generating sets of much smaller sizes via
classical determinantal identities.

The story here deviates from the one in the previous papers, as the
type of the a�ne Weyl group Wl depends on whether l is divisible by all
o�-diagonal entries in the Cartan matrix or not: In the �rst case the type
matches that of the associated a�ne Lie algebra g̃, but in the second case
it is the dual type in Bourbakian convention. The fusion rings that are
constructed in this latter case have not been studied much before. Thus
the fusion rings that arise in this setting encompass all the ones studied in
the previous papers and as well as everal others.

In the case where g has type Ar the multiplicative structure in the fusion
ring is compared to the explicit expression given in (2.8). Once it is shown
that the two multiplicative structures acts identical relative to chosen bases,
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it follows as a consequence of commutativity of the tensor product in Tq,
that the determinant in (2.7) is well-de�ned and (2.8) is commutative.

An analogues description of the multiplicative structure in the fusion
ring in terms of symmetric polynomials in non-commutative variables is
made in the case where g has type Cr. An interpretation of the variables are
again given as particle hopping on the extended Dynkin diagram associated
to Wl. The type of the diagram and the number of particles depends on
whether l is odd or even.



Chapter 3

Generators of the fusion ideal

In this and the following chapters we return to working with the fusion ring
Fq = Fq(g, l) for the quantum group Uq associated to a simple Lie algebra g,
with l the order of q2 ∈ C. We consider the polynomial presentation of the
(split) Grothendieck group K0(Tq) ' R = Z[X1, . . . , Xr] and will explore
the ideal Il ⊆ R for which Fq ' R/Il.

A priori the ideal is generated by in�nitely many relations, and the
focus in this chapter is to reduce the number of generators. Fq is a �nitely
generated free Z-module, so it has Krull dimension 1, and being a quotient of
the r+1-dimensional ring R the ideal Il is generated by at least r elements.
In case Il is generated by r elements, these generators will constitute a
regularR-sequence, and sinceR is a regular ring the fusion ring is a complete
intersection ring.

Assuming we have proven Il is a complete intersection we may be able to
�nd explicit generators p1, . . . , pr ∈ R of Il with ∂

∂Xj
pi symmetric in i and j.

Then α =
∑r

i=1 pidXi is a closed 1-form, dα =
∑r

i,j=1
∂
∂Xj

pidXj ∧ dXi = 0,

hence it integrates to a potential function V ∈ R, α = dV =
∑r

i=1
∂
∂Xi

V dXi,
and the generators pi = ∂

∂Xi
V are described by a single polynomial V .

We end up with the following set of problems on the de�ning ideal Il of
the fusion ring Fq.

(i) Find a �nite generating set of Il for each value of l.

(ii) Find a level-independent upper bound on the number of elements
necessary to generate Il, preferably together with a uniform explicit
generating set.

(iii) Decide whether Il can be generated by r elements, preferably together
with r explicit generators.

39
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(iv) Describe these r generators as the partial derivatives of an explicit
potential function.

The plan for this chapter is to explore these problems for each Lie algebra
g of classical type or of type G2. To sum it up (i) has been achieved in all
cases, (ii) has been achieved achieved in all cases but type Cr for odd l, (iii)
has been achieved for type Al, type Br for odd l, type Cr for even l and for
type G2 and �nally (iv) has been achieved for type Al, type Br for odd l
and type Cr for even l.

If l = lα for all α ∈ Φ then set k = l − (〈ρ, α∨0 〉 + 1) and otherwise
k = l/dβ0 − (〈ρ, β∨0 〉 + 1). In the �rst case we also say that the level of a
weight λ ∈ P is 〈λ, α∨0 〉 and otherwise 〈λ, β∨0 〉. The fundamental alcove Al
consists of all dominant weights of level at most k. We will assume that
Al 6= ∅ which is equivalent to k ≥ 0.

3.1 A �nite generating set

We describe in this section a method for solving problem (i) listed above
for any simple complex Lie algebra g. Next we go through this method in
detail for g of speci�c types.

The following is inspired by the method in Section 2.3 originally de-
veloped in [BR06]. Let � denote the ordering on P de�ned by λ � µ if
µ− λ =

∑r
i=1 aiωi with a1, . . . , ar ≥ 0. We have the following

Proposition 3.1. The tensor ideal Nq ⊆ Tq is generated by the set

{Tq(µ) | µ minimal in P+ \ Al with respect to �}. (3.1)

For a proof see [AS14, Proposition 2.4]. To �nd a �nite generating set of
Il we take the isomorphism class [Tq(λ)] of a tilting module belonging to a
minimal highest weight λ ∈ P+ \Al and describe it as a polynomial in the
fundamental classes Xi = [Lq(ωi)], i = 1, . . . , r.

Note that the size of this set is �nite but dependent on l.

Type Ar

Let g be of type Ar, r ≥ 1. We have k = l − (r + 1). A weight λ =∑r
i=1miωi ∈ P has level 〈λ, α∨0 〉 =

∑r
i=0 mi, thus the minimal weights in

P+ \ Al certainly includes all

{
r∑
i=1

miωi ∈ P+ |
r∑
i=1

mi = k + 1}. (3.2)
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If a weight λ =
∑r

i=1 miωi ∈ P+ \ Al has level
∑r

i=1mi > k + 1, then it is
not minimal. For say mi > 0, then λ−ωi ∈ P+ and has level ≥ k+ 1, so is
not in Al. Thus the above set includes all the minimal weights in P+ \ Al.

The cardinality of the set above is a polynomial in k of degree r− 1, in
fact it is equal to the binomial coe�cient

(
k+r
r−1

)
: When 0 ≤ m1 ≤ k + 1 is

�xed, there is by induction on r
(

(k+1−m1)+(r−2)
r−2

)
choices of m2, . . . ,mr ≥ 0

summing up to k + 1 − m1, making the total number of choices equal to∑k+1
m1=0

(
k+r−m1−1

r−2

)
=
∑k+1

m1=0(
(
k+r−m1

r−1

)
−
(
k+r−m1−1

r−1

)
) =

(
k+r
r−1

)
−
(
r−2
r−1

)
.

Type Cr

Let g be of type Cr, r ≥ 2. If l is even, then k = l/2 − (r + 1). A weight
λ =

∑r
i=1 miωi has level 〈λ, β∨0 〉 =

∑r
i=1 mi, so the same argument as before

shows that the minimal weights are

{
r∑
i=1

miωi ∈ P+ |
r∑
i=1

mi = k + 1}, (3.3)

and that this set contains
(
k+r
r−1

)
elements.

If l is odd, then k = l− 2r. A weight λ =
∑r

i=1miωi has level 〈λ, α∨0 〉 =
m1 +

∑r
i=2 2mi. The set of minimal weights in P+ \ Al contains all the

elements

{
r∑
i=1

miωi ∈ P+ | m1 +
r∑
i=2

2mi = k + 1} (3.4)

and a priori it also contains the elements {
∑r

i=2miωi ∈ P+ |
∑r

i=2 2mi =
k+2}, but since k is odd, k+2 is also odd, and this set is empty. Therefore
the above set exhausts all the minimal weights.

In (3.4) m1 = 2m must be even, and when 0 ≤ m ≤ k+1
2

is �xed, the
number of choices of elementsm2, . . . ,mr ≥ 0 for which 2

∑r
i=2mi = k+1−

2m has already been determined to be
( k+1

2
−m+r−2
r−2

)
, making the total num-

ber of elements in (3.4) equal to
∑ k+1

2
m=0

( k+1
2
−m+r−2
r−2

)
=
∑ k+1

2
m=0(

( k+1
2
−m+r−1
r−1

)
−( k+1

2
−m+r−2
r−1

)
) =

( k+1
2

+r−1
r−1

)
, which is also a polynomial of degree r − 1 in k.

Type Br

Let g be of type Br, r ≥ 3. If l is even, then k = l/2 − (2r − 1). A weight
λ =

∑r
i=1miωi has level 〈λ, β∨0 〉 = m1 +

∑r−1
i=2 2mi + mr. Thus besides

the weights of level k + 1, the minimal weights in P+ \ Al include those
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∑r
i=1 miωi of level k + 2 with m1 = mr = 0, i.e., the set is

{
r∑
i=1

miωi ∈ P+ | m1 +
r−1∑
i=2

2mi +mr = k + 1}

∪{
r−1∑
i=2

miωi ∈ P+ |
r−1∑
i=2

2mi = k + 2}.
(3.5)

If k is even, the �rst set in the union contains 2
( k

2
+r−1
r−1

)
elements and the

second set
( k

2
+r−2
r−3

)
elements. If k is odd, the �rst set contains

( k+1
2

+r−1
r−1

)
+( k−1

2
+r−1
r−1

)
elements and the second set is empty. This is veri�ed by doing

manipulations similar to those in the previous cases.
If l is odd, then k = l− 2r. A weight λ =

∑r
i=1 miωi has level 〈λ, α∨0 〉 =∑r−1

i=1 2mi +mr, so the minimal weights are

{
r∑
i=1

miωi ∈ P+ |
r−1∑
i=1

2mi +mr = k + 1}. (3.6)

Again the set of minimal weights a priori contains the elements {
∑r−1

i=1 miωi ∈
P+ |

∑r−1
i=1 2mi = k + 2}, but since k is odd this set is empty. It is easy to

see that (3.6) contains
( k+1

2
+r−1
r−1

)
elements.

Type Dr

Let g be of typeDr, r ≥ 4. We have k = l−(2r−3). A weight λ =
∑r

i=1miωi
has level 〈λ, α∨0 〉 = m1 +

∑r−2
i=2 2mi+mr+1 +mr, so the minimal weights are

{
r∑
i=1

miωi ∈ P+ | m1 +
r−2∑
i=2

2mi +mr+1 +mr = k + 1}

∪{
r−2∑
i=2

miωi ∈ P+ |
r−2∑
i=2

2mi = k + 2}.
(3.7)

If k is even, the �rst set in the union contains 3
( k

2
+r−1
r−1

)
+
( k

2
+r−2
r−1

)
elements

and the second set
( k

2
+r−3
r−4

)
elements. If k is odd, the �rst set contains( k+1

2
+r−1
r−1

)
+ 3
( k+1

2
+r−2
r−1

)
elements and the second set is empty.
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Type G2

Let g be of type G2. If 3 divides l, then k = l/3 − 4. A weight λ =
m1ω1 +m2ω2 has level 〈λ, β∨0 〉 = m1 + 2m2, so the minimal weights are

{m1ω1 +m2ω2 ∈ P+ | m1 + 2m2 = k + 1}
∪{m2ω2 ∈ P+ | 2m2 = k + 2}.

(3.8)

If k is even, the �rst set in the union contains k
2
elements and the second 1

element. If k is odd, the �rst set contains k+1
2

elements and the second set
is empty.

If l is prime to 3, then k = l − 6 is also prime to 3. A weight λ =
m1ω1 +m2ω2 has level 〈λ, α∨0 〉 = 2m1 + 3m2, so the set of minimal weights
contains all weights of level k + 1 and k + 2. If a weight m1ω1 +m2ω2 has
level k + 3, then it must have m1 > 0, and it is not minimal in P+ \ Al.
The minimal weights are therefore

{m1ω1 +m2ω2 ∈ P+ | k + 1 ≤ 2m1 + 3m2 ≤ k + 2}. (3.9)

If k ≡ 1 mod 6 this set contains k−1
3

elements, if k ≡ 2 mod 6 it contains
k−2

3
elements, if k ≡ 4 mod 6 it contains k−1

3
elements and if k ≡ 5 mod 6

it contains k−2
3

elements.

3.2 Finding canonical generators

We now review the method of expressing irreducible characters of the clas-
sical Lie algebras as determinants of matrices whose entries are given by
symmetric polynomials, following [BR06, Appendix A]. The calculations
start with the Weyl character formula

χλ =
Aλ+ρ

Aρ
∈ Z[P ]W

for a dominant λ ∈ P+, where Aλ =
∑

w∈W (−1)l(w)ew(λ) ∈ Z[P ] is an
antisymmetric element with maximal weight λ. Case by case we will rewrite
this as a polynomial in variables q = eε for weights ε of the standard
representation L(ω1). By careful manipulations we may be able to show
that the characters of the generators of Proposition 3.1 can be expressed
by a canonical set characters of elements belonging to Nq.

Another strategy is to use some of the results presented in Chapter 2
when possible. If l is divisible by all di, i = 1, . . . , r, we have an isomorphism
of the fusion ring Fq(g, l) with the WZW fusion ring F (g, k) for k = l/dβ0−
(〈ρ, β∨0 〉 + 1). In these cases the presentations in Table 2.4 applies to give
us canonical sets of generators of the fusion ideal Il.
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Type Ar

Assume g has type Ar, r ≥ 1. The weights of the standard representation
are ε1 = ω1, εi = ωi−ωi−1 for 1 < i ≤ r and εr+1 = −ωr = −(ε1 + · · ·+ εr).
The Weyl group W = Sr+1 permutes these weights. Write qi = eεi for
i = 1, . . . , r as formal exponentials.

Given a weight λ =
∑r

i=1miωi ∈ P+ we write it as
∑r

i=1 λiεi with
λi = mi + · · ·+mr, 1 ≤ i ≤ r, and λr+1 = 0. Then λ1 ≥ λ2 ≥ · · · ≥ λr ≥ 0.
Speci�cally ρ =

∑r
i=1 ρiεi has ρi = r+1− i. We calculate using the Leibniz

formula for determinants

Aλ =
∑
w∈W

det(w)e
∑r+1
i=1 λiw(εi) =

∑
σ∈Sr+1

sgn(σ)
r+1∏
i=1

qλiσ(i) =
∣∣∣qλji ∣∣∣r+1

i,j=1
.

We now identify the character χλ = Aλ+ρ/Aρ with the Schur polynomial

Sλ = Sλ(q1, . . . , qr+1) =

∣∣qλi+r+1−i
j

∣∣∣∣qr+1−i
j

∣∣ .

We let Hm = Hm(q1, . . . , qr+1),m ≥ 0, denote the complete symmetric
polynomial in r + 1 variables, i.e., the sum of all distinct monomials of
degree m with the constraint that q1 . . . qr+1 = 1. Formally, let Hm = 0
for m < 0 and note also that H0 = 1. A relationship between the Schur
polynomials and the complete symmetric polynomials is given by a Jacobi-
Trudi identity, cf. [FH91, (24.10)]:

Lemma 3.2. Let λ be a partition of a positive integer into r parts. Then
the Schur polynomial is given by

Sλ =
∣∣Hλj+i−j

∣∣r+1

i,j=1

As λr+1 = 0 the last column is just (0, . . . , 0, 1)T and this determinant
equals

∣∣Hλj+i−j
∣∣r
i,j=1

=

∣∣∣∣∣∣∣∣∣
Hλ1 Hλ2−1 . . . Hλr−r+1

Hλ1+1 Hλ2 . . . Hλr−r+2
...

...
...

Hλ1+r−1 Hλ2+r−2 . . . Hλr

∣∣∣∣∣∣∣∣∣ . (3.10)

The formula applied to λ = mω1 = mε1,m ≥ 0, shows us that χmω1 = Hm.
The following result is [Gep91, (2.20)], and the proof is from [BR06,

3.2].
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Proposition 3.3. The fusion ideal Il for the fusion ring Fq(g, l), where g
has type Ar and k = l − (r + 1) ≥ 0, has the following sets of r generators

Il = 〈[∇q((k + 1)ω1)], [∇q((k + 2)ω2)], . . . , [∇q((k + r)ω1)]〉
= 〈[∇q((k + 1)ω1)], [∇q(kω1 + ω2)], . . . , [∇q(kω1 + ωr)]〉 .

Proof. We know from the previous section that the ideal Il is generated
by all [Tq(λ)] with λ =

∑r
i=1miωi the minimal weights in (3.2). All of

these weights lie in the closure of the alcove Āl, so [Tq(λ)] = [∇q(λ)]. Since
the character of ∇q(λ) is the Weyl character χλ, we use the lemma to get
expressions of these generators.

When we write such a λ in the basis ε1, . . . , εr it satis�es k + 1 = λ1 ≥
· · · ≥ λr ≥ 0. Expanding the determinant (3.10) along the �rst column,
we get [∇q(λ)] written as a linear combination of [∇q((k + 1)ω1)], [∇q((k +
2)ω1)], . . . , [∇q((k + r)ω1)], showing that Il is included in the �rst ideal.

Next we show that the �rst ideal is contained in the second ideal. Con-
sider the weight kω1 + ωi = (k + 1)ε1 + ε2 + · · · + εi, for which (3.10)
is

χkω1+ωi =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Hk+1 H0

Hk+2 H1 H0

...
. . . 0

Hk+i−1 H0

Hk+i Hi−1 Hi−2 . . . H1

Hk+i+1 H2 H0
...

...
. . .

Hk+r Hr−1 Hr−2 . . . Hr−i+1 H0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
showing that χkω1+ωi + (−1)iHk+i ∈ 〈Hk+1, . . . , Hk+i−1〉. By induction all
χ(k+i)ω1 = Hk+i ∈

〈
χ(k+1)ω1 , χkω1+ω2 , . . . , χkω1+ωi

〉
.

Lastly we notice that all the weights kω1 +ωi belong to (3.2) so the last
ideal is contained in Il. �

Type Cr

Assume that g has type Cr, r ≥ 2. The weights of the standard representa-
tion are ±εi, i = 1, . . . , r, where ε1 = ω1 and εi = ωi − ωi−1 for 2 ≤ i ≤ r.
The Weyl group is W = Sr n Zr2, where Sr permutes the indices and each
Z2 changes sign on one εi and leaves the others invariant. Write qi = eεi .

Given a weight λ =
∑r

i=1 miωi ∈ P+ we again write it λ =
∑r

i=1 λiεi
with λi = mi + · · · + mr, i = 1, . . . , r. Then again λ1 ≥ · · · ≥ λr ≥ 0 and
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ρi = r + 1− i. We calculate

Aλ =
∑

w∈SrnZr2

det(w)e
∑r
i=1 λiw(εi)

=
∑
σ∈Sr

sgn(σ)
r∏
i=1

(qλiσ(i) − q
−λi
σ(i)) =

∣∣∣qλji − q−λji

∣∣∣r
i,j=1

,

giving a formula for the irreducible character of highest weight λ:

χλ =

∣∣∣qλj+r+1−j
i − q−(λj+r+1−j)

i

∣∣∣∣∣∣qr+1−j
i − q−(r+1−j)

i

∣∣∣ .

A version of the Jacobi-Trudi identity, [FH91, Proposition 24.22], cal-
culates the character in terms of complete symmetric polynomials Jm =
Hm(q1, . . . , qr, q

−1
1 , . . . , q−1

r ) in the variables qi and their inverses q−1
i . Again

J0 = 1 and Jm = 0 for m < 0.

Lemma 3.4. Let λ1 ≥ · · · ≥ λr ≥ 0 and consider the character ring Z[P ]W

for g of type Cr. Then the irreducible character of highest weight λ =∑r
i=1 λiεi equals

χλ =

∣∣∣∣∣∣∣∣∣
Jλ1 . . . Jλr−r+1

Jλ1+1 + Jλ1−1 . . . Jλr−r+2 + Jλr−r
...

...
Jλ1−1+r + Jλ1−r+1 . . . Jλr + Jλr−2r+2

∣∣∣∣∣∣∣∣∣ . (3.11)

Again the formula applied to λ = mω1 = mε1,m ≥ 0, shows us χmω1 = Jm.
The following result is [BMRS92, (2.9)], and the proof is from [BR06,

3.2].

Proposition 3.5. Let g have type Cr and let l be a positive integer. If l
is even, we assume that k = l/2 − (r + 1) ≥ 0. The fusion ideal Il for the
fusion ring Fq(g, l) has the following sets of r generators

Il =〈[∇q((k + 1)ω1)], [∇q((k + 2)ω1)] + [∇q(kω1)], . . . ,

[∇q((k + r)ω1)] + [∇q((k + 2− r)ω1)]〉
= 〈[∇q((k + 1)ω1)], [∇q(kω1 + ω2)], . . . , [∇q(kω1 + ωr)]〉 .

If l is odd, we assume k = l− 2r ≥ 0. The fusion ideal Il has the following
set of generators

Il = 〈[∇q(λ)] | λ1 + λ2 = k + 1〉 .
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Proof. When l is even, the fusion ideal is generated by the classes [Tq(λ)] =
[∇q(λ)] with λ =

∑r
i=1miωi ∈ P+ ranging over the minimal weights in

(3.3) of level
∑

i=1 mi = k+ 1. Written in the basis ε1, . . . , εr such a weight
satis�es k + 1 = λ1 ≥ · · · ≥ λr ≥ 0, and an expansion of the determinantal
expression in (3.11) along the �rst column gives us [∇q(λ)] written as a lin-
ear combination of [∇q((k+1)ω1)], [∇q((k+2)ω1)]+[∇q(kω1)], . . . , [∇q((k+
r)ω1)] + [∇q((k + 2− r)ω1)], i.e., Il is included in the �rst ideal.

Now consider the weight kω1 + ωi = (k + 1)ε1 + ε2 + · · ·+ εi for which
(3.11) looks like

χkω1+ωi =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Jk+1 J0

Jk+2 + Jk J1

...
. . . J0 0

Jk+i + Jk+2−i . . . J1

Jk+i+1 + Jk+1−i J2 J0
...

...
. . .

Jk+r + Jk+2−r . . . Jr−i+1 J0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

so χkω1+ωi + (−1)i(Jk+i + Jk+2−i) ∈ 〈Jk+1, Jk+2 + Jk, . . . , Jk+i−1 + Jk+3−i〉.
By induction Jk+i + Jk+2−i ∈

〈
χ(k+1)ω1 , χkω1+ω2 , . . . , χkω1+ωi

〉
, showing that

the �rst ideal is contained in the second. Finally all weights kω1 + ωi has
weight k + 1 so belong to (3.3).

When l is odd, a λ =
∑r

i=1 miωi is an element of (3.4) if and only
if m1 +

∑r
i=2 2mi = k + 1. Written in the basis ε1, . . . , εr this means

λ1 + λ2 = k + 1. �

We note that for odd l the determinant method does not give us a
canonical set of generators of the fusion ideal. The culprit is that the level
of λ is 〈λ, α∨0 〉 = λ1 +λ2, which means that the elements in a single column
of (3.11) will not belong to Il. We refer to [BR06, Section 4] for a method
of expanding the determinant down the �rst two columns simultaniously.
The result is a much smaller set of generators compared to the set in the
proposition, but one whose size is not level-independent.

Type Br

Assume that g has type Br, r ≥ 3. The weights of the standard repre-
sentation are ±εi, i = 1, . . . , r, and 0, where ε1 = ω1, εi = ωi − ωi−1, i =
2, . . . , r − 1 and εr = 2ωr − ωr−1. The Weyl group is again W = Sr n Zr2
acting on the non-zero weights ±εi by permutation and sign change. Write
qi = eεi .
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Given a weight λ =
∑r

i=1miωi ∈ P+ write it as
∑r

i=1 λiεi with λi =
mi + · · · + mr−1 + mr/2, 1 ≤ i ≤ r − 1, and λr = mr/2, i.e., the λi are
all either integers or half-integers. In any case λ1 ≥ · · · ≥ λr ≥ 0 and
ρi = r+ 1/2− i. Since the Weyl group only permutes the non-zero weights
of the standard representation, we get the same calculation as in the Cr
case:

Aλ =
∑
σ∈Sr

sgn(σ)
r∏
i=1

(qλiσ(i) − q
−λi
σ(i)) =

∣∣∣qλji − q−λji

∣∣∣r
i,j=1

,

Therefore we have a formula for the irreducible character of highest
weight λ:

χλ =

∣∣∣zλj+r−j+1/2
i − z−(λj+r−j+1/2)

i

∣∣∣∣∣∣zr−j+1/2
i − z−(r−j+1/2)

i

∣∣∣ .

Then [FH91, Proposition 24.33] expresses χλ as a determinant in the
complete symmetric polynomials Hm(q1, . . . , qr, 1, q

−1
1 , . . . , q−1

r ) in the vari-
ables qi, their inverses q−1

i and 1. Use the following notation:

Kn = Hn(q1, . . . , qr, 1, q
−1
1 , . . . , q−1

r ), n ≤ 1

Km = Hm(q1, . . . , qr, 1, q
−1
1 , . . . , q−1

r )

−Hm−2(q1, . . . , qr, 1, q
−1
1 , . . . , q−1

r ),m ≥ 2.

Lemma 3.6. Let λ1 ≥ · · · ≥ λr ≥ 0 and consider the character ring Z[P ]W

for g of type Br. Then the irreducible character of highest weight λ =∑r
i=1 λiεi equals

χλ =

∣∣∣∣∣∣∣∣∣
Kλ1 . . . Kλr−r+1

Kλ1+1 +Kλ1−1 . . . Kλr−r+2 +Kλr−r
...

...
Kλ1−1+r +Kλq−r+1 . . . Kλr +Kλr−2r+2

∣∣∣∣∣∣∣∣∣ (3.12)

The formula tells us that for λ = mω1 = mε1,m ≥ 0, we have χmω1 = Km.
The following is [AS14, Theorem 6.1].

Proposition 3.7. Let g have type Br and let l be a positive integer. If l
is even, we assume k = l/2 − (2r − 1) ≥ 0. The fusion ideal Il has the
following set of generators

Il = 〈[∇q(λ)], [Tq(µ)] | λ1 + λ2 = k + 1, 2µ1 = 2µ2 = k + 2, µr = 0〉 .



3.2. FINDING CANONICAL GENERATORS 49

If l is odd, we assume k = l − 2r ≥ 0. Then Il has the following set of r
generators

Il =〈[∇q(
k + 1

2
ω1)], [∇q((

k − 1

2
+ i)ω1)] +∇q[((

k − 1

2
− i)ω1)] | i = 2, . . . , r〉

=〈[∇q(
k + 1

2
ω1)], [∇q(

k − 1

2
ω1 + ω2)], . . . , [∇q(

k − 1

2
ω1 + ωr−1)],

[∇q(
k − 1

2
ω1 + 2ωr)]〉.

Proof. When l is even, a minimal weight from (3.5) is either a λ =
∑r

i=1miωi
∈ P+ of level m1 +

∑r−1
i=2 2m2 +mr = k+1 or a µ =

∑r−1
i=2 niωi ∈ P+ of level∑r−1

i=2 2ni = k+2. Written in the basis ε1, . . . , εr this means λ1 +λ2 = k+1
or 2µ1 = 2µ2 = k + 2, µr = 0.

When l is odd, we know that the fusion ideal is generated by Tq(λ) =
∇q(λ) with λ =

∑r
i=1 λiεi the level k+ 1 weights in (3.6), i.e., 2λ1 = k+ 1.

An expansion of the determinantal formula (3.12) for the character of these
weights along the �rst column show that χλ is in the ideal generated by
K k+1

2
and the elements K k−1

2
+i −K k−1

2
−i, i = 2, . . . , r, i.e., Il is included in

the �rst ideal.
Now consider the weights λ(1) = k+1

2
ω1, λ

(i) = k−1
2
ω1 + ωi, i = 2, . . . , r−

1, λ(r) = k−1
2
ω1 + 2ωr for which λ(i) = k+1

2
ε1 + ε2 + · · · + εi. The character

of λ(i) is given by (3.12)

χλ(i) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

K k+1
2

K0

K k−1
2

+2 +K k−1
2
−2 K1

...
. . . K0 0

K k−1
2

+i +K k−1
2
−i . . . K1

K k−1
2

+i+1 +K k−1
2
−i−1 K2 K0

...
...

. . .
K k−1

2
+r +K k−1

2
−r . . . Kr−i+1 K0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
showing that χλ(j) + (−1)i(K k−1

2
+i +K k−1

2
−i) belongs to the ideal generated

by K k+1
2

and the K k−1
2

+i −K k−1
2
−i, i = 2, . . . , i− 1. By induction K k−1

2
+i +

K k−1
2
−i ∈ 〈χλ(1) , . . . , χλ(i)〉 and the �rst ideal is contained in the second.

Finally all weights λ(j) have level k + 1, so the second ideal is contained in
Il. �

Note that for l even the level of a weight λ is 〈λ, β∨0 〉 = λ1 + λ2 so
again the determinant method does not give a canonical set of generators.
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This time however we may use the identi�cation of Fq(g, l) with the WZW
fusion ring F (g, l/2− (2r − 1)) for which we have a canonical set of 2r − 1
generators given in Table 2.4:

Il =〈[∇q((k − 1)ω1 + ω2)], . . . , [∇q((k − 1)ω1 + ωr−1)],

[∇q((k − 1)ω1 + 2ωr)], [∇q(kω1 + ωr)], . . . , [∇q(kω1 + ω3)],

[∇q(kω1 + ω2)] + [∇q(kω1)], [∇q((k + 1)ω1)]〉

As the root system Br is dual to Cr you might expect the associated
fusion rings to be related. More precisely, let g′ have type Cr and let l′

be a positive integer. When the parities of l and l′ are di�erent the a�ne
Weyl groups Wl and W ′

l′ have the same type. Assume that the fusion rings
Fq(g, l) and Fq(g′, l′) isomorphic. Then in speci�c we have a bijection of the
underlying index sets I and I ′.

Assume �rst that l is odd, and let l′ = 2(l − r − 1). When we look at
the fundamental alcoves Al for g and Al′ for g′, we see that the index sets
are given by

I = {(m1, . . . ,mr) ∈ Nr |
r−1∑
i=1

2mi +mr ≤ k}

I ′ = {(m1, . . . ,mr) ∈ Nr |
r∑
i=1

mi ≤ k}

where k = l− 2r = l′/2− (r+ 1) and these sets are clearly of di�erent size.
If we assume that 2 divides l exactly once we may similarly let g′ have

type Cr with l′ = l
2

+ 1, and the index sets are now given by

I = {(m1, . . . ,mr) ∈ Nr | m1 +
r−1∑
i=2

2mi +mr ≤ k}

I ′ = {(m1, . . . ,mr) ∈ Nr | m1 +
r∑
i=2

2mi ≤ k}

where k = l/2 + (2r − 1) = l′ − 2r.
Though we do not have an isomorphism of the fusion rings they do share

some properties. We note from Propositions 3.5 and 3.7, that when l is even
and l′ is odd, the fusion ideals Il and Il′ can be generated by r elements
but, for l odd and l′ even we have not been able to prove this.
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Type Dr

Assume that g has type Dr, r ≥ 4. The weights of the standard representa-
tion are ±εi, i = 1, . . . , r, where ε1 = ω1, εi = ωi − ωi−1, i = 2, . . . , r −
2, εr−1 = ωn + ωn−1 − ωn−2 and εr = ωn − ωn−1. The Weyl group is
W = Sr n Zr−1

2 , where Sr permutes the indices and Zr−1
2 acts by chang-

ing the sign on an even number of the weights ±εi and leaving the rest
invariant. Write qi = eεi .

Given a weight λ =
∑r

i=1miωi ∈ P+, write it as
∑r

i=1 λiεi with λi =
mi + · · · + mr−2 + (mr−1 + mr)/2, 1 ≤ i ≤ r − 2, λr−2 = (mr−1 + mr)/2
and λr = (−mr−1 +mr)/2. Again, all λi are either integers or half-integers.
Now λ1 ≥ · · · ≥ |λr| and ρi = r − i. We have

2Aλ =
∣∣∣qλji + q

−λj
i

∣∣∣r
i,j=1

+
∣∣∣qλji − q−λji

∣∣∣r
i,j=1

.

If any λj = 0 then the second determinant vanishes. In particular Aρ =
1
2

∣∣∣qr−ji + q
−(r−j)
i

∣∣∣r
i,j=1

. Therefore we have a formula for the irreducible char-

acter of highest weight λ ∈ P+:

χλ =

∣∣∣zλj+r−ji + z
−(λj+r−j)
i

∣∣∣+
∣∣∣zλj+r−ji − z−(λj+r−j)

i

∣∣∣∣∣∣zr−ji − z−(r−j)
i

∣∣∣ .

Then [FH91, Proposition 24.44] expresses χλ as a determinant in the
complete symmetric polynomials Hm(q1, . . . , qr, q

−1
1 , . . . , q−1

r ) in the vari-
ables qi and their inverses q−1

i . Use the following notation:

Ln = Hn(q1, . . . , qr, q
−1
1 , . . . , q−1

r ), n ≤ 1

Lm = Hm(q1, . . . , qr, q
−1
1 , . . . , q−1

r )−Hm−2(q1, . . . , qr, q
−1
1 , . . . , q−1

r ),m ≥ 2.

Lemma 3.8. Let λ1 ≥ · · · ≥ λr ≥ 0 and consider the character ring Z[P ]W

for g of type Dr. Then the irreducible character of highest weight λ =∑r
i=1 λiεi equals

χλ =

∣∣∣∣∣∣∣∣∣
Lλ1 . . . Lλr−r+1

Lλ1+1 + Lλ1−1 . . . Lλr−r+2 + Lλr−r
...

...
Lλ1−1+r + Lλq−r+1 . . . Lλr + Lλr−2r+2

∣∣∣∣∣∣∣∣∣ (3.13)

The formula tells us that for λ = mω1 = mε1,m ≥ 0 we have χmω1 = Lm.
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Proposition 3.9. Let g have type Dr and let l be a positive integer with
k = l − (2r − 3) ≥ 0. If k is even the fusion ideal Il for the fusion ring
Fq(g, l) has the following set of generators

Il = 〈[∇q(λ)], [Tq(µ)] | λ1 + λ2 = k + 1, 2µ1 = 2µ2 = k + 2, µr−1 = µr = 0〉 .

If k is odd the fusion ideal Il has the following set of generators

Il = 〈[∇q(λ)] | λ1 + λ2 = k + 1〉 .

Proof. A minimal weight from (3.7) is either a λ =
∑r

i=1 miωi ∈ P+ of level
m1 +

∑r−2
i=2 2m2 + mr−1 + mr = k + 1 or a µ =

∑r−2
i=2 niωi ∈ P+ of level∑r−2

i=2 2ni = k+2. Written in the basis ε1, . . . , εr this means λ1 +λ2 = k+1
or 2µ1 = 2µ2 = k + 2, µr−1 = µr = 0. If k is odd there are no weights
µ ∈ P+ with 2µ1 = k + 2. �

Again we do not get a canonical set of generators of the fusion ideal by
using the determinant method. We may however use the identi�cation of
Fq(g, l) with the WZW fusion ring F (g, l− (2r−3)) to show that the fusion
ideal is generated by 2r − 1 generators:

Il =〈[∇q((k − 1)ω1 + ω2)], . . . , [∇q((k − 1)ω1 + ωr−2)],

[∇q((k − 1)ω1 + ωr−1 + ωr)], [∇q(kω1 + ωr)], [∇q(kω1 + ωr−1)],

[∇q(kω1 + ωr−1 + ωr)], [∇q(kω1 + ωr−2)], . . . , [∇q(kω1 + ω3)],

[∇q(kω1 + ω2)] + [∇q(kω1)], [∇q((k + 1)ω1)]〉

3.3 Complete intersections and fusion

potentials

For a Lie algebra of type Ar and l arbitrary, of type Br and l odd or of type
Cr and l even we have seen that the fusion ideal Il ⊆ R = Z[X1, . . . , Xr] is a
complete intersection, and we have an explicit set of r generators p1, . . . , pr.
Furthermore, for type Ar and type Cr these generators integrates to an
explicit potential function V (X1, . . . , Xr), i.e., pi = ∂

∂Xi
V .

If we do a change of basis to the complex numbers this is always the
case. Let ICl = Il ⊗Z C ⊆ C[X1, . . . , Xr] and FC

q = C[X1, . . . , Xr]/I
C
l . The

algebraic variety V (ICl ) ⊆ Cr consists of a �nite number of points, each
corresponding to a basis element of FC

q , i.e., an element of Al. As points
in the variety corresponds to maximal ideals in the coordinate ring, the
ideal ICl is locally a complete intersection. By [Kun85, Theorem 5.21] it is
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globally a complete intersection, i.e., ICl can be generated by r elements in
the coordinate ring C[X1, . . . , Xr].

We refer to [Fuc94, 6.2] for an exposition on how to do a change of
variable X1 7→ X̃1 and construct an abstract polynomial V (X̃1, X2, . . . , Xr)

∈ C[X̃1, X2, . . . , Xr], for which FC
q ' C[X̃1, X2, . . . , Xr]/dV , i.e., the com-

plexi�ed fusion ring Fq ⊗Z C can be presented as the quotient of a complex
polynomial ring by an ideal generated by the partial derivatives of a po-
tential function. It should be noted, that there is no reason to expect
the coe�cients of the potential function V to be even rational integers, so
there is poor chance it will give a similar presentation of Fq as a quotient
Z[X̃1, X2, . . . , Xr]/dV . Also, the polynomial V is far from unique, so it
should not be expected to possess any independent meaning.

In the case where we have explicit generators p′1, . . . , p
′
r ∈ Z[X1, . . . , Xr]

of the fusion ideal Il, we may look for an invertible r × r-matrix S over
Z[X1, . . . , Xr], such that the alternative generating set given by (p1 . . . pr) =
(p′1 . . . p

′
r)S, satis�es

∂
∂Xj

pi is symmetric in i and j. As mentioned this
would imply that the 1-form

∑r
i=1 pidXi integrates to a potential function

V . However there is currently no method to produce such a matrix, and
in the cases where it has been done, it seems that the starting point has
been a concrete potential function, obtained by educated guessing, with a
subsequent veri�cation of its properties, cf. the discussion in the last section
of [BR06].

3.4 Non-constructive methods

So far we have used combinatorial tools to �nd concrete generating sets of
the fusion ideal. If we are only interested in setting an upper bound on the
minimal number of elements necessary to generate the ideal, then several
algebraic tools may help us.

Rank 2

We prove in this subsection that the fusion ideal for quantum groups asso-
ciated to a Lie algebra of rank 2 can always be generated by 2 elements.
The proof utilizes commutative algebra and works with the fusion ring from
an abstract point of view. Therefore there is little chance to say anything
explicit about actual generators in speci�c examples.

We work with a commutative presentation of the fusion ring F as a
quotient of the polynomial ring R = Z[X, Y ] in 2 variables by an ideal I.
We know F is a Gorenstein ring, meaning that we have an isomorphism



54 CHAPTER 3. GENERATORS OF THE FUSION IDEAL

of R/I-modules HomZ(R/I,Z) ' R/I, which lifts to an isomorphism of
R-modules.

We �rst prove a technical lemma.

Lemma 3.10. Let S be a noetherian ring, let T be a ring that is a �nitely
generated S-module and let b ∈ T . Consider T as an S[X]-module by the
mapping X 7→ b. Then there is an isomorphism of S[X]-modules

ExtiS(T, S) ' Exti+1
S[X](T, S[X])

for all i ≥ 0.

Proof. Set T [X] = S[X] ⊗S T with trivial S[X]-action. Multiplication on
T [X] by X − b �ts in to a short exact sequence

0→ T [X]
X−b→ T [X]→ T → 0.

Apply the left exact functor HomS[X](−, S[X])

. . . // ExtiS[X](T [X], S[X]) //

'

��

ExtiS[X](T [X], S[X]) //

'

��

Exti+1
S[X]

(T, S[X]) // . . .

0 // S[X]⊗S ExtiS(T, S) // S[X]⊗S ExtiS(T, S) // Cok // 0

where the vertical isomorphisms come from the fact that S → S[X] is �at.
The lower homomorphism makes the diagram commutative, so by naturality
of the isomorphisms it is multiplication by X − b, identifying the cokernel
with ExtiS(T, S). Diagram chasing gives us a map

ExtiS(T, S)→ Exti+1
S[X](T, S[X])

which is an isomorphism by the Five Lemma. �

Proposition 3.11. Let I ⊆ R = Z[X, Y ] be an ideal such that we have an
isomorphism of R-modules

HomZ(R/I,Z) ' R/I. (3.14)

Then I is generated by an R-regular sequence of length 2.

Proof. Necessarily from the duality (3.14) R/I is a �nitely generated Z-
module, so Lemma 3.10 with S = Z, T = R/I and x = X + I ∈ R/I gives
us

ExtiZ(R/I,Z) ' Exti+1
Z[X](R/I,Z[X]).
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Now R/I is still �nitely generated as an S ′ = Z[X]-module, so the lemma
with y = Y + I ∈ R/I gives us

Exti+1
Z[X](R/I,Z[X]) ' Exti+2

Z[X,Y ](R/I,Z[X, Y ]).

With i = 0 and the assumption, we get

Ext2
R(R/I,R) ' HomZ(R/I,Z) ' R/I.

Pick a unit e ∈ R/I. With the identi�cation Ext2
R(R/I,R) ' Ext1

R(I, R)
this element corresponds to a nonsplit short exact sequence

0→ R→M → I → 0. (3.15)

The goal is to show that M ' R2, for then the image of two generators
under the surjection in (3.15) will generate I.

We prove �rst that ExtiR(M,R) = 0 for all i ≥ 1. Consider the long
exact sequence associated to (3.15):

HomR(R,R)
p→ Ext1

R(I, R)→ Ext1
R(M,R)→ Ext1

R(R,R) = 0.

By construction we have p(id) = e ∈ Ext1
R(I, R) ' R/I. Choose an f ∈ R

with e−1 = f+I. Since p is an R-homomorphism p(f) = fe = (f+I)e = 1,
so p is surjective and Ext1

R(M,R) = 0. Let now i ≥ 2. Since R/I is
Gorenstein it is Cohen-Macaulay, and localizing at a prime ideal p ⊆ R
containing I gives us proj dimR(R/I) = 2 by the Auslander-Buchsbaum
formula. Then 0 = Exti+1

R (R/I,R) ' ExtiR(I, R) ' ExtiR(M,R).
Now induction on the length of a projective resolution on a given module

N gives ExtiR(M,N) = 0 for all i ≥ 1, i.e., M is projective.
Then [Qui76, Theorem 4] says that all projective modules over Z[X, Y ]

are actually free, soM ' Rk. Choose any prime ideal p ⊆ R not containing
I. Localizing (3.15) at p we get

0→ Rp →Mp → Rp → 0

showing that k = 2. Here we used that I ∩ (R \ p) 6= ∅ so Ip contains a
unit. �

Note that the proof does not give us an explicit set of generators. Our
method for taking the local data of a projective module to a global setting
using Quillen's theorem does not give us any information on the structure
of the resulting free module.
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Rank 3 and higher

Many of the techniques in the above proof generalize to higher ranks. When
we consider a general ideal I ⊆ R = Z[X1, . . . , Xr] such that HomZ(R/I,Z)
' R/I, Lemma (3.10) applied r times still gives us

R/I ' HomZ(R/I,Z) ' Ext1
Z[X1](R/I,Z[X1]) '
· · · ' ExtrZ[X1,...,Xr]

(R/I,Z[X1, . . . , Xr]).

Locally, the Auslander-Buchsbaum formula still gives us proj dimR(R/I) =
r, so ExtiR(R/I,R) = 0 for i > r. We also have our tool to give us
global information from local data: By [Qui76, Theorem 4] any projec-
tive Z[X1, . . . , Xr]-module is free. The case r = 2 is special though, since
only then will a unit in ExtrR(R/I,R) ' Extr−1

R (I, R) give us a short exact
sequence as in (3.15), which is a paramount part of the proof.

In [Ser63] it was proved that a quotient of a regular local ring of codi-
mension 2 is a complete intersection ring if and only if it is Gorenstein.
After more than 50 years this result has not been generalized to higher
codimensions, suggesting that a generalization of Theorem 3.11 to higher
ranks is not possible without further assumptions on the ideal.

For a Lie algebra of rank 3 we may instead use a result from [BE74],
stating that for a local noetherian ring and an ideal such that the quotient
is Gorenstein the minimal number of generators of the ideal must be odd.
Applied to our problem, we may consider the fusion ring for g of type C3

for odd l or type B3 for even l. If we were able to �nd an explicit generating
set of the fusion ideal consisting of 4 elements, then we would know, that
locally the minimal number of generators of the ideal was actually 3, i.e.,
the fusion ideal is locally a complete intersection. Note that this does not
say anything about the ideal itself being globally generated by 3 explicit
generators.



Chapter 4

Fusion rings for g of rank 2

In this chapter we do a treatment of the fusion ring Fq(g, l) for each simple
complex Lie algebra of rank 2. In Section 3.4 of the previous chapter it was
proven, that in this case the fusion ideal Il can always be generated by 2
elements. For each value of l we propose a generating set of the fusion ideal
Il and show explicitly that it works. For type A2 or C2 we �nd a generating
set of 2 elements as predicted by Proposition 3.11, but for type G2 we can
only �nd an explicit generating set of 3 elements.

We identify a weight λ = aω1 + bω2 ∈ P with (a, b) ∈ Z2.

4.1 Type A2

We have two simple roots α1, α2 and positive roots Φ+ = {α1, α2, α0}, where
α0 = α1 +α2 is the highest root. The level is k = l− 3, so we assume l ≥ 3.
The fundamental weights are ω1 = 2

3
α1 + 1

3
α2 and ω2 = 1

3
α1 + 2

3
α2, so the

fundamental alcove is

Al = {(a, b) ∈ N2 | a+ b ≤ k}.

The characters of the fundamental representations are

ch∇q(ω1) = e(1,0) + e(−1,1) + e(0,−1)

ch∇q(ω2) = e(0,1) + e(1,−1) + e(−1,0).

Proposition 4.1. Let g have type A2, let l ≥ 3 and set k = l − 3. The
fusion ideal Il for the fusion ring Fq(g, l) has the following set of 2 generators

Il = 〈[∇q(k + 1, 0)], [∇q(k, 1)]〉 .

57
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Proof. We have already seen in Proposition 3.3 that the two proposed gen-
erators work, but let us show it by calculations in an inductive manner. We
know from (3.2) that the fusion ideal is generated by all elements that have
level k + 1. We de�ne elements

gi = [∇q(k + 1− i, i)], 0 ≤ i ≤ k + 1,

ri = [Tq(k + 1− i, 1 + i)] = [∇q(k + 1− i, 1 + i)] + [∇q(k − i, i)], 0 ≤ i ≤ k.

The gi's are all the elements in K0(Tq) of level k + 1, and the ri's are some
of the elements of level k + 2. Let J be the ideal generated by g0 and g1.
We will show that all gi, i = 2, . . . , k + 1, belong to J .

We use the formula (1.4) to calculate

[∇q(ω1)]gi = gi+1 + ri−1, k ≥ i > 0

[∇q(ω2)]gi =

{
r0, i = 0

gi−1 + ri, k ≥ i > 0

Then we have r0 = [Lq(ω2)]g0 ∈ J . Assume that gi, gi+1, ri ∈ J for some k−
1 > i ≥ 0. Then also ri+1 = [Lq(ω2)]gi+1− gi ∈ J and gi+2 = [Lq(ω1)]gi+1−
ri ∈ J and we are done. �

Let us quickly compare with the calculations used in the proof of Propo-
sition 3.3. The element gi belonging to the weight (k + 1 − i)ω1 + iω2 =
(k + 1)ε1 + iε2 has the following determinantal description, cf. (3.10):

gi =

∣∣∣∣[∇q(k + 1, 0)] [∇q(i− 1, 0)]
[∇q(k + 2, 0)] [∇q(i, 0)]

∣∣∣∣ .
Together with the formula for g1

[∇q(k, 1)] =

∣∣∣∣[∇q(k + 1, 0)] [∇q(0, 0)]
[∇q(k + 2, 0)] [∇q(1, 0)]

∣∣∣∣
we get

gi = [∇q(k + 1, 0)][∇q(i, 0)]− [∇q(k + 2, 0)][∇q(i− 1, 0)]

= g0 ([∇q(i, 0)]− [∇q(i− 1, 0)][∇q(1, 0)]) + g1[∇q(i− 1, 0)].

4.2 Type C2

We have the two simple roots α1, α2 with α1 short, such that the set of
positive roots are {α1, α2, α1 + α2, 2α1 + α2}. Then α0 = α1 + α2 and
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β0 = 2α1 + α2 are the highest short resp. long roots. If l is odd we have
level k = l − 4 and for l even k = l/2 − 3. The two fundamental weights
are ω1 = β0/2 and ω2 = α0, so the fundamental alcove is

Al =

{
{(a, b) ∈ N2 | a+ 2b ≤ k}, l odd
{(a, b) ∈ N2 | a+ b ≤ k}, l even

The characters of the fundamental representations are

ch∇q(ω1) = e(1,0) + e(−1,1) + e(1,−1) + e(−1,0),

ch∇q(ω2) = e(0,1) + e(2,−1) + e(0,0) + e(−2,1) + e(0,−1).

Proposition 4.2. Let g have type C2 and let l be a positive integer. If l is
even, we assume k = l/2 − 3 ≥ 0. The fusion ideal Il for the fusion ring
Fq(g, l) has the following set of 2 generators

Il = 〈[∇q(k + 1, 0)], [∇q(k, 1)]〉 .
If l is odd, we assume k = l − 4 ≥ 1. The fusion ideal Il has the following
2 generators

Il =

〈
[∇q(0,

k + 1

2
)], [∇q(2,

k − 1

2
)]

〉
.

Proof. We have already seen, in Proposition 3.5, that the two proposed
generators work when l is even, so consider l odd. Set n = k+1

2
and de�ne

elements

gi = [∇q(2i, n− i)], 0 ≤ i ≤ n,

ri = [Tq(1 + 2i, n− i)]
= [∇q(1 + 2i, n− i)] + [∇q(1 + 2i, n− 1− i)], 0 ≤ i < n,

si = [Tq(2i, n+ 1− i)]
= [∇q(2i, n+ 1− i)] + [∇q(2i, n− 1− i)], 0 ≤ i < n.

Then the gi's, the ri's resp. the si's are elements in K0(Tq) of level k + 1,
k+ 2 resp. k+ 3. We let J ⊆ K0(Tq) be the ideal generated by the elements
g0 and g1. We know from (3.4) that Il is generated by all the g0, . . . , gn, so
we just need to show that they all belong to J .

Calculate by (1.4)

[∇q(ω2)]gi =

{
g1 + s0, i = 0

gi−1 + gi + gi+1 + si, n > i > 0

[∇q(ω1)]gi =

{
r0, i = 0

ri + ri−1, n > i > 0

[∇q(ω1)]ri = 2gi + 2gi+1 + si + si+1, n− 1 > i ≥ 0.
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Then we have r0 = [∇q(ω1)]g0 ∈ J and s0 = [∇q(ω2)]g0 − g0 ∈ J . As-
sume that gi, gi+1, ri, si ∈ J for some n − 1 > i ≥ 0. Then also ri+1 =
[∇q(ω1)]gi+1 − ri ∈ J , si+1 = [∇q(ω1)]ri − 2gi − 2gi+1 − si ∈ J and
gi+2 = [∇q(ω2)]gi+1 − gi − si+1 − gi+1 ∈ J , and we are done. �

Another case

When we look at the situation above, we can imagine a case that does not
occur for any l, namely if the a�ne alcove Al = {(a, b) ∈ N2 | a+2b ≤ k} is
determined by the longest short root α0, and k is even. If we consider the
ideal I of K0(Tq) generated by all elements [∇q(µ)], µ ∈ P+, of level k + 1
together with [∇q(0,

k
2
+1)]+[∇q(0,

k
2
)], these are the elements corresponding

to minimal weights in P+ \ Al. We show that this ideal can be generated
by the 2 elements [∇q(1,

k
2
)] and [∇q(0,

k
2

+ 1)] + [∇q(0,
k
2
)]. Let n = k

2
and

de�ne elements

gi = [∇q(1 + 2i, n− i)], 0 ≤ i ≤ n,

ri = [∇q(2i, n+ 1− i)] + [∇q(2i, n− i)], 0 ≤ i ≤ n

si = [∇q(1 + 2i, n+ 1− i)] + [∇q(1 + 2i, n− 1− i)], 0 ≤ i < n.

Let J ⊆ K0(Tq) be the ideal generated by g0 and r0. We calculate

[∇q(ω2)]gi =

{
g0 + g1 + s0, i = 0

gi−1 + gi + gi+1 + si, n > i > 0

[∇q(ω1)]gi = ri + ri+1, n > i ≥ 0

[∇q(ω1)]ri =

{
2g0 + s0, i = 0

2gi−1 + 2gi + si−1 + si, n > i > 0

Then we have s0 = [∇q(ω1)]r0 − 2g0 ∈ J , r1 = [∇q(ω1)]g0 − r0 ∈ J and
g1 = [∇q(ω2)]g0 − g0 − s0 ∈ J . Assume that gi, gi+1, ri+1, si ∈ J for some
n − 1 > i ≥ 0. Then also si+1 = [∇q(ω1)]ri+1 − 2gi − 2gi+1 − si ∈ J ,
ri+2 = [∇q(ω1)]gi+1−ri+1 ∈ J and gi+2 = [∇q(ω2)]gi+1−gi+1−gi−si+1 ∈ J ,
and we are done.

4.3 Type G2

We have the two simple roots α1, α2, where α1 is short and the set of
positive roots is Φ+ = {α1, α2, α1 +α2, 2α1 +α2, 3α1 +α2, 3α1 +2α2}. Then
α0 = 2α1 +α2 and β0 = 3α1 + 2α2 are the highest short resp. long roots. If
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l is divisible by 3, we have level k = l/3− 4, and otherwise l = k − 6. The
fundamental weights are ω1 = α0 and ω2 = β0, and the fundamental alcove
is then

Al =

{
{(a, b) ∈ N2 | 2a+ 3b ≤ k}, 36 | l
{(a, b) ∈ N2 | a+ 2b ≤ k}, 3|l

The characters of the fundamental representations are

ch∇q(ω1) = e(1,0) + e(−1,1) + e(2,−1) + e(0,0) + e(−2,1) + e(1,−1) + e(−1,0)

ch∇q(ω2) = e(0,1) + e(3,−1) + e(1,0) + e(−1,1) + e(2,−1) + e(−3,2) + 2e(0,0)

+ e(3,−2) + e(−2,1) + e(1,−1) + e(−1,0) + e(−3,1) + e(0,−1)

Proposition 4.3. Let g have type G2 and let l be a positive integer. If l is
divisible by 3, we assume k = l/3−4 ≥ 0. The fusion ideal Il for the fusion
ring Fq(g, l) has the following generators


[Tq(0, 1)], [∇q(1, 0)], k = 0,

[∇q(0, 1)], [∇q(2, 0)], k = 1,

[Tq(0,
k+2

2
)], [∇q(1,

k
2
)], [∇q(3,

k−2
2

)], k even, k ≥ 2

[∇q(0,
k+1

2
)], [∇q(2,

k−1
2

)], [∇q(4,
k−3

2
)], k odd, k ≥ 3.

If l is not divisible by 3, we assume k = l − 6 ≥ 0. The fusion ideal Il has
the following generators



[∇q(1, 0)], [∇q(0, 1)], k = 1,

[∇q(0, 1)], [Tq(2, 0)], k = 2,

[∇q(1, 1)], [Tq(3, 0)], [∇q(0, 2)], k = 4,

[∇q(
k+1

2
, 0)], [∇q(

k−5
2
, 2)], [Tq(

k−1
2
, 1)], k odd, k ≥ 5,

[∇q(
k−2

2
, 1)], [Tq(

k+2
2
, 0)], [Tq(

k−4
2
, 2)], k even, k ≥ 8.

Proof. We refer to [AS14, Theorem 7.1] for the explicit calculations in the
case where 3 divides l, so assume that it does not. The claim for k ∈ {1, 2, 4}
follows immediately, so let k ≥ 5.

Consider �rst k odd. If k ≡ 1 mod 3, then k ≡ 1 mod 6, and we set
n = k−1

6
. Otherwise k ≡ 5 mod 6, and we set n = k+1

6
. In both cases,
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de�ne elements

gi = [∇q(
k+1

2
− 3i, 2i)], 0 ≤ i ≤ n,

ri = [Tq(
k−1

2
− 3i, 1 + 2i)]

= [∇q(
k−1

2
− 3i, 1 + 2i)] + [∇q(

k−3
2
− 3i, 1 + 2i)], 0 ≤ i < n,

si = [Tq(
k+3

2
− 3i, 2i)]

= [∇q(
k+3

2
− 3i, 2i)] + [∇q(

k−1
2
− 3i, 1 + 2i)], 0 ≤ i < n,

ti = [Tq(
k+1

2
− 3i, 1 + 2i)]

= [∇q(
k+1

2
− 3i, 1 + 2i)] + [∇q(

k−5
2
− 3i, 1 + 2i)], 0 ≤ i < n,

ui = [Tq(
k+5

2
− 3i, 2i)] = [∇q(

k+5
2
− 3i, 2i)] + [∇q(

k−3
2
− 3i, 2i)], 0 ≤ i < n,

and if k ≡ 1 mod 3, we also de�ne rn = [∇q(0,
k+2

3
)] and sn = [Tq(2,

k−1
3

)] =
[∇q(2,

k−1
3

)] + [∇q(0,
k−1

3
)]. We let J be the ideal in K0(Tq) generated by

g0, g1 and r0. The generators from (3.9) are all the gi and ri's, and we show
that they all belong to J .

First we calculate

[∇q(ω1)]gi =

{
g0 + r0 + s0, i = 0

gi + ri−1 + ri + si, n > i > 0

[∇q(ω2)]gi =

{
g1 + r0 + s0 + t0, i = 0

gi−1 + gi + gi+1 + ri−1 + ri + si + ti−1 + ti, n > i > 0

[∇q(ω1)]ri = 2gi + 2gi+1 + 2ri + si + si+1 + ti, n− 1 > i ≥ 0

[∇q(ω2)]ri =

{
2g0 + 2g1 + 2r0 + r1 + s0 + u0 + u1, i = 0

2gi + 2gi+1 + ri−1 + 2ri + ri+1 + si + ui + ui+1, n− 1 > i > 0

[∇q(ω1)]si =

{
2g0 + r0 + t0 + u0, i = 0

2gi + ri−1 + ri + si + ti−1 + ti + ui, n > i > 0.

Note that in the case k ≡ 1 mod 3 we still have

[∇q(ω1)]rn−1 = 2gn−1 + 2gn + 2rn−1 + sn−1 + sn + tn−1,

[∇q(ω1)]gn = gn + rn−1 + rn + sn.
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We see that

s0 = [∇q(ω1)]g0 − g0 − r0 ∈ J
t0 = [∇q(ω2)]g0 − g1 − r0 − s0 ∈ J
s1 = [∇q(ω1)]r0 − 2g0 − 2g1 − 2r0 − s0 − t0 ∈ J
r1 = [∇q(ω1)]g1 − g1 − r0 − s1 ∈ J
u0 = [∇q(ω1)]s0 − 2g0 − r0 − t0 ∈ J
u1 = [∇q(ω2)]r0 − 2g0 − 2g1 − 2r0 − r1 − s0 − u0 ∈ J
t1 = [∇q(ω1)]s1 − 2g1 − r0 − r1 − s1 − t0 − u1 ∈ J.

Now assume that all gj, rj, sj, tj, uj ∈ J for j ≤ i, where n − 1 > i > 0.
Then also

gi+1 = [∇q(ω2)]gi − gi−1 − gi − ri−1 − ri − si − ti−1 − ti ∈ J
si+1 = [∇q(ω1)]ri − 2gi − 2gi+1 − 2ri − si − ti ∈ J
ri+1 = [∇q(ω1)]gi+1 − gi+1 − ri − si+1 ∈ J
ui+1 = [∇q(ω2)]ri − 2gi − 2gi+1 − ri−1 − 2ri − ri+1 − si − ui ∈ J
ti+1 = [∇q(ω1)]si+1 − 2gi+1 − ri − ri+1 − si+1 − ti − ui+1 ∈ J.

We end the inductive argument with gn = [∇q(ω2)]gn−1−gn−2−gn−1−rn−2−
rn−1− sn−1− tn−2− tn−1 ∈ J , and if k ≡ 1 mod 3 also sn = [∇q(ω1)]rn−1−
2gn−1−2gn−2rn−1−sn−1−tn−1 ∈ J and rn = [∇q(ω1)]gn−gn+rn−1−sn ∈ J .

Consider now k even. If k ≡ 1 mod 3, then k ≡ 4 mod 6, and we set
n = k−4

6
. Otherwise k ≡ 2 mod 6, and we set n = k−2

6
. We de�ne new

elements

gi = [∇q(
k−2

2
− 3i, 1 + 2i)], 0 ≤ i ≤ n,

ri = [Tq(
k+2

2
− 3i, 2i)] = [∇q(

k+2
2
− 3i, 2i)] + [∇q(

k
2
− 3i, 2i)], 0 ≤ i ≤ n,

si = [Tq(
k
2
− 3i, 1 + 2i)]

= [∇q(
k
2
− 3i, 1 + 2i)] + [∇q(

k−4
2
− 3i, 1 + 2i)], 0 ≤ i < n,

ti = [Tq(
k+4

2
− 3i, 2i)] = [∇q(

k+4
2
− 3i, 2i)] + [∇q(

k−2
2
− 3i, 2i)], 0 ≤ i ≤ n,

ui = [Tq(
k+2

2
− 3i, 1 + 2i)]

= [∇q(
k+2

2
− 3i, 1 + 2i)] + [∇q(

k−6
2
− 3i, 1 + 2i)], 0 ≤ i < n,

and if k ≡ 1 mod 3 then we also de�ne rn+1 = [∇q(0,
k+2

3
)] and sn =

[Tq(2,
k−1

3
)] = [∇q(2,

k−1
3

)] + [∇q(0,
k−1

3
)]. This time, let J be the ideal

generated by g0, r0 and r1. Again we show that all the gi's and ri's belong
to J .
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We get similar calculations as before:

[∇q(ω1)]gi = gi + ri + ri+1 + si, n > i ≥ 0

[∇q(ω2)]gi =

{
g0 + g1 + r0 + r1 + s0 + t0 + t1, i = 0

gi−1 + gi + gi+1 + ri + ri+1 + si + ti + ti+1, n > i > 0

[∇q(ω1)]ri =

{
2g0 + 2r0 + s0 + t0, i = 0

2gi−1 + 2gi + 2ri + si−1 + si + ti, n > i ≥ 0

[∇q(ω2)]ri =


2g0 + r0 + r1 + 2s0 + t0 + u0, i = 0

2gi−1 + 2gi + ri−1 + 2ri + ri+1 + 2si−1

+2si + ti + ui−1 + ui, n > i > 0

[∇q(ω1)]si = 2gi + ri + ri+1 + si + ti + ti+1 + ui, n > i ≥ 0.

If k ≡ 1 mod 3, then still

[∇q(ω1)]rn = 2gn−1 + 2gn + 2rn + sn−1 + sn + tn,

[∇q(ω1)]gn−1 = gn−1 + rn−1 + rn + sn−1.

First we see that

s0 = [∇q(ω1)]g0 − g0 − r0 − r1 ∈ J
t0 = [∇q(ω1)]r0 − 2g0 − 2r0 − s0 ∈ J
u0 = [∇q(ω2)]r0 − 2g0 − r0 − r1 − 2s0 − t0 ∈ J
t1 = [∇q(ω1)]s0 − 2g0 − r0 − r1 − s0 − t0 − u0 ∈ J
g1 = [∇1(ω2)]g0 − g0 − r0 − r1 − s0 − t0 − t1 ∈ J.

Now assume that all gj, rj, sj−1, tj, uj−1 ∈ J for j ≤ i, where n > i > 0.
Then also

si = [∇q(ω1)]ri − 2gi−1 − 2gi − 2ri − si−1 − ti ∈ J
ri+1 = [∇q(ω1)]gi − gi − ri − si ∈ J
ui = [∇q(ω2)]ri − 2gi−1 − 2gi − ri−1 − 2ri − ri+1 − 2si−1 − 2si − ti − ui−1 ∈ J

ti+1 = [∇q(ω1)]si − 2gi − ri − ri+1 − si − ti − ui ∈ J
gi+1 = [∇q(ω2)]gi − gi−1 − gi − ri − ri+1 − si − ti − ti+1 ∈ J.

If k ≡ 1 mod 3 we end the inductive argument with sn = [∇q(ω1)]rn −
2gn−1 − 2gn − 2rn − sn−1 − tn and rn+1 = [∇q(ω1)]gn − gn − rn − sn. �



Chapter 5

Tensor ideals in Tq

In this chapter we will generalize the constructions in Section 1.3 to get
structures that might not satisfy all the axioms in Section 1.1, but for
which the methods in Chapter 3 give similar results.

We will �rst explore suitable subcategories I of the category of tilting
modules Tq, that can replace the role of Nq. We will require that the
Grothendieck group K0(I) is a subgroup of K0(Tq) which is also an ideal
with regards to the ring structure. This leads us to the de�nition of a tensor
ideal in an additive, monoidal category, cf. Section 0.1.

De�nition 5.1. A subcategory I ⊂ Tq is called a tensor ideal if V1⊕V2 ∈ I
implies V1, V2 ∈ I, and V ∈ I, Q ∈ Tq implies V ⊗Q ∈ I.

When I ⊆ Tq is a tensor ideal, we may form the quotient category Tq/I.
The story deviates here from the one in Section 1.3, as this quotient in gen-
eral will not be semisimple and may have an in�nite number of isomorphism
classes of indecomposable objects.

5.1 Weight cells in the dominant chamber

Following [Ost01] we de�ne a preorder on P+.

De�nition 5.2. Let λ, µ ∈ P+. We say λ ≤Tq µ if there exists a Q ∈ Tq
such that Tq(λ) is a direct summand of Tq(µ) ⊗ Q. If both λ ≤Tq µ and
µ ≤Tq λ, then we say λ ∼Tq µ, and we call the equivalence classes of ∼Tq
for the weight cells in P+.

For all λ, ν ∈ P+ we have λ + ν ≤Tq λ, in fact Tq(λ + ν) is a direct
summand of Tq(λ)⊗ Tq(ν).

65
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The preorder ≤Tq on P+ induces a partial order on the set of weight
cells, which we also denote by ≤Tq . Write c′ <Tq c if c

′ ≤Tq c but c′ 6= c.
Furthermore, write λ ≤Tq c when λ belongs to a cell c′ with c′ ≤Tq c.

One may show directly that (l − 1)ρ + P+ is a single weight cell, cf.
[And04, Proposition 6]. By the above observation, this is the unique min-
imal cell in the partial ordering on the weight cells. Furthermore, the fun-
damental alcove Al is a single weight cell, cf. [And04, Proposition 9], and
this is the unique maximal cell in the ordering.

The following is [And04, Proposition 8].

Proposition 5.3. Each weight cell in P+ is a union of lower closures of
alcoves intersected with P+.

Characterization of tensor ideals

Given a weight cell c ⊆ P+, denote by Tq(≤ c) the subcategory of Tq whose
objects are �nite direct sums of Tq(λ) with λ ≤Tq c. Then Tq(≤ c) is by
construction a tensor ideal in Tq. It is clear that for a collection of weight
cells ci, i ∈ J , the subcategory of Tq consisting of �nite direct sums of Tq(λ)
with λ ≤Tq ci for some i ∈ J is also a tensor ideal in Tq. On the other hand,
all tensor ideals in Tq have this description. As a special case we denote by
Tq(< c) the tensor ideal obtained from the collection of cells c′ <Tq c.

There is an identi�cation of Wl with the alcoves in P , obtained by
matching w ∈ Wl with w.Al. Let W+

l denote the w ∈ Wl for which w.Al ⊆
P+. By Proposition 5.3 we have a partition ofW+

l under this identi�cation.
This partion is not new, as is shown in the following

Proposition 5.4. The weight cells in P+ correspond to the right Kazhdan-
Lusztig cells in W+

l .

This is [Ost97, Theorem 5.5] and the following remark. Here a right
Kazhdan-Lusztig cell is an equivalence class of the equivalence relation ∼R
generated by the preorder ≤R on Wl de�ned in the next section.

The proposition gives us a characterization of all possible tensor ideals
of Tq in terms of right Kazhdan-Lusztig cells. However, the de�nition of
≤R on Wl is quite intricate, and a complete decomposition of Wl into right
cells has not been done in general. In the next section we review some of
the progress on this problem.

We see that we have generalized the setting from Section 1.3, as Nq =
Tq(<Al). We have the following generalization of Proposition 3.1:
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Proposition 5.5. Let c ⊆ P+ be a weight cell. Then the tensor ideal
Tq(≤ c) ⊆ Tq is generated by the set

{Tq(λ) | λ is minimal in ∪c′≤Tq c c
′ with respect to �}

The proof is formulated in the same way, but note that the generating set
is not necessarily �nite.

Comparison with fusion rings

Write R = K0(Tq), and for a weight cell c, write I≤c = K0(Tq(≤ c)). As
a Z-module R/I≤c has a basis in {[λ] | λ ∈ P+, λ 6≤Tq c}, where [λ] =
[Tq(λ)] + I≤c is the coset represented by the class of Tq(λ). R/I≤c inherits a
multiplicative structure from R, which we encode with regards to the basis
as

[λ][µ] =
∑
ν∈P+

λ 6≤Tq c

Nν
λ,µ[ν].

We now ask ourselves what can be said about this structure.
Obviously the structure is commutative, and by construction it is asso-

ciative. The involution λ 7→ λ∗ may preserve the set I = {λ ∈ P+ | λ 6≤Tq
c}, in which case we have N ν∗

λ∗,µ∗ = N ν
λ,µ for all λ, µ, ν ∈ I. However, unless

we are in the situation of Section 1.3 where I = Al, it will not de�ne a
fusion structure on I: If λ ∈ I \Al and ν ∈ Al, then N ν

λ,µ = 0 for any µ ∈ I,
since we know that Tq(<Al) is a tensor ideal. This means in particular that
Nλ0
λ,λ∗ = 0, and the condition (iii) of De�nition 1.1 is not satis�ed.
Continue to assume that the involution preserves the set I. In all cases

except g of type Ar, Dr(r odd) or E6 this is obvious, as the involution is just
the identity, cf. [Bou02, Chapter VI, Plates I-IX]. We de�ne a Z-bilinear
form on R/I≤c: For the basis elements {[λ] | λ ∈ P+, λ 6≤Tq c} de�ne

([λ], [µ]) = dim HomTq(Tq(λ), Tq(µ)) (5.1)

and extend linearly. Since HomTq(L ⊗ T, T ′) ' HomTq(T, L
∗ ⊗ T ′) for any

L, T, T ′ ∈ Tq we have (xz, y) = (x, z∗y) for all x, y, z ∈ R/I≤c.
If I is a �nite set, let B = (bλ,µ), bλ,µ = ([λ], [µ]), be the matrix associ-

ated with the bilinear form. If the determinant of B is non-zero, then the
bilinear form gives an injection of R/I≤c into HomZ(R/I≤c,Z), which is an
isomorphism if the determinant is a unit. We calculate B using the formula

dim HomTq(T, T
′) =

∑
λ∈P+

[T : ∆q(λ)] [T ′ : ∇q(λ)] (5.2)
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which follows from the fact that ExtnTq(∆q(λ),∇q(µ)) is 1-dimensional if
n = 0 and λ = µ, and 0 otherwise.

5.2 Kazhdan-Lusztig cells in a�ne Weyl

groups

We consider the a�ne Weyl group Wl generated by the set S of re�ections
in the walls of the fundamental alcove Al. Let s0 denote the re�ection in the
upper wall of Al, i.e., if l = lα for all α ∈ Φ then s0 = sα0,1, and otherwise
s0 = sβ0,1. Then the set of simple re�ections is S = {s1, . . . , sr, s0}. As
mentioned in the previous section, the partition of P+ into weight cells
corresponds to the partion of W+

l into right Kazhdan-Lusztig cells. We
quickly go through the construction of the partitions of Wl into subsets
of right, left and two-sided Kazhdan-Lusztig cells for the in�nite Coxeter
system (Wl, S) �rst de�ned in [KL79], but with the notation of [Soe97a].

Let H denote the Hecke algebra of (Wl, S) over A = Z[v, v−1], i.e., H =⊕
w∈W AHw with multiplication de�ned by HsHw = Hsw if l(sw) > l(w)

and HsHw = Hsw + (v−l(w)− vl(w))Hw otherwise. There is an involution on
H given by v̄ = v−1 and H̄w = (Hw−1)−1, and we call H ∈ H self-dual if
H̄ = H.

We have the classical result, [KL79, Theorem 1.1]:

Theorem 5.6. For all x ∈ Wl there exists a unique self-dual element Hx ∈
H such that Hx ∈ Hx +

∑
y<x vZ[v]Hy. The Hx form an A-basis of H.

De�nition 5.7. Let ≤L,≤R and ≤LR be the preorders on Wl generated by

x ≤L y ⇔ Hx appears in HHy for some H ∈ H
x ≤R y ⇔ Hx appears in HyH for some H ∈ H
x ≤LR y ⇔ Hx appears in HHyH

′ for some H,H ′ ∈ H.

We write x ∼L y if both x ≤L y and y ≤L x. This is the equivalence relation
generated by ≤L, and we call its equivalence classes the left Kazhdan-Lusztig
cells in Wl. Similarly, we have the equivalence relations ∼R and ∼LR on
Wl generated by ≤R and ≤LR and we call their equivalence classes the right
resp. the two-sided Kazhdan-Lusztig cells.

We notice that x ≤L y ⇔ x−1 ≤R y−1, so there is a redundancy in the
notation. As previously noted, the partitions ofWl into right and two-sided
Kazhdan-Lusztig cells have not been computed in general. As a �rst general
result, we note [Lus87, Theorem 2.2]:
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Theorem 5.8. The a�ne Weyl group Wl has only �nitely many two-sided
Kazhdan-Lusztig cells.

Though some two-sided cells may consist of �nitely many elements, this
result tells us that in general they are in�nite. As another result, we note
[LX88, Theorem 1.2]:

Theorem 5.9. Let A ⊆ Wl be a two-sided Kazhdan-Lusztig cell. Then the
intersection A ∩W+

l is a single right Kazhdan-Lusztig cell.

Then, in order to characterize the weight cells in P+, we may either char-
acterize the two-sided Kazhdan-Lusztig cells in Wl or the right Kazhdan-
Lusztig cells in W+

l .

Some examples

Assume that g has type Ar, r ≥ 2. We know that the number of two-
sided Kazhdan-Lusztig cells in Wl is �nite, but more precisely it is equal
to the number of partitions of r + 1, as is shown in [Shi86, 17.5]. This
is a corollary of a complete characterization of the two-sided cells in Wl

through a technical map associating to each a�ne Weyl group element a
partition of r + 1. In the same book it is also shown that each non-trivial
right Kazhdan-Lusztig cell in Wl is an in�nite set of elements, cf. [Shi86,
Proposition 19.1.5]. Therefore Nq(slr+1) is the only tensor ideal in Tq(slr+1)
for which the quotient of the respective Grothendieck groups has �nite rank.

Assume that g is simple of rank 2. In his paper [Lus85] Lusztig describes
explicitly the right and two-sided Kazhdan-Lusztig cells of Wl. The a�ne
Weyl group is partitioned into unions of two-sided Kazhdan-Lusztig cells
Wl = A ∪ B ∪ C for g of type A2, Wl = A ∪ B ∪ C ∪ D for type C2 and
Wl = A ∪B ∪C ∪D ∪E for type G2. In all cases the last set is the trivial
cell {1}, and in the �rst two cases the remaining sets A,B resp. A,B,C
contain in�nitely many elements. For type G2 the sets A,B and C are
in�nite, while the set D is �nite. Thus the set D1 = D ∩W+

l is a �nite
right Kazhdan-Lusztig cell. The next section is dedicated to the study of
it.

There are a number of results on partial and complete characterizations
of the right and two-sided Kazhdan-Lusztig cells for a�ne Weyl groups of
other types, but let us pick just one out. In [Lus83, 3.13] for each simple g of
rank r ≥ 2 a number of graphs are constructed, each corresponding to a left
Kazhdan-Lusztig cell in Wl. In case g does not have type Ar or Cr, one of
these graphs is �nite and thus corresponds to a �nite left Kazhdan-Lusztig
cell.
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5.3 The D1 cell for type G2

In this section we shall consider an example of a non-trivial �nite weight
cell in P+ when g has type G2. This is the cell corresponding to the subset
of Wl named D1 in [Lus85, 11.2], consisting of the elements s0, s0s1, s0s1s2,
s0s1s2s1, s0s1s2s1s0, s0s1s2s1s2, s0s1s2s1s2s1, s0s1s2s1s2s1s0. Let D1 denote
this weight cell too, i.e., the union of the lower closures of w.Al intersected
with P+ for w one of the eight aforementioned elements of Wl. Thus the
subcategory Tq(<D1) of Tq is a tensor ideal, such that the quotient category
has �nitely many isomorphism classes of indecomposable objects.

Proposition 5.10. Let g have type G2, and let l ≥ 6 be an even integer
not divisible by 3. Then the tensor ideal Tq(<D1) in Tq is generated by the
set {Tq(( l2 − 1)ρ), Tq((

l
2
− 1)ρ− ω1 + ω2), Tq((

l
2
− 1)ρ+ 3ω1 − ω2)}.

Proof. De�ne elements

λi = ( l
2
− 1)ρ+ i(ω2 − ω1), i = 0, . . . , l

2
− 1,

µj = ( l
2
− 1)ρ+ j(3ω1 − ω2), j = 1, . . . , l

2
− 1.

Let I be the ideal in Tq generated by Tq(λ0), Tq(λ1) and Tq(µ1). The weights
{λi, µj} are the minimal weights in the set ∪c<TqD1c = P+ \ (D1 ∪ Al)
with respect to �, so by Proposition 5.5 we just need to show that all the
remaining Tq(λi) and Tq(µj) belong to I.

Under the identi�cation of Wl with the set of alcoves in P , if w =
sin . . . si1 then denote Ain...i1 = w.Al. In the following we compute the
characters for tilting modules belonging to lower closures of some alcoves in
P+ \ (D1 ∪ Al), speci�cally the alcoves A012120, A0121201 and A01212010. For
the deduction of these characters we use [Soe97b, Conjecture 7.1] (proven
in [Soe98]) and the following remark.

Let λ ∈ Āl. We consider �rst A012120, so let w = s0s1s2s1s2s0. If λ ∈ Al
is regular, then

chTq(w.λ) = χw.λ + χws0.λ + χws2.λ + χws0s2.λ.

If λ is subregular and �xed by s2, then

chTq(w.λ) = χw.λ + χws0.λ

and if λ is �xed by s0, then

chTq(w.λ) = χw.λ + χws2.λ.
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If λ is �xed by both s2 and s0, then Tq(w.λ) is simple.
Consider then A0121201 and let w = s0s1s2s1s2s0s1. If λ ∈ Al then

chTq(w.λ) = χw.λ +χws1.λ +χws1s0.λ +χws1s0s1.λ +χws1s0s2.λ +χws1s0s2s1.λ.

If λ is �xed by s1, then

chTq(w.λ) = χw.λ + χws1s0.λ + χws1s0s2.λ.

Finally consider A01212010 so let w = s0s1s2s1s2s0s1s0. If λ ∈ Al then

chTq(w.λ) = χw.λ + χws0.λ + χws0s1.λ + χws0s1s0.λ + χws1.λ + χws1s0.λ.

If λ is �xed by s0 then

chTq(w.λ) = χw.λ + χws0s1.λ + χws1.λ

and if λ is �xed by s1 then

chTq(w.λ) = χw.λ + χws0.λ + χws1s0.λ.

If λ is �xed by s0 and s1 then Tq(w.λ) is simple.
We show �rst that all Tq(λi), i = 2, . . . , l

2
− 1, belong to I. Explicitly

we see that

Tq(λ0 + ω1) ∈ I (Tq(λ0)⊗ Tq(ω1) ' Tq(λ0 + ω1)⊕ Tq(λ1)⊕ Tq(λ0))
Tq(λ0 + ω2) ∈ I (Tq(λ0)⊗Tq(ω2) ' Tq(λ0 +ω2)⊕Tq(µ1)⊕Tq(λ0 +ω1)⊕

Tq(λ1)⊕ 2Tq(λ0))
Tq(λ2) ∈ I (Tq(λ1)⊗Tq(ω1) ' Tq(λ2)⊕Tq(λ0 +ω2)⊕Tq(λ0 +ω1)⊕

Tq(λ1)⊕ 2Tq(λ0))

and inductively

Tq(λi + 2ω1) ∈ I (direct summand of Tq(λi + ω1)⊗ Tq(ω1) as above)
Tq(λi+1 + ω2) ∈ I (direct summand of Tq(λi+1)⊗ Tq(ω2))
Tq(λi+3) ∈ I (direct summand of Tq(λi+2)⊗ Tq(ω1))

for i = 0, . . . , l
2
− 4. Note for i = l

2
− 4 that λi + 2ω1 and λi+1 + ω2 lie

on the wall between A012120 and A0121201.
In the same manner we show that all Tq(µi), i = 2, . . . , l

2
− 1, belong to

I.

Tq(µi + 2ω1) ∈ I (direct summand of Tq(µi + ω1)⊗ Tq(ω1))
Tq(µi+1 + ω1) ∈ I (direct summand of Tq(µi+1)⊗ Tq(ω1))
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Tq(µi + ω1 + ω2) ∈ I (direct summand of Tq(µi + ω1)⊗ Tq(ω2))
Tq(µi+1 + ω2) ∈ I (direct summand of Tq(µ1 + 2ω1)⊗ Tq(ω1))
Tq(µi+2) ∈ I (direct summand of Tq(µi+1)⊗ Tq(ω2))

for i = 0, . . . , l
2
−3 (here µ0 = λ0). The calculations become complicated

when we hit the walls below A0121201 and A01212010, but in a decomposition
of the tensor product in any of the 5 cases above, all but 1 summand has
already been seen to belong to I, and consequently the last one (the one in
the left column) does too.

Note the similarity of the �rst inductive step with the calculations in the
proof of [AS14, Theorem 7.1] and of the second with the proof of Proposition
4.3. They really are the same. �

The restrictions on l in the proposition are just for convenience. In case
l is an odd integer not divisible by 3, or in case l ≥ 12 is divisible by 3,
we have a similar result on the tensor ideal Tq(<D1) being generated by 3
elements.

Now consider R = K0(Tq) and I<D1 = K0(Tq(<D1)). Let us calculate the
determinant of the bilinear form (5.1) onR/I<D1 . Since HomTq(Tq(λ), Tq(µ))
= 0 unless µ ∈ Wl.λ, we may assume λ ∈ Āl and µ = w.λ, where w is one of
the elements 1, s0, s0s1, s0s1s2, s0s1s2s1, s0s1s2s1s0, s0s1s2s1s2, s0s1s2s1s2s1,
s0s1s2s1s2s1s0.

Assume �rst λ ∈ Al is regular. We again calculate the characters of the
indecomposable tilting modules with highest weight in D1 ∪Al linked to λ,
using [Soe97b, Conjecture 7.1].

chTq(λ) = χλ

chTq(s0.λ) = χs0.λ + χλ

chTq(s0s1.λ) = χs0s1.λ + χs0.λ

chTq(s0s1s2.λ) = χs0s1s2.λ + χs0s1.λ

chTq(s0s1s2s1.λ) = χs0s1s2s1.λ + χs0s1s2.λ

chTq(s0s1s2s1s0.λ) = χs0s1s2s1s0.λ + χs0s1s2s1.λ

chTq(s0s1s2s1s2.λ) = χs0s1s2s1s2.λ + χs0s1s2s1.λ

chTq(s0s1s2s1s2s1.λ) = χs0s1s2s1s2s1.λ + χs0s1s2s1s2.λ

chTq(s0s1s2s1s2s1s0.λ) = χs0s1s2s1s2s1s0.λ + χs0s1s2s1s2s1.λ

+ χs0s1s2s1s2s0.λ + χs0s1s2s1s2.λ
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Using (5.2) the determinant of the principal minor of B corresponding to
the linkage class of λ is seen to be:∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 0 0 0 0 0 0 0
1 2 1 0 0 0 0 0 0
0 1 2 1 0 0 0 0 0
0 0 1 2 1 0 0 0 0
0 0 0 1 2 1 1 0 0
0 0 0 0 1 2 1 0 0
0 0 0 0 1 1 2 1 1
0 0 0 0 0 0 1 2 2
0 0 0 0 0 0 1 2 4

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 2.

Now let λ ∈ Āl be a subregular weight �xed by the a�ne re�ection s0.
There are three distinct weights in D1∪Al in the linkage class of λ, namely
λ, s0s1s2s1.λ, s0s1s2s1s2s1.λ. We use [Soe97b, Remark 7.2] to calculate the
characters of the related indecomposable tilting modules.

chTq(λ) = χλ

chTq(s0s1s2s1s0.λ) = χs0s1s2s1s0.λ

chTq(s0s1s2s1s2s1.λ) = χs0s1s2s1s2s1.λ

So the tilting modules are all simple, and the determinant of the principal
minor of B corresponding to the linkage class of λ is 1.

If λ ∈ Āl is subregular and �xed by s1, there are three weights in
D1 ∪ Al in the linkage class of λ, namely s1.λ, s0s1s2.λ, s0s1s2s1s2.λ. The
indecomposable tilting modules related to these weights are all simple, so
the corresponding subdeterminant is again 1. If λ is �xed by s2, there are
two weights in D1 ∪Al in the linkage class of λ, the related tilting modules
are also simple and the subdeterminant is 1.

Put together, the determinant of B is d = 2|Al|, and we conclude that
the bilinear form (5.1) is non-degenerate but does not give an isomorphism
of R/I<D1 with its Z-dual.

However, if we make a change of the base ring to Z[1
d
] = {dn, n ∈ N}−1Z,

the bilinear Z[1
d
]-form on R/I<D1 [

1
d
] gives an isomorphism of R[1

d
]-modules

R/I<D1 [
1
d
] ' Hom

Z[
1
d

]
(R/I<D1 [

1
d
],Z[1

d
]),

and then the proof of Proposition 3.11 carries over directly to give us the
following
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Proposition 5.11. Let I ⊆ R = Z[X, Y ] be an ideal such that R/I is �nite
free as a Z-module and there is a non-degenerate bilinear Z-form on R/I.
Let d ∈ Z be the determinant of the matrix associated with the bilinear form
for any basis of R/I. Then I[1

d
] is generated by an R[1

d
]-regular sequence of

length 2.

In the proof it is important to note that the ring Z[1
d
] is a principal ideal

domain so the Quillen-Suslin theorem still holds over R[1
d
] ' Z[1

d
][X, Y ].



Chapter 6

Future perspectives

We use in this chapter the notation of Section 1.3. In particular q ∈ C is
a root of unity, and l denotes the order of q2. Assume that l is big enough
that Al 6= ∅. The Weyl group W is generated by the simple re�ections
si = sαi , i = 1, . . . , r while the a�ne Weyl group Wl is generated by W and
the re�ection s0 in the upper wall of the fundamental alcove Al, which is
either sα0,1 or sβ0,1 depending on whether all lα = l or not.

Let D = {0, 1, . . . , r} be a numbering of the nodes in the a�ne Dynkin
diagram corresponding to the simple generating set {s0, s1, . . . , sr} of Wl,
and let D̄ = {1, . . . , r} denote the Dynkin diagram ofW . For any nonempty
subset S ⊆ D, let WS = 〈si | i ∈ S〉 be the re�ection group generated
by the simple re�ections corresponding to S. Let WS act on E via the
shifted action. This action preserves P , and we denote it by the usual dot-
notation. Call an element of E S-singular if it is �xed by some non-trivial
element of WS, and let HS ⊆ E denote the set of S-singular elements. Let
CS ⊆ E \HS be the unique connected component containing Al. Then C̄S
is a fundamental domain for the action of WS on E.

The subset of the extended Dynkin diagram corresponding to S is the
Dynkin diagram of a (possibly reducible) root system ΦS ⊆ Φ whose Weyl
group is WS. Let Φ+

S denote the positive part of ΦS corresponding to CS,
and let ρS = 1

2

∑
α∈ΦS

α ∈ E. Though ρS is not necessarily in P , the action
λ 7→ w.(λ − ρS) + ρS preserves P for all w ∈ WS. With abuse of notation
denote this action by w(λ), w ∈ WS. If 0 /∈ S then WS is a subgroup of W ,
and the actions of the two groups on P are the same.

Note that the shifted action of WS �xes a face of Āl, while the non-
shifted action �xes a face of Al.

The non-shifted action ofWS on P induces an action on Z[P ]. For λ ∈ P
the element AWS

λ =
∑

w∈WS
(−1)l(w)ew(λ) is antisymmetric with regards to

75
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this action. Then the fraction

AWS
λ+ρS

AWS
ρS

(6.1)

is a WS-invariant element of Z[P ]. If S = D̄ then WD̄ = W and (6.1) is
the Weyl character χλ ∈ Z[P ]W . When we identify Z[P ]W with the split
Grothendieck group K0(Tq) there is a quotient of Z[P ]W which is identi�ed
with the fusion ring K0(Tq)/K0(Nq).

The following is [Dou09, Proposition 2.4].

Proposition 6.1. Assume that l is divisible by all di, i = 1, . . . , r. There is
a complex of Z[P ]W -modules

⊕
S⊆D,|S|=r−i Z[P ]WS whose di�erentials have

components dS,T : Z[P ]WS → Z[P ]WT for T = S ∪ {is}, given by

dS,T

([
AWS
λ+ρS

AWS
ρS

])
= (−1)s

[
AWT
λ+ρT

AWT
ρT

]
.

Here D \ S = {i0, . . . , ip} is ordered i0 < · · · < ip as in D. This complex is
acyclic except in degree i = 0 for which it has homology identi�ed with the
fusion ring.

The complex is an interpretation of a twisted Mayer-Vietoris spectral se-
quence for the twisted K-homology of a simple, simply connected Lie group
whose Lie algebra is g, cf. [Dou09, Section 2]. While the mechanics of this
spectral sequence is deeply rooted in equivariant K-theory, the interpreta-
tion is formulated purely in terms of invariants in Z[P ] of subgroups of the
a�ne Weyl group. When we consider only the combinatorial description of
the complex the assumptions on l seem arti�cial, which suggests they might
be super�uous.

In this chapter we are interested in giving a representation theoretic
realization of the complex (for any l) satisfying

(i) For each nonempty S ⊆ D we want an additive, monoidal category
Dq,S such that its split Grothendieck group K0(Dq,S) is isomorphic to
Z[P ]WS as rings.

(ii) The categories Dq,S should be Dq,D̄-module categories, such that the
Z[P ]WS become �nite free Z[P ]W -modules.

(iii) For S ⊆ D and T = S ∪ {j} we want a functor Dq,S → Dq,T categori-
fying the di�erentials dS,T above.

(iv) For S = D̄ we want Dq,D̄ ' Tq to be equivalent as additive, monoidal
categories.
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6.1 Candidate categories

We introduce parabolic subalgebras of the quantum group, following [Pul06].
As a reference to the constructions, we use [CP95]. Alternatively one could
take the proofs in [Jan96, Chapter 8] and generalize them to the root of
unity case.

Let S ⊆ D̄ = {1, . . . , r} be a subset of the Dynkin diagram and let
b− ⊆ pS ⊆ g be the parabolic subalgebra associated to it. Let pS = lS ⊕ uS
be a Levi decomposition of pS, with lS the Levi factor and uS the unipotent
part. The group WS ⊆ W is the Weyl group of lS, and we let w0,S be its
longest element.

Choose a reduced expression w0,S = sin . . . si1 , it ∈ S, and extend it to
a reduced expression w0 = siN . . . sin+1w0,S. De�ne elements

βt = si1 . . . sit−1(αit), t = 1, . . . , N.

Then Φ+
S = {β1, . . . , βn} and Φ+ \ Φ+

S = {βn+1, . . . , βN}.
Let Ti, i = 1, . . . , r, denote the Braid group operators on the generic

quantum group Uv, cf. [CP95, 8.1] or [Jan96, 8.14]. It is a direct calculation
to check that the Ti preserve the A-form UA. We use these to de�ne elements
of UA associated to the roots above. Let

E
(a)
βt

= Ti1 . . . Tit−1(E
(a)
it

), t = 1, . . . , N, a ≥ 1,

F
(a)
βt

= Ti1 . . . Tit−1(F
(a)
it

), t = 1, . . . , N, a ≥ 1.

Then [CP95, Proposition 9.3.3] or the proof of [Jan96, Theorem 8.24] shows
that the set consisting of the elements

E
(aN )
βN

. . . E
(a1)
β1

Kσ1
1

[
K1

b1

]
v1

. . . Kσr
r

[
Kr

br

]
vr

F
(c1)
β1

. . . F
(cN )
βN

(6.2)

for at, bi, ct ∈ N, σi ∈ {0, 1}, is an A-basis of UA.

De�nition 6.2. The integral parabolic subalgebra UA(pS) associated to pS
is the subspace of UA spanned by the elements

E
(an)
βn

. . . E
(a1)
β1

Kσ1
1

[
K1

b1

]
v1

. . . Kσr
r

[
Kr

br

]
vr

F
(c1)
β1

. . . F
(cN )
βN

for at, bi, cs ∈ N, σi ∈ {0, 1}.

This is an algebra, which is a consequence of the following
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Lemma 6.3. For 1 ≤ i < j ≤ n and a, b ∈ N we have

E
(a)
βi
E

(b)
βj
− v(bβj ,aβi)E

(b)
βj
E

(a)
βi

=
∑

a∈Nj−i+1

caE
(aj)
βj

. . . E
(ai)
βi

(6.3)

where ca ∈ A is nonzero only if a = (ai, . . . , aj) has ai < a and aj < b.

Proof. When a = b = 1 this is the Levendorskii-Soibelman relation [LS91,
Proposition 5.5.2]. The result is proven by induction, �rst over j − i and
then over a and b. �

Though the basis in (6.2) depends on the choices of the reduced expres-
sions of w0,S and w0, the de�nition of UA(pS) does not.

We conclude that Uq(g) is free as a right Uq(pS)-module, with an A-basis

E
(aN )
βN

. . . E
(an+1)
βn+1

for at ∈ N.

De�nition 6.4. The parabolic quantum group is the specialization Uq(pS) =
UA(pS)⊗A C of v to q.

Parabolic modules

We de�ne Cq,S to be the category of integrable Uq(pS)-modules, i.e., it
consists of modules M =

⊕
λ∈P Mλ such that for all m ∈ M and each

i ∈ S, j ∈ D̄ E
(a)
i m = 0 = F

(a)
j m for big enough a. Let FS be the

functor from the category of Uq(pS)-modules to Cq,S which sends a mod-
ule to its maximal integrable submodule. We de�ne an induction functor
H0
q (S,−) : C−q → Cq,S by

H0
q (S,N) = FS(HomBq(Uq(pS), N))

for N ∈ C−q . For each λ ∈ P we de�ne the induction module

∇q,S(λ) = H0
q (S,Cλ).

Note that ∇q,S(λ) 6= 0 if and only if λ ∈ P+
S , and for such λ it has a unique

simple submodule Lq,S(λ). ∇q,S(λ) is �nite-dimensional, and its character
equals

ch∇q,S(λ) =

∑
w∈WS

(−1)l(w)ew(λ+ρS)∑
w∈WS

(−1)l(w)ew(ρS)
∈ Z[P ]WS .
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The antipode on Uq restricts to Uq(pS) and gives a Uq(pS)-structure on
dual modules. We de�ne

∆q,S(λ) = ∇q,S(−w0,S(λ))∗.

Then ∇q,S(λ) and ∆q,S(λ) have the same character, and Lq,S(λ) occurs as
the unique simple quotient of ∆q,S(λ).

Let H i
q(S,−) be the ith right derived functor of H0

q (S,−). Then the
linkage principle, Theorem 1.5, generalizes to show that for λ ∈ P+

S , µ ∈
P ∩ C̄S, if Lq,S(λ) is a composition factor of H i

q,S(w.µ) for some w ∈ WS

and i ≥ 0, then λ ↑ΦS µ. Let Wl,S be the subgroup of Wl generated by all
a�ne re�ections sα,m, α ∈ ΦS,m ∈ Z. Then Corollary 1.6 generalizes to
Cq,S, and we see that the module ∇q,S(µ) is simple when µ ∈ Āl,S ∩ P+

S ,
where Al,S = {λ ∈ P | 0 < 〈λ+ ρS, α

∨〉 < lα ∀α ∈ Φ+
S }. Note that Al,S is

an in�nite set unless S = D̄.
As another consequence of the corollary, we get a decomposition of Cq,S

into subcategories Cq,S(λ), λ ∈ Āl,S, consisting of modules whose composi-
tion factors have highest weights in Wl,S.λ. Similarly, we get translation
functors between them.

We say that a �nite-dimensional module T ∈ Cq,S is tilting if it has
both a ∇q,S- and a ∆q,S-�ltration. Denote by Tq,S the category of tilting
modules. We have all the tools needed to generalize Proposition 1.8, i.e., for
each λ ∈ P+

S we have a unique up to isomorphism indecomposable tilting
module Tq,S(λ) ∈ Tq,S of highest weight λ.

Given another subset S ⊆ T ⊆ D̄, all of the above applies with S
replaced by T . Moreover, given a reduced expression w0,S = sin . . . si1 we
may extend it to a reduced expression w0,T = sim . . . sin+1w0,S and again to
a reduced expression w0 = siN . . . sim+1w0,T . We see that Uq(pT ) is free as a
right Uq(pS)-module, with basis

E
(am)
βm

. . . E
(an+1)
βn+1

for at ∈ N. We get a functor H0
q (T/S,−) : Cq,S → Cq,T by

H0
q (T/S,M) = FT (HomUq(pS)(Uq(pT ),M))

forM ∈ Cq,S. Transitivity of induction gives us∇q,T (λ) ' H0
q (T/S,∇q,S(λ))

for λ ∈ P .
We have a restriction functor Cq → Cq,S which makes Cq,S into a Cq-

module category. Furthermore, if V ∈ Cq is �nite-dimensional, then by the
tensor identity H0

q (T/S, V ⊗ M) ' V ⊗ H0
q (T/S,M) for M ∈ Cq,S, this

module structure is compatible with induction.
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Conclusions and problems

Consider the direct sums of Grothendieck groups Ci =
⊕

S⊆D̄,|S|=r−i K0(Cq,S)

and the maps d : Ci → Ci−1 given by components dS,T : K0(Cq,S) →
K0(Cq,T ) for T = S∪{is}, where is ∈ D̄ \S = {i0, . . . , ip} is (−1)s times the
map induced by H0

q (T/S,−). This is an acyclic complex of K0(Cq)-modules.
K0(Cq,S) has a Z-basis in {[∇q,S(λ)] | λ ∈ P+

S }, and w.r.t. these bases the
components dS,T are given by

dS,T ([∇q,S(λ)]) = [∇q,T (λ)].

The above satis�es part of our goal but does not completely realize
the complex. We have not de�ned a parabolic subalgebra Uq(pS) ⊆ Uq for
subsets S ⊆ D containing 0, i.e., a subalgebra whose Levi component Uq(lS)
has an associated root system ΦS, whose simple roots are {−θ, αi1 , . . . , αip},
where θ is either the highest short or long root. We could take a reduced
expression w0 = siN . . . si1 and look at the root vectors E(r)

βt
, F

(r)
βt

associated
to βt = si1 . . . sit−1(αit). Let Uq(lS) be the span of the elements

E
(am)
βtm

. . . E
(a1)
βt1

Kσ1
1

[
K1

b1

]
qq

. . . Kσr
r

[
Kr

br

]
qr

F
(c1)
βt1

. . . F
(cm)
βtm

where the βti run over all roots ΦS ∩ Φ+. Unfortunately, this is not neces-
sarily an algebra. The problem is that we do not have an analogue of the
Levendorskii-Soibelman relations for subsets of the ordered set {β1, . . . , βN}
like this.

Another detail is that the categories Cq,S are abelian, monoidal cate-
gories, while we asked for additive categories. In particular, for S = D̄,
Cq,D̄ = Cq is the category of integrable Uq-modules and not the category
Tq of tilting modules we wished for. As rings though, the Grothendieck
group K0(Cq) and the split Grothendieck group K0(Tq) are both isomorphic
to Z[P ]W . We cannot use the tilting categories Tq,S for the part of Dq,S, as
there is no reason to expect that the induction functor H0

q (T/S,−) : Cq,S →
Cq,T restricts to a functor Tq,S → Tq,T .
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