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Abstract

We consider a continuous, infinitely divisible random field in R? given as an
integral of a kernel function with respect to a Lévy basis with convolution
equivalent Lévy measure. For a large class of such random fields we compute
the asymptotic probability that the supremum of the field exceeds the level x
as £ — oo. Our main result is that the asymptotic probability is equivalent to
the right tail of the underlying Lévy measure.
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1 Introduction

In the present paper we investigate the extremal behaviour of a field (X;);cp defined
by

Xe= [ #t=sh M), (L)

where M is an infinitely divisible, independently scattered random measure on R¢,
f is some kernel function, and B is a compact index set. We will assume that the
Lévy measure of the random measure M has a convolution equivalent right tail
([11, 12, 21]).

Under some further regularity conditions we derive in the present paper for
a random field (1.1) the very useful result that the asymptotic behaviour of the
supremum of X;, ¢t € B, has a tail that is equivalent to the tail of the underlying Lévy
measure. More precisely under the assumption that the underlying Lévy measure of
M has a tail that is asymptotically equivalent to =% exp(—fBz), 8 > 0,6 > 1, we
show that

P(sup X; > ) ~ Ca™° exp(—f) E exp(BXy,)ma( B)

teB
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as * — oo, where C' is a known constant and my(B) is the Lebesgue measure
of B. Measures with a tail asymptotically equivalent to 279 exp(—fBz) are indeed
convolution equivalent ([21, Lemma 2.3]) and cover the important cases of an inverse
Gaussian and a normal inverse Gaussian (NIG) basis, respectively, see Section 2
below.

Lévy models as defined in (1.1) provide a flexible and tractable modelling frame-
work that recently has been used for a variety of modelling purposes, including
modelling of turbulent flows ([10]), growth processes ([17]), Cox point processes
(|16]), and brain imaging data ([18]). In [18], a model (1.1) with M following a NIG
distribution was suitable for modelling the neuroscience data under consideration.
For such data it is typically of interest to detect for which ¢t € B a given field obtains
values that are significantly large.

To the best of our knowledge, the extremal behaviour of a NIG field or more
generally a field (1.1) with convolution equivalent Lévy measure has not yet been
studied in detail. For Gaussian random fields it is known that the distribution of the
supremum of the field can be approximated by the expected Euler characteristic of
an excursion set (see [4] and references therein). In [15] an exact asymptotic result is
obtained for Gaussian random fields under the assumption of «/(t)-local stationarity.
However, in [18] it is shown by simulations that using a model based on the NIG
distribution gives results that are substantially different from those obtained by
Gaussian models.

The supremum of a non—Gaussian field given by integrals with respect to an
infinitely divisible random measure has already been studied, when the random
measure has regularly varying tails. Results for the asymptotic distribution of the
supremum are found in 25|, and these results are refined in [2] and [3], where results
are obtained on the asymptotic joint distribution of the number of critical points of
the excursion sets. The arguments are — as in the present paper — based on finding
the Lévy measure of a dense countable subset of the field. However, the remaining
proofs rely heavily on the assumption of regularly varying tails and can therefore
not be translated into the convolution equivalent framework.

Note that convolution equivalent distributions have heavier tails than Gaussian
distributions and lighter tails than those of regularly varying distributions. The
latter statement follows from the fact that convolution equivalent distributions have
exponential tails while regularly varying distributions have power function tails.

For real-valued one dimensional infinitely divisible distributions it is shown in
[11], [12] and [21] that if the Lévy measure has a convolution equivalent right tail,
then the distribution has a right tail that is asymptotically equivalent. The proofs
are based on a decomposition of the distribution into a compound Poisson part that
is dominating in the tail and a part with a lighter tail. The arguments in the present
paper applies a similar decomposition to the distribution of a dense countable subset
of the field.

In [13], results for a moving average process on R, obtained as an integral with
respect to a Lévy process with convolution equivalent tail, are derived. But here the
kernel function f satisfies f(¢) = 0 for ¢ < 0 such that

X, = /_t F(t — 5)M(ds)
2



The present paper is organised as follows. In Section 2, we give a short introduc-
tion to random fields defined as an integral of a kernel function with respect to a
Lévy basis. Such a field X can be decomposed into a sum X! + X2 + X3 of three
independent fields, including a compound Poisson sum X' and a Gaussian part X?3.
In Section 3, the tail asymptotics for X! is studied, while it is shown in Section 4
that the supremum of the fields X? and X? have lighter tails than the supremum
of X*. This makes it possible to derive the overall extremal behaviour of the supre-
mum of X, which is also done in Section 4. The asymptotic behaviour of excursion
sets is shortly discussed in Section 5. Proofs concerning the existence of continuous
versions of the random fields considered are deferred to an Appendix.

2 Preliminaries

Consider an independently scattered random measure M on R?. Then for a se-
quence of disjoint sets (A,)neny € R? in B(R?) the random variables (M(A,))nen
are independent and satisfy M(UA,,) = >  M(A,). Assume furthermore that M (A)
is infinitely divisible for all A € B(R?). Then M is called a Lévy basis, see [10] and
references therein.

For a random variable X let C(A 1 X) denote its cumulant function log F'(e
We shall assume that the Lévy basis is stationary and isotropic such that for A €
B(R?) the variable M(A) has a Lévy-Khintchine representation given by

i)\X)'

C(Nf M(A)) = ixamg(A) + 1X*0my(A) —i—/ (e —1—idul_y(u)) F(ds, du),

AxR
(2.1)
where my is the Lebesgue measure on (RY, B(R?)), a € R, § > 0 and F is a measure
on B(R? x R) on the form

F(Ax B) =&mg(A)p(B). (2.2)
We assume that p has an exponentially varying right tail with parameter 5 > 0
p((z,00)) = L(z)e™™, (2.3)

where L satisfies L(z) ~ 7% with § > 1. Here we use the convention that f(z) ~
g(x) if f(z)/g(r) — 1 as x — oo. As noted in the introduction, this makes p
convolution equivalent. We furthermore assume

/22 p(dz) < cc. (2.4)

Note that the integrability along the right tail of p follows from (2.3) and that in

particular
/ 2? p(dz) < o0,
[7171}

which is needed for p to be a Lévy measure. Finally we assume that there exists
another Lévy measure p on the form

p(dz) = Clz| " dx (2.5)

with r € (2,3) and C' > 0, such that p — p is a non—negative measure.
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Example 2.1 (IG basis). Suppose that M is inverse Gaussian,
M(A) ~ 1G(nma(A),7) ,
1,7 > 0. Then C'(A{ M(A)) has the representation (2.1) from above with

n [ 2
G / -1/2,(-1/20%
0

Y
=0
_n. /2
5_72 T

2
p(dz) = 7?1]R+(gv)x_g/Qe(_l/Q)v%C dz,

see e.g., [8, 9, 17]. Thereby
2

p((x,00)) = %/ y—3/2€(—1/2)v2y dy ~ 23/2p(-1/2)7%

T
as r — OQ.

Example 2.2 (NIG basis). Suppose that M is normal inverse Gaussian,
M(A) ~ NIG(a, B, pma(A), 5ma(A))

0<|8l <a,peRand0<d. Then C(Af M(A)) has the representation (2.1) from
above with

1
a=pu+ 2(5704/ sinh(fz) K (ax) dx
0

=0
0 Q@
&= a—f o
20 1 B
p(dz) = (o — ) ?mKl(a’@"De dz,

where K is the modified Bessel function of second kind and index 1. For further
details concerning the Lévy measure of the NIG distribution, see [6] and |7]. Using
the well-known asymptotic formula for K

Ki(s) ~ \/?81/268 as s — 00,

200 1

|z

we find

K, (Oz‘l‘|)€ﬁz ~ |$|—3/2€—a|m\+5r

as |x| — oo and thereby

pllz.oc) ~ (a=5) [ Tyl el gy

x
o 2 (B

as r — OQ.



Now assume that f : [0,00) — [0, 00) is an integration kernel satisfying

f(0)=1, flx) <1lforx>0, f(|s])ds < o0, (2.6)
and K
flz) < m for all 2 > 0 (2.7)

for a finite, positive constant K;. Assume furthermore that f is differentiable with
f! satisfying

F@I< o ralla o 2.5)

for a finite, positive constant K,. Let B be a compact subset of R? with my(B) > 0
and consider the family of random variables (X;);cp defined by

&:Ajw—ﬁMw%

The integrals defining each X; exists according to |24, Theorem 2.7|, where the
conditions (i)—(iii) can be easily verified under the given assumptions on M and f.
As explained in the Appendix, Theorem A.1, there furthermore exists a version of
(X1)iep with continuous sample paths. In the following , it will be useful to note
that

/R sup f(|t —s])ds < 0. (2.9)

d teB

Example 2.3 (Exponential kernel function). Suppose that
f(x) =€,
o > 0, then the assumptions (2.6)—(2.8) are satisfied.

Example 2.4 (Gaussian kernel function). Suppose that

flx)=e"7",
o > 0, then the assumptions (2.6)—(2.8) are satisfied.

Example 2.5 (Matérn kernel function). Suppose that

f(x) Az |y (Al])

B 1

- 27710 (n)
where K, is the modified Bessel function of the second kind, index 7, and A > 0. The
use of this kernel function in Lévy based modelling and its relation to the so—called
Matérn correlation structure of the field (X;);cp have been discussed in [18]. For a
further discussion of modelling, using a Matérn correlation structure, see [14]. Since
for n = %,



the Matérn kernel reduces to the exponential kernel for n = % Below, we show for
n > 5 that the Matérn kernel satisfies the assumptions (2.6)—(2.8). Since for n > 0

K,(x) ~ 211 ()"

as = | 0, we have f(0) = 1. The integrability of f is a result of the fact that for all
n>0

K,(z) ~\/m/22 e (2.10)
as x — oo. Using (2.10), it also follows that (2.6) is fulfilled. It remains to show
that f(z) < 1 for z # 0 and that (2.8) is fulfilled for > 1. Let us consider the

function f, : [0,00) — [0, 00) defined by f,(z) = 2"K,(x) for n > 0. We apply the
representation

Kn(x):/O exp(—x cosh t) cosh(nt) dt

to obtain for z > 0

K (x) = —/O exp(—x cosht) cosh t cosh(nt) dt .

Using that cosh cosh(nt) = (cosh((n+1)t)+ cosh((n—1)t)) and rearranging terms
yields

fé(x) = WI"_IKn(fC) + IWK;("E) = W"_lKn(x) - %H(Kn—l-l(x) + Kn—1($)> .

We can easily obtain the recurrence formula
— K, 1(x) + 2Ky (x) = 20K, (),

by using a similar recurrence formula for Bessel functions and the correspondence
between Bessel functions and modified functions, see [5, Chapter 4]. Combining this
with the expression for f;(z), we find

fy(@) = =2 Ky (7).

From this we conclude, that f; is strictly negative on (0, 00). It follows that f(z) <
f(0) for x # 0. Since furthermore for n > 0, 2"K,(x) — 277'T'(n) as x — oo and
K, = K_n, we deduce that lim, o f; (2 ) =0 forn > l and hmx_m fy(x) = —oc for

0 <n < 3. For n = 5 we have that f1 \/_e_x SO f’ \/_ Combining
this with (2.10) we obtam the desired 1nequahty (2.8) for f’ When n>1/2.

For the study of the extremal behaviour of (X})ep, we will use that the cumulant
function of X; =[5, f( ) M (ds) takes the following form

CATx) =D / Fe=slds+ 5% [ (e =sl)*as
+§/Rd /R (ez‘f(|t—8\)>\u —1—if(|t — s|)Muli—11y(w)) p(du)ds,



cf. e.g., [24, Theorem 2.7]. A similar formula holds for finite linear combinations of
the X;s. Here, f(|t — s|) is substituted by >, B, f(|t — s|). It follows that all finite
dimensional distributions of (X;);cp are infinitely divisible. As a consequence, any
countable field (X}):er is itself infinitely divisible, see [20] for existence and unique-
ness of the infinite divisibility of the entire field. It follows from direct manipulations
and it is also noted in e.g., [25] that the Lévy measure of (X;);er is the measure v
on (RT, B(R?)) defined by v = F o V=1 where V : RY x R — R is given by

Vi(s,z) = (2f(|t = s|))ser -

We will from now on assume that 7= B N Q%, where Q7 are the rational numbers
in R?. For 8 € R with 3, = 0 for all but finitely many ¢t € T" we find

logE(exp(iZﬁtXt)> =iy B+ %9 /]R (Z Buf (|t — 5|)>2d3
- /RT (exp <iZBta:t> —1- /L.Z/Btl'tl[_ljl}T(fE)> v(dx)

for an appropriate choice of (a;);er € RT. It is furthermore seen that (a;)ier is
bounded. Because of the infinite divisibility of (X;);er, we have the following de-
composition, see e.g., [25],

X=X + X7+ X},

where the fields (X})ier, (X2)ier and (X?)ier are independent. The first field
(X})ier is a compound Poisson sum

N
Xt=2 07
n=0
where N is Poisson distributed with parameter v(A) and

A={zeR" : supz, > 1}.
teT

In the Appendix, it is shown that v(A) < oo, see Lemma A.3. The fields (U}*)ier are
independent and identically distributed with common distribution vy = v4/v(A),
where v, is the measure on (R”, B(R”)) obtained by restricting v to A. The distri-
bution of (X})scr is also determined by the following cumulant functions

log (exp(z’ ZﬂtX?})) = / (exp (iZtht> — 1) va(de),
t R t
where 8 € R” satisfies 8; = 0 for all ¢t ¢ T,. Furthermore (X?);cr is infinitely

divisible with a Lévy measure v, the restriction of v to A¢, and cumulant function
given by

logE<eXp(iZBtX21)>
= zz Beay + /RT (exp (z Z ﬁta:t> —-1- ZZ ﬁtxtl[,l,lp(x)) v4(de),



where 8 € RT with 8; = 0 for all but finitely many ¢ € T'. Finally (X}?)cr is defined
by

Xt = [ = s artas).

where M?3 is a Gaussian Lévy basis satisfying C(\ T M3(A)) = iA20mgy(A).

It will be crucial for the arguments in the following sections that each of the fields
X1, X2, and X3 can be extended to continuous fields indexed by B. Note that each
of the fields (U}*);er almost surely has the form z f(|t —s|). Hence there almost surely
exists a continuous extension (U");cp. Since X! is a finite sum of such fields it has a
continuous extension to B as well. As already stated, the field (X};);cp has continuous
sample paths, see also Theorem A.1. Furthermore, (X?);cp has a continuous version
under the given assumptions on f, see the Appendix, Theorem A.2. Thereby also
X? has continuous sample paths.

3 Tail asymptotics for compound Poisson sum of
Lévy fields

In this section, we will determine the extremal behaviour of P(X} > z—y, for some t)
for increasing values of x and (y;)cp a continuous field. The main result, formulated
in Theorem 3.5 below, will be used in the next section to study the extremal be-
haviour of P(sup,cp X; > ), using the fact that X = X'+ X?+ X?® and conditioning
on X2 and X3.

It is convenient to introduce a notation that can be seen as a refinement of the
event {sup,c; X; > x}. If (2)er is a field in R”, we define T'((z;)ser) to be the
following subset in B(RT)

I'((@e)ier) = {(We)ter : y¢ > x, for some t € T'}.

If z; = x for all ¢t € T" we shall use the notation I'(z). Note that {sup,c; X; > z} =
{X eT'(x)}.

The first step will be determining the behaviour of P(U € I'((z — y¢)er)), when
U is a field with distribution v.

Theorem 3.1. Let (y;)iep be continuous and bounded on B. Then

vi(T((x — yi)ier)) &
L(z) exp(—pf) - v(A) /Bexp<6ys) ds as T — 00 . (3.1)
Furthermore, )
vi(I'(x 3
L(z) exp(—Bz)  v(A) mq(B)  asx — o0, (3.2)
and

VI(F<<~T - yt)teT)) N fB eXp(ﬁys) ds

o (T()) ma(B) as & — 00. (3.3)



Proof. The results (3.2) and (3.3) are direct consequences of (3.1), so we focus on the
proof of (3.1). We can assume that (y;):cp is non—negative: Simply write z = 2’ — x
for a suitable xg such that (xg + y;)icp is non—negative, and find the limit of

n(L((2" = (zo + yt) )ter))
L(z") exp(—pa’)

as ¥’ — oo. We find

vi(T(( = Yi)eer))

- ﬁF o VTHI((# = Yeier))

ﬁF({(&z) ER'XR : HeT : 2f(jt —s|) >z —y})
_ V(lA)F({(s,z) ER'XR : z> %Q;ﬁ})
- y(ix) /RdL(i?%ﬁ> exp (- ﬁgg£%> ds

T — Y

_ § . T — Ut
= A /BL<%£§ f(|t—s|)> exp (- Bin f(|t—s|)> ds
£ L= Yt
Moy /Rd\BLQ&ﬁ = s|)> exp (=5 juf f(]t— 3|)) ds. (34)
First, we show that the second term in (3.4) is o(L(z) exp(—fz)). Since L(z) ~ 279,

§ > 1, there exists a constant C' such that L(z) < Ca~° for all z > 0. With the
notation y* = sup, ys the second term is

<O o () 0 (- Bk 7 )

=58 oo Gt ) (i) 69

The integrand in (3.5) is clearly o(L(z)exp(—fz)), since sup,ep f(|t — s|) < 1 for
all s € R?\ B. If we denote the integrand of (3.5) by h(s;z), it follows by the
dominated convergence theorem that (3.5) is o(L(x)exp(—pfz)) if we can find an
integrable function g such that

h(s; )
=% exp(—pfr)

Using the notation fy(s) = sup,ep f(|t — /), we find for x > 2y*

ot (2 ;y*)_é x5 e (=5 (5= 1) (=)

< 2% exp(By*) exp (—5 (ﬂ%s) — 1) y*) : (3.6)

<g(s), seR™.




Now, choose r > 0 such that B C C,(0), where C,(0) is the ball with radius r and
centre 0 € R?%. Then, using (2.7), we get for s ¢ C,.(0)

1 1
Jols )<tes(1/*lr())f<|t_8|)<tesélp (|t —s|+ 1)¢ (|s|—7’+1)d’

It follows that the function (3.6) is integrable.
The theorem now follows from applying dominated convergence to the first term
of (3.4). Since for s € B

T — Yt
2=y

—ys) =0 as r — 00,

we have

L<1nf %) exp ( S inf — )) L(z — ys) exp(=B(x — ys)) ,

teT f(|t teT f(|t_3‘
SO
L<1nfteT m) exp ( — Binfier f?\tiyzl)> By
— e
L(z) exp(—fx)
and for z > 2y*
L<1nft€T f(| |)> exp ( — Binfier fat_*y;‘)>
_ eﬂys

L(z) exp(—pz)

* _5 . xr— *
g (infteT %) exp ( — Binfier WESI))
2% exp(—f)

1)
:E *
( > €By + eﬂys
Tr—y*

< 2 99.Py" + eBys
T c

_I_ eﬁys

IN

IN
QolQ o

which is integrable over B. Above c is chosen such that cx=° < L(z) for x > 2y*. [

Below, we extend the result of Theorem 3.1 to the case P(U; + --- + U, €
L((x—yt)er)), where U, i = 1, ..., n, are independent with common distribution v;.
For this purpose, we need the lemma below.

/eBS“pt (dz) < o0

Proof. Let (Z;)ier be distributed according to v4. Then Z* = sup, Z; satisfies

Lemma 3.2. We have

P(Z* > x) ~ Ciz %P as r — o0, (3.7)
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see Theorem 3.1. It therefore suffices to show that E(eﬁz*) is finite for a random
variable Z* satisfying (3.7). For a suitable constant C” > C' we have that P(Z > z) <
C'z=%e=P* for all # > 0. Then,

E(eﬂz*) :/ P(e’BZ* > :B) dz
0

) 1 ) 1 -0
:/ P(Z*> Ogm)dx§1+0’ﬁ5/ (logz) ™"y,
0 /8 1

T

which is finite. O

If (Up)ier and (V;)ier are independent random fields with distributions v and p
on (R, B(RT)), then we will use the notation vy for the distribution of (U;+V;)ser.
Similarly, we write v*" for the n—fold convolution of v. We have

Theorem 3.3. For alln > N and (y;)ier bounded and continuous, it holds that

an(rjl((ﬁ“&%t)tg) - m;zB) (/B BYs /eﬁzs v D (dz) ds)

as r — OQ.

Proof. In the proof we shall use the notation

K= /eﬁsupt i (dz).

The result is shown by induction over n. For n = 1, the result is shown in Theo-
rem 3.1. Assume now that the theorem is correct for some n € N. Let (U;)ier and
(Vi)ter be independent and with distribution 14 and v;™, respectively. Then we have

("1 ) (T (2 = Y)ier))
=PEt:U+V,>z—y)
=PFt:U>@—y)/2,3 : Vi>(x—y)/2, Tt : U+ V, >x—y)
+ PVt U< (z—y)/2,3t : U+ V,>x—1)
+ PVt Vi< (z—y)/2, 3t U+Vi>x—1). (3.8)

The first term is bounded from above by

PEt:U > (x—y)/2, 3t Vi>(x—wu)/2)
= vi(D(((x = y) /2)ser) ) 1" (D((2 — yi) /2)ser)) -

This is o(va(I'(x))) according to Theorem 3.1 and the induction assumption.

For the evaluation of the second term in (3.8), we can assume that all the fields
2 = (zt)ter have continuous extensions to B, since the distribution v; is concentrated
on a set of fields with this property. The second term in (3.8) can be rewritten as

11



follows

/ (@ 2her) 1 (02)
{z:ze<(z—ys)/2 Vt}

- /{z -zt<(zfyt)/2 vty md?B)yl(F(x)) (/B e / " ) ds) vi(d2)
B) ANE) / ( / (Bltz) / i 2 0=D) (g ds) i (d2)
T (/ ,Bys/ B yrn(d) d ) ' 39)

The second asymptotic equivalence above is a simple result of the finiteness of v;.
The first asymptotic equivalence follows if foy h(z,y,z)v1(dz) has limit 0, where

Coy=1{2 1 2 < (z —y)/2Vt} and h(z,y, z) is given by

Vi (D((x = o = 2ier)) = kg (D) ([ 2= [ e pi® D (du) ds)
v(T () |

From the induction assumption the integrand has limit 0. There exists constants
0<c<Cand0<d < such that forall z > 1

cx e P <y (D(x)) < Ca~ e P,
dr 0P < vy (D(x)) < O’z %™
Hence 1¢, ,(2)h(z,y, z) is numerically bounded from above by

vi™(T(x — sup, g — sup, 2,)) + "0 (T () [ exp(B(sup, yi + sup, ) ds

n(I'(z))
o -5
C" ((x — 3sup, [y:])/2) + nK"‘l} exp (8 sup yt) exp (8 sup Zt) ;

le,,(2)

S 1Cz,y<z) c x,é‘

((z=3 Supt_‘;ﬁl)/2)7(5

where we have used that sup, z, < (z +sup, |y:|)/2 on C,,. Since is
bounded as x — oo and the second factor is integrable with respect to v4(dz), ac-
cording to Lemma 3.2, then dominated convergence yields that | oy h(z,y, z)v1(dz)
has limit 0.

The third term in (3.8) equals

/ n(T((@ — 90— 2)er)) ™ (d2)
{z:ze<(z—yt)/2 Vt}

~ / M (/ B(ys+25) dS) I/ (dZ)
{z: Zt<(:r w)2vey Ma(B)

S (/m/m "(d2)d )

where the asymptotic equivalences are obtained in the same way as to above. [
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We are now ready to prove the main result of this section concerning the ex-
tremal behaviour of P(X € I'((z — y¢)ter)) for large x. For a dominated convergence
argument, we need the Lemma below.

Lemma 3.4. There exists a constant K such that for alln € N and all x > 1
v ([(z) < K"y (F(x))

Proof. Note that there exists constants 0 < ¢ < C' such that cx%e¢™%* < 1 (I'(2))
for all z > 1 and v;(I'(x)) < Cz~%e~P* for all z > 0. Define

C24° C2°
K = + 27 </ exp(ﬁsgpyt) Vl(dy)> :

c

and note that K > 1 so the result is true for n = 1. Now the result is obtained by
induction following the lines of the proof of Theorem 3.3. Assuming the result for
n € N we have

y D (@)) < V(T (/2)n (T (2/2))
I/rnF T — Yt)teT I/ld
+/{z,f:supyréﬂﬂ/% ( <( ) >) )
vi(T(( = yi)er) ) vi™(dy) .
wf o nlwe)
First, we observe that for x > 1
V" (T(2/2)n(T(2/2)) < K™y (T(2/2))? < K"C? 4032 e P"

210
(),

< K"C?4°37 %P7 < K™
and secondly, we have
/ vi"(T((x = ye)eer) ) vi(dy)
{y:supy:<z/2}
</ (D — supy)) 1 (d)
{y:supye<a/2} ¢

< K”C’/ (z — supy,) " exp(—B(z — supyy)) vi(dy)
{y:supy:<z/2} t t

X

< K"Cx e P? /

{y :supys<z/2}

-5
<x—/2> exp(f sup ye) v1(dy)
< K"(C2° </ exp(8sup yr) Vl(dy)> x e

<2 ([ exp(@supntan ) m(rw).

13



Finally, using the same type of arguments, we find
/ 0 (0((o = wier)) 7"
{y:supy:<z/2}

<02 ( / exp(/f sup ) Vim(dy)> zle

< ([ ew@swnnian) nre) < Erm ),

c
Combining the inequalities gives the result of the lemma for n 4 1. ]

Recall that (U}*)ier are independent and identically distributed fields with com-
mon distribution v, and that N is independent of the U™ fields and Poisson dis-
tributed with parameter v(A). We have defined X' by

N
X =>yur.
n=0
Theorem 3.5. We have E exp(fsup, X}') < oo and for a continuous field, (y;)icn

lim P(X" e T((z = yi)ier) _ Js eﬁysE(eﬂxg) ds
P v(T(2)) mq(B) '

Proof. The first result follows, since sup, X} < 32 sup, U;* and E exp(gsup, U})
is finite.
For the proof of the limit result, we use that

v(A)™
n!

P(Xl e T((z — y)ier)) = eV Z

n=1

vi"(C((z — y)eer)) -

Utilising Lemma 3.4, we find

OOI/Aanan—tteT muA”uf”Fx—sutt
Z() (= — ) ))<Z() (I'( Py Yt))

n! v((z —sup,y)) — n! v (C(z —sup, y))

n=1

<00,

2 K" w(A)" vy (T'(z — sup, y)) B = K"w(A)"
<2 n! Dz —supyye) 2 n!

n=1 n=1

and, furthermore, we obtain from Theorem 3.3 that

lim vi"(T((z — yi)ier)) _ n (/ eﬂysE<eﬁUs)n*1 ds) '

e=oe 1y(D(x —sup, ) €7 vimg(B)

14



Then, dominated convergence gives

fim P(X' e T'((x — yt)ter))
oo 1 (I'(z — sup, yt))

— V(A) Bys BUS
¢ efswpevemy(B) Zﬁ nl (/B e E() ds)
1
BYs BUs\ _
T ST—— ) /Be Ys exp [V(A) (E(e"%) 1)] ds

fB eﬁysE(eBXsl) ds
eﬁsuPt ytmd<B)

=v(A)

=v(A)

)

which with a final reference to Theorem 3.1 and the definition of v; concludes the
proof. O]

4 The main theorem

Recall that we can write the field (X;)ier as
X=X+ X7+ X},

where the fields (X})ier, (X2)ier and (X2)ier are independent, (X});er is a com-
pound Poisson sum of fields with distribution vy, (X?)ier is an infinitely divisible
field with Lévy measure equal to the restriction of v to A¢ and (X})ier is Gaus-
sian obtained as the integral of f with respect to a Gaussian Lévy basis. Each of
the fields in the decomposition has a continuous extension to B. In Theorem 3.5
of Section 3 the extremal behaviour of X! was determined. In this section we shall
investigate the extremal behaviour of X? and X? in order to obtain the main result
on X, presented in Theorem 4.5 below.

In the following lemmas we will need to restrict v to different subsets of RT. For
this we introduce some notation with 0 < u < v < 00

Ay _u = RT . —v <infa, < — Aoy = RT . u< <

(o) = {7 € v<infa < —uj we) = {2 €RY - u S supay < v}

A vy = {a: eRT . —v<infa < 0} Ao = {x eRT : 0 <supzy <v}.
teT teT

Furthermore, we write Ay = A—u0) U Aqu). Note that e.g., A° = A__1jU
A_1,1) except for a v null-set, since for v almost all z € R” it holds that either
x; >0forallteT orx; <OforallteT.

Define v by # = FoV ! where F' = £émy®p. Let (Y;);ep be an infinitely divisible
random field with Lévy measure 7 and cumulant functions

logE(exp <z Z 5&;)) = /RT (exp (z Z ﬁtxt) —1-— ZZ Bta:tl[,l,l]T(:c)) v(dzx),

where 3 € RT satisfies 8; = 0 for all but finitely many ¢t € T. Note that (Y})er
is defined as the non-Gaussian part of (X;);er without the drift term and with p
replaced by p. We can decompose Y into an independent sum

V=Y 4y 4yt

15



where Y=, Y (=11 and Y are infinitely divisible with Lévy measures 7™, 7y 1) and
v, that are obtained by restricting 7 to A(_,—1), A(—1,1) and A respectively. Note
that 7~ and v~ are finite measures due to Lemma A.3 in the Appendix. Furthermore
the three fields have cumulant functions

logE(exp <Z Zﬁt%f)) = /RT <€Xp (z’Zﬁtxt) — 1) v~ (dz)
log B((exp (i3 4y ) = /R (e (1 ) —1=0Y ) 1 (dn)
logE<exp (z Zﬁt}/lf+>> = /RT <exp <z Zﬂt%) - 1) vt(dr).

Lemma 4.1. Let YUY be defined as above. Then

E(exp ('ysup {Yt(_Ll)D) <00
t

for all v > 0.

Proof. Firstly, we argue that P(sup, |Yt| < o0) = 1. For this note that p can be
decomposed p = p' + p?, where p'(dz) = Clz|"1_11(z) + Cx*1_11¢(2) and
p*> = p— p'. Thus we also have the decomposition 7 = v + 2, where v/ = Fio V™!
with F* = &émg ® p' for i = 1,2. From this we obtain that Y has the indepen-
dent decomposition Y = Y1 + Y2 where Y* has Lévy measure ¢, i = 1,2. Since
[ 2? p'(dz) < oo there exists a version of V' with a continuous extension to B,
see Theorem A.1 in The Appendix. In particular P(sup, ‘Yt1| < o0) = 1. Since
p*([—1,1]) = 0, we furthermore see that v* = 1?(2700771} + D[QLOO), so % is finite due to
Lemma A.3 in the Appendix. Thus Y? is a compound Poisson sum of fields that are
almost surely on the form (zf(|t — s|))ier. In particular also P(sup, }Yf‘ < o0)=1.

Now we return to the decomposition Y = Y~ + YLD 4 Y+, We note that
Y~ and Y have continuous extensions to B, since both fields are compound Pois-

son sums of fields with continuous extensions. In particular P(sup, ‘Yt_‘ < 0) =
P(sup, |Y;"| < 0o) = 1, and thereby also P(sup, ’Y;(_l’l)| < 00) = 1. Furthermore we
observe that 7~V ({z € R” : sup|z;| > 1}) = 0 so according to [25, Lemma 2.2|
there exists € > 0 such that

E(exp (esup |Yt(_1’1)})) < 00.
t

Let v > 0 be given and choose n € N such that yn= %=1 < €. For ease of notation,
write u = n~ Y=Y We can rewrite the expression for the cumulant function for

16



Y (=LY using the notation fy(s) = sup,er f|t — s|) and the substitution z = uz,

/RT (exp <iZﬁth’t> —-1- iZthtl[,Ll]T(a:)) (1.1 (dz)
/Rd /1/fo(s exp Zﬂtzf It —s|) ) —-1- izt:ﬁtzf(ﬁ — 3|)> %dzds

1/ fo(s)

— I/Rd/U/fO(S exp Zﬁt/uzf |t—$|)> —1

u/ fo(s)

_izt:ﬁt/uzfﬂt - s|)> o deds

— ! /RT (exp (z Zﬁt/uxt> —1- ZZ&/U:L}) ﬁ(_u,u)dS.

This is the cumulant function for (%V})teT, it V is an infinitely divisible random
field with Lévy measure u”*lﬂ(,u,u) = %D(,um, where 7(_,,) is the restriction of v
t0 A(_yu)- Thus, 1V and Y=V are identically distributed, so
E(exp (ysgp H/}|)) = E(exp (yusgp |Y;(_1’1)|)) < 00, (4.1)
since yu < €. Consider the independent decomposition
Y(_l’l) _ Y(—l,—u] + Y(—u,u) + Y[u71) ’ (42)
where Y(=h=u y(=uw) and Y1 are infinitely divisible fields with Lévy measures

V(—1,—u]s V(—u,u) and P}, 1) obtained by restricting v to A ), Auu and Ap).
Since Y (=% has the representation

S
k=1
where V1, ... V™ are independent copies of V, it follows from (4.1) that also
E(exp (v sup ‘Y;(_“’u) ) < oo. (4.3)

Furthermore we have that Y-~ and Y have similar exponential moments,
since e.g., Y has compound Poisson representation

M) ZUk_ytv

where M is Poisson distributed with parameter 7(Ay, 1)) and the fields (UF)ier are
independent and identically distributed with distribution Zp, 1) = Dp1y/P(Ap1))-
Furthermore y; = [ x4 7},1)(dz). Note that (UF)ier is non—negative and bounded
from above by 1, and that for each t € T'

0<y = / 2 Py (A7) < Py (RT) = B(Apery) < 00
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due to Lemma A.3 in the Appendix. Then
E(exp(ysup v,0)) < Eexp(yM) exp (77(Ajuoo)) = exp (7( Ao (€7 — 1)) ,
S

which is finite. It is seen with a similar argument that E(exp(y sup,cp ‘Yt(_l’_u] })) is
finite. Combining this with (4.2) and (4.3), we conclude that also

E(exp(y iu%) |Y;(_1’1)‘)) < 00. (4.4)
S

O
Lemma 4.2. We have for all v > 0 that E(exp(ysup;, X}?)) < oo and
lim e P(X? € T'(z)) = 0.
T—00
Proof. We can write X? as the independent sum of fields
XE:Z;‘i‘Zt‘i‘CLt,

where Z~ and Z are infinitely divisible random fields with cumulant functions

logE(exp (z Z ﬁtZt_)> = /]RT (exp (z Z tht> — 1> V(—o0,-1](d)
log E(exp (z Z BtZt>> = /RT (exp (z Z @xt) —1- ZZ @a:t) V(-1,1(dx)

such that 8 € RT satisfies 3, = 0 for all but finitely many ¢ € 7. The Lévy measures
v~ and y(_y 1 are the restrictions of v to A, —1) and A_y 1) respectively.
Recalling that (a;)er is bounded, it suffices to show that E(exp(ysup, Z; )) < oo
and F(exp(ysup, Z;)) < oo separately for all v > 0. Since v~ is finite due to
Lemma A.3, we can write the (Z; );er field on the compound Poisson form

N
Zr=>_ 5,
=0

where N is Poisson distributed with parameter v(A_o,—1]), the fields (S?)ier are
independent and identically distributed with distribution 7~ = v~ /v(A(_ —17). For
each j we have sup, S/ < —1, so we see in particular that E(exp(ysup, Z;)) is finite
for all v > 0. Note that both Z~ and Z have continuous extensions to B, since
Z~ is a compound Poisson sum of fields with continuous extensions. In particular,
P(sup, |Z;] < o00) = 1.

Since we have the independent decomposition Y(=11) = Z! 4+ 72, where Z! is
distributed as Z, and Z? is infinitely divisible with Lévy measure V—1,1) — V(=1,1)-
Note that 7y 1) — 1(_1,1) is a non—negative measure, since p — p is assumed to be
non-negative. Also note that P(sup, |Z?| < oo) = 1, since both sup, ‘Yt(_l’l)’ and
sup, | Z}| are finite almost surely. Applying Tonelli yields

E(exp(y sup Z1))E(exp(yint Z7)) < E(exp (v sup YY)

which is finite because of Lemma 4.1. Since the second factor above is clearly non—
zero, we conclude that E(exp(ysup, Z;)) < oo as desired. O
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Lemma 4.3. For all v > 0, we have E(exp(ysup, X})) < cc.

Proof. From Theorem 4.1.1 in [4] it follows for any n > 0 and C' > 0 that

P(sup X} > z) < Ca**e="/%)
t

where 0% = F(X})?. The result of the lemma follows from this. O
Theorem 4.4. It holds that

lim P(sup;cp Xi > x)
T E3)

=F eXp(ﬁXm)

as xr — oo with tg € B arbitrarily chosen.
Proof. Let 7 be the distribution of (X});er and m, be the distribution of (X?):er.
Then, with € € (5/7,1) for v > 3,
P(X'+ X? € I((z = yo)rer)) = / m(T((# = 4 — 21)eer)) ma(d2)
{z:Vt ze<(z—y1)e}

T (T((x — ye — 2¢)ier)) m2(d2) .
+/{( (e =y ) (@)15)

The second term is bounded from above by
ma({z + Itz > (x —y)o}) < m(D(6(z — Sl:pyt))) = o(v(I'(x))),

where we have used Theorem 3.1 and Lemma 4.2 since y > . Applying Theorem 3.5
and dominated convergence, we obtain for the first term in (4.5) the following

1
~ // ys+zs)E ﬂX )dSﬂ'g(dz)

mdB

=v(['(x Ys (XH+X9)) ds
— (1 >>md(3)/3 M B(H D) 4

fB ePYs ds
mq(B)

— u(T(x)) E(exp(B(Xy, + X3)))

where the last equality follows, since the distribution of X! + X? is independent of
s € B. Repeating the arguments using Lemma 4.3 instead of 4.2 gives

P(X'+ X+ X? € T(x)) ~ v(T(2) E(exp(B(X,, + X, + X)),
which is the desired result. O

The theorem below is the main result of our paper. In the formulation of the
theorem, we explicitly state the assumptions under which the limit holds.
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Theorem 4.5. Under the assumptions (2.1)—-(2.5) on M and (2.6)-(2.8) on f,
P(sup,cp Xi > )

li =F X B
zggo L(l’) exp(—ﬁx) exp(@ to)gmd( )
as x — oo with tg € B arbitrarily chosen.
Proof. This follows from Theorem 4.4 and Theorem 3.1. O

Example 4.6. We consider a model with a NIG basis with parameters a = 0.8,
B =0.6,u=0.1,0 = 0.1 and an exponential kernel function with parameter o = 0.1,
see Examples 2.2 and 2.3. Furthermore, we let B = [0,20]%. The level of these
parameters is - after a reparameterisation - similar to the level of the parameters
estimated in [18]. In Figure 1, simulations of the probabilities P(sup,cp X: > x) are
plotted together with the function

B exp(8X,,)éma(B)e 2 exp(—(a — B)).

T T T T T
5 10 15 20 25 30 35

Figure 1: Simulated values of P(sup,cp Xt > z) are plotted as a function of = together
with the asymptotic theoretical curve in the case of a NIG basis and an exponential kernel
function. For details, see text.

5 Excursion sets

In the present paper, we have been focusing on the asymptotic probability that
the supremum of the random field (X;);cp exceeds a level z as  — oo. Under
the assumptions of our paper, it is also possible to obtain asymptotic results for

excursion sets
A, ={teB: X; >z}, zeR.

One example is the asymptotic behaviour of the probability that an excursion set
contains a ball of a given size, i.e., the probability of the event

{EItOEB: inf XSZx},

SECr(to)
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where C,(ty) is the ball in R? with radius r and centre t,. Also, this probability is
asymptotically described by the right tail of the Lévy measure. The proof is based
on the same type of reasoning as in Sections 3 and 4 and is part of a forthcoming

paper ([26]).
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A Continuous versions of the relevant random
fields

In this Appendix we make the assumptions (2.1)-(2.4) on M and (2.6)-(2.8) on f.
Theorem A.1. There exists a continuous version of (X;)iep.

Proof. We shall refer to Theorem 2.1 in [19] (see also [19, Theorem 3.1 that corre-
sponds to the case, where B is one dimensional). Note that Theorem 2.1 requires
a separable field, but a separable version can be chosen for all random fields, see
e.g., [23]. Let B D B be a box in R? containing B. With a change of measure (see
[22] for the existence of a Lévy—Ito decomposition of M) we can write Y; = X; — EX;
on the form

Yt:/Rd af(Jt = s [V(ds, da) - F(ds,dz)].

where N is a Poisson random measure on R? x R with intensity measure F. The
integral is well defined since (as is easily verified)

L, (= s Alel (e = sh) Fids.da) < o,

see e.g., [19, Section 2| and references therein. Let D be the diameter of B. Since B
is a box in R we have that there exists a > 0 such that amq(C,(t) N B) > (r/D)?
for all £ € B and r € (0, D). Using the notation from [19] we have

D 1 1/q D y
I,(amg,|-|,0 :sup/ <log - ) drg/ d(log D — logr)*4dr
q(ama, | -|,90) ) o CD 1 B) i ( )

which is finite for all ¢ > 1,5 € (0, D] and in particular for ¢ = 2 and 6 = D.

Furthermore we see that limso [,(amyg, | - |,6) = 0. From (2.8) and the mean value
theorem we find constants C', Cs > 0 such that
|[f(@+1h) - f(o) G
sup < y
0<h<D h (x + Cy)

21



for all z > 0. Thus with g(¢, (s,z)) = xf(|t — s|) (recalling the inequality (2.7) we
can find

lgll(s, z) = [x] (D‘lf(ISI) + sup

t,ueB t#£u

S sh — =D _ K
i < T Ry

for some constants K3, Ky > 1 such that for all ¢ € (0, 1]

AF({(s,2) : gl ALl>c}) < C2F({(s,x) : mﬁ Al > c})
> [s|, 2] > ¢/ Ks})
_ 2 / 10(Cieypje1ra(0)) ()

[—¢/K3,c/Ks]°

oc/ |z|(c/ K3) p(dx) < / 2% p(dz) < .
[—c/Kg,c/K3]c 0

< 02F<{(s,x) : L€

Furthermore, f is bounded and continuous so it follows from [19, Theorem 2.1| that
(Y;),c5 has a version with continuous sample paths. In particular (X;);cp has a
continuous version. O

Theorem A.2. There exists a continuous version of the field (X2)iep.

Proof. Obviously, it suffices to find a continuous version of (Y;)iep, where Y; =
X? — EX}. The field (Y};)sep has covariance function Cov(Xy,, Xy,) = R(|ta — t1]),
where for some constant V,

R =V [ 10D+ shas.

see e.g., Section 2 in [18]. The sum s + ¢ is interpreted as adding a vector of length
t and fixed direction to s. We note that R is continuous and furthermore

RO) = RO <V [ FUsDIAe+s) = fsD]ds < Vel [ f(shds. (a)

where we have used the mean value theorem to obtain

[F(Jt +s) = FUsD| =[£It +s| = Isl| < C'lt]

with £ € (Js| A |t + s|,|s| V |t + s|) and C" an upper bound for f” chosen according
to (2.8). In particular for given € > 0 there exists C' > 0 such that

C

R(0) = R(t) < W

for all £ > 0 smaller than the diameter of B. The existence of a continuous version
of (Y;)iep now follows from a corollary to [1, Theorem 3.4.1]. O

Define for all € > 0 the subsets of RT

Ac={reR" : supz; > ¢} and B.={xcR’ :infa, < —¢}
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Lemma A.3. For all € > 0 we have v(A.) < oo and v(B,) < co.

Proof. For A, we find

v(A) = F({(s,2) e R xR : stgp)zfﬂt — 5| > €})

=¢ de({suptgfu?:—ﬂy”)) ds

:§ supf(‘t—s’)/xl[ B )p(dx)ds

€ JRrd teT Supger F(t—sN >

<¢ (Lonpsteshan) ([ o)

which is finite due to (2.4) and (2.9). The proof for v(B,) < oo is identical. O
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