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Abstract

We investigate how much information about a convex body can be retrieved
from a finite number of its geometric moments. We give a sufficient condition
for a convex body to be uniquely determined by a finite number of its geo-
metric moments, and we show that among all convex bodies, those which are
uniquely determined by a finite number of moments form a dense set. Further,
we derive a stability result for convex bodies based on geometric moments. It
turns out that the stability result is improved considerably by using another
set of moments, namely Legendre moments. We present a reconstruction algo-
rithm that approximates a convex body using a finite number of its Legendre
moments. The consistency of the algorithm is established using the stabil-
ity result for Legendre moments. When only noisy measurements of Legendre
moments are available, the consistency of the algorithm is established under
certain assumptions on the variance of the noise variables.

Keywords: Convex body, geometric moment, Legendre moment, reconstruc-
tion, uniqueness, stability.

1 Introduction

Important characteristics of a compact set K C R" are its geometric moments
(sometimes only referred to as moments) where

fa(K) = /K 2 d

is the geometric moment of order |a| for a multi-index o € Ny, x := z7* - - - ¢ and
la] := ay + -+ + a,. In the last two decades, the reconstruction of a geometric ob-
ject from its moments has received considerable attention. Milanfar et al. developed
in [17] an inversion algorithm for 2-dimensional polygons and presented a refined
numerically stable version in [7|. Restricting to convex polygons they proved that
every m-gon is uniquely determined by its complex moments up to order 2m — 3.
Recently, Gravin et al. showed in [8] that an n-dimensional convex polygon P with
m vertices is uniquely determined by its moments up to order 2m — 1. Apart from



polytopes, an exact reconstruction from finitely many moments is known to be pos-
sible for so called quadrature domains in the complex plane, see [9]. In continuation
of the work in this area, we investigate how much information can be retrieved from
finitely many geometric moments of an arbitrary convex body in R™. Recently, a
similar investigation of another set of moments, namely moments of surface area
measures of convex bodies, was carried out in [11].

Using uniqueness results for functionals, see [13] and [20], applied to indicator
functions, we show that if a convex body K is of the form C' N {p > 0}, where C
is a compact subset of R” and p is a polynomial of degree N, then K is uniquely
determined by its geometric moments up to degree N among all convex bodies in C'.
Further, any convex body in C' can be approximated arbitrarily well in the Hausdorff
distance by a convex body of the form C'N{p > 0}. This result and the fact that the
geometric moments up to order 2 of a convex body K determine an upper bound
on the circumradius of K imply that among all convex bodies, those which are
uniquely determined by finitely many geometric moments form a dense subset, see
Theorem 3.8.

Restricting to convex bodies in the two-dimensional unit square, we derive an
upper bound on the Nikodym distance between two convex bodies given finitely
many of their geometric moments, see Theorem 4.2. The upper bound is derived
using a stability result for absolutely continuous functions on the unit interval,
see [23]. This result is extended to twice continuously differentiable functions on
the two-dimensional unit square and applied to differences of indicator functions via
an approximation argument. The upper bound depends on the number of moments
used and also on the Euclidean distance between the moments of the two convex
bodies. The upper bound decreases when the distance between the moments de-
creases, however, it increases exponentially in the number of moments. The method
used to derive the upper bound of the Nikodym distance suggests that the geomet-
ric moments should be replaced by another set of moments, namely the Legendre
moments, in order to remove the effect of the exponential factor. The Legendre
moments of a convex body are defined like the usual geometric moments, but with
the monomials replaced by products of Legendre polynomials, see Section 2. Using
that these products of Legendre polynomials constitute an orthonormal basis of the
square integrable functions on [0,1]* and that the Legendre polynomials satisfy a
certain differential equation, we derive an upper bound of the Nikodym distance
that becomes arbitrarily small when the distance between the Legendre moments
decreases and the number of moments used increases, see Theorem 4.3.

In Section 5, we assume that the first (N +1)? Legendre moments of an unknown
convex body K are available for some N € N. A polygon with at most m € N ver-
tices is called a least squares estimator of K if the Legendre moments of P fit the
available Legendre moments of K in a least squares sense. We derive an upper bound
of the Euclidean distance between the Legendre moments of K and the Legendre
moments of an arbitrary least squares estimator P of K. In combination with the
previously described stability result, this yields an upper bound of the Nikodym dis-
tance between K and P (Theorem 5.1). This upper bound of the Nikodym distance
becomes arbitrarily small when N and m increase. For completeness, we further
derive an upper bound for the Nikodym distance between K and a least squares



estimator based on geometric moments. Due to the structure of the stability results,
this upper bound increases exponentially when the number of available geometric
moments increases.

In Section 6, we derive a reconstruction algorithm for convex bodies. The input
of the algorithm is a finite number of Legendre moments of a convex body K, and
the output of the algorithm is a polygon P with Legendre moments that fit the
available Legendre moments of K in a least squares sense. The output polygon P
has prescribed outer normals, which ensures that P can be found as the solution
to a polynomial optimization problem. The consistency of the reconstruction algo-
rithm is established in Corollary 6.5. In Section 6.3, the reconstruction algorithm is
extended such that it allows for Legendre moments disrupted by noise. To ensure
consistency of the algorithm in this case, the variances of the noise terms should de-
crease appropriately when the number of input moments increases, see Theorem 6.6.

The paper is organized as follows: Preliminaries and notations are introduced
in Section 2. The uniqueness results are presented in Section 3, and the stability
results are derived in Section 4. In Section 5, the least squares estimators based on
geometric moments and Legendre moments are treated. Finally, the reconstruction
algorithm is described and discussed in Section 6.

2 Notation and preliminaries

A convex body is a compact, convex subset of R” with nonempty interior. The
space of convex bodies contained in R" is denoted by K™ and is equipped with the
Hausdorff metric dg. On the set {K € K? | K C [0,1]*}, we use the Nikodym metric
0y in addition to the Hausdorff metric. The Nikodym distance of two convex bodies
K,L C [0,1]? is the area of the symmetric difference of K and L, that is

On(K,L) = Va((K\ L) U (L\ K)) = |[1x — 11]72001p2):

where || 12 1j2) 18 the usual norm on the set L*([0, 1]*) of square integrable functions
on [0,1]%. On the set {K € K? | K C [0,1]?}, the Hausdorff metric and the Nikodym
metric induce the same topology, see [22]. The support function of a convex body K
is denoted hp, and for K € K? and 6 € [0,27), we write hx(6) := hg((cos 6, sin6)).

In Section 4, we derive stability results for convex bodies in the unit square. In
this context, it turns out to be natural and useful to introduce Legendre moments in
addition to geometric moments. The shifted and normalized Legendre polynomials
L;: [0,1] = R,i € Ny, are obtained by applying the Gram-Schmidt orthonormaliza-
tion to 1,x, 22, ..., and the products of Legendre polynomials

(.%'1,%‘2) — LZ'(Z'I)LJ'(ZEQ)7 Z,] € NO

form an orthonormal basis of L?([0,1]?). For a convex body K C [0,1]?, we define
the Legendre moments of K as

3(1) = [ L) Ly(a)ion, o)

for Z,] S NQ.



The uniqueness and stability results we establish in Sections 3 and 4 are derived
using uniqueness and stability results [13, 20, 23| for functionals. In the following,
we introduce notation in relation to these results. For a compact set C' C R™ with
nonempty interior, we let L>°(C') denote the space of essentially bounded measurable
functions ® : C' — R. The essential supremum for & € L*(C') in C is denoted by
||| . and we define || @], . := [,|®(x)|dz. Further, we let

otherwise

sign(®)(z) = {El

for x € R".
The signed distance function d¢ of C'is defined as in, e.g., |5, Section 5| or with
opposite signs in [12, Chapter 4.4]. That is

dc(l') . — infyeacHl’ - va T € C,
inf coc|lz — v, reR"\C,
where || - || is the Euclidean norm on R™. Then the e-parallel set of C' is defined as

Ce:={z:do(x) <e} for e € R.
The geometric moments of a function ® € L>°(C') are given as

1o (D) = / B(x) 2%dz

c

for & € NJ, and the Legendre moments of ¥ € L>([0, 1]?) are defined as

M0 = [ @) L) Lo, )
[0,1]2

for i, j € Ny. Notice that i, (K) = p1a(1x) for a convex body K C C, and \;;(L) =
Ai; (1) for a convex body L C [0, 1]>.

3 Uniqueness results

In this section, we present uniqueness results for convex bodies based on a finite
number of geometric moments. We show that the convex bodies that are uniquely
determined in K" by a finite number of geometric moments form a dense subset
of K. This result is established using uniqueness results from [13] and [20] for
functionals. The results from [13] and [20] are summarized in Section 3.1 and applied
in Section 3.2 to derive uniqueness results for convex bodies.

3.1 Summary of results from [13] and [20]

Let N € Ny, L > 0 and C' C R" be compact. Further, let m := (mg)aj<n, Where
me € R,a € Ny with [a] < N and 37, cym2 > 0. A function ® € L*(C) with
|®]| . < L is called a solution of the L-moment problem of order N if

fo (D) = my, a € Ny with |of < N. (3.1)
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In [13], it is shown that the supremum

—1
I(m) = {H 20 s eRa €N o] < N, N a:1}
(m) :=sup Zam o a € Ng,|al < Zam

la|<N ’ la| <N

is attained. Thus, there exists an @ = (Gq)jj<n With Zla\gN aome = 1 and

l(m) = H Z Ao T

lo|<N

-1
1,0
It follows from [13] that the L-moment problem (3.1) has a solution if and only
if L > I(m). Furthermore, (3.1) has a unique solution if and only if L = I(m). If
L = [(m), then the unique solution is ® = Lsign(p,,), where p,, = >, <y Gaz®.
For more details and proofs, we refer to [13, Section IX.1-2] and HQO_]. The one-
dimensional case is proved in [13, Section IX.2, Thm. 2.2| by applying more general
results from [13, Section IX.1] which are obtained in normed linear spaces with
moments defined with respect to arbitrary linear independent functionals instead of
monomials. The specialization of |13, Section IX.1] to the situation considered above

is contained in [20, Section 2|. In particular, Putinar [20] formulates the following
uniqueness result.

Lemma 3.1 (|20, Cor.2.3|). A function ® € L>(C) is uniquely determined in {¥ €
L=®C) ¥l oo @l o) by its geometric moments o (P), o € N§ with |a] < N
if and only if ’ ’

® = [|2]| ¢ sign(p),

where p # 0 1s a polynomial of degree at most N.

3.2 Consequences for convex bodies

Due to the relation between geometric moments of convex bodies and geometric
moments of indicator functions, we conclude the following from Lemma 3.1.

Corollary 3.2. A convex body K C C is uniquely determined in {L € K" : L C C'}
by its geometric moments . (K), o € Ny with |a] < N if

K=Cn{p>0},
where p # 0 1s a polynomial of degree at most N.
Proof. If K = C n{p > 0}, then
21k (x) — 1 =sign(p)(z), zeC.
Thus, we obtain from Lemma 3.1 that 215 — 1 is uniquely determined in
{21, -1:LeK,LCCyC{V e L=(C): |V] <1}

by its geometric moments fi (21x — 1) = 200 (K) — po(C), « € Ny with |a| < N.
This yields the assertion. O]



Example 1. An ellipsoid E is determined among all convex bodies by its geometric
moments up to order 2 since E = {x € R" : p(z) > 0}, where p(z) := R — || Tz,
x € R™ with some invertible linear transformation 7" and some R > 0.

Remark 3.3. Corollary 3.2 gives a sufficient condition for a convex body to be
uniquely determined among convex bodies in a prescribed set by a finite number of
moments. It is not clear if the condition is also necessary.

Remark 3.4. Let m := (mq)ja<ny be a finite number of geometric moments of
some unknown convex body K C C. Let 1, = 2m, — po(C) and define {(m) and
P as in the previous section. Then it holds that I[(m) < 1, and if I(/m) = 1, then
K=Cn {pm > 0}

In Theorems 3.6 and 3.8, we show that the convex bodies which are uniquely
determined among all convex bodies by finitely many geometric moments form a
dense subset of K with respect to the Hausdorff metric dy. The ideas of the proofs
are shortly summarized in the following. For a convex body K C C, a function
f:R" - R with K = CnN{f >0} is constructed. The function f is approximated
by a polynomial p,, of degree m in such a way that K,, := C N {p, > 0} is
convex and dy(K, K,,) is small. Then, it follows from Corollary 3.2 that K, is
uniquely determined by its geometric moments up to order m among all convex
bodies contained in C'. The circumradius of K,, admits an upper bound which can
be expressed in terms of the geometric moments pi,(K,), |a| < 2 of K,,. Therefore,
K,, is uniquely determined by its geometric moments up to order m among all
convex bodies if C' is large enough.

At first observe that we can assume that K is of class C{°, see [21, Thm. 3.4.1]
and the subsequent discussion. Hence, the boundary of K is a regular submanifold
of R™ of class C* for all k € Ny. Further, the principal curvatures of K are strictly
positive. By k;(K,z),1 < i < n — 1 we denote the principal curvatures of K in
r € OK. Since K € C{° there exist mg, Mg > 0 such that

ri(K, ) € (mg, Mk), redK,1<i<n-—1.

For e < M l_(l it follows from the inverse function theorem applied as in [6, Lemma
14.16| that the signed distance function dgx of K is a C*-function in R" \ K_.. As
in [6, Sec. 14.6] we define for y € 0K the principal coordinate system at y as the
coordinate system with coordinate axes z1(y),...,x,(y), where z1(y), ..., 2,_1(y)
are the principal directions and z,(y) is the inner unit normal vector of K at y.
Then the following lemma is obtained by adapting [6, Lemma 14.17].

Lemma 3.5. Let K € C3°, e < M', xg € R"\ K_. and yo := argmin,cyr [lzo — -
Then, with respect to the principal coordinate system at vy, we have

Vdg(zo) = (0,...,0,—1)7

and

0? " . k1 (K, yo) Kn—1 (&, o) )
d g d a P ,O .
(aiaj K<x0)>i,j:1 1 g(l + k1 (K, yo)dk (o) 1+ Kn—1 (K yo)dk (o)
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By the described approximation argument and Lemma 3.5, we obtain the fol-
lowing result.

Theorem 3.6. Let K,C be convex bodies with K C int C'. For e > 0 there exists an
m € N and a convex body K,, C C' which is uniquely determined by its geometric
moments up to order m among all convex bodies contained in C' and fulfils

5}1([(7 Km) S 9

Proof. We may assume K € C%°, 2¢ < Mg' and K. C C. We have K = {f > 0}
for the function f : R™ — R defined by

fo) 1 r e K o,
x) =
_%jtl, reR"\ K ,.

Observe that f is of class C*(R") and
f(z) € [-65/16,15/16] <= 1 € (9K).. (3.2)

The Hessian matrix ( 868 f(2))1<ij<n is negative definite for x € (0K).. Namely, let

ro € (0K). and yo := argmin,yr||zo — y||. Then it follows from Lemma 3.5 that,
with respect to the principal coordinate system at o,

(dx (z0)+2¢)3 ki (K,y0) .
92 _3 : 4(3:‘4 ) 21+Hi(K7y0)2K($0)’ L=J<n,
5y, 1 (o) = |~ i=j=n
0 i # J.
Therefore, the eigenvalues of the Hessian matrix (83_—;_ f(z)) for z € (OK). are all
10j
negative and their absolute values are uniformly bounded from below by
. mg 3
_ — ). 3.3
mm{45(1+MKs)’452} (3.3)

From [2, Thm. 2|, we obtain that for every m > 2 there exists a polynomial p,,
of degree m such that

where c(n,C, f) > 0 depends on n, C' and max,<s| P ‘aalan oo

olal

1
ai)él-..agn(f_pm)

<c¢(n,C, f)—— Tl a € Nj with || <2, (3.4)

oo,C’

As the function that maps a symmetric matrix fo its eigenvalues is Lipschitz
continuous (|3, Thm. VI.2.1]), equation (3.3) and (3.4) imply that the Hessian matrix
( aaa Pm)i<ij<n Of P, is negative definite on (OK). if we choose m > 2 sufficiently

large Thus, by the well-known convexity criterion [21, Thm. 1.5.13|, the polynomial
Pm 18 concave on every convex subset of (0K)., and in particular,

(pm(a:),pm(y) >0 for x,y € (0K). with [z,y] C (8[()5) = |z,y] C K, (3.5)
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where we define
K, = Cn{p, > 0}.

Due to (3.4), we can furthermore assume that

If = pmll e < 15/16.

Then it follows from (3.2) that p,, > 0 on K_. and p,, < 0 on C'\ K.. In other
words, we have K_. C K,, C K.. This implies that 0y (K, K,,) < ¢ since ¢ < M.

Furthermore, we can show that K, is convex. Let z,y € K,,,. lf v,y € K__, then
[z,y] C K_. since K_. is convex and thus [z,y] C K,,,. If z € K_, and y € (0K).,
there is a z € [z,y] such that [z,z] C K_. and [z,y] C (OK).. Hence, it follows
from (3.5) that [z,y] C K,,. If z,y € (0K). and [z,y] C (0K)., then [z,y] C K,,
because of (3.5). If z,y € (OK). and [z,y] N K_. # 0, there are z1, 29 € [x,y] such
that [z, z1] C (0K)e, |21, 22) C K_. and [z9,y] C (OK).. Then, it follows again from
the convexity of K_. and by (3.5) that [z,y] C K,,. O

For a convex body K, let s(K') denote the center of mass, V,,(K) the volume,
and R(K) the circumradius of K. Then, we define

K = (Va(K)) " (K = s(K).

As V,(K) =1 and s(K) = 0, a special case of [18, Lem. 4.1] yields that

(/K|<x,u>!2dx)l/2 > (%)m max{hz(u), hg(—u)}

for u € S"!. Then Cauchy-Schwarz’s inequality implies that

ARG OR
K C I2(K) <m) B,

nw = ([ H:cn%zos)é

where

for a convex body L. Since R(K) = (Vn(K))l/nR(f(), we obtain an upper bound
2el'(n+3)\ " U
REK)< =0~ ValE)"L(K 3.6

of the circumradius of K.

Remark 3.7. Observe that [o(K) can be expressed in terms of the geometric mo-
ments of K up to order 2. More precisely,

g _14n 1/2

B(R) = oK) (3 ol e, () = iy (K)?)

where {eq,...,e,} is the standard basis in R".
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The previous considerations allow us to formulate a strengthened version of The-
orem 3.6 for the whole class of convex bodies and not only those contained in a
prescribed compact set.

Theorem 3.8. Let K be a convex body. For € > 0 there exists an m € N and a
convex body K,, which is uniquely determined by its geometric moments up to order
m among all convex bodies and fulfils

(SH(K, Km) S g.

Proof. Without loss of generality we may assume that K € C° and V,,(K_.) > 0.
Let

r 3) 2" 3w,

(K.) = el'(n + 3) w

re)rmn) n+2

1/2
vn<K_a>-1R<K5>”+2) ,
and choose
R > ¢(K,¢) (3.7)

such that K C RB". By Theorem 3.6 there exists an m € N and a convex body
K,, C (3R + ¢)B™ which is uniquely determined by its geometric moments up to
order m among all convex bodies contained in (3R + ) B™ and fulfils

Su(K, Ky < e. (3.8)

Due to the proof of Theorem 3.6, we can assume that m > 2 and K_. C K,,, C K..
Then, condition (3.7) ensures that K, is uniquely determined among all convex
bodies. Namely, let L be a convex body with

pa(L) = po(Kpn), a € Njj, with |a] < m. (3.9)
Then, it follows by Remark 3.7 and a simple calculation that

L(L) = I(Ky) < L2V, (Ky) /"R(K,,)B")

n—+2
27w,

1/2
_ (K, —(24n)/n K,, n+2
(Z v ) )

where we have used that K,, C 2R(K,,)B" as s(K,,) = 0. Thus, we obtain by (3.6)
that

el'(n 3w 1/2
R(L) < (FF(;);(%) 2n = Vn(Km)lR(Km)””) < (K, e).

Assumption (3.9) implies that s(L) = s(K;,), so

supl|z|| < supllz — s(L)|| + [|s(Km)|| < 3R +¢

z€L z€eL
as K, C (R+¢)B" by (3.8). Thus, L C (3R+¢)B", so K,,, = L, and we obtain the
assertion. N

Remark 3.9. Due to the one-to-one correspondence between the geometric mo-
ments up to order m and the Legendre moments up to order m of a convex body,
the uniqueness results stated in this section hold if the geometric moments are re-
placed by Legendre moments in the two-dimensional case.
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4 Stability results

In this section, we derive stability results for two-dimensional convex bodies con-
tained in the unit square. We derive an upper bound for the Nikodym distance of
convex bodies where the first (N + 1) moments are close in the Euclidean dis-
tance. The stability results are based on more general results for twice continuously
differentiable functions on the unit square.

4.1 Stability results for functions on the unit square

The study in this section uses ideas from [23] (see also [1]), which considers the
problem of recovering a real-valued function u defined on the interval (0, 1) from its
first N + 1 moments pg(u), ..., puy(u). In [23], it is shown that if w,v : (0,1) - R
are absolutely continuous functions satisfying

> lin(w) = pi(v)? < €

and
2
' (2) = ' (2)[1200) < B

for some ¢, £ > 0, then
= v[720,) < min{e?e** Y 4 1 (n+ 1) n=0,...,N}.

Using the same ideas as [23], we deduce the following corresponding theorem in two
dimensions.

Theorem 4.1. If v,w € C%*([0,1]?) are twice continuously differentiable functions
satisfying

N
D i () = i (w)* < &
i,j=0
and
2 1 2

1

4

4y w)

dl’l

9 w)

< E?
de’Q

(012

oy 4
for some e, E > 0, then

lv — w|ig([0’1}2) < minf{ag(n + 1)2"™Ve2 4 (n +1)2FE*:n=0,...,N}
where ag > 0.

Proof. Let hy be the orthogonal projection of u := v—w on the linear hull lin{z}} :
i,j =0,..., N} with respect to the usual scalar product on L?([0, 1]?). Furthermore,
let

ty :=u— hy

10



be the projection of u on the orthogonal complement of lin{x’ixé 21,7 =0,...,N}

Then
N

hy (21, x2) = Z )\ij(u)Li<x1)Lj(x2)
and -

tN($17$2) = Z Aij(U)Li(l’l)Lj(@)a
NISN

where \;j(u),4,j € Ny are the Legendre moments of u. For i € Ny, the coefficients
of the polynomial L; are denoted by C;;, 7 =0,...,4, that is

LZ(ZE) = ZCZ‘J‘ZLJ, S [0, ]_]
§=0
Then it follows for ¢,7 =0, ..., N that

J
Aij(u) = Zcikcjl / u(xl,xz)mlfxlzd(asl,xQ)

[0,1]2

k=0 =0
— (CMCT)y, (4.1)
with
CvOO
co | 0 o M= ()i
C;vo Cni ... Ciyn

The Frobenius norm of a square matrix A is defined as |A|, := {/tr(ATA), and
since this norm is submultiplicative, see [10, (3.3.4)], we obtain that

N
|hN|L2([0,1}2) = Z Aij(u)? = v/tr(LTL)
i,j=0
= |L|F = |CMCT|F < |C‘F’M|F|CT|F
= [ClzIM]|p (4.2)

where L := (A\;;(w))i j=o..n. The matrix C"C has N + 1 non-negative eigenvalues,
0<lp<L < <ly,and CTC = H;,l, where Hp is the Hilbert matrix

1
Hy = (—) )
i+i+1/ 0N

-----

11



see |23, (22)]. Since ||[Hye1|| > 1, the Hilbert matrix Hy has an eigenvalue larger
than 1, so the smallest eigenvalue [y of H;,l is smaller than 1. This implies that

N
l
Cl7 =te(CTC) =) I; <(N+1)ly < (N + 1)% ~ ag(N +1)e> M+ (4.3)
i=0 0

with a constant ay > 0, where we have used the approximation [23, (8)], see also
[24, p. 111]. From equation (4.2) and (4.3), we obtain that

> i)

1,j=0

|hN|L2([0,1]2) < ag(N + 1)e*> NV

The shifted Legendre polynomials satisfy the differential equation

_dixl[flfl(l — x1)Li(21)] = i(i + 1) Li(x1), x1 € [0,1],7 € Ny,

see |23, (25)]. From this differential equation, we obtain by multiplication with
u(z1, xs), integration over [0, 1] with respect to x; and twofold partial integration
for all z5 € (0,1) that

d

d
/[071] Z(Il)dxl [$1< m)dxlu(xl,@)} T

(4.5)
=i(i+1) /[0 , Li(xy)u(xy, xo)dx;.

By multiplication with L;(z2) and integration with respect to zo, it follows from
(4.5) that

_ /{071]2 Li(acl)Lj(xQ)diml [21(1 — xl)dixlu(xl’ o)| dayde,
=i(i+1) /[0 . Li(x1)Lj(x2)u(zy, x2)dxdzs.
This implies that the Legendre ’moments of the function
(1, 22) — 4 [21(1 — xl)iu(:cl,:@)}

d.Tl dl’l

are equal to —i(i + 1)\;j(u),4,j € Ny. Thus, we obtain from the theory of Hilbert
spaces and by partial integration that

D ili+DA5(w)? = / L [21(1 xl)diu(%x?ﬂ (—ul@1,22))d(21, 22)

i7=0 [0,1]2 dl‘l T
d 2
- 1—a) (2 d
[ o= (Gt ) o)
1 2
< —|—wu(xy, x2) ) (4.6)
4|dz, 12([0,1]2)

12



In the same way, we conclude that

> 1] d 2
S 0+ D0 < 1| futon.a)

dx
i,j=0 ?

L2([0,1]%)
The inequalities (4.6) and (4.7) imply that

3172 0112) Z M) < T Y )+ Y A(w)?

1= 5)\/' i=N+1 j=0 =0 j=N+1

V) >
— i(i+1) ), = JGFD 2

Aiji( e\
z:: N +1)2"Y u) +MZ,::O(N+1)2 i)
1 1| d 2 1] d 2
< uw(xy, T9) + —|—u(xy, ) ), (4.8)

(N+ ) (4 dl’l 12([0,1]2) 4 de L2([0,1]2)

and as a consequence we obtain that

1

- FZ
(N +1)2

2 9 )
|U - w|L2([071]2) = |hN|L2([0,1]2) + |tN|L2([071}2) < (IO(N + 1)267(N+1)52 +

]

4.2 Application to Convex Bodies

In this section, we approximate the indicator function 1x of a convex body K by
a smooth function and apply the result from the previous section. In this way, we
obtain an estimate for the Nikodym distance of two convex bodies in terms of the
Euclidean distance of their first (N + 1)? geometric moments.

Theorem 4.2. If K, L C [0,1]? are convex bodies satisfying

Zlﬂw — pij( )| <é,

4,7=0

for some € > 0, then
ay

On(K, L) <min{ag(n + 1)2" "2 4 1.

nzO,...,N},

with constants ag, a; > 0.

Proof. Let u := 1, — 1. As in the proof of Theorem 4.1, we let hy denote the
orthogonal projection of u on lin{ﬂlx% 24,7 = 0,...,N} and let ¢ty denote the
projection on the orthogonal complement of lin{ziz} : 4,5 = 0,..., N}. In the proof
of Theorem 4.1, the smoothness of u is not used when the estimate (4.4) is derived.
Therefore, we obtain in the same way that

|hN|L2([0,1]2) < ag(N +1)e> ™D (4.9)

13



Using a mollification, see [16, p. 110|, we obtain for every p > 0 a differentiable
function u(® [0,1]> — R approximating u in the L!'-norm. More precisely, we
choose

ulP () = (J, % u) (z) = / J(@— guly)dy, e [0,1],
[0,1]2
where

2
5= Jeopm2e TR for |l < p
"o for ] > p

with a constant ¢y > 0 chosen such that |.J,| r1(r2y = 1. Notice that ¢o is independent
of p and that J, € C*(R?). From the definition of the mollification, we obtain that

lu = u@ll o < Nlullo + [l 2y lull <2

and

(w=u?) (@) =0,  we[K_,U(0,1*\K)]N[L,U([0,1*\L,)],
SO
= sy < u = I Va(((, \ ) U (KK UL\ L) U (L L)

< AIVB(E,\ K) + Va(K \ K_p) + Va(Ly \ L) + Va(L\ L)
for p € (0,1). Then, the fact that
Va(K\ K_p) < V(K \ K),

the Steiner formula, and the monotonicity of the intrinsic volumes imply that

= w2,y < 8IVa(K, \ )+ Va(L, \ L)]
< 8[2p°m + 2p(Vi(K) + Vi(L))]
< (167 + 64)p < 117,

where V] is the intrinsic volume of order 1, so Vj(M) is half the boundary length
of a convex body M. For p € (0,1), let t]\?) be the orthogonal projection of u(®
on the orthogonal complement of lin{ziaz} : i,j = 0,..., N}. Then it follows from
Pythagoras’ theorem and (4.8) that

tn 2oy < ltv — tg\/;)|L2([o,1]2) + |t§5)|L2([0,1]2)
1
—F
TN +17°°

1
< UVt B

<|u— U(p)|L2([o,1]2)

where E, > 0 is some constant satisfying

1 2 1 2

4

d

(p)
—U
d$2

d

= )
d$1u

- < E2. (4.10)

L2([0,1]%)

22 4
14



In order to obtain an expression for a constant £, that satisfies (4.10), we at first
observe that
d_® d

(y) = d—xlu(”)(y) =0, ye[K,U((0,)*\K,)]N[L,U((0,1)*\ L,)].

dl‘g

Furthermore,

dixlu(p)(x) _ ({dimjp} *u) () = /[0 p {d%Jp} (z — y)uly)dy
b )

d.’L’l
d -1
— | W)|dy < cip

_ 1
=7 /RQ d.l’l

for x € R? and a constant ¢; > 0 independent of p. It follows that

2

d
d—u(p) < C?Pd [%(Kp \ K) + Va(K\ K—p) + VZ(LP \ L)+ Va(L\ L—p)}
T ez (oap)
112
dp

In the same way, we obtain

2

< 3112

r2oap) 4P

iu(p)
d$2

for a suitable c; > 0 independent of p. Therefore, we can choose
Eg = c3p "

for p € (0,1) and some constant ¢z > 0 independent of p. Letting p = (N +1)71, we
obtain that

1 2
2 p—
’tN|L2([0,1]2) < (11\/ﬁ+ N 1\/§p 1/2)
1 cs
=11%p 4 22
p+ \/C_3N+1+(N+1)2p
1
= (11* + 22
(117 + 22¢/cs + 03)N =y
which leads to the assertion. -

The matrix C' defined in the proof of Theorem 4.1 is ill-conditioned and intro-
duces an exponential factor in the upper bound for the Nikodym distance derived
in Theorem 4.2. If the geometric moments are replaced by Legendre moments, the
use of the matrix C' is avoided and the upper bound can be improved.

15



Theorem 4.3. If K, L C [0,1]* are convex bodies satisfying

N
ZP‘M(K) — XD < &2 (4.11)
ij=1

for some € > 0, then

aq

K, L) <é&?
(5]\7( s )_€+N+1

(4.12)

with a constant a; > 0.

The proof of Theorem 4.3 follows the lines of the proof of Theorem 4.2. Due to
inequality (4.11), the upper bound on the L?>norm of hy in (4.9) can be replaced
by e. This yields the upper bound (4.12) of the Nikodym distance.

Remark 4.4. If the first (N + 1)? geometric moments of two convex bodies K, L C
[0,1]? are identical, then the first (N + 1)? Legendre moments of K and L are

identical. In this case, Theorem 4.2 (or Theorem 4.3) implies that dn (K, L) < 5.

Remark 4.5. The Nikodym metric ¢y is extended in the natural way to the set of
convex, compact subsets of the unit square. It then defines a pseudo metric, which we
also denote by dy. As the proofs of Theorems 4.2 and 4.3 do not use that the interior
of the convex bodies are nonempty, the stability results hold for convex, compact
subsets of the unit square and the pseudo metric dy. In the following sections, we
repeatedly consider the distance dx (K, Py) for a convex body K C [0,1]* and a
sequence of polygons (Py)ren contained in [0, 1], see Theorems 5.1, 6.3 and 6.6. If
on(K, P,) — 0 for k — oo, then int P, # ) for k sufficiently large. This implies that
dn in the expression oy (K, Py) is a proper metric for k sufficiently large.

5 Least Squares Estimators based on Moments

Let K C [0, 1]* be a convex body and assume that its geometric moments j;;(K) for
i,j € Ny are given. For m > 3, let P(™ denote the set of convex polygons contained
in [0,1])? with at most m vertices. Any polygon P,, € P™ satisfying

b, = argmin{ Z(uij(K) — ,uij(P))Q : Pe P(m)}

1,7=0

is called a least squares estimator of K with respect to the first (N + 1)? geometric
moments on the space P where N € Ny. Likewise, we define a least squares
estimator based on the Legendre moments. Assume that the Legendre moments
Nij(K),i,j € Ng of K are given. Then, any polygon Q. € P satisfying

N
QO = argmin{ 3" (s (K) = Ay (P))* . PeP™}

i.j=0

is called a least squares estimator of K with respect to the first (N + 1)? Legendre
moments on the space P, Since the polygons in P are uniformly bounded,

Blaschke’s selection theorem ensures the existence of least squares estimators P,
and Q),,.

16



Theorem 5.1. Let P,, and Qm be least squares estimators of I on the space P™
with respect to the first (N +1)* geometric moments and the first (N +1)? Legendre
moments. Then

2 813 + 16
5N(Pm,K) < <a0(n+1)2€7(n+1) (1+%1n(2n+1))2 7w + 1om N a )

m? (n+1)
form=20,...,N and

A 83 4+ 167 aq
) my ) < )
(@ )< m? + (N +1)

Proof. Let P € P(™ and define u := 1p — 1. Using the notation hy,C, L, M and
Hpy from the proof of Theorem 4.1, we obtain that

N

Y (g (P) = pyg (K)?

i,j=0
= |M|p = [CT'L(C)T|p < ICTMEILLE
< (T4 5@2N + 1)) |hnl 2o < (T+ 52N + 1) ful 2012

= (1+ 1n(2N + 1)) /on (K, P),

where we have used that

|C7 5 = tr(CH(C™)T) = tr(Hy)
1

N 1 N

— <1 dr=1+LIn(2N +1
Z;Qwrl— +/2x+1"’3 32N +1)
1= 0

by the definition of the Hilbert matrix Hy. From [4, p. 730], the monotonicity of
the intrinsic volumes, and the fact that sin(xz) < z for x > 0, we obtain that

Vi(K)sin(£) - o

us
m

in dg(K,P) < —.
pepim n(K, P) < m(1+cos(X)) — m?

Further, the definition of the Hausdorff distance and the Steiner formula yield that

Sn(K, P) < Va((K + 0u(K, P)B*) \ K) + Va((P + 0u(K, P)B®) \ P)
< 86u(K, P) + 27 du(K, P)?

for P € P(™ so

3
min Sy(K, P) < T 10T (5.1)
Ppep(m) m
Therefore,
N
min > (i (P) — pi;(K))? < (14 22N +1))* min 6x(K, P)
Ppep(m) 20 Pep(m)

9 873 4 167

< (143 In(2N +1)) 5

m

17



Then, Theorem 4.2 and Remark 4.5 yields that

3
> 2_T(n+1) 1 2 8m° + 167 ay
ON (P, K) < ag(n+1)% (14 imn(2n+1)) =+ )

forn=0,...,N. For P € P Parseval’s identity yields that

N
S () = Ay (P))® < |1k = Lpf2aq ) = On (K P),

i,j=0
so we obtain from (5.1), Theorem 4.3 and Remark 4.5 that

A 83 + 167 aq
d m?K <
(@ )< m? * N +1

for P € Pm) O

In Theorem 5.1, the upper bound on the distance between the convex body K
and the least squares estimator P,, based on geometric moments decreases polyno-
mially in the number of vertices m, but increases exponentially in the number of
moments N. However, for the least squares estimator Qm based on Legendre mo-
ments, the upper bound decreases polynomially in both N and m. Therefore, we
concentrate on reconstruction from Legendre moments in Section 6.

6 Reconstruction based on Legendre moments

In this section, we develop a reconstruction algorithm for a convex body K C [0,1]?
based on Legendre moments. To simplify an optimization problem, we approximate
K by a polygon with prescribed outer normals. Thus, the input of the algorithm
is the first (N + 1)? Legendre moments of K for some N € Ny, and the output is
a polygon P C [0,1]* with prescribed outer normals satisfying that the Euclidean
distance between the first (N + 1)? Legendre moments of P and K is minimal.

6.1 Reconstruction algorithm
Let 0 <6, <--- <0, <2m, and let ¢; := cos(6;), s; := sin(6;) and u; := [c;, 55" for
1 <17 < n. We assume that
{ZAiui:Ai > 0,1 gzgn} — RZ, (6.1)
i=1
For hy,..., h, € (—00,0), let

P(hy,... hy,) = ﬁ{x € R?: (z,u;) < h;}.

=1
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A vector (hy,...,h,) € (—00,00)" is called consistent with respect to (61,...,6,)
if the polygon P(hy,...,h,) has support function value h; in the direction u; for
1 <i<n.In|[l15, p. 1696], it is shown that (hy,...,h,) is consistent if and only if

hi—1<5i+lci - Ci—i—lsi) - hi(8i+lci—1 - Ci+15i—1> + hi—i—l(sici—l - Cisz‘—l) >0

for 1 < i < n, where we define hy := h,, and h,1 := hy. We let P(0y,...,0,)
denote the set of polygons P(hy, ..., h,) C [0,1]* where (hq, ..., h,) € (—00,00)™ is
consistent with respect to (61,...,6,).

Now let K C [0,1]? be a convex body. Any polygon IADN,n € P(by,...,0,) satis-

fying
N
Py, = argmm{ > (lK) = a(P)?: PeP,... ,en)}

k,1=0

is called a least squares estimator of K with respect to the first (N +1)? moments on
the space P(0y,...,0,). AsP(by,...,0,)is closed in the Hausdorff metric, Blaschke’s
selection theorem ensures the existence of a least squares estimator.

In the following, we let the directions 0 < 6; < --- < #,, < 27 be fixed. We use
the notation s;,¢; and u; as introduced above and assume that condition (6.1) is
satisfied. When (hq,...,h,) € (—00,00)" is consistent with respect to (61, ...,60,),
we write

v; = H(ug, hy) N H(wigq, hiv), 1<i<n

for the vertices of P(hq,...,h,), see Figure 1.

us
V
2 v,
U,
<«
&«
Figure 1: Polygons with normals w1, ..., Uy,.

In Lemma 6.1, the geometric moments and the Legendre moments of polygons
of the form P(hq,...,h,) are expressed by means of (hq,...,h,).

Lemma 6.1. Let (hy,...,h,) € (—00,00)" be consistent with respect to (01, ...,0,).
Then the geometric moments and the Legendre moments of P(hy, ..., hy,) are poly-
nomials in (hy, ..., hy,). More precisely,

n k+H+1k+l+2—q1

pei(P(hy, ... hy)) = Z Z Z Mi(i, qu, 92)h?1h§ilhf:2[+2iqrq2 (6.2)

=1 q1=0 q2=0
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Figure 2: Representation of polygons P(hi,...,h,) as difference of the sets A (red and
green) and B (red).

and

n  k+l s+1 s+2—q1

Na(P(hay b)) =3 3 ST ST LGy soan, @) b8 B8 0%,

=1 s=0 ¢q1=0 ¢2=0
for k,1 € Ny and known real constants My(i,q1,q2) and Ly (i, s, q1,qz).

Proof. Observe that
P<h17"'7hn> :CI(A\B>7

where
A= U conv{0,v;,v;41} and B := U conv{0, v;, vit1}
1<i<n 1<i<n
hi+120 hi+1<0
and vy, ..., v, are the vertices of P(hq,...,h,), see Figure 2. In particular, we have

B C A, so the moments of P(hy,...,h,) are equal to the sum
pri(P(hy, ... hy)) = Z sign(hiy1) g (conv{0, v;, viy1 }). (6.3)
i=1
Fori=1,...,n, let % := (—s;,¢;)". Then there exist unique ¢;,#; € R with
V; = hZuZ + tlﬂl = hi+1ui+1 — %iﬂi—i-l' (64)

This implies that

(U_z» Ui-i—l) GZ) = hip1uit1 — hiui,

(2

i\ 1 Cit1 Siv1\ [ Pit1Civ1 — hicy
t; —8iCir1 + CiSip1 \—Ci  —5; ) \Pit1Sit1 — his;

_ 1 (hi—H — hi(ciciy1 + Si8¢+1)>

and thus

—58;Ciy1 + CiSit1 hi — hi+1(cz’ci+1 + S¢8¢+1)

20



Substituting this expression of (¢;,#;)" into (6.4), the vertex v; can be expressed by
(hi, hiy1) and (u;, u;y1). We obtain that

V; =

1 hisi—l—l — hi—l—lsi (6 5)
CiSiv1 — SiCiv1 \Nit1Ci — hiciy1 ) ’

Now define T;(z1, x5) := (vi, vi+1) (il) = (Z”il 1 Z%H’l?) . Integration by sub-
stitution then yields that 2 w201 T ekl 22

pirr (conv{0, v;, v 1})

= / oVl d(xy, xy)
conv{0,v;,vi+1}

= / (vipx1 + Uz‘+1,1$2)k(vz‘,2$1 + Ui+1,2$2)l
0 )
conviDes,ea} X ’Uz’,lvi+1,2 - Uz‘,2Uz‘+1,1| d(l’l, I2)-

Using (6.4), the Jacobian determinant of 7} can be expressed as h;,1(t; + ti11), and
since ¢; + t;,1 is the length of the facet of P(hy,...,h,) bounded by v; and v; 1, it
follows that

Sign<vi71vi+1’2 — UZ"QUi_f_Ll) = sign(hiﬂ).

This implies that

sign h,+1),ukl conV{O Vi, Vit1})
/0 /0

k !
(V121 4+ Vip1102) (V271 + Vig12%2) (Vi1Vip 1.2 — VioUip11)dTdas

ko1
k—p l—q _ptq k+l—p—q
§ § ( >( ) Ui 1Vi41, 1U12Uz+1 ol Tg

—0 g=0
= X (Vi1 Vig1,2 — Vi2Vig1,1)dT1dxy

!
k
k-p ,q ,l—q
( U; 1Uz‘+1,1vz‘,2vi+1,2
P 1

q=0

|
E

=3
I
o

Xt a T Dy 1) Vet T vt

k 1 pt+tg+l  k+Hl+2—q1
Y . q11.92 1 k+Hl+2—q1—q2

SN Y Muliqg)h?hE b
p=0 ¢=0 ¢1=0 g2=p+q+l-q:
+l+1 k+Hl+2—q1
_ ; 11,92 73 k+l+2—q1—q2
= E E Mkl(%‘]h‘lz)h hz+1hz+2 )

1=

q2=0

where the constants My (i, ¢1,q2) and My(i,q1,¢2) can be derived using (6.5). In
combination with (6.3), this yields (6.2). Furthermore, we obtain from formula (4.1)
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for the Legendre moments that

k l
Ma(P(hi, - ha)) = CiyClyptpg(P(ha, - .. hy))

p=0 ¢=0
k+l1 sAl n  s+1 s+2—q1
_§ E EIE{E: ; g2 3 5+2—q1—q2
= Ok,s—qclq Ms—q,q(%%,%)h hz+1h7,+2
s=0 g=s—kVO0 i=1 q1=0 ¢2=0

n k4l s+1 s+2—q1

:ZZZ Z Lkl(ia87Q17Q2>hglhgj_1hfiz2 n- qz,

i=1 s=0 ¢1=0 ¢2=0

where
SNl
Li(i,s,q1,q2) = Z Cr,s—4C1aMi s—q,4(q1, @2)-
q=s—kV0
O
The structure of P(6y,...,0,) ensures that a least squares estimator can be

reconstructed using polynomial optimization. This follows as Lemma 6.1 yields that
PNn = P(hl, . hn) is a least squares estimator of K, where (hl, . hn) is the
solution of the polynomial optimization problem

(hy,... hy) = argmin{f(hy, ... hy) : (h1,... hn) € Ap} (6.6)

where the objective function f : (—o0,00)” — [0, 00) is defined by

N n  k+l s+1 s+2—q1

f(hlv"‘7h7Z) = Z <)\kZ<K) _ZZZ Z Lkl(i,8,q1,q2)hq1hgilhlsi‘22 Q- Q2>2

k,l=0 i=1 s=0 qg1=0 ¢g2=0

and the feasible set A, is the set of vectors (hy,. .., h,) € (—00, 00)™ which fulfil the
inequalities

0< hi—1(5i+1ci - Ci—‘,—lsi) - hi(si-i-lci—l - Ci+15i—1) + hi+1(8i0¢—1 - Cisi—l)a
1
0 < —————(hisiy1 — hipasi) < 1,
CiSi+1 — SiCi+1
1
0 < ——————(hip16 — hicipr) < 1
CiSi+1 — SiCit1
for 1 <1 < n. Algorithms for solving polynomial optimization problems like (6.6)
have been developed only recently. We mention the software GloptiPoly, see [14],
which is recommended for small-scale problems. Another possible choice for solving
a problem like (6.6) seems to be the software SparsePop, see 25|, which is designed

for problems with a special sparse structure.

6.2 Convergence of the reconstruction algorithm

In this section, we use the stability result Theorem 4.3 to show that the output
polygon of the reconstruction algorithm described in the previous section converges
to K in the Nikodym distance when the number n of outer normals of the polygon
and the number N of moments increase.
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Lemma 6.2. Let K C [0,1]* be a conver body, 0 < 6; < --- < 0, < 27 and
Oni1 = 01. Assume that condition (6.1) is satisfied. Then

1 Oiv1 — 0;
on (P(hg(61),...,hg(60,)), K) < EVl(K) gllagltan (T)

< \/5 max tan (@) .

1<i<n

Proof. Choose z1,...,, € OK such that (cos(6;),sin(6;))" is an outer normal of K
in x;. Let

Py, :=conv{zy,...,x,}.
Note that P, C K. Recall that the vertices of P(hg(61),...,hk(6,)) are denoted by
V1, ..., 0, and let T; := conv{z;, z;11,v;}, ¢; := ||xip1 — x| and v == 7 — (041 — 6;).
Then, it holds obviously
P(hg(6y),. .., hg(8,)) \ int P, = Uﬂ, (6.7)

see Figure 3. Observe that the area of a triangle where one angle and the length of

Ui+1 Ui+

U U
Figure 3: On the left, K and the polytope P(hg(ui),...,hx(u,)). On the right,
P(hg(u1),...,hg(uyp)) \ P coloured in red.

the side opposite to the angle are prescribed is maximal if the remaining angles are
equal. Thus,

Va(T;) < 1ci cot(y:/2) = 1cf tan (M) . (6.8)
Equations (6.7) and (6.8) imply that

S (P (01). . hic(0,)). K) < Va(P(hic(01), .- e (60,)) \ P

n

1 i+1
gzrgi};tan( )ch,
and since ¢?/2 < ¢;/v/2 and S ¢; = 2V;(Piy,), we arrive at

on (P(hk(61),...,hg(0,)), K) < —=Vi(Py,) max tan (W) :

1<i<n

§||
=
[\



The monotonicity of intrinsic volumes with respect to set inclusion then yields the
assertion. N

Theorem 6.3. Let K C [0, 1)% be a convex body, 0 < 0; < -+ < 0, < 27, Ony1 = 61
and assume that 0, 5,7, 5 € {01,...,0,}. Any least squares estimator Py, of K on

P(by,...,0,) satisfies that

2 Oiv1 — 0; a
6N(PN,n>K)§\/§1IEZa<);tan( 5 )+N+1’

where a; > 0 is a constant.

Proof. Since 0,%,m, 3 € {0y,...,0,} and K C [0,1]? it follows that
P<hK<61>7 ) hK(en)) - [07 1]2

and thus P(hg(61),...,hg(6,)) € P(6y,...,6,). Then the definition of Py, and
Parseval’s identity yield that

Z — Nij(P(hi(61), ... hg(6n)))]?

e (P01, ... (O), K.

]
&
E
IA

Thus, an application of Lemma 6.2 implies that

N
A 0... — 0.

Z (A (K) = Aij(Pya))? < V2 max tan (%) . (6.9)

i,j=0 -

Then the result follows from Theorem 4.3 and Remark 4.5. OJ

Remark 6.4. If we choose n = 4m for some m € N and equidistant angles 6; :=

27r( )for 1<i<n, thenO,g,ﬂ € {0y,...,0,} and we obtain

0.05, n =100
i1 — 0; 2 ’ ’
V2 max tan( L ) RELIN 0.005, n = 1000,
1<i<n 2 n
0.0025, n = 2000.

In the following, we write 61y, . .., 0(,) for a permutation of 6; € [0,27),1 <i < n
satisfying 61y < -+ < 0(,). From Theorem 6.3, we then obtain Corollary 6.5.

Corollary 6.5. Let K C [0,1]% be a convex body and let (6;);en be a dense sequence
in [0,27) such that 0; # 0; fori # j and (01, 0,,03,04) = (0,5, 7 ,—”). Forn,N € N,
let f)Nm be a least squares estimator of K with respect to the (N +1)? first Legendre
moments on the space P(0n),...,0w)). Then

on(K, pNn) — 0 for n, N — oc.
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6.3 Reconstruction from noisy measurements

The reconstruction algorithm described in Section 6.1 requires knowledge of exact
Legendre moments of a convex body. The reconstruction algorithm can be modified
such that it allows for noisy measurements of Legendre moments. Let N € Ny, and
assume that K C [0,1]? is a convex body where measurements of the first (N + 1)?
Legendre moments are known. To include noise, we assume that the measurements
are of the form

S\kl(K) = )\kl(K) + €Nk (6.10)

for k,1 =0,..., N, where enu, k,l =0,..., N are random variables with zero means
and finite variances bounded by a constant o%. Let 0 < 0 < -+ < 0, < 27 satisfy
condition (6.1). Any polygon Py, € P(by,...,6,) satisfying

N
pN,n = argmin{ Z (:\kl(K) —M(P))?: PeP(b,... ,Hn)}
ke, 1=0

is called a least squares estimator of K with respect to the measurements (6.10) on
the space P(0y,...,60,). As the set P(04,...,0,) is closed in the Hausdorff metric,
Blaschke’s selection theorem ensures the existence of a least squares estimator.

As in Section 6.1, a least squares estimator can be found using polynomial opti-
mization. Let (b1, ..., hn) be a solution to the polynomial optimization problem (6.6)
with the Legendre moments Ay (K) of K replaced by the measurements Ay (K) of the
Legendre moments in the objective function f. Then P(hy, ..., Bn) e P,...,0,)
is a least squares estimator of K with respect to the measurements (6.10).

Now, let Py ,(€) denote the random set of least squares estimators of K with
respect to the measurements (6.10) on the space P(f4,...,0,). When the noise vari-
ables are defined on a complete probability space (€2, F,P), it follows by arguments
as in [11, p. 27| (see also [19, App. C]) that suppep, (o On(K, P) is (F,B(R))-
measurable. We can then formulate the following theorem, which ensures consis-
tency of the reconstruction algorithm under certain assumptions on the variances of
the noise variables.

Theorem 6.6. Let (0;);en be a dense sequence in [0,27) such that 6; # 0; for i # j
and (61,92,‘93,94) = (0 m 3_7r)

y 90 1ty g

(i) If 0% = O(5m7=) for some e > 0, then SUPpepy () ON (K, P) — 0 in mean and
in probability for n, N — oco.

(ii) If o3 = O(5m7z) for some e > 0, then suppep,, (o) On(K, P) — 0 almost surely
forn, N — oo.

Proof. Let P € Py, (¢) and let FA’N,n € P(0q),...,0)) denote a least squares esti-
mator of K with respect to the exact Legendre moments. By using the inequality
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(z +1y)? < 2(2® +9?) for 2,y € R and properties of P and Py, we obtain that

N N
> lK) = Aa(P)? <2 ((Aa(K) = Au(P))* + EAp)
e =0 =0

N

<2 Z )\kl — Aa( PNn 242 Z ENEL
-0 e l=0
N

<4 Z (M (K) — A ( PNn +626Nkl

k=0

Using the upper bound (6.9) on Z]k\,[lzo(/\kl(K) — Ma(Pnyp))? derived in the proof of
Theorem 6.3, we arrive at

N
0
2 (@ — 2+1
Z()\kl(K> — Aa(P))” < 4\/52%52 tan < > ’ +6 Z ENkis
ke, l=0 ke, l=0
where 0(1) < --- < 0 is an ordering of 6,,...,0, and 0,1y := 0;. In the notation,

we suppress that the ordering depends on n. Then it follows from Theorem 4.3 and
Remark 4.5 that

sup  On(K, P) < 4v/2 max

PE]PNn( ) 1<i<n

06 — Ot a
tan (T +6Z€Nkl+ N+l

k=0

The mean of the sum of the squared error terms are bounded by (N + 1)%0%;, and
the assumption that o} = O(5z+) ensures that (N + 1)203 — 0 for N — oo. As
the sequence (0;);en is dense in [0, 27), we further have that

Oy — O
tan<%>’%o

for n- — oco. Hence, suppep, (o) n(K,P) — 0 in mean and in probability for
n, N — oo.

If o3 = O(55=), then Y y_(N+1)%0%, < oo, which ensures that Zgz:o e — 0
almost surely for N — oo. Then, suppep, (o On(K,P) — 0 almost surely for
N,n — oo. ]

max
1<i<n
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