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Abstract

In this thesis we investigate some properties of Complex Chern—Simons theory.
Contrary to the compact situation which was the object of a lot of focus for more
than 20 years, not much was known until few years ago, regarding rigorous computa-
tions of invariants via Chern—Simons theory with complex gauge group. In the recent
years, in parallel to an increased interest from physics, the works of Andersen and
Kashaev, and of Andersen and Gammelgaard opened the way to a rigorous mathe-
matical investigation of such theories. Andersen and Kashaev provided the theory to
compute invariants of knot complements (and actually a more general class of cusped
3 manifolds) starting from the quantization of the Teichmiiller space. The work of
Andersen and Gammelgaard provides a general differential geometric setting for the
ideas of Witten [ |, regarding techniques to quantize the 2 dimensional part of
Chern—Simons theory with gauge group SL(n, C). In general we are still missing 2+1
functorial interpretation, like the Witten-Reshetikhin-Turaev TQFT for the compact
theory. In this thesis we try to have a closer look to some of the most elementary
aspects of these constructions. We focused particularly in computing and studying
explicit expressions for the simplest examples of knot invariants and mapping class
group representations. We first construct invariants of hyperbolic knots, showing
their relation with some new representations of Quantum Teichmller Theory. Then
we focus in a couple of examples. The study of the asymptotic behavior of such
knot invariants requires a generalization of the theory of Andersen and Kashaev to
a non obviously unitary one, the existence of which was claimed again by Witten
in | ]. In this setting some parallel with other previously known invariants is
discussed. Afterwards we follow the approach of Andersen and Gammelgaard in the
example of a genus 1 surface, and study the mapping class group representations that
this quantum theory defines. We give explicit formulas for the representations and
show how the representations from Chern—Simons theory with gauge group SU(2)

appear in these.

Dansk Résumé

I denne afhandling undersgger vi nogle egenskaber ved kompleks Chern—Simons
teori. 1 modsaetning til den kompakte situation, der var genstand for megen fokus
i mere end 20 ar, var der indtil for fa ar siden ikke meget kendt om rigoristiske
beregninger af invarianter via Chern - Simons teori med kompleks gauge gruppe. 1
de seneste ar, sidelgbende med en gget interesse fra fysik, har resultater af Ander-
sen og Kashaev, og Andersen og Gammelgaard abnet vejen for en streng matema-
tisk undersggelse af sadanne teorier. Andersen og Kashaev grundlagde teorien til at
beregne invarianter af knude komplementer (og faktisk ogsa en mere generel klasse af
”cusped” 3 mangfoldigheder) med udgangspunkt i kvantisering af Teichmiiller rum-
met. Resultater af Andersen og Gammelgaard giver en generel differential geometrisk
baggrundsramme for ideer af Witten | ], om teknikker til at kvantisere den 2 di-
mensionelle del af Chern—Simons teori med gauge gruppe SL(n, C). Generelt set man-
gler stadig den 2+1 funktorielle tolkning, som kendes fra Witten-Reshetikhin-Turaev
TQFT’en for den kompakte teori. I denne afhandling forsgger vi at fa et neermere
kig pa nogle af de mest elementaere aspekter af disse konstruktioner. Vi fokuserede
isser pa beregning af eksplicitte udtryk for de simpleste eksempler pa knude invari-

anter og afbildningsklassegruppe repraesentationer. Vi konstruerer fgrst invarianter
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af hyperbolske knuder, og beskriver deres relation til nogle nye reprasentationer af
Quantum Teichmller Theory. Dernaest ser vi neermere pa en raekke eksempler.
Studiet af den asymptotiske opfgrsel af sadanne knude invarianter krzevede en
generalisering af Andersens og Kashaevs teori til en ikke triviel uniteer teori, hvis ek-
sistens blev formodet af Witten i | ]. Tlyset af dette diskuteres nogle paraleller
med andre tidligere kendte invarianter. Bagefter benytter vi Andersens og Gammel-
gaards tilgang i eksemplet med en genus 1 flade, og studerer de afbildningsklasseg-
ruppe repraesentationer, som denne kvanteteori definerer. Vi giver eksplicitte formler
for repraesentationerne og viser, hvordan repraesentationer fra Chern—Simons teori

med gauge gruppe SU(2) optraeder i disse.

ii



Contents

Introduction

1 Preliminaries

1.1 Geometric Quantization . . . . . .. .. ... oo

1.1.1

Polarizations and Quantization . . . . . ... ... ... ....

1.2 Weil-Gel'fand-Zak Transform . . . . . ... ... ... ... .. ..
1.3 Teichmiiller Theory . . . . . . . . . ... ... . ...

1.3.1
1.3.2
1.3.3
1.3.4
1.3.5

Teichmiiller Theory . . .. .. .. ... .. ... ... .....
Coordinates for the PSL(2,C) Moduli Spaces . . . .. ... ..
Ratio Coordinates . . . . . . . . . . ... ... ... ... ...
Ptolemy Groupoid Representations . . . . . . .. ... .. ...

Complexified Ratio Coordinates . . . . . ... ... ... ...

2 Quantum Dilogarithm

2.1 Quantum Dilogarithm . . . . . ... ... .. o
2.2 Faddeev’s Quantum Dilogarithm . . . ... ... ... ... ......
2.3 Quantum Dilogarithm on Ay =R x (Z/NZ) . . .. ... ... ....

2.3.1

Charges . . . . . . o i e

3 Quantum Teichmiiller Theory
3.1 Quantization of R(Xgs) . . . . o . oo o o

3.1.1
3.1.2

L?(R) Representations . . . . . . . . ..oo vttt
L?(Ay) Representations . . . . . . ... ...

3.2 Quantization of the Model Space for Complex Chern-Simons Theory .

3.2.1
3.2.2
3.2.3

Pre—Quantization . . . . . .. .. ... .. ...
Bohr-Sommerfeld Quantization . . . . . ... ... ... ...

Real Polarization with Simply Connected Leaves . . . . . . ..

4 Andersen—Kashaev’s Teichmiiller TQFT at Level N
4.1 Angle Structures on 3-Manifolds . . . . ... ... ... 0oL
4.2 The target Categoroid Dy . . . . . o v v v v vt i
4.3 Tetrahedral Partition Function . . . . .. ... ... ... ... ....

4.3.1

TQFT Rules, Tetrahedral Symmetries and Gauge Invariance

4.4 Knot Invariants: Computations and Conjectures . . . .. ... .. ..

4.4.1
4.4.2
4.4.3
4.44

Figure-Eight Knot 4; . . . ... ... ... ... ... .....
The Complement of the Knot 55 . . . . . ... ... ... ...
H-Triangulations . . . . . .. .. .. ... . L .
Asymptotic’s of Xi]lv)(O) ......................

23
23
23
25
37



5 Genus 1 SL(2,C) Chern-Simons Theory

5.1 The Hitchin—-Witten Connection and Complex Chern—Simons Theory .
5.1.1 Moduli Spaces of Flat Connections . . . . .. ... ... ...
5.1.2  Atiyah—Bott Symplectic Form and Pre-Quantization . . . . .
5.1.3 Polarizations . . . .. . ... L o oo
5.1.4 Mapping Class Group Representations . . . . . .. ... ...

5.2 Genus 1 . . . . . . e e
521 Modulispaces. . . . . . ... e
5.2.2 Pre-Quantization . . . . . .. ... o oL
5.2.3 Hitchin—Witten Connection . . . . . . ... ... ... ....
5.2.4 Mapping Class Group Action . . . . . ... ... ... ....
5.2.5 pre-Quantum Representations . . . . . .. .. ... ... ...
5.2.6 Quantum Representations . . . . . ... .. ... ..

Appendices

A Tempered Distributions

Al
A2

Bra-Ket Notation . . . . . . . . . . .. ... ...
L2(AN) and S(AN) « o v v v o e

B Hermite Polynomials

C Miscellanea

C.1

C.2
C.3
C4

Principal Bundles, Flat Connections and Holonomy Representations

C.1.1 SU(2), SL(2,C) and Md&bius Transformations . . . . . . . ..
Categroids . . . . . . . . . oL
Operator Identities . . . . . . . . ... . L L
Quadratic Gauss Sum . . . . . ...

Bibliography

v

85
85

121

123
125
125

127

133

. 133

135
136
137
139

141



Preface

This manuscript is the culmination of my 3 years of PhD studies at the Centre
for Quantum Geometry of Moduli Spaces at Aarhus University. I would like to thank
the Department of Mathematics and the QGM for the inspiring environment that
host me in these years.

I am especially grateful to my supervisor Jgrgen Ellegaard Andersen for introducing
me to the problems I studied, guiding me through and suggesting how to solve them.
I had many stimulating discussions with the many visitors and postdocs and I would
like to particularly thank Professor Rinat Kashaev for explaining me a lot of his
research during his visits. I also had the luck of sharing these years with many fellow
PhD students that I thank them all, particularly my office mate Alessandro Malusa
for sharing a lot of discussions on our respective research and for a lot of suggestions
he gave me through the process.

Finally I also want to thank my wife Francesca for sharing this experience with me,
and for all the patience and support she showed.






Introduction

Topological Quantum Field Theories in dimension 2 4+ 1 were axiomatized in

[ I, [ ] and | ]. Further, in his seminal paper [ ], Witten intro-
duced the study of quantum Chern-Simons theory with non-abelian, compact gauge
group G. For G = SU(n), to any positive integer k and couple (M, L), where M is a
3-manifold and L C M is a link embedded Witten associates a number, claimed to be
a topological invariant. The process he used, usually called path integral, was mathe-
matically ill-defined and it is still so at the time of writing this thesis. Nevertheless it
is of crucial importance in modern physics and Witten was able to use it to show that
such topological invariant, for n = 2 and M = S3, corresponds to the colored Jones
polynomials of the link L. As the Lagrangian of the theory is the Chern—Simons
functional, which is a topological invariant, quantum Chern—Simons theory should
indeed be a TQFT. A mathematical construction of the theory via combinatorial
means followed shortly after from Reshetikhin and Turaev [ , , ]
This so called Witten-Reshetikhin-Turaev TQFT is based on the finite dimensional
representation theory of the quantum group U,(sl(2,C)), where ¢ is a root of unity.
Careful choice of ¢ with respect to k leads this TQFT to analogous results to the
ones expected from quantum Chern—Simons theory. A similar rigorous approach, but
entirely topological using skein theory, was showed in | , , ]
Recently Andersen and Ueno showed, in a series of four papers | , ,
, |, that The Witten-Reshetikhin-Turaev TQFT is the same as the TQFT
coming from Conformal Field Theory | , | as was also proposed to be the
case in Witten’s original paper | ]. Witten further suggested in the same paper
that the geometric quantazation of moduli space of flat SU(n) connections should
be related to this theory and he developed this approach further in his joint paper
with Axelrod and Della Pietra | ]. Following shortly after, Hitchin gave a
rigorous account of this work in | ]. For a purely differential geometric account
of the construction of this connection see | , , ]. By combining the
work of Laszlo | ] with the above mentioned works of Andersen and Ueno, it has
now been confirmed that one can use the geometric quantization of the moduli space
of flat connections as an alternative construction of the Witten-Reshetikhin-Turaev
TQFT. In the paper | | Witten also proposed a way to construct the mapping
class groups representations of quantum Chern-Simons theory for the non-compact
gauge group SL(n, C). This theory received less attention and it is much less devel-
oped. This thesis is indeed in the direction of understanding some aspects of it, as
we will explain later. First we recall some of the relevant literature. In the physics
literature, the complex quantum Chern-Simons theory has been discussed from a
path integral point of view in a number of papers | , , , ,

) ) ) , , , ] (see also references in these).



From a mathematical standpoint the problem of extending the quantization pro-
gram of moduli spaces of flat connections to the non-compact group cases has been
tackled into at least two different ways. One approach is to first consider the mod-
uli space of flat PSL(2,R) connections over a surface, which is not connected, but
has an important connected component, namely the Teichmiiller space. This space
is of primary interest in many areas of mathematics, and is fundamental in low
dimensional topology. The quantization program of the Teichmiiller space was inde-
pendently carried out, for punctured surfaces, by Kashaev | ] and Chekhov and
Fock [ ]. Both the approaches are based on two ingredients, Penner coordinates
for the Decorated Teichmiiller space | 1, ], and Faddeev’s Quantum Dilog-
arithm | 11 ]. Quantum Teichmiiller theory was further extended from a
2-dimensional theory to a (2 4+ 1)-dimensional theory by Andersen and Kashaev in
[ ] and [ ]. In particular Andersen and Kashaev were able to construct
knots and links invariants together with some cobordism aspects of the axiomatized
definition of TQFT. Usually it is referred as Teichmiiller TQFT. Later in the work
[ ] the same authors extended their previous constructions to a theory with
an extra parameter, a positive odd integer N. In the same work they also gave
evidences that this theory produces invariants for the level N, PSL(2, C) quantum
Chern—Simons theory. This theory is similar in the formalism (but not in the nature)
to the one developed in the physics literature by Dimofte | ].

A different approach is to follow the original quantization program proposed by Wit-
ten | ]. This was done in a mathematical formalism by Andersen and Gammel-
gaard | ]. In this setting the quantization of SL(2,C) moduli spaces is possible
for closed and punctured surfaces, however no 2 + 1-dimensional interpretation is
developed as of now.

In this thesis we review both the approaches to complex Chern—Simons theory and
we try to exploit some aspects of them. First we try to put together the theory
presented in | ] with the constructions of | ] and | ]. In subsection
3.1.2, following Kashaev’s approach to quantize the Teichmiiller space, we define a
formal quantization dependent on a continuous parameter b, constrained to have
Reb > 0 and Im(b)(1 — |b|]) = 0, together with an odd positive level N. In section
3.2, we show with arguments extrapolated from | ], that the quantization of
the moduli space PSL(2, C) flat connections of a 4-punctured sphere is equal to
the formal (b, N)-quantization of its Teichmiiller space. The main ingredient to see
this equivalence is the level N Weil-Gel’fand-Zak transform and it is expressed in
Proposition 43. Afterwards we extend this construction to a level N Teichmiiller
TQFT strictly following the presentation for level 1 in [ ]. The Theorem 52
updates the functor from | ] to this setting. It is interesting that the theory,
for N > 1, has different unitary properties if b is real or unitary. Namely if b > 0 and
N > 1, the canonical inner product do not make the theory unitary, see Definition
26 for details. This particular setting was not considered in the literature as far as
we know. The phenomenon is parallel to what Witten noticed in [ | that there
are two possible unitary complex theories, one obvious and one ezotic, depending
on the nature of the quantization parameter. In particular, for knot invariant, the
semi—classical limit b — 0 is possible only in the exotic theory.

Another part of this work regards Witten’s approach to quantize the SL(2, C) moduli
space of a genus 1 surface ¥ with no punctures. Following the lines of | ] and

[ ] we quantize the moduli space of flat SL(2, C) connections on 3, and compute



the explicit description of the quantum representations of the mapping class group
of 3. These are a family of infinite dimensional representations parameterized by a
continuous unitary parameter b, with Reb > 0, and a positive integer k£ > 1, see
Theorems 67 and 73 for their explicit expression. In particular we show a tensor
product decomposition of the representations, with one factor equal to the represen-
tations obtained via SU(2) quantum Chern Simons theory at level k — 2, see Remark
5.2.4. Again the Weil-Gel’fand-Zak Transform is the main technical tool used to
simplify the explicit descriptions. Another central objects in the quantization is the
Hitchin—Witten connection and the parallel transport associated to it, that we de-

scribe explicitly in this baby example of genus 1.

Summary

In Chapter 1 we list some more or less standard preliminary material of gen-
eral interest throughout the thesis, such as geometric quantization and Teichmiiller
theory. In Section 1.2, we present the level-IN Weil-Gel’fand-Zak transform and its
general properties. Its applications will be transversal to the rest of the thesis.

In Section 1.3 we present Penner’s A-lengths coordinates for the the Teichmiiller
space, Kashaev’s ratio coordinates which are a generalizations of Penner’s one and
some of their symplectic properties. A description of change of coordinates and
action of the mapping class group in terms of decorated Ptolemy groupoid is also
provided. Finally we describe the complexification of such coordinates as a way to
describe the PSL(2, C) moduli spaces.

In Chapter 2 we recall some basics on Faddeev’s quantum dilogarithm ®y,, together
with the more recent level N dilogarithm, Dy, : R x Z/NZ — C, introduced in
[ ], that we describe here in more details, showing analogous properties to the
ones known for ®y,, together with a different behavior in Proposition 20 which mir-
rors the different unitary properties of the theory at level N > 1.

In Chapter 3 the formal quantization of the Teichmiiller space is carried out with
representations in L?(R x Z/NZ), thanks to the dilogarithm Dy,. In particular we de-
fine a tetrahedral operator acting on L? (R x Z/N7Z), which provides representations
for the Ptolemy groupoid. In Section 3.2, we show that such formal quantization is
compatible with the quantization of the moduli space of PSL(2, C) flat connections
for the 4—punctured sphere.

In Chapter 4 we upgrade the construction of the previous chapter to a level N Te-
ichmiiller TQFT. Following | ] and [ ] a charged version of the tetrahedral
operator is introduced. In this way it is possible to compute partition functions of
cusped 3 dimensional objects that admits an ideal triangulation with ideal tetrahe-
dra and some extra admissibility condition. Hyperbolic knot complements are among
them and we show a couple of examples together with some asymptotic property in
the exotic unitary setting, i.e. when b > 0 and b — 0. In the figure—eight knot we
remark the appearance in this limit of another knot invariant, of similar nature, the
Baseilhac—Benedetti invariant from [ ], see subsection 4.4.4.

Chapter 5 Is divided in two sections. The first is a general recall of classical and
complex Chern—Simons theory, the quantization of them, and motivations for the
Hichin and Hitchin—Witten connections. For the purposes of this thesis this sec-

tion only serves to put the second one in a bigger and more general framework of
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research. In the second section, we describe the quantization of complex quantum
Chern—Simons thoery in genus 1 from the scratch, giving all the details and com-
putations. From this we compute the representations of the mapping class group

explicitly as integral operators.



Chapter 1

Preliminaries

1.1 Geometric Quantization

Let (M,w) be a fixed manifold M with symplectic 2 form w € Q?(M,R) fixed
for the rest of this section. We are going to summarize the process of geometric
quantization following the two step approach of doing a so called pre-quantization
first, and then concluding the process with the choice of a polarization. A general
reference is | ]

The first step consist in finding a pre-quantum line bundle

Definition 1. A pre-quantum line bundle (£, V, (+,-)) consists in an Hermitian line
bundle £ — M, (-,-) being the Hermitian structure, together with a compatible

connection V on the bundle such that the curvature satisfies
Fg = —iw. (1.1)
M is said pre-quantizable if a pre-quantum line bundle exists.

If this is possible to be found, we can assign to every observables f € C*°(M,R)

a pre-quantum operator
f=-iVx, +f (1.2)

where Xy is the Hamiltonian vector field associated to f, i.e. the vector field satis-

fying

w(va ) = _df
and get the commutator
f.51 = =i{f.9) (1.3)

where {-, -} is the Poisson bracket induced by w.

Now we ask ourselves when is it M pre-quantizable. It is well known that given a
line bundle £ with connection V, then the cohomology class of the curvature satisfies
zi [Fy] = c1(L) € HX(M, Z)

™

where ¢1 (L) is the Chern class of the line bundle. It follows that having V satisfying
(1.1), imposes the condition on w

[%} € H2(M, 7). (1.4)
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This condition turns out to be both necessary and sufficient for the existence of a
pre-quantization.

Regarding the (non)-uniqueness of the pre-quantization we remark that inequivalent
choices of V satisfying (1.1) are precisely parametrized by H' (M, U(1)). See [ ]
for a detailed discussion.

Example 1.1.1 (Canonical (pre-)Quantization). Fix a positive real i > 0. Suppose
M =R?* and w = 2rh~! Z?zl dgj A dp;. Then [w] = 0 € H*(R?,Z) = {0}, so the
trivial line bundle £ = M x C is the only possible one. We fix the gauge representa-
tive of the pre-quantum connection as V = d + 2mih~! Z?Zl p;dg; satisfying (1.1).
The Hermitian structure is the canonical one on R??. The pre-Quantum operators
associated to the coordinate functions are

h 0 h O

= i o

Pj:—%@ qj +q;

Example 1.1.2 (Torus). Consider the torus M =T x T =R/Z x R/Z ~ C/Z*. A
line bundle £ — M can be pulled back via 7: R? — R?/Z? to a trivializable line
bundle ¢: 7*£ = R? x C. More precisely, for every p € R2, the trivialization ¢ gives
an identification of the fiber

pp: (L), 5 C.

Since the line bundle £ is defined in the quotient, for every A € Z? we should have

(L) pr = (77°L),,

so the composition ¢, o 90;+1 »: € —= Cis a well defined change of trivialization of the
line bundle £. Being an isomorphism of the complex plane it reduces to multiplying
by a complex number ey (p) named rmultiplier. The consistency condition that a

choice of multipliers e have to satisfy is the following

ex(plex (p+A) = ex(plea(p + ') (1.5)

The hermitian lines bundles over M are classified by their first Chern class ¢;(£) €
H? (M,Z) ~ Z, and they satisfy the properties

Cc1 (L ® [:/) =C (ﬁ) + (L/), Cc1 (E*) = —C (ﬁ)

It follows that once we know the line bundle so that ¢;(£) = 1, we can generate all

the other via these group properties.

Fact 1. Let (z,y) coordinates over R? and w = dz A dy € Q?(R%/Z% R). The line
bundle L — M with multipliers

e,0)(z,y) = e™ e, (z,y) = e

has Chern class ¢ (L) = [w] = 1 € H*(M, Z)
Any section 1) € C*°(M, L) can be pulled back to s = 7%y € C*(R?, 7* L), which
correspond to the space of quasi periodic functions satisfying
sz +1,y) = eq,0)(z,y)s(z,y) s(@,y+1) = e,1)(z,y)s(z, y)

We will carry out the quantization in this example in many details at several places

in this thesis and with different techniques.
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1.1.1 Polarizations and Quantization

Given a pre-quantum line bundle (£, V, (-, -)) for (M, w), the natural Hilbert space
to consider is L?(M, £) where the square integrability is with respect to the following
inner product

wo= [ wos. (16)

However this space turns out to be wrong for the simplest applications in physics,
as the ’states’ should depends on half the number of variables. This can be obtained
by choosing a polarization in M and considering only sections covariantly constant

in the directions that it determines. Precisely

Definition 2. A complex Lagrangian Polarization on (M,w) is a distribution P in

TcM satisfying
1. w(X,Y)=0for all X and Y € P (P is Lagrangian),
2. [X,Y]ePforal X and Y € P (P is Involutive)
3. dim(P, N P, NT,M) is constant for all z € M.

A polarization is said real if P = P.

Usually, with a polarization at hand, the Hilbert space of the quantization becomes
H={yYcl*ML): Vxp=0VX € P}. (1.7)

Example 1.1.3 (Canonical Quantization). Recall example 1.1.1. Let us conclude
it with a particular choice of polarization, i.e. P = Span<%7 j=0,...n). The
Hilbert space is H ~ LQ(R), while the quantum operator reduce to the Schrodinger
representation

h 0 ;

p; = ——— —— L =g, 1.8
V2 omi g q; = qj (1.8)

1.2 Welil-Gel’fand-Zak Transform

Let S(R) be the space of Scwartz functions over the reals, k be a positive integer.
The space L?(R)®CF has an L? inner product defined by equation (A.8) in Appendix
A.2. Let £ be the line bundle over the real 2-torus T x T with sections identified
with quasi-periodic functions on R? satisfying

s(u+1,v) = e™s(u,v) s(u,v +1) = e ™ s(u,v). (1.9)

On C°°(T x T, L£*) consider the following inner product

(Y, d) = ¥(u, v)d(u, v)dudu (1.10)

(0,1]2

We now present the so-called level k& Weil-Gel’'fand-Zak transform, introduced in
[ ]. The level 1 transform is well known and detailed treatment can be found,

for example, | l.
Proposition 2. We have an isomorphism
W® . S(R) ® CF — C®°(T x T, £F)
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given by

W(k)(f)(u,v) _ \1f e~ kmiuv Z Z f] (u+ ) 727rimvef27rij%, (111)

J=0m€eZ

with inverse

l .
W( )( x,j f Ze2m A < _ k7,0) eﬂzk(w—&-%)vdv'

It satisfies the following unitarity property

(W® (), wH(g)) = (f,g).

Proof. Let f € S(R) ® C*. We want to prove that W) (f) € C>°(T x T, £F). Tt is
very simple to see that W) (f) satisfies equations (1.9) using the explicit definition
of W), We now proceed to show that W) (f) is of class C*°. Suppose k = 1 for

simplicity, as the general case follows analogously. For every p,q € Z>¢

%%W(l)(f)(u’v) = Z o (F(u +m)e™ ™m0 (i) (yd + (2m)?))

ouP
meZ

Since OPuif(u) € S(R) the series in m converges uniformly. Conversely, let s €
C>®(T x T, L), (again we suppose k = 1 for simplicity) and consider W(l)(s) (z). The

TITV

function h(z,v) = s(z,v)e is 1-periodic in v. For N € Z~q, the derivative

0P torhn
&rl’W ()( +N) = A %(%

)eQWiNU dw

Bh

which is the N-th coefficient of the Fourier series of §_2

as l-periodic function of v

and so it rapidly decrease as N — +oco. We now c0n51der

1
(@ + M)WV (s)(z + N) = ‘I)xq—j/ Nih(z + N,v)dv
0

> (§
()
(q) o x,@ij, (27N dy
- () o

.
I MQ
[e=]

[
MQ

xi~ 7/ h(z, ’UNJ 2miNv gy,

I
o

J

[
MQ

j oI

Il
=)

J

q xqj

) J
e2miNY 3— (h(z,v))dv
J

—2mi)I ovJ

I
MQ

<.
Il
o

the last being a finite sum of N-th Fourier coefficients for ¢ distinct functions %7

j=0,...q. So it rapidly decrease as well. This concludes the proof that W(l)(s) €
S(R).



Now we compute the composition of the two inverse formulas.

k—1
(k) (k) _ i —kmiuv (k) m - —2mimu —2mi i
WS (W s)(u,v) \/Ee ZZW (s) (u+ k,j)e e 2

j=0mezZ

k=1 o .
= %e_’“”“” E E 627”'%]/ s <u _ l—km’ﬁ) emik(ut )8 5 —2mimu ,—2mi S
0

l,j=0meZ
_ le*kﬂiuv kzzl Z/l s <u = r71~)> emik(ut2q+15)0 45
k ) k
7, 1=0 q€Z
k—1 _
x e~ 2milkatriv Ze%im%, (where m =gk +7r,0<r<k)
§=0
1 —kmiuv = ! ~ ik 2 D 1~
=—e ZZ/ s(u, 0)emF Ut @)y
k r=0 q€Z 0

x e 2R (p )

1
— e—kﬂ'zuv E e—27rzmv / S('LL, ,E)e‘mkuve%rzmvdﬁ
meZ 0

—kmiuv Tikuv

=e s(u,v)e = s(u,v)

where the sum over m is computed as a Fourier series in [0, 1] of the 1-periodic

function () = s(u, 7)e™*?. We now verify the unitary property

(W® (), wh(g)) =

1/t At m T/ mo .\ .
LS T e G
0 JO 51, jo=0my, mo€Z
2

e T (jama—jimy)

X
1R MmN T T TN 2
=i [ XX (e i) (e RO
0 .

J1,J2=0m1, m2€Z

1
% / 6727Tiy(m17m2)dy

0
:;/01"“2_:1 Z f(x+%,j1)g(x+%,j2>d$

J1,J2=0m1, ma€Z
2mi ( s
X e U2m2mIima) 5, — my)

1 k—1 k—1

S [T (e ) Y g (e )
270 ji=0 =0
me . kjil ) J2 i
qez v’ 4 r=0
+oo k-1 r B -
AN DLICe DL
400 k—1
:/ f(z,r)g(x,r)dx
— 00 ,,.:0

O

Proposition 3. W®) extend to an isometry from L*(R) @ C* to L*(T x T, £¥).
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Proof. W) and its inverse are defined in open dense subspaces of the relevant
Hilbert spaces. Moreover it is unitary with respect to the respective L?-norms. So
it will send L* convergent sequences in S(R) ® C* to L?-convergent sequences in
C>®(T x T, £F). This permits to extend the transforms W) and W(k) in the L>-

completions of the two spaces. O

1.3 Teichmiiller Theory

1.3.1 Teichmiiller Theory

In this section we establish some basic facts about (Decorated) Teichmiiller The-
ory. Most of the content here is standard and can be found e.g. in | ] and
[ |. Let £, be a topological surface of genus g with s punctures. Broadly
speaking the Teichmiiller space 7, s = T (X) is the space of all the complex struc-
tures admitted by X up to isotopy. However the first half of this thesis deals with
cases where x(S) = 2 — 2g + s is negative. In this case there is a remarkable phe-
nomena that makes the definition of Teichmiiller space equivalent to the one given
as space of all hyperbolic metric structures up to isotopy. In the last Chapter 5, we
will look closer to the special non hyperbolic case of g =1, and s = 0.

Suppose now x(S) =2 —2g+ s < 0. Let H be the space of all the possible complete
hyperbolic Riemannian structures on ¥, s and let Diff " (3, ;) be the space of the
orientation preserving diffeomorphisms of 3, . Define also Diff (X4,5) to be the
connected component of Diff""(Eg,s) containing the identity map.
We call the space M, ¢ := H/Diff *(Z, ) the Riemann moduli space of ¥, ;. The
space

Tg,s 1= H/ Diff (Zy5)

is called Teichmiiller space of ¥, ; while the group
MCG, ; := Diff " (2, )/ Diff§ (X,.5)

is called Mapping Class Group of ¥ .
It follows that M, s = T, s/ MCGy s and the study of the action of the Mapping Class
Group on the Teichmiiller space become of great interest in order to understand the
topology of the Riemann moduli space.
There is an equivalent definition of Teichmiiller space relevant for our purpose. Let

HomP(

m1(24,5), PSL(2,R)) be the space of group representations of m (X, ) into
PSL(2,R) that are discrete, faithful and that send peripheral homotopy class in
m1(Xg,s) to parabolic elements of PSL(2,R) (an homotopy class is peripheral if it

represents a curve around a puncture). We have the following isomorphism:
Ta.s = Hom™™ (1,(2, ), PSL(2,R))/ PSL(2, R)

where PSL(2,R) acts by conjugation.
From this point of view I € T, ; is the conjugacy class of a representation of w1 (2, )
satisfying some properties. The image of such a representation is called a Fuchsian

group. The following properties of the Tichmuller space are well known
Theorem 4. The Teichmiiller Space Ty s is homeomorphic to R69—6+2s

For details about Teichmiiller theory and generally hyperbolic geometry see, for
example | 11 ] and [ ]. From now to the end of this Section we will

concentrate on the punctured case , i.e. s > 0.
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Definition 3. A decorated hyperbolic structure T on Y,,s is a conjugacy class of

Fuchsian group I' together with an s-tuple of horocycles, one for each puncture.

The space of all the decorated hyperbolic structures 7~;,S is called Decorated Te-
ichmiiller Space. The specification of the hrocycles reduces to the specification of
a positive real number for each of them (heuristically, its hyperbolic length on the
surface) so we get

dim 7y s = 6g — 6 + 3s. (1.12)

We want to put coordinates in this space. Let first define a combinatorial data

on the topological surface, over which the coordinates will be defined.

Definition 4. An ideal arc « is the homotopy class relative to the endpoints of the
embedding of a path in 3, ;, such that the endpoints are punctures of the surface.
An ideal triangle is a triangle with the vertices removed, such that the edges are
ideal arcs.

An ideal triangulation T of ¥4, is a collection of disjoint ideal arcs such that ¥, ,\ 7
is a collection of the interior of ideal triangles. The set of all the ideal triangulation
of 3, s will be denoted by A = A(X, ;).

Given an ideal triangulation 7, A;(7) will denote the set of its j-dimensional cells.
Fix a decorated hyperbolic structure I for Y4,s- Consider two punctures p; and po
on Y, s and the two horocycles h; and hy associated with them. Let v be a geodesic
representative of an ideal arc a between p; and py. The signed hyperbolic distance
between h; and hy along «y is well defined as follows: look at the universal cover H?
of ¥, s, then v will lift to a geodesic line 7 between the two ideal points in S = 9H?
corresponding to p; and po, and h; and ho will lift to horocycles ﬁl and izg in H?
tangent to them. Let 8 be the signed geodesic distance between 4 N hy and 7 N Ay
(take the sign positive if hyNhy = (), negative otherwise).

Definition 5. In the situation above we can define the lambda length of « as
Mo, T) := Ved.
Now we can find coordinates on 77775 in terms of the lambda lengths.
Theorem 5 (Penner | D). Let T be an ideal triangulation of ¥4, with s > 1

and 2g — 2+ s > 0. Then the natural mapping

AriTge — R T (e Ao, T)).

is a real analytic homeomorphism.

With these coordinates we can explicitly see an action of R% on '7~'g,S which gives
the projection T4 s — Ty s, namely if o € 7 is an ideal arc between the punctures p

and ¢ and f € R, then the action in coordinates is as follows

)\(Oé, I f‘) = f(p)f(q))‘(aar) (1'13)

Lemma 6 (Ptolemy Relation). Consider an ideal quadrilateral with lambda lengths
of the sides a, b, ¢ and d in this cyclic order. Then there are two different ways to
choose a diagonal. Let e and f be the lambda lengths of the two possible diagonals.
Then the following relation holds:

ac+ bd = ef. (1.14)
11



The move that exchange the diagonal in a quadrilateral is called diagonal ex-

change.

Fact 7 (Whithehead’s Classical Fact). Two ideal triangulations are related by a finite
sequence of diagonal exchanges.

Lemma 6 gives the change of coordinates between A, (7, ) and A/ (7g 5).

The Teichmiiller space 74 s has a natural symplectic structure given by the Weil
Petersson form. For a geometric description of it we refer to | ]. When pulled
back to 7~;,S it has a remarkably simple expression. Let 7 be an ideal triangulation of
Yg.s, let Ag(7) the set of ideal triangles in 7, then the pull back of the Weil Petersson

symplectic form on 7~;,s is the following Penner 2-form

dandd dbAde dend
wp= Y L2 ¢ ende (1.15)

ab be ca
teAa (1)

where a, b and ¢ are the lambda lengths of the three sides of ¢, in the cyclic order
defined by the orientation on ¥ ,.

For more details on the Decorated Teichmiiller Space see the book | ]

1.3.2 Coordinates for the PSL(2,C) Moduli Spaces

In this section we want to describe how Complexified Lambda Lengths can be

used to describe local coordinates on the space
M = Hom?"(my(%,.4), PSL(2, C))/PSL(2, C), (1.16)

where the action is by conjugation, the p stays for peripheral and the i for irreducible,
i.e. M is the space of irreducible representations of m (X, ) up to conjugation with
holonomy around punctures conjugate to a parabolic element of PSL(2,C). We will
need to give a construction analogous to the decoration on the Teichmiiller space to
define coordinates. In this section we strictly follow the description given by Kashaev
in [ ] for the coordinates of the PSL(2, R) moduli space, adapting to the complex
case. The topic is also treated in the more general and systematic language of cluster
coordinates in [ ]

We have a fixed surface ¥, ; of genus g with s punctures. Let 3 be its closure and
let K = —x(X) =29 — 24 s > 0. In this section by unipotent subgroup we mean
a one parameter subgroup U of PSL(2, C) generated by parabolic elements, i.e. a

subgroup conjugated to the following one

o {(1 ) e i

Fix the conjugacy class of such U as above in (1.17). The normalizer of U will be
the Borel subgroup N(U) = B of upper triangular matrices and the one parameter

0 1
group T' = B/U is identified with diagonal matrices. Let N(T)/T 3 0 = ( Lo )

which satisfies §2 = 1 in PSL(2, C). We have the Bruhat decomposition
PSL(2, C) = B4B U B,

where the union is disjoint.

12



Definition 6. Let a and b be two paths starting at the same point « € ¥ and ending
respectively at the punctures P and Q. Let m € M be a fixed flat connection.

(i) We define the homotopy class I(a) of the loop based at x that goes along a, then
makes a small loop around P and then closes along a~!.

(ii) We say that the homotopy class relative to the endpoints of a~'b is m-admissible
if I(a) and I(b) belong to distinct unipotent subgroups (of parabolic elements) of
PSL(2,C).

(iii) For any ideal triangulation 7 of X, define M, as the set of flat connections

m € M such that 7 is m-admissible.

The following theorem was proved in | ]. Let A = A(X) be the set of ideal

triangulations of 3.
Theorem 8. { M} ca(s,.) i5 a covering of M.

In this section we want to give a description of a set of coordinates for M which
are an analogous of Penner coordinates for the Teichmiiller space.

Definition 7 (Graph Connection). Let I" be a graph. Let G be a Lie Group. A flat
graph G-connection is the assignment of an element g. € G to every edge e in I' such
that g1 = ge, where € is the reversely oriented edge corresponding to e

Two flat graph G connections (g ). and (h.). are equivalent if there exists a k, € G
for every vertex v of I' such that g. = k, 'h.k, for every edge e connecting the
vertices v and w.

Given a graph I' C ¥, , embedded into a surface, a flat graph G connection h on I" and
a (gauge equivalene class of) flat connection m on ¥, s we say that h represents m if
there is a representative of m inducing a parallel transport operator on I' equivalent,

as graph connection, to h.

Remark 1.3.1. If 3, ¢ retracts to an homotopically equivalent graph I' supporting a

flat graph G connection Ar, then Ar defines a flat G' connection over X .

Let A= A(X, ;) be the set homotopy class of ideal arcs of ¥ = 3, ; relative to
the endpoints. Let ¥ C T be the complement of a set of s disjoint disks, each centred

at one puncture. Then

ox = JL(p),
P

where P varies among the punctures of ¥ and L(P) is diffeomorphic to a circle.

Let oo C A be a collection of ideal arcs. We define the graph I'(«) = {(e, p(e), q(€)) }eca
where e connects the two punctures P, and Q., p(e) € L(P.) and ¢(e) € L(Q.) are
chosen as follows. For any two distinct homotopy class of ideal arcs e and f € «,
there exist paths a € e and b € f so that a N3 goes from p(e) to g(e), bN 3 goes
from p(f) to ¢(f) and |a N b| is minimal as a and b vary in their respective homotopy
classes of ideal arcs. The set {(p(e), q(e))}eca Will be the set of vertices of I'(a) and
there will be two types of edges: the one defined by ideal arcs e € o that we will call
long edges, and the one which are paths in 9% that we call short edges.

Given a C A we can define M(«) as the set of m € M such that « is a maximal set

of m—admissible ideal arcs. Then

M =JM(a) (1.18)
M.= | M. (1.19)
a2DAq(T)
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Proposition 9. There exist a principal C*—bundle 7: M— M and, for every ideal
triangulation T of X, a function ¢, : Cié(ﬂ — Co such that:
(i) For every ideal triangulation 7, 7=1(M,) ~ (Cié(ﬂ \ ¢-1(0).
(ii) The structure group action on w~*(M.) is as follows:
T s Aq (T

CLo x Ciy 3 (f.9) = frge T
Where f - g(e) := f(e)g(P)g(Q) for every ideal arc e € T running between the ideal
vertices P and ().
(iii)Suppose that two ideal triangulations T and 7' are related by one diagonal ex-
change e — ¢’ inside the quadrilateral with ideal edges a, b, ¢ and d. Suppose that

me M, and f € (Cié(ﬂ \ ¢71(0) such that

f(a)f(b)

f(e)f(d)
then there exists f' € Cié(T/) \ ¢, (0) corresponding to the same element of m=*(m)
as f such that f(x) = f'(x) for every x # e, e’ and

f'(€)f(e) = fla)f(e) + [(b)f(d). (1.21)

Proof. Let a C A. We want to construct a fiber bundle 7: M(a) — M(a) for
each a and then combine them to a global fiber bundle 7: M — M in analogy to
the Decorated Teichmiiller space. Let m € M(«), the fiber 771 (m) is defined as the

space of equivalence classes of flat graph-connections on I'(«) representing m and

+14£0, (1.20)

such that all short edges have assigned unipotent elements, while long edges have
assigned 0T elements.
Let h be an I'(«) flat graph cnnection representing m. Since « is m—admissible, the
h-holonomies around the boundary components of 3 based at respective vertices in
the components it selves are all is some unipotent subgroups. We can replace h by an
equivalent flat graph connection were all this holonomies are in the same unipotent
subgroup U C G. This makes the parallel transport operators along single short
edges to be in B = N(U). Now the m-admissibility conditions for the long edges,
implies that parallel transport along them has to conjugate the holonomy around a
puncture to a different unipotent subgroup (or it will be the same of the puncture
at the other end). This together with the Bruhat decomposition gives that parallel
transports along long edges has to be in BOB. Up to conjugation with elements in B,
we can make them be elements of 7 (indeed, as Mobius transformations, elements
of BOB are characterised by not preserving oo, and conjugating by elements in B
preserves this property). We can still gauge transform by 7" valued functions at the
vertices of the graph, so to restrict the parallel transport along short edges to be in
U. We are left with some freedom in the equivalence relation given by the choice
of a T valued function on the vertices of I'(«r) which is constant on vertices in the
same boundary component. This argument shows that 7=1(m) has the structure of
a T*-torsor.

Now we look at an ideal triangle ¢ in 7 with ideal vertices {vg,v1,v2} and sides
e; respectively, opposite to v; for ¢ = 0,1,2. Restricted to f], t will represents an
hexagon with short edges f;, i = 0, 1, 2 opposite to the long edges e;. We now know

0 A1t
that parallel transport along the long edge e; will have the form N 6 ),

1wy
Ai € Cxo while parallel transport along short edges will be of the form ( 0 1; ),

14
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Figure 1.1: An ideal Triangle cut by short edges.

u; € C. Since the parallel transport along the the whole hexagon has to be the
identity, explicit computation gives condition

i
;= L, ] = 1,2, 1.22
we e Gk = (L) (122

This permits to conclude that for every a 2 Aq(7) the parallel transport in I'(«) is
completely determined by parallel transport in I'(7), since each time we add a long
edge to I'(7) one of its opposite short edge and the two long edges around it will
determine its parallel transport.

Moreover the formula gives a way to associate to each h € 7=1(M,) a value in the set
C 750(7) However one should be careful that the parallel transport along short edges
compose to unipotent parabolic elements as holonomies around punctures. This can
be state as follows. Given f € Cl,, consider for any ideal triangle ¢ of 7 having P;,

i =20,1,2 as ideal vertices the numbers

f(e:)
f(ej) f(ex)

where e; is the ideal edge opposite to P;. Define the following function

up, (f) =

¢-(f) = Upeny(r)Or, P(f), ¢, p(f) = Z up(f) (1.23)

Az (1)3t5P

Then ¢, (f) = 0 if and only if there is a puncture with non parabolic holonomy.
This permits to conclude that 7=*(M,) ~ C Al(T) \ ¢-1(0).
Finally we come back to the action of T ~ (C;éo onm 1 (M.,). Let f € Cié(T)\qu_l(O)

and g € CZ,. For every ideal arc e € 7 from the ideal verticex P to the ideal vertex

Q we have associated a matrix F'(e) = ( fle 0) > € 0T, and two matrices
e

fle)
G(P) = 9(P) 0 B €T and G(Q g Q) B € T. The action
0 g(P)! 9(@)~!

for every such arc e is of the type G(P)F(e)G(Q)™!, Wthh in coordinates reads as

f-g(e) = f(e)g(P)g(Q).

Now consider two ideal triangulations 7 and 7’ related by a unique diagonal
exchange from the side e to ¢’ inside the quadrilateral ¢ C 7N 7’ with ideal boundary
made of the four ideal arcs a, b, ¢ and d. Suppose that e cuts the quadrilateral in the
two triangle {a,b, e} and {e, ¢,d}. Suppose now that there exists m € M,NM,, and
let f € (C;é() (r) \ ¢71(0) and f’ € (Ci(l](T/) \ ¢} (0) both corresponding to the same
element in 7—1(m). Computing the parallel transport operators along I'(7) N T'(7’)

gives the same values for f and f’ along every edge except ¢ and ¢/. Now compute
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Figure 1.2: Diagonal exchange.

the parallel transport along one of the short edges of I'(7") opposite to e’ gives

,_ 1) f'(¢)

e F)f(o)

On the other side the two short edges of I'(7) opposite to a and d give a combined

u

parallel transport

fla) @)
J0fE T Fofe

Since f and f’ represents the same element one has u = v/, which can be rewritten

u =

as
f(e)f(e) = fla)f () + f(e)f(d). (1.24)

It is simple to see from this that a necessary condition for m € M. to be also in
M. is that
fla)f(b)
fle)f(d)

This is also sufficient by construction. O

+140.

We will call the spaces Ac(7) := 7~ 1(M.) spaces of complexified lambda length

coordinates in analogy with Penner coordinates for the Teichmiiller space.

1.3.3 Ratio Coordinates

We are going to introduce the ratio coordinates, following the work of Kashaev
[ ]. Ratio coordinates are a generalization of real Penner’s lambda lengths.

Later in section 1.3.5 we will discuss their complexification.

Definition 8. A decorated ideal triangulation of X, ¢ is an ideal triangulation 7 up
to isotopy relative to the punctures, together with the choice distinguished corner in

each ideal triangle and a bijective ordering map

T:{1, ..., s} 2j—=T; € As(7).

We denote the set of all decorated ideal triangulation as A = A(%, ).

When we say that 7 is a decorated ideal triangulation we mean that 7 is the
set of decorated ideal triangles in the triangulation. For the remaining part of this
subsection a decorated ideal triangulation 7 of ¥, s is considered fixed.

Let the Ratio coordinates space be defined as R(7) = R, x RT,. There is

an action of P(R%,) on R(7), in any decorate ideal triangle of ratio coordinates
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x = (x1,x2) and ideal vertices v,, vp and v., the last one being the distinguished

one, we have

T = f(vc)x f(UC)ZL’ s
I (f('Ub) Y (0g) 2)’ Ve PR (1.25)

We can map A(7) into it via p : A(7) — R(7) which, for any triangle in 7, sends
the three lambda lengths a, b and ¢ to the couple (2,%) where we are supposing
the distinguished corner to be the one opposite to the edge of length ¢ and the
cyclic ordering a, b, ¢ to be induced by the orientation on the surface. The map is

compatible with the action of R, on A(7) (1.13). Explicitly
p(f-N)=f-p\) for every A € A(7), f € RY,. (1.26)

This makes p a principal bundle morphism between A(7) and R(7). Moreover there
is a symplectic structure

dl’l dCL‘Q

wr =Y — A2

TET 1 T2

which pulls back to the Penner form: wp = p*wg.

Remark 1.3.2. We can endow the sets A(7) and R(7) with a multiplicative group
structure defined by component—wise multiplication. This is artificial but p is an
homomorphism with respect to this structure and has kernel equal to the constant

functions in A(T)

Given an homology class of a closed curve v in X, ; we want to define the holonomy
Hol(x,~) of such class, with respect to the ratio coordinates x € R(r). First of all
choose a representative for v such that, for every ideal triangle t, YNt is either empty
or a simple arc which intersect 0t in exactly two distinct points in two distinct edges.
In this way + decomposes in a finite number of oriented arcs +;, each contained in
one ideal triangle. We define Hol(x,~) := ], u(7;), where u is defined as follows.
For every i, let «; be the oriented arc from the point p to the point ¢ laying inside
the triangle with ratio coordinates (x1,x2) and with edges labeled a, b, ¢ with the
distinguished corner opposite to ¢. Then u(~;) is defined as

To ifpeaandgec
u(y) =< o1 ifpebandgec (1.27)
xo/ 1 ifpceaandqgebd

and u(—y;) := u(y;)~'. Notice that Hol(z,OR) = 1, for every region R C X, ; with
no punctures in its interior.

We also define a moment map ji, : R(1) — H'(Z, ¢, R) by the rule

(kr(2);7) = log Hol(, 7).

Notice that the bracket (u,;-) is linear in the second argument and only depends on

the homology class. In particular we remark that
pr(z) =0 <= x = p(}\) for some X € A(1)

The statement can be easily seen noticing that the map u(y) for homologically non
trivial v gives exactly the obstruction to construct lambda length on the triangles
involved by . Doing this for all the loops around punctures is sufficient to involve
all the ideal triangles.

Moreover p, is a group homomorphism with respect to the group structure of Remark
1.3.2. Recall that Hq (X, s, R) support an intersection form o.
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Proposition 10. The Poisson bracket induced by wr is given by the intersection
form o in Hi(X, 5, R), i.e.

1
§{<MT; Y105 (Hrs Y20} = 71 0 V2.

Proof. The proof is an in-coordinate verification, that can be carried out deforming

71 and 2 so that they intersect only in points looking as follows

and recalling that every ideal triangle define a distinct symplectic leaf with respect

to wr. O

Let v;, ¢ = 1,...,s be the punctures on the surface ¥, 5, and le 7,, be the homology
class of curve around a puncture, oriented counterclockwise w.r.t. the orientation of
Yg,s- For any f € P(RS) define &5 := >"7_, v, log f(v;) € H1 (X5, R). This defines
a group homomorphism P(RS ) — Hy (X, s, R).

Proposition 11. For every f € P(R%,) the Hamiltonian vector field X, ., of
(r; &) € C(R(1)) corresponds to the vector field induced by the infinitesimal
action of f € P(R% ) on R(7), i.e. if V; € Lie(P(R%)) is such that exp(Vy)-x = f-z,
then

d
pr (exp(tVy) - z) = Xy ie )l Va € R(T)
t=0

Proposition 11 says that the action of f € P(R%,) on R(7) is Hamiltonian being
Hy := (ur; &) the Hamiltonian for the infinitesimal action associated to f. Explicitly

it gives an identification between Lie(P(R%,)) and the subspace
span{vy,, : v; is a puncture} C Hi(Z, s, R),

moreover the association Vy — H is trivially an Lie algebra homomorphism, being
the bracket on the right trivial due to Proposition 10, and Lie(P(R%)) abelian.

In the end we have the following exact sequence of group homomorphisms:

1 —— Rog —— A (Tye) —2— R(r) —— HY(Zy5,R) — 0,

where i(a) € A;(Ty,s) is the structure with lambda length equal to a in all the
edges, 1 stand for the trivial multiplicative group while 0 for the trivial additive
group.
In particular
T = Tg0 /R0 = 111 (0)/B(RS,),

where the quotient is an Hamiltonian reduction.
The space R(7) was introduced by Kashaev in [ ].

1.3.4 Ptolemy Groupoid Representations

One of the main interests in quantizing moduli spaces is the consequent con-
struction of representations of (central extensions of) the mapping class group of the
surfaces. Quantum Teichmiiller theory produce instead representations of a bigger
object called (decorated) Ptolemy Groupoid that we are going to introduce now.
Recall that, given a group G acting freely on a set X, we can define an associated
groupoid G as follows. The objects of G are G-orbits in X while morphisms are
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G-orbits in X x X with respect to the diagonal action. Then for any x € X we
can consider the object [z] and for any pair (z,y) € X x X we can consider the
morphism [z,y]. When [y] = [u] there will be a ¢ € G so that gu = y and we
can define the composition [z, y][u,v] = [z, gv]. The unit for [z] is given by [z,z].
If the action of G is transitive, we would get an actual group. We will abbreviate
[x1, 22][x2, 3] - - - [Tn—1, x| With [z1, 22, ..., zy].

We define the decorated Ptolemy groupoid G(X, ) of a punctured surface X, 5 fol-
lowing the above recipe. The set we consider is the set A of decorated triangulations
7 of ¥4 s. The group free action is the one of the mapping class group MCGy ¢ on
A. This action is not transitive, meaning that not all pairs of decorated ideal trian-
gulations can be related by a mapping class group element. However in the language
of groupoids we can still describe generators and relations for the morphism groups.
For 7 € A there are three kind of generators [r, 77], [r, p;7] and [r,w; 7], where 77 is
obtained by applying the permutation o € S;| to the ordering of triangles in 7, p;7 is
obtained by changing the distinguished corner in the triangle 7; € 7 as in Figure 1.3,
and w; ; is obtained by applying a decorated diagonal exchange to the quadrilateral

made of the two decorated ideal triangles 7; and 7; as in Figure 1.4.

AN A

Figure 1.3: Transformation p;.

Figure 1.4: Transformation w;;.

The relations are usually grouped in two sets, the first being:

[, 79, (T”‘)ﬁ} = [r, T“B], a,B €S, (1.28)

[T, piT, pipiT, pipipiT) = id[7, (1.29)

[T, Wi Ty Wi ewi T, Wj kWi kWi, ;7] = [T, W8T, Wi, jw; k] (1.30)
[7,wi 7, piwi T, wjipiwi 7] = 1,759, pir 9 py (9] (1.31)

The first two relations are obvious, the third is called the Pentagon Relation and it

is explained in Figure 1.5 while the fourth is explained in Figure 1.6.

The second set of relations, are commutation relations.

(7, 0T, piT7] = (1,77, po—1(5)T7 ], (1.32)

[T, wi 57, (Wi j7)°] = [T, 77, Wo-13)e-1(jHT° ], (1.33)

[T, 057, pipiT) = [T, piT, pip;T], (1.34)

[T, piT wjkpiT] = [T, wj kT, piw; k7], i & {7, k}, (1.35)

[T, w; T, Wi wi ;7] = [T, w7, wi jwia), {6,750 {k, 1} =0, (1.36)

The fact that the one we listed are all the possible transformations is Whitehead’s

Classical Fact 7 in the context of decorated triangulations.
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RS

N

Wij

Figure 1.5: Pentagon relation (1.30).

<P

\l/(i,j) 0 p; X pj mJ/

Wi

<P

Figure 1.6: Inversion relation (1.31).

Recall that in the previous subsection we associated to every decorated ideal
triangulation 7 € A the coordinate space R(7). Now we want to describe the action of
G(X,,s) as morphisms between these spaces. The morphisms [7,77] act by permuting
the coordinates in R(7). The morphism [r, p;7] acts as the identity on any pair
x = (x1,x2) corresponding to ideal triangles different from 7; and as (z1,z2) =z —
y = (i—f, 1—11) for the pair of coordinates corresponding to 7;. Finally the action of
[T,w; ;7] is the identity on 7y for k # 4, j while letting « = (z1,22) and y = (y1,y2)
be the coordinates corresponding to the triangles 7; and 7; respectively, and letting
u = (u1,uz) and v = (v1,v2) be the coordinates of the triangles w;;7; and w;;7,,

then we have u = z e y and v = = * y where

z oy :=(x1y1,T1Y2 + T2) (1.37)
Y12 Y2
Ty + 22 T1y2 + a2

xxy:=(

Let A be the set of pairs (7, R(7)), 7 € A, and recall that R(r) carries a sym-

plectic structure and an action of P(RZ).

Proposition 12. The action of G(X4s) on A s compatible with the action of

P(RS), and preserves the symplectic structure wrg.

This means that we can consider the space R(X, ) defined as the quotient of
A by the action of G(X,). This space of coordinates is now independent from
the triangulation. For more details on the (decorated or not) Ptolemy groupoid see

[ J[FEL4] Il J
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1.3.5 Complexified Ratio Coordinates

In a similar way to the previous section, one can use the description in Proposition
9 of the spaces Ac(7), together with a non decorated version of G(X, ) to describe
the moduli space M of flat irreducible PSL(2,C) connections in terms of a (C*)*
gauge action on the complexified decorated Teichmiiller space 72‘?5 defined as the
quotient of the set of couples (7, Ac(7)) by the Ptolemy Groupoid | ]

There exists a complex analogue of R(Z, ¢), presented in | ], which proceed
analogously to define complezified ratio coordinates starting from the complexified
lambda coordinates Ac(7) we defined in Section 1.3.2.

Fix a surface ¥, with a decorated ideal triangulation 7. We can define space of

A2(7) with the action

complex ratio coordinates Re(7) as the space (C*)22(7) x (C*)
of P((C*)*) defined in direct analogy with (1.25). Define A¢ to be the set of pairs
(1,Rc(7)). The Ptolemy Groupoid gives us again a way to get a space Rc(Xg,s)
identifying different couples of Ac. We remark that in this process of identifications
we need to use equations (1.37) to relate different ideal triangulations and such
equations could produce a division by 0 when we use complex number. However this
happen only in a closed algebraic subspace of R¢(7) so the change of coordinates is
well defined on an open dense subset. This phenomenon was explicated for complex
lambda coordinates in Proposition 9 in equation (1.20). We can moreover map
pc 73(}8 — Re(2y,5) as we did with the real coordinates mapping (a, b, ¢) — (2, %)
for a triangle of lambda lengths a, b, and ¢ and decoration opposite to ¢ (this map
has to be thought as the quotient map of the maps defined in coordinates in each
Ac(7) for every decorated ideal triangulation). The exactly same expression of the
2-forms wp and wg, gives here complex valued 2-forms in A¢c and R¢(7) respectively.
These forms are G(X, ;)-invariant so they define well posed two forms on 73?8 and
Rc(Xg4,s) respectively, again related by pull-back pfwr = wp.

We can define a combinatorial map ¢ : Re(X,,s) — Hl(Eg)s, C.0) by the formula
(dc(x),v) =11, u(7s), where u is analogously defined to the real case, in each R¢(7),
see equation (1.27). We have an exact sequence of group homomorphisms like (1.3.3):

1 C —s TE s Re(S,.) —X HY(S,,,C) —— 1.

Here we lose the symplectic reduction interpretation, however we still have an inter-

pretation of the PSL(2, C) moduli space M as a gauge group action over Rc (g s).
A choice of a decorated ideal triangulation still gives us an explicit simple formula
for the symplectic form wgr. Moreover we can still describe the action of the mapping

class group explicitly in terms of decorated Ptolemy groupoid.

Example 1.3.1 (Four punctured sphere). Consider the sphere with 4 punctures
{vg, v1,v2,v3}. Choose the ideal triangulation where all the vertices are trivalent.
A point in T = To,4 is given by a 6-upla x = (2i;);_ <5 of lambda lengths. We
quotient by the gauge group R, acting as R4 > f-x = (fifjxij)0§i<j§3' With the

choice
L0102 . 1 _ _ _
= ((j;lf)%,@mfo) ! (wonfo) ™ (s o) ) (1.38)
we have
Fox= (1,1,1,1, s m) (1.39)
T12 T12

We remark that this choice of gauge is compatible with the map p to R(r) for
some appropriate choice of decoration. Under this gauge the Teichmiiller space T is

parametrized by two positive real number (y1,y2) € Rsog x Rsg and the symplectic
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form wp takes the form

_dye  dyy
= 22 A2

Y2 Y1

Thanks to Proposition 9 all the coordinates described above remain valid, substitut-
ing R+ with C*, for the moduli space M of flat PSL(2, C) connections, except that
the so obtained parametrization and the formula (1.40) are valid only in an open
dense subset C* x C* of M.

wp (1.40)
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Chapter 2

Quantum Dilogarithm

2.1 Quantum Dilogarithm

In this section we introduce several instances of a special function, the quantum
dilogarithm. Tt was first introduced in the works of Faddeev | ] and Kashaev
and Faddeev | ]. We recall the properties of the so called Faddeev’s quantum
dilogarithm in Section 2.2. Standard references for the quantum dilogarithm are
[ L[ ] and the original work [ ]. Recently, Andersen and Kashaev
[ ] introduced al level N quantum dilogarithm as a function on Ay = RxZ/NZ,
which corresponds to Faddeev’s quantum dilogarithm when N = 1. In Section 2.3
we introduce this level N dilogarithm and we prove some of its properties, going by

analogy to the level 1.

2.2 Faddeev’s Quantum Dilogarithm

In this section we recall the properties of Faddeev’ quantum dilogarithm. A
general reference for the following statements is | |, see also the thesis [ ]

for some more detailed proofs.

Definition 9 (¢-Pochammer Symbol). Let x,q € C, such that |¢| < 1. Define the

q-Pochammer Symbol of x as

o0

(€39) o0 == [ J(1 — 2¢")

=0

The convergence of the infinite product is guaranteed by the hypothesis |¢| < 1,
so we can substitute the complex number x with a formal variable. In particular it

can be proved that (see [ D

Theorem 13. Let X, Y be two variables satisfying XY = qY X. Then the following

five-term relation holds true

Definition 10 (Faddeev’s Quantum Dilogarithm [ ). Let z,b € C be such that
Reb # 0, |Im(2)| < | Im(cp)|, where ¢, :=i(b+b~1)/2. Let C C C, C = R+1i0 be a
contour equal to the the real line outside a neighborhood of the origin that avoid the
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singularity in 0 going in the upper half plane. The Faddeev’s quantum dilogarithm
is defined to be

—2izw
o(2) = exp </C 4sinh(7jb) singzuwbl)w> (22)
It is evident that @y, is invariant under the following changes of parameter
b b & b, (2.3)
so that our choice of b can be restricted to the first quadrant
Reb >0, Imb>0 (2.4)
which implies
Im(b?) >0 (2.5)
Lemma 14. Suppose that Im(b?) > 0. Define the constants q := ™’ and q =
e~ Then the following equality holds true:

(627r(z+cb)b;q2)oo

(I)b(z) = (627r(z—cb)b—1 ,.62) -

Proposition 15. The Faddevv’s quantum dilogarithm satisfies the following two

functional equations
Dy (2 — ibE1/2) = By (2 + ibT1/2)(1 + 2™ %) (2.6)
Py (2)8(—2) = G,y € (2.7)

where Ciny = eim(142e0)/6

Theorem 16 (Pentagon Relation). Let p and q be two self-adjoint operators on
L2(R) satisfying the Heisenberg relation [p, q] = %m Then, ®y(p) and Py, (q) are well
defined by use of the spectral theorem and the following five terms relation holds

@, (p)P1(q) = Pu(q)Pu(p + ¢)Pu(p)- (2.8)

Before we look at the asymptotic behavior of @y, let us recall the classical dilog-

arithm function, defined on |z| < 1 by

n

Lis(z) =Y 2—2 (2.9)

n>1

and recall that it admits analytic continuation to C \ [1, 0] through the following

integral formula

Lig(z) = — /0 log(1 =) g, (2.10)

u

Proposition 17. Forb — 0 and fixed x, one has the following asymptotic expansion

T > B o%n
log @y, (— ) = omip?)2n—1 220 Lig(—e® 2.11
o8 b(%b) T;)( i) G g M2 (¢ (2.11)

where Bay,(1/2) is the evaluation at % of the Bernoulli polynomial.
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Lemma 18.

1 |arg z| > & +argh
.2
¢l argz| < & —argh
Py (2) @) | | . (212)
2|00 e by | agz— 5| <arghb
. )
?;3?;2’;000) |argz 4 5| < arghb

where
. 2 .
O(z;7) = E e +27”Z”, Im7>0
nez

Faddeev’s quantum dilogarithm has a lot of other interesting properties and ap-

plications, see for example | I, ] and | ].

2.3 Quantum Dilogarithm on Ay =R x (Z/NZ)

Let N > 1 be a positive odd integer. Consider Ay =R x (Z/NZ), which has the
structure of a Locally Compact Abelian Group, with the normalized Haar measure
d(z,n) defined as

1
flxz,n)d(x,n) .zﬁ Z /Rf(x,n)dx

Ay n€z/NZ

where f : Ay — C is an integrable function. Let b € C be such that Re(b) > 0 and
Im(b) > 0 and define ¢y, :=i(b + b™1)/2. Then, following | ], we can define a

quantum dilogarithm over Ay as follows

Dy(z,n) := :ijol o, (\/% +(1=N"Yep — ib‘1% —ib {j ;”}) (2.13)

where {p} is the fractional part of p, and ®y, is the Faddeev’s quantum dilogarithm.
Of course for N = 1 we have just ®,(z). The function Dy, was introduced in [ ]
only for |b| = 1. In this thesis we review the constructions in | ] also for b € R.
We will state and prove some properties of this quantum dilogarithm. Most of them
are not in the literature but are just extensions of known properties of Faddeev’s
quantum dilogarithm ®y,.

Lemma 19 (Inversion Relation | -

Dy, ({IJ7 ’I’L)Db(—(E, _n) _ eﬂixze—ﬂin(n-l-N)/Né-&l

,inv’
where

CN,inv = eﬂ-i(N+2C§N71)/6- (214)

Unitarity properties are different in the two situations [b| =1 or b € R.
Lemma 20 (Unitarity).

Dy(z,n) = Dy(z,n)""  if [b|=1, (2.15)
Dy(x,n) = Dy(z, —n)~! if b € Rso. (2.16)
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Proof. First we remark that from the definition it is simple to see

Dy, (z) = Py, (Z) when Im(b)(1 — |b|) = 0. (2.17)

Suppose now b € Ryg. Then

Db(man):
N-1 . - 7 {iin
= y, —N—i—(l—N ey — ib N_Zb N
=0
_ -1
:N1¢b<a”+41—Nm%—ﬁ>1—m{j+”}>
Jj=0 VN N
N-1 _ , , _
= ¢b<'r—(L—Nﬂay+m“7+4b{]+"})]
o VN N N
N-1 _ . . -1
1N -1 J+n 1N -1
— F TN (I N O (e S - I
e (5o (v 2 ) (7))

We can now write j as N — 1 — j/ for 0 < j < N — 1. Notice that {—a} =1 —{a}
for any a > 0. If j/ —n > 0 we get

j+n] 1IN-1 (N-1-4'+n] 1N-1
N 2 N 2 N

. Jl+j=n) IN-1
- N 2 N

N-1 i'—n 1IN-1
o 2 N

while, if  —n<0,then N—1>n—35 —12>0 and

{j+n} 1N—1_{N—1—f+n} IN -1

N [ 2 N N 2 N
f-1-j'4n) 1N-1
- N 2 N

In the end we can write

N-1 _ .y .y —1
_ r o1 3 IN-1 . 7—n 1N -1
Db(a:,n) = H‘pb(\/N—FrLb <—N+2N> +Zb (—{ N }+2 N

7'=

The case |b| =1 is similar. O
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Remark 2.3.1. One can see that
Dy(z, —n) = Dy-1(x,n) (2.18)

just by the definition 2.13 for Dy, -1 and carefully substituting j+n — j’. In particular

the unitarity for b > 0 can be re-expressed as

Do, ) = (Dy-s ()~ (2.19)
Lemma 21 (Faddeev’s difference equations). Let

X () = TV (2.20)

for every x, b € C, Im(b) # 0 n, N € Z we have

bl CN— pE2y —1

Dy, (:E + iﬁ,n + 1) =Dy, (z,n) (1 +x*(a, n)e_‘m%eﬂ'l%) (2.21)
bil 1 +2

Dy, (ac — iﬁ,n F 1) = Dy(x,n) (1 + Xi(m,n)e’” e TN ) (2.22)

Proof.

Z.b{jJrnJrl})

Nt x b j
= Py —=+i—+1—-N1Yeg —ib 1L
b (\/N +ZN +( Yo — 4 N

N

For the factors such that j+n+1# 0 mod N one simply has {%} = {ﬁT"}—&—%,
so they simplify back to ®y, (\/z—ﬁ +(1—=N"1Yep, —ib~ 1 — zb{ﬁTn}) For j = N —

n — 1 one has, using equation (2.6)

N-n—-1 b
o), (\/Iﬁ—l—(l—Nl)cb—ibl]\?;—!—iN)
T N-n-1 N-1
=, (+(1—N‘1)cb—ib_1 —ib + ib
VN N N
N—-n-1 N-1

-1
N-1 G —1N-n—-1_ 3 N-1 .
« (1+ 27rb(f+ ~Cb—ibT T ——— —ib=% )eﬂ-lb2>

z N-n—-1 N -1
S I R e P —i
b(\/ﬁ—’_( N™Yep, —ib ib )

1
X (1 +x T (z,n)e”™ Mt it ) .

Putting all together we get the first equation. Next we do the one in the opposite

spectrum

bt i T bt J j+n+1
D —i—,n+1) = O ——=—i——+(1 - N1, —ib 1 — ib{—-—-=
b(x 1 n ) (f ZN ( Yo — ib N ib{ N })

b b1
<I>b<x—i+(1—N_1)cb—ib 1N+ e ib(? +”})



For the factors such that j/ < N there is nothing needed. For j' = N one has
x n
Py —=+(1—-NYep, —ib™ " — m)
(et =N e, )

x _ . n orb (= N1, —ibﬂ) _1ib—2
—dy [ £ (1= N ey —ib{2y) (1 (Fet Fre—ibg
b(\/ﬁ—k( )ep, z{N})<+e e )

= oy, (\/IN +(1—=N"Hep — zb{;\t]}) (1 + xf(:z:,n)e”ngle*mbl_f) .

The other cases are similar.

O
Proposition 22. If Im(b) > 0 and Re(b) > 0 we have
(X (x+ <=, n); Qw)
Dy (2, n) — ok 3 (2.23)
_ _Cb 2
(X (z \/ﬁ,n) w)oo
; ﬁ ~ _ ﬁ 27 + 2 bE! i27r171
where q=e"" N, G=e "N ,w=eN and x*T(z,n) = x e .
Proof.
Mo (2 i dtn
_ r -1y -1
Db(x,n)—}:IQb(\/N—F(l N7 )ep —ib N ib{ I }>
<2 (\/7-&-(1 N~ Yep—ib™t L zb{J+7L}+cb)b 27rzb2>
-1 s
=0 < +(1-N—1)cp,—ib~1! 7 'Lb{7+"} cb) 627m-b2>
o0
kN:—Ol (e%(\‘m Cj'v’“b)bwnq—zkw—k;ezm#)
. = (k:=j+n mod N)
H;'\!ol (e%(\/%—z\?)blwnq2jwj;62mb—2>
o)
sz_Ol (eQTF(\;'N-'rz\l]))bquwan(Nk:)ka;GQﬂibz)
= >
(e%(fﬁ?)blw—”;e%ib;w)
o0
N-1 2m L"'Cﬁb b n_2m m. 27rzb
[L.—ole \WV& whgtmw
[e.9]
= : (m=N—k-1),
<e2”(a}v_1\k”)b_lw n q2w>
oo
(ezw(fﬁ+i§)>b q2w>
— o0
( 2Tr( IN_%)>b71w—n q2w>
o0
O

Proposition 23. The quantum dilogarithm Dy, (z,n), for Im(b) > 0 has poles

T =

\/—+Z\/TZ+Z\/—
n=m-—1{ mod N
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and zeros

forl,m € Zy. Moreover its residue at (Zym, " m) = (\/— + z\/»l + Z\/»m m — l)
18

VN ((w’w), (—3°%)' (@)D"

27b 1 (PTPD) o, (i), (057D,

(2.24)

Proof. The set of zeros and poles are simply deduced from Proposition 22. For the

residue we use the formula Res [Z% ; xo} = ,f/((”;(’o)) when R/ (), g(zq) # 0.

(1— “(@1m — v/ VN, m — 1)§* l)
E b e

Res [Dy, (Z1,m, 7,m)] = Do (21,5 701,m)
K ;qzw)

( =(

<>0_ ( o2 (b= itibm) bt —m— lqzng)
\/N (q2wq2mwm7q2w)

2rb ! (Pw362W) o, (20 1%),

VN (Pwig’v),, (-¢°0)(¢°w)' 1
2mb~1 ((PWi0°0) o (PwiqPw),,, (§%W;0%W),

2cp+ib~Htibm) § 2

- Y )

where in the last step we used the following properties of the ¢g-Pochammer symbol

1(1—1)
1 (—a)'q > (as9)
= ; (aq™3q) o, = = 2.25)
(¢7hq), (%:9), aq),, (
O
The following Summation Formula is known for N = 1, i.e. for @}, and can be
found in | | for example. Here we show that the proof works the same way for
N > 1.

Theorem 24 (Summation Formula). Suppose Im(b) > 0 and N odd, and let u, v,
w € C and a,b,c € Z/NZ satisfy

Im (v + j%) >0, Im (—u + \;%) >0, Im(v—u)<Im(w)<0. (2.26)

Define

Dp(x 4+ u,a+d) oriwe —omicd
v boy= [ 2ETWATD omive,-2mist gy g 2.2
owabe= [ Ity @)

Then we have

U (u, v, w,a,b,c)

¢ blv—u—w \F a—c e2mw(\/"ﬁfu)wac
Dy, (—w = =) Do (v =+ 0 —a)
o+ )P v )
:C()_l bW VN ¢ b VN a 6271'2111(7\/% )wbc
Db( \;bﬁv

where (o = e~ TiH(N—4ciN~1)/12
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f Dulztuatd) oriwe

—2migd ;
SN CE e ~ are grouped in

Proof. Fix d for a moment. The poles o

two sets
T ——u+i+ii(lN+k)+iL(mN+k+a+d) ImeZ kEZ/NZ
l,m,k: \/N \/N \/N b 207
(2.28)
and

Ch ‘bil b
mk=-—-V———1——(IN+k+b+d)—i—— (MmN +k l,m € Z>g, k € Z/NZ
Yi,m,k \/N \/N( ) \/N( ) >0 (/ )
2.29

The first two inequalities in (2.26) guarantee that this two sets lie in distinct compo-
nents of C \ R. The other inequalities provide sufficient conditions for the absolute

convergence of the integral. Indeed, from relations (2.12) we can see that

. N —mi 2 .
Jim Dy (am) = G e om0

for some quadratic function @, while

lim Dp(z,n) =1

Tr—r—00
It follows that, for z — oo,

Db (.’,E + u,a + d) e?ﬂ"i’u}I€727Ti%
Dy(z +v,b+d)

~ ‘6727rx(1m w—Imv+Im w)‘ =0

as Im(u — v 4+ w) > 0. Similarly , for z — —oo,

~ ‘6727r:r(1m w)’ =0

Db(x + u,a + d) 2miwe | —2mi <
_e e N
Dy(z 4+ v,b+d)

as Imw < 0. We will now compute the sum of the residues in of the integrand in the
first set and use it to get an explicit formula for the integral. First we remark that

the totality of the poles can be counted as follows

U {@umk d) € CXZ/NZ: I,m € Zso, k € Z/NZ}
deZ/NZ

= {(xl,madl,m) e Cx Z/NZ lbm € Zzo} =P

where z;,, = —u + \;t’ﬁ + i%l + i%m and d; ., = m —1—a mod N. Proposition

23 gives
(7625)1(625)1(%1)/2
Res[Dp(z +u,a+d); x =z, d=dim| =7 o
[D( ) ] (Pw;i?w), (Pw;20),
where
N 20.); Qw 12 b2
oy \/7 (q q )oo q= em%7 G= e—ﬂ'le' (230)

27b =1 (¢?w;¢?w)
(v—u) b
Fix the notation Z* := ™"V~ w* (=) We can compute

2 (v—u) 2= _
e m(v—u) N q2wq2mwmwb a;qu)
o)

Db(v+xl,myb+dl,m) = 1
(e%(v_")ﬁd—”wlw“;aw>
(Z*qu;un))OO
(Z7(qw)~H0%0) o (ZF PwigPw),,,
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1
(Z7 (%) 1:¢°w), (Z734°0) o
(~@2(Z27) ) @=) T
(Z7:¢%w), (Z7)'Pwi¢?w),
(—°w(Z27) ) () >
(21 Pwiw),, (Z7)1¢*w;q?w),

=Dp(v—u+ —=,b—a)

where we used the relation

1 (—ga—1)lglt=1)/2 as1)
(agbq),  (qaYq), '

Putting everything together we have
Res[¥; & = Zpm, d =dim| =

v <Db (U —u+ cib,b _ a)>_l e2ﬂiw(%7u)wa0%

VN ((Pwiw),,
X (e_%Tbﬁww_C)m ((27)7152@@2@)1 <62W11/N1(U—u—W)wb—a—c>l
((Pw;q%w),
To compute
2m’§: f: Res[U; 2 =z, d = dim)] (2.32)
1=0 m=0

we can use the ¢g-Binomial theorem

— (39), . _ (az39),
2 @0, (@) (2.53)

n=0

and get

Dp(v—u—-w+ = b—a—c)

MDy(~w— 2 —e)Dy(v — u+ 2. b—a)

where 9 = 2miy. This is the right hand side of the Summation Formula, except

b _

e27riw(m u)wac (234>

that we need a more explicit determination of -y, then the one in (2.30). We proceed

as follows. In the limit where u — \;"ﬁ and a = 0 we have just proved the following

formula
Dy(e+ 2.d) _ Dy(v — w, b —
/ —meQszchdd(x7d) = b(v wav c) (235)
AN Db(‘r+v7d+b) Db(fwf ﬁafc)Db(vvb)

After the change (w,c) — (—w, —c) we can rewrite the left hand side as

/ Dp(x —v—w,d—b—c)Dp(—z 4+ w,—d + c)e_”mzemd(’HN)/Nd(x, d)
AN

. 9 . .
miw* 2mwivw  —mic(c+d)/N—bc —1
xe € € ( 2 w CN,z'nv

i(N+2c;N~1) /6

where (N iny = €7 . At the same time we can rewrite the right hand

side as

Db(—’l), —b)

Db(w - \;bﬁv _C)Db(_w -0, —b— C)

. 92 . .
e~ Tiw 6727rwwe7rzc(c+d)/wac

Yo
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changing variables (y, k) = (v + w, b + ¢) we get the equation

/ Dy(x —y,d — k)Dp(—z + w, —d + c)e_”ixze”d(d""N)/Nd(x, d) =
AN

= (N Dol —goc 1)
= (NinvY0 Dy (—w — %, —¢)Dyp(—y, —k)

Now letting y — oo and w — —oo we get a limit formula involving the constant

/ ¢ ia? id(dEN) N (3 ) — Vim0 (2.36)
An

We remark that

N-1

Z emid(d+N)/N _ Z mid>(14+N)/N _ Z p2mid® (k+1)/ (2.37)

d=0
where N = 2K + 1 and can be evaluated, using Gauss summation formula C.12, to

be o
+
EN (N) vIN

1,if N=1 mod 4

i, if N =3 mod 4
Noticing that k& + 1 is the inverse of 2 mod N, we can solve the Legendre symbol

where (%) is the Legendre symbol and ey =

using known results about (%) and get an explicit expression for the finite sum

N=-Dy/N.
We can also write
/ e dg = e (2.38)
R
to finally have
Yo = e~ TIN—4cENT1) /12 (2.39)

O

Remark 2.3.2. The Summation Formula is proved under the assumption Im(b) > 0.
However both sides of the formula are well defined for b € R, and the formula holds
true in the limit Imb — 0 by analytic continuation.

Remark 2.3.3. Assumptions (2.26) even though sufficient are not optimal. Indeed
they guarantee the theorem to hold true when the integration is performed along the

real line, however we can deform the integration contour as long as

larg(iz)] < m —argb z being one of {w,v—u—w,u—v—2cb} (2.40)

VN

We introduce here a bracket notation for Fourier coefficients and Gaussian expo-

nentials in Ay, following the notation introduced in | ].
<(.Z', n)7 <y’ m)> = eQwixye—Z‘frinm/N <($, n)> = emx2e—7rz’n(n+N)/N (2.41)

For (z,n) and (y,m) in Ayx. Recall the following notation for the Fourier Transform

+o0o _ N— -
f(f)(l‘, ’I’L) = /; f(y, n)e27rzrydy FN(f) Z 27rzmn/N
So that we have
Fy' o F()(an) = | fly,m){(z,n), (y,m))d(y,m) (2.42)

Ay
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Proposition 25 (Fourier Transformation Formula, [ ). For N odd we have

‘b
vV N

Dy, (—w — \;‘”ﬁ, —k)

_ b T mi(N—4c2 N~1) /12
=Dy |w+ ,C w,c))e ( b

/A (Do (z, n)) "M {(z,n): (w, ©))d(z, n) =

2miw
e —mi(N—4c2N~1)/12

e

/ Dy (z,n){(x,n); (w,c))d(x,n) =
An

((w,0)) o mHN—4cE N~ /12
S E——

Cp —omiw b SN2 -1
=Dy, <w+7c)e TR TN —4e, NTT)/12

VN

Proof. Just apply the Summation Formula to the limits

lim ¥(0,v,w,0,0,c¢)

vV—— OO

lim ¥(u,0,w,0,0,c)
U——00
We remark that the Fourier integrals here are only conditional convergent, as we
take ¥ to a limit point. O

Proposition 26 (Integral Pentagon Relation). Let ]’DVb(x7 n) =Fy o F1(Dy)(z,n).
We have the following integral relation

((,1); (y,m))Dy(x,n) Dy (y, m)
- / Dy — 2,1 — k)Dn (2, k)Du(y — 2 m — k)((z B))d(2, k)
AN
Proof. Multiplying both sides by ((u, 7); (y, m)) and integrating both sides in d(y, m)
we get the equivalent equation
],)T:,(x,n)Db(x —u,n— ])

— Dy(—u, ) / B — 2, — k)Do (2, k){(2 k) 3); (2, F))-

Using the Fourier Transformation Formulas from Proposition 25 this can be rewritten
as

Do(e—un=3j)  —miv-scin-z
Dy, (2~ ,n) Dy (~u, —)

Dy, (Z + <o k‘) ) c )
:/ VN eQﬂlz(u—\/fbﬁ)e—Zﬂ'i%d(zj’ k)
An Db (1’+Z— %,n—&-k)

v ( ch Ch % 4 )
= VT = Y=, U — —F=,U,n,
Y/ ARV AV i
which is an instance of the Summation Formula Theorem 24. O

Proposition 27. We have the following behaviour when b >0, b — 0 and x, n, N
are fixed

o iy (—erVN
Do(50m) = Exp (W) du(n)(1 + O(%)) (2.43)

1_81/\/ﬁwn+%
$x(n+1) = %(MW

N—-1

where ¢, (n) is defined by 1 .
$(0) = (1 —l—e’”‘/ﬁ)_ Y H;V:—Ol(l _ 2N 2wj+%>%

whenever N is odd.
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Remark 2.3.4. The function ¢, on the finite set Z/NZ is a cyclic quantum dilog-
arithm | LI I, [ ]. Precisely d% corresponds to the function ¥y from
Proposition 10 on [ ] with A = e*/VN,

Proof. First we want to prove the following expansion for ®y,, let o, 8 be any two

numbers

x + 2mib%a + 27 Lig(—e®+2mif)
)=Exp{ ————=
27h 2mib?

Dy, ( } (1428 (14 0(b?)) (2.44)

Indeed, let 2’ := z + 27if3, thanks to Proposition 17 we have

'+ 2mib’a 2o x’
log ® _ p2mib 25z log P
0g Op(—— ) = e T log By (o)
_ = (27”04) 0 & 2\2n— 1B2n( ) 9% z’
=2 (‘TZ @b o g Hi2(=¢T)
1=0 n=0
o L% ]
B om '
= Z 2mibh?)™ QM Qn( ) Liz(—e")

| m
o = (m—2n)! | Ox

3
I

The summand for m = 0 is then

while for m =1

8 . o 2!
am- Lig(—e® ) = —alog(l + ")

so the equation (2.44) is proved.

Now we come back to Dy,

N-1

Dy, (me ) = jl;[o by (21b (m/\r+27rzb2r]/N+27rsz/N))

where r; = % —jand s; = % — N{”T"} Using approximation (2.44) we get

N- +2misj /N oy
L12 W J ) 24 oris; /N R 9
VN J
I=I < 2mib? ) (1+e7 ) Ta+om)  (245)

We can proceed to compute

| N— 1E le( eﬁJrQﬂ’isJ'/N) B N-1 Liz(*@‘/%JrZﬂ—isj/N)
og [ Exp 2mib? =2 2mib?
j=0

7=0
1 — (1) 2miks; /N
= Gei? 2 D e e

=0 k=1
e’} N
_ 1 Z —1)k kG
27ib2 k2
k=1 j=0
_ D akovm
2mibZN %
k=Nko,koE€Z0
1 (-1 ik
™ O6(N -1
ez D (N -1
k£Nko
_ 1 - (_1) xko\/ﬁ
SrbEN 2 2



L i eeVN
= Liy(—e®
omibey 2

We are left to study the product

N-1 .
de(n) = H (1+6\%ﬁ+2m‘sj/zv) N
Jj=0
N—1 e N )
) H (1 i eﬁemw_lwwﬁn) " (1 +evVR e”(N—l)/ij-F") N
Jj=0 i

we have
N-—-1

N-1 N
H (1 + eﬁem‘(Nfl)/ij#n) R (1+e” N)i%
§=0

thanks to the general decomposition Hé\:ol(l +yw?) = (1 4+ y"), whenever N is
odd. Computing ¢, (0) is now straightforward and we are left to verify the recursive

property of ¢,

i

— . N ] j
(¢I(n + 1))N = (]_ —|— ex N)_I\;N (1 + eﬁeﬂ—z%w]"rl""n)
0

.
I

N—-1
2N

=1+ e‘”“/ﬁ)*

_x N—1 . j—1
(1+e¢mﬁem N EJJF”)

=

1
x_ _ N—-1_ J
Hj L (1+€\/ﬁ67”71\’ w]—‘rn)

N = mid=t _jin
II;= (1+eﬁe N W

<.
I

N—-1
2N

= (L+evN)”

x CN—1 N
<1+6W6”NN w”)
:<¢w(n))N = N—1 .

L5, (1+eemwiartn)

—Z_ 1 N
(1 — e\/ﬁw”"’f)

(1+ e““/ﬁ)

= (¢2(n))"
O

The Hilbert space L?(Ay) is naturally isomorphic to the tensor product L*(R) ®
L?(Z/NZ) = L*(R)® CVN (see Appendix A.2). Let p and q two self-adjoint operators

on L%(R) satisfying .

ol = 5 (2.46)

and let X and Y unitary operators satisfying

YX =e2/NXy, XN=vVN=1, (2.47)
together with the cross relations

[P, X]=[p.Y]=[q,X] =[a,Y] =0. (2.48)

Equations (2.47) imply that X and Y will have finite and the same spectrum, and
this will be a subset of the set T of all N-th complex roots of unity. Let

Ly : Ty —>Z/NZ

be the natural group isomorphism. We can define Ly (A), by the spectral theorem,
for any operator A of order N, such that it formally satisfies

A= e?friLN(A)/N'
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This permits to formally compute [Ly(X),Ly(Y)] = WoUN from (2.47), which

27

strictly does not have any meaning but, by Baker-Campbell-Hausdorff, gives the

relation
XY = —2mi(Ly(X)+Ly (Y))/N p—mi/N

In particular this means that —e™/N XY is of order N and
Ly(—e ™/NXY) = Ly(X) + Ly(Y). (2.49)

We can define, for any function f : Ay — C the operator function f(x,A) =
f(x,Ly(A)) for any commuting pair of operators x and A, where the former is self
adjoint and the latter is of order N (again, we are using the spectral theorem here).

We have, for x and A as above

f(x,A) = A fly,m)e*™ v A= d(y, m) (2.50)

where
fla,n) = . Fly,m){(y.m); (z,n))d(y,m) = Fy o F~(f)(z,n) (2.51)
The following Pentagon Identity for Dy, was first proved in | ], where a pro-

jective ambiguity was undetermined and |b| = 1. Here we show the same equation
without projective ambiguity and for any b (with Reb > 0).

Lemma 28 (Pentagon Equation). Let p,q, X and Y be as above, then the following

five-term relation holds

Db(p7 X)Db(q7 Y) = ]Db(q’ Y)]bb(p + q, _eﬂ—i/NXY)Ibe)v X) (2'52)

Proof. This is equivalent to the Integral Pentagon equation of Proposition 26. To
see this we need to use equation (2.50) an all the five terms. Then we compare the
coefficients of e2™WIY ™M e2™i@P X —" and get exactly the integral pentagon equation.
An alternative proof follows from the g-Pochammer presentation of Dy, from Propo-
sition 22. Indeed with the notation there

X+ (q + \;"N,LN(Y)) X" (pi \;"N,LN(XO =

o+ . C C
= 2T T N 2mi/N & (pi V‘;V,LN<X>) X+ (q + 7LN<Y>>

and

X+ (q + \;bN»LN(Y)) Xt (p F \;bN,LN(X)> -

=xF (p ¥ \j%LN(X)) X+ (q + \;?V’LN(Y)> :

The first implies that we are in the hypothesis of Theorem 13, while the second
implies that we can consider independently the nominator and denominator of the

g-Pochammer presentation of Dj,. Then one notice that
—x* <pi C*’,LN(X)) xX* (q + Cb,LN<Y)) =
VN VN
_e2w%(p+qi2%’ﬁ)e(zwbil)z[p,q]/(2N)Xi1Yi1
76%% (p+qij—%) i (b+b 1) /N —mib®? /N yrE1y 41
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+ c
_ e%% (p+qi\/—%) (—emi/N) xEly+1

=x* (p+qi %J-IN(X) +LN(Y)) :

For Imb > 0 the pentagon equation for Dy, then follows from Theorem 13 (and the
inverse of the relation there) together with Proposition 22. By analytic continuation

from the one just proved, one get the pentagon equation for Imb = 0. O

2.3.1 Charges

We are going to define a charged version of the dilogarithm. This charges will
assume geometrical meaning in the construction of the partition function, however
they already satisfy the purpose of turning all the conditional convergent integral
relations of the the dilogarithm Dy (e.g. Proposition 26 and 25) into absolutely
convergent integrals .

Let a, b and ¢ three real positive numbers such that a + b+ ¢ = ——. We define the

=

charged quantum dilogarithm

—2micpax
e b

Dy(z — ep(a+¢),n)

wa,c(xan) = (253)

From the Fourier transformation formula, Proposition 25, and the inversion formula
in Lemma 19 we can deduce the following transformation formulas for ¢, . (recall

notation (2.51) for inverse Fourier transform)

Lemma 29. Suppose Im(b)(1 — |b|) =0, then

Pac(, k) = hep(@, k) (m, k)e mebala+20) ¢y (2.54)
wa,c(xa k) - 7/}0,(1(71'7 Ek) <I7 k>6ﬂ—ci(a+c)2§N,inv (255)
G e, k) = Py o(—, k)e ™20, (2.56)

where (g = e~ ™N—4AN")/12 p g CNinw = Cge*’”cf)/N and € = +1 if b > 0 or
e=—1if|b]=1.

Remark 2.3.5. The hypothesis on positivity of a, b and c assure that 1/;,170 is absolutely

convergent, as a simple computation using Proposition 17 can show.

Proof. Recall the Fourier transformation formula for Dy,

Dy (z, 1) = Dy(— + —2=, —n){z, n)¢;t = ﬂ(
b, b \/N’ ’ 0 Db(x— \;bﬁ,n) 0
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We use it to compute the following

Pae) @ k) = | Waely, m){(@k); (y, m))d(y, m)

AN

_ ((y,m); —(z + eva k) o

‘/AN Dy —enlat ).m) “™)

_ ((y,m); —(@ + et k) i OV (e

-/ o Ay, m)(en(a + ), 0); ~( + ey, )

) (E0) ;

—/ B IO g e+ evla . Bty
x ((evla+ ¢),0); —(z + epa, 0)) ™ ¥

- / Du(y -+ < m) (3. m): ~(a — en(b+ ), k). m) x
x {(en(a+ ¢),0); (m+cba,0)>62m%(071

/A B (g1, ) (1, m); — (& — e (b + €), &)y, m) x

X (22 0): (& — en(b+ ), 0)){(en(a + ), 0); —( + cpa, 0)) ™ % ¢ 1

\/ﬁ
=Dp(—z 4+ ep(b+¢), —k){(x, k); (cpd, 0)) x
X <(\;§V’O);(b+0, 0))~{(en(a + ¢)a, 0); (cp, 0)) QMNC_

~ {(z—cp(b+0),k)) .
~ Dy(z —en(b+c)k) {(, k); (evb, 0))

X <(\;7ij70)7 (b +c, 0)>_1<(Cb(a’ + c)a70); (cb7 0)>_1eﬂ'i§<-0

_ ¢C7b(x7 k) <x’ k>ef7ricia(a+2c)<0

For the second one suppose b > 0. We have

Ya.c(, k) = ((=cv,0); (a,0))Dy (2 + cp(a + ), —k)
0))

_ (=, 0)i(a, 0){(@ +ap(at ), =k)) -
Dy(—z — ep(a + ¢), k) Noinv
((=cv, 0); (a,0))((x, F); (en(a + ), 0)) ,
- Db( T — ( +C),k) <(x7k)><(cb(a+c)70)>CN,1DV
- 1/)(: a( )<£L', k> Trcb a+c) CN inv
The case |b| = 1 is similar. The third one is just a combination of the previous
two. O

Theorem 30 (Charged Pentagon Equation). Let a;, ¢; > 0 such that \/—% —a;—cj >
0 for j =0,1,2,3 or4. Define ; = q,p;. Suppose the following relations hold
true

a] = ag + a2 a3 =as + aq c1=cy+ay c3=ag+cy co =c1 +c3.
(2.57)

and consider the operators on L*(Ay) defined to satisfy (2.46 -2.47). We have the
following charged pentagon relation

Y1(a, Ly (X)s(p, Ln (Y))é(a, ) = (2.58)
= a(p, Ln (X))2(p + a, Ln (X) + Ln (Y))vo(q, Ly (Y))
where g(a’ C) _ 6271'1'0}2)(a0a2+aoa4+a2a4)eﬂ'ic§a§ .
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Proof. For brevity let us write
p=(p,Ln(X)) q=(a,Ln(Y))
Recall that the pentagon equation (2.52) can be rewritten as
Vh(@Vn(D) = V(D) Vb (P + V1 (9) (2.59)

where Wy (z,n) = m. The left hand side of (2.58) can be rewritten as

efzﬂcbalq\llb((jcb(al + cl))e*%icbae‘pwb(ﬁ —cplas+c3)) =

:6727ricba1qef27ricba3p\|}b((j — cb(a1 +c — ag))wb(ﬁ — Cb(a3 + 03))
On the right hand side we get

e—27ricba4pwb(ﬁ _ cb(a4 + 04))6—27ricba2(p+q) X
X Wy (p+ G — cplas + c2))e 2™, (§ — ep(ag + ¢o))

_ 6727Ticba4p6727ricba2(p+q)6727ricba0q %

><\Ub(ﬁ—cb(a4+64+a2+a0))\llb(ﬁ +q— cb(a2+02+a0))\llb(cj — Cb(ao-‘rCO))

— e 2micbaap ,—2michaz (p+q) ,—2michaod

X Wp(§ — eplag + o)) V(P — cp(as + ¢4 + az + ag))

where in the last step we used the Pentagon relation (2.59) and the last three equa-

tions of (2.57). The two remaining equations give
Wy, (G — ep(ag + ¢0))Vn (P — cp(ag + cq + az + ag)) =
=W,(q — ep(ar + 1 — a3))Vp(p — cvlas + c3)).

Finally we take care of the exponentials

6727ricba4pef27ricba2(p+q)ef2m‘cbagq

_ 6727Ticba2((p+q)7cba4)6727ricba0(qfcba4)€72ﬂ'icba4p

_ 6—27Ticba0qe—27ricba2((p+q)—cbao)e—27ricba4pe2ﬂ'cga4(a2+ao)

— e—27ricbq(ao+a2)ewicbage—27ricb(a2+a4)p627rict2)(a0a2+aoa4+a2a0)

— e—Zﬂicbalqe—Qwicbagpg(a’ C).
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Chapter 3

Quantum Teichmiiller Theory

3.1 Quantization of R(X,)

In this section we are going to quantize the space R(X, ;) following [ ]- Re-
call that R(7) explicitly depends on the triangulation 7, and R(X, ) was defined
as the quotient of all the couples (R(7), 7) by the action of the decorated Ptolemy
groupoid G(3, s). For any fixed 7 the quantization of R(7) is just the canonical quan-
tization in exponential coordinates of the space R% X RQ/[O, where M = 2g — 2 + s,
with simplectic form w, = Z;Vigl dlogu; Adlogv;. Formally, following the expecta-
tions from the canonical quantization of R* | we can quantize R(7) associating to

it an algebra of operator

X(7) generated by {4;, v;}, where 0 < j < M, subject tot the relations
a0y = ®U V0, G0 = iy 050 = 0pd;

where g € C*. Here by algebra given as sets of generators and relations, we mean the
associative algebra of non commutative fractions of non commutative polynomials
generated such given of generators.

In order to obtain a quantization of R(%, ;) (i.e. triangulation independent) we have
to look at the action of the G(X, ;) generators on coordinates and translate it into
an action on the algebras X(7). Precisely consider the set of the couples (7, X (7))
and let the generators [7,77], [, p;7] and [7,w; ;7] act on them. The action on the
operator algebras is as follows. The elements |7, 77| just permutes the indexes of the
generators according to the permutation o. The change of decoration [r, p;7] acts
trivially on the operators (u;,?;) such that j # ¢ and as follows on (&, ;)

(5, 03) = (¢~ 200,70 a7 t). (3.1)

The most interesting generator [, w; ;7], is again trivial in the triangles not involved
in the diagonal exchange while maps the two couples of operators (@, 9;) and (4;, 0;)

to the two new couples (following formulas (1.37))
(’Ili, ’01) [ (ﬂj, @J) = (ﬁi’llj, ﬁi@j + ’IAJl) (32)
(@, 03) * (5, 05) = (@503(30; + 03) ™", 05 (@505 + 0:) 7). (3.3)
The quantization X (X, ) of R(X, ) will then be the the quotient of the couples
(1,X (7)) by the generators above. This is all completely abstract. In order to get

an actual quantization we need to provide a representation of X (X, ) as endomor-

phisms of some vector space H. In the original paper | ], Kashaev proposed
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representations on the vector spaces L?(R) and L*(Z/NZ) ~ CN for N odd. The

former was used to construct the Andersen Kashaev invariants in | ], while
the latter are related to the colored Jones polynomials (| 1, 1 ]) and the
Volume Conjecture [ ]. In the more recent work [ | a representation on

the vector space L?(Ay) = L*(R x Z/NZ) ~ L*(R) ® CV was implicitly proposed,
or at least all the basics elements to construct it were presented. After Recalling
the quantization at level N = 1 (i.e. representations in L*(R)) we will describe the
representations in L?(Ay). Further, in Section 3.2, we will show how L?(Ay) rep-
resentations of Quantum Teichmiiller Theory can be related to Complex Quantum
Chern Simons Theory. Later in Chapter 4 we will extend this representations to a 3
dimensional theory, following the construction of the Teichmulle TQFT by Andersen
and Kashaev at level N =1 | ].

3.1.1 L*(R) Representations

To each decorated ideal triangle 7; € T we associate the Hilbert space L?(R).
Then the Hilbert space associated to R(7) will be H = L*(R)®M = L2(RM) where
M = 2g — 2 + s is the number of triangles in 7. For any j =0,..., M let p; and q;

be the two canonical Heisenberg operators acting on H as follows

q;(f)(x) =z f(x),  p;(f)(@) iﬁ( )(z), VeeRM feH. (3.4)

~ 2mi Ox;
We have the following canonical commutation relations

01
propi] =[] =0, Iprog) = 522

Let b € C be such that Re(b) > 0, Im(b) > 0. Recall that wg = ) dx—”” A dy—y =
> d(logz) Ad(logy), so we need to consider exponentiated operators. Since the two
operators p; and q; are self-adjoint, unbounded, and with spectrum R the following

operators, thanks to the spectral theorem, will be well defined

uj =¥ v, = e?™Pi, (3.5)
satisfying the Weil commutation relations
ujvy = ezTribz‘sf-r’“vkuj7 [u;, ug] = [vj,v] = 0. (3.6)

To each 7; € T consider the couple of operators w; = (uj,v;). Following the

formulas (1.37) we define the following operations

wi @ wa := (UjUg, Uujva + V) (3.7)
Viug Vo
Wi % Wo (= s .
(U1V2 + Vi upve + vy )

Theorem 31 (Kashaev, R. | D). Let v : C — C be a solution of the functional
equation

Y(z +1ib/2) = (2 — ib/2)(1 + €2™P?) (3.8)
Then the operator

T =Ty := €199 (q) + pa — q2) = (1 — p1 + pa)e” P19 (3.9)

defines a linear operator on L*(R?) satisfying

Tar = (q1 +a2)T (3.10)
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T(p1+ p2) = p2T (3.11)
T(pl +q2) = (p1 +4a2)T (3.12)
Te2™P1 — (2mblartp2) 4 2mbpiyT (3.13)

which will imply, in particular
wiews T = Twy, wy*xwoT = Tws. (3.14)
Proof. Using commutation rules from Lemma 88 we can prove

Tar = ¢(a1 — p1 + p2)e*™ P ®q,
= d}(ql —p1+ pz)qle%iplq? + d)(ql —p1 + p2)q2627rip1q2
1 1
= (a1 +q2)T — %1//@1 —p1+p2) + %z//(ql —p1+p2)

=(q1+q2)T.

T(p1 +d2) = ¥(q1 — p1 + p2)e* ™% (p; + qs)
= (q1 — p1 + p2)(p1 + x + 2)e>TP1a2

= (p1 4+ G2)1(q1 — p1 + p2)e?TPra2
1 .
+ %(—w’(m —p1+p2) + ¢ (q1 — p1 + p2))e* P12
= (p1 + 92)1(q1 — p1 + pa)e’™ P

=(p1+92)T

T(p1 + p2) = ¥(q1 — p1 + p2)e*™ P92 (py + p2)

= 1(q1 — p1 + p2)(p1 + p2)e>™ P19 —h(qy — py + p2)p1e> P12

1 .
= (Pr+p2) T =P T+ 5= (¥ (a1 = p1 + P2) = Y(an — p1 + p2))e*™P1
=p2T

Te?™PL = 4)(qy — p1 + pp)e?TiPraze2TPL
= plar — by + PP
b

= €2ﬂbp1'¢)(q1 —p14p2— E)ezﬂlplqz

= e2mbP1(] 4 e%b(qrpﬁpﬁ%))w(ql — p1 + po)e2TiPraz

= (™1 e2ﬂb(q1+p2_%+%))¢<% — p1 + pa)e”TPIe

_ (eQﬂ'bpl + 627Fb((11+p2))'|'

The equation (3.8) was used only in the last computation, where we also used the
Baker-Cambell-Hausdorff Formula. O

Thanks to Faddeev’s difference equation (2.6), the choice ¢ = 1/®y, satisfies (3.8).

Proposition 32. Let

A = Bmia’ gmileta)”, (3.15)
It satisfies
Ap = —qA Aq = (p—q)A (3.16)
In particular
A(u,v) = (vu=te ™"yl (3.17)
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Proof.

Ap = 30 gmilpta)’ (3.18)
= &9 (p+ [p+ g, p] 2mi(p + q)) e P+’ (3.19)

= —qA (3.20)
Aq = 37 emilpta)’ g (3.21)
— 39 (q+ 2mi[p+q,q] (p+q)) T PH’ (3.22)

— ((p +2q) + 67i [q,2q + p] q) €379 emi(PTa)” (3.23)

= ((p+29) — 3q) 3mia’ gmi(p+a)? (3.24)

0

3.1.2 L?*(Ay) Representations

For conventions and notation on the space L?(Ay) see Appendix A.2. Recall N
odd positive integer. For every i = 0,..., M let p;, q; be self adjoint operator in
L%(R) and X;, Y; unitary operators in L*(Z/NZ) ~ CV such that, for w = ¢ we
have
poal= 93, YX=Wxy,  xN=¥No1 o (32)

Fix b € C, such that Reb > 0. We can define the operators

2m P 2rblqiy
u; = e " Ve Yy uf ="V y; ! (3.26)
2m—Ppi 2w lpy
vi = e "VNPI X, vi=e T vEPiX T (3.27)
satisfying
Vi = g%y, V= @uviug (3.28)
UiVj = q ViU u;v; = q -vu; :
UV = vju; uiv; = v,uj (3.29)
_ omibe S omib?
g=e w Gg=eT" N w (3.30)

The Quantum algebra X(7) is generated by the uj;, v; for j = 0,... M, and has
a x—algebra structure when extended to include u} and v;. We remark that the
operator we are using here is the standard hermitian conjugation only if |b| = 1.

Explicitly let X, Y;, pj, q; , j = 1,2 be operators acting on H := LQ(A?\,) as follow

b, f(x,m) = ;riaij (x, m), a;f (x,m) = 2, f(x, m) (3.31)
Xi1f(x,m) = f(x,(m1 +1,msg)), Xaof(x,m)= f(x,(my,mz+1)) (3.32)
Y, f(x,m) = @™, (3.33)

where m = (mq,msg) € Z%, x = (z1,72) € R? and w = e2mi/N

These operators satisfy conditions (3.25). Let ¢y(x,n) = m and consider the
operators:
N1
Sip = Z Wity xk (3.34)
k=0
D12 = 627riq2p1512 (335)
Wio = Wy(ar +p2 — g2, ¢~ ¥ V1 Xo15) (3.36)
T12 = D12Vi2 (3.37)
One has
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Lemma 33 (Tetrahedral Equations).

Tiour = ugua Ty (3.38)
Tiavive = vaTio (3.39)
Tiaviug = viuaTyo (3.40)
Tiovi = (uive +v1)Tio (3.41)
T12Ti3Tos = TasTio (3.42)
Remark 3.1.1. If we define T12 = D15W15 where
U =Pp1(qr+p2 — o, —¢ N Y1 X)) (3.43)

then T satisfies equations (3.38 — 3.42) with u; and v; substituted by uf and v;.
However from Remark 2.3.1 we know that U-1(x,n) = Uy (z, —n), and

i —\ 1! iy e ®Y. X
(*eJWYleY2) =—eNY1 12Xy = —e” VY1 XpY,

so that

Proof. 1t is simple to check that

Vigup = uy Wy
Wiovive = vivaWis
Wigviug = viuaWyo
Di2u; = uju2Di2
Diavive = voDio

Diaviug = viugDyo

which can be put together to give the first three equations. Define the function
b i . . .
E(z,n) = VR TN Using Faddeev’s difference equation, and shortening ¢ :=

S N—1 b2
e™ N ™' N, we compute
_mi T\ 2m—p
Wiovi = Wy(a1 + p2 — a2, —¢~ N V1 XpY)e " VAP X,

_b
= TR X W (a1 4 p2 — g + i

VN
2 -5 Y.
— 2 mplxl(l + E(Ch +p2— g2, —e VY1 XoY )6V,

) —Wei%}/lXQYQ)

together with

Digvi = viDi2

and then

viDia(1+ B(ay + p2 — a2, —¢~ ¥ Y1 X5V )¢€)

=v1S15(1 + F(q1 + p2 — da + 2miq2[p1, qu] + 27ip1 a2, Pa], —e~ N V1 Xo¥5)¢) e iPr2
=vi(1+ E(a1 + p2 — p1, —we” N V1 X5V Y5 X1)€)D12

=vi(1+ E(a1 +p2 — p1, —e¥ V1 X:X1)€)Di

—vi (1 + 2RO PY(F )Y, X vo)Dio

( 2nb

2 i
=(v1 + viViuivae ~) [pl’qQ]/Q(_eW)wf)Dlz
=(vi + u1v2)D12,
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All together these computations give us the fourth equation.

For the last equation (3.42) we start remarking that the pentagon equation for I,

translate in the following pentagon equation for Wy,

P (q, Y)W (p, X) = Wi (p, X)Wy (p + ¢, —e ¥ XY) ¥ (q,Y)

and that Dy, satisfy the last equation himself, indeed notice that

ik, lmy i+l yk 3
513523: Z w’ me}f X1X2m

7,k,lm
= § wPkYP Xk X § whm=F)
p,k,m l
_ E pky/ P vk yvk
- w Y3 Xl X2 )
p.k
then
D12D13D23 =
— 27iA3P1 x27iq2P1 L 27iq3P2 E wﬂYsz{ E wkangfX§
gl D,k
— 2TiA3P1 ,—2TiG3P1 (2TiG3P2 27 iG2P1 E : wjlwpkwjkaXfoYzJXi
J\l,pk
— 2Tid3P2 x27iq2p1 § wka?)ng E W](l+k)Y2JXi+k
p.k gl
= D23D13.

Now observe that
Wi3Do3 = Wy (q1 + ps — g3, —€~ N Y1 X3V 3)e?93P2S 5
= 62mqu2523‘17b((11 +p2 — a3 +p3, *67%Y1X3?3X2)

and that
V15D13D23 = D13D23Wig

which can now be put together

T12T13T23 = D1aWi12D13W3D23Wa3

= D12D13D23V12Wy, (91 + p2 — g3 + ps, —6_%5/1)(373)(2)“’23

= D3D1aWiaWy (g1 + p2 — 3 + ps, —¢~ ¥ V1 X3V 3 X5)Was
It then remain to prove that
Wi W, (g1 + P2 — d3 + P, —€ N Y1 X3 5 X0) W3 = WaaWy,
which can be deduced from the pentagon equation (3.44).

Proposition 34. Let w; = (u;,v;) and wf = (uf,v}). Then we have

17 71

wi ewaTia = Tiowy, wyxwaTio = Tiawsg,

* * * * * *
Wi e W2T12 = T12W1, Wy % W2T12 = T12W2.

Proposition 35. Let

N-1 N-1

Z @31/3,]‘ Z W (—e /Ny x)!

=0 1=0
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where (n) = e~ N)/N andY and X are as above. Let A defined as in Proposition

32. Define A= AoApn. Then
A(u,v) = (¢ Pt u™h) A V) = (@A) T (v (3.49)

where q and q are defined by equation (3.30).

Proof.
N-1 N-1
_ . — ) l
l> (_e—ﬂ'l/N) lX — < < e—ﬂ'l/N) (YX)ly—IYX
=0 1=0
N-— 17 ) I
_ Y 1 ><_e—‘n'z/N) (Yx)l—‘rlwl
=0
N-1 . I+1
=YY @@ (—e ) (xS
=0
gy . I+1
_ Y—l <l T 1) (_6—771/1\7) (YX)H-l

So that Ay X = Y 'Ay. Now consider

N-—-1 ! N-—-1 1
R0 (—e—”/N) YxX)y =y S 0 (—e—”/N) (Y X)'@
=0 =0
N-1
—y2x 0} (_effri/N> (Y X) -1
=0
N-1 +1
=YX Y01t (—e ) (v x)e
=0
N-1 -1
—Y2xe S (-1) (- —’”/NYX)
=0
and also
N-—-1 N—-1
YOV Xm = Xy 1 S () yRUH i
j=0 §=0
N-1 )
— xy-! G+ 1>‘3Y:3(j+1)w3j(_efwi/N)3w3j+1
7=0
N—-1
= XY (e /Ny ST G 1) YR
7=0

5o that we have AxyY = w@™=1/2XY 1Ay, The rest of the statement follows from
Proposition 32. O

3.2 Quantization of the Model Space for Complex
Chern-Simons Theory

In this Section we want to quantize the space C* x C* with the complex differential

form
dx A dy

Ty
47

we =



We think of it as a model space for Complex Chern-Simons Theory because it is an
open dense of the PSL(2,C) moduli space of flat connections on a four punctured
sphere, with unipotent holonomy around the punctures. Moreover its quotient by S
is the moduli space of semi—simple SL(2, C) flat connections of a genus 1 surface. We
will look at this second case closer further in this thesis. For now we are interested
in the first interpretation: tetrahedral operators are supposedly related to states in
the quantization of the four punctured sphere. Since we want to construct knot in-
variants starting from tetrahedral ideal triangulations this is the space we need to
quantize. We will propose two different approach to quantize this space: the first
following Dimofte | ], via Bohr-Sommerfeld quantization, that will give us an
operator algebra similar to the one coming from Lz(AN)—representations in quan-
tum Teichmiiller Theory. The second following the ideas in Andersen and Kashaev
[ | using a real polarization with contractible leaves. We will further show that
an appropriately chosen Weil-Gel’'fand-Zak Transform relates this two quantization.
To use this transform to relates the Andersen—Kashaev invariants to complex Chern—
Simons Theory was already proposed in | ]. However the relation between the

two approaches was not as tight as here.

3.2.1 Pre—Quantization

Let t = N +is € C* be the quantization constant, for N € R and s € R Ul ¢R.

Denote also ¢ = N —is. Fix b € C such that s = —iNﬁ—Ez and Reb > 0. This

substitution, for s € iR, is only possible when —N < is < N. Notice that
s€R <= |b|=1andb # +i, s€ iR < Imb=0 (3.50)

Indeed

Ly
1+ b?
The last statement together with Reb > 0 implies b € R. The opposite implication

2

se iR = ER = (1-b})1+b)=(1+b)1-b) = b2=h

is trivial. For the other situation

b=l — 1-b> b-b  —iImb
- 1+b2 b+b  Reb
2

seR

1+ b2
— PP =1 = |p|=1

seR = iR = (—1+b3)(1+b)=(1+b})(1-D")

We also remark the following useful expressions

] ] (3.51)
S 14b? S 14Db2 '
Consider the covering maps
¢(F:R? —C* (3.52)
(z,n) — exp (27rbilz + 2min)
and consequently
at i R?2 xR? — C* x C*, 7t = (¢%, ¢F) (3.53)
such that
C*xC > (:c,y) = 7T+((Z,77,), (wvm))a (354)
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C*xC* 3 (#,9) =7 ((z,n), (w,m)) for ((z,n), (w,m)) € R* x R2.

We remark that
¢t (z,n) =( (z,n) — b] =1 (3.55)

in this case 7~ = 7t and & = T, § = §. In this sense z, y & and § are natural coor-
dinate functions to quantize in C* x C*. If b € R they are still coordinates functions
for the underlying real manifold, but we lose the complex conjugate interpretation.

We will work the quantization in the cover R? x R? of the space. Define the form

t t
Wy = 4—(ﬂ'+)*(w¢;) + — (77 )" (we) (3.56)
T 47
Lemma 36.
wy = 2w N(dz Adw — dn A dm). (3.57)

In particular it is a real symplectic 2 form on R? x R2, independent of b.

Proof.
d¢*(z,n)  d¢*(w,m)
+\* _ ) 3
VD) = N )
= d (27b*' 2 £ 2min) A d (2nbFw £ 27im)
= 47 *2dz A dw £ 472 F (dz A dm — dw A dn) — 4x2dn A dm

We can then compute

1 1
wt—27rN(1+b2+1+b_2>dz/\dw+
o [~ P N (o Adm - dwadn) +
TE\TEB2 T 1T4b2

1 1
— 27N dnAd
T <1+b2+1+b—2> nAdm

= 2w N(dz Adw —dn A dm).

O

Over R? x R? we take the trivial line bundle £ = R2 x R? x C. On the N-th
tensor power of this line bundle LN we consider the connection

v =d — iy (3.58)

where

t b
oy = EO&E + oc (3.59)

of =27 (b2 £ in)d(bFw + im) — 272 (bF w £ im)d(b*'z £ in) (3.60)

Computations similar to the one in Lemma 36 give

ap = N (zdw — wdz — ndm + mdn). (3.61)
It is clear, then, that

dag = (7%)*(we), which implies (3.62)

Fv(f) = —iwt. 3 63)
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Further, on R? x R? we have an action of Z x Z compatible with the projection 7+,

(Z x Z) x (R* x R?) — R? x R? (3.64)
(A, 2) - ((z,n), (w,m)) = ((z,n + A1), (w,m + A2))
(3.65)
that satisfies
75 ((z,n + A1), (w,m + X)) = 75 ((2,n), (w,m)) (3.66)

This action can be lifted to an action £V in such a way that the quotient bundle
LN = LN /(Z)? — R*/Z2 has first chern class ¢1(£Y) = =& [wy] (wy is evidently Z2-

27
invariant). Such condition give the requirement (which is in fact the pre-quantum

condition) - [w;] € H?((R? x R?)/(Z?), Z) which boils down to the requirement

N € Z. Explicitly the action of Z x Z on LN is given by the following two multipliers
6(1)0) = €_ﬂNim 6(0’1) = €7rNin (367)

that means that we consider the space of sections
(C=®", LM))™ (3.68)

of Z2-invariant, smooth sections of LN Explicitly

s € (C®(RY, ZN))ZZ if and only if s € C*°(R*, £V) and satisfies

s((z,n +1), (w,m)) = eimNms((Zv n), (w,m)), (3.69)
s((z,n), (w,m +1)) = e™N"s((2,n), (w,m)) (3.70)

Lemma 37.

Vs e (C°RY, LV, for any s € (C(RY, LV))Z

Proof.
(0) _ 0
vm S((Zvn + 1)7 (wﬂ m)) - %5((2771 + 1)7 (wvm))
+miN(n+1)s((z,n + 1), (w,m))
N OS
_ ,—miNm Y2
= TN 2 (2 ), (0,m))
+miN(n+1—1)e " Nms((z,n), (w,m))
= e N WO s((2,n), (w,m))
VS)S((Z7 n+1), (w,m)) = e_MvaS)S((Zﬂ n), (w,m))
VOs((z,n + 1), (w,m)) = e "NV s((z,n), (w,m))
V@ s((z.n +1), (w,m)) = "NV Ds((2,n), (w,m))
and computations for (m + 1) are analogous. O

The following Hermitian structure on LN is Z2-invariant and parallel with respect
to V().
s-5'(p) = s(p)s’(p), for any p € R?* x R? (3.71)

Being parallel here means that
d(s-s') = (VWs).s' + 5. (VWs), (3.72)
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and this is a simple consequence of a; being a real 1-form. It follows that the following

~ 7?2
is a well defined inner product in the completion of ((L2 NC>) (R, LN ))

(s,s')E/Rdz/Rdw (/Oldn/()ldms~s') (3.73)

Lemma 38. We have the following Hamiltonian vector field for the coordinates

functions on R? x R?

_ 9 x -1 9

7 27N dw Y 27N 9z
1

n — 771 an = LE

27N Om 27N On

Proof. This is an immediate verification of the definition
we (X5, Y) = —df[Y]

Lemma 39 (Pre-Quantum operators). The following are the pre—quantum operators

for the coordinate functions or R? x R?

—1

5 — (t) I vi())

z QWNVUJ +z w 271sz +w
) —3

- (t) S (t)

0 27TNvm +n m QwNV" +m

and they satisfy the following canonical commuting relations

(3.74)
[2,7) = [2,10] = [, 7] = [, 7] =0 (3.75)

Proof. The definition of pre-Quantum operator, for f a real smooth function is

generally

f=—iVx, +f (3.76)

where nabla is the pre-Quantum connection in the pre-Quantum line bundle. The

commuting relations should be fixed by our choices however we verify them just in

case
[vg),vgﬂ = [Ow, miNw] + [-7iNz, 0,] = 2miN
1 i
s ] = (1) (t)}_ ({ (1) }_{ (t)D
(2, W] CIIE [Vw , V3 Y. Vi, w z, V}
_ v 1
27N N  2miN
The other one is similar, while the trivial one are actually obvious. O

The Hermitian line bundle £V — (]R2 x R? /Zz) together with the connection
V® define a pre-Quantization of the theory. In order to finish the quantization
program we need to choose a Lagrangian polarization. We will choose two different
real polarizations in the following two subsections and then show how to relates the

two different results
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3.2.2 Bohr-Sommerfeld Quantization

Let us consider the following real Lagrangian polarization
g 0
P =Spang q§ —, — ;. 3.77
pane { 5. 5| (3.77)
The space R? x R? as an Z2-invariant decomposition into two distinct symplectic

leaves
M, = {n=m =0}, My={z=w=0} (3.78)

The symplectic form w; = 27N (dz A dw — dn A dm) decompose accordingly into two
symplectic spaces and the Lagrangian polarization P decomposes into two distinct
Lagrangian Polarizations. Therefore we can compute the quantization H®) of R? x
R2/Z? as the tensor product of two distinct quantizations H) (M;)® (H™) (MQ))ZZ.
For M, we are in the situation of a canonical quantization of R2. Indeed we are

considering sections
{¢ = (2, w) € C°(R?) such that Ve = o} (3.79)

which, restricted to the transversal {w = 0} reduces to simply C*°(R). Since we will
like to have an Hilbert space, we just take the square integrable functions, and then

the completion of them
HM (M) = L2(R).
The pre-Quantum operators that act non trivially on M; become
i 0
27N 0z

Things are more complicated for M5, and we are not going to give full details

1=z W = (3.80)

about this type of quantization, referring instead to the relevant literature (see, for
example | , ) , ]) and showing the main phenomena. The
action of Z? is not trivial here and the quotient is My/Z? = T x T, T being the unit
circle. The line bundle £V restricts to a non trivial line bundle over T x T determined
by the multipliers (3.67). Define the sheaf J as follows, for any open U C T x T the
space J (U) is the space of local sections s € C*(U, L), that are polarized, meaning

g,?s =0. By H*(T x T, J) we mean the usual sheaf cohomology (see for example
[ ). The space ’H(N)(Mg)zz, if defined to be the the space of global polarized
sections s € C®(T x T, LN) = H(T x T, J) would be empty. One, instead, define
the quantization in terms of the whole cohomology

2
HN(T xT)= @ H/(T T, J). (3.81)

j=0
We are not going to discuss the relation between this definition and usual one, how-
ever we just remark that for our simple situation, results from definition (3.81) are
well known and equivalent to results coming from Kahler quantization (see | D-

Let us define another one more concept

Definition 11. Let P be a Lagrangian real polarization for the symplectic manifold
M such that the leaf space B is smooth, and let 7: M — B be the associated
projection. Let L. — M be a pre-quantum line bundle. We say that the point b € B
is Bohr-Sommerfeld for P if #~*(b) admits a covariant constant section of L|,—1).
Let BS C B denotes the set of Bohr-Sommerfeld points.
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Then the following theorem of Sniatycki (see | ] for an analogous statement)

solve our situation

Proposition 40 (Sniatycki, | D. (i) HY(Tx T, J)=H*(TxT,J))={0}
(i) dim HY(T x T, J) = #BS = N

We will just prove the following Lemma to be able to count the Bohr-Sommerfeld

points

Lemma 41. There are no global section s € C™(T x T,LY) such that ngl)s = 0.
There are exactly N Bohr-Sommerfeld points bj, each of them supporting a one

dimensional vector space S; ~ C of covariantly constant sections,
S; = Spang {5(n — j/N)e ™Nmny (3.82)
Proof. The differential equation vﬁf)s =0, on My, is explicitly

—s(n,m) = —wiNns(n,m) or equivalently (3.83)

om
s(n,m) = Xe ™™ for some A € C. (3.84)

Globally this can not be a section, being e~ ™Nm(m+1) £ gmiNn \g—miNnm

Fixing n = ng, we seek solutions to

e—‘n'iNng(m-‘rl) — eTriNnoe—ﬂ'iNnom (385)

and this does happen exactly when ng = j/N for j =0, ..., N — 1. O

We have seen that H (Y )(Mg)Zz ~ @;y:—()1 S;. The distributional description of
the generators can be used to give an heuristic understanding of how the operators

(defined in agreement to (3.52 - 3.53) )
X = exp(2min) Y = exp(2mih) (3.86)

acts on this space. This is formal and we are not addressing the well definiteness of

the action on distributional sections. We have, after polarizing,

X = exp(2min) Y =exp (;/_ai + m'm) ) (3.87)

and we let them act on generators e; = (n — j/N)e ™ Nmn j =0, ..., N -1

)

mim 1 P\ _riNm(n p— 1 —miNmn
Ye,=¢ 5(n+N—N)e Nm(n+1/N) :(S(n—T)e Nmn — e, 1 (3.88)

Xe, = ¥™P/N§(n — p/N)e TNmn — o2mip/Ne | (3.89)

Putting everything together we gave the quantization of C* x C* with complex sym-

plectic form we = % A d?y as the vector space
HWY) = L2(R) @ CN ~ L2(Ay) (3.90)

The algebra of quantized observables is generated by the following 4 operators

i=e¥hrx G =2 ix 1 (3.91)
. ~ Ln—1
§=e WY j=em oy ! (3.92)
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which act on HN) as follows, for any f = f(z) € L*(R), and e, € CV as above

(f(Z) ® ep) 27rbz 27r1p/Nf( ) ® ep (393)
F(f(2)®ep) =¥ e TRINf( ) e, (3.94)
J(f()®ep) = [z +ig) Doy (3.95)
J(() @ ep) = x4+ %) @ epin (3.96)

If we identify CN ~ L*(Zy) we may think of e,(I) = §(p — I) where the § is defined
modulo N. Then the operators will act on f € L*(Ay) as

if(z,1) = ¥™P2e2™UNE (5 1) if(z,1) = €2ﬂ—b7126_2ﬂ—“/Nf(2,l) (3.97)

g}f(z,l):f(z+zb [+1) ﬁf(z,l):f(z+ib—;,lfl) (3.98)
These above are analogous to the formulas on | ]. We can see that

93 = qiy i = Giy (3.99)

g= 627ri(1+b2)/N . G= 627Ti(1+bpar_2)/N — (3.100)

The relation between the algebra of observables we got here and the algebra of
observables from Quantum Teichmiiller Theory when represented in L2 (Ay) is now
evident. Explicitly recall the operators u = u(b) and v = v(b) from equations (3.25 —
3.33), and recall that they depend on on a parameter b as well. Define the rescaling
operator

O x: L*(An) — L?(Ay)

(z,n) — (VNz,n) (3.101)

then we have
F=0yyoud!)eO 1 g =0 xov(b o0 L (3.102)
&=0 you"(b” )00\/% gt :(QWOV(b—l)oojﬁ (3.103)

The inner product (-, -) from (3.73), once restricted becomes

(f®€p7 g®€q /f /dm/dn5 n— p/N) (nfq/N) —miNmn mNmn

/ f(z dZ5p q

In terms of functions f, g € Lz(A ~) the above formula take the simple expression

N—1
(f, g) = ;J/Rf(x,y)g(m)dw (3.104)

as we have in equation (A.8).

3.2.3 Real Polarization with Simply Connected Leaves
Consider the following complex coordinates on R? x R? ~ C x C,

u = 27bz + 2min @ =2rb 'z — 2min (3.105)
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v = 27bw + 2mim ¥ = 2rb~tw — 2mim. (3.106)

The corresponding pre-quantum operators are

b 1
h=—i—v® _ @ 19 27
] Zva Nvm + 2mbz + 27in
b 1
0= iﬁv@ + NVS) + 2rbw + 2mim
b1 1 (3.107)
= i v® . —g® 4 orpy—1, _9ony
] i Vau —|—NVm +2rb™ 2 — 2min
b ow oo -1 -
v = ZWvZ - an + 2rb™ w — 2mim
Choose the following real polarization
~ 0 o 0 0
=S —t =, — — 3.108
P = Spang {811) * o0 8z Bm} ( )

and notice that it is Lagrangian

9 0 o 0N (00N (02
Y\oz  om ow  on)” “"\9z dw wi om’ On

g 0 o 0
=21N (dz/\dw (82”811}) —dn Adm <_0m’8n>>
=27N(1-1)=0

The leaves of this polarization are all contractible after the action of Z2 on R? x R2,

so we do have polarized global sections. In particular the space T C R? x R?
T={z=w=0} (3.109)

is a transversal for the polarization. For any ¢ € (C>(R%, EN))Z2 polarized by P,
the following two differential equations will determine ¥ = ¥((z,n), (w,m)) by its

value in (n,m)
Vy = -vby Vg = vy, (3.110)

The space T/Z? is again T x T, and the line bundle £V will restrict to a non trivial
line bundle over T x T that we shall call £V again. The quantum space that we

obtain is then
W) = oo (T ~ T,ﬁN) (3.111)
The inner product structure (-, -) restricts to

1 1
(. 0)= [ [ 0 dnam (3.112)

that is the standard inner product on the completion L2 (T x T, LN ) Finally the

quantum operators acts on polarized sections as

N b 1

e" = exp (iNVS) - NVS? + 27Tin> (3.113)
N b 1

e’ = exp (z’Nvﬁf) + Nvﬁﬁ + 2m‘m> (3.114)

—1

i o (12w ¢ Lo o

e =exp | i~ V' + Nvm 2min (3.115)
) ~1
i —oxp (iPv _ Ly o

e = exp | i~ V3 Nv" 2mim (3.116)

Now we are going to connect the two quantizations
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Theorem 42. Recall the line bundle LV. The following map ZWN): S(Ay) —

C>®(T x T, LN) is a an isomorphism

1 . )
Z(N) (f)(n,m) _ ﬁ TF’LNTTLTI Z Z f (n + 2 ) 27rzmpe27rzlp/N (3117)
p€EZ 1=0

which preserves the inner product (-,-), i.e.
(23, 2Mg) = (£, g)

and so extends to an isometry between L?(Ay) and L*(T x T, LN).

Proof. We have proved an almost identical statement in Section 1.2. The difference
is due to the line bundle £ here being dual to the one used there. O

Proposition 43. We have
ZW) o X o (ZW) ™! = exp (—NVS) — 27rz'm>
1
ZWM oY o (ZMW)™! = exp (_Nv’(fl) + 27rin>
20 g 2mbtz (7 ()1 0
o =exp | —i——
e = exp | i

(N)  2nbFla (7 ()1 _ bE
Z\Woe o (ZW))7  =exp ZNV”

In particular

N-1
1 p
Z(N) 4 X (F)( ) = eTiNmn Z Z f (n - l) 2mimp p2mil (p+1)/N
\/N p€EZ 1=0 N
L rinmn—) 3 Z < p+1 )
— 7T’L mn f _ + l
\/N pEZ 1=0 N
% e2mim(p+1) 2mil(p+1)/N ,—mim

= e*”mz<N>(f)(n —1/N,m)

Z(N) oY (f)(n,m m,Nmn f (,n + =0+ 1) eZ‘n’impeQTrilp/N
(). m) = —e % lzg

N-1
1 iN(m—l/N)nZ Z ( p 2mi(m—1/N
= —c" f n—i——,l—i—l)e’”(m /N)p
N peZ 1=0 N

eQTrz(l—i-l)p/NeTrzn

=™ ZMN)(f)(n,m — 1/N)
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20N o (2702 (F) (n,m) = ——e N § Z (n+21)

pEZ 1=0
e271'b(n+p/N)e?frz'mpe%nlp/N

_ f N (mib/N)n $™ Z f(n+2 z)

peZ 1=0
627rz(7rz—1,b/N)pe2mlp/Neﬂbn

= e”b"Z(N)(f)(n m —ib/N)

. b ‘ -
Z(N) o (627rbw) (f)(n7m) — ‘MNng Z f <TL—|— i— + p,l) 27rzmp€2mlp/N
pEZ 1=0
1 N-1 »
= emiNm( n+zb/N)ZZf<n—|—z + =, l)
\/N pEZ 1=0 N N’
e271'1'1npe2'n'ilp/Neﬂ'bm

=™z (£)(n + ib /N, m)
O

All together we have showed that two possible quantizations for the model space
of complex Chern-Simons theory are the same, both as Hilbert spaces and as quan-
tum algebras. First this makes up for the heuristic argument regarding the Bohr—
Sommerfeld quantization in Section 3.2.2. Second, since the two quantizations are
equivalent to the L?(A ) representations of the quantum algebra defined from Quan-
tum Teichmiiller Theory, we have a strict connection between them and Complex
Quantum Chern—Simons Theory on a 4-punctured sphere. In the following Chapter
4 we will extend the LZ(A ~) representations to knots invariants following the recipe
given by Andersen and Kashaev in | ]. The previous discussion on the differ-
ent quantizations serves to link such invariants to Complex Quantum Chern—Simons

Theory.
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Chapter 4

Andersen—Kashaev’s
Teichmiiller TQFT at Level N

In this Chapter we construct the Teichmiiller TQFT at level N for every N > 1
odd. This construction was presented in | ] for level 1 and it emerges as an ex-

tension of L?(R) representations on Quantum Teichmiiller Theory to 3-dimensional

ideal triangulations. In a similar way the older work | ] could be seen as an ex-
tension of L?(Z/NZ) representations (see [ ]) to knot invariants. Here, following
strictly | ], and using theory mostly developed in | ], we extend L?(Ap)

representations 3.1.2 to three dimensional ideal triangulations, getting in particular
knot invariants. Many of the things we will say are implicit in the work [ I,
however the behavior of the theory when b € R and N > 1, was not considered
before. This setting is important for two reasons: first, asymptotic expressions for
b — 0 are not possible when |b] = 1. We study them in the examples in section
4.4.4, where we update a conjecture presented in | ] for N = 1. Secondly,
b € R should correspond to the exotic unitary setting that Witten conjecture exists
in [ | when the quantum parameter s is purely imaginary. For the rest of the
chapter, b € C is a fixed parameter such that Reb > 0 and Imb(|b| — 1) = 0. N is
an odd positive integer. In the first two Sections we will describe the source and the
target categoroid for the Teichmiiller Functor Fb(.N). The existence and properties of
such functor are stated at Theorem 52 at page 72. In the last Section 4.4 we com-
pute two examples of knot invariant, together with the asymptotic analysis of them
and we state a conjecture for general hyperbolic knot. In particular equation (4.58)
shows the appearance of an instance of the Baseilhac—Benedetti invariant | ] in

the asymptotic expession for the hyperbolic knot 4;.

4.1 Angle Structures on 3-Manifolds

In this section we are going to describe shaped triangulated pseudo 3-manifolds,
which are the combinatorial data underlying the Andersen-Kashaev construction
of their invariant. Following strictly | | we will describe the categoroid of
admissible oriented triangulated pseudo 3-manifolds, where the words admissible
and categoroid go together because admissibility is what will obstruct us to have a
full category. See Appendix C.2 for a definition of categoroid.

Definition 12 (Oriented Triangulated Pseudo 3-manifold). An Oriented Triangu-
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lated Pseudo 3-manifold X is a finite collection of 3-simpleces (tetrahedra) with
totally ordered vertices together with a collections of gluing homeomorphisms be-
tween some pairs of codimension 1 faces, so that every face is in, at most, one of such
pairs. By gluing homeomorphism we mean a vertex order preserving, orientation
reversing, affine homeomorphism between the two faces.

The quotient space by the glueing homeomorphism has the structure of CW-complex

with oriented edges.

For i € {0,1,2,3} we denote by A;(X) the collection of i-dimensional simpleces

in X and, for i > j, we denote
AJ(X) = {(a,b)|a € Ai(X),b € Aj(a)}.
We have projection maps

bij AN(X) — Ai(X), oM AI(X) — Aj(X),

K2

and boundary maps
8i : AJ(X) — Aj_l(X), 81'[1)0, e ,’Uj] — [’Uo, ey Vi1, Vi 1y e - ,Uj]
where [vg, ...,v;] is the j-simplex with vertices vo,...,v; and ¢ < j.

Definition 13 (Shape Structure). Let X be an oriented triangulated pseudo 3-

manifold. A Shape Structure is a map
ax Aé(X) — R>0,

so that, in every tetrahedron, the sum of the values of ax along three incident edges
is .

The value of the map ax in an edge e inside a tetrahedron T is called dihedral angle
of T at e. If we allow ax to take values in R we will have a Generalized Shape
Structure.

The set of shape structures supported by X is denoted S(X). The space of generalized
shape structures is denoted by g(X ). X together with ax is called Shaped Pseudo
3-manifold.

Remark 4.1.1 (Ideal Tetrahedron). A shape structure on a simplicial tetrahedron T
as above define an embedding of T\ A¢(T’) in the hyperbolic 3-space H? that extends
to a map of T to H3. Namely we send the four vertices (vg,v1,v2,v3) to the four
points (00,0,1, z) € CP! ~ 9H?, where

sin ag([vg, v2])

* = S ([, o)) OP U0 0D

This four points in OH? extend to a unique ideal tetrahedron in H?, by taking the
geodesic convex hull, that has dihedral angles defined by ar.

Remark 4.1.2. In every tetrahedron, its orientation induces a cyclic ordering of any
three edges meeting in a vertex. Such cyclic ordering descends to a cyclic ordering of
the pairs of opposite edges of the whole tetrahedron. Moreover, it follows from the
definition that opposite edges share the same dihedral angle. So it is well defined the
cyclic order preserving projection p : A}(X) — Aé/ P(X) which identifies opposite
edges. ax descends to a map from Aé/ P(X) and we can consider the following

skew-symmetric functions

an €{0,1},  €ap=—eba abeAYP(X),
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defined to be g, = 0 if the underlying tetrahedra are distinct, and €, = +1 if the
underlying tetrahedra coincides and b cyclically follows a in the order induced on
AYP(X).

Definition 14. To any shaped pseudo 3-manifold X, we associate a Weight function

wx Al(X) — R>0, wx(e) = Z Oéx(a).
a€(¢31)=1(e)

An edge e in X is called balanced if e is internal and wx (e) = 27. A shape structure

is fully balanced if all its edges are balanced.

The shape structures of closed fully balanced 3-manifolds are called Angle Struc-
tures in the literature. For more details on them and their geometric admissibility

see [ | and | ]

Definition 15. A leveled (generalised) shaped pseudo 3-manifold is a pair (X,lx)
consisting of a (generalized) shaped pseudo 3-manifold X and a real number Ix € R,
called the level. The set of all leveled (generalised) shaped pseudo 3-manifolds is
denoted as LS(X) (resp. LS(X)).

There is a gauge action of R21(X) on I.Té(X)

Definition 16. Let (X,lx) and (Y,ly) be two (generalized) leveled shaped pseudo
3-manifolds. They are said to be gauge equivalent if there exists a an isomorphism
h : X — Y of the underlying cellular structures, and function g : A1(X) — R
such that

A1(0X) € g~ {0},
ay(h(a)) =ax(a) + Z Ep(a) p) (3> (b)), Va € A}(X), and

bEAL(X)
1 ax(a)
ly =lx + Z g(e) Z (g_ - )-
e€A1(X) a€(¢31)=1(e)

Remark 4.1.3. If we consider g(a) = d.(a) the Kronecker’s delta for an internal edge
e, we compute the gauge action as follows. Let h : X — X be the identity. There is
a finite number k of tetrahedra T; sharing the edge e, together with other two pairs
of opposite edges {a;,a;} and {¢;, ¢} so that (p(a;), p(e),p(c;)) is cyclically ordered
foralli=1,...,k. Then

Ep(ai).ple) = 1 = ~Ep(ei).p(e)
and
ay (a;) = ax(a;) + 2m, i=1,...k
ay(¢;) = ax(¢) — 2w, i=1,...k
ay (f) = ax(f), ai # [ # ¢

We remark that wx = wy o h.

Definition 17. Let (ax,lx) and (ax/,lx/) be two (generalized) leveled shape struc-
tures of the oriented pseudo 3-manifold X. They are said based gauge equivalent if
they are gauge equivalent as in Definition 16 and the isomorphism h : X — X is
the identity.
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Based gauge equivalence is an equivalence relation in the sets S(X), LS(X ), S(X),
LS(X) and the quotient sets are denoted (resp.) S,(X), LS,(X), S,(X), LS,(X).
We remark that S,(X) is an open convex (possibly empty) subset of the space S, (X).
We will return to existence of shape structures later. Let us concentrate on S(X ) for

now. Let
Qx : S(X) — RM)

be the map which sends the shape structure ax to the corresponding weight function

wx. This map is gauge invariant, so it descends to a map
Qxr i Sp(X) — RAX)
For fixed a € Aé/p(X) we can think of a, := ax(a) as an element of C*> (g(X)>

Definition 18 (| ]). The Neumann-Zagier symplectic structure on S(X) is the

unique symplectic structure which induces the Poisson bracket {-,-} satisfying

{aaa ab} =Ea,b
for all a, b € AYP(X).

Remark 4.1.4. If we take X =T a tetrahedron, then g(T) =~ R? as affine symplectic
spaces. Indeed on S(T) = {(a,b,c) € R®|a+ b+ ¢ = 7} the symplectic structure
w = dag A day, induces the desired Poisson bracket. It is clear that this make S(T)
into an affine copy of R? with the standard symplectic structure.

For a general triangulated pseudo 3-manifold we have a symplectic decomposition

Sx)= [] s@

TGAs(X)

Theorem 44 ([ 1). The gauge action of RA'X) on S(X) is symplectic and
Qx is a moment map for this action. It follows that S,(X) = S(X)/R2(X) is g

Poisson manifold with symplectic leaves corresponding to the fibers of S:ZX,T.

Let No(X) be a sufficiently small neighbourhood of Ag(X), then ONy(X) is a
surface which inherits a triangulation from X, with a shape structure, if X has a

shape structure. Notice that this surface can have boundary if 0X # (0.

Theorem 45 ([ ). The map
Qx,r: Sp(X) — RMD

is an affine HY(ONo(X),R)-bundle. The Poisson structure of Sy(X) coincide with
the one induced by the H*(ONy(X),R)-bundle structure.

If h : X — Y s an isomorphisms of cellular structure, the induced morphism
h* : S.(Y) — S,(X) is compatible with all this structures, i.e. it is a Poisson affine
bundle morphism which fiberwise coincide with the naturally induced group morphism
h* : HY(ONo(Y),R) — H'(ONy(X),R). Moreover h* maps S, (Y) to S,(X).

Definition 19 (Shaped 3 — 2 Pachner moves). Let X be a shaped pseudo 3 manifold
and let e be a balanced internal edge in it, shared exactly by three distinct tetrahedra
t1, t2 and t3 with dihedral angles in e exactly oy, as and a3. Then the triangulated
pseudo 3-manifold X, obtained by removing the edge e, and substituting the three
tetrahedra ¢1, to and t3 with other two new tetrahedra t4 and t5 glued along one

face, is topologically the same space as X. In order to have the same weights of X
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Figure 4.1: A 3 — —2 Pachner move.

on X, the dihedral angles of ¢4 and t5 are uniquely determined by the ones of ¢1, t5
and t3 as follows
ag =P+ as=P01+7
Ba=Pi+7s Bs=0s+m (4.1)
Ya=B3+72 5 =PF2+7s
where (o, Bi,7:) are the dihedral angles of ¢;. In this situation we say that X, is
obtained from X by a shaped 3 — 2 Pachner move.

We remark that the linear system, together with e being balanced, guaranties the
positivity of the dihedral angles of ¢4 and t5 provided the positivity for ¢1, ¢t and
t3 but it does not provide any guarantees on the converse, i.e. the positivity of a
shaped 2 — 3 Pachner moves. However, two different solutions for the angles for ¢;,
to and t3 from the same starting angles for ¢4 and t5 are always gauge equivalent.
The system (4.1) define a map P°: S(X) — S(X,), that extends to a map

P¢:S(X) — S(X,).
For a balanced edge e, the latter restricts to the map
P : Qx..(e) " (27) — Sp(X.),

and it can be noticed that P.(Qx .(e)~1(21) N'S,(x)) C S,(Y).

We also say that a leveled shaped pseudo 3-manifold (X,lx) is obtained from
(Y,ly) by a leveled shaped 3-2 Pachner move if, for some balanced e € A;(X),
Y = X, as above and

1
ly =lx + ﬁ Z Z Ep(a),p(b) XX (b)
a€(¢®1)~1(e) beA(X)

Definition 20. A (leveled) shaped pseudo 3-manifold X is called a Pachner refine-
ment of a (leveled) shaped pseudo 3-manifold Y if there exists a finite sequence of
(leveled) shaped pseudo 3-manifolds

X=X,X0,...,.Xn =Y

such that for any i € {1,...,n — 1}, X, is obtained from X; by a (leveled) shaped
3 — 2 Pachner move. Two (leveled) shaped pseudo 3-manifolds X and Y are called
equivalent if there exist gauge equivalent (leveled) shaped pseudo 3-manifolds X’ and
Y’ which are respective Pachner refinements of X and Y.
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Theorem 46 (| ). Suppose that a (leveled) shaped pseudo 3-manifold Y is
obtained from a (leveled) shaped pseudo 3-manifold X by a (leveled) shaped 3 — 2

Pachner move. Then the map 15,0 18 a Poisson isomorphism. (151» is covered by an
affine R-bundle isomorphism from LS, (X)|q . | (o)-1(2x) to LSr(Y).)

O

As we said, technical reasons that we will discuss later impose the Category of
triangulated 2 + 1 cobordisms discussed so far to be restricted to a sub-categoroid.

This means that we will remove some morphisms as the following definition imposes.

Definition 21 (Admissibility). An oriented triangulated pseudo 3-manifold is called
admissible if

Sr(X) # 0,
and

Hay(X — Ag(X),Z) = 0.

Definition 22. Two (leveled) admissible shaped pseudo 3-manifolds X and Y are
said admissibly equivalent if there exists a gauge equivalence h’ : X' — Y’ of
(leveled) shaped 3-manifolds X’ and Y’ which are respective Pachner refinements of
X and Y such that A;(X’) = A1(X) U Dx and A;1(Y’) = A(Y) U Dy and the
following holds

(18, (X) N 2 (Dx) 71 2m)| 1 [ 2y (Dy) 7 2m) | 0.
The following is a consequence of Theorems 45 and 46.

Theorem 47 (| ). Suppose two (leveled) shaped pseudo 3-manifolds X and
Y are equivalent. Then there exist D C A1(X) and D' C A1(Y) and a bijection

7 Al(X) - D — Al(Y) - D
and a Poisson isomorphism
R:Qx (D) (27) = Qy,(D") 7 (27),

which is covered by an affine R-bundle isomorphism from ITST(X)|QX (D)-1(2m) 1O

I_AST(Y)QX (D) =1(2m) and such that we get the following commutative diagram

Qx (D)1 (27) —L Qv (D))~ (27)
lproj o Qx.» J/proj o Qy .,
RAX)-D P RA(Y)-D'
Moreover, if X and'Y are admissible and admissibly equivalent, the isomorphism R

takes an open convex subset U of S,(X)NQx (D)1 (27) onto an open convex subset
U’ of S.(Y)N Qy..(D)~(2).

We remark that in the previous notation D = A;(X) N h~Y(Dy) and D’ =
A1(Y) N h(Dx).
For a tetrahedron T = [vg, v1,v9,v3] in R3 with ordered vertices vg, v1,va,v3, We
define its sign
sign(T') = sign(det(vy — vg,v2 — vo,v3 — vg)),
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as well as the signs of its faces
sign(9;T) = (—1)"sign(T), for i € {0,...,3}.

For a pseudo 3-manifold X, the signs of faces of the tetrahedra of X induce a sign
function on the faces of the boundary of X, signy : Ag(0X) — {£1}, which per-
mits to split the boundary of X into two components, 0X = 0, X U 0_X, where
A (0+X) = signy' (£1). Notice that |Ax (04 X)| = [Az(0-X)|.

Definition 23 (Cobordism Categoroid). The category B is the category that has
triangulated surfaces as objects,equivalence classes of (leveled) shaped pseudo 3-
manifolds X as morphisms such that X € Homg(0_X, 9, X) and composition given
by glueing along boundary components, through edge orientation preserving and face
orientation reversing CW-homeomorphisms.

The Categoroid B, is the subcategoroid of B whose morphisms are restricted to be
admissible equivalence classes of admissible (leveled) shaped pseudo 3-manifolds. In
particular composition is possible only if the gluing gives an (leveled) admissible

pseudo 3-manifold.

Remark 4.1.5. Admissible Shaped Pseudo 3-Manifolds in the real world.

Even though we will discuss the whole Andersen Kashaev construction of the Te-
ichmiiller TQFT Functor in the general setting of cobordism categoroid, the two
main products we want to put our hands on are mapping class group representations
and invariants of links and 3-manifolds. For the former we already have a descrip-
tion in term of Quantum Teichmiiller Theory and Ptolemy Groupoid. The latter is
what we want to construct here. We interpret Triangulated Pseudo 3-manifolds X as
ideal triangulations of the (non closed) manifold X \ Ag(X). This interpretation is
enlighten in Remark 4.1.1. We should ask ourself when a cusped 3-manifold (cusped
means non compact with finite volume here) admits a positive fully balanced shape
structure. This requirement is weaker the asking for a full geometric structure on
the manifold, and in our language this can be expressed by the fact that we did not
required a precise gauge to be fixed. The problem of finding positive or generalized
angle structures has been studied in | ], where necessary and sufficient condi-
tions for their existence are given. In the work [ ] it is proved, among other
things, that a particular class of manifolds M supporting positive shape structures
are complements in S® of hyperbolic links. However the admissibility conditions
kicks in here and further restrict us to just complements of hyperbolic knots. So,
at the least, we know that the Andersen Kashaev construction will work on com-
plement of hyperbolic knots, and that are the examples we will look a bit closer in
this thesis. Now we should clarify the equivalence relation in B,, in the context of
knot complements. Combinatorially speaking, any two ideal triangulations of a knot
complement are related by finite sequences of 3-2 or 2-3 Pachner moves. This is true
because on ideal triangulations, creation and destruction of vertices is forbidden. On
the other hand it is not known (at least to the author) that any such sequence of
moves can be realised as a sequence of shaped Pachner moves. For sure we know that
3—-2 shaped Pachner moves are well defined in the category B, as we remarked when
we defined them, and if a shaped Pachner 2—3 move is possible in some particular
case, than it is an equivalence in the category B,. So the knot invariants that we
will define starting from B, are not guaranteed to be topological invariants. There is

however another construction of the Andersen—Kashaev invariant | ], that avoid
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this problem with analytic continuation properties of the partition function. The
equivalence of the two constructions is still conjectural though.

There are other things that we can try in B, other then complements of hyperbolic
knots. For example the authors in | ] managed to define an invariant for the
(non hyperbolic) trefoil knot. But these are usually singular and we have nothing of
interesting to add about them. Again in | ] is suggested another way to define
knot invariants, by taking one vertex Hamiltonian triangulations of knots, that is,
one vertex triangulations of S% (or a general manifold M) where the knot is repre-
sented by a unique edge with a degenerating shape structure, meaning that we take
a limit on the shapes, sending all the weights to be balanced except the weight of the
knot that is sent to 0. The partition function is actually divergent but a residue can
be computed as an invariant. We will show this in a couple of examples in Section
4.4.

4.2 The target Categoroid Dy

Recall al the relevant things regarding tempered distributions and the space
S(Ap) from Appendix A. In this Chapter, as in most of this thesis, N is an odd
positive integer and b € C is fixed to satisfy Re(b) > 0 and Imb(1 — |b|) = 0.

Definition 24. The categoroid Dy has as objects finite sets and for two finite sets

n, m the set of morphisms from n to m is
Homp, (n,m) = S'(AW™) ~ §'(R"™™) @ S(Z/NZ)""™).

Definition 25. For A ® Ay € Homp, (n,m) and B ® By € Homp, (m,!), such
that A and B satisfy condition (A.3) and 7, ,,(A)m,, ;(B) continuously extends to
S(RPHmE) L we define

(A® An) o (B® BN) = (Tn,1)« (7 (A)mp, 1 (B)) @ An By € Homp, (n,1).

Where the product Ax By is just a matrix product.
We will frequently use the following notation in what follows: for any a € Ay , a =
(x,n) € R x Z/NZ we will consider the b-dependent operator € = e(b): Ay — Ay

(z,n) if |b| =1,
{ (z,—n) iftbeR (4.2)

as

e(x,n)

For any A € L(S(R"),S(R™)), we have unique adjoint A* € L(S(R™),S'(R™))
defined by the formula

A*(f)(9) = F(A(9))
for all f € S(R™) and all g € S(R™).

Definition 26 (x, structure). Consider b € C fixed as above and N € Zs( odd.
Let Ay € Hom(S((Z/NZ)™),S((Z/NZ)"). Recall the involution € on Z/NZ form
equation (4.2). Define A% as

<j17 . ]M|A?\1; |p17 e upn> = <€p1> . 7€pn|AN|€j17 e Ejm> (43)
We can finally define the %, operator as
(AR AN)™ = A" ® AR (4.4)
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4.3 Tetrahedral Partition Function

Recall the operators from Section 3.1.2, Xj;, Yj, pj, q; , 7 = 1,2 acting on
H := S(A%) as follow

pim) = 5o ) 3 (6 m) = £ (x,m)
le(X, m) = f(xa (ml + 17m2)) XQf(Xa m) = f(xa (mlva + 1))

Yif(x,m) =@™,

where m = (m1,m2) € Z%,, x = (z1,22) € R? and w = o27i/N

These operators satisfy conditions (3.25), i.e. for w = e’¥ we have

dij y
pogl =52 YiX;=0WXY, XY =YY =1 (4.5)

27 -B_q. 2L _p, . .
we can further define the operators u; = " V8 %Y} and v; = " VN 7' X satisfying

Lh2
u;vj = ezmbﬁwvjui (4.6)
Define the Charged Tetrahedral Operator as follows

Definition 27. Let a, b, ¢ > 0 such that a + b+ ¢ = ﬁ Recall the Tetrahedral

operator T defined in (3.37). Define the charged tetrahedral operator T(a,c) as
follows

.2
T(a, C) = e—ﬂ'i\/—bﬁ (2(a—c)+ﬁ)/ﬁe2m'cb(cq27aq1)-|-12ef27ricb(ap2+cq2) (47)

Lemma 48. We have

2
‘b

T(a,c) = efm‘m(2(a7c)+ﬁ)/6€nicﬁa(a+6)D12¢a7c(q1+p2_q27 _e*%YlXQE) (4.8)

were g (x,n) is the charged quantum dilogarithm from (2.53)

Proof.

T(a, C) _ e27ri0b(cqutm1)€27riq2p1812\Ijb(q1 + p2 — qa, *67%Yng?Q)€727Ticb(ap2+cq2)

— 627r7,cb(cq27aq1)627rzq2 p16727rzcbap2672ﬂ'wbcq2 512 ~

X Wy, (g1 +p2 — g2 — ep(a +¢), —6_%Y1X2?2)6—ﬂ'icﬁac

—_ e27r7,q2p1 512627mcbcq2 6727rzcbaq1e27rzcbaq26727mcbap2 6727Tzcbcq2 X

X Wi (a1 + p2 — g2 — cp(a + ¢), _e—%lez?Q)e—wicﬁac

_ e27r7lq2P1 512627ricbcq26727ricbcq2e*Qﬂ'icba(ql7q2+p2)6ﬂ'icﬁa2 «
_Ti _— 2
X Wy(qr +p2 —qz2 — cp(a+c), —e N Y] XoYo)e ™ebac
_mi — .2
= D12¢a,c(q1 +ps—qo,—€ N Y1X2Y2)emcba(a+c)

O

Extra Notation Recall the notation for Fourier coefficients and Gaussian expo-

nentials in Ay. For a = (z,n) and b = (y,m) in Ay we write

<CL b> — 627ri:1:y6727r7,'nm/N <a> — eﬂi12677rin(n+N)/N
3 - =
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For a = (z,n) € Ay, define §(a) = 6(x)d(n) where §(x) is Dirac’s delta distribution
while §(n) is the Kronecker delta dy ,, between 0 and n mod N. Define

k—1
- 1 +oo -
Foam) = Favo 7 (e = = S [ fm) (G, m))d,
w2 )
to denote the Fourier transform, as well the following notation
Vac(,n) = g.c(T, —n). (4.9)
Denote, for z,y € R and z € Ay

viz)=e "VN (QQHJ%)M Uy =v(T — y)emcim(x+y) (4.10)

Equations from Lemma 29 can be upgraded to

Va,cPa,c(2) = Vc7bgpcvb(z)<z>e*”N/12 (4.11)
Vo, cPaclZ) = l/c’a<pc7a(—EZ)<Z>€_mN/6 (4.12)
Vo, cPa,c(2) = 1/1,,0901,,6(—Ez)e_m'N/12 (4.13)

Where ¢ was defined in (4.2).

Proposition 49 (Charged Tetrahedral Pentagon equation). Let a;, ¢; > 0 such that

\/% —a;—c; >0 forj=0,1, 2, 3 or 4 satisfying the following relations hold true

a1:a0+a2 CL3:CL2+0J4 61:CO+CL4 03:a0+04 62161+63.
(4.14)

Then we have

Tio(aa,ca)T13(az, c2)Tas(ao, co) = uTas(a1, c1)Tia(as, c3) (4.15)

wehere )

. Cpy 1
= exp 7t 2(co + as +c4) — —
= exp 6m<<° 2 +ca) m)

Proof. The Charged Pentagon Equation (2.58) provides the equation

Viz(ag, ca)V13(az, c2)Vas(ao, co) = EWas(ar, c1)Viz(as, cs) (4.16)

where
Vii(a,c) =4, (a+p — @, —e Y X,V)) (4.17)
= e2m‘;%(aoa2+aoa4+a2a4)em%a§ (4.18)

Following step by step the proof of the (un-charged) tetrahedral pentagon equation
(3.42), together with the expression for T(a,¢) from Lemma 48, we get a proof for
(4.15) induced by the relation (4.16), up to a constant factor p that we are going to
determine. First notice

V(a4 - 64)1/(a2 - CQ)V(G‘U B Co)e‘n'ici@
y(a1 — Cl)V(a;), — Cg)

where

9 = ao(ao —+ 2&2 —+ Co) —+ a4(a4 —+ 2&2 —+ 04) —+ 2(1% —+ 2(10(14 —+ CL262+
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—ai(a1 + ¢1) —as(as + c3) (using (4.14))
= ag(ag + 2az + co) + ag(ag + 2as + c4) + 243 + 2apay + azca+
—ao(a0+a2—|—a4+co)—a4(a2—|—a4+a0+04)—a2(2a0+2a2+2a4+co+04)

ZGQ(CQ—(Z()—C()—C4—(14):O

while

v(ag — ca)v(az — c2)v(ap — co) = v(—co— az — c1)
l/(a1 - Cl)V(CLg - C3) ’ ’ !

O

We are now able to provide an integral kernel description for the charged tetra-

hedral operator. We use the Dirac Bra-Ket notation to denote integral kernels, see
Appendix A.1.

Proposition 50. Let T(a,c) = (T(a,c))*.

<(1,0, G,2| T12(a7 C) |a1, a3>

v(a— c)e”wlz)a(a“) (a3 — az, ag){as — a2)0(ap + a2 — a1)Pq,c(az — az)
{ag, as|T(a,c)lai, as)

= 1/(b—c)e’”b%b(m'c)e_’”j\'/12 (az—ag, a1){as—az2)d(a1+as—ag) e c(az—asz)

Proof. The constant part dependent on the charges in the kernel formula is evident
from Lemma 48 so we will ignore it below.

<a05 ll2|T12(CL,C)|CL1, a’3>
= (ao, a2|D129, (41 + p2 — 92, —e TINY X,V 5)|ay, as)
= (ao + a2, az[, (a1 + p2 — a2, —e TINY X0V 9)|ay, as)
- / (ao + az, ag|e?m V(@ +Pa=a2) (ke —mik: /Ny =k oky kg, qy)
AN

X /&a,c(y7 k)d(y7 k)

[ a0 an aale T o) a0 () YT )
N

X Py, k)d(y, k)

Now compute separately:

o —k
(ag + az|e*™ ™Y |a;)

= e2ﬁiy(z°+m2)wk(no+n2)(5(%0 + xo — 1‘1)(5(%0 + no — ’I’Ll)

- <(y7 —k), ag + a2>§(a’0 +az — al)

and

(az|e27v(P2=92) (—1) ke~ N Ty Y )
= ((y, b)) (az + (y, k), (y, k) "'6((y, —k) — az + a2)
putting back into the integral we get
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/A ((y, o)) az + (y, =k), (y, = k)~ {(y, =k), a0 + a2)d((y, k) — a3 + az) x

x 8(ag + az — a1)Ya,c(x3 — T2,m9 — n3)d(y, k)
= (az — az)(as, az — a2>_1<a3 — ag, ag + ag) X
x 8(ap + as — a1)a,c(r3 — 2,19 — N3)

_ las){az) (a3, a2) (as, az) as — as, a
 (as, a2) (az)?  {as)? (a3 — az, ag)x

x 8(ag + as — a1)a,c(r3 — 2,19 — N3)

= (a3 — ag, ag){az — az)d(ag + az — a1)Yac(x3 — T2, N2 — N3)

For a negative tetrahedron we have

{ag, as|T(a,c)lai, az) = (ag, az|T(a,c)*|a1, as)

= (ea, eas|T(a,c)|eag, €az)
=v(a— c)‘%‘”ciu(aﬂ) (ag — aa, a1)(az — az)x

x 0(a1 + as — ag)Pa,c(e(az — ag))
_ u(a . c)—1e—m‘cﬁa(a+c)e—m‘(N—4c§N*1)/126—2m'c§abX

X {ag — ag, a1){as — az)d(a; + as — ao)gob,c(—f-:?(ag —as))
_ zx(b . c)eﬂicﬁb(b+c)e—7riN/12 «

x (ag — ag, a1){as — az)d(a1 + ag — ap)pp,c(as — az)

The appearance of € is due to the non-unitarity of the theory for b >
N > 1.
Let A and B two operators on L?(Ay) defined via their integral kernel
(a1, as|A) = d(ay + as)(ay)e™N/12 (a1, a2|B) = (a1 — az)
(Alai, az) = (ea1,caz|A) (Blai, az) = (ca1,2a2(B)
Lemma 51 (Fundamental Lemma). We have the following three relations

/A2 (Alv, s){(z, 8| T(a,c)|u, t)(t,y|AYdsdt = (z,y|T(a,b)(u,v)

/A2 (Alu, s)(s,z|T(a,c)|v,t)(t,y|B)dsdt = (z,y|T(b,c)(u,v)

/Az (Blu, 8)(s,y|T(a,c)|t,v)(t,x|B)dsdt = (z,y|T(a, b){u,v)

N

Proof. First:

/A<K|v,s><x,s|T(a,c)|u,t><t,y\A>dsdt

2
N

=v(a— c)emcﬁa(a“) /AZ (t—s, )t —s)d(x + s —u)o(t +y)o(v+ s)x

X (1) (0)Pa.c(t — s)dsdt

(4.21)
(4.22)

(4.23)

= v(a — c)emieralete) /A (v =y, 2){v = y)6(z — v = u)(Y)(vV)Pa.(v — y)dsdt

2

N

_ l/(a . C)eﬂ'ic%a(aJrc) 677ricf)a(a+2c)efﬂi(N74c§N_1)/12S0
x (v —y) (v —y) (v —y,u+v)(y)(v)

=v(c— b)e”iciC(HCb)e*”N/m@C,b(v —y)o(z —v —u){v—y,u){v—y).
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Second:

/Az Blu, 55, 2[T(a, ¢)[v, £) (£, y|B)dsdt
= —miN/2T /A (o, af T(a, oo, 1 — y)dsdr

= v(a — c)emiebalate)e—miN/12 /A Bae(t — 2)0(u+ v — )%
T TS — gt PR

=v(a— c)emlclia(a'*'c)e_mN/12 / Pa,c(t)0(u+ v —x)x
AN

X (u)(u, 1) {t)(t + 2 — y)dt
m’cﬁa(a—&-c)e—TriN/lQé(

=v(a—c)e u—+v—z){u){r —y)x
X /A @a,c(t) <u’ t> <t7 T — y>dﬁ

=v(a— c)e”cia(““)e*”m/l%(u + v —z){u)(x — y)x

< )t v )i

Tricga(a+c)ef7riN/125(u +ou— CL’)<U> <£L' 7 y>90a,c('U . y)

v(a—c)e

v(a— c)e”cia(a“)e_”w/wé(u +v—2){u, v—y) (v —y)paclv—1y).

Third:

/A2 (Bls, v) (u, s|T(a, O)|t, v) (£, 2|B)dsdt

N

= (a— )R HIG, (v y)o ) / (Blu.s)(s,v — y)(s + y,2|B)ds
An

= v(a— )™ HIG, (v —y){v—y) /A (u—=s)(s,v—y)(s +y —x)ds

v(a—c)em G, (v —y) (v —y)ly - w>@/ (s,v =z +u)ds

An

v(c— b)em bt o, (v — )y — 2){u)d(v —  + u)
v(c— b)e”ic%c(c+b)<pc7b(v —y)v—y)v—y, u)d(v —x +u)

O

4.3.1 TQFT Rules, Tetrahedral Symmetries and Gauge In-

variance

We consider oriented surfaces with cellular structure such that all 2-cells are
either bigons or triangles. Not all the edge orientations will be admitted: we forbid
triangles cyclically oriented. For the bigons, we consider only the essential ones, the
others being contractible to an edge. These essential bigons are precisely the ones
with cellular structure isomorphic to the unit disk with vertices 1 € C and edges
{e1 = e ey = —e™ fort € [0,1]} or {eg = —e ™ ey = e ™ for t € [0,1]}.
Given such an ideally triangulated surface ¥ we will associate a copy of C to any
bigon and a copy of §’'(Ay) to any triangle. Globally we associate to the surface the
space S’ (A%(E)). To a shaped tetrahedron T with ordered vertices {vg,v1,v2,v3}
we associate the partition function Z]gN) (T') through the Nuclear Theorem (A.6) as
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a ket distribution

<$|Zm)> _ (ao,a2|I(c(vov1), c(vovs))|ar,az) if sign(T) = 1; (4.24)
b (a1, a3|T(c(vovr), c(vous))|ag, az) if sign(T) = —1.
where
Ax 3 a; :=a(0;T), i€{0,1,2,3}
and )
c:= ar : A1(T) — Ryyp.
T 1(T) >0

Having allowed bigons on triangulations of surfaces, we get cones on triangulations
of cobordisms. From the 2 classes of bigons described above we have 4 isotopy classes
of cellular structures of cones over them, described in the following as embedded in
R3 ~ C x R. The bigon is identified with the unit disc embedded in C. The apex of
the cone will be the point (0,1) € C x R. The 1-cells will be either

{eos(t) = (£e™,0), e1o(t) = (£(1 - 1),0)}

{eos(t) = (Fe7'™,0), er(t) = (£(1 1), 1)}
{eos (t) = ('™, 0), eqy(t) = (£, 1 - 1)}
or

{eos(t) = (Fe~,0), el (t) = (£t,1 - 1)},
We name these types of cones A, A_, By and B_ respectively. We need TQFT rules
for the gluing of this cones. We just need to look at their gluing over a tetrahedra.

We assign a partition function to the cones as follows

(a1, 02| 2" (A1) = (a1 + a2){ar) =1 e=™ N2 (a0 20 (By)) = (a1 — ag)*".
(4.25)
Tetrahedral symmetries are generated by permutation of the ordered vertices. Indeed
the group of tetrahedral symmetries is identified with the symmetric group S, and is
generated by three transpositions. The three equations of the Fundamental Lemma
51 gain an interpretation as glueing of cones on the faces of a tetrahedron through
definitions (4.25). These three glueing generates all the symmetries of a tetrahedron,
and through this interpretation, the Fundamental Lemma assure that the partition
function Zl()N) satisfies all the tetrahedral symmetries. For a general approach to
tetrahedral partition functions and symmetries see | ].
We can now formulate the main Theorem for the Teichmiiller TQFT. This theo-
rem was proved by Andersen and Kashaev for the case N =1, and any b in | ].
The statement that we have here is for every N odd, and it is not present as such in

the literature.

Theorem 52 (Teichmiiller TQFT, Andersen and Kashaev). For any b € C* such
that Imb(|b| — 1) =0 and Reb > 0, and for any N € Z~q odd there exists a unique
*,-functor FéN): By — Dy such that FéN) (A) = Az(A), VA € ObB,, and for any
admissible leveled shaped pseudo 3-manifold (X,lx), the associated morphism in Dy
takes the form

lxc?
FM (X 1x) = ZN(X)e ™5 e & (Aﬁ?“”“) : (4.26)

where Z}gN) is defined in (4.24) for a tetrahedron.
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Here #p-functor means that F(X*) = F(X)*», where X* is the oppositely ori-
ented pseudo 3-manifold to X.

We still need to address the the gauge invariance and the convergence of the
partition functions under glueings. We won’t discuss the convergence here because
it follows directly from the convergence in the case level N = 1, which was addressed
in | ]. For the gauge invariance consider the suspension of an n-gone SP,
naturally triangulated into n tetrahedra sharing the only internal edge e. Every
gauge transformation can be decomposed in a sequence of gauges involving only one
edge e, and every such guage transformation can be understood in the example of the
suspension. Suppose all the tetrahedra to be positive, and having vertex order such
that the two last two vertices are the endpoints of the internal common edge. After
enumerating the tetrahedra in cyclic order, let a;, ¢; be the two shape parameter of
T;,i=0,...,n, and a = (ag,...,an), ¢ = (co,...,cn). Notice that v/ Nrma; is the
dihedral angle corresponding to the edge e. So a gauge corresponding to e will affect

the partition function of S Py
Zl()N)(SPN)(& c) := Tro(To1 (a1, c1)Toz(az, c2) - - - Ton(an, cn))

shifting ¢ of an amount A = (A,...,A). One can show from the definitions and the

discussion above, that

T(a,c+ ) = e_Q’Ticb)‘plT(a, 0)62”“‘))"’1@”6{‘; (\/LN*GCO A3

which, after tracing, leads to the following Proposition

Proposition 53. [ ]

Z](DN)(SPN)(a,C—&- = Z,[()N)(SPN)(a, C)eﬂ'icﬁ(\;‘ﬁ76Qc))\/3

where
Qe=a1+ax+...a,

4.4 Knot Invariants: Computations and Conjec-

tures

Notation In the examples we are going to use the following notation for quantum
dilogarithms

¢b(z,n) = Dy(z, —n) (4.27)

moreover we will often abuse of notation in favor of readability in the following ways.
For z = (z,n) € Ay the writing e2™>*% will be sometimes used in place of e2icvza,
Moreover sums of the types z + ¢pa will always mean (z + cpa,n) . In the examples
we encode an oriented triangulated pseudo 3-manifold X into a diagram where a

tetrahedron T is represented by an element
1]

where the vertical segments, ordered from left to right, correspond to the faces
00T, 0,T,0xT, 03T respectively. When we glue tetrahedron along faces, we illustrate

this by joining the corresponding vertical segments.
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4.4.1 Figure—Eight Knot 4,

Let X be represented by the diagram

XX (4.28)

Choosing an orientation, it consists of one positive tetrahedron T, and one negative

tetrahedron T_ with four identifications
O2igjTy =~ Oo_nir;T-, 4,5 €{0,1}.

Combinatorially, we have A0()() - {*}a Al(X) = {60761}3 AZ(X) - {f07f13f27f3}7
and A3(X) = {T},T_} with the boundary maps

foiv; = O2ip; T4 = Oa—oi;T—, 4,5 € {0, 1},

8z'fj—{ eo, if j—i€{0,1};

e1, otherwise,
Oiej =x*, 1,75 €{0,1}.

The topological space X \ {*} is homeomorphic to the complement of the figure—eight
knot, and indeed X \ {x} is an ideal triangulation of such cuspidal manifold. The set
As1(X) consists of elements (T4, e; ) for 0 < j < k < 3. We fix a shape structure

ax: Az1(X) = Ry
by the formulae
ax(Ty,e01) = 7V Nay, ax(Ty,e02) = 7V Nbs, ax(Ty,e03) = 7V Ney,
where ay + b4 + c4 = ﬁ The weight function
wx: A1(X) = Ryg
takes the values

wx(eo) = VN7T(2ay + ey +2b_ +c_) =: 21w, wx(e1) = 27(2 — w).

As the figure—eight knot is hyperbolic, the completely balanced case w = 1 is acces-

sible directly. We can state the balancing condition w =1 as
2, +cp =2b_ +c_. (4.29)

The kernel representations for the operators T(ai,cy) and T(a—,c_) are as fol-
lows. Let z; € Ay ,j=0,1,2,3

(20, 22| T (a4, cq)]21, 23) (4.30)

= Va, e, (23 — 22, 20) (23 — 22)0(20 + 22 — 21)Pay e, (23 — 22)

(23, 21|T (ag, c)|22, 20) = (€29, e20|T(ay,c_)|ezs, e21) (4.31)

=Tu_ .o (20 — 21, 22)(21 — 20)0(20 + 22 — 23)Pa_ c_ (€21 — €20)

The Andersen—Kashaev invariant at level N for the complement of the figure—
eight knot is then

Z,()N)(X) = /A4 (20, 22| T(ay, cy)|21, 23) (23, 21| T (ay, c_)| 22, 20)dzodz1dzad 23

N
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Vc+,b+vc, Ve bv_Pes by (28 — 22)@e_p_ (€21 — €20)0(20 + 22 — 21) X

X 5 (20 + 22 — 23) {23 — 22, 20) (20 — 21, 22)dz0d2z1d22d 23

Vc+ bV b Pei by (21 — 22)0e_p_ (€21 — €20)0(20 + 22 — 21) X

;»\\

Zl 22, Zo><ZO — Z1, 22>d20d21d22

Ve by Ve o_Pey by (20)pe_b_(€22)(20, 20) (—22, 22)d20d 22

\;P\

Vc+,b+<pc+ b+(ZO)<ZOaZO>dZO/ Ve_ b_Pe_p_(E22) (22, 22)d22
An

=0 +,b+0-07 b_

We can compute

727rzcbzci 9
Ocy by = Veyp 2)“dz
C+,04 Cc4+ i/ANQObZ_Cbbi"V‘Ci))<>

47’I”LCbZ(2bj: +c4) )
= ci b / <Z> dz
An+di ob(2 )

where

/ _ dmic (c4by—b2)
Veo by = Vepbe€ P + (4.32)

and the domain of integration Ay + di = (R + di) x Z/NZ) remarks that we have
shifted the real integral to a contour integral in the complex plane, and d € R is such
that the integral converges absolutely. We sometimes omit the contour shift in the

computations but we try to put it in the results. Defining

A=2by +cp =2b_ +c_

we have
e47rzcb)\(zo+22)
Z8(X) =, Ve / —————(20)%(22)2d20d 2
A2, pb(20)pn(e22)
_ I — op(22) dmicy A(zo+22) 27 V2ds0d
Vey by Ve b /A?v on(z0) (20)"(22)?d20d22
_ 7 ©b(22 = 20) aricyrz 27 V2 d0nd
Ve, byVe_ b /A2 on(z) ¢ (20, 22)"(22)?dz0d22
that has the structure
N i
ZM(X) = ¢i# / (2, Nde, (4.33)
An+i0
N N Tich AT N (pb(l’*y) T N2
A (@A) = ) (@)etmients, W= [ BTy
N —1

(4.34)

where ¢ is some constant quadratic combination of dihedral angles.

4.4.2 The Complement of the Knot 5,

Let X be the closed SOTP 3-manifold represented by the diagram

=

(0]




This triangulation has only one vertex * and X \ {x} is topologically the complement
of the knot 55. We denote T7,T5, T3 the left, right, and top tetrahedra respectively.
We choose the orientation so that all of them are positive. Balancing all the edges

correspond to require the following equations to be true
2a3 = a1 +ca, by =c1+ bo. (4.35)
The three integral kernels reads
(z,w|T(a1,c1)|u,z) =
= Vg e, (@ — w, 2){x — w)0(2 + W — U)Pay ¢, (T — W)
(z,v[T(az, c2)ly, w) =
= Vgy,eo (W — 0, 2) (W — 0)I(T +V — Y)Pay,co (W — )
(y, ulT(as, cs)[v, z) =
= Vag,es (2 = 1w, 9) (2 = w)3(y + 1 — V) Pag cs (2 — w)

The three delta functions will give us the following substitutions inside the integrals
v=y—x U= - w=-r—2z
We can write
ZVX) = [ fx(x)dz, (4.36)

and compute

Ix(z) = Vay,c1Vas,caVas,cs /2 Pay,cx (22 + Z)Szazm(*z - y)‘:z’as,%(z + )
A

N

X 2z + 2z, 2){(—z —y, 2)(z + ,y) 2z + 2){z + y)(z + z)dzdy

_ eme/zLychbl1/02,1;2V03,b3 /2 Pey by (2x + z)gocz,bz(—z - y)<p037b3 (z + x)

Ay

X (2x + z,2)(—z —y,x)(z + z,y)dydz

Shifting z — z — = we get
fX (.T) - eiﬂ-iN/AlVCl,bl Vey,baVes,bs /2 Per,by (93 + 2)5002,172 (:L' —2 = y)(PC3,b3 (Z)
A

N

X(x+z,2z—z)(r—z—y,)(zy)dydz

and then y — —y 4+ 2 — 2

Pei,by (LL' + Z)(Pcz,lm (y)%a,bg (2)

2
N

fX ((,C) = e_ﬂ'iN/ZlVCl,bl Veg,baVes,bs

—

X (x4 z,z —z)(y,x){(z,z — z — y)dydz

= e_mN/4 Pey,by (.’E + 2)90527172 (y)@53,b3 (Z)<(E —Y, 2= m)dydz

2
N

Vey,b1Ves,baVes,bs

= e_ﬂ'iN/4 Peq,by (*T + Z)chz,bz (Z - x)socs,be, (Z) <£U, Z = x>dz

N

Vey,b1Ves,baVes,bs

— T

— o—TiN/3 ey o (TF2) Dby an (2= ) Pey by (2)(z—2) (2, 2—2)d2

N

Vey,b1Vby,a2Ves,bs

——

Per,by (x + Z)(pb27G2 (Z - x)@c;;,b;; (Z)<Z> <$>d2

N

_ e—ﬂ'zN/B

—

Vey,b1Vbs,a2Ves,bs
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we now make the complex shift z — z + cp(c3 + b3) and get (we omit the constant

factor in front for a moment, for clarity reasons)

/ @)z + e (cs + by))e2ril=+en(eatbs)es
ax Po(z+x —cpler +b1 —c3 —b3))pn(2)pn(z — 2 — cp(az + b2 — c3 — b3))
« e—2m’cb(m+z+cb(cs+b3))cle—27ricb(z—z+cb(c3+b3))b2dZ

fx(z) =

X

From the balancing equations (4.35) we get the following

c1+by—c3—b3=—=—a; —c3—bz3= +co —2a3 —c3 — b3

1
VN VN

+az =az — ¢y,

that together with a change of variable ' = 2 — ¢,,(co — as) gives

Ix(x) = /A (2" + cp(ca — az)){z + ep(cs + b3))e 2mizes )

eb(z +2)pn(2)pn(z — ')

. ’ . ’
% 6727rzcb(:1: +z)016727rzcb(zfa: )b2dZ

Finally, reincorporating the constants as

W= e—ﬂiN/SVChbl Vb Vc37b36—27T2'C}2>(C3(C3+b3)+b2(C2+b2)+C1 (c1+b1).
we have
{@)(2)
Ix(z) = M/ X
V=1, T D)ool = o)
~ 6727ri:v'cb(clfb2+cQ7a3)6727rizcb(clfb3+b2)dz
o ZE N
Ay Pz + 2" )on(2)pn(2 — ')
« e—Qﬂiz'cb(cl—b2+02—a3)dZ
So, after fixing A = —c1 + by — o + a3 we can express
N N N N TICHL AT
7N (x) = / X (@, N)da, X (2, 0) = X (@)e?mier (4.37)
AN—+i0

(VM) () — ®<Z>
X, (@) /ANiO ob(z + 2)pu(2)en(z — o)

dz (4.38)

4.4.3 H-Triangulations

In this section we will look at one vertex H-triangulations of knots. Computation
wise they are simple to deduce from the ideal triangulations (at least in the two
examples at hand). The following small computation will be useful

Let T consists of one tetrahedron with one face identification

Qll

Choosing a positive orientation we have

(212 (To)ly) = / (2, 2[T (a0, o))z, y)dz
AN
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= Vao,m@ao,%(y)@é(x)/A (y,2)dz

e TN/12,, 6(y)d(x)
co,bo
ob(cbao — cp/VN)

= Vag,coPao,co (O)é(y)é(.’l?) =

The choice of Tj negatively oriented gives

A _ o—TN/12,, 6(y)é(x)
(@l (o)) N P

Now let X be an H-Triangulation for the figure—eight knot, i.e. let X be given

—]

where the figure-eight knot is represented by the edge of the central tetrahedron

by the diagram

connecting the maximal and the next to maximal vertices. Choosing positive central
tetrahedron (7p), the left tetrahedron (7) will be positive and the right one (7-)
negative.The shape structure, in the limit ag — 0 satisfies 2b; +c4y =2b_ +c_ =: A

The partition function takes the form
7, (X) = / (20, 22T (ay e4)l, 25) (2] 2, (T0) ")
N

(z3,2'|T(ay,c_)|za, 20)dzodzedzzdzda’

/
_ o ™N/12,, 5(z')

co,b
™ b (evao — en/VN)
/3 (20, 20| Tay, ci )|z, 23) (23, 2|T(ay, c_)|z2, 20)6(x)dzod 2zod z3da
A

N
677TN/12VC0 b /
= - VerbiVe b Pey by (—22)0c_ v (—€20)
¢v(cvag — e /VN) Jaz, " A
X <722, Zo><Zo,22>5(ZO + ZQ)dZOdZQ
—mN/12

= c VCOJ)O / VC+,b+U07,b7 SDC+,I7+ (Z)(pcf,bf (_Ez)dz
¢b(chao — en/VN) Jaz,
e_T(N/12VC(),b0

Ve by Ve b
en(cpao — cp/VN) T
« / (Pb(_z + Cb(c* + b*)) 627ricbzc,e—2ﬂ'icbzc+dz
A

en(z —ep(cq +04))

—

3
N
VCQ,bo R
= Ve Ve_b_

¢b(chao — e /VN) by Tent
« / (pb(Cb(b+ - b—) B Z) 627ricb(z+cb(c++b+))(c,7c+)dz
A ¢b(2)

N
efﬂN/12VCO7bO -
= VeybyVe b €
eb(cbag —cp/VN) “UTE
> / @b(cb(b-‘r — b—) — Z) e47'ricbz(b+—b_)d
A3, ¢b(2)

2micy (e +by))(c——cy)

z

—m7N/12
e N/ Veg,bo

¢b(chao — cp/VN)

Notice that in the limit g — 0 we have by = b_, so re-normalizing to remove the

= 2mich(er+bi))(e-—ct) Ver b T xXi by — b))

singularity we can write

. () e~ miN/12 ()
Jim gy (cvao — en/VN) 2, (X) = X1, (0) (4.39)

V(CO)
78



Similarly let X be represented by the diagram

=

that is, the H-triangulation for the 55 knot. We denote Ty, 77,75, T3 the central,
left, right, and top tetrahedra respectively and we choose the orientation so that the

central tetrahedron Tj is negative then all other tetrahedra are positive. The edge
representing the knot 52 connects the last two edges of Ty, so that the weight on the
knot is given by 2mwag. In the limit ag — 0, all edges, except for the knot, become
balanced under the conditions

a1 =co =as, bz =cy+ b,

which in particular imply (4.35). It is really simple to see that the insertion of

the partition function for Tp, i.e.
(2] 25" (Ty)]a)

into the expression of the function fx(x) defined in equation (4.36) produces

2000 = — ) (140
= Vbg,coJ X .
b wp(cpa — cb\/N) 00
677r72N/12
=0 xen (ev(ar — as)) (4.41)

ov(epa — epV'N)

For some constant phase factor ©

4.4.4 Asymptotic’s of nglv)(())

In this section we want to study the asymptotic behavior of the invariant of the

figure-8 knot

Xfﬁl\”(o):/A Dy (—2, —k)Dy,(z, —k)d(z, k)

1 / ( -z ) z
- ¥ Dy (oo =k ) Dy (5, —k ) de
21bV/N | . Jria 27b 2rb
when b — 0. The analysis uses techniques similar to the one presented in | ]
for N =1, however higher level gives new informations that we will show here.
The integration in the complex plane is a contour integral, where d € R is so that

the integral is absolutely convergent. Since b € Rsg we have

T

—X
‘Db(7 —k’)Db(%b7 -

—1
)| ~ eb [Rez|Imx
27h )

as x — oo, which requires d to be strictly positive. By means of the asymptotic

formula for the quantum dilogarithm (2.43) we have

(N) (0) 1 Z / B Lig(—e_mw) _ Li2(—e\/ﬁx)
= X
X41 27Tb\/ﬁ R—id P 27T'Lb2N

k€Z/NZ
X ¢z (k)¢o (k) (1 + O(b%))dz
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We want to apply the steepest descent method to this integral to get an asymptotic
formula for b — 0. First we show the computation for the exact integral,

1
— Ex
2nbv N Z /]R—id P

kEZ/NZ

Liy(—e=VN®) — Liy(—eVN7) G_o(k) g (k)dz  (4.42)

2mib2 N

and then we will argue that the former one can be approximated by the latter when
b —0.
Let h(z) := Liy(—e~VNe) — Lig(—e\/ﬁ”). Its critical points are solutions to

K(x)=0
h'(x) #0
are S = {:I:%\/”—ZN + 2\7% 1k € Z}. We can compute Im h at its critical points:
2 m 2mik m
Imh |+;—=+ — | = H4A(= 4.43
(=573 + T )~ ) )
where A is the Lobachevsky’s function
Aa) = 7/ log |2 sin¢| dg (4.44)
0
and we used the following equations for the computation (see [ ] for all this
expressions)
A(20) =2 (A(a) - A(g - 9)) (4.45)
: 1 (" log(l—2 2
ReLiy(re'®) = —~ / og(1 = 2rcos(a) +27) | (4.46)
2 Jo x
Im Liy(re’®) = Blogr 4+ A(a) + A(B) + Al + 3) (4.47)
where ]
rsina
= = arct _ 4.48
B = p(r,a) = arc an<1—cosa) (4.48)

We remark here the well known fact that 4A(F) = Vol(41), where by Vol(4;) we
mean the hyperbolic volume of knot complement S\ (4;).

Fix C> g = —% \}”ﬁ, which is accessible from the original contour without passing

through other critical points, and consider the contour
C ={z € C:Re(h(z)) = Re(h(xp)), Im(h(2)) < Im(h(zg))}

Using the following properties for the dilogarithm

Z2

Re(lzlggoo Lig(—€®) = -5 (4.49)
. 2 . . 1, m?
Lig(—€*)+Lig(—e %) = 57 % for z € C\{Re(z) =0, |Im(2)| > 7} (4.50)

one can see that the contour C is asymptotic to Re(z) 4+ Im(z) = 0 for Re(z) — oo
and to Re(z) — Im(z) = 0 for Re(z) — —oo. Moreover the same computation shows

Re(zlir_rzioo Im(h(2)) = Re(zlir_riioo +Re(z) Im(z) = —oc0 (4.51)

All together we have found a contour C where integral (4.42 )can be computed with

the steepest descent method (see [ ]), giving as the following approximation
forb—0
04 (_gﬂ)
h(xzqg) 1
ezt LN 2YN) (1 4 o(1?) (4.52)

IN-1h7 ()
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where | v B
94, (2) = Wi kZ:O ¢—u(k)dg (k).

We now go back to xfév)(O), and we write it as the following integral

(M) =
Wo-mw 2 | hebien (4.53)

where
—X X
fola, k) = Dy (%b, —k) Dy, (%, —k). (4.54)

Then consider the contour

Cr ={z € C:arg fuo(2) = arg fuo(2v), [fo(2)| = [folz)[} (4.55)

where zp, is defined as the solution to

0
P2 log fu(x) =0 (4.56)

which minimize the absolute value of fi,. Using the asymptotic formula for f;, it is
simple to show that the contours Cy, approximates C as b — 0 as well the points z},,’s
will converge to xg. So, in the limit b — 0, integral (4.53) is approximated by the
integral (4.42), for which we already have an asymptotic formula. We have proved
the following

2 me
(V) reg) 9 (_WN) 2
0) = ezmin?n —————2_(1+ O(b?)), 4.57
X4, ( ) iNflh”(a:o)( ( )) ( )

As we remarked above Im h(zg) = — Vol(4;).

g3

Next we look at the number g4, (—% TN which is a topological invariant of the knot

in the formula above.

2
k=1 j=1 ‘14—657” N
2
N-1 k ‘176*%%’@72}3”
= ¢z (1)9_z 2 (1) II z
k=0 j=1 ‘1_’_egm
12
N-1 k ‘1_6_%%672&”]
oy (3 ()Y ]
3 VN 3 VN k=0 j=1 |em‘/3| N
N-1 k 12
—_ 1x e,
= ¢22: (1)d_z 2 (1) II ‘1 —esNe N
k=0 j=1
12
B 1—e5| N-1 k 1
=03 oz () ——5 > [
‘1—63 k:03:1‘1—eSNeN
N-1 k
— 1 1
=032 032 3> [l 7
‘l—esN k:O]:1‘1—€3 N eN




N

i i rig\ ¥ 1
= H (1 — e 3Ne N ) Z v’ —
j=1 j

The last expression makes possible the following remark

2 m 0
94 (3\/N> = YN Hy (Peomp) (4.58)
where HY (Peomp) is the Baseilhac-Benedetti invariant for the figure-eight knot found
in | ], computed at the conjugate of the complete hyperbolic structure (meaning
that the holonomies of the structure are all complex conjugated) and ~yy is a global
rescaling
N—-1 N
wij \ N
w= ]I (1 — R ) (4.59)
j=1

Remark 4.4.1. The very same steps of the previous asymptotic computation for
Xfljlv)(O) can be applied to Xg)(O) up to the point of having an expression

¢(z55)
(o) = ermt) 9 Ts) (1 4 o2y, (4.60)
iN_lth ($52)

where x5, is the only critical point in the complex plane that contributes to the
steepest descent and

N-1

g5, (z) = ﬁ > 52 0)6: )52, (4.61)

Jj=0

The fact that Im ¢(x5,) = — Vol(53), can be seen directly, see for example | ].
However this situation is already too much complicated to come up with some rela-
tions with other theories. The obvious guess is to look for the Baseilhac-Benedetti
invariant, but no explicitly computed examples, other then 41, of such invariant are
known to the author of this thesis.

The following conjecture was originally stated in | | for N = 1. Here we

restate it in the updated setting. See remark 4.4.2 for some less cautious conjecture.

Conjecture 54 (] ). Let M be a closed oriented compact 3-manifold. For
any hyperbolic knot K C M, there exist a two paramters (b, N) family of smooth
functions JJ(\?:%) (z,7) on R x Z/NZ which has the following properties.

1. For any fully balanced shaped ideal triangulation X of the complement of K in
M, there exist a gauge invariant real linear combination of dihedral angles A, a

(gauge non-invariant) real quadratic polynomial of dihedral angles ¢ such that
(V) 0 1N~ [ e
AR X)= eiond /J b.N (z,j Ty
b VN jz:(:) r K )

2. For any one vertex shaped H-triangulation Y of the pair (M, K) there ezists a

real quadratic polynomial of dihedral angles ¢ such that

: wy (K) —7 i o—i T 7(b,
Dy <Y7<r\/)ﬁo> 7N (v) = eteiE (0 0(0,0),

where 7: A1(Y) = R takes the value 0 on the knot K and the value 27 on all
other edges.
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3. The hyperbolic volume of the complement of K in M is recovered as the follow-
ing limit:
lim 2b° N log 17858 (0,0)] = — Vol(M \ K)
= .

Remark 4.4.2. We have proved this extended conjecture for the knots (S3,4;) and
(S3,52), see formulas (4.58), (4.60) and (4.61). Moreover we gave a more explicit
expansion, showing the appearance of an extra interesting therm gy, and showed a
precise relation between g4, and a known invariant of hyperbolic knots, defined by
Baseilhac-Benedetti in | |, see equation (4.58). We could have been less cautious
and extend the conjecture declaring the appearance og g(ar,x) to be general, and
it to be proportional to the Baseilhac—Benedetti invariant. However we feel that
there are not enough evidence to state it as general conjecture. We finally remark
that the Baseilhac-Benedetti invariants are considered to be a generalization of the
Kashaev invariants, in the sense that they depend also to choice of a flat PSL(2, C)
connection. The level N Andersen—Kashaev invariant could be interpreted as further
quantization of this choice (meaning that we are quantizing also over the space of all
possible PSL(2,R) flat connections). From this point of view, it is not unbelievable
that the BB—invariant at the complete hyperbolic structure appear in the classical
limit of the AK—invariant. The fact that appears as complex conjugate structure
could be due to some different choice in the many conventions one needs to make

along the process.
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Chapter 5

Genus 1 SL(2,C)

Chern-Simons Theory

The main purpose of this Chapter is to compute the representations of the Map-
ping Class Group of a genus 1 surface defined via complex quantum Chern—Simons
theory, as suggested in | ], and | ]. These are admittedly not interesting
per se, as the mapping class group of a genus 1 surface is well known to be linear
and isomorphic to SL(2,Z), however we hope this could be a first step to get an idea
on what representations in higher genus look like. Indeed it is a general problem to
find out if higher genus mapping class group are linear, and Chern—Simons theory
already provided an asymptotic positive answer | ]

On the other hand studying mapping class group representations is one of the first
steps in order to get an interpretation of complex Chern—Simons theory similar to
the modular functor formulation for compact Chern—Simons theory. This is still far
from being accomplished.

In Section 5.1 we recall the construction for complex and compact Chern—Simons
theory and their quantizations following the description and ideas in | Jand
[Wito1].

In Section 5.2 we do all the constructions in elementary details in genus 1. This
second section does not really need the previous one if not as motivation to use
certain definitions, and many arguments are treated more elementarily then in the
general setting as the genus 1 is indeed more simple. Some of the discussion follows
ideas in [ ], but the computation of the mapping class group was not given
there, while we are able to do so, thanks to an explicit description provided by the
Weil-Gel’fand-Zak Transorm, see Section 1.2

5.1 The Hitchin—Witten Connection and Complex

Chern—Simons Theory

In this section we want to recall the general setting of (Complex) Chern-Simons
Theory, together with the main results and open problems related to its quantization.
Most of the material here is taken from | L[ L0 ] and, mostly,
[ I

85



5.1.1 Moduli Spaces of Flat Connections

Fix n > 2. Let G be the compact Lie group SU(n), and its complexification
Gc¢ = SL(n, C). Denote with g (resp. gc) the Lie algebra of G (resp. G¢). Namely let
g = su(n) be the Lie algebra of traceless skew-Hermitian matrices and g¢ = sl(n, C)
be the Lie algebra of traceless matrices. Let (-,-}: gc X gc — R be an invariant
inner product on gc. In the setting we are discussing, after normalization, we can
fix (A, B) = —gi; Tr(AB). Fix an integer number g > 2 denoting the genus of a
closed surface ¥, and fix a point p € 3. Denote by ¥, the surface punctured at p.

Let d € Z/nZ. Consider the following two moduli spaces of representations.

M = Homgy(m1(%,),G)/ ~ (5.1)
Mc = Homj (m1(%,), Ge)/ ~ (5.2)

where the d means that we are mapping the representative of a small loop v around
the puncture p to the group element e?7*¥/"Id. The + in the definition of Mc
indicates that only reductive representations are considered. The subspaces M’ C
M{, i.e. the restriction of M and Mc to the irreducible representations, are embedded
one into the other. We have a gauge theoretic description of the spaces M and Mc,
thanks to the Holonomy Theorem 86. Let P (resp. Pr) denote a trivial principal
G (resp. G¢) bundle over ¥,. Fix aq € g such that exp(2ma;) = €2™4/"1d and
denote by F (resp. JFg) the space of flat connections on P (resp. reductive flat
connections on Pg) which have expression aydf near the puncture p, where 6 is some
fixed local angular coordinate centered in the puncture p. Let G (resp. G¢) be the
group of gauge transformations of P (resp. Pg), which restricts to the identity near

the puncture p. We have

M=F/G (5.3)
Mc = fg/g(c (5.4)
With some cautious choice of gauge transformations and connections allowed near

the puncture, see | ], M" and M(, have the structure of smooth manifolds. The

tangent spaces to M’ and M(, at an irreducible flat connection [A], are
TiyM' =H' (5, 9,d4) TiaMe = He (Sp, 90, da) (5.5)

where the differential d4 is defined by dgqa = da + [A A o] and H} is the homology
of differential forms with compact support.

5.1.2 Atiyah—Bott Symplectic Form and Pre—Quantization

Fix a complex number t = k + is € C*, where k,s € R. Consider the following

2-form on M(

we([A], [B]) E47T/Z<A/\B> :-%/E Tr(A A B) (5.6)

for all A, B € Q(X,, gc). We will discuss the quantization of M¢ with respect to the
following real symplectic form
t t_
Wy = Jwe + Juc. (5.7)
The same expression as in (5.6), on M’ instead of M(, gives a real 2-form w. The
analogous of formula (5.7) gives the symplectic form wy = kw on M.
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To construct the Chern—Simons line bundle first we introduce the Chern—Simons
3-form. Consider the cylinder ¥, x [0,1] and the projection 7: £, x [0,1] — 3,,.
Denote with A = 7*A the pull-back 1-form and, for every g € G (resp. Gc), let
g: ¥, x [0,1] — G (resp. Gc) be an homotopy from the identically trivial gauge
map on X, to the gauge transformation g (homotopies are required to keep identity
values near the puncture p fixed). We define the Chern—Simons 3-form

a(A) = (ANF;) — (AN [[1/\[1]) (5.8)

1
6
where F'; is the curvature of A.

Lemma 55. Let 0 € QY(G,g) (or QY(Gc,gc)) be the Maurer—Cartan form, and
define 05 = §*0. Recall the pull-back formula for a connection AT = g1 Ag + 0;.

The Chern—Simons form « satisfies the following relations

dOz(A) = <FA A FA> (59)

G a(A) = a(A%) = a(A) + d(g~"Ag A 0;) — = (05 A 05 A 03)) (5.10)

1
6
Remark 5.1.1. With our choice of g and gc, the form 6j; is explicitly g—'dg.

In the complex theory (i.e. when we use g¢ valued forms) we will need to take a

real form from (5.8) as we did in (5.7) for w¢

ar(A) = —a(A) + ;a(A). (5.11)

N | =+

Again in the real setting oy = ka. We define the Chern—Simons cocycle as follows

04(A, g) = exp <2m' /E . on (A7) — MA)) (5.12)

Remark 5.1.2. Thanks to (5.10) we have

1 1
[t Ag n65) ~ 5005 A (65 765)
©x[0,1]

:/E<g_1Ag/\99>— é/ (05 A (05 1 05))

2 x[0,1]

So, if we define
_ 1
o= [tagne) 5 [ @aBnG). 63
» 2 x[0,1]
we have
e t
O1(A, g) = exp 2mi (20(A7g) + 20(A,g)> (5.14)
By analogy with previous notation, in the real theory we write
Ok (A, g) = exp2mikc(A, g). (5.15)
Lemma 56 (Cocycle Condition).

©1(A, gh) = ©,(A7, h)O(4, g) (5.16)
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Define the trivial line bundle £ — F (resp. L — ]-'(ér ). Using the cocycle ©y
(resp. ©;) we can lift the action of G (resp. G¢) to L (resp. Z@), as

(A,2)- g =(A9,04(4,9)z). (5.17)

This action defines an Hermitian line bundle £* (resp. L) over M’ (resp. M().
Next we need a pre-quantum connection V® on this bundle. This is given by the

following formulas

v =d—if, e QNFL,LYH (5.18)
B(A) = 27T/ HANA) + AN, VA € TaFs (5.19)
b

The definition of V*) on £* is the straightforward analogous of the definitions above,
which follows when s = 0. Finally we have

Fow = —twy Fyoy = —ikw (5.20)

In both the situations, the pre-quantization condition produces the constraint k €
Z. So we have finished the description of the pre-quantum line bundle with pre-
quantum connection. In the next subsection we will describe how one could choose

polarizations in the two cases.

5.1.3 Polarizations

For general reference to the complex geometry involved in the following discussion
we refer to | ]. We are not going into many details here, as we won’t use the
general results we present in our detailed discussion of the genus 1. Instead we will
compute everything from scratches in that setting. At this point the discussion for
the real and complex theory becomes different.

Let us start with £¥ — M’. Choose a complex structure o € 7 on the surface.
Here T is the Teichmiiller space of the surface ¥ which parametrizes its complex
structures. o defines an Hodge star operator x: Q1(X) — Q1(X) as follows. Let g,

be the metric induced over Y. For every a, 3 € Q}(X, C) define *« via the formula
xa A B = (a, B)sdvol (5.21)

where (-, ), is an inner product in T*¥ induced by g¢,, and dvol is the volume form.
In general, we have
%2 =_1

Define

Jo: TM' —s TM’
Jy = —x (5.22)

where we recall the identification of tangent spaces (5.5) so that an appropriately
extended * is a well defined complex structure on TM’. In this way one has a
family of complex structures J over M’, parametrized by the Teichmiiller space T,
which can be all shown to satisfy the hypothesis of a Lagrangian polarization for M’.
Taking Hgk) as the space of holomorphic sections of the line bundle with respect to

J, one organizes this in a vector bundle

PR T — T (5.23)
88



where P*F) = C(M’, £¥). Tt is a result of [ ] and | ] that this vector
bundle admits a connection, usually referred as Hitchin connection, preserving the
sub-bundle (’Hf(,k), a) — T and that is projectively flat (see also | ] for a gen-
eralized setting). In this way one can define a unique quantum space of states HF)
up to scalar factor multiplication, identifying the different H((,k) by parallel transport
through Hitchin connection.

We now switch our attention to £' — M{. The Hodge * can be used to define a
complex structure J, on TiajM¢ in the same way as before. On the other hand
TiaMeg = Hi (Xp,9c,da) has another complex structure I induced by the natural
complex structure of gc. We don’t want to define a complex polarization, but a real

one here. We use * to decompose the cohomology into its (1,0) and (0, 1) parts, i.e.
H; (Sp,gc,da) = HY (S5, ¢, da) @ HEY (5,0, da) (5.24)

This decomposition follows from usual theory of Riemann surfaces and it depends
on the choice of o. One can take the space H§170> (2p,09c,da) as real Lagrangian
polarization. Such space at unitary (real) A is transversal to H' (X,,g,d) being 0
the only real 1-form of type (1,0). So the polarized sections of L£! are determined by
their value at M’. So we can define H = C*>(M’, L"). Such identification however
depends again on the o € T so we shall proceed to consider the infinite rank vector
bundle

CX (ML, LY x T — T. (5.25)
and its subbundle

CoM', LYX T — T. (5.26)
The first time these polarizations and bundle were considered was in | . Wit-

ten, in the same work, proved with some infinite dimensional differential geometry
arguments that there is an projectively flat connection on (5.25) preserving polarized
sections. Such result was later proved in a finite dimensional differential geometry
setting in | ]. As in the compact case we can use the parallel transport defined
by this connection to identify different fibers (C*°(M’, L), o) together. We refer to
such connection as Hitchin—Witten connection, and we will construct it in genus 1

later.

5.1.4 Mapping Class Group Representations

The Mapping Class Group MCG(X) = Diff " (X)/ Diff§ (£), acts naturally on
71(2) by push froward. This induces an action by pull-backs on Hom(m(X), G). In
particular we have a right action by pull-back of the mapping class group on M’ and
M(¢. Similarly MCG(X) acts on the right of 7(X) via pull backs.

The action on M’ and M{. can be lifted to an action on L¥ and L! respectively, as,
for every v € MCG,
O:(v"A,g07) = O:(4,9). (5.27)

Globally this produces an action of the mapping class group on the vector bundle
(5.23), so that v will map

Fr HE) — k)
In order to have representations of the mapping class group on H®*) we need to
parallel transport the sections in ’H(Vk)g back to ’H((,k). And this is possible thanks to
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the Hitchin connection. Similar considerations can be done in relation to the bundle
(5.26). In the next Section we will look in details of this second situation for the case
of a genus 1 surface. We will produce explicit descriptions of the representation into
such scenario.

5.2 Genus 1

5.2.1 Moduli spaces

From now to the end of the section ¥ is a fixed topological surface of genus 1

identified with the quotient R?/Z2. The fundamental group of ¥ is well known to be
7T1(E, 1‘0) =7 X Z, (528)
We want to describe the following two spaces

M = Hom (m1(%), SU(2))/SU(2)
M¢ = Hom™ (71(%), SL(2, C))/SL(2, C)

where the actions of the groups is by conjugation, and the + stays for semi-simple
representations. Let A and B be the two generators for m1(X) = Z x Z. Let [p] € M.
Up to conjugation we can suppose p(A4) € U(1). Since p(A)p(B) = p(B)p(A4), if
p(A) # +1d, it follows that p(B) €U(1) as well. If p(A) = +1d, then the conjugation
action of SU(2) can be used to bring p(B) € U(1). We can still conjugate by the
element R €SU(2) represented by the matrix

R(O _1> R (A 91>R<)\_1 0). (5.29)
1 0 0 A 0 A

We have just showed that
M= (TxT)/S, (5.30)

where So denotes the group of order 2, S; = {R,Id} and T = U(1). When we move
from M to Mc the main ingredient of the analysis, the commutativity of 71 (%),
remains and the discussion follows similarly. Let [] € Mc. Up to conjugation n(A)
is either diagonal, or parabolic

n<A><AOA Ai) or U(A)<(1) ”;‘>.

In the first case, n(A)n(B) = n(B)n(A) implies that n(B) is diagonal as well. In the
second case we get 1(B) to be in the same unipotent subgroup of 7(A). This second
case produces non semi-simple representations so we won’t consider them. We have

the following identification
Mc = (C* x C*) /S, (5.31)

where the action of Sy is as in (5.29).

Remark 5.2.1. There is a natural inclusion of M C M¢. Obviously T x T € C* x C*.
The action by conjugation of Sy has 4 fixed points on C* x C*, namely (1,1), (1, —1),
(—1,1) and (=1, —1), which are all unitary points, and is a double cover on the rest
which preserves unitarity.
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Let (z,y) € R? be local coordinates on ¥ under the identification ¥ = R?/Z2.
The gauge theoretic description of M¢ (and M) is as follows. Consider the space
Wre of s[(2,C) valued connections on ¥, i.e.

We 3 A= Adz + Agdy, Al, Ay € COO(E,E[(Q,C))

Consider the subspace Ac C We of connections

1 0
A = 2miuTdz + 2mivT dy, u,veC,T= (O 1) (5.32)

which are flat and constantly C—valued. Every such A € A¢ has holonomies

e27\'1’u 0 eQ‘n’iv 0
< 0 eZﬂ'iu)’ ( 0 eQﬂ'iv)’ (533>

which are representatives for elements of Mc. Since every [p] € Mc can be described

in this way, we have an identification of its double cover
Ac/Z? ~ C* x C* (5.34)
In coordinates (u,v) the action of (A1, A2) € Z? is by translations,
(u,v) - (A1, A2) = (u+ A1, v+ A2) (5.35)
while the action of S, lifts to Ac as
(u,v) - R = (—u, —v). (5.36)

The same kind of description can be given for M by considering the quotient of the
space A

1 0
A > A =2miv/Tdx + 2miv' Tdy, v, v eR, T = (O 1) (5.37)
by analogous actions as in (5.35) and (5.36).
The coordinates (u,v) on A¢ are complex, so if we want to treat it as a smooth

manifold we need to use also their complex conjugate. That means we look at both
A = 2miuTdz + 2mivTdy A = —2miuTdz — 2mivTdy (5.38)

The Teichmiiller space for ¥ is identified with the upper half space | ]
H = {0 € C, such that Imo > 0}. (5.39)

Let us briefly recall this identification. A rank 2 lattice A C C is an additive subgroup
isomorphic to Z2. We say that the lattice A is marked if it comes with an explicit
choice of isomorphism with Z? or, equivalently, an ordered set of two generators.
The quotient space C/A is genus one surface with a complex structure induced by
the standard one on C. On the other hand every genus 1 surface ¥ = R?/Z? with
a complex structure can be endowed with a metric compatible with the complex
structure so that the covering R?2 — ¥ is metric. In particular this gives R? a
complex structure, i.e. an isomorphism R? ~ C and we take as lattice A the group
of deck transformations. It can be shown that two marked lattices A and A’ induce

two isotopic complex structures if and only if they are related by a finite sequence
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of euclidean isometries or homotheties of R?. A way to choose a representative for
equivalence classes of marked lattices is to fix the first generator of the lattice to be
the number 1 € C and constrains the second generator ¢ € C to have Imo > 0.

This way of associating complex structures can be expressed in the following way.

Consider the map

o R2 — C
(z,y) = x+ oy,

the map descend to a map 9, : R?/Z? — C/A, where A, = Spany(1,0) C C. Then
the complex structure to 3 is obtained by pull-back via 1),.
However for our purposes it is more convenient to use the following alternative map

to pull back complex structures

bo: R2 — C
(z,y) — 2 — 0oy, (5.40)

that is, we are parameterizing complex structures with a biholomorphic copy of H,
obtained via the biholomorphism o +— —c~!.

In this way the complex coordinate @ = x — ¢~ 'y is holomorphic on the surface,
as well any other complex rescaling. Indeed multiplying holomorphic coordinates by
complex numbers is equivalent by applying rotations and homotheties to the lattice
A_,-1, which produces isotopic complex structures.

For o € H, we let

1
W= — (y — ox)
og—0
be our choice of holomorphic coordinate on ¥, obtained as w = —Z=w. We have the
following relations
dz =dw+dw dy = (edw + odw) (5.41)
and an induced splitting of coordinates on Ac¢
A= A,Tdw + AgxTdw, A= AgTdw + A, Tdw, (5.42)
Ay = 27mi(u + Tv), Aw = 2mi(u + ov), (5.43)
Az = —2mi(u + ov), A, = —2mi(u + o), (5.44)

and vector fields
04,  2mi(T — o) <_06u " 8v> ' 9An  2mi(o — o) (‘Uau + m) , (5.45)

| 2,9 o ___ -1 9 LN (546
94, 2mi(e—o0) ou ov)' 94y 2mi(c—7) ou ov)

Writing v = v’ +4u” and v = v’ +4v”, with v/, v”,v’,v” € R, we get another splitting

A=P+iQ (5.47)
= 2mi (u'dz + v'dy) — 27 (v dz + v"dy) (5.48)

that shows that P and () are unitary connections in A and we can combine the two
splittings to get
Ay = (Py +1iQuw) Ay = (P +iQw) (5.49)
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Ag = —(Pz — 1Qw) Ay = —(Py — iQuw) (5.50)

and respective formulas for vector fields

o _1(o o oo 1(0 o

0A, 2\ 0P, 0Q 0Aw 2 \ 0Py Q% .

0 1 0 .0 0 1/ 0 .0
a1 Coato) B =t ) B
(5.53)
where

P, =2mi(u' +ov') Py =2mi(u' + ov') (5.54)
Qu = 2mi(u” +ov") Qw = 2mi(u” + ov”) (5.55)

Let t = k+is,and t = k —is, k € R, s € R be fixed from now on. The Atiyah-
Bott symplectic form, defined following (5.6), has the following explicit expressions

in coordinates

we = 4rdu A dv (5.56)
=1 dagnda,
(o —7)
1 . .
— —d(Pg + iQw) AN d(Py + iQu)
(o —7)
1 .
wy = §(tw(c + twe), (5.57)
while on M we have
wi = 4rkdu’ A do’ (5.58)

5.2.2 Pre-Quantization

Consider the following three gauge transformations in C*° (3, SL(2, C))

2miTx

gulz,y) =e go(z,y) =™V gr(x,y) =R, (5.59)

acting as follows on A(u,v) = 2riuTdx + 2wivTdy € Ac
A9 (u,v) = Alu+ 1,v) A9 (u,v) = A(u, v + 1) AR =—A.  (5.60)

We want to compute ¢(A,g) for the above ¢’s following (5.13). It is simple to see
that (65 A [0; A 6;]) = 0 for all the three gauge transformations above.
We then have

(A, gu) =/Z<9;1AguAgildgu>

= / (A A 2miTdzx)
b
-1
= —2/ Tr((2mi)%vT?)dy A dz
8 »
= —v
(4, 90) = u
c(A,9r) =0
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from which we can define the following cocycles
(—)t(Aagu) — e—27ri(kv’_51)”) @t(A,gv) — eQﬂi(ku’_su//) @t(A’gR) —1 (561)

Let £ — Ag be the trivial complex line bundle. Using the cocycles from (5.61) we
can lift the actions of Z2 and Ss to L

(u,0,¢) - (1,0) = (u+ 1, v, e~ 2Tk =sv") ¢ (5.62)
(u,0,¢) - (0,1) = (u,v + 1, eF2milku'=su") ¢y (5.63)
(U, v, C) ‘R= (_ua -0, C) (564)

This action induces a line bundle £ — Mc. Following formula (5.18) define the
connection 1-form B¢ on L, given, for every A = 2miT (adx + vdy) € TaMc, by

Be(A) = 27 / (AN A) (5.65)
)

_ _ﬁ Te(A A A) (5.66)
_ (221)2 / 2(ub — vit)de A dy (5.67)

T Js
= 27 (ud — va) (5.68)

so that

Bc = 27 (udv — vdu), (5.69)
d,@c = wc (570)

and the level ¢ connection becomes

V=d-iB (5.71)
5y = 5 (t6c + c) (572
Fy = —iw,. (5.73)

The integral condition % € H?*(Mc,7Z), reduces to require k € Z. Then (£, V) is
the Chern-Simons pre-quantum line bundle for (Mc,w;). The pre quantum Hilbert
space is given by the smooth sections

PO = C®(Mg, L) (5.74)

that are in correspondence to quasi-periodic functions ¢ € C*°(C?) such that

Y(u+1,v) = 62”(’“”/*5””)@&(% v) (5.75)
Y(u,v+1) = 672m(k“/75"”)1/)(u, v) (5.76)
¢(—U7 _U) = ¢(U, U) (577)

This is equivalently, and more conveniently, described as the space of So invariant
section of the line bundle £2 — C* x C*, where £2! is the pull-back bundle of
L! through the projection m: C* x C* — M. It has first Chern class ¢;(£2!) =
[m*w;] /27 € H?(C* x C*,Z). For k = 1 the class ¢;(£21?"%) is the double of a
generator for H2(C* x C*,Z). We write

PO = C®°(C* x C*, L), (5.78)
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From now on, as in other part of this thesis, we use the following notation. For any

coordinate z we write

V.=V 9. = — (5.79)

i 0z
Lemma 57. The connection V preserves P

Proof.

Votp(u+ 1,0) = Optp(u+ 1,v) —if: [Op] (u+ 1,0)0(u + 1,v)
= Oy Y(u+ 1,v) —iB; [Ov] (u,v)p(u + 1,v) — 2mikep(u + 1,v)
= 2T (D (u,v) — B [00r] ()b (u, )
+ 2mikyp(u + 1,v) — 2miky(u + 1,v)
_ e27ri(kvlfsv”)vv/¢(u’v)
Vot 1,0) = Do+ 1,0) — 1B, [Bur] (u+ 1, 0)ib(u + 1,0)
= O p(u + 1,v) —if; [Opr] (u, v)(u + 1,v) + 2mistp(u + 1,v)
= T (@, v) — iy (O] (u, 0) (u, v))
—2misv(u+ 1,v) + 2mis(u + 1,v)

_ eQ-m’(kv’—sv”)vvﬂw(u’ U)
The others are similar. O

A very close description gives the pre-quantum vector space for the level k, SU(2)
Chern—Simons theory, that is the quantization of (M,wy), where wy is k times the
Atiyah-Bott symplectic form w = 4rdu’ Adv’. The pre-quantum space will be P*) =
C>°(M, LF) which can be described, after fixing u’ and v’ real local coordinates on
T x T as in (5.37), as the space of quasi periodic functions 1 € C*°(R?) such that

qlz(u’ + 1’,0/) _ €2wikv/¢(u/7vl)
1/}(u/7vl + 1) _ e*ZWiku’w(ul7U/)
¢(—U/7 _U/) = w(ul7 U/)'
As before it is more convenient the description of P(¥) as S, invariant sections
PR — C=(T x T, L) (5.80)

where £2* it is the pull-back line bundle of £* through 7: T x T — M.
Actually every ¢ € P® defines some ¢’ € P*) when restricted to the unitary

connections through the inclusion M C Mc.

5.2.3 Hitchin—Witten Connection

In order to go from a pre-quantization to a quantization we choose the following
o—dependent real polarization

0 0

Py = SpanR<8T’ Ey

) (5.81)

That means that we are restricting to the Hilbert space

HP = {p e PY . Va9 =Vg v =0} (5.82)
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Definition 28. An Hitchin-Witten Connection is a connection V on the vector

bundle
PO x H — H,

such that V preserves the subbundle
A = {(HP,0) o cH} c PO x H— H

The definition for V reduces to verify two equations

Va, V=0 Vi V¢ =0
whenever V4,9 =V ¢ =0.
Suppose
V =d+Udo +Udz Ul e c® (]HL End(P(k)))
Computing
9 o|__1 9 0 o) __1 0
0A, 0o| G —00Aw 0A, 05| T —o00A,
9 o] 1 0 0o o] 1 0
0Ay 00|  0—T Ay 0A; 95| o—7 A,

equations (5.84) are equivalent to

Vi l=———-V7 Vil =

oc—7T
Proposition 58. The two operators
U=v2 u=2v2
it v
satisfy equations (5.88 — 5.89).
Proof.

Va, Vi =V4 Va, v +2[Va,, Vay] Vas
. 0 )
= —22wt (MU, Mv) VAW

(o —7)

Va, v%wu) = v%wvsz/; +2[Va,, Vx| Va,
= —2iwy (8/alw’ ajw) Va,=0
the other equations are analogous.
The conditions for ¥ to be a polarized section can be rewritten as
Vo, ¥ =—iVp, ¥ Vo =iVp Y
The subspace

T, = {Qw :QW:O} C A(C
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is a transversal for this polarization and equations (5.96) determine ¢ from its re-
striction to T, being the leafs contractible and L! trivializable along the fibers.

We get an identification between the space HP and the pre-quantum space of SU(2)
Chern-Simons Theory P*). Indeed one can easily see see that T, = {u” = v" = 0}
and is therefore independent on ¢ and its quotient under the Z2? action coincides
with T x T.

The quantum space for the theory H®) will be the one obtained by identification
of the different H. As we said this will be isomorphic to the SU(2) pre-quantum
space, i.e.

HH) ~ o <’]I‘ x T, E2k)g2 (5.98)

The inner product structure we put on it is the one induced by the following on So
invariant sections

($,9) = oo,  peTXT, ¢,¢eC®TxT,LF) (5.99)

2 TxT

where @ = 7*w/2, 7 : T x T — M is the projection and w is the Atiyah Bott form.
To get an actual Hilbert space one should consider the metric completion of H®).

Recall the local expression for the pre-quantum connection restricted to M
V =d —2rik(u'dv’ —v'du’) (5.100)

Renaming
z= Lp - (v + ov’) zZ= LP = (u' +3v) (5.101)
2ms Y o2ms Y '
the Hitchin-Witten connection has the following expression

_ 2 o2
V=dit o QtVzdo—i— o Qtv 245 (5.102)

Proposition 59. Suppose s € R, ¢, ¥ € H® and (-,-) : HF) x H*®) — C as in
(5.99). We have
d({¢,¥)) = (Vo ¥) + (¢, V)

Proof. By integration by parts one shows

<¢7 Vzw> = 7<VE¢7/¢)> <¢7 vf/l/)> = *<Vz¢,l/f>- (5103)
It follows that )
v o2 2
<¢7mvz¢> <ﬁv 0, ) (5.104)
Now we have
_ 2
(Vo) = (do,¥) + <2 %Y 20 ¢)do + <ﬁv ¢, ¢)do (5.105)
= (do, ) + (¢, *mwwdff + (¢, *T%V%@ do (5.106)
and analogously
_ v2
(6, V) = (6,d0) + (6, 5 g VAT + (9, 7= V2 do (5.107)
- _ _ _ 2
= {6, d¥) — (¢, — 5 2t )T — (¢, —5—=V¢)do (5.108)
Summing up this two equations we get exactly
d((¢.¥) = (Vo) + (6, V).
O
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Let us define a new operator
A, = 21 (0 —7)V.V= (5.109)

which is dependent on the complex number . We are going to establish some prop-
erty of the different differential operators we introduced, with the aim of computing
parallel sections for the Hitchin—Witten connection. The following basic relations

will be useful in the computations (deduced from equations (5.101) )

91 (9 0 91 (9 0
8z -7 J@u’ o’ 0z T—o0 Uau’ o’

Lemma 60. On H*) x H

[vv’7 vu’] = 47Ti]€, (5110)
4mik
V., Vz] = =t (5.111)
-1
[8a;vz] — = [80;VE] - Evz; (5112)
~1
[07,Vz] = = [07,V.] = ——V=> (5.113)
g—0
_ e
[0, Ac] = 5V, (5.114)
__ g2
[0, B] = =5V, (5.115)
[Ag, V2] = 4kV2, (5.116)
[A,, V] = —4kV2 (5.117)
[60'7Vu'] = [60'7V’U’] = [657Vu’] - [6E7V'U’] = O (5118)

Proof.

[V'U’a Vu’} = —iOJk (av’7 8u’)
= —dmikdu’ A dv' Oy, D) = 4mik

1

V2 Ve = 52 (7 [Var, Vol + 0 [Vur, V]

1 drmik
= Vi, Vo] = —

(0 —0) oc—07
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7

[0, Ay = ivzvgjt (0 — ) [0y, V.V5]

2
= L V.Vit (0 —5) (|05, Vs] V= + V. [0, V=)
2 21
7 7 . 1 1
= %VZVE‘F %(0’ — 0') <—(O'—O')VZVZ+ (J_J)VZVZ)
= i 2
2 i
(85, V2] = iT2 (V. [V2, V2] + [V., V2] V3)
O—0

=1

o vz (vz [v?, vz] + [v?a vz] VZ)

:ia—ﬁ (—8m’k> Vﬁ
2 c—0

= 4kV?

The missing equations are either specular to the one proved or completely trivial. We

remark that we used equation (C.10) to compute the second order commutators. [
Proposition 61. The genus 1 Hitchin Witten connection V is flat

Proof. We need to compute

Fg =V, Va-—V5-Vy, (5.119)
= [ud} + [ac,,d} — 85U (5.120)
Using
—1 1 4rik
(07, V.] = ——=V5, 0,,Vz] = ——V., V.,Vs] = % (5.121)
g—0 g —0 g—0
we can compute
[V2,VZ] =2[V.,Vz] (V.Vz+ VzV.) (5.122)
- —1
[0,,V2] = ——=(V.Vz+V:V,) (5.123)
1
[0,,VZ] = E(vzvg+ VzV.) (5.124)

Putting everything together we get

Py = = [V V2] + = [0, V2] - 15 3,72 (5.125)

_ <m> (V.V=+ V2V.) (5.126)

=0 (5.127)

O

As noticed by Witten in | ], Lemma 90 together with Lemma 60 gives us

the following conjugation rule

e "R odoe™ =V (5.128)
where 7 is chosen so that ki
—dkr — s
= _ . 5.129
k+1is ( )

In particular, equation (5.128) implies
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~ . A\S
Proposition 62 (] ). For every smooth section C™ (’IF x T, E(%)) ’ indepen-

dent on the complex structure of M, the section
efrAaw
of the vector bundle H®) (defined in (5.83)) is parallel with respect to V.

This permits to define a parallel transport operator P, », in the bundle H )
from the fiber over o1 € H to the one over oy. We have

Pogsoi oy = €00 Bo14,,. (5.130)

An explicit expression is possible but we need to use the Weil-Gel’fand-Zak Trans-
form. Recall Proposition 2 and the transform W*) defined there. We need to use
the level 2k WGZ transform instead of level k£ because the line bundle over the torus
that we have is £2¥ and this has degree 2k.

In our setting we have the isomorphism

WER . SR x Zyi) — C(T x T, L2*)

. \S2
Recall that H*) = C> (’]I‘ X T,E%) where S; = {id, R} with R(s)(u',v") =
s(—u/,—v'). Let R(f) = f(—x, 2k — j), for f € S(R x Zg.). We have

- —=(2k)

R(f)(x,7) =W o Ro WER(f). (5.131)

Therefore there is a well defined action of Sy on S(R) ® C?*, compatible with the

WGZ transform W) so that we have an induced unitary isomorphism

Sz

W), (S(]R) ®(C(2’“)) — H®), (5.132)
Proof of Equation (5.131)
Ro W (f)(u/,v") = W (F)(—u/, —0")
2k—1 ( m )
_ ,—2miku’y’ Z Zf _ /_1_7 l 2mimu’  —2milm/(2k)
e u e e
meZ 1=0 2k
2k—1
— p—2miku’v! Z Z £ (—u’ _ ﬂ7 l) o—2mim’ 2milm/ (2k)
meZ 1=0 2k
2k—1
— e—Qﬂiku’v’ Z Z f(_u/ _ m 2% — l) e—27'rimv’e—27'ri(2k—l)m/(2k)
2k’
meZ 1=0

= WEH o R, )

(|
Let us define the following operator
D,: S(R)® C* — S(R) ® C?
. 1 _d ) .
f(z,j) — - (de + 2m2kx> f(z, ) (5.133)

Remark 5.2.2. The operators D, is Hermitian anti-adjoint to D with respect to the
hermitian product (A.8).
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We can read the connection V from equation (5.100) over S(R) ® C?*. Let
Vx = W(zk) o Vx oWk
for any X € C(T x T,T(T x T))

Lemma 63. Letu’ and v’ be local coordinates on TXT, let o € H, and let z = u'+o0v’

be an holomorphic coordinate on T x T as above. Let f € S(Agr). We have

N . d )
Vuf 177.]) = 7f(x’-])

5.134
(0.4) = = (5.134)
Vo iz, j) = —2mi2kaf(x, 5) (5.135)
V.f(z,§) = Dof(x, 5) (5.136)
V= (z,7) = Dsf(x, 5) (5.137)
A, =W o A, o W) = 2i (a — %) D, D5 (5.138)
T
>, 7(2k) (2k) _ A Y A o>
V=W"""00VoW"¥ =d+ D+ DE (5.139)
2mt drt
Proof.
Ve WEO () (!, 0") = (88/ + 2mikv ) WO () (!, 0"
U
2k—1 m
—2miku’v’ AT —2mimu’ —2milm/(2k)
= (—2mikv') ZZ]‘( +2k,l)e e +
meZ =0
2k—1 m
727r7,ku'v' s e —2mimov’  —2milm/(2k)
Z Z (u + 2k’l> e e +
meZ 1=0
+ 2miku' W (2F) (f)(u’, ')
2k—1 ( )
_27mku/v’ Z Z / ,l e—27rimv/e—2ﬂ'ilm/(2k)
meZ 1=0
= WEH () (u!, o)
where f'(z,n) = g; (z,n).
(2k) f /A AN 9 Imiku’ (2k) f ’o
Vo WER (W', v) = | 57 — 2miku’ | WEE(E) (o, o)
2k—1
= (—2miku’ — 2mim) e —2miku'v Z Z f(u + l) —2mimu’ o ~2milm/(2k) |
meZ 1=0
— 2miku/ WO () (!, 0")
2k—1 m
_ —2miku’v’ I, r e e —2mimv’ —2milm/(2k)
e ZZ( 2m2k<u +2k>f(u +2k l)) e
meZ 1=0
= WD ()
where f(z,1) = —2mi2kaf(x,1). The following two are combinations of the two above
together with the definition of z. For A, we have
A, = i( -3V v—i< ~ %) D, Dz
The last one for V follows in the same way. O
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From the expression for V and A, we can see that their action on S(R) ® C2* is
the identity in the second factor of the tensor product. In the next Proposition we
consider the operator A, as an operator on S(R).

Proposition 64. We have the following factorization

- o

A, = — Ay A 5.140
2ro—o ( )
where
p d 1
A, = — + =272 : 141
o <dx + =2mi kx) (5.141)
[A(,, AE} — omiok T — (5.142)
oo
The set
B, = {Agv(x, 0) € S(R) : n € Zsy, v(z,0) = e*m’cf/a}
18 a complete set of eigenvectors for A, with corresponding eigenvalues
A AM(x,0) = 2knATv(z, 0).
Remark 5.2.3. Define
T — 2mik
a=2Z 70 2mik >0 8= o (5.143)
0T o
Then, in the notation of Appendix B
Un(z,0) = Yn g = Hp o(x)v(z,0). (5.144)

In particular this means that the v,’s, for o fixed, are an orthogonal basis for L*(R)
in the sense of Hilbert basis. See Appendix B.
Proof of Proposition 64. Equations (5.140), (5.141) and (5.142) follow from equa-
tion (5.138) and definition (5.133). We can immediately see that
2mi2k
o
—= o(z) = Ae 2R/ for any A € C

Azp(z) =0 = ¢/(z) =

zp(x)

So we have shown the first eigenfuction




O
For computational reasons it is convenient to change the parametrization of the
parameter ¢ in an analogous way as we did in Chapters 3 and 4. Choose b € C such
that |b| =1, Re(b) > 0 and

. 1—b?
then, from (5.129), we have (after choosing v/—1 = %)
et = _p? e 2k —ib (5.146)

From Proposition 64 we see that A, = 2kN, where N, has spectrum equal to Z>g.

So, its exponential can be written as
e TR = e 2krNo — (jh)No, (5.147)

Finding an explicit expression for e_’“Az/) = f can be solved trying to compute a
kernel k, 1, as follows

f(z,0,b) = /R o (2,9 (3)dy. (5.148)

Having an Hilbert bases for L*(R) diagonalizing A, we can use the decomposition
of the identity (B.9) to rewrite the kernel as

Fon(m ) = 3 A2 (2,0)0n (5, 0) (5.149)

2= (vn, 0n)

Since Re(—b?) = 1 — 2(Reb)? < 1, we can apply Mehler Formula (B.5) to get the
following explicit kernel

2kr

Lemma 65. Forib =¢e¢" we have

- 2(2 2
erseto) =2t [ (PRI ooyt oo
(5.150)

where B
g—0

. — . 2
a= 2mik, v(z,0) = e 2mika/o

0o
Proof. This is just a direct application of Mehler formula (B.5) to the orthonormal

decomposition (5.149) using notation from Remark 5.2.3. O

5.2.4 Mapping Class Group Action

The Mapping Class Group I' = MCG(X) of a genus one surface is isomorphic
to SL(2,Z). We briefly recall the identification, see | ] for a more detailed
description. In genus 1 the first homology group H; (3, Z) is ismorphic to the 71 (%),
so given a diffeomorphism ¢ € Diff * its isotopy class [¢] € T acts on H (X, Z) via the
induced morphism ¢, and this action of I" is well defined and faithfull, meaning that
¢ = 1, if and only if [¢] = [1]. The fact that Hy (X, Z) ~ Z? gives that I' < GL(2, Z).
The determinant on GL(2,7Z) is either plus or minus 1, and the hypothesis on the
diffeomorphism ¢ to be orientation preserving restrict the mapping class group to
act as SL(2,Z) on the homology. The precise isomorphism SL(2,Z) ~ I" depends on
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the precise identification H; (3, Z) ~ Z2. In the following we will always confuse the

two isomorphic groups 71 (X) ~ Hy(X,Z). Let us consider the following generators

of T’
g 0 -1 T - 11 ’
1 0 0 1
which satisfy the full set of relations

5% = (ST)? St =id,

and act on a fixed basis {4, B} of H(X,Z) ~ Z2. Under the identification ¥ ~
R?/H, (X, Z) we can find representatives for S and T in Diff ¥ () (which we will call
S and T again) acting as follows on coordinates (z,y) € R

S(z,y) = (~y, ) T(z,y) = (+y,9). (5.151)

The action of S and T on A can also be computed in coordinates (v, v’) from the
action in homology. The representation p € Hom(7;(X), SU(2)) is determined by its
holonomies, that is by its values p(A) and p(B). So

S*p(A) = p(S(4)) = p(B), S*p(B) = p(S(B)) = p(—4)  (5.152)
T'p(4) = p(T(A) = p(A)  T"p(B) = p(T(B)) = p(A) + p(B).  (5.153)
Up to conjugation we can parametrize p(4) = e2™T% and p(B) = *™T"" so the
action on (u/,v") coordinates for A is as follows

S* (") = (v, —u'), T*(u',v") = (u/, 0 + o). (5.154)
The action of v € T" lifts trivially to the trivial line bundle L— A,

7 (A,Q) = ("4, Q).
Let us verify equation (5.27) for the gauge transformation g,  (recall its definition
from (5.59)).
Ok(S* AW, v"), gu © 5) = OR(A(W', —u'), g,.")
_ 6—2771’1%’ _ @k<A(UI,’UI>79u')
Or(T*A(W,v"), guw o T) = Or(A(u,u' + '), gu © gur)
=O0k(AW + 1,u" + ), v ) O (AW, 4" + ), gur)
— eZTrik(u'+1)ef27rik(u'+v')

_ e_Qwikv/ — @k(A(u/,Ul)agu’)'

The verification for g, is similar. This permits to descend the action of T’ from £ to
LF — M and then get the following action

v €T maps to 7 : H® — HE), (5.155)

This is not sufficient to define a complex quantum representation of I', indeed an
identification of the SL(2,C) quantum Hilbert space with H(*) depends on a choice
of complex structure o. Such a choice is not invariant under the action of I', indeed
v € I acts on H via Mobius transformations. Nevertheless we can compute S and T
as follows

Sp(u',v") = (v, —u) T, v') = (', v + o). (5.156)
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We remark that (5’1/1) and T4 are sections of the line bundle L2k 5 T2 (recall the

description on equation (5.80)) and satisfy
[R, S} - [R, T} —0

Lemma 66.

(ST)% = 2 St =id.

A straightforward computation will verify these two formulas. We call this ac-
tion the pre-Quantum representation py of I', and it is obtained trivially identi-
fying all the spaces H,(,k) with C>°(M, £F). What we are seeking, however, are
the quantum representations n; which arise when we take into account the full ac-
tion of I on the bundle H*) x H composed with Hitchin-Witten parallel transport
Poo,or (H(k), 01) — (H(k), O’o). That is we first consider the pre-quantum action

pr(0) = 01 (H™),0) = (-, 6.0) (5.157)
and then compose it with the parallel transport, to get a representation on (’H(k), 0)

M(6) = Pogoo 0 pil6) s (HP, ) = (HY,0) (5.158)

Let us describe the action of v € I' on H*) x H. In the first factor v acts on the left
as described in (5.156). In the half plane H, v acts on the left by pull-back via v~ 1.
Recall the map ¢, from (5.40), which defines the complex structure parametrized by
o on Y. Then the complex structure .o is defined as the one such that ¢, , and
¢ 0y~ ! defines the same complex structures. We recall that this is the case if the

two maps are proportional by a complex number. We can compute

¢o 057 (z,y) = doly, —)

= y+0*1x

=0 Nztoy) =0 9o (z,y)
bg 0 T (2,y) = bo(x —y,y)

—z—y—oly

e (N =0e (@)

Finally we can write

1
o= —— T.o = . 1
S.o=—— 0= (5.159)

5.2.5 pre-Quantum Representations

Before we study the quantum representations 7, let us concentrate more on the

pre-quantum action (5.155). We define the following auxiliary operators on S(R) ®
CQk

2k—1

i) = 2)e2mili/2k ) i :ewij2/2k . i '
For(F) (@) = 7= ; fi(@) Goi(F) (x, 7) f(z,5)  (5.160)
Far(f) (2, ) =/Rfj(y)e4”’“y Gor () (x, 5) = > (f)(w,§).  (5.161)
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Let us discuss the Sy action on S(R)®S8(Zay) in more details. Consider the following
elements of S(Zay)

€j = (5j+52k7j) ]:0, ey k (5162)
éj = (5j752k—j) ]: 1, ey k—1 (5163)
satisfying

We have the following decomposition
S(Zor) = Crs1 ® Con (5.165)
Crr1 = spangc;<pie)} Ch—1 = spang.;x{&}  (5.166)

Consider also the decomposition of S(R) = Seyen(R) @ Soqq(R) into even and odd
functions. We then have

(S®R) ® C*)™ = (Suren(R) ® Crs1) (sodd(R) ® ék_l) (5.167)

We will work out the expression of the action (5.156) on (S(R) ® C(Qk))s2, using the
WGZ transform. Define

pr(S) = (WP 0 Fyp) ™ 0 S o (WEM o Fyy) (5.168)

pe(T) = (W) 0 Fy) Lo T o (WEH o Fyy) (5.169)

The extra conjugation by the discrete Fourier transform Fof is a technicality that

will simplify the exposition, as we will see soon. We remark here that {@, ng} =
[Aa, ng} = 0, so this extra conjugation do not interfere with the parallel transport.

Moreover we remark that [ng, R| =o0.

In this subsection we want to prove the following result.

Theorem 67 (pre-Quantum Representations). The pre-Quantum representation py

splits into the direct sum of two representations, induced by the decomposition (5.167)

Pk = (Do ® Pro) ® (Pra ® Pr1)

where
Po(S)(F)(@) = —ivak / f(y)cos(Ankay)dy  F(T)(f)(x) = ™/ 4e=2mike’ f (),
Pa(S)(F)(@) = Vak / f)sin(nkay)dy  F(T)(F)(x) = em/4e=2mike’ (),

k .
A . 2 TPJ ~ — i i ;2
p.lk/,O(S)(ej) = Z\/; E COS Tep pg,O(T)(ej) =e /4e2k-7 e,
p=0

k—1 .
. - 2 . TDJ . . N Cni)A mi?
Pra(S)(E;) = \/; sin ==& pra(T)(ej) =e i/4e3k é;.
Remark 5.2.4. Consider py = pj o @ 1p; ;. Define the operator

O.f(z) = f(ax), for any a € Ry, and f € S(R),
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For every v € I" we have

~f _ N3
Pr(7) = Oygropi(n) e O_ (5.170)

The representation ,5;6’71, up to some phase, is the same representation computed for
quantum SU(2) Chern-Simons theory at level k in | |, using a real polariza-
tion. In the work [ ] the same representation (with the same phases of ours)
are computed with a level shift of 2, i.e. our level k 4 2 representations correspond
to the one for level r in | ]. This level shift agrees with the different nature of
the quantization in genus 1 for the complex and the unitary theories. As noted in
[ ] the level shift is needed in the unitary theory in order to make techniques

valid in genus 1 generalize in higher genus. In the complex theory such tweak is not

needed.
Let
S = W(%) 0§ oW and T = W(%) oT o W2k (5.171)
we can compute the explicit actions as
Proposition 68.
S(f)(x,§) = V2K F3! o For(F)(z, 5), (5.172)
T(f)(z,7) = e™/4G,,! 0 G5t o Fay, 0 G5 1 (F) (, 7). (5.173)
Proof. First we compute that
S oW (f)(z,y) = WE(F)(—y, z)
2k—1
27mk:wy Z Z f (y+ 2k) 27szw —2#17;,:
r=0 meEZ
hence we have that
W0 50 W (f)(u, j) =
2k—1
_ 1 Z eQWi% /1 (S o W(Qk)) (f)(u _ L U)eQﬂik(u—&-%)vdU
V2k =5 0 2k’
2k—1
— Qk Z Z e27mﬁ/ 27’I’L1€( 2k)U]C (U—F% ’I") eQﬂ'ik(u-l-QLk)vdv
l,r=0meZ
% 627"“”(“7217)6_27”'%
2k—1
- Z / 27rzkuvf v+q+ ﬁ ’l“) e?ﬂikuvdv e27ri(2kq+p)u
p r=0q€Z

2k—1 .
o—2miBE Z T (m = 2kq+p, 0 < p < 2K)

2k
— 27rz E / 27r12k:u v+q+2k)f <’U+q+ L d’U
2
r=0 qEZ k
Sy —2mi 4T ot 2mi2k
= E e 2miox g _ f(v,r)e ™"y
r=0 qEZ q+2JT
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ﬁ )
—27i / 27r22kuvdv.

For the T operator we get that

T oW (f)(z,y) = WEV(f)(z,y + )
2k—1

— o 2mik(z+y)a f< ﬁ) —2mim(z+y) ,—2mi B
e 33 o 1.

r=0 meZ

so we have that

W o To W<2k>< )(u, ) =

2k’

[ (row
/ —2mik(u— ok ) (u—+o) (u— i + ;Zr)
)e

— 2y L o 627r2k(u+ 2k) dU

Qk) (’LL _ L ’U) €2ﬂik(u+%)vd’v

Il
N)‘ —
?r
H
¥
S
l\)
?S"

727mm('u+u7 %

2k—1
_ 2mi Ll 7271'7,’(7 )( ) ( _ L m )
= Z Z e2mizk e flu + —,r
Qk r, =0 meZ 2k k
% 6727sz(u7— 2#1—/ 27rzk 2—72 ’”) Ydo
2k—1 ) l m
27i Ll 27rzk: u
= Z Z e 2ke 2k) f (u — 4+ — T)
2k r,l=0m€Z 2k 2k’
% 6727"""7‘(“7217)@72“%5([ _ m)
] 2kl » )
_ = Z eZﬂié—i_ef%rik(ufﬁ) f(u,r) ef2ﬂil(u72l—k)e—27rié—;
2k r, =0
1 2k—1 , y
_ ﬂefwrikuz Z eTiST p2MigE o2 £ (u, 1)
r, =0
mi/4 o, 2k—1 o 5
= We_%”k“ Z eI T2RE () (see Prop. 92)
r=0
i 2k—1
_ e;:4 p—2miku® —wij® /2k Z p2mijr/2k ,—mir® 2k (u, 7).
r=0

Lemma 69. It is simple to use the finite convolution theorem to see that

Cok(S)(z,5) = Fg_kl 0oSo For(f)(z,7) = \/%Fg_kl o Far(f)(x, j)
Cor(T)(x, §) = Fal o T o Fop(f)(w,4) = Gy © Gar(F)(x, )

Proof. First, we noticed that

;2 2k—1
Gy 0 Far 0 Gyl (x)(4) = T x(p 2m§i
2k—1 A )
= Z P x(p)
p=0
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= (g2r *x)(J)

.52
where gor(j) = e~ ™% and x is the finite convolution (y*x)(j) = Zii_ol y(p—7)x(p).

By the convolution theorem

For(x-y) = Fag(x) x Far(y), (5.174)
where (x-y)(j) = x(7)y(j). So we can write
For 0 Gyl 0 Fap 0 Gyl o Fop(x)(j) = F
Far (92) - x(4)
We then evaluate the Gauss sum
2k—1

1 2 i PJ
F2_k1(92k:)(]) = — Z 6_7‘7@6—2#1ﬁ
V2k =

— e—ﬂz/4ew1;—k

Noticing that [Gag, Far] = [Gak, Gar] = 0 we have showed that
Cor(T) = Fyl o T o Foy(F) (2, )
=" FL 0 Gyl 0 Gyl o Fay 0 Gyl o Fay(f) ()
=™ G5! (o (g2n) ) ()
= Gy © Gof(, j)

Computations for (a5 (S) are trivial, indeed

CQk(S)(xmj) = F;kl o S o F2k(f)(x7.7)
= \/%F;kl (@) F;kl o ]:Qk o sz(f>(.%',])
= V2kFy o For(f)(x, )

as [fgk, ng] =0.
O

Proposition 70. The operators (21 (S) and (o1 (T') have a tensor product decompo-
sition on S(R) @ C?* as

Gar(S) = Gar(S)' @ Cak(8)" = V2k Fap, @ Fy;! (5.175)
Con(T) = Gr(T) @ Gr(T)” = Gy @ Goge. (5.176)

The following two operators generates a representation of SL(2,7) on C?*,
Con(8)" = iFgy Con(T)" = e % Gy, (5.177)
while the following two generates a representation of SL(2,Z) on S(R)
Cor(S) = —iv/2k Foy Gon(T) = eF G (5.178)

Proof. Let §; € C?* be the j-th unit vector, that is §;() = d,; where §;; is the
Kronecker delta mod 2k.
e— 1 _omi Ll
ZF2k1(5j)(l) = Ee 2ok
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2k—1
— Tl 5t 2771
ZF% ozF2,C (0,)(1) = E e~k e

= *53‘(* )
(iF50) " (6,)() = 5,(1)

7T'L/4 2k—1

ZFQ_kl Oe—ﬂi/4G2k(6j)(l) — \/7 Z eﬂ’Lp 2/2k —27mpl/2k5 ( )

wi/4
e .2 _ -
e /2k€ 2mijl/2k

V2k

771/2 2k—1

. 2
(iF;kl 06_7”/4G2k) (5,)(1) = No3 Z omip?/2k e=2TI2EE L o Gy, (6, (p)
p=0
7”/2 2k—1
_ Z eTrzp 2/2k —27rzpl/2k i /Qk —2mijp/2k
2k
p=0

ﬂ'i 2k—1
_ omii?/2k E o T (p—2(1+7))

/2
_ ¢ oTid% 2k o F (2k—4(1+7)%)

V2k

esm'/4
371'1/4 2k—1

. 3
(in_lcl Oem/4G2k-> (5j)(l) _ m Z eiP /2k —2mipl/2k (F— Ong) (5j)(p)
p=0

47r1/4 2k—1
— E eﬂ'zp /Qk —mip? )2k —27szl/2k —27r2p]/2k
2k

2 ..
e—ﬂ'zl /2/{:6—27rzﬂ/2k:

p=0

= —0;(=1)

For F5, and Gor we will use the Bra-Ket notation to compute their kernels see

Appendix A.1. We see immediately that
(2] Farly) = e*mikev (2lGap [y) = 7> 5 (a — y) (5.179)

We can therefore compute

(@ Fauly) = | (@l Farl2) (2| Farly)dz

. 1
47r1,kz(x+y)d I
e 2= o (x+vy)

|
—

(@] Far|2) (21Gay ly)d=

. _ 2
— e47rzk:wye 2miky

(2| ForGapl ly) =

(@] (FauGai)* 1) = | (@1 FarGar2) (2 Fan Gy ly)d=

. 2.2 - 2
e47rzk:z(w+y) 672‘mkz d26727r1ky

Il
—

1
 V2ki

. 2 .
627rzkx 647T'Lk:vy
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(] (FanGz)* Iy) = / (2l Far Gz |2) (2] (Fan )’ )z

1 dmikz(z+y)
= e dZ
vV 2k /R
= e " (2k) 3 5(x +y)
O
Recall the following basis elements of C?*
€5 1= (6] + 52k—j) ] = 0, ey k (5180)
& = (8; — bap_j) j=1, ... k-1 (5.181)
They satisfy
<6j7€l> = 6j,l7 <é]‘7él> = (Sj’l, (5182)
<éj,el> = <ej7él> = 03 (5183)
where
21
Z 2,7, z, y e C?F (5.184)
Indeed
1 21
(&, &) = 3 Z (6;(p) = 026—5(p)) (61(p) — d26—1(p))
p=0
1
=3 (051 + O2k—j.2k—1 — Oj,2k—1 — O2k—5.1)
=0;, being 1 < j,I1<k-1
=
(ej, 1) = Z ) 4 02k—5(P)) (6:(p) — d2—1(p))
=3 Z (0:(p )+ 01(p)d2k—;(p) — dor—1(p)0;(p) — d2k—1(P)d2k—;(P))
1
=3 (05,1 — O2k—j 2k—1 + O2k—j1 — 0j.26—1) =0
Recall also the induced splitting
C%* =Cry1 ®Cry (5.185)
Crr1 = spanogjgk{ej} Cpq = span0<j<k{éj} (5.186)
We can compute
Lemma 71.
2 wlj . . 2t . wly
(ej, Forer) = Wors cos TJ (€, Faorér) = Tor sin TJ (5.187)
<6j, G2k€l> el’éj 5J 1 <éj7 ngél> = e%jzéj,l (5188)
<€j, ngél> <6J, F261> O (5189)

111



Proof.

| 2l 2%—1
(1, Fopéy) = —— &(p) Z &;(q)e2m 5t
2V2k = prd
| 2kl |
PSGTA (01(p) — d2r—1(p)) (5j(q) — Oop—j () e2mibt
22k
q,p=0
| 2 |
= = D I 0) + Bt (P 0) — )k (0) — B () 0) 2
q,p=0

i

sinwlj/k

2

1 21 .,
(€1, Garéj) = 3 Z éi(p)e 2 €;(p)
p=0
1 21 _
=3 > (61(p) — b2-1(p)) € *F (8;(p) — S2x—;(p))
p=0
1 zis? 1 xi?
=g (01,5 + O2k—1,26—5) — 7€ * (01,26—j + O2k—1,5)
wij2
=e2k Jj being 1 <j,l<k—1
| 2kl 2k—1
(@, Fares) = —= > alp) Y ej(q)e” s
2v2k 15 g
| 2l
=—— > (5(p) — S26—1(p)) (5;(q) + S2x—;(q)) €™ 5
2vV2k 2,
| 2kl
i~ Z (81()6;(q) + 61(p)d2r—;(q) — S2r—1(p)d;(q) — d2r—1(p)d2r—j(q)) i
2V2k 2,
1 2mi Ll —2mi il —omi il zm'ﬁ)
= —— (™2 4 ¢ 2k — e 2k — e 2k ) = ().
2V 2k (
The remaining are similar to the above. O

Proof of Theorem 67 Lemma 71 together with Proposition 70 provides a proof of
Theorem 67. Indeed we have all the representations explicated over S(R) ® C(?*) as
we called it (o and we showed its compatibility with the tensor product in Proposi-
tion 70. All of the operators involved preserves odd and even decomposition of S(R),
in particular the Fourier transform decomposes into Cosine and Sine transform. Sim-
ilarly Lemma 71 gives the decomposition of the finite operators into invariant and

anti-invariant parts. We can reconstruct pi as follows

pr(S) = Cr(S)” pr(T) = Cn(T)”
p(S) = Cr(S) p(T) = Cn(T)

then the restriction to even and respectively odd functions makes the decompositions
P = Do @ Pra Pr = Do ® Pr 1 (5.190)

O
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5.2.6 Quantum Representations

Given v € T a its pre-quantum action on H*) was defined in (5.156), however
when we look at the action on the whole bundle H®) x H — H, v acts on H as
described in (5.159). We will then need to compose 4 with the parallel transport
Po,~.o of the pre-quantum action with the Hitchin-Witten connection from ~y,o back

to 0. By the results in Proposition 62 we have
Pag.ritbo, = € S0 iy, (5.191)
Theorem 72. The operators
ne(S) = e "0 0 e"A5w70 0 § ne(T) = e "A70 0 e"ATec0 o T

generates a representation of I', that we call quantum representation.

Actually, as we did for the pre-quantum representations pg, we will study the

WGZ—conjugated representations

7e(S) = (W 0 Far) ™ o my(S) o (W 0 Fyy) (5.192)
i (T) = (W(zk) o Far) Lo (T) o (W(%) o Fap). (5.193)

The main theorem for this subsection

Theorem 73 (Quantum Representations). Let b € C such that Re(b) > 0, and

_ 2k
b= 12

tations, induced by the decomposition (5.167)

The Quantum representation 7y splits into the direct sum of two represen-

fie = (1.0 ® P.o) ® (M1 @ 1)

The representation 1 is conjugate to pg.

772 — e ﬁ;g ° eTA”, e = e A o Pl © eAe

For the particular choice of complex structure o = ib the representations take the
following explicit integral form

i 0(S)(f)(@) = —iv/2k e b=P)” / F(y) cos(dmkyz)e 2PV dy,
R

7.1 ()(f)(x) = V2k e2rkb-D)? / F(y) sin(dmikyz)e 2O 4y,
R

- - g 2k T —b)z? wik(z—y)? —27 —b)y?
ito(T) (@) =0, (T)(f)(x) = e /4\/7 AT /]Rf(y)e2 Mamul 2k gy,
Remark 5.2.5. From equation (5.129) we can see that

lim e 2k = +1.
5—00

It follows that e~ T8¢ = ¢=2kNo (:I:I)N“ and the last operator is constant when
restricted to the either even or odd elements v,, of the Hilbert basis (recall it from
Remark 5.2.3). So we can see that the conjugation from the previous Theorem
trivialize in the limit s — oo, giving back the pre-quantum representations pJy.

Let 0g, 01 € H and recall the spectral analysis of AUO and Aol from Proposition
64 and subsequent Remark 5.2.3. The first eigenvectors are related by the relation

o211
U(:E,(Tl) = QCH,UO U(I’,O'o), QUl,Uo = 6_27”161 (Tl UO) (5194)
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In general, defined the n-th eigenvectors for the the two operators as
vn (2, 00) = A2 v(, 00) vn(z,01) = A% v(x,01)
then the base change is as follows
v (z,01) = AZI QUI,UOA;O" vn(x,00) (5.195)

If we look at the particular case when

)
= T* = s
g1 go 1+ o0
the relations simplify as follows
—2mika? -1 1 1 -
Qt.og 00 = € =G} Apg, = (Ago - 4mkx) (5.196)
which give
Bsy = {(Hp,ov)(x,00), such that n € Z>o} (5.197)
Br,o, = {g;,j (Hp,av)(z,00), such that n € Zzo} (5.198)
where H,, () is defined in Appendix B and
a=2""orik v(x,00) = ¢~ 2kia® /o0 (5.199)
0o
In particular
Gai. Boy = Br.o, (5.200)
and the parallel transport operator
750'0,T*0'0 = e_rAUO 9] BTAT*UO

satisfies
> —rA A

Poo,Tuoy = €570 0 Gyl 0 7570 0 Gy, (5.201)

Since A, acts trivially on the second factor of the tensor S(R)®C2* it is not restrictive
to discuss the parallel transport of the representation pj, first. Recall that it is the
direct sum of the odd and even representations on S(R) as said in equation (5.190).

From Theorem 67 we have

() = Pay, 7.0 © P1(T) 5202
— emi/4o—TR0y g2_k1 0eoo o Go © g;kl 5.203
_ e‘n’i/46—7“Aao ° g;kl o erAﬂo 5.204

= 787 0 pi(T) 0 "o

AA/_\,_\
~ — — —

5.205
Let now analyze the parallel transport of g}, (S) = —iV/2k For,. We have

S.o0=—0
Let us remark some commutation properties of Foi. First it is simple to see

d o o d
o ° Fop = Fap o (4miki) (4miki) o Fo, = —Fai 0 e (5.206)
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where &f(x) = xf(z) (it is well known the analogous for the Fourier Transform).
Recall from (5.133) and (5.138)

Ay = (0 —5)D, D>

21
and . d
D, = — <0’ + 27Ti2k§:>
g—0 dx
We have )
Dy, o Fo = ;]:2k OD—U*I
indeed
_d 7 A
D, o Fop = — c— + 2mi2kx | o Fox
o—o0 dx
= .FQk O — ! <027T12]€£i' - d>
c—o0 dz

o4 d
= Foro -2 <—01d + 2m’2k;z>
g X

7 d
= Fopoo ' =2 (—0_1 + 27m'2k:§c)
o dz

1 d
_ -1 ——1 P -1
= ]:2k; oo ?—"_071 <_U @ + 27Tl2k$> = ]:Qk [oNox D_o.—l
It follows that
A, o0 Fop = Fopo -0 :U)D_JAD_?I — Foro A, (5.207)
2t oo

So we can write

ﬁé(s) = PUO,S*UO o ﬁ,(S)
A rA
= —iV2ke ™70 0e 70 o Fop
= —iV2k e 270 0 Fyy 0 emBe0

— e—?"Aao o ﬁ;g(s) o eT’AaO
What we did so far can be phrased as

Proposition 74. The representations ﬁ,’f is conjugate to the representation p) via

AV

the operator e , G.e.

(y) =e "0 0 fi(y)oed0, Yy el

So we reduced the two parallel transport we need to understand the operator
e"2e0 for a specific 0g. Indeed once we write explicit representations for a specific
oo we do already know that the other are isomorphic, related by conjugation via

parallel transport operator. The next Lemma will choose a a particularly simple oy.

Lemma 75. Suppose that o = ib. Then, for every i € L*(R),
e A (x) = V2kb 2THODT Fy (1) (2) (5.208)
Proof. First we remark that Reb >0 = Imo > 0. From Lemma 65 we have

1 2ib b2 (22 2 —
i) = /2 [ enp (2RI o il o)y
(5.209)
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where

—ib —ib — ; ; T
o= %ZMIC =27k(b +b), v(x,ib) = e 2mika®/(ib) — g—2mkba®
ibb

Notice that PIEZ = % =b. The coefficient of the exponential of =2 is
27kb — 27kb = 27k(b — b),
the coefficient of y? is

2nkb — 2wkb =0

and the one for zy is 4mik. So the integral writes

— 1 Y2 ;
e TRiba) (1) = 1/2k(b 4+ b)) ———— / e2mh(b=b)a” cAmikzy d 5.210
() \/ﬁ 7 e P(y)dy (5.210)
— V2kb e2wk(b—5)x2f2k(¢)(x) (5.211)

O

Lemma 76. The A operator is mapping class group invariant, i. e. let 5 be the pre

quantum operator acting on S(R) ® C?* induced by v € ', we have
AAL Y = A A, P € S(R) ® C?. (5.212)
In particular the parallel transport is Mapping Class Group invariant.

Proof. This is no new, as it is known that the Hitchin-Witten connection is mapping
class group invariant. However we verify it explicitly here. First recall that the A
operator acts trivially on the second factor of the tensor decomposition of S(R)®C?*.
So we forget about it and think only of equation 5.212 as on S(R). For the S =
—i\/2kFay, operator, equation (5.207) is equivalent to (5.212). For the T’ = ¢™/4G;!

operator, from the eigenfunctions properties we saw in (5.200), we have

AT*U ol = g;,j oA, 0GyoT = e”/‘*g;kl oA, =ToA,.

Proof of Theorem 73
The finite action on C?* was already computed in Lemma 71 and the parallel trans-
port is identical in such tensor factor so there is nothing going on.
Proposition 74 gives first half of Theorem 73. We define the following operators for
simplifying the notation in the proof

O.6(x) = d(ax) Notp() = e2TRO=DIT () (5.213)
Then we have
1
]:Qk e ng O F = %FO Ol/Qk (5214)

where F is the Fourier Transform. Fixing b and consequently choosing o = ib we
have

efTA"’b = V2kbMN o Fa, = \/%Nb 0Oy o F (5'215)
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The quantum representation of S takes the form
A(S) = —iV2k e ™A o Fyy, 0 emhi
— —iV2ke A o Fop 0 (eiTA“’>71
= —iV2k V2kb N, 0 Fop, 0 Fap, 0 (\/%Nb o fgk)_l
= —iV2k N, o For o NG
This concludes the proof for the operator S. For the operator T', notice that
O 0 Gzl h(a) = 27K/ (0 /2k) = G}, 0 Onyh(a) (5.216)
so we have that the quantum representation of T" takes the form
(T = emi/te=mBa0 o G5l o (erAﬂ())*l
=™/ NyoFo O1 2k 0G5l 0O 0 F Lo N
=™/t Ny o Fo gl—/lzk oF toN!
The inner operator F o Qf/l% o F~1 acts on a function ¢ € S(R) as

F (g1jon(@) - FHW)(2)) (5.217)

—miz®/2k ig 4 function multiplied. By the convolution theorem the

where gy /o1 (7) = e
operation in (5.217) is the convolution of ¢ with the function F(g;/2x). To get the
explicit expression we need compute the Fresnel Integral

/ i /2K 2miay gy (5.218)
R

which is not absolute convergent but an explicit formula as conditional convergent
integral (or improper integral) is possible

/ e—wim2/2k62ﬂimydy _ /% o2kmiy® (5.219)
R 1

This concludes the proof of Theorem 73. O

Proposition 77. The space H¥) = (S(R) ® C%)SQ decomposes into eigenspaces for
the Laplace operator Ag, that is

H®) = P Bigyy, (A,) (5.220)
n>0

induced by the decomposition on S(R) = @, ~,span{v,(x,0)}. The dimension of
the eigenspaces is given by

dim Eigyy,, (Ay) = k + (=1)", (5.221)
and the decomposition is mapping class group invariant, i.e.

7 (Bigan(A) ) = Biggi (Do) foranyy €T (5.222)

Proof. The direct sum decomposition follows from Proposition 64 and the decompo-
sition (5.167). Indeed

~ (2, C if
Bigy(Ag) = 4 n(00) @ Chin il even (5.223)
Up(z,0) @ Cr—1 if n odd
Equation (5.222) follows from equation (5.212). O
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Remark 5.2.6 (The Representation 7j;). The integral presentation at o = ib of the
representation 7, = 7j; (@17 ; permits us to verify the relations between its generators
directly computing their kernels. Up to conjugating everything by exp £27k(b — b)

we have

4 1 2K o
(@l (S)]y) = —iv/2ke ™Y (a|if(T)]y) = ™/ 762’”’“(””_‘”)2 (5.224)

So we can easily compute

(2] (7(5))" ly) = =8z +) (5.225)
(@[7:(S) i (T)y) = /R@:Iﬁé(s)|Z><Z|ﬁ2(T)|y>dZ (5.226)

= \%J“‘* 2% e2miky” /R eimikz(e—y) 2mikz" 4, (5.227)

= —jemi/4 \/oke 2tk pAmikay (5.228)

(2] (1,(S) (1)) ly) = /R@Iﬁé(s) 0e(T)]2) (2 10:.(S) 0 (T)y)d= (5.229)
- —i2ke‘2”’”'22 /R eimikz(e+y) o—2mikz® g (5.230)

= —V/2ikem iRy gAmikey (5.231)

(@] () 4(T))° [y) = /R<z| (0,(S) (1)) [2) (=1 (S) 7 (T) |yl (5.232)
= 2kiVie™/* /R ek ty) (5.233)

= —2k5(x27:y) (5.234)

An interesting presentation we get is the following on Gaussian Wavelets
Theorem 78 (Wavelet Presentation). Define the three complex parameter wavelet
fac.a(z) = exp(2mk(b — b)z?) exp(—2mika(z — ¢)* — 2mikd) € S(R) (5.235)

for Im(a) < 0. Define even and odd wavelets as " (a,¢,d) = foc.d + fa,—c,a and
Y (a,¢,d) = facd — fa—c.a respectively. The projective representation 1, sends this

two families of wavelets to them selves, acting on ¥*(a,c,d) as follows

A(S): vE(a, e, d) — —i(ia)”2E (_i —ac,d + acQ)

(T : pE(a,c,d) — e™/4(1 = a)"29pF ( ., d)

a—1

Proof of Theorem 78 For semplicity suppose d = 0 and b = 1. Due to our
definition of f, .4 this two hypothesis can be made without loss of generality, indeed
we can always conjugate both operators 7;(S) and 7,(T) by exp —27k(b — b)z? to
get to the b = 1 situation

ﬁ;ﬁ(s)(fa,c,o) = —z\/ﬁ/ e—Qﬂika(y—c)264nikyzdy
R

) o2 oo .
= —ivV2ke 2mikac /6 2nikay e4rr7.ky(ac+x)dy
R

2
_ ? _omikac? 2mik {Ztec)”
— e a

Vvia
A1 i /4 2k —2mika(y—c)? 2mik(z—y)?
M(T)(fa,c0) =€ ¢ = Y dy
R
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. 2k g2 . 2 _ 20 . _
— eTI"L/4 / 7.627rzkac e 2nikac e 2miky“(a 1)647mky(ac a:)dy
¢ R

_ eﬂ'i/4 % : 1 e27rik:v26727rikac2 2mik (G(Z I;
V i \/ 2ik(a —1)

=€

=€

*(1-2%1)

7r7,/4 27T'Lk‘£E 1+
\/ 2k 1—a)

wi/4

—1 (;E —2wc+c

1fa
wi/4 1 e
VvV1—a

,)2
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Appendix A

Tempered Distributions

Standard references for the topics of this Appendix are | , ] and | ,

).

Definition 29. The Schwartz space S(R™) is the space of all the functions ¢ €
C*°(R",C) such that
[|@]a,5 := sup |27 0%¢(x)| < 0o
zER™

for all multi-indeces «, (.
The space of Tempered Distributions &’(R™) is the space of linear functionals on

S(R™) which are continuous with respect to all these seminorms.

Both these spaces are stable under the action of the Fourier transform operator
F. Let Z, be the sero section set of T*(R™).

Definition 30. For a temperate distribution v € S'(R™), we define its Wave Front
Set to be the following subset of the cotangent bundle of R™

WF(u) = {(2,€) € T"(R") — Zan| £ € S, (u)}

where
Yo (u) = Npecse rn) E(Pu).

Here
C(R") ={¢ € Cz°(R")|o(x) # 0}

and X(v) are all n € R™ — {0} having no conic neighborhood V' such that
[P < On(L+[E)™N, N €Zso, € V-

Lemma 79. Suppose u is a bounded density on a C*° sub-manifold Y of R™, then
u e S'(R") and

WF(u) = {(z,£) € T*(R")|z € Suppu, £ # 0 and §(T,Y) = 0}.

In particular if Suppu =Y, then we see that WF(u) is the co-normal bundle of
Y.

Definition 31. Let u and v be temperate distributions on R™. Then we define

WF(u) ® WF(v) = {(z,& + &) € T*(R™)|(x,&1) € WF(u), (x,&) € WF(v)}.
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Theorem 80. Let u and v be temperate distributions on R™. If
WF(u) ® WF(v) N Z, =0,
then the product of u and v exists and uv € S'(R™).

Definition 32. We denote by S(R™),, the set of all ¢ € C°°(R"™) such that

sup |270%(¢)(x)| < oo
rER®

for all multi-indices o and (8 such that if o; = 0 then 5; = 0 forn —m < i < n.
We define §’(R™),, to be the continuous dual of S(R™),, with respect to these semi-

norms.

We observe that if 7 : R — R"”™"™ is the projection onto the first n — m
coordinates, then 7*(S(R"~™)) C S(R"),,. This means we have a well defined push
forward map

et S'(R™),, — S'(R™™).
Proposition 81. Suppose Y is a linear subspace in R™, u a density on Y with
exponential decay in all directions in Y. Suppose m : R™ — R™ is a projection for
some m < n. Then u € 8'(R™),, and w.(u) is a density on 7(Y) with exponential

decay in all directions of the subspace w(Y) C R™.

Tempered distributions can be thought of as functions of growth at most poly-

nomial, thanks to the following theorem:

Theorem 82. Let T € S'(R"), then T = 0°g for some polynomially bounded con-
tinuous function g and some multi-index B. That is, for f € S(R™),

7(7) = [ (-1)g(a)(0" ()i

In particular it is possible to show that S(R™) C S'(R™), where S(R™) > f
Ty € 8'(R") with Tf(g) = [g. f(x)g(x)dz.
Denoting by L(S(R™),S’(R™)) the space of continuous linear maps from S(R"™)

to S’(R™), we remark that we have an isomorphism
T L(S(R™), S (R™)) — S'(R™™) (A1)

determined by the formula
e(f)lg) =o(f@9) (A-2)
for all ¢ € LIS(R™),S"(R™)), f € S(R™), and g € S(R™). This is the content of the

Nuclear theorem, see e.g. | ]. Since we can not freely multiply distributions we
end up with a categoroid instead of a category. The partially defined composition in
this categroid is defined as follows. Let n,m, [ be three finite sets and A € S'(R™"™)
and B € 8'(R™). We have pull back maps

o :S/<Rnum) N 8/(RnUmul) and ﬂ:@,l :S/(le_ll) — S/(RnUml_ll).

n,m
By what we summarised above, the product

T m (A)5, 1 (B) € S'(R™™)

n,m
is well defined provided the wave front sets of 7, ,, (A) and 7, ,(B) satisfy the con-
dition
(WFE(m;, ,n(A)) & WE (75, 1(B))) N Zniimun = 2 (A.3)
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If we now further assume that m; ,, (4)7, ,(B) continuously extends to S(RnHmUn)

my

then we obtain a well defined element

() (7 (A), 1 (B)) € S'(R™).

n,m

A.1 Bra-Ket Notation

We often use the Bra-Ket notation to make computations with distributions. For
p € §'(R™) a density and x € R™ we will write

(z]p) == p(2),

with distributional meaning

o) = [ laf@ais= [ e@rean
In particular if ¢ € S(R™) C §'(R™), then

(z]p) = p(z) = 0 ()

We extend the notation defining
ly) = 16y)

so that formally (z|y) = §(x —y). Let T: S(R") — S(R™) be a linear operator and
1 € S(R™). The integral kernel of the operator T, if it exists, is a distribution kv
such that

W) = [ kele)way (A1)

Working with Schwartz functions, the nuclear theorem expressed by formula (A.2)
guarantees that the kernel kr exists and that it is a tempered distribution. We will

usually write the kernel from equation (A.4), in Bra-Ket notation as follows

TW) (@) = / ([Tl (v)dy (A5)

n

and the nuclear theorem morphism (A.2) can be read as

(@[Tly) = (z, yIT). (A.6)

A2 Lz(AN) and S(AN)

The space L?(Ay) = L*(R X Z/NZ) is the main block to construct Hilbert spaces
in this thesis. By definition it is the space of functions f: Ay — C such that

N-1
/AN |f(a)|2da5;N;A|f(x,n)|2dx<m (A7)
with standard inner product
;N1 -
(f,g) = N ;::O /R f(z,n)g(z, n)d(z,n) (A.8)

Finite square integrable sequences are just a finite dimensional vector space

L?(Z/NZ) ~ CN,
125



with a preferred basis given by mod N Kronecker delta functions

1 if j =n mod N
05 = A9
i) { 0 otherwise (A.9)

There is a natural isomorphism

L?(R) ® L*(Z/NZ) ~ L?(An) (A.10)
defined by
f®d;(a) = f(x)d;(n), for a = (z,n) € Ax (A.11)
with inverse
N-1
A3 fe ) f(,j)®6; € L*(R)® L*(Z/NZ) (A.12)
§=0

Everything just said holds true substituting L? with S, with the isomorphism S(A ) ~
S(R)®CY and even tempered distributions, defined as linear continuous functionals
over S(Ay), are simply S'(R) ® CV. All the Bra-Ket notation extends trivially to
S(Ap), including the nuclear theorem (A.6), substituting all the integrals over R
with integrals over A .

We can define Ly (A), by the spectral theorem, for any operator A of order N,
such that it formally satisfies

A= 6271'2'LN(A)/N.

We can define, for any function f : Ay — C the operator function f(x,A) =
f(x,Ly(A)) for any commuting pair of operators x and A, where the former is self
adjoint and the latter is of order N. We have, for x and A as above

f(x,A) = A Fly,m)e*™ A= d(y, m) (A.13)

where

flw,n) = A fy,m){(y, m); (z,n))d(y, m). (A.14)
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Appendix B

Hermite Polynomials

Let o > 0 fixed. We define the n-th Hermite polynomial with weight « as

2 d™ 2

Hyoi) = (1)’ —emer’, (B.1)
They are the following rescaling of physicists Hermite polynomials H,,

H, o(z) = a® H,(Vaz) (B.2)

and satisfy deg H,, o(z) = n. Define also the following inner product,

()0 = [ Fe)ge " ar (B.3)
which give Hilbert space structure to L2 (R, e’ dz), the space of functions satisfying
/ 1f(z)] e " dz < co. (B.4)
R
The Hermite polynomials with weight « satisfy the following relations
(Hn,or Hma)o = 1/ g(Qa)”(n!)én,m (othogonality)
Hyi1,0(z) = 202 H, o(x) — H), (differential relation)
tn
e olt® ~2tw) Z Hna(a:)ﬁ (generating function)
n>0
n! L4 1
2 = (204')” mZ:O ol — 2] Hy om.o(2) (monomial expression)
Hyo(—2) = (—1)"Hn,a(2) (parity)
((f,Hp.o) =0,¥n >0) = f =0, for every f € L*(R, e_a”“'zdx) (completeness)

and the following Mehler Formula

n

w
7Hn,a € Hn,a Yy) =
Z< n,a7Hn,a> ( ) ( )

n>0
a1 2zyw — w?(2? + y?) ) 9
;ﬁ exp (a 1— w2 if Re(w ) <1
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Proof. Orthogonality
Suppose m < n.
dn —_—
(Hyors Hono) oo = /]R (~1yrees’ £ (67 Hpaw)e " da
n dn 70({1/'2
=(-1) /Rdx” (e )Hm,a(x)dx

—Qxr dn
:/Re e Hpa(2)d = 0

n n
Suppose now n = m. We have (ﬂTan,a = n!ddw—nh:oHn,a = (2a?)™n!. We have

dn
<Hn’a»Hn’a>a:/e_a$27 m,a(2)dz

R dzm

= (Qa)"n!/ e’y = (Za)"n!\/?.
R «

Differential Relation

dn+1

Hopr,a(@) = (F1)"™1e™ e
d

= 1y (0 (o))

= (1)’ (H,’L,a(x)efo‘m2 — anH,ha(a:)efo‘ﬁ)

2

= 2axH, o(z) — H,, ()

Generating Function

cae-t? _ N~ AT a—n?
¢ 2 o
n>0 =
" dn
=2 Y g
n>0 u
—ax? "
=e Z ana(x)
n>0
Completeness
Consider the function F': C — C
F(z)= / f(x)efa(zt?“)dx (B.6)
R

associated to f € L%(R, e~**"dz). The function F(z) is holomorphic, indeed we have

the following series expansion
F(Z) _ / f(x)e—a(zz_sz)dx
R
2 (2zza)™
— (6% d
/Rf(x)e Z 4

n>0

= Z 2"z"a"/ x—'f(x)e_a‘”rzdx
rR T

n>0

and the integrand ””n—:tf(ac)e*‘m2 is in L*(R, dz).
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The derivatives in 0 can be evaluated directly

dn
dzm

d'l'L
)= / F@) g

:/f(m)(Qozx)”efo‘ﬁdJ;
R
= (20)™(f, 2" )

e—oc(a;2—2a:z)dx

If we start from the assumption
(f,2™)y=0,Yn >0
which is equivalent to the assumption
(fiHna)=0,Yn>0
we just showed that we will have
FM™(0)=0,Vn>0

which, by analyticity is equivalent to

However, for ¢t € R
F(2rit/a) = / f(m)ef‘m2 2™t dy
R

and this is the Fourier transform of the function f(x)e"mz. In order to this to be
identically 0 for any ¢, f has to be identically 0.
Mehler Formula

From the Gaussian integral

6700:2 _ /g/67ﬂ2y2/a62ﬂizydy (B?)
T JR

we can compute an integral formula for H,, .

—Qax

n ag? 4" 2
H, o(z)=(-1)"e T

™ 2 d” 2,2 .
— (=1)?, [ ST -y /o 2mizy q
(=D"\ 5™ e e y
™ - \n_ax? —n?y?/a 2mix
=/ — [ (—2mwiy) e e™T YV /¥ Ty
@ Jr
— lg/R(_zﬂ,iy)nef(ﬂ'yfiaz)z’/ady
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Now we can compute expression (B.5) (recall the hypothesis Rew? < 1)
n

w
Z <Hn,a7 Hn,a>a

n>0

—(m i()cz()t—ﬂ' iaz)?/a (2)(5)
:\/?/ (rn—iay)?* /oy (mE— ”Z%ddﬁ

n>0

/ —(mn—iay)?/« —(Trf iax)? /a —272 nw/adndf

V R2

— /7/ef(frnfiay)g/a6727rinw:r€7r2172w2/a/ef(ﬂffioca:+7rnw)2/ad£dn
@ Jr R

L9 ) 2 2.2
— / ef(ﬂnfzay) /a6727mnwwe7r n-w /ozd17
R

Hn,a (x)Hn,a(y)

:euéyz/6—7r2n2(1—wQ)/ae%rin(y—uw)(;177
R

_ 2
_ o = we)
1—w

2 |a 1
v ——F—=¢€
TV1—w?
« 1 a2awzy7aw2(m2+y2)
= — ¢ 1—w?
V7mvl—w?

For every 8 € C such that 3+ B = a we can choose an Hilbert basis Bs =
{W,, 3} n>0 for the inner product space L*(R, dz), setting

U, 5(z) = Hy o(x)e P (B.8)

From the Completeness and Orthogonality properties of the Hermite polynomials we

get the following decomposition of the identity, for any f € L*(R,dx)

/Z ”ﬁ@ dy_/agc— (B.9)

R >0

Two different choices 3 and 3 are related by a unitary transformation
’ 2
Vg = Qprp¥n,p Qp pp(z) = =" p(x) (B.10)
Suppose that § € R, that is 8 = /2. Introduce the operator

Foon(0)() = / e p(y)dy (B.11)

Lemma 83.

[ m
%fa/%r(\l/n,a/Q) =1 ‘l’n,a/2

Proof. Consider the generating function ©,(z,t) = e~(t*=2t2) We have

o w2 /2 _ t" |«
\/ 5 Faszn(e 20,(z,t) = nz;() 1\ 3o Fesen(Ynas2) (@)
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On the other hand we can compute directly

Fa/gﬂ(efaw2/2@a(x’t)) _ efoctQ/eaixyefay2/262atydy
R

— e o \/ 21/ eov(imt2t) gy /2y
@ Jr

:efozt2 /Eea(iw+2t)2/2
[0

T2 2 o
27 pmax /26 a((it)*—2itx)

[\

e“”z/Z@a(x, t)

o ¥l e

Lt 2w
’Lng E\Dn,a/2<x)
o .

3
%
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Appendix C

Miscellanea

C.1 Principal Bundles, Flat Connections and Holon-

omy Representations

Let G be a Lie group, and let g be the Lie algebra of G. The Maurer Cartan form
0 € Q'(G,g) is defined as 0(v) = (dly-1)v, for every v € T,G, where l;: G — G is
the left multiplication {;(h) = gh. The map Ad,: g — g is the adjoint representation,
that is the differential of the map ¥,: G — G, h — ghg™'.

Definition 33. Let B be a differentiable manifold and G be a Lie group. A Principal
G-bundle over B is a manifold P satisfying the following properties

1. There is a right action of G over P such that B is the quotient under this action
and the projection 7: P — P/G is smooth.

2. For every b € B there is an open neighborhood U C B of b such that 7= }(U) ~

U x G via an equivariant diffeomorphism.

Definition 34. A principal bundle homomorphism between two principal G-bundles
P and P’ is a G-equivariant bundle homomorphism. If P’ = P it is called a gauge
transformation of the bundle. We denote by G the group of gauge transformations
of P.

Remark C.1.1. To every G-equivariant map u: P — G, p — u, € G we associate
a gauge transformation ¢: P — P via the rule ¢(p) = p - u,. This association is a

bijection. Here G-equvariance of u is with respect to the right action u - g = g~ ug.

Let m: P — B a fixed principal G-bundle for the rest of this subsection. We say
that a vector field V' € TP is vertical if dw(V) = 0 and, for every p € P, we define
the vertical tangent subspace V,, as ker(dm),.

Consider the two maps i,: G — P, i,(9) =p-gand ry: P — P, r4(p) = p - g.
Let e € G be the unit element. For every X € T.G ~ g we can define X* € TP as
the vector field given at every p by the push forward X5 = (di,), X. All such X*
are vertical.

The concept of being horizontal is not canonical from the bundle, as it is to be

vertical. We need an extra object named connection

Definition 35. A connection on the principal G-bundle P is a g-valued 1-form
A € QY(P, g) such that
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1. A(X*) =X, for all X €g.

2. r(A) = Adg-1 A, ie. Ais G-equivariant

The space of connections on P is denoted A.

We define the horizontal tangent subspace at p € P as H, = ker(A,). It follows
that T,P =V, ® H,. Let A’ a g-valued k-form, i.e. A’ € QF(P,g). A’ is said to
be G-equivariant if r; A" = Ad,-1 A" for every g € G. We denote with OF(P,g)¢ the
subspace of Q¥(P,g) of G-equivariant forms.

Definition 36. The curvature of a connection A on P is the 2-form Fs € Q2(P, g)¢
defined by the formula

FA:dA+%[AAA}

A connection is called flat if F'4 = 0. The space of flat connections on P is denoted
F.

The gauge group G acts on A on the right and preserves F. The action is as
follows. to the gauge map ¢: P — P there is associated a map g,: P — G (see
remark C.1.1). Let 0, = g0 be the pull-back of the Maurer-Cartan form. Then,
for every a € A

PrA = Adg;IAJr@@ (C.1)

while the curvature pulls-back via gauge transformations as
(p*FA = AdgglA' (02)
As notation, we sometimes write A9 in place of p*A.

Lemma 84. Let a: [0,1] — B be a smooth curve on B. Let py € 71 (a(0)) and
fix a connection A on P. Then there exists an horizontal lift of o, that is a smooth

curve B: [0,1] — P such that 5(0) = po, dw(8) = & and A(B) = 0.

If «[0,1] — B is a loop, i.e. a(0) = a(l) = zo € B, then §(0) and B(1) €
7 (20). So there exists a ¢ € G such that 3(0) - g = B(1). This is called the
holonomy of A along a with respect to po. Denoting g = Holyg p, (o) we get an
holonomy map

Holy p, : Loop(B,xo) — G (C.3)

Turns out that this association behaves very well. First let us define the moduli space

of flat connection
M=F/G (C4)
as the set of gauge equivalence classes of flat connections on P.

Proposition 85. Let A be a flat connection on P, and assume that B is connected.
Let xg € B and let pg € 7T_1(.1‘0). Let o be a loop in B based at xo. Up to conjugation
in G, the association

A HOlA,p0 (a)

1s independent of the base point xq, the choice of lift py, the gauge tranformation
class of the connection A, and the homotopy class of a. In other words, we have a
well-defined map

Hol: M — Hom(m (B),G)/ ~
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where ~ is the equivalence relation given by the action of G on the right of Hom(m (B), G)

by comjugation.

Definition 37. A flat principal G-bundle is a pair (P, A) where P is a principal
G-bundle and A is a flat connection on it. Two flat principal G-bundles (P, A)
and (P’, A’) are gauge equivalent if there is an isomorphism of principal G-bundles
¢ : P — P’ such that ¢*P’ = P. Denote the set of equivalence classes of flat
principal G-bundles [(P, A)] as M.

Theorem 86. The map

M — Hom(m (B),G)/ ~
[(P, A)] — Holy (C.5)
is a bijection
Remark C.1.2. In this thesis the Lie groups G that we use are always matrix groups.
In this situation some of the operations we described take a more explicit formulation.

In particular let ¢ a gauge transformation with associated g, € C*(P,G), and A a

flat connection, then the pull-back is explicitly
A9 = g;lAgw + g;ldg(p (C.6)

where all the multiplications are standard matrix multiplications.
Moreover we will restrict ourselves to have only trivial bundles P ~ B x (. As our

base manifolds B will be always 2 or 3 dimensional, this is not so restrictive, indeed

Lemma 87. [ ] If G is simply connected then every principal G-bundle over
a manifold of dimension lesser or equal then 3 admits a global section, hence is

trivializable.

C.1.1 SU(2), SL(2,C) and M&6bius Transformations

In this subsection we will list some useful properties of the Lie groups we use
most often in this thesis.
The group SU(2) is the group of 2 x 2 matrices X such that XTX = XXT = Id,
where XT is the conjugate transpose of X.
The conjugacy class of X € SU(2) is determined by its eigenvalues, since X can be
diagonalized in SU(2) to a matrix in U(1). They are determined by the characteristic
polynomial, which, in SU(2), is determined by the trace. So, up to conjugation, every

X can by written as

X = < 6:)9 ef)w ) , and has Tr(X) = 2cos(f).
The map Tr gives a bijection [~2,2] ~ SU(2)/ ~. The fiber Tr™'(¢) is diffeomorphic
to S2, the unit sphere, for every t # 42, whereas for t = 42 the fiber is just one
matrix, respectively +Id.
Globally SU(2) is diffeomorphic to S3 and is in particular simply connected.
The Lie algebra su(2), by definition the tangent space to SU(2) at the identity, is
described as the space of 2 x 2 traceless, anti-Hermitian matrices.
The group SL(2, C) is the group of 2 x 2 complex valued matrices with determinant
1. Its quotient

PSL(2, C) = SL(2,C)/{£ld}
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is called group of Mdobius transformations. It naturally acts on the Riemann sphere
CP' ~CU{oc} as

(a b)wzw, z € CP? (C.7)
cz+d

Given three points zy,z; and zy, € CP' a Mébius transformation w1 is completely
determined by its values on such three points. Conversely given three values wy,
wy and wy € CP! there exists exactly one u € PSL(2, C) such that pu(z;) = w; for
i=0,1,2. In particular it is common to choose 0, 1 and oo as special points on CP?
and say that a Mobius p is determined by its values at them.

Elements u € PSL(2, C) are usually classified in terms of of conjugacy classes or
squared trace. Given p € PSL(2, C) there are exactly two matrices A,A’ € SL(2,C)
in its equivalence class. They satisfies (Tr(A))? = (Tr(A’))? so the squared trace Tr*
is well defined in PSL(2, C).

Two transformations p and p/ € PSL(2, C) different from the identity, are conju-
gated if and only if they have the same squared trace Tr*(p) = Tr( ).

There is some standard terminology here that we will use sometimes:

(i) p is said parabolic if Tr?(p) = 4, p # Id.

(i) p is said elliptic if Tr?(p) < 4.

(iii) p is said lozodromic if Tr?(u) € C\ [0, 4].

Loxodromic transformations with positive real squared trace are usually called hy-
perbolic. This classification can be reformulated in terms of fixed points on CP':

(i) p is parabolic if has exactly one fixed point.

(ii) p is said elliptic if it has no fixed points.

(iii) w is said lozodromic if it has precisely two fixed points.

All the parabolic transformations are conjugate each other and, in particular, can

11
be conjugated to the element associated to the matrix < 01 ), which is so that

it preserves the point co € CP!.

The description of SL(2,C) follows from the one we gave for PSL(2, C), as double
cover of it. A conjugacy class in PSL(2, C) lifts to two distinct conjugacy classes
in SL(2,C). Topologically SL(2,C) is simply connected while PSL(2, C) has funda-
mental group Z/27.

C.2 Categroids

We need a notion which is slightly more general than categories to define the
Teichmiiller TQFT functor.

Definition 38. | ]
A Categroid C consist of a family of objects Obj(C) and for any pair of objects A, B
from Obj(C) a set Mor¢c(A, B) such that the following holds

A For any three objects A, B, C there is a subset KI‘;;’B’C C Mor¢(A, B)xMore (B, C),
called the composable morphisms and a composition map

o: fo,B,c — Mor¢ (A4, C).

such that composition of composable morphisms is associative.
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B For any object A we have an identity morphism 14 € Mor¢(A, A) which is com-
posable with any morphism f € Mor¢(A, B) or g € More(B, A) and we have
the equation

laof=f,andgoly =g.

C.3 Operator Identities

Lemma 88. Let x,y and z be three operators such that [x,y] = z and [z,2] = 0. Let

f a power series. Then we have
f@y=yf(@)+zf(x) (C.8)
" fly) = fly+2)e, (C.9)
whenever all the expressions involved make sense in the relevant operator algebra.

Proof. Let

flz) = Z a;xd.
j=0
Then

[f(x)ay] = Za’j[xjvy]

j—1
=D a; ) eyl
k=0

J
= Z a;j 2zl 1
J
= zf'(x)
which proves the first equation. For the second one

z,l—1 1

Y
= (y+2)e"y" !
= (y+2)'e”.

eyt = ye + ze®y!™

So

O

Lemma 89. Let A, B and C three elements non commuting elements of an associa-
tive algebra, and [-, -] the commutator induced by the algebra structure. The following
identity is true

[A, BC] = B[A,C] +[A, B]C (C.10)
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Proof.

[A, BC] = (ABC — BCA) = BAC + [A,B|C — BAC — B|[C, A]
=B[A,C]+[A,B]|C

O

Lemma 90. Let z, y and z be three elements of a Lie algebra satisfying the relations

[x,y] = z and [y, 2] = az with a central. Suppose that the formal exponential e¥ =
k

> k>0 gr s well defined. Then we have

[x,eY] = 2 (ey“l — ey)

Proof. First we prove the following equation by induction
" /n
Yz = < ) alzy" !
2\

Jj=0

For n = 0 it is trivial. Suppose the equation valid for some n, the n + 1 expression
on the left hand side becomes

y"+12’ — yn<zy+ [y72]) _ yn(zy+az)
n n
£ g
=0 \J =0\
n n ) ) n+1 n . .
= Z ( ,)ajzy”‘H_J + Z ( )ajzyn+1—1
=0 \J =RV

3

1
<” + 1) o 21
j

(e}

j=

Next we prove the main statement

e = 3 o [4]

k>0
=
=D g2 vyl
E>0 " n=0
=
_ Z = Z ynzyk—n—l
k>0 n=0

1 o
=2_0" (a+y) "yt

k>0 = n=0

1

=> ety =y y+a—y!

k>0

z 1
D SETO S

| |
a k>0 k k>0 k
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C.4 Quadratic Gauss Sum

The topic that we briefly recall here can be looked up on [ ]

Theorem 91 (Gauss Quadratic Sum). Let (%) be the Legendre—Jacobi Symbol, and
define. form € N

1 ) =1 d 4
cp={ b Wm=lmo (C.11)
i ifm=3 mod4
the Gauss Quadratic Sum can be evaluated as follows
k—1 ) 0 if k=2 mod 4
Yot = { vk () if k odd (C.12)
n=0 (L+i)Vk (5) ! if a odd and k =0 mod 4

We have the following small application by completing squares

Proposition 92. Suppose k, be Z, k> 1
2k—1 , ,
Z eﬂ'z(n +2bn)/2k _ e‘n’z(2k—4b )/8k

n=0

1
V2k
Proof.

2k—1 2k—
1 . 2 2 . i ()2 2
—mi(2k—4b%)/8k E mi(n°+2bn)/2k _ —7i/4 § —k(n +2bn+b-)
e (& e
V2k s V2k =
2k—1

1 i
— —71'2/4 Z 62k(n+b)
V2k =

1 2k—1 , 2k+b—1 ,
_ —mi/4 Z %n Z %n
e — e + e
vV 2k ( — >

n=>b n=2k
2k—1 b—1
—7i/4 1 Zip? Zin? omin 2wik
=e —_— E ek 4+ E ez e e
2k n=>b n=0

1 2k—1 ,
_ —mif4 § : ;’,3 n -1
e ——— (&
2k (n—O >

Where the last equality follows from the following computations

2k—1 4k—1 4k—1 4k—1 ) 2k—1

i, 2 2mi 2 2mi 2 2mi 2 i, 2
E ez = E e — E e = E e — E ezr" (C.13)

= V2ke™/* (C.14)

O
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