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1.1 Semiclassical analysis of the current

Semiclassical analysis has grown into a large and highly developed area in mathematical
physics. One can express the philosophy behind the works as trying to understand quan-
tum systems in terms of their classical analogues, a typical example being that the energy
of a non-interacting electron gas is given (to highest order in the semi-classical parame-
ter i) by the phase space integral of the classical Hamiltonian. At this point it might be
appropriate to invoke the famous ‘correspondence principle’ by N. Bohr, which, for our
purposes, we will state as:

When Planck’s constant tends to zero, the behaviour of a quantum mechanical system
tends to that of its classical counterpart.

It can therefore be said that semiclassical analysis aims at finding to what extent the
correspondence principle is true, i.e. how much influence classical mechanics has on the
quantum system.

Semiclassical analysis in its rigorous mathematical form also has applications to other
areas of mathematical physics, let me only mention here Helffer and Robert’s famous
counterexample to the Lieb-Thirring conjecture [HR90] and the semiclassical analysis
needed in the study of large atoms (see [LSY94] for the study in the case of large magnetic
fields).

The objects traditionally studied semi-classically are the energy (or more general
Riesz means) and the density.

If a physical system in external magnetic vector potential A and electric scalar potential

V has energy E (h,A', V), then the density p is given as gg i.e. p is the distribution

|t:0-

dE(h,A,V
/pw: (h,A,V +1y)

dt
In the same way the current J is given as ng 1.e.
- . dE(h,A+1d,V)
/,] a= dl. |[=0'

Notice here that gauge invariance implies that £ does not depend on A but only on
the magnetic field B = [ x A generated by A. One can therefore define the magnetisation
M= gg It is easy to see that j = [ x M.

Let us introduce the specific models that have been analysed in this thesis:

We consider an electron gas of non-interacting electrons in external electromagnetic
potentials (A, V) and set the chemical potential to zero. At zero temperature the energy
will be given as:

E(h,A,V) =tlH(h,AV)1(_wq(H(RAV)), (1.1.1.1)

where H (h,A,V) is the Hamiltonian operator of a single electron in the external fields
(A,V) and depending on the parameter & (‘Planck’s constant’). The choice of Hamiltonian
will depend slightly on the kind of limit we consider:

¢ Weak magnetic fields:
For the weak magnetic field i.e. normal semiclassics, we take the Schrodinger
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Hamiltonian:
H=(—ihO—A)>+V(x).

In this case we do the analysis in any dimension.

¢ Strong magnetic fields:
In a strong magnetic field, it is important to include the interaction of the electron
spin with the external magnetic field. Therefore we use the Pauli Hamiltonian:

P=P(h,A,V)=(—ih0—A)>+V(x)—h3-B,

acting in L>(R?;C?). Here G = (01,0,,03) is the vector of Pauli spin matrices:
o _ (01
1 = 1 0 ’
o _ (O =i
2 - l' 0 Y
o _ (10
3 = 0 —1 )

and B = 0 x A. The analysis in this case is only in 3 dimensions.

1.1.1 The weak magnetic field

If we take a (formal) derivative of (1.1.1.1) with respect to A, we get:

/C_i ‘7: —tr(Jl(fogO] (H(h,A,V)),

where
J=a-(—ih0—A) + (—ihO0—A)-a.
This is the expression that we take as the definition of the current. Notice, that if 0 ¢
Spec(H (h,A,V)), then this definition is equivalent to the original one.
We expect the semiclassical limit of the current to be related to the classical current.
Therefore we need to make a (very) short digression to classical mechanics.
A classical electron gas in an electromagnetic field is described by a Hamiltonian function

h(x,p) = (p—A)* +V(x).

The ground state, using Fermi-Dirac statistics in the chemical potential A, is given by the
set

{(x,p)|h(x,p) <A}
in phase space R} x RE’,. The energy of the gas is;

E, :/ h(x,p)dxdp, (1.1.1.2)
{h(x,p)<A}
and the density and current are again defined by
6Ecl
Per = S



and
i 6Ecl

Jol = =
T M
There is an important difference between the classical and the quantum gas:

A classical gas in equilibrium has no current.
This is a consequence of another fact:
There is no classical diamagnetism, i.e.

E.(h,A,V) = Ey(h,0,V).

This is easily seen by a change of variables in (1.1.1.2).
Since the density obviously cannot vanish in the classical gas we are led to expect the
following:

Observation 1.1.1. If the density is of order 4% as / tends to zero, then we have j = o(h%)
in the same limit.

This is indeed what we will see below. Let us notice that the current does not vanish
in a quantum mechanical gas. A free quantum gas in a constant magnetic field has a
nonvanishing current. This result goes at least back to Peierls [Pei56].

Thus we are naturally led to the second remark: We need to know how the density
behaves in the semi-classical limit to know where to search for the current. This question
has been answered by several people, here we should at least mention [HR83, PR8S5,
Ivr98, Sob95]. The work that has been our source of inspiration is [HR83](see also
[Rob87]).

We need the following assumption:

Assumption 1.1.2.
e Ve C*(R") and minyern V(x) > 1.

e VaeN" dcg >0:VxeR"
|09V (x)| < caV (x).

dC,M > 0 such that: Vx,y € R"
V)<V )1+ [x—y)".

A € C*(R",R").

Va € N* with |a| > 13cq € R: [|0%A|| < cgV!/2.

We will use the notation
ao(x,p) = (p—A)* +V(x).
Then it can easily be seen that the assumption above was made to guarantee that

10%0| < cqap.
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Let now Ag be chosen so that ag ' ((—,Ag]) is compact.
The result about the density can now be formulated as follows ([Rob87]).

Theorem 1.1.3. Let @< C7(R") and let H satisfy Assumption 1.1.2. Suppose that N < Ag
is not a critical value for ay. Then

)" [ o) = [[ 001w ((aols, p))ddp+O(h).
The strong interplay with classical mechanics is illustrated by the following result:

Theorem 1.1.4. We keep the assumptions from Theorem 1.1.3.
Let

2y ={(x,p)lao(x, p) = A}
and let (DZO be the Hamiltonian flow generated by ay. Suppose

S\({(x,p) € Zx|3t > 0 such that &, (x,p) = (x,p)}) =0,

where Sy, is the surface measure on Z). Then

(2Trh)”/p(x) dx_//(p s (@0(x, p))dxdp+o(h).

Remark 1.1.5. Assumption 1.1.2 is very restrictive since given a @ € C the integral

[ p(x)®(x)dx should only depend on A and V in a neighborhood of supp@. This is indeed
the case as shown by Sobolev in [Sob95] (see also [Ivr98]).

It is in the context of the above results for the density that the results ([Fou98]) con-
cerning the current should be seen. The main results from that paper follow here.

Theorem 1.1.6. Let H(h) satisfy Assumption 1.1.2. Let N < Ao and assume \ not to be a
critical value for ag '. Then

(210" r{1) o ( //{ 2(p —A)dxdp+O(h). (1.1.1.3)

We thus have j = O(h'~") because the integral on the right hand side in eq. (1.1.1.3)
vanishes. By the change of variables ¢ = p — A(x), we get indeed

// B (p—A)dxdp = // d-qdxdq
{(p=A)*+V(x)<A} {#?=V(0)<A}

= a(x) - dq)d
Jer T g 50
= 0.

QY

The difficulty in proving Theorem 1.1.6 in comparison to Theorem 1.1.3, is that the func-
tion
T [/ ey (H (h))],

IThis is independent of A because the critical values of g are the critical values of V. Notice also that
the assumption on A, a,, !((—00,\q]) is compact, is independent of A.
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is not monotone and therefore the standard Tauberian argument does not work. Our ar-
gument uses the relative boundedness of J with respect to H () to reduce to the counting
function tr[1)_q )(H (h))] where standard arguments can be applied.

Just as for the density we get a better result in the case where there are “few” closed
classical orbits on the energy surface.

Theorem 1.1.7. We maintain the assumptions from Theorem 1.1.6. Suppose

SA({(x, p) € Zp[3t # 0s.1. 9, (x,p) = (x,p)}) =0, (1.1.1.4)

where Sy, is the surface measure on X and @, is the Hamiltonian flow associated with
ag. Then

(21h)"tr[(a@ - (—ihO —X) L—wp (H(h))] = hy1 +o(h)  for h 0,
where VY is:

' 1 ds
)\:// L div(d@) dxd _,/ bt p N
MO = ] tanemyany 2@ b+ 35 [ Lo bodegg

Here by = - (p — A) and {ao,bo}p = 0pao(x, p)0xbo(x, p) — 0:ao(x, p)0pbo(x, p), is the
Poisson bracket.

Thus O(y;) = 0 and therefore the current is of order o(h!~") in this case.

Of course, with the comparison with classical mechanics given above, it seems rea-
sonable to get this kind of results. But from a purely mathematical point of view, the
result could be thought of as simply not being clever enough! It seems we just used too
weak techniques and therefore lost all the details we looked for. Illustratively speaking,
it could have been, that we looked for currents with a too weak looking glass: maybe we
could see a current of order O(h'~"). Now it rapidly becomes clear, that it is very difficult
to go to higher powers in h. Therefore, for some time it seemed easier to come up with a
counterexample, i.e. to construct a specific model, where the current is of order R but
is not a pure power of / - i.e. an example, where the current is oscillating to power h' .

The model, that first comes to mind, is the harmonic oscillator in a constant magnetic
field. This is an explicitly solvable model, and it has the further advantage, that the den-
sity has an oscillating term of order 4! ~". Unfortunately, this does not gives the desired
conclusion, since one can prove:

The current of a harmonic oscillator in a constant magnetic field is o(h' ")

This was (almost) proved by an explicit calculus in my progres-report (presented at
my qualifying exam). More precise techniques permit one to almost get the next term in
the current (see [But99] and [Doz94]), and give a way of proving oscillations in non-
explicitly solvable quantum models. One has to know a great deal about the corresponding
classical system though, so the analysis has, as yet, been unconclusive.

1.1.2 Strong magnetic fields

When we use the Pauli operator

P=P(hA,V)=(—ih0—A)*+V(x)—hG-B,
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with A = u(—x2,0,0), we get an extra term in the ‘current operator’:
By formal differentiation of (1.1.1.1), we get:

[ @ T=—ull1 ag®)],

where .
J=2a-(—ih0— A) — ihdivd + ho3(0y,az — Ox,a1).

The last term, which is the new one, comes from the interaction of the electron spin with
the magnetic field. This we will refer to as the spin-current, as opposed to the persistent
current, which is the rest of the current.

When the magnetic field can be strong, in the sense that uh > ¢ > 0 as & tends to zero,
a new kind of semiclassical behaviour occurs. This was studied in [LSY94], where an
expression for the energy was found, such that

E
—1

scl

as h — 0, and where the limit is uniform with respect to the magnetic field. Here the
expression for E; is:

2

2 = - 3/2
But=—5— / 3 dilB2n +V @) ax,

with dy = %[anddn: %[fornz 1.
If we take the derivative of this expression, with respect to A', we get something, which
would be the natural guess of the semiclassical limit of the current in strong magnetic

fields:
/ fsd ~ddx

de d -2 s

:f EESCI(A_'_Z.CI)L‘:O
-2 ©

= anodn/(axlaz_axzal)
xOM@+V@ﬁP—%M@Mw+W@ﬂﬂdL (1.1.1.5)

The result, which we prove, is that this guess is correct to highest order:

Theorem 1.1.8. Suppose

V() = L +o(|x 1) (1.1.1.6)

x|

as x — 0, and suppose that VYm € N° dCuyv € Ry such that:

10"V (x)| < Gy x| 11, (1.1.1.7)



Vx € B(8).
Suppose furthermore that 3C = C(h,u) such that

P(h,u,V)> —C. (1.1.1.8)
Suppose finally that
e dc, 1 > 0 such that uh > ¢y, 1,
e e, > 0 such that uh® < c,,».

Then
+h—0 =
J = Jscl

in the sense of distributions in the coordinates orthogonal to the magnetic field, i.e.:

al 1m0 a)
/] a dx j> /jscl' a dx,
0 0

for all ay,a; € CJ(B(1)), where B(1) is the closed ball of unit radius in R>.

The difficulty in obtaining such a result is best illustrated by the following calculation:
The spin-current can be calculated from known results ([Sob94]):

/jspin'ﬁdx
= h (tl‘ [(6xla2 — axZal)l(_m,o} (H)] —tr [(axlaz — axZal)l(_oop] (H—l— 2,[1/1)]) ,

where H = (—ih — A)? +V (x) — uh acting in L*(R?). This is known to be:

h<4T‘;h2 Z /(axlaz—6x2a1)[2nh,u+V(x)]l/2dx
k=0

_4_,_,;]12 z /(ax1a2_ax2al)[2nhlu—|—‘/(x)+2yh]1/2dx>
k=0

= @tV (9] ax

This term is of order ’,“’—1, which is much larger than the total current (at least in the case
where yh — ). Thus there is a huge cancellation effect in the current, which has to be
taken into account if we want to obtain a good result.

Theorem 1.1.8 only gives the current in the direction orthogonal to the magnetic field
- the method applied is simply unable to pick up the current in the other direction. In fact,
we run into somewhat the same problem as in the weak magnetic field case, if we look at
the parallel current: The highest order term of the parallel current vanishes, but the error
term is of order h—12 Therefore, one needs additional work to get the parallel current.

The key to prove Theorem 1.1.9 below, is gauge invariance, i.e.

/f-c_idx,
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does only depend on the magnetic field b=0Oxa generated by d. Therefore, if

we might find

such that
UOxd=0xa.
This is possible if and only if [a3(xj,x2,x3)dx3 = 0 for all (x1,x;). By using this, one

can ‘move a3 along the x3 axis’ and prove the following:

Theorem 1.1.9. Let the assumptions be as in Theorem 1.1.8. Assume furthermore that
V(x1,x2,x3) > cy >0, for | < |x3| <3, and that V is infinitesimally bounded with respect
to —A, then

+h—0 =
J = Jscl
in the sense of distributions, i.e.:
a a
2 ! h—0 i !
J: a dx — Jscl a dx,
as as

forall ay,az,a3 € Cg(B(1)).

Notes on future work

The results on current in strong magnetic fields are not completely satisfactory due to the
following two drawbacks:

e We need extra conditions to find the parallel current to order hLZ

e The semiclassical result on the orthogonal current uses all the heavy machinery
devellopped by Ivrii and Sobolev ([Ivr98] and [Sob94]). A shorter and more easily
understandable proof is desireable.

The first drawback worries me less than the second. My feeling, as described above, is
that mathematically the problem with the parallel current is comparable to the problem
about the current in standard semiclassics.

The second drawback is more serious: My proof relies heavily on the work [Sob94].
This work is purely 3-dimensional (though there should be no additional difficulty in go-
ing through the same arguments in 2-dimensions) and therefore my results on the current
are only stated in 3-dimensions, though it would be physically (at least) as interesting to
prove the corresponding semiclassical formula in 2-dimensions. A better understanding
of the current might also permit us to go to physical models that are not of mean field type
- here I think of large atoms in strong magnetic fields, as studied in [LSY94].
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2.1 Abstract

We give the semi-classical asymptotics of the quantum current in 2 cases:
First for T > 0 (T is the absolute temperature). Here we get a complete
asymptotics. Then for T = 0. Here it vanishes to the accessible orders.

2.2 Introduction

Since the classical work of Weyl estimating the counting function for the number of eigen-
values has been one of the central themes in semiclassical analysis. In the present pa-
per we study Schrodinger operators of the form H (k) = H(h,A,V) = (—ih0 —A)?+V,
where V is a potential and A is a vector potential generating a magnetic field B=0x
A. In this case, the Weyl estimate corresponds to the fact that the counting function
tr [1(_o ) (H(R))] is given to leading order, in the limit 1 — 0, by the classical phase

space integral [[ 1(_e ((hp —A(x))2+ V(x)) dpdx.

More detailed information is given by the density or local counting function p, that is
given, as a distribution, by

[ P =l (1)),

for all € Cf. Clearly the counting function is the total integral [ pdx.

The physical interpretation of p is that it is the density of a non-interacting Fermi
gas in the fields V and B, and with chemical potential A. An equally important physical
quantity is the quantum current j. The density is the response in the total Fermi energy to
a variation in the potential, i.e.,

[ owax = St (1A +86) )1 o (LAY +ew)]

e=0

Likewise, the current is the response in the total Fermi energy to a variation in the vector
potential, i.e.,

- 0 - >
/]-adeEtr (H(h,A+82,V) ~ N1 _op (HA+22,V))]

e=0

The quantum current has largely been ignored in semiclassical analysis. The reason is
quite simply that classically there is no current. The reason being that there is no classical
diamagnetism, i.e., the classical energy

//(hp —A(x))*+V (x)dpdx

is independent of A, which is easily seen by a change of variables.

The aim of this paper is to prove that the semiclassical limit of the quantum current
indeed vanishes. Moreover, we explore to which order in the semiclassical parameter A
the current vanishes.
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Formally we have (and it can be justified under the assumptions that we will impose
below):

/gg.j‘dx = %tr[(H(h,ﬁ+sﬁ,V)—A)1(_m,A] (H(h,A'JrsEi,V))]

=0

— .h —
— 2 {(a’- (—ihO — &) — %div(c‘z’)) Ty (H(h,A, V))} .
Notice that since the operator multiplying the characteristic function is symmetric, we get,

%/Ei-fdx = Oftr [Ei- (—ihD—K)l(_m,A} <H(h,A’7V))]}
= O{tr B o (H(1AV)) |},

where B(h) = a@- (—ihd—A), and where [(z) denotes the real part of z. This is the
quantity we will study semi-classically.
We will denote by ap the Weyl-symbol of H (k). It is easy to see that

ao(x,p) = (p —A(x))*+ V(x). (2.2.2.1)

To assure that ag satisfies:
|0%ao| < calaol,

for all a € N", we will impose the following assumption on Aand V.

Assumption 2.2.1.

Ve c” (Rn) and mianRn V(X) > 1.

Vo € N", 3¢ > 0: Vx € R”
|09V (x)| < cqV(x).

JC,M > 0 such that: Vx,y € R"
V)< V) (1 +x—y)™.

A € C*(R",R").

Ya € N* with || > 13cq € R: [|0%4]| < cqV/2.

These will be standing assumptions throughout the paper. Notice that this includes the
case of constant magnetic field. That V > 1 means in reality only that it is bounded below,
for we can add a constant to the potential without changing the current - we only have to
change A correspondingly.

Under the above assumptions we know from [Rob87, Thm III-4] that 3hg > 0 so

that H(h) is essentially self-adjoint on S(R") (the Schwartz space of rapidly decreas-
ing smooth functions) and uniformly bounded below for 4 € (0,h¢). These rather strong
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asumptions on V, A (compare [AHS78]) are made to be in a position to apply the func-
tional calculus of Helffer and Robert [HR83] (see also [Rob87]).
For notational convenience we will introduce the operator:

Py =—ihd—A.
and write
B(h)=a-Py.
Then B(h) has Weyl symbol
= h
o[B(h)|(x,p) =d-(p—A) — =div(d), (2.2.2.2)

2i

which we will write as bg + hb;.

Let us take Ag such that ay ' ((—,)Ao]) is compact. This Ao will be fixed throughout
the text. Our plan is to calculate the asymptotics of

tw[B(h) f(H(h))] forh\,0, (2.2.2.3)

first for f € C5(—,Ao) and later for f = 1(_g ) With A < Ao.

The organization of the paper is the following: In sections 2.3 and 2.4 we prove that
the operator B(h) can be included in the functional calculus by Helffer and Robert. Thus
we get for f € Cy(—,\o) that B(h)f(H(h)) is h-admissible, and we get a complete
expansion of tr[B(h) f(H(h))] in powers of 4. These two sections follow very closely the
presentation in Robert’s book [Rob87].

As a reasonably easy application of the results in section 2.4, we calculate the semi-
classical asymptotics for the quantum current j, for a Fermi gas at T > 0 (T absolute
temperature) in section 2.5. Here  is given by

@ Fax=D{ulB F(H ()]},

where V(x) is supposed to go to infinity for |x| — oo, and f is the function:

efﬁ(tia)

f(f):m,

with 3 playing the role of an inverse temperature.

Theorem 2.2.2. Let H(h) satisfy Assumption 2.2.1 and let furthermore V (x) satisfy:
de,s > 0 so that V (x) > c|x|°.

Let ¢(h) = S hic; be the symbol (calculated formally) of the operator
J

B(h)f(H(h)). Then the c; are in L'(R? x R{) and we have:

N .
(2 BN (H (D))= Y / / ¢;(x,E) dxdE + O(RV*Y)  for h ™\, 0.
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Remark 2.2.3. The first term in the expansion is zero, and the next is purely imaginary,
so we have to go to order 4>~ to get a contribution to the current.

In section 2.6 we go on to calculate the semiclassical asymptotics for the quantum
current at zero temperature. Here j is defined by the equation:

/Rf" Jjdx = D{u[B()1 (o (H (R))]} (2.2.2.4)

Theorem 2.2.4. Let H(h) satisfy Assumption 2.2.1. Let A < Ao and assume \ not to be a
critical value for ay '. Then

(210)"[B() 1 e / / d-(p—A)ydxdp+o(h). (2225

{ao(x,p) <A}

We thus have j = O(h'~") because the integral on the right hand side in eq. (2.2.2.5)
vanishes. By the change of variables ¢ = p — A(x), we get indeed

// B a-(p—A)dxdp = // d-qdxdq
{(p—A)>+V (x)<A} {g*~V(x)<A}

= a(x) - dq)d
L9 U 29
= 0.

The problem in proving Theorem 2.2.4 is that the function
U= t[B(h) 1)) (H(R))],

is not monotone and therefore the standard Tauberian argument does not work. Our argu-
ment uses the relative boundedness of B(%) with respect to H (k) to reduce to the counting
function tr[1)_ rj(H (h))] where standard arguments can be applied.

In section 2.7 we will improve Theorem 2.2.4 in the case where the set of classical closed
orbits on the energy surface

2y = {(x,p)lao(x,p) = A}
is of surface measure zero.

Theorem 2.2.5. We maintain the assumptions from Theorem 2.2.4. Suppose:

S\({(x, p) € 2p[3t # 0s.1. P (x,p) = (x,p)}) =0, (2.2.2.6)

where Sy is the surface measure on 2\ and @, is the Hamiltonian flow associated with
ag. Then

(1) s {B() ey (H ()] = By +0(R) for h\,0,

1 dsSy
_ by dxdp + — / botpIn
// oty 1P T3 [y Va0 bode i

Here {ag,bo}p = 0pao(x, p)0xbo(x, p) — 0xao(x, p)0,bo(x, p), is the Poisson bracket.

where Y is:

IThis is independent of A because the critical values of g are the critical values of V. Notice also that
the assumption on A, a,, !((—00,\q]) is compact, is independent of A.
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As Y is purely imaginary the conclusion of this paper is that the quantum current at
zero temperature vanishes to all accessible orders. We believe that the next term in the
expansion of the current (the term of order O(h!~")) may be oscillating. A simple calcula-
tion shows that for the counting function the term of order O(h~') is indeed oscillating for
the harmonic oscillator in dimension 2 (i.e. d= 0,V = x2+1). Unfortunately in the case
of the harmonic oscillator with a constant magnetic field in dimension 2, i.e. A= (—x2,0),
V(x) = x*> + 1, the contributions to the current within an energy level cancel to such an
extent that the total current is O(1) - not O(h~!). One thus has to search for strong current
in more complicated settings.

Notations

Since the first sections are very close to the book [Rob87], we will use the notations
therein. Thus Opj’a denotes the h-pseudodifferential operator with Weyl symbol a. We
will also use the symbol classes and theorems on continuity and composition from the
same book. Finally we write

Jo F ) = s [ ).

2.3 Functional Calculus

Let f € C7(—,Aq) real valued. We want to prove that B(h)f(H(h)) is h-admissible.
That will be the result of Prop. 2.3.5 below.

Lemma 2.3.1. We have the following inclusion of domains (as closures of quadratic
forms starting from S(R")):

e D(V)D D(H(h)),

o D(P}) 2 D(H())

Lemma 2.3.2.
|1B(h) f(H (1))l (z2) = O(1) for h ™, 0,

where L(Lz) is the space of bounded operators on L?.

Proof. We know [Rob87, Thm.III-4, Prop.III-13] that f(H(h)) is self-adjoint, bounded
and of finite rank.
Letv € L?, ||v|| = 1. Then we write

N(h)
'= 3 @) v,

where (@, @) = O;k, H(h)@;(h) = A j(h)@;(h) and f(H (h))w(h) = 0.
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Then

N
IO < (3 aif0)e (22 Zujf @)

]:

= Sdj @ (e -V () )

J.k

> 1o 2 FON)PA = (F(H ),V (x) £ (H (h)v)
Y lo2f()°A; —inf V| £(H (R))v*
[Faleo

where we have used Lemma 2.3.1. [l

M =

N
I
—

<
<

Let f € Cg(—0,Ao). Then f(H (h)) is h-admissible by the functional calculus (see [Rob87]).
Therefore for all N € N sufficiently big there exist as 1,ar,...,ar y such that:

N
f(H(h)) = Z)thpZaf,j + Dy (),
j=
where Dy v 1 is uniformly bounded in L(L?). Moreover we have:
Lemma 2.3.3. B(h)Dy n+1 is uniformly bounded in L(L*) and satisfies
IBA)D s n41] £(22) < ldlleop(f),
where p is a seminorm in S. Here p does not depend on h, d and f.

Proof. We recall that 1 < inf{Upe (o, Spec(H (h))}. By the spectral theorem we may
thus assume that f € C;’(0,A¢). We define the continuous function 8(s) for s € C as:

o(s) = { my 1061 =2/m

T/2  otherwise

where [(s) denotes the imaginary part of 5. Let us define, for s € C, the path Zgy) in the
complex plane as the union of the following three paths:

o i = {(t+1/2)e=*0)]; > 0}
e o= {e"/2]8(s) < v < 6(s)}.

When we integrate over Zg(,) we will look upon it as a continuous path starting with y_.
We will denote the Mellin transform of f by M [f]:

+0o0
M) = [ 0,
0
defined on all of C. We remember the following properties of the Mellin transform:

e M[f](s) is holomorhic on all of C.
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e Vp € R we have: M[f](s) decreases rapidly on the line {s € C|O(s) = p}.
e Vp € R wehave: f(t) = 5= ;’ji,‘f M[f](s)t *ds.
Now we are ready to start the proof. We have by construction ([Rob87, eq.(46),p.143 and
Thm.I1-10)])
1 p-+ico

Dint = e Mf](s) / I(H(R) —2) \Bonsr(R)dzds, (2321

p—ico Zy(s)

where A; y1(h), again by construction, satisfies

1Bt ()] 2y = 0((%)“’”)

( [Rob87, Thm. III-9]), where d(z) =dist(z,[1,[) , p € R and ¢g(N) is a sufficiently big
integer independent of z and 4. Because of Lemma 2.3.4 we can apply the differential
operator B(h) under the two integral signs, and we obtain the desired estimate, because
for p sufficiently big the double integral becomes absolutely convergent:

e [ 1941+ )

x / |z P B(h) (H (h) = 2) " Do g1 ()| g2y dzds
6(

p-tis)

= (2111)2/|M[f](p+is)|{ C||C_i||ooe9‘s‘

is))~1M=1/2,805 [, +ar b ds
tesin(B(p +is)) ~aM)=1/2 /0 (r+1/2)Pdr} d
< el [ 1917)(p+i5)|[1+ (sin(8(s)) ¥~ /2]ds

[6(s) + (sin(8(s)) 7N ~'/2]

(14s2)M ds.

<clalo [ |MUA)(p-+is)(1+5)"]

As m = O(s) for s — o0 and M[f](p+ is) decreases rapidly on the line of inte-
gration, we get that the integral converges (to assure convergence of the r integral we can
take p = 2). If we investigate the f dependence, which comes from the term

sgle[f](p+is)(1+s2)M|,

we get the seminorm of f that we wanted. 0
Lemma 2.3.4. For z € Yp we have:
1B E () —2) "2 42, < 4nlal.

For z € Y+ we have:
nllall3,

|B(R)(H (1) =)~ 712y < 5™
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Proof. Because H (h) is essentially self-adjoint on S, {@€ L?|(H(h) —z) '@€ S} is dense
in L? for z ¢ R. Let @be in the above set, z € Zg(5), and let Y = (H (h) — z)~'@. Then we
have:

1B(R)(H (h) —2)"'qll* = nllall2 (W, PAW)

< nla|ls(w, H(h)p)
= nld|%(@[H(h) -2 ' H(h)[H(h)—z]"'@).

So now we just need to prove that the function g(x,z) = ( = fz|2 is bounded by

fo)x(xfz)
4 for (x,z) € [1,%) x Yo and by L5 for (x,z) € [1,00) x yi. The inequality for z € Yy is
obvious, and, for z € Y., we get by simple geometric considerations that:

X X 1

< .
lx—z[2 = x%sin® ~ sin®

We conclude the following:

Proposition 2.3.5. The operator B(h) f(H (h)) is h-admissible, and its symbol can be cal-
culated as follows:

o[B(h)f(H(h))| = o[B(h)Hyx] (mod hV*1),

where Hy y = ZIJV:O hOpY (ay ;) is the sum of the first N+ 1 terms in the expansion of
f(H(h)) as an h-admissible operator.

Proof. This is an easy consequence of the Lemma 2.3.3. Let us indeed write f(H (h)) =
H¢n+Hh1Dy 1 (h). Then B(h)Hyy is h-admissible and strongly h-admissible because
the symbol of Hy y has compact support. Thus, we only have to prove that B(h)Dy.1(h)
is bounded in £(L?), and that is the statement of Lemma 2.3.3. ]

2.4 Traces with smooth functions
Our task in this section will be to find the asymptotics of

tr(B(h)f(H(h))) forh™\,0, (24.2.1)
for f € Cy(—o0,Ag). This is given by Theorem 2.4.4 below.

Lemma 2.4.1.
|1B(h)f(H(h))ler=O(R").

Proof. Let g € Cy(—,Ap), ¢ = 1 on supp f. We write:
g(H(h) = Hyn+h""'Dyyii(h),

N
where Hy y = Z)hJOP;zv(ag,j)-
j=
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We can then calculate:

BUNF(H() = B(h)f(H(R)g(H(R)
— B(h)f(H(h))Hon+B(h) f(H (1)K Dy s ().

b

Thus
B(h)f(H(h))[I— hNHDg,NH (h)] =B(h)f(H(h))Hg n(h). (2.4.2.2)
Here [ ... ] is invertible for h small enough. So we get:

1B FEHD e < IBO)FHB) 202
17— BN D 1 () oy [ v

The first factor on the right is estimated by Lemma 2.3.2 and gives a constant. The second
factor converges to 1, and the third factor is estimated by [Rob87, Thm. II-49] and gives
an O(h™")-term. ]

Lemma 2.4.2. We take the expansion of f(H(h)) as an h-admissible operator, as well,
and we get:

|B(h) f(H () — B(h)Hy xHq iy = O(N171).
Proof. Since f(H(h))g(H(h)) = f(H(h)), we get
1wl < BV LUBR) FCH) e D | 22
+IBRD s x1 ()] o | e ir].

Here the trace norms on the right are known to be O(h™"). The L(L?)-norms are known
to be bounded in A, see Lemma 2.3.3. [l

Lemma 2.4.3.
|B(h)Hy nHy n — B(R)Hy n||ir = O(RNTIT). (2.4.2.3)
Proof. We have:
f(H(h)g(H(h)) = f(H(h)) = Hpn+ 1" Dy
But on the other hand we have as well:

fH(R)g(H() = [Hpn+H Dy ] [Hon + 0 Dy i
= HyyHyy+h" " [bounded terms],

s0 Hy y = Hy yHg y modulo O(RNT).

NOTE: Here we have used that the symbols of Hy y and Hg y have compact supports and
thus give rise to uniformly (in /) bounded operators on L? .

We can therefore write:

BR)HywHen — Hy] = H T B() O} (8(h)).
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Where () is an h-admissible function in the class denoted by Zgl+x2+p ) in [Rob87]
. This comes from using the composition theorem for strongly admissible operators on
Hy nyH, v and then noticing that the first N terms must be killed by the terms in Hy y. The
composition B(h)Opy/(8(h)) is thus a composition of strongly admissible operators with

2 .2\1/2
symbols in Z(IHX ) . We find:
1B(1)Opy, (8(h))l:r = O(h™"), (2424
by [Rob87, Thm.II-49] and the composition theorem. L

We now have:

Theorem 2.4.4. Let the h-admissible operator B(h) f(H (h)) have the (formal) symbol
23'0:0 h/c;. Then we have the following asymptotics:

(210)"te[B(h) £ (H(h))] = Z)hf / / (x, p) dxdp.

Proof. The proof is easy given the observations, because we have:
IB(R) f (H () — B(h)Hy 5 (1) [ler = O(BN 1), (24.2.5)

and the trace of B(h)Hy n(h) is easy to calculate because both operators in the composition
are strongly h-admissible. L

Remark 2.4.5. We can easily calculate the first terms of the symbol § /¢ jt

o[B(h)] = bo+ hby,
_ aO 62610 azao 62a0
olfHR)] = flao) = zkap,apkax]axk 0xj0py Op jOx
+ o).
Thus
co = bof(ao), (2.4.2.6)
1
cp = blf(ao)+2—i{bo,f(a())}p. 2.4.2.7)

2.5 Current for positive temperature

We define
efﬁ(xfa)

1+ e*B(fo) ’

where [ is to be understood as an inverse temperature, and O is a constant?.

flx) =

2a is included because we have translated our operator to have infV (x) > 1.
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To assure that the expression tr[B(h)f(H(h))] makes sense, we make the following
assumption:

de,s > 0so that V(x) > c|x|’. (2.5.2.1)

Under this assumption the spectrum of H(h) is purely discrete. We write Ag(h) (resp.
@ (h)) for the sequence of eigenvalues (resp. eigenvectors).

Observation 2.5.1. Because we only need f on Spec(H (h)) for the abstract definition of
f(H(h)), we may assume that supp f C (0,0), f € S and Ju € § so that f = u>.

Then we want to prove Theorem 2.2.2.

Lemma 2.5.2. There exists N € N only depending on s in (2.5.2.1) so that
1B(R)f (H (R))l:r = CSlip{(|u(?\)| + ' MDAV,

Proof. We write
B(h)f(H(h)) = [B(h)u(H (h))]u(H (h)),
and we will prove that the two operators are Hilbert-Schmidt.We have,

[ee]

IBmu(HM)zs =3 I1BR)@B)f(Ae(h)

< S el M) FAR))

So we only have to prove, that if i is Schwartz, then §° i(A(h)) converges and is
O(h™"). But this follows easily from the CLR-estimate( [Sim79]):

de > 0 so that:
Ny(A) <ch™ // dxdp,
{ao(x,p)<A}

where Nj(A) is the number of eigenvalues of H (/) smaller than A. From this (remember
that V(x) > c|x|* ) we get
Na(N) < ch™™ N5

This implies that Nj(-) defines a tempered distribution. We have
Ny = 3 80— Ae(h).
;
which implies:

S i) = [ Moa)ar

S / & (\Nu(A) dA.
This finishes the proof. ]
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Let us take a partition of unity and multiply it by f to get a family of functions { sz};"zo
so that sz = fon[j+1/4,j+3/4], suppfj C[j—1/4,j+5/4]. Then it is clear from
the above lemma that 5 B(h) sz (H(h)) converges to B(h) f(H (h)) in trace norm. The idea
is now to try to take the limit 2 ™\, O inside the sum. To be able to do this we need the
following lemma:

Lemma 2.5.3. B(h) sz (H(h)) is h-admissible, so we write

B(h) f7 (H( thOPh cix) + R Ny (),

where {R; n+1(h)|h < ho} is bounded in L(L?), then

IR} 541 (1)ler < ch™"p(f})P())

where P(j) is a polynomial in j and where p(f) is a seminorm of f in the Schwartz space.

Proof. We take g € Cj, g =1 on [—1/4,5/4]. Let g;(t) = g(t — j), then gjf2 f2 We
write

|17

WNHYNR vt (B) |l < ||B(R)f7(H () — B(h)Hp,nHy, N
+[|B(h)Hyf; nHg, n — B(h)H ;||
+||B(h )Hf,-,N C],N( Mlers (2.5.2.2)

where

fiH(R) = Hpn+h""Dy oy

gj(H(h)) = ng7N+hN+ngj7N+1
N

Cin = Y H0py(cjn)-
k=0

We try to estimate each of the three terms on the right hand side in (2.5.2.2)
The first:

1B(h) 17 (H (h)) — B(h)Hy, xHe, I

WM B(R) f7 (H (1) Dg; 1 (1) s
+hN“||B(h)DfJ,N+1( VHe; N (1) [ler

WNHIB(R) £7 (H (1)) ||l D 41 ()| L supp 7, (H () [
+hN“||B(h)DfJ,N+1( M 21z (R)[er-

[N

[N

We now remember the following inequalities:
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||B(h)f12(H(h)) |z < c||fj2||oo(j+ 1) from the proof of Lemma 2.3.2
IDg; n+1(M)||2 < c.p(g)) from [Rob87, Eq.(51) p.144] .
[ Lsupp s, (H (W) |ler < Np(j +1)
< ch™(j+ 1)
|B(h)Dg;n+1(h)|| 2 < C.p(sz) from Lemma 2.3.3
|Hg, n(1)||er < c.p(g)) from [Rob87, 11.49]

Now we only have left to notice that p(g;) < (1+ j*)Mp(g).
The second:

. . . . 14+x24p2)1/2
Here we just use the composition theorem for operators with symbols in the class Zg )

and notice that
Hy,nHg, v —Hy, v = H" 1 Opy (3(h)).

Since
1B(h)Opy (8(M)ler < c.p(f})
by the composition theorem and [Rob87, 1I-49] we get the desired estimate for this term.
The third:
1B()Hy,.x — Cjn()ller = ¥ | Opy (8(R) o,

where B(h)Hf, n = S H0pY (cjx) + KN T1OpY (3(h)). By the composition theorem for

2ap/2
strongly admissible operators in ZSH 77 and [Rob8&7, II-49] we get:

1P} B(1))ller < c-p(f})-

Now we can prove the theorem of this section (Theorem 2.2.2):

Proof.

: —(N+1) n < k
fi - VD120 B (H )] - b [ ext 8 vz =

00

fim 3 B0 )~ i

and by the lemma

[oe]

> (s~ BNSH D) = il
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converges, so we get:

tim U 2m) " B0) £ (H ()] - kzohk / / e (x, &) dxd]

[ee]

= 3 im0 £ (1)~ Cr)

_ ]20 J[ i 8 axg

_ //CN+1(x,z) dxdE.

In the first and the last line we used that } ¢; y11 converges to cy 41 in L'. This is because
we have (by the functional calculus and the composition theorem) that:

CjN = ZQkf}k)(ao),
T

ov = Y 0fY(a),
T

where Q is a polynomial in by, by, ap and their derivatives (b; are the principal and sub-
principal symbols of B(h)). Now
1
(pj—Aj) = 70p;40;

and we have the estimate:
0%a0| < calaol,

so we can dominate Q; by a polynomial in ag. Then the result follows by dominated
convergence. L

2.6 Currentfor7 =0

We now fix a A < A9 We suppose that A is not a critical value for the principal symbol ag
of H(h). We will now prove Theorem 2.2.4.

Let @;(h) and Aj(h) be the eigenvectors and eigenvalues of H(h) respectively with
A; < Ao. There will be a finite number of these for each h.

Lemma 2.6.1.

[1B(h)1(—eo ) (H ()] < Ao.
Proof. The proof is exactly as for Lemma 2.3.2. O
Lemma 2.6.2.

1B ey (L ()l = OG ). (262.1)
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Proof.

1B (o) (H(I))[ler < Aol 1 (—copj (H (7))]]er
= AoNu(A),

and the lemma follows from the CLR estimate. O

We will now take a partition of unity such that:
o ff+fi=1on[0,A], f1,> € CH(R).
e supp o> C [A—€/2,A+¢€/2]
where A +€& < Ag and a,, Y(A\ — &, +¢) is noncritical for ay.
e supp fi C (—o,A—¢€/4].

We can then split our problem in the analysis of two terms, by:

u[B()1(wx(H(h)] = ulB(h)f}(H(h))]

+ 5 (@(h), B)@;(M) S Nj(h).  (2:62.2)
Aj(RT<A

The first term on the right is nicely taken care of by Theorem 2.4.4. It thus remains to
handle the second term which I will denote M(A, k). It is obvious that M(-, k) extends to
a function on R constant "below” and above” the support of f>. We will now smoothen
out the function M(A, ) by convolution with W), (see below) and then use a Tauberian
theorem to compare M(A, k) with [M(-,h) « W](A) (see Theorem 2.6.5). This technique
was also used in [HR&3].

Definition 2.6.3. Let 6 € C’(R), supp 8 C (—7',T'), where T' is sufficiently small®,
0 > 0 and 6(0) = 1. We assume: 6 even and 8(0) > 0. We now define W, (1) = -0(7%).

We calculate:
d

SIMCR) WA = 5 (@i00), B () 3 OV )y WD)
= SulBO)AH®R) [ 00U (1) dr]
(2.6.2.3)
where:
Uy(t) = exp|—ih~'tH (h)]. (2.6.2.4)
We get:

3The hypothesis on 7’ are the following:

e T' < T where T is the time interval in which the Hamilton- Jacobi equation associated ay to has a
unique solution.

o Further, if (x,p) € ay ' (suppfs), t| < T' and @, (x,p) = (x,p) (where ® is the Hamiltonian flow
associated to ag) then t = 0.

It is standard to show that such a 7’ exists.
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Proposition 2.6.4. The leading term in the asymptotics of
tr[B(R) f3 (H (h)) / W)U (1) di) = (T, h) + O(R*"), (2.6.2.5)
forte[N—¢g/4,N+€/4],is:

s =) Ao [ aG-A) L

+O(h* ™ (2.6.2.6)
- Gao] O )

Proof. The proof is standard and will therefore be omitted (See for example [Rob87]).
O

Upon integrating % [M(-, h) x Wy,](T) with respect to T, we get:

[M(,h)*I/Vh](T)
~em)~ [[ ey & @ AR a0lxa)) drdg + 0. 2627)

Now we know a lot about the asymptotics of [M (-, k) * Wy](A). The next result relates
this to the asymptotics of M(A, h).

Theorem 2.6.5.
IM(N, h) — [M(-,h) « Wy] (N)] = O(h' ™).

Proof. Remember that we have chosen A < Ag. We have:

IM(N, ) — [M(-, ) * Wi] ()|
: o —H
210 (g rgn) [M(A, 1) = M(A — 1, 1)) [8(—=) du
: o —H
o {Ju|>ho—A} [M(A, 1) = M(A —p,1))|0(==) du
1 / > @), B()@;(h))| 3 (A;(h))|8(u)| du
<21 5 oy £

2n SNy

hl"/ 8(=*)4
e {lu[>Ao-A} ( h )i

[1B(A) 1 (—co o] (H (P)) | £(22) /R |04 (A + hut) — 03 (V)| |8(2) | dut
+0(h%),

where O'h('l') = Z)\j(h)ST fzz(}\J(h))
Now 0y,(T) satisfies the hypothesis of [Rob87, Thm.V-13] (in fact it is the family of func-
tions he wants to study there), so we conclude from his Lemma V-14:

r > 0:|op(A+hu) —ou(N)| < T(14|u|)h' .

[N

IN

IN

Inserting this inequality in the equation above and using the fact that 6 € S (R), we get the
Theorem 2.6.5. O

Now we get Theorem 2.2.4 from Theorem 3.7.2 and equation (2.6.2.7) combined with
Theorem 2.4.4.
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2.7 The case of no periodic orbits

It is known from various sources that the classical hamiltonian flow has an influence on
the spectrum of the quantized operator. On compact manifolds results in this direction
have been proved by Duistermaat and Guillemin [DG75] and Colin de Verdiere [dV79].
We use the following assumption where we write S = {(x, p) € R*" : ay(x, p) = 1} for
TeR.

Assumption 2.7.1. Let A < A be a non-critical value for ag. Suppose:

SA({(x, p) € Zp[3t # 0s.1. 9 (x,p) = (x,p)}) =0, (2.7.2.1)

where S, is the surface measure on 2, and ®,, is the Hamiltonian flow associated with
aop.

Petkov and Robert [PR85] used this assumption to obtain good error estimates in the
semi-classical limit on the number of eigenvalues in an interval. This assumption is also
used in some of V. Ivrii’s work [Ivr98]. The following is very much inspired by [PR85].
Under the above additional assumption we want to prove:

(2101)"r[B(h) 1 (_oo \ (H (h))] = hy1 +0(h), (2.7.2.2)
where Yy; will be calculated explicitly as:

1 ds,
A :// by dxdp — — ag,botp——.
nd) (a0l <A} P2 zA{ ! O}P|Dao|

Here {ag,bo}p = 0pao(x, p)0xbo(x, p) — 0xao(x, p)d,bo(x, p), is the Poisson bracket.This
is the statement of Theorem 2.2.5.

We take the partition of unity f7 and f3 as in section 2.6, and write:

tw[B(h) 1 (e (H(h))] = t[B(h) fE(H(h))]+M(\,h), (2.7.2.3)
where
MR =S (@;(h), B()@;(h) f3 (A (). (2.7.2.4)
Aj(h)<A

The term tr[B(h)f2(H (h)) has a complete asymptotics given by Theorem 2.4.4, so we
are left with the analysis of M(A, k). This will be the subject of the next two subsec-
tions. In the first we prove that M(A, k) and it’s smoothed out version [M (-, k) x W,](A) (
where W}, was defined in Definiton 2.6.3 ) are equal up to an error of size o(h' ™). Since
[M(-,h) « Wp](T) is a continuous function in T it is uniquely determined as a function once
it is known as a distribution. This will be used in the last subsection to calculate ;.
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2.7.1 The technical part

In this subsection we shall prove the following improvement of Theorem 2.6.5:
Theorem 2.7.2. Under the assumptions 2.2.1 and 2.7.1 we have
IM(N,B) = [M (-, h) « Wi](N)| = o(h' "), (2.7.2.5)
where W), was defined in Definition 2.6.3.
We define for L > 1:
Kr={(x,p) €ag' (N —€0,A+€0]) : It £0,t| < LT, @, (x,p) = (x,p)}. (2.7.2.6)

Here T’ comes from the definition of Wj,. We will now make a partition of unity in a
neighborhood of the energy surface 2, such that one part contains the closed orbits (i.e.
K7 ) but is of very small measure.

Observation 2.7.3. We may assume €, so small that Ky is compact.

We take Q; to be an open neighborhood of K;. One should think of Q; as being very
”thin”, i.e. of very small measure. Then we take functions wy,w, € Cy’(R") with

o W+w=1ona; (A—g/2,A+€/2]),
o supp(&? +03) Cay' (A —&A+e),
e W =1 on Ky and supp(w;) C Q.

Now, for k=1,2, we set

Mi(t,h) = S (@;(h),Op};(0x)B(h)Opj (wx) f3 (H (h))@;(h))
Aj(h)<t
= 2 (Op}y (wx)@; (), B(R) Op} (W) (1)) 5 (N (h)).
thT
Lemma 2.7.4.

IM(A\, k) — M1(\,h) — Ma(N, l)| = O(R* ™).
Proof. The proof is straight forward using the symbolic calculus. ]

To know the first terms of M(A, k) it thus suffices to know the first terms of the
My(A\,h). This is what we will calculate next. We use the function W), as above, but
with a parameter:

Definition 2.7.5. Let 6 € Cj'(R), supp 6 C (—7",T") be the function used in Definition

2.6.3. For [ > 1 we define Wy, ;(T) = ﬁé(’TZT)
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We will now analyze [M(-,h) + Wy, ;](T). This analysis and a Tauberian result will lead
us to the proof of Theorem 2.7.2.
As in section 2.6 we calculate:

[ 1)+ Wig)(0)
-/ tr[Op;:(wk>B<h>0sz<wk>f%<H<h>>e—"%H<h>1ﬁe%mdr. (2.727)

As usual, we take a X € Cg'(R), X = 1 on supp f> and we may then use

Onr) = exp(=iH(WX(H (1)),

instead of e~ i#f(h)

We have that
Ci(h) = Opj, (o) B(h)Opy) (6x),
(k)

is a strongly h-admissible operator with symbol Zhj ¢;

the compact set: supp .

where each term has support in

We end up having to calculate:

1 ~ Bl
- / [C() 73(H (1) Di(r)Je ™ "%6(5) . (2.7.2.8)
Proposition 2.7.6. We have the following asymptotics:
d 1) dS-[(X,p)
210)" My (- )+ Wi ] (1) = 2r/ eV (x, p)- 2200
o wm = Ao [ gt
+ii (1) + o(h?), (2.7.2.9)

Where the O is uniform in T for T € supp fzz. And y&l) € Cy (R) with support contained in
the support of f5.

Proof. The proof is as for Prop. 2.6.4 (see [PR85]). ]
Proposition 2.7.7. We have, Vi1: 1 <[ < L:

M) ¢ (W= W) (0) = 00 ) (27.2.10)

Where the O is uniform in T for 1T € suppfzz.
Proof. The proof is the same as the proof of [PR85, Prop.4.3]. L

We can write the statement of Proposition 2.7.7 like this:

nd
dt

where the y’s are continuous and independent of /: 1 <[/ < L, and where the O is uniform
for T € supp f>. We now need a finer version of the Tauberian theorem:

(21)" - [Miy (-, h) % Wy (1) = Y2 (1) + by (1) + O (2™, (2.7.2.11)
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Theorem 2.7.8. There exists a constant ¢ € R so that:
c 2 —n —n
M (1)~ (Mo () s Wi ) ()] < 5367 (A1 4 ea (T,

where ¢y is continuous.
The proof is based on the following lemma:

Lemma 2.7.9. Jko, k1 € R such that for all Q;(h) eigenvectors with \;j(h) € [N —€,A — €]
we have:

[(@;(h), Op}; (02) B(h) Opj; (w2)@; (h))| < kollOP}; (w02); ()| + ki

Proof. LetX € Cy(R),X=1on[A—g,A+¢€|,and suppX C [A—2¢&,A+2¢]. Let g = X(ao).
Then
X(H(h)) = Op};(8) + W*R(h),

where {||[R(h)|| | € (0,h¢]} is a bounded set. Here we used that H (/) has no sub-principal
symbol. Therefore we get:

®;(h) = X(H (1)) ®;(h) = Op} (2)®;(h) + K*R(h)@;(h).
So

0 (2)@;(h))

Op}; (62) Op}y (8);(h)) + O(h?)
(B(h)Opy, (8)) Opy, (wn) @;(h))

+(@;(h), Opj, (02)B(h)[Op} (w); 0ph( )19j(h)) +O(k?)
= W) @;(h)) + O(h),

where we have used the composition rules for strongly h-admissible operators to con-
clude that the commutator [Op}’(u)); Op)’(g)] is a bounded operator of norm O(h) and
that B(h)Op)'(g), B(h)Op)'(w;) are bounded operators, with operator norms uniformly
bounded in 4. O

Q
)
==
B
=
=
=
=

Q
)
==
D

Q
)
==

Now we can prove Theorem 2.7.8:

Proof. 1f we define:

on(1) = 7\(2) (@;(h), Opy; (w2)*@; () £3 (A (R))
(<t
= lOpy; (w2)@; (h)|*£7 (A (h),
Aj(h)<t

then 0y, (T) satisfies the hypothesis of [PR85, Prop.3.2]:
1. 0,(T) is monotone, increasing in T.

2. op(t)=0fort<A—=¢.
0y(T) is constant in T for T > A + €.
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3. 0,(1) < Kh™" for all h sufficiently small and all T.

4. 1" L0y % Wi (1) = Yo(0,T) +Y2(0, 1)+ O 4 (h?),
Where the O is (locally) uniform in T and where
T Yo(0,T) and T — y;(0,T) are of class C! on R.

Only the last statement is not obvious. The proof of this statement follows the same lines
as the proof of Proposition 2.7.7 and will thus be omitted. Therefore we can conclude
from [PR85, Prop.3.2], that there exists ¥ > 0, and C(L,T) a locally bounded, positive

function of such that:

|04 (T+ ) —03(T)] < V(1/L+ [ ~"Yo(0,T) + C(L,T) (1 + )",

Thus we get:

[Ma(T, ) = [Ma (-, ) Wiy (1))

< s IV~ Mot = 1) O

= zln / Mo (T, h) — MZ(T+hy,h)||9(ly)|dp

- o/ L Lo, Op}y (w2)B()Op (602); () £ (A ()| [8(1e) |

= %/|0’1(T+hﬁ‘)_Oh(T)||é(lﬂ)|d.u+0(h2—")

< B0 T/ L~y (0, )+ CLT) (1 -+ [P 1B(0k)
+O(R*™).

So modulo an error of order 7>~ we get:
M2 (T, h) — [Ma(-, h) * Wi ) (T)]

)
< el WDyl T)|8(u) | dp.n' "

+ cl . (1/l+|u|)Vo(0 T)|0(u) | dp.h' "
u
= TermH—TermZ.

It is easy to handle Terml:
Terml < %yo(o,t) sup(|8))h' .
Term?2 is calculated as (by the change of variables:y’ = [u):

1 R
rem2 = ow(o7) | I
>1

IRCATA .
= MU /| (T I8
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We can now prove Theorem 2.7.2:
Proof. We have:

IM(A,h) —[M(-, )« Wi](A)] < [M(A ) — )\Jl) M>(A,h)|
+ [[M(-;h) = My (-, h) — Mo (-, 1) ]+ Wy (A)]
|M1(}\7h)—[M1(,h)*Wh]( )|
|Ma (N, h) — [Ma(-, ) = Wh](A)].

A/_\

Here the first two terms on the right are taken care of by Lemma 2.7 .4.
By def. of wy, Prop. 2.7.6, Prop. 2.7.7 and Thm 2.7.8:

[Mi(N,h) — [Mi (-, h) « Wh](A) | + [M2(N, h) — [Ma(-, 1) « Wy ] (A)|
= [Mi(A,h) — M (-, h) Wy 1] ()]
+[Ma(A, h) = [Ma(-, h) * Wy L](N) [+ O(h*~")
Wo(L, AR " +Cy(1,1,\)R> "

+%V0(2,?\)h1_”+C1(1,2,)\)h2_”+0(h2_”).

[N

(2.7.2.13)

Let € > 0. Let us choose L so big that

Y 45 <g/2
L Js, |Oag| —

Now we construct an open set Uy C R?" satisfying:
o K;NZ) CU.
o Jeyou, iy SE/2
e Ja > 0 such that K, N3 C U, for all T satisfying [T —A| < a.
(This construction is made in [PR85].) We can now define Q; by:
Qp =UyUay ' (A —€9,A — ) Uay ' (A0, A +€). (2.7.2.14)

We thus see that the '~ term in (2.7.2.13) can be made as small as we want (Q; was
defined just below Observation 2.7.3). L

2.7.2 The calculation of y;

Let us write:
(210" [M (-, k) * W3] (T) = Co(T) + hCy (T) + O(h?),

where the O is locally uniform i T. We will now prove:
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Theorem 2.7.10.

- 2 1o / A5
al = //{ao<r}f2(ao)bldmp+ZifZ(T) zT{aO’bO}PIDaol

1

-5 /{HOST}(fzz)/(ao){ao-bo}dedP, (2.7.2.15)

forallte (A\—¢g/2,A+€/2).

Since Cp(T) and C;(T) are continuous, they are determined uniquely by the distribu-
tions they define. That will make it easy for us to find Cy. Let 9 € C7(A —€/2,A +€/2).

Lemma 2.7.11.
/ Q)M (-, ) = Wy] (1) dt = tr[B(R) f5 (H (h))D(H (h))] + O(h* ™), (2.7.2.16)

where ®(u) = fluoo o(t)dt.
Proof. This is standard calculus (see [PR85]). L]
We will now prove Theorem 2.7.10.

Proof. We can calculate tr[B(h) f5 (H(h))®(H (h))] using Theorem 2.4.4:

@) alB( FHE)SHE)] = [[ bo(£30) (o) dadp
+h [0 @) + 540, (FO)a)}s] dxdp+0()

The rest of the proof is now an easy comparison of terms. ]

Theorem 2.7.10, Lemma 2.7.11, Theorem 2.7.2 together with equation (2.7.2.3) now
prove Theorem 2.2.5.
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3.1 Abstract

We study the current of the Pauli operator in a strong constant magnetic field.
We prove that in the semi-classical limit the persistent current and the cur-
rent from the interaction of the spin with the magnetic field cancel, in the
case where the magnetic field is very strong. Furthermore we calculate the
next term in the asymptotics and estimate the error. Finally, we discuss the
connection between this work and the semi-classical estimate of the energy
in strong magnetic fields proved by Lieb, Solovej and Yngvason [LSY94].

3.2 Introduction

In recent years physicists have been very interested in understanding the current in quan-
tum systems such as the quantum Hall systems and different types of nanostructures that
experimental advances have made possible. In contrast, the current has been studied very
little in the mathematics litterature. The current, however, is as natural a quantity as the
density which has been studied to a great extent in the mathematics litterature, in partic-
ular, the integral of the density, i.e. the particle number (for fixed chemical potential),
obeys the celebrated Weyl law in the semiclassical limit. In the semiclassical limit one
cannot expect to see a static current since there is no classical, persistent or diamagnetic
current. In quantum mechanics, however, there may be a static current. In [Fou98] the
semiclassical limit of this current was studied and it was indeed found that the first term in
the semiclassical expansion vanishes. This might be the reason why the quantum current
has not attracted much attention in the mathematics community.

In this paper we study a different type of semiclassical limit in which the magnetic
field strength may vary as the semiclassical parameter 4 tends to zero. If the field strength
increases when £ decreases in such a way that the magnetic length scale is comparable to
the Planck scale, one should expect to see the effect of the current. In fact, in quantum
Hall systems one has magnetic field strengths that make the magnetic field length of the
order of the Planck scale. This type of semiclassical limit was studied by Lieb, Solovej
and Yngvason in [LSY94] and [LSY95], where the limits of the energy and the density
were studied. The purpose of this paper is to extend this analysis to include the persistent
quantum current.

It should be noted that this paper deals solely with static situations. This is differ-
ent from the situation in quantum Hall systems, where a constant voltage drop creates a
stationary and not just static situation.

The object of study in this paper is the Pauli operator:

P=P(h,A,V)=(—ih0—A)>+V(x)—ho-B,
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acting in L?(R?; C?). Here G = (01,02, 03) is the vector of Pauli spin matrices:

o _ (01

1 = 1 0 )
o _ (0 i

2_ lO Y
o _ (10

3 = 0 —1 )

and B = [ x A. This operator has, in general, infinitely many negative eigenvalues, even
for V smooth and compactly supported (and negative), but it was proved in [LSY94]
(see also [ES97] for the case of non-constant magnetic fields) that the sum of the neg-
ative eigenvalues tr[P1(_q /(P)] is finite. The sum of the negative eigenvalues repre-
sents the energy E of a noninteracting electron gas (of chemical potential 0) in the ex-
ternal electric potential V and magnetic potential A. Furthermore, they proved a semi-
classical formula for the energy, uniformly in the magnetic field strength, i.e. an expres-
sion Egy = Eye1(h,A, V) (see (3.2.3.1) below), such that if E = E(h,A, V) = tr[P1(_(P)]
then
E(h,A,V)
0
Ege1(h,AV)

uniformly in K, ash— 0.

Given the energy, two quantities can be calculated: the density and the current.
The density p is defined, as a distribution, as the variational derivative of E with respect
toV,ie.

d .
/p(pdx = EE(h,A,V +1Q)|;=0-

In the context of strong magnetic fields, this has been studied in [Sob94], and a formula
for the highest order term in the semi-classical limit was given, with good control of the
error term.

The current J is the variational derivative of E with respect to the vector potential A:

- d -
/] c_idx — EE(th_'_tC_ivV)h‘:Oa

where the left hand side is to be understood in the sense of distributions. It will be the
objective of this paper to obtain a semi-classical formula for this quantity when the mag-
netic field is strong, but constant. By a strong, constant magnetic field we mean that we
take the limit 4 — O but with a magnetic field B = (0,0,u) so strong that uh > ¢ > 0 as
h— 0.

The new mathematical challenge that presents itself in an analysis of the current in com-
parison with the density is that the highest order term vanishes. This phenomenon already
appears in the standard semiclassical problem (weak magnetic field) analysed in [Fou98].
Due to this, we have to make a somewhat finer analysis, i.e. include lower order terms,
than what is needed to find the density.

To get an idea of what to expect, let us first look at the semiclassical energy:
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The semi-classical formula for the energy given in [LSY94] is:

Ew =™ [ P(RBG3) [V () ), (3.23.1)
where 5
3/2
PB,W)=— > d,B|]2nB—W
BW) =53 b2 -,
and
W = 0 x>0
=71 —x x <0
Here dy = %[ and d,, = %[ for n > 1. If this semiclassical formula contains most of the

physics of the problem then it should also give the current to highest order, so we try to
calculate its functional derivative with respect to the vector potential. Let thus d be a test
function. Then we have:

/]_"scl -Zidx

de d - .

:f EESCI(A+ta)|t:0
-2 ©

Y nzodn/(axlaz—axZal)

3/2 1/2
X ([2nh,u+V(x)]_ — 3nhu2nhu+V(x)]” )dx, (3.2.3.2)
or
J_;cl
- 12 i 0,V
= 2 2 (12 + v ()72 ~ b2+ v ()] -0V 3233

In the special case where uh — o we get:

1

1/2 Py
sV [ 0y v

0

j scl —

We will prove that the above formulas for the current are correct to highest order, and we
will estimate the error.

Remark 3.2.1. The corresponding formulas in 2-dimensions are:

E? = _p! / zodn|§(x)|[2nh|§(x)|+V(x)]_dx,
/ iy = —n! / S du(0ya2—dna1)
n=0

x ([2nhu+V (x)] - — 2nhu2nhu+V (x)]°) dx.
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3.2.1 Statement of the results

We will fix A = u(—x2,0,0) in the rest of this paper. We will thus write P = P(h,u,V)
instead of P(h,A,V). A formal computation gives

%E(k,;{ 18,V iz = —te[B1 s (P)]. (32.3.4)

where
B = 2d- (—ih — A) — ihdivd + ho3 (0, as — Ox,a1).

We will take this as our starting point i.e. define the current as

/ Jeddx=—tBl g (P).

We shall allow V € C*(B(8) \ {0}) to have a Coulomb singularity, i.e. suppose

V(x) = L+ o] 1) (3.23.5)

]
as x — 0, and suppose that Vm € N° dCuv € Ry such that:
10"V (x)| < Cy x|~ (3.2.3.6)

Vx € B(8).
Suppose furthermore that 3C = C(h,u) such that

P(h,u,V) > —C. (3.2.3.7)
Then we have the following:
Theorem 3.2.2. Let the above conditions (3.2.3.5)-(3.2.3.7) on 'V be satisfied. Suppose
e dc, 1 > 0 such that uh > ¢y, 1,
e e, > 0 such that uh® < ¢,

then
+h—0 =
J = Jscl

in the sense of distributions in the coordinates orthogonal to the magnetic field, i.e.:
ai a

/; a dx hj)O /j;cl : a dx,
0 0

for all ay,a; € C(B(1)), where B(1) is the closed ball of unit radius in R>.
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Remark 3.2.3. B contains a term 103(0y, a2 — 0y,a1) which comes from the term hB-G
in P. If we define the spin-current jsp;, to be

/ @ Jrpindx = —tt]h03 (35,02 — dya1) 1 (o) (P)],

then Jy pin Can easily be calculated from the known results about the density and it is seen
to be of order O(u/h). Thus a part of our result is that the persistent current

/ @ Tperssensdx =~ (2 (~ih0)— ) ~ ih(diva) ) 1) (P,

and the spin-current are equal with opposite sign to order O(u/h).

Remark 3.2.4. The condition Jc, > > 0 such that uh’ < cu,2 1s only necessary if we have
a singularity. In the case where V' is smooth we can allow u to be of any order in A, see
Theorem 3.3.3 or its improvement Theorem 3.9.1.

If the potential is confining in the direction parallel to the magnetic field, we can also
calculate the current in that direction:

Theorem 3.2.5. Let the assumptions be as in Thm 3.2.2. Assume furthermore that
V(x1,x2,x3) > cy >0, for 1 < |x3| <3, and that V is infinitesimally bounded with re-
spect to —1, then

+h—0 =

J = Jscl
in the sense of distributions, i.e.:
a a
2 ! h—0 e !
J: aj dx — Jscl * aj dx,
as as

forall ay,az,a3 € C7(B(1)).

Apart from its obvious physical relevance, the Coulomb potential is mathematically
interesting in this kind of problem, since a correct analysis demands asymptotic estimates
in both weak and strong magnetic fields. To see this, one has to realise, that magnetic
effects are important if % < 1 and neglectable if % > 1. This can, for example,
be seen from the semiclassical formula for the energy. Thus we will need to split in two
regions, one, close to the singularity, where [VL% is big, and one outside, where the ratio
is small. In the first region, we have standard semi-classics, and the analysis from [Fou9§]
suffices. In the outer region no analysis of the current exists, therefore the main part of
this paper, Sections 3.3 - 3.10 will deal with finding the correct estimates in this region.
Finally, in Section 3.11, we will prove a more precise version of Theorem 3.2.2 above.
The proof of Theorem 3.2.5 is identical to the proof of Theorem 3.3.7 below given in

Section 3.10 and will therefore be omitted.
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3.2.2 Notations

It will be convenient to use the functions:

g(1) = l_wg(1),
g1(1) = (=1)go(1),

and to write B(r) for the closed ball of radius r. For shortness we will sometimes write
the current trace as

t[Bgo(P)] = J (h,u,a,V),

and the asymptotic term, as:

A(hw,d,V) — 3nh2 %d / Oy, (x) — O,a1 ()
X ([2nyh+V(x)] /2 — 3nuh[2nhu+V (x )]1/2> dx.

We will write £ = (x1,x3) and 2 = (&1,&3).
Apart from the parameters /,u we will need two other scales:

a=h/u, 82/7

We will denote by B”(Q) the set of smooth functions f on the open set Q satisfying
10" f| < Cp-

for all m.
It is an elementary fact that:

L*(R) = LZ(R( ))®L2(sz)-

X1,X3

It is this splitting of L?(IR?) that all tensor products will refer to.
We will freely use results on pseudodifferential operators as described, for example,
n [Rob87]. The quantisation we use will be the Weyl-quantisation i.e. the symbol s(x, &)

is quantised as
_ x+
0 (5)00) = gy [ [ € S Do) s

In asymptotic calculation we will sometimes use the shorthand

if the two expressions A(h) and B(h) agree to highest order in /. Finally, it should be
pointed out that the notation 8% f(z) is shorthand for 0% f|, all through this paper.
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3.3 The local asymptotics

Our strategy to prove the main theorems of this paper will be that of V. Ivrii: obtain
good local results in regions where everything is smooth, and then use ’scaling” to put
the pieces together. This last “cutting-and-pasting” technique has been refined (by Ivrii
and others, see [Ivr98], [IS93], [Sob95]) into what is usually called the multiscaling”
technique and will be discussed in the last sections of the paper. Here we will just remind
the reader that it is absolutely crucial for the technique to work, that the estimates obtained
are indeed local i.e. depend only on local bounds on, for instance, the potential. The only
global assumption, we need, (and are allowed to impose) is the semi-boundedness (and
self-adjointness) of the operator in question, end even here it is important that the local
estimates only depend on the existence of a lower bound, not on the size of it.
The local result is:

Let E € Ry, d € CY(B(E/4)). Let furthermore Hy = (—ih0 — A)? —uh. Assume V
satisfies:

Assumption 3.3.1. (See [Sob94, Assumption 1.1])

e V is a real-valued function such that the self-adjoint operator H = Hy+V is well
defined on the domain D(H) = D(Hy) and is semibounded from below;

o V € C®(B(4E)).

Remark 3.3.2. The introduction of this kind of assumption in semi-classical problems is
due to Ivrii [Ivr98].

Let finally
B =23 - (—ih — A) — ihdivd + ho3 (0, as — Ox,a1 ).
Then we have:
Theorem 3.3.3. Let d = (ay,a2,0). Suppose that
104,V ()P + 05V + [V(x)| > ene. >0 (333.1)

for all x € B(2E). Suppose further that 0 < h < hy, u < C',,ffZ for some { > 0 and that
there exists p € (0,1] such that u > cph™P. Suppose finally that

|0"d(x)| 4 10"V (x)| < Cm
on B(8E). Then
S
T nzo d, /(Oxlag (x) = 0y,a1(x))

tr[Bgo(P)] =

X ([2n,uh+ V()? = 3nuh2nhu +V (x)]"/ 2) dx

—|—O(h_l,u_l +h_3y_2 +h_l),

where O is uniform in the constants {Cy},cn.c.,¢p,Cu, P, (, E.
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Remark 3.3.4. Uniformity, here and in the rest of the paper, means that if the functions
a,V are replaced by other functions satisfying the same bounds with the same constants,
then the asymptotic estimate remains true with the same constant in the error bound.

Remark 3.3.5. The theorem is still true without the “non-critical” condition (3.3.3.1).
This will be proved in Section 3.9.

First we want to prove this in the case where uh > C where C is some sufficiently
big constant (i.e. p = 1 and ¢, sufficiently big). This is mainly for pedagogical reasons.
When ph is big we only have to consider the lowest Landau level. This implies a greater
simplicity in the exposition. Since furthermore, the persistent current and the spin-current
cancel on the lowest Landau level, it becomes clear, why we have to make a somewhat
finer analysis, than what is needed to find the density and the energy.

Thus, we will first prove Theorem 3.3.6 below, then, in Section 3.8, we will put in the
few remaining arguments to prove Theorem 3.3.3.

Theorem 3.3.6. Let d = (ay,a»,0). Suppose that
105,V () + 105V () + V(%) > enc. > 0

for all x € B(2E). Suppose further that 0 < h < hy, u < C,Jh’Z for some { > 0 and that
uh > C. Suppose finally that

[0"d(x)| + 0"V (x)| < Cin
on B(8E). Then there exists Cy such that if C > Cy we get

I 1

tBgo(P)] = 5oy [ @z~ duan) V() dx+0(h"),

where O is uniform in the constants {Cy},cn.c.,Cu, , E.
Let us also state a version of 3.2.5 in the setup of the two theorems above:

Theorem 3.3.7. Let a3 € CJ(B(E)) and define @ = (0,0,a3). Suppose V € C*(R?) and
that there exists Y > 0 such that liminf),, o0 V(X) > V. Suppose further that uh > ¢ > 0 as
h — oo, Then

tr[B(h,p,@)g0(P)] = O(h™").

Finally a few words about the following sections. Sections 3.4 and 3.6 below recall
the results from [Sob94] that we will need in the rest of the paper. Sections 3.5 and 3.7
contain the proof of Theorem 3.3.6.

3.4 The Birkhoff normal form

In a strong magnetic field the Landau levels remain separated in energy as 7 — 0. There-
fore the variables defining the Landau levels do not approach their classical behaviour
i.e. a standard semiclassical approximation is wrong. As has been realised in the studies
of the energy and density, one can define (modified) Landau levels so that H, to a large
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extent, preserves these levels. One can then treat the splitting into Landau levels quantum

mechanically and make a standard semiclassical analysis on each level.

In this section we summarize the results on these modified Landau levels that we will

need, and then in Section 3.6, we review the results about semiclassics on each level.
Let W € CJ(R?), W(x) = V(x) on B(3E). We will perform some reductions on

Hy = (—ih0y, +ux)* — hzaﬁz - hza)%3 —uh+W(x),

for u > g and h € (0, hy]. We will later in this section also have to use H from Assumption
3.3.1, which we will then write as Hy. Outside this section H will always refer to Hy .

3.4.1 1streduction

Let
1

(®01)0) = e [ ¢/ (ava.
Then it is easy to see that @ is unitary and that

Eq)Ek)HWq)() = 0p1&)h3 —a,

where
he(x,8) = (83 +23) + &3 +eW (x1 — &2,x0 — &1,x3).
In general:

Py 0pga®y = Opga, (3.4.3.1)

where d(x,§) = a(x; — &2,x2 — &1,x3,8).

3.4.2 2nd reduction

Without the potential W our operator would split into Landau levels i.e. after the 1st
reduction the variables (x,&2) would only appear in the symbol as the combination (E% +
x3), which is the symbol of a harmonic oscillator. The idea now is to find a canonical
transformation K such that this is ‘almost’ true for ig o K(x,&), and then, by an Egorov
type theorem, find an ‘almost unitary’ transformation 7" which realizes K on the symbol
level. This is done in the two theorems below. Before we state them we need a bit more
notation.

Let Ky be the operator on L?(R):

(Kau) (1) = (—a®07 +1*)u(r),

below Ky will be acting in the x, variable. We denote by u the three variables (x1,x3,&1),
and by v the remaining variables i.e. v = (x2,§2,&3). We denote by Ty = Ty(x,§,€) any
function in B (R} x ]Rg X [—€p,€0]), which satisfies

0BTy (x, &, )| < Cy(Jg] + v2) W Iml/2=Ims)s

Finally, we choose a Ci’(R) function 0(z), satisfying o(t) =1 for |t| < 1/4 and 0(¢) =0
for [¢t| > 1, for R > 0 we write Og(t) = 0(t/R).
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Theorem 3.4.1. [Sob94, Thm 7.4] Let K : ]R?C X Rg — ]R3 X Rg, j=0,1,--- be asequence
of canonical transformations associated with the generating functions

@j(x,&) = x& +£0(£3)0(&3 +3)A;(x, ),

where
& X2
AO(%E) - _a W(thx3)|Z:721+3axlw(xla_alax3)7
Aj(x,E) = )3 ay i (u)e" ey, > 1.
2j<2m+1¥n+k<2j+1

Then there exist functions a?’kl € B (]R3) such that for any integer M > 0 the composition
K = KgoKjo---oKy satisfies
(heok)(x,8) = &G+E+x5+ 50(5%) (& +x3)

x Y 0 ez (g e (8 +3)"
0<m+n+I<M

+E€Tp41(x, & €).

Here Y'? , 79 ¢ B(R?). In particular we get, where we write [y = (0y,,0y,), Ay =

m,n,l>“m,n,l

02 +02:
© -
Yooolw) = Wlx,—&1,x3),
1
Yl(,(())),o(“) = —Z(axzw(xl,—él,xs))z,

0 1
Yo(,l),o(“) = ZG%ZW(M,—&,&),
0 0
Yo(,o),l(“) = Z((),g,o(”) =0.
The transformation 7" corresponding to K is given in the following theorem:

Theorem 3.4.2. [Sob94, Thm 7.6] For any positive integers N,M, L there exists an oper-
ator T = Ty p1,.(0, €) satisfying the following properties:
(1) It is almost unitary:

T*(a,e)T(a,e) = I+0(ab),
T(a,e)T*(a,e) = I+0(ak).
(2) The representation
T*OpyheT =B = By+ B (3.4.3.2)

holds. Here

By = BO(uas)
N
= —aza§3+(I®Ka)+sza”

x Y e{opy mg@K’ o(Ka)},
0<mATTj<M

W = o@)rwEY + 21 (g,
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with some Y;:;;,Zﬁ% € B*® (R3). In particular, the functions Ylfl(l);,Zr(,?l)j

orem 3.4.1, and

are defined in The-
mlj ml j 0

forallm,l, j.

The operator B| = B1(Q,€) in (3.4.3.2) has the form B| = €By +aNt1B;. Here By =
B, (0,€) = OpyTy41 and the operator Bz = B3(0,€) can be represented for any integer
N1 > 0as

Ny
Bs(a,e) = e%a"Opa”banw(a’““),

n—=

b3, € ng(R)SC X Rg X [—80,80]).

(3) Let K be the canonical transformation constructed in Theorem 3.4.1. Then for any

symbol P € B (R x Rg)

T*OpgWT = Opy (Pok) + O(e*) + O(a?).

(4) Let Y1, € B®(R? x Rg) be two symbols P; = P ;(x,&,€), j=1,2,€ € [—£0, &), such
that
dist{suppr,suppPa} = ¢ > 0,

when € is small enough. Then for any N1 > 0
OpaW1TOpgr = O(a™).

Remark 3.4.3. The idea of reducing our operator to this form is due to Ivrii (see [Ivr98]).

3.4.3 3rd reduction

We define .
2
Uaf) (x) = f(x1, ==, x3).
(Uuf)(x) ( i )
For any symbol a we then have
U, Opgal, = Opyd, (3.4.3.3)
where
d(xa E) - CZ(X1, ﬂ,)@, ia E7 2_3)
VN v/
With the T from Theorem 3.4.2 above we define
O =T U,

and we get ([Sob94, Theorem 7.7]):
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Theorem 3.4.4. Let R > 0 be an arbitrary number. Suppose u > yy = max{uo,R}. Then
(D*HW(D =P=P +P1,

and for any g € Cg (R),
P*g(Hw)® = g(P) + O(ah).

Here
Py= P()(h,,ll) = _hzajzc3 —|—‘UKh —‘Uh—f— WM,N(hnu)a
where
WM,N(hnu)
N
= Sy Y w2 ops () g @ Kio(u K}
n=0 0<m-T+j<M
with
AT n)/a — 2j
PahE8) = Yo €& oR(E),
~ T - 2j+1
auj(8:8) = Z, (0 E)E 0r(E)).
where Y”(ll;,Z,(nl)J are from Theorem 3.4.2. In particular we get, where we write [1) =

(3e,,00), D = 02, + 0%

000( 2) - W(Xl,—‘u_lzl,X:;)O'R(E%),

(8 = (O (181, "on(®),
1”010(?2 &) = %AQW(xl,—ylgb,@)oR(E%),

P001( 2) = qé%)o()?,é):

and oW
pmlj :qmlj :O’

forallm,l, j. The operator P, = Py (h,u) above has the form Py (h,u) = Py +P3 +0(aM+1) +
O(al=1). Here Py = P(h,u) = Op} p, is an operator whose symbol p € B*(R3 x Rg)
satisfies the bound

0:0gp2 (x, €, 01,€)| < oMY,
for x3 +x3+ EZ < C, and P; = P3(h,u) is an operator which can be presented in the form
Py = (Op}'Q)Ps, where ||Bs5|| < C and { € B*(R} x ]R3) is a function such that {(x,§) =
for |&3] <R/2.

3.4.4 Consequences

Of course, this reduction is not worth anything if the operator P; is not small” in some
sense. This is indeed the case:

54



Theorem 3.4.5. ([Sob94, Cor.8.5])
Let ® and Hy be as above and let g € Cy (R). Then

®"g(Hw)® = g(Po) + w(h,u),
where we have introduced the notation
W(hp) = O 4 ()" + (hfp)" ="+ 1)
for all Ny > 0.

Before we state the next and most important theorem of this section, we need to intro-
duce some more notation.

Lemma 3.4.6. [Sob94, Lemma 8.1] Let g € CJ(R) and let a € B*(R} x ]Rg) be a symbol
such that

suppa C {(x,&) : x5 + &3+ & > E?}.
Then there exists E = E(g) > 0 such that
lg(Po)Op)al| < Cn, k™, Cy, =Cy, (E), ¥N1 >0,
whenever E > E.
Let now g1 € Cy'(R) and define functions p,n satisfying
e peCP(R’),neCH(R),

o p(x) =1} <3E/2,
p(x) =0, x| > 2E,

o n(t)=1,|t| <2E,
n(t)=0,t| > 3E,

where E = E(g) is the constant defined in Lemma 3.4.6.
Finally, we define 8(%,&) = p(x1,&1,x3)n(&3) and write
6U)(,€) = B(%.u'€1.83),

and
oW = opre 1.

Theorem 3.4.7. ([Sob94, Theorem 10.2])
Let Y € C3(B(E/2)) and g1 € CJ(R). Suppose u > 1, h € (0,ho] and u < ch™% for some
( > 1. Then there exists T > 0 such that for all |t| < T,

|Wg1 (Hy)e e/t — ogy (Ry)e™ /M@ @ |y < Ch=2 (0 ao(h ).
Finally we notice [Sob%94, (8.5)]

gP)= Y aer))em,
0<k<C/(uh)

where [y is the projection in Lz(RxZ) on the k-th eigenvalue of K. In particular, we get
when ph — oo:

2(Po) = g(P”) @My,
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3.4.5 Order of magnitude estimates

We will also need some order of magnitude estimates on some of the quantities appearing
over and over again in the calculations. This is the content of the lemmas below:

Lemma 3.4.8. [Sob94, Cor2.14] Let X € C5(B(3E)), g € C5(R). Let furthermore
@ € B*(R) satisfy
dist(supp X, supp®) > ¢ > 0,

then

Ch3(1+uh)’/?
Cn(1 +uh)>?mN forall N € N.

IXg(H)Il1
IXg(H)all:

Lemma 3.4.9. [Sob94, Thm. 10.4] Let § € Cy’(R), g = ggo and let g1 € C5'(R), g1 =1
on a neighborhood of supp g. Suppose that

<
<

105,V (0] + [0V (x) P+ [V(x) =A[ > ¢ >0
forall x € B(2E) and all \ € suppg, then
W1 (F)Xn(H = N[l < Cluh™ + A7),
forall \ € suppg.

We will also need the following semiclassical localisation result:

Lemma 3.4.10. Let G € Cy(B(E/2)), let V,V both satisfying Assumption 3.3.1 be such
thatV (x) =V (x) for all x € B(4E) and let H,H be the corresponding magnetic Schridinger
operators. Let finally g € Cy’ (R). Then

1@+ (—i0 — pA) (g(H — uh) — g(H — uh))||1 = O(h*).

3.5 An equivalent operator on the lowest Landau level

In this section we assume that uh > C, where C is some sufficiently big constant. This
assures that only the lowest Landau level plays a role. We find an equivalent operator on
this level which has much nicer a priori properties than B. This is the statement of Lemma
3.5.2 below. The whole section is devoted to the proof of this lemma, which is the key to
the calculation of the current.

Since
pP_ Hy+V 0
- 0 Ho+V+2uh )’
we get:
_( 8o(Ho+V) 0
go(P) = ( 0 eo(Ho+V +2uh) ) (3.5.3.1)
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Now, Hy+V is assumed to be bounded below, thus Hy+ V + 2uh > 0 when uh is suffi-
ciently big. Therefore,

tr[Bgo(P)] = tr[B(u, h)go(H)]; (3.5.3.2)

where B(u,h) = Op) (24d(& —A) +h(dy,a2 — 0y,a1), and H = Hy + V.

Let Y € Gy (R?), = 1 on a neighborhood of suppa. We may choose it such that
supp C B(E/2). Choose also f € C7'(R), f = 1 on a neighborhood of 0.

Remember that W is Cg and W (x) = V(x) for all x € B(4E).

Lemma 3.5.1. Let
ha(x,&) = (81 +x2)° + &3+ & +eW (x) —q,

then
t[B(u, h)go(H)] = t[YB(u, h) f(Opgha)Wgo(H)] + O(h”).

Proof. Since Y = 1 on a neighborhood of suppd we have B(u, h) = YB(u,h). Furthermore
go(ct) = go(t) for all ¢ > 0 and all ¢, therefore

t[B(u, h)go(H)] = u[WB(u, h) f(H /u*) go(H)),
when y is sufficiently big. From Theorem A.1 we now get:
u[WB(u, h) f(H /1*)go(H)] = u[WB(u, k) f (Opgha)go(H)] + O(h%),
so we only have left to prove that
te[QB(u, k) f(Opgha) (1 — W)go(H)] = O(h™).

But this is easy, since the composition B(u, h) f(Opgha)(1 — W) is an a-admissible oper-
ator (in the sense of [Rob87]) and has vanishing symbol. 0

Lemma 3.5.2. Suppose d = (ay,ay,0). Let

b(8) = 000,V (1) ~ 1 (DY (L €1+ + 848+ 150

Then
(B, ) go(H)] = itrwapgb)wgo(m] +o(1/h).

Remark 3.5.3. The assumption a3 = 0 is very important for the Lemma.

Remark 3.5.4. Notice, that we could replace V with W in the definition of b, since
b(x,&) = 0 when d(x) = 0.

Proof. We write again

ha(x,&) = (&1 +x2)* + &3 + & +eW(x) —a.
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Since

B(u,h) Z,U(OPBV(ZZI" (&1+x2,&2,€3)) +a(0y,a2 — 5xzal)) ,
we have from the symbolic and functional calculus in the Weyl quantisation

B(u,h) f(Opyha) = uOpy (Yo + Qv +ay, + a?ys) + O(ua?),

Here
Yo = 2d-(&1+x2,&,&3)f(ha+0),
A% = 2(51'-(E1+XQ,EQ,E3)+%[D§(C7'(El+x2752753))'mx(h0l)
0@ (&1 +%2,8,8)) - Tg(ha)] ) £ (ha + 1),
Y2 = (0na2—0na1)f(ha+a)
and
Vi = Yi(%8)f (ha+a)+VY32(x,8) f" (ha +0), (3.5.3.3)

where Y3 1,32 € CJ(R? x Rg) Since ||Wgo(H)||1 = O((u/h)?/?) (see Lemma 3.4.8), we
get by using Lemma 3.5.1:

u[B(u, h)go(H)] = tuluOpy (Yo + ay + vz + a*ys)Wgo(H)] + O(ua*’?).  (3.5.3.4)
Let now g € Cy(R) such that
g(H)go(H) = go(H),
i.e. g =1 on [infSpec H,0]. Then

trlPOpy (Yo -+ Ay +ays + o?ys ) Ygo (H)]
= tr[uOpy (Yo +ayi +ay> + oys)Wg(H)go(H)g(H)]
= utr[g(H)WOpY (Yo + oy +ays +a’ys)Wg(H)go(H)].

Notice, that this can be done uniformly in V, i.e. depending only on local data, by appeal-
ing to Lemma 3.4.10.
According to Theorem 3.4.7:

IWg(H) — g (PO " |y < ch 20 a(hu), (35.3.5)
and, when ph is sufficiently big:
g(Ro) = g(Ry) @M.
Thus

tr[B(h, ) go(H)]
— utr [qa <0p}lv(9(“))g(P(§0)) ® rlo) O WOPY (Yo + Ay + ayz + a2y P

x (g(P(g‘)))op;;(e(ﬂ)) ® rlo) cb*go(H)] +O(ua’?). (3.5.3.6)
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We therefore have to calculate the composition
(1 Mo)D*Opl (Yo + ayi + ays 4 o2y3)D(0py8¥) @ My).

This is a long and detailed calculation, where we need detailed knowledge of ®, in par-
ticular, of the canonical transformation K from Theorem 3.4.1. Due to its length, this
calculation has been split into a series of lemmas below, the result of which is Cor. 3.5.13,
from which we conclude:

wBeo(t)] = (@ (0p;(0#)5(#”) @ o) (05} () 9 M)

< (8(7") 0Pk (64) @To) Dgo(H)]
1

o(1
+(+yh2

)5 (3.5.3.7)

where
r(£,€) =
<a2<x1,‘§ 20nV (x1, jl,m—al(m,f )0V (xi, 51,)@))

Ez_'_v-xla_a_la)@
x =2 (qu ) (3.5.3.8)

Here the error term was estimated using the fact that

lopy (8%) @ Mol = O(u/h?),

an estimate which comes from standard results on pseudodifferential operators. In the
same way we can calculate:

tr[W(Opgb)Wego(H)] = tr[g(H)llJ(Opab)UJg(H) o(H)]
u[® (0p}/ (6%)g(PS”) © Mo ) D" WOpy (b) yo

x (g(RY") 0Py (8%)) @) *go(H)],

using (3.5.3.5). We apply Lemma 3.5.6 and get:

12

u[W(Opsb)Wgo(H)] = (o (0p} (6“)g(RY) @ Mo) (Op}(r) @ o)
% (g(PY)0p}; (84) @ Mo ) " go(H)] + O(h ™).
Comparing with (3.5.3.7) we get the lemma. L

Lemma 3.5.5. Let v € CJ (R} x ]Rg), and let K be the canonical transformation con-
structed in Theorem 3.4.1, then

V(K(x,8)) = V(x,8) +evi + O(e?),
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where

. axV —GEA
w= (o) (o)
Here A is given in (3.5.3.9) below?.
Proof. We have from Theorem 3.4.1 that if (y,n) = K(x,§), then

y o= x- ezaa 0(x3+E3)A;(x.8)) + O(E2),

n = E+8%6 o(x5+&35)A j(6,8)) +0(e %),

where the A are given in the definition of K. So
y = x—€0A(x,&)+0(e?),
n = &+e0:Ax&)+0(e),

where
A(x, &)
= 0(&5)0(x3+&) x
EZ a n
SOW(x1 2y + Wl —Em)+ Y a8 E8)EES ).
2<l—|—n—|—k<2M+1

(3.5.3.9)

Thus the lemma follows by taking a Taylor expansion to second order. L

Lemma 3.5.6. Letv € CJ (R} x Rg) then
(I®MNo)®*Opl (V)OI @Mg) = Op)(e) @ Mo +£0p) (e1) @M+ 0(a?),

where
2 &1 &1 &
exaE = an__axv_aov_
(£,€) (x1 J y)
h »n  » 2 &1 & . &3
+@(axl+ax2+aaz_zaxlaéz)v(xla_;7x37;707;)7
and where
el(-x,\aé)
1 _
= [_ (—ale(Xl,i El 0 E_3)+a V(Xl, Elax37é707§)>
2 R TR M 7]
xéle(xl, — ,X3)
1 B 2
Lo, T B 0. 8w e o(2)
2 M Mmoo = oM
81,9,
po

'Remember that W (x) = V(x) on B(3E), and that W € CJ.
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where { € C7(R2 x Rg)

Remark 3.5.7. Asis easily seen, this is the fundamental result that we needed in the proof
of Lemma 3.5.2. The proof is rather long, though elementary: it consists essentially of
an application of Lemma 3.5.5 and of the stationary phase formula.

Proof. From (3.4.3.1) it follows that
D" Opgv® = U, T*OpgVTU,
where V(x,&) = V(x; — &2,x2 — &1,x3;&). Part (3) of Theorem 3.4.2 now tells us that:
T*(0ps9)T = Opy (VoK) +0(a®),
and from Lemma 3.5.5 we get
U(K(x,8)) = 9(x,8) +&91 (x,8) + O(€?),
Because of (3.4.3.3) we therefore conclude that

D*Opivd = Op)'V +£0p)'; 4 0(a?),

where
\7(?@5) - 0(x17%7x3;ﬂ_1217%7ﬂ_123)
Vi(x,&) = Vl(Xl,%,m;/JlEl,%,Ml%)-
So

(I®Mo)® Opy (v)®(I ® o) = (Op}; (e) +£0pj; (e1)) ® Mo +O(a?),

where e, 1 have symbols

st
> ///% xp)e™ 2 2809 (%, €, 2 2y2 &2) Ho(y2) dxadyrds,
(3.5.3.10)

and

5 ///% Xz elh” M- yz,Ez)\-) (A 2 X2 ‘;’)’2 Ez)%(yz) dxy dyr dE5.
Let us first analyze e:
We can look upon the expression (3.5.3.10) as the expectation value of the operator
Op}’s(x2,&2) in the state Hy. Here the symbol s depends on the parameters (£,§) in the
sense that

S(.XZ,EZ) = \7(x, E)
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Since V depends on (x3,&>) in the form (71 j—_) we get from the laws for changing
symbol types (see [Rob87]):

e(£,8) = (Ho,0pnosHo) +h{Ho,Opyos1Ho) + O(a?)
= L+hL+0(a?),

where {
51(x,&) = Zanaazv.

Let us remember that

I _2
%(X) = \‘V—ﬁe /(Zh),

¢_ [ e (x)ax

Ho(€) =

So if we look at
I = <%70ph,05%>7

we get

n = ﬁ///%(x)eih1(X—Y7E)S(x7£)%(y) dxdydE
N ;// e~X ) g I8 (1 £)e =8/ 2 g

B fm// [RRHEH/2) 5 x, €)dxdE
_ \/_Trh / / AW /2g(x, E)dxdE,

where A is the matrix:

From the theorem of stationary phase ([H90, Lemma 7.7.3]) we get:

I~ ﬁ <\/det(h1A/(2T[i)) B i(zj)] (A_lﬁ’D)js

in the sense of an asymptotic series. We easily see that
1 i -1
-1_ !
A= ( -1 i ) ’

_ L.
(A lD,D)zi[zA—Zaxaz],

(0,0)>

and therefore

and

<\/det(h1A/(2T[i)> T im
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So we get:
h
I = S(0,0) + 4—l[lA — 26x6§]s|(070) + 0((12).
By the same method

L = (Hy,hOppps1Hy)
= 1s51(0,0) +0(0?),

SO
h
Ii+5 = 5(0,0) + 345(0,0) + o(a?).
Thus
.3 h
e(£,&) = V(x1,0, X37§170 s =)+ D8,V (X1, 0X3,EI,0,E—3)+0(0‘2)
Moopt o Au JZR
= V(Xh—i,)@,i,o,é)
R
h & &, &
+@(0§1+0§2+6%Z—26xlazz)v(x1,—;,x3,;,O,;)
+ 0(a?). (3.5.3.11)

In the same way we get:

Here

We can thus calculate:

\71|x2=52=0
= <0 Y E3d,dg)(%&1)0(E3)
2<I<2M+1
—0y,V < W (x1,z, x3)|z—751 z Eéa?é( E)) O-(E%)
2<I+1<2M+1
_axgv< S 185 ag(£,81)0(83) +0'(83)28s Y Ehapp(s ,ao)
2<I<IM+1 2<I<IM+1
+0g, ¥ z E3 X1 oo( £,81)0 (53)
2<I<2M+1
+0§2\7< 0 W, —&1,x3)+ Eéa%( E)) o(&3)
2<I+1<2M+1
059 Y Dudgg(+.81)E50(E)
2<I<IM+1
_ (%(652\7)6XIW(x1,Z,x3) - %(6X2\7)6ZW(xl,z,X3)|ZEI> o(&2)
+&32(£,8),
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where { € C8°(R2 X Rg) Now V(x,§) = v(x; — &,x2 — &1,x3,&) so we get:

X

Vi |x2152:0 =
1 A A

5(—0x1V(X1,—51,X3,E) + g,V (x1, —&1,%3,&) )0, W (x1, —&1,X3)

3@V, &1, £)0W (1,2, 1)]e | 0(E) + &2+, ).

Finally, we get

é1(%,8) =
1 -& & -& &
5(_ax1V(X177ax3a‘l—l)+622V(x1,77X37;))ax1W(X17—El,x3)
I ~& € &, &,
—i(axZV(xl,7,X3,;))GZW(X1,Z,X3)|ZZ77§1 0(}?)‘*’;((%;)7
where Z € CJ(R? XR%). ]

The following corollaries now apply Lemma 3.5.6 on each of the symbols in (3.5.3.3).

Corollary 3.5.8. Suppose d = (ay,a»,0). Then

h 3
(I®Mo)P*Opg (Yo)PI®Mp) = ‘l—lOp}lV( )@ Mo +€0pyd; @ Mo+ O(a?),

where

E24+V(x, -4 x3)
d= <6xZa1(x1,—%,x3)—axlaz(xh—%vw)) f( 2 £

u* ’

and
d’l(ané) -
—&1 —&1 —&1 —&1
az(XI,—,X3)ale(X1, ,X3) _al(-xla ,X3)ax2W(.X1, ,X3)
u u u u

EZ+V(~X17—E_17X3) E R
xf(22 e R

Proof. From (3.5.3.3) we know that

Yo =2(ai(&1 +x2) +a2&s) f(ha +Q),

SO
yO(xla_ﬁax%ia(LE) = 07
TR
a)%lyo(xh_i,)%,é,(),i) = 07
TR
a%2y0(x17_i7x37i707§) = 07
w7
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and

& & &3
aZVO X],——,x3,—,0,—
o Yol PRy y)
&
El E_'_V(xla ,X3)
- 46 a x17__7~x3f
oai ( . ) e
E E_'_V(xla ,X3) E
+48611(X1,_;1,X3)f/( ,UZ )0x2V(x1,—;1,X3),
—26xlazzyo(x1,—i,x3,E,O,Ej)
u T
3 E+V(x, - x3)
= _4ax1a2(x17__7x3 2
u 1
E+V(r,—2 x)
—48a2(x1,—%,X3)f( ,u2 )axl‘/(xl,—ﬁ,)@,).
Thus
d (a (1, -2 x5) — O ar (o, — 2 ))f(E%W(xl’ )
— ay\X1, ———,X3) — Oy a2{xX1, ——,X3 .
. u : u I
We can also calculate:
&1
- &1, ¢ - E+V(x,— S X3)
axzy()(-xla—17x37 1707_3) - 2611(X1,—1,x3)f 2
u u u u
—£ & . & —& &+ V(x1,—>,x3)
azzy()(-belax%;lava) = 2(12(.X1,71,X3)f ,U2 )
axly()(-xlv_—alaxiiviaovzj) = 07
T TR
so we get:
dy(%,8) =

Remark 3.5.9. Notice that if a3 had not been zero then

Yo(x1,— i} , X3, i‘ ,0, %) would not have vanished.

Lemma 3.5.10. Let 8 € C7 (R! ;). and let 8% (£,8) = B(%,%L,&3), then

opy (Bt
u

§>>0ph (8%) = 0(1 /).



Proof. This is an easy consequence of the symbolic calculus and the compactness of the
support of 6. O

Corollary 3.5.11. Let 8 € C§(R} ;). and let 8 (%, §) =0(x,%,&3), then

(1@ Mo)®* Opy (vi)®(Op}; (B¥) ® M) = O(e)

and

(1) D" Opl (v3)P(0p} (81)) @Tg) = O(e).

Proof. This follows easily from Lemma 3.5.6 because f’ = 0 on a neighborhood of 0, and
therefore

&+ (x, —%,7@)
2

Il
o

on the support of 8*) for u sufficiently big. Same argument works for f”. ]
Corollary 3.5.12.

(I®Mp)P*Opk (y2)P(I @ Mg) = Op} (dr) @ Mo+ O(e),
where

z 3 14 7_2_17
dy(%,8) = <5x1612(9€1,—%,x3)—6x2a1(x1,—%,x3)> f(£3+ (e, =5 43) _

12

To summarize the content of the above we have:
Corollary 3.5.13.

(1 ® Mo)D*Op (Yo + ayi + ays 4 o2y3)D(0py 8™ M)
= £(0p} (r)Opj (8™)) @ Mo+ O(0® + &/u),

where
(Aé)—
( 21, )0 W i, 51,x3)—a1(x1,_5 )0, W (x1, 51,)@))
Xf(E%+V(x1; 8 x3)

u

Remark 3.5.14. Notice that the leading terms from Yy and Yy, cancel. This is easily seen
to be the cancellation of the spin-current and the persistent current.
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3.6 Semiclassics on each Landau level

On each of the (modified) Landau levels we have a standard 2-dimensional semi-classical

(k)

problem corresponding to the operators F,. In this section we will state the semiclassical
formulas that we need about those. Proofs of the statements can be found in [Sob94, Sect.
9].

Lemma 3.6.1. Let 6 € CJ(R? x R%) satisfy

8(£,8) =0, X+ &2 +x3 > (2E)%, E > 0.

Suppose that R > 0 is large enough and h € (0,ho), 1 > u1(R), where u1(R) was defined
inThm 3.4.4.
If© is even in &3 then where we write [ = (3, ,0y,), Dy = 0%, + 0%,
lop e (s é’”)]
= 2Trh /9 (%, E3+W(x1, El,x3)+2,uhk)dxdE

/ 0(%, &) [2uhkoW — (DaW)?(x1, —&1,x3)
16,u

xg (€ +W(x1,—£1,x3> +2uhk) d3d&

oW 3% ).

IfOis odd in &3 then
ulopy8Wg(Py)] = O(u2h~% +p).

As is usual in this kind of semiclassical problem we need more than just smooth
functions g, we also need to consider an h-dependent smoothing out (by means of a con-
volution) of our function go. The result in this context is given in the next lemma. Before
we can state that, we will need some further notation and a non-criticality assumption of
the usual type:

10, W (x) |* + |05 W (x) |> 4 [W (x) 4 2uhk — A| > & > 0 Vx € B(2E). (3.6.3.1)
Let T be the number from Thm 3.4.7. Let § € C;(—T,T) satisfy
o X(1)=R(=1),
R(1) = 1/V2m
o >0

Then we define

X(1) = ﬁ [2ear

We assume that X > 0, this is possible since we could have replaced ¥ by X * X. Finally,
we define

Xh(T) = %X(%)a
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and
§"(1) = [ g(@)xs(x -~ 0)do.
for such functions g, where the integral converges.

Lemma 3.6.2. Let 0 be as in Lemma 3.6.1.

1. Let k be a number such that (3.6.3.1) is fulfilled for some A € R. Then
|0p} 8" xn(By N1y < Cu™.

2. Let § € C§(R) and let g = ggo. Let k be a number such that (3.6.3.1) is fulfilled for
all A € suppg. If O is even in &3, then

[OPh ( )]
B zm /9 (£,8)g(83 + W (x1,—&1,x3) + 2uhk) dzdé
16;1 /9 )[2uhkBoW — (CaW)?] (x1, —&1,x3)

xg' (&3 +W(x1,—£1,x3) + 2uhk) ddE
+O(h ' +u "B 4 ).

If 9 is odd in &3, then

[0} 8¥)g(Py))] = O 2h > +p+u™ ' 2h 7).

3.7 Calculation of the current

With the reduced operator it is rather easy to calculate the current by standard techniques:
Choose f1, f>» € C5'(R) such that:

o (f(H)+f3(H))go(H) = go(H).
o fi(H)go(H) = fi(H).

o [0,V (x)>+10xV(x)]*+|V(x) =A| > ¢ > 0 for all
(x,A\) € B(2E) x supp f>.

Then

r{W(Opab)Wgo(H)] = alW(Opgh)Wfi (H)go(H)]
+{W(Opgb) WSz (H)go(H)].
The first part, tr{Q(Opib)WfE(H)go(H)], will be calculated directly in Theorem 3.7.1
below. To handle the second term, tr[Y(OpLb)Wf3(H)go(H)], we need a Tauberian argu-

ment. Theorems 3.7.2 and 3.7.4 will carry this through. From Theorems 3.7.1, 3.7.2
and 3.7.4 together we get Theorem 3.3.6 by a simple integration by parts.
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Theorem 3.7.1.

L ulW(OPEB A (H)so()] =

1
W X
//(aZ(Xu—El,xa)ale(xl,—El,xa)—al(xl,—El,xg)axZV(xl,_al,x3))
X fE(E+V (x1,~&1,x3))dsd + O(h ).

Proof. Notice that f2(H)go(H) = f%(H). Remember the definition of r in (3.5.3.8) and
we get:

llltr[tu(Opab)mfl( )
_ itr[ﬂ(mw(o;agb)wfl(m]

- ir[q:(mph ) £ (B 0Py () f1 (P (0P} 84 @ ) 7]

= ‘%tr[(Op )zfl( )Oph( rf ( )]+0( )
1 L g .
— W//r(x,.uf)ﬁ (&3 +V (x1,—&1,x3))d&dE + O(h™ 1),

where we used Lemma 3.6.1 to get the last equality. 0
Now we can state:

Theorem 3.7.2. Suppose that (3.3.3.1) is satisfied, then

t{W(OpEb)WF (H)go(H)] = ulW(Opsb) W3 (H)gy (H)] +Olu/h).

We will need the following lemma:
Lemma 3.7.3. Jde > 0 such that
180(T) — 80(T — P)| < chXa(T),
for all |p| < he. Here c is a constant independent of h and T.

Proof. Choose 2¢€ such that X;(T) > & > 0 for [t| < 2€. Then, for [t| < 2¢eh and |p| < he
we have

2000~ g0(T— )] < X1 (t/) = "0,

and for |T| > 2¢h and |p| < he we have

10(T) — go(T—p)| =0.
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Now we can prove Theorem 3.7.2.

Proof. In this proof (and only here) we will use the notation: [x] = the integral part of x
=max{n € Z|n < x}. By cyclicity of trace it is enough to prove

|0ps (0)WFa(H) (g0(H) — 83" (H) ) fa(H)W] = Ou/h).

Because ||Opy (b)|| = O(1) it is thus enough to prove

lwra () (go(H) — 84" (H) ) fa(H)Wll1 = O(u/h).

We now estimate using the lemma above:
lwra(H) (so(H) — 3 () 2 (H)WI
— W) [ X0(0) (80(H) — g0l — ) dpLa(H) s

— 100 [ Xa(0) s0(H) g0l — ) dpH)BI + O

[N

/ tr (W (H)Xa(P) (20(H — ) — g0(H)) fo(H)W) dp
+ / r(WA(H)X(P) (80(H) — go(H — p)) f(H)W)dp -+ O(h”)

JRTCE (wfz ()

(Z chXn(H — sign(p) jhe) + chXn(H + |p| — sign(p)[fs]he))

VAN
o

b|€

sz(H)llJ> dp+0(h")

< h/x |p|+1dp+0( h*)
= O(u/h),
where we used
W2 (H)Xn(H —T)||1 = O(u/1?)

in the end. That inequality comes from Lemma 3.4.9. U

Theorem 3.7.4. Suppose that (3.3.3.1) is satisfied. Then

1

;tr[tb(Op&”b)wfzz(H)géh) (H)]
1

4TRh? %

/(02()61,—51,x3)ax1V(X17—51,x3)—al(xl,—El,xg)axZV(xl,—El,x3)>
% (f380)(E3+V (x1,—&1,x3))d%d€ + O(h™").
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Proof.
itrNJ(Oqu)quz( )86 (H)]zi / go(D[W(OpEb) W (H)Xu(H —1)]dT
\/_ h//go W(OpEb)WS3 (H)e "M drdt
V2 h// go(VR(1)e™ " L(H)W(Opyb)Wfr(H)e /Mt dt.

Notice, that since Xj, is a Schwarz function, we can replace go by 1;_g, . This will only
introduce an error of order O(h”), and makes the integral absolutely convergent. Now we
apply Theorem 3.4.7:

Wh(H)e ™ — g fy(Py)e Po/r@Md* ||, < ch>(H6(h,u).

Since ®*® ~ [ and uh is large, we thus get:

itr[wmpab)wz( o (1))

1
= ul(0r 0" (R ) Opr) (B g (B O ),
and we conclude using Lemma 3.6.2. 0

Now we can prove Theorem 3.3.6:

Proof. From the Theorems 3.7.1,3.7.2 and 3.7.4 together we get

itr[wwpab)mgo( )] =

1
AT h? //
|:a2(x17 —El,x:l,)ale(X], _El7x3) - al(XI, —El,X3)0xZV(X1, _Elax3))
xg0(&3 +V (x1,—&1,x3))d&d€ + O(h™ ).

Now we calculate:

1
ATRh2 //
[az(m,—51,x3)ax1V(X1,—51,X3) —ai(x1,—&1,x3)0x,V (x1, —51,x3))]
xg0(&3+V (x1,—&1,x3))dxdé

1
- 4T[2h2 AV(X)SO} |:a2 ('x)axlv('x) - al asz :|2 V — d.x
_ 2 3 2 ;
o 2T[2h2 AV(X)SO} a236x1( V(‘x)) a13axz( V(.X)) dx
T 3R /{V(x)<0} (0x,a2 = Oxya1)(v/ =V (x))"dlx.
This finishes the proof of Theorem 3.3.6. 0

71



3.8 The current for bounded u/.

In the case where uh < C, u > ch P for a p € (0, 1] we can use the same type of analysis
as in the case of the very strong magnetic field.

3.8.1 Projection on the Landau levels

Lemma 3.8.1. Letv € CJ (R} x Rg) and let K > 0. Then

SUDjckhek H (IR M)P 0P (V)P M) — Op (W) @ My

+eopi(el) oy
= O@E+ad),
where
o 8 & & &
8 = vin - 02
+(2k+yl)h(ail+6§2+a§2—2axlazz)v(xl,_%,X%%’O,%),
and where

1 -& ¢ -& & —&
[5 (—6X1V(x1, 7,)&3,‘;) ‘f‘azzv(xla 7,)&?3,;)) axlw(xl? 7,X3)
0

% xZV(xl,_TEl,x3,f—l)6ZW(x1,z,x3)|Z:_T51]O(IL?)WL—Z()?,
where { € C§ (RZ x R%)

Proof. As in the proof of Lemma 3.5.6 we get:

P OpEv® = Op)'V +€0p)V; + O(a* +€2),

with notation as in that lemma. We now appeal to [Sob94][Lemma A.1] (stated below as
Lemma 3.8.2) to conclude that

(1@ M) P*Opy (V)P @) = (Op) (Vo x) +€Op) (V1 £)) @ My + O(€* + a?),

N 2k+1)h 2k+1)h
VO,k(xva) :Vsym(-xla %7)87&17 ¥7£3)7
\/ u \/ 2u
. [(2k+1)n (2k+1)h
Vl,k(-xaz) :Vl,sym(xh T?x37£17 7723)7
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By a Taylor expansion of Vg ; we get
Vo x(£,8)
= V(x1,0,x3,81,0,&3)

2k +1)h )
+%(a)2527x2 +a%z,zz)v(xh())x?n2170723) + O(h4),

where the error was estimated using O(k*h?/u?) = O(h*). If we compare this with
eq.(3.5.3.11) we see that the expression for e(*) above is correct.

A Taylor expansion of Vj 4 to first order and comparison with the proof of Lemma 3.5.6
finishes the proof. [

We used the following lemma:

Lemma 3.8.2. Letv € B(R} x Rg ), d € (0,1) and define

VO (x,€) = v(x1,8x2,43,&1,882,&3)
Then the following bound holds:
sup _[|(1@ M) 0py (V) (I @My) — Opy (vi) T @) || = O(8° + 1),

k:hk<C&
.2 [2k+1 [2k+1
Vk(xaa) :Vsym((xly 767)("37&17 76723)

Here we used the notation:

1

asym(xaa) - Z(a(x17x27x37al7627a3)+a(~x17—x27~x37217§27z3)

+Cl(x1,X27X3,El, _22723) +a(x1, —X2,X3,El, _62763)) .

where

We get the following corollary (compare with Cor. 3.5.8).
Corollary 3.8.3. Suppose d = (ay,a»,0). Then

h s 3
(I@M)D*OpY (Yo)PI @ M;) = ;(2k+ 1)Op) (d) @My +0p)d; + O(e* +a?),

where

E% +V(X1,—§I—I,X3)

and




And we can conclude the projection by stating:

Corollary 3.8.4. Suppose d = (ay,a2,0), then we get the following estimate uniformly in
k where kuh < K.

(1@ M) D*OpY (Yo + ay; +ays +ay;)D(0p 8 @ My)

~ ((L2ron@r+e0p(r)) 0pi(6") ) e+ 0+ o),

where d was defined above, and where

L x3) —ai(x1, 5 3)0, W (x1, 51,X3)>

3.8.2 Calculation of the current for the spin-down part

With the notation from Lemma 3.5.2 and section 3.7 we have:

tr[B(u, h)go(H)]
pt[WOPY (Yo +aly +Ya) +o?y3)WfL (H)] +
utr[WOPY (Yo + a(y1 +Ys) + 02y3)WfZ (H)go(H)] + O(ua®?).

We now analyze each term separately.

Theorem 3.8.5. Suppose d = (ay,a»,0) then

ptr[WOPY (Yo + O (Y1 +Y2) + 0%y3 ) WfE(H)]
1

—F X
0<k e (un) 4TER?

[ (2001501 (x) = 05, 02()] + [a2(5)0, W () — a1 ()05, W ()]
X f2(82 4+ 2kuh + W (x))dxd&3 + O(h~ 'y~ + h=3u72).

74



Proof. We can calculate:
ptr[QOpy (Yo +a(y +Y2) +oys)WfE (H)]
~  utr fi (H)WOpg (Yo + O (Y1 +Ya) +07Y3)Wf1 (H)]
~ [ @O fi (H)®* WOpy (VO"‘O((VI +¥2) + 0Py3 )W 1 (H)OW o]

~ Y ulopye® VAP @ 0pl (Yo + a(yr +s) + 0y3) @
O<k<c/(,uh)

< fi(PY)0py 6]

w3 o) (L2opr(@)+eopi(n)) @
0<k<c/(,uh) H

< f1 (P} opye™)]
+0(,U—h(0( +&/u)u/h’)
u

Here we used d. ,r, which are defined in Cor. 3.8.3 and Cor. 3.8.4. We also used that

Pék) > 2kuh — c. The error can be written as O(h~'u=' +h=3u=2), so with the definitions
of r and d we get from Lemma 3.6.1

ptr[WOPY (Yo + O (Y1 +Y2) + 0%y ) WfE(H)]
u
= u

X
21,2
0<k 5y uny ATEN

// (22k[6x2a1 (x) — O, @2(x)] + €[az(x) 0y, W (x) —ay (X)%W(x)]>
X 23 + 2kuh + W (x))dxd& + O(h ™'y + =),

Theorem 3.8.6.

HTWOPY (Yo + A (Vi +V2) + 02V )WF (H) (g0 (H) — g (H))] = O(h " +4).

Proof. We cannot use the argument from Theorem 3.7.2 right away, since ||YOpg (Yo +
a(y1 +Y2) +a2y3)W|| = O(1), and using this estimate would lead to a too big error. There-
fore we have to try to improve the estimate:

Let

e fE€CJ(R), f=1onsuppfo.
e PeCJ(R), P=1onsuppy.
Then we have from Lemma 3.4.8 that ||Qf(H)(1 — Q)||; = O(h™). Thus we get:
ute[OpY (Yo +a(vi + o) + 02y W2 (H) (o(H) — g4 (H))]
~ u[f(H)WOpg (Yo+a(yi + V) + a’y3)WF (H)
<@ a(H) (go(H) — 8" (H)) fo(H) @]
< | F(H)POpE (Yo+a(yi +Ya) + aPys)WF(H)||
x| Wf(H) (2o (H) — 23 (H)) fo(H) D] .
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The trace norm was estimated as O(u/h) in the proof of Theorem 3.7.2, so let us look at
the operator norm. Splitting into Landau levels as in the proof of the last theorem we get:

IF(H)WOpg (Yo + 0 (y1 +Y2) + Y3 WF(H)|

g * h w( T w
3 (OPZV@(")f(PSk))q’ (—2k0ph< )+¢£0p; <r>)
0<k<c/(uh) H

12

< DF(P)opyel >>®r|k
= O(h/u+p?).
This finishes the proof. ]

Theorem 3.8.7. Assume d = (ay,ay,0) and that (3.3.3.1) is satisfied, then

wtr[WOPY (Yo + A(Y1 +Y2) + 0y )W 3 (H) gl (H)]
1

——F X
21,2
0<k ey ) HTEH

// (mzk[axzal (1) — 03,2 ()] + [a2(x)0s, W (x) — a (x)axzwoc)])
X (f380) (834 2kuh+W (x))dxd&3 + O(h~ =+ h73u™2).
Proof. We calculate as usual:

utr[WOpy VO+G(V1+VQ)—}—G y3)qu2( )g h)(H)]
B \/_Trh// o(DR (™ ] f(H)WOpy (Yo + (1 +¥2) + oPeys) @

fo(H)e ™M gt ar

h -
~ u Y u{(0py(8W)2 (R (—2k0pzvd+e0p;rr) AR (R
0<k<c] (uh) s
y7i
~ u ——= X
OSkSZC/ (uh) 4Teh?

// (SZk[axzal(x) — 0y, a2(x)] + €[aa(x)0y, W (x) — al(x)asz(x)])
X (f780) (&3 + 2kuh +W (x))dxd&; + O(h~\u= + h=3u™2).
U

We can thus conclude that for uh < C, u > ch~P and the noncritical condition (3.3.3.1)
satisfied, we get up to an error of order
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O\ "+ h3u 2+ 4 u):

tr[B(u, h)go(H)]
1

—F X
o<k e (uny 4TER?

// (mzk[axzal (3) = Bz (x)] + [a2(x)00, W (x) —a (x)axzw<x>])
x 80 (&3 + 2kuh + W (x))dxd&3

1
= z pr=ye) </,uh2k[6xZa1( — 0y, a2(x)]2+/[V (x) + 2uhk] dx
0<k<c/(uh)

+/a2 )0, W (x) — a1 (x)0, W (x)]2+/[V (x) + 20k a’x)

1
= z pr=ye) </,uh4k[6xZa1( — 0y, a2(%)]V/[V (x) + 2uhk] dx
0<k<c/(uh)

+5 [ 100,020) = dusen () () + 2unk ) (3.83.1)

3.8.3 The spin-up part

Remember from (3.2.3.4) and (3.5.3.1) that the current is given by:

/f-c_idx
- tr[(—2Ez’(—ihD — &) + ihdiva + h(dy, a2 — ax2a1)) go(Ho+V +2uh)]

+ uf(—2a(~ih0 - ) + ihdivd — h(0,,a2 — dr,a1) ) g0(Ho+ V).

When ph is finite we cannot disregard the first term. Having calculated the spin-down part
of the current it is easy to treat the spin-up part though: Define V = V + 2uh. Then we get

—tr[(—2Zz’(—ihD — &) + ihdiva + h(dy, a2 — ax2a1)) go(Ho+V +uh)]

= tr[B(u,h)go(Ho+V —uh)],

where

B(u,h) = uOpy,,,(2d- (&1 +x2,&2,&3) — h/u(0x, a2 — 0x,a1)).-

It is easy to see that this change of sign on (0, a2 — Oy,a;) (compare with (3.5.3.2)) only
has as consequence that the factor k£ on the first term in (3.8.3.1) should be changed to
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(k4 1). Therefore we get:

tr[B(u, h)go(Ho+V —uh)]

|
= S
21,2
0<k &5y un) 4R

( / uhd(k+ 1) (Oy,a1 () — 0y a2(x))\/ [V (x) + 2uhk]_dx

+§ /(axl a (x) - axzal (x)) [V (x) + thk]3/2dx>

+Oh Wy 3u?)
|
——F= X
21,2
1<k ey () 4TER

< / L4k (@1 (x) — Oy, an(x)) v/ TV () + 2uhk]—dx

+5 [ 00~ 00 () [V () + 2k zdx)
O\ 3.

Adding this to (3.8.3.1) we get the theorem 3.3.3.

3.9 Multiscaling: The non-critical condition

In this section we will prove that Theorem 3.3.3 holds without the non-critical condition
(3.3.3.1):

Theorem 3.9.1. Let d = (aj,az,0). Suppose that 0 < h < hy, u < C,Jh_Z for some { >0
and that there exists 3 € (0,1] such that u > cBh*B. Suppose finally that

93| + 1"V ()| <
on B(8E). Then
B0l = s S do (0000~ 0u(9)

x ([2n,uh+ V()* = 3nuh[2nhu +V (x)]"/ 2) dx

—l—O(h_l,u_l +h_3‘U—2—|—h_1),
where O is uniform in the constants {Cy},cg,Cy, B, (, E.

To prove this we will need the following version of Theorem 3.3.3, where the non-
criticality assumption has been slightly modified:
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Lemma 3.9.2 (Reference Problem 1). Let d = (aj,az,0). Suppose that
OV () P+ [V (x)| > ene. >0 (3.9.3.1)

for all x € B(2E). Suppose further that 0 < h < hy, u < C',,ffZ for some { > 0 and that
there exists 3 € (0, 1] such that u > cBh_B. Suppose finally that

|0"d(x)| + 0"V (x)| < Cin
on B(8E). Then

I X IO RLIE)

x <[2n,uh F V)2 = 3nuh[2niu +V (x)) 2) dx
+Oh Yy VB 2,
where O is uniform in the constants {Cp},cn.c.,cp,Cu, B, E.

The proof follows essentially by a change of gauge:

Proof. Write P = P(A', V). Let U be the unitary gauge transformation given by:

(U1f)(x) = e #m2/h p(x),

and let U; be the unitary change of variables:

(Uaf)(x) = f(x2, —x1,x3).

Notice the following relations:
(U 1)(x) = f(=x2,x1,x3)
—d,,
us00, = Oy,
U;vu, = V,
where V (x) = V(—x2,x1,x3). Then:

UsU{P(A,V)U U,
0
= UPA+ul| x1 |, V),
0

= U; (—hza)zc1 + (—ihdy, —ux1)* — 1126)2(3 — pho3 +V (x)) Us
= —h*(—0y,)* 4 (—ih0y, +ux2)* — 1126)%3 —uhos +V (x)
= P(A,V).
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Similarly

0
UsUfa-(—ih0—AU U, = Usd-(—ikO—u| x1 |)Us
0
—0,,
= Uz*c_iUz- —ih axl—F,lle
Oy,

= a-(—ihd—A),
aZ(_x27xl7x3)
where d(x) = | —a1(—x2,x1,x3)
az(—x2,x1,x3)
Let us finally notice that:
UZ* (axlaz — axZal)Uz = axldz — 6de1.

Now we are ready to prove Lemma 3.9.2:
Choose a partition of unity {@;} on B(E) such that supp@; C B(x;,E;/2) and that on
B(x;,8E;) we have either

102,V (x) 2 + [0,V (X) >+ [V (x)| > en.c. /4, (3.9.3.2)
or
102,V ()2 4 05,V (X) 2+ [V (x)| > en.c./4- (3.9.3.3)

This can obviously be done uniformly in ¢y ¢, and the C,,’s. Now we write: J(h,u,d,V) =
tr[B(h,u,d,V)go(P)], and notice that

j(hnuac_iav) - z](hnuv (pjﬁav)
J
Likewise, we write:

A V) = 5 S d [ @ue) =00 ()

X ([Zn,uh + VO = 3nun2niu + v (x)]Y 2) dx,

and notice the same linearity:

A(h,p,d,vV) = z A(h,u,9;d,V).
J

Now, if (3.9.3.2) is satisfied on supp @; we can use Theorem 3.3.3 to estimate:

‘](hnuv (pjc_ivv) - ’q(hnu?(pjc_ivv)‘ < O(h_llu_l +h_3,ll_2 +h_l)'
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On the other hand, if (3.9.3.3) is satisfied on supp@; we conjugate by (UU), and find
ourselves, once again, in a situation where Theorem 3.3.3 is applicable: The above cal-
culation shows that

j(hnua(pjc_iav) - ](hnuv (If);';_l),‘?),

and we see that
105, V[* + 10,V >+ [V (x)| > en.c./4

on B(x;,8E;). Thus we can apply Theorem 3.3.3. If we finally notice that

A(h,u,a,V) = A(h,u,a,V),
we can put the pieces together and obtain Lemma 3.9.2. L
Remark 3.9.3. Note that the lemma remains true if (3.9.3.1) is replaced by:

0.V + [V(x)|+h>c>0. (3.9.3.4)
This is the condition that we will use in the following.

Having cast the reference problem in this form we are facing very much the same
problem as treated in [Sob95, Sections 5,6]. Our treatment will also be very similar.

Proof. We choose
@) =10 = A7 V(0 + @) +12]

where A is a sufficiently big constant to be determined below. Then

f),l(x) > 0,
0d(x)|<p < 1 (3.9.3.5)
c§% < C VxeB(8)NBW,l(y),

if A is sufficiently big. Furthermore, there exist constants cq, independent of 4, such that

caf(x)?(x)~19

col (x) 719

0°V(x)| <
0%(x)| <
on B(8). Now, if we choose a sequence of points {x;} such that
o B(1) C UrB(xk,1(xx)) = UrBx,
o UB(xx,81(x;)) C B(8),

e the intersection of more than N = N(p) balls is empty (this is possible due to p < 1
in (3.9.3.5), see [HI0]),

and a corresponding partition of unity:

o U € Cy(By),
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o [0qi(x)| < quk_|G|, where [ = (xg),

e SUp=1onB(1),

then

](huuva V 7:“7 zwka V z](huua l.leZi,V)
k

Since also the asymptotic term satisfies

ﬂ(h,,Ll,Zi,V) = ﬂ(h,,u, z LIJkZiaV z /‘Zl My l.IJkCl V
k k

we can write

j(hnuac_ivv) ,,u,a V = z nuv l-IJkZiaV) - -q-(hnuv l.IJkEi,V)) .
k

Now by scaling, dilatation and a gauge-transformation in the 7-term:

](hnuv Wid, V) - /‘Zl(h,,u, Wid, V)

o houle .
- YK ﬂ b 77V7
Je| P Gger o @ V) = Al 0 an V)

where d(x) = (W) (lx+xi) and V (x) = £, 2V (lx+x;). We want to apply the reference
problem to J( ka ’}Zk" dx,V), so we have to check that this is allowed. Let us notice that
by continuity of V; f,1 are bounded on B(8). Therefore it is easy to see that

0%(x)] < Cq

|0a‘7(x)| S Cq,

where the Cy’s are independent of k. Let us check the non-critical condition (3.9.3.4):

A A h ax l 2 l I’l
oI+ 0+ L = 1Ot P4Vt x) +
kS 12

cA (e + xi)
- I
>

for x € B(1). We also have to check that ﬁ is bounded above, and that u = % >

cy(ﬁ)*ﬁ. This is easily seen to be the case.
Now, since we can use the reference problem, we get:

|](h7;u7 l-IJkZi V) - “q(huu7 quEi7 V) |

fili fo B fik
<
Cli ( h ,ulkjL h? ,uzl,%+ h

filk fo B 2 ik, 5
— ik Tk 1-3d
C kak( N ,Ulk+ 3 qul]%—k | b dx

1 I(x)* 1
C — dx
(h/«l+h3 2 +h)

[N
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where we used that f(x) = [(x) in the last inequality.
Thus,

hu  h3u?  h

ol ]
= "\ W3 TR

4
9@ V) - Al V)| < CN [ ()(iJ(x) +1>dx
B(8

3.10 The current parallel to the magnetic field

In this section we prove Theorem 3.3.7. We will first prove that the current parallel to
the magnetic field is constant in the x3-variable (to highest order). This allows us to move
the test-function a3 out where the potential is positive, and here the current vanishes to all
orders in A.

Lemma 3.10.1. Suppose
/ as(x1,x2,%3) dx3 =0,

forall (x1,x2). Then
tu[B(h,u, (0,0,a3))g0(P)] = O(h ™).

Remark 3.10.2. The condition on a3 is equivalent to the existence of a3 € Cy (R?) such
that a3 = 0y,d@3. Lemma 3.10.1 can thus be interpreted as stating, that the distribution
0y, j3 vanishes to all orders higher than h1

Proof. Define @ = (ay,a2,0) € CJ(R?) as
X3
al(X) :_/ ax1a3(x17x27y) dy
X3
ag(x) = _/ ax2a3(x17x27y) dy
Then 0 x d = 0 x (0,0, a3) and therefore we get by the result from Appendix D that:

tw[B(h,u,(0,0,a3))g0(P)] = tu[B(h,u,d)go(P)].
Theorem 3.3.6 now gives the conclusion of the lemma. O

Let now a3 r(x) = a3(x1,x2,x3 — T). Lemma 3.10.1 above then says that

t[B(h,u, (0,0,a3))g0(P)] = tr[B(h,u, (0,0,a3,7))g0(P)] + O(h™"),
locally uniformly in 7'.

Let T € R be so big that V > y/2 on B(4E) + Té5. The next lemma proves that then
tr[B(h,u, (0,0,a3,7))go(P)] = O(h™), which finishes the proof of the theorem.
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Lemma 3.10.3. Suppose d € Cy(B(E)), thatV >y > 0 on B(4E) and that the hypothesis
of Theorem 3.3.6 are fullfilled, then

t[B(h,u,d)go(P)] = O(h™).
Proof. Choose V satifying
e V=V onB(4E).
e V(x) > yforall x.
o V—-yeCy®).
Choose furthermore f € Cg(R), with sup(supp f) < y/2 such that
f(P)go(P) = go(P).

Let P denote the Pauli-operator with V exchanged with V. Then we get:

|u[B(h,u,@)g0(P)]| = |u[B(h,p,@)f (P)go(P)]|
< |B(,p,a) f(P)I4
= |IB(7,p,d@) f(P)|l1 + O(h")
= O(h%).

The last equality is due to the fact that P > y and therefore f(P) = 0. The next to last
equality is a consequence of the localisation result in Lemma 3.4.10. L

3.11 Multiscaling

In this section we will finally prove the following more precise version of Theorem 3.2.2:

Theorem 3.11.1. SupposeV € C*(B(8) \ {0}) satisfies:

V(x) = ﬁ+0(|x|_l) (3.11.3.1)
as x — 0, and
10"V (x)| < Cy x|~ (3.11.3.2)

Vx € B(8).
Suppose furthermore that 3C = C(h,u) such that

P(h,,u,V) > —C.
Suppose
e dc, 1 > 0 such that uh > ¢y, 1,

o Jc,n > 0 such that uh’ < ¢, 5
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Let finally d = (a,a2,0) € Cy’(B(1)) satisfy
0"d| < Cp g,
then for all v > 0

uBoo(P)] = 5o idn [ @0~ 019

X ([2n,uh+ V()? = 3nuh2nhu +V (x)]"/ 2) dx
Oh 14—
+0( +y1/3h2+v),

where O is uniform in the constants {Cpny },{Cpna},Cu,1,Cu2-

Remark 3.11.2. The constants {C,, 5},¢y,1,¢u2 do not depend on @,u. The index is only
there to distinguish them from each other and the other constants in the theorem.

Remark 3.11.3. The asymptotics does not depend on the lower bound —C of P.
For the parallel current the corresponding result is

Theorem 3.11.4. Let the assumptions be as in Theorem 3.11.1, but with d = (ay,az,a3).
Assume that V (x) > cy > 0, for 1 < |x| < 3, and that the spectrum of P below 0 is discrete,
then for all v > 0

1

9010.8.V) = A1 d.V)] = OO + o0,

where O is uniform in the constants {Cpy },{Cp a},Cu,1,Cu2,Cv-

We are going to perform a so-called multiscale analysis invented by Ivrii et al.([Ivr98],
[IS93], see also [Sob94]) Since our problem is very similar to the problem analyzed in
[Sob96b] our choices of scaling functions will be the same.

We will divide space into several regions and obtain asymptotic extimates in each
of them. This is due to the fact that, as far as magnetic effects are concerned, there is an
enormous difference between the vicinity of the singularity and the rest of the space. Close
to the singularity V is much bigger than ph and therefore magnetic effects are neglectable.
In this region the analysis performed in [Fou98] is applicable. Further out, uh and V
become comparable and we see a current.

Let us write @ = X1d + Xod = @y + dp, where X1(x) = X(x/r?) and X» = 1 — X (here
and in what follows X will denote a standard smooth cut-off function around 0). The
exact choice of r will be made in the end of this section, here we will just remark that we
impose:

(3.11.3.3)

which, in a sense, is the condition that, on the support of X1, the electric potential domi-
nates.
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3.11.1 The inner region {|x| < r*}

In the innermost region, we do not see a current. This will be the result of Cor. 3.11.7
below.

We have to evaluate the trace tr[B(h,u,d;)go(P)], with d; supported on a region of radius
7. This we can write as

5 -, X — X
B(hu.1) = 0p), (2a(%) - (E—pd)) +4/7b(5)0s,
where @ and b = [J x d are now supported on a region of radius 1.
Lemma 3.11.5. We have
3
- ur’ ur®
tw[B(h,u,d1)g0(P)] = O(h ' + ot h2 tort h2)

Lemma 3.11.5 follows upon collecting the results of the Lemmas 3.11.10, 3.11.12
and 3.11.13 below.
Let us look at the asymptotic term:

Lemma 3.11.6. ru
A(h,p,d,V)=0(—).
(0]

h
(x)

Proof. We write d(x) = a(+3), and V(x) = n] - Then we can calculate:

Alh,p,d( ). V)

2 2 X X
)

1 ~ ~
- 3772 A dn/r_z(amaZ(ﬁ)_axzal(r )

X <[2n,uh+V(x)] /2 — 3nuh[2nhu+V (x )]1/2> X

2 2 i )
= 30 dyr / (0y,@2(y) — 0,d@1 ()

n=

X ([2n,uh+ q:ﬁ(2|y|)]3/2—3n h[2nh,u+[¢( )]1_/2) dy

2|yl
_ mz %d / 04,2(y) — 00,1 ()

2
x ([2n,uhr2+ ¢(|y| VP2 s i + ¢(|;|y)]1/2> dy.

Now we use Prop. C.1 to conclude:
X
’q(hnuaa(ﬁ)av)

= 0 [ 0200l (w24 Vi ) )
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since hur? < 1. L

From Lemma 3.11.5 and Lemma 3.11.6 we get, upon noticing that ur?> < h~! and
3«
r<r:

Corollary 3.11.7.

6
= = _ rour
9o, @1,V) = Ao, V)| = O(h 4 54+ 57).

Remark 3.11.8. Notice that we prove that |7 — 4| is small by proving that both | 7| and
|4| are small.

To prove Lemma 3.11.5 let us first look at the part of the trace involving b, i.e. the
spin current. This has the form of ‘a density trace’ i.e. it is the trace of a smooth function
composed with a projection. This has been studied in [Sob96a] and the result is given in
the following lemma:

Lemma 3.11.9. Let A be a self adjoint-operator in L? (R3 ), semibounded from below with
form domain D[A] such that for any { € C§'(B(4E)) the following conditions are satisfied:

e For any u € D[A] one has u € D[A]; there exists a function {; € Cy (B(4E)) such
that

A[l/t, ZV] = A[Zluv Zv]v
forallu,v € DIA];

o There exists a potential V, infinitesimally bounded with repect to — such that if
H = (—ih0 —uA)? 4V, then {D[A] C D[H], {D[H] C D[A], and

AlCu, Cv] = H[Cu, &),
()

x|
Let finally h € (0,ho), u > 0, uh < C and § € Cg (B(E/2)). Then the following asymptotics
holds uniformly in'V :

o V=

+U, where ®,U € C* and U is bounded.

0(4)] = Trre | W0 +V () s+ O((1 1™,

This lemma we can use to calculate the part of the trace involving b.

Lemma 3.11.10.

tr[h/rzb(x/rz)oggo(P)] = O(hil + ,1171”3 + h—’;)

Proof. 1If we write V (x) = CD‘)(CT) and make the change of variables y = x/r? we get, on the
spin down subspace,

/7 b0 ((-i0/r0 -0~ G~ “’jjy))] |
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and correspondingly on the spin up subspace. Let us first concentrate on the spin-down
case. Since (ur®)h/r = uhr* < 1 by (3.11.3.3), this trace is given in Lemma 3.11.9.
Therefore we get:

w0 ( (e A~ iy 220 |

i
2 3/2
= cwin)* [[o00) |-~ EED] o) 21 ),

where the constant c is explicit. If we analyze the spin-up part in the same way, we get:

t[h/r*b(x/r*)0380(P)]

3/2 3/2
= cr/hz/b(y) <{—,uhr2 - %Ty)] - [,uhr2 - %Ty)] ) ) dy
+0 (Hh“ r3) :

O

Remark 3.11.11. Notice that the result depends only on how the potential V' behaves on

a region of size 2.

Now we look at the remaining term in the trace. Here we have to split into two regions.
This is not due to any fundamental difference between this part and the part considered
above. In fact this splitting is essentially the same as should be used to prove Lemma
3.11.9, but in the case considered above we could just use the final result.

The two regions are:

Q= {|x| < #*/6}

and
Q, = {h*/8< |x| < r?},

where 0O is a sufficiently small constant (independent of /,u) which will be chosen be-
low. Write d; = @d; + @d;, where @, are smooth cut-offs to the regions Qp,Q;,
respectively.

On Q; we have to analyze

—

_ X
u[Opy (a(hz—/e) (€ —uA))go(P)],
where a is supported on a ball of radius 1.

Lemma 3.11.12.

—

tr[Op;:(a(h;C%) -(E—pA))go(P)] = O(h™").
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Proof. We will only look at the spin down part, the other case follows easily. After the
change of variable y = 6x/h? the expression becomes:

h e [Opg (a(z - ’“%2()) 20 ((—iGD - TA‘( ) —uh® — %)} :

Choose a function ) € Cy’, 0 < Y, Pa = a. Then we get (using the spectral theorem and
the cyclicity of trace):
—tr

3
; opg< (g_&A)>
3 2
X80 ((—iem—’%zx’(y))tym _ M)]

]
or (&~ 40))

= —tr

h

X80 (HGD R )7 - %)

X80 (HGD R ) - %) Lp]
< % HOpé”(E —‘%SA’)go ((—iGD—‘%}A’(y))z_lum _ %) H
< %0(9—3),

where we used the estimates:

n n ®(h%y/0
HOpK(E — %A)go ((—iGD — %A(y))z —uh?® — %) H <C, (3.11.3.4)
and
3 2
ngo ((—iem—‘%A( ))? —yh3—%> <Co 3. (3.11.3.5)
1

The second estimate (3.11.3.5) is well known and is known to depend only on properties
of V on a region of size h*/6.

To prove (3.11.3.4) we take W (y) = {(y) cD(hfyT /9 \where  is some Cg function, which

is 1 on B(1). Using results from Appendix B, we only have to prove the estimate with

qn(h|2yy| /%) replaced by W.
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Now take @ € Ran(go ((—iGD — ‘%tf(y))z —uh’ — W(y)) with ||@|| = 1, and write

H (—ieD - /”%35@0 ¢

3
(0 (100~ EG-A0)2 b =W ) ) @)+ + (@ W 0)0
<+ (W ()9

and we finish using the infinitesimal boundedness of the potential. 0

2

IN

Lemma 3.11.13.

u P

u[Op} (@2 - (& — )0 (P)) = O+ 75).

In the proof below, we will write d instead of @»d;. On Q, we need to multiscale: We
have the following reference problem:

Theorem 3.11.14 (Reference Problem). If d € C5(B(0,1)) and a, V, satisfy the follow-
ing bounds:
|0%d] < Cq,

0%V | < Cq on B(8), and uh < 1, h < ho. Then we have
u[Opj;(d@- (&€ —pA))go(H)] = O((u+1)h~>),
where the O is uniform in the constants bounding the derivatives of d, V.

Using the localisation arguments in Appendix A this theorem is a consequence of the
results of [Fou98]. The proof is identical to sections 4,5 in [Sob95] and will therefore be
omitted.

We now define functions f = ﬁ, I(x) = p|x| where p < 1/16. Notice that |0%d| <

cal(x)719% and |09V| < cqf(x)%1(x)~1%, on Q,. Since [0,/(x)] < p < 1 we can find a
sequence of points (See [H90] or [Sob95]) x; Q5 such that

UxesuppﬁB(x,l(x)) cQ, C UkB(xk,Sl(xk))

and a number N = N(p) (independent of %) such that the intersection of more than N(p)
balls is empty, and furthermore a corresponding partition of unity {{y} satisfying:

o Yy € CF(B(xk, 81(xr))),
o [3"yy| < C(P)1(x) 1™,
o S =10nQ,.

Using this partition of unity we write

u[Op}(@- (§ —uA))go(H)] = 5 ulOp} (Y- (& —pA))go(H)]

= ZTk.
k

Now we have
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Lemma 3.11.15. 3
|Tk|<C/ (hzf ]E();Lz)dx

This will be proved below. We first prove Lemma 3.11.13 using Lemma 3.11.15:

Proof. Because only a finite (fixed) number of balls can intersect we thus get that:

x3
0@ (&N < ¢ [ (L 25 ) as

|
_ Ch2/ x|+ ——)d|x
[ b+l
4
ur
7T

In the final estimate we used that 0 is a constant. This proves Lemma 3.11.13. ]

:0(

Now we prove Lemma 3.11.15:

Proof. First we notice the following scaling relations: Let /, f be positive scalars, z € R?
and define Uju(x) = 13/%u(lx), T.u(x) = u(x+z), then:

FRUTHAY, hu) TS U = H(A,V,0,V),

where

o A(x)=1""A(Ix+2z) = (—x2 — 2/1,0,0)

o V(x)=f"2V(Ix+2)

o a=h/(fl),v=ul/f.
Let now ® be the gaugetransformation

Pu(x) = ei%xlzzﬂu(x),
and let U(!, f,z) be the unitary transformation
U(l,f,z) = PUT,

then
U f,)HA V) UL f,2)" = H(AV, b/ (f1),ul/ f).
Let
J(A,V,h,,u, ) tI'[Oph( (E aUA)gO(H(A V h :u))]

then the above proves that J(A,V, h,u,d) = fI(A,V, j}l,’“}l, @), where @ = d(lx+z). Now
Ty = J(A,V, h,u,Wd), which thus means that:

o V(l-+xk) h ,ulk
= o (4 ML e ).

The following conditions are satisfied:
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h_ ul h
fklkﬁ}: = /“' —h,u|xk| < hur* < 1.

. ﬁ \/_ i < hg if 0, p are chosen properly.

0% 2V (I - +x1)| < c, Where cq is some constant independent of f, 1, k.

|09 (W) (I - +xx)| < Cq where the same remark applies to Cy.

Therefore we can apply the reference problem (3.11.14) to conclude that

l 212
T < fC<(‘}k )f,’;z)

o pli szli -3

X X 2 X 2
< o [ s (EE 0 T 1 an

— /B k (% F)2+ ;ES;) dx.

3.11.2 The outer region

In the outer region the result is the following?

Lemma 3.11.16. Let the assumption be as in Theorem 3.11.1. Then

1+ 7y

|te[B (A, p,d2) g0 (P (1,1, V)] = Ak, p, 2, V (x)) | = O i

)

In the outer region, D = {|x| > r?}, magnetic effects become important and we see a
current.

In D we perform a multiscaling with the same scaling functions f(x) = |x and
I(x)=plx|,p< 1—16 as in Qp, but now we use the asymptotics for the current in a strong
magnetic field as reference problem.

We will write d instead of d».

|—1/2

Theorem 3.11.17 (Ref. Problem in D). Let a € CJ(B(0,1);R?),
A(x) = (—x2,0,0), and V be a function such that

P=P(hu,A,V) =[G (—ih0—pA)+V
is self adjoint and bounded below. Suppose that Icq,m, M, T, B, hy > 0 such that

e [0%4] < cq,

0°V| < cq on B(0,8),

2Remember that @ is the testfunction @ cut smoothly down to the region {|x| > r*}
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o 0<h<hy,
° hz,ugm,
° hByZM,

then
tr[B(h,u,8)go(P) | = A+ Ot +h 3w+ 171,

where

a4 = Ahu,a,V)

([2]1/.1]’l+V( )] 3/2 — 3nuh[2nhu+V (x )]1/2> dx.

This is the statement of Thm 3.9.1. We will use this with { = 3, and [3 such that
uhPr3 =B >1. (3.11.3.6)

That it is possible to find such a 3 for our choice of r will be proved at the end of this
section.
On D we have

o 0%G| < cql(x)719,
o [09V| < cqf(x)2(x)~1o,
Again we can find a partition of unity {W} as in the previous multiscaling. We write:

](hnuvc_ivv) = j(h,/.l,zwkﬁ,v)
k

= Z](huua LIJkEi7V)7

k

and also
’q(huuac_iav) = /q(hnu7 qukﬁaV)
k
- z -q-(hnuv l-IJkZiv V)
&
We want to prove that

|9 (h 1, Wi, V) Ah,u, Yid, V)|
x) fx) | f@UE) f(x)? | f)I) -3
< C [ dx.
/ us ( 1l (x) B 2l(x)?2 h (x)~"dx
The proof is similar to the proof of Lemma 3.11.15 and will therefore be omitted. First
we have to check:

o W
7B S e TS
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and

LY L U S B 3-B/2 5 B3P
7 leB ;Uh fl+B ;Uh | | (1+B)/2 :Uh |x| Z:uh r
Thus we get:
q - flf f3’l3 2\ -
V)—A(h = [ dx
|j(h7au7a7 ) ( 7Iu7a7V)| 0 ( h /Jl h 212

(L,
- o( [z '5/2 )
(i

h3
34
ph h3ﬂ uh 12 )
= —O 1
o (47 Tu).
Finally, we can finish the proof of Theorem 3.11.1.
Proof. We have the following conditions on r i.e. equations (3.11.3.3) and (3.11.3.6):

uhr? < 1 (3.11.3.7)
3B € (0,3] such that whPr3—f > 1, (3.11.3.8)

and since we want the error terms to be small we need

r < 1
,ur6<<1

™ <1 (3.11.3.9)

To make the optimal choice of r let d > 0 and write

po= h
Fo= RY3-33-y)
This defines y and r. Choose
B 9%
1430

Then (3.11.3.8) is satisfied, since:
,uhBr3_B — o YHBHG-B)(Y/3-3(3-y))

— - YHBHY=33(3—y)—By/3+B3(3~y)
—  pBU—Y/3)+B33(1-y/3)-98(1-y/3)
—  p(1=Y/3)(B(1+38)-93)

= 1.
The other equation, (3.11.3.7), holds if just & < 1/6 since:
JYH142y/3-25(3-y)

B1-¥/3-63(1-y/3)
B(1-¥/3)(1-63)

,uhr2
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The conditions (3.11.3.9) become
Y336y

hV*65(3*V) < 1
h1+8y/3+76(3—y) < 1.

The first two of these get better for small d, and the first is the largest term of the three.
This finishes the proof of theorem 3.11.1. ]

A Some localisation arguments

In this section we will prove the following localisation result.
Theorem A.1. Let E > 0 and let H be an operator satisfying:
o H is a self adjoint operator which is bounded below on L*(R¢).
o 3{a;}¢ |V all in C§(RY), such that for all u € C3(B(4E)):
Hu = Hu,
where we have used the notation

H=Y (=ihd;—a;)* +V.

Let Cy be the constants such that

Ca, (A3.1)
on B(8E). Let finally X € Cy (B(E)) and g € Ci'(R). Then

IX(=ih0; —a))[g(H) — g(H)][1 = O(R”),
where the O is uniform in E, g,X and the constants Cy in (A.3.1).

Remark A.2. Let C, be constants so that |g(”)| < C,. By uniform we mean that if #,
H = 5 (—ihd; — a;)*> +V satisfy the above assumptions with the same constants Cyq and
the same E, X, and if § € C7(R) with [§(")| < C, (the same constants as in the bounds on
1g")]) and supsuppg < supsuppg, then

|X(—ihd; — ap)[g(#) — g(H)][l1 < Cwh",

VN € N, where the constants Cy are the same as in Theorem A.1. Observe, that we do not
assume suppg C suppg.

Notation:

Let us introduce the following notation:

Let Ag > 1+ 2sup|V(x)| then we define d(z) = dist(z, [—Ag, ®)).

Let furthermore (z) = (1 + |z|?)"/2. Finally we will write Q; = (—ihd; — a;).
We will use the following lemma:
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Lemma A.3. [Sob95, Lemma 3.6] Let X € Cy(RY) and @ € B(R?) be such that
dist(suppX, supp®) > ¢ > 0,

and let r,m =0, 1. Then for any N > d /2

d
, e @ (@7\ (@n\"
HXQZ(H_Z) I(Qq) (PHISCN d(Z) ( h ) (d(Z)Z)

We start the proof of Theorem A.1 with the following lemma:

Lemma A.4. Suppose X € Cy(B(3E)). Then for any N > d/2:

X0 {(# —2) "' — (H -2 "}
2 R @
h ] o U

where U(z) is the imaginary part of z.

IN

Cy

Proof. Define X1 € Ci(B(20E/6)) satisfying: X1(x) =1 on |x| < 19E/6. Thus X1X = X.
Furthermore we will write @ = 1 —X;. Writing (H—z2)"' = (H—z)"'x1 + (H —2)" '@
we get

XOQ(H —2) ' = (H-2)""]
XOX1(H —2) ' = (H-2)"X1] - XQ(H—-2) "'
= T+71.

The last term is easily estimated using Lemma A.3 as

~ _ @12 [2] (21"
||T2||1_||XQI(H_Z) l(leSCN d(Z) [ h ] |:d(z)2:| 9

which is seen to fit the estimate we want to prove.
Using the identity:

where

—[H,X]= z ih(Q (0;X)0)),

we get that the first term is

=3 (XOUH~2)H(O}00) + 0x)0) (7 ~2) ).

]:
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This we can estimate as:

Inl < fh{HXQAH—z)—IQ;*-(ajxn(ﬂ—z)‘lHl

=

+[XQu(H —2) " (@x1)Q(% 1H }

2h||XQi(H —2) 7' Q30X 1) l175
1

S

IN

; |D|

+ Zh2|lez( SICH ] e

s

£ |D |
J
@ [@72] 1"
< CNh |: 2:| 3
dz) | h d(z)?] |
where we used Lemma A.3 to get the last estimate. L

Now we can prove Theorem A.1:

Proof. We use the representation:

%/m FA A=)

_1 / ml/ (0™g) (A=A —it)"!dA dr,

which holds for all self adjoint operators A, g € Ci, m > 2 (See [AMBG91]).
Writing

SAT)=(H—-A—it) ' —(H-A—i1)"},

we thus get:

XQz{g( ) 8(H)}
= 3 i @ OOXQOEE. Dl
_1 / ! / (0™g) (M) XQ;O["d(N, T)]dAdT. (A.3.2)
Choose m = 2N + 3. Using Lemma A.4 the first term is easily estimated by O(h*N~9):
||XQID(116()\71)||1 Schfdfl( /2_|_)\2)d/2+N+1/2h2N+1 1

(14 [A[)#V+1
For N sufficiently big, this is integrable in A, and we get

I3 1 @O OQ0S0. A

< e sup {1g [N, (A3.3)
j=0..m
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The second integral in (A.3.2) we split in two:

1 L
I _ Tm_ am )\ D m6 )\,T d)\d'[7
: T[(m—l)!/o /%0( g)(A)XQO["3(A, T)]
and
1 1 m—1 —2Xo am }\ 0 m6 }\ d}\d
Iz_m/ﬂ /w (0"g)(A\)XQ,O["S(A, T)]dAdT.
Inside the integral in I} we estimate:
IXQUOWBT) 1 < e~ (24 AN 22

Using our choice of m, I} is easily estimated. I, is estimated just like (A.3.3). O

As a corollary to Theorem A.l1 we get the following generalisation of the result in
[Fou98]:

Lemma A.5. Let the notation be as above. Then the currents of H and of H on the set
B(E) are the same up to an error of order O(h' "), i.e. for all X € C3(B(E)) and for all
[ we have:

t[XQi(g0(#) — go(H))] = O(h' ™).
Again this is uniform in E )X and the Cq’s.

Proof. Choose g € Cj(R) such that ggo = go on Spec #. Notice, that the bounds on | g\
do not depend on infSpec #. Write, using the spectral theorem:

uXQigo(H)] = tr[XQig(H)go(H)]
= r[XQig(H)go(H)]+ O(h”).

Now we get from [Fou98] that XQ;g(H) is h-admissible. By an expansion of this operator
in powers of & we get:

t[X0ig0(#H)] = u[Op} 6go(H)] +O(h' ™),

where 0(x,&) = X(& — a1)g((§ — a;)? + V(x)) € CJ(R"). That this is O(h! ") follows
from [Sob95] and the Tauberian argument given in [Fou98]. L

B Localisation in a neighborhood of a singularity

In this appendix we will prove that to study the current close to, for example, a Coulomb
singularity, only the local behaviour of the singularity matters. The result below can be
rephrased as follows:

Let X € Cy'(B(1)) and let V be a potential, such that, if { € Cj'(B(2)), then {V is bounded
relatively to the kinetic energy (—ilJ—A)2. Then 3C > 0 such that:

IX(=i0—A)[go((—i0 —A)* +V) —go((—i0—A)* +-2V)]| < C,

where C only depends on local information, i.e. on (V.
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Let us now be more precise: Let V (playing the role of {V in the discussion above) be
a multiplication operator such that 30 <€ <1 and M > 0:

(u, |V |u) < €(u, —Du) + M ||ul|?, (B.3.1)
for all u € Cy. Observe that this implies, by the diamagnetic inequality, that
(10, V) < €ut, (—i0 —A)%u) + M |Ju >,
with the same constants €, M. Denote by H the selfadjoint operator (—i[] —2)2 +V.

Assumption B.1. Let # be a selfadjoint operator in L?(R?), # > —\ for some Ag > 1
and satisfying for all ¢ € C7(B(2)):

e Vu € D[H] (the form domain of H) we have Qu € D[H ] and 3¢, € C7(B(2)) such
that

(u, H(@v)) = ((Qru), H(@v)) for all u,v € D[H].

Remark B.2. The application in this article is to decompose Coulomb singularities, but
the assumption is by far more general.

The result is the following:
Lemma B.3. Let X € Cy(B(1)), then
X (=i0x; —A;j)[g0(H) —go(H)]| < C,
where C depends only on X and on €,M in (B.3.1).
Remark B.4. C does not depend on the lower bound Ay.
The main ingredient to prove Lemma B.3 is the following:
Lemma B.5. Let X € Cy(B(1)), and let z € C with 0 < |U(2)| < 1, then for all N > 0

there exists Cy > 0 such that

IX(=i0, = AN[(H —2) ' = (H—2)""]| < Cw

M+1+z| {M+|z|r 1
du(z) Ldu(z) ] [0@)

where dy(z) = dist(z, [-M,)).
Proof. Choose X1 € Cy(B(2)), X1 =1 on B(3/2), and write
X(=idy, —A)[(H —2) "'~ (H~2)"]
= X(=idx, —Aj)[Xi1(H —2)"' = (H—2)"'x1]
+X(—i0y, —A)(H —2)"" o,
where @= 1 — X;. Now the lemma follows from the identity
3

(H —2)"" = (H—2)"" X1 = =20 ) (=i0y — A1) (05 X1) +OX1,
=
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and the following result from [Sob96a, Lemma 3.3]:

IX(—iB, —A )™ (H —2) ! (—idy, — A1) ™0
(M) """ [M+|z|}N
dM(Z) dM(Z)Z

where my,my € {0,1}. O

< C

The lemma B.3 now follows, using almost analytic extensions, just like in the previous
appendix.

C A calculation with poisson summation

Let us write t = %, and

§S=S(V(x)]-,hu)

[ee]

= 3 o ([2n V() = 3/22nl2hgan — V()] 17)
n=0

= (2hu)3? Z d, ( 7 - %n[n—t]l/z) .
In this appendix we want to prove the following computational result:
Proposition C.1.
SV (0] ht) = O((h)** + \/halV (%)) - + [V (x)] ),
uniformly in x.
Proof. Let us write F;(0) = ([O( — t]i/2 —3afo— t]l,/z) , then

)Y (E(O) . iFt(k))

L 2 &

We use Poisson Summation and get:

Zh 3/2 (%) o (%)
:ﬁ{/ﬁ; dG—l—ZD(Z/ lznkadd)}.
Tt 0 &
Let us look at the first term:
/ F,(a)da
0

= /Of(t—o()3/2do(—%{[a§(t 0‘)3/2]0(0—%/0[0_0()3/2610(}
= 0.

One part of O ( fy” F;(0)e?™%da) was calculated in [Sob96b, p.399]:
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Lemma C.2.

0 (/ (t_a)3/26i2w<ada>
0

_ 3 1/2 3 .
= srae' Tern (C0s2m) CVE) +sin(2rk) S (2vK) )

where .
Clx) = / cos(Tu?/2)du
0
and .
S(x) = / sin(Tu/2)du.
0
What we have left to calculate is thus —% Jo o/t —ae?™Ada. This we do explicitly:

t

0( f—ae?™Agq

1 d rtd 3/2 2Tkt
210 dk dt(t a)*7 e da

1 d (d 4 . .
= = {E (/0 (t_a)3/2812nkada) (1 — )32

»
21U dk dt Jo
_ _iii { l3/2 N 3l1/2 B 3ei2Tﬂ<t /2me—im2/2du}

21 dk dt | 2Tik  8TRKZ  16TRKS/2 Jo

13 t1/2 +1 3 N
i ome T om 8n2k3\f

1 d [ 3eP™ /2 —1/2, im0kt
S Y A TR e ]

Here we used Lemma C.2 to get the next to last equality. We calculate the real part and

get:
3¢1/2 3 d i Wk,
_ a |, -3/2 2k —itu?/2
3rek? T T6re {dk (k ¢ /0 e du
312 3 d g,
- > a (.32 :
STRL2 + 62 dk {k [COS(2T[]<I)C(2\/E) +s1n(2Trkt)5(2\/]5)] } _
Thus
© (2hu)3/? { ~15 [Cos(znkz)c(zx/lé)+sin(2rrkt)5(z\/15)]
kZ1 32TRkS/2
3 d .
e dk [cos(ZTrkt)C(Z\/lg) + s1n(2Trkt)5(2\/19)] }
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Using, that C and § are bounded with bounded first derivatives, we thus see that

S = 0<(h,u)3/2§(k5/2+m+\/)>

k=1
= 0((h#)3/2(1+t+\f))
O((hu)** + /hu[V] +hu[V]")

D Gauge invariance of the current

In this appendix we will prove that the current 7 (h,u,d, V) as a function of @ only depends
on the magnetic field b = [J x d generated by 4, i.e. that if d = @+ O@then J(h,u,d,V) =
J(h,u,a,v):

Lemma D.1. SupposeV is relatively bounded with respect to —h>A and that Spec(P(h,u,V))
below zero is discrete. Then V@ € C3(R?) we have 9 (h,u, 0@, V) = 0.

Proof. Let Y be an eigenfunction of P(h,u,V) with eigenvalue A < 0. We may, with a
slight abuse of notation assume that

(H+W)p=Ay,
where W =V £ uh and H = (—ih0 — A)2. We have to prove that
(W, (09) - (—ih0 - A)) + (Y, (—ik0 - A) - (D@ Y) =
or equivalently
(W, (—ih0Q) - (—ihD — A)Y) + (W, (—ih0 — A) - (~ikOQ)Y) =

Notice that (—ih0y; —A;)® = @(—ih0y; — Aj) + (—ih0y;@), thus we get, using the self-
adjointness of (—ih0dy; —A;) and the relative boundedness of W'

(W, (—ih0@) - (—ihO— A) W) + (@, (—ihO— A) - (kD))
= (P, |(=ihO0—A)o— @(—ikO—A)| - (—ihO—A)Y)
+(P, (—ihO—A) - [(—ih0 — A)p— @(—ihO—A) | §)
= ((—ihO—A)P,@(—ih0 — A)P) — (Y, QAY) + (P, GV )
N, Q) — (W, @) — ((—ik0 — A) Y, @(—ih 0 — A)).
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