PuD THESIS
ERrIcA MINUZ

(GRAPH COMPLEXES AND COHOMOLOGY
OF CONFIGURATION SPACES

SUPERVISED BY PROF. MARCEL BOKSTEDT

DEPARTMENT OF MATHEMATICS
AARHUS UNIVERSITY
OCTOBER, 2019






A page of the spectral sequence converging to
the cohomology of the configuration space,
PauL KLEE






Abstract

We study the generalised configuration space of points in a manifold depending
on a graph, originally defined by FEastwood and Huggett. In particular, we
examine its cohomology through graph complexes. One of those is the graph
complex defined by Baranowsky and Sazdanovié, denoted by Cpg that is the
FE page of a spectral sequence converging to the homology of this type of
configuration space. We compare Cpg with the graph complex GC defined by
Kontsevich by defining a map between them.

In order to compute the rational homotopy type of the classical configura-
tion space, Kriz and Totaro define a commutative differential graded algebra
that serves as a rational model for it in the case the manifold is a complex
projective variety. We generalise this commutative differential graded algebra
by describing the complex R(T', A), that depends on a graph I' and on a com-
mutative differential graded algebra A. We prove that the dual complex of
Cps is quasi equivalent to R(T", A). In the case I is a complete graph and M is
an even dimensional manifold, R(I", A) is the commutative differential graded
algebra that Idrissi proves to be a real model for the classical configuration
space of points in M.

Finally, we compute the cohomology of the configuration space dependent
on a graph of points in R", » > 0. This is a generalization of the classical
computation due to Arnold and Cohen that correspond to the case where the
graph is complete. The cohomology of this graph configuration space is the
cohomology of the painted little disks operad, that we define as a variation
depending on a graph of the classical little disks operads.






Resumé

Vi studerer et generaliseret konfigurationsrum af punkter pa en mangfoldighed,
som oprindeligt blev defineret af Fastwood og Huggett og afhsenger af en
graf. Vi bruger grafkomplekser til undersgge dets kohomologi. Et af disse er
grafkomplekset Cpg, som blev defineret af Baranowsky og Sazdanovié, og er
den forste side i en spektralfggle, der konvergerer til homologien for denne type
konfigurationsrum. Vi sammenligner Cpg med grafkomplekset GC, defineret
af Kontsevich, ved at beskrive et afbildning mellem dem.

For at beregne den rationelle homotopitype af det klassiske konfigura-
tionsrum definerer Kriz og Totaro en differentieret algebra, der fungerer som
en model for den rationelle homotopitype i tilfeeldet, hvor mangfoldigheden
er en kompleks projektiv varietet. Vi konstruerer en ny algebra, R(I", A), som
er en generalisering af Kriz og Totaro’s algebra, der ydderligere afheenger af
en graf. Vi beviser at den er quasi-aekvivalent med det duale grafkompleks til
Cps. Nar I er en komplet graf og dimensionen af M er en lige, sa er R(T', A)
en gradueret kommutativ, differential algebra, som Idrissi har bevist giver
en model for den reelle homotopitype af det klassiske konfigurationsrum af
punkter pa M.

Endelig, beregner vi kohomologien af det generaliserede konfigurationsrum,
som atheengigt af en graf, af punkter i R", » > 0. Dette er en generalisering
af en Kklassisk beregning af Arnold og Cohen, nar grafen er komplet. Dette
konfigurationsrums kohomologi er isomorft til kohomologien af painted little
disks operads, som vi definerer til at veere en variation, der afhsenger af en
graf, af de klassiske little disks operads.
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Introduction

The present thesis is the result of my three year Ph.D. program at Aarhus
University. The work focuses on the topological properties of a type of config-
uration space where some points are allowed to coincide. This can be encoded
in a graph where the vertices correspond to the points in the configuration
space and the edges record which of them are not allowed to overlap.

In the case where I' is the complete graph this is the usual configuration
space of n ordered points in a space X. We denote it by €(X,n), where

¢(X,n) = X"\ JA,

A = {(z1,...,2) € X" : ; = x;}. If the graph I' is not necessary
complete, the configuration space obtained has been defined by Fastwoodand
Huggett[12], in the study of the chromatic polynomial. Let M be a manifold
and I" a graph with set of vertices V' = {v1,...,v,}. Then the configuration
space of n points in M, which we denote €(M,T'), is defined as

¢M,T)=M"\ (] A,
ecE(T)

where E(T) is the set of edges in I', Ac = {(m1,...,my,) € M™;m; = m;}
and e is a directed edge from v; to v;. In 2012 Baranovsky and Sazdanovié [2]
define a graph cohomology inspired by the one defined by Helme-Guizon and
Rong [16]. We will call this graph complex Cpg(T") and it is defined by

CsM) = @ es® A%
SCE(T)

where A is a graded commutative algebra. This is related to the cohomology
of configuration space. In [2] it is proven that there is a spectral sequence with
E; page isomorphic to Cpg(I'), converging to the homology of the Eastwood
and Huggett’s configuration space €(M,T"). The spectral sequence for the case
where the graph is the complete graph was given in 1991 by Bendersky and
Gitler [3]. Moreover, the complex Cps(I') appears to be linked with Hochschild
homology [33].
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viii Introduction

In 1992 Kontsevich [23][24] defined the graph homology complex (GC, d).
This is given by
GC =P GGy
k

where GCp is the Q-vector space generated by the isomorphism classes of
graphs with k vertices, for every k € N. The differential is

dT)= > TY/e,

ecE(T)

here I'/e is the graph obtained from I' by contracting an edge e belonging to
the set of edges F(I"). The classes of graphs are equipped with an orientation
whose definition depends on the parity of a number n that represent the
dimension of a manifold. Moreover, in the proof of formality of little disks
operads, Kontsevich defines other graphs complexes. These latter, as well as
the GC complex are involved in the computation of the real homotopy type of
configuration spaces, as proved by Willwacher [8] and Idrissi [19], who define
a rational model for the classical configuration space of points in a manifold,
(X, n).

However, the study of the rational homotpopy type of €(X,n) has a longer
history. In 1994 Fulton and MacPherson [14] constructed a rational model for
the configuration space when X is a non singular, compact, complex variety.
This model depends on the cohomology ring H*(X,Q), the orientation and
the Chern classes. The same year, Kriz in [26] described a differential graded
algebra F[n] that is a rational model for €(X, n) and that is independent from
the Chern classes. E[n] is described in the same time in the work by Totaro
[37] and it appeared to be isomorphic to the Es page of the Larey spectral
sequence of the inclusion €(X,n) < X". Later, Lambecht and Stanley studied
the rational models for configurations spaces where X is a simply connected
closed manifold. In 2004 they described the case k = 2, a configuration space
of 2 points in a manifold [28]. In 2008 Lambecht and Stanley [30] presented a
potential model, called G 4, for the general case such that the previous models,
for example E[n] are special cases of it. In 2019 Idrissi [19] proves that this
is an actual model for the real homotopy type of configuration spaces. The
proof makes use of the graph complexes introduced by Kontsevich.

In this thesis we compare the various graph complexes related to the homology
or cohomology of configuration spaces and we extend some of the definitions
to generalised configuration spaces depending on a graph. The work is divided
in six chapter, of which the first three are background notions and previous
results on which the final three chapters are based. These last present results
that I have obtained under the supervision of M. Békstedt. To summarize the
content of this work, we briefly describe the various chapters, starting by the
introductory ones.
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The first chapter recalls the basic definitions of the theory of operads and
describes little disks operads, the partial operad of configuration spaces and the
construction of spiders that occurs in [10]. In the second chapter we present the
aforementioned graph complexes. We first give the definition of Kontsevich’s
graph complexes followed by the definition of Cpg, together with results on
the homology of configuration spaces. A brief introduction to homotopy theory
and Poincare duality commutative differential graded algebras is given in the
third chapter. This serves as a background to the later section in the same
chapter where the rational homotopy type of configuration spaces is discussed.
Here we also give a short history of the study of rational homotopy types of
configuration spaces. Moreover, we describe the Kontsevich graph complexes
involved in the description of the real model for €(X,n) carried out in [19]
and [8].

The last three chapter are the core of this thesis. In Chapter 4 we compare
the complex Cpg, described above, with the graph complex GC defined by
Kontsevich. In particular, we construct a variation of CG, called IC(I"). This
chain complex differs from GC by the fact that it depends on a graph I' and
it is generated by graphs obtained from I' by collapsing a subgraph, without
considering isomorphism classes. The definition of I(I") varies, as in the case
of GC according to the parity of a natural number. We therefore discuss the
map between Cpg and K(T') in two cases: even and odd. We then build the
complex Kx(T'), generated by isomorphism classes of graphs obtained from T’
by contracting a subgraph. We build again a map for even and odd case from
K(T') to Ks(I'), and we discuss the relation between this last complex and
GC.

The fifth chapter is based on the article by Bokstedt and Minuz [6], and it
examines some results arising from the study of the rational homotopy type of
configuration spaces. We compare the model E[n], mentioned above, with the
complex Cpg. We generalise the definition of E[n| by defining the differential
graded algebra R(I', A) depending on a graph I' and with coefficients in any
Frobenius algebra A. In the case where I' is the complete graph, and A =
H*(M) where M is a closed oriented compact manifold of even dimension,
then R(T'; A) = G4 where G4 is the commutative differential graded algebra
that Idrissi [19] proved to be a real model for €(X,n). We define a map
between the dual of Cpg(T") and R(T', A), F : Cps(I")* — R(T", A). The main
theorem of the chapter is

Theorem. The map
F CBS(F)* — R(F, A)

1S a quast equivalence.

The aim of the sixth and last chapter is to generalise the definition of little
disks operads to the case of a configuration space depending on a graph. Little
disks operads are operads given by embeddings of disjoint unions of disks. We
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describe in detail this construction in the first chapter, as well as the definition
of the partial operad of configuration space. Little disks operads are formal
and their cohomology is related to the cohomology of configuration spaces of
points over R", > 0. We generalise the definition of the partial operad of
configuration spaces and little disks operads to configuration spaces of the type
C(R",T') over R", that we call €, (I"). We call this last operad painted little disks
operad. Moreover, we compute the cohomology of this configuration space. In
the case where I' is complete, the computation is a classical result due to
Arnold [1] and Cohen [9]. We adapt this result to &,.(I') and we discuss two
separate cases, when r is even and then when it is odd. It is a conjecture, that
the construction of the Fulton and McPherson-operad can be extended to the
generalised case. Moreover, if that is the case, one can ask if the painted little
disks operad is formal.

Finally, one can inquire if the constructions presented in this thesis can
be reproduced for a more general type of configuration space depending on a
graph I' and a function k on the set of vertices. This appears in two recent
papers by Bokstedt and Nuno Romao [7] and Bdkstedt [5] and it is related to
the groups of generalised braids on . The strands of the braids are colored,
and some are allowed to pass through each other according to some rules.
These are encoded in a graph I', where each vertex represents a color, and
if there is an edge between two vertices, then the strands of these two colors
are not allowed to intersect. On the other hand strands of the same color or
of colors not connected by an edge can pass through each other. There can
be multiple strands of the same color and this is represented by a function
k: V(I') — N assigning a number of strands for every vertex. The equivalence
classes of homotopic generalised braids on ¥ with composition, denoted by
DBg(X,T'), is the fundamental group of a generalised kind of configuration
space € (X,T"), depending on T" and k : V(I') — N. Let ¥ be a connected,
oriented and closed surface, let S*(X) be the symmetric product of . We
define Sk¥ = [Lev Sk@Y¥; and

(S, T) = {(21, ., xr) € ST 1 a; # xj if a;; € BE(T) }

where «; ; denote an edge between the vertices ¢ and j, in the set of edges of T',
E(T). In this regard, this thesis represents a departure for future investigation.
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Chapter 1

Operads

1.1 Conventions and notation regarding graphs

We define a graph to be a 1-dimensional CW-complex, defined by the set of
vertices, that we denote by V(I'), and the set of edges between them E(T').
We denote g an edge between the vertices a,b and a : a — b when the edge
is directed from a to b. In general we consider edges to be undirected, while we
will specify when we add a direction on them. We call loop an edge between
the same vertex aq 4, while cycle will denote a subset of edges of the form
{2, a23,...,a51}. A tree is then a non empty connected graph without
loops or cycles and forest is the disjoint union of trees. Finally, if e € E(T),

; ; -
———2 1 — 2 a—

Figure 1.1: A tree, a graph with a cycle and a graph with a loop.

1 1

we denote by I' \ e the graph obtained from I" by deleting the edge e and I'/e
the graph obtained from I' by contracting the edge e.

1.2 Operads

In this section we introduce the basics of the theory of operads. Operads are
objects that encode the structure of an algebra. In particular, they describe its
operations, and the word operad itself comes from the composition of operation
and monad, as operad can be seen as a monad defining operations [38]. The
operad was defined for the first time in 1972 in the article The geometry

1



2 Chapter 1. Operads

of iterated loop spaces by May [32]. However, the idea appeared earlier, for
example in the works of Boardman and Vogt. Recently, the theory of operad
has found applications in different branches of mathematics, from category
theory to mathematical physics and it is in constant development.

We first give the definition of an operad. Then we focus on one type of
operad, namely the little disks operad, that will be defined and characterized
by some results that will be used later in this thesis. Finally, we discuss the
partial operad of configuration spaces.

1.2.1 Definition of operad

We present operads over a symmetric monoidal category. Our definition cor-
responds to the one originally given by May, but in the language of category
theory. We refer additionally to [31] and [13].

Definition 1.2.1 ([31], [22]). A monoidal category (C,®,1) is a category C
with a covariant functor

®:CxC—=C
and an object 1 in C called unit object that fulfill the following conditions.

e There is a commutative diagram

CXCXCLid)CXC

[ Js

cxc—2 ¢

e Let 1 be the category with only one element 1, and one morphism. There
is a functor 7 : 1 — C such that the diagrams commute.

1><CLid>C><C

\}l@

C
Cx1 Y L exe
p s

C

T

A monoidal category C is said to be symmetric if for every two objects X, Y
in C there is a natural transformation, called twist map

here p is the projection.

Xy XY 5Y®X
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such that
Ty, xTx,y = idxgy

and the commutativity of the diagrams is satisfied.

Yy®

id
XvVYez 2 yeoXeZ

r
w J/id@TX,Z

YoZ®X
id
XY ®Z —22  XozeY
W lﬁ(,z@id
70XQY

Remark 1.2.2. We denote the operation in a general monoidal category by ®,
which is an abuse of notation, since generally ® denotes the tensor product
in the category of vector spaces, algebras or graded algebras. However, this
choice is justified by the fact that this simplifies the notation, since we will
mostly consider monoidal categories with multiplication given by the tensor
product.

Example 1.2.3. Examples of symmetric monoidal categories are the category
of vector spaces over a field K with tensor product (Vectg, ®, K), the category
of sets with the Cartesian product (Set, x,{*}), the category of Frobenius
algebras over K with tensor product (Frobg, ®,K).

Definition 1.2.4. ([13]) An operad O on a symmetric monoidal category C
is a sequence of objects O(n) in C, n € N, such that there is

e an action of the symmetric group 3, on O(n)
e a composition
0:0(n) @ O(k1) @+ @ O(kn) = O(k1 + -+ + k)
for all k1,...,k, > 1 and we write
z(n)ox(k) ® - @x(ky) € O(k1+ -+ kn)
for every element z(n) @z (k1) ®- - - @x(k,) € O(n)@O(k1)®---®@0(ky)
e an element 1 € O(1) called unit and a unit morphism

p:l—0O(1)
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Moreover the composition and the unit morphisms are required to satisfy some
axioms expressed by the commutativity of the following diagrams

e Associativity:

(On)@0(k1) ®---®O(ky))
& O(kljl) R Q& O(kn,kn) —l> O(kl,l + -+ kn,kn)

R

O(n) @ (O(k1) @ -+ @ O(kn)
®O(k11) @+ @ O(knk,))

where [ =o(0®id®---®id) and h = o(id®o® -+ ® 0)

e Equivariance: Let o € ¥,, be a permutation, o; € ¥, and we define
o' € X, +...4k, to be composition of the permutations o and (o1, ..., 0y).
Finally, 0* : O(k1) ® --- @ O(kn) = O(ko1)) @ - - @ O(ky(y)) is the
permutation of the factors of the tensor product by o.

On) @ Ok1) @ -+ @ Okn) 2% O(n) ® O(h1) @ - - - @ O(kn)

lid Ro* \LO

O(n) ® O(ky(1)) ® -+ @ Okg(r) Okt + -+ + k)

O(ko(l) + e ka(n))

e Unit:

1R

O(n)
On) @ 19" — 92" 0m) @ 0(1)8"
O(n)

We can think of an operad O(n) as an n-ary operation with n input and
one output. The next picture illustrates the operadic composition.
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—_
[\]

—_

[\]

w

_ —
N —
LD — ~—
= —

!
7

S — ~—

|
1 2 3 45

Figure 1.2: Operadic composition.

As mentioned, operads encode the structure of operations on an algebra.
We call the algebra described by an operad algebra over an operad, and it is
defined as follows:

Definition 1.2.5. ([13]) Let O be an operad over a symmetric monoidal
category C. An algebra A over an operad O, or O-algebra, is an object A in
the category C with morphisms

A:On) @ A% = A

given for all n > 0, that respects the equivariance, associativity and unit
relations. That is, the following diagrams commute for all n > 0:

e equivariance: Let o € ¥,, be a permutation.

O(n) @ A" 299 O(n) @ A"

Jiseor s

On) @ A®" — 24 4

e unit:
104 9% 01)e A

A
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e associativity: Let X = (O(n) @ O(ky) ® --- ® O(ky)) ® A2k and
Y =0(n)® (0k) @ A @ - @ O(ky,) @ A®Fn).

ot

X Y
iu@)id lid AR @A
Oky + -+ + kn) ® A® 2K O(n) ® A®"
A
Y
A

Example 1.2.6. Examples of operads are the commutative operads and as-
sociative operads that encode the structure of commutative ad associative
algebras. Another is the little disks operads, that we describe in the next para-
graph.

In the next section we will consider cyclic operads in the category of real
vector spaces with tensor product. We therefore, describe the condition for an
operad to be cyclic.

Definition 1.2.7. ([31]) A cyclic operad is an operad O such that the action
of ¥, on O(n) extends to an action of X,,;1 fulfilling the axioms given by the
following commutative diagrams.

We denote by X7 the group of automorphisms of the set {0,1,...,n}. I}
is isomorphic to ¥,+1, and ¥, can be interpret as a subgroup of X given by
permutation ¢ such that o(0) = 0. We denote by o, the permutation in X"
given by 0,(0) =1, 0,(1) =2,..., op(n) = 0.

e Identity:
1 - 00)

N

o(1)

e The permutation s changes the position of O(n) and O(k) in the multi-
plication

On)@0k) @1®--- @1 — On+k—1)

\La'n@O'k

Ok)®O0n)®1®---®1 Tntk—1

s

Ok)®1® - ®120Mm) — On+k—1)
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and
o)1 0k @ - ®1 — On+k—1)

M
7
On+k—1

lo'n®id

On)R1®--- 0k ®@--- @1 — O(n+k—1)
i—1

We can think of a cyclic operad O(n) as obtained from an n-ary operation
where the output is interpret as an input labeled by 0.

123 n 0 123 =n

Figure 1.3: In a cyclic operad O(n) the action of the symmetric group ¥, extend to
an action of ¥, 41[31].

1.2.2 Little disks operads

The Little disks operad, or LDO, is an operad such that for every n natural
number the space D, (n) is the space of linear embeddings of n disks of dimen-
sion r in the r-dimensional unit disk. Little disks operads, were introduced
in the 70s in the works by Boardman and Vogt [4] and May [32]. They have
applications in topology, algebra and mathematical physics.

In this section we refer to [31] and [13] for the definitions.

Definition 1.2.8. ([13]) Let the standard r-disk be
D, = {(z1,...,2,) ER™; 22 +--- 422 <1} CR".
A linear embedding ¢ : D, — D, is given for every (z1,...,x,) € D, by
c(x1,.. . xp) = (a1,...,a;) + t(z1,. .., 2,),
where (ai,...,a,) € D, and t € R are such that if ¢(z1,...,2.) = (y1...yr),

then >, y?(z;) < 1. So a linear embedding of a disk is an embedding given by
translations and shrinks.
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Definition 1.2.9. ([13],[31]) The little r-disks operad D, is given for every
n € N by the set of liner embeddings of the disjoint union of n little r-disks
in D,

D,(n) ={(c1,...,cy) : D" = D,}

such that ¢; : D, — D, is a linear embedding, and if ]f))r denotes the interior

o o

of Dy, ¢;(Dy) Ne;(Dy) = 0 for all ¢ # j.
The operadic composition

o: D,«(n) X D,«(lﬁ) K- ® Dr(k‘n) — Dp(ky+---+ k’n)
is given for ¢ € D,(n) and ¢; € D,(k;) by
n  k;
coc1® - Qe : HHDZJJ — D,
i=1j=1
such that the restriction to one little disk is given by the composition
(cocr®---® cn)|m,j = c(¢)

The symmetric group ¥, acts on D,(n) by permuting the order of the n disks.
More precisely, let o € ¥, and ¢ = (c1,...,¢,) € Dy(n) then

c*0 = (Co(1)s -+ Co(n))
The unit element 1 is the identity 1 =id : D, — D).

Remark 1.2.10. The cohomology of little disks operads is known. In fact,
the spaces D,(n) is homotopy equivalent to €,(n), where

C(n) ={(x1,...,2n) ER™;2; #xj for i # j,0 <i,j <n}

is the configuration space of n points in R".
The cohomology of €.(n) has been computed by Arnold [1] in the case
r =2 and Cohen [9] for r > 3. The ring H*(€,.(n)) is given by

HY (& (n)) = Zlea, ]/~

where 0 < i,j < n, Z[ey,] is the free commutative graded algebra generated
by €q, ; of degree r — 1 and ~ are the relations

J— T
® ey = (—1) e,
o ¢2 =0ifrisodd
Q5
i 604(1,,1)6041‘),0 + eab,ceac,a + eac,aeaa,b = O

This last relation is called in the literature Arnold relation.
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We introduce the notion of formality for operads.

Definition 1.2.11. An operad O is called formal if there is a zig-zag of
morphisms of operads which induce an isomorphism in homology

O+ ---— HO).
The following result holds for LDO.
Theorem 1.2.12 ([25], ([27])). The little disks operads are formal.

Remark 1.2.13. A brief history of this result appears in [25]. The first at-
tempt on the proof is due to Getzler and Jones, and Tamarkin. Later, Kontse-
vich [25] gave a sketch of the proof, that was finally stated fully by Lambrechts
and Voli¢ in [27]. A brief description of this result will be discussed at the end
of Section 2.1.

1.2.3 The partial operad of configuration spaces

Definition 1.2.14. ([31]) A partial operad, O in a based category C is a
sequence of objects O(n) in C, n € N, with a composition

o:O(m)@O(n1)®"'®O(nm)—>O(n1+"'+nm)

defined only for a subset of composable elements in O(m)@0O(n1)®- - - QO (ny,)
that satisfy the associativity, unit and equivariance axioms of the definition
of operad.

Definition 1.2.15. ([31]) Let &,(n) be the configuration space of n points
over R"
Cr(n) ={(z1,...,2n) e R 2y # x5 if i # j}
where 1 <17,5 < n.
We define €, to be the collection {€,(n)},, for every n € N with a compo-
sition
0:¢(n)®C& (k1) @ @ Cp(kp) = &by + -+ ky)

given for every

(a,x1,...,7n) €E(n) RC (k1) @ -+ @ & (k)

where a = (ay,...,a,) by
xo(x1,...,xn) = ((a1,...,a01) +21,. .o, (Qn, ..., apn) +2p)
———— —————
k1 times k, times

The unit 1 € €,(1) is the set with one point and the unit morphism is

p: {0} — €. (1) =R"



10 Chapter 1. Operads

Remark 1.2.16. ([31]) €, is a partial operad. The axioms of being an operad
are satisfied, but the composition

xo(xy,...,xn) = ((a1,...,01) +21,- .o, (Any ... ap) +2p)
—_— —_—
k1 times k. times

is not necessarily in €, (k; +- - -+ ky) since a; + (2;); is not necessarily different
from ap, + (x); for i # jand 1 < h,l <n.

Remark 1.2.17. The partiality in the definition of configuration space op-
erads can be avoided by considering F'Mys(n), the Fulton and McPherson
compactification of configuration spaces of n points over M [14]. This can be
assembled to form an operad, called Fulton and McPherson-operad, that is
weak equivalent to the little disks operad [15].

1.3 Spiders

This section introduces the mathematical notion of spider, a construction that
will be used in the next chapters.

The objects are considered to be in the category of real vector spaces,
therefore we specialize to operads in this category.

Definition 1.3.1. ([10]) An operad O in the category of real vector spaces,
also called linear operad, is a collection of real vector spaces O(n), n > 1
together with a a right action of the symmetric group ¥, over O(n) and
composition law

0:0n)®@0O(k1)® - ®O0(kp) = O(k1 + -+ + kn)

that satisfy the associativity and equivariance axioms, and a unit 1o € O[1]
satisfying the unit axioms.

Let an m-star *,, be a tree with m 4 1 vertices and m edges such that
there is a vertex v that is a common vertex for every edge. A labeling of the
edges in a graph I', is a bijection

L:E(T) = {0,...,|ED)|}

where |E(T")| is the cardinality of the set of edges in T'. Therefor a labeled
m-star is an m-star together with a function L.
We can now define a spider as follows.

Definition 1.3.2. ([10]) Let O be a cyclic operad, £ the set of labelings of
an m-star, m > 2. OS[m], the space of O-spiders with m legs is the space of
coinvariants

OS[m] = (©0(m —1))s,,

The symmetric group ¥, acts by o(or) = 0(0),, for some o € ¥, and
0€O0(n—1).
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A6 A1

)\5 2 )\2

Aq A3

Figure 1.4: A labeled 6-star. In the picture \; are the edges, while the integers k,
k=0,...,5 the labelings of the edges [10].

We can think of a spider as superposition of an element of the cyclic operad
O(m — 1) and an m-star, where the labeling of the m-star correspond to the
inputs and output of the operad. Dividing out by the action of 3, erases the
labelings.

NVA
ay

Figure 1.5: A spider with six legs. Dividing out by the action of X erases the labelings
[10].

)\5 )\2

The composition of operads induces a composition in the space of spiders,
picturesquely called mating law.

Definition 1.3.3. ([10]) Let
08 = @ 0S[m]
m>2

be the space of O-spiders.
Let S7 and Sy be two spiders with m and n legs respectively and the
elements in the corresponding operads 01 € O(m) and 0y € O(n). The spider

(Slv )‘) © (:u’ 82)

obtained by mating S1 and Se along the legs A and u corresponds to the
composition
02001®lo--®lo
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obtained by composing 01 and 0s. The composition is carried out by choosing
a labeling Li(A) = 0 and Lo(u) = 1 so that A is the output of o; and pu
the first input of 0s. The edges in the underlying graph of the spiders that
correspond to A and p are contracted, the remaining edges renamed and the
inputs are relabeled so that the legs of S; are inserted in their order, into
the ordered set of legs of S, at the former place of u. The mated spider
S = (S1,A) o (p,S2) is the equivalence class under the action of ¥,,,_2 of
the result of this operation.

The following picture adapted from [10] illustrates the composition in the
arachnid world.

A1

\/ /

—— A=)\ pu=M\ Sa —— X

/\ /

A3

As

Figure 1.6: The spiders Sy and Ss to be mated along the legs A and p.[10]

\ a P

S A2

/\/

A3

As A
\ // A1
S A2
/NN,
A6 A5

Figure 1.7: The spiders S; and S, mating along the legs A and u. In the second
picture, the mated spider after the contraction of the edge.[10]

A7

A7




Chapter 2

Graph cohomologies

2.1 Kontsevich’s graph cohomologies

The graph complex GC was introduced by Kontsevich [24][23] in the context
of knots invariants and it was used to compute the homology of infinite di-
mensional Lie algebras. In the next paragraph we will describe two ways of
defining GC and we give some results about its homology. In the proof of the
formality of little disks operads Kontsevich [25] introduced other graph com-
plexes, these will be constructed in the last paragraph of the section called
Formality of the little disks operads.

2.1.1 The complex GC

In this section we present the graph complex defined by Kontsevich in [24].
We will refer for the definition and results to [24]. We call the graph complex
GC, following the notation used by Willwacher in [40].

Definition 2.1.1. [24] Let GCj, be the abstract vector space over QQ spanned
by equivalence classes of pairs (I, 0) where I is a connected non empty graph

with k vertices, such that all vertices have valence > 3 and o is the orientation
of I'.

e If the manifold M has odd dimension, o is the orientation of the real
vector space RPN @ H(I',R). The following relation holds

(Fv _0) = _(F7 O)'
e If M is even dimensional, o is the orientation of RE(M) and
(T',0) = Sgn()(T, o)
where o’ differ from o by a permutation o.

13
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GC =P GGy
k

The differential d : GC, — GCg_1 is given by

d(T',0) = Z (I'/e, or/e)

ecE(T)

where I'/e is the graph obtained from I' by contracting the edge e. op/ is
the induced orientation, defined to be the natural orientation on REM\e g
H(T'/e,R), in the odd case, while the induced orientation is the orientation
on REM\e in the even case.

Definition 2.1.2. ([40]) The full graph complex fGC is the graph complex
given by linear combinations of equivalence classes of graphs, not necessary
connected and without any valence condition, with differential and orientation
defined as before. We have that GC is a subcomplex of fGC.

Remark 2.1.3. If follows from the definition that in the odd case changing
the direction of one edge changes the sign of the orientation and

(', —o0) = —(T', 0).

It follows that graphs with loops are zero.
In the even case the relation

(T',0) = Sgn(o)(T', o)
implies that graphs with double edges are zero.

Remark 2.1.4. The differential preserves the dimension of H(T'), so the
complex GC decomposes into the direct sum of subcomplexes C'GX given by
the graphs with the same Euler Characteristic x. In [23] Kontsevich denotes
these complexes by G7* where y =1 — m.

Remark 2.1.5. ([41]) The complex (GC, d*), where d* is the dual differential
carries the structure of a dg Lie algebra. The differential d* is defined by

d*(T) = Z split(T, v).

veV(T)

Here split(I', v) is the operation that replaces the vertex v by two vertices
connected by an edge and summing over all ways of reconnecting the edges
incident at v to the two new vertices. Let n be an integer, one can define
GC" to be the differential graded Q-vector space generated by isomorphism
classes of graphs with an orientation. The orientation is defined as before, with
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the distinction between n being even or odd. The number n determines the
cohomological degree of a graph. A graph v € GC™ has degree

v = (V)= 1Dn = [EM)(n - 1)

here |V (v)| and |E(y)| are the cardinalities of the set of vertices and edges.
The Lie bracket is defined by inserting one graph in the vertices of the other
and vice versa

v =vyev+ (—1)"My ey

where yov =3~ -y, (inserting v in v).

Remark 2.1.6. The homology of C'G is notoriously hard to compute. Most
of the work in this direction is due to Kontsevich and Willwaczher [40] and
[20]. Some computations can be found in the article by Barnatan and McKay
[11]. A feature characterizing the cohomology of GC,, is that it depends on
the parity of n since

HI(GCY,,) = HIT(GCY)

where k is the number of cycles in the graphs with Euler characteristic x [41].
A remarkable result due as well to Willwacher [40] is that

HY(GCy) = gy

where grt; is the Grothendieck-Teichmiiller Lie algebra, moreover
HI(GCQ) =~ K and HSl(GC2) =0.

2.1.2 The spiders definition

We present here the construction of GC given by Conant and Vogtmann in
[10]. This definition corresponds to the one given by Kontsevich described
above in the case where the manifold M is odd dimensional, with the difference
that here the vertices in the graphs need to have valence > 2.

Let T be a graph, for every edge ¢ € F(I') we denote by et, e~ the half
edges composing e.

Definition 2.1.7. ([10]) An orientation of a graph is determined by a choice
of an ordering of the vertices and the half edges. Given a graph I' with n
vertices and m edges we then specify the orientation of I,

m> €m)

o(T') = Sgn(v1,...,vn,ef,e7,..., el e

to be the equivalence classes of permutations up to sign of the word obtained
by ordering the vertices and then the half edges of I'.

Remark 2.1.8. As proved in [10], this definition of orientation is equivalent
to the definition given by Kontsevich as orientation of the vector space REM) g
HY(T,R).
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Definition 2.1.9. ([10]) An O-graph G is an oriented graph without univalent
vertices such that every vertex is colored by an O-spider in a way that the
half edges incident to the vertex are identified with the legs of the spider.

The graph cohomology chain complex is defined as follows:

Definition 2.1.10. ([10]) For all k in N the group OGy, is the quotient of the
vector space spanned by the O-graphs with k vertices

OG. = R{O-graphs with k vertices}/relations

where the relations are given by:
e (Orientation) o(—T") = —o(T)

o (Vertex linearity) If a vertex v in I is colored by an element S, = aF+bT
a,b € R and S, T in OS[m] then I' = al'g 4 bI'p where I's and 'y are
obtained by coloring v by S and T respectively.

Given an O-graphs G and given an edge e in the underlying graph I' we
define a new O-graphs G, as follows. If e is a loop then G, is zero. Otherwise,
if e is not a loop, let I'/e the graph obtained from I' by collapsing the edge e.
The induced orientation o(I'/e) is defined by:

Definition 2.1.11. ([10]) Let e be an edge in E that is not a loop, oriented
so that v; is the source and v; the target, and let I' have an orientation given
by o(I') = Sgn(vj, vj,...,vpn,€1,...,€n). Then I'/e has an induced orientation
o(I'/e) = Sgn(v;,Vj,...,vn,€1,...,€,...,€n), obtained by removing the target
vertex and the edge e.

Then the O-graphs G has I'/e as underlying graph, orientation o(I'/e) and
the vertices are colored as follows. The vertices that are not in e are colored
in the same way as in G, while suppose that v and w are the vertices in e and
they are colored by the spiders S and T then the vertex formed by collapsing
e is colored by the spider obtained by mating of the spiders S and T along
the legs of the spiders corresponding to the half edges of e.

Definition 2.1.12. ([10]) The boundary operator 0 : OGy, — OGj,_1 is defined

by
5@ = > G
ecE(T)
The graph chain complex is (OG, 9)
0g = P0G,
k

together with the differential.
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Remark 2.1.13. If O is a commutative cyclic operad, the vector spaces
O[n] = R are 1-dimensional and the action of the symmetric group is trivial.
The composition law is given by the multiplication R x R — R. An O-spider is
given by an m-star weighted by a real number, and mating two spiders gives
rise to a third spider weighted by the product of the weights of the first two.
In this case OG corresponds to the complex GC.

2.1.3 Formality of the little disks operads

In [25] Kontsevich proves that the little disks operad is formal. In the proof
he introduces various graph complexes, of which we will give here a short
description and we show how GC comes into the picture. We refer to [40], [8]
and [19] for the construction of the complexes.

Definition 2.1.14. ([19]) Let Gra,, (V) be the commutative differential graded
algebra generated by e, p, a,b € {1,..., N} of degree n — 1.

Gra,(N) = (Z[ea,b]/ezyb =0,e4p = (—1)"€pq;d =0)

It can be interpreted as the commutative differential graded algebra spanned
by graphs without loops or multiple edges, with N vertices, where the edges
are the generators e, of degree n — 1. The product Gra,(N) ® Gra,(N) —
Gray, (IN) consists of gluing two graphs together along their vertices. Moreover,
Gran,(N) for N € N assembles to form a cooperad. The cooperadic structure
is given by

Gra,(n) — Gra,(m) @ Gra, (k1) ® - - - @ Gray (k)

and it sends a graph I" to > IV ® I'; ® - -+ ® 'y, where the sum runs over all
(k4 1)-tuples of graphs such that when each graph I'; is inserted at the vertex
i of T, there is a way of reconnecting the loose edges such that one obtains I'

[8].

The next complex is defined with the technique of operadic twisting. We
will define it combinatorially in terms of graphs, without explaining the con-
struction behind, since it would go out of the scope of this thesis. For the
detail of twisting an operad we refer to Appendiz I in [40].

Definition 2.1.15. ([19]) We define TwGra,,(N) to be the differential graded
module spanned by graphs with two kind of vertices: IV vertices called external,
and some unlabeled internal vertices. The edges have degree n — 1 and the
internal vertices have degree —n. The differential is given by

dT)= > 4I'/e
ecE(T)

where e is an edge in I' connecting an internal vertex to another vertex of
either kind. The sign in the differential is given by the orientation of the



18 Chapter 2. Graph cohomologies

graph defined as in the Definition 2.1.1, with distinction between n being odd
or even. The product of two graphs glues them along their external vertices.
Moreover, TwGra, has the structure of a coopered.

Let Graph,(N) C TwGra,(N) be the subcomplex spanned by graphs with
all internal vertices at least trivalent and and with no connected component
consisting entirely of internal vertices.

This last result is due to Kontsevich [25], and Lambrechts and Voli¢ [27].

Theorem 2.1.16. Consider F M, the Fulton and McPherson compactifica-
tion of the configuration space. There is a map of cooperads

H*(Dy(n)) < Graphs, — Qp4(FM,,)
that is a zigzag weak equivalence.

The result follows from the fact that the Fulton and McPherson operad
FM is formal, so for all n FM,, = Q}, ,(F'M,), and that it is weakly equivalent
as topological operad to the little disks operad D, (Propostion 5.6 [27]).

Remark 2.1.17. The Lie algebra (GC, d*), discussed in Remark 2.1.5 acts
on Graph,, as follows: let v be an element in GC, and I' in Graphs,, there
is an element

o~y € Graphs,

given by the contraction of subgraphs of shape v in I' (page 1255 in [41]).

2.2 Baranovsky-Sazdanovié¢’s graph cohomology

2.2.1 The complex Cpg(I)

This section presents the graph complex defined by Baranovsky and Saz-
danovi¢ in [2]. Their definition is inspired by the work by Helme-Guizon and
Rong [16], whose construction develops from the cohomology theory defined by
M. Khovanov in [21]. There he associates to each link a family of cohomology
groups whose Euler characteristic is the Jones polynomial of the link. Helme-
Guizon’s and Rong’s graph cohomology expands the Khovanov’s definition
associating to each graph, graded cohomology groups whose Euler character-
istic is the chromatic polynomial of the graph. Baranovsky and Sazdanovié
in [2] prove that there is a spectral sequence that relates the graph cohomol-
ogy defined by Helme-Guizon and Rong with the cohomology of configuration
spaces, verifying a conjecture posed by Khovanov.

We give here the definition of the graph cohomology complex. We refer to
[2] for the definitions and the notation with the exception of the notation of
the complex that we will call Cgg(I"). Then, we state some results relating the
complex to the homology of configuration spaces.
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Let A be a graded commutative algebra over a commutative ring R, and
assume that A is a projective R-module. Let ' be a finite graph, V = V(I)
be the set of vertices and E(I') the set of edges. We choose an order on the
vertices. This gives an orientation on every edge « in E(T'), if a connects the
vertices ¢ and j and i < j, o : i — j. For any subset S of E(I"), we denote by
[[" : S] the subgraph that has as vertices the same vertices of I" and as edges
the edges in S, we denote by [(S) the number of connected components of
[[:S].

Definition 2.2.1 (]2]). Let A be an exterior algebra over R with generators
ea, a € E(T'), and eg be the exterior product of e,, o € S, ordered with the
lexicographic order of the pair (i,j) where a : i — j.

The bigraded complex, that we will here denote by Cpg(I"), is defined as

Cps(T) = A® A®" [eq @ (a[i] — alj]),

the algebra A ® A®™ quotient by the relation e, ® (a[i] — a[j]), where a € A,
a:i— j € B(') and afi] denotes the element 1% @ ¢ ® 197" € A®", The
complex has a bigrading given by the sum of the grading of the elements e, of
bidegree (0, 1) and the elements 1®a; ®- - -®a,, with bidegree (", deg 4 a;,0),
so the degree of es ® a1 @ -+ ® a,, in Cpg(T) is (D1 degy a4, |S]).

The differential of degree (0,1) is given by the exterior product

0= Z €q
acE(T)

Remark 2.2.2. The assumption of A be a projective R-module is used in
the proof of the convergence of the spectral sequence. We refer to [2] for the
definition of the spectral sequence and the proof.

Remark 2.2.3. The complex Cpg(T") is isomorphic to

B cs0a®
SCE(T)
That is for every n € N

CpsM = P esoa®.
SCE(T),|S|=n

For § C E(I'), each term a; of the element es ® a1 ® -+ ® ayg) € AlS)
corresponds to a component in [I" : S]. In the case S = (), the components of
[[": 0] are the vertices in I'. We can construct a map

¢ (ADA" /) > P eg® A
SCE(T)
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such that if a is an edge in E(T"), a: ¢ — j, then
Plea®a1® - ®ap) =ea®a1 @ @ (=1)7a;a; ® - @ ay(q)-

The terms a; and a; are multiplied with a sign that is the Kozul sign given
by the permutation in the tensor product that brings a; close to a;, here
[(ar) =mn — 1. The inverse is given by

¢$ Hea®ar® - @ (=1)7aia; © - ® ap_1)
:€a®a1®"'®(—1)Taz’aj®"‘®1®"'®an—1

where 1 is in the position j. Then, it is enough to notice that
ea®a1®---®(—-1)a0; ® - 1@ @ap_1

is in the same equivalence class of e, ® a1 ® - - - ® ay, since for a,b € A,
a®b=(a®1)(1®b) ~(1®a)(1®b) = (1 ab)

and
(a@1)(1®b) ~(ax1)(b®1)=(ab®1).

Remark 2.2.4 ([2]). The differential 0 : Cg — ngl induced by ¢ on

Chs(D) = @ es@ AS)
SCE(T)

is

Ies®a1 @ ®ayg)) = Z €als ®ay & - & ayg)
a€E(D),l(SUa)=l(S)
+ > (—1)7eaes@a1 ® - @a;-a; @ ® ayg).

a€E(D),[(SUa)=1(S)—1

The first term of the sum represents the case where the edge o connects
two vertices of the edges in S that are in the same component. Therefore, the
number of components of [I" : S] and [I" : SU«]| are the same, so [(S) = [(SU«).
The second term of the sum refers to the case where the edge o connects two
different components, so [(SUa) = I(S) — 1. Suppose that a : i — j, and that
ap, is the term corresponding to the component containing ¢, and a to the
component containing j. Then 7 is the Kozul sign given by the permutation
in the tensor product that moves a; to the position immediate to the right of
ap,.-

Example 2.2.5. Let I' be K3, the complete graph with 3 vertices. The order
of the vertices induces an order on the edges given by the lexicographic order
E(K3) ={eo1,€0.2, €12} and an orientation on the edges.
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1
0 — 2
Figure 2.1: The graph Kj.

The chain Cgg(T") in this case is the following
AP 5 A2 A2 9 A®? S A ADA— A

The chain groups are given by

CBS(F)n _ @ A®Z(S)
|S|=n

where S is a subset of E(I"), and {(S) is the number of components of [I" : S].
The picture shows the components of [I' : S] with increasing cardinality of
S and the differential that adds every time an edge in [I" : S], connecting its
components.

1 1
/ /
0 2 D¢
D D
1 1 1

0 \2 0/1\2

Figure 2.2: An example of Cps(I') when I' = K3, the complete graph with three
vertices.

Let ap ® a1 ® az € C%, then
3(&0 ® a1 ® (12)

=ep,1 ®apa1 ®az +e12®ag @ ajaz + (—1)“11“@2'60,2 & apaz ® a1
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Notice that the fact that 0> = 0 is provided by the sign coming from the
graded commutativity of A. For example,

860,1((_]‘)|a1“a2|60,2 ® apaz @ ay)

= (=1)lllazle 1 eq » @ agazar = egre02 ® aparaz
and
ey »(€0,1 ® apa1 ® az) = eg 2601 ® apaiaz = —ep,1€0,2 ® Aoa1as.

All the terms in 6 given by adding an edge e; and then e; cancel with the
terms given by adding the edges in opposite order, so 9% = 0.

2.2.2 Results about the homology of configuration spaces

As anticipated, the complex Cpg is related to the homology of configuration
spaces depending on a graph, as defined by Fastwood and Hugget [12].

Let M be simplicial complex and I" a graph as defined in the first section.
Let a: i — j be an edge in E(I"), Z, be the diagonal of the Cartesian product
M™ corresponding to the edge a,

Lo = {(ml,...,mn) € Mn;mi ij}

and

Zr = U Zo.

acE(T)

We define the graph configuration space of M dependent on I' to be
C(M,T) = M™\ Zy.

If M is a manifold the definition corresponds to the generalized configuration
space depending on a graph studied by Fastwood and Hugget in [12].

Baranovsky and Sazdanovi¢ in [2] prove that Cpg is the E; page of a
spectral sequence converging to the cohomology of such configuration space.
This confirms a conjecture by Khovanov that there is a spectral sequence
between the graph homology defined by L.Helme-Guizon and Y. Rong and
the work by Fastwood and Huggett.

Theorem 2.2.6 ([2]). Assume that the cohomology algebra A = H*(M, R) is
a projective R-module and that I has no loops or multiple edges. There exist

a spectral sequence with Ey term isomorphic to Cg which converges to the
relative cohomology H*(M™, Zr; R).

Remark 2.2.7 (Remark 4 [2]). When M is a compact R-oriented manifold of
dimension m, the relative cohomology groups H*(M™, Zr; R) are isomorphic
to the homology groups Hym—«(€(M,T'); R) by Lefschetz duality.
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Moreover in the case where M is a Kahler manifold the following result
holds.

Remark 2.2.8 ([2]). If M is a compact Kéhler manifold and the coefficient
ring R is the rationals Q the spectral sequence degenerates at page Fs.






Chapter 3

Rational homotopy theory

3.1 Basic definitions and results

We recall here some basic definitions and results in homotopy theory that will
be needed in the following chapters. We refer to [36], [18] and [29].

Two topological spaces X and Y have the same homotopy type if there
are continuous maps f and g

such that the compositions are homotopic to the identity maps on X and
Y, fg ~ idy and gf ~ idx. Homotopy theory is the study of properties
of topological spaces that depend on the homotopy type of the spaces, for
example the homology and cohomology groups or the fundamental group.

Rational homotopy theory is a variation of homotopy theory where the
properties of spaces are studied in their rationalization. For example the
groups H;(X) and 7;(X) can be rationalized in the vector spaces H;(X,Q)
and 7;(X) ® Q. This leads to a loss of information, because the torsion sub-
groups are ignored, but it creates a theory where computations are easier to
carry out. We now describe the process in details.

Definition 3.1.1 ([18]). A simply connected space X is called rational if the
equivalent conditions are satisfied:

e the collection of the homotopy groups 7.(X) is a Q-vector space
e the reduced homology H, (X,Z) is a Q-vector space
e the reduced homology of the loop space E(QX ,Z) is a Q-vector space

The next definition and theorem show that a rational space Xy can be
associated to every simply connected topological space X.

25
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Definition 3.1.2 ([18]). Let X be a simply connected space. A continuous
map [ : X — Xj is a rationalization of X if X is simply connected and
rational and

Tx (1) 2 (X)) @ Q = i (Xo)
is an isomorphism.
Theorem 3.1.3 (1.5 [18]). Let X be a simply connected topological space.
There exists a relative CW complex (Xo, X), with no zero-cells and no one-

cells such that the inclusion i : X — Xy is a rationalization. Moreover, such
space is unique up to homotopy equivalence, relative to X.

We then introduce the rational homotopy type of a simply connected topo-
logical space X. We recall the fact that two topological spaces have the same
weak homotopy type if they are connected by a zig-zag of morphisms between
them that induces an isomorphism in all homotopy groups.

Definition 3.1.4 ([18]). The rational homotopy type of a simply connected
space X is the weak homotopy type of its rationalization Xj.

We can now redefine rational homotopy theory as the study of properties
of topological spaces that depend on the rational homotopy type of the spaces.

3.1.1 Commutative differential graded algebra

Definition 3.1.5. A commutative differential graded algebra, or in short
CDGA, is a graded algebra A over a ring R such that the multiplication

AT X AT AT
is graded commutative, in the sense
a-b=(=1)lllblp.q

here | — | denotes the degree of the element —, and A™ denotes the set of
elements of degree n. Moreover, A is equipped with a differential d : A™ —
A"t that makes A into a cochain complex. The differential satisfies the graded
Leibniz rule

d(ab) = d(a) - b+ (—1)1a - d(b)

Definition 3.1.6 (2.1 [29]). An oriented Poincaré duality algebra of dimen-
sion n is an algebra A over a field K together with a linear map ¢ : A* — K
such that the induced bilinear forms

AP @ Ak 5 K
a®br— e(a-b)

are non degenerate.
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Definition 3.1.7 (2.2 [29]). An oriented Poincaré duality CDGA is a CDGA
(A,d) such that the underlying algebra (A, ¢) is an oriented Poincaré duality
algebra and £(dA) = 0.

Poincaré duality CDGAs have applications in computing the rational ho-
motopy type of configuration spaces, as we will see in the next section. In [29]
Lambecht and Stanley prove the following results.

Theorem 3.1.8 (1.1 [29]). Let k be a field of any characteristic and let (A, d)
be a CDGA over k such that H*(A,d) is a simply connected Poincaré duality
algebra of dimension n. Then there exists a CDGA (A',d") weakly equivalent
to (A,d) and such that A" is a simply-connected algebra satisfying Poincaré
duality in dimension n.

Definition 3.1.9 ([30], [28]). Let (A,¢) be an oriented Poincaré duality al-
gebra. The diagonal class A is the element

A=) (-Dllg;®ai e Av A

where {a;}; is a basis for A and {a}}; the Poincaré dual basis with respect to
the orientation, that is

€<ai . a;“) = (51'73'
where §; ; is the Kroneker delta.
Remark 3.1.10. Let M be a closed oriented manifold of dimension m. Then
H*(M) is a Poincaré duality algebra and there is a preferred generator [M] €
H,,(M). Choosing a basis {a;}; for H*(M) there is a Poincaré dual basis {a; };
characterized by the equation

(a; Uaj, [M]) = 0i
The diagonal class is the element of top degree in H*(M) ® H*(M)

A= (-1)"la; @ a;.

3.1.2 Sullivan models

In the context of rational homotopy theory, we are interested in CDGA over
the rationals. In 1977, Sullivan [34] constructed a functor from the category
of topological spaces to the category of rational CDGA

APL : TOp — CDGAQ

such that if X is a simply connected space with rational homology of finite
type, then the rational homotopy type of X is encoded in any CDGA weakly
equivalent to Apr(X). Apr(X) is the CDGA of differential forms on X with
coefficients in Q.
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Definition 3.1.11 ([36]). A Sullivan algebra is CDGA of the form (AV,d),

where

o V ={VP},~; and AV denotes the free graded commutative algebra on
Vi

o V =U; o V(k) where V(0) C V(1) C ... is an increasing sequence of

graded subspaces such that d = 0 in V(0) and d : V(k) - AV (k — 1),
k> 1.

Now we can define the Sullivan model.

Definition 3.1.12 ([36]). A Sullivan model for a CDGA (A,d) is a quasi

isomorphism

m: (AV,d) — (A, d)

from a Sullivan algebra (AV,d). If X is a path connected topological space
then a Sullivan model for Apy,

m: (AV,d) = Apr(X)

is called Sullivan model for X. A minimal Sullivan model is a Sullivan model
such that d(V) C A=2V.,

Sullivan models encode the rational homotopy information of the space,
as the following results shows.

Remark 3.1.13. If (AV,d) be a Sullivan model for X then

H*(AV,d) = H*(X;Q).
If X and Y are simply connected topological spaces with the same rational
homotopy type then Apr(X) and Apr(Y) are weak equivalent. Moreover, X
and Y have the same rational homotopy type if and only if their Sullivan

minimal models are isomorphic. In fact, there is a bijection between the sets

rational isomorphism classes of
homotopy types minimal Sullivan algebras '

Definition 3.1.14. We will call a rational model for X any CDGA (A,d)
weakly equivalent to Apr(X), and so

H*(A,d) = H*(X, Q).
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3.2 Rational and real homotopy type of
configuration spaces

Let X be a topological space. The ordered configuration space of n points in
X that we denote by €(X,n) is defined as

¢(X,n) = X"\ J A,

where Am’ = {(l’l, .. .,ZL‘n) eX":x; = :L‘j}

We recall here the most important results about the rational homotopy
type of this space. We give first a general overview and then analyze more in
detail some constructions that will be needed later in this thesis.

3.2.1 Historical notes

The study of the rational homotopy type of configuration spaces €(X, n) dates
back to 1994 when Fulton and MacPherson [14] constructed a rational model
A (X,n) for €(X,n), where X is a non singular, compact, complex variety.
This model depends on the cohomology ring H*(X,Q), the orientation and
the Chern classes.

The same year, Kriz in [26] described a differential graded algebra En]
that is a rational model for €(X,n) and that is independent from the Chern
classes. He defined it as

Eln] = H* (X", Q)[Gap)/~

where G, are generators of degree 2m —1, a, b € {1,...,n}, a # b and ~ are
the relations

* Ga,b = Gb,a
o pi(2)Gap = py(x)Gap, v € H(X)
4 Ga,bi,c + Gb,ch,a + GC,aGa,b = O’

and p} is the pullback of the projection p, : X™ — X. The differential is given
by
d(Gap) = PapA

where A is the class of the diagonal.

E[n] was described in the same time in the work by Totaro [37] and it
appeared to be isomorphic to the Ey page of the Larey spectral sequence of
the inclusion €(X,n) < X™. The algebra E[n] will be here discussed in details
in Theorem 5.2.1.

Later, Lambecht and Stanley studied the rational models for configurations
spaces where X is a simply connected closed manifold. They showed that a
simply connected closed manifold always admits a Poincaré duality model A
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[29]. In 2004 they described the case k = 2, a configuration space of 2 points
in a manifold [28] and they defined a model for its rational homotopy type,
G 4(2), that is

Ga(2) = A%?/A,

where A is the diagonal class in A. In 2008 they presented a potential model
for the general case [30]. They conjectured that if X is a simply connected
m-manifold, G4(n) is a rational model for €(X,n), where G 4(n) is defined as
follows.

Ga(n) = A¥"[Gop]/~

where G, j, are generators of degree m —1, a, b € {1,...,n}, a # b, and ~ are
the relations

i Ga,b = (_1)me,a
b pZ(x>Ga,b = PZ(ﬂf)Ga,b, reA
o Ga,bi,c + Gb,ch,a + Gc,aGaJ) = 0,

here p} is the pullback of the projection p, : X™ — X. The differential is given
by
d(Gap) = PapA

where A is the class of the diagonal.

In 2019 Idrissi [19] proved the conjecture true for the real homotopy type
and manifolds of dimension at least 4. Campos and Willwacher few years
before [8] constructed a real model for the configuration space of points in a
manifold.

3.2.2 A real model for configuration spaces

In [30] Lambecht and Stanley conjectured that G4 is a rational model for
configuration spaces of points €(X,n) for any simply connected manifold. In
[19] Idrissi gives a positive answer to the problem in the case of real homotopy
type. We will give a brief description of the construction leading to the proof
since we will refer to it later in this thesis.

The proof is inspired by the one of formality of little disks operad that
we described at the end of Section 2.1 and it involves variations of the graph
complexes defined there.

Let M be a manifold of dimension n, A a Poincare duality CDGA with
its linear map ¢, and Q7 4(M) the CDGA of piecewise algebraic differential
forms on M.

Theorem 3.2.1 ([30]). There exists a zigzag of weak equivalences of CDGAs

AL R T Qb (M)
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such that:
e A is a Poincaré duality CDGA of dimension n;
e R is a quasi-free CDGA generated in degrees > 2;

o forallz € R, e(p(x)) = [}, 0(x)

Definition 3.2.2 ([19]). Let Gray(NN) be the differential graded commutative
algebra spanned by graphs with loops with N vertices such that every vertex
is colored by an element in R.

Grap(N) = (R*Y ® Zeap]/eap = (=1)"ena; d(eas) = P (D))

where e, ; are edges in the graphs and their degree is n — 1. One can define
A to be the inverse image under p ® p of the class of the diagonal in A, as
described in Proposition 3.3 in [19]. For N € N Graz(N) assemble to form
Hopf right Gra';-comodule. Here Gra_, is the cooperad Gra,, where loops are
allowed.

The second step is to construct the twisted operad TWGI‘&%, analogously
to the construction of TwGra,, in Section 2.1.

Definition 3.2.3 ([19]). TwGraf®(N) is the dg module spanned by graph
with two kind of vertices: NV external vertices and unlabeled internal vertices.
All vertices are labeled by element in R. The edges have degree n — 1 while
the internal vertices have degree —n. The differential is given by

d=dy +ds+dp

where dp is the differential coming from R, da(€q5) = p;, ,(A) is the differential
coming from Grar(N) and d; is defined as

()= Y +I/e
ecE(T)
and e is an edge in I connecting an internal vertex to another vertex of either
kind, multiplying the labels. As Gra%(N ), TWGT&% assemble to form Hopf
right TwGra(,-comodule. We denote by TwGrar C TwGra} the sub CDGA
spanned by graphs with no loops.

The last step of the proof is to define a restriction of TwGragr. We need
first to define the partition function.

Definition 3.2.4. The partition function Zg : f{GCr — Z is the restriction of
w : TwGrag — Qp 4 (F M) to fGCr = TwGrag(0). The map w is defined
as follows:

w(l') = w'(T) = (pn)«(w'(I))

/pN:FM(N+I)—>FM(N)
where F'Mys(n) is the Fulton-McPherson operad, py the projection and I the
number of internal vertices.
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Definition 3.2.5 ([19]). Let
fGCr = TwGragr(0)

and let Ry be the f{GCpr -module of dimension one induced by Zy4 : {GCr — R.
We define Gmphs% to be

Graphs% =Ry ®sac, TwGrag(N)

Graphs% is spanned by graphs in TwGrag with no component containing only
internal vertices. The orientation on the graphs is given as in the Definition
2.1.1, with distinction between odd and even case.

The main result of the paper is the following

Theorem 3.2.6 (Theorem 4.14 [19]). Let F My (N) be the Fulton and McPher-
son compactification of the configuration space of N points over M. For all
N € N there is a zigzag sequence of quasi-isomorphisms of CDGA

GA(N) < --- — Graphs’y — Qp o (FMp(N)).

Since F'Mjs(n), the Fulton and McPherson compactification of the con-
figuration space is homotopy equivalent to €(M,n) [14] then if follows that
Qo (FMy(n)) = Qp4(€(M,n)) and so we can conclude that G4 is a real
model for €(X,n).



Chapter 4

Relation between graph
complexes

4.1 Introduction

In this chapter we build a chain map between the complex defined by Bara-
novsky and Sazdanovi¢ in [2], described in Section 2.2, and the Kontsevich’s
graph complex fGC. In the first sections we define a chain complex that is
a variation of fGC. This complex, differently from fGC, depends on a graph
I' and has ordered vertices colored by elements in a graded algebra, that is
the cohomology of a manifold M. However, similarly to fGC, it has two dif-
ferent definitions according to the parity of an integer n, that stands for the
dimension of the manifold M. We denote this intermediate complex by IC(T").
In Section 4.3 we build a map between Cpg(I") and K(I") for the even and odd
case. Then, in Section 4.4 we introduce the complex /s (I") that differs from
K(T') by having unordered vertices, and we build a map between K(I") and
K/ (I). In the last section we describe the relation between this complex and
Kontsevich’s graph complex fGC.

4.2 A variation of f{GC: the chain (I

We define here the chain complex K(I'). As anticipated, it is a variation of
Kontsevich’s complex fGC, depending on a graph I' with ordered vertices
colored by elements in a graded algebra. K¥(T) is the vector space generated
by graphs I'/S with k vertices obtained from I' by contracting S, a subset
of E(T"). The definition depends on an integer n and varies according to the
parity of this number.

Definition 4.2.1. Let M be a compact manifold of dimension n and A a
k-CDG algebra that is a model for the cohomology of M with coefficient in
k, where k is a field of characteristic 0. Let I be a graph without loops or
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multiple edges with an order on the vertices, that gives an orientation on every
edge a in F(I") in a way that, if o connects the vertices ¢ and j and i < j,
then o : ¢ — j. Let S be a subset of E(I') such that S is a forest. We define
the chain K(T') to be

K(T) = r/se A
SCE

where I'/S stands for the k vector space generated by I'/S, [(S) is the number
of components of [T : S]. For every k € N K¥(I') we have

KFry= € T/SeA%E)
SCE,|S|=k

We have the following two cases:

e If n is odd, we assign to the graph I' the orientation o as defined in
Definition 2.1.7, that is given by a choice of an order on the vertices and
half edges. Let e be an edge in I', to the graph I'/e is assign an induced
orientation as defined in Definition 2.1.11. In the odd case the following
relation holds

o(-TI') = —o(I")

e If n is even we assign to I' an orientation given by a choice of an order
on the set of edges and an induced orientation on I'/e as in Definition
4.2.2. The following relation holds

(0)(I') = Sgn(c)o(I')

where ¢ is a permutation of the set edges.

The differential ¢ : K(T')" — K(T')"*! is defined by

d= Y d.,
)

ecE(T
and for e € I'/S such that e : i — j

d.T/S®a® - ® al(s))
=o(l'/S/e)(=1)"T/SUe®a1 ® - @ aja; @ ...a;sue)

where (—1)" is the Kozul sign given by moving a; to the immediate right of
a; in the tensor product.
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€1
€2
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0 2 0
€1
1 0
€0
67 YQ 0o~ o ((_)7
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iy O
0. 1 0
€2

Figure 4.1: An example of I(T') where I' = Kj3. According to the case being odd or
even the loops or the double edges are zero.

We can define the induced orientation in the even case in the definition of
GC as follows.

Definition 4.2.2. Let I be a graph and e an edge in E(I") that is not a loop. If
I" has an orientation given by the order of the edges o(I') = Sgn(e1, . .., ¢|gry|),
then I'/e has an induced orientation o(I'/e) = Sgn(é, e1, ..., € gr)|), obtained
by moving the edge e in the first place and then removing it.

Theorem 4.2.3. The differential d : KF(I') — KFU(T) makes K(T') into a
chain complez, that is d> = 0.

Proof. The fact that d?> = 0 is a consequence of the definition of orientation
of a graph. We therefore divide the proof in the odd and even case.

Suppose first that the complex is defined in the odd case. Let o(I'/S)I'/S®
a1 ®- - ®ayg) be an element in KF, let e and f be edges in I'/S. Suppose that
they are not loops, we shall show that the orientation obtained by removing
from I'/S first e and then f is the opposite of the orientation obtained by re-
moving first f and then e. Suppose without loss of generality that e is the edge
e:v; = v; and f: v, — vy and we give an orientation to the graph I'/S in a
way that the edges v;, v, vg, v; comes first in this order and the others follow.
We first remove e and then f, the removing of e implies the removing of the ver-
tex v; and Sgn(v;, vj, v, vy . .. ) = Sgn(v;, v, vy . .. ) = Sgn(vg, v, v; . .. ) and re-
moving the edge f gives Sgn(vg,v;...) = —Sgn(v;, vk ... ). On the other hand
if we first remove f we obtain that Sgn(v;, vj, vk, v; . ..) = Sgn(vg, v, v, vj, . . .)
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and deleting the vertex v; we have Sgn(vg,vs, vj,...) = Sgn(vi, vj, Vg, ...) =
Sgn(v;, vk, ... ). Suppose now K(I') to be defined in the even case, then the
orientation of a graph is given by an ordering of the set of edges E(I"). Suppose
that e and f are edges in I'/S that are not loops. Let o(I'/S) be the orien-
tation given by ordering the edges in increasing order, then o((I'/S)/e) =
Sgn(e,eq,...,ex) = (—=1)70(I'/S), where 7 is the number of edges before e.
Removing then the edge f gives a sign (—1)”, where v is the number of
edges before f in I'/S if f comes before e, otherwise we get a sign (—1)"71.
Now, removing first f and then e gives signs (—1)” and (—1)""! if f comes
before e, while (—1)” and (—1)" otherwise. So, if f comes before e then
((F/S)/e/f) (—1)™ and 0((F/S)/f/e) = (=1L If f comes after
¢ then o(T/S)/e/f) = (~1)+*~1 and o((T/S)/f/e) = (~1)7*".
This shows that terms in d? given by removing first e and then f cancel
out with terms obtained by removing first f and then e. We can conclude that
d*=0. O

4.3 From Cpg(I') to K(I)

We will first discuss the case where M is an odd dimensional manifold and
then the case where it has even dimension.

Let T" be a graph as before, M an odd dimensional manifold and A a
CDGA as before. We consider the chain complex Cps(I') as in Definition 2.2,

C BS @ es ® A®l
SCE(T)
where eg denotes the product eg = e;, -. . -+€j 5 1N increasing order of generators

eq corresponding to edges a in S, and [(S) is the number of components of
I:S].

Definition 4.3.1. Let M be an odd dimensional manifold. We define the map
Y : Cps(I') = K(I') for all n € N as the map of k-modules,

Y™ Chs(T) = KC(T)"

0 if S is not a forest
es @ ar— ‘
nrysT'/S ®a  otherwise

where 75 is the sign given by the induced orientation obtained by contracting
from T" the edges in S in decreasing order. That is, if S = {e1,...,ex}, nr/s
is the product of the induced orientations obtained by removing the edges in

S, 1rys = o(l/ex) - o((T/ex)/er—1) - ... - o((I'/en/ex—1/ - - [ea) [er).

Theorem 4.3.2. ¢ : Cps(I") — K(T') is a chain map.
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Proof. Let S C E(I'), |S| = n and I(S) = k, where [(S) is the number of
components of the graph [I" : S]. If e is an edge in E such that SUe is a forest
then
de(nr/sT/S ® a1 @ -+~ @ ag)
=o((l'/S)/e)nr/sT/SUe®a1 ® -+ @ ag_1
where o((I'/S)/e) € {1,—1} is the sign given by the orientation of (I'/S)/e
induced from I'/S. By the relation o((I'/e)/f) = —o((I'/ f)/e), we have that

o((T/S)/e)nrys = (=1)"nr/sue (4.1)

where 7 is the number of edges smaller than e. The notation o((I'/S)/e)nr /s
indicates the sign of the graph I'/e,/e,—1/ -+ /e1/e obtained by contracting
first the edges e; € S in decreasing order and then the edge e in E(I") not
belonging to S, while /gy is the sign of the graph I'/e,/en—1/ -+ /e/ -+ [e1
obtained from I' by contracting the edges in S U e in decreasing order. There-

fore,
ol'/S/e)nr/sT'/SUe®a1 @ - @ ag—1

= (=1)"nr/sul/SUe®@a1 @ -+ @ ag—1.
If e is an edge in I' such that S U e is not a forest then
de(??r/sF/S ®a; ®---®ag) =0.

On the other hand, the sign given by applying the differential of the chain
Cps(I') to an element eg ® a1 ® - -- ® ay, € Cpg(l) is

Deles ®a1 @ -+ @ ay)
=e-es®a1 Q- Qag—1=(—1)"esue®a; ® -+ R ag_1.

Again, 7 is the number of edges smaller than e and the sign is given by
permuting the factor in the multiplication in the exterior algebra,

eregs=e-e1-...-ep=(—1)Ter-...-e ... e =€5Ue-

Suppose that S C E(I') is a forest and e and edge that is not in S, we want
to prove the commutativity of the diagram

Cps(D)" k)"

.| B

Cps (D)™t AN K@)+t

esar ® - ® g ——— T /S @A ® - © ay

ael Jo

Y
esuedl ® -+ @ ag—1 —=1r/suel /SUe® a1 @ -+ ® ag—1
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Let first e : ¢ — j be an edge such that S Ue is a forest

deotp(es@ar @ - @ ay)
=de(Nr/sm @ -+ @ ay)
=o((I'/S)/e)nr/s(—1) a1 ® -+ ® aja; ® -+ @ ag—1
= (=1)"nr/sue(—1)'a1 @ - ®aja; @ -+ @ ag_1,
where the last equality is due to 4.1. (—1)¥ is the Kozul sign given by moving
a; in the tensor product. On the other hand,
PYodeles®al @ - ®ay)
=P((—1)7esue(—1)" ®a1 @ - ® a;a; @ -+ @ ap_1)
= (_1)T77F/SUe(—1)Va1 X ®aia; - Qag—1

If S is a graph such that I'/S has a loop then for every edge e in E(T') \ S
that is not a loop, I'/S U e also has a loop. Then

(deo)((es®a1 @ ---®@ag) =0
and
(Yode)(les®ar @ - ®ay) =0

since I'/S = 0. The same equation holds in the case where e is a loop. O
We now describe the even dimensional case.

Definition 4.3.3. Let M be an even dimensional manifold. The map ¢ :
Cps(I") — K(I') is defined for all n € N as the map of k-modules,

9" C(I)ps = K(I)"
0 if S is not a forest or I'/S contains a loop
es ®a— .
pr/sl'/S ®a  otherwise

where pir /g is the sign of the induced orientation obtained by contracting from
I" the edges in S in decreasing order.

Theorem 4.3.4. ¢ is a chain map.

Proof. Suppose that S is a subset of the set of edges F(T") that is a forest and
e an edge that is not in S, we want to prove the commutativity of the diagram

(s — > K(T)"
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esal®“'®ak—¢>MF/SF/s®al®"‘®ak

. lde
¢
€SUel1 @ - ® ap_1 HNF/SUeF/S Ue®a @+ & ag—1
Note that, if S = {e1,...,es} the induced orientation u(I'/S) = (—1)'s, where
ls =7 ne, and ne, are the number of edges in I' before ¢;. The differential
O adds a sign that is (—1)"Se, where ng. is the number of edges before e
in S. The differential d. gives a sign (—1)"T/S where np /g is the number of
edges before e in I'/S. Since the number of edges before e in I' is the sum of

the number of edges before e in I'/S and the number of edges before e in S,
that is ne = nr/s + nse. We have that

()5 (=1)75r = (=) (s (<15,

this implies
(71)ZSU6(71)nS,e — (71)13(71)%/5,@ (4.2)

Suppose that S U e is a forest, then
deogles®a1 @+ ®@ag) = de(pur/sT'/S®a1 @ -+ @ ay)

=o((I'/S)/e)ur/s(=1)"T/SUe®@a1 ® - ®aja; @ --- @ aj_1
= (=1)"/setls (—1)'T/SUe® a1 ® -+ ® aja; @ -+ @ ag_1

where (—1)" is the Kozul sign given by moving a; in the tensor product. On
the other hand,

podeles ®ar ® -+ @ ay)
=o((=1)"(=1)"esue ® a1 ®@ - ®a;a; @ -+ @ ag—1)
= (=1)"np/g0e(~=1)"a1 ®@ -+ ® a;ja; @ -+ @ a1
= (—1)"se(=1)lsve(—1)a; ® - ® a;a @ -+ @ a1

By the argument above 4.2, the last expression equals
(—1)lstr/se (1) a1 @ -+ ® aja; @ -+ @ ag_y.

Let S be a graph such that I'/S has a loop or a double edge. Then for every
edge e in E(I') \ S that is not a loop

(deotp)(es ®ar ® - ®ay) =0
and
(Yode)les®a1 @ - Rag) =0

since I'/S U e is a graph with a loop or a double edge. O
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4.4 From K(I') to Kx(I)

We define Kx(I") to be the complex K(I") such that the vertices are unordered
in the following sense:

Definition 4.4.1. Let I' be a graph without loops or multiple edges with an
order on the vertices that gives an orientation on every edge v in E(I') in a
way that if a connects the vertices ¢ and j and ¢ < j then « : i — j. We define
Ks(T') to be the complex given for every n > 0 by the set of coinvariants

KL(T) = ( B r/se Al<S>)

2
SCE(T),|S|=n S

where ¥(gy acts on the vertices of I'/S and to ANS),
The differential is given by dy, : Kx(I')" — Kg(T')"*! such that

dy, = Z ds e
ecE(T)
and for e € I'/S such that e : i — j
dE,e([P/S]E (=) al (SRR al(g))
=o((l'/S)/e)(-1)’[I'/SUelys ®a1 ® -+ ® aja; & -+ & a(Sue)

here (—1)" is the Kozul sign given by moving a; to the immediate right of a;
in the tensor product. In particular, for z € KF(T)

dy.e([2]s) = [de(2)]s.
Theorem 4.4.2. The differential dy, : K&(T') — KET™(T) makes Kx(T') into

a chain complex, that is d*> = 0.

Proof. The fact that d?> = 0 is a consequence of the definition of orientation
of a graph. This is defined as in the complex K(I'), so the proof follows the
same argument as in Theorem 4.2.3. O

Remark 4.4.3. Note that I' and I are graphs that differ for a permutation
of the vertices ¢ € ¥ or an inversion of the direction of the edges, then
I" = (—1)l7l(=1)"T" where || is the sign of the permutation and m in the
number of flipped edges. Therefor, [[']x = (—1)I°l(=1)™[Ts

Remark 4.4.4. As for K, the definition of orientation of the graph varies
according to the parity of an integer n, that is the dimension of he manifold
M, such that A is a CGD model for M.

Moreover, we have a map of k-module for every n € N
o" : K'(T) — K&(T)

x = [z]xn
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Theorem 4.4.5. The map ¢ : K(I') - Kx(I') is a chain map.
Proof. We want to prove the commutativity of the following diagram

¢

k)" KI)s3

de dZ,e
() (D)

Let S be a subset of E(I'), z =T'/S ® a1 ® -+ ® ay(g) an element in £" and
let [x]y; be a representative of the class of z with a specific orientation o.
Now, for an edge e in I'/S,

ds.e 0 ¢(x) = ds e([2]x) = [de(2)]5,

the last equality is a direct consequence of the definition of the differential in
K/x. On the other hand

¢ o de(x) = [o(x/e)de()]s = [de(2)]5.

4.5 The full graph complex f{GCg

We describe in details the definition of f{GCg, briefly mentioned in 3.2.5. The
full graph complex f{GCg was defined by Idrissi in [19], and in a particular
case by Campos and Willawacher [8].

Let R be the CDGA introduced in Theorem 3.2.1. Then, the full graph
complex fGCpg is the CDGA TwGrag(0). It is the free algebra generated by
unlabeled connected graphs whose vertices are colored by elements in R. The
product is given by the disjoint union of graphs. More precisely

16 = @ z ny ® A®V(V)} va]

here Xy (,) is the the symmetric group on V(7). As before, the definition
depends on a natural number n, equivalence classes of graphs are equipped
with orientation as defined in Definition 2.1.1, with the distinction between n
being even or odd. The edges have degree n — 1 while the vertices have degree
—n.
The differential is given by d : fGCY, — fGCEF! is defined by

d="> " de+ dspis

such that e is an edge between ¢ and j that is not a loop

de(Y®a1 ® - Qay) =o(y/e)y/e®@a @+ @ a;a; @ Qaj_y
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and
dsplit(Y ® a1 @ -+ - ® ay) :pf,j(A)’Y\ e®ar @ Qa

where A is the class of the diagonal as defined in Proposition 3.3. in [19], and
p; ; 1s the pull back of the projection.

Remark 4.5.1. The complex Kx(I') can be interpret as a version the full
graph complex f{GCp but relative to a graph and with differential given only by
the term ), d.. Note that f{GCp depends on a natural number n, in addition
edges have degree n — 1 and vertices have degree —n. On the other hand,
Ks(T') depends only on the parity of this number, and edges have degree —1.



Chapter 5

Graph cohomologies and
rational homotopy type of
configuration spaces

5.1 Introduction

In the present chapter we compare the graph cohomology complex Cpg(T")
defined by Baranovsky and Sazdanovié in [2] and described in Section 2.2, with
the model for the rational homotopy type given by Kriz and Totaro denoted
by E[n]. We first describe this commutative differential graded algebra, that
was briefly introduced in Section 3.2. Then we define Frobenius algebras and
give some technical results that will be later used. In Section 5.4 we define the
dual of the complex (Cps(I'),d) that we will call (Cps(I')*,d). The complex
(Cps(T),0) is the Ey page of a spectral sequence converging to the relative
cohomology H*(M™, Zr,R), and by Remark 4 in [2], if the space M is a
compact oriented manifold of dimension m, the cohomology is isomorphic to
the homology H,n—+(€(M,T"), R). In this case the dual complex (Cj4(T"),0)
converges to the cohomology of the configuration space H™"*(¢(M,T'), R).
On the other hand, the cohomology of the complex E[n] is the cohomology of
the configuration space. By Remark 2.2.8, if M is a compact Kéhler manifold
and the coefficient ring is R = Q, the spectral sequence degenerates at page Es.
In this case the two complexes are quasi equivalent. In the following sections
we prove that there is in general a quasi equivalence between Cpg(I')* and a
generalized version of E[n], called R(T', A). In the definition of this generalised
complex, a ring A[G4 ]/ ~ is involved. This is the exterior algebra over the
generator corresponding to the edges in the graph I' quotient by a relation,
that we call the generalised Arnold relation. We denote this ring by R(T').
Section 5.5 describes it for a complete graph K,,, and in this case the relation
is the usual Arnold relation. We will call it R(K,,). In the following section we
define R(T", A) for an even dimensional manifold. It depends on a graph I" not
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necessarily complete, and a Frobenius algebra A over any field. In the case of
an even dimensional manifold and a complete graph I, R(T", A) coincide with
the CDGA that Idrissi [19] proves to be a real model for €(M,n). Section
5.6.1 contains the main theorem of the chapter.

Theorem. Let S CT'. The map

F:Cps()" — R(T, A)
F(Gs®zx)=[Gs ® z]

1S a quasi equivalence.

In [35] Thomas and Feliz prove that the mn suspension of the Es term of
the Bendersky-Gitler spectral sequence is isomorphic to the Fs term of of the
Cohen and Taylor spectral sequence of which the Kriz’s model is a special
case. Our theorem presents an alternative proof and generalization of this
result. In the last section we discuss the chain complex Cps(I')*/I(I"), where
I(T") is the ideal generated by the generalised Arnold relation and we show
that it is isomorphic to R(I', A).

All the sections in this chapter refer to the article by Bokstedt and Minuz

[6].

5.2 The Kriz model

In this section we describe the rational model for the configuration space of
points in a complex projective variety defined by Kriz in [26] and introduced
in Section 3.2.

Let X be a smooth projective variety over C and €(X,n) be the ordered
configuration space of n points in a space X,

(X, n)=X"\JA,
i#j

A =A{(z1,...,2y) € X" 2 = z;}. For a, b € {1,...,n}, a # b, let p} :
H*(X) — H*(X™) the pullback of the projection p, : X™ — X to the a-th
coordinate and let pj , : H*(X?) — H*(X"™) the pullback of the projection
Pap: X™ — X2 Let A € H*(X?) be the class of the diagonal.

Theorem 5.2.1 ([26]). Let X be a complex projective variety of complex
dimension m. Then the space €(X,n) has a model E(n) that is isomorphic to

H (X", Q)[Gap)

where Goy are generators of degree 2m — 1, a, b € {1,...,n}, a # b modulo
the relations
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i Ga,b = Gb,a
o pi(2)Gap = py(x)Gap, © € H(X)
b Ga,bi,c + Gb,ch,a + GC,aGa,b =0

The differential is given by d(Ggap) = pa A

Remark 5.2.2. The third relation G, ;G c+Gp,cGea+GeaGap = 0 is known
in the literature as Arnold relation.

The definition of this graded algebra presents some similarities with the
graded complex defined in Section 2.2: the structure of the exterior algebra
with generators G, and the first two relations. However, the differential in
Cps(T") "adds edges” while the one in E[n] "removes edges”. Therefore, we
would like to relate the dual of the graded complex Cpg(I') with the DGA

Moreover, the complex Cpg(I') makes perfect sense in positive characteris-
tic, so that we will also consider the following situation. Let k be a ground ring,
which could typically be Z, Q, or a prime field F),. Assume that A = H*(X, k)
is an algebra over k which is free as a k-module. We extend the definition given
by Kriz to this case by defining E[n] as A[Ggp)/ ~, where the relations are
given by exactly the same three formulas as in the theorem above. It will be
convenient to extend the definition further to the case where A is a Frobenius
algebra. To do this, we have to give a definition of A in this case, we do that
in the next section.

5.3 Structures of tensor powers of Frobenius
algebras

We will consider a graded version of Frobenius algebras. To be precise about
how we understand that term in this chapter:

Definition 5.3.1. A graded commutative Frobenius algebra A over a commu-
tative ground ring k is a graded commutative ring, free and finite over k = A°
as a module, together with a perfect, graded symmetrical pairing

(—, =) A® A=k,

such that
(ab, c) = {a, bc).

Remark 5.3.2. Main example: Let X be a compact, connected k-orientated
manifold such that each cohomology group H'(X;k) is a free k-module. The
cohomology ring H*(X, k) is a graded commutative Frobenius algebra over k.
In this case, the pairing has degree — dim(X).
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If A is a graded Frobenius algebra, so is A® A. The multiplication is given
by the usual tensor product of DGAs, involving the Koszul sign

(a®b)(c®d) = (=1)Hae @ bd,
and the pairing is given by
(a®b,c®d)y = (=1)""a,c)(b,d)

where | — | stands for the degree of the an element in the graded algebra.
We can construct the dual A* = hom(A, k) and we have an isomorphism
of vector spaces given by

k:AX=A"

a = k(a)(=) = (- a)

A is equipped with a multiplication m : A® A — A and A* a dual map given
by m*: A* - (A® A)* =2 A* ® A*. Therefore we have amap p*: A — A® A
defined by composing the map k that gives the isomorphism with the dual:

* —1 —1
AL A A oA EER L 44

Alternatively, p* is defined by that
(z @y, p"(a)y = (zy,a)

We see from this definition that u* : A - A® A is an A ® A°? module
map, since

(x @y, (a@ " (b)(1®c)),
(~D)leHlvHPrel (@ @ 1) (2 © y) (1 ® e), 1* (b)),
= (—1)lallzyl+ bl (gaye, b)
(

We define A € A® A by the property
(a®0b,A), = (ab, 1).
Remark 5.3.3. In the case A = H*(M, k) as considered above, A @ A =
H*(M x M,k), and A corresponds under this isomorphism to the Poincaré

dual of the homology class of the diagonal M C M x M.

Lemma 5.3.4. The class A satisfies that (a ® b)A = p*(ab). In particular,
pr i A— A® A is given by p*(a) = (a ® 1)A.
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Proof. Because the paring (—, —), is perfect, it suffices to prove that for any
z,y € A, we have that (z ® y, u*(ab)), = (x ® y, (a ® b)A),. We do the com-
putation

(z®y, (a®b)A);, =((z@y)(a®Db),A),
= (zyab, 1)
= (zy,ab)
= (z @y, u*(ab)),.

Remark 5.3.5. A has the property that (1 ® a)A = (a® 1)A, a € A.

We introduce some notation. Let S be a subset of the set of edges E(T").
Each S determines a partition of the set of vertices so we have a map

& E(T) — P(I)

where P(I") is the set of all partitions of V(I') and £(E) the set of subsets of
E(T"). The sets £(I") form a partially ordered set by inclusion, and P(I") form
partially ordered sets by refinement. The map @ is order preserving.

Note that the number I(S) introduced in Definition 2.2 corresponds to the
number of sets in the partition P = ®(.5), that is the cardinality of ¢(S). We
denote also by |P| the number [(.5).

There is a contravariant functor ¥ from P(T") to graded algebras given by

U(P) = A®IPI,
The dual of the canonical surjective map W(P — V/(T')) : A®™ — A®IPl is
a canonical injective map
A®|P| ~ (A®|P|)>s< NN (A®n)* ~ AP
For any partition P we consider the image Ap € A®" of 1 € A®IP|, Using

lemma 5.3.4 inductively, we see that multiplying with this element is dual to
the multiplication map in the sense that the following diagram commutes:

A®|P| Ap- ., A®n

i]f@lPl l]{@n

(A®|P|)* M (A®n>*

This element is invariant under any permutation in S,, preserving P. If Q
is a refinement of P, there is similarly a relative element Ag p € A®IQl guch
that the following diagram commutes:

A
A®|Q‘ QP N A@‘P‘

A®n
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Each algebra A®IPl is a module over A®", and multiplication by Apg is a
map of A®"-modules.

5.4 The dual graded complex

Using the notation of the previous section, we can re-write Cps(I') as the
graded chain complex

CosT)= P es®A =P( P eswa®")

SCE(D) PEP S,4(S)=P

The differential is given by

0= Oe

ecE(T)
Oe(es @) = (—1)"esugey ® ¥(S U {e}).

The sign (—1)7 is determined by the number 7 of edges in S that precede e
in the chosen ordering of the edges.
We note that as a graded vector space

Cps(T) = Aea) ® (A™")/~

where ~ indicates the relation e, ® (a[i] — a[j]), a € A, a: i — j € E(I') and
ali] denotes the element 19" ®a®19"~" € A% described in the first section
in Definition 2.2.1. This relation corresponds to the second relation of the
definition of the DGA defined by Kriz, since p,(z) = 1®---Qz®---®@1 € A®"
where x is the a-th component of the tensor product.

We want to describe the dual graded chain complex

CosO) = (P es@a®O)"

SCE(T)

We will denote by G the dual of the element e, for the edge o : i — j.
We can so write the dual graded chain complex

(CBS(F))* — ( @ €S®A®l(s))*
)

SCE(T
_ @ (eS)* Q (A*)(XJZ(S') _ @ GS ® A®l(5’)'
SCE(T) SCE(T)

Equivalently
(Cos(T))" = A(Ga) @ A™" [~
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The dual of the differential 9, that we denote by d, acts by removing edges in
the graph and therefore increasing the number of components. Let Gg be the
product of all the G;; where a: 4 — j is an edge in S,

5(Gs) = Y (~1)"05(Gs) = 3 (<1 G

where v is the number corresponding to the position of the edge «; ; in the
ascending order. We have

d(Gs®@a1®--- @ ayg)) = Z(—l)”5i,j(Gs ®a® - @ ag))
i<j

and
5i,j(GS a1 ®-- & al(s))

= (_1)TGS\04 & (AS,S\Q a1 ®-® CLl(S))
in the case a : i — j is an edge belonging to S and I(S ~\ «) = (S) — 1, and
7 is the Kozul sign given by moving the factor in u(a) in the j-th position.
While
5i7j(G5 Ry & a'l(S)) =G5a®0®a;® & ay(s)
in the case o : i — j is an edge belonging to S and (S \ a) = [(S). Finally,
5@'(05’ a1 ®---® al(S)) =0
if & does not belong to S.

Remark 5.4.1. We discuss here the grading of the dual complex. Let S C
E(T'). We assign to an element G5 ® a1 ® - -+ ® ayg)y in Cps(T')" the grading

(m = D)rext — Tine + Y ladl,
A

where m is the dimension of the manifold. reyt is the number of external edges,
that are the edges that, if removed, disconnect components, iyt the number
of internal edges, that are the edges that do not disconnect components if
removed and |a;| is the degree of the element a; in A. The differential has
degree 1 since

H(Gs®a1® - @ ays))
0 ifads
ZQGE(F) Gsia ®@Ag5.a-a1 @ - @ayg), if a disconnects S
ZQGE(F) Gsua ®a1 @+ @ ays), if @ non disconnects S

and Agg. has degree m. If S is a forest, the grading of Cpg(I')* and the
DGA R(T', A) that we define later, coincide.
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5.5 The ring R(K,)

In this section we want to study the ring defined by the exterior algebra
A[Ggp), where G are edges in a complete graph with n vertices K,,, quotient
by the relations introduced by Kriz in Theorem 5.2.1.

Let K, be a complete graph with n vertices and A[G, ] be the exterior
algebra with generators G j, given corresponding to the edges in K,. We define

R(Kn) = AGap]/~

where ~ is the Arnold relation G; ;G + GGk, + Gi:Gi ;. We call I(Kp)
the ideal generated by this relation, in order to simplify the notation this will
be denoted also by I.

The following lemmas characterize the ideal I. We denote by Gt the prod-
uct of the generators corresponding to edges in I.

Lemma 5.5.1. Let v = (v1,...,v), k > 3 a set of vertices in K,, and denote
by s(v) the product s(v) = Gy - Gy * Gopor where G, o,y is the
generator in the exterior algebra corresponding to the edge o : v; — vit1,
so s(v) is the product of the generators corresponding to edges of a cycle of
length k. Let J be the ideal generated by the elements s(v) with k > 3. Let I
be the ideal generated by 0(s(v)) with k > 3. Then J is contained in I and I
is generated by d(s(vi,v2,v3)) = Gy 0. Gugvs + Guows Gugon + Gusg,or Goyvs -

Proof. We first show that J is contained in I.

le7v2 ' 5(5(U))
= Gv1,v2 ’ (Gv2,v3 Tt Gvi,viﬂ : Gvi+1,vi+2 et Gv}mvl)
- le,vz : (le,vz : Gvs,m et G’UiyviJrl : Gvi+1yvi+2 et lewvl) (5'1)
4o

= Goywy  Gugos - Gy " Gogsrwiso =+ - Gopn = 8(0).

Now we want to show that I is generated by 6(s(v1,v2,v3)) = Gy 00 Gugvs +
Gy w3 Gug o + Gug v, Goy vy Let I, the ideal generated by d(s(v)) where v =
(v1,...,v), I < k. I =UI, we want to show by induction that I, = I3, k > 3
where I3 is generated by d(s(vy,v2,v3)). It is obviously true for k = 3. Suppose
it true for k—1, we want to show that for every s(v1,...,vg), 0(s(v1,...,vx)) €
It_1. Consider X = §(s(vg, v1,v2))0(Guog g+ - - Gop_y0p,) € I3 = I—1, we can
expand the expression

X = (thvz ’ G'U27'Uk - Gvkﬂh ’ GUM)k + G'Uk7'U1 ’ le,vz)’
Z (_1)ij2,v3 Tt G\Ujﬂ)j-H Tt Gvk—hvk)

2<j<k—1
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= (GU17U2> ' ( Z (_]‘)jG'Uka'UQ ’ Gv2,v3 et évjﬂ}j-&-l et Gvk—hvk)

2<j<k—-1
~Coen) (X PGy Gy oy Gy
2<j<k—1
+ Y (1) Gun  Gors * Gy - Gy oo Gy,
2<j<k—1
= (Guyypy) - (— 6(s(vk, V2, ..., VE—1))
+ Guogs - Gojojpg = eee Gy 1 00)
- (Gvk,vl)( — 0(s(vk,v2y .+, Vk_1))
+ Gy - Guojwjer - Gu_ron)
+ 8(s(0k, 015 -+, Vk=1)) = Gy vn - Gunos - - Gy
+ Gopor - Gogvs * - Gy
= — Gy vy - 0(8(Vp, 02, ..., V1))

+ Gy, 0(s(Vk, V2, ..., VE—1)) + O(S(V, V1, ..o, VE—1)).

Note that the third equality comes from the fact that

5(8(Uk,1)2,...,’l)k_1))
= Y (1 Gy Gojugys o Gy
2<j<k

that equals the first term in the sum in the expression apart from the missing

term Gy g -+ Gojvj4 G-
Now, 6(s(vg, v1, - .., vp—1)) = (=1)*6(s(v1,va, ..., 1)), SO We can write
0(s(v1,v2,...,08))

= —Gyy vy - 0(s(v2,03, ..., %)) + Gy 0, 0(s(v2, 03, ..., v5)) — X.

We can conclude that §(s(vy,va,...,v;) € Ix—1 = I3. This end the proof by
induction, so I, = I3 for all £ and so I = I3. ]

Corollary 5.5.2. If the graph K, contains a cycle, then Gp € I.

We conclude that every element in R, (T") where I' = K, can be written
as a linear combination of the classes G where I are graphs which do not
contain any cycles. Such a graph is a disjoint union of trees, that is, it is a
forest. However, these classes are not linearly independent in R, (I"). We can
rewrite the complex R, (") as

Ro(T) = AlGay)/ ~= Q) ZIT)/~

where Z[T] is the free group generated by the trees. We have from a result by
Vassilev [39] that Z[T] = Z"~ )",
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5.6 The generalised DGA

We want to extend the definition of F[n] to any graph I" and to a Frobenius
algebra over any ring. In order to do so, we need to modify the ideal I(K,)
and introduce the following definition:

Definition 5.6.1. Let I" be a graph and (vi,...,vx), k > 3 a set of ver-
tices in I', we call a cycle w a subset of the set of edges of I' of the form
{(vi,v2), ..., (vi,Vit1),..., (vg,v1)}. Let A[G4p] be the exterior algebra with
generators G, given corresponding to the edges in I'. We denote by G, the
product Gy = Gy vy -+ Gy * -+ * Gy o - We define

R(T) = A[Gap]/~

where ~ is the relation

5(ij) = Z(_l)inl,j7”2,j et Gvi,j,viﬂ,j et Gvk,jﬂ)l,j =0
i
for all j, where w; is a cycle in I'. We call generalised Arnold relations these
last relations and I(I") the ideal generated by them.

Remark 5.6.2. Note that by the results in the previous section, if I' = K,
then I(T") = I(K,).

Lemma 5.6.3. Ifv is a cycle in I then G, € I(T).
Proof. Let v be the cycle with edges {(v1,v2),..., (vi,Vit1),- .., (Vg,v1)}

va}z ’ d(Gv)
=G - (GU27v3 Tt Gvi,vz‘+1 ) Gvi+1,vi+2 Tt Gka()l)
—Gu (le,w “Gugpg oo Gﬂi,vu-l ’ Gvi+1,vi+2 Tt Gvkﬂ)l)
N
= Gor Guas o+ Guginr * Gogr i+ -+ Gogoy = G

Corollary 5.6.4. IfT' contains a cycle then Gp € I(T).

We can conclude that the elements in R, (') are linear combinations of
forests. We now define the generalized complex.

Definition 5.6.5. Let M a compact, connected k-orientated manifold of even
dimension m, A = H*(M, k) be a Frobenius algebra, where k is the ground
ring. Let I" be a graph with n edges and k cycles w; j = 0,..., k. We define
the complex

R(I',A) = A[Ga,b] ® A®n/ ~

where G, are generators of degree m — 1, (a,b) € E(I'), and ~ are the
relations
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b Ga,b = Gb,a

o pi(x)Gap = pi(x)Gap, v € H (X)

e 5(Gu;) = 3 i(=1)'Goyjuvn, - Gujizny - Gop o, = 0, for all
=0,k

The differential is given by

d(Gap) = PapA

¢

here A is the class of the diagonal as described in Section 5.3

5.7 A quasi equivalence

Let M be an even dimensional, compact, connected k-orientated manifold of
dimension m, A = H*(M, k) a graded commutative Frobenius algebra and I"
be any graph. Let (Cps(T')*,d) be the dual complex defined in Section 5.4 as
Cps(D)" = Dscpr Gs ® A®!US) | We consider the generalized complex given
in Definition 5.6.5

R(I',A) = A[Ga,b] ® A®n/N

where ~ are the relations introduced in Definition 5.6.5 and A[G, ] is the
exterior algebra with generators given by the edges in I'. We want to show
that there is a quasi equivalence between (Cps(I')*,d) and (R(A,T),d).

Remark 5.7.1. The differential in Cgg(T')* can be written as
§ = 6int + 5ext

where 0iyt is the differential that removes internal edges, meaning edges such
that if removed they don’t disconnect components, and eyt is the differential
that removes external edges, that are the edges that if removed they disconnect
components. By Lemma 5.6.3 we have that R(I") is given by linear combination
of forests and therefore d = doxt-

Definition 5.7.2. Let S C E(I'). We define the following map of graded
groups:

F:Cps(l)" — R(T', A)
F(Gs®x) =[Gs ® x]~.

In order to simplify the notation we will write Gg ® x instead of [Gg ® z]~.

Lemma 5.7.3. The map F' is compatible with the differential.
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Proof. Let G @ x € Cgg(T')*, where I is a subgraph of I'. We want to check
the commutativity of the following diagram.

Cps(T)* —£> R(A,T)
) d

Cps(T)* —£= R(A,T)

We consider first the case where IV does not contain any cycle. If IV does not
contain any cycle

dOF(GF/ ®a:) = d(GF/ ®CU).

On the other hand by Remark 5.7.1
Fod(Gr ®x) = Fo0dext(Gr ® ) = d(G @ ).
Now, suppose that I contains a cycle, that we denote by S, then
do F(Gpr ® z) =d(0) =0,

by definition of F. To prove the commutativity of the diagram we want to
show that F' o 6(Gp» ® x) = 0. By the previous remark,

(G @ x) = bing + dext (G ® ),
the first summand is given by dint(Gr ® ) = 6(Gsus )G susr @ ©, where
S’ is the graph given by the internal edges in I” that are not in S. The
differential di,; doesn’t change the number of components and so it doesn’t
act on z € A% Now,

5(GSUS’) = 5(G5)Gsf + Gsd(GS/) € I(F)

by Lemma 5.6.3 because Gg and §(Gg) belongs to I(I"), so Fodiy(Gr®z) = 0.
The second summand is

dext (G ® &) = Gext (G /5087 ) GsGgr @ a’

where 2/ € A®MT)~1 The term belongs to the ideal I(I") since G5 € I(T') and
S0

F 0 §ext (G @ ) = 0.

Theorem 5.7.4. The map F is a quasi equivalence.
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Proof. We want to introduce two filtrations on Cpg(T')* and on R(A4,T'), and
prove that F'is compatible with them and that it induces a quasi equivalence
on the filtrations’ quotients.

Let T" be a graph with n vertices, S be a subset of the set of edges E(T").
S determines a partition of the set of vertices, so we have a map & : £ — P
where P is the set of all partitions of V(I') and £ the set of subsets of E(T').
As noted in Section 5.4 we can rewrite the complex Cpg(T')* as

Cos(D)' = EP( B Gsw A7)

PeP S,¢(S)=P

|P| is the number of classes in the partition P.
There is a filtration of Cpg(I")(A)* given by

Fe= P ( @ GS®A®|P|)
PeP,|P>k  S,6(S

F, is a subcomplex of Cpg(I")* since the differential § acts by removing edges
and so increasing the number of components. So

]:ng...g]—“kg]-“k_lg"‘QCBS(F)*

and |[V(I')| = n.
Similarly we have a filtration on R(A,T) in terms of partitions. Since

@ @ Gs/ @ Gsﬂf
PeP 5,4(S S,6(S)=

we can define

Flp= @ ( @ GS/SﬂS%:PGSOI(P)) ® A®IPI

PEP,|P|>k S,6(S)=

as before F'j; is a subcomplex of R(A,T) since the differential d acts by re-
moving edges and so increasing the number of components. So

FnC o CFRCFr1 S CRAT)

and |V(I')| = n. We want to show that F' is compatible with the filtrations,
that is F(Fy) C F'k. This is clearly true since F(Gr ® z) = Gr @ z is [ if a
forest and 0 otherwise.

There are two short exact sequences given by inclusion and quotient map

-7:k—1 — fk — ]:k—l/]:k

and
f’kil — f’k — f/kfl/]:/k.
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The last step of the proof consists in showing that for every k,
F:Fe1/Fe — Fr1/Fk

is a quasi equivalence and then use the long exact sequences in homology
induced from the short exact sequences to prove the result. Now,

Fr—1/Fr = @ ( @ GS®A®|P|>

PeP,|P|=k—1 S,6(S)=P

is determined by the partitions with exactly k£ — 1 classes.

Let S be a subset of E(I") that determines a partition of the set of vertices
P = {P,...,B} and let Ff, 0 < i < I, be the connected subgraph of S
corresponding to the element P; in the partition. By Remark 5.7.5 we can
rewrite Fy_1/Fy as

Fia/Fe= D @ (® Cunltd))oa®l”!

PEeP,|P|=k—18,6(S)=P 1<i<k—1

We define the chain complex Ceopn(I") for connected graphs with h vertices, and
for every 0 < i < h, Ceon(I')? is the free group generated by all connected sub-
graphs of I with ¢ edges. Let S be a connected subgraph of I'; the differential
is given by

dcon(S) = Z (_1>V(S N 6)

ecE(T)

where v is the position of edge e € F(I") in ascending order. If S \ e is not
connected deon(S) = 0.
F'k—1/F' can be written as

FralFi= @B B ((Q Conl™h)sa®r

PeP,|P|=k—18,¢(S)=P 1<i<k—1

where now I', are spanning trees, in particular Ceon(I') = Ceon(T")/I(T"). B
the Kiunneth formula, the problem reduces to checking if

q: Ceon(T') = Ceon(T)/I(T)

is a quasi equivalence. Here by I(I') we mean the subgroup given by «(I(T'))
and « is the isomorphism defined in Lemma 5.7.5. By Lemma 5.7.8 the ho-
mology of Ceon(I') is concentrated in degree n — 1. Now, Ceon(I')/I(I") is a
complex concentrated in dimension n — 1 by Remark 5.7.6, that is the chain
group generated by the trees and

(Ceon(T)/I())" ™" = Coon(1)" ™! /deon(Ceon(T)")
because by Lemma 5.7.7 deon(Ceon(I)™) = I(T'). Since C7 2 = 0, we have

Hn—l(Ccon(F>) = Ccon(r)n_l/j<r) = Hn—l( Con( )/I< ))



5.7. A quasi equivalence 57

and
Hi(Ccon(F)) = 2( con( )/I( ))
for i #n — 1. Then

H*(Ccon(r)): ( con( )/I( ))

50 ¢ : Ceon(I') = Ceon(I')/I(T") is a quasi equivalence.
Finally we consider the long exact sequences in homology

Hi 1 (Fr—1/Fr) —— Hi(Fy) —— Hi(Fp—1) — Hi(Fip—1/ F)

|- | |r |-

Hip1(F'ro1/F'x) —= Hi(F') — Hi(F'p-1) — Hi(F'r—1/F'x)

Since F,, = F',, we have that H;(F,) = H;(F',,) for every i > 0. We
can then use the Five Lemma and induction on k with initial step given by

H;(Fn) = Hi(F'y).

Hi(Fpno1/Fn) —— Hi—1(Fp) —— Hi—1(Foo1) —— Hi—1(Fp—1/Fi) — Hi—2(Fy)

S N

Hy(Fn1/F'n) —=Hi1(F'n) —= Hi1(Fno1) — Hi 1 (Fne1/F'n) — Hi—ao(F'y)

Therefore H;(Fy) ~ H;(F'y) for every k and i. This concludes the proof that

F' is a quasi equivalence.
O

Lemma 5.7.5. Let
Fi—1/Fr = @ < @ Gs ® A®‘P‘).
PEP,|Pl=k—1 S,6(S)=P
The map

v @ P Gea

PEeP,|P|l=k—18,6(S

— GB P ( X Ceon(T ®A®|P|>

PEP,|P|=k—18,4(S)=P 1<i<k—1
18 a group isomorphism.

Proof. Let P be a partition with & — 1 classes and consider S C E(I'), such
that ®(S) = P. Consider a class P; corresponding to a connected subgraph
of S, I';. Since the tensor product A®I”! is not affected by the differential, we
can reduce to building a map

Q: {GS’ € A[GS]7¢(S/) - P} - ® Ccon(rz)

1<i<k—1
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where A[Gg] is the exterior algebra with generators given by the edges in S.
Let S’ be a subgraph of S. It can be written as S’ = S{U---US)_,, where S/
are connected subgraphs of I';. Then

Oé(GS/) = O[(Gsi et Gs;ﬂ_l)
=9 ® --® (_1)51'5;@...@ (_1)61'5]/6_1’
& is the number of edges smaller (in S’) than the smallest edge in S} plus the
sum of the edges in S7 U ---US,_;. We can suppose that the edges is S; are
ordered in increasing order and the edges in S; are smaller then the edges in
S; is @ > j. In this case the map « reduces to
a(Gs) =910 @5 - @5)_;.
We show that a commutes with the differentials § and d2 | that is the differ-
ential of the tensor product of complexes,
deon(a(Gg1)) = deoy (91 @ - @ S;® - ® §py)
=) ()MiSiNe; © ©85® - © S
+o S @RS ® @Y (1) ()8 N e

where 7,_; j are the number of edges in S’ smaller than ej_; ;. Moreover,

a(65(Gs)) = o (185~ i)
:ZS{@-~®(—1)WSJ~\ei®'~®5k—17

and (—1)¥i = (—1)¥45 773, It is a group isomorphism, since there is a bijection
between elements of the base of {Gs/ € A[Ggl;#(S’) = P} and elements
S1®-- @ (=1)"18; @ (=1)"S; of the base of @<;<_1 Ceon(I)- O

Remark 5.7.6. As a consequence of Lemma 5.6.3 we have that a(I(T'))NCleon
contains the connected graphs with cycles, so the connected graphs that are
not spanning trees. Therefore, C%  /I(T) is trivial for all i # n — 1.

Lemma 5.7.7. Let (Ceon(T), dcon) be the chain complex defined in the proof,
I a connected graph with n vertices, then deon(C2,) = I(T) N C™.1L.

con con

Proof. CZ. is the free group generated by connected subgraph S of I' with n
edges. That is the image under the map « of the algebra

P oas

SCE(T),|S|=n

Since I' has n vertices, S must contain a cycle. We call C' the cycle, and the
exterior algebra Gg is given by the product of the edges in C' and the product
of the rest of the edges, that we call S’. Now deon(S) = Y, deon,e(C)S’, since
removing one edge in S’ will give a non connected graph. By Lemma 5.7.7 the
ideal generated by deon(C™) is a(I(I')) N C%.L. O

con



5.7. A quasi equivalence 59

Lemma 5.7.8. Let I' be a graph with n vertices. The homology of the complex
Ceon(T) is concentrated in degree n — 1.

Proof. Let T' be a connected graph with n vertices and let e be an edge in
E(T"). We order the edges in T so that e is the last edge. We denote by I' \ e
the graph obtained from I" by deleting the edge e and I'/e the graph obtained
from I' by contracting the edge e. We have a short exact sequence

0 = Ceon(T' ~ €) % Coon(T) 2 Coon(T'/e) — 0.

The map « is the inclusion of subgraphs and is injective since ker(«) is given
by graphs that are mapped to 0, but these are the disconnected graph that
are 0 also in C?_ (T'\ e), so ker(a) = 0. 3 is the contraction of the edge e and
it is surjective since every element in C?  (I'/e) is the image of an element in
C!,.(), and if a graph is disconnected in C? ,(T'/e) so it is in C% (T'). Now
we want to show that o and (8 are chain maps, so that the squares in the

following diagram commute.

0 —> CIHUT N ) 2> CHI(T) —2> €l (T /e) —>0

R

00— Ciy (T~ ) 2= Ci, (1) — 2= Cis (T fe) —= 0

con

The right and left square are clearly commutative. Consider the second square,
let S € C!,, (I < e) then

con

a(dcon(S)):a< 3 (—1)'45\1) = 3 (—ynsa

leE(S) leE(S)

and

deon((S)) = deon(S) = > (—1)"'S 1.
lEE(S)

Consider now the third square, let S € CZ_ (T),

Bldeon(8) = B(1 3. (=1 1) = D0 (~1)H (SN D/e
)

leE(S leE(S~\e)

and

deon(B(S)) = deon(S/e) = Y (=1)"S/ex1,

leE(S~\e)

since we ordered the edges in I" so that e is the last edge. Reordering the edges
of I' commutes with the differential so considering the chain where the edge
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e is the last edge in I' doesn’t affect the computation of the homology. There
are long exact sequences in homology and we proceed by induction.

Hi—l(Ccon(F/e)) — Hi—l(Ccon(F AN 6)) — Hi—l(Ccon(F))
— Hi_g(Ccon(F/e)) — Hi—2(Ccon(F AN e))

From the long exact sequence follows that if the homology of Ceon(I' \ €) is
concentrated in degree n—1 and the homology of Ccon(I'/e) is concentrated in
degree n — 2, that are the degrees represented by trees, then the homology of
Ceon(T) is concentrated in degree n — 1. We prove by induction on the number
of edges in T' that the homology of Ccon(T") is concentrated in degree n — 1,
where n is the number of vertices in I'. Let I" be a connected graph with one
edge e and two vertices, then I' \ e is a disconnected graph and so Ceon (I \ €)
is trivial. I'/e is a graph with one vertex and no edges, the complex Ceon(I'/e)
is concentrated in degree 0. H,(Ccon(I'/€)) is concentrated in degree 0 that is
n — 2 and so Hy(Ceon(I")) is concentrated in degree 1 = n — 1. Now suppose
by induction that the statement is true for any graph I with |E(T')| < k. We
want to prove it for |[E(I')| = k. Then I' \ e is either disconnected or it is a
connected graph with £ —1 edges and n vertices. In the first case the homology
is trivial, in the second case the homology H,(Cecon(I' \ €)) is concentrated in
degree n—1 by inductive hypothesis. I'/e is a graph with k£ —1 edges and n—1
vertices, it can have a loop or a multiple edge, by Lemma 5.7.10 the homology
H,(Ceon(I'/€)) is either trivial or concentrated in degree n — 2. O

Remark 5.7.9. This lemma provides an alternative proof of the result given
by Vassilev in [39] regarding the homology of the complex of connected sub-
graphs of the complete graph. The proof could be already present in the lit-
erature but we are not aware of any references.

Lemma 5.7.10. Let I' be a graph. If I' contains a loop, then the homology
groups H;(Ceon(T)) are trivial, and replacing a multiple edge by a single edge
doesn’t change the homology.

Proof. Let T be a graph with a loop [, then I' \. [ and I'/l are the same graph
and so H(Ceon(I' N\ 1)) = H(Ceon(I'/1)). By the long exact sequence we have
that H(Ceon(I')) = 0. Let now I" have a multiple edge e. Then I' \ e is a graph
with single edges and I'/l is a graph with a loop, and so H(Ceon(I'/€)) = 0.
By the long exact sequence we have that H(Ceon(I' N €)) = H(Ceon(T)). O

Remark 5.7.11. The idea in the proof of Lemma 5.7.10 is the same as the
proof of the similar statement in Corollary 3.2 in [17].

5.8 The chain Cj¢(I")/I(I)

In this chapter we want to discuss the complex C;¢(I")/I(I") and show that it
is isomorphic to R(A,T).
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The complex R(A,T) is defined as A[G, ] @ A®™ quotient by the relations
o Gop =Ghyq
o i (2)Gap = pi()Gap, x € H*(X)
e 0(w;) =0
where w; is a cycle in I', and with differential
d(Gap) = PapA-

Let R(A,T) be A[Ggp) @ A®™ quotient only by the first two relations, with
the same differential d and let (Cj¢(I"),d) be the complex defined in Section
5.4.

Remark 5.8.1. The complexes (Cj4(I'), 6) and R(A,T) are the same as vector
spaces and they differ only for the differentials. The differential of the first
complex is defined as

(5(Gs Rap R & al(g))

0 ifags
ZaeE(F) Gsapij(A)®@a; ® - ®ay, if a disconnects S
ZaEE(F) Gsa®a1® - Qay, if & non disconnects S

Here o : i — j and p; j(A) is the pullback of the projection. Note that
GsaPij(A)®a1®@: - Ran = Gs aAs,5.a®a1 @ - - ®ayg), due to the relation
in the definition of Cpg(I'). The differential multiplies by the diagonal class
only when removing the edge disconnects components. On the other hand, the
differential in E[n|, given by

d(Gap) = PapA,

always multiplies by the diagonal class. The differentials § and d can be there-
fore written as 6 = it + Jext and d = dint + dext (see Remark 5.7.1), and
dext = Oext- Removing an edge in a cycle leaves the number of components
unchanged, while removing edges in a forest disconnects components, so from
the point where S is a spanning forest the two complexes are the same.

We now prove that there is an isomorphism of chain complexes between
55(D)/1() and R(A,T).

Theorem 5.8.2. There is an isomorphism of chain complexes,

id: (Cps(),0)/1(T') = (R(A,T),d)
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Proof. Consider the identity map id : Cp¢(I')/I(I') = R(A,T). By Remark
5.8.1, the complexes Cj¢(I") and R,(A,T) differ only from the internal dif-
ferential since the two differentials agree in the case where the subgraph S of
the set of vertices E(I") is a forest. By Lemma 5.6.3 the third relation assures
that elements in the complexes corresponding to graphs S with a component
containing cycles are zero. Therefore C;¢(I')/I(I') and R(A,T") agree as vector
spaces, as the two differentials § = d, since dijn; = djnt = 0. O



Chapter 6

Generalised configuration
spaces

6.1 Introduction

As described in the first chapter, little disks operads are operads such that for
every natural number n, D, (n) is the space of linear embeddings of n disks of
dimension 7 into the r-dimensional unit disk,

D,(n) = Emb(D:", D).
Moreover, we have an homotopy equivalence D, (n) = €,.(n), where
Cr(n) ={(z1,...,2n) e Rz #xj for i # 5,0 < i,j <n}

is the configuration space of n points in R".
The operadic composition

Dr(n) o Dr(kl) o0 Dy(ky)

is given by inserting the disk D, (k;) in the i-th disk of D, (n).

Little disks operads have been introduced in the 70’s with the works by
Boardman and Vogt [4] and May [32], and they had been applied in topology,
algebra and mathematical physics. The cohomology of LDO is known, and
it is related to the cohomology of the configuration space of n points in R%,
¢, (n). This has been computed by Arnold [1] in the case r = 2 and Cohen [9]
for r > 3. The ring H*(&,(n)) is given by

Z[eai,j]/N

where 0 < i,j < n, Z[ey,] is the free commutative graded algebra generated
by eq, ; of degree r — 1 and ~ are the relations

® ¢y, = (—l)ream

63
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e 2 =0ifrisodd
Q5
® Ca,,Cap. T Cay Caca T CacuCayy = 0

In the present chapter we generalise the definition of little disks operads
to the configuration space depending on a graph defined by Heaswood and
Huggett [12], and described in Section 2.2. In particular, we consider the con-
figuration spaces of points in R” depending on a graph I', and we denote it by
¢, (T"). We define a partial operad of this generalised configuration space over
R, and a generalised version of the little disks operads, that we call painted
little disks operads. Moreover, we compute the cohomology of €.(T'). In the
first section we give the definition of painted little disks operads. Then, in the
second section we define &, (I') and a candidate for its cohomology, denoted
by R"(T"). We then have two cases according to r being even or odd. We first
prove that in the even case the candidate ring is isomorphic to the cohomology
of €,.(I"). Then we reproduce the proof for the odd case.

6.2 Painted little disks operads

We extend the idea of configuration space partial operad and little disks op-
erads, defined in Section 1.2, to configuration spaces over R” depending on a
graph.

Definition 6.2.1. Let I' be a graph and V (I') its set of vertices. Let, by abuse
of notation, denote by V(I') the cardinality of the set V(I"). The generalised
configuration space over R” r > 0, is

& (D) ={(21,. .., 2vr) € RV Dsa; £ a5 if e, 5 € B(T)}

where e; ; is an edge in I'.

6.2.1 The partial operad of generalised configuration spaces

We now define an operad indexed by natural numbers such that for every n €
N, we associate the space of disjoint unions of configuration spaces dependent
on a graph with n vertices.

Definition 6.2.2. Let I' be a graph and V (I') its set of vertices. We define the
partial operad of generalised configuration spaces to be a collection of spaces

&»(n) = H ¢ (D)
IV (D)=n

for every n € N, with composition

0:C.(n) ®€L,~(k1) ® - ®ET(kn) — ET(kl ot k)
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given for every

(a,x1,...,2n) €E(n) RC (k1) @ -+ @ & (k)

where a = (a1, ...,ay), by
o (1, xp) = ((a1,...,01) +T1, ..oy (Any ..oy an) +Tp).
S——— S————
k1 times k,, times
The composition is defined for the elements (a,x1, ..., x,) such that

zo(xy,...,x,) € E(T)

where TV is a graph with k; + --- + k, vertices obtained by inserting in the
i-th vertex of I' the graph I';, and connecting the vertices of I'; with a vertex
v of I' if there was an edge in I' between the i-th vertex and v.

Let €.(1) be the configuration space &,(I') where I' = * the graph with
only one vertex. The unit 1 € €.(1) is the set with one point and the unit
morphism is

{0} > € () = R,
An example of composition is shown in the following picture.

Example 6.2.3. We give an example of composition of generalised configu-
ration space operad. Let I be the graph given by two vertices 1 and 2, and
an edge ej 2 between them. Let I'y be the graph given by two vertices and no
edges, and I's the graph with vertices 1, 2, 3 and edges e1 2 and ez 3. Now,
¢,(T') and €,(I'1) are contained in €,(2) and €,(Iy) in €,(3). The composition

0: € (2) ® €, (2) ® €, (3) = €,(5)

can be represented as in Figure 6.1.

-®©® .%.

Figure 6.1: The composition law in generalised configuration space operads and in
painted little disks operads.
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So if
(.%', X1, 1'2) S Qtr(r) ® Q:r(rl) & Qtr(r2)

then
zo(x1,m2) € € (I's)

where I's is the graph with five vertices on the right.

Proposition 6.2.4. The generalised configuration space operad is a partial
operad.

Proof. We want to check that it satisfies the properties defining operads. To
simplify the notation we denote by d,.(n) an element in €,.(n).
Associativity: We want to prove that for every €,(n), n operads

¢ (k1),. .., (ky) and k1 +- - -+ k,, operads the associativity property holds

- (kn,h ))

(k) © (dr(Fn1)s -y dr(n )

= (dr(n) o (dr(k1), ..., dr(kn))) © (dr(kr1), -, dp(Kny,))-

This property holds for the standard partial operad of configuration spaces,
that is the case where all graphs are complete. On the other hand, if two
vertices for example v; and vy in the graph defining €,(I") > d,(n) are not
connected by any edge, then the graphs inserted in vy in the composition
dr(k‘l) e} (dr(kl’l), . 'adr(kl,h)) and in V2 in dr(kg) e} (dT(kQJ), S dr(l’u‘gh))

will not be connected by edges. Similarly, in d,(n) o (dy(k1),...,d(kn)) the
graph inserted in the first two vertices will not be connected by edges.
Equivariance: Let o € ¥, be a permutation and let o/ € Xy, .. 4p, the

function that permutes by ¢ the n blocks given by k; terms. Then

(dT’(n) * U) ° (dT(kO'(l))7 s 7Cflv7"(k0'(n)))
= dp(n) o (dp(k1), - .., dr(ky)) % o’

since o permutes the vertices in I" and ¢’ permutes in the same way the block
of vertices in the graphs inserted in the vertices of I'. Let o; € ¥, then in a
similar way

dp(n) o (dy(ky) * 01, .. dp(kn) * o)
=dy(n) o (dp(k1), ... dp(kp)) % (o1, ...,00)

Unit: Let d,(n) € €.(T), and d,(n) o (d.(1),...,d,(1)) be contained in a
configuration space dependent on a graph I/ obtained from I' by inserting in



6.2. Painted little disks operads 67

each vertex a graph given by only one vertex. Then I" clearly is I' itself and

we have diagrams
®
¢, (n)

Er( ) 1®” e & ®n

10¢

These diagrams commute since

dr(n)o(1,...,1) =d,(n) =1od.(n)

where 1 is the unit that is (0,...,0) € R". N N N
Since the composition is defined for a subset of &,.(n)®&,.(k1)®- -, (ky)
then €, is a partial operad. ]

Remark 6.2.5. We conjecture that, as in the case of LDO and the partial
operad of configuration spaces, one can construct a generalised version of the
Fulton and McPherson-operad.

6.2.2 Painted little disks operads

Analogously to the definition of LDO we can define a generalised version of
them, where we consider linear embeddings of union of disks of which some
are disjoint.

Definition 6.2.6. Let I' be a graph. The painted little r-disks operad lN)T is
defined for every n € N to be a disjoint union of sets of linear embeddings of
the union of n little r-disks in ID,.. That is

Di(n)= [ Emb(I)

T,|IV(D)|=n

where

Emb(T) = {(c1,...,¢q) : | DL — D}

and D% U D’ is a disjoint union if there is an edge « in I with vertices ¢ and j.
Here, ¢; : D, — D, is a linear embedding such that, if ID,. denotes the interior
of Dy, ¢;(Dy) Ne¢j(Dy) = 0 for all o, edge between ¢ and j.
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The operadic composition
o: Dy(n) @ Dy(k1) @ - - ® Dy(kn) — Dy(k1 + -+ + kn)
is given for ¢ € Emb(T') € D,.(n) and ¢; € Emb(L;) € D,(k;) by

n k;
cocl®---®cn:U D) — Dy,
i=1j=1

where the unions D% U D,’} k are disjoint if there is an edge « between i and
h in T, and/or when ¢ = h there is an edge 8 between j and k in I';. The
operadic composition is defined by the composition of embeddings

(cocp®--+® cn)lm,j = c(¢)

The symmetric group ,, acts on ﬁn by permuting the order of the n disks.
More precisely, if o € ¥, and ¢ = (c1,...,¢,) € Dr(n), then

C*xO0 = (Cg(l), Ce ,Co(n)).
The unit element 1 is the identity 1 =id : D, — D).

Remark 6.2.7. The composition of painted little disks operads can be de-
picted as in Figure 6.1, where the edges represent the disks that cannot inter-
sect.

Lemma 6.2.8. The painted little disks operads satisfy the axioms of operad.

Proof. This follows from the fact that LDO is an operad and it goes analo-
gously to the proof for the generalised configuration space partial operad. Let
d(n) be an element in D(n).

Associativity: This property holds for standard LDO. On the other hand, if
there is no edge between two vertices so the two corresponding disks are al-
lowed to overlap, then they will overlap also after the insertion. This is because
the inserted disks belong to |J;_, U§;1 D% where the unions DY’ U Df’k are
disjoint if there is an edge a between ¢ and h in I', and/or when ¢ = h there
is an edge § between j and k in I';.

Equivariance: The proof works analogously to the one for the partial operad
of generalised configuration spaces.

Unit: The following equation holds, since 1 = id.
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6.3 The cohomology of the generalised
configuration space over R"

In this section we define a candidate for the cohomology of €, (I"), that later we
show being actually isomorphic to it. We introduce the graded commutative
ring R"(T"). We give first a general definition, and in the next sections we
describe the cases of r odd and even. We refer to the literature (Getzler and
Jones [15], Kontsevich [24], Willwacher [40]) for the choice of denoting the
even (respct. odd) case in relation to the dimension of the space on which the
configuration space is defined. So with this convention r even (respect. odd)
corresponds to odd (respect. even) generators.

Definition 6.3.1. Let I' be a graph, with an orientation on the edges. Let r be
a natural number and Z[e,,] the free commutative graded algebra generated
by eq,; of degree r — 1, where «;; is an edge in I' between the vertices i
and j oriented from 7 to j. Let w be a cycle in I' and we denote by e, =
€vyy " €y -+ -y, the product of the generators corresponding to the edges
in the cycle w. We define the graded commutative ring

R'(T) = Zlea, ;]/~
where ~ are the relations
o e, = (—1)"eq,,
° eim, =0 if r is odd
o d(ew;) = Zi(—l)(’”*l)"evm ey ey, =0 for every cycle w; in T

We call these last relations the generalised Arnold relations, and we denote
by I(T') the ideal generated by them.

6.4 Algebraic description of R"(I'), the even case

In this section we describe the case where r is an even natural number. We
suppose r even for the rest of the section.

Definition 6.4.1. Let T be a graph, not oriented and let E(T') be its set of
edges. Let r be an even natural number and Ale,,| be the exterior algebra
over the generators e,, of degree r — 1 where a; € E(I"). Let w be a cycle in
I' and we denote by €y, = €y, " €yy5 ... - €y, the product of the generators
corresponding to the edges in the cycle w. We define the graded commutative
ring

R/ (D) = Alea]/~

where ~ are the relations
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® Coyj = Cay
_ i . _ .
o d(ew,) = i(=1) ey oy, €v,,, = 0, for every cycle w; in I'.

Notation. We will sometimes denote Ale,|, the exterior algebra generated
by the edges o € E(T") by A[E(T)] in order to simplify the notation.

We can suppose that I" has no multiple edges, since the following lemma
holds.

Lemma 6.4.2. Let r be an even natural number. Let I' be a graph with a
double edge, that is two edges e and €' incident to the same wvertices. Let
I =T —¢€'. Then, the rings R"(T') and R"(I") are isomorphic.

Proof. In R"(T") we have the generalised Arnold relation relation d(ee’) = 0.
This is d(e€’) = ¢/ — e = 0 that implies ¢’ = e. O

6.4.1 Deletion-contraction short exact sequence for R"(I")

Let T' be a graph without multiple edges and o € E(I"). Let Aley,] be the
exterior algebra over the generators e,,. Then there is a diagram of ring maps

AT~ a) — s AT /a)

le lz‘A

AD) — 5 A(D/a) ® Aleg]

where i, is the inclusion map, the map fa : A[l' N\ o] — A[l'/a] is defined
for every edge n € E(I'), f(e,) = €,. The map I5 : A[l'] = A(I'/a) ® Aleq] is
defined by Iz (e;) = e, ® 1if n # o and Ir(eq) = 1 ® eq.

Lemma 6.4.3. The diagram above is commutative and the maps are compat-
ible with the generalised Arnold relation.

Proof. We first show that the image under these maps of an element in the
ideal generated by the generalised Arnold relations is still in the ideal. If w
is a cycle in I" \ « then it is a cycle in I'/a and in I". If d(ey) € I(I' \ «)
then fa(d(ey)) € I(I'/a) and vp(d(ey)) € I(T"). ia is the inclusion so it sends
element in the ideal generated by the Arnold relation to themselves. Suppose
that w is a cycle in I', if w contains « then it is also a cycle in I'/a (we can
suppose I' without double edges by lemma 6.4.2) and so lx(d(ey)) € I(T'/a) ®
Aley]. If w does not contain « then Iy (d(ey)) = d(ey) ® 1 € I(T'/a) @ Aley]-
The diagram is commutative since for a subgraph S in I' \ «,

Ia(ta(es)) = es @ 1 =ia(fa(es)).
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Theorem 6.4.4. The diagram

R'(T'~a) —I" 5 R (D/a)

Jo Jo
R'(T) —= 5 R"(D/a) ® Ala]
1s a pullback diagram, in particular the map
tp: R"(I'va)— R'(I)
18 1njective.
As consequences of the previous theorem we have

Corollary 6.4.5. Suppose that I is a subgraph of T such that V(I'') = V(T),
then v : R™(I") — R"(T") is injective.

Corollary 6.4.6. For every o € E(I") there is a short exact sequence
0—-R(I'Na)—>RT)r—R(I/a)k—ry1 =0

where the indices k and k — r + 1 denote the grading in the ring.

6.4.2 Proof of Theorem 6.4.4

Let I(I") denote the ideal of A[E(T')] generated by the generalised Arnold
relations. Let » be an even natural number. We notice that

A[E)] = A[E(l'/a)] ® Alal],
and so
AE(l'/a)] ® ea = (A[E('/a)] @ Ala])/(A[E(T/a)] @ 1).

We define gp : A[E(I")] = A[E(I'/a)] ® eq by g(es) = 0 if S does not contain
a, and g(eg) = e1---e5 ® e, if S contains o and S is the subgraph of T' with
edges 1,...,s, a. There is a diagram

LR
0 I(T) sy AIE(T)] ———— R'T) —— 0 (6.1)
g1 ga gr

0 — IT/a)®ey — A[E(T/a)|®eq — R'(T'/Ja)®eq — 0

i
<
i
<
i
<
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Lemma 6.4.7. There is a map v : R-(I'\~a) = R, (') such that the diagram
6.1 is commutative. Moreover, the three rows and the middle column are exact.

Proof. The map vy is well defined: if w is a cycle in I \ « then it is a cycle in
I, and elements in the ideal generated by d(w) are sent to the same element
in the ideal in R"(T'). Let w’ be a cycle in T, if v is not in w’ then it is a cycle
in '\ a. If a is an edge in w’ then w’ \ «a is not a cycle in I' \ .

Consider first the left upper square. If w is a cycle in I' .« then it is a cycle
in I'. The diagram commutes since all the maps in the square are inclusions.
We move now to the lower square on the left. Suppose that w is a cycle in T,
if w contains « then its image in I'/a is also a cycle and

Ugpld(w))) = d(w) ® a = ga(u(d(w))).

If w does not contain a then (g97(d(w))) = 0 = ga(¢(d(w))). Now the upper
square on the right is commutative since the maps are compatible with the
generalised Arnold relations. The lower right square also commutes since the
maps are compatible with the relations, and if w contains « then the image
in '/« is also a cycle, so

q(ga(d(w))) = 0 = grq((d(w))).

If w does not contain a then g(ga(d(w))) = 0 = grq((d(w))). If the set S in
I' does not contain any cycle, clearly

q(ga(S)) = gr(q(9)).

The three rows are exact by definition, since the maps are left and right
row maps are given by inclusion and quotient respectively. The middle column
is also exact since the upper map ¢ : A[E(I' \ )] — A[E(T)] is injective, gp is
surjective and im(¢) = A[E(T' N )] ® 1 = A[E(I'/a)] ® 1 = ker(ga). O

Lemma 6.4.8. The last column s exact.

Proof. The map gp is surjective since g, is surjective and if w is a cycle in I’
not containing « then it is mapped to zero, while if w contains « then w/«
is a cycle in I'/a. We need to check that im(cg) = ker(gr). Consider the long
exact sequence in cohomology. Since the second and third rows are exact then
H*(AJE(T)]) =0 and H*(I'/a ® e,) = 0, that implies

H*(R(D)) 2 H*(I(T/a) @ eq).

So im(tr) = ker(gr) if and only if g7 is surjective. We want to check this last
condition, that is we want to show that every generator in I(I'/«) is the image
of an element in I(T"). Let v1 and v be the two vertices incident to « and their
common image in V(I'/a) be v. Now, let e,, = €1 - - - €5 be the product of the
generators corresponding to edges in a cycle w in I'/av. If the vertex v does not
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occur in w then w is a cycle in I'. There is then an element y = d(ey,)e, € I(T)
such that g;(y) = d(w) @ a.. If v is a vertex in w incident to exactly two edges
in I'/a, suppose them e; and e, then there is a cycle w’ = ae; ---e5 in T'. So
d(eyr) is the corresponding generator in I(T") and its image under the map gy

1S

gr(d(aer---es)) = g(er---es) — glad(er---e)) = —d(w) ® a

Finally, if v is incident to more then two edges in w then we can decompose
w in a product of cycles where v is incident to only two vertices and deduce
the result from the single factors using that d is a derivation. O

We conclude the proof of Theorem 6.4.4 with an inductive argument. We
proceed with a double induction on the number of vertices m and edges n of
a graph I'(m,n). If n = 0, T'(m, 0) is the graph with m vertices and no edges.
In this case the theorem holds since R"(m,0) = A[['(m,0)]. The case where
m = 0 corresponds to the empty graph. As inductive step we want to prove
that if all graphs I'(m,n — 1) and I'(m — 1,n — 1) satisfy Theorem 6.4.4, then
it also holds for I'(m,n). In order to prove the inductive step we need that
I'(m,n) satisfies the following property.

Property 1. Fore € E(T'), let ker(g%) be the kernel of the map g% : R"(I') —
R"(I'/e) ® e. Then Neker(g9%) = Z.

We prove the property by induction. The following lemma provides the
inductive step.

Lemma 6.4.9. Assume that all graphs T'(m,n—1) and I'(m—1,n—1) satisfy
Theorem 6.4.4 and that T'(m,n —1) and I'(m — 1,n — 1) satisfy Property 1.
Then I'(m,n) satisfy Property 1.

Proof. Let ¢ : R"(I') — Z be the canonical map which sends all edges to 0.
There is a split short exact sequence

0 — ker(e) » R"(I') - Z — 0.
The sequence splits by the inclusion i : Z — A[E(T")], since the composition
€ oi = idz. The image of ¢ is contained in N ker(g%) since ker(g%) = {es} €

R"(T") and S is a subset of I" that does not contain the edge e € E(T"). In order
to prove the lemma it’s enough to check

ﬂker(g%) Nker(e) = {0}.
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Let = € (), ker(¢9%) Nker(e). We have to prove that = 0. Consider the
following commutative diagram

H ~Ne f 'd
RT(F N e) feE(~e) IR N erE(F\e) R (F N e/f) ® f
)
- erE(F) 9{% r
R(T) ’ erE(F) RT/f) e f [ienme tr

E
R'(I'/e) ®ee L [iepwe B'T/F) @ f

where P is the projection map. Now, from Lemma 6.4.8 we have that there is
some class y € R"(I" \ e) such that ir(y) = x. Since z € ker(¢) € R"(T") then
it comes from a class in ker(¢) € R"(I' \ e). By hypothesis I'(m,n — 1) and
I'(m — 1,n — 1) satisfy Theorem 6.4.4 so I' \ e and I'/f do. Then the right
vertical map is injective. By using the commutativity of the diagram we see
that erE(F\e) gjf%(y) = 0. Since T \ e satisfies Property 1 and we have that
x belongs to Nye(re) ker(g{%), it follows that y = 0, so that x = 0. O

We can conclude the proof of Theorem 6.4.4 by proving that if it holds for
['(m,n—1) and I'(m —1,n—1) so it does for I'(m, n). We want to prove that

tr: R (I've)— R"(I)

is injective, so that if tr(x) = 0, x € R"(I' \ e) then z = 0. Consider the com-

mutative diagram in Lemma 6.4.9, we have that LRg£($) = gj; erE(F\e) LR

so if LRg};(az) = 0, then « = 0 since the right vertical map is injective and

the upper horizontal map is injective on ker(¢). The injectivity of this last
map is due to the fact that by inductive hypothesis [, ker(gj;) = 7Z and that

N ker(gh) Nker(e) = {0} in R"(I' \ e).

6.5 Deletion-contraction in the space &, (I')

In this section we describe a type of deletion-contraction exact sequence that
occurs for configuration spaces. The main result in this section, provided by
Corollary 6.5.3, is the existence of a short exact sequence of the form

0— H*(C. ('~ e)) —» H*(C,(I')) = H "¢, (T/e)) — 0.
We start by proving the following theorem.

Theorem 6.5.1. There is a long exact sequence in cohomology

o — HY(C (T N e)) — H*(¢,(T)
— H* (¢ (I /e)) — H*TY(E (TN e)) — ---
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Proof. Let e be an edge in I between the vertices a and b. The space €, (I") is
an open subspace of €,(I" \ e). The complement

A (D) =¢.(T'\e)— ()
is a closed subspace in €,.(I" \ e) and
AcD) ={(z1,...,zp) e R™;z; # z; if oy ; € E(T') \ {e} while z, = x3}.

There is a canonical homeomorphism between A.(I') and &,(I'/e) sending
(1, 2p) to (T1,...,Tay- -, Tp,--.,Tn—1). We define an open neighborhood
Ve(I") of €.(I' N e) for a fix € > 0 in the following way

VeT) ={(z1,...,2,) € & (I' N €); |xq — x| < €}

We then have two open subspaces €, (I') and V,(I') of &.(I" \ e) such that
¢ (T)UVe(T) = €.(I' \ e). There is a pushout diagram

Ve(T) N &(T) ——— Ve(I)

| |

T — ¢.(T'\e)

We obtain a Mayer-Vietoris long exact sequence in cohomology

s HYE(T N e)) -2 B (€,(D)) & H*(V.(T))
s B N VD) - BN (D N e)) — -

where ¢ is the map assigning to each cohomology class z its restrictions
(@le, > zlv(r)) and Y(z,y) =z —y.

Finally, we notice that V is homotopy equivalent to €, (I'/e) and by Lemma
6.5.2 below €, (I')NV, is homotopy equivalent to S"~! x &, (T'/e). Let [u] denote
the fundamental class of S"~!. By the Kunneth formula, we can rewrite the
long exact sequence as

o — H¥(€, (D N e)) — H*(€,(T)) @ H*(C,(T'/e))

— @ BT e H(¢(T/e) — H & (DN e) — -+
k4-l=x

This implies the existence of the long exact sequence

c-— HY(C,.(I' N e)) — H*(¢,.(I))
— [ H* (€, (T /e)) — HHE (T N e)) — -
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Finally, replacing [u] H*~"1(&,.(T'/e) = H*~"1(¢,.(T'/e) we have the deletion-
contraction long exact sequence for generalised configuration spaces:

oo — HY(C,(T' N e)) — H*(¢,(T))
— H* (¢ (I /e)) — H*TY (e (DN e)) — ---

Lemma 6.5.2. &.(I') NV, is homotopy equivalent to S~ x &.(I'/e).
Proof. €.(I') NV, is the space

{(x1,...,20) € E(T) : 0 < |zq — | < €}
We define the maps

f:€,@MNV, =S txe.(Ie)

by
_ Tag — Tp ~
f(z1,...,20)) = ($a_xb’,(:cl,...,xa,...,xb,...,mn)>
and
g:S"tx e (T'/e) = & (T)NV,
by

g(y7 (xlv'” 7xn)) = (xlv"‘ 3 Tay -+, T + %y) "7'Tn>
Now g¢f is clearly homotopic to the identity and fg equals the identity. O

Corollary 6.5.3. There is a short exact sequence
0— H*(¢(,I'~e) = H (¢ (I) - H (¢, (T'/e)) = 0
Proof. Consider the long exact sequence
oo HYEG (D 0) 5 HY (& (D) 55 H T (& (Dfe)) = -

The map ¢* is injective since it is defined to be the restriction to H*(&,(I")).
The proof that y* is surjective is contained in Lemma 6.6.2. O

6.6 The isomorphism, the even case

Let r be an even natural number. For any edge e = e(v,w) € E(I'), there is a
map

pe: €. (1) — 5771
defined by

pe() > fJ e S™L c R\ {0}.

i — ]
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Combining them, we obtain a map
p(T) : & (T) — (5710,

We identify H*((S™1)FM) with the ring A[E(T)] and we choose a standard
generator [S"!] € H"~1(S™1). The following definition will depend on the
above choice.

Definition 6.6.1. Let r be an even number, the maps p,(I') induce ring
homeomorphisms

pr(D)*  A[E(D)] = HY(€:(D));  pr(D)(e) = pi([S")).
Lemma 6.6.2. The map p,(I')* is surjective.

Proof. We prove it by induction on the number of edges in I'. The lemma is

true if I' has one edge. Now we suppose the result true for graphs with n — 1

edges. We have the diagram

A[E(T N e)] A[E(D)] —L— A[E(D /)] — 0
pr(l“—e)l PT(F)l ipr(l“/e)

e HHEH (TN ) —m HE (& (1)) — o HH (&) —=

0

The first and last vertical maps are surjective by hypothesis and ¢ is also
surjective. By the commutativity of the diagram p,.(I'/e) o g = ¢* o p,(T).
Moreover p,.(I'/e)og is surjective since it is the composition of surjective maps.
It follows that ¢* is surjective. The map ¢* is injective since it is defined to be
the restriction to H*(&,(T")). Therefore we obtain the short exact sequences

0——=A[E( )] AE(D)] —L—= A[E(T'/e)] —=0

l | l

0 HY (€ (T~ €) —m HY(€(T)) —om HY (&, (Tfe)) —=0

By the five lemma the middle map is also surjective. O

Lemma 6.6.3. The map p,(I')* maps elements in the ideal generated by the
generalised Arnold relations to 0.

Proof. Let wy, be a cycle of length n in I" and I(I") the ideal in R"(I") generated
by the generalised Arnold relation. We want to prove by induction that the
image of I(I") under the map p,(I')* is trivial. It is sufficient to show it for the
generators d(w;), so we can prove the theorem for Afw,] for all n. We proceed
by induction.
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Let n = 3. In this case the generalised Arnold relation corresponds to
the standard Arnold relation and the theorem holds. Suppose now that the
theorem is true for w,, we want to show the result for w,,1. Let e be an edge
in w11, by Corollary 6.5.3 we have a short exact sequence

0 — H* (€ (a1 ~ €)) —> H* (€ (wns1)) — H* (€, (wps1/e)) — 0

Now wy,+1 \ € is a tree with n edges and w,11/e is a cycle with n edges. Let
T be a tree with k vertices such that every vertex has valence smaller or equal
then 2, then

Q:T(T) = {(x1,...,l’k) S er 1T 75 X2y ..y Th—1 75 xk}
that is
Q:T(T) :{(:Ulw"axk) eer:$1_x27£01"'7xk—1_xk’7£0}
C (R™\ {op*~.

Since 7 is even then r — 1 is odd and so R"(T) = A[E(T)] = H*(SFr—V). It
follows that the two rings are isomorphic H*(&,(T")) = R"(T).
We have the following two short exact sequences:

A[B(wp11)] — = A[B(wn 41 /€)] —0
Nl pr(wn+l)l J{PT(“’”H/@)

0 —— H*(&(wni1 N ) —= HY (& (wn1)) — = H (& (w1 /e)) —=0

0 —— A[E(wp41 N €)]

Let x € I(wp4+1) be d(wp11) the generator of the generalised Arnold identity.
Then g(x) € I(wp4+1/e) and by inductive hypothesis p,(wn11/€) o g(z) = 0.
Since ¢* is surjective and the diagram is commutative, p,(wp+1/€)og(x) is the
image of an element y = p,(w,+1)(x). The sequences are exact, so y in in the
image of ¢*, y = ¢*(z) for some z € H*(&,(I'\e)). The map p,(wp41\€) is an
isomorphism so there is an element k = z such that ¢* op, (w, 1 Ne)(k) =y =
pr(wn41) o f(k). Now suppose that y # 0, since f is injective then z # 0 and
f(2) # x since x is not in the kernel of g. Now consider the element = — f(z).
We have that p,(I')(z — f(2)) = 0. So  — f(2) is in the kernel of p,(T"). Since
the symmetric group acts on A[E(I")] and on H*(€,(I")) and they are invariant
under cyclic permutation of the edges, then the kernel is invariant under cyclic
permutation of the edges. But the elements in A[w,41 \ €] are not invariant,
so also x — f(z) is not. This is a contradiction. That means that y = 0, and
proves the theorem. O

Corollary 6.6.4. The map p,(I')* : A[E(I")] — H*(&, (")) factors uniquely
over maps A, : R"(I') — H*(&,.(T)).
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Theorem 6.6.5. There is a isomorphism of graded commutative rings
At RY(T) — H*(€,.(T)).

Proof. We prove the theorem by double induction on the number of edges and
vertices in the graph. Let I'(m,n) be a graph with m vertices and n edges.
The theorem clearly holds for every m for the graphs I'(m,0). Now, suppose
that it is true for I'(m,n — 1) and I'(m — 1,n — 1), we want to prove that it is
true also for I'(m, n).Let e be an edge in I' = I'(m, n), by the previous sections
we have the short exact sequences.

0

R"(I) R'(T/e) ——=0

|k

0 ——HY(&( N €)) — > HY(&(T)) — = H (& (I/e)) —0

IR

R'(T ~ e)
e

By the five lemma if follows that the middle map is also an isomorphism. [J

6.7 The odd case

In this section we want to adapt the arguments used to compute the cohomol-
ogy of the generalised configuration space €,.(I"), to the case when when r is
odd.

6.7.1 Algebraic description of the ring P"(I")

Let r be an odd natural number and let I" be a graph. In this case the ring
R"(T") is defined as follows:

Definition 6.7.1. Let I' be a graph with an orientation on the edges and let
r be an odd natural number. Let Z[e,,] the free commutative graded algebra
generated by eq,; of degree r — 1 where «;; is an edge in I' between the
vertices ¢ and j, oriented from ¢ to j. Let w be a cycle in I', and we denote
by €w = €y, 5 €y - - - €y, , the product of the generator corresponding to the
edges in the cycle w. We define the graded commutative ring

P(T) = Zlea, ;]/~
where ~ are the relations
® €n; = —€aj,
° eim_ =0

o d(ew;) =D €y by, €v,,, = 0 for every cycle w; in I'.
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Pr(T") is the symmetric algebra Z[E(T")]/ 612, ; quotient by the generalised Arnold
relations.

Remark 6.7.2. The first relation implies that edges that are loops are zero
in P"(T").

6.7.2 Deletion-contraction short exact sequence for P"

There is a diagram of ring maps

ZIT o] /e2; —5 s Z[T/a]/e2,

' Js

Z[r]/ef; s Z[T/a]/e}; ® Zal/e}

where ig is the inclusion map, the map fs : Z[[' \ al/ef; — Z[['/a]/e};

is defined for every edge n € E(I'), fs(e,) = e;. The map Ig : Z[F}/e%j —

Z[F/a]/ezj@Z[a]/eij is defined by ls(e;) = e,®@1ifn # avand ls(eq) = 1®eq.
We prove the respective of Theorem 6.4.4 for the odd case.

Theorem 6.7.3. The diagram

PrC~a) —I" 5 P(I/a)

22 ir

Pr(D) —2 5 P"(/a) ® Z[a]/a?

is a pullback diagram. In particular the map vp : P"(I' ~ a) — P"(T) s
injective and we have a short exact sequence

0—-P(IT~Na) —P(I)— P ((I/a)—0.

Proof. Let I(I") the ideal generated by the Generalised Arnold relations for
r odd. Following the definitions and notation introduced in Section 6.4.2 we
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have a commutative diagram

0 0

~

0 —— I(T'\a) —— Z[E([I \ a)]/e?

— P T~a) —>0

i.j
Lp

0 > I(T) » ZIE(D)] fe; ; ———— P"(T) —— 0
ar ga gp

~

0 — I(T/a) ® ea — Z[E(T/a)l/e}; ® ea — P'(T/a) ® eq — 0

i
<
i
<

~

0 0 0

where the rows and the middle column are exact. We want to show that the
last column is also exact.

The map gp is surjective. We need to check that im(cp) = ker(gp). Con-
sider the long exact sequence in cohomology. Since the second row and third
rows are exact then H*(Z[E(F)]/e%j) =0= H*(Z[E(F)]/e%j ® eq), that im-
plies

H*(PT)=H"(I(T'/a) ® ).

So im(tp) = ker(gp) if and only if g; is surjective. We want to check this
last condition, that is we want to show that every generator in I(I'/«) is the
image of an element in I(I"). Let v; and va be the two vertices incident to
a and their common image in V(I'/a) be v. Now, let e,, = ej---es be the
product of the generators corresponding to edges in a cycle w in I' /. If the
vertex v does not occur in w, then w is a cycle in I'. There is then an element
y =d(ew)eq € I(I") such that gr(y) = d(w) ® a.. If v is a vertex in w incident
to exactly two edges in I'/«a, suppose them e; and eg then there is a cycle
w' = aep---es in T'. So d(eyr) is the corresponding generator in I(I") and its
image under the map gy is

gi(d(aer---es)) = gler---es) +glad(er---e;5)) = d(w) ® a.

Finally, if v is incident to more then two edges in w then we can decompose
w in product of cycles where v is incident to only two vertices and deduce the
result from the single factors using that d is a derivation.

We conclude the proof by double induction on m, n that are respectively
the vertices and the edges of a graph I'(m, n). The proof proceeds analogously
to the even case. The following property can be proved by induction in the
same way as the even case since Lemma 6.4.9 holds also for P". Therefore, we
have the following
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Property 1. Fore € E(I'), let ker(g%) be the kernel of the map g% : P"(I') —
Pr(T'Je) ® e. Then (), ker(g9p) = Z.

Lemma 6.7.4. Assume that I'(m,n—1) and I'(m —1,n— 1) satisfy Theorem
6.7.3 and that T'(m,n —1) and T'(m — 1,n — 1) satisfy the property above. For
e € E(T'), let ker(g%) be the kernel of the map g% : P"(I') — P"(I'/e) ® e.
Then (N, ker(¢9p) = Z.

As in the even case, the inductive step of the proof of Theorem 6.7.3 uses
the property above. O

6.7.3 The isomorphism, the odd case
For any edge e = e(v,w) € E(T"), consider the map

pe: €. (T) — 571
defined by

i — ;]

as before. Combining them, we obtain a map
p(T) : & (T) — (57710,

Since r is odd we identify H*((S"~')(M)) with the ring Z[E(T')]/{eZ,}. We
choose a standard generator [S™~!] € H"~1(S"71), for each edge in E(I') we
chose one of the two orientations of this edge and denote it by e € E (I"), so
that every oriented edge can be written uniquely as either e or é. We define
the following map.

e S R\ {0}

Definition 6.7.5. Let r be an odd number, the maps p,(I") induce ring home-
omorphisms

pr(D)* : ZIE(D))/{e} ;} = H*(€:(T))
pr(D)(e) = pe([S"71])
pr(T)(e) = —pe([S"71])
Lemma 6.7.6. The map p,(I')* is surjective.

Proof. As in the even case, we prove the lemma by induction on the number
of edges in I". The lemma is true if I' has one edge. Now we suppose the result
true for graph with less then n edges. By Corollary 6.5.3 we have the two
short exact sequences

0—=Z[ET ~ e)]/{e};} —= Z[E)]/{e?;} —=Z[E(T/e)]/{e?;} —0

l b |

00— H*(C.(I'\e)) (€. (T H*(¢,.(I'/e)) ——0
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The first and last map are surjective by hypothesis. By the five lemma the
middle map is also surjective. O

Lemma 6.7.7. The map p,(I')* maps elements in the ideal generated by the
generalised Arnold relations to 0.

Proof. We can repeat the same argument of Lemma 6.6.3 for the odd case. [
Finally, we have the isomorphism.

Theorem 6.7.8. There is a isomorphism of graded commutative rings
At PT(T) — H*(€,.(I)).

Proof. We prove the theorem by double induction on the number of edges and
vertices in the graph. Let I'(m,n) be a graph with m vertices and n edges.
The theorem clearly holds for every m for the graphs I'(m,0). Now, suppose
that it is true for I'(m,n — 1) and I'(m — 1,n — 1), we want to prove that it
is true also for I'(m,n). Let e be an edge in I' = I'(m, n), we have the short
exact sequences.

0 PP~ e) Pr(T) Pr(T/e) ——=0
0— = H*(€.(C ~ €)) —> H*(C,(T)) — H*(¢,(T/e)) —0

¢*

By the five lemma if follows that the middle map is also an isomorphism. [J
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Corrections to the submitted
version

Page 28, Definition 3.1.14:" We will call a rational model for X any CDGA
(A, d) weakly equivalent to Apr(X)”.

Page 30, definition of Ga(n): "G,y are generators of degree m — 17, in the
first relation "Ggap = (—1)" G-

Page 69 definition of R", Definition 6.4.1 and page 79 Definition 6.7.1: "e,, =
€yyy * €ugs .- " €y, in the product of the generators corresponding to the
edges in the cycle "w”, "} ey, 5 €y, o evsj’l” in the third relation in the
same definitions.
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