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1 Introduction: Results and methods

1.1 Results

The main result of this paper amounts to a complete evaluation of the integral cohomological
structure of the stable mapping class group. In particular it verifies the conjecture of
D. Mumford about the rational cohomology of the mapping class group:

H*(BIy;Q) = Q[k1, K2, .. -] for 2x < g—1

where I'; ; is the mapping class group of an oriented surface Fy; of genus g with b boundary
circles (and no punctures). The k; are the Miller-Morita-Mumford “tautological” classes
of degree 2i.

For b > 0, the standard homomorphisms

Fg,b - g+1,b, (11)

ngb - gvbfl

yield maps of classifying spaces that induce isomorphisms in integral cohomology in degrees
less than ¢/2 — 1 by the stability theorems of Harer [17] and Ivanov [21]. The colimit of

the maps
Blyp — Blgp1p — Blgpop — -+

will be denoted Bl ,

Bl'p = colim BIyy,~ hocolim BI.
g g
The groups I'y; are perfect for g > 1, so BI'y has a perfect fundamental group and one
may apply Quillen’s plus construction to it. The result is independent of b up to homotopy
equivalence, so we denote it by BI';f. A celebrated result from [40] asserts that Z x BI'}
and BT} are infinite loop spaces, so that homotopy classes of maps to either of these spaces
form the degree 0 part of a generalized cohomology theory.

Next we review a completely different infinite loop space, one which is rather well known
to homotopy theorists. Let us write Gro(R?*") for the Grassmann manifold of oriented 2-
dimensional subspaces of R?*™. There are two canonical bundles over Gra(R?*"), namely,
the tautological 2-plane bundle L,, and its n-dimensional orthogonal complement L;-. The

restriction
Ly, | Gra(R*™)

is the direct sum of L: and a trivialized real line bundle. This yields an inclusion of

associated Thom spaces,
SYATh(Ly) — Th(Li,))

and hence a sequence of maps (in fact cofibrations)

- — Q" Th (Li—l) — Q""*Th (L#) — Q" Th (Liﬂ) o
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whose colimit is traditionally denoted

Q®CP>, = colim Q""?Th (L}).
n

There is a map
Qoo: Z x Bl — Q®°CP™

constructed and examined in considerable detail in [25]. Our main result is the following
theorem conjectured in [25]:

Theorem 1.1.1 The map as: Z X BI'f, — Q>®CP>, is a homotopy equivalence.

The cohomological structure of Q*°CP is completely known both with Q coefficients and
with F, coefficients for all p, so the theorem gives the cohomology of BI'} and hence of
BI'y, with these coefficients.

The space Q*°CP fits into the homotopy fibration sequence of [33],
QXCPx, —2, 008x(CPr) —L ) Qeotlge (1.2)

where the subscript 4+ denotes an added disjoint base point. The structure of the cohomol-
ogy H*(Q*°CP>;F,) was recently determined in [11]. It is rather involved and we refrain
from listing the result. The rational structure is much easier to describe.

The homotopy groups of Q18> are equal to the stable homotopy groups of spheres, up
to a shift of one, and are therefore finite. Thus H*(w;Q) is an isomorphism. The canonical
complex line bundle over CP*°, considered as a map from CP> to {1} x BU induces via
Bott periodicity a map

L: Q*8*(CP*) — Z x BU,
and L is a rational equivalence. It follows that the rational cohomology of a component,
say Q0 CP2q, is equal to the rational cohomology of BU, and hence by theorem 1.1.1 that
H*(BI'wp;Q) = H*(BU; Q).

This yields Mumford’s conjecture.

1.2 A geometric formulation

Fix an integer d > 0. Let w: M — X be a smooth fiber bundle with oriented d-dimensional
fibers. We assume that the fibers are closed. There are two canonical vector bundles on M ,
namely the vertical tangent bundle 77 M and the stable vertical normal bundle N™M . The
latter is defined to be the normal bundle of a fiberwise embedding of M into X x R ™ for
large n. Let Gry(RT™) be the Grassmann manifold of oriented d-dimensional subspaces of
R4 and let Udgn and U, in be the two standard vector bundles over it of dimension d and
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n, respectively. The vertical tangent bundle and the vertical normal bundle are classified
by bundle maps
"M — Ug,, N'M — Uj,,

respectively, for large n. We can view N™M as a tubular neighborhood of M in X x R4+
and obtain the fiberwise Thom-Pontryagin map

X+/\Sd+n%Th(XXRd+n) — Th(N™M) — Th(UdL,n),

by mapping the complement of N™M in Th (X x R¥") to co € Th(N™M). Generalizing
the description of Q2*°CP% given earlier, but switching to different notation, we put

Q*hV = colim,, Q™" Th (Ug;,).

The adjoint of the above composition gives a homotopy class of maps from X to 2°°hV.
The universal case is X = [[ BDiff(F'), where F' runs over over a set of representatives
of the diffeomorphism classes of closed, smooth and oriented d-manifolds. In this case we
obtain

a: [ BDiff(F) — Q*hV . (1.3)

In the case d = 2, it is convenient to make extra assumptions. For example, we may
wish to consider only connected oriented surfaces F' with an embedded copy of S° x D?,
and diffeomorphisms F — F relative to the embedded S° x D?. With these conventions,
[ BDiff(F') becomes an A.,-monoid under connected sum, and the map « can be shown
to factor over the group completion of [[ BDiff(F'). Each Diff(F) has contractible compo-
nents by [9], [10]. The group of components is the mapping class group I'g» where g is the
genus of F'. Hence in this case [[ BDiff(F') becomes homotopy equivalent to [, BIy».
The group completion is

QOB(]] BIy2) ~ Brixz, (1.4)
g

cf. [25], [40], and « of (1.3) induces the map a of theorem 1.1.1.

Let us return to the general case, with fixed d € N. We give a geometric interpretation of
homotopy classes of maps from a smooth manifold X without boundary into Q°°hV. We
represent such a homotopy class by a pointed map

Xy ASHm — Th(Ug,)

for some large n, transverse to the zero section of UdLn. The resulting inverse image of

the zero section is a submanifold M C X x R™" of dimension dim(X) + d, with a map
vyr: M — Grg(R™™). The projection mp: M — X is proper, since M is closed in
Th (X x R™"). The normal bundle of M in X x R is identified with v},U7. , so

TM x R™™ = TM @ vy, Uz, ® viUgn = (3 TX x RT™) @ 03, Uy, - (1.5)
Standard obstruction theory now implies that

TM xR = (my,TX xR) ® vy Uqy . (1.6)



We set E = M xR, write g for the composition ¥ — M — X and vg for the composition
E — M — Grg(R™), and obtain from (1.6) a surjective bundle map

#p: TE — m5TX.

Since E is open, the submersion theorem of Phillips [30], [16], [15] applies, showing that
the pair (mg,7g) is homotopic through vector bundle surjections to a pair consisting of a
submersion 7: F — X and its differential dn: TE — 7#*TX . For us it is also important
to ensure that the underlying homotopy E X [0,1] — X combines with the projection
f: E — R to give a proper map F x [0,1] — X x R. This is trivially the case when X is
closed, in particular when X is a sphere, because then the projection f: E — R is proper.
In the general case a more careful application of the submersion theorem is required; we
omit the details.

There is an additional feature in this situation. Namely, the vertical tangent bundle of the
submersion 7: F — X is identified with v3Ug, x R and therefore projects to a trivial line
bundle. In terms of the vertical 1-jet bundle

whose fiber at z € E consists of all affine maps from the vertical tangent space (T™E),
to R, this feature together with f: E — R amounts to a section f of pl such that
f(z): (TTE), — R is surjective for every z € E.

We introduce the notation hV(X) for the set of pairs (m, f), where 7: E — X is a smooth
submersion with (d + 1)-dimensional oriented fibers and f: E — JL(E,R) is a section of
pL with underlying map f: E — R, subject to two conditions: for each z € E the affine
map f(z): (T"E), — R is surjective, and (7, f): E — X x R is proper.

Concordance defines an equivalence relation on hV(X). Let hV[X] be the set of equivalence
classes. Then we have a natural bijection

hV[X] 2 [X, Q®hV]. (1.7)

There is a similar but easier interpretation of homotopy classes of maps from X to the source
of (1.3). Namely, let V(X) be the set of pairs (7w, f) with 7 as before and f: £ — R
a smooth function, subject to two conditions: the restriction of f to any fiber of the
submersion 7: E — X is regular (= nonsingular), and (7, f): E — X x R is proper. Let
V[X] be the set of concordance classes of elements in V(X). Then

V[X] = [X, ][ BDiff(F)] (1.8)

with [[ BDiff(F) as in (1.3). Indeed, an element of V(X) is a proper submersion with
target X x R, hence a smooth fiber bundle on X x R by Ehresmann’s fibration theorem.
An element (7, f) € V(X), with 7: E — X, determines a section jlf of the projection
JYE,R) — E by fiberwise 1-jet prolongation. The map

V(X) — W(X); (rf) = (m4sf) (1.9)



respects the concordance relation and so induces a map V[X] — hV[X], which corresponds
to « in (1.3) under the isomorphisms (1.7) and 1.8). When d = 2, it is a good idea to
modify the source of (1.9); we will return to this point in a little while.

The new description of a reformulates theorem 1.1.1 as a statement about integrability of
certain jet bundle sections, up to homotopy or concordance. Statements of this type are
called h-principles [14].

1.3 Outline of proof

The celebrated “first main theorem” of V.A.Vassiliev [41], see also [42], is a wonderful
source of (established) h-principles. One of these Vassiliev h-principles, slightly modified,
turns out to be a rather close approximation to the one we are after in connection with the
Mumford conjecture. We describe this approximation.

Fix d > 0 as before. For smooth X without boundary, let WW(X) be the set of all pairs
(m, f) where m: E — X is a smooth submersion with oriented fibers of dimension d + 1,
and f: F — R is a smooth function subject to two conditions: the restriction of f to each
fiber of 7 is a Morse function, and (m, f): E — (X,R) is proper.

Let hW(X) be the set of all pairs (7, f) where m: £ — X is a smooth submersion with
fibers of dimension d + 1 as before, and f is a section of the vertical 2-jet bundle

p: JX(E,R) — E,

subject to two conditions. Namely, for z € X and z € E, = 7~ !(z), the value f(z) can
be represented by a germ near z of Morse functions E, — R; and (7, f): E — X x R is
proper, where f: E — R is the underlying map of f .

An element (7, f) € W(X), with 7: E — X, determines a section j2f of the projection
J2(E,R) — E by fiberwise 2-jet prolongation. The map

WX) — WWV(X); (mf) — (m,j2f) (1.10)

respects the concordance relation and so induces a map between the sets of concordance
classes, W[X] — hW[X]. This is obviously very similar to (1.9). The contravariant functors
X — W[X] and X — hW[X] are representable, so that elements of W[X] and hW[X] are
in bijective natural correspondence with homotopy classes of maps

X — W, X — |V,

respectively, for certain spaces |WW| and |hW)|. The natural map W[X] — hW[X] given by
2-jet prolongation corresponds a map between the representing spaces,

W] — |hW). (1.11)

Vassiliev’s first main theorem is the main ingredient in our proof of:

Theorem 1.3.1 The map (1.11) is a homotopy equivalence.



We now relate (1.11) to (1.9). The functors X — V[X] and X +— hV[X] also have
representing spaces |V| and |h)V|, respectively. The inclusions V(X) — W(X) respect
the concordance relation and so induce a map |V| — |W|. To have a similar inclusion

N

hV(X) — hW(X), we need to adjust the definition of hV(X) by insisting on pairs (m, f),
with 7: F — X etc., where f is a section of the fiberwise 2-jet bundle

but the conditions are, as before, on the induced section of the fiberwise 1-jet bundle jl.
Then there is a commutative square

V| —— |hV] (1.12)

.

(W[ ——[hWV]|

where the vertical arrows are inclusion-induced and the horizontal ones are given by jet pro-
longation. In order to make an efficient comparison between the two rows of diagram (1.12),
we introduce a “localized” version of the second row.

For a smooth X without boundary, let Wj,.(X) consist of pairs (7, f), with 7: F — X
etc., as in the definition of W(X), except for one change. We no longer require that
(m,f): E — X x R be proper; instead we require that the restriction of (m, f) to the
fiberwise singularity set

YX(m f)={z€FE|df=0on (T"E), }

be a proper map X(m, f) — X x R. There is an h-version hW),.(X), consisting of pairs
(m, f) as in the definition of AWW(X), except for a weakening of the properness condition.
Jet prolongation defines a map between the representing spaces, [Wioc| — [RWioe| -

Theorem 1.3.2 The jet prolongation map [Wiee| — |hWioc| is a homotopy equivalence.

This is much easier than 1.3.1. We briefly describe the ideas involved. For an element
(7, f) € Wioe(X), the set X' = X(m, f) C E consists of all z € E where f restricted to
the fiber of m through z has a singularity. Since these singularities are nondegenerate by
assumption, X is a smooth submanifold of F which is everywhere transverse to the fibers
of m. Hence the projection X — X is an étale map, alias codimension zero submersion.
Because of the weakened properness condition, knowledge of the étale map Y — X, the
normal bundle of X' in E and the Morse index map ¥ — {0,1,2,3,...,d + 1} turns out
to be sufficient to reconstruct the concordance class of (m, f). This makes it easy to give a
simple description of Wi,[X]. There is a similar description of hW),.[X], and theorem 1.3.2
is an easy consequence of these simplified descriptions.

The sets hV(X) C hW(X) C hWio(X) consist of smooth maps (m, f): £ — X x R
with extra tangential structure. It is always a relatively easy matter to classify tangential



structures, and in fact we are able to determine the homotopy type of all three spaces. The
space |hV| was implicitly determined in the previous subsection:

V| ~ QhV.

A very similar analysis gives
|hW| ~ Q*hW

for another (twice looped down) Thom spectrum hW . Finally,
PWiel =~ [ Q29%(S" A BSO(p,q)+)

p.q
p+q=d+1

where SO(p,q) C GL(p + q) is the subgroup which stabilizes the standard quadratic form

2

(xl,---a$d+1)’—’—(CU%+"'+$p)+(95;2;+1+"'+$3+1)-

Given the homotopy types, one observes the following

Theorem 1.3.3 The maps |hV| — |hW| — |hW)o.| define a homotopy fibration sequence
of infinite loop spaces.

Theorems 1.3.1, 1.3.2, 1.3.3 are valid for any choice of d > 0. This is not the case for the final
result that goes into the proof of theorem 1.1.1, although substantial parts of it are valid
for all d. For the moment we take d = 2. In this case we have a modified version V.(X)
of V(X). Namely, an element of V.(X) is a proper submersion, or equivalently, a bundle
(m, f): E — X xR whose fibers F' are connected, closed, smooth, 2-dimensional; in addition
we assume that each fiber comes equipped with an orientation preserving embedding of
SY x D2. The functor X + V.[X] has a representing space |V.|. By the discussion leading
up to 1.4, we have |V| ~ ][, BI;2 and therefore

QB|V.| ~ BI'f x 7.

It is a consequence of theorems 1.3.1 and 1.3.2 that the spaces |[W| and |[W,.| are group
complete, so that

W =~ QBW[, Wil =~ QB[Wpq.

Theorem 1.3.4 With d = 2, the sequence QB|V. — |[W| — |Wiec| Is a homotopy
fibration sequence.

Using this in conjunction with 1.3.1 and 1.3.2, we have another homotopy fibration sequence
QB|V| — |hW| — |hWiec|, and therefore by theorem 1.3.3 the conclusion

BIi xZ ~ QB|V.| ~ |hV| ~ Q*hV = Q¥CP%.
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The proof of theorem 1.3.4 is technically the most demanding part of the paper. It rests on
compatible stratifications of [W| and |Wjec|, where the strata are certain bundle theories.
This part of the analysis is valid for all d > 0. But the Harer stability theorem is also used
in an essential way, if only as a black box. This leads to the condition d = 2.

We end the paragraph with an explanation of where the stratifications of [W| and |[Wio|
come from, again for arbitrary but fixed d > 0.

Let (7, f) be an element of W(X), with 7: F — X and f: E — R. We can then associate
to each x € X a finite set T,. This is the set of critical points with critical value 0 of the
Morse function f|E,, where E, = 771(x). It comes with a map

T, — {0,1,2,...,d+ 1},

the Morse index map. Therefore (m, f) determines a partition of X into locally closed
subsets X7, indexed by the isomorphism classes (T') of finite sets over {0,1,...,d+ 1}.
Namely, X7y C X consists of all z € X such that T, =T'.

If the partition has only one nonempty part corresponding to a single isomorphism class
(T'), then we say that (m, f) is pure of class (T'). At the other extreme, we have the case
where (7, f) is “generic”. Then the partition of X determined by (7, f) is a stratification.
Each stratum X7 is a smooth submanifold of X of codimension |T'|. The image of (7, f)
in W(X7) is pure of class (T').

Let Wi (X) C W(X) consist of the elements which are pure of class (7). Dividing
by the concordance relation, we have a contravariant functor X +— Wy [X]. The above
observations suggest that the representing space |W)| of X +— WI[X] has a stratified model
whose strata are indexed by isomorphism classes (T') of finite sets over {0,1,...,d + 1},
and such that the stratum corresponding to (T') is a representing space for X — W) [X].
We confirm this in section 5. There is a compatibly stratified model of |[W),|.

The usefulness of the stratifications of |W| and [Wiec| comes from the fact that the strata
Wiy and [Wiee, ()| represent genuine bundle theories. To make this more precise in the
case of [W|, let (7, f) be an element of W7, (X). By definition, the projection from

EO(W’f) = E(ﬂ-af) N fﬁl(o)

to X is then a |T'|-sheeted covering. Consequently Xo(m, f) is a codimension 0 submanifold
of X(m, f), hence a union of connected components of X(m, f). It turns out that the
remaining components of X(m, f) are “removable”. That is, every class in W [X] has a
representative (7, f) with

20(7[',f)=2<71’,f).

In this situation, 7: E — X is automatically a bundle of (d 4+ 1)-manifolds. Moreover,
for every nonzero ¢ € R, the restriction of m to f~1(c) is a bundle of closed d-manifolds.
When d = 2, this brings us back to surface bundles and leads (with the Harer stability
theorem) to a proof of theorem 1.3.4.

11
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For the rest of this paper we consider only the surface case d = 2, with additional boundary
data in the definitions of ¥V, W etc., cf. section 2. The reader can easily adapt the arguments
of sections 2-5 to the general case d > 2.

2 Some generalized bundle theories

This section defines the six generalized bundle theories sketched out in the introduction.
They are considered to be sheaves on the category 2  of smooth manifolds without bound-
ary (of arbitrary dimension) and with smooth maps as morphisms.

2.1 The basic sheaves

Let E be a smooth manifold with boundary and 7: F — X a smooth map to an object of
Z . The map 7 is a submersion if its differentials

dr:  (TE), > TXr., z€ENOE
d(m|0E): (TOFE), —» TXz), 2€0FE

are all surjective. In all cases considered below 7: E — X is assumed to be a product
bundle near JF. If the submersion 7 is also proper, then 7 is a smooth fiber bundle by
Ehresmann’s fibration theorem [2, thm. 8.12].

Pull-back or base change of bundles or submersions is not strictly associative. To get around
this we shall assume that 7 is a graphic map. The rule which to an X in 2 associates
the set of graphic submersions 7: E — X is a contravariant functor on 2 .

Definition 2.1.1 Let f: S — T be a map of sets. We say that f is graphic if f has a
factorization S — U x T' — T where the first arrow is an inclusion (not just an injection)
and the second arrow is the projection from U x T to T.

An arbitrary map f: S — T has a graphic replacement f: S — T where S C S x T is the
graph of f.

Let f: S — 15 be a graphic map and let g: T} — T» be any map. We make a pullback
square
gS——8 (2.1)

.

T1 E—— T2

12



by letting ¢g*S consist of all ordered pairs (u,t) such that ¢ € T7 and (u,g(t1)) € S. The
left hand vertical arrow is given by (u,t) — t and it is again a graphic map. Moreover, if
g is an identity, then ¢*S = S'; and if ¢ is a composition, g = gag1, then ¢g*S = g1*¢>*S.
Thus, with the above definitions, base change is associative.

Let E be a smooth manifold and p*: J*¥(E,R) — E the k-jet bundle, where k > 0. TIts
fiber at z € E consists of equivalence classes of smooth map germs f: (E,z) — R, with f
equivalent to g if the k-th Taylor expansions of f and g agree at z (in local coordinates
near z). The elements of J*(E,R) are called k-jets of maps from E to R. The k-jet
bundle p¥: J¥(E,R) — E is a vector bundle.

A smooth function f: E — R induces a smooth section j*f of p¥, which we call the k -jet
prolongation of f, following e.g. Hirsch [19]. (Some writers choose to call it the k-jet of
f, which can be confusing.) Not every smooth section of p¥ has this form. Sections of the
form j*f are called integrable. Thus a smooth section of p* is integrable if and only if it
agrees with the k-jet prolongation of its underlying smooth map f: F — R.

We need a fiberwise version J¥(E,R) of J*(E,R), fiberwise with respect to a submersion
m: EIT" — XJ with fibers E, for x € X. In a neighborhood of any z € E we may choose
local coordinates R7 x R” so that m becomes the projection onto R/ and z = (0,0). Two
smooth map germs f,g: (E,z) — R define the same element of J*(E,R), if their k-th
Taylor expansions in the R” coordinates agree at (0,0). Thus J¥(E,R), is a quotient of
J¥(E,R). and J¥(E,R), = J¥(E,(,),R). There is a surjection of vector bundles on E,

JHE,R) — JE(ER).

Sections of the bundle projection p¥: J¥(E,R) — E will be denoted f , g and their under-
lying smooth functions from E to R by f, g, etc.

A smooth function f: E — R induces a section j¥ f of p¥, which we call the fiberwise k-jet
prolongation of f. The sections of the form j*f are called integrable.

We now take k = 2 and introduce the following (standard)

Notation 2.1.2 (i) A section f of p2 is fiberwise nonsingular if f(z) € J*(Er(2),R) has
a non-vanishing linear part, for each z € E.

(ii) A section f of p2 is fiberwise Morse if each value f(z) is either nonsingular or, when
singular, has a non-degenerate quadratic part.

(iii) A smooth map f: E — R is fiberwise nonsingular, resp. fiberwise Morse, if j2f is
fiberwise nonsingular, resp. Morse.

(iv) The singularity set X(m, f) C E is the set of points z with f(z) singular. If f = G2 f,
then we write X(m, f) instead of X(m, f).

Let ¥.(E,R) C J%(E,R) be the submanifold consisting of the singular jets, i.e., those with
vanishing linear part. Then for a section f of p2, we have

2(m, f) = fHE(ER)),
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so that f is fiberwise nonsingular if and only if it misses X (E,R). For integrable f , wWe
can also say that f is fiberwise Morse if and only if it is fiberwise transverse to X (E,R).
See [12, I1.6.1-4]. This has the following consequence.

Lemma 2.1.3 Suppose that f: E — R is fiberwise Morse. Then the restriction of m to
X(m, f) is a local diffeomorphism X(m, f) — X .

Proof The assumption implies that the fiberwise differential d,f viewed as a section of
the vertical cotangent bundle T E — FE is transverse to the zero section. In particular
Y = X(m, f) is a submanifold of E, of the same dimension as E. But moreover, the
fiberwise Morse condition implies that for each z € X', the tangent space (T'X), has trivial
intersection in (T'E), with the vertical tangent space (T™E),. This means that X is
transverse to each fiber of 7, and also that 7|X is a local diffeomorphism.

It is customary to call local diffeomorphisms for étale maps. We will follow this tradition:

Definition 2.1.4 A smooth map p: ¥ — X between smooth manifolds of the same
dimension is called étale if its differential at every point y € Y is a linear isomorphism from
(TY)y to TXW(z).

Recall from Ehresmann’s fibration lemma, [2, 8.12], that a proper submersion is a fiber
bundle, and in particular that a proper étale map is a covering projection.

We now define a number of sheaves on the category 2, that is, contravariant functors F
from 2 to the category of sets, which satisfy the following condition: for every X in 2~
and open cover {Y;}ier of X, the sequence

* = F(X) —=Lie, F(Yi) == Hi,je[xlf(yiﬂyj)
is exact. In other words, given s; € F(Y;) for i € I such that s;|Y; NY; = 5;]Y; NY;, there

exists a unique s € F(X) with s|Y; = s;.

Definition 2.1.5 For an object X in 2, let hV(X) be the set of pairs (m, f) where
m: F — X is a graphic submersion with oriented 3-dimensional fibers and f is a section of
p2: J2(E,R) — E, subject to the following three conditions:

(i) (m f): E— X xR is proper.
(ii) f is nonsingular.

(iii) near their respective boundaries, F and (S' x R x [0,1]) x X agree. Moreover 7 is
the standard projection to X and f is the jet prolongation of the projection to R.
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Analogously we have an integrable version V(X) C hV(X), consisting of pairs (, f) where
f: E — R is a smooth function such that (m,52f) € hV(X)). This means that for each
x € X the restriction of f to the fiber E, is nonsingular. Thus (7, f): F — X xR is a
proper submersion, hence a smooth fiber bundle. Each fiber is an oriented surface with two
boundary circles, but it need not be connected.

Definition 2.1.6 Let V.(X) C V(X) denote the subset of pairs (m, f) where the fibers of
(m,f): E— X xR are connected.

Definition 2.1.7 For X in 2" let hW(X) be the set of pairs (, f), as in definition 2.1.5,
which satisfy conditions (i) and (iii), but where condition (ii) is replaced by the weaker
condition

(ifa) f is fiberwise Morse.

Again we have an integrable version W(X) C hW(X) consisting of pairs (m, f) where
f: E — R is a smooth function such that (m,j2f) € hW(X). The integrability condition
means that, for each x € X, the restriction of f to the fiber F, is a Morse function.

Definition 2.1.8 For X in 2 let hWio(X) be the set of pairs (m, f), as in defini-
tion 2.1.5, which satisfy condition (iii), but where conditions (i) and (ii) are replaced by
(ia) the map X(m, f) — X x R; z — (n(2), f(2)) is proper,

(iia) f is fiberwise Morse.

The integrable version of hAW,.(X) is denoted Wio.(X). Making X into a variable, we
have contravariant functors hV, hW, hW),c on Z and their integrable versions V, W,
Wioce- This uses base change for graphic maps to X (here smooth submersions 7: E — X)
as defined in 2.1.1. All six functors have the sheaf property. They fit together into the
diagram of sheaves

y — W —— Wloc (22)

Y —= MWWV ——= W

2.2 Homotopy theory of sheaves

Given a sheaf F on 2 we want to consider for each X in 2 the concordance classes
of elements of F(X). This requires that we extend F to be defined on manifolds with
boundary. It suffices to consider manifolds with collared boundary. For such X we have
a canonical projection p: Y ~\ 0X — 09X for a sufficiently small open neighborhood Y of
0X in X.

15



Definition 2.2.1 Let X be smooth with collared boundary. Let F(X) be the set of all
pairs (r,s) € F(X N 0X)x F(0X) such that r and p*(s) agree on Y\ 09X, for a sufficiently
small open neighbourhood Y of 90X in X. (Here p is the collar projection.)

Definition 2.2.2 Let F be asheafon 27, let X be an object of 2™ and let s¢,s1 € F(X).
A concordance from sy to s; is an element (h,s) of F(X x [0,1]) such that s +— (sg,s1)
under the canonical bijection F(X x 9]0, 1]) — F(X) x F(X).

We also say that h € F(Xx]0,1[) is a concordance from sg to s;. If such a concordance
exists, then sy and sy are said to be concordant and we write sg >~ s; or h: sy ~ s7.
Concordance is an equivalence relation on F(X). The set of equivalence classes will be
denoted by F[X].

It is necessary to have a relative version of F[X]. Suppose that A C X is a closed subset,
where X isin 2. Let s € colimyF(U) where U ranges over the open neighborhoods
of A in 2 . Note for example that any z € F(%) gives rise to such an element, namely
s = {p{;(2)} where py: U — * . In this case we often write z instead of s.

Definition 2.2.3 Let F(X, A;s) C F(X) consist of the elements ¢t € F(X) whose germ
near A is equal to s. Two such elements tg and ¢; are concordant relative to A if they are
concordant by a concordance whose germ near A is the constant concordance from s to s.
The equivalence classes are denoted F[X, A;s].

We now construct the representing space |F| of F and list its most important properties.

Let A be the category whose objects are the ordered sets n := {0,1,2,...,n} for n >0,
with order preserving maps as morphisms. For n > 0 let A? C R™"! be the extended
standard n-simplex,

Al = {(xo,.%'l, cey ) € R ‘ Y, = 1}
An order-preserving map m — n induces a map of affine spaces A* — A?. This makes

n +— A7 into a covariant functor from A to 2 .

Definition 2.2.4 The representing space |F| of a sheaf F on £ is the geometric realiza-
tion of the simplicial set n +— F(AL).

An element z € F(*) gives a point z € |F| and F[x] = mo|F|. In appendix A we prove
that |F| represents the contravariant functor X — F[X]. Indeed we prove the following
slightly more general

Proposition 2.2.5 For X in 2", let A C X be closed and z € F(x). There is a natural
bijection ¥ from the set of homotopy classes of maps (X, A) — (|F|, z) to the set F[X, A; z].
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Taking X = S™ and A equal to the base point, we see that the homotopy group 7, (|F|, 2)
is identified with the set of concordance classes F[S™,%; z]. We introduce the notation

Tn(F, z) = F[S", *; 2] .

A map v: £ — F of sheaves induces a map |v|: |E] — |F| of representing spaces. We call
v a weak equivalence if |v| is a homotopy equivalence.

Proposition 2.2.6 Let v: £ — F be a map of sheaves on 2 . Suppose that v induces a
surjective map

S[Xv A7 3} - f[X7 Aa U(S)]
for every X in 2  with a closed subset A C X and a germ s € colimyE(U), where U
ranges over the neighborhoods of A in X . Then v is a weak equivalence.

Proof The hypothesis implies easily that the induced map wo€ — mpF is onto and that,
for any choice of base point z € £(*), the map of concordance sets 7, (€, z) — m,(F,v(z))
induced by v is bijective. |

Applying the representing space construction to the sheaves displayed in diagram (2.2), but
using V., instead of V, we get a commutative diagram of representing spaces

WC‘ - ‘W‘ - ’WIOC‘ (2-3)

j’%J« j,%l J?TJ/

[V —— ["W] —— [Vl

oo
Note that V.| ~ HBngg.
g=0

2.3 Different models and monoid structures

Let F be one of the sheaves from section 2.1. Concatenation along a boundary component
defines a composition law
FIX] x FIX] — F[X]

so that each of the spaces in diagram (2.3) comes equipped with a multiplication which
is homotopy associative and with a homotopy unit. Our first task is to give an upgraded
version of the sheaves that turns their values into monoids, and therefore makes the repre-
senting spaces into topological monoids (without unit). We describe this in detail for W
and leave the other cases to the reader.
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Let t: X —]0,00[ be a smooth function. We define
[0,t] x X :=={(s,2) e Rx X | 0<s<t(x)}.

Definition 2.3.1 For X in 2" let W/(X) be the set of quadruples (¢, u, 7, f) where ¢ is
a function as above, (u,7): E — [0,¢] x X is a smooth graphic map whose X —coordinate
is a submersion 7: E — X with 3-dimensional fibers, and f: £ — R is a smooth map,
subject to the following conditions.

(i) (m, f): E— X xR is proper.
(ii) For each = € X the restriction f,: E; — R is Morse.

(iii) Near their respective boundaries, the manifolds £ and (S* x R) x ([0,#] x X) agree,
and u, 7w, f agree there with the obvious projections.

There is a monoid structure on W' (X). Indeed, for (¢,u,m, f) and (¢',u/, 7', f') in W/ (X)
one defines
(t7 u, T, f) o (t/7 ula 7T/7 fl) = (t + t/7 u”7 7TI/7 fl/)' (24)

Here the source of n” is the union (concatenation) of E and ¢*E’, where o* denotes the
base change, as in (2.1), along the translation homeomorphism

o: tit+t]xX — [0,t'] x X; (s,z) — (s—t(x),x).
The maps 7" and f” are defined by

7_‘_/I — TI'UO'*T('I, f/l — fUO'*fI.
There is no unit for the product in (2.4), since we assumed ¢ > 0 in definition 2.3.1. As
a result the representing space |W’| becomes a topological monoid without a strict unit.
However, the classifying space construction B|W’| and hence the group completion QB|W/|
make perfectly good sense. We also describe a way to attach an artificial unit to monoids
without unit in appendix C.

Lemma 2.3.2 The sheaves W’ and VW are homotopy equivalent.

Proof There is a subsheaf W” of W which we obtain by allowing only the constant
function ¢ with value 1 in definition 2.3.1. The inclusion W’ — W' is a weak equivalence,
and so is the forgetful map from W’ to W. |

There are similar enlarged models for the other sheaves of section 2.1, so diagram (2.3) is
equivalent to a diagram of topological monoids and monoid maps. In the rest of the paper,
we will not make explicit use of these larger models with monoid structures: it is usually
enough to know that they exist.

We next introduce sheaves W% and hWWY on 2. They are weakly equivalent to W and
hW, respectively, but are better related to Vassiliev’s h-principle, see [42, Thm.0.A] and
[41, ITI, 1.1], than W and hW.

18



Definition 2.3.3 For X in 2" let hWO(X) be the set of all pairs (m, f) as in defini-
tion 2.1.7, replacing however condition (iia) by the weaker

(iib) f is fiberwise Morse in some neighborhood of f~(0).

From the definition, there is an inclusion AW — hWY. There are also an integrable version
WY and an inclusion W — WY,

Lemma 2.3.4 The inclusions W — W and hWW — hW° are homotopy equivalences.

Proof We will concentrate on the first of the two inclusions, W — W°. Fix (7, f) in
WO(X), with 7: E — X and f: E — R. We will subject (7, f) to a concordance ending
in W(X). Choose an open neighborhood U of f~1(0) in E such that, for each z € X, the
critical points of f, = f|E, on E, NU are all nondegenerate. Since E \ U is closed in E
and the map (m, f): E — X X R is proper, the image of £\ U under that map is a closed
subset of X x R which has empty intersection with X x 0. (Proper maps between locally
compact spaces are closed maps.) We can therefore choose a smooth function ¢: X —]0,1]
such that U contains all z € E for which |f(z)| < ¢(m(z)). And we can choose a smooth
isotopy of embeddings ¢;: X X R — X x R, where 0 <t < 1, such that

(i) each ¢ is a map over X,
(ii) ¢p=1id and ,1(X xR) C {(z,t) | —p(z) <t < @(z)},
(iii) ¢4 = ¢o for t close to 0 and ¢4 = ¢1 for ¢ close to 1.

Then let E® be the inverse image of ;(X x R) under the map (, f): E — X x R. Let
fO. E® R be the second coordinate of ;1 following on (m,f): E— X xR. Let x®
be the restriction of 7 to E® . Now

£ (0, )

defines a concordance from (, f) € W°(X) to an element in W(X). (Strictly speaking,
some renaming of some of the elements of E®) for 0 < ¢t < 1 is required because of the
boundary conditions in the definitions.) If the restriction of (, f) to an open neighborhood
Y7 of a closed A C X belongs to W(Y7), then the concordance can be made relative to Yy,
where Yj is a smaller open neighborhood of A in X. m|

For later use we list

Lemma 2.3.5 If X in 2 is compact, then every class in W[X] or hW[X] has a repre-

A

sentative (w, f), resp. (m, f), in which f: E — R is a bundle projection, so that
E==f10)xR.

19



Proof We concentrate on the first case. First pick a representative (m, f) € W(X) such
that f: £ — R has 0 as a regular value. Since (7, f): £ — X x R is proper and X
is compact, f itself is proper and therefore closed. It follows that there exists an € > 0
such that all s € [—¢,¢| are regular values for f. Now choose an isotopy of embeddings
t: R — R, where 0 < ¢ <1, such that ¢y is the identity and ¢;(R) C [—¢,&]. Here ¢ runs
from 0 to 1 and the isotopy is stationary near ¢ = 0 and ¢t = 1. The shrinking argument of
the previous lemma gives a concordance from (7, f) to an element (71(1), f (1)), where the
source EM of 71 is f~1(41(R)) and 1) equals f|EM followed by the inverse of ¢;. Since
f]E(l) is regular, f is regular. Since f() is also proper, f() is a proper submersion, i.e.,
a bundle projection. m|

3 The spaces of diagram (2.3)

This section determines the homotopy types of the spaces of (2.3), save the space |W| which
is deferred to section 4.

3.1 A cofiber sequence of Thom spectra

Let Gryy(R3™™) be the manifold of triples (V,,q) consisting of an oriented 3-dimensional
linear subspace V' C R3*"  a linear map ¢: V — R and a quadratic form ¢: V — R,
subject to the condition that if £ = 0, then g is nondegenerate. Gryy(R3*") classifies 3-
dimensional oriented vector bundles whose fibers have the above extra structure, i.e., each
fiber V' comes equipped with a Morse type map £4¢: V — R and with a linear embedding
into R3+7.

Let S3(R) be the vector space of quadratic forms on R? (or equivalently, symmetric 3 x 3
matrices) and A C S3(R) the subspace of the degenerate forms (not a linear subspace).
The complement Q(R3?) = S3(R) . A is the space of non-degenerate quadratic forms on
R3, and

A%(R3) = (R?)* x S3(R) ~ (0 x A)
is precisely the space of pairs (¢, q) as above, where £+ ¢: R3 — R is a Morse type map.

The group GL(R?) acts on the right of A%(R3) by (¢,q) - g = (fg,qg). Restricting this
action to SO(3) we have

Grw(R¥*™) = (0(3 + n)/O(n) x A*(R?)) /SO(3). (3.1)

We turn to a description of the homotopy type of A2(R?) in more familiar terms. Since
quadratic forms can be diagonalized,

3

QR*) =[] Q31

1=0
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where Q(i,3 — i) is the connected component containing the form ¢; given by

gi(x1, 2, 23) = — (¢ + -+ af) + (Fq + -+ 1)

The stabilizer O(i,3 — i) of ¢; for the (transitive) action of GL3(R) on Q(i,3 — i) has
O(i) x O(3 — i) as a maximal compact subgroup and GL3(R) has O(3) as a maximal
compact subgroup. Hence the inclusion

(0(i) x O(3—14))\OB) — Q(i,3—14); cosetof g — qig
is a homotopy equivalence, and therefore the subspace
Q"(R*) = {q0,q1,42,93} - O(3)
= I (0() x O3 = ))\OE) (3.2)
~ % IIRP? II RP? 11 %
of Q(R?) is a deformation retract, Q(R3) ~ Q"(R3).

Lemma 3.1.1 There is a homotopy equivalence from the join S? x Q%(R3) to A%(R3)
which is equivariant for the actions of O(3).

Proof The space A%(R3) is the union of ((R3)* —0) x S3(R) and (R3)* x Q(R3) with
intersection ((R®)* — 0) x Q(R?®). Since S3(R) and (R3)* have canonical contractions
and since the inclusion Q°(R?) — Q(R3) is a homotopy equivalence, we get a canonical
homotopy equivalence from the double mapping cylinder (alias homotopy colimit) of the
diagram
§7 — 2 x Q(R?) — Q"(R?)

to A%2(R3). The homotopy colimit is precisely the join S? * Q°(R?) and the map respects
the O(3)-actions. O

The tautological 3-dimensional vector bundle Uyy ,, on Gryy(R3T) is canonically embedded
in a trivial bundle Gryy(R3T7) x R3+7. Let

Uk, C Grpy(R3Tm) x R3n
be the orthogonal complement, an n-dimensional vector bundle on Gryy(R317).

The tautological bundle Uy, comes equipped with the extra structure consisting of a map
from (the total space of) Uy, to R which, on each fiber of Uy, is a Morse type map.
(The fiber of Uy, over a point (V,q,£) € Gryy(R3*") is identified with the 3-dimensional
vector space V' and the map can then be described as ¢+ q.)

For the submanifold Xy, C Gryy(R3*") consisting of the triples (V,£,q) with £ =0 we
have

Swa = (0(3+n)/0(n) x Q(RY) /S0(3). (33)
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The restriction of Uy, to Xy, comes equipped with the extra structure of a fiberwise
nondegenerate quadratic form. There is a canonical normal bundle for Xy ,, in Gryy(R3™™)
which is identified with Uy, , |2 . Hence there is a homotopy cofiber sequence

Gry(R37") — Gryy(R3*+") —— Th(Uyy, | Zwn)

where Gry (R3™) = Gryy(R3*")\ X)y,, and Th(...) denotes the Thom space. This leads
to a homotopy cofiber sequence of Thom spaces

Th (Uyy,|Grv(R**")) — Th (Uyy,,) — Th (U, © Uy | Zwin)
which, as n varies, becomes a homotopy cofiber sequence of spectra
hV — hW — hW..

Here we view Th (Uﬁ,n) as the (2 4 n)-th space of the spectrum hW, and similarly for
the other two spectra. We then have the corresponding infinite loop spaces

Q*hV = colim Q**"Th (U, [Gry(R¥7)),
Q*hW = colim Q**"Th (Up, ),
Q*hWi,e = colim Q*"Th (Uy;, , & Uy, | Zwn)-

The homotopy cofiber sequence of spectra above yields a homotopy fiber sequence of infinite
loop spaces
Q°hV — Q®°hW — Q°hW),. , (3.4)

that is, Q°°hV is homotopy equivalent to the homotopy fiber of the right-hand map. In
particular there is a long exact sequence of homotopy groups associated with diagram (3.4)
and a Serre-Leray spectral sequence of homology groups.

Lemma 3.1.2 There is a homotopy equivalence of infinite loop spaces
QChW), =~ Q°STT0(x),, ),
where Xy o ~ BSO(3) II BO(2) IT BO(2) II BSO(3).

Proof Since Uy ,|X) ,, comes equipped with a fiberwise nondegenerate quadratic form,
U;\)m‘ZW,n is canonically identified with Uyy ,|Xw . Consequently the restriction

U#V,n D U{/kV,n | ZWJL
is trivialized, so that Th (U, @ Uy | Dwn) = S3T( Xy n) 4 . Hence
QChWy, ~ Q©ST°(5y )4

where Xy oo = J Xy . Using the description (3.3) of Xy, and the homotopy equivalence
Q(R3) ~ Q°(R3), see (3.2), we get

Sy =~ (0(3+n)/0(n)) x Q(E)) /SO(3)
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The union |J,, O(3+n)/O(n) is a contractible free SO(3)-space, so that Xy  is homotopy
equivalent to the homotopy orbit space of the canonical right action of SO(3) on

3
Q"R?) = [T(0(i) x 03 —i)\O(3). O
i=0

The Grassmann manifold Gra(R?*7) of oriented 2-planes P in R**" can be identified with
a subspace of Gry(R3T™) = Gryy(R3™) \ Xy, by P +— (R P,prg,0). The injection is
covered by a monomorphism of vector bundles

Ly = Uiy | Gry(R7'")
where L;- is the standard n-plane bundle on Gry(R?+").

Lemma 3.1.3 The space Gry,(R3™™) is homotopy equivalent to SO(3+n)/SO(2)xSO(n),
and the map Th (L) — Th (Ul}\/n | Gry(R3+™)) just constructed is (2n + 1)-connected.

Proof From (3.1) and lemma 3.1.1 we have an embedding and a homotopy equivalence
(O(3+n)/O(n) x §2) /SO(3) — Gry(R3**")

where (O(3+4n)/0(n) x 52)/SO(3) = O(3+n)/(SO(2) x O(n)). Using this as an identifi-
cation, we may identify the above embedding Gra(R?*") — Gry(R3*") with the inclusion

O(24n)/(SO(2) x O(n)) — OB+ n)/(SO(2) x O(n)).
This is (n + 1)-connected. Passing to the corresponding map between Thom spaces raises
the connectivity by n. O

We collect the results of this section, 3.1, in

Proposition 3.1.4 The homotopy fiber sequence (3.4) is homotopy equivalent to
Q®CP>® — Q®hW — Q®°S°(x),, ). O

3.2 The spaces |[hWW| and |hV

In section 2.1 we described the jet bundle J2(E,R) and its fiberwise version as certain
spaces of smooth map germs (F,z) — R, modulo equivalence. For our use in this section
and the next it is better to view it as a construction on the tangent bundle. For a vector
space V, let J2(V) denote the vector space of maps

fr V= R, fv) = c+l(v)+q()

where ¢ € R is a constant, £ € V* and ¢: V — R is a quadratic map. This is a contra-
variant continuous functor on vector spaces, so extends to a functor on vector bundles with
J2(F), = J*(F,) when F is a vector bundle over E.
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When F = TFE is the tangent bundle of a manifold F, then there is an isomorphism of

vector bundles
J*(TE) = J*(E,R).
Indeed after choice of a spray [2] on E, the associated exponential map induces a diffeo-

morphism germ
exp,: (TE,,0) — (E,z)

and f(z) € J2(TE,) gives an element of J2(E,R),. The resulting vector bundle map
J2(TE) — J*(E,R) is the required isomorphism. (To see that it is smooth one may use
that the exponential map takes a neighborhood of the zero section in T'E diffeomorphically
to a neighborhood of the diagonal in E x E.)

Given a submersion 7w: F — X with vertical tangent bundle T™F, we similarly have an
isomorphism of vector bundles

JX(T™E) = J*(E,R). (3.5)
This time we need an exponential map T'E — E for which the restricted map T"EF — E is

a map over X, i.e., such that ((T"FE),,0) — (Er(.),2) is a diffeomorphism germ for each
ze L.

Our object now is to construct a natural map
T7: AW[X] — [X, Q°hW] (3.6)

compatible with the concatenation in the source and loop sum in the target. Here [, | in
the right-hand side denotes a set of homotopy classes of maps.

We assume familiarity with the Thom-Pontryagin relationship between Thom spectra and
their infinite loop spaces on the one hand, and bordism theory on the other. See [39]
and especially [31]. Applied to our situation this identifies [X,2*°hW] with a group of
bordism classes of certain triples (M, g, §). Here M is smooth without boundary, dim(M) =
dim(X) + 2, and g, § together constitute a vector bundle pullback square

TM x R+ —2 TX x Up,oo X RI (3.7)

|

M X x Gryy(R3+).

The X —coordinate of g is required to be a proper map M — X . (We write Uyy o for the
tautological 3-dimensional vector bundle on Gryy(R37°) = J Gryy(R3™").) The sum of
bordism classes is given by disjoint union of representatives.

For our purposes a slightly different description is preferable. For this we fix a triple
(S', g0, 90) in which go: S' — Gryy(R3) is the constant map to the base point x = (R3, £, 0)
with £(tq,ta,t3) = t1, and gg is the composite map

standard framingxid switch

(TS'xR) xR R? x R R x R2.
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We can then describe [X,Q*°hW] as the bordism group of triples (M, g,g) as above but
with OM = S*x 9[0,1]x X . (The restrictions of g and § to 9M and TM|OM , respectively,
are also prescribed: they must agree with the pullbacks of gy and §g under the projection
from S x 9[0,1] x X to S'.) With this description, the group structure is given by
concatenation, much as in section 2.3. The isomorphism from the standard description to
the modified one is given by taking disjoint union with S* x [0,1] x X .

Let now (7, f) € hWW(X), where 7: E — X is a submersion with 3-dimensional fibers and
f is a section of J2(T™E) — E with underlying map f: E — R. See definition 2.1.7. After
a small deformation which does not affect the concordance class of (, f ), we may assume
that f is transverse to 0 € R (not necessarily fiberwise) and get a manifold M = f~1(0)
with dim(M) = dim(X)+2. The boundary M is identified with S! x 9[0,1] x X and the
restriction of m to M is a proper map M — X, by the definition of AW (X). The section

~

f yields for each z € £ a map
f(z) = f(z)+€z+QZ3 (TFE)Z—”R

with the property that the quadratic term ¢, is nondegenerate when the linear term ¢, is
zero. For z € M the constant f(z) is zero, so the restriction T"E|M is a 3-dimensional
oriented vector bundle on M with the extra structure considered in subsection 3.1. Thus
T™E|M is classified by a map from M to the space Gryy(R3+t°°): there is a bundle diagram

T”E’M Uw, 00

| |

M —"— Gryy(R3t%),

Let g: M — X x Gry(R3T°°) be the map z — (7(2),x(z)). We now have a canonical
vector bundle map
g TM xR = TEM = wTX|[M&T EM — TX x Up.e

and we get a triple (M, g, §) which represents an element of [X,Q2°°hW] in the (modified)
bordism-theoretic description. It is easily verified that the bordism class of (M,g,g) de-
pends only on the concordance class of the pair (7, f). Thus we have defined the map 7
of 3.6.

Theorem 3.2.1 The natural map 7: hW[X| — [X,Q°°hW] is a bijection when X is a
closed manifold.

Proof We define a map o in the other direction by running the construction 7 backwards.
Again we view [X,Q*°hW] as a bordism group. Let (M,g,g) be a representative, with
g: M — X x Gryy(R3+*°) and

G: TM xR — TX x Upyoo x RI.

We also assume M = S! x 9[0,1] x X. By obstruction theory, see lemma 3.2.2 below, we
can suppose that 7 = 0. Writing £ = M x R we obtain a map ng: F — X by composing
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the projection E — M with the first component of g. Similarly the map g, now with j =0
and TM x R =TF, has a first component which is a map of vector bundles

mg: TE — TX,

covering g and epimorphic in the fibers. Since F is an open manifold, Phillips’ submersion
theorem [30], [15], [16] applies to show that (7g,7g) is homotopic through fiberwise surjec-
tive bundle maps to a pair (m,dn) where 7: E — X is a submersion and dr: TE — TX
is its differential.

This homotopy lifts to a homotopy of (fiberwise isomorphic) vector bundle maps, starting
with g: TE — TX X Uy, and ending with a map TE — TX x Uy o which refines
the differential dn: TE — TX. Its restriction to T™E C TFE is a vector bundle map
T™E — Uyy o which equips each fiber (I'""E), of TTE with a Morse type map

l,+q.: (TT"E), — R.
Let f: E — R be the projection onto the R factor, and let
f(z) = f(z) + £: + ¢ € J*(T"E) = J2(E,R).

The map f is proper, since X and hence M are compact. Consequently the pair (, f )
represents an element in AW[X]. Its concordance class depends only on the bordism class
of (M,g,g). This describes a map

o: [X,Q°hW| — MWWV[X].

It is obvious from the constructions that 7 o ¢ = id. In order to evaluate the composition
oo, it suffices by lemma 2.3.5 to evaluate it on an element (m, f) where f: F — R is
regular, so that £ = M x R with M = f~1(0). For (y,r) € M x R, the map

flyr): (T7(M xR))py — R
is a second degree polynomial of Morse type. The homotopy
fioywsr) = flystr) + (1= t)r

shows that (m, f) is concordant to (r, f(o)), which represents the image of (r, f) under
o or1. Therefore o o1 =id. O

Lemma 3.2.2 Let T and U be k-dimensional vector bundles over a manifold M. Let
[T,Uliso be the set of homotopy classes of isomorphisms ~v: T — U. The stabilization
map [T,Ulisoc — [T x R,U x R]iso is bijective for k > dim(M) + 1 and surjective for
k=dim(M)+1.

Proof Let iso(T,U) — M be the fiber bundle over M whose fiber at z € M is the
space of linear isomorphisms from T, to U,. Then [T, Ul;s is the set of homotopy classes
of sections of iso(T,U) — M. The fibers of iso(T,U) — M are homotopy equivalent to
O(k), and 7;(O(k +1),0(k)) = 0 for j < k. Induction over the skeletons in a (smooth)
triangulation of M completes the proof. O
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Finally we give a short description of a map |hW| — Q°°hW which induces 3.6. We allow
ourselves some flexibility with the models for |hW| and Q°hW.

Fix an integer r > 0 and X in 2 . To the data (, f) in definition 2.1.7, with 7: £ — X
and f: E — R, we add the following: a smooth embedding

w: E — X xRx|[0,1] x RI*"

which covers (m, f): E — X x R, and a vertical tubular neighborhood N for the sub-
manifold w(E) of X x R x [0,1] x R'*", so that the projection N — w(E) is a map over
X X R. Near OF both w and N are assumed to be standard. In particular, near OF the
embedding w must agree with the standard embedding of

(S1xRx[0,1]) x X = X xRx|[0,1] xSt

in X x R xRY" x[0,1]. Making X into a variable now, we can interpret the forgetful map
taking (7, f,w,N) to (m, f) as a map of sheaves

W) s By

on % . This map is highly connected if r is large, by Whitney’s embedding theorem, so
that the resulting map from colim, hKW) to hW is a weak equivalence of sheaves.
Let Z(") be the sheaf taking an X in 2" to the set of pointed maps

S'A (X x R); — QU Th (Uyy,.)
where we use an exotic base point in the target, to be specified below. Then the representing

space of Z(" is a good approximation to Q°hW, that is, colim, \Z(”)] ~ Q°hW. The
Thom-Pontryagin collapse construction gives us a map of sheaves

70w — 20, (3.8)

In detail: let (m, f,w,N) be an element of W) (X). We assume that f is a section
of JX(T™E) — E, see (3.5). Now the differential dw promotes each fiber (T™E), of the
vector bundle T™E to a triple (V,£,,q,) € Gryy(R3*7). Here V, = dw((T"E),), viewed
as a subspace of the vertical tangent space at w(z) of the projection

X xRx[0,1] xRHF" — X

which we in turn may identify with R3t”_ and ¢, + ¢, is the non-constant part of f(z). In
particular z +— (V,,£.,q.) defines a map r: E — Gryy(R3*7). This extends canonically to
a pointed map

Th(N) — Th (Ujy,.)

because N is identified with /ﬁ*U,}Vﬂ,. But Th(N) is a quotient of X x R x [0,1] x S1*"
where we regard ST as the one-point compactification of R'*". Thus we have constructed
a map

X xR x [0,1] x S"*" — Th (Uyy,,)
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or equivalently, X x R x [0,1] — Q" Th(Uy};,). This is constant on X x R x 9]0, 1] by
inspection, the constant value being the exotic base point. Therefore our map can also be
written in the form

S'A (X x R); — QU Th (Uyy,)

and so is an element of Z("(X). This element is the image of (m, f,w,N) under 7(")
in (3.8). Taking colimits over r, we therefore have a diagram

|hW| <= colim, ]hW(r)\ — colim, \Z(r)] —= = O°hW
which we informally describe as a map 7: |[hW| — Q*°hW.

Theorem 3.2.3 The map 7: |hW| — Q°hW is a homotopy equivalence.

Proof This follows easily from theorem 3.2.1 and the fact that 7 can be taken to be a
map of topological monoids (cf. section 2.3). First, theorem 3.2.1 with X = * implies that
the map 7 induces a bijection

mo|hW| — mo(Q2°hW)

and consequently that mg|hW)| is a group, like mo(Q2°°hW). Next, we use theorem 3.2.1
with X = 5", noting that the grouplike monoid structures imply

TP = [S™, |RW|]/[*, [RWV]], T (QChW) = [S" Q®hW]/[x, Q°hW]

for arbitrary choices of base points. Thus the map 7 induces an isomorphism of homotopy
groups, and Whitehead’s theorem implies that it is a homotopy equivalence. m|

The arguments above work in a completely similar fashion to identify |hV|. In fact the map
7 in theorem 3.2.3 restricts to a map from |hV| to 2°°hV and the analogue of theorem 3.2.1
holds. Keeping the letter 7 for this restriction, we therefore have

Theorem 3.2.4 The map 7: |hV| — Q°°hV is a homotopy equivalence. m|

3.3 The space |hW.|

We start with a description of [X,Q2°°hW|,.| as a bordism group. This is very similar to
the description of [X,Q2°°hW] used in the construction of the map (3.6).

Lemma 3.3.1 For X in 2, the group [X,Q2°hW),] can be identified with the group of
bordism classes of triples (M, g, §) consisting of a smooth M without boundary, dim(M) =
dim(X) + 2, and a vector bundle pullback square

TM x R —2= TX x Uyy,o0 x RI

T

M X x Gryy(R3+)

where the restriction of the X -coordinate of g to g~1(X x Xy ) is proper.
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Proof We first identify Uy oo| W 00 with its dual using the canonical quadratic form ¢,
and then with the normal bundle N of Xy o in Gry(R37>°). Let (M,g,§) be a triple
as above, but with g transverse to X x Xy . Then Z = g X x Yw,00) is a smooth
(n — 1)-dimensional submanifold of M, with normal bundle Nz. Restriction of g and ¢
yields a vector bundle pullback square

(TZ® Nz) x R ——TX x N x R

| |

7 XXEW,oo-

But since Ny is also identified with the pullback of N, this amounts to a vector bundle
pullback square

TZ x R+ —2>TX x Sy oo x RF (3.9)
T
7 X X EW,OO

for some k£ > 0. Here the X —coordinate Z — X of g, is still a proper map.

Conversely, given data Z, g, and g, as in (3.9), let M be the (total space of the) pullback
of N to Z. There is a canonical map from M to N C Gryy(R37°), and another from M
to X, hence a map g: M — X x Gryy(R3>°). Moreover g, determines the ¢ in a triple
(M,g,g) as above. In this way, the bordism group in 3.3.1 is isomorphic to the bordism
group of triples (Z,g,,G,) as in (3.9). But this is the standard bordism group description
of [X,Q°hW,]; see lemma 3.1.2. O

We now turn to the construction of a localized version of (3.6), namely, a natural map
Tloc: MWioc[X] — [X, QChW]. (3.10)

First we modify the bordism group description in 3.3.1 by requiring M = S! x 9[0,1] x X
instead of OM = (). The group structure is then given by concatenation.

Let now (7, f) € WWoe(X), where 7: E — X is a submersion with 3-dimensional fibers
and f is a section of J2(T™E) — E with underlying map f: E — R. See definition 2.1.8
and (3.5). We may assume that f is transverse to 0 and get a manifold M = f~1(0).
Proceeding exactly as in the construction of the map (3.6), we can promote this to a triple
(M, g,g) where (g,g) is a vector bundle pullback square

TM x R —2=TX x Upy o x RI

| |

M —2—> X x Gry(R3+).

This time, we cannot expect that the X -component of ¢, in other words 7|M, is proper.
But its restriction to
07 X X Do) = B, f) N M
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is proper, thanks to condition (ia) in definition 2.1.8. Therefore (M, g, ) represents an
element in [X, 2°hWj,.|. This is the image of (m, f) under 7. O

Theorem 3.3.2 The natural map Tioc: hWioc[X]| — [X, Q°h W] is a bijection.

Proof There is a map oo in the other direction. The construction of o1, is analogous
to that of o in the proof of theorem 3.2.1. It is clear that 7)o © 01oc is the identity. The
verification of oo © T1oc = 1d uses lemma 3.3.3 below. |

N

Lemma 3.3.3 Let (m, f) € hWioc(X), with m: E— X. Let U be an open neighborhood
of OF U X(rm, f) in E. Then (w|U, flU) € hWioc(X) is concordant to (m, f).

Proof The concordance that we need is an element (7%, f#) in hWioe(X x10,1[). Let E*
be the union of Ex]0,1/2[ and Ux0,1[. Let 7#(z,t) = (x(2),t) and fi(z,t) = (f(2),¢)
for (z,t) € E*. Some renaming of the elements of E* is required to ensure that 7# is
graphic. m|

Next we give a short description of a map [AWec| — 2°°hW),. which induces (3.10). This
is analogous to the construction of the map named 7 in theorem 3.2.3.

Fix an integer r > 0 and X in 2 . To the data (, f) in definition 2.1.8, with 7: E — X
and f: F — R, we add the following: a smooth embedding

w: E — X xRx|[0,1] x RIF"

which covers (m, f): F — X x R, a vertical tubular neighborhood N for the submanifold
w(E) of X x R x [0,1] x R1*" and a smooth function ¢: E — [0,1] such that ¥(z) =1
for all z € X (m, f) We require that the restriction of (m, f): F — X x R to the support
of 9 be proper. Near JF, the function 1 is assumed to vanish and both w and N are
assumed to be standard.

Making X into a variable now, we can interpret the forgetful map taking (, f, w, N, 1) to

N

(m, f) as a map of sheaves
W) — hWige

loc

on Z . This map is highly connected if r is large. Let Zl(;C) be the sheaf taking an X in
2 to the set of pointed maps

S'A (X x R); — Q"7 cone(Th (Uyy,.|Grv(R*T")) — Th (Uyy,,))-
Here the cone is a reduced mapping cone, regarded as a quotient of a subspace of
Th (Uyy,,) x [0,1],

with Th (Ul/lv,r) x 1 corresponding to the base of the cone. The Thom-Pontryagin collapse
construction gives us a map of sheaves

7'1((;): hW(rg — Z(r)

lo loc*

(3.11)
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In detail: let (m, f,w, N, 1) be an element of th(gg (X). We assume that f is a section
of J2(T™E) — E, see (3.5). The differential dw promotes each fiber (T™E), of the vector
bundle T™E to a triple (V,,4,,q.) € Gry(R3"), as in the proof of theorem (3.2.3). In
particular the formula z +— ((V,£,,q.),%(z)) defines a map k: E — Gryy(R3*7) x [0,1].

This fits into a vector bundle pullback square

N —" U, % [0,1]

]

E —"= Gryy(R3+7) x [0,1]

because N is identified with /ﬁ*U]/lvm. Now we obtain a map from X x R x [0,1] x S*" to
the mapping cone
cone(Th (U, [Gry (R¥7)) < Th (U35,,)),

viewed as a subquotient of Th (U,}V’r) x[0,1], by z — &(z) for z € N and z+ % for z ¢ N.
It can also be written in the form

S'A (X x R); — Q"7 cone(Th (Uyy,,.|Gry(R*T")) — Th (Uyy,,.))

so that it is an element of Zl(gc) (X). This defines the map 7'1(;2 . Taking colimits over r, we
therefore have a diagram

[ Wioe| <=— colim, [AW")| —— colim, |Z{7)| —=> Q®°h Wi,

which we informally describe as a map Tioc: |[AWioe| — Q°hWj,.. The following is a
straightforward consequence of theorem 3.3.2 (cf. the proof of theorem 3.2.3):

Theorem 3.3.4 The map Tipe: |hMWioe| — Q°hW),. is a homotopy equivalence. |

The combination of theorems 3.3.4, 3.2.3, 3.2.4 and proposition 3.1.4 amounts to a proof of
theorem 1.3.3 from the introduction.

Remark 3.3.5 It must be understood that the expression “homotopy fiber sequence” used
in theorem 1.3.3 is short for a commutative square of pointed spaces and maps

Xo—= X1
C——X5

which is homotopy cartesian and has a contractible lower left-hand term C'. This leaves us
with the task of saying exactly how the lower row of diagram (2.3) should be completed to
a commutative square in which the added term is contractible.

Define a sheaf hVj,. on 2 by copying definition 2.1.5, the definition of hV, but leaving
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out condition (i). Then |hV.| is contractible by an application of proposition 2.2.5. There
is a commutative square of inclusion maps of pointed CW-spaces

| ——— W (3.12)

| l

’hvloc ’ — ‘thoc ‘ .

The precise meaning of theorem 1.3.3, apart from the statement |[hV| ~ Q*CP>, is
that (3.12) is homotopy cartesian. That is also what we have proved.

3.4 The space |[W.|

The goal is to show that the inclusion of Wi, in AW, is a weak equivalence. We begin
with the observation that the analogue of lemma 3.3.3 holds for Wig.:

Lemma 3.4.1 Let (m, f) € Wipe(X), with m: E — X. Let U be an open neighborhood
of OE U X(m, f) in E. Then (w|U, f|U) € Wioc(X) is concordant to (m, f). ]

Corollary 3.4.2 For X in 4, there are natural bijections between W,.[X] and

(i) the set of bordism classes of triples (X, p,g), where X is a smooth manifold without
boundary, p: X — X X R is a proper smooth map whose X -coordinate X — X is
an étale map (= codimension zero immersion), and g is a map from X to Xyy o ;

(ii) the set of bordism classes of triples (X, v,c) where Xy is a smooth manifold without
boundary, v: Xy — X is a proper smooth codimension 1 immersion with oriented
normal bundle and c is a map from Yy to Yy .

Proof An element (m, f) of Wi,.(X) determines by lemma 2.1.3 a triple (X,p,g) as in
(i), where X is X(m, f) and p(z) = (w(2), f(2)) for z € ¥ C E. The map g: ¥ — Xy «
classifies the vector bundle T™E|Y with the nondegenerate quadratic form determined by
(one-half) the fiberwise Hessian of f. Conversely, given a triple (X, p,g) we can make
an element (7, f) in Wioe(X). Namely, let Uy be the 3-dimensional vector bundle on X
classified by ¢, with the canonical quadratic form ¢: Usx, — R. Let E be the disjoint union
of Us and (S' x R x [0,1]) x X. Let (7, f): E — X x R agree with ¢+ p on Uy, where
p denotes the composition of the vector bundle projection Uy — X with p: Y — X x R.
The resulting maps from W,.[X] to the bordism set in (i), and from the bordism set in (i)
to Wiee|X], are inverses of one another: One of the compositions is obviously an identity,
the other is an identity by lemma 3.4.1.

Next we relate the bordism set in (i) to that in (ii). A triple (¥X,p,g) as in (i) gives
rise to a triple (Xp,v,c¢) as in (ii) provided p is transverse to X x 0. In that case we
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set Yo = p~'(X x 0) and define v and c as the restrictions of p and g, respectively.
Conversely, a triple (Xg,v,c¢) as in (ii) does of course determine a triple (¥, p,g) as in (i)
with X = Xy x R. The resulting maps from the bordism set in (i) to that in (ii), and vice
versa, are inverses of one another: One of the compositions is obviously an identity, the
other is an identity by a shrinking lemma analogous to (but easier than) lemma 2.3.5. O

It is well known that the bordism set (ii) in corollary 3.4.2 is in natural bijection with
(X, Q82D 0)+] =2 [X,Q°hW].

Namely, Thom-Pontryagin theory allows us to represent elements of [X, 2%°S°(X)y )]
by quadruples (Xo,v,0,c¢) where Yy is smooth without boundary, v and ¢ constitute a
vector bundle pullback square

TSy x R —2>TX x RI

]

2 X

(for some j > 0) with proper v, and ¢ is any map from Yy to Xyy o . By lemma 3.2.2 we
can take 7 = 0 and by immersion theory we can assume © = dv, that is, v is an immersion
and v is its (total) differential.

Consequently Wio.[X] is in natural bijection with [X, Q°hW,]. It is easy to verify that
this natural bijection is induced by the composition

|Wloc| — |thoc| o, Q°hWj,

where 7)o is the map of (3.11), 3.10 and theorem 3.3.4. We conclude that the composition
is a homotopy equivalence (cf. the proof of theorem 3.2.3). Since 7 itself is a homotopy
equivalence, it follows that the inclusion |[Wioc| < |[RWioe| is @ homotopy equivalence. This
is theorem 1.3.2 from the introduction.

4 Application of Vassiliev’s h-principle

This section contains the proof of theorem 1.3.1. It is based upon a special case of Vassiliev’s
first main theorem, [41, ch.I11] and [42].

Let 2l C J?(R",R) denote the space of 2-jets represented by f: (R”,z) — R with f(2) =0,
df () = 0 and det(d?f(z)) = 0, where d? f(z) denotes the Hessian. This set has codimension
r 4+ 2 and is invariant under diffeomorphisms R" — R".

Let N be a smooth compact manifold with boundary and let ¢): N — R be a fixed smooth
function with j21(2) ¢ 2 for z in a neighborhood of the boundary. (Use local coordinates
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near z; the condition means that near N, all singularities of 1 with value 0 are of Morse
type, i.e., nondegenerate.) Define spaces

D(N,A, ) = {f€C>®(N,R)|f =1 near ON, 2f()¢9lforz€N},
hS(N, U, 0) = {f e IJ2(N,R) | f = ;%) near ON, f(z) ¢ A for z € N},

where I'J?(N,R) denotes the space of smooth sections of the jet bundle J2(N,R) — N.
Both are equipped with the standard C'* topology. The special case of Vassiliev’s theorem
that we need is the statement that the map

(N, A, 1)) — hd(N, U, ) (4.1)

induces an isomorphism on integral homology. We use this when dim(/N) = 3.

4.1 Sheaves with category structure

Let F: 2 — %at be a sheaf with values in small categories. Taking nerves defines a sheaf
with values in the category of simplicial sets,

NeF: X — Fetse

with NoJF the sheaf of objects, NoJF = ob(F), and N1F the sheaf of morphisms. We have
the associated bisimplicial set N¢JF(A?) and recall [32] that the realization of its diagonal
is homeomorphic to either of its double realizations,

(k= NF(AR) | 2 L |k NFAD|| = [k | L= NF (ALY (4.2)

Since |£ +— N F(AY)| = Ni|F| by A.2.1, the right hand side of (4.2) is the classifying
space B|F| of the topological category |F]|.

We next give another construction of B|F| related to Steenrod’s view of principal bundles
as 1-cocycles. We shall consider locally finite open covers Y7 = (Yj),cs of spaces X in 2
indexed by a fixed uncountable set J. For each finite nonempty subset S C J we write

Yo=Y
JES
Associated to the cover Y- there is a topological category, denoted Xy, in [37, §4], with

b(Xy,) HYS, mor(Xy,) = ]_[ Ys.

RCS

A continuous functor from Xy, to a topological group G, viewed as a topological category
with one object, is equivalent to a collection of maps

Yrs: Yg — G,

one for each pair R C S of finite subsets of J, subject to the cocycle conditions listed in
definition 4.1.1 below. More general versions can be found in [29].
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Definition 4.1.1 For X in 2 an element of SF(X) is a pair (Y7,p2) where Y7 is a
locally finite open covering of X, indexed by J, and @7 associates to each pair of finite,
nonempty subsets R C S of J a morphism prgs € N1F(Ys) subject to the following cocycle
conditions:

(1) every ¢prpr is an identity morphism;
(ii) for RC S C T, we have prr = (¢rs|YT) © Y51

Condition (ii) includes the condition that the right-hand composition is defined; in partic-
ular, taking S = T one finds that the source of ¢pprg is the object pgg, and taking R =5
one finds that the target of pgr is gs|Yr.

Remark 4.1.2 By an open cover of X indexed by J we mean a map j — Y; from J to
the set of open subsets of X such that | ; Y; = X . This map is not required to be injective,
and cannot always be injective, as the case X = () shows. In definition 4.1.1, we use open
covers indexed by a fixed set J to ensure that BF has the sheaf property. In appendix B,
definition B.1.1, we give a variant of definition 4.1.1 which does not mention an indexing
set, but uses surjective étale maps to X rather than open covers of X.

The sets SF(X) define a sheaf fF: 2" — Lets and hence a space |3F|. The following key
theorem is one of our main tools used in the proof of both theorem 1.3.1 and theorem 1.3.4.
It may be viewed as a generalization of the result that isomorphism classes of Steenrod’s
principal coordinate bundles (over X ) are in bijective correspondence with homotopy classes
of maps from X to BG. See also [29]. Its proof is deferred to appendix B.

Theorem 4.1.3 The spaces |F| and B|F| are homotopy equivalent.

Definition 4.1.4 Let £, F: 2 — %at be sheaves and ¢g: £ — F a map between them.
We say that g is a transport projection if the following square is a pullback square of sheaves

on Z:
NE -2 Ny

oo
N F -2 NF

where dy is the source operator.

Proposition 4.1.5 Let g: £ — F and ¢': & — F be transport projections as in def-
inition 4.1.4. Let u: £ — &' be a map of sheaves over F which respects the category
structures. Suppose that the maps NoE — NoJF and No&' — NyF obtained from g and ¢’
have the concordance lifting property, cf. definition A.2.4. Suppose also that, for each object
a of F(x), the restriction &, — &, of u to the fibers over a is a weak equivalence (resp.
induces an integral homology equivalence of the representing spaces). Then fu: 3E — BE’
is a weak equivalence (resp. induces an integral homology equivalence of the representing
spaces).
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Proof According to theorem 4.1.3 it suffices to prove that u induces a homotopy (homol-
ogy) equivalence from B|E| to B|E’|. By (4.2) it is then also enough to show that

Ni(u): Nx& — Ni&'

becomes a homotopy equivalence (homology equivalence) after passage to representing
spaces, for each k£ > 0.

Since g and ¢’ are transport projections, an obvious inductive argument shows that the
diagrams

Nk5—>N0€ Nk5,—>Nogl
S A R
NpF —— NoF Ny F —— NoF

are pullback squares for all £ > 0. They are therefore homotopy cartesian by A.2.6 and by
our assumptions. Hence it suffices to consider the case k =0,

Noul N(]g I N(]g,.

By assumptions again, No& — NoF and No&' — NoF have the concordance lifting prop-
erty and Nou induces a weak equivalence (homology equivalence) of the fibers. By A.2.6,
the fibers turn into homotopy fibers upon passage to representing spaces. Consequently
Nou: No&E — No&' is a homotopy equivalence (homology equivalence). |

In our applications of theorem 4.1.3, the categories F(X) for X in 2 will typically be
partially ordered sets or will have been obtained from a functor

Fo: €°° — sheaves on 2

where % is a small category. Recall that given such a functor one can define a category
valued sheaf €°P[F, on 2 . Its value on a manifold X is the category whose objects are
pairs (c,w) with ¢ € ob(%) and w € F.(X) and whose morphisms are pairs (f,w) with
f: b—cin mor(¥) and w € F.(X). Then

|B(EP[Fe)| ~ B|€°P[Fe| ~ hocolim |F,|
cEC
(see appendix D for details).

Definition 4.1.6 The sheaf G(¢°P[F,): & — %at will be written hocolim F, .
cE?

It is in order to spell out that an element of (hocolim.F.)(X) consists of a covering Y> of
X indexed by the elements of J, a functor S +— 6(S) from the poset of finite nonempty
subsets of J to C, and elements wg € Fy(g)(Ys) connected to each other via the maps

Fory(YT) — For5)(Y(T)) «— Fo5)(Y(5))
foreach S C T.
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4.2 Armlets

We begin by defining sheaves W< and hW< on 2 with values in partially ordered sets,
and natural transformations

% Hosets % Hosets

A ﬂ forget A ﬂ forget

\W°\> Fets $> FLets

where WY and hW" are the sheaves introduced in section 2.3, weakly equivalent to ¥V and
hW | respectively.

Definition 4.2.1 An armlet for an element (7, f) € W?(X) is a compact interval A C R
such that 0 € int(A) and f is fiberwise transverse to the endpoints of A.

Definition 4.2.2 An armlet for an element (7, f) € WAV (X) is a compact interval A C R
such that 0 € int(A) and
(i) f is fiberwise transverse to the endpoints of A;

(ii) f is integrable on an open neighborhood of f~!(R ~ int(A)).

We introduce a partial ordering on elements of W°(X) or hW°(X) equipped with armlets,
namely for elements of WY(X):

(m, LA < («, f,A) i (mf)=(@",f) and AcCA
and similarly for elements of RW°(X).

Definition 4.2.3 For a connected X in 2~ we let W (X) denote the partially ordered
set of elements (7, f, A) with A an armlet for (7, f) € WO(X). Similarly, KW (X) is the
partially ordered set of elements (, f, A) where (m, f) € WV°(X) and A and armlet for
(m, f). If X is not connected we (must) define

WY (X) =T[W7(Xa), IV (X) =TI IV (X))
where the X; are the path components of X.

Any sheaf F: 2~ — Yets can be considered to be a sheaf with category structure, namely
F(X) is the object set, and only identity morphisms are allowed. In this case an element of
BF(X) is a pair (Y7,s) consisting of a locally finite open covering Y> = {Y; | j € J} and a
single element s € F(X). Thus SF = F x B where x denotes the terminal sheaf, viewed
as a sheaf with category values. In particular there is a forgetful projection F — F
which is a weak equivalence.
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Proposition 4.2.4 The forgetful maps W< — WO and BhW“ — hWWP are weak equiv-
alences of sheaves.

The proof of proposition 4.2.4 will be broken up into the following three lemmas.

Lemma 4.2.5 Let X bein 2 and (m,f) € W°(X). Every x € X has an open neigh-
borhood U in X such that the image of (r, f) in WO(U) admits an armlet.

Proof Write 7: £ — X and E, = 7 !(x). By Sard’s theorem, we can find numbers
a <0 and b > 0 such that f,: E, — R is transverse to a and b (in other words, a and b
are regular values of f,). Let A =[a,b]. Let C C E be the closed subset consisting of all
z € E where f has a fiberwise singularity and f(z) = a or f(z) =b. Then «|C is proper
and so 7(C') is a closed subset of X. Let U = X ~ 7(C). ]

Lemma 4.2.6 With the assumptions of lemma 4.2.5, there exists an element of W< (X)
mapping to (m, f) under the forgetful transformation SW< — WO,

Proof Choose a locally finite covering of X by open subsets Y;, where j € J, such that
the restriction of (m, f) to each Y; admits an armlet A; C R. For a finite nonempty subset
S C J with nonempty Yg let Ag = ﬂje gAj. Then Ag is an armlet for the restriction of
(m, f) to Ys. Therefore, given nonempty finite R, S C J with R C S and Yg # ), we can
define prs € NyW< (Ys) to be the relation

(7[', 1, AS)‘YS < (7[', 1, AR)‘Ys.

If Ys is empty, there is only one element in W< (Ys) and so we have only one choice for
prs. The data ¢prg for all finite nonempty R,S C J with R C S then constitute an
element of AW (X) which clearly projects to (m, f) € W(X). ]

It follows from the two previous lemmas that the forgetful map SW<[X] — WOY[X] is
surjective for any X in 2 . What we really need in order to prove the first half of propo-
sition 4.2.4 is the relative surjectivity as in proposition 2.2.6. This comes from the next
lemma.

Lemma 4.2.7 Let X in 2 and let (7, f) € WY(X). Let C C X be closed and suppose
that a germ of lifts of (m, f) across W< — WO has been specified near C'. Then there
exists an element in W (X) which lifts (r, f) € W(X) and extends the prescribed germ
of lifts near C'.

Proof Let U be a sufficiently small open neighborhood of C' in X so that the prescribed
germ of lifts is represented by an actual lift of (, f)|U across W< (U) — WO(U). This
gives us a locally finite covering Y7 of U, and for each nonempty finite S C J and each
z € mo(Yg), a compact interval A, C R such that 0 € int(Af,). We have A C Afp  if
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R C S and Zz is the image of z under mo(Y{) — mo(Y}). Making U smaller if necessary,
we can assume that the covering Y7 is locally finite in the strong sense that every z € X
has an open neighborhood on X which intersects only finitely many of the Yj’.

Now we make a locally finite covering of X by open subsets Y; as follows. For j € J such
that Yj’ is nonempty, let Y; = Yj’ . For all other j € J define Y; in such a way that Y}
avoids a fixed neighborhood of C' and the restriction of (m, f) to each path component
z € mo(Y;) admits an armlet A; ..

It remains to find enough armlets. We need one armlet Ag, C R for each nonempty finite
S C J and every component z € mo(Ys). These armlets must satisfy Ag, C Agz if
R C S and Zz is the image of z under my(Ys) — mo(Yr). But, reasoning as in the proof
of lemma 4.2.6, we find that it is enough to say what Ag, = A; . should be when S is a
singleton {j}. We have already said it in the cases where Y # Yj’ ; in the other cases we
say Aj. = Al . O
The proof of the second half of proposition 4.2.4 goes like the proof of the first half, except
for an additional observation which is as follows. For X in 2" let hV°(X) consist of all
(m, f) € WWO(X), with m: E — X etc., such that f is integrable on some open U C E
and 7 restricted to E \ U is proper.

Lemma 4.2.8 The inclusion of sheaves hoW° — hW? is a weak equivalence.

Proof Let (m, f) € hWW°(X), with m: E — X. Choose an open U C E such that m
restricted to F ~\ U is proper and such that the closure of U has empty intersection with
f71(0). Using the convexity of the fibers of J2(E,R) — E, especially over points z € U,
deform f (leaving f unchanged) in such a way that it becomes integrable on U. This
shows that h,W°[X] — hWP[X] is surjective. The argument can easily be refined to prove
a relative statement as in the hypothesis of proposition 2.2.6. |

4.3 Proof of theorem 1.3.1

According to lemma 2.3.4 and proposition 4.2.4 it remains to show that
32 WY — B

is a weak equivalence. To this end we introduce a new sheaf
T X — Posets.

Suppose given a submersion 7m: E — X with 3-dimensional fibers and standard behavior
near the boundary as in condition (iii) of definitions 2.1.5 and 2.1.7. We consider pairs
(1, A) where ¢: E — R is a smooth function such that (m,¢): E — X x R is proper,
A C R is a compact interval with 0 € int(A), and ¢ is fiberwise transverse to dA (and
prescribed near OF in the usual way). There is no restriction on the fiberwise singularities
that ¢ might have.
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Definition 4.3.1 For connected X in 2, the set 7/ (X) consists of equivalence classes
of triples (mw,1,A) as above, where (m,¢,A) ~ (7', ¢/, A") if 7 = 7/, A = A" and the
support of 1) — 1)’ is contained in the interior of ¢ ~1(A).

As for W7 we get T : 2 — Posets. Moreover there is an obvious commutative diagram

of sheaves
]

W — s (4.3)

N

T%

where p(m, f, A) and q(m, f, A) are the equivalence classes of (7, f, A); in the second case
f is the underlying function of f.

Let (m,1,A) be a representative of an element of 7(X) with m: E — X, ¢»: E — R
and A C R. The manifold )~!(A) is independent of the choice of representative for the
equivalence class, and 7|1)~!(A) is a proper submersion, hence a smooth fiber bundle by
Ehresmann’s fibration theorem [2]. Moreover, near the boundary of 1) ~!(A), the function
1 is independent of the choice of representative.

Lemma 4.3.2 The maps p and q in (4.3) have the concordance lifting property.

Proof We give the proof for p, since the proof for ¢ is much the same. Write I = [0,1].
Given an element [r,1, A] € T (X x I) with a lift to W (X x 0) of its restriction to
X x 0, the projection

v HA) L= X x1T (4.4)

is a smooth manifold bundle. Hence there exists a diffeomorphism N x I = ¢~!(A) over
X x I, where N =4~ 1(A)N7~1(X x 0). But what we need here is a diffeomorphism

u: N x I — 1 1(A)

over X x I such that ¥ (u(z,t)) = ¢(u(0,t)) for all t € I and all z near N, and of course
u(z,0) = z for all z€ N.

Let 0p9~!(A) and 9,11 (A) be the parts of 9y ~(A) which are mapped to X x (I \ dI)
and X x 01, respectively, by 7. Constructing u with the properties above is equivalent to
constructing a smooth vector field ¢ = du/dt on ¥~'(A) which

(i) covers the vector field (x,t) — (0,1) e TX, x TR; on X x I,
(ii) is parallel to Op~1(A),
(iii) satisfies (di, &) =0 near 9py—1(A).
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(It should be added that ¢ = du/dt is also prescribed near 9,7 ~!(A) due to the details in
definition 2.2.2.) This problem has local solutions which can be pieced together by means
of a partition of unity on ¢~*(A4). Hence u with the required properties exists.

Now we define the lifted concordance (7, f, A) € W< (X xI) in such a way that f(u(z,t)) =
f(u(z,0)) for (z,t) € N x I, bearing in mind that f(u(z,0)) is prescribed for all z € N
and f must equal 1 outside u(N x I) = ¢p~1(A). ]

Proposition 4.3.3 The fiberwise jet prolongation map
gz |BW | — (W]

induces an isomorphism on integral homology.

Proof This will be deduced from proposition 4.1.5 and diagram (4.3). By inspection, both
maps p and ¢ in (4.3) are transport projections. We must determine the fibers of p and ¢
and check that j2 induces a homology equivalence between fibers over the same point.
We first determine the fiber p~1(7) of

p: WY — T

over an element 7 = [F3 1), A] € T (x). That is, for each X in 2 we are interested in
the subset of W< (X) which maps to the element [r,1) o prp, A] € 7 (X) where 7 and
prp are the projections F' x X — X and F' x X — F, respectively. This subset consists of
(m, f, A) € W9 (X) with

supp(f — ¢ oprp) C int(¥71(A)) x X.

Thus in the notation of (4.1), the fiber of p over 7 is the sheaf taking X in 2" to the set
of smooth maps from X to

P4 (A), %),
Similarly, the fiber ¢~ (7) of ¢ in (4.3) over the same element 7 € 7 (%) is the sheaf
taking X in 2 to the set of smooth maps from X to

ho (v~ (A), 2A,).

Thus the representing spaces |p~!(7)| and |¢~!(7)| have canonical comparison maps to
D(p~H(A), A, ) and hd(p~1(A),A,1p), respectively, which are homotopy equivalences.
With these as identifications, the jet prolongation map from [p~!(7)| to |¢~!(7)| turns
into a special case of (4.1), and so is a homology equivalence by Vassiliev’s first main theo-
rem. O

Combining lemma 2.3.4, proposition 4.2.4 and proposition 4.3.3, we get that
Jzt W — [RW|
induces an isomorphism in homology. Both [WW| and |hW| are topological monoids (cf.

sections 2.3 and C.2) and j2 is a map of monoids. The target |h)V| is an infinite loop space
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by theorem 3.2.3, hence it is group complete. (That is, the monoid mo|hWW| is a group,
or equivalently, the canonical map |hW| — QB|hW| is a homotopy equivalence). Since
H,(j2;7) is an isomorphism, especially when * = 0, the source |W)| is also group complete.
It is well known that a homomorphism between group complete topological monoids is a
homology equivalence if and only if it is a homotopy equivalence. (The statement is easily
reduced to the case where both monoids are connected, so that their classifying spaces are
simply connected. One verifies that the induced map of classifying spaces is a homology
equivalence, hence a homotopy equivalence, and deduces by applying €2 that the original
homomorphism is a homotopy equivalence.) This completes the proof of theorem 1.3.1. O

5 Some homotopy colimit decompositions

5.1 Description of main results

The organization and the main results of this section can be summarized in a commutative
diagram of sheaves on 2~ and maps of sheaves

VTV Wioc (5. 1)
L Eloc

i I

hocolim L7 —— hocolim Lo 1
T in X T in X

L)

hocolim Wy —— hocolim Wige 1 .
T in X T in X

The symbol ~ indicates weak equivalences. The homotopy colimits in the diagram are
homotopy colimits in the category of sheaves on %", as in definition 4.1.6. But their
representing spaces can be regarded as homotopy colimits in the category of spaces according
to lemma D.1.5.

The top row of diagram (5.1) is the inclusion map W — W),.. The bottom row is what we
eventually want to substitute for the top row in order to prove theorem 1.3.4. We now give
a detailed description of the bottom row. This must begin with a definition of the category
2 by which the homotopy colimits are indexed.

Definition 5.1.1 An object of ¢ is a finite set S equipped with a map to 3 = {0,1,2,3}.
A morphism from S to T is a pair (k,e) where k is an injective map (over 3) from S

42



to T and ¢ is a function T \ k(S) — {—1,+1}. The composition of two morphisms
(k1,e1): S — T and (kg,e2): T — U is (kaki,e3): S — U where €3 agrees with &9
outside ky(T') and with &1 0 ky ™1 on ko(T ~ k1(S)).

Definition 5.1.2 Let T be an object of # . For X in 2, let Wi 7(X) be the set of
oriented, smooth, riemannian 3-dimensional vector bundles V' on T x X equipped with a
fiberwise linear isometric involution ¢ and subject to the following conditions.

(i) For (t,z) € T x X, the dimension of the fixed point space of —p acting on the fiber
Vit,z) 1s equal to the label of ¢ in 3;

(ii) The composition V' — T x X — X is a graphic map.

A smooth map g: X — Y induces a map Wige7(Y) — Wioe,r(X), given by pullback of
vector bundles along id x g: T'x X — T x Y. This makes W, 1 into a sheaf on 2.

In definition 5.1.2, the involution on V leads to an orthogonal vector bundle splitting
V=VepV~¢ where V¢ consists of the vectors fixed by o and V' ~¢ consists of the vectors
fixed by —p. In the next definition, D(V¢) and S(V ~2) denote the disk and sphere bundles
associated with V¢ and V¢, respectively.

Definition 5.1.3 For T in ¢, a sheaf W on 2 is defined as follows. For X in 2", an
element of Wy (X) consists of

(i) a smooth graphic bundle ¢: M — X of compact oriented surfaces;
(ii) an element (V,p) of Wie 7(X);

(iii) a smooth and fiberwise orientation preserving embedding over X,
e: D(VQ) XTxX S(V_g) — M~ 0M.

Boundary condition: Near their respective boundaries, the manifolds M and (S!x[0,1])x X
agree, and there ¢ agrees as an oriented map with the projection to X.

The sheaves defined in 5.1.2 and 5.1.3 depend contravariantly on the variable T in JZ .
This is clear in the case of 5.1.2: A morphism (k,e): S — T in .# induces a map from
Wioe,7(X) to Wiee,s(X) given by pullback of vector bundles along k xid: SxX — T x X.
The case 5.1.3 is much more interesting. Let (k,e): S — T be a morphism in . If
k is bijective, there is an obvious identification Wr = Wg and this is the induced map.
Therefore we may assume that k is an inclusion S < T'. Then we can reduce to the case
where T\ S has exactly one element, a. This case has two subcases: ¢(a) = +1 and
g(a) = —1.
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Definition 5.1.4 Let (k,e): S — T be a morphism in .#" where k is an inclusion and
T\ S = {a} with e(a) = +1. We describe the induced map

Wr(X) — Wgs(X).

Let (q,V,0,e) be an element of Wr(X), with ¢: M — X . Map this to an element of Wy
by keeping gq: M — X, restricting V to S x X and restricting ¢ and e accordingly.

Definition 5.1.5 Let (k,e): S — T be a morphism in .#" where k is an inclusion and
T\ S ={a} with e(a) = —1. For X in 2", the induced map

Wr(X) — Ws(X)

is defined as follows. Let (¢, V, 0,e) be an element of Wr(X), with ¢: M — X . Map this
to the element (¢, V', ¢, €¢') of Wg where

(1) ¢: M’ — X is the surface bundle obtained from ¢: M — X by fiberwise surgery on
the embedded bundle of thickened spheres e(D(V¢|X,) xx, S(V 7¢|X,)), where X,

means a X X ;
(2) (V') o) is the restriction of (V,p) to S x X;

(3) €' is obtained from e by restriction.

Remark 5.1.6 The fiberwise surgery in (i) amounts to removing the interior of the em-
bedded thickened sphere bundle and gluing in a copy of D(V ~¢|X,) xx, S(V?¢|X,) instead.
Note in particular that when V 7¢ = 0, the embedded thickened sphere bundle whose in-
terior we have to remove is empty. In this case the fiberwise surgery consist in adding a
disjoint copy of the sphere bundle S(V)|X, to M.

Remark 5.1.7 To ensure that T +— Wr really is a contravariant functor on ¢, it is
wise to add two conditions of a set-theoretic nature to definition 5.1.3. Namely, e should
be an inclusion and M ~ im(e) should have no elements in common with V. Surgeries as
in definition 5.1.5 should then be performed by removing something from M which also
happens to be a subset of V', and gluing in another subset of V. (All thickened sphere
bundles in sight can be thought of as subbundles of V'.)

There is a forgetful map of sheaves Wr — Wiy 7. It has the concordance lifting property,
so that the representing spaces of its fibers are the homotopy fibers of the induced map or
representing spaces

(Wr| = [Wieer!.

It is easy to see that the representing space of any fiber of Wr — Wioc 1 is a classifying
space for certain bundles of compact oriented surfaces with fixed boundary.
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5.2 Morse singularities, Hessians and surgeries

We begin by recalling some well known facts about elementary and multi-elementary Morse
functions. The reader is referred to [27, ch.I] and [28] for more details in the non-parame-
trized situation. By an elementary Morse function we shall mean a proper smooth map
E — R which is regular on JF and has exactly one critical point in E ~\ 0F, that one
nondegenerate. By a multi-elementary Morse function we mean a proper smooth map
E — R which is regular on JF and has finitely many critical points in F ~\ 0F, all
nondegenerate and all with the same critical value.

Fix a finite dimensional real vector space V with an inner product (i.e., a positive definite
bilinear form) and a linear isometric involution g: V' — V. Then the function fy: V — R
given by

fv(v) = (v, ov) (5.2)

is a Morse function on V' with exactly one critical point. If we write V =V ¢ ® V¢, then
the fomula for fi becomes

fv(v) = el = [lo-]*

where vy and v_ are the components of v in V¢ and V¢, respectively. The gradient
of fyy on V is everywhere perpendicular to the gradient of v — ||v||?||v_]||?, so that the
latter function is constant on the trajectories of the gradient flow of fy. This motivates
the following definition.

Definition 5.2.1 saddle(V, o) = {v € V| |lv4|?[lv—|* < 1}.

If V=0 or V72 =0, then saddle(V, ) = V. In the remaining cases, the formula
v (o ffog, llo-|"to-, (v, 0v)) (5.3)

defines a smooth embedding of saddle(V, o)\ V¢ in D(V?) x S(V~¢) xR, with complement
0 x S(V72) x [0,00[. It respects boundaries and takes the gradient vectors of v — (v, gv)
to tangent vectors which are parallel to the R factor. It is a map over R, where we use the
restriction of fir on the source and the function (z,y,t) — ¢ on the target.

Dually, the formula

v (Jog o=, [lop | THos, (v, 00)) (5:4)

defines a smooth embedding of saddle(V, o)~V ¢ in D(V~2¢)x S(V?) xR, with complement
0 x S(V@)x | —00,0]. It respects boundaries and takes the gradient vectors of v — (v, gv)
to tangent vectors which are parallel to the R factor. It is also a map over R.

The map fy in (5.2) restricted to saddle(V, p) is a good local model for elementary Morse
functions. Let M be any smooth compact manifold and let

e: D(VO) x S(V79) — M~ 0M (5.5)
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be a codimension zero embedding (“surgery data” ), assuming dim(V') = dim(M)+1. Then
in M x R we have an embedded copy of D(V?) x S(V~¢) x R. We can remove its interior
and glue in saddle(V, g) instead, using formula (5.3) to identify the boundary of saddle(V )
with the boundary of D(V?) x S(V~¢) x R. The result is a smooth manifold trace(e) of
dimension dim(M) + 1. More precisely:

Definition 5.2.2 The long trace of e, denoted trace(e), is the pushout of the two smooth
codimension zero embeddings

saddle(V, o) ~ Ve —MCD - ar RY L e(0 x S(V-2)) x [0, 00, (5.6)

saddle(V, o) \ V@ C saddle(V, o).

For example, if V72 = 0, then saddle(V, p) = V and saddle(V, ) \ V¢ is empty, so that
trace(e) becomes the disjoint union of M x V and V = V¢. If V¢ =0, then M contains
a codimension zero copy of S(V). The long trace is obtained by removing S(V') x [0, 00|
from the copy of S(V) x R in M x R and adding a single point instead, so that trace(e)
becomes the disjoint union of (M N im(e)) x R and V =V "¢,

The description 5.2.2 determines a structure of smooth manifold on trace(e) and shows that
trace(e) comes with a (smooth) elementary Morse function, the height function, which is
the projection to R on the complement of V¢ and equal to v — (v, pv) on the glued-in copy
of saddle(V, ¢). The unique critical point is the origin of V¢ C trace(e). The corresponding
critical value is 0.

Conversely, suppose that N is any smooth manifold with boundary and g: N — R is an
elementary Morse function, with critical value 0 and unique critical point z € N\ IN . Let
V =TN,. Choose an exponential map h: V — N ~\ N, an inner product (, ) on V, a
linear isometric involution p on V and § > 0 such that gh(v) = (v, gv) for all v € V' with
(v,v) < 0. This is possible by the Morse-Palais lemma; see for example [23]. At the price
of replacing g by 36 'g, we can assume & = 3. Now choose a smooth vector field £ on
N which extends h.(grad(gh)) on h(D(V?) x D(V~2)), is tangential to ON and satisfies
(dg,&) > 0 on N \ z. For the function f: V — R given by v — (v, gv), we then have
a unique smooth embedding h: saddle(V,p) — N which extends h on D(V¢) x D(V ~¢),
maps gradient flow trajectories of f to flow trajectories of ¢ and satisfies go h = f on
saddle(V, o). This identifies N with a long trace.

The long trace construction has some obvious generalizations. For example, we can allow
simultaneous surgeries on a finite number of pairwise disjoint thickened spheres. In this
case the surgery data consist of a finite set 71", a riemannian vector bundle V on T with an
isometric involution p, where dim(V') = dim(M) + 1, and a smooth embedding

e: D(VO) xp S(Ve) — M~ OM.
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Then trace(e) is defined as the manifold obtained from M x R by deleting the embedded
copy of
D(VF) x S(V; %) xR

for each ¢t € T, and substituting saddle(V;, ¢) for it using formula (5.3) to do the gluing.
There is a canonical height function on trace(e). It is a Morse function with one critical
point for each ¢ € T'. The only critical value is 0 (if 7' # 0).

Then there is a parametrized version of the previous construction. Let ¢: M — X be a
bundle of smooth compact n-manifolds, let V' — T x X be a riemannian vector bundle of
fiber dimension n + 1 with isometric involution g, and let

e: D(VO) xpxx S(V7¢) — M~ 0M

be a smooth embeding over X. We can regard e as a family of embeddings e, for z € X,
each from a disjoint union of finitely many thickened spheres to a fiber M, of ¢. The
manifolds trace(e;) for z € X are the fibers of a smooth bundle

trace(e) — X . (5.7)

It comes equipped with a smooth height function f: trace(e) — R which is fiberwise
Morse; if T # (), then the unique critical value is 0.

For a useful naturality property of saddle(V, o), suppose given a smooth orientation pre-
serving embedding e: R — R such that e¢(0) = 0. Let fy: V — R be the canonical
quadratic function, fy(v) = (v, pv).

Proposition 5.2.3 There is a diffeomorphism

A: saddle(V,0) —  fy'(e(R)) N saddle(V, o)
such that fy A = efy on saddle(V, o) and X' (0) = €'(0) x idy .

Proof The Morse-Palais lemma as presented in [23], for example, gives us the germ of A
near 0 € saddle(V,p) C V. We may assume that this is defined on a neighborhood of a
subset of saddle(V, o) of the form

Kop = {v eV ||lvp|o-|* < a and | fv(v)| < b}

where a and b are small positive numbers (to begin with). The boundary 0K, is the
union of a vertical and a horizontal part,

BKap = {veV| [orl?llo-|* = aand [fy(v)] < b},
OKap = {veV| [or|?llo-|* < aand [fy(v)] = b}.

Since fy and efy are both regular away from 0, in particular outside Ky, it is easy to
construct an extension to all of saddle(V, o) having the required properties. The extension
can be made in two steps. In the first step, note that K is the union of K, and a closed
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collar on 9K, . Use this to define A on all of Ky, in such a way that K, is mapped
diffeomorphically to
{v € saddle(V, p) ‘ le™! fyr(v)| < b}

Then note that saddle(V,0) = K is the union of K;; and an open collar on 01K y.
Use this to define A on all of saddle(V, p). O

5.3 Second row

As the subsection title indicates, we are going to concentrate on the second row of dia-
gram (5.1), but we will also explain how it is related to the first row.

Definition 5.3.1 Let Lj,. be the following sheaf on Z . For X in %, an element of
Lioc(X) is a triple (p,g,V) where

(i) p is a graphic and étale map from some smooth Y to X ;
(ii) g is a smooth function ¥ — R ;

(iii) V is an oriented, smooth, riemannian 3-dimensional vector bundle on Y equipped
with a linear isometric involution go: V — V over Y.

Conditions: The map (p,g): ¥ — X x R is proper and the composition of the vector
bundle projection V' — Y with p: ¥ — X is a graphic map.

Remark 5.3.2 Let (m, f) be an element of Woc(X), with 7: F — X and f: X — R.
Let X = X(m, f) be the fiberwise singularity set of f. We showed in lemma 2.1.3 that
w|X is étale. By definition of Wi,.(X), the map (7w|X, f|¥): ¥ — X x R is proper.
The restriction V' of the vertical tangent bundle T™E to X comes with an everywhere
nondegenerate symmetric bilinear form %H , where H is the vertical Hessian of f. See
[27, 1,62]. We can choose an orthogonal splitting V = VT @&V~ of TTE|X into a positive
definite subbundle and a negative definite subbundle. By changing the sign of %H on V|
we make V' into a riemannian vector bundle, with an isometric involution which is —id on
V=~ and +id on VT. In this way, the element (7, f) of Wi,.(X) determines an element
(m] X, fI1X, V) € Lioe(X).

We come to the construction of the map from L, to Wo. which appears in diagram (5.1).
Fix X in 2 and let (p,g,V) be an element of Lio.(X), with p: ¥ — X and isometric
involution ¢: V — V. Let E be the disjoint union of V and (S! x R x [0,1]) x X. Let
m: E — R agree with the composition V' — Y — X on the summand V', and with the
projection to X on the other summand. Let f: E — R be given by

f(v) =9(y) + (v, ov)
for y € Y and v in the fiber of V' over y, and let f agree with the projection to R on the
other summand. Then (7, f) is an element of Wjoc(X). The rule (p,g,V) — (=, f) is our
map.
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Proposition 5.3.3 The map Lioc — Wioc S0 defined is a weak homotopy equivalence.

Proof We are going to use the relative surjectivity criterion of proposition 2.2.6. To
deal with the absolute case first, we assume given X in 2" and (7, f) € Wiec(X), with
m: E — R and f: E — R. Let ¥ = X(m, f) be the fiberwise singularity set of f.
Choose a tubular neighborhood V of X in E such that the vector bundle projection
V — X is over X. This is possible by lemma 2.1.3. Choose an open neighborhood E’
of OF in E which, as a space over X x R, agrees with an open neighborhood of the
boundary in (S! x R x [0,1]) x X. This is possible because of the boundary condition in
the definition of Wi, (which is identical with the boundary condition in definition 2.1.6).
By proposition 3.4.1, the element (7, f) in Wioe(X) is concordant to (71, 1)) where 7(})
and f() are the restrictions of m and f to V U E’, respectively. Another application of
proposition 3.4.1 gives us that (7, f() is concordant to (72, f®), where 7(® and f®
are the canonical extensions of 7V and f®) to

V I (S'xRx[0,1]) x X.

In particular f® is still equal to f on V and is the projection to R on the summand
(S* x R x [0,1]) x X. The next step is to improve f|V = f|V.
Let ¢: [2,3] — [0,1] be a smooth non-increasing function such that ¢(t) = 1 for ¢ close to
2 and 9(t) = 0 for t close to 3. For ¢t € [2,3] let f® be given by

v { fp) + )72 (f((t)v) = fp(v)) for ¢(t) >0 and v e V
fp(v) + %H(pv)(v,v) for (t) =0 and v € V

where H(pv) denotes the vertical Hessian of f at p(v), alias second derivative in the
fiber direction. Let f® agree with f® on (S' x R x [0,1]) x X and let 7(!) = 7(2) for
convenience. Then t +— (W(t), f(t)) defines a concordance, parametrized by the interval
2,3], from (7@, f@) to (#®), fO)). To lift (), ) to an element of L},(X) we only
need to choose a maximal negative definite subbundle of V' for (half) the vertical Hessian.
Compare remark 5.3.2. We have now established the absolute case of the relative surjectivity
condition of 2.2.6 for our map Lijoc — Wioc. The relative case is not much more difficult
and we leave it to the reader. |

For later use we note the following:

Lemma 5.3.4 Let (p,g,V) € Lioe(X), with p: Y — X. For every x € X and every
b > 0 there exist a neighborhood U of x in X such that, on every component of p~(U),
the function g is either bounded below by —b or bounded above by b.

Proof Chose a descending sequence of open balls U; for ¢ =0,1,2,3,... forming a neigh-
borhood basis for x in X . If the statement is false, then there exists b > 0 and connected
subsets K; C Y for ¢ = 0,1,2,3,... such that p(K;) C U; and ¢(K;) D [-b,b] for all
i. Choose z; € K; such that g(z;) = 0. The sequence zp,z21,22,... in Y must have a
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convergent (infinite) subsequence, because (p,g): ¥ — X x R is proper and the two image
sequences in X and R converge. Let zo, € Y be the point which the subsequence converges
to. Then p(z20) = = and g(zo) =0. Now p: Y — X is étale. Hence, for sufficiently large
i, there are unique neighborhoods U/ of z in Y such that p maps U/ diffeomorphically to
U;. It follows that z; € U] for infinitely many ¢ and hence K; C U/ for infinitely many 1.
But it is also clear that the diameter of g(U/) tends to zero as i tends to infinity; hence the
lim inf of the diameters of the intervals g(K;) is zero, which contradicts our assumption. 0O

We turn to the left hand side of the second row in diagram (5.1).

Definition 5.3.5 For X in 27, an element of £(X) shall consist of

(i) an element (7, f) € W(X), with 7: E — X etc.,
(ii) an element (p,g,V) € Lioe(X), with p: ¥ — X etc,,

(iii) a smooth, orientation preserving embedding A: saddle(V, p) — E N OF over X xR
such that im(\) contains X(m, f).

Here saddle(V, g) is a subbundle of V', defined as {v € V| [loq|*lo—|* < 1}. We have
a canonical map V — R defined by v — g(y) + (v, ov) for v in a fiber V,, of the vector
bundle V. (This was also used in the construction of the map Lijoc — Wic.) In this
way, saddle(V, ¢) becomes a space over X x R. The conditions in (iii) then imply that A
identifies the zero section of V' with the fiberwise singularity set X(m, f).

Remark 5.3.6 The embedding A: saddle(V) — E ~ OF need not have a closed image,
because the étale map ¥ — X need not be a closed map. But im()\) is locally compact,
therefore locally closed in F.

Proposition 5.3.7 The forgetful map £L — W is a weak homotopy equivalence.

Proof Again we use the relative surjectivity criterion of proposition 2.2.6 and again we
begin with the absolute case. Fix X in 2" and (m, f) € W(X), with 7: E — X. We want
to lift the concordance class of (7, f) to a class in £[X]. As in the proof of proposition 5.3.3,
we begin by choosing a vertical tubular neighborhood V C E of X' = X (7, f), with vector
bundle projection

w: VX

over X . Then V is canonically identified with T™ E|X, the restriction of the vertical tangent
bundle of E to Y. Using this identification, we define fy,: V — R by

fV(v) = %H(M(U))(U, U) )

where H(w(v)) is the second derivative of f, at w(v), in the vertical direction. (This
second derivative is a symmetric bilinear form on the vertical tangent space at w(v), well
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defined because the vertical part of the first derivative of f at w(v) vanishes.) By the
Morse-Palais lemma [23], we can choose the vector bundle structure on V' in such a way
that f(v) = fv(v) + fw(v) holds in a neighborhood U of the zero section of V. Next we
choose a positive definite inner product on V' such that fy (v) = (v, pv) for a (unique) linear
isometric involution ¢: V — V. Without loss of generality, the neighborhood U contains
all v € saddle(V, p) for which |fw(v)] <1 and |fy(v) + fw(v)| < 1. If not, replace f by
¥ f where ¢: E — [1,00[ is a suitable smooth function which factors through 7: £ — X.
Multiply the inner product on V' by 1, too. The pairs (7, f) and (7, f) are concordant.
Summarizing, we can arrange

f) = fr(v) + fw(v) for v eV with |fw(v)| <1 and |fy(v) + fw(v)] < 1.

Now choose a smooth embedding e: R — R with im(e) =] — 1,1[ , equal to the identity
near 0 € R. Then (, f) is concordant to (%, ff), where 7! is the restriction of m to
Ef = f~1(im(e)) and f*is e™'f on E*. Let X% = ¥ N E* and V! = V|Z*. Let

K= {v € saddle(V%, ) | |y (v) + fw(v)| < 1 }

Then f|K = fy|K + fw|K by our assumptions, so K C E*. Using proposition 5.2.3, we
can construct an orientation preserving diffeomorphism

A: saddle(VF p) — K

relative to and over X%, such that (fy + fw)\ = e(fy + fw). This can also be viewed as
an embedding of saddle(V*, o) in E*. Then

fx=elfa=e(fv+ fw)d =e te(fv + fw) = fv + fw

on saddle(V* o). That is, A promotes the pair (7, f¥) to an element of £(X). This
establishes the absolute case of the relative surjectivity condition.

The truly relative case is slightly more difficult. We sketch it. Again fix X in 2 and
(m, f) € W(X), with m: E — X. Let C C X be closed. We want to find an element
in £(X) whose image in W(X) is concordant rel C' to (m, f). This can be constructed
essentially as in the absolute case, except for one change which consists in replacing the
embedding e: R — R above by a smooth family of smooth embeddings e,: R — R,
depending on z € X. Then we have the option to choose e, = idg for x in a very
small neighborhood of C', while having im(e;) C [—1,+1] for x outside a slightly larger
neighborhood of C'. |

5.4 Third row

Definition 5.4.1 Fix S in 2 and X in 2°. We define a sheaf Ljocg on 2 . For X
in 27, an element of Lioc 5(X) is an element (p,g,V) of Lioe(X), where p has source Y,
together with

(i) an embedding h: S x X — Y over 3 x X,
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(ii) a continuous function §: Y N im(h) — {—1,+1}.

Condition: Every z € X has a neighborhood U in X such that g admits a lower bound
on p~H(U)N 6 1(+1) and an upper bound on p~1(U) Nds~1(-1).

In definition 5.4.1, the function § has to be constant on each component of ¥ ~\ im(h).
Using partitions of unity, one can reformulate the local bound condition by a global one, as
follows: there exists a continuous function b: X — R such that —bp < g on §~!(+1) and
bp > g on 5 (—1).

A morphism (k,e): R — S in J# induces a map Lioc,s — Lioc,r taking an element
(p,9,V,h,0) of Lioe,s(X) to (p,g,V',h,§") where V' is obtained from V' by pulling back,
B (r,z) = h(k(r),z) for (r,z) € R x X and
o

y) if d(y) is defined
M) = { e(s) if y = h(s,z) for some (s,z) € (S < k(R)) x X.

This makes the rule T' — Lo into a contravariant functor from JZ° to the category of
sheaves on 2" . Moreover, for each T in £ there is a forgetful map

Eloc,T — Lioc -

The maps Lioe, 7 — Lioe,s induced by morphisms S — T in £ are over Ljo.. This leads
to a canonical map of sheaves

v: hocolim Liger —  Lioc- (5.8)
T in X

Proposition 5.4.2 The map v in (5.8) is a weak equivalence.

Proof Let [,5 be the following sheaf on 2~ with category structure. An object of ‘Cloc( )
is an eclement (p, 9, V) of Lioe(X), with p: ¥ — X, together with a continuous function
0: Y — {-1,0,+1} subject to the following condition:

Every x € X has a neighborhood U in X such that g admits a lower bound on
p Y (U) N6~ 1(+1), an upper bound on p~1(U) N§~1(—1), and both an upper and a
lower bound on p~1(U) Nd~1(0).

Given two such objects, (p,g,V,d,) and (p,g,V,d) with the same underlying (p,g,V), we
write (p,g,V,6,) < (p,g,V,8) if 651 (+1) C &, '(+1) and ;' (~1) C &, *(~1). In this
situation there is a unique morphism from (p,g,V,d,) to (p,g,V,d), otherwise there is
none. Thus the category £J (X) is a poset.

The map v in (5.8) can now be factorized as follows:

V1 V2

hocolim Lo 1
T in X

BLS.. Lioc (5.9)
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Here vy is induced by the forgetful map Efoc — Lioc. (Compare proposition 4.2.4.) To

describe v; we recall that hocolimr Lo 7 was defined as

B(fzfopfﬁloc,o)-

An object in (P [Lioc.e)(X) consists of an object 7" in %" and an element a in Lo 7(X).
A morphism from (7,a) to (S,b) is a morphism S — T in J# taking a to b. An object
(T,a) in (P [Lige,e)(X) with a = (p,g,V,0,h) determines an object

(p,9,V.0)
in £9

0 (X), where §(z) = 8(z) if §(z) is defined and 0(z) = 0 otherwise. This canonical
association is a functor, for each X, and as such induces v1.

For simply connected X, the functor so defined, from (# °P[Li.e)(X) to LI (X), is
clearly an equivalence of categories. (The point is that, by Ehresmann’s fibration theorem,
a proper étale map to a simply connected manifold is always a trivial bundle with finite
fiber.) In particular, it is an equivalence of categories for the extended simplices, X = A*
where k& > 0. Consequently v; in (5.9) is a weak equivalence. Compare section 4.1.

With a view to showing that v, is also a weak equivalence, we make the following obser-
vation. Given objects (p,g,V,61) and (p,g,V,d2) in £ (X), with the same underlying

loc
(p,9,V) € L1oe(X), there always exists an object (p,g,V,d3) in £ (X) such that

loc
(paga‘/a(;?)) < (pvga‘/a(sl)
(p797V763) S (p7ga‘/752)

Namely, let d3(z) = +1 if and only if 0;(2) = +1 = da2(2); let J3(z) = —1 if and only if
01(2) = —1 = 62(z), and let d3(z) = 0 in the remaining cases.

Now we apply proposition 2.2.6 to vy. Given (p,g,V) € Lpe(X), we can by lemma 5.3.4
find a locally finite covering of X by open subsets U;, where j € J, such that (p,g,V)|U
has a lift ¢;; to ob(£) )(U;) for all j. With the observation just above, it is easy to extend
the collection of the ;; to a collection of elements @rr € ob(L] )(Ug), in such a way
that ¢rr < ©Q@|Ur whenever Q C R. The collection of these prp is then an element of
BLY (X). This establishes the absolute case of the hypothesis in 2.2.6, and the verification
is much the same in the relative case. O

Definition 5.4.3 For T in %, we define a sheaf L1 as the pullback of

forget forget

L Lloc

Eloc,T .

Remark 5.4.4 An element in L7(X) consists of (w, f) € W(X) with 7: E — X, an
element (p,g,V,h,d) in Lioer(X), with p: ¥ — X and h: T x X — Y, and a smooth
embedding A: saddle(V, ) — F over X x R satisfying condition (iii) in definition 5.3.5.
Here E denotes the source of w and f.
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Definition 5.4.3 leads to a canonical map u from hocolimp L7 to L.

Proposition 5.4.5 The map u: hocolim Lp — L is a weak equivalence.
T in %

Proof The proof is completely analogous to that of proposition 5.4.2. There is a factor-
ization of v having the form

hocolim Ly —> gré =2 1 (5.10)
T in X
where £9 is defined as the pullback of £ — Lo «— Efoc. One shows that u; and uy are
weak equivalences. |

5.5 Fourth row, right hand column

Definition 5.5.1 Fix T in 2. We define a map from Lioc 7 to Wiger by
LIOC,T(X) > (paga ‘/a h,é) — h*(V) € WIOC,T(X)-

To make sense of this formula, recall that p: ¥ — X denotes an étale map, V denotes a
riemannian vector bundle with involution on Y and A: T x X — Y is an embedding over
X . Therefore h*(V) is a riemannian vector bundle with involution on 7" x X .

There is an equally simple map in the other direction, Wioe 7 — Lioe,r- Namely, for X
in 2" we can identify Wi r(X) with a subset of Lo 7(X), consisting of the elements
(»,9,V,h,8) € Lige,7(X) which have h =idpxx and g = 0.

Lemma 5.5.2 The inclusion Wipe 7 — Lioe,7 Is a weak equivalence.

Proof We use proposition 2.2.6. Given (p,g,V,h,0) € Lioe,r(X) with p: ¥ — X, choose
a smooth v: [0,1/2[— [0, 00[ such that ¢(s) =0 for s close to 0 and (s) tends to +oo
for s — 1/2. Choose another smooth ¢: [0,1] — [0, 1] such that ¢(s) =1 for s close to 0
and ¢(s) =0 for s close to 1. Then define

(ﬁvga Vv 675) € ﬁlOC,T(XX ]07 1[)

in the following way. The source of p is the union of ¥Y'x]0,1/2[ and h(T x X)x]0,1][.
The formula for p is p(y,s) = (p(y),s). (To ensure that p is graphic, we should define
the source of p and g as a subset of the pullback of p: ¥ — X along the projection
Xx]0,1[— X. See definition 2.1.1.) The formula for g is g(y,s) := g(y) - ¢(s) if
y is in h(T x X) and g(y,s) = g(y) + 6(y)¥(s) otherwise. The vector bundle V is
the pullback of V under the projection. The formula for h is h(t,x,s) := (h(t,),s)
and the formula for § is 0(y,s) = d(y). By inspection, (p,g,V,h,d) is a concordance
from (p,g,V,h,8) € Lioer(X) to an element (p°,¢°,V°,h°,8”) € Lioer(X) where B’ is a
homeomorphism and ¢’ = 0. With some renaming we can arrange h’ to be an identity
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map, so that (p°,¢", V" h*,8) € Wieer(X). If a closed subset C' of X is given, and the
restriction of (p,g,V,h,d) to some open neighborhood U of C is already in Wieer(U),
then the concordance just constructed is constant on U, giving the relative surjectivity
condition in proposition 2.2.6. a

Corollary 5.5.3 The map Lioe,7 — Wiee,r of definition 5.5.1 is a weak equivalence.

Proof The composite map, from Wiser to Lioe,r and back to Wiee T, is clearly a weak
equivalence. 0

5.6 Fourth row, left hand column

The goal is to write down a map L7 — Wy, depending naturally on 7" in 2", and to show
that it is a weak equivalence.

We organise the information contained in a single element of £7(X) as in remark 5.4.4 and
use the same notation. Write w: V' — Y for the vector bundle projection, (,) for the
inner product on V and g¢: V — V for the isometric involution, as usual. In addition let

Cy = {vesaddle(V,p) | d(w(v)) =41 and (v, gv) > —1},
Co = {vesaddle(V,p) | d(w(v)) undefined },
C_ = {vesaddle(V,p) | d(w(v)) =—1 and (v, pv) < +1}.

The images A\(Cy), A(Cp) and A(C_) are closed subsets of E, despite remark 5.3.6. They
are also codimension zero submanifolds of E, with corners in the case of C; and C_.
Writing U for the various connected components of V', let

c'® = II DwWo xySW™°) x[-1,00],
U with dw|U=+1

e = 1T D(U®) xy S(U™9) xR,
U with dw|U undef.

e = II DWW 9 xySU)x] - o0, +1].
U with dw|U=-1

Then we have identifications

oCL = 9C'® by (5.3),
0Cy = 9CE by (5.3),
oC_ = 9C™ by (5.4).
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Definition 5.6.1 The reqularization E'® of E above is obtained by removing the interior
of the closed codimension zero submanifold A(C; U Cy U C_) and gluing in a copy of
C’j_g U Cp® U C™ instead, using the boundary identifications dC = acf, 9Cy = dCy® and
0C_ = 9C"® just defined.

Remark 5.6.2 More precisely, E™ is defined in two steps. First, remove \(Cy NV?),
AMConVe) and MC_-NV~9) from E. The result is a manifold with disjoint, properly
embedded codimension zero copies of Cy ~\ V¢ Cy~ V¢ and C_ ~ V7¢. Then make a
(triple) cobase change along the codimension zero embeddings

CiNVe — (g,
Co\ Ve —  Cpf,

C_~\V—e — (C®

determined by (5.3) and (5.4). This description gives a preferred structure of smooth
manifold on E'€.

The manifolds Cig, Cy® and C™® come with a canonical map to X, via the projections to
Y. They also come with a canonical map to R, given by (v,t) — t + (v, 0v). Under the
identifications in 5.6.2, these maps match 7: £ — X and f: E — R, respectively, which
leads to well defined and smooth maps

e B — X,
fré¢: E¢ — R

By construction, 7' is still a submersion and the product map (78, f*®): E™ — X x R
is still proper. But in addition f'® is regular when restricted to any fiber of 7#"8. Therefore
and by Ehresmann’s fibration theorem we have proved

Proposition 5.6.3 The map (78, f'8): E'™ — X x R is a bundle of smooth compact
surfaces. 0

Keeping the above notation, let M = {z € E™ | f*8(z) = 0} and let ¢ = n"8|M. Then
q: M — X is a bundle of smooth compact surfaces by proposition 5.6.3. The intersection
of M with the embedded copy of C¢® in E'® is identified with

D(h*V9) xpyx S(H*V 7). (5.11)

The surface bundle ¢g: M — X, the riemannian vector bundle A*V — T x X and the
canonical embedding e of (5.11) in M now constitute an element of Wrp(X).

Definition 5.6.4 The map L7 — Wy promised in diagram (5.1) takes the element in
remark 5.4.4 to (q,h*V,e) € Wp(X), where ¢ = 7"8|M and M = {z € E'® | f8(z) = 0}.
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By inspection, the map 5.6.4 is natural in the variable X and in the variable T, where T
runs through the objects of J#". It makes diagram (5.1) commutative.

Remark 5.6.5 There is a slightly different way to describe the regularization process; it
will help us in proving that the map L7 — Wr defined in 5.6.4 is a weak equivalence.
Keeping the notation of remark 5.4.4, let

K. = {vesaddle(V, o) |dw)) = +1},
Ky=Cy = {vesaddle(V,p)|d(w(v)) undefined },

K_ = {vesaddle(V, o) | dw(v)) = —1},
so that saddle(V, p) = K4 U Ko U K_. The regularized versions are
K?® = 11 D(U®) xy S(U?) xR,

U with dw|U=+1

K = 11 D(U®) xy S(U?) xR,
U with dw|U undef.

K" = [T Dw 2 xyswe xR
U with dw|U=-1
We can re-define E™ as follows: First, remove N\(K1 NV?), A(KoNV?) and A(K_NV~¢9)
from E. The result is a manifold with disjointly embedded codimension zero copies of

K{~\Ve Ko~\V?and K_~V~¢. Then make a (triple) cobase change along the codimension
zero embeddings

K, \Ve — Ki_g,

Ko\ Ve — Kég,

K_\V¢ — K=
determined by (5.3) and (5.4).

Comparison with remark 5.6.2 shows that this new description of E™ agrees with the old
one up to a canonical diffeomorphism (over X x R). The new description has the advantage
of giving us a canonical (in general non-closed) codimension zero embedding

KPUKPUK® — E'.
Intersecting its image with M = {z € E™® | f™8(z) = 0}, we get a canonical (and in general

non-closed) embedding
DV xy S(V79) — M (5.12)

where go: V — V is equal to —p on connected components of V having dw = —1, and
0 = o elsewhere on V. This extends the embedding of (5.11) into M and leads to a
factorization of the map L7 — Wr from definition 5.6.4, which we now make explicit.
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Deﬁnition 5.6.6 Let Wy be the sheaf on 2" defined as follows. For X in 2 , an element
of Wr(X) consists of

(i) a smooth graphic bundle ¢: M — X of compact oriented surfaces;

(ii) an element (p,g,V,h,0) of Liger(X), with p: ¥ — X;

(iii) a smooth and fiberwise orientation preserving embedding over X,
e: D(VO) xy S(V79) — M~0OM.

(It is understood that V' in (ii) comes with an involution p; as in (5.12), this determines
0: V= V.) Boundary condition: as in 5.1.3.

There is a forgetful map Wy — Wy obtained by passing from V in (ii) of definition 5.6.6
to h*V', and making the corresponding changes in (iii). By the observations leading up to
definition 5.6.6, the map L7 — Wy in definition 5.6.4 has a factorization

~ forget

L Wr Wr . (5.13)

Lemma 5.6.7 The map Lp — Wy in (5.13) is a weak equivalence.

Proof An map which is inverse to L — Wr up to canonical concordances can be defined
as follows. Given a surface bundle ¢: M — X, an element (p,g,V,h,0) € Lioe7(X) and
an embedding e as in definition 5.6.6, let E™8 = M x R and define C'%, C%, C®, C, C
and C_ exactly as in definition 5.6.1. Make an embedding

CEFUCFUCE — E'®

by (v,t) — (e(v),t + g(w(v)), where w: V — Y is the vector bundle projection. Remove
from M x R the interior of the image of this embedding, and glue in C'y U Cy U C_. Call
the result E'. This comes with a submersion 7: £ — X and a smooth f: F — R which is
fiberwise Morse. There is also a canonical embedding A: saddle(V, p) — F; to see this more
clearly, reason as in remark 5.6.5. The result is therefore an element of Lp(X), consisting
of (m, f), the element (p,g,V,h,6) € Lioe,r(X) and the embedding . O

Lemma 5.6.8 The forgetful map Wy — Wy in (5.13) is a weak equivalence.

Proof The map has a section Wy — Wy. This identifies each set Wr(X) with the subset
of Wp(X) obtained by adding the conditions h = idyxx and g = 0 in definition 5.6.6(ii).
It suffices to show that the section Wr — Wy satisfies the relative surjectivity criterion of
proposition 2.2.6.

Let a surface bundle ¢: M — X, an element (p,g,V,h,0) € Lioc7(X) and an embedding
e as in definition 5.6.6 be given. The proof of lemma 5.5.2 gives us an explicit concordance

(P, g, V,h,8) € Liner(Xx]0,1]) (5.14)
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from (p,g,V,h,d) € Lige,7(X) to an element in the image of Wige 7(X) — Lioe,r(X). Here
p is obtained from p x id: Y x ]0,1[— X x ]0,1[ by restriction to an open subset, and
similarly the vector bundle V is obtained from Vx]0,1[ by restriction. It is therefore
clear that (5.14) lifts to a concordance between elements of Wr(X), in such a way that the
underlying surface bundle of the concordance is

q=qxidj: Mx]0,1[— X x]0,1]

and the underlying embedding € is obtained from e x idjg by restriction. If a closed
subset C' of X is given, and the restriction of (p,g,V,h,d) to some open neighborhood U
of C is already in Wiee 7(U), then the concordance so constructed is constant on U. |

Corollary 5.6.9 The map Lt — Wr in definition 5.6.4 is a weak equivalence. |

This completes the construction of diagram (5.1) and the verification that all the vertical
arrows in it are weak equivalences.

5.7 Using the concordance lifting property

Lemma 5.7.1 For fixed T in J, the forgetful map Wr — Wiec,r has the concordance
lifting property.

Proof Let X be asmooth manifold. Any riemannian vector bundle on 7' x X x [0, 1] with
isometric involution is isomorphic to the pullback of a riemannian vector bundle on T x X
(with isometric involution) along the projection 7' x X x [0,1] — T x X . Consequently,
any concordance starting at an element z of Wioe 7(X) is trivial up to an isomorphism of
vector bundles. A choice of such a trivializing isomorphism determines, for each y € Wr(X)
which lifts z, a lifted concordance starting at y. m|

Now fix an element (V, ) in Wiee,7(%). That is, V' is an oriented 3-dimensional riemannian
vector bundle on T', with a fiberwise isometric involution ¢. For each ¢ € T', the dimension
of the eigenspace V;™ ¢ is equal to the label of ¢ in 3. The following is true by definition.

Lemma 5.7.2 The fiber of the forgetful map Wr — Wiee,r over (V, ) € Wige r(*) is the
sheaf which takes an X in 2 to the set of all pairs (q,e) where

(1) gq denotes a smooth graphic bundle M — X of compact oriented surfaces, subject to
a boundary condition as in definition 5.1.3;

(i) e: D(VO) xp S(V79) x X — M ~ OM is a smooth embedding over X which is
fiberwise orientation preserving. |
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Corollary 5.7.3 The fiber of the forgetful map Wr — Wieer over (V,0) € Wige (%) is
weakly equivalent to the sheaf which takes an X in 2 to the set of all smooth graphic bun-
dles q: M — X of oriented compact surfaces, where each fiber has its (oriented) boundary
identified with

A(S' x [0,1]) IT —S(V?) x7 S(V79).

Proof To get from data (g,e) as in lemma 5.7.2 to the kind of bundle described in corol-
lary 5.7.3, delete the interior of im(e) from the total space of the surface bundle ¢. To get
from a surface bundle M — X as in corollary 5.7.3 to the data described in lemma 5.7.2,
form the union of M and (D(V?) x7 S(V79)) x X along (S(V?) xp S(V79)) x X. |

Remark 5.7.4 The description of the (homotopy) fiber in corollary 5.7.3 uses only the
part of T' lying over {1,2} C 3, since spheres of dimension —1 are empty.

6 The connectivity problem

6.1 Overview and definitions

The previous section gave us decompositions of W and W, into pieces Wg and Wi s,
respectively, and a description of the homotopy fibers of the forgetful maps

Wg — Wloc,S

as certain surface bundle theories, cf. corollary 5.7.3. For a given S in ¢, the surfaces
involved are typically not connected, so that the representing space of the fiber theory is
not directly related to the moduli space whose group completion we are studying. In this
section we remedy this by showing that upon taking the homotopy colimit over S, we can
in fact assume that the relevant surfaces are connected.

Definition 6.1.1 For X in 2 let W, s(X) C Ws(X) consist of the triples (¢, V,e) as in
definition 5.1.3, with ¢: M — X etc., such that the surface bundle M \ im(e) — X has
connected fibers.

Then W, s is a subsheaf of Wg and |W, g| is a union of connected components of [Wgl|.
The forgetful map from W, g to Wi s still has the concordance lifting property. By
analogy with corollary 5.7.3, we have the following analysis of its fibers.

Corollary 6.1.2 The fiber of the forgetful map Wes — Wioe,s over V.€ Wige s(x) s
weakly equivalent to the sheaf which takes an X in % to the set of all smooth graphic
bundles q: M — X of oriented compact connected surfaces, where the boundary of each
fiber M, is identified with

A(S x [0,1]) I —(S(V?) x5 S(V2)).
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It would therefore be nice to have a statement saying that the inclusion of hocolimg W, s
in hocolimg Wy is a weak equivalence. Unfortunately such a statement is nonsensical if we
insist on letting S run through the entire category .#. We have a contravariant functor
S — Wg from . to the category of sheaves on 2, but we do not have a subfunctor
S +— W, 5. It is not the case that the map

(k,e)*: Wpr — Wg

induced by a morphism (k,e): S — T in ¢ will always map the subsheaf W, to the
subsheaf W, g. Let us take a more careful look at this phenomenon.

We may assume that k is an inclusion and that 7"~ S has exactly one element ¢, with
label A(t) € 3 and sign e(t) € {£1}. Fix (¢,V,e) in Wp(X), with ¢: M — X and let
(¢',V',€') be the image of (¢,V,e) in Wg(X), with ¢': M’ — X . For each x € X there is
a canonical embedding of surfaces

M, ~ im(e;) — M.~ im(e},).
The complement of its image is identified with

D(V ) x S(V; 7)) i e(t)=+1, and

S(V(fvx)) X D(V(;i)) it e(t) =-1,

where V(, .y is the fiber of V over (t,x) € Tx X . We have a problem when the complement is
nonempty but has empty boundary, because then it will contribute an additional connected
component. This happens precisely when (A(¢),e(t)) = (3,+1) and when (A(¢),e(t)) =
(0,—1). In all other cases, there is no problem.

Now our indexing category £ is equivalent to a product (3 x #12. The categories g3
and o can be described as full subcategories of J#: namely, %33 is spanned by the
objects S whose reference map S — 3 has image contained in {0,3} and 72 is spanned
by the objects S whose reference map S — 3 has image contained in {1,2}.

For homotopy colimits of functors from a product category to spaces (or to sheaves on 2")
there is a Fubini principle. In our case it states that

hocolim Wr =~ hocolim hocolim Wgris. (6.1)
T in & Q in o3 S in 2

Lemma 6.1.3 For any morphism (k,e): P — @Q in #j3, the commutative square

. k,e)* .
hocolim Wgns (k) hocolim Whpris
S in 2 S in 2
. (k.e)* .
hocolim Wiec gris —— hocolim Wigc pris
S in 2 S in 2

is homotopy cartesian (after passage to representing spaces).
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Theorem 6.1.4 The inclusion

hocolim W, s — hocolim Wy
S in 2 S in JA2

is a weak equivalence.

Theorem 6.1.4 is the main result of the section. We develop a surgery method to prove
it. The idea is to make nonconnected surfaces connected by means of multiple surgeries
on embedded (thickened) 0-spheres. Then we need to know that such multiple O-surgeries
on a surface are essentially unique. In order to state the uniqueness, we view them as the
objects of a category.

6.2 Categories of multiple surgeries

Definition 6.2.1 Let M be a compact, smooth, nonempty surface. Let %a; be the
topological category defined as follows. An object consists of a finite set T' and a smooth
orientation preserving embedding e, of D? x SO x T in M ~ OM , subject to the condition
that surgery on e results in a connected surface. A morphism from (S,eg) to (T,ep) is
an injective map k: S — T such that k*e; = eg.

The set of objects ob(%ar) is topologized as a disjoint union, over all T, of spaces of smooth
embeddings from D? x 8% x T to M ~. OM, with the compact-open C'* topology. The
total morphism set mor(%,s) is topologized as a closed subset of ob(@)r) X ob(€yy) via the
map (source,target).

Proposition 6.2.2 The space B%)s is contractible.
The proof requires a lemma.

Lemma 6.2.3 Let 0: N — X be a submersion of smooth manifolds without boundary,
dim(N) > dim(X). Suppose that for each x € X there exists a contractible open neighbor-
hood V of x in X, a finite set () and a map Q xV — N over X inducing a surjection from
Q = 7m(Q x V) to mo(Ny) for every y € V. Then there exists a locally finite covering of
X by contractible open sets V;, where j € J, and finite sets ), and a smooth embedding

a: HijVj—>N
J

over X, such that the restriction of a to Q; x V; induces surjections Q; — my(Ny), for
each j € J and x € V.

Example 6.2.4 The submersion R? \ (0,0) — R ; (z,y) — = satisfies the hypothesis
of lemma 6.2.3. The submersion R~ 0 — R ; x +— z does not. Surjectivity is not directly
related to the issue; the projection from (R x{0,1})~(0,0) to R is a surjective submersion
which also fails to satisfy the hypothesis of lemma 6.2.3.
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Proof of lemma 6.2.3. Note first that the statement is not completely trivial. Using the
hypothesis, we could start with a locally finite covering of X by contractible open sets
Vj, and choose finite sets @; and maps a;: Q; x V; — N over X inducing surjections
Q; — mo(Ny) for every y € V;. This would give us a map

a: HijVj—>N
J

which is an immersion. Unfortunately there is no guarantee that it is an embedding. To
solve this problem we will partition a “large”, dense open subset U of N into “levels”
indexed by the real numbers, and arrange that a maps distinct connected components of
[1Q; x V; to distinct levels of U. Then a is an embedding.

The jet transversality theorem, applied to sections of the vertical tangent bundle of N,
implies that we can find a k£ > 0 and a smooth f: N — R such that the fiberwise k-jet
prolongation j¥f: N — J¥(N,R) is nowhere 0. Let U C N consist of all z € N such
that f]Na(z) is regular at z. Then U is open in N and U, := U N N, is dense in N,
for each * € X. Hence the inclusions U, — N, induce surjections mo(Uy) — mo(Nyg).
The hypotheses on o now give us a a covering of X by contractible open subsets V;, and
for each Vj a finite set @; and a map a;: Qj x V; — U over X such that the induced
composite map Q; — mo(Uz) — mo(IN;) is onto for every = € V. We can assume that the
V; are the open stars of the vertices in a sufficiently fine triangulation of X, in which case
the covering is locally finite. But in addition we can easily arrange that fa; is constant on
g x V; for each ¢ € @;, and that the resulting map Hj @; — R is injective. Then the map
a which equals a; on @Q; x V; satisfies all our requirements. m|

In the proof of theorem 6.1.4, we will use a sheaf version Cy; of %)s. For connected X in
2 let Cpr(X) be the (discrete) category whose objects are the pairs (T, e,) where T is a
finite set and

ep: D?x SOxTxX — (M~OM)xX
is a smooth embedding over X , fiberwise orientation preserving and subject to the condition
that fiberwise surgery on e, results in a bundle of connected surfaces. A morphism from
(S,es) to (T,er) is an injective map k: S — T such that k*er = eg.
Since ob(Cys(AF)) is the set of smooth maps from A¥ to the embedding space ob(€);), one
gets a functor of topological categories |Cps| — @y which induces a degreewise homotopy
equivalence of the nerves and therefore a homotopy equivalence B|C3}| = B|Cp| — BGr .
(Here it is best to define Bé) as the fat realization [35] of the nerve of %), ignoring the
degeneracy operators.)

Proof of proposition 6.2.2. We show that AC}} is weakly equivalent to the terminal
sheaf taking every X in 2 to a singleton. By proposition 2.2.6, this reduces to the
following

Claim. Let X in 2" be given with a closed subset A and a germ s € colimy 8Cy7 (U),
where U ranges over the neighborhoods of A in X. Then s extends to an element

of BCP(X).
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To verify this, choose an open neighborhood U of A in X such that the germ s can be
represented by some sy € 3Cy7(U). The information contained in so includes a locally
finite covering of U by open subsets U; for j € J. (Making U smaller if necessary, we can
assume that this is locally finite in the strong sense that every x € X has a neighborhood
which meets only finitely many Uj;.) It also includes a choice of object ©rr € ob(Cas(Ur))
for each finite nonempty subset R of J. (There are also morphisms ¥ rg € mor(Cys(Us)),
but they are of course determined by their sources ¥ rr|Us and targets ¥gs.) Next, choose
an open Xy C X such that U U Xy = X and the closure of Xg in X avoids A.

Let N be the open subset of (M ~ OM) x Xy obtained by removing from (M ~ dM) x X
the closures of the embedded 2-disk bundles determined by the various ¢ rr|Ur N Xo. By
making U and Xy and the U; smaller if necessary, but taking care that the U; remain
the same near A, we can arrange that the projection N — X satisfies the hypothesis of
lemma 6.2.3.

By the lemma, there exists a locally finite covering of Xy by contractible open sets V,
and finite sets ); and an embedding a of Hj Qj x V; in N, over Xy , such that a
induces surjections Q; — mo(NN,) for each j and z € V;. (Again, making X, smaller if
necessary, we can assume that this is locally finite in the strong sense that every z € X
has a neighborhood which meets only finitely many V;.) We can also choose a smooth
embedding b of Hj Qj xV; in N, over Xy, inducing constant maps Q; — mo(N;) for each
j and = € V}, and such that im(a)Nim(b) = 0. (For example, the distinct sheets of b|Qj xVj
can be chosen very close to a selected sheet of a{Qj x V;.) Since the Vj are contractible, the
normal bundles of a and b can be trivialized (as oriented 2-dimensional vector bundles),
and so the “union” of a and b extends to a smooth and fiberwise orientation preserving
embedding

c: D*x 89 x[[;(Q; xV;) — N

over Xg. For each j with nonempty Vj, the restriction of ¢ to D? x S x Q; x V; is an
object ¢j; of Cps(V;). Finally we can arrange that V; is empty whenever U; is nonempty.
We are now ready to define an explicit element in SC37(X) which extends the germ s. Let
Y; = U; if U is nonempty, Y; = V; if V; is nonempty, and Y; = ) for all other j € J.
Then the Y; form a locally finite open covering of X . For finite R C J with nonempty
Yr, we can write Ygr = Ug N Vp for disjoint subsets S,T of R with SUT = R. Let
vrr € ob(Ca(YR)) be the coproduct (which exists by construction) of ¥gg|Yr and the
©;j|YR for j € T'. The covering j — Y; together with the data ¢rp for finite nonempty
R C J is an element in SC;7(X) which extends the germ s. m|

6.3 Parametrized multiple surgeries

We reformulate proposition 6.2.2 in a parametrized setting and deduce theorem 6.1.4 from
the reformulation. First we remind the reader of Segal’s edgewise subdivision of a category.
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Remark 6.3.1 For any category &, the edgewise subdivision es(Z) of Z is another
category defined as follows. An object of es(Z) is a morphism f: ¢g — ¢; in 2. A
morphism in es(Z) from an object f: ¢y — dy to an object g: dy — d; is a commutative
square

cho——C1

|,

dy —d;

in . It is well known that B(es(2)) is homeomorphic to BZ, if Z is a discrete category.
More precisely, by [13, Lm.2.4] the nerve of es(%) is isomorphic as a simplicial set to
the edgewise subdivision of the nerve of Z, and this implies by [36] that the realizations
are homeomorphic. In the case of a simplicial category & one can argue degreewise. The
general case of a topological category can in most cases be reduced to the case of a simplicial
category.

Definition 6.3.2 Fix an object S in 5. Let (T,U) be a pair of finite sets with U C T'
and TNS = (). We introduce a sheaf Wg, 7,7y on 2" with a forgetful map Wg, 7,17y — Ws.
For X in 27, an element in Wg,71y(X) is an element (g,V,e) of Ws(X) with ¢: M — X
etc., together with a smooth embedding

er: D*x SOXx T x X — M~ OM
over X, avoiding im(e). Condition: Fiberwise surgery on e;; results in a bundle of con-

nected surfaces; here e;; denotes the restriction of e} to D?>xS'%xUx X.

Let & be the category whose objects are pairs of finite sets (T, U) with U C T', where a
morphism from (@, R) to (T,U) is an injective map h: @@ — T with h(R) D U. Such a
morphism (Q, R) — (T,U) induces a map of sheaves W1y — Wa,(q,r), S0 that there
is a contravariant functor from & to sheaves on 2  given by

(T’ U) = WS;(T,U)-

Corollary 6.3.3 The forgetful maps Wg,ryy — Ws induce a homotopy equivalence

hocolim [Wg.(rpny| =~  [Wsl.
(T,U)

Proof Fix an element in Wg(x), consisting of an oriented surface M and a smooth orien-
tation preserving embedding
e: D(V?) xgS(V7¢) — M~ OM.

where V denotes a 3-dimensional oriented riemannian vector bundle over S with involution.
It is enough to show that the homotopy fiber of

hocolim  [Wg. 7ty — [Ws|
(T,U)
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over the point corresponding to M is contractible. In this situation the processes of forming
homotopy colimits and homotopy fibers commute. Moreover each of the forgetful maps
Ws(r,uy — Ws has the concordance lifting property, so by proposition A.2.6, the homotopy
fiber which we are interested in is weakly equivalent to

hocolim ]ﬁberM(WS;(TU) — Ws)’ (6.2)

(T,U)
Let Mg be the compact surface obtained from M by deleting int(im(e)). It is clear that
each expression |fiberys(Wg, 7,y — Ws)| in (6.2) can be replaced by the naturally homo-
topy equivalent
mor (1,1) 6 Mg,

the space of morphisms in €, of definition 6.2.1 which induce the inclusion U — T
of finite sets. The homotopy colimit now becomes the classifying space of the transport
category

P [more Gy

cf. section D.1, where the bullet stands for objects (T,U) of &2. This is a category whose
objects are the morphisms (U, e;;) — (T, ep) in €uy where the underlying map U — T is
an inclusion. The morphisms correspond to certain commutative squares in €7, . What we
have here is a category equivalent to the edgewise subdivision (see remark 6.3.1 above) of
G- Its classifying space is therefore homotopy equivalent to B%y,, hence contractible
by proposition 6.2.2. m|

Proof of theorem 6.1.4. Using the homotopy invariance property of homotopy direct
limits, we obtain from corollary 6.3.3 a homotopy equivalence of spaces

74 ¢ hocolim  hocolim  [Wg.(p )| ———— hocolim [Ws|.
Sin 2 (TVU)in & S in 2

We compare this with the map

n—: hocolim hocolim [Wg,(1)| —— hocolim |[W, gl (6.3)
Sin #a (T,U) in 2 Y Rin #12 )

induced by the composite maps

(=)
Wsur — Wsuyrw) (6.4)

Wes.r,v)

and renaming, S U (T'\ U) ~» R. Here the first arrow in (6.4) is self-explanatory. The
second is induced by the inclusion S U (T'\U) — S UT, with the sign function on U
which is = —1. Thus the first arrow amounts to adding the surgery data corresponding
to labels in T (but not performing any surgeries), while the second amounts to performing
the surgeries corresponding to labels in U C T'. It follows that the composite map in (6.4)
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lands in the subsheaf W, g7 ), as required in (6.3). The map n_ in (6.3) is clearly a
retraction, with a canonical section ¢ which identifies each W g with Wg. g g). The target
of n_ is contained in the target of 14 , so we may ask whether n_ and 7, are homotopic
as maps to hocolimg [Wg|. This is indeed the case, by remark D.1.3 and the fact that each
Ws. (1, fits into a natural commutative diagram

Ws.(r,0)

I
+ * — *
Ws S Wsur i Wsurv) -

The homotopy restricts to a constant homotopy from 7n4¢ to n—{. Consequently, it is a
deformation retraction of hocolimg [Wg| to hocolimg [W, s|. O

6.4 Annihiliation of 2-spheres

The goal is to prove lemma 6.1.3. Most of the proof is based on some elementary product
decompositions.

Lemma 6.4.1 Let T =T, UT, be a disjoint union, where T} is an object of Jy3 and 15
is an object of J# . There are weak equivalences, natural in Ty for fixed T} ,

Wr — Wieer X Wr,, Wioer — Wioe, i X Wioe, T -

Proof The second map is induced by the inclusions 77 — T and T — T'. It should be
clear that it is a weak equivalence. Note that sign functions on T5 and 77 are not needed.
The first coordinate of the first map is again induced by the inclusion Ty — 7. The second
coordinate of the first map,

WT — WT2 )

is defined as follows. Let (¢q,V,e) be an element of Wr(X) as in definition 5.1.3, with
q: M — X. For a €T , the bundle

D(VE) xx, S(Va™9)

(where X, =ax X and V, = V|X,) is either empty or a bundle of 2-spheres. In any case
it has empty boundary and its image under e is a union of connected components of M .
Let M’ be obtained from M by deleting these components, for all a € T;. Let V' be the
restriction of V to Th x X and let € be the restriction of e to

T DV xx, Sv,9).
beTs

Then (¢',V',e') € Wp,(X). This determines the map Wy — Wrp,. Again it should be
clear that the resulting map

WT2 — Wloc,Tl X WT2
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is a weak equivalence: it is easy to write down an inverse for the induced map on homotopy
groups. O

Proof of lemma 6.1.3. We may assume that the complement of P in () has exactly one
element. Using lemma 6.4.1, we can isolate a common factor W, p in each of the four
terms of the square, then remove it. In other words, we can also assume that P = (), which
implies that @ has exactly one element. (We still have a morphism in .#p3 from () to @ and
we are not going to throw it away.) By the same reasoning we can now isolate a common
factor

hocolim Wi, s
S in 9

in the two terms of the lower row of the square, then remove it. Next we can isolate a
common factor Wi g in the two terms of the left-hand column. We can again remove it
because Wiec g is connected: Wige g[#] is a singleton. This leaves us with a square of the
form

hocolim Wg —=— hocolim Wg
S in 9 S in J2
* _ *

where the map u can be described as follows. Choose a base point z € Wigc (). Then
Wiee,o becomes a sheaf on .2° with values in the category of pointed sets and gives us a
canonical inclusion of Wg in

Wioe,o X Ws ~ Wors

for each S in J#12. Compose that with the map Wgons — Ws induced by our morphism
) — @, regard S as a variable and apply hocolimg.

We have to show that u is a weak equivalence. In order to do that we make a case distinction.
The reference map @ — {0,3} C 3 amounts to a choice of an element ¢ from {0,3} and
the morphism () — @ amounts to a choice of an element m € {—1,+1}.

Case 1 is the case where (¢,m) = (0,+1) or (¢/,m) = (3,—1). By inspection, u is the
identity map in that case.

Case 2 is the case where (¢,m) = (3,+1) or (¢,m) = (0,—1). Here we note that our choice
of 2 € Wige,g(*) determines an oriented 3-dimensional vector space V' with inner product.
We can assume V = R3. The map u is given by disjoint union of all surfaces in sight with
S2. More precisely, for each S in J#5 and X in 2, we have a map

ug x: Ws(X) — Ws(X)

given by (q,V,e) — (¢*,V,e) where ¢: M — X is a surface bundle etc., and ¢* is obtained
from ¢ by disjoint union with a trivial sphere bundle S? x X — X. This is natural in the
variables X and S and so induces u above.
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Lemma 6.4.2 The map

u: hocolim Wg — hocolim Wg
S in 2 S in 9

given by disjoint union of all surfaces in sight with S? is a weak equivalence.

Proof Using concatenation of surfaces, we can put a monoid structure on hocolimg Wg.
More precisely, we have for each S and T in J#15 a map

concatenation: Wg x Wr — Wi
and this induces a multiplication

( hocolim WS) X ( hocolim WT) — ( hocolim WU).
S in J2 T in 2 U in 2

Now let y and 3’ be the elements of Wy(x) determined by the surfaces (S* x [0,1]) 1T S?
and S'x[0, 1], respectively. The map u under investigation is simply given by concatenation
with y, where we use the inclusion

Wp C  hocolim Wg.
S in 2

But the homotopy class of u (after passage to representing spaces) depends only on the
component of y in

| hocolim WS‘.
S in J2

The surgery methods of the previous subsection show immediately that this agrees with the
component of y'. Hence u is homotopic, after passage to representing spaces, to the map
given by concatenation with y’. m|

7 Stabilization

7.1 Stabilization

Choose z € V.(x) of genus 1. For every X in 2, the unique map X — * induces
Ve(%) — V.(X) and so allows us to think of z as an element of V.(X). Let 27!V, be the
sheaf on 2" obtained by sheafifying the contravariant functor (alias presheaf)

X —  colim <VC(X) L V(X) V(X)) V(X)) 2 ) ,

where z- denotes concatenation with z. The sheafification process is very mild in this case.
In particular, the presheaf and its sheafification agree on compact objects of 2", such as
spheres. Hence the canonical map from

27 V.| = colim <Wc\ WV S Ve S e )
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to |z71V,| is a homotopy equivalence.
Similarly, for each S in %, define z~'Wg and z*IWQS as the colimits, in the category of
sheaves on 2, of the diagrams

Wg =5 Wy —5 Wy — Wg — - -+,
z- z- z- z:
Wc,S —>WC,S —>WC,S —>WC,S —

respectively. Then again we have homotopy equivalences
|z~ Ws| ~ 27 Wg|, 2" We s =~ 27 Wl

Moreover, since 2z~ V.|, 27} Wg| and z7}|W, g| have been defined as sequential colimits
of CW-spaces, they can also be regarded as homotopy colimits: for example,

z"1Ws| ~ hocolim (]WS] W] =5 (W = (W = > )
Proposition 7.1.1 QB[V.| ~7Z x BI'{ ,.

Proof We noted in section 1 that [Ve| =[], BIy2. It follows that
|27 V| ~ Z x BIys.
On the other hand the bar construction gives us a simplicial space F, with
Ep =27, x [V.|F
and a simplicial map from it to
ko= xx|VJk.

The Harer stability theorem implies that this simplicial map satisfies the hypotheses of
corollary C.1.2, so that we have a homology fibration sequence

|27 W, | — |Es| — B|V.|.

It only remains to show that |Ee| ~ * . To this end observe that |E,| is homotopy equivalent
to the realization of a monotone union of simplicial spaces of the form k — |V.|**1. Each
of these has a contractible realization. O

For an object T in J# 2, corollary 6.1.2 implies that the homotopy fiber of the localization
map [We | — [Wioe, 1| over any base point is homotopy equivalent to [] g BLg o191

Lemma 7.1.2 For T in J#3, any homotopy fiber of |z~ W, r| — [Wiee,r| is homotopy
equivalent to Z X Bl 2497 - |

Finally we have the stabilized versions of lemma 6.1.3 and theorem 6.1.4:

70



Corollary 7.1.3 For any morphism (k,e): P — @ in J#j3, the commutative square

. _ ke)* . _
hocolim |27 Wons| () hocolim |z~ *Wpris]
S in 2 S in 2

| |

. k,e)* .
hocolim  [Wige gris| (4> hocolim [Wige piis
S in 2 S in JA2

is homotopy cartesian.

Corollary 7.1.4 The inclusion

hocolim |z 'YW, 7| — hocolim |z~ 'Wr|
T in 12 T in 2

is a homotopy equivalence.

Corollaries 7.1.3 and 7.1.4 are about a new homotopy colimit decomposition of |W]|:

Lemma 7.1.5 |[W| ~ |z7'W| ~ hocolim [z7'Wr]|.
T in X

Proof Since |W)| is group complete, the inclusion |W| — z7'W| ~ [z~'W)| is a homo-
topy equivalence. The second homotopy equivalence in the chain follows from |z~ 'Wy| ~
2~ HWr| and

hocolim 2z~ 'Wr| ~ z~!(hocolim [Wr|). O
T in % T in %

7.2 Using the Harer-Ivanov stability theorem

Lemma 7.2.1 The canonical map from 7Z x BI w2 to the homotopy fiber (over the base
point) of the forgetful map

hocolim \z_lwagl —  hocolim [Wigc.s|
S in 2 S in JA2

induces an isomorphism in homology with integer coefficients.

Proof For the object S =0 of 2, we have |27W, g| ~ Z x Bl and [Wiece.s| = *,
so that there is indeed a canonical map from Z x Bl 2 to the homotopy fiber of

hocolim |z7'W,. 5| —  hocolim Wi s|-
S in :%2 S in ,%2
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We now check that the hypothesis of corollary C.1.3 is satisfied. Let (k,e): S — T be a
morphism in J#5. We have to verify that, in the commutative square of spaces

|Z7 ! WC7T| > |Wloc,T

l(kvé)* J/(kﬁ)*

|Z_1WC,S| > ’WIOC,S’7

the induced map from any of the homotopy fibers in the upper row to the corresponding
homotopy fiber in the lower row induces an isomorphism in homology. The homotopy fibers
in question are related by a map

7 x BFoo,2+2|T| — 7 X BFOO,2+2|S|

given geometrically by attaching cylinders D! x S or double disks D? x S? to those pairs
of boundary circles which correspond to elements of 7\ k(S). This map is an integral
homology equivalence by the Harer-Ivanov stability theorem. Apply corollary C.1.3. m|

Corollary 7.2.2 The canonical map from Z x Bl w2 to the homotopy fiber (over the base
point) of the forgetful map

hocolim |271WS| — hocolim [Wigc,s|
S in X S in &

induces an isomorphism in homology with integer coefficients.
Proof Combine lemma 7.2.1 with corollaries 7.1.4 and 7.1.3. O

Proof of theorem 1.3.4. By lemma 7.1.5 and diagram 5.1, we have

hocolim ]z_l)/\/s] ~ W, hocolim [Wige 5| =~ [Wiec| -
Sin & Sin &

Therefore corollary 7.2.2 implies that the homotopy fiber of |[W| — |[Wioc| is homology
equivalent to Z x Bl s 2. On the other hand, [W| and |[W,| are infinite loop spaces by
theorems 1.3.1 and 1.3.2, and the map |[W| — [Wiy| is an infinite loop map. Hence its
homotopy fiber is an infinite loop space, hence group complete. It follows that the homotopy
fiber is Z x BI') , ~ QB|V.|. O

A More about sheaves

A.1 Concordance and the representing space

Let F be asheaf on 2°. We shall construct a natural transformation v: [X, |F|] — F[X],
and an inverse ¢: F[X] — [X, |F|] for ¥.
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We start with the construction of £. Fix X in 2" and an element u € F(X). Choose
a smooth triangulation of X, with vertex set T'. Suppose that S C T is a distinguished
subset (the vertex set of a simplex in the triangulation). Let

Ac(S) = {w: S—=R | Zw(s) =1}
A(S5) {w e Ac(S) [ w=0}.

The triangulation gives us characteristic embeddings cg: A(S) — X, one for each distin-
guished S C T'. By induction on S, we can choose smooth embeddings

Ce,50 Ae(S) — X,

extending the cg , which are compatible: i.e., if S is distinguished and R C S is nonempty,
then c. g agrees with c. g on A R) C Ac(S). Let ug = c. 5%(u) € F(A(S)).

Finally choose a total ordering of 7. This leads to an identification of each A.(S) with a
standard extended simplex. Consequently it promotes each ug to a simplex of the simplicial
set n — F(A}). We then have a unique map &(u): X — |F| such that, for each S as
above with [S| =n+ 1, the diagram

A(S) =LA
lCS Lchar. map for u

commutes. It is straightforward to show that the resulting homotopy class of maps X — |F|
depends only on the concordance class of u € F(X).

Next we construct v: [X,|F|] — F[X]. We may replace |F| by the “fat” realization
| F|l, which is obtained by forgetting the degeneracy operators in

n — F(AY)

and realizing the resulting incomplete simplicial set. So we start with a choice of map
g: X — ||F||. Without loss of generality, we may assume that ¢ is simplicial for a smooth
triangulation of X with totally ordered vertex set T'. That is, for each n > 0 and each
distingushed S C T', with characteristic map cg: A(S) — X, the composition

A" 2 A(S) = X —— |||

is the characteristic map associated with some ug € F(A?).
Choose a smooth homotopy of smooth maps h;: X — X, where 0 <t¢ < 1, such that

(1) the map hg is the identity,
(2) for every t, the map h; maps each simplex of the triangulation to itself and

(3) each simplex of the triangulation has a neighbourhood in X which is mapped to the
simplex by hy.

73



Then for each n > 0 and each distinguished S with |[S| — 1 = n and a sufficiently small
neighborhood Vg of ¢g(A(S)) in X, we obtain a smooth map Vg — A.(S) = A? by
composing hi|Vs with the inclusion of A(S) in A.(S) = Al. Using this map to pull back
ug € F(A?), we obtain compatible elements u'y € F(Vg) which, by the sheaf property of
F, determine a unique element ¥(g) of F(X). Again, it is straightforward to verify that
the concordance class of ¥(g) depends only on the homotopy class of g.

Proposition A.1.1 The maps £ and ¥} are reciprocal inverses.

Proof Let u € F(X). We want to show that ¥¢(u) is concordant to w. With suitable
choices in the constructions above, we have Vg O im(c. g) for all distinguished S, and
then ¥¢(u) equals hq*(u), where (hy: X — X)o<¢<1 is the homotopy which appears in the
definition of 9. Since h; is smoothly homotopic to hy = idy, this implies that ¥&(u) is
indeed concordant to w. Therefore

9¢ = id: F[X] — F[X].

In order to show that ¢ is the identity on [X,|F]|], we introduce a simplicial monoid Q.
whose realization acts on |F|. Namely, @, is the monoid of smooth maps f: Al — Al
taking each (extended) face of A to itself. Then @, acts on the right of F(AZ) by

S f = f*(S),
and so |Qe| acts on |F|. Consequently the monoid [X,|Qs|] acts on the right of [X,|F]|].

The effect of £¥ on an element [g] € [X,|F]|] can be described in terms of this action.
Indeed,

for some w: X — |Qs|. The map w is determined by hi;: X — X constructed above
as part of a homotopy of maps from X to X. Since we are assuming that h; maps the
image of each c. g to itself, Ce.s thices is defined. This gives us for each n > 0 and
each m-simplex in the triangulation of X an element in @, , hence a map from X to the
realization of Qs. Since |Q,| is contractible, [w] € [X,|Qs|] is always the neutral element,
so that [g] - [w] = [g]. m|

The discussion above has a compact support version as follows. Fix z € F(x), so that F
becomes a functor from 2 °P to pointed sets. For X in 2, we will say that an element
s € F(X) has compact support if its image in F(X ~ K) is the base point, for some
compact K C X. A concordance between elements sg,s; of F(X) with compact support
is said to have compact support if it restricts to a constant concordance between elements of
F(X N\ K), for some compact K C X. The set of compactly supported elements in F(X)
modulo compactly supported concordance is denoted F.[X]. Similarly, a map X — |F| is
said to have compact support if its restriction to X ~\ K is constant with value z, for some
compact K C X. We let map.(X,|F|) be the set of such maps. Then we have an obvious
extension of the above proof:
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Proposition A.1.2 There is a bijection F.[X] = momap.(X,|F]|). m|

This proves proposition 2.2.5 in the special case where A = {z}. The general case is very
similar. m|

A.2 Categorical properties

Proposition A.2.1 The construction F — |F| takes pullback squares of sheaves to pull-
back squares of compactly generated Hausdorff spaces. In particular it respects products.

Proof This is obvious from the definition of |F]. ]

Definition A.2.2 The categorical coproduct F1I1F5 of two sheaves F1 and F5 on 2 can
be defined by (Fi I F2)(X) = [[, F1(X;) IL F2(X;) where X; denotes the path component
of X corresponding to an i € mp(X).

Proposition A.2.3 |F; I F| = |F1| | Fyl.

Proof Note that Al is path-connected for n > 0. O

Definition A.2.4 A natural transformation uw: F — G of sheaves on 2" has the concor-
dance lifting property if, for X in 2 and s € F(X), any concordance h € G(X x ]0,1])
starting at w(s) lifts to a concordance H € F(X x ]0,1[) starting at s.

Example A.2.5 Given a natural transformation u: F — G of sheaves on 2, make a new
sheaf F* as follows. An element of F#(X) is a triple (h, so, s1) where sg € F(X), s1 € G(X)
and h is a concordance from wu(sg) to s1. Then it is not hard to show that the forgetful
transformations F# — F and F* — G given by (h,sg,s1) — so and (h,sg,51) — s,
respectively, have the concordance lifting property. It is also clear from proposition 2.2.5
that the forgetful map F# — F defined by (h, sg, s1) — s is a weak homotopy equivalence.

Proposition A.2.6 Suppose given sheaves £, F,G on 2 and morphisms (alias natural
transformations) u: € — G, v: F — G. Let £ xg F be the fiber product (pullback) of u
and v. If uw has the concordance lifting property, then the projection £ xg F — F has the
concordance lifting property and the following square is homotopy cartesian:

€ xg F| —= | 7|

Lk

€] ——13].
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A.3 Relative homotopy and fibrations

We begin with a special case of proposition A.2.6. Given a natural transformation u: &€ — G
of sheaves on 2~ with the concordance lifting property, let z be a point in G(*) and let &,
be the fiber of u over z (in the category of sheaves). Let hofiber, |u| denote the homotopy
fiber of |ul: |E] — |G| over the point z.

Lemma A.3.1 For any y € £.(%), the homotopy set 7,(E,,y) is in canonical bijection
with m,(hofiber, |u|,y) .

Proof (sketch): Because of the concordance lifting property, 7,(€,,y) can be identified
with an appropriate relative homotopy group (or homotopy set) of the map of sheaves
u: £ — G. Representatives of the latter are elements

(r,5) € G(B™H) x F(5™),

where B"t! = D"\ S" such that s € F(S™) is based at y and (r,u(s)) belongs to
G(D™) c G(B™1) x G(S™). See definition 2.2.1. We can identify this relative homotopy
group (set) with a relative homotopy group (set) of the map of spaces |u|: |€| — |G|, which
can then be identified with a homotopy group (set) of the homotopy fiber of |u| over z. O

Corollary A.3.2 In the situation of lemma A.3.1, the sequence
|ul

€21 €] 9

is a homotopy fiber sequence.

Proof The composite map from |£.| to |G| is constant. This leads to a canonical map
from |£,| to the homotopy fiber of |u|: |cE| — |G| over z. It is easy to verify directly that
this induces a surjection on 7y. For each y € &,(x), the induced map of homotopy sets

Wn(gm y) B 71'n(hOﬁ]f)erz ‘u’7 )

is the one from lemma A.3.1. It is therefore always a bijection. |

Proof of proposition A.2.6. We fix z € F(x) and obtain v(z) € G(x). The fiber of
ExgF — F

over z is identified with the fiber of u: & — G over v(z). Using corollary A.3.2 we can
conclude that the homotopy fiber of |€ xg F| — |F| over z maps to the homotopy fiber
of |u|: |E] — |G| over v(z) by a homotopy equivalence. ]

B Sheaves with a category structure
This section contains the proof of theorem 4.1.3.
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B.1 Cocycle sheaves without indices

We begin with the definition of a close relative 3'F of SF. In the definition of 3'F we
trade the open coverings in the definition of BF for surjective étale maps. Recall a smooth
map is étale if it is locally diffeomorphic, i.e., if its differential at any point of the source is
invertible. A covering of a smooth manifold X by open subsets Y;, for j € J, gives rise to
such a map Y — X, where Y C J x X is the set of all (j,z) with z € Yj.

Definition B.1.1 For X in 27, an element in 3'F(X) consists of the following data:

(i) A smooth manifold Y and a graphic, surjective and étale map ¥ — X . (We will write
Y@ for the manifold of all maps n — Y such that the composition n — Y — X is
constant.)

(ii) For m,n > 0 and each injective g: m — n (which need not be order-preserving), a
morphism ¢, in the category F(Y®).

The morphisms ¢, are subject to a 1-cocycle condition, which comes in two parts. The
first part says that ¢, is an identity morphism if g is bijective. The second part says

Pgf = g*(cpf) ° Pg-

Here f and g can have the form f: £ — m and g: m — n, so that gf is defined. We have
written g,: F(Y @) - F(Y®) for the map induced by g*: Y@ — y@),

Suppose that (Y, ¢7) is an element of 3’'F. Suppose also that Y is an open subset of
J x X and the surjective étale map Y — X which is part of the data has been obtained
by restricting the projection J x X — X. Then Y determines an open covering of X
by open subsets Y;. Namely, Y; can be defined as the image of Y N (j x X) under the
projection J x X — X . Each Y® can be identified with a disjoint union of copies of open
subsets Yg C X, where S is a nonempty subset of J with at most n + 1 elements, and
Yg = ﬂjeSYj as usual. In this way, - breaks up into data prs € F(Ys), one for each
pair of finite nonempty R,S C J with R C S. We leave the detailed verification to the
reader. The conclusion is that BF is a subsheaf of 3'F.

Proposition B.1.2 The inclusion of SF in ('F is a weak homotopy equivalence.
For the proof we need two lemmas, mostly about étale maps.

Lemma B.1.3 Let Y — X be a smooth, étale and surjective map. There exists an open
subset Y? C J x X such that the projection Y’ — X is locally finite and surjective, and a
map a: Y? —Y over X.

In addition, suppose given a closed C' C X, an open Y(Ew C J x C such that the projection
Yg — C' is locally finite and surjective, and a map ac: ch — Y over X. Then we can
construct Y’ and a: Y’ — Y above in such a way that Y’|C = Yg and ac = a|Y(E~.
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Proof For the absolute case, select a locally finite open covering of X by open subsets
Y"j, where j € J, such that ¥ — X admits a section s; over each ij. Let

V' ={(j,z) e Jx X |z eV}

The s; together define a map Y? - Y over X.

In the relative case we make a case distinction. If j € J is such that Yg has nonempty
intersection with j x X, select an open Y"j C X in such a way that ¥ — X admits a
section s; over Y% and Y’ N C equals the image of (Y3) N (j x X) in X. For all other
7 € J, select an open ij C X ~\ C in such a way that ¥ — X admits a section s; over
Yl’j. This is to be done in such a way that the ij constitute a covering of X . Then let
Y’ ={(j,x) € J x X | x € Y’} as before. O

Lemma B.1.4 Let (Y° %) and (Y, 2) be elements of 3'F(X). Suppose also that there
exists a map g: Y’ — Y over X such that g*¢, = ¢%. Then (Y, p7) and (Y°,¢%) are
concordant.

Moreover, if C C X is closed and g is an identity map over a neighborhood of C', then the
concordance can be constructed so as to be constant over a neighborhood of C'.

Proof Absolute case: We ignore minor set-theoretic issues related to definition 2.1.1. —
We want to make a concordance of the form
(Z,4) € BF(Xx]0,1])

where Z is the disjoint union of Y% ]0,2/3[ and Y x ]1/3,1[ . This comes with an obvious
surjective étale map to X x]0,1[. There is also a map ¢: Z — Y over X defined by

q(y t) — g(y) for (yat) < be ]07 2/3[7
T y for (y,t) € Yx]1/3,1].
We let ¢ = q*p7.
Relative case: We proceed somewhat differently. We are assuming Y°|U = Y|U where U
is an open subset of X containing C'. Also, g equals id on Yl’|U . We make a concordance
of the form (Z,1) € f/F(Xx]0,1[) where Z is the disjoint union of
(Y*x]0,1/2[) U (Y|U x]0,1[) U (Y x]1/2,1])

and (Y?|(X~C))x]1/4,3/4] . This comes with an obvious surjective étale map to X x |0, 1[ .
There is also a map ¢: Z — Y over X given by

9(y) for((y,i) G(Y"’X)]Oa]l/ 2[[
for (y,t) € (Y|U)x]0, 1],
q(y,t) = iZ for %y,t) eYx|1/2,1[,
9(y) for (y,t) € (Y"|(X ~\ C))x ]1/4,3/4[.
Again we let 17 = ¢*p7. |

Proof of B.1.2. This is now a direct consequence of the relative surjectivity criterion in
proposition 2.2.6 and the two lemmas just above. |
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B.2 A wvariation on the nerve construction

For n > 0 let Zn be the set of nonempty subsets of {0,1,2,...,n}. This is partially
ordered by inclusion. There are functors v,: Zn — n given by v,(S) = max(S) € n.

Lemma B.2.1 Let ¥ be a small category. Then the map of simplicial sets
(n+—hom(n®?, %)) — (n+ hom(Zn° %))

given by composition with v, induces a homotopy equivalence of the geometric realizations.

Proof The simplicial set (n — hom(2n°P, %)) is obtained by applying Kan’s functor ez,
the right adjoint of the barycentric subdivision, to (n +— hom(n°?,%’)). The statement is
therefore a special case of [22, 3.7]. O

We note that the simplicial set (n — hom(n°P, %)) is precisely the nerve of %, denoted
N,% in section 4.

Corollary B.2.2 Let m — %,, be a simplicial category. The map of bisimplicial sets

(m,n) ——— hom(n°?, 6,,)

ﬂ

(m,n) —— hom(Zn°®?,€,,)

given by composition with the functors v,: 9n — n induces a homotopy equivalence of
the geometric realizations. O

B.3 Completion of the proof

Continuing with the proof of 4.1.3, we come to a user—friendly description of the classifying
space B|F|. Recall that A? = {(xg,21,...,7,) € R" | Xz = 1}.

Lemma B.3.1 The classifying space B|F| is homotopy equivalent to the geometric real-
ization of the simplicial set given by

n +— hom(Zn°?, F(AL)).

Proof We defined B|F]| in section 4 as the geometric realization of a simplicial space given
by n +— |hom(n°P, F)|, where hom(n°P, F) is viewed as a sheaf on 2" and the vertical bars
around it indicate the representing space construction. This means that we have defined
B|F| as the geometric realization of a bisimplicial set

(m,n) — hom(n°?, F(AI")).
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By corollary B.2.2, we may instead use the geometric realization of the bisimplicial set
(m,n) — hom(Zn°P, F(A")).

It is well known that the geometric realization of a bisimplicial set is homeomorphic to the
geometric realization of its diagonal. In our situation this is the simplicial set given by

n +— hom(Zn°P, F(AL)). O

Lemma B.3.2 Let S be an infinite set and let Zo be a simplicial set. The geometric real-
ization |Ze| is homotopy equivalent to the geometric realization of the incomplete simplicial
set n— Z, x emb(n,S), where emb(n, S) is the set of injective maps from n to S.

Proof There is a projection map from the realization of n +— Z, x emb(n,S) to |Z.|. We
will show that it has contractible fibers. Let y be a point in a k-cell of |Z,|, corresponding
to some nondegenerate simplex in Zj. The fiber over y is homeomorphic to the classifying
space of the poset & whose elements are the nonempty finite subsets of S equipped with
a total ordering and a surjection to k. For each finite subset &’ of 2, there exists T € &
such that sup(7,7") exists for all 7" € 2?'. This implies that the inclusion of |Z?'| in
| 2| is homotopic to a constant map (with value equal to the vertex determined by T').
Therefore &2 is contractible, i.e., the fiber in question is contractible. m|

Corollary B.3.3 Let J be the (fixed) infinite set from definition 4.1.1. The classifying
space B|F| is homotopy equivalent to the geometric realization of the incomplete simplicial
set Zo given by

n  +— hom(Zn?, F(A])) x emb(n,J).

We come to the construction of a comparison map ¥ from the incomplete simplicial set in
corollary B.3.3 to the simplicial set n — BF(AL). The idea is simple. An n-simplex in
the incomplete simplicial set of corollary B.3.3 consists of a functor

p: 9n°® — F(AL)

and an injective map A: n — J. The functor ¢ carries exactly the same information as
an element in BF (A7) whose underlying J-indexed open covering is given by j +— Al if
Jj = A(t) for some t € n and j — 0 otherwise. To make this information more functorial,
i.e., compatible with face operators, we replace the nonempty open sets in the open covering
by smaller ones, according to the rule

j=At) — A{(xo,x1,...,my) € AL | 2y > 0}. (B.1)

The remaining data can be restricted and we now have an element ¥(p, \) € SF(A?). The
construction ¥ respects the face operators. We now restate theorem 4.1.3 as

Lemma B.3.4 The map ¥ induces a homotopy equivalence from B|F|~ |Z,| to |3F].
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Proof Let z be a vertex of |Z,|. For each n > 0, the map ¥ induces a map
(1 Za],2) — ma(BF, 2) = ma(B'F, 2).

We will show that this is bijective by constructing the inverse map. As in section A.1, we
can represent elements of 7, (3'F,z) by elements of 3’'F(R™) with compact support. Let
(Y, ¢72) be such an element of 3’ F(R™), with notation as in definition B.1.1. There exists a
smooth triangulation of R™ | with vertex set 1", which for each v € T' allows an embedding
gv: st?(v) — Y over R™. Here st?(v) is the union of the open stars st(w) of all vertices w
adjacent to v. Choose such a triangulation and such embeddings g, . Also, for each finite
nonempty subset S of T spanning a simplex of the triangulation, choose a smooth map
Ce,50 Ae(S) — R" extending the characteristic inclusion cg: A(S) — R™. This is to be
done in such a way that c. g agrees with c. g on a face A.(R) C A.(S) and

Ce.5(Ac(S)) C st?(v)
whenever v € S. We then have, for each S as above, a commutative square

S X A(S) ——=Y

|

A.(S) R™

where the top row is given by (v,z) — gy(ces(z)) and the vertical arrows are étale and
surjective. Using this to pull back the data -, we obtain for each S an element

zg € hom(2(S5)P, F(Ac(S5)))

where 2(S) is the poset of nonempty subsets of S. Finally we choose a total ordering on
T and an injection T' — J. This promotes each xg to an element of hom(Zn°, F(AL))
where n = |S| — 1. For each S we also get a canonical injection ug from n =S to T C J,
so that the pair (rg,ug) can be regarded as an n-simplex of Z,. Now we have a unique
map from R" to |Z,| which, on A(S) C R", is the characteristic map for the simplex
(xg,ug). It has compact support. Its compactly supported homotopy class depends only
on the compactly supported concordance class of (Y, 7). This gives us the map

A (B F, 2) — mn(|Ze), 2) = ma(B|F], 2)

which we need.
The composition W, A: 7,(8'F, z) — m,(8'F, 2) is the identity. Namely, 9 1@, A =9~ by
construction, where 1 is the bijective map of propositions 2.2.5 and section A.
To show that A¥, is the identity on m,(|Z,|,z), we resurrect the simplicial monoid Q)
which was introduced in section A.1. We may replace |Z,| by the geometric realization of
the (complete) simplicial set

n +—  hom(Zn°P, F(AL))
on which |Q.| acts (from the right). In this way we get a right action of the monoid 7, |Qs|

on 7, (| Ze|, 2), with monoid structure coming from that on |Q|. For every [g] € 7, (|Ze], 2)
we have

A¥,[g] = [g] - [M]

81



for some [h;i] € 7,|Qe| which may depend on [g]. But |Qs| is contractible, so [h;] will
always be the neutral element and [g] - [h1] = [g]. O

C Geometric realizations and the bar construction

C.1 Realization, quasifibrations and homology fibrations

Lemma C.1.1 Let ue: Ee — Be be a map between incomplete simplicial spaces (or
good simplicial spaces). Suppose that the squares

Uk

Ey, By,

o

Uk—1
Ep_1—— Bi_1

are all homotopy cartesian (k >4 > 0). Then the following is also homotopy cartesian:

uo

Ey By
lincL lincL
|ue|
AN

Proof It suffices to prove the statement for incomplete simplicial spaces. (The realiza-
tion of a good simplicial space is homotopy equivalent to the realization of the underlying
incomplete simplicial space.) Without loss of generality all the maps uy: Ey — By are
fibrations. Then, by inspection, |ue| from |Fe| to |B,| is a quasifibration in the sense of
[6]. By [6], [7], this implies that each fiber of |ue| maps by a weak homotopy equivalence
to the corresponding homotopy fiber. Hence the canonical map from FEg to the homotopy
pullback of

|uel

| Ee |

is a weak homotopy equivalence. |

Corollary C.1.2 Let us: Ee — Be be a map between incomplete simplicial spaces (or
good simplicial spaces). Suppose that, in each square

Uk

E, By

o

Up—1
Ey_1——Bi1
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the canonical map from any homotopy fiber of uj to the corresponding homotopy fiber of
up_1 induces an isomorphism in integer homology. Then in the square

uo

o By
lincl. incl.
o]
|Ee| — |Bal,

the canonical map from any homotopy fiber of ug to the corresponding homotopy fiber of
|ue| Induces an isomorphism in integer homology.

Proof It suffices to prove the statement for incomplete simplicial spaces. Again we may
assume that each wuy: Ej — Bj is a fibration. Let D be the functor X — S' A X
from spaces to pointed spaces. Let D(Ej;ux) be the result of applying D to each fiber of
up: Ey — Bi. We still have quasifibrations

D(Ej;u) — By,

and we are in a situation where the previous lemma can be applied; so we get a homotopy
cartesian square

D(Eo;up) — By

lincl. l/incl.

ID(Ee; ue)| — | B

where the horizontal arrows are quasifibrations. But the lower left hand term is homeo-
morphic to D(|Fel;|ue|), the space obtained by applying D fiberwise to the fibers of |ue].
Hence we may “undo” the D operation in the left—-hand column, replacing D(Fq;ug) by Ep
and |D(Ee;ue)| = D(|E|; |ue|) by |Fe|, without changing the homology of the horizontal
fibers except for a degree shift. m|

Corollary C.1.3 Let € be a small category and let u: G; — Gs be a natural transforma-
tion between functors from € to spaces. Suppose that, for each morphism f: a — b in €,
the map f, from any homotopy fiber of u, to the corresponding homotopy fiber of w; in-
duces an isomorphism in integer homology. Then for each object a of € , the inclusion of any
homotopy fiber of u, in the corresponding homotopy fiber of u,: hocolim G; — hocolim G,
induces an isomorphism in integer homology.

Proof Apply corollary C.1.2 with Ejy := [[Gi1(D(k)) and By = [[G2(D(k)), where both
coproducts run over the set of contravariant functors D from the poset k to €. Then |E,|
is hocolim G; and |B,| is hocolim Gs. m|
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C.2 The bar construction for monoids without unit

Let A be a topological monoid, not necessarily with unit. This determines an incomplete
simplicial space X, where Xj, = A* and the face operators d;: Xj, — Xj_; are given by

(QI,QQ,"'aak‘) = (CLl,CLQ,...,aifl,aiai+1,ai+2,...,Clk) lfl#oak
(al,ag,...,ak) = (ag,ag,...,ak) ifi=0
(a1,a9,...,a5) +— (a1,a2,...,a5_1) ifi = k.

Of course, X, is known as the bar construction on A and |X,| is known as the classifying
space of A.

If A has a unit (neutral element), we can use it to define degeneracy operators in X,,
making X, into a simplicial space. If this is a good simplicial space [35], then its realization
as a simplicial space is homotopy equivalent to the realization of the underlying incomplete
simplicial space. Either of these two realizations can therefore be regarded as the classifying
space of A.

A topological monoid A, with or without unit, determines another topological monoid A,
which, as a space, is the disjoint union of A with a singleton. The added point serves as
the neutral element (unit) in a topological monoid structure on A which extends the one
on A. (If A did have a unit to begin with, then that will no longer be the unit in A, but
of course it will be a central idempotent in A .)

Lemma C.2.1 The simplicial space k — (A, )* is good and its realization (as a complete
simplicial space) is homeomorphic to the realization of the incomplete simplicial space

k— A,

Proof It is well known that the forgetful functor from complete simplicial spaces to incom-
plete simplicial spaces has a left adjoint. We denote it by Xo — X;°. The most common
description of X~ is as follows:

k
xp=11 I Xm
m=0 f:k—»m
where f runs through all surjective order preserving maps from k to m. This makes it fairly
clear how X is a simplicial space. Namely, suppose given an order preserving g: j — k
and a triple (m, f,z) in X}, so that f: £ — m is order preserving and = € X,,. Then we
let
g (m, f,z) == (m',v,u*x)

where fg = uv is the unique decomposition of fg: j — m into an order preserving surjec-
tion v: j — m/ and an order preserving injection w: m' — m.

The simI_)liCial space X is good and its geometric realization as a complete simplicial space
is homeomorphic to the geometric realization of the incomplete simplicial space X, .
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If X, is the bar construction on A, that is, Xj = A, then XJ” becomes the bar construc-
tion on A, , that is, X3 = (A,)¥. Therefore k — (A,)¥ is a good simplicial space and
its realization as such is homeomorphic to the realization of the incomplete simplicial space

k— AF. d

The observations above concerning topological monoids with or without unit can be general-
ized to topological categories with or without identity morphisms. (Monoids are categories
with only one object.) The category version of lemma C.2.1 is implicit in [25, §2.1].

D Generalities about homotopy colimits and stratifications

D.1 Homotopy colimits

Any functor D from a small (discrete) category % to the category of spaces has a colimit,
colim D. This is the quotient space of the coproduct

H D(a)
ain ¥
obtained by identifying = € D(a) with f.(z) € D(b) for any morphisms f: a — b in ¢
and elements = € D(a). It is well known that the colimit construction is not well behaved
from a homotopy theoretic point of view. Namely, suppose that w: D; — Dy is a natural
transformation between functors from % to spaces and that w, : Di(a) — Dy(a) is a
homotopy equivalence for any object a in %. Then this does not in general imply that the
map induced by w from colim Dy to colim D5 is again a homotopy equivalence.

Example D.1.1 Let % be the poset of proper subsets of {0,1}, ordered by inclusion.
The diagrams
[0,1] « 0[0,1] — [0, 1], * — 0[0,1] — %

can be regarded as functors from % to spaces. There is a natural transformation w from
the first to the second such that w, is a homotopy equivalence for each object @ in &. The
colimit of the first diagram is homeomorphic to S'. The colimit of the second diagram is
a single point.

Call a functor D from % to spaces cofibrant if, for any diagram of functors (from € to
spaces) and natural transformations
D——=E<~—F

where w,: F(a) — £(a) is a homotopy equivalence for all a € %, there exists a natu-
ral transformation v': D — F and a natural homotopy D(a) x [0,1] — E(a) (for all a)
connecting wv’ and v. It is not hard to show the following. If v: D; — D, is a natural
transformation between cofibrant functors such that v,: Dj(a) — Da(a) is a homotopy
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equivalence for each a € ¢, then v has a natural homotopy inverse (with natural homo-
topies) and therefore the induced map colim D; — colim Dy is a homotopy equivalence.

This suggests the following procedure for making colimits homotopy invariant. Suppose that
D from ¥ to spaces is any functor. Try to find a natural transformation D’ — D specializing
to homotopy equivalences D’(a) — D(a) for all a in €, where D’ is cofibrant. Then define
the homotopy colimit of D to be colimD’. If it can be done, hocolim D is at least well
defined up to homotopy equivalence. (If D is the second diagram in example D.1.1, then
the first diagram in the same example can serve as D’ because it happens to be cofibrant.
This gives hocolimD = S!.)

This point of view is carefully presented in [8]. Some of the ideas go back to [26]. As we
will see in a moment, there is a canonical construction for D’ which depends naturally on

D.

The standard foundational reference for homotopy colimits and homotopy limits is the book
[3] by Bousfield and Kan. But the first explicit construction of homotopy colimits in general
appears to be due to Segal [37].

Again let D be a functor from a discrete small category % to the category of spaces.
Following Segal we introduce a topological category denoted % [D, the transport category
of D:

ob(@[D) = [ DPl), mor(¢/D)= T[] D(f).
a€ob(¥) f€mor(%)
Here o(f) denotes the source of a morphism f in . We will write morphisms in € [D
as pairs (f,z) where f € mor(¢) and = € D(o(f)). The composition (g,y) o (f,x) of
two such morphisms is defined if an only if go f is defined in ¢ and f.(x) =y, in which
case (g,y)o (f,z) = (go f,x). The classifying space B(% [D) is a model for the homotopy
colimit of D.

To relate B(% /D) to our earlier discussion we define a functor D’ from % to spaces as
follows. For a € ob(%) let € |a be the category of €-objects over a, [24, I1.6]. Let

D/(a) = B((€ |a)/D)

for objects a in ¢, where we view D as a functor on ¢ |a. Then D’ is cofibrant and the
canonical map D’(a) — D(a) is a homotopy equivalence for every a in 4. Moreover,

B(%[D) = colimD'.

Note in passing that if D(a) is a singleton for each a in C, then the transport category
% [D is identified with € and so hocolimD = B% .

To make a homotopy colimit, we need a pair (%', D) consisting of a small category 4 and
a functor D from € to spaces. By a morphism from one such pair (4%, D*) to another,
(¢*, D), we understand a pair (F,v) consisting of a functor F: ¢* — %" and a natural
transformation v from D* to D!F.

86



Remark D.1.2 Such a morphism induces a map (F,v), from hocolim D* to hocolim D?.

Suppose that (Fo,vg) and (Fy,v1) are morphisms from (4%, D%) to (¢, D). Let 6 be a
natural transformation from Fy to F such that vy = D'(#) o 1.

Remark D.1.3 Such a 6 induces a homotopy 6. from (Fo,vp)s to (Fi,v1)x.

Proof Let .# = {0,1}, viewed as an ordered set with the usual order and then as a
category. Then B.# = [0,1]. Let p: € x .# — % be the projection. The data (Fo, 1),
(F1,v1) and 0 taken together define a morphism from (¢* x ., D% op) to (¢*,D'). By
remark D.1.2, this leads to a map from hocolim (D*op) 2 (hocolim D*) x B.# to hocolim D .

d

Let % be a small category and let a — F, be a covariant functor from % to the category
of sheaves on 2. Define a sheaf € [F with category structure as follows. For 0-connected
X in 27, let (F[F)(X) = €[Fe(X), where each F,(X) for a € ob(¥) is regarded as
a discrete space. For X which is not O-connected we define (¢ [F)(X) = [[,(¢[F)(X;)
where the X; are the connected components of X. In section 4.1 we used the following
notation.

Definition D.1.4 In the situation above, we let hocolim, F, := G(€ [F).

Lemma D.1.5 |hocolim, F,| ~ hocolim, |Fg|.

Proof Theorem 4.1.3, proved in appendix B above, gives |hocolim, F,| ~ B|%[F| and
propositions A.2.1, A.2.3 imply B|¢[F| = B(¢[|F2|), where |F7| denotes the functor
a — |Fg| from € to spaces. m|

Corollary D.1.6 Let ¢ be a small category and let a — &, and — & be covariant
functors from € to the category of sheaves on 2 . Let v = {v,: €, — E.} be a natural
transformation such that every v,: &, — E! is a weak equivalence. Then the induced map

hocolim, €, — hocolim, &’

! is a weak equivalence (between sheaves on 2 ). O

D.2 Stratifications and homotopy colimit decompositions

Here we describe a relationship between stratifications and homotopy colimit decomposi-
tions. The point which we want to make, without proving anything definite in that direction,
is that a stratification of a space often comes from a homotopy colimit decomposition of the
space where the indexing category is an El-category (a category in which all endomorphisms
are isomorphisms). Compare [38].
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Definition D.2.1 A stratification of a topological space X is a partition of X into locally
closed nonempty subsets, the strata, such that the closure of each stratum is a union of
strata.

The strata X; of a stratified space X form a poset S where X; < X if the closure of X;
contains X;. (This is the reverse of the obvious ordering.) The tautological map X — S
does of course completely describe the stratification. Hence a stratification of X can always
be described by a stratification function, a map from X to a poset S. (We will not discuss
the question which maps from X to a poset give rise to stratifications.)

Definition D.2.2 A stratification of a CW-space X is a CW-stratification if the closure
of each stratum is a CW-subspace.

Definition D.2.3 Let % be a small El-category. Let ¢(¢") be the poset of isomorphism
classes of objects in %, ordered in such a way that [Co] < [C4] iff there exists a morphism
Cy — C4. Define

f: BC — (C)

in such a way that f(z) = [Cf] if the unique open cell of BC containing x corresponds to
a k-simplex of the form Cy «+ Cy < --- « C}. Then f is the stratification function for a
CW-stratification of B% .

The following example of an El-category is closely related to the category %  in section 5.

Definition D.2.4 We make an El-category _# as follows. The objects are the finite
subsets of a fixed universe. A morphism from S; to Sy consists of an injection k: S; — S
and a sign function & from So \im(f) to {—1,+1}. The composition of (ki,e1): S1 — S
and (ko,e9): Sy — Sz is (koky,e3) where e3 agrees with o outside ko(S2) and with
e10ks ! on k2(S2 N k1(S1)). Then B 7 is stratified as above.

Remark D.2.5 We have B # = Q°°S>*1 by [35, 3.2].

Definition D.2.6 Let D be a contravariant functor from a small El-category % to spaces
(i.e., a covariant functor from €°P to spaces). Then we have the projection map

hocolim D — B¥

and so we get a stratification on hocolim D, the pullback of the stratification of B% just de-
fined. (It is true but not completely trivial that this does give a stratification on hocolim D.)

The homotopy theoretic relationship between the values of D and the strata of hocolim D
is as follows. For an object C' in %, the stratum with label [C] has the homotopy type of
a homotopy orbit space D(C)pa where A is the automorphism group of C' in €. (In more
detail, the stratum has a deformation retraction to the homotopy colimit of D|< where </
is the full subcategory of ¢ spanned by the objects isomorphic to C'.)
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