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Ib Madsen and Ulrike Tillmann*

July 1999

Abstract. In [T1] it was shown that the classifying space of the stable mapping
class groups after plus construction BT’} has an infinite loop space structure. This
result and the tools developed in [BM] to analyse transfer maps, are used here to
show the following splitting theorem.

Let 3°(CP> )9 ~ FEgV---V E,_5 be the “Adams-splitting” of the p-completed
suspension spectrum of CP*. Then for some infinite loop space W,

(BTL)) ~ Q%°(Eg) X -+ x Q%(Ep_3) x W,

where Q2°°FE; denotes the infinite loop space associated to the spectrum FE;. The
homology of (2°° E; is known, and as a corollary one obtains large families of torsion
classes in the homology of the stable mapping class group. This splitting also detects
all the Miller-Morita-Mumford classes. Indeed, after p-completion for p odd, there
is a split surjective map

BTl — BU.

The Mumford conjecture asserts that this map is a rational homotopy equivalence.

§1. Introduction and statement of theorems.

For an oriented surface F', we let Diff(F’) denote the topological group of orien-
tation preserving diffeomorphisms that keep the boundary OF pointwise fixed when
OF # (). The components of Diff(F') are contractible when the genus of F' is greater
than one [EE], [ES], so BDiff(F') ~ BT'(F) where I'(F) = moDiff(F’) is the mapping
class group of F.

Let Fy 1 denote a genus g surface with one boundary component. One may add
a torus with two boundary circles to F; 1 to get an inclusion into Fjy41 1, and hence
a map

BDiff(F, ) — BDiff(F,11.1).
*The second author is supported by an Advanced Fellowship of the EPSRC.
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The mapping class group I'y 1 = I'(F},1) is perfect for g > 3 [P], so one may apply
Quillen’s plus construction. The maps

(1.1) BDiff(F, 1) — BDiff(F,111)", BDiff(F,1)" — BDiff(F,)*

are [g/2]-connected, respectively [(g — 2)/2]-connected by [H], [I]. The homotopy
direct limit of the maps in (1.1) as g — oo is denoted BI'L . Its homology is the
stable homology of the mapping class group. By the main result of [T1], Z x BT'%,
(and BT'Y) are infinite loop spaces, i.e. the 0-th space in a connective Q-spectrum.

1.1. The map to Q(CP{).

This paper compares Z x BT'Y to the infinite loop space Q(BSL) where Q(—) =
1>°¥°°(—) and where we prefer to write BS! instead of CP> for the infinite com-
plex projective space. Here and elsewhere the subscript + indicates the addition
of a disjoint base point. The construction of the infinite loop space structure on
Z x BT} is described in Section 2 below, where we also produce an infinite loop
map

o: 7 x BI't, — A(BS")

into Waldhausen’s A-functor applied to BS'. The topological Dennis trace is an
infinite loop map
tr: A(X) — Q(AX,)

into the stable homotopy of the free loop space, and we can compose it with the
map from AX to X that evaluates a free loop at 1 to get an infinite loop map o
from A(X) to Q(X4), cf. [BHM], [W1]. There results an infinite loop map

(1.2) ocoa:7Zx BI'l, — Q(BSL).

The definition of « is very abstract and not so well suited for calculational purposes.
But there is another interpretation of the composition o o a that we now describe.
We also indicate the relation of (1.2) to the Miller-Morita-Mumford classes k; €
H?(BT'y,), cf. [Mi], [Mo], [Mu].

Let F — E — B be a smooth oriented surface bundle, and TYFE the tangent
bundle along the fibres. This is an oriented 2-plane bundle over FE, i.e. a complex
line bundle. Let

Ir: H¥"(E) — H*(B)

be the “integration along the fibres” map. One gets characteristic classes
ki = Ir(c1 (TUE)iH)
In the universal situation:

(1.3) F — E(F) ™% BDiff(F), E(F) = EDiff(F) Xpir) F,



where I’ is some compact surface, one has
T'E(F) = EDiff(F) xpigry TF,
and gets classes ;(F) € H*(BDiff(F)). By (1.1) one obtains stable classes
ki € H*(BTL), i=1,2,...
They are known to generate a polynomial subalgebra
(1.4) Qlk1,k2,...] C H*(BT'L;Q),

cf. [Mi], [Mo] and it is expected that one has equality in (1.4); this is the Mumford
conjecture.

Let us return to the smooth fibre bundle F' — F — B and suppose for simplicity
that F' is a closed surface. Choose a smooth embedding of E in some Euclidean
space R¥. The normal bundle NY(E) of the resulting embedding E C B x RF is
the “normal bundle along the fibres”,

T(E)® NY(E) ~ E x R*.
Collapsing a tube around E in B x R¥ induces a map
(1.5) B, AS*¥ — Th(N'E)

into the Thom space. The induced map in cohomology composed with the Thom
isomorphism is the integration homomorphism Ir. The maps in (1.5) for varying
k define a map

¥>*(By) — Th(-T"E)

from the suspension spectrum of By into the (—3)-connected Thom spectrum
Th(=T"FE). Let
0p : E — BS!

classify the complex line bundle TV FE. There is an induced map of spectra
Th(-T"FE) — Th(-L)

where L is the universal line bundle. The range is the spectrum usually denoted
CP2>] amongst topologists, cf. [R].

Notation 1.1. For a connective spectrum FE it is common to denote by Q2°°E the
bottom space in the associated 2-spectrum

Q>®°F = hocolim Q* E.

If E is not connective, i.e. has non-zero homotopy in negative degrees, Q*°FE is
defined to be the bottom space in the connective cover E[0,00) where one has
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killed the homotopy groups of E in negative degrees. We write Q(S™ A X) =
QX (X*°(S"NX)),n € Z.

One can approximate BDiff(F') by manifolds and obtain from the above a map
7 : BDiff(F) — Q>*CP%
and in turn
(1.6) Too ¢ BT, — Q™CP%.
If we compose (1.5) with the map on Thom spaces induced by the inclusion
w:NY(FE) — NY(E)®T"(E),

via the zero section of TV(E), we get a map from By A S* into E, A S*. This is
the Becker-Gottlieb transfer map [BG] of the fibre bundle £ — B with fibre F'. In
the universal situation (1.3), on composition with 0ggy : E(F) — BS!, we get a
map

QOEr) )
—

(1.7) mr : BDiff(F) — Q(E(F)4) Q(BS),

This leads to a map
(1.8) Teo : BTL, — Q(BS)
such that the diagram

BT, —— BIL

(1.9) Foo l oo l

QeCPx —=— Q(BSY).
is homotopy commutative. (We do not know if there are phantom maps from BT'Z,
into Q2°°(CP29) or into Q(CP$°), i.e. non-trivial maps that are null homotopic on

all finite skeletons. Thus (1.9) is in the weak sense of homotopy commutative on
all finite skeletons.)

In Section 2.5, we prove, based on results from [DWW] that the diagram
BDiff(F, )" —“— Z x BT},
(1.10) ml °°O‘l

QBst) L qBs)

is homotopy commutative; here 7, ; = 7p, , maps into the (1 — 2g)-th component,
while v, maps into the g-th component, o o a as defined in (1.2) multiplies by —2
on components, and the arrow labeled +[1] denotes loop sum with the base point
in the 1-st component. Since 7, (when translated to a fixed component) becomes
highly connected for g — oo, the weak homotopy type of (+[1]) oo o« is determined
by the 7, 1, and 7 is weakly homotopy equivalent to (+[1]) c o o a.



1.2. A partial splitting for 7.

The spaces in (1.10) are of finite type (have finitely generated homotopy groups in
each degree), so little is lost by replacing them with their profinite or p-completions,
cf. [BK, chap. VI]. The universal (p-local) Bockstein operator

B : BQ/Zpy) — BS,,

(with homotopy fibre BQ) induces an isomorphism on ordinary homology with Z/p
coefficients. Thus for any p-complete spectrum E{,\, the induced map

o~

By : [BSY, Ep] — [B(Q/Zy)), E})]
is an isomorphism, [BK, chap. VI, prop. 5.4]. But
[B(Q/Zy)), Ey) = lim[BCyn, E}]
since hocolim BCpn ~ B(Q/Zy)) so we have
(1.11) lim[BCyn, By 2 [BS, E}).
One can produce maps
(1.12) pr : BC,n — BDiff(F)

by exhibiting a suitable surface F' equipped with an action of Cp,», and one can
then study 7p o pp. This amounts to a study of the transfer for bundles

Tn t BECpn Xopn F'— BCpn,

where we can use results from [BM]: If F' admits a non-degenerate vector field X
and S(X) denotes its singular set, then 7, contains the covering space

ECpn X¢, S(X) — BCyn

and the transfer trf(m,) is expressible in terms of the covering space transfer, which
is easy to calculate.
The maps pp of (1.12), for suitable surfaces F', can be assembled to a map from

hocolim BCy» into (BT'Y,);, and so by (1.11) to a map from BS* into (BI'L)).

Since the latter is an infinite loop space there is a unique extension to an infinite
loop map
(1.13) pp 1 Q(BS') — (BTL)).

This is done in Section 3.

Q(—) takes wedge sums to products. Thus

Q(BS}) = Q(BS") x Q(S?).
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Let S° C Z x BT'Y be the embedding that sends the non-base point into (1,*). It
is proved in [T2] that the composition

(1.14) QS° — Z x BTE, 223 Q(BSL) 2% Q°
is multiplication with 2. In this paper we are interested in the other factor
BTE 7% Q(BSL) 2% Q(BSY).

Consider the map
Y* . BSt — (BSl);\

that represents k - ¢1(L) in H*(BS';Z,). It extends uniquely (up to homotopy) to
a self map of Q(BS 1);\ which we again denote by ¥*. Our main result, proved in
Section 3, is

Theorem 1.2. The composition
proji o (TOO)I/)\ O fhp Q(BSl)I/,\ — Q(BSl);\

is homotopic to 1 — g9, where g € Z; is a topological generator (g =3 if p = 2).

The p-complete infinite loop space Q(BS 1)9 decomposes into a product of (p—1)
infinite loop spaces,

(1.15) Q(BSM)) ~ O™ Ey x ... x QF°E,_,.

There is a corresponding decomposition of BU;\, considered an infinite loop space
via Bott periodicity,
BU;\ EBO X ... XBp,Q.

In fact even the localized space BU,, decomposes into p — 1 pieces, cf. [A]. The
two decompositions correspond under the infinite loop map

Q(BS') — BU

which on BS! C Q(BS?!) is the reduced canonical line bundle.
In Section 4 we evaluate 1 — g9 in H,(FE;) to see that

1—gy9: QFE; — QFFE;

is a homotopy equivalence when ¢ # p — 2. This produces the decomposition given
in the abstract,

(1.16) (BTL)) ~Q®Ey x -« X QFE,_5 x W,

where by (1.14) Q¢S?, the component of degree zero maps, splits off W, for p odd.
We have thus exhibited large families of torsion classes in the homology of the stable
mapping class group, cf. Corollary 4.3 and 4.4.



1.3. The split surjection BI'Y, — BU on p-completions.

The map wy, in (1.9) is not a homotopy equivalence. In fact its homotopy fibre
is Q(S572), so there is a homotopy fibration

(L17)  Q(S™2) — Q®(CPX) “= Q(BSL) ~ Q(BS) x Q(SY).
The 0-th skeleton of CP> is X°°(S~2 U, D°) where 7 is the desuspension of the
Hopf map from S3 to S2. Since 1 has order two, when p is odd,
(CPS?)(I,) ~ ZOO(SO v CP /SO)(p)
and
Q% (CP2) () = Q(CP2/8°) () x Q(S") (-
For p odd, we in (1.17) is the identity on the Q(S°) factor.

Let imJ, denote the homotopy fibre of
1 —49: BSUy — BSU
with g as above. By Bott periodicity
O?’BSU ~ BU, Q*(}9) ~ g9,
so there is a fibration sequence
Q%im.J, — BUq,) =25 BUy,.
This was compared to (1.17) in [MS]; there is a homotopy commutative diagram

Q(572) —— Q®CPX = Q(BS)

(1.18) | | o |

Q(im],) —— BUy —2 BU,.

For odd p the vertical maps are split surjective. The splitting maps are not infinite
loop maps, but they are single loop maps by [MS]. In Section 4.2 we prove

Theorem 1.3. For odd primes p, the composition
l_107s : (BTY), — BU)

is split surjective.

The named arrows in (1.18) are all rational homotopy equivalences, but are far
from being p-local homotopy equivalences. The Mumford conjecture asserts that
l_1 0 T, Or equivalently 7., is a rational equivalence. One may wonder about a
p-integral version (p odd). There are two natural candidates. Either

(A) o QUBSY)) — (2 x BIL))
or
(B) 7A'C>O : (Z X BF;)(I,) — QOO((CPS?)(:D)

could be a homotopy equivalence (p odd).
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62. Construction of the infinite loop map.

The main task of this section is to construct a map of infinite loop spaces
o:7Z x BT, — A(BS")

from Z x BT'L to the Waldhausen K-theory of BS!, and hence a map (1.2) of
infinite loop spaces to Q(BS7) on compostion with Waldhausen’s trace map [W1]

o: A(BS') — Q(BSL).

The construction of « is technically somewhat complicated though the underlying
principle is straight forward and can be outlined as follows.

Dwyer, Weiss and Williams [DWW] construct for a fibration £ — B, with fibres
F, homotopy equivalent to a compact CW-complex, an A-theory transfer map

Here Ap(FE) is a fibration over B with fibres A(Fp). The inclusions F, < F induce a
natural map Ag(FE) — A(FE). In the case of interest to us, F is the universal smooth
bundle E(F) of a surface F' (1.3). Then the classifying map 0gr) : E(F) — BS*
for the vertical tangent bundle induces a map in A-theory, and on composition a
map

O : Ap(E(F)) — A(E(F)) 229 4(BSY).

The maps ap := © o x are compatible with gluing and disjoint union of surfaces,
the two operations in the symmetric monoidal category S. that gives rise to the
infinite loop space structure of Z x BT'L, c¢f. [T1] or Section 2.3 below. Hence, the
induced map « is a map of infinite loop spaces.

In Section 2.5 we will relate o o « to the transfer map 7., = 75, , of (1.7) using
results from [DWW].

2.1. Homotopy colimit constructions.

The definition of the A-theory transfer map uses the notion of homotopy colimit.
Let Z be a small category and D : Z — TOP be a functor from 7 to the category
of topological spaces. The homotopy colimit' of D is the simplicial space EZ x7 D

'When the indexing category T is the translation category of the natural numbers, we also use
in other sections the familiar notation hocolimZ(n).
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with g-simplices (f1,..., fq;x) where f; : a; — a,—1 is amap in 7 and = € D(a,).
The face maps are given by

(fay. ., fgr @), fori =0
(Froeosfar) 258 (Fiseoos fifiets - fix), for0<i<gq
(flv-"?fq—l;D(fq)(‘T))? for i = q.

A natural transformation 7 of two functors D, D’ : T — TOP induces a map on
homotopy colimits
T EIXID —>EIXID,

mapping (fi,..., f¢;z) = (f1,..., f¢i Ta,(2)). In these terms, the natural forgetful
map EZ x7 D — N.Z to the nerve of 7 is induced by the canonical natural trans-
formation from D to the trivial functor that assigns to each object in Z the one
point space .

We need below a slight generalization, namely where 7 is replaced by a simplicial
index category. Note first the following functoriality in Z. Given a functor of index
categories F' : T — 7' the assignment (f1,..., fg;2) — (F(f1),..., F(f); z) defines
a map of homotopy colimits

EI xz (D' oF) - ET x7 D'.

Definition 2.1. A simplicial functor D. : Z. — TOP is a collection of functors
Dy, : T, — TOP with a collection of natural transformations

0 : Dy, — Dg_100;, 0;:Dp_1 — Dyos;
that satisfies the standard simplicial identities.
A simplicial natural transformation 7. between two simplicial functors D., D.” :

Z.— TOP is a collection of natural transformation 7 : D, — D’} which commute
with the face and degeneracy maps.

The simplicial homotopy colimit in this situation is the bisimplical space
FETI.x1. D.={FETy x1, Dy}
The i-th face map in the k-direction sends (fi, ..., fx,z) € EZy X1, Dy to
(Oif1,-- -5 0ifi,0ix) € BTy X1, , Di—1
and similarly for the degeneracy maps.

Natural transformations of simplicial functors induce maps of associated simpli-
cial homotopy colimits.
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2.2. The A-theory transfer map.

JFrom a pointed category P with cofibrations and weak equivalence wP, Wald-
hausen in [W2| constructs a simplicial category wS.P. The objects of wS,P are
k-flags A, that is sequences of cofibrations

(21) >1<—>1401—>"'—>A40]§

with a choice of subquotients A;; ~ Ag;/Ao; for ¢ < j. A morphism between two
flags A and A’ is given by a set of compatible weak equivalences A;; — Aj;.

Let P(Y) denote the Waldhausen category of homotopy finitely dominated spaces
over a space Y. Its objects are homotopy finitely domintated retractive spaces X
over Y

with rs = 1y and s a closed embedding with the homotopy extension property.?
A map X — X’ over Y is a cofibration if the underlying map of spaces is a closed
embedding having the homotopy extension property. It is a weak equivalence if the
underlying map is. For any (simplicial) category C we write |C| for the realization
of the (bi)simplicial set N.C. Waldhausen defines

A(Y) := QwS.P(Y)|.
A map YUY’ — Z defines a functor
wP(Y) x wP(Y') = wP(Y UY') — wP(Z)

where the first functor is the isomorphism (X, X’) — X U X’. In particular the
map 1U1: YUY — Y defines a sum operation on wP(Y') and wS.P(Y’), and hence
gives rise to a I-space (in the sense of Segal [S1]). Since S;P = P and SyP = * the
map induced by the natural inclusion [0,1] x |wP(Y)| — |wS.P(Y)|, factors over
the reduced suspension and its adjoint is the A-theory group completion map

(2.2) lwP(Y)| — A(Y).

Now let B = |C| for a small category C and II : C — TOP" a functor to
the category of homotopy finite spaces such that all morphisms are mapped to
homotopy equivalences. Then the natural projection

E=|EC x| = B

2X is homotopy finitely dominated over Y if it fits into a diagram X’ — W — X of retractive
spaces over Y with W homotopy finite over Y and the composite map a weak homotopy equiva-
lence. W is homotopy finite over Y if there is a weak homotopy equivalence Z — W where Z is
a space over Y which is a finite CW-complex relative to Y.
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is a quasi-fibration with fibres II(a), cf. [S1]. Let D%, D!, D? be three functors from
C to the category CAT of small categories,

DY:a+ %, the trivial category,
(2.3) D':a+ C/a, the category of objects over a in C,
D?:a— wP(I(a)).

They define functors |D?| from C to TOP, and there are natural transformations
7 ¢ |DY| — |D°, 75 : |DY| — |D?| induced from the trivial functor C/a — *, and
from the functor C/a — wP(a) which to ¢ : a3 — a assigns the retractive space

M(g)u1
I(a;)UII(a) = I(a).

incl

The A-theory transfer is now defined (up to homotopy) as
(2.4) X : B = EC x¢ |D°| < EC x¢ |D'| = EC x¢ |D?|.

Here 11 is a homotopy equivalence because C/a has a terminal object and hence
|IC/al ~ . We may think of x as a section of the quasi-fibration |wP|g(E) — B
with fibres |[wP(II(a))].

2.3. The infinite loop space structure of BT'L..

Next we recall the infinite loop space structure on BI'L following [T2]. Let K be
the cobordism category with objects {0, 1,2, ...} representing the empty manifold,
a copy of the circle, two copies of the circle, . . .; the morphisms K(n, m) are defined
as follows: Consider the following (generating) morphisms with separate labeling
of incoming and outgoing boundary circles:

(i) a fixed smooth disk, D € K(0,1);

(ii) a fixed smooth pair of pants, P € K(2,1);

(iii) a fixed smooth torus with two disks removed, T € (1, 1);

(iv) for each permutation ¢ on n letters, n > 0, a morphism C, € K(n,n)
(one may think of these as n zero length cylinders with incoming labels
i =1,...,n and outgoing labels o(7)).

D, P and T come equipped with a fixed smooth collar of their boundary circles.

Elements in K(n, m) will be those labelled cobordisms from n to m copies of a circle

obtained from these generating morphisms by a finite number of applications of the

following two operations:

(I) Gluing: for Fy € K(n1,n2) and Fy € K(ng,ng), let FooFy € K(n1,n3) be the
cobordism obtained by gluing the two sets of no boundary circles according
to their labeling, using the parametrization induced by the collars;

(IT) Disjoint union: for F; € K(n;, m;), let Fy UFy € K(ny+ng, mi+ms2) be the
disjoint union where F} retains its labels while the labels of the source and
target boundary components of F, are shifted by ni and m; respectively.
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The cobordism category K is a symmetric monoidal category with composition (I)
and product (II).

We will now construct the simplicial category S.: The simplicial set ob S. of
objects of S. is the nerve of K, ob §. = N.K. Thus the objects of & are the
composable k-tuples of cobordisms

F:(F17F27-"7Fk)7 Fielc(nianifl)-

A morphism between F and F’ in Sy is a k-tuple

¢:(¢17¢277¢k)7 sz eDlH(FZ,Fz/)

of oriented diffeomorphisms from F; to F which fix the collars. (Sy is the category
with objects 0,1, 2, ... and identity morphisms). The face and degeneracy maps of
ob §. = N.K are extended to the morphisms in the obvious way. Disjoint union
defines a funtor S. x S. — S. and gives rise to a I'-space with underlying space |S.|
(in the sense of [S1]). More precisely, |S.| is the realization of the bisimplicial set
N.S.. Interchanging simplicial directions, N.S. can also be seen to be the nerve
of the simplicial category with constant object set {0,1,2,...} and morphism set
N.S1, cf. [T2]. Disjoint union defines a symmetric monoidal structure on this
simplicial category and hence one can construct a symmetric monoidal I'-category
from it (see May [Ma; construction 10]).

Theorem 2.2 ([T1], [T2]). Z x BT} ~ Q|S.].

We now construct the analogue of the group completion map for S.. As Sy has
many objects, some care has to be taken. Let F' € KC(n,m) and S1(F') be the full
subcategory of S; with one object F'. The inclusion &1 (F') < &; induces, just as
in (2.2), a natural map

(2.5) Ar |SLU(F)] — Q™S |

to the space of paths in |S.| from n to m. If we choose 1 to be the base point in
|S.], a choice of cobordisms F’ € K(n,1) and F” € K(m,1) (and hence of paths
from n to 1 and m to 1 in |S.|) defines up to homotopy a map from |S;(F)| to

Qb1S.| = Q|S.]. The component of the image depends on F’ and F”. Indeed, by
[T0], the component is given by

1

5 O(F) = X(F) = x(F"))

where x denotes the Euler characteristic. Concretely, let F' = F, ; € K(0,1) and
let F” € K(0,1) be the disk. Then this defines a group completion map into the
g-th component

(2.6) vg 1 |S1(F,1)| ~ BDiff(F, 1) — Q|S.| ~ Z x Br'Y,.
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Remark on topologies. The morphism sets Si(F', F’) have a natural topology, com-
ing from the compact-open topology on diffeomorphism spaces. Above |S.| means
the realization which takes this topology into account. In order to apply the A-
theory transfer map, however, Si has to be replaced by a suitable discrete simplicial
category. This can be done as follows.

Let C be a topological category with a discrete set of objects. Define the cate-
gory sin.C to be the simplicial category whose objects in each degree is ob C. The
morphisms between ¢, d € sin ;C is the set of singular k-simplices Map(A¥, C(c, d)).
We note that

sin.(C x D) =sin.C x sin.D, |[sin.C| ~|C|.

Hence, sin. takes topological, symmetric categories to simplicial, symmetric cat-
egories without changing the (weak) homotopy type of the associated classifying
spaces. In the following section we shall assume that our topological categories have
been replaced by their simplicial version. But in order not to make the notation too
complicated we are not going to display this extra simplicial direction — we pretend
S. is discrete rather than working with the bisimplicial category sin.S..

2.4. Construction of o as a map of infinite loop spaces.

The definition of « is given in two steps: We first define the analogue of the
A-theory transfer x, and then the map © induced by the classifying map of the
vertical tangent bundle.

Consider the functor IIj, : S, — TOP"/ defined on objects by
II; : (Fl,...,Fk) — Fy U U By

for k& > 0, and Ily(n) = *,, a different one-point space for each n > 0. On a
connected component (Sk)[ 7 containing the object F, II;, takes all morphisms to
homotopy equivalences. Apply now the A-theory transfer map (2.4) to the quasi-
fibration

|ESk x5, k|7 — |kl (-

This yields maps

(2.7) Xk, (7] * [Skl ) — [ESk X, [WP o k|| (.

Proposition 2.3. The maps in (2.7) define a map of I'-spaces

X:|S.| — |ES. xs. |[wP oIL||.

Proof. The functors D°, D' and D? = wP o Il used in the definition of X, [F]
are compatible with gluing of surfaces and hence extend to simplicial functors
D D! D.?:8. — CAT in the sense of Definition 2.1. This is trivially true for D.°
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and easily checked for D.!. For D.2 the natural transformations §; : Di — Diq 00;
are induced by the natural functor

wP(Fl) X wP(Fg) = wP(F1 (] Fg) —_— wP(Fl o FQ)

The simplicial identities are satisfied, so the maps xy, () fit together to define the

map x.

Disjoint union not only defines a functor LI : §. x §. — S. but also a natural
transformation between the functors wPolo (II. X II.) and wPoIl.oU from S. x S.
to CAT in the sense of Definition 2.1. Using this, one can construct a I'-space
along the lines of [Ma; construction 10] with |ES. xs. |D.?|| as underlying space.
The Xy, (7)’s are also compatible with disjoint union so that x extends to a map of
I'-spaces. [

We next define the map © : |ES. xs. |wP o IL|| — |wS.P(BS)| which extends
to a map of I'-spaces. First note that

|E81 X8, Hll[F] ~ |E81(F) ><$1(F) Fl = E(F),

the universal bundle from (1.3). Second, the bundle classifying map 6(F') : E(F) —
BS*' has the following interpretation. Let

O |ES1 xs, 1|7 — BGL(C) ~ BS"
be the map defined on simplices by
(2.8) OF) (015 -, 043%) = (dO1]oy...o0(z)s - - -1 dOg|2)-
Here do|, denotes the derivative of the diffeomorphisms o evaluated at the point

x, and we have identified the classifying space of the category of 2-dimensional
oriented vector spaces with BGL;(C).

Now define Oz as the composition:

|E8k XSk |wP OHkH[F]

l

(2.9) [wP(|ESk x5, Tk])l (7))

l

|wSEP(BSY)|.

The individual maps are defined as follows. The inclusion of the fibres into the
total space always defines a map Fp(E) — F(F) for any homotopy equivalence
preserving functor F' from spaces to spaces and any quasi-fibration £ = |EC X¢
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II] - B = |C|. This explains the first map with /' = |wP(—)|. Next note that
|E8k XS, Hkl =Y, U---UY}, where

Y; = |ES xs, H}|(ry

is the space corresponding to the i-th component; here II¢ (F’) := F’;. The second
map is induced by the functor taking the k-tuple (X7,..., Xx) of retractive spaces

X =Y,
to the flag A of the form (2.1) with subquotients
Aij = BSl |_|(Yi+1|_|...|_|yj) (X1;+1 - XJ)

In other words, A;; is the pushout for the maps 9~[Fi+1] - - -|_|9~[F].] and s;y1U---Usj,
where ,

A i r; [F;]

0[F7,] Y = |E8k XS kl[Fz] = |E81 XS, Hll[Fz] —F> BSl

Weak equivalences of k-tuples of retractive spaces are clearly taken to maps of flags.

Proposition 2.4. The maps (2.9) define a map of T'-spaces
O : |ES. xs. |[wP o IL|| — |wS.P(BSY)|.

Proof. Again, it is straight forward to check that the maps ©z are compatible
with gluing and hence yield the map ©O.

Similarly, the maps Oy are compatible with disjoint union of surfaces. In the
target space this corresponds to the functor

wP(BS') x wP(BS') — wP(BS")

induced by 1U1 : BS'UBS! — BS! which defines the sum operation in wS.P(BS?).
A functor that takes the product of a symmetric category to the sum operation of
another category induces a map of associated I'-spaces. 0

Remark. We are not claiming that the intermediate space in (2.9) gives rise to a
I'-space.

Disjoint union allows us to define a functor G : I' — TOP where I is the category
of pointed sets, such that G(1) = |[wP(|ES. xs. IL|)| and G(k) ~ |wP(|ES.F x5 &
IL*|)| (along the lines of construction 10 in [Ma]). However, G(k) is not homotopic
to G(1)*, and therefore G is not a I'-space (in the sense of [S1]). But since we are
only interested in the composition in (2.9), this is of no consequence.

As |S.| and |wS.P(BS?')| are connected, the two propositions together prove that
Qox:|S.| — |wS.P(BSY|

is a map of infinite loop spaces. Looping this once, we have proved the main goal
of this section.
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Theorem 2.5. The map a := Q(O oY) : Z x BI'l, — A(BS") is a map of infinite
loop spaces. O

2.5. Comparing o o a with 7, ;.
Let F' be a surface in S;. Consider the universal F-bundle (1.3)
E(F) = EDiff(F) xpigry F T, B = BDiff(F),
and let yr denote the composition
xr : B =5 AgE(F) — A(E(F)).

Here x is defined just as in (2.4) with the functor |Dy| = |wP o II| replaced by the
functor A oIl = Q|wS.P o II|.

Lemma 2.6. The following diagram commutes up to homotopy.

BDIfi{F) —*— A(E(F)) =) 4(pgh

| °| ‘|
BDIf(F) M, qe(r),) S0 gBst)

Proof. One of the main results in [DWW] asserts that for a smooth fibre bundle like
E(F), xr factors as the Becker-Gottlieb transfer trf(7wp) : BDiff(F') — Q(E(F)4)
composed with Waldhausen’s standard map i : Q(E(F)4) — A(E(F')). Hence, the
first square commutes up to homotopy for ¢ is a homotopy left inverse of i, cf.
[W1]. The second square commutes by naturallity of the trace map o. U

The bottom row in the above diagram is the definition of 7 (1.7). We thus have
(210) TF EO'OA(QE(F))OXF
Now take F' = F ;. By definition (2.5), 4, , is compatible with the A-theory

group completion map in the sense that the following diagram commutes up to
homotopy

YFg1

BDiff(F, 1) Q0119

XFg,ll QO’I(GOX)J/
A(OE(FQJ)) 1

A(E(F,,)) — 2T 4(BsY).

Identifying the path space with the loop space as in the definition of ~y, (2.6), yields
the homotopy commutative diagram

QUS| —— Q|8

Qo’l(eox)l Ql’l((%ox):al
ABSY B
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where +[1] denotes loop sum with the base point in the component of 1. Hence,

Als(F, 1) © XF,, = (F[1]) oo,
This together with (2.10) proves the commutativity of Diagram (1.10). That is

Theorem 2.7. 7,1 ~ (+[1]) o0 o o, : BDiff(Fy 1) — Q(BSL). O

Remark 2.8. Commutativity of the left square in Lemma 2.6 is folklore and is
supposed to hold not just for smooth fibrations but also for any homotopy fibration
with homotopy finite fibre. Unfortunately, it seems that a proof would be rather
involved, and technical details have never been written down. The results of [ DWW]
used here are much deeper and they do give a quick argument. They also imply
that a factors through Q(BS1).

§3. Transfers and diffeomorphisms of surfaces.

This section constructs surfaces equipped with an action of a cyclic group C,
and exhibits Cy-invariant vector fields on them. We then apply the “parametrised
Poincaré-Hopf” theorem from [BM] to get information about the transfer of the
universal smooth bundle (1.3).

3.1. Branched covers.

Let 3 be a (fixed) connected surface. We consider divisors D = Xk  n;p;, €
Co(X2;Z/q) with

(3.1) (ni,q) =1 and %F_in; =0 (mod q).

Given D, we construct an associated connected surface I’ with a smooth Cy-action,
and
FY% = {pg,....px}, F/Cy=%.

Let C(n) denote the complex plane with C,-action t -z = €2™"/4. » where t € C,
is a generator. The tangent representation at p; of the surface F' will be

(3.2) T, F =C(m;), min; =1 (mod q).

To construct F', consider the complement ¥* of a small open tube N{py, ..., px} of
the branch points. We have the Poincaré duality diagram

H'\(S%Z/) — ——  H(S,3%Z/q)

| |

Hy (S, {po, 0k }3 2./q) —2— Ho({po, -, 1} Z/4),
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and note by excision that

k
H*(S,5%Z/q) ~ @ H*(D;,, S,,:2/a).
=0

The second condition in (3.1) implies a class kp € HY(X*;Z/q) with 0, (kpN[X]) =
D. We view kp as a map from X* to BC, and let F’* — ¥* be the induced principal
Cy-cover.

Let S'(m) (resp. D?*(m)) be the unit C,-sphere (resp. -disk) of C(m), and let
A, : S — S' be the n-th power map A,,(z) = 2™. The restriction of the C,-cover
F* — 3* to the i-th boundary component S;i is by construction the pull-back

BiF* — S'(1)

I

1 Bni 1
Sp, —— 5,

so 0;F* = {(w,z)|w™ = z9}. This is a circle by associating to u € S! the pair
(ud,u™). Thus 9;F* = S*(m;) as a Cy-space, where m;n; =1 (mod q).

Definition 3.1. The C,-branched cover of ¥ associated with the divisor D is the
surface
F =F*"Uy (D(mo)U...UD(my)).

Lemma 3.2. There exists a non-degenerate C,-invariant vector field X on F' whose
singular set S(X) contains the branch points {py, ..., pr} with local indices

ind,, (X) = +1.

Proof. We choose a Morse function f : ¥ — R such that {po,...,pr} are local
maxima or local minima. Let X be its gradient vector field. Its singular set includes
the branch points, so it lifts to an equivariant vector field X on F'.

The local index of X at p; is +1, since the Morse index at p; is £2, and thus
ind,, (X) is also +1. (If the Morse index for f at p; had been 41, then ind,,(X) =
—1 and ind,,(X) = 1 — 2¢ so X would have been degenerate at p;). For p €

S(X)\{po, .., px}, ind,(X) = ind(,)(X). This completes the proof. O

3.2. Transfers and vector fields.

Consider a smooth fibre bundle with closed oriented fibre,

(3.3) F—F- 5B
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with finite (or compact Lie) structure group. Then F = P xg F where P — B is
the associated principal bundle. We assume G acts on F preserving the orientation.
Suppose given a non-degenerate vector field X on F that is G-invariant. Its singular
set S(X) is a finite G-set, so there is a finite covering space contained in (3.3):

PxgSX) 2L, PxgF

(3.4) Wsl ﬂl

B e — B.

Theorem 2.10 from [BM] asserts a relationship between the Becker-Gottlieb trans-
fers trf(mg) and trf(r):

Theorem 3.3 ([BM]). There is a homotopy commutative diagram

B O, QP X Fy)
trf(ﬂ's)l Q(incl+)T
IND(X)

QP xg S(X)4) — Q(P x¢ S(X)4).

O

We recall the definition of IND(X). Choose a G-invariant metric on F, a G-
embedding of F' into a representation space V', and a complement 7 to the vector
bundle P x¢ V. This is possible since B is compact. For o € S(X), the differential
dX, may be considered as an automorphism of the tangent space T, F', and gives
rise to a G-bundle automorphism dX of 7r|g(x). We add the identity on vr|g(x)
and apply P X (—) to get a bundle automorphism

PxgdX :Pxg(S(X)xV)— Pxg(S(X)xV)
over P xg S(X). Let 7 denote the fibrewise one point compactification of 7. Then
(P Xa S(X) X SV) /\PXGS(X) ﬂ'g(n) ~ (P Xa S(X)+) AN S™

where on the left we take the fibrewise smash product. The fibrewise one point
compactification of P x ¢ dX induces a homotopy automorphism of the above space.
Looping down m times and letting m — oo we obtain the map

IND(X) : Q(P x¢ S(X)s) — Q(P xa S(X)4).

Our next lemma identifies IND(X') in more computable terms. First some prepa-
rations are necessary.

Let W be a representation space for G and f : SW — SW a G-homotopy
equivalence. Its G-homotopy class is determined by the set of degrees {deg f#|H C
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G}. These degrees (all equal to +1) define a unit d(f) of the Burnside ring A(G),
cf. [tDP]. Conversely, any d € A(G)* is equal to d(f) for a suitable W.
Given a principal G-bundle £ — B with compact base space there is a map

(3.5) A(G) — [Q(B+), Q(B)]a= = B+, Q(By)]

into the homotopy invertible infinite loop maps. It maps d(f) into the element
determined by
Exgf:ExcSY — ExqgSV

upon taking fibrewise smash product with f as above, where ¢ is a complement to
FE XaG w.
In the situation of Theorem 3.3, let o € S(X) have isotropy group G,. The one

point compactification of
dXs T, F — T, F

defines an element x(X,0) € A(G,)*, i.e.
(3.6) x(X,0) = {det(dXF)|H C G,} € A(G,)*.
We decompose S(X) into its G-orbits,

PxaS(X)=][Pxc, {c}; o€85(X)/G.
Since Q(—) converts wedge sums into products,
(3.7) QP xa S(X)1) = [[Q(P/Goy): o€ S(X)/G.

The image of x(X,0) in [Q(P/Gs4),Q(P/Gs4)] under the map (3.5) is again
denoted by x(X, o).

Lemma 3.4. Under the identification (3.7),
IND(X) ~ [[x(X,0); o€ S(X)/G.
U
Remark. In [BM], Theorem 2.10, the map IND(X) was falsely asserted to be
[Tind, (X) rather than the more complicated expression in Lemma 3.4. The mis-

take — pointed out in [MP] — occurs at the top of page 141 in [BM]. Indeed the

homotopy .J; need not be proper. We note that inds(X) = x(X,0) if and only if
det(dX ), H C G, is independent of H. This happens always if G, is of odd order,
since A(G,)* = {£1}.

In our application, (3.3) is the bundle

EC, x¢, F — BC,
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where F' is the branched cover from Definition 3.1, and X is the vector field from
Lemma 3.2. In this case x(X,0) = ind,(X). Indeed, in this case the action on F
is free off the fixed set and it suffices to check that

dX, : ST — §T-F

has equal degrees on fixed sets of the isotropy subgroup (Cj),. This is clear since
(Cy)e # 1 only for o € {po,...,pr} where dX, has degree +1. Moreover, the C,
fixed set is S, and dX, maps it by the identity.

Recall from (1.7) and (1.8) that we seek information about the composition

trf(mp) Q(9E(F)+)
— —

7 : BDIff(F) Q(E(F)4) Q(BSY).
Let F' be the C;-surface of Definition 3.1, and
pr : BCy, — BDiff(F)
the associated map. Our next result calculates 7 o pp in terms of the maps
ym : BC, -1 BST Y5 BSt M Q(BSt)
7 : BCy = QUECy)+) — Q(5°) — Q(BS})

where j is the standard map and 7, is the transfer of the canonical covering EC; —
BC,.

Theorem 3.5. The composition Tr o pr is equal to
S g™+ D €5Tq

in [BCyy, Q(BSY)], where ¢; is a sign and the second sum runs over the number
of free Cy-orbits in the singular set of the vector field from Lemma 3.2.

Proof. Consider the pull-back diagram
EC, x¢, F 22—  E(F)
ﬂl ml
BC, —— BDiff(F).
Transfers are natural under pull-backs, so

trf(rr) o pr = Q(pry) o trf(m),

and we can apply Theorem 3.3 to study m. We have

k
SO = {0, i US X Gy BO, e, S(X) = ([[ BC) U (S x BC),
=0
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and hence

Q(EC, x¢, S(X HQ BCy)) x (]| QEC,)).
JjeES’
The transfer for a sum of covering spaces is the product of the individual transfers.
So the transfer for

s : ECy x¢o, S(X) — BC,
is the product of (k+1) copies of the inclusion ¢ : BCy — Q(BCy4) and |S| copies
of the standard transfer 7, : BCy — Q(EC,4). By (3.2)

pi(TYE(F)) = EC,y x¢, TF
restricts to EC; x¢, C(m;) over EC, x¢, {p:}, and this bundle is classified by

Y™ o j: BC, — BS'. An application of Theorem 3.3 and Lemma 3.4 completes
the proof. O

3.3. The splitting map .

We fix a base surface ¥, a prime p and a p-adic divisor,
(3.7) D=1-po+mp+...+mp, € Co(3;Zyp)
with m € Z;, 1 +km =0 and —k € Z, a topological generator of Z,'. (If p =2,
take k = 5 (mod 8).) For each prime power ¢ = p™, let F' = F(n) be the closed
surface from Definition 3.1. It has genus
1 "
s@" =1k -1)

g(n) = g(=) 9" +

by the Riemann-Hurwitz formula. We remove an open disc from F'(n) to get the
surface F'(n); with one boundary circle. There is a commutative diagram

BCypn — . BDiff(F(n))*

(3.8) de T

(BCyn)l9(m/2l ", BDiff(F(n),)*
since the right-hand vertical map is [g(n)/2]-connected by [H], [I]; X"} denotes the
r-skeleton of X. We can compose the bottom horizontal map in (3.8) with the map
from BDIiff(F(n);)"™ to BI'Z to obtain homotopy classes
(3.9) lon] € [BCE™/? BrY).
We do not know (at present) that those elements fit together to define an element
of the inverse limit, and hence give a homotopy class

poo : BCpee — BT'L,

with a possible extension over the universal Bockstein BCpe — BS(lp). However,
we can get around this difficulty when we complete our spaces.

Recall the notation that ! : BCpn — Q(BS?') is the standard map into BS*
followed by ¢! and the inclusion into Q(BS?!).



Theorem 3.6. There exists a map p, : BS* — (BU'L)) such that

[0 0 ptp] = 1+ k)% € [BS', Q(BS")))].

Proof. Theorem 2.9 and Theorem 3.5 show that
[Too © pn] = 1+ ki7" € B, Q(BS").
Therefore the subgroup G,, of [BCZ[,%(R)/ 2 (BT'Y);], given by

Gn={[f] | [rec 0 f] = 1+ k%)

is non-empty. It is also compact, since BT'Z is of finite type (has finitely generated
homotopy groups in all dimensions), and Tychonov’s theorem implies that

lim G, # 0.

Let (pn) € lim Gy, Since g(n) — oo for n — oo,
. n)/2 .
lim[BCA™/?, (BTE))] = lim[BC,r, (BTE),)].

The element py, := (py) € im G, gives the required map, cf. (1.11). O

Remark. We used above the homotopy commutative diagram

BDiff(Fy) ), Q(E(F1)+)

l +[1]l

BDifF(F) T,
where +[1] denotes shift of components by 1, and

T E(Fl) = Elef(Fl) XDiﬁ‘(Fl) F1 — BDlﬂ(Fl)
7 : E(F) = EDIff(F) X pigg( sy F — BDiff(F)

(Fy, = F\ 1032) Since transfers are natural under pull-backs, the commutativity
amounts to comparing the transfers of m; and 7. The second bundle can be viewed
as the fibrewise union of F(F}) and the trivial disc bundle. It is now easy to make
the comparison. Details are left to the reader.
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§4. Proof of the splitting theorems.

4.1. The splitting of Q(BS')) and the proof of (1.16).

Consider the (reduced) cohomology theory associated to Q(BS')y,
Ei(X) = [X,Q(S' A BS),).

For k € Z), Q(1 A ¥*) defines a natural endomorphisms of E?(X) that commutes
with suspension. Let w : Z/p* — Z, be the Teichmiiller character that splits the
natural projection Z* — Z/p*. We get a natural action of Z,[Z/p*] on E*(X).
The ring Z,[Z/p*] is semisimple and decomposes into a sum of (p — 1) copies of
Z,, and there is an induced isomorphism of cohomology theories

(4.1) E*(X)=2Ej(X)D...0 B, »(X)
More precisely, if [ generates Z /p* then
1 = o
(4.2) ei=—— Y wl™ ") i=0,..,p-2
are orthogonal idempotents of Z,[Z/p*], and
Ef(X) =eE*(X).
There is a similar splitting of p-complete (or even p-local) K-theory, often called

the Adam’s splitting [A]. We get from (4.1), and its K-theory analogue, the induced
splitting of infinite loop spaces

Q(BS)) = Q¥ Ey x QFE; x ... x Q°E,_,

(4.3) »
BUp EB()XBl X ...XBp,Q.

The map fr~0m Q(BS') into BU, induced from the reduced canonical line bundle
[L — 1] € K(BS?'), gives infinite loop maps from Q*°FE; to B;, whose homotopy
fibre is rationally homotopy equivalent to a point.

Lemma 4.1. Let p be an odd prime and g € Z,; be a topological generator. Then
1—gy9: QFE; — QFFE;

is a homotopy equivalence for i = 0,1,...,p — 3.

Proof. 1t suffices to prove that the induced map on spectrum homology

(1= gv)s : Ho(Ei) — H.(E;)



is an isomorphism for each i # p — 2. The homology of E; is one copy of Z, in
each degree 2n with n = i(mod p — 1) and zero in other degrees. Indeed, the wedge
product Ey V...V E,_s is the p-complete suspension spectrum of BS!, so
H.(EyV -V Ep_g) = H.((X*BS"))) = H.(S*BS"; Z,),
a copy of Z, in each even degree. On the other hand, it follows from (4.2) that
B oe; = w(lhe,

so that (") induces multiplication by w(l?) on Hyy, (E;) for all n. But ¢¥*(®) induces
multiplication by w(l)™ on Ha,((¥*°BS"))). Thus w(I™) = w(l') on Hypn(E;), and
n =i(mod p —1).

The map 1 — gt)9 induces multiplication by 1 — g"*" on Hy,((X>°BS"');) and
1 — g™ is a p-adic unit precisely when n # —1(modp — 1). O

From Theorem 3.6 and the previous lemma we get
Theorem 4.2. The map

(BTL)h 2= Q(BSY)) 2L Q® By x ... x Q% E, .

is split surjective as a map of infinite loop spaces. 0]

Combining with the main result of [T2], cf. (1.15), we get

Corollary 4.3. For odd primes p there is an infinite loop space W}; such that
(Z x BTL)) ~ Q(S°)) x Q®°Eg X -+ x Q¥ E,_3 x W],

O

We remark that Q(SO);\ x Q®°FEy is the 0-th component of the splitting of
Q(BS1); induced by the idempotents e; of (4.2), so that the space Q(S)) x
Q*Ey x --- x Q®°FE,_3 classifies the functor

(4.5) X— (1= ep2) - (X, Q(BSL)] @ Zy).

The homology H,(Q(BSY);Z/p) is completely known. The original source is [DL],
but [CLM] is a better reference. We briefly recall the result.

Consider sequences I = (1, 81, . ..,Ek, Sk) With

Ej S {0, 1}, Sj > € and ps; —€; > Sj—1.
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Define

k
e(I) =251 —eq — Z(2sj(p —1) —¢j)

(4.6) b(I) =

k
d(I) = Z(Qsj(p —1)—¢j)

Let X be an infinite loop space. For each I there is a homology operation
Q" Hy(X5Fy) — Hyyacr (X Fp)
which can be non-zero only if e(I) + b(I) > q. Here F, = Z/p.

The homology of Q(BSi) can be described in terms of the homology operations,
applied to H,(BS;F,) C H.(Q(BS%);F,). Indeed, let

(4.7) T ={Q"12g | ¢ >0, e(I) +b(I) > 2q}.

The group of components WoQ(BS_li_) ~ moQSY is the infinite cyclic group Z, and all
components are homotopy equivalent. The homology of the component Qo (B S_l|_) =
Q(BSY) x Qo(S°) turns out to be the free commutative algebra on the graded set T,
i.e. a tensor product of the polynomial algebra on the even dimensional generators

and exterior algebra on the odd dimensional generators. The homology of the full
space is then

(4.8) H,(Q(BS});F,) = FreeCommAlg(T) ® F, [Z].
In view of the Corollary 4.3 and (4.5) we have
(1 —ep—2) Hi(Q(BS');F,) C Ho(BIL;Fy).
The left hand side is the free commutative algebra on
T ={Q"2g € T|q# —1(mod p—1)}.
So we get

Corollary 4.4. FreeCommAlg(T') C H.(BTL;F,). O
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4.2. The proof of Theorem 1.3.

The proof given at the end of the section requires some preliminaries. We shall
be brief, and refer the reader to [MS] for more details.

The infinite unitary group U may be considered as a subspace of the space Fg:
of S'-equivariant homotopy equivalences of the free S'-spheres S?"~! as n — oo.
There is a homotopy equivalence

¢:Fg1 — Q(S* A BS_li_),

cf. [BS], [MS]. This yields a map from U to Q(S* A BSY) such that the diagram

S'ABSY —— S'ABSL

(4.9) Rl mcll

U — Q(S'ABSL)

is homotopy commutative. Here R is the complex rotation map, adjoint to the map
from BS! to Q(U) ~ Z x BU that represents the canonical line bundle. One may
extend R to an infinite loop map, again denoted by R, from Q(S' A BS!) to U,
and (4.9) implies that the composition

(4.10) U5 Q(S'ABSY) U

is the identity up to homotopy. The splitting of Q(S* A BS}_) induced from (4.10)
is not well-connected to the S!-transfer

trf : £°(ST A BSL) — £°°(S59).

Indeed, the fibre of trf is the suspension ¥CP% of the spectrum CP2, but the
above splitting does not induce a splitting of Q>°(XCP2q). However from [MS,
Theorem 2.4.5] we do have a commutative diagram

trf

Q®°(2CP%) ) —=— Q(S'ABSY), —— QS

(4.11) ll—ll zgl l
—W) U(p) —>A 7 X imJ(p),

where e is the unit of the connective ring spectrum Z x imJ,), and I*,,1} are
infinite loop maps which are split surjective but by maps that are not infinite loop
maps.

We remarked in Section 1.2 that after localization at an odd prime, Q(Sl)(p)
splits off both Q> (XCP%)(,) and Q><(S* A BSL)(,), so that the upper fibration
sequence in (4.11) may be replaced by its reduced version

Q% (2(CP% /S)) ) 22 Q(S* A BSY) () 5 Q8D

(p
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Looping down this reduced version of (4.11) we get the fibration diagram

Woo Qtrf _
Q= (CP% /%)) —=— Q(BSY) ) ——— Q(S

(4.12) l_ll zol Qel

1—gvy9 QAN .
BU(p) EE—— BU(p) e le'](p)

. From the reduced version of (4.10) we get upon looping once the homotopy com-
mutative diagram

Bs' U pu
inclJ{ H
QR

Q(BS') —— BU,

where [L — 1] is the reduced canonical line bundle. Similarly (4.10) implies a map
Q( so that the composite

BU 25 Q(BSY) 28 BU

is the identity. Here BU is the 0-th component of Z x BU ~ QU or equivalently
BU ~ QSU. It follows easily that

BS! BS!
(4.13) indl [L—l]J(
Q(BSY) —X_ BU

is homotopy commutative.

We are now ready to present the proof of Theorem 1.3 which asserts that
l_107x: (BF:O);/; — BU;\
is a split surjection for all odd primes p.

Proof. Theorem 3.4 (with g = —k a topological generator of Z;) and the above
yields a homotopy commutative diagram

1

(BTL)) —=— Q>(CP% /%)) —— BU)
(4.14) upT QOOJ’ 1—g¢9l
Q(BSYHYY =2 Q(BSY)y  —— BU).

;From (4.13) we see that QC o (1 — gi9) ~ (1 — g1p9) 0 Q(, and (4.14) yields the
diagram

BU) L2, (prt ) BU)

1_g¢gl ‘Doooi—ool 1_g¢gl

pup 2 Q(Bs) —° BU).

lflo’?oo



The lower composition is a homotopy equivalence, and the diagram implies that
the upper composite is a homotopy equivalence. This completes the proof. O
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