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WAVE EQUATIONS FOR DUNKL DIFFERENTIAL-DIFFERENCE
OPERATORS

SALEM BEN SAID AND BENT @RSTED

ABSTRACT. Let k = (ko)acz be a positive-real valued multiplicity function re-
lated to a root system £, and Ay be the Dunkl-Laplacian operator. For (z,t) €
RN xR, denote by uy(z,t) the solution to the deformed wave equation Afuy(z,t) =
Oysug(,t), where the initial data belong to the Schwartz space on RY. We prove
that for £ > 0 and N > 1, the wave equation satisfies a weak Huygens’ principle,
and only if (N —3)/2+ > .+ ka € N, a strict Huygens’ principle holds. Here
At C X is a subsystem of positive roots. As a particular case, if the initial data
are supported in a closed ball of radius R > 0 about the origin, the strict Huy-
gens’ principle implies that the support of uy(z,t) is contained in the conical shell
{(z,t) e RN xR | |t| — R < ||z|| < |t| + R}. Our approach uses the representation
theory of the group SL(2,R), and Paley-Wiener theory for the Dunkl transform.
Also, we show that the (¢-independent) energy functional of uy is, for large |¢|,
partitioned into equal potential and kinetic parts.

1. INTRODUCTION

In a series of lectures at Yale University, J. Hadamard formulated two different
meanings of Huygens’ principle which are nowadays known as Hadamard’s major
and minor premises [14]. A typical statement of the major premise is “every point
on a wave front acts as a source of a new wave front, propagating radially outward”.
This statement is mainely the original principle proposed by Christiaan Huygens
in the 17th centry [22], and it holds for a general class of wave propagations. In
contrast to the major premise, the minor premise is a remarkable phenomena, that is
valid only for very special equations, and never happens in even dimensional spaces.
Mathematically, a second order hyperbolic equation satisfies Huygens’ principle in
the narrow sense (“minor premise”), if the solution of the corresponding Cauchy
problem at some point x depends not on all the Cauchy data, but only on its part on
the intersection of the characteristic conoid with vertex x with the Cauchy surface.
This means that the fundamental solution of the corresponding Cauchy problem
vanishes outside and inside the characteristic conoid, and thus must be located on
it. Indeed, because of the Huygens’ principle in the narrow sense that we can hear
each other, one has a pure propagation without residual waves. This is not the case
in the two dimensional space: when a pebble falls in water at a certain point x, the
initial ripple on a circle around x will be followed by subsequent ripples. Thus a
given point y will be hit by residual waves.

The problem of classifying all second order hyperbolic differential operators which
obey Huygens’ principle in the narrow sense, is known as the Hadamard’s problem.
This problem has received a good deal of attention and the literature is extensive
[33, 25, 5, 13, 26, 34, 30, 27, 17, 1, 2, 6]. (Of course, this list of references is not

complete). Nevertheless, this problem is still far from being fully solved. In the
1
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present paper, we shall treat a natural differential-difference operator of a similar
hyperbolic nature.

We will use the terminology “weak Huygens’ principle” for Hadamard’s major
premises, and “strict Huygens’ principle” for Hadamard’s minor premises.

The propagation of waves in RY is governed by the wave equation

Au(z,t) = Oyu(x,t), for (z,t) € RN x R. (L)

Here A” denotes the usual Laplacian operator in the z-variable, and the subscript
t indicates differentiation in the t-variable. It is a well known fact that (L) pos-
sesses the weak Huygens’ principle for all N > 1, and only for odd N > 3 where
the strict Huygens’ principle holds [5]. In this paper, we will investigate the va-
lidity of the weak and the strict Huygens’ principle for (L) when the Laplacian A
is replaced by the differential-difference Dunkl-Laplacian operator associated with
Coxeter groups [7]. The main tools are the Paley-Wiener theory for the Dunkl trans-
form (or the generalized Fourier transform) [24], and the representation theory of
the group SL(2,R).

To be more specific, let G be a finite Coxeter group on RY with root system
%, and choose a positive subsystem #Z% in #Z. Let k : # — R™, a — k,, be a
multiplicity function. The Dunkl-Laplacian operator is given by

Akf(l') = Af(m) +2 Z koc { <V{Cf$;, Oé> B f(x) — f(TafE) } |

£ e T

where A and V are the usual Laplacian and gradient operators, (-, -) is the standard
Euclidean scalar product in RY, and r,, is the reflection on the hyperplane orthogonal
to the root a.

Consider the following Cauchy problem

Agug(z,t) = Opur(r,t), wur(z,0) = f(z), Owup(x,0) = g(z), (D)

where the Cauchy data f and ¢ are two Schwartz functions on RY. The main results
of this paper are:

Claim 1. (Weak Huygens’ principle) Assume that £ > 0, and N > 1. For a given
y € RY, the solution uy(z,t) depends only on the values of f(x ®; y) and g(x ®; y)
for ||y|| < |t|. Here ||y||*> = Zjvzl y7, and @, is a generalized translation. For k =0,
Flz®y) = F(z —y).

Claim 2. (Strict Huygens’ principle) Assume that £ > 0 and N > 1. If

then ug(z,t) depends only on the values of f(zr ®; y) and g(z ®; y) (and their
derivatives) for ||y|| = |¢|.

In particular, if x = 0, then in Claim 1 (resp. Claim 2) the solution uy(0,t)
will depend only on the values of f(y) and g(y) for ||y|| < [¢t| (resp. |ly|| = |¢])-
Furthermore, if the Cauchy data (f,g) are supported in a closed ball of radius
R > 0 about the origin, Claim 2 reads:

Claim 3. If (N —3)/2+ ) cp+ ka € N, the support of u(x,t) is contained in the
conical shell
{(z,t) eRY xR | |t| = R < ||z|| < |[t| + R}.
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We can also give a different proof for Claim 3 using another approach based only
on de Jeu’s Paley-Wiener theorem for the Dunkl transform [24]. See the end of
Section 3 for a sketch of this approach; note that the details of this argument can
be found in the last section, which deals with the principle of energy equipartition
of a solution to (D).

Here is the outline of our approach. We start by proving that there exists two
tempered distributions P,St) and Pkgi), where the solution wuy to the Cauchy problem
(D) is uniquely given by

up(w, 1) = (P w0, f)(@) + (P2 % g) (). (1.1)

Here x; is a Dunkl-type generalized convolution. Based on a Paley-Wiener the-
orem [24], we show that Pkt, for ¢ = 1,2, is supported inside the light cone

¢ = {(y,t) | ||yl = ||t]|}, i-e. in the set {(y,t) | |ly|| < ||t||} . To prove the strict
Huygens’ principle, we use the representation theory of the group SL(2,R). In the

classical case, this approach goes back to R. Howe [18]. We show that P,St) and

Pk(i) are supported on the light cone % if and only if P,gt), for £ = 1,2, generates a
finite-dimensional s[(2, R)-module of dimension

N+3
dig=—— =+ ) ha

a€Rt

On the other hand, for f € €°>°(RY), denote by M, the spherical mean operator,
as first introduced in [28§]

M) =dt [ fa @) doty), w € RY, r 20
gN-1

Here dj is a normalization constant, and w; is the G-invariant weight function
wi(z) := [T eps [{o, )|, for © € RN. A key result in Résler’s paper [31], is that
the spherical mean operator is positivity-preserving. Keeping in mind (1.1), and
using the spherical mean operator for the Cauchy data (f, g), we prove that

u(x,t) = dkL) /Ot| 7“27’“+N_1% <S_7k_7(t —r )) My (r,x) dr

+ sign(t)d VT /|t P2 tN-1g s (12— r¥)M,(r, z) dr
T+ N/2) e R
Here v := Y .+ ko, and Sy(z) := 237" /T'(\) is the Riemann-Liouville distribu-
tion.

In the light of this integral representation of u, and Rosler results on the spherical
mean operator, the two claims above become:

Claim 4. (Weak Huygens’ principle) Assume that £ > 0, and N > 1. For a given
y € R, the solution ug(x,t) depends only on the values of f(y) and g(y) for
]| = [t] < Nyl < fl=l] + [¢]-

Claim 5. (Strict Huygens’ principle) Assume that £ > 0and N > 1. If (N —3)/2+
Y acs+ ko €N, then uy(z,t) depends only on the values of f(y) and g(y) (and their
derivatives) for ||y|| > |||lz]| — [¢]|.
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In the last section we prove the energy equipartition theorem for the solution
ug. In this part we choose to work with smooth Cauchy data (f,g) supported in
the closed ball of radius R > 0 about the origin. The advantage of this choice is
to investigate, via Paley-Wiener theory for the Dunkl transform, the behavior of
the difference between the kinetic and potential energy of a solution wuy to (D).
Indeed, if we denote by J#[ug](t) the kinetic energy, and by P [ux](t) the potential
energy, then | % [ug] (t) — P [ug] (t)| decays like e~ 21— for all + € R and for fixed
s > 0. Thus the principle of energy equipartition holds for all [t| > R. However, if
we work with the Cauchy data (f,¢g) in the Schwartz space, the principle of energy
equipartition reads

The total (¢-ind dent f
|1‘im A |l|im Pl (1) = e total (t-in epe2n ent) energy o U
t|—o0 t|—o0
This paper is organized as follows: In Section 2 we give an abbreviated background
on the Dunkl theory. Section 3 is devoted to prove the main results, that is Claim
1, Claim 2, Claim 3, Claim 4, and Claim 5. In Section 4 we turn our attention to
the energy equipartition theorem.

2. BACKGROUND

Throughout the paper, (-, -) denotes the standard Euclidean scalar product in RY
as well as its bilinear extension to CN x CV. For € RY, denote by ||z| = (z, z)'/2.
Denote by .7 (R”") the Schwartz space of rapidly decreasing functions equipped with
the usual Fréchet space topology.

Let G be a finite reflection group on RY with root system #, and fix a positive
subsystem Z7* of #, normalized so that (o, a) = 2 for all « € Z7.

For o € R\ {0}, let 7, be the reflection on the hyperplane (a)* orthogonal to «

o <av T > N
ro(r) =1 —2 Tal? a, x€eR™.
Then G is a subgroup of the orthogonal group O(NN) generated by the reflections
{ra | @ € £}, and is called a Coxeter group. A multiplicity function on Z is a
G-invariant function k : #Z — C. Setting k, := k(«a) for a € Z, we have kp, = k,
for all h € G. The C-vector space of multiplicity functions on &Z is denoted by .
If m := g{G-orbits in #Z}, then & = C™.
For ¢ € CV and k € ¢, in [7], Dunkl defined a family of first order differential-
difference operators T¢(k) that play the role of the usual partial differentiation.
Dunkl’s operators are defined by

Teh) () = 0 (2) + 3 ko, )LL) o ey

aext <CK, iIZ'>

Here O denotes the directional derivative corresponding to . The definition of
T¢(k) is independent of the choice of Z*, and these operators mutually commute,

i.e. Te(k)T, (k) = T,(k)T¢(k). Further, if f and g are in €' (R"), and at least one of
them is G-invariant, then

Te(R)[f 9] = gTe(k) f + fTe(R)g. (2.1)
We refer to [7, 10] for more details on the theory of Dunkl’s operators.
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The counterpart of the usual Laplacian is the Dunkl-Laplacian defined by
N
A=) T (k)
j=1

where {&;,...,&n} is an arbitrary orthonormal basis of (RY, (-, -)). By the normal-
ization (o, a) = 2, we can rewrite Ay as

Apf(z)=Af(z)+2 ) ke

aERT

{ <V{ Oé(ﬂfi;@) f(x) — fraz) } |

)

where A and V denote the usual Laplacian and gradient, respectively. For the j-th
basis vector ;, we will use the abbreviation T¢, (k) = Tj(k).

Henceforth, £ denotes the set of multiplicity functions k = (k4 )aez such that
ko > 0 for all @ € Z. For k € ", there exists a generalization of the usual
exponential kernel e by means of the Dunkl system of differential equations.

Theorem 2.1. (cf. [8,29]) Fork € &, there exists a unique holomorphic function
E;, on CN x CV characterized by
Te(k)Ey(2,w) = (&, w)Ex(z,w)  forall € € CN,  Ep(0,w) = 1. (2.2)
Further, the kernel Ey, is symmetric in its arguments, and
Ek<>‘zaw) :Ek(ZaAw)a Ek(hZ,U)) :Ek(z7hw)7
for z,w € CN, A€ C, and h € G.
For complex-valued k, there is a detailed investigation of (2.2) by Opdam [29].
Theorem 2.1 is a weak version of Opdam’s result. For integral multiplicity, another

proof for Theorem 2.1 can be found in [3], by means of shift operators. The function

Ey is the so-called Dunkl kernel. When k = 0, we have Ey(z,w) = e®% for
z,w e CV,
Let wy, denote the weight function on RY defined by

wi(z) = H (o, z) |2, 2 e RY.

aERT

It is G-invariant and homogeneous of degree 27, with the index

Notice that by G-invariance of k, the definition of wjy does not depend on the special
choice of Z7". Further, we denote by dz the Lebesgue measure corresponding to (-, -).

The Dunkl transform on the space L'(RY  wy(x)dx) of integrable functions on RY
with respect to wg(z)dz, is defined by

Df(&) =¢;! /N f(2)Ep(—iz, wy(z) dz, €€ RY,
R
where ¢, denotes the Mehta-type constant
Cp = / e 1172, (2) da. (2.3)
RN

Many properties of the Euclidean Fourier transform carry over to the Dunkl trans-
form.
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Theorem 2.2. (cf. [9, 23]) For k € 2", the following hold
(i) The Dunkl transform is a homeomorphism of #(RN). Its inverse is given by
D F(€) = Df (=€)
(ii) (L'-inversion) If f € L*(RY  wy(z)dz), with Zi(f) € LY (RN, wy(x)dz), then
f=21(2(f)) ae.
(iii) (Plancherel formula) The Dunkl transform on #(RY) extends uniquely to
an isometric isomorphism of L*(RN  wy,(z)dz).

In what follow we shall need a Paley-Wiener theorem for the Dunkl transform.
For R > 0, denote by €5°(RY) the space of smooth functions on RY with support
contained in the closed metric ball of radius R about the origin. Denote by #%(C")
the space of entire functions f on CV with the property that for each integer M > 0,
there exists a constant «j; such that

f(2)] < am(l+||z]) MeBlm@I - > e N,
|
The following theorem can be found in [24].

Theorem 2.3. (Paley-Wiener Theorem) Let G be a Cozeter group and suppose that
k € 2. Then the Dunkl transform P, is a linear isomorphism between €5°(RY)
and #R(CVN).

The above theorem was proved in [24] for Re(k) > 0, and its geometrical form
was presented as a conjecture.

Another result needed in the sequel is a generalized translation operator. In [8],
Dunkl proved that for k € ", there exists a linear isomorphism V}, that intertwines
the algebra generated by the Dunkl’s operators with the algebra of partial differential
operators. The intertwining operator Vj is determined uniquely by

Te(k)Vi = Vi0e  forall ¢ e RY, V2, (RY) C 2, (RY), Vi(1) =1.

In [35], Trimeche used Vj, to define a generalized translation operator on €°°(RY)
by

f(ﬂ? ®k y) = Vkmvky(vk_lf)(x - y)? x,y € RN-
Here the superscript denotes the relevant variable. When k& = 0, f(z®0y) = f(z—y).
Further, in [35], the author defined a generalized convolution 5 by

(f = g)(x) = /RN fW)g(z @y y)wi(y) dy.
By [35, Theorem 7.2]
De(f #1 9)(&) = D f()Drg(§)  and  [freg=gx [ (2.4)

3. WAVE EQUATIONS ASSOCIATED WITH DUNKL OPERATORS

For a multiplicity function & in .# T, consider the Cauchy problem for the wave
equation associated with the Dunkl-Laplacian operator
Arug(z,t) = Ogup(z,t), (2,t) € RN x R,
(3.1)
up(2,0) = f(z), Ouy(z,0) = g(z).

Here the functions f and g belong to . (RY). The subscript ¢ indicates differentiation
in the t-variable. Next, we shall prove the following statements:
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(S1) Let k € ™+ and N > 1. For a given y, the solution u(z,t) depends on the
values of f(z ®; y) and g(z ®; y) for ||y|| < [¢].

(Sy) Let k€ #+, N >1,and y € RY. Under a condition involving N and k, the
solution u(z,t) depends only on the values of f(z & y) and g(z ® y) (and their
derivatives) for ||y|| = |¢|.

Another way of saying (S;) is that uy is expressed as a sum of #g-convolutions of
f and g with distributions that vanish outside the ball of radius |¢| about the origin.
Similarly, (Ss) is equivalent to the fact that distributions we convolve f and g with
also vanish inside the ball of radius |t|. In analogy with the classical case, i.e. when
k = 0, we shall say that (3.1) possesses the weak Huygens’ principle if u; satisfies
(81), and (3.1) obey the strict Huygens’ principle if uy, satisfies (Sa).

For time being, we only assume k € #+ and N > 1. Set

(M%o:{éﬁa%}. (3.2)

Thus we may rewrite the wave equation in (3.1) as

@@@@:{Xké]m@@. (3.3)

Applying the Dunkl transform % to (3.3), in the z-variable, and using the fact that
De(Dif)(€) = —I€lI*Zu(£)(€), we obtain

BT (Ui (-, ))(E) = [ e }%(m( D)E) = AZUD)E).  (3.4)

Solving this ordinary differential equation, we get

DUk, 1))(€) = e D (U (-, 0))(€), (3.5)
where

tA:

cos(t[|]1) Sin(7f||£||)/||€||]
—llellsin(eliel)  cos(tlel) |

By the inversion formula for the Dunkl transform (Theorem 2.2(ii)), and the prop-
erty (2.4) of the generalized convolution #;, we have

Pll P12
::{ Tk M@@m}@x
where Py, := 2, ' (et*), and

R PR
g [eos(tl- )] 2 [sntel - /- }]
= 3.7
[9,;1[—||-||sm<t||-||>} 7, [eos(t] - )] 0

11 12
Pei P

21 22
Pk,t Pk,t

is the 2 x 2 matrix of tempered distributions on RY obtained by applying the inverse
of the Dunkl transform, in the sense of tempered distribution, entrywise to e We
shall call the distributions P;’, the propagators of the deformed wave equation. We
have proved: ’
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Theorem 3.1. The solution to the Cauchy problem (3.1) is given uniquely by
up(z,t) = (P #x (@) + (Pef 1 9) (@),
where, for a fized t, Pkl% and Pkli are the tempered distributions on RY given by
Pey =2 eos(t] - D], Pei=2," [sin(tll- D/ - 1I] -

From the form of Z(Ps:), one can observe that for each ¢, the function z —
ug(z,t) belongs to 7 (RY).

Before investigate the support of the solution u; and of the propagators, let us
make some observations regarding the estimate and the limit of wu(-,¢) in L?(RY,
wy(z) dz). We restrict our attention to the L?-behaviors because these are the
most physically interesting quantities. First, for all ¢ € R, we have the following
Strichartz-type inequality

i G )l < 111w+ 1(=2%) g5 (3.8)

Here || - || denotes the norm in L2(RY, wy(x)dx). Secondly, as |t| — oo, the function
t — ||lug(,t)|lx has a definite limit depending on the initial data

Jmn lu (- OIE = IF1E + 311 (=20) g7 (3.9)

It follows that if ||ug(-,)||x — 0 as |t| — oo, then
u, = 0.

To prove (3.8) and (3.9), we express [n [ug(z, t)[*wy(x) dz in terms of D (ux(-,t))(€)
by means of the Plancherel formula. In view of

sin([|]1)

Di(ui (-, 1))(€) = cos(t|[E]) D f(€) + W%g(é), (3.10)
we obtain
/RN |up (2, 1) Pwy () do
=5 [ fisor+ 2E e ae

o / D) cos(2|E]yun(€) d

- / 2SO sin(arllyune) de

2 Jun TP
L [ 2 OP© + DT ODE)
o5/ H (21w (€) de.

Above we used the familiar trigonometric identities for double angles. Now the
Strichartz-type inequality is clear. Equation (3.9) follows by using the classical
Riemann-Lebesgue lemma for the Euclidean Fourier sine and cosine transforms.

Now we turn our attention to the statements (S1) and (Ss), stated in the beginning
of this section. In terms of the propagators, the first statement amounts to the fact
that P} and P} are supported inside the light cone ¢ := {(,t) € RV xR | ||z[]*—¢>
=0}, i.e. intheset {(z,t) € RY xR | ||z||*—#* < 0}. The second statement amounts
to the fact that P} and P} are supported on the light cone €.
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To prove (S;), our method uses the Paley-Wiener Theorem 2.3 for the Dunkl
transform.

The first key observation is that the functions cos(t||z||) and sin(t||z||)/||z|| can be
extended to entire functions on CV. Indeed, for z € C, the functions cos z and sin z/z
are both even, and thus we may consider the functions cos(y/z) and sin(y/z)//z
which are entire analytic functions of z (even though /z it is not single-valued).
Thus, the analytic extensions of cos(t||z||) and sin(t||z||)/||x||, respectively, are

sin (¢(z, z)1/?)
(z,2)12
since being the composition of analytic functions, and they coincide with the original

functions when z € RY. In order to apply the Paley-Wiener theorem, we need to
show that

cos (t(z, z>1/2),

sin(t(z, 2)1/?)
(2, 2)1/2
which turn out to be true. Indeed, if we write (z,2)'/* = u + iv, and use the fact

that | cos(u + iv)| and |sin(u + iv)/(u + iv)| are both bounded by el’!, we obtain

| cos(t(z, 2)1/2) < celt Mm@ (3.11)

Y

1/2

in(t 1/2
ootz [PHEE ) < et
To get the inequalities in (3.11), one have to prove that |v| < |[Im(z)||. This follows
as the following: As (z,2) = (u + iv)?, we have u? — v? = ||Re(2)|* — ||[Im(2)|?

and uv = (Re(z),Im(z)). Thus by Cauchy-Schwartz-Buniakowsly inequality u?v? <
|Re(2)||?||Tm(2)]|?. This together with u*—v? = ||Re(2)|?—||Im(z)||?, implies v*(v?+
|IRe(2)]]? — |IIm(2)]|?) < [|Re(2)|?||Tm(2)||?. This amounts to

(Uz , IRe() - ||1m<z>r|2>2 3 <||Re(z)||2 " ||1m<z)||z)2j

2 2

which yields v? < [[Im(z)||*. Now, applying the Paley-Wiener Theorem 2.3, we
conclude that the propagators Z; *[cos(t| - ||)] and 2, '[sin(¢]|-]]) /]| - ||] are supported
in the set ||z|| < [t|. We have proved:

Theorem 3.2. For all k € & and N > 1, the propagators P}} and P} are
supported inside the light cone €, i.e. in the set {(z,t) € RN x R | |[z| < [¢|}.

Thus, the following weak Huygens’ principle holds.

Theorem 3.3. (Weak Huygens’ Principle) Given a pointy € RN. If k € ™+ and
N > 1, the solution ug(z,t) to the Cauchy problem (3.1) depends only on the values

of f(x ®ry) and g(z & y) for [yl < [¢].

Notice that the above theorem holds in all dimensions N. We shall now discuss
the strict Huygens’ principle which will holds only under a condition involving N
and the multiplicity function k. Our approach uses the representation theory of the
group SL(2,R), following [20]

We start by investigate certain symmetries and invariance of the deformed wave
equation, which are reflected in symmetries and invariance of the propagators. To
see this, we define the 2 X 2 matrix

a- [ %]
Pt p2
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of entrywise distributions on R¥*!, where

PY (1) @ 1y) = / PP()e(t)dt, i,j=1,2

R

for ¢y € Z(RY) and 1, € .7(R). Here we used the fact that ¢, ® ¢, € L (RY) ®
S (R) = . (R¥*1). From the constructive proof of theorem 3.1, it follows that

AkPkZ;J - (9ttP,ij, Z,j == 17 2
For g € G, ¢ € Z(RN*1), and for each t € R, denote by 7, the unitary action of
G on (-, t) given by
Wx(g)w(ma t) = w(gil * T, t)
By duality, we get the action 7} of G on tempered distributions by the rule
T () (D) (W) = T(ma(g) "),

for € S (RN ) and T € .*(RV ™). Further, if 7 is the operation of time-reflection
7(z,t) = (z, —t), denote by

m(T)P(, 1) = ¢ (w, —1).

Similarly to 7}, we obtain the action 7} on distributions.

Begin with a solution u(z, t) to the Cauchy problem (3.1) with Cauchy data (f, g).
Then 7, (h)ug(z,t) solves the the wave equation with initial data (7, (h)f, m.(h)g).
The analogue of (3.6) reads

To(W)Uk(,t) = { Pt #k T2(R)Uk(+, 0)} ().
This amounts to
Un(2,t) = mp(h) { Pet #x mo (R)Uk (-, 0)} () = {7 (h) Pre #1 Ur(+, 0)} (),

which implies

T (WP =B, i,j=1,2.
The G-invariance of P,z]t can also be observed directly from (3.7). Plugging this into
the definition of P,ij , we conclude that

i (h)PY = PY, ij=1,2

For the operation of time-reflection, clearly my(7)ux(z,t) = ux(z, —t) solves the
Cauchy problem (3.1) with Cauchy data (f, —g). Thus, the analogue of (3.6) reads

[ P O R TP

which we may rewrite it as

1 0 1 0
[ 0 1 } Ug(z, —t) = {Pk.’t ), { 0 -1 ] Uk(~,0)}(x), (3.12)
where U(z,t) is the collum vector (3.2). On the other hand, from (3.6), it follows
that Ug(z, —t) = P ¢ *x Uk(x,0). Comparing this with equation (3.12), we obtain
Plly=(=1)7Ry forij=1,2,
which implies
m (TP = (=1)"7F  for i,j=1,2.
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Remark 3.4. From the time-reflection action on the propagators, it is clear that time
is reversible, except for a minus sign may appear when the second Cauchy datum
g or its Dunkl transform are involved. So the past is determined by the present as
well as the future.

Next, we shall investigate the symmetries of the propagators under a dilatation
operator. This will inform us on the degree of the homogeneity of the distributions
P?, with i,j =1,2.

For A > 0 and ¢ € . (RV*!), denote by

SY(x,t) = (A, t), Sip(x,t) = (z, M),

where the superscript denotes the relevant variable. Set Sy := S§ o Si. By duality,
the operators S§, S%, and Sy act on distributions in the standard way.

We begin by looking to the symmetry properties of Pé{t under the dilatation S).
Observe that if ug(z,t) is a solution to (3.1) with initial data (f(x),g(x)), then
Shug(x,t) solves the wave equation with initial data (S§f(z), AS¥g(z)). Thus

S\Ui(, 1) = { Peon [ el ] L@) (3.13)
On the other hand
iU, 1) = [ OB ) ] - | A} ) }

Uy

= | A ] (Ax, At)

[ e | oo

Oyuy,

: {Posen [ g } L)
: S5 { P { g ] L)

Using the fact that if fy(z) := A TN2f(Ax) then Zi(£)(€) = A\ N2 (£)(AE),
one can check that SY preserves the convolution ;. Therefore

> O O > O

st [} 8] (e B
N { (1) g} {Sfp’w o { (]3 )\91 } { fg{g } }(:r:)' (3.14)

Comparing (3.13) with (3.14) gives S{Py,, = M7'P7, for i,j = 1,2. Now the
symmetry properties of Py follow as the following: For ¢, € .#(RN) and v, €
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< (R), we have
S\ ) (W1 @ 42) = P (S5 (1) © S5 (42))

(/lﬁg L (W0) Sk () (1) dt
Y / P, (S5 (1) () dt
) / SE(PI(60)) () dt

=3 | R )ate)
-
= NP (4 @ ).

We summarize the above computations.
Proposition 3.5. Let k € #+.
(i) The distribution P, satisfies the deformed wave equation, i.e.
ALP? =0,P7, i,j=1,2 (3.15)
(ii) If g € G and T denotes the operation of time-reflection, then
(B =B, w(F =()TR, ij=12
(iii) For A >0
S\PZ = NPT =1,2.

Next, we will prove similar statements for what we shall call the Dunkl-Fourier
transform of P’. For ¢ € .(RV*1), denote by

D F(x,t) = (2m) V3¢, (@' ) Ep(—iz, 2")e™ wy(2') do’ dt’'.
RN-H
For a distribution 7" of compact support, we write
D TF(T) = D7 (T)(x, t)wp(z)dadt
where o
DT (T)(x,t) == (21) V2 T (Ep(—iz, 2’ )e™).
Since Ey(g - z,2') = Ex(x,g - 2'), for g € G, and wy, is G-invariant, thus, in the
light of Proposition 3.5(ii), it follows that
) DT (PY) = D F(PY),  forall g€ @
and B
T (DT (B) = (1) DT ().
A crucial observation regarding 7.7 (P) is that
(el = )27 (PY) =0, i, =1,2. (3.16)

This follows by taking the Dunkl-Fourier transform of (3.15) together with the fact
that 2.7 (Ax)(z,t) = —||2]|P DT (V) (2, t) and D F (0u))(z,t) = 12 DT (V) (x, t).
Equation (3.16) says the distribution 2,.%(P;’) is supported on the light cone
¢ = {(z,t) e RN* | ||z]| = > =0}, for 4,5 = 1,2.
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Consider now the symmetry property of %% (P,ij ). In view of Proposition 3.5(iii)
and the fact that Ey(A\z, ') = Ex(x, \x’), we have

Sy [2F (P)] = S, {@‘(P;j)(x,t)wk(x)dm]
~ S, [%(Pij)] (2, 1) Sy [wy () dwdt]
= \DWHNTLG Z (P (A, A)wy () dwdt
= (2m) V2 NN P () (i Ax) e Yy () dadt
= (2m) V2 NN PU (B (—ida )™ Ywy () dadt
= (2m) V2 AT AN Pl <SA [Ek(—ix', a:)eitt,D wi(x)dxdt
_ )\2%+N+1@ 9(5/\_1]3”)
— \wtN+isi gy gr( iy,
Similarly to Proposition 3.5, we get:

Proposition 3.6. Let k € .
(i) The distribution 2y F (Py) is supported on the light cone €, i.e.

(] = ) 2T (P7) = 0, i,j=1,2.
(i) If g € G and T denotes the operation of time-reflection, then
T () DT (F) = DT (PY),
(DT (F) = (1) 97 (F))
(iii) For A >0
S\ (2.7 (P?)] = \NwtNtig Z(PY), 5 =1,2.

ij=1,2.

Next, we shall describe the structure of a representation of the universal covering

group SL(2,R) of SL(2,R) on ./(RN*1). This structure together with Proposition

3.5 and Proposition 3.6, allows to prove that the Cauchy problem (3.1) satisfies

the strict Huygens’ principle, under a condition involving N and k. We adapt the

method of R. Howe for the classical wave equation, i.e. when k=0 (cf. [18, 21]).
Choose x1, s, . ..,xy as the usual system of coordinates on RY. Let

1 1
Eng = §(Hff|\2 — 1), Fyg:= —§(Ak — Oh),

N+1
Hy ::—+’yk+23§]3 +t0,.

Using [16, Theorem 3.3], the following commutation relations hold
[Eng, Hyi] = —2En1,  [Fyi,Hya] =2Fy1,  [Exg, Faa) = Hy;. (3.17)

These are the commutation relations of a standard basis of the Lie algebra s[(2,R).
Equation (3.17) gives raise to a representation €2, of s[(2,R). On . (R¥*1) the
representation )5 can be described as

Qu(sl(2,R)¢) = sl sl @ sly, (3.18)
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where
sl = Span{Ey,}, sl =Span{Hy,}, sl; =Span{Fy,}.
The decomposition (3.18) is an instance of the Cartan decomposition

5[(27 R)C - p+ ¥ E(C @ p_a

where sl ~ Qu(p™), 515 ~ Qi (€c), and sl; ~ Q. (p™). Here & = u(2), the Lie algebra
of the compact group U(2). The integrated form of the Lie algebra representation 2

—_——

is an analogue of the metaplectic representation of the universal covering SL(2,R)
of the group SL(2,R). If (N +1)/2 + 4, € 3Z \ Z, we obtain a representation of
the double covering Mp(2,R) of SL(2,R), and if (N + 1)/2 + . € Z we obtain a
representation of SL(2,R).
Remark 3.7. By [4], the Dunkl-Fourier transform is in SL(2,R), as generated above.
Recall that (S;) is equivalent to the fact that the propagators P! and P!? are
supported on the light cone € = {(,t) | ||z||* — t* = 0}. Next we will present our
argument for the P”’s with i,j = 1,2. Since ¢ is the locus of zeros of |[z* — ¢,
then P is supported on ¥ if and only if

EX, PP =0
for some positive integer m, or
FR, - 27 (PY) =0
for some positive integer m. In the light of Proposition 3.5(i) (or Proposition 3.6(i))
this amounts to saying the distribution P’ (or Z4.% (P;”)) generates a finite-dimen-

sional Q7 (s[(2,R))-module. Thus the qualitative part of the strict Huygens’ principle
holds.

Theorem 3.8. The strict Huygens’ principle holds if and only if P,ij (or Qkﬁ‘(PZj))
is supported on the light cone € if and only if P’ (or 2vF (P}’)) generates a finite-
dimensional 25 (sl(2,R))-module. In this case P and 9y.F (P,’) belong to the same
module.

Claim 3.9. Strict Huygens’ principle cannot hold when

N+1
T“f")%%Z.

To prove the claim, we need the following branching decomposition of .7 (RY)

—_—

under the action of G x SL(2,R). Those readers who are familiar with the theory
of Howe reductive dual pairs [18, 19] will find that our formulation can be thought
of as an analogue of Howe’s theory.

Recall that z1, ..., 2y denotes the usual system of coordinates on RY. Set

N N
S = 5+%+;wj8j,
A, — Mg /4 — ||z A+ Ap /4 + ||z))? A
k k/ ||I|| . = k k‘/ HxH . H:= _ 2k + HxHQ
2 2 4
Using again [16, Theorem 3.3], we can derive the following s[(2, R)-commutation
relations

FE =

[E,H]=—2E, [F,H|=2F, |[E F|=H. (3.19)
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What makes {E, F, H} important is the fact that H is the infinitesimal generator of
the maximal compact subgroup SO(2,R) of SL(2,R). Observe that E* = —F and
H* = H in L*(RY,wy,(x)dx). This is a consequence of the fact that Ay, is symmetric,
while 2" = —J%, as the bellow verification shows (you may require k, > 1, and
after the formula is established the restriction can be dropped, i.e. back to k, > 0,
by analytic continuation)

A f@)glayunla)de = [ ria) i 7;0;9(x) fwn(z) do
+(w=3) [ F@@u)

— /., f(a:)g(x){ ﬁ:xjajwk(:v)} dx

where, using the Parseval identity, we have

ija wi(z) = 221‘] Z ko ( /(x,oz>>wk(x) = 2wy ().

aERT

RN

Equation (3.19), together with the observation above, gives raise to a unitary rep-
resentation wy of s[(2,R). Similarly to Q, we may describe this representation as

wi(pT) = E, wi(tc) =H, wi(p™)=TF.

Here £ = s0(2), the Lie algebra of the compact group SO(2,R).
For g € G, denote by 7(g) the left regular action of G on . (RY)

m(g)f(x) = f(g~ ).
The action of G and s[(2,R) on . (R") commute.
To investigate the structure of the representation wy, note that for a polynomial
p e ZRY)
e””"’3”2p(—Tg(k;))e_””"‘”“2 =p2v(¢, ) — Te(k)), for v e R.

This follows from the product rule (2.1). In particular, if p(z) = Z;V , 7, we obtain

/17 Ape I = 4|z |? + Ay — 454, for v € R.

Thus, we may rewrite the representation wy as

wi(pt) = —Lel#l® Ay e el (3.20)

we(p™) = %G—lel2Ak6lelz’ (3.21)

wp () = eI’ ( - % + jﬁ)e“m‘\? (3.22)

According to (3.21), the kernel of wy,(p~) consists of functions of the form e~ I1*I” h(x)

where h is a harmonic polynomial, i.e. Ayzh = 0. Now by (3.22), we get
wr(&)(e 1 h(z)) = eI ().

Thus e 1#I°h(z) is an eigenvector for wy(€) if and only if A is a homogeneous poly-
nomial. If i has degree m, then

wk(@(@_”w‘izh(qj)) = (m+ % +7k)e_H$H2h(x).
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Henceforth, for m € N, set J,(k) to be the space of harmonic homogeneous poly-
nomials on RY of degree m.

On the other hand, for fixed h € S, (k), let Zh = {f(||-|*)h | f € L (RT)}.
Since g o A, o g~! = Ay, the space £ h is invariant under the action of G. Further,
using (3.20), one can checks that wy(p™) leaves #h invariant.

We summarize the consequences of the above computations.

Theorem 3.10. Let k € ¢ .
(i) For N > 1

IR =S " Ak @ 7,

where & denotes the space of G-invariant Schwartz functions.

(i) As a G x SL(2,R)-module, each space ,(k)® . has the form

‘%ﬂm(kj) ® Wm—l—%-l—%’

—_—

where W, is the SL(2,R)-representation of lowest weight m + % +

M5+
Ve, and Ho (k) = e W2, (k). In particular, the summands are mutually
orthogonal with respect to the inner product on L*(RY  wy(z)dx).

Remark 3.11. The decomposition in (ii) could as well formulated for L?(RY  wy(x)dx)
as for the Schwartz space.

The following is then immediate.

—_——

Corollary 3.12. Under the action of SL(2,R), the Schwartz space ./ (RY) decom-
poses as

S (RN) = @ dim (A (k) W 1y
m=0

where

aim( ) = (") = (V)

If N > 1, this is always nonzero, but if N =1, it is zero for m > 2.

Clearly now the Claim 3.9 holds, since the spectrum of w(€) (or its dual) acting
on . (RN*) (or #*(RNT1)) is (N +1)/2 + i, + Z, whilst the spectrum of wy(€)
(or its dual) in finite dimensional modules is contained in Z. Thus the following is
proved.

Theorem 3.13. Strict Huygens’ principle must fail when

N+1
T+'7k€Z.

The above theorem leaves the possibility that Huygens’ principle may holds when
(N+1)/2 + v € Z by investigate whether the necessary finite-dimensional
Q5 (sl(2,R))-module exist, which it turn out to be true. Indeed, using Proposition
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3.5(iii) and Proposition 3.6(iii), we have

N
{ S wdn+10,}(PI) = (14 - )P,
/=1

N 1,7 =1,2
=1
and therefore
ij N+1 :
Hy By = (— T =g - 1) P,
2 .
1,7 =1,2

HNyl.@ke/(Pj) <—+’}/k+l—j—1) -@ky(P]z])

Thus, if we assume (N —1)/2 4+, +i—j € N, with ¢, 5 = 1,2, and keeping in mind
Fyi-P/ =0, Eyi-ZF(F) =0,

we can conclude that each distribution P,ij , with 7,7 = 1,2, generates a finite-

dimensional 2} (sl(2,R)) on .#*(RN*1) of highest weight (N —1)/2 + vz +1i — j. It

is worthwhile to recall that for a finite-dimensional representation V' of SL(2,R),

the operator Fgf,h{n V=D convert a highest weight vector to a lowest weight, up to a

constant [15, 36]. We now summarize all the above computations and discussions.

Theorem 3.14. Under the assumption

N -1
T+’Yk+2—jEN (323)
the tempered distribution P,ij generates an sl(2, R)-module of dimension
N -1 o .
dz,](k):T_{_’Yk_‘_Z_]_l_lv Zaj:172a

with highest wight vector .@kﬁ(P,zj) of highest weight ( Lty +i— ]) Further,
for each i and j, there exists a constant o, ; such that
ij d; ;(k)—1 ij
PP = i By g7 (),
which is equivalent to
DT (PP) = (1) N0/ mq, ELa®t . pU,

By taking into account the condition (3.23) for both P!' and P}?, we obtain
(recall Theorem 3.8):

Theorem 3.15. (Strict Huygens’ Principle) Let uy be the solution to the Cauchy
problem (3.1) with the Cauchy data (f,g) € ' (RY) x L (RN). If

N -3

5 +v €N,

then ug(x,t) depends only on the values of f(r ®y y) and g(x ® y) (and their
derivatives) for ||y|| = |¢|.
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Now, let us consider the following Cauchy problem
Agug(z,t) = Opug(x,t), uk(z,0) = f(z), Oug(x,0)=g(x), (3.24)

[, 9 € €L (RY), where €°(RY) stands for the set of smooth functions with support
contained in the closed ball of radius R > 0 about the origin. In these circumstances,
Theorem 3.15 reads:

Theorem 3.16. If (N — 3)/2 + v € N, the support of the solution ug(x,t) to the
Cauchy problem (3.24) is contained in the conical shell

{(z,t) eRY xR | |t| = R < ||lz|| < |t| + R}, (3.25)

which s the union
U % (3.26)
lyl<R

where 6, is the light cone
Gy =, 0) [ llx —yll = [t]}-

We start by the proof of the right hand side inequality in (3.25). Using the Paley-
Wiener Theorem 2.3 for the function f, one can prove that for each M € N there
exists a constant ay; such that, the entire function £ — Dy (f(- ®% y))(€) satisfies

IDL(F(- @ ¥))(E)] < anr(L + [|€]))Melm@IE ),

Thus, f(- ®; y) is supported in the closed ball of radius R + ||y|| about the origin.
Similarly for g(- ®; y). In view of Theorem 3.2 and Theorem 3.3, we conclude that
for all k € #* and N > 1, the support of the solution uy(x,t) to (3.24) is contained
in { (z,t) | ||z]] < R+ |t| }. Next, we prove the left hand side inequality in (3.25),
which holds only if (N — 3)/2 4+ v € N. By Theorem 3.15, the solution wu(0,t)
depends only the values of f(y) and g(y) for ||y|| = |t|. That is

ur(0,t) =0 for |t| > R. (3.27)

By abuse of notation we write 7,(k)f(z) for f(z ®; —z). If &k = 0, 7.(0)f(x) =
f(z + z). One can checks that 7,(k) commutes with Ay — 0. Thus, if ug(z,t) is a
solution to the Cauchy problem (3.24) with the Cauchy data (f, g), then 7, (k)ux(z, t)
solves (3.24) with initial data (7.(k)f, 7.(k)g). Since 7,(k) f and 7.(k)g have support
contained in B(o, R + ||z]|), (3.27) implies that 7,(k)uk(0,¢) = 0 for |t| > R+ ||z|],
ie.

uk(z,t) =0 for [t| > R+ ||z|.

Finally, the set (3.25) coincides with the union (3.26) since: if (z,y) € €, with
lyll < R, then [lx —y|| = [t] so [[z]| < |lz —yll + [ly| < [t| + R and [t] = [lz —y|| <
|z|| + R, implies (3.25). Conversely, if (x,t) satisfies (3.25), then (z,t) € €, with
y=1x— |15|H;i—|| = H‘i—”(||x|| — |t]) which has norm less or equal to R.

However, we can prove Theorem 3.16 using another approach involving only the
Paley-Wiener Theorem 2.3. We shall sketch this approach at the end of this section,
and its details will be illustrate in the next section to prove the principle of energy
equipartition.

Next, we go back to the Cauchy problem (3.1) where the Cauchy data (f,g) €
S (RYN) x . (RN). It is natural to think about some connection between solutions to
wave equations and spherical mean type operators. As in the classical case, we shall
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express the solution wuy to (3.1) in terms of what is commonly called the Dunkl-type
spherical mean operator [28].

For f € €>(R"), denote by f — M; the Dunkl-type spherical mean operator
defined by

1
/ flx @, ry)wr(y) do(y), zeRY r>0,
dk SN—-1

where di := [gn_1 wi(x) dw(z). According to [31 Theorem 4.1], there exists a unique
compactly supported probability measure o¥ = such that

My, = [ (@ it (6

My(x,r) =

and

supp(o U {f eRY | [|& —gz|| < T}

geG
A sharper statement on the support of ak is given in [31, Corollary 5.2]

supp(ay,) € {€ € RY | &l > [ll=]| — |} (3.28)

Before expressing the solutlon uy in terms of the spherical mean operator, let
us recall few known facts about the Riemann-Liouville distributions on the real
line [12].

Let A = {\ € C | Re(\) > 0}. Consider the locally integrable function on R
defined for A € C by

A1 | { 21 x>0,

0 xz < 0.
For ¢ € Z(R), the corresponding regular distribution
@)= [P ) d
0

is a holomorphic Z*(R)-valued function with respect to the variable A € A. It admits
an analytic continuation into the domain A* ={A € C | A #0,1,2,3...}, where

—1)m
Res.,\wnxi‘r Gl 6™ (z), for m=0,1,2,3,....
m)!
To eliminate these poles, one can divide 7} 27! by (). Therefore, we may define an
entire Z*(R)-valued function, on the complex plane, by

A—1

Co A= Sy(x) = laiJ(r)\) € 7*(R).

This distribution is nowadays known as the Riemann-Liouville distribution. In par-
ticular

S_m(x) =0™(z),  forall m=0,1,2,3,... (3.29)

d
%S,\(.T) = S)\,1<£L‘>.

Now we turn our attention to the relation between u, and the spherical mean
operator. By Theorem 3.1, we know that

wet) = [ PR sumdy+ [ P o) . (630

N
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Since P,if;t = (—1)" P,ift, we shall present proofs valid for ¢ > 0, and make the
suitably altered statements for t € R.

By [32], if F'(x) = Fo(||z||) where Fy : RT — C, then Z,F(&) = H.,, +n/2-1Fo([[€]]),
where H, denotes the Hankel transform defined by

— 1 = Ja(r5) 2041
H,Fy(r) = m/o Fy(s) (rs) 57T ds.

Here J,, denotes the Bessel function of the first kind. Thus, in terms of the spherical
mean operator, we may rewrite (3.30) as

wlad) = [ [ R @ sy ooty dr
+ / PPN / N P(ry")g(z ®p vy Ywi(y') dw(y') dr
0 SN—-1
de/ r27’“+N_1H%+N/2,1Ft(r)Mf(r, x)dr
0

—f-dk/ T2”/k+N—1H7k+N/2_1Gt(T)MQ(T‘, {L‘) dT,
0

where Fi(s) = cos(ts) and Gy(s) = sin(ts)/s. On the other hand, we have

1 [ee]
H.Fy(r) = m/{) cos(ts)Jo(rs)s*tds
2 _ ,2\—a—32
2V t(t T)12 ifo<r<t
—(Tla+1) D(-a-j3) (cf. [11, p. 32,formula (4)])
0 fo<t<r
2y
=——tS (2 —r?
Tlat D) sl —1)
v d 2 2
= ———— (S__.:(t*— :
T(a+1)dt ( oy (T >)
Similarly for G;, we have
2 2\—a—1
VT (=) T ifo<r<t
HaGy(r) = { Tla+1) T(-a+3) (cf. [11, p. 36, formula (28)])
0 fo<t<r
VT 2 2
=Y £2 - p2),
F(Oé+ 1)S—a+%( r )

We summarize the above computations.

Theorem 3.17. For all (z,t) € RY x R

||
o) = i [ (5 (@ ) Myt ar

lt]
+ Sign(t)dkfyL) /0 7“27’“+N_1Sﬂk7u(t2 — )M, (r, ) dr.

2
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k

x,T

Keeping in mind Rosler’s results on the support of the measure o} = associated

with My and M,, Theorem 3.3 implies the following:

Theorem 3.18. (Weak Huygens’ Principle) Let k € £, N > 1, and given a point
y € RV,
(i) The solution ug(x,t) to the Cauchy problem (3.1) depends only on the values
of f(y) and g(y) in the union

U{veRY | lly—gazll <t}
geG
(ii) A slightly weaker variant of (i) says: The solution ug(x,t) to the Cauchy
problem (3.1) depends only on the values of f(y) and g(y) in the set
{yeRY | |lzll = [t < llyll < [l=[l + [t} -
Similarly, by (3.28), Theorem 3.15 yields to:
Theorem 3.19. (Strict Huygens’ Principle) Let k € &+ and N > 1. If

N -3
T“F’}%EN,

then the solution uy(z,t) to the Cauchy problem (3.1) will depend only on the values
of f(y) and g(y) in the set

{y eRY |yl = [ll=ll =[£I} -

Remark 3.20. (i) Note that, if the initial data (f, g) are supported inside a closed ball
of radius R about the origin, then, by means of Theorem 3.19, we recover Theorem
3.16.

(ii) Let G; and G be two finite Coxeter groups on RY and R, with root systems
1 and Xy, respectively. Set ki and ks to be the multiplicity functions on %, and
K5, respectively. Consider the generalized wave equation

Aaukhkz (JZ, y) = Azgulﬁ,kz (%, y) (ZL’, y) € RN X RM?

where Ay, (resp. Ayg,) denotes the Dunkl-Laplacian operator associated with Gy
(resp. (G5). Here the superscript indicates the relevant variable. If NEM + Ver —
Y, — 1 € N, then there exists a distribution 7" on RY x RM with singular support,
i.e. T is supported on the set {(z,y) € RN x RM | SN 22 = 3" 421 50 that

i=1"1
(A, — Ag,)T = 0.

We close this section by making the following comment. As we mentioned before,
we can prove Theorem 3.16 using another method involving only the Paley-Wiener
Theorem 2.3. We sketch this approach and its details will be illustrate in the next
section to prove the principle of energy equipartition.

Using (3.5) and the inversion formula of the Dunkl transform, we may rewrite wy
as

r

wup(, 1) = /0 h {@k(r, 2) cos(tr) + L:2) sin(tr)} dr, (3.31)
where

Dy (r, ) = 2N Dif (r€) Ex (i, & )wi (€') dw(€'),

Wy(r,z) = 7”2%+N1j -@kQ(Tf/)Ek(mﬂ"f/)wk(f/) dw(f’).
SN-—1
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If (N—1)/2+ vy € N, then, for fixed x, the integral formulas for ®x(r,x) and
Uy (r,x) continue analytically to even functions for € C. In these circumstances,
(3.31) becomes

ug(z,t) = %/R {Cbk('r’, r) + sign(t)w} et dr.

(28

Let r = a + ib € C. The holomorphic extensions &, and ¥, satisfy
| (r, )| < co(k) PN 1Pl sup |9, f(re")],

gresnt
v
‘M < co()r[2eN2eMl g | Dg(re)].
r gesN-t

If (N—1)/2+ v = 0, the last estimate gives a problem at r = 0. Thus we shall
exclude this case, and the condition (N —1)/2+~; € N becomes (N —3)/2+7; € N.
Indeed, the condition (N —1)/2 + v, = 0 is equivalent to N = 1 and k = 0, which
corresponds to the rank one classical wave equation, where it is well known that the
strict Huygens’ principle fails.

Applying the Paley-Wiener theorem to the Cauchy data (f, g), we conclude that,
for fixed s > 0, there exists a constant ¢ depending only on k and the Cauchy data
of uy such that

lug(z,t)] < ce”sUt=llzl=R) for all (z,t) € RY x R.

Now the left hand side inequality in (3.25) is rather clear.

4. ENERGY EQUIPARTITION THEOREM

Energy is defined in physics as the ability to do work. “Kinetic energy” cor-
responds to energy in the form of motion, and “potential energy” corresponds to
energy in a form stored for later use. These are defined below for our wave equation
(we shall not comment on any physical significance).

In this section, we show that, under an assumption involving k£ and N, the dif-
ference between the kinetic and potential energies of a solution to (3.1) decays like
e~2Its for fixed s > 0. Thus, the energy equipartition theorem holds. The equipar-
tition says when |t is large, the kinetic and potential energies are both equal to the
half of the (t-independent) total energy.

For the time being, we only assume k € # " and N > 1.

Let ug(z,t) be a solution to the Cauchy problem (3.1). Define the kinetic and
potential energies by

Hrlug] () = % /R Nowus(a, () i,

Pr|ug(t / Z|T Yug(z, t)|*wi(z) dz.

Here the superscript x denotes the relevant variable. The total energy of wy is by
definition & [ug](t) := Hrlug](t) + Pplur] (t).

Before investigate the difference between the kinetic and potential energies, we
notice that &;[ux](t) is a conserved quantity, i.e. &[ug](t) is independent of t. To
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see this, we express the total energy in terms of Z(uk(+,t))(€). Since

DT (R)ur (-, 1))(§) = —i&; Pu(ur(-, 1)) (E),

by means of the Plancherel formula, we obtain
1
Glud)) =5 [ {1020 0)OF + 1EP1Z0n )P fun(e) de.
RN
On the other hand, since
Di(ur(- 1)) (§) = cos(t€])) Zif (€) +
we compute
D1k (-, ))(€)|* = cos* (LN Zef () +

cos(t[|€]]) sin(¢[I<])
€1l

sin(Z]€]])
€]l

Drg(§), for all ¢t € R,

sin” (¢€])
€112

Re (20/(6)Zk())

[ Zrg(&)I? (4.1)

+2

and
100Dk (uk (-, 1)) () |* = cos? (t[|E]) | Zrg (€)1 + [|€]1*sin® (t]|€]])| Zn £ (€)]? (4.2)
~ 2llellcos(tl]) sin(t¢ ) Re (74 (&) Zea(E) )

Thus we have proved

silul®) =5 [ {IEPI2S@F + |Z10(@) hun(e) de

RN

N
=5 [ I wr@p + @ bt da,
2 RN =1
which is independent of the variable ¢.
Consider now the mater of the energy equipartition. Using (4.2) and repeating
the argument used above to prove the conservation of &[ux], we may rewrite the
kinetic energy as

Al (0) = )R+ 716V P2

1 [ 12008 ~ 1120 ©)F] costztlclhune) de

-1 |, [57@299 + Zs@25(6)] Il sin(2tlclhuon(e) ds.

using the familiar trigonometric identities for double angles. Here || - || denotes the
norm in L?(RY, wy,(x)dx). Similarly, by (4.1) we obtain

Pelusl(t) = F12(0) I + 71,V P2 )R

1 | P2 = 12060 F] costztlclhuns) de
1

+1 | [T @990 + Tua@1(©)] el simCelun(e) e
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Now the difference between the kinetic and potential energies is given by
1

Helug] (t) — Prlur(t) = 5 /RN [|@k9(§)|2 - ||§||2|-@kf(§)|2] cos(2t[[&]|)wr (&) d€

-3 |, [57@29 + D@25
< lglsineelun(e) de. (43)

Using the spherical-polar coordinates £ = r{’, we get

Hilug)(8) — Plus](t) = % /0 " (@u(r) cos(2tr) — Wy (r)rsin(2r)} dr,

where

i) = e |
SN-1
Wy (r) = re i /

SN-1

{|290€) P = 2|21 f (€ bun(€) d(€))

{240 D90€) + DI 219(r€) | wnl€) do(€).

Henceforth, we will choose to work with solutions to (3.1) where the Cauchy data
(f,9) belong to €>=(RY) and supported in the closed ball of radius R > 0 about
the origin. Further, by Remark 3.4, we shall often presenting proofs valid for ¢ > 0,
and making the suitably altered statement for all ¢, without comment.

Since Ex(z,w) = Ex(zZ,w), it follows that & — 2 f(—£) is the Dunkl transform
of f. Thus Zf(€), similarly Z,g(€), belongs to the Paley-Wiener space J#x(CV). In
particular, they can be extended to entire analytic functions on CV. Since wy,(£")dw(¢)

is (—1)-invariant, the following lemma holds.

Lemma 4.1. If % + v € N, the functions ®; and V. continue analytically to
even functions of r.
In the light of the above lemma, we may rewrite J#;[ug|(t) — Plug](t) as
1

2 /R (@1 (1) + irWy(r)] 2 dr. (4.4)

Now, by the Paley-Wiener Theorem 2.3, and since SV~! is compact, we conclude

that for any M € N there exist two constants aj; and 3y, such that
|10 (p)| < co(k)ans(1+ |p|) =M 2, (45)
P (p)| < co(k)Bar(1+ |p|)~ M2l '

with p € C.
Fix s > 0. To find a bound for J#x[ug](t) — Pk|uk](t), we shift the contour in the
integral (4.4) from R to R + ¢s. This idea was inspired by [2]. Thus

%[uk](t) — @k[uk] (t) = E/R{Cbk(r) + ZT\I/k(T)} e2irt gy
4

In view of (4.5), there exists a constant x (k) such that

| [ur) () — Pulue] (8)] < xar (k)e e /R(l +[r]) " dr,

/]R {®(r +is) +i(r +is)Uy(r +1is)} " dr.
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and the following holds:

Theorem 4.2. For k€ #* and N > 1, assume that
N -1
5 + 7 € N.

Let uy, be a solution to the Cauchy problem (3.1), where the Cauchy data (f,g) are
supported in the closed ball of radius R > 0 about the origin. Fix s > 0. Then there
exists a constant C' depending on k and (f,g) but not on s, such that

e ug) (t) — Prlug)(t)| < Ce2WH=R), for all t € R.

The following is then immediate.

Theorem 4.3. (Energy Equipartition Theorem) Under the same assumptions as in
the previous theorem, we have

S lug] (R)
2

We close this section by making two comments. First, in the theorem above we
did not exclude the case N = 1 if k = 0, since the classical wave equation on R x R
has an equipartitioned energy.

Second, it is possible to prove the energy equipartition theorem when the Cauchy
data (f, g) are two Schwartz functions on RY. In this case Theorem 4.3 reads

lim Hfu](t) = lim Pyfug(t) = 2e0dO)

|t|— oo [t|—o0 2

Hilu)(t) = Prlurl(t) = for |t| > R.

To see this one needs to show that the integrals in (4.3) tend to zero as [t| — oo.
This follows by means of the classical Riemann-Lebesgue lemma for the Euclidean
Fourier sine and cosine transforms.
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