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Chapter 1

Introduction

This thesis is concerned with the construction of secondary invariants for families of
bundles. By a family of bundles we mean an oriented fibre bundle Y — Z together
with a principal G-bundle £ — Y. That is Z is the space parametrising the family
of principal G-bundles Ejy, — Y. In [7], which was the main inspiration when we
started this work, Dupont-Kamber study families of bundles carrying a fibrewise
connection, that is each bundle F|y, — Y, is equipped with a connection A, which
varies smoothly in z. They extend the fibrewise connection to a full connection
in the bundle £ — Y and are in this way getting secondary invariants living in
smooth Deligne cohomology H5 (Y, Z) of the total space Y. By integrating these
over the fibre, they get secondary invariants living in smooth Deligne cohomology
Hi"™(Z,Z) of the parameter space Z — here n is the dimension of the fibre.
These classes are in some cases, e.g. if the fibrewise connection A, is flat, actually
independent of the extension to a full connection.

It turns out that it is not that straight forward to construct such an integration
map H5(Y,Z) — H3(Z,7Z) which satisfies all the properties that one might
ask for. In [11], Freed constructs an integration map directly on the cohomology
groups. This is, as Freed notes, not entirely satisfactory for many applications,
where one would like a map on the cochain level. This is the case in [11] (see
also example 7.2.4), where one is not looking for a Deligne 2-class but rather
the underlying 2-cocycle, since the former corresponds to an isomorphism class of
circle bundles with connection whereas the later corresponds to a specific circle
bundle.

The first construction of a cochain model for smooth Deligne cohomology in-
cluding an integration map appeared in Hopkins-Singer [16]. Their cochain model
is quite close to the formulation of smooth Deligne cohomology in terms of Cheeger-
Simons differential characters and thus have a global nature. It is probably the
most intuitive construction, but it is not possible to see what happens locally and
the product in the Hopkins-Singer model depends on a choice of chain homotopy
between the wedge product of forms and the cup product of singular cochains.
This last problem makes it hard to prove relations between the product and the
integration map.

We presents an approach using simplicial forms which is more local in nature
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and which is compatible with the product in this model.

We show that these two approaches gives the same map in smooth Deligne
cohomology, by showing that there is both a unique integration map and a unique
product structure which satisfies some natural axioms.

In [7] the invariants for families of bundles are primarily applied to families
of foliated bundles, since such a family gives rise to a family of normal bundles
with adapted connections. Another direct application is given in the above cited
paper by Freed [11], where it is used to give a construction of the determinant line
bundle. There is also a less direct application to symplectic fibrations, which we
will explain below.

A symplectic fibration is a fibre bundle Y — Z with fibre (M, w) a symplectic
manifold and with the symplectomorphism group as structure group. Since the
structure group preserves the symplectic form, such fibrations carry a fibrewise
symplectic form. If the structure group can be reduced to the group of hamilto-
nian diffeomorphisms then there is a canonical extension of this fibrewise form
to a cohomology class ¢ € H?(Y,R) on the total space. This class gives rise to
characteristic classes

Yi = / "R e H?*(Z,R).
Y/Z

In [19] Kedra-Mcduff showed that these classes, up to scaling, was equal to a
set, of characteristic classes which was constructed earlier by Reznikov in [28] using
Chern-Weil theory.

We investigate in which cases the x.’s are actually integral classes and when
these classes can be lifted to secondary invariants depending on a choice of con-
nection.

When the symplectic form w has integral periods, it is possible to find a circle
bundle with connection over M with curvature w. Given such a circle bundle there
is a central extension of the hamiltonian group

0—>R/Z—>ﬁz;r/n—>Ham—>1,

which was first introduced by Kostant in [20]. We will see that in the universal
case this extension splits if and only if we can choose the canonical extension ¢ to
have integral periods. If this is the case, the x;’s are actually integral classes.

If the structure group of our hamiltonian fibration lifts to this central exten-
sion, we get an associated family of circle bundles, which gives rise to secondary
invariants of the hamiltonian fibration.

In the case where M carries a hamiltonian action of a compact Lie group, it is
sometimes possible to show that these classes are non-trivial. We will see that in
the case M = CP™ with its canonical circle bundle. The classes extend the usual
Cheeger-Chern-Simons classes on SU(n + 1).

There are other ways of constructing characteristic classes for symplectic fi-
brations. In [21], Kotschick-Morita use the spectral sequence associated with the
short exact sequence

1 — Ham(%,) — Sympy(Xy) — Hl(Eg,]R) —0



to show the existence of characteristic classes for flat symplectic fibrations in the
case where M = ¥, is a closed oriented surface of genus g > 2. We transfer this
to the Lie algebra level, and by calculating a differential in the corresponding Lie
algebra spectral sequence, we will give an explicit construction of some of these
classes. A similar calculation by Vizman, done in another context, suggests that
these classes are non-zero also for more general symplectic manifolds than 3.

Summary

The thesis is naturally divided into two parts. The first part consists of chapter
2 to 7 and centres on the construction of an integration map for smooth Deligne
cohomology and some direct applications. Much of the material in the first part is
taken from the paper Dupont-Ljungmann [8]. The second part, consisting of the
last three chapters 8 to 10, is concerned with the construction of characteristic
classes for symplectic fibrations, both using the theory developed in the first part
and using other more classical methods. Below is a more detailed account of the
content of each chapter.

Chapter 2

The second chapter introduces smooth Deligne cohomology and thus contains no
new material. The different chain models for smooth Deligne cohomology is de-
scribed with emphasis on a description in terms of simplicial forms first introduced
in Dupont-Kamber [7] which is used in the subsequent chapters.

Chapter 3

In chapter three, we introduce the concept of a prism complex, which is a general-
isation of simplicial sets well-suited for handling simplicial constructions involving
fibrations.

Chapter 4

Chapter 4 contains the main constructions of the first part of the thesis. We prove

Theorem. Given a fibre bundle 7w : Y — Z with compact, oriented n-dimensional
fibres and suitable coverings V and U, then there is an integration map for simpli-
cial forms

[, vy — e,
[Y/2z]

compatible with the usual fibre integration map fy/Z QYY) — Q*(Z). It sat-
isfies a Stokes’ formula and, if Y = (), induces a map

m: H5t"(Y,Z) — Hp(Z,7)

in smooth Deligne cohomology independent of all choices.
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In the course of the proof of this theorem, we make a second construction of
the integration map defined in a more combinatorial model where the cohomology
classes are represented by simplicial forms living in the triangulated nerve |NK|
associated to a triangulation |K| — |L| of the bundle. This allows us to prove the
following theorem in the case where the fibre has boundary:

Theorem. Assume that Y # 0, then for a form w € Q*t"(|NV)|) representing
an element in smooth Deligne cohomology, the form

/ we Q(INL|)/dQ*(INL|)
K/L

depends only on the triangulation of 0Y — Z.

Chapter 5

There are other constructions of integration maps in the literature. These con-
structions are briefly reviewed in chapter 5. We show that all these constructions
lead to the same induced integration map in cohomology. This is done by assuming
some natural axioms, and then showing that there is a unique integration map in
smooth Deligne cohomology satisfying all of these.

Chapter 6

In chapter 6, we review the different ways of giving the smooth Deligne cohomology
groups a graded ring structure. We also introduce a new product on simplicial
forms, which induces a product on smooth Deligne cohomology. This construction
is slightly more complicated than the existing ones, but it fits well together with
the integration map constructed in chapter 4. This allows us to prove

Proposition. Given a fibre bundle p : Y — Z and classes a € HE(Y,Z) and
be H*(Z,Z), then we have

/ (aAp*b) = (/ a) Ab.
[Y/2] [Y/Z]

We end the chapter by showing that, if we insist that the product satisfies some
natural axioms, then there is a unique product in smooth Deligne cohomology.

Chapter 7

In chapter 7, we apply the constructions from the previous chapters in order to
construct invariants for families of bundles with connections. The chapter contains
no new results, but is included as motivation for the construction of the integration
map. The material mainly builds on [7].



Chapter 8

Here we change focus a bit. Chapter 8 contains a short introduction to symplectic
topology with emphasis on symplectic fibrations. It contains some preliminary
results which is used in chapter 9.

Chapter 9

In chapter 9, we construct secondary classes for certain hamiltonian fibrations
using the integration map constructed in chapter 4.

By analysing in which cases the characteristic classes reviewed in chapter 8 can
be expected to be integral, we arrive at Kostant’s central extension Ijl_z;;l(M ) of
the group of hamiltonian diffeomorphisms Ham(M ). It turns out that we cannot
construct our secondary classes for all hamiltonian fibration, but only for those
where the structure group lifts to this central extension. In this case, we get a
family of circle bundles with a fibrewise connection associated with the hamiltonian
fibration. There is a nice interpretation of extensions of this fibrewise connection
in terms of connections in the hamiltonian fibrations, which enables us to prove

Theorem. Given a symplectic manifold (M,w) with a prequantum line bundle

(L, o) we have well-defined classes

——30
w(a) € H**7Y(BHam (M),R/Z), fork >1.

If « and o' are gauge equivalent connections in L then xi(a) = Xr(a).

Chapter 10

This last chapter is centred around the work of Kotschick-Morita [21], the chapter
is more open ended than the preceding ones, but still contains some new material.
Most importantly we are able to give an explicit description of some characteris-
tic classes in H2(BHam®(%,), R)' (Zs®) This answers a question raised in [21],
where the existence of these classes was proven.






Chapter 2

Smooth Deligne cohomology

In this section, we describe the different ways of looking at smooth Deligne co-
homology. We start by explaining the sheaf theoretic approach and what a class
looks like in the corresponding Cech complex. Then we reformulate this in terms
of simplicial forms, and finally we take a look at the Cheeger-Simons differential
characters.

2.1 Sheaf cohomology and the Cech-de Rham model

The main reference for this section is chapter 1 in Brylinski’s book [1]. Let Z be
a smooth manifold, then we have the following complex of sheaves

Zpoo :R/ZE QM. 4 gpt (2.1)

where R/Z denotes the sheaf of smooth R/Z-valued functions on Z, and Q' is the
sheaf of real-valued differential {-forms on Z.

Ordinarily, to calculate the cohomology of some manifold Z with value in a
sheaf S, you pick an injective resolution Z, of S and then take the cohomology of
the corresponding chain complex of global sections

NZ) = T(Ze) — -
Given a complex of sheaves
S S51 =8 — = S,
as above, one can do something similar. We can find injective resolutions Z;, of

each S;, which are suitably compatible (see [1, ch. 1] for details).

The hyper cohomology of Z with values in the complex of sheaves S, is then

7
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the cohomology of the total complex of the double complex of global sections

]

['(Z12) ['(Z22) e ['(Zp2)
['(Z11) ['(Z21) EE D(Zp1)

We denote it by H*(Z, S). Given a short exact sequence of complexes of sheaves
Re— S — T,

we get, as in ordinary sheaf cohomology, a long exact sequence of hyper cohomology
groups

—HP~Y2,7.) - HP(Z,R,) — HP(Z,S.) — WP (Z,T,) — HT(Z, R,) —

Definition 2.1.1. The p’th smooth Deligne cohomology group H}(Z,Z) of Z is
the p — 1’st hyper cohomology group

HP~(Z,Zp.00)
of the above complex of sheaves.

Remark 2.1.2. The smooth Deligne cohomology groups are usually taken to be
the bi-graded groups H%(Z,Z, ), but for ¢ # p — 1 we have

HI"YZ,R)Z) q<p—1
q — )
" (Z’Zp’oo)_{ HYZ,Z) q>p-1

so there is really only new information in the case ¢ = p — 1. This is most easily
seen by observing that we have the following short exact sequence of complexes of
sheaves

0—=Z—0p¥ > Zpo —0 (2.2)
where the middle complex is the augmented de Rham complex
L e i U
Since the hyper cohomology of the augmented de Rham complex is given by
HI.(Z) g<p-—1
HY(Z,0.pQ") = 0 g>p—1 (2.3)
H(2)/dw=2(Z) q=p—1

the claim follows directly from the long exact cohomology sequence.
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The Deligne cohomology groups are in general quite interesting. For p =1 we
see that Z1 o is just the sheaf R/Z, so HL(Z,Z) = H°(Z,R/Z) is nothing but
the group of smooth functions Z — R/Z, but already for p = 2 the cohomology
group is actually isomorphic to the group of isomorphism classes of circle bun-
dles with connection (see proposition 2.1.5 below). The higher cohomology groups
correspond to groups of isomorphism classes of abelian n-gerbes with connection.
There are geometric constructions of 1-gerbes and 2-gerbes, but in general the
lack of a proper notion of a weak n-category has so far made it hard to come up
with a nice geometric notion of n-gerbes. We will simply identify an n-gerbe with
its underlying defining cocycle in C™(U,R/Z) and by a ’gerbe with connection’
simply refer to the underlying defining cocycle that represents a class in smooth
Deligne cohomology. To see what such a cocycle looks like we describe the Cech
complex corresponding to the complex of sheaves Zj, . It is also this model which
is best suited for the reformulation in terms of simplicial forms in section 2.2.

First pick & = {U;}icr, a good open cover of Z. Here good means that all
intersections are contractible.

Let QP (U) = CP(U, Q7) be the ordinary Cech-de Rham complex and let Q* (1)
denote the corresponding total complex with total differential D = § 4+ (—1)Pd on
QP-4(U), where § and d are the Cech and the de Rham differentials respectively.

It is well-known that the chain-map

e*:QY2Z) — Q%U),

induced by the natural map ¢ : LWU; — Z gives an isomorphism

Hig(2) — H*(Q(U))

in cohomology. We also have an inclusion of the ordinary Cech complex with
integer coefficients 5 5
CPU,7) — QPO U)

which gives us the quotient complex
Oz (U) = 0 (U)/C* U, Z).
Finally we have

Proposition 2.1.3. HL(Z,Z) is the cohomology of the sequence

=1— d Si— d & "
Q7 U) 5 QL (U) 5 O (U) [°Q(2).

Proof. Since U is a good open cover, the hyper cohomology is calculated by its
corresponding Cech complex (see e.g. [1, ch. 1]). It is clear that the cohomology
of this complex is the same as that of the sequence above. U

Remark 2.1.4. 1. Take a w = (wy,...,w;) € QL U), where w; € Q= (U). That w
is a cycle in the sequence above is equivalent to the relations

bwi1 + (=1)dw; =0, i=1,...,1



10 Chapter 2. Smooth Deligne cohomology

and
dw; =0 mod Z.

2. Since dw; = 0 mod Z we have that § = —w; is a cocycle in C'(U,R/Z) that
is a defining cocycle for an [-gerbe. As mentioned above we will refer to the pair
(f,w) as a gerbe with connection.

The above discussion enables us to show

Proposition 2.1.5. H3(Z,7) is isomorphic to the group of isomorphism classes
of circle bundles with connection.

Remark 2.1.6. Here and throughout the thesis, a circle bundle will mean a prin-
cipal R/Z-bundle.

Proof. Given a representative (wo,w;) for a class in H3(Z,Z), then since § = —w;
is a cocycle in C' (U, R/Z) it defines a circle bundle in the usual way. Now the first
relation in remark 2.1.4 says that wy is a collection of local connection forms with
respect to the transition functions given by 6. Another choice of representative
(w},w]) results in an isomorphic bundle.

Similarly a circle bundle with connection will give cocycles satisfying the re-
lations in 2.1.4. Isomorphic circle bundles give cocycles which differ by a bound-
ary. U

We also have the following useful proposition

Proposition 2.1.7. 1. We have a commutative diagram

HL(2,2) —2— 0, (2)
% l
HY(Z,7) — H'Y(Z,R)

where QZCI(Z) is the set of closed l-forms with integral periods.

2. There are short exact sequences
0 — Q'N(2) /1 (2) = Hp(2,2) — H'(Z,Z) — 0
and

0— H"YZ,R/Z) — HS(Z,7) & QL (2) — 0. (2.4)

3. Combining these we get
0— H'"Y(2ZR)/H'"Y(2,2) - H5(Z,7Z) — R/(Z) — 0,

where RY(Z) = {(c,w) € HY(Z,Z) x Q,(Z) | ¢ = [w] in H(Z,R)}.
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Proof. 1. Let w = (wo,...,w;_1) represent a class in H5(Z,Z). Note that since
ddwy = déwy = d?w; = 0 then F,, = dwy is actually a globally defined, closed
[-form. F, is called the curvature of w. d, is the map sending w to F,,. J, is just
the connecting homomorphism for the short exact sequence

0—-Z—-R—R/Z—0

and [ is the de Rham map. Now, commutativity of the diagram follows from the
fact that dwy — 00 = dwy + dw;—1 = Dw in Qﬁ%(U), and the cohomology of this
complex is H*(Z,R).
2. The first short exact sequence comes from the long exact sequence associated
with the short exact sequence of complexes of sheaves (2.2) together with the
result on the cohomology of the augmented de Rham complex (2.3).

The kernel of d, is the gerbes with flat connection. The calculation in 1. shows
that w is a cocycle in the total complex Qi/z(u) if and only if the class [w] lies

in the kernel of d,. Since the cohomology of Qﬂg/z(u) is H*(Z,R/7Z), the kernel is
HY(Z,R/Z).
3. Follows from 1. and 2. O

2.2 Simplicial forms

The idea of looking at smooth Deligne cohomology in terms of simplicial forms
was introduced in [7]. It is in this setting, the constructions in chapter 4 are carried
out. In this section, we will briefly explain the basics on simplicial forms, and then
show how they can be used to represent classes in smooth Deligne cohomology.

Definition 2.2.1. A simplicial set Xo = {X,},>0 is a collection of sets together
with maps
deXp—>Xp,1, ]:0,,]7

called face maps, and maps
s;: Xy, = Xpp1, j=0,...p

called degeneracy maps, such that the following relations are satisfied

dzdj = dj_ldi, 1< j,

8iSj = Sj+18i, 1 < 7,
sj-1d;, 1 <7,

disj = id, i=j,i=7+1,
dei,h > 7+ 1.

A simplicial manifold is a simplicial set X, = {X,} where each X, is a smooth
manifold, and the face and degeneracy maps are smooth.

We will mostly be interested in the following example of a simplicial manifold
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Example 2.2.2. Given an open cover U = {U;} of Z we have the nerve NU =
{NU(p)} of the covering, where

Nu(p)= || Ui,n---nU;

We denote U;, N---NU;, by Uy, in the following. NU is a simplicial manifold
where the face and degeneracy maps comes from the inclusions

dj : Uso...ip, — Uz‘o...i}...z‘p
and
S5 ¢ Uio..‘ip — Vig.ijij..ip-

We also have a corresponding simplicial set Ngld = {NaU(p)} called the dis-
crete nerve of the covering. Here Nyl (p) is simply the set consisting of an element
for each non-empty intersection of p + 1 open sets from Y. We have a natural
forgetful map NU — Nali.

Definition 2.2.3. A simplicial n-form w = {w} on a simplicial manifold X,
consists of a collection of forms w® € Q"(AP x X,,) which satisfies the relations

(g5 x id)*w® = (id x d;)*w®=V),

where ¢; : AP~! — AP denotes the ordinary j’th face map. We denote the set of
simplicial forms on X by Q*(||X|]). If the forms also satisfy the relations

(n; x id)*w®™Y = (id x ;) w®P),

where 7; : AP — AP~! is the ordinary j’th degeneracy map, the forms are called
normal. The set of normal forms is denoted Q*(| X]).

Remark 2.2.4. When X, = NU where

VO yeeey ’ip
it is customary to consider only ordered (p+1)-tuples, that is for a tuple (ig, . .., ip)
we have iy < --- < 4, (our index sets are always assumed to be ordered). Later

when we move on to prism complexes, this will in some instances be annoying.
Instead we demand that for a permutation o € X(p) the normal forms also satisfy
the relation

Ffw=w

where & : AP x Uy, — AP x Uia(o)-..io<p) on the first factor is the simplicial map
that permutes the vertices of AP according to o, and on the second factor is the
identity.

For a simplicial manifold X, we have a direct sum decomposition

Qv(x)) = P ar1(x))

ptg=n
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where Q79(] X|) is the set of forms that are of degree p in the barycentric coordi-
nates on the simplex in the product A* x X}, for k > p.
For X, = NU there is a chain map

Ia : QPY(INU|) — QP9(U)

given by Ia(w) = [, w(®)_ This map gives an isomorphism in cohomology. In fact
it has a right inverse given on A* x NU(k) by

E(w) =p! Z wr A djw,

|T|=p
where I = (ig,...,%,) is a sequence of integers 0 < iy < --- <14, <Kk,
p . ~
wy = Z(_]‘)]tij dtio AN dtij A dtip
j=0

are the elementary forms on A* and the d;’s are maps NU(k) — NU(p) given by
dr = dj, ---dj, where 0 < j; < --- < j; <k is the complementary sequence of 1
(see Dupont [4, ch. 2] for details).

The natural map LU; — Z also induces a map

¥ Q(Z) — Q(|NU|),

so we get the following commutative diagram of homology isomorphisms:

O(Z) —> Qr(INU))

NG

Q)

We need a notion of integral simplicial forms in order to imitate the construc-
tion in the previous section.

Definition 2.2.5. A form w € Q*(|NU|) is called discrete if it is a pull-back of a
form on the discrete nerve Ngif. Furthermore a discrete form is called integral if
Ian(w) € C*(U,Z). Tt is easy to see that the integral forms form a subcomplex and
we denote this by Q7 (|NU|).

Proposition 2.2.6. 1. We have

H™(Q5(INU|)) = H™(C*(U,Z)) = H(Z, 7).

2. If we define
r/z(INU|) = Q*(INU|) /Qz(INUI)

then
H™(Q(INU)) = H™ (O35 (U)) = H(Z,R/Z).
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3. Ia induces an isomorphism from the cohomology of the sequence

_ d _ d *
Qp 2 (INU) S QL L(INU|) 5 Of 5 (INUJ) /e (Z) (2.5)

to H5(Z,7.).

Proof. 1. The map Ia takes integral forms to integral cochains by definition. It
induces an isomorphism in cohomology, since the map E takes integral cochains
to integral forms, and since the chain homotopies from id to E o Ia given in [4,
ch. 2] are easily seen to map integral forms to integral forms.

2. This follows from the long exact sequences in cohomology of the short exact
sequences

0 — Q(INU|) — Q*(INU|)* — Qg7 (INUJ) — 0
and
0— C*(U,Z) — Q*(U)* — Qﬁi/z(b{) —0

together with 1. and the 5-lemma.

3. Since the cohomology group of (2.5) fits into a short exact sequence analogous
to (2.4), the 5-lemma gives us that Ia is an isomorphism. O

Corollary 2.2.7. Every class in H(Z,7) can be represented by an (I — 1)-gerbe
6 with connection w, where w = In(A) for a A € Q=1 (|NU|) with

dh=c*a— 3, acQ'(2), BeQ,(INU|. (2.6)

2.3 Cheeger-Simons differential characters

Cheeger-Simons differential characters were originally introduced in [3] in order to
refine the Chern-Weil construction of characteristic classes. We will return to this
in section 7.1. For now we will give the basic definitions and see that this is just
another way of looking at smooth Deligne cohomology.

Let C¢(Z) be the chain complex of smooth singular chains on Z and let
Z3(Z) C C4(Z) denote the smooth cycles. Then we have

Definition 2.3.1. A differential character (of degree p) is a pair
(h,w) € Hom(Z,_1(Z),R/Z) x QP(Z)

so that
h(do) = /w mod Z.

The group of Cheeger-Simons differential characters of degree p is denoted by
H?(Z,7).
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It is useful to have a cochain model for the differential characters, that is a chain
complex of which the cohomology group is the group of differential characters. Such
a cochain model was given in Hopkins-Singer [16] (actually the existence of such
a cochain-model is briefly noted already in Esnault [10]). Let

[ Q(2Z)x CTTYZ,R) x CUZ,Z) q>p

Cl(p)(2) = { CI1(Z,R) x C(Z,7) q<p @1)

where the differential is given by
d(w, h,c) = (dw,dh + ¢ — w, dc)
for ¢ > p and

_J 0,6h+¢,6c) gq=p-—1
d(h,c){ (bh+¢,8c) qg<p-—1

for ¢ < p.
It is not hard to see that there is an isomorphism H?(C*(p)(Z)) = H?(Z,7)

given by the map ~
[(w, h, C)] - (h, W)a
where h : Z, 1(Z) — R/Z is the map induced from h.
For p # ¢ we have, as in remark 2.1.2 on smooth Deligne cohomology, that the

group HY(C*(p)(Z)) is an ordinary cohomology group.
HP(Z,7) fits into the exact sequence

0— H""YZ,R)Z) — H?(Z,Z) — Q%(Z) = 0 (2.8)

where the first map is given by [h] — [(dh, h, 0)] and the second by [(c, b, w)] — w.
Given this it is not surprising that we have

Theorem 2.3.2. 5
HP(Z,7) = H%(Z, 7).

Proof. Since the two cohomology groups fit into analogous exact sequences, we
only need to come up with a map

HY(Z,Z) — HP(Z,Z)

compatible with the short exact sequences, then the 5-lemma will do the work.
This is done in [7], but we repeat it here since we need the explicit construction
of this map later on.

First let

be the Cech double complex of smooth singular chains. Here the horizontal differen-
tial d is the Cech differential ,and the vertical differential 9 is the ysual differential
on simplices. Then as usual the differential in the total complex C'. () is given by

Dr =ér+ (-1)P0r, 1€ Cpqld).
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Let CY(Z) C C¢(Z) be the subcomplex generated by simplices with support
in some U € U, i.e. to every simplex 7 € CY(Z) there is a U € U so that im7 C U.
The map € : | |U; — Z induces a chain map

.1 Cp(U) — CopU) — CH(2),

and there is a chain map §
j: CH(Z) — C.U)

so that €, o j =id and j o ¢, is chain homotopic to id.

Let us first see that in order to determine a differential character (h,a) €
HP(Z,7), it is enough to know h\z;{l(zw that is to know what values it take
on cycles generated by simplices with support in ¢/. From the usual proof of the
excision theorem for singular homology, we have chain maps

p:C.(Z)— CY(Z)and i: CY(Z) — C.(Z)
and a chain homotopy s so that
id—iop=0s+ s0.
Now for a cycle o we have
h(o) — h(iop(o)) = h(0so) = (I(w), so)

as wanted.

We can now use j to define a map j. : H»(Z,Z) — HP(Z,Z) as follows. Take
[w] € HR(Z,Z) then let a = (¢*)"'dwy and define h : Z,_1(Z) — R/Z by h(o) =
(I(w),j(0)), where I : QP9(U) — CP4(U) is the de Rham map. Tt is seen that
(h,«) is actually a differential character, and we can now define j.([w]) = (h, a).
This is independent of the choice of j and w. O

Remark 2.3.3. 1. One could construct a map on the chain level, but this would
include even more choices, since in order to construct a cochain (¢, h,w), the ar-
gument above would only determine ¢ and h on cycles with support in U, so
there is some ambiguity in lifting them to cochains - this is of course not seen in
cohomology.

2. Note that in the case p = 2 the above theorem combined with theorem 2.1.5
simply states that the isomorphism class of a circle bundle with connection is
determined by its curvature and holonomy. We can think of the theorem as a
generalisation of this.

It is not that hard to describe a choice of chain map j explicitly, and we include
it here for later use.

Let SpM(Z) be the set of p-simplices with support in & = {U; };c;. Then we can
choose a map « : SY(Z) — I so that im(7) C Uy(y). If we denote a 7 € Cy(Us,...,)

by Ti,...i, to emphasise that it maps to Uy,..;,, we have a map

51 Cpq(U) = Cpi1,4U),
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given by
5(Tig...i,) = (_1)p+17—i0...ipa(‘r)~
It is not hard to see that
0s + s6 = id.

Note that this implies that the rows in the complex C, .(U) are exact. We are
now ready to construct j. Let j(7); be the term in C,_,; ;(i). Start by setting
J(T)p = Ta(r), then in order to make j into a chain map we have to set j(7),—1 =
507(7)p € C1p—1(U) and in general j(7);_; = (—=1)?~""1595(7);. In order to give
a closed formula for j(7);, we need some notation.

The set of flags of length 7 of a simplex 7 € S,(Z) is

F(r,i) = {(tp—i,... ) | 75 is a face of 7j41,7, = 7}.

The simplex 7; in a flag (75, ..., 7,) has an induced orientation from the flag. That

is 7p—1 has an induced orientation from 7, and so on along the flag. Let sgn(7;)

denote whether or not this orientation coincides with the standard orientation.
We can now write

j(T)p*i = Z Sgn(Tp*i)(Tpfi)a(fp).,.a(rp_iy
TEF(7,3)

This formula will be useful in section 5.2 in our analysis of the integration map
constructed by Gomi-Terashima in [14].






Chapter 3

Prism complexes

Now we leave smooth Deligne cohomology for a moment in order to introduce the
concept of a prism complex. It is a generalisation of a simplicial set (or manifold)
well suited for fibre bundles, which is needed in subsequent chapters.

3.1 Definition and first examples

A prism complex P = {P,} is a collection of multi-simplicial sets satisfying the
following: Each P, is a (p+1)-simplicial set, that is for each set of positive integers
(90, - - -, qp) We have sets P, 4.4, With face and degeneracy maps

i
dj “Ppgo.ap = Prigo.ai—1...qp

and
i
S; ¢ Pogornar = Pogoqit1..ap

for each i =0,...,pand j =0,...¢q;. These maps satisfy the relations

diod, =d.,_ od. i<y

s§os;,:5§/+1os§- j<j

- sy od} j<j

diosi, =3¢ " id j=jli=4+1
sy od;_y j>j+1

and s% and dj commute with s;./, and dé-/, for i #i'.
Furthermore, we want another set of simplicial (i.e. commuting with the di’s
and s%’s) face maps
di 2 Ppgo..qp = Po—1,90...di..0p

and degeneracy maps

it Ppgo..ap = Poti,90, 01050

so that (P,,d;,s;) becomes an ordinary simplicial set. Note that in some appli-
cations the last set of degeneracy maps does not exist naturally so in these cases

19
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(P,,d;) is only a A-set. As with ordinary simplicial sets we can for each p form
the geometric and fat realisations |P,| and || P,||, that is, the quotients of

9 w ... a
|_| AT x X A% X Py go...qp
9qp

q0---

where we divide out by the equivalence relations generated by the face and degen-

eracy maps
el AT0-TiGp _y AT0---Git1..qp
5

and (in case of the geometric realisation)
77;' - A90--GiGp _, AG0---qi—1..qp

(where A% is short hand notation for the prism A% x -.- x A%).

The face and degeneracy maps d; and s; now induce a structure of a simplicial
set on |P,| (|| Ppl]) by acting as the projection and the diagonal on A% x ... x A
respectively. That is let m; : A?+% — A%-@% he the projection that deletes
the 7’th coordinate and let A; : A%-% — Ad0--%%--9» he the diagonal map that
repeats the i’th factor. Then we can form the geometric realisation

[P = | ] AP x |B|/ ~

p=>0
where the equivalence relation is generated by
(eit,s,2) ~ (t,mis,d;x), t€ AP s AL g ¢ Ppgo...qp

and
(ﬁif»SaCE) ~ (t7Ais7Six)7 te Ap+17 ERS Aqomqpv S PprO“'qP.

The above definition might seem a bit complicated, so we will give some ex-
amples, in which this structure arises naturally. We start with an example that
originally motivated the definition.

Example 3.1.1. Given a smooth fibre bundle 7 : Y — Z with dimY = m + n,
dim Z = m and compact fibres, possibly with boundary, a theorem of Johnson [18]
gives us smooth triangulations K and L of Y and Z respectively and a simplicial
map 7' : K — L so that the following diagram commutes

K| —>Y

-]

IL| ——= 7

Here the horizontal maps are homeomorphisms which are smooth on each simplex.
Furthermore given such a triangulation of Y — Z, we can also extend it to a
triangulation of Y — Z.

Now the geometric idea is that if z € Z lies in the interior of a p-simplex of L
then the fibre over z is in a canonical way decomposed into p + 1-fold prisms of
the form A% as above (see fig. 3.1).
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b,

Jo

@; z ag

Figure 3.1: A prism in the fibre 771(2).

Formally we define the prismatic complex PS(K/L) by letting
PSy(K/L)gy...qp S Sp+ao++a,(K) x Sp(L)

be the subset of pairs of simplices (7,7) so that g; + 1 of the vertices in 7 lies over
the 7’th vertex in 7. Then we have face and degeneracy operators defined in the
obvious way. In particular this gives us boundary maps in the fibre direction of
the associated chain complex PC,(K/L) generated by such pairs of simplices,

8% : PCy(K/L)gq...q, = PCOp(K/L)go...qi1...q,

defined by 03 = >>(—-1)’d}, (9 = 0 for ¢; = 0), and also a total boundary map
along the fibre

Op = 0% 4+ (=1)PH19L ... (—1)20tFa-trgh
Also there is a horisontal boundary map
O = 0o+ (1)) + - 4 (=1)0 T Fa-rtry

where

9 — { 0 ifg >0
so that 0 = Op+0y is a boundary map in the total complex PC,(K/L). This is ac-
tually the cellular chain complex for the geometric realisation and hence calculates
the homology of Y.
There is a natural prismatic triangulation homeomorphism

¢:|PS(K/L)| = |K|

induced by
o(t, 08P, (rym)) = (toso, s tpst,T)



22 Chapter 3. Prism complexes

for (t,s,7) € AP x A% x PS,(K/L)y,...q,- Note that if o is an open p-simplex

in L then ¢ provides a natural trivialisation of | K| over &
o X|PS,(K/o)| = |K||,

Example 3.1.2. Another example in the category of manifolds comes from the
nerve of compatible open coverings of the total space and the base space. That
is, given a covering U = {U;} of Z we have a covering W = {W; = 7= 1(U;)} of
Y, and for each 4, V* is an open cover of W;. This gives a covering V = UV? of YV’
(with lexicographically ordered index set). Then we put

PpN(V/“)qa...qp = U{/jzél n--- m‘/jz§]0 n-.. m‘/;?p

with ij‘ € V¢, and face and degeneracy maps are inclusions similarly to the sim-
plicial case in section 2.2. In the following, we will denote V]Z(()? N--- N V;{i by
Vig..it,-

A useful special case of this situation occurs in the context of example 3.1.1
above with the coverings consisting of the (open) stars of the triangulations of K
and L. More precisely U = {U; = st(a;)} where a; € L° is a O-simplex in L and
V' = {V} = st(b})} where b% € 77" (a;) N K°. If we define the discrete prismatic
nerve in the same way as the discrete simplicial nerve in example 2.2.2, then we
note that the discrete prismatic nerve of this covering is nothing but PS(K/L).

3.2 Prismatic forms

As a straightforward generalisation of simplicial forms, we introduce the complex
of (normal) prismatic forms on the prism complex in example 3.1.2 above.

Definition 3.2.1. A prismatic n-form is a collection w = {wg,..q,} of forms
Weo...qp € Q" (AP x A% x PNV [Uy,..q,) satisfying the relations

(id x €} x id)*wgq...q, = (id x id X d%)*wq,...q,~1...q,

and
(6i x id X id)*wgq...q, = (id X 7; X d;)*Weq...q;...qp -

A form is called normal if it also satisfies the relations
(id x 77§ X id)*wgq...q;~1...q, = (id x id x s;)*wqomqp

and
(mi < id x id)*wqo-qu = (id x A; x Si)*wqo-uqiqi---qp-

The complex of normal prismatic forms is denoted by

Q*(|PNV/U)).
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As in the simplicial case we have a direct sum decomposition of this complex

Q'(|PNVU) = @ QT (IPNV/U)

p+q+r=n

_ @ e (PNV/U),
ptgot-tgptr=n

where QP99 (|PNV /U|) is the set of forms of degree p in the barycentric
coordinates of the first simplex, of degree gg in the second and so on and finally
of degree r in some local coordinates on the nerve of the covering. This makes
Q*(|[PNV/U|) into a triple complex. There is also a corresponding Cech-de Rham
triple complex

PV U) = D V(BN Uy....q,)
qot+ap=q
with differentials
' QPTT(VUY — QPTLET(V/U)
9" L QPET(VIU) — QPILT(V /U
" L QPET(VU) — QPN (Y U)

Here &' = 5°(—1)"0. where

6404, p+l =
P A

s+ if g =0

Jap41

{0 if ; >0

« . o
13836 -

9" and & are usual Cech and de Rham differentials.
As in the simplicial case, we have
Proposition 3.2.2. The map
In : QPO (|[PNV/U|) — QP (V/U)

given by
Ia(w) = / Wao...qps  Jor w € QP10 (| PNV /UI)
AP X A0-p

induces an isomorphism in cohomology. The right inverse is given on AFoFr x
P,NV [Uy,..k, by

E(w):p!qo!-~-qplz Z Z wr Awgg A Awg, Ndj g w.
[7l=p|Jol=q0  |Jpl=ap

The wy,’s are the elementary forms on A%, and dj,...;, are face maps as in the
. o P
simplicial case.

Proof. The proof is the same as in the simplicial case (see e.g. [4, ch. 2]). O
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Proposition 3.2.3. The natural map I_IVji — W; induces the maps €7 and €5 in
the following commutative diagram

Q" (INW|) — 5 Q°(|[PNV/U))

g

QW) Q" (V/U)

Both of these maps induce isomorphisms in cohomology.

Proof. Since both vertical maps induce isomorphisms in cohomology, it is enough
to see that also €3 induces an isomorphism. This map factors as

Q" W) — QYY) — Q(V/U).

The first of these maps is induced by a refinement map, so it induces an isomor-
phism in cohomology. The only difference between the middle and the rightmost
complex is that on the right side we have split the Cech differential in two differ-
ent maps, and this is not seen in the total complex, so the cohomology of these
complexes is isomorphic. O

Remark 3.2.4. The above result could also have been obtained by showing directly
that e7 induces an isomorphism. In section 4.1, we construct a right inverse ¢ to &’.
Given the construction of ¢ it will be easy to see that we have a linear homotopy
¢ o’ ~ id which in turn gives a chain homotopy directly on Q*(|PNV/U|).
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Integration of simplicial forms

In this chapter, we will construct an integration map for simplicial forms and
see that it induces a well-defined map in smooth Deligne cohomology. The first
construction given in section 4.1 is quite simple, and the only thing that turns out
to be difficult is to show that the map takes integral forms to integral forms. For
the proof of this fact we will need another more combinatorial integration map
which we construct in section 4.3.

4.1 The integration map

Again, let 7 : Y — Z be a fibre bundle with compact oriented n-dimensional
fibre and m-dimensional base. Then with notation as in example 3.1.2, we want
to define an integration map

/ LR (INV]) — QF(INU),

for coverings U and V coming from compatible triangulations. To do so, we define
a map |[NW| — |NV| (recall that W = 7~ 1(U)), and then our integration is
given by pulling back forms by this map and then integrating along the fibre in
INW| — |NU|. We define the map in two steps. First we have, similar to the
‘prismatic triangulation’ map in example 3.1.1, a map ¢ : |PNV/U| — |NV)|,
where

-p
~Jap

0+ AP x A% % ng p —> Ap+qo+--~+qp X ng.

Jap

is given by

0t,sY, ..., sP,x) = (toso,.‘.,tpsp,x).

Now recall that each W; is covered by V* = {st(b%)} e, Choose partitions of
unity {(i);} on W; subordinate V? for each i. We are now ready to define

¢ |INW| — |PNV/U|

25
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on AP x Wi,_i,. Take x € Wy, i, then for each 7 = ip,...,i, there is a minimal
set {jd,...j.,} € J; so that

qi
D dhi(x) =1.
r=0

We then map
(t,l‘) c AP x Wig...ip

to

(t, ¢;‘§ (x),..., qﬁ}‘é)o (x),..., (b?%p (), ) € AP x A0 x Vig_jp .
Remark 4.1.1. Note that since the covering V comes from a triangulation it has
covering dimension n + m. This implies that we have ¢ = Y. ¢; < n for non-
degenerate simplices. This observation will be important in some of the proofs in
the end of this chapter.

Now for w € Q"¥(|NV|) define Jy)zw € QF(INU|) by

Y/Z]

(/ w) :/ P w,
Y/z] |AP XU APxWiO___ip/APxU

i ip ‘0-tp
where the right hand side denotes usual integration along the fibres.
Theorem 4.1.2. Given triangulations and partitions of unity as above, the fol-
lowing holds.
1. Letw € Q*T"(|NV)|) be a normal simplicial form, then f[Y/Z] w is a well-defined
normal simplicial form.
2. Forw € Q*™~Y(|NV|) we have

/ dw = / w+ (=1)"d w.
[Y/Z] [0Y/Z] [Y/Z]

Proof. 1. Tt is clear that f[y 17w is a well-defined simplicial form i.e. is compatible
with respect to the degeneracy operators. Let us see that it is normal, that is

() (p+1)
(n; xid)* (/ w) = (id x s;)* (/ w) .
[Y/2] [Y/2]

We first notice that

(1 > id)° (/ W> — (o xidy [ E
y/2) [APxUsj.. APXWig.. iy /AP XU,

) ig...ip
.’lp

-/ (17 x id)* 6" C"w
APFIXWi . ap /APTIX U 4,

= / ¢* (7’]] X 1d)*€*w
Apr+1 XWiO...ip/Ap+1 XUio...ip

= / (g* (€o(n; xid))*w
APFIX Wi iy /AP XUy iy,
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and at the same time

(id x s;)* (/ w)
/2] [APTIX Uiy ijij..ip

= (id x sj)*/ P w
AP Wi ijig i /APTIXUig g

i ij.-.ip

= / (id x 5;)*¢**w
APTIXWig iy [APTIXUs i

j jeip

= / o™ (id x s5)"*w
AP-HXWiov-vip/Ap_*—lXUig...ip

= / ¢*(€o(id x 57)) w.
Ap‘*’lXWiO_“ip/Ap*’lXUiO.”'

p

Hence we only need to show that (¢ o (id X s;))*w = (£ o (n; x id))*w. This can be
seen from the following commutative diagram

P
-Jap

njxidT Tﬁxid

APHL s« A20--@p % ng APHa+ai+1 Vjo

-P -P
-J8p 0--J8p

1dXSjJ/ l&o(idxé)

APTL 5 NG90 x V.o 5 5 s o, L APTarGHL ey o
Jo--Jo-++JajI0--Jap Jo+--Jo-++JajJo---Jap

AP x A x Vg - £ APTE X Vo
Jo Jo---Jap

where ¢ = > ¢;, ¢ is given by
i1 o0
0ty s°, ... ,sPx)
_ 0 J J J j
= (toS yee ,tjso,tj+180,tj81, ce ,tj+1831j, ce ,tp+1sp,x)7

7 (and similarly for §) is given by

M= Ngot+a;—1+5 © Ngot-+aj—1+5+2 © *** O Ngot-gy_1+i+2q;
and finally & is the map that permutes the vertices in the simplex as in remark
2.2.4, so that by assumption 6*w = w.
2. Follows from the analogous formula for usual fibre integration. O

There is a map ¢’ : [NV| — [NW] induced by the natural map UV} — W;

i p+ao++g o
given on A P X ng'”]gp by

'ty ot th ) = (O 10, ) € AP X Wiy,
j j

Since ¢’ is left inverse to £ o ¢ the following lemma follows easily from the con-
struction of the integral.
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Lemma 4.1.3. The following diagrams commute

QH(Y) —E= QU (NY]) QN W]) -~ (N Y))
fY/Z\L \Lf[y/z] fy/zi /
B [v/z]
Q(Z) —— Q" (INUJ) Q(INU|)

that is, the integration of simplicial forms is compatible with the usual fibre inte-
gration.

The integration map is natural in the following sense:

Proposition 4.1.4. LetY — Z be a fibre bundle and f : Z' — Z be an embedding,
then in the pull-back diagram

f*Yf4>Y

||

7' ——7
we have

£ / = / frw e (N U,
Y/Z] [f*Y/z']

where the integration on the right is with respect to the pull-back cover and the
induced partitions of unity on f*Y.

Proof. The diagram

INFW| —2L PN FV/ U L N f*V)

Y |

INW| — 2~ |PNV/U| ——= NV

obviously commutes, so we get

/2] ) \aou APXWig. ) | APXU;

ig-ip 0 P [¢] P

f*¢*€*w

APXf*W'iO"'ip/Apr*UiD"'ip

-/ 5
AP X f*W; JAPX f*U,

0 ip ig-ip

o)
[f*Y/2'] ‘APXf*U,

ig-ip
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So far we have constructed an integration map for simplicial forms which is
compatible with the usual fibre integration map for differential forms. In order to
see that this map actually induces a map in smooth Deligne cohomology, we need
to see that it takes integral forms to integral forms. This is the goal of the next
sections.

4.2 The triangulated nerve

In chapter 5, we will see that Gomi-Terashima have constructed a combinatorial
integration formula for smooth Deligne cohomology in the case of a product bun-
dle. This inspired us to search for a similar combinatorial formula for simplicial
forms in the hope that it would be easier to see what happened on integral forms.
Such a construction is carried out in section 4.3, however, the resulting forms are
only piece-wise smooth, so in this section we introduce some tools to handle this
situation. It is indeed true that it is easier to see that this combinatorial map takes
integral forms to integral forms. This will, in turn, solve the problem of showing
that the map in section 4.1 does the same.

We start by introducing a new complex consisting of these piece-wise smooth
forms.

Given a triangulation L of a smooth manifold Z we have as mentioned earlier
an open cover U given by the stars st(a) where a € L? is a 0-simplex.

For every simplex o € L, the closed star

st(o) = |J |7l

Te€L™ oCT

is the union of all top-dimensional simplices containing o. It inherits a natural
triangulation L, from L. This gives a realisation |L,| & st(o).

Definition 4.2.1. The triangulated nerve N L is the simplicial complex

NyL= | | ILal,
oceLP
and for o = [ag, ..., a,)] the face and degeneracy operators

dj : |La0...ap| - |La0...(ij...ap| and S5t ‘Lao...a,}l - |La0...ajaj...ap
are given by inclusions.

Our construction will give simplicial forms on |[NL|.

Recall that a form w on a simplicial complex is a collection of forms w = {w®}
with w®) € Q*(AP x N, L) satisfying the relation (¢7 x id)*w® = (id x d;)*w®~1).
But the L,’s, ¢ € L? are simplicial sets too, so our forms w® actually live on

Userr L; AP x Al X Lg‘i),

where Lg) is the discrete set of i-simplices in L,,.
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Now much of what has been done in the previous sections carry over. We can
define integral forms Q}(|NL|) C Q*(|NL|) exactly as before and given triangu-
lations of a fibre bundle as in example 3.1.1 we also get triangulated nerves both
of the base and the total space. We can also associate a prism complex to this
situation in exactly the same way as in example 3.1.2. There is obviously also a
map ¢ : |PNK/L| — |NK]| as before.

Now let us show that with regard to cohomology it does not matter whether
we use ordinary simplicial forms or simplicial forms on the triangulated nerves.

We introduce the simplicial manifold (with corners) NU with

NU = | || Ty

Since the cohomology of Q*(|NU|) does not depend on the open cover and since
forms on a closed subset are restrictions of forms on a larger open subset, we get
that the restriction Q*(|NU|) — Q*(|NU|) induces an isomorphism in cohomology.

Proposition 4.2.2. The map

L Q(INUJ) — Q*(INL))
induced by the homeomorphisms

|Lao...a,| = st([ao, - -, ap])
s an tsomorphism in cohomology.

Proof. The result follows readily from the following commutative diagram

QP9(|NU|) —— QP(|IN L)

-

QI(N,U) —— QI(N, L)

since both vertical maps are isomorphisms in cohomology by the simplicial de
Rham theorem. In fact, the de Rham theorem also implies that the lower horizontal
map induces an isomorphism in cohomology for fixed p, since the map Q%(st(c)) —
Q9(|L,|) is a cohomology isomorphism for all o € L. That implies that there is
an isomorphism between the two spectral sequences already at the E'-term, so ¢/
induces an isomorphism in cohomology of the total complexes. O

Now let us show that we can also represent a class in Deligne cohomology by
a simplicial form on a triangulated nerve.

First, let 4 = {U;};er be a covering of Z and let L be a triangulation, so
that every closed star of L lies inside an open set of &. That is we have a map
o : L — T so that st(a) C Ua(,)- This gives a chain map

T Q*(|NU|) — Q*(INL)).
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Proposition 4.2.3. The map T induces an isomorphism both in ordinary coho-
mology and between the cohomology of (2.5) and

_ d d *
U b (INL) < Ok 5 (INL|) = Q@ (INL|) /70 (2) (4.1)

Proof. Follows from the last proposition since T is the composition of a refinement
map and ¢. O

Hence the smooth Deligne cohomology group is isomorphic to the cohomology
of the sequence (4.1).

4.3 The combinatorial integration map

In this section we finally define a combinatorial integration map
/ CTY(INK|) — Q*(INL)).
K/L

For this we will be needing the chain complex introduced in example 3.1.1. Here we
simplify the notation a little. Let PC} ;(K/L) be the chain complex generated by
pairs of simplices (,7) € K**D x L such that 7 maps to 1 under the projection
map. First, for a simplex o = [ao, ..., a,] € L we define a map

AW : PCym(K/Lo) = P  PCh, p(K/0) ® PChym(K/Ly).
k1+ko=k

Let (7,7n) € PCy m(K/L,). Since 7 is a top-dimensional simplex in L, (recall that
dim Z = m) we have 0 C 7. Let ig,...,i, € {0,...,n} denote the indices of the
corresponding vertices of o in 7. Let us write 7 as 7 = [b), . .. bgo N L N P
where the i’th block, [bf, ..., b | consists of the ¢; + 1 vertices in 7 which lies over
the #’th vertex in . For 0 < s; < qi; we define

TS = [0 bl |bf{’, ce b?;;] € Kot tsptp

VS0

and
_ 110 0 7 7 m m k—sqg—--—s
Tso-sp = (005 - - -5 bgy ...|stj,...,quij|...|b0 oo b €K P,
Now our map is given by

AW(T7 77) = Z (Tso---sp7 J) ® (TSO"'Sp7n)7

0<s;<qi;

that is, our map is an Alexander-Whitney type map with respect to each block of
vertices in 7 lying over a vertex in o.

The following lemma is a straightforward computation similar to the proof of
the usual AW map being a chain map.
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Lemma 4.3.1. The map

AW : PCy,(K/Ls) — @  PC, p(K/0) @ PChym(K/Ly)
ki+ko=k

is a chain map with respect to the boundary map O from example 3.1.1, that is
AWOp = 0p AW.
O

We have to specify fK/Lw € Q*(|NL|) as a form on AP x y for € L. If, for
the moment, we let n be an m-simplex the formula is quite simple.

First pick an orientation of 7. Since the fibres of 7 are oriented, this gives us
an orientation of Y}, and hence a fundamental class [Y},] € PCy 4., (K/0).

Now consider NK| -1,y as a subset of |K|, x |K||z,- We will define
fK/L Wiarxy Dy restricting w to AW([Y],]) and integrate along the fibre over AP x1.

Set s = >_"_, s;, then the formula is given by

(p+s)
w = E(T)/ Wosgsp, (4.2)
</K/L )Apxn Z Z AP XTsq s /APXT) ’

TEPS, m (K/n)0<s; Sqq‘,j

where w®5*) € Q*+"(AP x K, w.5), and () is the sign of 7 in [Y},]. The
integration shall be understood as follows: We restrict w to APTS x Tso...s, and
then integrate it along the fibres over AP x n with respect to the map APTs — AP

given by

S0 so+s1+1 so++sp+p
(tos .- tprs) (Ztm Z iyeoos Z t)
=0 i=sg+1 i:SO+"'+Sp71+p

and the map 7s,...s, — 7 which is just the restriction of 7.

Remark 4.3.2. In the above, we could also have chosen to use £ to pull w back to
|[PNK/L,| and then integrate with respect to the map

AP x A%05p Tso..sp = AP x 1.
This gives the same result, but will be more convenient when we shall see that the

two approaches to integration give the same result.

We still need to define the integral on A? x i’ for ' € Sx(L,) a lower-
dimensional simplex. This will actually just be the restriction of the integral on
AP x 7 for n a top-simplex such that ’ C 7. We shall see that this is independent
of which top-simplex we choose (this also shows that the resulting form is really
simplicial on |L,|).

Let us first take a look at what happens to the formula (4.2) when the integral
is restricted to AP x ' C AP x 5. We define the dimension in the direction of the
fibre, for a simplex in K, to be dimp 7 = dim 7 — dim 7 (7).

For a 7 € PS,, »,(K/n) we see that
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/ W), (4.3)
A’H’SXTSO_‘_SP/APX’I]

restricted to AP x 7’ is non-zero exactly when 7., Nr~1(n') and Tso...s, have the
same dimension r = n — s in the direction of the fibre. That is 7,,...5, N 7 tn') €
PSr,k(K/n/) and Tsg...sp € PSr,m(K/n)-

Now in this case, let a be the simplex in L, ’spanned’ by 7’ and o, then
7N~ !(a) is n-dimensional in the fibre direction, so over each 7j € Sy, (L, ), with
n' C i, there is exactly one 7 € PS,, ,,(K/f) with 7 N7 () C 7 and in the
expression (4.3) it would make no difference if we used 7 instead of 7.

We can also give an explicit formula in this case, but first we need some no-
tation. For a top-simplex yu € PS, . (K/Ly) set i = pNa!(c). For a simplex
p € PS, (K/n) let

Fp={n € PSym(K/Ly) | p=pnzt(n),
dimp i + dimp p — dimp (2N p) = n}.
Now write

p:[cg,...,cgo ...\clg,...,cfk] andﬂ:[bg,...,bgo ...|bg,...,b§p]

with p € Fp and let ig,...,4 € {0,...,p} and jo,...,5; € {0,...,k} denote the
coinciding blocks in i and p, that is

AP =0 b [ b b T =1l | el ]

As before we set

Pso...s1 = [08,...,090 ...|cgz,...,c¥;;u|...\clg,...,cm]

and

POt = (b0, ... b0 | (bl b LB,

b qp
and then finally the integration formula is given on AP x n’ by

> > > e / Wl (44

+s
pEPS. k(K /n') {iln€Fp} 0<s,<as, APTEXPsg..os [APXN

Theorem 4.3.3. 1. Let w € Q*T"(|NK|) be a piece-wise smooth normal simpli-
cial form; then fK/L w is a well-defined piece-wise smooth normal simplicial form.

2. Letw € QM""1(|NK]|), then we have a Stokes’ theorem

/ dw:/ w+(71)"d/ w
K/L orK/L K/L

3. The map fK/L  OT(INK|) — Q*(|NL|) takes integral forms to integral
forms and, if OY = 0, it induces a map m : H5"(Y,Z) — Hp(Z,Z) in smooth
Deligne cohomology.
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Proof. 1. This follows at once from the construction.
2. First we observe that for w € QF"~1(|NK|) we have on AP x5 (n € LS,"))

/K/L o 3 5 /A (o)

+s
TEP S m(K/n) 0<s;<qi; PHIXTog..sp /AP XN

>

TEPSy,m(K/n)0<5;<qi;

_1\n (p+s)
+(~1) > > d/mw% wha,

TEPS, m(K/n) 0<s;<ai, woop /AP X

D /8 WBE, +

TEPSn,m(K/n)0<s;<qi; F(APTEXTsg . s ) /AP XD

+(~1)"d /K/L o,

In this formula, we recognise the first terms as |, orK /LY since lemma 4.3.1 gives
us that Op AW([Y),,]) = AW (9F[Y),]). Hence we have verified the formula for 7 a
top-dimensional simplex, and since the value of the integral on the other simplices
is given by restrictions, the formula holds in general.

(p+s)
Wrsg.sp T+

/(‘)F(Aws XTag. ap)/ AP XY

3. Ifw e Q*(]NK]|) is integral, then we observe that the only non-zero terms
in (4.2) are those for s = n, that is, the integration is only with respect to the
map APT" — AP and the resulting forms are then clearly integral. We also see
that there is a result similar to lemma 4.1.3, so it is now clear that we have an
induced map in Deligne cohomology. O

Now we are ready to compare the two integration maps. This comparison will
also quite easily show that the first, smooth version of the integration map also
takes integral forms to integral forms.

First, choose a triangulation of the fibre bundle Y — Z and let V = {V;};cs
and U = {U;}icr be the associated coverings by the stars. Now let K and L be
subdivisions of these triangulations so that every closed star of K and L lies inside
an open set of ¥V and U respectively. Then we get maps

T:Q(|PNV/U|) - Q(|PNK/L|), T :Q"(|NU|) — Q*(|NL|)
inducing isomorphisms in cohomology.

Lemma 4.3.4. If Y = 0 then the map I[Y/Z] s UTY(INV|) — Q*(|NU|) takes
integral forms to integral forms and hence induces a map in smooth Deligne coho-
mology.

Proof. Let 3 € QFF"(|NV|) be an integral form. Now remark 4.1.1 ensures us
that the pull back ¢*3 € QFF"(|PNV/U|) lies completely in the subcomplex
B, Q" eeO(|PNV/UI). Note also that under the integration map every-

thing, besides the term in Q*™0(|PNV/U|), is mapped to zero.
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In the following, we will make use of remark 4.3.2, that is, we will look at the
integration map in terms of the prism complex. We will thus repress the map £*
from the notation and simply write 3 for £*3 € Q¥ (|PNV/U|).

Now in the diagram

Q| NW]) === Q*+(|PNV/U|) — > @+"(|PNK/L|)  (4.5)

: J i
k l /2] l K/L

Q(|NUl) Q(INL)

we have commutativity of the triangle and the outer square. If we put 8’ = ETQNS* I}
then by remark 3.2.4 we have

B’ — B = hdpB+ dhg,

where h is the homotopy operator inducing the chain homotopy 5’{&* ~ id. Note
that since ¢ o e is the identity in the variable of the first simplex and in those
on the nerve, h maps QP47 (|[PNV/U|) into QP4~17(|PNV/U|), so the image of
the integral forms under h is mapped to zero by the integration map. Now by

definition we have
[ o= &
[Y/Z] Y/Z

and hence commutativity of the outer square in (4.5) gives
v 5= 1] &
[Y/2] Y/Z
/ Tei¢*B = T3
K/L K/L

/ T3 + / T(hdB + dhB).
K/L K/L

Because of the above remark and since fK/L Tdh3 = (71)”*1de/L Thp3 the last
integral is zero. We therefore finally get

T / 56— / T3,
Y/Z] K/L

and since the right side is clearly integral, as noted above, we conclude that | /2]
maps integral forms to integral forms. O

Theorem 4.3.5. If Y = () then the maps
/ QU (V) — Q(INU))
Y/Z]

and
[ artmng) - 2 (vL)
K/L
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induce the same map (under the obvious identifications by T and T")
m: H5t"(Y,Z) — Hp(Z,7)
in smooth Deligne cohomology.

Proof. This is similar to the proof above. Taking w € Q**"(|PNV/U|) with dw =
e*a — 3, we set w' = efp*w and get w’ — w = dhw + hdw. As above we have

T'/ w T’ é*w:/ Teto*w

[v/Z] Y/Z K/L

/ Tw = / Tw + d/ Thw + / Thdw.
K/L K/L K/L K/L

Because 5’*q~5* obviously acts as the identity on e*«, we see that hdw = he*a—hf3 =
—hf, and then as in the proof of lemma 4.3.4 the last term vanishes, since ( is
integral. Hence we get

T’/ w:/ Tw + dr,
[Y/Z] K/L

where 7 = [, Thw. O
Corollary 4.3.6. The induced integration map

m : Hy ™ (Y, Z) — Hp(Z,Z)
is independent of choice of coverings, partitions of unity and triangulations.

Proof. The result follows directly from the above theorem, since the combinatorial
map does not depend on the choice of coverings and partitions of unity so in
cohomology none of the integration maps do. A similar argument applies to the
independence of triangulations. O

Recall from example 3.1.1 that in the case of a fibre bundle Y — Z with
compact oriented fibres, where 9Y # () and a given triangulation of the bundle
Y — Z, it is possible to extend this triangulation to a triangulation of the bundle
Y — Z. The integration is actually independent of this extension in the following
sense.

Theorem 4.3.7. Given a form w € Q*T"(|NV)|) representing a class in Deligne
cohomology and a triangulation of 0Y — Z compatible with the covering V and
two extensions |K1| — |L| and |Ks| — |L| of this to Y — Z then

/ Tiw N/ Tow in Q*(|NLJ),
Ki/L Ks/L

where T; : Q*(|NV|) — Q*(INK,|), i = 1,2 are given as above.



4.3. The combinatorial integration map 37

Proof. As in the proof of theorem 4.3.5 we set w’ = £¢*w, so that w’ = w+ dhw +
hdw, and we get, for i = 1,2,

T’/ w = T’/ ~*w:/ Te1dw
[v/z] Y/Z K/L
— T// w/:/ z'viw/
/2] Ki/L
= / / T;(dhw + hdw)
Ki/L
= o

Now the theorem follows from the fact that

/ Tidhw = d/ Tihw j:/ T;hw,
K;/L K;/L OrK;/L

where the last term is easily seen to be independent of i. O

T;dhw.

Finally let us see that the integration map is compatible with the usual inte-
gration maps.

Proposition 4.3.8. The integration map constructed above fits into the following
commutative diagram

0 — H**"=Y(Y,R)/H* "V, Z) — H5"(Y,Z) —— RF"(Y) —=0

| |

0—— H"Y(Z,R)/H*Y(2,7) —— H}(Z,Z) —— R*(Z) 0

Proof. From lemma 4.1.3 we know that the integration map is compatible with
the usual fibre integration map for differential forms. Let A € Q*"(|NK|) be a
discrete form, i.e. a form which is the pull-back of a form on the discrete nerve. For
such a form, the combinatorial integration map presented above simplifies a great
deal. We see that the value of fK/L A € QF(|NL|) integrated over a simplex 7 € L
is simply the integral of A over all simplices lying over 7. This is consistent with
the usual definition of the push forward map. Since integral forms are discrete, and
since the classes in H**"~1(Y,R)/H**"~1(Y,Z) can be represented by discrete
forms, the result follows. O






Chapter 5

Integration in the other models

In this chapter, we will take a brief look at the constructions that exist in the
other models for Deligne cohomology. We will end this chapter by showing that
all these maps induce the same map in smooth Deligne cohomology. This is done
by showing that there is a unique integration map which is both natural and
compatible with the usual fibre integration maps.

5.1 The Hopkins-Singer construction

In this and the following sections, Y — Z will (unless otherwise mentioned) be a
fibre bundle with compact oriented n-dimensional fibres.

In [16], Hopkins-Singer have constructed an integration map in the cochain
model we described in section 2.3. We will only sketch their construction in the
following, and refer to [16, ch. 3] for the details.

They start with the case of a product bundle RY x Z — Z, where they only
consider cochains with compact support. In this case, the map

CIN(p + N)(RY x Z) — C*(p)(Z)

is simply a slant product

(w, h, ) — (/RN w,h/ZN,c/ZN>

where Zy is a representative for the fundamental class of RY (in general this does
not make sense since R is not compact, but since the cochains on which we take
the slant product are compactly supported we can in each case choose an ordinary
finite chain that does the job).

For a general bundle Y — Z the concept of a H-orientation of the bundle is
needed. That is

1. An embedding Y — R x Z over Z for some N.
2. A tubular neighbourhood W.
3. A choice of a (compactly supported) Thom cocycle

UecCON"™(N-n)RYN x 2)

39
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on the normal bundle.
Then for a bundle Y — Z with a choice of H-orientation, the integration map

/ CPTM(p +n)(Y) — CP(p)(2)
Y/Z
is the composite

crrp 4+ n) (V) Y e o+ NYRY x 2) B crp) (2).

In the case where X = (), this construction induces a well-defined map in coho-
mology only depending on the usual orientation of the fibre.

The above construction gives an integration map for a general fibre bundle,
but has some small drawbacks. It does not give an explicit local formula, so it
can be hard to keep track of what happens with a cocycle when one takes the
product with the Thom cocycle. Another problem is the fact that the product in
this model is not as nicely behaved as in the other two models (see chapter 6),
this makes it hard to use this model to prove a projection formula as the one in
proposition 6.4.2.

5.2 The Gomi-Terashima construction

In the Cech-de Rham model, Gomi-Terashima [14] have created a more explicit
integration map in the case of a product bundle. For a bundle X x Z — Z (again
with X compact and oriented), they construct a map

/ CQVTPU < U) — QP(U),
X

where U is an open covering of Z, and U’ is an open covering of X.

To describe this map we need some notation. A product of unions of open
sets U N ---N Ui’p x Uj, N---NUj, can be rewritten as a union of products
U, xUj,N---nU J’»P x Uj,, with the (now lexicographic) order preserved, in several
different ways, each corresponding to a shuffle v € S(p, ¢). We denote the union
of products corresponding to a certain v € S(p,q) by U’ x Uy(ig...ipj0...5,)-

Recall also the notion of a flag of a simplex introduced in the end of section

2.3. Now let w = (wp,...,wpin) € Q"P(U’' x U) then we want to describe 7 =
(705 -+ -+ 7p) = [ w. We have
XY Y Y [ R —
j=0 o GeF(o,j)veS(n—j,k 93

where the orientation of o; is induced from the flag ¢, and the sum over o is
a sum over all simplices in a representative for the fundamental class of X (in
[14] this is done by picking an explicit triangulation of X and summing over all
top-dimensional simplices in this).

This formula might look a bit strange to come up with and [14] does not give
much of an idea as to what is going on. A little analysis will show that it is
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simply a formula for taking the slant product in this model. This implies that the
induced map on cohomology is independent of all choices, and furthermore this
map coincides with the Hopkins-Singer map in cohomology when X = §).

To do this we need the map j : C¥(Z) — C.(U) from section 2.3. It fits into
the following commutative diagram

' (X) x c4(z) > L

U’ x C.(U)
%Z | mw
CL. U x U)

CU XU (X x 7) ——=C,
where the two vertical maps are the usual Eilenberg-Zilber maps. To describe them
explicitly let v € S(p, q¢) be a (p, ¢)-shuffle, and let it also denote the corresponding
map APTY — AP x A4, then the left Eilenberg-Zilber map on a p-simplex 7 and a
g-simplex n is given by

EZ'(1,n) = Z sgn(v)(r x n) ov.
veS(p,q)

Similarly, given a p-chain 7 = (7,...,7,) and a g-chain n = (79, ...,n,) where
7; € Cp—ii(U') and n; € Cy—; ;(U) are simplices, the right map is given by

EZ(r,n), = Z Z Z sgn(vy)sgn(va)iy, o (1. X ns) o1y

r+s=lv1€S(r,s) v2€S(p—Tr,q—s)

where, for v € S(p,q), v, : U} _; % Uj,..j, = U x U,
identity.

Assume again that 0X = (), take a class in Hjy"P(X x Z,Z) represented by
aw € Q"P(U" x U) and consider j,([w]) = (h, ) then from the construction in
theorem 2.3.2 we get

is simply the

(’io...ip;jo...jq)

MX]xo) = (I(w),j(EZ([X] x0)))
n—+p
= (I(w),EZ(j[X],j0)) = > (I(wnip-1), EZ(§[X],jo)),
1=0
where

(I(wnip-1), EZ(§[X], o))

is given by the expression

Z Z Z Z Z sgn(u)/ (Wntp—1)v(a(r)...a(r)i8(0p)...8(04))"

r+s=l T T€F(7,r)6€F(0,5) vES(N—T,p—35) TrX0s

Given this, it is not that hard to see that

mme:mmew
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5.3 Equivalence of the constructions

In this section, we will show that all the integration maps presented above actu-
ally coincide in Deligne cohomology. We will do this by showing that there is a
unique integration map which is natural with respect to pull-backs and which is
compatible with the usual integration maps.

Theorem 5.3.1. Given a smooth fibre bundle Y — Z with closed, oriented n-
dimensional fibre, there is precisely one map I : H™™(Y,Z) — H}(Z,Z) satisfying

1. Compatibility
The following diagram is commutative

0— > H*Jrn,l(Y, R)/H*Jrnfl(y*’ 7) —> H£+n(§/, A _r . R*+n(Y) —0

| |

0——=H"YZ,R)/H*"1(2,Z) Hy(Z,Z) —— R*(Z) —>0

2. Naturality
Let f : Z' — Z be an embedding. In the pull-back diagram

f*Yf*>Y

L,

7 —Z

we have f*1(x) = I(f*x) forz € H5 (Y, Z), i.e. the following diagram commutes

(Y, 2) —L> m5(fY, )

Pk

H%(2,7) ——~ H5(2',7)

Proof. The existence of an integration map is already clear from chapter 4, where
naturality is shown in proposition 4.1.4; and the compatibility is shown in propo-
sition 4.3.8, so we only need to prove uniqueness. Let I, I5 be two maps satisfying
1. and 2. above and let h = I — Is. We see that since

roh=rolj —roly=mor—mor=_0

we have
h:HST™(Y,Z) — H*Y(Z,R)/H* Y (Z,7).

We shall see that h = 0 by showing that h(x) = 0 in H*~1(Z,R)/H*~Y(Z,Z) for
all z € HE™ (Y, Z). Given such an x let a,, € H*~'(Z,R) = homg(Hy_,(Z,R),R)
be a lift of h(z). We shall see that a, € hom(Hy_1(Z2),Z).
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Recall that one can always choose a basis for Hy_1(Z,R), which can be rep-
resented by embeddings of closed (k¥ — 1)-dimensional manifold Z’ — Z. We can
furthermore choose such a basis so that it generates the lattice imHy_1(Z,Z) C
Hy_1(Z,R). It is enough to show that a, takes values in Z on this basis. So let o
be such a class represented by the map f: Z' — Z.

Now since both I; and I, are natural, we get that

fh(z) = f*(I(x) — Ia(z) = L(f*2) — L(f z) = m(x) — m(z) = 0,

where the second to last equality follows from dimensional reasons. Since dim 7' =
k — 1 we have dim f*Y = n + k — 1 which implies that

H,g+n(f*x Z) o~ I_Ik+n—1(f*yv7 R)/Hk—&-n—l(f*}/’ Z),

and here the maps I; and I coincide with the usual push-forward map . Now
we get

a,(0) = ax(f*[Z/]) = f*aw([Z/])v

and since
[f*az] = f*las] = f*h(x) = 0in H*Y(Z',R)/H* 1 (Z',7),

we conclude that f*a, € hom(Hy_1(Z’),Z), so we have a,(c) € Z. It follows that
h = 0 and the two integration maps coincide. O

In [16, ch. 3], it is shown that the Hopkins-Singer map satisfies property 1. and
2. above, so we see that the two maps do induce the same map in cohomology.
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Products

All the models for smooth Deligne cohomology in chapter 2 carry product struc-
tures. We will briefly describe these well-known constructions in the Cech-de Rham
and the Hopkins-Singer models, and then we will present a construction of a prod-
uct in the simplicial case. We will end the chapter by showing that these construc-
tions induce the same map in Deligne cohomology. This is done by showing that
there is a unique product satisfying some natural axioms.

6.1 The Cech-de Rham model

This is the easiest case. First we fix a good open covering U of our manifold Z,
and then at the cochain-level we have

Definition 6.1.1. With the notation from remark 2.1.4 i), let w = (wo,...,wp) €
QP(U) and 7 = (19, ...,74) € QU(U) then w U T € QPTITL(Y) is given by

wUT = (wo Adro, . .., wp Adrg, (=1)P 6w, Ao, ..., (=1)PTEw, A Ty).

Here § and d is the usual Cech and exterjor differentials and A should be read
as taking the ordinary cup product on the Cech cochains and the wedge product
on the coefficients.

Remark 6.1.2. The above definition is just a reformulation of the usual definition
(see e.g. [1, ch. 1]).

Proposition 6.1.3. The map
U: QP (U) x QIU) — QPTatiy)
induces a well-defined graded-commutative product in smooth Deligne cohomology.

Proof. Simple checking. Note for instance that w U 7 does represent a class in
Deligne cohomology since

D(wUT) =dwy Adry — dwp U g,

where D is the differential in the total complex. O
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6.2 The Hopkins-Singer model

There is a small problem when defining the product in the Hopkins-Singer model.
This is due to the fact that the usual cup product of two forms is not a form, thus
we have to choose a chain homotopy between the cup and wedge product i.e. a
map

B:(Q(2) @ Q(2))" — C" ' (Z,R)

so that
WAT—wUT=0Bw®T)+ B(dwaT)).
Given this we can make the following definition:
Definition 6.2.1. Let (w,h,c) € CP(p)(Z) and (w',h/, ) € CY(q)(Z) then
(w, h,)U(W', B ) = (wWAW', WU +(—1)PwUR'+ B(w@w'), cuc’) € CPT(p+q)(Z).
Again we have

Proposition 6.2.2. The map
U: CP(p)(Z) x CU(q)(Z) — C""(p + q)(Z)
induces a well-defined graded-commutative product in smooth Deligne cohomology.

Proof. Again this is simple checking. For instance the product becomes indepen-
dent of the chain homotopy B since two such maps are chain homotopic. O

Remark 6.2.3. One way of constructing the chain homotopy B is by going through
the proof of the de Rham isomorphism using simplicial forms as in [4, ch. 2].

6.3 The simplicial model

Initially, we had a problem similar to the one in the Hopkins-Singer model, since
the subcomplex of integral forms is not closed under the ordinary simplicial wedge
product. This problem is overcome by introducing a new product on the complex
of simplicial forms which also turns out to be compatible with the integration map
introduced in section 4. This is done in the first part of this section, and then this
is used to construct a product in Deligne cohomology. Again let U be fixed good
open covering of Z.
First consider the maps

i |[PANU| — |[NU|, i=1,2

where

T AT % U; — A% x U;

0-+-2g0+q1+1 0:-+2qq

is given by
(7t 2) = (%, 2)
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and similarly

T2 : AN % U,L' — AT % Uz

0---2q0+q1+1 qo+1--Yqp+q1+1

is given by
(%t 2) = (! 2).

For t € A! we have the map
b |PYNU| — | NU|

given by
L0 et x) = (0, (1 — t)rt, ).

o
It is clearly a homeomorphism for ¢t €Al
The inverse is given as follows. Take an (rg,...,mn,2) € A" x Uy, 4, and
choose p so that S°°~ r; <t < 27 ;. Then

6;1(r0,...,rn,x) =
(0 1y Zf;gm) (- diepi1Ti Tpi ) e )
t’ t ’ 1—t '1—¢t"""71=¢""

Choose a smooth bump function ¢ : R — R with supp(¢) C [0, 1], so that the
following holds

L[l o(t)dt = 1.
2. limy—0¢(¢)/t? = 0 and lim,—1 ¢(¢)/(1 — t)? = 0 for all p € N. We now have

Definition 6.3.1. The product
Ar: QF(INU) x QO (INU|) — QF (INUJ).
is given by

w1 N\ wy = ) (j)(t)dt A (8;1)*(7{;(4}1 AN W;Wz)
A

The choice of bump function ensures that there are no convergence problems,
so the construction is well-defined and gives a normal simplicial form.
Most of the following proposition is trivial.

Proposition 6.3.2. 1. Two different choices of bump function give chain homo-
topic products.

2. For w; € QP(INU|) and wq € QI(|NU|) we have

d(wl A1 WQ) = dwi N\ wy + (—1)pw1 A1 dws.

3. Ia : Q*(INU|) — Q*(U) is multiplicative.
4. If wi,we € Q5 (|NU|) then w1 A1 wa € Q5 (INU).
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Proof. 1. This is trivial since two choices of bump functions that satisfy the re-
quired conditions are certainly homotopic by a linear homotopy through such
bump functions.

2. Follows from the corresponding formula for the wedge product.

3. Suppose wy Ay wg € Q™™ (|NU|) then we have

/ (w1 A1 wa)ig.i,, = / P(t)dt A (0 (Tiwr A T3ws))ig.
n n JA1

= o(t)dt A (£ (mwr A Tiw2))ig. i

AlxAn
= Y N f(tkﬁ A Gy (67 (M w1 A T5w2))ig i
pg=n B XATXAL
= Z Alxﬁ(jqut A (W1)ig.ip N (W2)i. i
ptg=n
= Z / (wW1)ig...i,, /\/ (W2)i..in -
ptg=n"A" At

So I(wy A wa) = I(wy) A I(we) as claimed.
4. This follows directly from the proof of 3. O

Remark 6.3.3. Unfortunately the product is neither commutative nor associative
on the chain level but 3. above insures us that it is up to chain homotopy.

Let us move on to Deligne cohomology where the product structure is a little
different.

Definition 6.3.4. Let wy € QP(|NU|) and we € QI(|NU|) be two forms represent-
ing classes in Deligne cohomology. That is dw; = €*o; — 3;, where «; is a global
form and (; is integral. Then we define

w1/~\w2 = w1 A1 e¥an + (71)p+151 N1 wa.

Some calculations show that this induces a well-defined product in Deligne
cohomology. E.g. take another representative w; + § for the class [w] then we
have

(W14 B)Awy = (w1 +B)ALetag+ (—1)PTH (B 4+ dB) A ws
= u.}l/N\WQ + 6 A efag + (*1)p+ldﬂ N1 wWo
wiAws + d(B A1 wa) + B A1 Ba

~ w1 Aws.

Notably d(wlf\wg) = E*(Otl N1 042) — B1 N\ Ba.

With this product on Q*(|NU|), the map I of section 2.2 between the simpli-
cial and the Cech-de Rham model for Deligne cohomology becomes an isomorphism
of graded rings.
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6.4 A projection formula

It turns out that the product constructed in section 6.3 is well-behaved with respect
to the integration map above.

So let Y — Z be a fibre bundle with compact oriented fibres and let, as before,
VY and U be good open coverings of the total space and base space respectively.

Proposition 6.4.1. For w; € QPT"(INV|) and wy € QU(|NU|) we have

(/ w1> N1 wg = / w1 N Trws. (61)
[Y/Z] [Y/Z]

(7T1xwz)oﬁt_loﬁoq;:(éoq;omxéo&owz)oﬁt_l

Proof. Note that

as maps
INW| — |[NV| x [NV,

so for a pair of forms w, 7 € Q*(|NU|) we get the relation
(lod) (wAiT)=(lod) wAs (o) r

This implies that

/ w1 AN Trwy = / wl VAN (fO(b) T wo
[Y/Z] Y/Z

= / wl A1 T we
/
= (/ 1) A1 w2
Y/Z
/\1 %)
Y/Z

as stated above. O

~
N

The corresponding result in Deligne cohomology now follows immediately from
the above and a look at definition 6.3.4.

Proposition 6.4.2. For w; € QPT"(|NV|) and we € QIU(|NU|) representing
classes in Deligne cohomology, we have

</ w1> /N\WQ = / wl/N\ﬂ*wg. (62)
[Y/Z] [Y/Z]

Remark 6.4.3. If we look at the proposition above in the light of theorem 5.3.1,
we see that the unique integration map in smooth Deligne cohomology satisfies
such a projection formula with respect to the product introduced in section 6.3.
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6.5 Uniqueness

In this section, we will show that there is a unique product which is natural and
compatible with the usual cup and wedge products. The proof follows the same
line as the proof of uniqueness of the integration map.

Theorem 6.5.1. Given a smooth manifold X, there is a unique graded ring struc-
ture on H}(X,Z) such that

1. Compatibility The product is compatible with the usual cup and wedge products
in the sense that
a) the following diagram commutes

HJ(X,Z) x HR(X,Z) = H3*™"™(X,Z) ,

| |

RY(X) x R™(X) =2 » pmtn(X)

whereas before R™(X) = {(c,w) € H"(X,Z) x Q"(X) | ¢ = [w] € H*"(X,R)}.
b) If we restrict the product to HA (X, Z) x H™ 1 (X,R)/H™ (X, Z), then the
product factors as
HMNX,Z) x H™ YX,R)/H™ (X,Z) —
— H™(X,Z) x H™ "(X,R)/H™ (X, Z) —
= H"PUXCR)HTTN(X,Z) —
— Hp™™ (X, ),
and similarly if we restrict to H" 1(X,R)/H""Y(X,Z) x H}(X,Z).
2. Naturality Let f : X' — X be a differential map then the following diagram

commutes

HH(X,Z) x HY(X,Z) s HI (X, 7)

J/f*Xf* lf*

HH(X',Z) x HR (X', Z)— HP+ (X', 7)

Proof. Instead of showing directly that the product is unique, we will show that
the corresponding exterior product is unique.

Assume that there are two products A; and Ag satisfying 1) and 2) above.
Using la) we define (for the corresponding exterior products)

h=A1— Ay HYNX,Z) x HY(Y,Z) — H""™ 1 (X x Y,R)/H" ™ Y X x Y, 7).

We will show that h(x,y) = 0for all x € H}(X,Z) and y € HE (Y, Z). So take such
z and y and let a, , be alift of h(z,y) to H"™ (X xY,R) = hompg (Hym—1(X x
Y,R),R). Now the Kiinneth formula says that

n+m—1
Hyim (X xY,R)= P Hi(X,R)® Hypym1-:(Y,R).
1=0
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As in the proof of theorem 5.3.1, it is enough to evaluate a, , on cycles represented
by embedded manifolds of the form f x f': Zx Z' — X xY where dim Z = i and
dim Z' = n+m —1—1. It is clear for dimensional reasons that the only interesting
cases are i = n — 1 and ¢ = n. So assume that a cycle 0 € H,q1m—1(X X Y| R)
has a representative of the form f x f': Z x Z' — X x Y where dim Z = n and
dim Z’ = m — 1. Now

2y (0) = Ay (f X )22 % Z')) = (f X ) a2y (|Z x Z])

and since (f x f')*ay, represents (f x f')*h(x,y) = h(f*z, f*y), it is integral.
This follows from property 1b) since R™(Z') = 0, so h(f*z, f*y) =0 in

H" WYX xY,R)/H"™™ X x Y, Z).
O

Clearly all the products introduced in this chapter satisfy the above axioms,
so they induce the same product in smooth Deligne cohomology.






Chapter 7

Applications of the integration map

In this chapter, we will apply the integration map to the construction of invariants
for families of bundles with connection as in [7]. This application was the original
motivation for the construction of an integration for smooth Deligne cohomology.
We will describe another interesting application in chapter 9.

7.1 Secondary invariants

In this section, we will briefly describe the original Cheeger-Simons (see [3]) con-
struction of secondary invariants in the context of simplicial forms as in [7].

Let G be a Lie group G with finitely many connected components. We denote
the set of invariant homogeneous polynomials of degree k by I*(G). Let I5(G) C
I*(G) be the subset of polynomials that map to the image of H?*(BG,Z) inside
H?*(BG,R) under the Chern-Weil homomorphism.

Fix a Q € I5(G) and let u € H**(BG,Z) be the corresponding integral class.
Then to a principal G-bundle P — M with connection A, we will associate a class
A(Q.u, A)] € HE(M,Z).

The idea is to pick an integral cocycle representing v and then compare this
to the form coming from Chern-Weil theory. They represent the same class in
real cohomology, but are not identical since differential forms do not give integral
cocycles. Now since they represent the same class, their difference is a boundary.
This bounding cochain is well-defined up to a boundary since the odd dimensional
cohomology of BG vanishes.

To do this properly one would have to replace EG — BG with a smooth
approximation (which we also denote EG — BG) and find a connection A in this
bundle, so that the classifying map f : M — BG for the bundle P — M satisfy
f*A = A. This is done in detail in e.g. [7].

Now pick compatible coverings U of M and U’ of BG and a representative
v € QFF(|NU'|) for u. Since y and Q(F%) represent the same class in H?*(BG,R),
there is a simplicial form A € Q**~1(|NU/'|) so that dA = e*Q(F%) — ~. Since
the odd dimensional cohomology of BG vanishes, A is well-defined modulo exact
forms. Finally we set A(Q,u, A) = f*A € Q**~1(|NU|), and we have the following
result (which proof is in |7, sec. 5]):

33
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Theorem 7.1.1. A(Q,u, A) represents a well-defined class
[A(Q, u, A)] € HY (M, Z)
independent of all choices.
The product introduced in section 6.3 enables us to simplify proposition 5.17
ii) in [7] a little.

Proposition 7.1.2. Given Q; € Igl (G) and Q4 € IQZ(G) with corresponding
integral classes u; and us, then

[A(Q1Q2,u; Uus, A)] = [A(Q1,u1, A)AA(Q2,us, A)]
in HyM%2) (01, 7).
Proof. Follows directly from the observation that
d(A(Qr,u1, A)AN(Q2, 12, A)) = QuFR) A Qa(F)?) =71 A1 72
and that v; A1 72 represents uy U usg. O

7.2 Invariants for families of connections

Now we are ready to construct invariants for families of bundles with connection.
We start with the definition.

Definition 7.2.1. A family of principal G-bundles with connections is
1. A smooth fibre bundle 7 : Y — Z with oriented fibre X.
2. A principal G-bundle p: F — Y.

3. A smooth family A = {A, | z € Z} of connections in the G-bundles P, — X,
where X, = 77!(z) and P, = E|x_.

Remark 7.2.2. The above definition is taken from [7]. In the corresponding defini-
tion in [11], the family in 3. is a connection for the whole bundle £ — Y. In some
situations there are however a point in not letting the "horizontal’ information be
part of the structure, since the invariants for families of bundles with connection
might be independent of this extension to a connection in the whole bundle. Note
that it is always possible to construct such an extension using a partition of unity.

Now given such a family of bundles with connection, with X a closed manifold,
we can create invariants living in Deligne cohomology of the parameter space. This
is done as follows: First we extend the family of connections A to a connection
Bin F — Y, then we proceed as in the section above where we to a polynomial
Q € I}(G) obtained a simplicial form A(Q,u,B) € Q?**~1(|NV)|), where V is a
good open cover of Y. Now we apply integration along the fibres in Y — Z and
get a form

Ay/2(Quu, B) = / AQ.u, B) € 21 (INu)),
[Y/Z]

where U is a good open cover of Z, and n is the dimension of the fibre X. We now
have the following result from [7, sec. 6].
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Theorem 7.2.3. 1. Ay,z(Q,u, B) represents a well-defined class
[AY/Z(Q7U7 B)] € le)kin(Zv Z)

with
dAy2(QuB) = [ QUFE) - / .

Y/Z [Y/Z]

2. IfFXZ_]€+1 = 0 for all z € Z then the class in Deligne cohomology is independent
of the extension B.

8. If Fi~F =0 then Ay)z(Q,u, B) is flat, i.c. [y, Q(Ff) = 0.

In the paper [7], this is applied to families of foliated bundles, and we refer
to this paper for examples of that type. Instead we will apply the above in the
following example which is mostly a reformulation in terms of simplicial forms of
the idea in [11, 13]. See also [6] for a generalisation of this example which originally
motivated the work in [7].

Example 7.2.4. Let k = 2 and take a Q € IZ(G). Now let M be a smooth
compact oriented 3-manifold and assume at first that OM = (). Let Y — Z be a
fibre bundle with oriented fibre M and let £ — Y be a family of bundles with
connections.

At first we get a form A(Q,u, B) € Q3(|NV)|) representing a class

[A(Q,u, B)] € Hp(Y,Z).

The procedure above then gives us a O-form
M= [ AQuB) € 98 5(NU),
[Y/ 2]

representing a class in H,(Z,Z), that is, simply a smooth function Ay : Z — R/Z.
Since n = 3, we have n — k + 1 = 2, and since F%z = 0 on a 3-manifold, Ay is
independent of the extension B.

If now OM = ¥ # (), then A, is not a globally defined function anymore,
instead the Stokes formula gives us

dAy = A(Q,u,B)_/ dA(Q, u, B). (7.1)
oy/2) [v/2)

If we restrict A(Q,u, B) to Y — Z, we get

AE :/ A(Q,U,B),
Y/2)

which represents a class in H%(Z,Z). As we saw in the proof of proposition 2.1.5,
Ay then defines a circle bundle with connection over Z. If we write Ay, = AL+AS, €
QY (INUJ) @ QMO (|NUJ), then ¢ = [,, AL, is the defining cocycle, and w = [, AY,
is the connection.
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The relation that comes from integrating - over A! - the part of (7.1) that lies
in QL9(|NU|) implies that Ay is actually a section in the circle bundle given by
the cocycle c¢. The corresponding relation in Q%!(|NU|) gives that the covariant
derivative of Ay is [, Q(F3).

Note that the circle bundle and the section do depend on the choices made e.g.
of the integral form representing u, the partition of unity used in the integration
and so on, but the isomorphism class does not. Although it still does depend on
the extension B.

However, if we restrict ourselves to a family of flat connections i.e. Fy, = 0
for all z € Z then the isomorphism class of Ay becomes independent of the exten-
sion B. Furthermore since [,, Q(F2%) vanishes, Ay actually becomes a covariant
constant section in Ay;.

In this example, one usually takes Z to be the smooth part of the representation
variety hom (71 (M), G)/G and let Y = M x Z be the trivial fibre bundle. In this
case, E is the canonical G-bundle over Y with fibrewise flat connection. If we at
the same time let Z’ be the smooth part of hom(7(X),@)/G and similarly let
Y’ =X x Z' and let E’ be the canonical G-bundle over Y’, then we get from the
above a circle bundle with connection over Z’, and if we pull this circle bundle
back to Z with the map ¢ : Z — Z’ induced from the inclusion ¥ — M we have a
covariantly constant section Ay; in (*Ayx.



Chapter 8

Symplectic topology

In this chapter, we will go through some of the basics of symplectic topology that
will be needed in the next chapters, mainly focusing on the theory of symplec-
tic fibrations. A more comprehensive introduction to symplectic topology can be
found in e.g. McDuff and Salamon’s book [25].

8.1 Symplectomorphism groups

A symplectic manifold (M,w) is a manifold M equipped with a closed, non-
degenerate 2-form w called the symplectic form. That w is non-degenerate means
that the map T,M — T;M given by sending a tangent vector X € T,M to
wp(X, —) € Ty M is an isomorphism.

This isomorphism gives a one-to-one correspondence between vector fields and
1-forms on M. The vector fields that correspond to closed forms are called sym-
plectic vector fields, and the vector fields that correspond to exact forms are called
hamiltonian vector fields.

That w is non-degenerate also implies that M is even dimensional, of say
dimension 2n, and that the top power w™ is an orientation form so M comes with
a preferred orientation.

The Lie bracket of two symplectic vector fields has a very nice description in
terms of the symplectic form w. Given two symplectic vector fields X and Y then
[X, Y] is the hamiltonian vector field associated to the exact 1-form d(w(X,Y)), so
the symplectic vector fields form a Lie algebra which we denote by x,, (M), and the
hamiltonian vector fields form an ideal in x,, (M) which we denote by x,(M). We
have that the Lie algebra of hamiltonian vector fields fit into the exact sequence

0—>R—C®M)— xp(M)—0, (8.1)

where the rightmost map is given by sending a h € C*°(M) to X}, the unique
hamiltonian vector field that satisfies ¢x,w = dh. We call h the hamiltonian func-
tion associated to X € xn(M). We give C>°(M) a Poisson structure by setting
{fg} = w(X}. X,).

In general (8.1) is not split, but if M is closed, we obtain a splitting, by iden-
tifying x5, (M) with C3°(M) = {f € C>(M) | [,, fw™ = 0} the functions that

a7
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integrate to zero. Here we see that since we generally have
W(X, Y)wn = nw(Xa 7)“”(}/7 7)“}“71’

we get
/{f,g}w”:n/ df/\dg/\w"il:n/ d(f Ndg Aw" ) =0,
M M M

so C§°(M) is an ideal in C*°(M).

A symplectomorphism ¢ : M — M is a diffeomorphism such that ¢*w = w.
We denote the group of symplectomorphisms by Symp(M) C Diff (M).

Both the diffeomorphism group and the symplectomorphism group are ILH-
groups. That is they are smooth infinite dimensional Lie groups modeled on a
vector space £ = limH; which is an inverse limit of Hilbert spaces H;. ILH-
groups are, although infinite dimensional, quite well-behaved, so we will not need
to be too concerned with these underlying analytical details. We refer to the survey
[30] and references therein for details.

Let us see that the Lie algebra Lie(Symp) of Symp = Symp(M) is the Lie
algebra of symplectic vector fields. Let v : (—e, &) — Symp be a curve with v(0) =
idps, then we get a vector field X on M where X (p) = %gﬁt(p)‘tzo. Since w is fixed
by ¢, the homotopy formula gives

d
0= £¢2‘w =Lxw=1xdw+ dixw = dixw,

and we see that X is a symplectic vector field. Similarly we see that the flow of a
symplectic vector field fixes w.

A symplectomorphism is called a hamiltonian symplectomorphism or a hamil-
tonian diffeomorphism if it is generated by a time-dependent hamiltonian vec-
tor field, i.e. if there is a curve of symplectomorphisms ¢; € Symp such that
%d)t(p) = Xi(¢:(p)) with ¢g = id and ¢1 = ¢, where tx,w = dhs. It is not hard
to see that the hamiltonian diffeomorphisms form a connected normal subgroup
Ham(M) C Symp(M) of the symplectomorphism group.

It turns out that the Lie algebra of Ham = Ham(M) is actually the Lie algebra
of hamiltonian vector fields, so now we have Lie groups corresponding to two of
the Lie algebras in the short exact sequence

0 — xn(M) — xo(M) — H*(M,R) — 0. (8.2)

We will also need the flux homomorphism, which is a lift of the Lie algebra homo-
morphism y,, (M) — H*(M,R) to the Lie group level.

The flux homomorphism is most easily defined on the universal cover Symp,
of the identity component of the symplectomorphism group, where it is a homo-
morphism

—_—~

Flux : Symp, — H'(M,R) = hom(m (M), R).
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It is given by

Flux((4])([o]) = /T w, (¢ € Sympy, [o] € i (M),

t:T

where Ty, » : S' x I — M is given by (s,t) — ¢;(o(s)). That is, the flux ho-
momorphism measures the area of the cylinder given by moving ¢ around with
the curve ¢;. It is not hard to see that this is indeed a well-defined homomor-
phism. If we let T' = ﬁl&(m(SympO)) then we get a well-defined homomorphism
Symp — H'(M,R)/T, which we also call the flux homomorphism. It turns out that
the kernel of this homomorphism is given by the hamiltonian diffeomorphisms, so
we have a short exact sequence

1 — Ham — Symp, — H*(M,R)/T — 0.

The group I' is called the flux group. It has recently been proved by Ono that
I' C HY(M;R) is a discrete subgroup, so we see that Ham is a closed subgroup of
Symp of codimension b; = dim H'(M,R).

8.2 Symplectic fibrations

A symplectic fibration is a fibre bundle Y — Z with fibre (M, w), a symplectic
manifold, and with structure group Symp(M). Similarly a hamiltonian fibration
is a fibre bundle with fibre (M, w) and structure group Ham(M).

Since the structure group preserves the symplectic form w, such a fibration
carries a fibrewise symplectic form {w,}.cz. There are several reasons as to why
one wants to extend this to a globally defined 2-form on the total space Y.

One reason is that any extension € Q?(Y) defines a horizontal distribution
Hq CTY by setting

Ho, = v € T,Y | Qv,w) = 0,Yw € T'Y},

where TVY = ker 7, is the vertical tangent bundle.

It is not too hard to see that Ho @ T"Y 2 TY. That H,, NT'Y = {0} follows
from wr(,) being non-degenerate. That H,, ®T;Y — T,Y is surjective is seen by
using 2 to project onto Hq, and T,Y respectively.

Such a horizontal distribution defines a connection in Y — Z, and it turns out
that we have

Proposition 8.2.1. The connection Hq has symplectic holonomy around all loops
in Z if and only if Q is fibrewise closed, that is if and only if we have

dQ.(X,Y,—) =0 for all XY € T,Y.

We refer to [25, ch. 6] for a proof.

Assume now that ©; and 5 are two closed extensions defining the same con-
nection Hg, = Hq,. We have that their difference 7 = Q1 — Qs is a basic 2-form,
this is clear, since if X € T'Y is a vertical vector, then tx7 = txQ1 — tx
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vanishes both on a vertical and a horizontal vector, and 7 is closed. On the other
hand, if we have closed extensions 2; and €2y differing by a basic 2-form 7 then
they define the same connection.

This means that if we have a connection H = Hg coming from a closed exten-
sion form €, then there is a unique extension Q' with Ho = Hq and satisfying
the normalisation condition

/ Q/nJrl = 0.
M

1
V=0-—p Qntt 8.3
(n+ 1)V01p /M (8:3)

Here €)' is given by

Such a normalised extension is called a coupling form. In [15], Guillemin-
Lerman-Sternberg showed that in a symplectic fibration with simply connected
fibre and connection H with hamiltonian holonomy around every contractible
loop there is a closed extension 2 such that H = Hq. Their construction of €2 is
quite analytic. Below we sketch a more topological proof by McDuff.

Remark 8.2.2. It is easy to construct a fibrewise closed extension by using a
partition of unity. Let & = {U;} be an open cover of the base Z such that we
have local trivialisations ¢; : Y|y, — U; x M of Y. Let w; = ¢jw and let {p;} be a
partition of unity subordinate /. Then we define

Q=) pior-w
and dQ = > d(piom) Aw;, soif XY € T'Y and Z € T,.Y then we get
dQ,(X,Y,2) = d(pi o m)(Z)wi(X,Y)
= d(piom)(Z)w(X,Y)
= () d(piom)(2))w(X,Y) =0,

where the second equality comes from the fact that X and Y are vertical, and the
last equality is true because ) p; = 1.

A priori it is less clear whether or not one can construct a closed extension.
A computation of Thurston (see e.g. [25] for a proof) shows that it is enough
to ask for a cohomology class ¢ € H?(Y,R) extending the fibrewise class [w,] €
H?(Y,,R) = H*(M,R), because if such a class exists then one can always find an
extension form  with [Q] = ¢. This fact was used by Lalonde-McDuff [23] to show
that w extends for hamiltonian fibrations.

The class [w] € H?(M,R) extends to a class in H?(Y,R) exactly when [w] €
E9? survives to the E.-term in the Serre spectral sequence for the fibration
Y — Z. We have the following lemma from [23].

Lemma 8.2.3. If Y — Z is a hamiltonian fibration, the class [v] € Ey? =
H?(M,R) survives to E%?, and there ezists a closed extension Q of w.

00 7
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Proof. There are two differentials to look at. The first is dy : Ey'> — E3'', and the
second is d3 : ES? — E3°. Tt is enough to consider the universal case Z = BHam,
so we can assume that 7,(Z) = 0. This implies that E3° = B3 = H3(Z,R) and
of course E3' = H2(Z, H'(M,R)) = H%(Z,R) ® H'(M,R).

To see that da([w]) = 0, we note that since 71(Z) = 0 we have H*(Z,R) =
hom(ma(Z),R) so it is enough to check the case Z = S?, and here it is possible
to give an explicit construction of a coupling form so in this case da([w]) = 0. We
will come back to the construction during our analysis in section 9.1.

Now let us see that also d3([w]) = 0. Now since w™*! = 0 for dimensional
reasons, we get that

0=dw"™ = (n+1)dw®w",

and since the map — A [w"] : HY(M,R) — H?*"(M,R) is an isomorphism, we get
that dw = 0. O

Remark 8.2.4. 1. If 7 € H*(M,Z) is an integral lift of the class [w] € H?(M,R),
we see that we still have do7 = 0 in H?(B, H'(M,Z)). This follows from the fact
that H2(Z, H'(M,Z)) is torsion free in the universal case Z = BHam, so here

H*(Z,HY(M, 7)) — H*(Z,H*(M,R)

is injective. Unfortunately we can only conclude from the above argument that
ds7 is a torsion class and that (n + 1)vol - dg7 = 0. In [24], there is an example
where d37 does not vanish.

2. Note that in the universal case Z = BHam, we get the following exact sequence
from the Serre spectral sequence

H?*(Z,R) — H*(Y,R) — H?(M,R)

so we see that in this case there is a unique normalised extension class ¢ € H?(Y, R)
with mc" Tt = 0, so in general there is a canonical choice of extension class given
by the pull-back of the universal extension class.

We end this section by showing how to construct an extension form when the
structure group is finite dimensional.

Example 8.2.5. [25, 32] Let (M,w) be a symplectic manifold and let G be a
Lie group with a hamiltonian action on M with moment map p : M — g*.
Given a principal G-bundle P — Z with connection A, we shall see that we can
construct a connection 2-form in the associated bundle P xg M — Z from these
data. The construction goes as follows. The connection in P gives a projection
TP - TVP =PxgTG and dually amap 14 : PxgT*G — T*P. We can use ¢4
to pull back the canonical symplectic form wg on T*P to a 2-form on P xg T*G.
Now we have the 2-form w’ = tjwo+w on P xgT*G x M. We also have a fibrewise
action of G and a corresponding fibrewise moment map p' = g © 14 + u, where
1o is the moment map on T*P. Now we can perform symplectic reduction, and
we see that P xg T*G x M//G = p/~1(0)/G = P xg M. The induced 2-form
on the quotient restricts to w on each fibre, so it is a connection 2-form. We will
elaborate further on this example in section 9.4.
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8.3 Reznikov’s classes

In [28], Reznikov noticed that there is a number of invariant polynomials on
Lie(Ham). This enabled him to construct characteristic classes for hamiltonian
fibrations using the usual Chern-Weil construction. In this section, we will look
closer at this construction and see how far Reznikov was able to go using the
original finite dimensional approach and where this approach runs into problems.

As mentioned in section 8.1, we have for a symplectic manifold (M, w) that the
Lie algebra of Ham (M) can be identified with

Lie(Ham(M)) = C(M) = {f : M > R | /M fw™ =0},

equipped with the Poisson bracket {f,g} = w(Xy,X,). The adjoint action of
Symp(M) on this Lie algebra is given by

Ad(¢)(f)=food™", ¢ e Symp,f e C5(M).

There is a non-degenerate inner product on the Lie algebra given by

)= [ 1o

which is easily seen to be invariant under the adjoint action of Symp, since w
is invariant under Symp. For a finite dimensional Lie algebra this would make
Lie(Ham) semi-simple. What is known about Lie(Ham) suggests that we can think
of it as being semi-simple, i.e. we have that Lie(Ham) = {Lie(Ham), Lie(Ham)}
[2]. This is the general idea of Reznikov [28], which is pursued further by e.g.
McDuff [23], that Symp, behaves much like a finite dimensional Lie group, and
that we should think of Ham as a maximal compact subgroup of Symp,.
Besides the inner product, we have in general the invariant polynomials

Qk(flw-';fk):/Mfl"'fkwn, for k > 2. (8.4)

on Lie(Ham). These invariant polynomials give rise to characteristic classes g €
H?*(BHam(M),R) for & > 2 by the exact same construction as for a finite di-
mensional Lie group G and principal G-bundles.

In [28], Reznikov notes that if there is a hamiltonian action of a compact Lie
group G on M, then one can try to show that the classes ¢ € H?¥(BHam,R)
are non-trivial by showing that the pull-back of the invariant polynomials Qj to
g are non-trivial, then the usual Chern-Weil theory will imply that the pull-back
and hence the g;’s themselves are non-trivial. Reznikov does this explicitly in the
case where M = CP™ and G = SU(n + 1) and concludes that the Q’s pull back
to multiplicative generators of the ring of invariant polynomials, I*(SU(n + 1)).
We go through this computation, since a little extra work will show that they up
to scaling actually pull back to the symmetric polynomials - this will be useful in
the next section.

Proposition 8.3.1. Let p : SU(n + 1) — Symp(CP"™) then we have g o p. =
const - o, where oy, is the k’th elementary symmetric polynomial.
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Proof. Recall that
suln+1)={AeMn+1,C)| A+ A* =0,trA = 0}.
The map p. : su(n 4+ 1) — Lie(Symp)(CP™) = C§°(CP"™) is given by
A ([2] = (42, 2)),

where z € S?"*1 is a representative of [z] € CP™.
Using the Fubini theorem we then get

qr op«(A) = / (pA)* = const - / (Az, z)*dz.
CPn S2n+1

Furthermore if B € M(n + 1,C) is a positive definit hermitian matrix, we have
that

/ e~ (B%2) — const - (det B) L.
Ccn+1

This is trivial if B is diagonal with positive eigenvalues, and since the expression
is invariant under unitary conjugation it is true for all positive hermitian matrices.
We also have

oo
2
/ e e = / / r2n e Ben) drdy = const - / (Bv,v)™ ",
([:n+l S2n+1 0 SZ”JFI

where we first changes to polar coordinates and then use the equality
o0 2
/ P2 Hle=a dr = const - a7t
0

which comes from differentiating fooo re=a dr = i n times with respect to a.

Now take A € su(n + 1). For ¢ > 0 big enough B = ¢I + %MA is a positive
definit hermitian matrix, so we get

-1
1
/ "1+t (Av,v)) " tdv = const - det (tI + _A) ,
S2n+1 271

and using the binomial series we get, again for ¢ > 0 big enough,

oo

—n—1
tfnfl 1+t71 A , -n—1 _ < n >tkn1/ A , k.
/52n+1 ( < v U>) Z k 52n+1< v U>

k=0

From this, Reznikov concludes that ring of invariant polynomials on su(n + 1) is
generated by the p, oqyx’s, but it is possible to be a little more precise. If we denote
the eigenvalues of A by Aq1,...,A\,41 then we have

1 —1 n+1 1 —1 n+1 1 )\ —1
det (t1+—A) =T[(t+-—N) =t (1+ -2
e< +27m'> H<+2m’j> H<+2m't> ’

j=1
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so we get
[eS) n+1 00 k
—n—1 —1 A
E " t*k/ (Av,v)* = const - H — L .
ki S2n+1 " 2wt t
k=0 j=1 \k=0

Comparing coeflicients, we see that

qr o px(A) = const/ (Av,v)* = const - 01,(A)

SZn+1
as claimed. O

In the case of M = CP? Gromov has shown that Ham = Symp, = Symp
homotopy retracts onto PSU(2), so here Reznikov is, in the flat case, able to lift
¢2 to a class in H3(BHam(CP?)°,R/Z). This is not possible for n > 3 because
of the lack of knowledge about the topology of the symplectomorphism group,
and whether or not the g;’s lie in the integral lattice in H2*(BHam(CP"),R). In
chapter 9, we will see that if we lift the problem to a central extension of Ham, we
can ensure that the classes are actually integral, and we can lift them to secondary
classes depending only on a connection in the fibration and a choice of prequantum
line bundle for (M,w).

8.4 Characteristic classes from the coupling class

In the paper [17], Januszkiewicz-Kedra used the existence of a coupling class to
define another set of characteristic classes. For a hamiltonian fibration ¥ — Z,
we can pick a normalised extension ) of the fibrewise symplectic form {w,}, this
is possible by lemma 8.2.3. Furthermore, the cohomology class of this extension is
unique in the universal case. Given such a class they consider the classes

Xk = /M[ka € H**(Z,R).

We have the following result from [19]
Proposition 8.4.1. We have x;, = const - ¢, € H?*(BHam,R).

Proof. Fix a normalised closed extension form €2 and let H = Hg be the corre-
sponding connection.

The proposition essentially follows from the fact that the curvature of H is
given by Fy.(v,w) = Q(v¥, w#) € C=(Y,), where v¥ and w# are the horizontal
lifts of v and w respectively (see [25, ch. 6]). Recall that the classes are represented

by the forms [, Q"% and [, (Ff)w" respectively. For vi,. .., v vector fields on
BHam and wy, ..., ws, vectors tangent to the fibre at some x € My,,, we have
Q"*k(vf&, . ,v;i, w1, ..., Wsy,) = const - Qk(vf&, . ,v;i)w”(wl, e Wap )y

and the result follows. O



Chapter 9

Secondary invariants for hamiltonian
fibrations

In the last chapter, we saw how Reznikov constructed characteristic classes g €
H?t(BHam(CP"™),R) extending the usual Chern classes. In this chapter, we will
try to construct secondary classes lifting the ¢x’s to Deligne cohomology. We cannot
do this on Ham, but in the case where we can lift the structure group to a central
extension we will see that we get a family of bundles with connections, and we can
then use the machinery from chapter 4. The classes constructed here differ from
the examples in chapter 7 in that the fibrewise connection is far from being flat.

9.1 Preliminary analysis

In the following, we will assume that the symplectic form w has integral periods.
This implies that we can pick a prequantum circle bundle, i.e. a circle bundle with
connection (L, &), such that « has curvature w (in order to keep the same notation
as in the first chapters of this thesis we look at a prequantum circle bundle instead
of the usual hermitian complex prequantum line bundle). In this case, one could
hope to construct secondary invariants for a symplectic fibration ¥ — Z with
connection in the following way. If we could extend w to an integral coupling form
Q on Y compatible with the connection in Y — Z, we could hope to construct a
circle bundle with connection on Y such that its Deligne class A € H2(Y,Z) only
depended on the prequantum circle bundle and the connection in the hamiltonian
fibration. Now applying the machinery of chapter 4, we could then define classes

Xk € H2(Z,7) as follows
Xk =/ ANFR)
[Y/Z]

There are several problems in the procedure suggested above. First of all, it is not
clear that we can pick an integral extension of w which is normalised. Secondly,
even though the group Ham fixes the class [(L, a)] € H3(M,Z) there is no action
of Ham on L so even if we have a circle bundle extending L we do not a priori
have a fibrewise connection in the same way that we have a fibrewise symplectic
form. We will see that these two problems are very much related.

65
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First we take a deeper look at the second problem. We start with the following
lemma which implies that Ham fixes the Deligne class of (L, «) as claimed above.

Lemma 9.1.1. Let ¢ € Sympy(M) then Flux(¢) is (mod Z) the holonomy of the
flat bundle (¢*L)~' ® L.

Proof. To see this let h : Z1(M) — R/Z be the holonomy homomorphism of L.
Then the holonomy of (¢*L)~! ® L is given by h — h o ¢. Since ¢ is isotopic to
the identity we have a chain homotopy H such that id — ¢ = 0H,4 + Hy0. So for
a€ ZY (M) we get

(h = ho6)(@) = hOHy(a) = [ w=TFlux(d)(a)

Hg(a)
O

So for ¢ € Ham the lemma gives us that (¢*L, *«) and (L, «) are isomorphic
as circle bundles with connection. This implies that we can lift any ¢ € Ham to a
bundle map ¢ : L — L that preserves the connection. Let G, be the group of such
maps. This group is a central extension

0—-R/Z — G, — Ham — 0. (9.1)

The extension was introduced by Kostant in [20] and is called the quantomorphism
group. We will see in section 9.3 that the isomorphism class of this central extension
does not depend on the choice of connection «, but for now it is convenient with
this description of the central extension.

We see that we can restate the second problem mentioned above to whether
or not we can lift the structure group of a given hamiltonian fibration to G,,.

We will need the following lemma form [20] later on

Lemma 9.1.2. We can identify the Lie algebra g, of G, with C*°(M) equipped
with the usual Poisson bracket.

Proof. Take a curve ¢; € G, with ¢g = id and let X be the vector field on L given
by X(p) = %qﬁt(p)‘tzo. We see that since the ¢;’s are equivariant with respect
to the R/Z-action, X also becomes equivariant. This implies that it descents to
a vector field on M which we denote by Xj;, and furthermore that the function
p — ap(X(p)) is invariant, so it descents to a function hx = —a(X) € C*°(M)

on M. We have
d .
0= Sda = Lyxa = dixa+ux,do = —dhx + xw,

so Xy is a hamiltonian vector field on M, and hx is a, not necessarily, normalised
hamiltonian function for X,,.

The above says that we have a map g, — C°°(M) given by X — hx, and since
both Lie algebras are extensions of C§°(M) by R, the 5-lemma gives that it is an
isomorphism, so we only need to show that it is a Lie algebra homomorphism.
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Take X,Y € g, then we have

hixy) = —o([X,Y]) = —w(X,Y) = Ya(X) + Xa(Y)
= —dhx(Y) + dhx(Y) — dhy (X) = —dhy (X) = —w(Y, X) = {hx, hy }.

O

Let us now see where the first problem takes us. We see from remark 8.2.4
that the obstruction to extend w to an integral form is a torsion class in H3(Z,Z),
so this is really just a question of rescaling the symplectic form on M. The real
problem lies in the normalising condition [,, Q"+ = 0. As we saw in section 8.2
we have to divide by (n + 1)vol when we normalise the coupling class. That is, we
can normalise our integral class if and only if [[,, Q"*!] lies in the image of the

map

H2(2,7) "D g2 (7,7).
In the universal case Z = BHam, we have m1(Z) = 0 so the Serre spectral sequence
gives us the exact sequence

H*(Z) — H*(Y) — H*(M),

so we see that the only way of changing the cohomology class of the extension is
by adding a class from H?(Z). If we change our extension form Q by adding a
2-form 7 € Q?(Z) from the base, we get that

/ (Q+pr)"tt = / Q" 4 (n+ 1)volr,

M M

and we see that there is a single well-defined obstruction o € H%(Z,Z/(n + 1)vol)
to getting an integral coupling class. We have the following

Proposition 9.1.3. The obstruction class o € H*>(BHam,Z/(n + 1)vol) vanishes
if and only if the central extension (9.1) splits.

The proof is a bit technical, and the only if part will occupy the rest of this
section. We will postpone the if part of the proof until the end of the next section,
after we have developed more of the theory.

Before we go into the details of the proof, we will need some preliminary results
on hamiltonian fibrations over S2. This is because of the following calculation: We
have that BHam is simply connected so the Hurewitz and the universal coefficient
theorems give us that

H?(BHam, Z/(n + 1)vol) = hom(mo( BHam), Z/(n + 1)vol))
= hom(m; (Ham), Z/(n + 1)vol)).

This implies that we only have to look at the case of hamiltonian fibrations over
S2.

Such a fibration is given by a clutching function, i.e. a map ¢ : S' — Ham,
and it is possible to make quite explicit calculations in this case see e.g. [27] which
we follow in the construction of a coupling form below.
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Let ¢; be a loop in Ham. Let D and D? be two copies of D? with the usual
and the reversed orientation respectively. Let ® : M x D2 — M x §D?3 be given
by ®(z,t) = (¢¢(z),t) and set

Yy =M x D} Us M x D*.

This defines a fibration Yy — 52Tt is not hard to see that homotopic loops define
isomorphic bundles.

A coupling form in the fibration Y; — S? is constructed as follows. Let h;
be the normalised (that is hy € C§°(M)) time-dependent hamiltonian function
corresponding to the loop of hamiltonian diffeomorphisms ¢;. Let ¢ : [0,1] — [0, 1]
be a monotonely increasing function which is equal to 0 near 0 and equal to 1 near
1. The coupling form is then given by

q— w on M x D%
T wHd(e(r)Hiy(z)) Adt on M x D2,

where (r,t) € D? is the radius and the normalised angle respectively and H;(z) =
hi(pe(x)). It is clear that Q is closed and extends w so we only need to see that

/ Qn+1 =0
Yy

in order to conclude that Q2 is a coupling form. We have

Q! — 0 on M x Di
T (n+1Dw™ Ad(c(s)He(z)) Adt on M x D2,

SO

Q" = (n+41) / w Ad(c(r)Hy(z)) A dt

Yy MxD?

=—(n+1) / Hy(z)w" Adt
M xSt

= (n+ 1)/31 (/M Ht(x)w"> Adt
= —(n+ 1)/31 </M ht(x)w") Adt =0,
since hy € C§°(M).

The coupling form € constructed above does not necessarily have integral
periods. By changing the above construction a little we can construct an extension
that has, but then we can no longer guarantee that h; has zero mean, and the last
calculation above will fail in general, i.e. we will not get a coupling form.

Since R/Z is connected, the long exact sequence of homotopy groups we get
from (9.1) implies that m(G,) — m (Ham) is surjective, so we can pick a loop
b € Go over ¢, € Ham. In the same way as before, we have a function & :
L x dD? — L x dD? given by ®(z,t) = (¢(z),t), and we set

(9.2)

Y, ;=LxD}UzLxD?



9.1. Preliminary analysis 69

An explicit connection in the circle bundle Y 5 — Yy is given as follows

B a on L x D%
" a+(c(r)Hy(x)) Adt on L x D?,

where H,(z) = hy(¢4(z)) and hy is the (time-dependent) function associated to
the unique vector field that satisfies

d -~ - -
— ¢y = X; 0 ¢y
i o} +0 Oy
We have as usual that the curvature Qz = dA descents to Yy, and we see that

O, — w on M x D%
27\ wAd(e(r)Hy(x)) Adt on M x D2.

Since {2z is a curvature form, it is clearly an integral extension, but we see that
a calculation similar to (9.2) does not give us that Qz is a coupling form, but we
can at least conclude that

(n+1) [S (/M Bt(x)w”> Adt = /Y¢ ot ez, 9.3)

Lemma 9.1.4. If the expression

/S 1 ( /M fzt(m)w”) A dt (9.4)

takes values in vol - Z for all loops qNSt in Ga, then the short exact sequence
R/Z — G, — Ham
splits.
Proof. Let G, be the universal cover of G, then we will define a map
H:G, — R.

First we define a continuous map H' : PG, — R from the path space of G,. Let,
for a path ¢y,

H'(¢y) = (n+ 1)/ /hfdt Aw",
MJI
where ¢ is the function associated to the unique vector field that satisfies

d
%fﬁt = X¢ 0 ¢y

We see that H' only depends on the homotopy class of the curve, since we know
from the discussion above, that H’ restricted to the loop space QG takes integral
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values, so in particular we have that H’ vanishes on null-homotopic curves. This
means that H' descents to a map H :gg — R.

Note that H restricted to R = R/Z C G, is multiplication by (n + 1)vol.
Take s € R, then the natural representing curve ~ for s is the curve that at
constant speed s goes around R/Z, i.e. at time 1 it has travelled |s] full times
around R/Z and ends in [s] € R/Z. Such a curve in G, has the constant function
hi(x) = s associated to the time-dependent vector field given by the curve, so
H([v]) = (n+1)vol-s. This together with our assumption that H(71(G,)) C vol-Z
implies that H : Ga — R induces a map G, — R/Z which is a left inverse to the
inclusion R/Z — G, and the sequence splits. O

Now we are finally ready to prove the first half of proposition 9.1.3.

Proof. (of the only if part of proposition 9.1.3) Assume that the obstruction
vanishes. As we saw before

H?(BHam, Z/(n + 1)vol) = hom(m; (Ham), Z/(n + 1)vol)),

so we can view the obstruction as a homomorphism o : 71 (Ham) — Z/(n + 1)vol
the value of o on a representing loop ¢; € Ham is given as follows. Form the
corresponding hamiltonian fibration over S? and pick any integral extension Qy,
then o(¢¢) = fy¢ Q2" mod (n+1)vol. That the obstruction vanishes implies that

the expression (9.4) takes values in vol - Z, so lemma 9.1.4 gives us that the exact
sequence (9.1) splits. O

The following commutative diagram with exact columns illustrates the situa-
tion above

n vol
m(R/Z) DG 4 Dvol - 7

m1(Go) — >

where one sees that o vanishes if H(7(G,)) C (n+ 1)vol - Z.

9.2 (,-fibrations

The above results show that it is most natural to consider G,-fibrations when
trying to carry out the construction suggested in the beginning of the last section.
In this section, we show that such fibrations have properties similar to those
of symplectic fibrations mentioned in chapter 8.
A G, -fibration is a fibre bundle Y, — Z with fibre L and structure group G,.
Since G, is a group of bundle maps, we have an action of R/Z on Y7, and if we
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set Y = Y. /(R/Z) we get a hamiltonian fibration Y — Z with a circle bundle
Y, — Y which carries a fibrewise connection {a,}.cz in Yz, — Y.
A map of G- fibrations is a bundle map

Y[IJ#YL,

L,

Z —Z

where f is equivariant with respect to the fibrewise action and preserves the fi-
brewise connection i.e. f*af(z) = a,. This implies that we get an induced map
f Y’ — Y which gives us both a map of circle bundles and a map of hamiltonian
fibrations.

We noted already in remark 7.2.2 that using a partition of unity we can extend
a family of fibrewise connections to a full connection in Y, — Y.

We have the following result:

Proposition 9.2.1. There is a one-to-one correspondence between extensions of
the family {a.} to full connections in the circle bundle Y, — Y and connections
in Yy, — Z, that is, horizontal distribution H C TY7,, that satisfy

Ry.H, = H,, for g € R/Z. (9.5)

Proof. Given an extension A of {a,} we get an extension ) = dA of the family of
symplectic forms {w,} in Y — Z, which in turn gives us a horizontal distribution
Hq CTY as in section 8.2. We define a horizontal distribution H C TY}, by

H =ker Anp, (Hg) CTYy.

Let us see that this is indeed a horizontal distribution, that is for each z € Y, we
have to show that T,Y, =T7Y., & H,.

First, we see that H, N T?Yr, = {0}. Take v € H, NTYYy, then,if p: Y, =Y
is the projection map, we have p.v € Hqpez) N T:(Z)Y = {0} so v € kerp,, but
at the same time we have v € ker A so we conclude that v = 0. Now take any
v € T, Y}, then we can write p,v = v" +v", where v" and v" are the horizontal and
vertical parts of p,v respectively with regard to the horizontal distribution Hg. If
we denote by v"# € T.Y;, the horizontal lift of v € Hop(z) € Tp(»)Y with respect
to A we see that v"# € H, and v — v"# € T?Y7, since p.(v — v"#) = 0¥ € TVY.

We also see that Ry .H, = H.4 for all g € R/Z, since we have Ry, ker A, =
ker A, and p: Yy, — Y is of course invariant under the R/Z-action.

On the other hand, let H C TVY7, be a horizontal distribution satisfying (9.5)
then we can define a connection A in the circle bundle Y;, — Y as follows.

The family of connections defines splittings 77Yr, =2 R @ HY for each z € Y7,
so combining this with our distribution H C T'Y] we get that

T.YL2T)YLoH, X ROH G H, 2RO (HS D H,).

If we set Ha, = HY @ H,, we see that we have defined a horizontal distribution in
the circle bundle Y7, — Y and since Ry Ha, = Ha.4 for all g € R/Z, this defines
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a connection A with ker A = H 4, and this connection clearly extends the family
{a}. O

Given a connection H C TY7, satisfying (9.5), the curvature is
Fy(v,w) = [v#, w#] — [v,w]# = ¥, w¥],

where v, w : Z — T'Z are vector fields on the base space, and v#, w# : Y, — TY,
are their horizontal lifts. Note that since H satisfies (9.5), the lifted vector fields
are equivariant under the R/Z-action. This implies that the vector field Fiy (v, w)
is also equivariant, so plugging it into the connection form A gives a function on
Y, which can be seen as a section in the adjoint bundle. We have the following
curvature formula:

Lemma 9.2.2. Let Q = dA be the curvature of the connection A in the circle
bundle Y, — Y and let Fg be the curvature of the associated connection H in
Y, — Z then we have

Qv , w?) = a0 Fy (v, w)
for v, w vector fields on Z.

Proof. This is a straightforward calculation

) )
= A(p*, w#]) = A(p*, w#]")
= a(w?#, w¥]")
O

Given a symplectic fibration one can define a corresponding frame bundle. This
is done in e.g. [25, ch. 6]. We generalise this to G,-fibrations.

Definition 9.2.3. Given a G,-fibration Y7, — Z we define the associated frame
bundle P — Z to be the bundle over Z with fibre

P.={f:L—Yy| ffa, = a and f is equivariant}.

This defines a principal G,-bundle 7 : P — Z. If we have a G,-connection in
Yr, — Z, we can define a connection 1-form in the frame bundle as follows. First
note that the tangent space at a point f € P is given by

TP = {s is a section in f*TY}, — L | 7. o f. o s = const,
Q(s(z), —) = —dA(s(z)), and s is equivariant, i.e. s(zg) = Rg«(s(2))},

where A is the connection form in Y7, — Y induced by the connection in Y;, — Z.
The vertical tangent bundle is given by

Vi ={s€TyP|s=f.os for s asection in TL — L}.
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We have a connection 4 in P given as follows. For s € T¢P we have
Ag(s) = Aos € (M),

this defines a function on M since s is equivariant and A is invariant under the
action of R..

As noted in section 9.1, the Lie algebra of G, can be identified with C*° (M),
so we still have the invariant polynomials @y, that where defined in section 8.3.
Recall that they where given by

Qk(fla"'vfk):/Mfl"'fkwna flaafkecgo(M)

These are of course defined on all of C°°(M), where furthermore we have the
invariant polynomial @); given by

Q= [ fo

which clearly vanishes on the subalgebra C§5°(M).

As usual Chern-Weil theory gives us corresponding classes g, € H**(BG,,R).
We see that if the short exact sequence 9.1 splits, then the pull-back of these
classes by the map Ham — G, (which is unique, since Ham is perfect) coincides
with Reznikov’s classes in H?¥(BHam,R). On BG,, we furthermore have

Proposition 9.2.4. Let Y, — Z be a G, -fibration then we have classes
Xk € H**(BGq,Z), fork >1,

and xj, = const - g in H?*(BG,,R).
Under the map BR/Z — BG, x1 pulls back to vol - ¢; € H*(BR/7Z,7).

Proof. The first Chern class ¢;(Yz) € H?(Y,Z) of the circle bundle Y, — Y gives
rise to the classes

Yi = / c1(Yp)"* e H?*(BG,, 7).
M

If we pick a connection in Y, — Z we get an extension A of {a.}. Since the
Xk's maps to the classes [, [Q""% € H?*(Z,R) and since the curvature of the
connection is given by F(v,w) = Q(v¥,w?) the proof of proposition 8.4.1 applies
in this setting as well, so up to a scalar, the classes x and g agree in H2*(Z, R).

To see that x; pulls back to vol - ¢;, note that Q1(¢) = vol -t for t € R C
C*°(M), and the invariant polynomial that maps to ¢; under the Chern-Weil
homomorphism is just the identity map id : R — R. O

In [12], Gal-Kedra presents a somewhat different approach to the construction
of integral classes.

Now let us return to the proof of proposition 9.1.3, where we still have to prove
that we can construct a normalised integral coupling class if the central extension
9.1 splits.



74 Chapter 9. Secondary invariants for hamiltonian fibrations

Proof. (of the if part of proposition 9.1.3) From the discussion above, we
see why we cannot expect an integral extension to be normalisable in general. The
class [,,[Q]"*! € H?(Z,Z) is the characteristic class corresponding to the invariant
polynomial @); defined above. If the central extension (9.1) splits, we can reduce
the connection in the G,-bundle to a connection that takes values in C§°(M). Now
@1 vanishes when restricted to C§°(M), so in this case [, [Q]"* = 0. O

9.3 Secondary invariants

In this section, we use the theory developed above to carry out the idea described
in the beginning of the chapter.

Theorem 9.3.1. Given a G,-fibration Y, — Z with connection we have well-
defined secondary classes

Xk € HF(Z,7),
which are natural with respect to maps of G -fibrations and induced connections.

Proof. As we saw in the last section, a connection in a G,-fibration Y;, — Z gives
an extension A of the fibrewise connection {«. } to a connection in the circle bundle
Y, — Y. This gives us a well-defined class A = [(Yz, A)] € H3(Y,Z), and we now
have x5 = f[Y/Z] AR, O

Since the group G, itself depends on the choice of connection « in the prequan-
tum circle bundle L, it is not so easy to see directly from the construction above
what happens if we change the connection. In order to say something about this
issue, we first need a construction of the structure group which is independent of
.

First, recall that the action of Ham on M fixes the Deligne class of the circle
bundle L with connection, so in particular it fixes the isomorphism class of L, so
we can lift any ¢ € Ham to a map of circle bundles ¢ : L — L over ¢ - now we do
not care whether or not it preserves a connection in L. The group Gyam of such
maps is an extension of Ham

g — gHam — Ham

by the gauge group G = Map(M,R/Z). Let (Gram)o € Guam denote the connected
component that contains the identity map, then we have the extension

gO - (gHam)O - Ham7

where Gy = Map(M,R/Z)o = Map(M,R)/Z is the identity component of G. Note
that inside this group we have C§° (M), and if we set Ham = (Guam )o/C§° (M) we
get the extension

R/Z — Ham — Ham.
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This extension is clearly equivalent to the extension (9.1) for any connection «,

since we have a map toGo C Ggam — Ham which is then an isomorphism by the
(short) 5-lemma.

Since there is no canonical action of Ham on L, we do not have a natural notion
of Ham-fibration, but we still have the following:

Theorem 9.3.2. Given a symplectic manifold (M,w) with a prequantum circle

bundle (L, ), then for a principal Ham-bundle P — Z with connection, there are
well-defined classes

() € HE(2,7),

which are natural with respect to bundle maps and induced connections.
If a and &' are gauge equivalent connections in L then xi(a) = Xr(a').

Proof. By identifying Ham with Gq, we get an associated G,-fibration Y, — Z
with connection from the principal bundle P — Z. The first claim follows then
trivially from theorem 9.3.1. So assume that we have two gauge equivalent con-
nections a and «’. That is, we have f € G such that f*o’ = «. This gives a map
f: Goa — Gu where f(qS) = fogo f~L. We see that f fits into the following
commutative diagram

ga ! go/

Ham

This follows from the fact that

fodoft=¢o(@ ofogof)

and ¢~ 1o fogpo f~1 € Gy because ¢! o f o ¢ is isotopic to f.

We have an action of G, on P x L given by g.(z,2) = (7.t4(971),9(2)) and
similarly G,/ acts on P x L through ¢.

The map

F:PxL—-PxL
given by
F(z,2) = (z, f(2))
is equivariant in the sense that
f(9).F(z,2) = F(g.(x,2)).

The induced map on the quotients fits into the following commutative diagram
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P xg, L ol Pxg., L

N

PXgaM:PXga/M

and the claim follows. O

Corollary 9.3.3. Given a symplectic manifold (M,w) with a prequantum circle
bundle (L, «) we have well-defined classes

——0
(a) € H**7Y(BHam ,R/Z), fork > 1.

Under the map BR/Z — BG,, X1 pulls back to vol-¢; = voliid € H'(BR/Z,R/Z) =
hom(R/Z,R/Z).
If « and o' are gauge equivalent connections in L then X (o) = xr(a).

Proof. It follows directly from the interpretation of the extension form () as the
curvature form, or equivalently from proposition 9.2.4, that the image of the class

——34
in Q%(BHam ) vanishes when the connection is flat. This implies that the class
—4
lives in H%*~!(BHam ,R/Z).
To see that x; pulls back to ¢1, pick a connection in the universal Ham bundle

— 3
over BHam that pulls back to the flat connection in the bundle over BHam . The
diagram

BR/Z® —> BR/Z

L]

— ——
BHam > BHam

combined with the result from proposition 9.2.4 then gives that on BR/Z% ¥, and

vol - é1 coincide, since both classes are pull-backs of the class X1 € H2(BHam,Z).
O

9.4 Examples

Example 9.4.1. Recall from example 8.2.5 that if we have a symplectic manifold
(M, w) with a hamiltonian action of a Lie group G with moment map p: M — g*,
then, for a principal G-bundle P — Z with connection A, we can construct a
closed extension of w in the hamiltonian bundle P xg M — Z.

Now let us furthermore assume that we have a circle bundle with connection
(L,a) on M such that the G-action on M lifts to an action on L that leaves «
invariant. Then we can proceed in much the same way as in example 8.2.5 and
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construct a global connection form in P xg L — P xg M as follows. If \g is
the canonical 1-form on T*P and 14 as before is the dual of the projection map
induced from the connection in P — Z, then o = ¢} A\¢g + « is a connection in
PxgT*G x L — P xgT*G x M. This connection descents to a connection in
the circle bundle P xg L — P xg M if the moment map g is constructed from
the invariant connection, i.e. if p,(x) = oz (X, (Z))

This gives, as in the general case above, a class

A=[(PxgL,a)] € H5(P x¢ M,7Z)
and thus classes Y, € H&(Z,7Z).

Example 9.4.2. In this example, we look more closely at the case M = CP"
with w = wpg - the usual Fubini-Study symplectic form. Since m; (CP™) = 0,
we have Ham(CP™) = Symp,(CP"™), and there is, up to equivalence, only one
prequantum circle bundle - the canonical circle bundle H — CP™. Recall from
section 8.3 that there is a hamiltonian action of PSU(n 4+ 1) on CP", and over
this action we have an action of SU(n + 1) on the canonical bundle H. Let o be
an SU(n+ 1)-invariant connection on H, such a connection can be constructed by
averaging over SU(n + 1), i.e. pick any connection o’ and let

*

« :/ g o
geSU(n+1)

where the integration is done with respect to the biinvariant Haar measure on
SU(n+1).
All in all, we have a commutative diagram

SU(Mn+1) — G,

]

PSU(n+ 1) —— Ham

Now following example 9.4.1 for any SU(n+1)-bundle P — Z with connection,
we get a fibration Yy — Z with connection, and from theorem 9.3.1 we get classes

Xk € HE(Z,7),

which are natural with respect to bundle maps and induced connections. Since
proposition 8.3.1 shows that the ¢i’s are a multiple of the usual Chern classes,
we see that the yi’s are a multiple of the usual Cheeger-Simons lifts of these
classes, since both classes are lifts of (a multiple of) the usual Chern classes and
are natural. 5

In the case of flat bundles, we see that classes X, € H2*~!(BHam ,R/Z) ex-
tend a multiple of the usual Chern-Simons classes é, € H2*~1(BSU(n+1)°,R/Z).






Chapter 10

Symplectic surface bundles

This last chapter is more open-ended than the preceding ones. It builds on the
interesting work of Kotschick-Morita [21, 22] on the cohomology of the discrete
hamiltonian and symplectic groups of a closed oriented surface ¥, of genus g.
Our idea was to see how much of their work we could generalise to general sym-
plectic manifolds, using classical constructions of secondary classes and by pos-
sibly carrying out these constructions on extensions of Ham(X,) and Symp(X,).
The proofs in [21] rely heavily on techniques from the theory of surfaces, and it
turned out to be harder than expected to generalise their ideas. However along the
way, we where able to give an explicit description of some characteristic classes
in H2(BHam(2,)%, R)# (ME) and thus answer a question posed by Kotschick-
Morita in the end of [21]. In the first section, we will quickly review the work of
Kotschick-Morita [21] in order to put the construction in section 10.2 into a proper
context. We will end the chapter with a section, in which we will try to explain
some of the ideas we had about generalising the work of Kotschick-Morita.

Below we will abbreviate H'(X,,R) by Hg in order to make the notation a bit
easier.

10.1 Overview of the work of Kotschick-Morita

In the papers [21, 22], Kotschick-Morita focus on the closed oriented surfaces 3,
of genus g > 2, so let us first state some preliminary facts about this special case.

First of all, Moser’s stability theorem (see e.g. [25, ch. 3]) implies that the
group of orientation preserving diffeomorphisms Diff (¥,) homotopy retracts onto
Symp(X,), and that we have the short exact sequence

1 — Sympg(3,) — Symp(Eg) — Mg — 1, (10.1)

where M, is the usual mapping class group.

Since Diffy(2,) is contractible by a theorem of Earle-Eells [9], we get that
Sympq(E,) too is contractible, so m(Symp,) = 0 and the flux group I' C H}
vanish. This gives us the short exact sequence

1 — Ham(¥,) — Symp,(2,) — Hg — 0. (10.2)

79
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In [22], Kotschick-Morita noticed that for ¥, as above, it is possible to extend

the flux homomorphism Flux : Symp, — H} to a crossed homomorphism Flux :
Symp — Hj, i.e. a map satisfying

Flux(¢y) = Flux(y) + 1 Flux(¢).

This is possible because, for the universal flat symplectic fibration Xgym, =
ESymp5 XGympd Hg — BSympé, there are two essentially different classes that
extend the fibrewise symplectic form. There is the connection 2-form €2 which
defines the flat connection. This is just the form induced from the invariant form
w on ESymp® x Y4 Furthermore, we have on Ygymp the Euler class of the fibrewise
tangent bundle e = e(T"Ygymp) € H?(Ssymp, Z). If we scale the symplectic form
such that [, w =29 — 2 then —e will extend [w].

Since both [Q] and —e extend [w], we get that F = [Q] 4+ e is a class in
H'(Symp®, H}). Kotschick-Morita show that any representative for F will be a
crossed homomorphism extending Flux. Furthermore, such an extension is essen-
tially unique in the sense that the cohomology class F' € H!(Symp, H3) is unique.
This follows from the exact sequence

H' (Mg, Hy) — H'(Symp®, Hy) — H' (Sympg, H)™,

since H'(Mgy, HL) = 0 by a calculation of Morita [26]. The exact sequence is
obtained from the spectral sequence associated with the short exact sequence
(10.1) and with coefficients in Hj.

Note that it is too much to expect the extension to be a homomorphism, since
the usual flux homomorphism satisfies the relation

Flux(¢p~'¢yp) = ¢*Flux(¢), for ¢ € Symp, and 1 € Symp.

The above can be generalised to any symplectic manifold M where there is a
universal extension of the fibrewise symplectic form in Mgymp = ESymp Xsymp
M — BSymp, e.g. when w is proportional to the first Chern class ¢; = ¢;(T'M).
McDuff elaborates further on this in [24].

The existence of Flux : Symp — Hj was used in [21] to construct characteristic
invariants as follows. First one notes that since Ham is perfect H;(Ham) = 0. This
together with the spectral sequence associated with the short exact sequence (10.2)
implies that the flux homomorphism induces a surjective homomorphism

Ha(Symp) — Ha(Hy®) = A7 Hy.
Kotschick-Morita shows that for a surface X, we have an isomorphism
(AzHg)pm, = SR

induced by the discrete cup product pairing. This means that the extended flux
homomorphism induces a surjective homomorphism

Hy(Symp®) — S2R.
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This induces a map
Hop,(Symp’) — S*(SZR),

which they show is surjective for g > 3k. In fact they show an even stronger result.
The first Miller-Morita-Mumford class gives a surjective map H. Q(Symp‘s) — Z, and
combining these maps they show that, for g > 3k, there is a surjective map

Hay(Symp(%,)°) —» Z & SR @ S*(SZR) @ - - @ S*(SZR).
The other part of [21] is concerned with the map
H*(H°,R) — H*(Sympj,R)

induced by the flux homomorphism. Here we look at Hp as a discrete abelian
group, so the cohomology groups H*(H%%, R) = homgz (A% HZ, R) are huge, but by
restricting to the continuous cohomology HE (HE?, R) C H*(HL%, R) Kotschick-
Morita are able to determine the kernel of this map. Here the continuous coho-

mology is the subgroup
AL HL(3,,R) = homg (AL HE, R) C homz (A HE, R) = H*(HE®,R).

Let {z1,y1,...,%4,yy} be asymplectic basis for H; (X, R) (see fig. 10.1) and let
wo = Y x; Ay; be the standard symplectic form on AZH; (3, R). Kotschick-Morita
shows that the kernel of the map AjH,(X,, R) — H*(Symp,R) is generated by
wo A H1(3,4,R). This is done by an explicit calculation using the fact that, since
Symp, is contractible any Symp,-bundle is trivialisable. The image of 2wy in
HZ(Sympg, R) coincides with the restriction of the class o € HQ(Symp‘s, R) which
induces the map Hz(Symp) — S2R — R.

> &

Figure 10.1: The symplectic basis {1, y1,...,%g,Yg}-
From the spectral sequence associated to the short exact sequence (10.2) we
get, since H 1(Haum‘s) =0, the exact sequence
0 — H?(HE°,R) — H?*(Symp),R) —
— H?(Ham’, R)"™ — H*(H3®,R) — H*(Sympf, R).



82 Chapter 10. Symplectic surface bundles

This means that the classes woAH1(X,,R) C H3(HE%, R) can be lifted to classes in
H 2(Haum‘s,]R)Hlﬁ. Kotschick-Morita use this fact, together with the corresponding
homology spectral sequence, to show that there is an inclusion H} C Hg(Ham‘s) HL-
We will give an explicit description of these lifted classes below.

10.2 Explicit construction of classes for hamiltonian surface
bundles

In this section, we will start by looking at a general Lie group G with Lie algebra g.
Let F'G be the homotopy fibre of the canonical map BG° — BG. It is well-known
that F'G classifies flat G-product bundles. If G is contractible F'G is homotopy
equivalent to BGY.

The homology H.(g) of a Lie algebra g is the homology of the chain complex
A*(g) with differential

d(vr A Avg) = > (1) v, 0] Aoy A A Aves Ay A A
1<J

There is a natural map A : H.(FG) — H.(g) from the homology of FG to the
Lie algebra homology of g. We refer to [5] for an explicit, natural construction of
this map at the chain level.

In the finite dimensional case, where H C G is a maximal compact subgroup
and G is semi-simple, the short exact sequence of Lie algebras

h—g—bh/g

splits, so the corresponding spectral sequence is not that interesting. In the case of
the infinite dimensional groups G = Symp, and H = Ham, the sequence does not,
however, split in general, so there might be non-trivial differentials in the spectral
sequence.
Both
H,(Ham’) = Ham/[Ham, Ham]

and
H, (Lie(Ham)) = Lie(Ham)/[Lie(Ham), Lie(Ham)]

vanish so by combining the E3-term in the spectral sequences for the short exact
sequences of groups (10.2) and for the corresponding short exact sequence of Lie
algebras

Lie(Ham) — Lie(Symp) — Hg (10.3)
together with the natural map A, we get the following commutative diagram

d3

Hs(HL%) Hy(Ham’) g2 (10.4)

Al |

Hj(Lie(H})) —2 Ha(Lie(Ham)) 2
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On the left hand side, the map A is nothing but the natural map
H3((Hy®)) = AZHg — AjHy = H(Lie(Hz)),

which is clearly surjective. So one way to see homology in Hg(Ham5) g} 1s by trying
to calculate the image of ds : Hs(Lie(Hg)) — Hy(Lie(Ham)) 1.
Recall from section 8.3 that we have an Ad-invariant inner product

(f,g) = /M foun.

Now for a closed 1-form « € Q!(M) we define the 2-cocycle h, on Lie(Ham) by

ha(f.9) = (f.lg o) = /M Fdgna e,

Clearly, this only depends on the cohomology class of «, so we get a linear map
h : HY — H?_(Lie(Ham)), where H},, means that we only take cohomology of
the complex of continuous cochains. The classes h, were introduced by Roger in
[29] where he also announced that the map h is in fact an isomorphism for any
symplectic manifold M. To our knowledge a proof of this has been published, so
it should probably be seen as a conjecture rather than a theorem. Below we will
see that at least for M = ¥, a closed surface of genus g > 2 the map is injective.

If we see hq as a map Hy(Lie(Ham))y: — R, we have
Proposition 10.2.1. For g > 2 the map h, o A : Hy(Ham(%,)%,, — R is non-
R
trivial for all a € Hy.

Proof. The idea is to show that h, o ds is non-trivial, since \ : H3(Hg%) —
Hj(Lie(Hy)) is surjective the commutativity of (10.4) will then imply that h, o A
is non-trivial. So we have to look closer at the differential ds : Ef, — E3, in
the spectral sequence for the short exact sequence of Lie algebras (10.3). Recall
that the spectral sequence is obtained from a filtration of the chain complex C, =
A*(Lie(Symp)), where

F.C,={z= Zvﬂ A Ay, € A™(Lie(Symp)) |
For each i at least 7 of the v;;'s lies in Lie(Ham)}.

If welet Z,, = {z € F,Cprq | dv € F},_Cpy g1} then the E"-term in the spectral
sequence is given by
-1 -1
Epg = Zpal 12551 qmrv2 T 271 g1

In order to see what the differential d3 does, take an element a AbAc € A3H} and
representatives «, 3 and v € Q!(2,) for a,b and c respectively. We have

dlaNBAY)=—[a, B] Ay + [,y A B = [B, 9] A e,

and since [Lie(Symp), Lie(Symp)] C Lie(Ham) we have d(a A B A7) € F1Cs.



84 Chapter 10. Symplectic surface bundles

This is the differential on the E2-page of the spectral sequence. We know that
Lie(Ham) = [Lie(Ham), Lie(Ham)] so the da-differential vanishes. To calculate the
next differential we have to add something in F»C35 to a A B Ay so that the
differential maps it into F5Cs. To make the calculations more transparent, we will
identify Lie(Ham) with the exact 1-forms B'(¥,) and first switch to functions at
the end. Pick df,,dg, € Lie(Ham) such that [«, 3] = [df,, dg,] and similarly for
f8,95 and fq, go- Then if we set

r=aANBANy—=dfy Ndgy Ny +dfs ANdgs A B — dfa Adga N a,
we see that x = a A S A~y mod Z22’1, so both elements represent a AbAc € Eg’o =

B3, = Hy(Lic(H3)).
We have

dl‘ = _[df"/ar}/] A dg’Y + [dg’Ya'Y] A dfv—i_
+ [dfs, Bl A dgs — [dgg, B] A dfg—
- [foma] A dga + [dgowa] A dfa~

Now let 7 € Z!(X,) be a closed 1-form then
hiry(dz) = —(ldfy, 7] [dgy, 7]) + ([dgy, ], [dfy, 7))+

+ <[df57ﬁ]’ [dgﬁ’TD - <[d967ﬁ]7 [dfﬁ’TD_
— ([dfa,al, [dga, T]) + ([dga, @, [df o, T])

and here

<[df"/7'ﬂ7 [dg"/’TD - <[d97>7]’ [df’Y)TD = <[Tv [df“/aq/”vdg’» - <[’7a [df’y77-]]7dg’v>
<[df’v7dg"/]7[% T]>
(la, 8], [v, 7))

Similarly in the other two cases, so we get that

h[‘r](dx) = _<[O"ﬂ}7 [77T]> + <[Oé,’)/], [6’7—]> - <[6a '7]7 [04,7']>.

Now choose a symplectic basis {z1,y1, -, %4, Yy} for H1(Z4, R) (see fig. 10.1)
and let x} and y; be the corresponding Poincaré duals. Pick 1-forms «; and g;
representing z; and y; respectively, such that they have support near y; and z;
respectively.

Then we have

[ai, 5] = [Bi,8;] =0
and for i # j

[aiaﬂj} = 07



10.2. Explicit construction of classes for hamiltonian surface bundles 85

simply because the 1-forms have disjoint support. We then get from the calculation
above that for i # j

hy: (d(af Ay Aag)) = = (o, B, g, B]) + (e a5l 185, B51) = (1Bi, ey, [, B51)
= —([ay, Bi], [OéjaﬂjD'

If we let X; and Y; be the symplectic vector fields corresponding to «; and 3; we
get that the hamiltonian function that corresponds to the exact form [a;, 3;] is
given by w(X;,Y;) + const, where the constant is chosen such that the function
has zero integral. That is

const:—/ w(Xi,Yi)wz—/ LXiu)/\Ly,iu)Z—/ o; NGBy = —1.
Y 2 b

g9 g9 g9

This gives

g e A ha) = = [ (X3 = 1) (X, 5) = D

g

=—-2—-vol=-2g#0
in which we have used that w(X;,Y;) and w(X;,Y;) have disjoint support. O

From the proof above we get:

Theorem 10.2.2. The classes
ha € hom(H(Ham(%,)?) 41, R) = H?(Ham(%,)°, R)
are the explicit representatives sought after by Kotschick-Morita in [21].

After the above work had been finished we realised that in [31], Vizman have
also calculated the differential d3, but in a different context than ours. Her goal is
to show that for a general symplectic manifold M, h,, will in many cases lie in the
kernel of the differential ds : H? (Lie(Ham))Hé — H3(Lie(H})), so it is possible

cts
to extend it to a class in H2 (Lie(Symp)). She shows that

ds(he)(1B1] A [Ba) A [Bs]) = nln — 1) /M QA By A By A By AW

—n? Z /a/\ﬂl/\w"71~/ Ba A By Aw™
cyclic perm M M

of the 3;’s
which is consistent with our result for M = ¥,. This more general formula should
make it possible to find cohomology classes in H2(FHam(M),R)= for more gen-
eral symplectic manifolds in the same way as above, but since Ham (M) is generally

not contractible, it islprobably hard to say whether these classes are coming from
H?(BHam(M)?,R)z.



86 Chapter 10. Symplectic surface bundles

10.3 Unsolved problems

In this last section, we will describe some ideas about how to generalise the work
of Kotschick-Morita [21]. There are no final results in this section, but the ideas
might be interesting in the sense that they present new angles on known results.

We had hoped that we would be able to generalise the result of Kotschick-
Morita mentioned in section 10.1, i.e. that there is a surjective map

Hay,(Symp) — S*(AZHg).

In the case k = 1, this is true for any symplectic manifold M, since it only builds
on the fact that Ham(M) is perfect, which is always true. We had hoped that we
would be able to generalise this under some mild restrictions by looking at a cover
of Symp(M) where the extended flux homomorphism is always defined. However
the proof of Kotschick-Morita’s result relies heavily on techniques from the theory
of surfaces, and we were not able find an alternative proof.

We will still give the definition of the extended flux homomorphism on a cover
of Symp. Let (M,w) be a symplectic manifold such that w has integral periods
and let (L, «) be a prequantum line bundle. Furthermore, let Symp; C Symp be
the subgroup of symplectomorphisms that fixes the isomorphism class of the line
bundle L, so if e.g. H?(M,Z) is torsion-free then Symp; = Symp. Then if we
denote the group of bundle maps of L lying over a symplectomorphism by Gsymp
we have the following short exact sequence of groups

1 — G — Gsymp — Sympy, — 1,
where G = Map(M,R/Z) is the gauge group. Now we can define a map
F : Gsymp — Hﬂé
by
F(9) = ¢"a —a.
We see that the identity comB(_)\n'Snt of the gauge group Gy = Map(M,R)/Z lies in
the kernel of F, so if we set Symp = Gsymp/Go, we get an induced map

Flux : Symp — H}.

We have that Symp is a cover of Symp with fibre H.. If we restrict to Symp,, we
see that Symp, has a natural trivialisation by identifying Symp, with (Gsymp)o/Go,

and that Flux and Flux coincide here as maps Symp, — Hg/T.

The above fits nicely with the results of McDuff [24], where it is shown that
there is always an extension of flux Flux Symp — H}/HJ. This also suggests
that the above construction could make it possible to say maore about when Flux
extends besides what is shown in [24].

In section 10.1, we noted that the kernel of the map

ApH;(M,R) — H*(Symp, R)
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was generated by wg A Hi(M,R). This was shown in [21], first by showing that
the ideal generated by wo A Hy (M, R) lies in the kernel and then, by evaluating on
certain homology classes, it is seen that this is in fact all of the kernel.

We will try to put this into a slightly different context, where one can see that
these classes arise in the same way as in the case of finite dimensional Lie groups.
This might help to understand the nature of these classes, but the underlying
argument that ensures the non-triviality of the classes is really the same as the
one Kotschick-Morita use.

For an ordinary Lie group G with maximal compact subgroup K the quotient
G/ K is contractible, and one way to construct characteristic classes in H*(BG°,R)
is as follows: Take a G-invariant closed form 7 € Q*(G/K)%, this induces a form
on the total space of the associated bundle EG? x s G/K — BG?, and since G/K
is contractible, the map

H*(BG®) — H*(EG°® xgs G/K)
is an isomorphism, so we get a map
H*(Q*(G/K)®) — H*(BG®).

In the finite dimensional case, this map is injective. This is true because there
exists a discrete, torsion-free subgroup A C G such that A\G is a closed manifold.
Then one can show that the composite map

H* (" (G/K)®) — H*(BG?) — H*(BA) — H*(A\(G/K))

is injective.

In the infinite dimensional case with G = Symp, and K = Ham, we have
G/K = H} and Q*(G/K)® = AFHL*, since Symp, acts on H} by translations.
Furthermore, the differential vanishes, since the forms are translation invariant,
so in this case we have H*(Q*(G/K)%) = A*(HL*) = A*H (M, R).

If we could find a discrete subgroup in Sympy lying over the lattice H} C H3,
we would have A\(G/K) = Hg/Hj, and we could imitate the proof of the finite
dimensional case to see that the map A*H, (2, R) — H*(BSymp}, R) is injective.

This is of course not possible, since Kotschick-Morita has shown that the kernel
of this map is generated by wo A H1(M,R). There are, however, many lattices in
H) C H} of rank g, with the property that we can choose a discrete subgroup
A C Symp, over this lattice. One can e.g. pick symplectomorphisms ¢1,..., ¢,
with support near z1,...,z, in fig. 10.1, and such that the Flux(¢;)’s generate a
lattice of rank g in Hj.

If instead we set G = Symp(X,) the whole symplectic group and let K be the

kernel of the extended flux homomorphism Flux : Symp — Hg, then we have that
OF(G/K)¢ = (A*H})Ms and again the differentials vanish. We see here that wi €
(A%29HE)Ms | and if, in this case, we could find a discrete group A C Symp lying
over H}, this would imply that the corresponding class in H?9(BSymp(%,), R)
is non-zero. This is quite conjectural, but if this approach is successful it would
generalise the result from [21] that wf # 0 for g > 3k. It would also give a direct
explanation of why the class w? is non-zero in H*(BSymp, R) but w? vanishes in
H*(BSymp,, R).
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