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Abstract

A task of random size T is split into M subtasks of lengths T7,..., Ty,
each of which is sent to one out of M parallel processors. Each processor may
fail at a random time before completing its allocated task, and then has to
restart it from the beginning. If Xi,..., Xjs are the total task times at the
M processors, the overall total task time is then Zjp; = max;,  a X;. Limit
theorems as M — oo are given for Z;, allowing the distribution of T to de-
pend on M. In some cases the limits are classical extreme value distributions,
in others they are of a different type.

Key words Cramér-Lundberg approximation, failure recovery, Fréchet distri-
bution, geometric sums, Gumbel distribution, heavy tails, logarithmic asymp-
totics, mixture distribution, power tail, RESTART, triangular array

1 Introduction

Consider a job that ordinarily would take a time 7" to be executed on some system
(e.g., CPU). If at some time U < T the processor fails, the job may take a total
time X > T to complete. We let F', G’ be the distributions of T, U with H = Hpg
the distribution of X, which in addition to F, G will depend on the failure recovery
scheme.

Many papers discuss methods of failure recovery and analyze their complexity,
like restartable processors in Chlebus et al. [7], or stage checkpointing in De Prisco
et al. [8], etc. There are many specific and distinct failure recovery schemes, but
they can be grouped into three broad classes:

*Under revision for Journal of Statistical Theory and Practice.



RESUME, also referred to as preemptive resume;
REPLACE, also referred to as preemptive repeat different;
RESTART, also referred to as preemptive repeat identical.

In the RESUME scenario, if there is a processor failure while a job is being executed,
after repair is implemented the job can continue where it left off. All that is required
mathematically is to remember the state of the system when failure occurred. In the
REPLACE situation, if a job fails, it is replaced by a different job having the same
distribution. Here, no details concerning the previous job are necessary in order to
continue.

The analysis of the distribution function H(x) = P(X < x) when the policy is
RESUME or REPLACE was carried out by Kulkarni et al. [11], [12] (see also Bobbio
& Trivedi [4], Castillo & Siewiorek [5] and Chimento & Trivedi [6]). The RESTART
policy had resisted detailed analysis until the recent papers by Sheahan et al. [15],
Asmussen et al. [1], Jelenkovic & Tan [10], where the tail asymptotics of H was
found under a variety of assumptions on F' and G. The setting of [10] is file transfer
problems and involves an on-off model that incorporates what in the present setting
corresponds to repairs. In contrast, [1] has its background in the computer science
literature on failure recovery in the execution of a program on a computer.

For many systems failure is sufficiently rare to be ignored, or dealt with as an
afterthought. For other systems, failure is common enough that the design choice
of how to deal with it may have a significant impact on the performance of the
system. One such example arises in parallel computing, where the probability of
failure of a single processor in isolation may be small, but the number of processors
is so large (in practice, often hundreds or thousands) that the probability that
one or more processors fail cannot be neglected. The present paper studies the
implications of the analysis of [1] for this situation. To formalize the set-up, assume
that the job is split into M parts of lengths S, ..., Sy, which are executed on
M parallel processors. The total times on the processors, including restarts, are
denoted Xj, ..., Xy. Thus the total time for the whole job is Z = max;—1_u X;.
What can then be said about the distribution of Z?7 For example, assume there is
given a cost function of the type a + bM + c¢Z,; where a is a set-up cost, b a cost
per processor and ¢ the cost per unit time. One would then want to choose M to
minimize the expected cost a + bM + cEZ); (note that one expects EZy, to be a
decreasing function of M).

The reason for using parallel processors will often be that the job is large. For
example, the job could consist in generating R replicates of a Monte Carlo estimator
for some large R. On the other hand, there may be situations where speed is an
essential factor when executing a job of small or moderate size, i.e. the cost function
has a large c¢. For example this could occur in filtering a noisy signal or in option price
calculations based upon high-frequency input. This suggests considering a general
triangular array situation where the total job size T'= T); and hence F' = F};, the
distribution of the job time faced by a single processor, varies with the number M

of processors. We then write SfM), cee S](\y), Xl(M), . ,X](V[M),
Zy = max Xi(M)
i=1,...,M

and Hy(x) =P(Zy < z). We will consider two scenarios:
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(D) T = Ty = tp for some deterministic ¢y, and Sy = sy = ta/M; then Fyy is
the one-point distribution at s,;;
(') Fyr is Gamma(as, A) with density

)\OéM
F(Oé]\/[)

Further, SﬁM), cee S](\f‘[/[) are independent. Thus the distribution of the total job size
is a Gamma(May, ) distribution.

touw—le—/\t

fu(t) =

A random total job size arises in situations where the run length of the job sent to
parallel processing will not be known in advance but is random. An example is Monte
Carlo simulations involving random number generation by acceptance-rejection or
more complicated stopping times such as cycles in regenerative simulation (see [2]).
Note that since for fixed A, the Gamma(a, A) distributions form a convolution semi-
group in «, assumption (I') is a natural stochastic extension of the deterministic
set-up (D) (as corresponds to spr). For example, in the Monte Carlo setting each
replication could take a Gamma(a, 3) time, and each processor would be asked to
perform R, replications. Then ap; = BR);. Of course, the Gamma case is only
one among many where the total job size is infinitely divisible, and independence
among subjobs is a reasonable assumption (such independence may certainly fail in
some situations, but we do not consider this possibility here).

In scenario (D), we sometimes assume that ty; = t;MP, i.e. sy = s MP~! for
some p > 0. Here p = 1 could be relevant for the Monte Carlo example and p = 0
for the filtering example, though clearly in both situations intermediate values could
also arise. The cases p < 1, p =1 and p > 1 are qualitatively different since in the
first sp; — 0 and in the third s); — oo subject to (D), whereas sj; is constant when
p = 1; analogous remarks apply to the Gamma case with the o, taking the roles of
the s),.

We will assume throughout the paper that the failure time distribution G is
independent of M and, except for Section 4, that G is exponential, with rate pa-
rameter .

The paper starts in Section 3 by an analysis of the case p = 1. This is fairly
easy, because then S does not depend on M and the X; 5; are i.i.d. random variables
with a distribution not depending on M. Given the results from [1] on the tail of H,
classical extreme value theory ([13]) can therefore be easily translated into a limit
theorem for Z,;.

If p # 1, the X; 5 have a distribution depending on M, so that we are beyond
classical extreme value theory and have to consider a triangular array setting. This
is carried out in Section 4 for p < 1 and Section 5 for p > 1. Finally, the Gamma
case with oy, — oo is treated is Section 6 (the case oy — 0 is non-trivial and is
not included here).

2 Preliminaries

We first recall some background material from Asmussen et al. [1] for the RESTART
setting with F' independent of M. The key to the analysis in this work is the fact



that given T'=t, X is distributed as

N(t)

t+ S(t) where S(t) = > Ui(t), (2.1)

where the U;(t) are i.i.d. distributed as U conditioned on U < t, i.e.

Gy)/Gt) y<t
1 y>t’

P(Ui(t) <y) = {

and N(t) is an independent geometric r.v. with success parameter G(t)=1-G(t),
that is, P(N(t) = n) = G(t)G(t)". The following result plays a key role in [1] as
well as the present paper:

Lemma 2.1. Assume T =ty and G(ty) > 0. Then
ﬁ(x) ~ C(tO)GW(to)toe—V(to)m (2.2)

where y(t) > 0 is the solution of fot WVG(dy) = 1 and O(t) = G(t)/v(t)B(t)
where B(t) = fg ye Dg(y) dy. Further,

effy(to)x < H(m) < e’Y(tO)tOe*'Y(tO)x (23)

A common terminology refers to (2.2) as the Cramér-Lundberg approximation
and to (2.3) as Lundberg’s inequality.

We shall also use the following obvious consequence of the representation (2.1)
of the conditional distribution of X given T = t:

H(z) = /OOOIP’(t+S(t) > z) F(dz). (2.4)

For Scenario (I'), the relevant result from [1] is the following (with some typos
in [1] corrected here):

Lemma 2.2. Consider Scenario (I') with apy = o independent of M. Then

A
o 1 a—1 F(—) )\a 1
H(z) ~ 2% 7 x — oo, where C = - —.
B RO

We shall also need:

Lemma 2.3. Let K be a distribution function such that MH (aMy + bM) —
log K(y) for all y. Then the distribution of (Zy — byr)/an converges to K.

The lemma is standard in extreme value theory when H), is independent of M
and follows from the fact that
)M

P((ZM_bM)/aMS?J) = HM(aMy+bM = (1_MFM<CLMy+bM)/M>M7



by taking logs and expanding in a Taylor series. The classical limits relevant for this
paper are the Gumbel distribution with K (y) = e~ " and the Fréchet distribution
with parameter 8 > 0 where K(y) = ¢ ¥ (a Weibull limit may also occur in
the classical setting, but is not relevant for RESTART because it requires bounded
support). However, in a triangular setting other types of K’s may occur, of which we
will later see examples. A general reference on extreme value theory for triangular
arrays is Valente Freitas & Hiisler [16]. However, this reference basically covers only
a neighborhood of classical extreme value theory (i.e., Sy not too varying with M so
that non-classical limits are not covered), and further, it requires a differentiability
condition on Hj; which fails at sy, 2sp7,....

An important feature worth stressing is that extreme value statements deal with
typical values of Zy; (of the form by + apy in the setting of Lemma 2.3), not with
tail behavior.

3 The case p = 1: classical extreme values

Assume that Fj; does not depend on M.

Proposition 3.1. Consider the case sy = sy in Scenario (D). Let v denote the
solution of 1 = fgo e e "dy and set C = e " /yB, where B = fgo yerY ue Mdy.
Then v(Zy — s1) — log(MC) has a limiting Gumbel distribution as M — oo.

Proof. Note that Z,; — s; is distributed as the maximum of M independent copies
of S(s1) and that
P(S(to) > z) ~ Ce*, z — oo,

by Lemma 2.1. An asymptotic exponential tail is a standard sufficient condition
in extreme value theory for the random variable to be in the maximum domain of
attraction of the Gumbel distribution, and the form of the normalizing constants also
follows from this theory. A direct proof from Lemmas 2.1 and 2.3 is straightforward:
with ay = 1/7, by = s1 +log(MC) /7, one gets

Mﬁ(aMy—i—bM) ~ MC’eVSle_V(aMyJ’bM) = e Y.
]

The implication is that Z,; is of order log M /~. For example, since — loglog 2 is
the median in the Gumbel distribution, we obtain the approximation s;—loglog 2/v+
log(MC')/~ for the median of Zs; note that, as remarked at the end of Section 2,
this is not a tail approximation but telling information about the typical values
of My. Similarly, since the Euler constant ¢ ~ 0.577 is the mean of the Gumbel
distribution, one obtains the approximation ¢/v + s; + log(MC)/~ for EZ,, (for
verification of the required uniform integrability, see Pickands [14]).

Proposition 3.2. Consider Scenario (I') with apy = « independent of M, and
define
CH/A

— Mol DR/ r
RV |

>



where C' is defined in Lemma 2.2. Then Zy/ay has an approximate Fréchet distri-
bution with parameter § = A/ p.

Proof. The result again follows from the standard extreme value characterization
of the maximum domain of attraction of the Fréchet distribution and Lemma 2.2.
Again, a direct proof from Lemma 2.3 is easy: with by, = 0, one gets

1 log(aMy))a_l 1
MH(any) ~ —(— .
()~ o 30)% :

]

Again using the median as an example, the approximation for the median of 7,
becomes ay;/log"/? 2. The mean of the Fréchet distribution is finite if and only if
B > 1 and then equals I'(1 — 1/3). This suggests the approximation ay/I'(1 — 1/5)
for EZ); when A > p. Since ay; is roughly of order M*/* which increases much
faster than the log M occurring in Scenario (D), this shows the dramatic effect of
randomness on the total job size.

4 Scenario (D) with p <1

We now assume in Scenario (D) that ¢y, = t;M? for some 0 < p < 1 and t; > 0 so
that sy = t; MP~1. We will work with the following condition on G-

G(z) = z*L(z) (4.1)

with @ > 0 and L slowly varying at 0, so that lim,_ .., L((tz)™')/L(z71) =1¢ > 0.
In particular, this covers a Gamma G where L(x) has a limit as | 0 (in the
exponential set-up, & = 1 and L(x) — p).

We note the following consequence of (4.1):

G(spx)
G(sm) M L(sm)

li]&nIP’(sX/[lU <z|U<sy)= li]\r}l =z, (4.2)

where 0 < 2 < 1. We define U@ to be a random variable with distribution function

0 x<0
P(U(a)gx): * 0<z<1,
1 z>1

and because of (4.2) we have
sﬁU§x|U§sM2>U(“).

Theorem 4.1.
I) Assume p # (ka —1)/ka for any k € N. Set p* = |1/(a(1 —p))|. Then

MY P2y — 15 (4.3)



IT) Assume p = (ka—1)/ka for some k € N, and also that lim, o L(x) = v € (0, 00]
exists. Then

My -1 27, (4.4)
where V' is distributed as

k
— J
1I§njzg<v (k 1, Zl UZ>

with the Uij being i.i.d. U r.v.’s, N is an independent Poisson r.v. with mean ~y
when v < 00, and N = 0o a.s. when 7 = 00.

kirak
2(:1

For the proof, we denote by RZ(M) the number of restarts of the ¢th processor,
and let Vk(M) be the number of processors, with k restarts, so that

M
V=D 1Y = k)
i=1

Let ppr = G(spr) and define
Onmr = P?w(l — pum)-

We have I(R™ = k) 2 Bin(1, ©p) and VM 2 Bin(M, Oy14).
A? a) first step in the proof of Theorem 4.1, we examine the limit possibilities
for VkM :

Proposition 4.1.
) If k < 1/a(l —p), then, setting opr = /MO (1 — Onri), we have

1
OM

IN) If k =1/(a(l = p)), and lim, o L(z) = v € (0, 00| ezists, then

D

(Vk,(M) - M@M,k) 2 N(0,1), M — . (4.5)

VM B po(tekyk) M — oo, (4.6)
where v = oo corresponds to the degenerate case at co.

1) If k> 1/(a(1 — p)), then

v Lo M — . (4.7)

Proof. First we notice that since sp; = t; MP~!, then for all k € N
MOy, = M@= ke G (53 )*(1 — G(sar)) (4.8)
-~ Ml—i—koc(p—l)L(thp—l)kt(lxk

Now, for the proof of I) assume k < 1/(a(1—p)). We need to prove that MO, — co.
This is seen by defining H(y) = L(t,/y)*. Then H is slowly varying at infinity, and
we have:

M®M,k — Ml-l-ka(p—l)L(thp—l)k — Ml-l-ka(p—l)H(Ml—p) )

7



Substituting 23, = M~ in this expression yields

Lok
zy" “ H(xy),

which tends to infinity by Proposition 1.3.6(v) in [3]. This implies that oy — o0,
and therefore the normal approximation of the binomial distribution (e.g. (5.33.1)
in [9]) implies

1 M
— ( I(R™M = k) — @M,k) 2 N(0, 1),

thus proving I).

The proof of III) uses the same calculation as above, where the assumption
k > 1/(a(l — p)) implies MO, — 0 (again, using Proposition 1.3.6 in [3]), that
is ]EVk(M) — 0, and since V,C(M) > 0 we have Vk(M) — 0 in L', which proves III).
Regarding II), we see that (4.6) follows from (4.9) and the Law of Small Numbers
if v € (0,00). If v = oo then we may use (4.9) to conclude that MOy, — oo.
Using Chebycheff’s inequality we have that P(V;M < @) — 0, and therefore
limy, P(VM < ) = 0 for all x, which proves II). O

Corollary 4.1. If k < 1/(a(p — 1)), then limy, P(Vk(M) >x) — 1 for all x.

Proof. Since MOy /op — o0

M) _ —M
hmIP’(V ) >2) = lim P (Vk Ous 5 @ 9Ma’“> —1.

OM oM

We are now ready to prove Theorem 4.1:

Proof. In order for t;'MP~'Zy; — 1 = 83/ (Zar — sar) to be greater than p*, we must
have at least one processor with p*+1 restarts. Using Proposition 4.1 I1I), we obtain

limsup P(t;' M " PZy — 1> p*) < limsupP(Vjeyy > 0)=0.
M M

Let €,¢; > 0 be given. We wish to show that

limﬂ}an(tfllepZM —1>p—e>1—¢

Let Z3,; denote the random variable similar to Z,;, but where we only take the
maximum over the processors with exactly p* restarts, that is:

Zyy = max XMI1(RM = pY)

1<i<M

We see that

*

p
M Pz, —1 2 max vyt

(M)
1<i<v ST



where the U M)t are independent and distributed as sﬁU | U < sp. Since p* <

1/(a(l - p)), we have by Corollary 4.1 that V L o0, and therefore, for any
K eN

*

P

liminf P{ max ty M pU >pt—€) > (4.10)
M (M)
1<i<v) S
limMinf]P’< max g tl_lMl_pUj(M)’i >pt— e) . (4.11)
Furthermore, since
P ' P
max tl_lMl_pU(M)’Z 2 max U:
1<i<K 4 - J 1<i<K = J
]: =

where the U j’ are i.i.d. and are distributed as U®, we may complete the proof of I)
by choosing K so large that

*

P>t _e) >1—
P XUz~ 210

Regarding II), we see that if k = 1/(a(1 — p)) then by (4.6) we have asymptot-
ically N processors which have k restarts, where N ~ Po(t$*~*%); by (4.5) we have
infinitely many processors with & — 1 restarts, and by (4.7) we have 0 processors
with k& + 1 restarts. Define the following r.v.’s:

Zya = max XM I(RM < k)
1<i<M

Zyo = max Xi(M)[(R(M) =k)

1<i<M v
Zaip = max XM 1RM > k)
Then clearly Zy = max(Zy1, Zyo, Zr3) and since tllM1 PZyr—1 — k-1,
MY P75 — 1 % 0 and M pZM2 -1 ZZ LU/, where (Uj) is an i.i.d.
sequence of r.v.’s distributed as U@, the proof is Complete. O

5 Scenario (D) with sy, — o

We now consider Scenario (D) with sy, — oo (for example, ¢ = ¢y, = t;M? with
p > 1; equivalently, M grows with ¢ like t'/?, i.e. at a rate somewhat slower than ).
That is, there is significant but not massive parallelization. Let vy, = y(sps) in the
notation of Lemma 2.1. We shall prove:

Theorem 5.1. Consider Scenario (D) with sy — oo. Then pe M Zy — log M
has a limiting Gumbel distribution as M — oo.



This means that Zy; is of order e#*™ log M/ = e*»/™ log M/ p.

Lemma 5.1. Let vy = v(sy) in the notation of Lemma 2.1. Then vy — pe M =
O(sMe’QF‘SM) )

Proof. Evaluating the integral in the defining equation

SM
1 — / MY e dy
0

explicitly, one gets

1 = K (1 — e_(H_’YM)SM) :

M= Ym

which can be rewritten as
v = Me_(ﬂ_'Y]W)SNI' (51)

This shows that vy, is of first order pe 5™ (as is shown already in [1]). In particular,
Yumsy — 0 so that by Taylor expansion of (5.1),

Y R pe M (1 + s -

This proves the assertion. O

Proof of Theorem 5.1. Let Fj; denote the distribution of XZ»(M). Then by Lundberg’s
inequality,
eTIMT L FM(I) < @IMSM T IMET

Let by = log M /var, anr = 1/va. Then

MHM(aMy+bM) > Me mlamy+ba) —  pre—ytlosM _ o~y

Similarly,

MﬁM(aMy +bu) < Mesm g=mlany+ba) . o=y

Thus MFM(aMy + by) — e7¥ for all y, which implies that

Zyv —bu

Qpr

YmZy —logM =

has a Gumbel limit.
It then follows that 7, is roughly of order 1/v,, or equivalently e**». To replace
Yar by pe M in the limit statement for Z,;, one therefore needs

('YM _ Me—HSM)eHSM N 07

which follows by Lemma 5.1. [
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6 The Gamma case

We now consider Scenario (I') with aj; — oo.

Theorem 6.1. Consider the Gamma case with ayy — oo and let r = p/A. Assume
in addition that ay/log M — oco. Then Zy is of logarithmic order €™M in the

sense that log Zyr/aym L as M = .

For the proof, define x,; = " **. We shall show that

o ifrp<r (6.1)

MH
mlen) = {0 ifry >r.

Indeed, if r; < r then (6.1) shows that the expected number of processors i with
Xinm > xp tends to oo and hence the probability that one X; 5r > x) tends to 1.
Similarly, if ; > r then (6.1) shows that the expected number of processors i with
Xi v > xy tends to 0, and hence so does the probability that one Xy > .

Lemma 6.1. Define

CT g CT M
Iy = / M e % (a) da = / at/" e %y (a) da
0 0

where 0 < ¢ < ' is a constant and

log i/ — log a)OéM—l

pula) = <1+ log x ),

Then Iy — /""" T(1/r — 1/r1) as M — oo when r, > r, whereas

I
lim inf M > 0

M—o0 ajl\f exp{(6 —logd — 1)an}

when r1 < r, where 6 =ry/r.
Note that the convexity of the log implies that 6 —logd — 1 > 0 when § # 1.

Proof. We split I, up into the contributions [}, and I}, from a < p’ and p/ <

ll/rlafl/Tl

a < cxy, respectively. For a < ', op(a) T p , and hence by monotone

convergence,
W
IJ/\/[ T / al/r—l/rl—le—a da .
0

When ry > r, we thus need in addition to show that
(e.)
7" ull/Tl / a/l/rfl/nflefa da
M .
7

This follows by dominated convergence since ¢jr(a) is dominated by 1 on (u', 00)
and has the limit /"™ a /.

11



Consider now the case r; < r. Substituting

y =1+ (logy' —loga)/logzy = 1+ (logp' —loga)/rian,

we have
loga =log i’ + (1 —y)rioayy, —da = —raydy, a= pe®Me oMY,
a

Thus, bounding e~* below by ¢; = e ™, we get

o0
Iy > I, > cgaMe‘SaM/ y M~ eTooM qy
1

o
_ 1— 1 _
= M § aMaMaM/ M lem2 dz
daupg

The last integral divided by I'(as) is the probability that a Gamma(ayy, 1) r.v.
exceeds dayy. Since this probability goes to 1 when § < 1, we get

Iy > c;;e‘SO‘M(S_O‘Ma]l\;O‘MF(aM) )
Using Stirling’s approximation
T(ay) ~ e “MasM '/ 2ray,

completes the proof. O

Proof of (6.1). Let first r; < r. By the Lundberg lower bound, we have for any
i > p and some ty that

— e AOM
Hy(zpy) > / e W e 2 _yen—1g=Mt gy (6.2)
to F(aM>
Substituting a = p'e 'z, we have
1 1
t = —(logpu+logxy —loga), dt = ——da,
u pa

and thus (6.2) becomes

)\aM /u/eutoxM )\/ L ( , )alw—l
a™* e (log ' + logxp — loga da
T (o) ez Jo
N — Te=Htog
_ 1 log M 1v:L'M /H oo ak/y—le—a(pM(a) da .
F(aM)TOé]\/[N/#/)\ I:][\QT' 0

12



By Lemma 6.1, this implies that M H y;(x)) is of larger order than

1 log™ ), 1/2

M 0—logd—1 .
Faagrmn gy o P10~ losd = Haw)

By Stirling’s approximation, this is in turn of order

Meom log®™ ! g
Oz}\//IQOz?MMilTaM I}\ér
M e a?\VJJVI—lr?M—IOé%[M—I 12
- ay; expi(d —logd — 1)ayy,
- M exp{(l — 0+ log5)on}/a}é2 ) O‘Jl\//[z exp{(5 —logd — 1)CYM}
= M — .

Now let r; > r. Choose p’ such that p'e ™ < ~(t) for t > 1 and let ¢4 =
' SUP;s te " = e~!. Then by the upper Lundberg bound,

o ! a—pt )\O[]M
H(zy) < P(Ty <1) + e / e e e _Z__jenr—1o=t
1 I'(anr)

Here P(Ty; < 1) goes to 0 at least exponentially fast in «y,. Using the same
substitution as when r; < r, the integral becomes

oM ne Hy anr—1
v / a*" e~ (log pi' +log za — loga)™  da
I(apg) vy Jo

1 logaMil Tm wean Ap—1,—a
- F(a ) ang /A 1/r / a™" e SOM(CL) da. (63)
M)T 2 Xar 0

Here the last integral is O(1) by Lemma 6.1, and using Stirling’s approximation as
above shows that (6.3) is of order

Mexp{(1 -6+ loch)oqu}/oz]l\é2 :

Putting these estimates together, recalling that /log M — oo and that 1 — 4§ +
logd < 0 for all § # 1 we see that M H y(zp) — 0. O
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