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Hypersurfaces in P" with 1-parameter symmetry
groups 11

A. A. du Plessis and C. T. C. Wall

Introduction

We are interested in hypersurfaces V' C P"(C) defined by homogeneous equations
f(zo,...,x,) = 0 of degree d. We say that V is quasi-smooth if V has isolated
singularities and is not a cone. If V' admits a subgroup G of PGL,,;; of symmetries
with r = dim G > 1, we call V r—symmetric.

In [4] we gave a detailed discussion of 1-symmetric quasi-smooth hypersurfaces
in the case when G is semi-simple. The main object of this paper is to give a
corresponding analysis when G is unipotent.

Our first main result Theorem 2.4 lists the possible cases. Let G be a unipotent
group of type given by the sequence R = {r; > r, > ...} (i.e. the Jordan blocks
have sizes r; + 1; we omit zeros in writing R). Then we have one of the following:

Case 2: d >3, R=1{2}, Case 3: d=4, R= {3},
Case 4: d =3, R= {4}, Case 21: d=3, R=1{2,1}.

We find that Case 21 splits into two: one a subcase of Case 2; the other we rename
Case 5.

Our second main conclusion is the calculation of the total Milnor number p(V)
(the sum of the Milnor numbers pp, (V') at all singular points P; of V). The result
is, where the V; are auxiliary varieties defined ad hoc in each case:

Case w(V)
2 5(d—2)(2d - 1)(d - 1)™ + p(Va) + p(V3)
3 22.3™
4 11.2™ 4 pu(Vs)
5 25.2™ + pu(Vs)

There is a ‘main’ singular point P. Provided in Case 2 that V5 is non-singular and
in Case 5 that V3 is, the Milnor number pp(V) is the first term of the sum and the
singularity of V' at P is semi-quasi-homogeneous.

The first two sections are devoted to preparation and the proof of Theorem 2.4.
We then pause for a brief review of some important background results, hold-
ing for all quasi-smooth 1-symmetric hypersurfaces; in particular, we recall that
7(V) < (d—1)""%(d* — 3d + 3), and attains this value if and only if f is annihilated
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by vector fields £ of degree 1 and n of degree d — 2, not a multiple of £&. We will call
V' oversymmetric in this case. Moreover, f is 2-symmetric if and only if it is over-
symmetric with d = 3, and is never 3-symmetric. We briefly recall the enumeration
of oversymmetric hypersurfaces in the semi-simple case. We also give a number of
auxiliary methods of calculation of Milnor numbers, so as not to interrupt the main
discussion.

After a brief recall of the invariant theory of the nilpotent actions we discuss
Cases 2-5 in successive sections; in each case we discuss the geometry of the action,
show how to reduce f to a convenient normal form, analyse the conditions on f for
V' to be quasi-smooth, find the singular points, and study the total Milnor number
p(V) and the nature of the singularities presented. We proceed to discussion of the
Tjurina number 7(V'), and show that V' is always oversymmetric in Cases 3 and 21,
never in Case 4, while in Case 2 by Theorem 5.7 it occurs if and only if either (a) V3
is a cone, or (b) after change of co-ordinates if necessary, d¢/0B and 0¢/0X both
vanish along X = B = 0.

In a final section we recapitulate the complete list of the five 2-symmetric cases
in more detail.

1 Unipotent actions on vector spaces and
algebras

If N is a nilpotent endomorphism of a finite dimensional vector space K, we can
choose co-ordinates to put N into Jordan canonical form, and count the sizes of
the blocks. If the block sizes are A,..., \;, arranged in non-increasing order, then
n =, \. If we write v, := rank N*=1 —rank N* then v is the partition conjugate
to A, so both partitions are independent of the choice of co-ordinates. Our usual
notation will be to set r; := A\; — 1 and let R be the sequence of r;, with zeroes
omitted.

We recall the representation theory of the Lie algebra sls. Denote the canonical
basis vectors of sly by

=) =8 =)

These satisfy [e, f|] = h, [h,e] = 2e, [h, f] = —2f. Every (finite dimensional)
slo—module M is a direct sum of irreducible modules, and any irreducible mod-
ule of rank s + 1 (s = 0,1,2,...) is isomorphic to the module K, with basis
T_ s, To g, ..., Ts_ 9, Ts and action given by

__ s—r __ S+r _
e, =5 Ty, fu, =0, ha, =1z,

Thus the eigenvalues of h on M are all integers, and we can define a grading on M
by assigning weight r to the eigenspace belonging to the eigenvalue r. Then for any
r > 0, e" gives an isomorphism of M_,. on M, and f" gives an isomorphism of M,
on M_,.



Lemma 1.1. For any slo—module M,
(i) if r >0, f" gives an isomorphism from the weight space M, to M_,,
(11) if r > 0, then Ker(f|M,) =0,
(111) if r < 0, then dim Ker(f|M,) = dim M, — dim M, _o,
() if v € M and f.x = h.x =0, then e.x = 0.

(1)-(iii) follow by inspection from the remarks above. It suffices to prove (iv) for
each K,. But if s > 0 then f.x = h.x = 0 for x € K, implies x = 0, while if s =0
then e.x = h.x = f.xr =0 for any z € K.

Lemma 1.2. The action of a nilpotent endomorphism N on a (finite dimensional)
vector space K can be extended to an slo—action, with N acting as f.

Proof. Express K as the direct sum of monogenic modules: say K. has basis

. . ; |
x,No, N2z, .. N°x with N**1.2 = 0. If we set, for 0 <i < s, Nix =: ﬁl’s_gi,
then we have Ny_o; = (5 — i)ZTs_9—2 Or, writing r = s — 2i, Nz, = x5 We
can now set, for each r, e.x, = S rge, hox, = ra,. O

The action, and the grading it defines, are not determined solely by the nilpotent
action. However, if we define the weight filtration by letting F,, K be the sum of the
eigenspaces of h belonging to eigenvalues < v, we have

F K = Z Ker NP 0 Im NP,

PEZL

It suffices to check this on the modules K. Then Ker N? has basis {N'x|i >
s+ 1—p} and Im NP~~! has basis {N‘x|i > p—v —1}. Thus Nz € F,K if and
only if, for some p, ¢ > max(s+1—p,p—v—1),ie. i+v+1>p>s+1—i, thus
if and only if s — 2i < v.

A linear operator L(z;) = Y a; ;x; on a vector space K defines a linear differential
operator Dy, := ) a; ;x;,0/0x;, which acts on the symmetric algebra S(K) of K, and
induces the action of L on K. We also regard Dj, as a vector field on K, and then
denote it by &.

Over a field of characteristic zero, we can also form the 1-parameter group
{Exp(tL)} of automorphisms of K, which inherits an action on S(K). If we have a
Lie algebra g of linear automorphisms of K, the exponentials generate a group G of
automorphisms of K, and hence of S(K), and the induced action of an element L
of the Lie algebra is that of Dy.

We have seen how to extend a nilpotent operator N on K to an action of sl:
this now extends to an action of sly on the symmetric algebra S(K') of K, which in
turn we can restrict to the homogeneous part M := Sy(K) of degree d.

If further K splits as a direct sum K’ @& K” with each of K’, K" invariant
under N, extending as above to an slos—action leaves each summand sly—invariant.
The induced actions of SLy and sly on S(K) now preserve each of the subspaces
M = Sy (K') ® Sqv(K"). Corresponding remarks apply to a direct sum of three or
more summands.

Applying Lemma 1.1 to M, we find



Theorem 1.3. Let N be a nilpotent endomorphism of K. Then
(i) for any r > 0, DY gives an isomorphism from the weight space M, to M_,,
(i1) if w > 0, then Ker(Dy|M,) = 0.
(111) if w < 0, then dim Ker(Dy|M,,) = dim M,, — dim M,,_s.
() Ker(Dy| My) is the space of invariants of SLy acting on M.

2 Restrictions on unipotent actions

Let K be a finite dimensional vector space over C with a nilpotent endomorphism N,
of type given by the sequence R = {r; > ry > ---}. We consider homogeneous
functions f on K, of degree d, annihilated by Dy, or equivalently, invariant under
the l-parameter group Gy = {Exp(tN)}. We seek the conditions under which
the hypersurface V' in P(K) defined by f is quasi-smooth. In this section we will
enumerate the possibilities for (d; R).

Let {z;} (1 < i < n) be variables with assigned weights w(z;) = w;, arranged
in non-decreasing order. Define a filtration of the polynomial ring C[z] by letting
f € F(v) if f is a linear combination of monomials of weights < v.

Lemma 2.1. Let f;,5 = 1,...,m be polynomials of degree D in the x; with f; €
F(W;); we suppose Wy < --- < W,,. Suppose that the set Z of common zeroes of the
fj in affine n-space has dimension < k. Then Dw; < Wiimip—p fori=1,...,n—k.

Proof. 1f all the f; vanish on {z; = -+ = z,,_;_1 = 0} then dim Z > k+1; so one of
the f;, say f;,, contains a monomial in x,,_, ..., 2z, alone, and so Dw,_, < W; . If
all but f;, vanish on {x; =--- = 2,_;_o} then dim Z > k + 1; so another of the f;,
say fj,, contains a monomial in x,,_y_1, ..., 2y, and so Dw,_;_; < W;,. Continuing
in this way we find distinct ji, ja, ..., Jn—k € {1,...,m} s.t. Dwy_jp1-; < Wj,.
Since the numbers j, for 1 < s < n —k — i+ 1 are all distinct, at least one
of them, say js, is < m — n + k + 4, by the pigeonhole principle. Hence Dw; <
Dwy_jy1-0 S W5, < Wi pibegi- O

Corollary 2.2. Let f be homogeneous of degree d in the variables x;; suppose [ €
F(W) and that the singular set of the variety V has dimension < k — 1. Then
(d—1Vw; <W —wyy1-i for 1 < i <n—k. In particular, if W = 0 and the set
of weights w; is symmetric about 0, we have (d — 1)w; < wiyg.

For set f; := 0f/0x;. Then f; has degree d—1 and f; € F(W —w;). Rearranging
these numbers in increasing order gives W; = W —wy,+1—;. The singular set of V" has
dimension < k—1 if and only if the locus of common zeros of the f; in affine space has
dimension at most k. Applying the lemma shows that in this case, (d —1)w; < Wiy
fori=1,....n—k, ie (d—1Dw; <W —wpi1-i_.

Lemma 2.3. Let f be homogeneous of degree d in the variables p;; suppose that
each monomial occurring in f has weight < 0; suppose also that the hypersurface
f =0 is quasi-smooth. Then
(i) f contains a monomial of degree d — 1 in the two variables of highest weight,
(i1) f contains two monomials, each of degree d — 1 in the three variables of
highest weight, with the other factors different.
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Proof. (i) Write my for the ideal generated by all variables other than the two
of highest weight. If f € m3, the hypersurface f = 0 is singular along the line
corresponding to these two co-ordinates. Otherwise, f must contain a monomial of
degree d — 1 in them and containing just one other co-ordinate.

(ii) Write my for the ideal generated by all variables other than the three of
highest weight. Each term in f not belonging to m2 has degree d — 1 in these
and contains just one other co-ordinate. If this other co-ordinate is the same in
all cases, say X, we can write f = X¢q_1(p1,p2,p3) + R, with R € m2. But then
the hypersurface f = 0 is singular along the curve ¢4_1(p1, p2, p3s) = 0 in the plane
defined by ms. O

We now apply these results to the problem of hypersurfaces invariant by a unipo-
tent group.

Theorem 2.4. Let V . f = 0 be a quasi-smooth hypersurface of degree d > 2 in
projective space, which is invariant under the action of a unipotent group of type
given by the sequence R = {r; > ry > ...}. Then we have one of the the following:

Case 2: d >3, R={2}, Case 3:  d=4, R={3},
Case 4: d=3, R={4}, Case 21: d=3, R=1{2,1}.

Proof. For each i we have basis elements of weights —r;,2 —r;,...,r;, and by Theo-
rem 1.3, f is a linear combination of monomials of weight < 0. Thus the hypotheses
of the special case of Corollary 2.2 are satisfied.

If there is just one generator of positive weight, 1 is 1 or 2, and other r; = 0.
If r; = 1, the ring of invariants is polynomial in the generators of weight < 0, so is
independent of x,, and defines a cone. If r; = 2, we have Case 2 of the theorem.

By Corollary 2.2, we have (d — 1)w,_; < w,. Now if r, = r;, we have w, 1 =
wy, =11, so r; > ri(d — 1), a contradiction. If ro = r1 — 1, we have w,, = ry,w,_1 =
ri—1,s0r > (r1—1)(d—1) and r; < %. If d > 3 this implies 1 = 1, a possibility
we excluded above; if d = 3 we may also have r; = 2. If now r3 = 1, we have
wy—o = 1, contradicting (d — 1)wy,_o < w,_1. Thus r3 = 0, and we have Case 21 of
the Theorem.

Otherwise we necessarily have w, = r; and w,_; = r — 2, whence r; >
(1 —2)(d — 1) and 7 < 29D This gives 1y < 4ifd =3, 7 < 3ifd =4
and r; < 2if d > 4.

The cases m = 2 were considered above. If d = 4, the remaining possibility is
ry = 3, so that w,, = 3,w,_1 = 1. Since 3w,,_» < w,_1, we have w,,_, = 0, and Case
3 of the Theorem. It remains to consider the cases d = 3 and r; equal to 3 or 4.

If ry = 3, then w; = 3, wy = 1, so again w3 = 0 and r = 0. There is just
one non-trivial Jordan block, which has size 4 and weights —3, —1, 1, 3: denote the
corresponding variables by xg, x1, 9, 3, and write M for the space of homogeneous
cubics in them. By Lemma 2.3, f must contain a term zox3, which has weight —1.
Now apply Theorem 1.3 to M. Since dim M_3 = dim M_; = 3, Ker(D|M_;) = 0.
We thus have a contradiction. In fact the ring of invariants Ker(D) is given explicitly
in Lemma 4.1, and the homogeneous invariants of degree 3 are linear in both the
variables of positive weight.




If d =3 and r; =4, then w, =4, w,_1 = 2, so 2w,,_o < w,_1 = 2, hence r, < 1.
If ro = 0, we have Case 4 of the theorem.

If (d,r1,79) = (3,4,1), we have co-ordinates of positive weights 4,2, 1, so by
Corollary 2.2 no others, so r3 = 0. Write K = K| & Ky & K3, where K is the
Jordan block of N of size 5, with co-ordinates of respective weights —4, —2,0, 2, 4,
which we denote xg, x1, z2, x3, x4, Ko the Jordan block of size 2, with co-ordinates
Yo, y1 of weights —1,1; all the rest have weight 0.

By Lemma 2.3, f must contain the monomial zox3 and the monomial z;y?. Write
N,, for the vector space spanned by monomials of weight w of degree 1 on K; and
degree 2 on K,. Since each monomial of degree 2 in K, has weight 2, 0 or —2,
there is a unique co-ordinate on K; with which we can multiply to attain weight 0;
likewise to attain weight —2. Thus dim Ker(D|Ny) = dim Ny — dim N_5 = 0, so no
appropriate invariant function exists. ]

It also follows from Lemma 2.3 that

Corollary 2.5. If ry = 3 (Case 3), f must contain the monomial x3zo; if 11 = 4
(Case 4), [ must contain the monomial x3xy; and if ry = 2,79 = 1 (Case 21), f
must contain the monomial y3xg.

3 Toolkit

Before we start detailed investigation of the cases listed above, we first recall some
general results, and then collect some methods of calculation of Milnor numbers, so
as not to break the thread of exposition in the following sections .

Let V be quasi-smooth, with equation f = 0 of degree d > 2 in P". Recall that
we call f, and the hypersurface V', oversymmetric if f is annihilated by vector fields
¢ of degree 1 and 7 of degree d — 2 which is not a multiple of £&. When d = 3 this is
equivalent to requiring V' to be 2-symmetric. We recall the important result

Theorem 3.1. Suppose V' quasi-smooth of degree d and & a vector field of degree
r<d-—2with&(f) =0. Then (V) < (d—1)"—=7r(d—1-r)(d—1)""2, and
equality holds if and only if there is a vector field n of degree d—1—r with n(f) =0
and independent of £. Moreover when this holds, any vector field annihilating f is
a linear combination of £, n and Hamiltonian vector fields.

This is the content of [6, Theorems 4.7, 4.9] when expressed in geometrical terms.
Taking » = 1, we obtain

Theorem 3.2. Suppose V' quasi-smooth and 1-symmetric of degree d with £(f) = 0.
Then (V) < (d—1)""2(d*> —3d+3), and equality holds if and only if V is oversym-
metric, with a second vector field n. When this holds, any vector field annihilating
f is a linear combination of €, n and Hamiltonian vector fields.

This gives the maximal value of 7 for l-symmetric, and conjecturally for all
quasi-smooth hypersurfaces.

Corollary 3.3. The hypersurface V' cannot be 3-symmetric; it is 2-symmetric if
and only if it is oversymmetric and d = 3.
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For by [6, Lemma 5.2], if f is annihilated by vector fields &, & with £ A& # 0, of
degrees r, " we must have r + 1" > d — 1. If V is 2-symmetric, we have r =1/ =1,
hence d = 3 and V is oversymmetric; the converse is immediate. It follows from the
theorem that now any vector field annihilating f is a linear combination of £, £’ and
Hamiltonian vector fields; hence if linear, is a linear combination of £ and ¢’

The vector field ¢ is the infinitesimal generator of a linear group . The cases
when G is semi-simple were discussed in our earlier paper [4], and the complete list
of the oversymmetric cases was given in [6, §5.3], and more fully in our survey article
[5]. The symmetry group may be taken to act diagonally, so is determined by its
weights. Either the only two non-zero weights are +1, and the intersection of V/
with the zero weight space is a cone; or there are just three non-zero weights, and
the set of weights is obtained by adding zeros to a set of four weights; these must

admit the monomials x¢, either (B) zoz§ ' or (C) zozd 2zs, and either (\,) zfzd™",

(ptr) Thw0zs™ " or (1) aha12d " for some 7.
In this article we complete the list by determining all the cases when G is unipo-
tent.
Xk %
We turn to calculations of Milnor numbers. We begin with Thom’s splitting theorem
(alias the Morse lemma with parameters). As we will need a precise version, we

outline a proof.

Lemma 3.4. (a) Let f(x1,..., %041, ..,Yx) have 2-jet a non-degenerate quadratic
form in xq, ..., x,.. Suppose that (locally) the solution of the equations Of/0x; = 0
(1 <i<r)isgiven by x; = a;(y1,...,yx) (1 < i <r). Then f is right-equivalent
to g(y) + 321 £z, where g(y) = f(ar(y), - (y) yrs- - Yp)-

(b) Suppose f(t,x,y1,...,yx) is singular at the origin, with non-zero coefficient
of tx and that Of /0t vanishes along v = 0. Then f is right-equivalent to tx +

f(0707y17"'7yk)'

Proof. (a) It follows from our hypothesis that the hypersurfaces df /0x; = 0 intersect
transversely at O, so there is a solution of the form given. Substitute z; = z; + ;i (y)
giving f(z,y) = F(z,y), say. Then 0F/0z; = 0f/0x; vanishes along z; = -+ =
z, =0, and F(0,y) = g(y). Hence F(z,y) — g(y) € (z1,...,2.)% Tt follows in turn
that we can write it as ) zihi(y, 2) with by € (21,..., 2.), and as 37 ., zizjki (v, 2),
where it follows from our hypothesis that the matrix k;;(0) is non-singular. Now
by ‘completing the square’ r times we can write this in the form Y | +2/* where
(z0,...,2.,91,...,yx) can be taken as local co-ordinates at O.

(b) Since df /0t vanishes along x = 0, we can write df /0t = xa(t, z,y) for some
C*—function a. Hence f(t,z,y) — f(0,z,y) = f(f za(t, z,y)dt, hence has the form
xb(t, x,y) for some C*°—function b. As also f(0,z,y) — f(0,0,y) is divisible by z,
we can write f(t,x,y) = xc(t,z,y) + f(0,0,y). Now ¢ vanishes at the origin and has
non-zero coefficient of ¢; thus the co-ordinate change t' = ¢(t, z,y) gives the desired
equivalence. O

Write x,,(d) for the Euler characteristic of a smooth hypersurface of degree d in
P then (see e.g. [1, p. 152])
(="

Xnld) = n+ 2+ S (d - 1) = (<)), (1)



When n = —2, —1, 0 this formula gives 0, 0, d respectively, so remains correct. The
cone over such a hypersurface in P"*? admits a C*—action which is free except at
the fixed points, which consist of the hypersurface itself and an isolated point. Thus
this cone has Euler characteristic x,,(d)+1. If V is a hypersurface of degree d in P™"*!
with isolated singularities, then (see e.g. [1, p. 162]) x(V) = xn(d) + (=1)" (V).

In weighted projective space, suppose f, of degree d with respect to weights w;
(0 <i<n+1) with sum W, defines a smooth hypersurface V', so dimV = n. We
have the following theorem of Steenbrink.

Theorem 3.5. (see [1, Theorem B34] and [8]). The mived Hodge numbers of the
primitive cohomology of V' are given by hy™ (V) = dim M(f)ag+1)-w, where M(f)
18 the Milnor algebra

M(f) = Clao, .. ., 2ni1]/(OF 0o, . .., Of |Oxns).

M(f) has Euler-Poincaré polynomial p(t) = [/ (1 —#4=%)/(1 —¢“). Thus the
primitive Betti number A% (V), which is the sum of the Hodge numbers hy™ " (V), is
equal to the sum of the coefficients of p(¢) in degrees congruent to —W modulo d.
This sum is given by %>~ €"Vp(e), where € runs through the d roots of unity. It
follows that

xV)=n+1+ % Z Vple). (2)

ed=1

We now evaluate this in the two cases we will need.

Corollary 3.6. A non-singular hypersurface V of degree d in weighted projective
space with weights wy =2 and w; =1 for 1 <i<n+1 has

X(V) =n+ 24+ S d2(g — 1)+l 4 (—1)n+1y

if d is odd, and is % less than this if d is even. In particular, if d = 3 we have
n+ 24+ E o (—1)n),

In this case W = n + 3, so p(t) = (1 — t472)(1 — ¢t /(1 — #2)(1 — ¢)"*+L,
If ¢ = 1 we evaluate p by 'Hopital’s rule, obtaining p(1) = %(d —2)(d — 1)1,
If ¢ = —1, which is only possible if d is odd, we have (1 — e?71)/(1 —¢) = 1,

so p(—1) = (=1)""*1(d — 2). Otherwise we have (1 —¢*1)/(1 —¢€) = —e ' and
(1—¢e¥2)/(1 —€%) = -2, 50 p(e) = V(=€ 2)(—e 1), which reduces to (—1).
We thus obtain n + 14 (=1)"2{(d — 2)(d — 1)"** + (=1)"(d — 1)} if d is odd, and
n+1+ (=1)"{i(d—2)(d—1)"" + (=1)"'3(d — 2) + (—1)"(d — 2)} if d is even,
which reduces to the values stated.

If V has isolated singularities then, as above, we must add (—1)""!u(V) to this
expression. If the singularities occur at smooth points of the ambient weighted
projective space, this is proved as before, using the additive nature of x; at other

points, we may take it as the definition of .

Corollary 3.7. A non-singular hypersurface V of degree 6 in weighted projective
space with weights wg =w; =1 and w; =2 for 1 <i<n+1 has

X(V) =n+1+2(-1)"(26.2" + 4(-1)").



In this case, W = 2n + 4 and M (¢) has Euler-Poincaré polynomial
pt) = (1 =)A=t /(L —t))(1 )" = (1 +t+ 2+ 2 +t1)* (1 + 12"

We have p(1) = 522" and p(—1) =2". If =Tl and 2 # 1, (1 —€°)/(1 —¢) = —¢ !
and (1 —€!)/(1 —€%) = —e2, 50 p(e) = (—1)"e 272", Hence >_ €*"p(e) = 26.2" +
o 4 4(—1)".

4 Invariants of unipotent actions

Now consider a nilpotent endomorphism N of a vector space K; we adopt as our
standard notation &y = Zle x;_10/0z;. We write Gy for the Lie group obtained
by exponentiating, £, = Exp(tN), then t.x = E;x; thus a polynomial f on K is
annihilated by &y if and only if it is invariant under G . Write Z; for the ring of
invariants of the group Gy (a subring of C|xy, ..., z]). If we have a second Jordan
block, denote the variables v, ..., 1y, set & = Zle x;_10/0x; + Zﬁzl Yi—10/0y;, and
write Zj; for the ring of invariants.

It is a classical theorem of Weitzenbock [11] that the ring of invariants is finitely
generated. Weitzenbock also determined the localisation at xg of the ring of invari-
ants. Indeed, if zg # 0, there is a unique choice ty = —% of the parameter t such
that (¢.x); = 0. Then all the X; = (¢o.z); for 2 < i < k are invariants, and clearly
Ti|rg'] = Clwg, X, ..., Xi, 25 "]. The argument also applies if N has several Jordan
blocks.

This remark can be used to compute the structure of the ring of invariants.
Weitzenbock himself did this for dim K < 4; a general algorithm was given by Tan
[9], and a fuller account is in the book of Nowicki [7]. The results we need can be
stated as follows.

Lemma 4.1. We have rings of invariants

1, = ClX, B],

%JC[X B,C,A/X*A +C*+ B* =10,

L= C[X,B,U,C,E/X°E = 3X*BU — B* — (7,
121 ~ C[X,Y,T,B,S/XS=Y?B+ 17,

where X = xy, Y 1= yo, and

= Tix = 2x079 — T3,

= 3x3x3 — 3xox1T2 + x:f,

1= —9x573 + 1820717973 — 8350962 + 3x3a5 — 6riws,
= Tf,:c = 2014 — 27123 + T3,

= 12202004 — 9x0x§ + 6x1T2T3 — 2:6‘% — 63:%:64,
=T, , = Zoy1 — 1Yo,

= Toyi — 2T1Yotr + 2720

T IO Qb QW



Here Z3 was given in [11], Z4 in [9] and Z5; in [7]. For Cases 2 and 3 we follow
the notation of [4].

For the geometric problem, we have additional variables w = (wy,...,w,,), all
invariant. Thus the dimension n = m + 2, m + 3, m + 4 or m + 4 in our 4 cases
respectively. Denote the corresponding elements of the ring of invariants by W :=
(Wl, cvey Wm)

We can use changes of co-ordinates that are compatible with N to simplify our
formulae.

Lemma 4.2. In Case 4, the co-ordinate changes compatible with N are: zl, =
4 o 3 o 2 I 1 ;o

D0 @iTa—i + ) €Wy, Ty = Y 0Tz, Ty = )0 AiTaq, Ty = D001, Ty = oo,

wi =" pijwj + qivo, where ag # 0 and (p; ;) is non-singular.

For we have taken an arbitrary element of K for z; then z, = Nz, 4, 2] and
x( are determined. Since our change of co-ordinates must respect the filtration, w;
must be as stated. For the formulae to define a co-ordinate change we must have
ap # 0 and (p; ;) non-singular.

The results in Cases 2 and 3 are almost the same, and Case 21 is very similar.

In the next four sections we give detailed discussions of the four cases of Theo-
rem 2.4 in turn.

5 Case 2

We define a map 7 : K — L taking as target co-ordinates (W, X, B). This induces
a map 7 : P(K) — P(L), where P(L) is the weighted projective space with all
weights 1 except w(B) = 2. The map 7 is defined except on the set £ where all
co-ordinates other than xs vanish. Thus £ is a point, which we also denote P. The
space P(L) has just one singular point, where all co-ordinates except B vanish: we
denote it by Q.

As is usual for moduli spaces, we have a natural stratification. We define strata
S, in K and S; in L, compatible with each other under 7 and with passage to
projective space.

So: x9 #0; So: X#0
Si1: x29=0, 1 #0; Si: X=0 B#0
823 1'021’1:0; 322 X =B=0.

The set F of fixed points is defined by the vanishing of xg, x1, so coincides with S,.
Each orbit of the action of Gy on K or on P(K) outside F is isomorphic to an
affine line; their degrees are 2,1 for Sy, S; respectively.

For any (W, X, B) € L, we calculate 7—1(W, X, B).

In each case, we have uniquely w =W, o = X.

If X # 0,z is free (i.e. can be chosen arbitrarily), and xo = (B + 27)/2X: we
have one orbit.

If X =0, 2y = +y/(—B), and z5 is free. If B # 0, this gives two orbits, but if
B =0, a line of fixed points.

10



From this we infer (with some care) pre-images under 7; in each case, we tabulate
the Euler characteristic of the pre-image.

Lemma 5.1. [/, Lemma 6.4] The preimage 7 (W, X, B) is as follows:
(So) one orbit, x = 1,
(S1) if W #0, two orbits, x = 2; if W =0 (the point Q), one orbit, x = 1,
(S3) infinitely many point orbits, x = 1.

Since the ring of invariants is a polynomial ring, any invariant function f is of the
form f = ¢om, where ¢ = ¢(W, X, B) is a polynomial function on L. Set ¢p := g—g,
(bX = %

Denote by V' the hypersurface in P(K) defined by f, by V; the hypersurface in
the weighted projective space P(L) defined by ¢, and by V5 and V3 the intersections
of V1 with X = 0 and with X = B = 0 respectively. As in similar cases below, our
notation is chosen so that each V. (also V', etc.) has dimension m + 1 — r.

Lemma 5.2. (compare [4, Lemma 5.5]) V has isolated singular points if and only if
Vi has no singular points and Vs has isolated singular points. The singular points of
f are P and points P; corresponding to the singular points QQ; of V3 at which ¢ # 0.

Proof. At a critical point of f, the following vanish:

2 P P 9 2
aqji = 3‘}27 a—gfo = ¢x — 21203, 6—{1 = 2r1¢p, and a—gf; = —2x0¢p.

If 5 = 0, we have a critical point of ¢. If W = X = B = 0, the only corresponding
point in P(K) is P. Otherwise we have a singular point of V;. Conversely, if we
have a singular point of V1, all the points in its pre-image are singular on V', so are
non-isolated singular points of V.

For a critical point of f with ¢p # 0, we have zy = 1 = 0, hence X = B =0,
and a critical point of the restriction of ¢ to X = B = 0. If W = 0, we again have
the point P. Otherwise we have a singular point of V5. Conversely, if we have a
singular point of V3 at which ¢p # 0, there is a unique corresponding value of xy
giving a critical point of f, hence a unique corresponding singular point of V.

However, if we have a singular point of V3 at which ¢p = 0, then ¢x # 0
as otherwise we would have a singular point of Vj; and as ¢x # 0, there is no
corresponding critical point of f. O]

It also follows that if V' has isolated singular points, so also has V5. For if the
singular locus of V5 had positive dimension, it would have to intersect the hyper-
surface ¢x = 0, and any point of intersection gives a singular point of V;. Observe
also that if d is even, Q) & V5, for otherwise () would be a singular point of V;. If d
is odd, then there can be no term B%2, so Q € Vs.

We can easily describe the singularities of V' at points other than P.

Proposition 5.3. The singularity at P; of V' corresponding to a singularity at Q);
of V3 at which ¢ # 0 is right-equivalent to a suspension of that singularity.

Proof. We may suppose, after an allowable co-ordinate change, that at the singular
point P; we have 0 = x5 = ¢x. Apply Lemma 3.4(a) to f with the variables
(x0, 21, x9). We observe that 0f/0xy, Of /Ox1, Of /Oxs all vanish when z¢g = x; =0
and o = ¢x/2¢p. Substituting these values gives g(w) = f(w,0,0,0). The result
follows. O

11



We are now ready to calculate (V).
Theorem 5.4. We have (V) = 5(d — 2)(2d — 1)(d — 1)™ + pu(Va) + p(V3).

Proof. First suppose d odd. Then as () € V;, by Lemma 5.1 we have

X(V) = x(€) + x(Vi\ Va) + 2x(Va \ V3) — 1 + x(V3) = x(V1) + x(V2) — x(V3). For
V and V3 we apply (1); for V; we apply Corollary 3.6 with n = m; for V5 the same,
but with n = m — 1, and amended for singularities. Thus

X(V) = ﬂ{(d — 1™ — ()" o 34 (D) u(V),
)= A=) 4 ()" 4 m 2

X(Va) = CL 0422 (d — 1) 4 (1)} +m+ 1+ (1) u(Va),
X(Vs) = %{w — 1) = (=1)™} 4+ (=) B (V).

Since x (V) — x(V1) — x(V2) + x(V3) vanishes, we find that u(V) — u(Va) — u(V3)
is equal to d~'{(d — 1)™ 3 + £2(d — 1)™*! — d22(d 1)™ —(d—1)™}, which reduces
0 3(d—2)(2d — 1)(d —1)™.

In the case d even, as Q ¢ Vi, we obtain X(V) = x(V1) + x(Vo) — x(V3) + 1,
but the values of each of x(V;) and x(V3) are 3 less than those above. Hence the
formula in terms of d is the same as before. O

If m = 0, the value of (V) is given by [2, Proposition 3.1]: the value (d —
2)(2d — 1) is correct if d is even; we must add % if d is odd. Here if d is odd V5 is
necessarily singular: indeed, ¢ vanishes identically on S;.

For the case m = 1, [4, Prop 6.6] gives u(V) = 2(d —2)(2d —1)(d — 1)+ k — N,
where k = 4] and N is the number of distinct points of V5 \ V3 with W # 0. In
this case, V4 has dimension 0, so x(V2) = #V3; by Corollary 3.6, if V5 is smooth,
x(Va) = [3(d+1)]. To reconcile these we need to interpret u(V3) as 1if V3 # 0, i.e.
if the coefficient of W% in ¢ is non-zero.

X % %
When does p(V') take its maximal value? We expect this to occur if (V) and
p(V3) are both as large as possible, hence when V5 and V3 are both cones. Geometry
imposes restrictions as follows.

As already observed, @) € V5 if and only if d is odd.

If V5 is a cone with vertex not in V3, then it is a cone on V3. Since it must have
isolated singularities, V3 must be non-singular.

If V3 is a cone with vertex different from @, then @) & V5 (since the local geometry
at @ differs from that elsewhere).

Thus if d is even, while ) ¢ V5, we cannot exclude the possibility that V5 is a cone
with vertex @* in V3. When this holds, V3 also is a cone, so indeed we expect u(V') to
be maximal. The singularity of V at Q* is equisingular to a sum of (m—1) d'* powers
and a 1d™ power, so u(Va) = 3(d—1)""*(d—2); that of V3 at Q* is equisingular to a
sum of dth powers, so (V) = (d 1™ and p(V) = 3(d— 1) (2d* - 7d* +8d —2).
Since ¢p(Q*) = 0, the only singular point of V' is P.

This case does indeed occur for all m > 1 and even d > 4: we can take ¢ =
X4+ XWit 4 BY2 + S WA Then each of V; and Vj is a cone, smooth except

K2
at the point Q* where all co-ordinates except W; vanish; and V; is non-singular.

12



We believe these to give the maximal values of p(V') for all even d > 4, m > 1: for
m = 1 this follows from [4, Proposition 6.6].

If d is odd and V5 is a cone, then the vertex of the cone is ) and V3 is non-
singular. In affine co-ordinates B = 1, ¢ is equisingular to a sum of m d*" powers,
which suggests p1g(V2) = (d—1)™, but since we must factor out the antipodal map on
affine space we actually have pg(V2) = 3(d—1)™, thus p(V) = 3(d—1)™"(2d - 3).
This case occurs for all d = 2k + 1: we can take ¢ = X B* + X4+ > 7" W¢. Again
this gives the maximum value for p if m = 1: we cannot show that this holds in
general.

* * %
We now treat the case d = 3 in more detail. Here f = a1 B + a3, where ay, a3 are
homogeneous functions of xg, ws, ..., w,,. If a; is not a multiple of zy, we can make
a change of co-ordinates to write a; = wy; otherwise we can take a; = z (if a; =0,
V' has non-isolated singularities). Denote by V5 the variety w; = a3 = 0 in P™ and
set Vy := Vs N V5.

Lemma 5.5. (i) If a; = xg, V' is quasi-smooth if and only if V3 is non-singular. In
this case, the only singular point is P.

(i1) If ay = wq, there is a bijection between singular points of Vo and Vy; the
singularity of the former is isomorphic to the suspension of the latter.

(111) If ay = wy, Vi is non-singular if and only if V5 is non-singular.

Proof. (i) In this case, V5 is a cone with vertex @, so the result follows as above.

(ii) At a singular point (W, 0, B) of V5 we have 0 = ¢p = W; and 0 = d¢/0W;
for i > 2, so (W,0,0) is a singular point of V; (note that (0,0, B) is not a singular
point of V, since d¢/0W; does not vanish there).

Conversely, if (W,0,0) is a singular point of Vj, the point (W, 0, B) is singular
on V; if and only if B = —da3/0W;.

Now apply Lemma 3.4(a), taking B and W as the preferred co-ordinates. The
equations ¢p = d¢/OW; = 0 are solved by Wy = 0, B = —0daz/0W;: substituting
these in ¢ = w1 B + a3 gives the restriction of az to W; = 0.

(iii) The same argument as for (ii) applies here. O

If a; = xg, V4 is a cone with vertex @, so u(V) = 3.2™ as above. If a; = wy, it
follows that u(V2) = u(V4), so by Theorem 5.4, u(V) = 5.2 + p(V3) + u(Vy).
In some cases, we can determine the nature of the singularities.

Proposition 5.6. Suppose V' in Case 2 with Vo non-singular. Then the singularity
of V at P is semi-quasi-homogeneous with degree 2d and variables of weights 1, 4
and 2 (m times).

Proof. We first give a direct argument, then an indirect method, which only deter-
mines the p—constant stratum, but will be usable in other cases below.

As in [4, Proposition 6.6], take local affine co-ordinates x5 = 1 at P, and substi-
tute zg = 3(B + 1), so that f becomes ¢(w, B, (B + z1)). Now assign weights 4
to B, 1 to z; and 2 to the w;. The terms of least weight 2d give ¢(w, B, %x%) We
must check that this has an isolated critical point. At a singular point, d¢/0w;, ¢p
and x1¢x vanish. Since V] is non-singular, x; = 0, so (W, 0, B) is a singular point
of V5, contradicting our hypothesis.
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For our second argument, we note that by Theorem 5.4, u(V') — u(V3) takes the
same value for all these cases (with d and m fixed). Now (V') = up(V)+>_, up,(V),
and by Proposition 5.3, the values pp, (V) = pg,(V3). Hence up(V) is the same for
all these cases, so all belong to the same u—constant stratum.

To determine this, first observe that we can adjoin a new variable w,,,1; then
f" = f+wd_, again satisfies the conditions of Lemma 5.2, and the new singularity
is obtained from the old one also by adjoining a new variable and adding its d**
power. Hence the p—constant type of the singularity can be deduced from the case
with m decreased by 1.

If m = 0, as observed above, if d is odd, V5 is necessarily singular; if d is even,
the result holds. However the case m = 1 was analysed in [4, Proposition 6.6], where
we showed directly that the singularity has the type stated. The result thus follows
in general. O

The second method can also be applied to the case when V5 is a cone with vertex
Q. We see that the singularity is equisingular to a sum of m d* powers and the curve
singularity occurring in the case m = 0, which can be taken to be Hlf(y2 —2z+4c¢;2?)
if d =2k and 2 [[}(y? — 22 + 4¢;2?) if d = 2k + 1 (with the ¢ all distinct in each
case). If d > 5, it is not quasi-homogeneous.

If d = 3, the cases arising when a; = w; can be enumerated in low dimensions by
considering the varieties V; C V3. We can determine the p—constant strata of the
critical points of f using the fact that the terms of lowest weight are ¢(w, B, %x%),
which reduces by splitting to ¢(0,ws, ..., w,,0,2?), together with our calculation
of p.

For m = 1, we have A at P, perhaps a further A;.

For m = 2, we have the cubic curve az(w, wq, xg) = 0 meeting xg = 0 in V3 and
the point Q* where wy = 29 = 0 in V. Let w] be the highest power of w; dividing
az(wy,we,0). If r =0, V4 = 0, V3 is non-singular and V has a Th36 at P and a
further A; (or Ay) if V3 has a repeated point (a 3-fold point). If r > 1, we apply
the same substitution, but must now use the 2-jet Bw; and obtain the splitting by
direct calculation. The first substitution gives the 4-jet w2x? + aw3i, where a = 0
if > 1. Thus if » = 1 the singularity has p = 11, hence type T 46, and the other
two points on V3 could coincide, giving a further A;. If » = 2 we have a singularity
Ty p.q With p,¢ > 5 and p = 12, hence p+q = 11 so (p,q) = (5,6). In the case r =3
we have p + ¢ = 12, and need a further calculation to obtain the 5-jet, leading to
p = q = 6. Thus in each case, we have 1534, at P.

For m = 3, if V} is non-singular (i.e. 3 points), UT{,, (in the notation of [10,
p. 475]) together with —, Ay, As, 241, As, 3A; or Dy. If V, is singular, we have
non-reduced 3-jet (V or V' series) and the singularities do not have accepted names.

S
We turn to calculation of 7: here our results are much more partial. According to
Lemma 3.2, 7 takes its maximal value when f is oversymmetric. To find when this
is applicable, we use the method of [4, §6].

Theorem 5.7. A function in Case 2 is oversymmetric if and only if either (a) V3
is a cone, or (b) after change of co-ordinates if necessary, ¢p and ¢x both vanish
along X = B = 0.
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Proof. Since Vj is non-singular, the sequence {9¢/0W, ..., 0¢0/0W,,, dx, ¢} is reg-
ular, and any vector field annihilating ¢ is a linear combination of the Hamiltonian
fields 9o, +)/0(Wi, W;), 0(6,)/0(W;, X), 0(6,)/0(W;, B) and (6, +)/(X, B).
We seek a vector field  which is a lift of a linear combination of these. We are only in-
terested in n modulo Hamiltonian fields: removing the corresponding linear combina-
tion of the O(f, *)/0(w;, w;) and O(f, x)/0(w;, x¢), we can take > C;0(¢, *)/O(W;, B)
+ DO(¢, x)/0(X, B). Since we seek n of degree d — 2, we want the C; and D to be
constants. We now have

n =37 pd/Ow; + 3 q;0/0x;,
where p; = —Ci¢p, g0 = —D¢p and

2(x2q0 — T1q1 + 20q2) = > C;09/OW; + Dox.

Thus
2(z0g2 — 11q1) = Y Ci0¢/OW; + Dox + 222D (3)

The right hand side of this equation must thus vanish identically along X = B = 0.
First suppose D = 0. Changing the w co-ordinates, we may suppose the vector
field is 0/0W;. If we set aq(W) = ¢(W, X, B), we need day/OW; = 0, i.e. aq is
independent of W;. Expressing the condition geometrically, it holds if and only if
V3 is a cone.
If D # 0, a suitable substitution W/ := W, + \; X, X’ := X reduces the C; to

zero, so it suffices to consider the vector field 0(¢, x)/9(X, B). Here the condition
reduces to requiring both ¢p and ¢x to vanish along X = B = 0. O]

We could reformulate (b) as: there exist constants ¢; such that ¢p and ¢x +
> ¢;0¢/0W; both vanish along X = B = 0.

This proof shows more generally that any vector field n = > " p;0/0w; +
Zg q;0/0x; annihilating f can be reduced modulo Hamiltonian vector fields to the
lift of > C;0(¢, *)/0(W;, B) + DI(¢, %) /I(X, B), where p; = —C;¢p, g0 = —D¢p
and (3) holds. Moreover, we may suppose D and the C; independent of zy and ;.
This can be used as the starting point for further calculations of 7. However, since
the cases arising are diverse, we only consider m = 0, m = 1 and certain cases with
d = 3.

In the case of curves (m = 0), the condition frequently holds, and then 7 =
d*> — 3d + 3 (see [2, Proposition 3.1]): otherwise, 7 = d* — 3d + 2.

The case of surfaces (m = 1) was treated in [4]. By Theorem 6.7 loc.cit.,
Tiot(V) = (d = 1)(d* = 3d+3) ifa =0o0ry =0, and (d — 1)(d®> —3d+3) — 1
otherwise; where «, v are the coefficients of W¢ and BW9~2 in ¢. Moreover (Lemma
6.5 loc.cit.) P is the only singular point unless a = 0 # ~y, when there is one further
singular point, of type A;. The case v = 0 corresponds to clause (a) of the Theorem;
the case v = 0 to clause (b) (here we appear to require 3 = v = 0: the difference
arises because of the above normalisation of co-ordinates).

We can calculate 7(V') ad hoc in further low dimensional cases. When d = 3,
if a; = w; the values can be inferred from the above list of y—constant strata: we
have 7 = p for T 36 and 7 = p — 1 for T3, , with % + % < 3. If a1 = xp we have
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Lemma 5.8. IfV is in Case 2, with d = 3 and a; = xg, then
(V) = 2" + dim(Clwzg, w1, . - . , W] /{x0, Das/Oxy, Daz /0w, . . ., Daz/Ow,)).
Proof. Here ¢ = X B + az(W, X), so (3) reduces to
> Ci0az/OW; + DOaz/0X € (X).

By Lemma 5.5(i), in this case V3 is non-singular. Hence the restrictions of the
Oaz/OW; to X = 0 form a regular sequence in C[W], spanning an ideal J. The
class of n modulo Hamiltonian fields and multiples of £ is determined by the class
of D|x—g modulo J.

The algebra C[W]/J is Gorenstein of dimension 2™, with (") basis elements in
degree r. If the ideal in it generated by the class of dasz/0X|x—¢ has dimension
e, its annihilator has dimension 2™ — e. Since the space of multiples of & modulo
Hamiltonian vector fields has dimension 2™*! we obtain 7(V) = 3.2™ — e.

But Clzg, wy, ..., wy]/{(zo, dag/0xy, J) = C[W]/(J + (Das/0X|x=0)), so has di-
mension 2™ — e. The result follows. m

If m = 2 we can take az(Wy,Ws,0) = W3 + W3 and see easily that if the
coefficient of W1W5X in as is non-zero, e = 0 and 7 = 12: otherwise e = 1 and
7 =11. If m = 3 we take W3 + W3 + W3 + 3aW;WyWs: here either e = 0 or e = 2.
For m > 4, cases are more numerous.

We observe that while there are numerous cases where 7(V') takes its maximal
value (for given dimension n and degree d) but (V') does not, we do not know an
example in the reverse direction. Indeed, © maximal implies 7 maximal for curves,
surfaces of degree 4 or odd, and for cubic 3-folds. If V5 is a cone with vertex in
V3 then 7 is maximal; but if it is a cone with vertex @), while ¢p vanishes along
X = B =0 we have no control on ¢x.

We now give a more detailed discussion of the 2-symmetric case d = 3, following
the notation of the above proof.

Proposition 5.9. In Case 2, f is 2-symmetric only in the following 3 cases:

Case (b): we have ay = X. V3 is a cone with vertex Q and V3 is non-singular.
After a suitable substitution x := x5 + 1b(w, xo), as is independent of xy, and we
may take n = —2x00/0xg + 110/0x1 + 4220/0x5. The singularity has p = 3.2™ and
is quasi-homogeneous of degree 12 with respect to weights 3,6 and 4 (m times).

Case (al): we have ay = Wy, V3 is a cone with vertex not on Wy = 0 and Vj
non-singular. After a further substitution xb = xo+ %b(w, xg), may suppose az inde-
pendent of wy. Then f is invariant by n = x10/0x1 + 2290 /0xe — 2w10/0w,. There
are two singularities, with Milnor numbers 5.2™~1 and 2™~ ; both quasi-homogeneous
of degree 6, the first with respect to weights 1 and 2 (m — 1 times); the second with
respect to weights 3 and 2 (m — 1 times).

Case (a2): we have ay = Wy; Vi, Vi are cones with vertex on Wi = 0. After a
further substitution wh := b(w, xy), we may suppose az — wow3s independent of w,.
Then f is invariant by n = wy0/0xy — w10/0wy. The singularity has p = 13.2™72,

3

and is in the same p—constant stratum as 2%+ z*y* + y° + >0 w?.
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Proof. The enumeration is given in Theorem 5.7. For Case (b), we must have a; =
X; it follows that V5 is a cone with vertex (), V3 is non-singular and the singularity
was determined above. Now write ag(w, ) = x3b;(w, zo) + Toba(w) + b3(w). Since
¢x vanishes along X = B = 0, by vanishes identically, so the substitution z}, =
Ty + %bl (w, zg) reduces az to bz, independent of xy. That f is now invariant under
n (so we can take D = 2 and all C; = 0) follows by inspection. We could also infer
the singularities from the semi-simple group action.

If Case (a) (V3 is a cone) occurs, a; cannot be zq (else V3 would be non-singular),
so can be taken as w;. We must distinguish according as the vertex of the cone does
or does not lie on wy; = 0.

In Case (al) it does not, so the intersection Vj of the cone with w; = 0 is
non-singular, hence so is V5. The description of the singularities now follows from
Propositions 5.3 and 5.6, or again from the group action.

After adjusting the w co-ordinates, we may suppose az(w,0) independent of w.
Then we can write ag = by + zow1by (w, xg), with b3 independent of w;. Again the
substitution z§ = s + %bl (w, zg) reduces as to bs. Now by inspection, nf = 0 (so
we may take C; =2, C; =0 for i # 1).

In case (a2), we may suppose az(w,0) independent of ws, and hence that az =
bs + xowaby (w, ), with by independent of wy. Now if the coefficient of ws in by were
zero, the point where all co-ordinates except wy vanish would be singular on V3.
Hence we can write by = c*ws + ¢, and substitute w) = cws + 3¢ '¢;, which
reduces az to the form 0} + zow3, with b} independent of wy. Thus nf = 0, where
n = wed/0xs — w10/Ows (so we may take Cy = 2, C; = 0 for i # 2).

To describe the singularity, as in Proposition 5.6, it suffices to consider the case
m = 2. Here since V5 and V3 are cones with the same vertex, we must select Th 46
from the above list. ]

6 Case 3

We define the map 7 : K — L by w(w, zg, x1, x2, 23) = (W, X, B, A) in the notation
of Lemma 4.1. This induces 7 : P(K) — P(L), where P(L) is the weighted pro-
jective space with all weights 1 except w(B) = 2, w(A) = 4; the map 7 is defined
except on the set £ where all co-ordinates except xo and x3 vanish: thus &£ is a
projective line and x(€) = 2; it contains the point P where all co-ordinates except
x3 vanish. We define strata by

803 Io#o, 302 X#O
Si: 290=0,2,#0; S: X=0, B#0
Sy zog=121=0; S,: X=B=0.

The set F of fixed points is given by the vanishing of x(, z1,x5. Each orbit of the
action of Gy on K'\ F (or on P(K)\ F) is isomorphic to an affine line; their degrees
are 3,2,1 for Sy, S1, Sy \ F respectively.

We now describe the pre-image under 7 of any (W, X, B,A) € L. In each case,
w=W.
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(So)if X #0, 29 = X, xy is free, 1y = (B+x3)/2X, 13 = (C+3X 129 —27) /3X?
where C' = +/(—X?A — B?).

(81)if X =0,B #0, z; = £/(—B), x5 is free, and z3 = (32322 — A)/6x3.

(So) if X = B =0: if A # 0, the pre-image is empty; if A =0, 1 = 0 and x5, 23
are arbitrary. If xo # 0 we have a non-trivial orbit; if zo = 0 we have fixed points.

From this we infer (again with some care)

Lemma 6.1. The preimage T *(W, X, B, A) is as follows:
(So) if B>+ X2A =0, one orbit, x =1, if not, two orbits, x = 2,
(S1) if W =0, one orbit, x = 1, if not, two orbits, x = 2,
(S2) if A =0, a plane, x =1, if not, the empty set, x = 0.

A priori the map f need not factor through 7. However, we have

Lemma 6.2. There is an allowable change of co-ordinates which puts f in the form
f = ¢ om. More precisely, we may take ¢ = A + agB? + aB + a4, where a; is
homogeneous of degree i in W, X.

Proof. Since d = 4, we can write f = ayA + aoB? + a,C + asB + a4, where qa; is
homogeneous of degree i in the invariant co-ordinates wy, ..., w,,, xg.

By Corollary 2.5, for V' to be quasi-smooth, f must contain the monomial z3z; so
we must have af # 0. We may thus suppose af, = 1. Substituting % := x3—ga; (w, z)
gives an expression of the same form but with a; = 0. This gives f = A + agB? +

as B + a4, which is indeed of the form ¢ o . ]

Denote by V' the hypersurface f = 0 in P(K), by Vg the hypersurface ¢ = 0
in P(L), by V; its intersection with X = 0, and by Vj its intersection with X =
B = A = 0. Write also V}* and V" for the respective intersections of V5 and V;
with B? + X2A = 0. Write L’ for the vector space with co-ordinates W, X, Z (all of
degree 1), P(L') for the corresponding projective space, (W, X, Z) := —XZ3 +
a0 X?Z% + as X Z + a4 = 0, V/ for the hypersurface defined by ¢, in P(L'), and V
for its intersection with X = 0.

Lemma 6.3. The singular points of V' are isolated iff the hypersurfaces Vi, V3 are
both non-singular; and then the only singular point of V' is P.

Proof. By Lemma 6.2, we can take f = A + agB? + ayB + ay4. Since df/0x3 =
0A/0x3 = —6C, C' vanishes at all critical points of f.

First consider critical points of f in xg # 0. Since each such point lies in a non-
trivial orbit, and f is invariant, it follows that if f has isolated critical points, there
can be none with zy # 0. Now in this region, the critical points of f are the same
as those of 22 f, which is equal to —C? — B® 4+ 22(agB* + asB + a4). These coincide
with the critical points of ¢y := — B3 + 22(agB? + a3y B + a4) lying in C = 0. Now
regard ¢g as a function vy of the variables W, X, B. If this has a critical point with
X # 0, we certainly have a critical point of ¢y. Conversely, if we have a critical point
of ¢p, we have 0 = 0¢g/0xy = 2x¢0Yy/IB, so 0 = Oiy/0B, and in view of this,
0y /0X = O¢y/0xy vanishes, and so do the 9vy/OW;; so we have a critical point
of 1p. Finally, in X # 0 we may make the substitution Z := X~'B. The critical
points correspond, and since (W, X, XZ) = X2y (W, X, Z), they correspond to
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those of 1. Thus f has no critical points in xy # 0 if and only if 1; has none in
X #0.

Now consider critical points of f with zq = 0. As df/0x3 = —6C, and C
reduces to —z?, we must also have r; = 0, hence B = C' = A = 0. It follows that

Of /0xg = Of /Ox; = 0. There remain the conditions
0= 0f/ow; = Day/Ow;, 0= 0f/0xg= Das/0x+ 2w2a5 — 823

If we have a singular point of V3, there is only one further equation to determine both
xo and 3 so we have a non-isolated singularity of f = 0. Thus (ii) is a necessary
condition for f to have isolated singularities. If it holds, then for any critical points
in xg = ;1 = 0 we have w = 0, and now the remaining equation implies zo = 0,
giving the unique critical point P.

It remains to consider singular points of V] lying in X = 0. Here 0¢y/0Z
vanishes, 0y /0X = —Z%+ ayZ + Day/0X, and Oy JOW; = Da,/OW;. Since we are
now assuming that V3 has no singular points, the vanishing of the 9 /0W; implies
W = 0 and that of 0y, /0X then gives Z = 0, showing that there are indeed no
such singular points. O

Theorem 6.4. For V quasi-smooth in Case 3, u(V') = 22.3™.

Proof. As before, we calculate x(V') by decomposing 7(V') according to the strat-
ification, calculating the Euler characteristic of each piece, inferring those of the
pre-images, and adding up.

In Sy, A vanishes on the image of 7 and f reduces to as(W,0). The zero locus
is thus the hypersurface V5. Hence x(V N Ss) = x(V3) + x(€) = xm-2(4) + 2.

In S;, we can assign W and B and solve A = —(agB? + a3B + a4). The set
where W = 0 is a single point, so contributes y = 1, and the set W # 0 is the
product of the punctured B-plane and the punctured W space, so has x = 0. Hence
X(V N 81) = 1.

In Sy, we can normalise co-ordinates by X := 1. Projecting V; \ Vi onto (W, B)
space is an isomorphism, since A = —(aqB%+ ayB +a4) on Vy. Thus x(Vo\ V1) = 1.
Restricting to the subset where B3 + A = 0 we obtain an isomorphism of V;* \ Vi
onto the set of (W, B) where B* = agB? + a2 B + a4, which we can identify in turn
(replacing B by Z) with the subset V/\ V3 of V{ with X = 1. Thus x(V}*) — x(V5") =
x(VY) — x(V3). But V/ is non-singular, so x(V{) = x,n(4), and V4 is the cone on Vj,
so x(V4) is equal to x(V5) + 1 = xmm—2(4) + 1. We thus have

XV V) = xm(4) — Xm—2(4) — 1

and hence x(V N Sy) is twice x(Vo \ V1) minus this, i.e. 3 — x0n(4) + xm—2(4).
Adding these up, we find x(V) = —x;n(4) + 2xm—2(4) + 6. Now V has just one

singular point and dim V' = m+2, so x(V) = xms2(4) + (—=1)™ tu(V). Thus finally

p(V) = (—=1)"{xm+2(4) + xm(4) — 2xm-2(4) — 6}, which reduces to 22.3™. O

We can also calculate 7.

Proposition 6.5. Any f in Case 3 is oversymmetric. Hence Ty (V) = 3™T1.7.
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Proof. We can use essentially the same formula as in [4, Proposition 6.3]. We have
f=A+ayB?+ ayB + a4, with a; homogeneous of degree i in xy and the w;. Set
n = 230/0x1 + (3w122 — 3wo23)0/0x2 + (423 — 32123)0/023. Then A = 0 and
OA/0x3 = 3n'B. Hence f is annihilated by n' — £(2a¢B + a2)0/0x3. O

We contrast (V) = 22.3™ with 7(V) = 7.3™! = 21.3™. The values u = 22,7 =
21 were obtained in [4, Prop 6.3] for the case m = 0.

Lemma 6.6. Suppose V in Case 3. Then the singularity of V is semi-quasi-homo-
geneous of degree 12 in variables of weights 1, 4, 6 and 3 (m times).

Proof. Recall that A := —92323 + 18x¢x12903 — 87073 + 3ziw3 — 623x3. When
x5 = 1, we can rewrite this as A = —(3zg — 3z122 + 323)% + 6(323 — x1)®. This
suggests setting ¢ := xo — w122 + 523, p := 21 — 323, so we substitute x5 := 3y,

T = p+6y% 20 := q+ 3py + 6y>. This gives A = —9¢ — 6p*, B = 6qy — p* + 6py?
and so f = —9¢% — 6p> + ao(6qy — p* + 6py?)? + as(6qy — p? + 6py?) + a4, where q;
is homogeneous of degree i in wy, ..., w,,q + 3py + 6y°.

Now assign weight 1 to y, 3 to each w;, 4 to p and 6 to q. The term of least
weight in g is 6y°, of weight 3; the term of least weight in B is 6py?, of weight 6.
Hence each term in f has weight at least 12, and the terms of degree 12 give the
sum of a term —9¢?, which we can ignore, and g := —6p® + 36agp?y* + 6aspy? + ay,
where a; is homogeneous of degree i in wy, ..., w,,6y>. It remains to show that g
has an isolated singularity.

We compare g with the function ¢, (W, X, Z) := —X 73 4+ agX?Z? + aa X Z + ay,
and observe that formally g(w,p,y) = ¥1(w,6y%, py~'). Since by Lemma 6.3, the
hypersurface V] defined by ¥, = 0 is non-singular, g has no singular points with
y # 0. But if y = 0, the condition dg/dp = 0 forces p = 0; and the restriction to
p = y = 0 defines the hypersurface V3 which, by the same result, is also non-singular.
Hence indeed g has an isolated singularity, and the result follows. O]

7 Case 4

Here we define 7 : K — L by w(w, xo, 1, T2, x3,24) = (W, X, B, U, E) in the notation
of Lemma 4.1. The induced map 7 : P(K) — P(L) is defined except on the set £
where all co-ordinates except z3 and x4 vanish: £ is a projective line containing the
point P where all co-ordinates except x4 vanish and one other orbit, and y (&) = 2.
We define strata by

1 0 1 2 3
S,’ ZL’()?éO ZL’()ZO,I'l#O $0:$1:0,$27é0 $0:$1:$2:0
Si X#0 X=0,B#0 X=B=0,U#0 X=B=U=0.

The set F of fixed points is given by the vanishing of xg, z1, x2, x3. Each orbit of
the action of Gy on K\ F (or on P(K) \ F) is isomorphic to an affine line; their
degrees are 4,3,2,1 for Sy, 81,82, S3 \ F respectively. The closure of each orbit in
P(K) \ F is obtained by adjoining the point P.
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We now describe the pre-image under 7 of any (W, X, B,U, E) € L. In each
case, w =W and zo = X.

(So) @y is free, my = (B + 22)/2X, 23 = (C + 3Xz129 — 23)/3X? where C =
+v/(3X?BU — X3F — B?), and x4 = (U + 2x123 — 223) /2X;;

(81) z1 = +/(=B), xy is free, z3 = (25 — U)/2z;, and x4y = (612273 —
225 — B)/6at;

(S,) if E? # 4U3 the pre-image is empty; otherwise, 1, = 0, 2o = —FE/2U, x3
and x4 are free;

(S3) if E # 0 the pre-image is empty; otherwise, 1 = xo = 0, z3 and x4 are free
(if 23 # 0 we have a non-trivial orbit but if z3 = 0 we have fixed points).

From this we infer pre-images under 7.

Lemma 7.1. For (W, X, B,U, E) € S;, the value x(7~Y(W, X, B, U, E)) is given by:

1 Condition ;i x(if i =0) x(if ¥; #0)
0 X 40 B3+ X°E — 3X2BU 1 2
1 X=0,B#£0 W 1 2
2 X,B=0,U+#0 AUB — E? | 0
3 X,B U=0 E | 0

Lemma 7.2. Suppose f, invariant under the group, defines a hypersurface V with
1solated singularities. Then there is an allowable change of co-ordinates which puts f
in the form f = E+3a,U + a3, where a; is homogeneous of degree i in the invariant
co-ordinates.

Proof. We have d = 3, and so can write f = byC'+agFE +b;B+3a,U +as3, where a;, b;
are homogeneous of degree ¢ in w, xg. By Corollary 2.5, for V' to be quasi-smooth,
f must contain the monomial x3x(, so we must have ag # 0. We may thus take
ag = 1. Now substitute z4 = 2, + %0961 — %1 and x4 = x5+ %‘Jxo. This reduces by and
by to 0 at the expense of adding terms to az. We thus have f = F + 3a,U + ags, of
the desired form. O

It will be convenient to write a} for a} + a3, and to give names to varieties
as follows. We define Vo € P™ by a3(W,X) = 0, V5" by ai(W,X) = 0, their
respective intersections with X = 0 by V5, V5", and V5 N V5" by V. In weighted
projective space with coordinates (W, X, Z,U) (where U has weight 2) write ¢, :=
— 734+ 3U7Z + 3a1 (W, X)U + az(W, X); denote the hypersurface ¢; = 0 by V;, and
its intersection with X = 0 by V;.

Lemma 7.3. Suppose f = E + 3a,U + a3 as above. Then the singular points of V
are 1solated iff

(i) Vo, or equivalently V5 is non-singular,

(ii) Vi, or equivalently V5 is non-singular, and

(111) V3 has isolated singular points.

The singular points of f are then P and points P; corresponding to the singular

points Q; of V3.
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Proof. Since x10f/0x4 + x00f/0x3 = 110E/0x4 + x00E/0x3 = —6C, C again
vanishes at all critical points of f.

Each singular point of V' in zy # 0 lies in a non-trivial orbit, and V' is invariant,
so V' can have no singular point, and f can have no critical point with xg # 0. In
this region, the critical points of f are the same as those of x3f, which is equal
to 3z3BU — B® — C* + 23(3a,U + a3). These coincide with the critical points of
¢o = 322BU — B3 + 23(3a,U + a3) lying in C = 0. Now regard ¢y as a function v
of the variables W, X, B, U. If 1y has a critical point with X = 0, we certainly have
a critical point of ¢g. Conversely, if we have a critical point of ¢g, set

wi =W, xo:=X, z1:=1t, z5:=(B+1t")/2X,

xg 1= (3wox129 — xi’)/Smg, zy = (U + 27173 — x§>/2x0>

(so C'=0). Then 0 = ¢y /0x4 = 22001 /OU, so 0 = by /OU, and 0 = ¢y /0xs =
220010 /OB + 229010 /0U, so 0 = Oy /0B, and hence again, dvy/0X = O¢pg/0xq
and the 01 /0W; all vanish; so we have a critical point of 1.

In X # 0 we may make the substitution Z := X 1B, then (W, X, X7) =
X3 (W, X, Z). Then the critical points of ¥y correspond to those of 1. Thus f
has no critical points in xy # 0 if and only if ¢); has none in X # 0; equivalently,
Vo \ V1 is non-singular.

For a critical point of ¢y, 0 = 91 /0U = 3(Z + a1), so Z = —a; and 0 =
O /0Z = 3U — 372, so U = Z? = a?. With this value of U, the partial derivatives
of 1, with respect to X and the W; coincide with those of a3 4+ a3. Thus f has no
critical point in zy # 0 if and only if a3 has none in X # 0.

For singular points on zg = 0, we have 0 = 9f/dxy = —622, so z; = 0 also, and
hence U = 2%, E = —23, so f reduces to —2z3 + 3z3a;(w, 0) + az(w,0). We now

have 0f /0xy = 0f JOx3 = 0, and

Of /0xg = 6x2(ar(w,0) — xg), Of/0x; = —623(a1(w,0) — x3),
Of |0x¢ = 12w924 — 923 + 62401 (W, 0) + 375001 /00 + Das/Oxe(w,0).

If x5 = ay, then Of/Ow; = 0(a3 + a3)/Ow; = da}/Ow;. If the restriction of a} to
xo = 0 has a critical point, we can assign this value to the w;, set x5 = a;, and
then only have one further equation in x3 and z4: thus f has non-isolated critical
points. Thus condition (ii) is necessary. If it holds, then if x9 = a; we have w = 0,
hence in turn s = x3 = 0 and we have the unique critical point P,. Note also that
(ii) implies that aj has no critical point on X = 0, thus completing the proof of the
necessity of (i).

For a critical point of f with x5 # a;, we must have o = 23 = 0. Then Jf/0w;
reduces to daz/Ow; and Jf /0xy to 6z4a; + Jaz/0xy. Thus we have a critical point
of the restriction of az to xy = 0; since a; # xo = 0, each such critical point yields
a unique value of x4 and hence critical point of f. n

Theorem 7.4. For V quasi-smooth in Case 4, we have (V') = 11.2™ + u(V3).

Proof. As before, we calculate the x(V NS;) using Lemma 7.1.
For S3 we only have to consider az(w, 0) = 0, which defines V3. Hence x(VNS3) =

x(Va) + x(€).
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We know that x (V' NS,) is equal to the Euler characteristic of the set of (W, U, E)
with ¢(W,0,0,U, E) = 0, 4U? = E? and U # 0. Since we can solve ¢ = 0 for E,
it suffices to consider the set of (W, U) where 4U3 = (3a,U + a3)? and U # 0. We
cannot have W = 0 here, as this would imply U = 0. We can thus project on
the space P™~! with co-ordinates W. The fibre consists of the roots of the cubic
equation in U, which has discriminant 16a3a}.

In the following table, the first column defines the subset of P™~!, the second
gives its Euler characteristic, the third is the number of points in the fibre with
U # 0, and the fourth the contribution to

XA (W, U) |4U3 = (3a,U + a3)?, U # 0}.

P\ (VsUVE)  m—x(Va) —x(V5) +x(Va) 3 3m—3x(Va) = 3x(V5) + 3x(Va)
Vi \ Vs x(Va) = x(Va) I x(Va)—x(Va)

Vi\ Vs xX(V5) = x(Va) 2 2x(V5) —2x(Va)

Vi X(V4) 0 0

Hence x(V NSy) = 3m — 2x(V3) — x(V5).

In & (X =0,B # 0) we can again assign W, B and U and solve for E. Since
the other conditions are independent of B, which runs through C*, we have y = 0
in each case, except when W = U = 0 which leads to the unique point with £ = 0
also, and hence to x(VNS;) = 1.

Finally, for Sy, while we again solve uniquely for £, so that x(¢~'(0)NSy) =1,
we have to distinguish according as B3+ X3E —3X2BU = 0 or not, hence according
as 0 = B — 3X?BU — X3(3a,U + a3). As before, since here X is non-zero, we can
replace B by Z = B/X, so obtain 0 = Z3 — 3ZU — (3a,U + a3), giving V,. By
Lemma 7.3, both V{ and its intersection V; with X = 0 are non-singular. Applying
again Lemma 7.1, we obtain, since x(Sp) = 1,

x(VNS) = (x(Vo) — x(V1)) +2(1 = x(Vo) + x(V1)) = 2 — x(Vo) + x(V1).

Recall that by Corollary 4.4, if H" is a smooth hypersurface of dimension n where
one of the weights is 2, then x(H") = n + 2 + :{(—2)" — 1}. Since Vj, V; have
respective dimensions m + 1, m,

X(Vo) = x(Vi) = 1+ 3{(=2)""" = (=2)"} = 1 — (=2)™
Adding up, x(V) is equal to
X(V3) +x(€) +3m —2x (V) = x(V5) +1+2 = (1 — (=2)™),

and to xm43(3) + (—=1)™u(V). We can substitute x(€) = 2, x(V5) = xm-2(3) and
X(V3) = xm—2(3) + (=1)™ 1 u(V3), so that

p(V) = p(Vs) = (=)™ (Xm+3(3) + 2xm—2(3) — 3m — 5) + (2™ — (=1)™).

Substituting x,(3) = %(2’”r2 — (=1)""2) 4+ n + 2, this reduces to 11.2™. O

As before, we can determine the singularities.
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Proposition 7.5. Suppose V in Case 4. Then the singularity of V corresponding
to a singularity of V3 is right-equivalent to a suspension of that singularity.

Proof. Suppose @; a singular point of V5. Then a; cannot be a multiple of zq, for
otherwise V3 = V5" would be non-singular. We may thus set w; = a;. By the
arguments above, a; does not vanish at ¢);. We may thus work in affine co-ordinates
w1 = 1.

Now apply Lemma 3.4(a) to f with the variables (xg, 21, 9, 23, 24). We observe
that 0f/Oxq, Of/0x1, Of /0xa, Of JOxs, Of/Ox, all vanish when zyp = x; = z9 =
x5 =0 and x4 = —19a3/0xo. Substituting these values gives g(w) = az(w, 0,0,0).
The result follows. O

Lemma 7.6. Suppose V' in Case 4. Then the singularity of V at P is semi-quasi-
homogeneous of degree 12 in variables of weights 1, 6, 6, 6 and 4 (m times).

Proof. If we substitute x4, = 1, 23 = 22, 15 = y + 322, and z; = 2z + 3yz + 323, we
obtain F = 6Uy — 8y® — 622; thus f = —622 + 6Uy — 8y* + 3Ua; + as.

We also obtain U = 2xy — 4wz — 6y2% — 32* + y2. Substitute 2y = %U + 2xz —
1Y% +3y2? + 2% in f, and assign weights 1 to z, 4 to y and to the w;, 6 to = and
8 to U. Then in the expression for x, all terms have weight > 4 except for %z4, of
weight 4. Hence all terms in f have weight at least 12, and those of exactly this
weight are obtained by substituting %z4 for xg in a; and as.

It thus remains only to show that the result of this substitution has an isolated
singularity. Here we can ignore the summand —6x2; the rest is obtained from
(W, X, Z,U) by the substitution Z = 2y, X = 32*. But by Lemma 7.3, the
hypersurface V| given by ¢; = 0 is non-singular. The result follows. [

We observe that we also have f = =624 (U — 34>+ 2a1y —a?) (2y+a1) +af +as,
which we can write as —6z% + 6U"y’ + a%(w, g), though in view of the substitution
xo = sU' + 2z + 322y — 32%ay + 32* + 3y — 3y/a1 + 3a} we must make for o, the
simplicity of this form is misleading.

In certain cases, we can also determine 7.

Proposition 7.7. Suppose f, in the normal form for Case 4, satisfies also
(i) ay is a multiple of x¢, and
(1) Oas/0xy vanishes when xy = 0.
Then the singularity of f at P is quasi-homogeneous, so tp(V') = up(V) = 11.2™.

Proof. Write f as f = E + azxoU + uxd + cxy + C(w), where u is a non-zero linear
combination of the w;. We now define a number of vector fields. In the table, the
left column gives the name, the next defines the field, and the last gives its effect

on f Here 81 denotes 8/89&1 and R = (84E80 — 83E81 + agE@Q — 81E83 + 80E84>/6

H  —2x00y) — £101 + 2303 + 2140, —2axoU — 2x%(2u + 3cxo)

M 101 + (3/2)1’282 + (3/2)1‘363 + 2404 ar U + 2x0x1(2u + 361’0)

P x00y + 2101 + 2205 + x303 + x40, 3E + 3axzoU + x%(Zu + 3cxp)

Q 2002 + 103 + X204 2%0(3[] + aB)

R 6U2 + a(xgE + BU) + 20B(2u + 3cxo)
S (84E82 — 03E0; + 62E84)/12 3xgF — 3BU + al'%U
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Linear combinations of these give

Y1 2x4H +xsM —(4zozy — x123)(aU + 20 (20 + 3cxp))
Y5 —21M+Udh+ R aroFE + 6(4%0%4 - xlxg)U
+2aBU + 2xo(zore — 22)(2u + 3cxo)
Yy —5S+4dwoP — IUOs  —3x0E — 6BU + 4x3(2u + 3cwo)
Y, 3Q + 3x90s — 2ax¢04 18z (40w — 1173) — 6axo(Tors — 23) — da’x}

Thus the vector field Z =Y + ¢Ys + §¢ Yg, + 2l’“Jr3C$°Y kills f, and at the point P,
Z reduces to 20/0x4. The result now follows by Salto s criterion. O

Condition (i) is invariant under allowed changes of co-ordinates. An invariant
version of (ii) is that substituting o = 0 in daz/0x, gives a function in the Jacobian
ideal of a3(w,0). We believe both these conditions to be necessary for the result.

Since 7(V) < u(V) = 11.2™ < 12.2™, no function in Case 4 can be oversymmet-
ric.

8 Case 21

First we normalise co-ordinates.

Lemma 8.1. There is an allowable change of co-ordinates which puts f in the form
f =54 a1 B+ a3, where a; is homogeneous of degree v in w,xy,yo. Moreover, we
may suppose that either a; = xg or a; = wy.

Proof. Here d = 3 and f has the form agS+a; B+b,T+a3, where a; (and b;) denotes
a homogeneous function of degree i in w, xg, yo. It follows from Corollary 2.5 that f
must contain the monomial y?zy. Hence we must have ag # 0, and can take ag = 1.
Now substitute y; := y; + %bl to reduce by to 0 (the extra terms introduced can be
absorbed in a3), and so f to S + a1 B + ag.

If a; involves any of the w co-ordinates, we can make a linear substitution among
the w’s to reduce a; to the form gz + pyo + w;, and then change again to achieve
a; = wy. Otherwise, we can write a; = 2pyo + qro and use the substitution y; =
Y1 — pT1, Yo = Yo — pro. This transforms S to S + (p*xe — 2pyo) B, so a; is changed

o (¢ — p*)zo. We may thus suppose that either a; = zy or a; = 0. However, if
a; =0, V is singular along the plane w = yy = y; = 0. [

Proposition 8.2. In Case 21, V is always 2-symmetric.

Proof. The function f is annihilated by the vector fields & = xq0/0x1 + x10/0xs +
Yo0/0y; and &' 1= yy0/0x1 + y10/0xs — a10/0y;. O

There are significant differences between the two cases. We now rename the case
with a; = zg as 21y, and the case a; = w; as Case 5.

In Case 21y, the operators D=+ D’ each fall into Case 2 (other linear combinations
are all in Case 21g). To see this, substitute

To=Ug+ Vg, Yo=1Uyp— Vg, T1=1U TV, Y1 =U — V1,
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Then f reduces to —8zaugvg+4ugvi+4voui+as, which we can write as 4ug(vi—2vxs)
added to a cubic in w, ug, vg and v;. Conversely, this is essentially the normal form
for Case 2 where the cubic has the form 4vyu? added to a cubic in w,ug, vy, and
thus can be identified with Case (a2) of Proposition 5.9.

For the remainder of this section we consider only Case 5; here all non-zero linear
combinations of D and D’ are in Case 5. We re-name a; as zy. In this notation,
co-ordinates are (wy, . . ., W, o, Yo, 20, L1, Y1, T2), and we re-group the terms in f as
J + az(zo, Yo, 20, w), where

J = 2x2(y§ — To20) + X320 — 271910 + Yio.

It is now more natural to treat all the differential operators on the same footing,
and consider f as invariant under the 2-dimensional group G whose Lie algebra
is spanned by D and D’. We see that J is invariant under G, and it seems very
likely that the ring of invariants coincides with the polynomial ring Clw, x¢, yo, 20, J/]
(clearly it contains this, and we can show that the localisation at (o) is correct),
but we will not use the precise assertion.

We define a new stratification,

So: y(2) — 2920 # 0,

Si: Y2 — w020 = 0 but (9, yo, 20) # (0,0,0),

Sa: (0, Yo, 20) = (0,0,0).

Lemma 8.3. A point in Sy is fized under G, otherwise the dimension of the orbit

is equal to the rank of (39 % o).

For the fixed points of Ay + B& = (Axg + Byo)0/0x1 + (Ayo + Bzo)d/0y1 +
(Azy + Byy)0/0xq are those where the three coefficients vanish; this holds for some
(A, B) # (0,0) if and only if the rank of the matrix drops.

We define a projection 7 : K — L by 7(w, xo, Yo, 20, T1, Y1, L2) = (W, To, Yo, 20),
and again write 7 : P(K) — P(L) for the induced map of projective spaces. The
exceptional set where 7 is undefined is the projective plane where w = xg = yg =
2o = 0, and the pre-image of any point in the target is isomorphic to affine 3-space.
Write 7y for the restriction of 7 to the hypersurface V' defined by f = 0.

Lemma 8.4. The fibres of Ty are as follows:
in Sy each fibre is a quadric isomorphic to an affine plane,
in S1, one or two affine planes according as az(w, xo, Yo, 20) = 0 or # 0,
in Sy, affine 3-space or the empty set according as as(w,0,0,0) =0 or # 0.

Proof. The assertions are trivial except for S;. Here we may write (2, yo, 20) =
(t?, tu, u®) for some t,u not both zero. Then J reduces to x329 — 2x1y1y0 + Yizo =
(uzy — ty;)?. Thus we have the plane(s) given by uz; — ty; = ++/(—a3).

O

We have two hypersurfaces in P(L): the cone S; USy; = C : 32 — 2020 =
0 and the variety V, defined by as(w, zo,yo,20) = 0. Write Vi := VN C, and
Vs = Vo NSy for the variety as(w,0,0,0) = 0. Also define V;* as the variety
d(w, t,u) := az(w, ?, tu,u?) = 0 in weighted projective space P(2™1?).

It follows from the lemma that

X(V) =3+ x(So) + 2x(S1) — x(S1 NVo) + x(S2 N Vp). (4)
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Proposition 8.5. The variety V has isolated singularities if and only if
(i) for no (w, xg, Yo, 20) in S1 do we have daz/Ow; = 0 for each i, and the matriz
A of rank 1, where

A .: < 8&3/01’0 8a3/8y0 8&3/820 )

20 —2Yo To
(i1) for any singular point of Vi we have

(Das/0yo)* # 4(Das/dx¢)(das/0z).

In particular, singular points of V3 are isolated.
When this holds, P is the only singular point of V.

Proof. Since df /0xy = 2(y2 — w020), there are no singularities in Sp.
In Sy, again write (zg, Yo, 20) = (t2, tu, u?) for t,u not both zero. Then

Of J0xy = 2u(uxy — tyy), Of/0y = —2t(uzy — tyy),

Of |0xg = y3 + Oaz/Oxy, Of |Oys = —2x1y1 + Oas/Oyo, Of |0z = x2 + Das/0zy, and
Of JOw; = Odas/O0w;. It follows that for a critical point of f, ux; = ty;, and hence
that the matrix A has rank 1.

Conversely, given (w, xg, %o, z0) in Sy such that dasz/0w; = 0 for each i, and A
has rank 1, we can take (o, yo, 20) = (¢, tu,u?), and let the upper row of A equal
—2? times the lower. Then if ; = tv, y; = wv and x, is arbitrary, we have a critical
point of f: none of these critical points is isolated.

In Sy we have identically 0f/0xes = 0f /O0x; = 0f /Oy, = 0. For a critical point
of f we have a critical point of a3, and 3 further equations, for 2%, 214, and y?, which
are inconsistent unless also (Jas/0yg)? = 4(Dasz/dx¢)(Daz/0z).

Conversely, if there is a critical point of ag at which this identity holds, we can
solve for 1 and y; and take an arbitrary value for x5, again obtaining a non-isolated
singularity of f.

It remains to consider the case w = xg = yo = 2o = 0. Here the only critical
point is x1 = y; = 0, which is indeed isolated. O

For a singular point of the intersection V; := Vy N C, Lagrange’s multiplier rule
tells us that the das/0w; vanish and the matrix A has rank at most 1: for singular
points with (xo, 30, 20) # (0,0, 0), this condition is necessary and sufficient. Thus (i)
is equivalent to the condition that V; NSy, or equivalently the open set of V;* where
(t,u) # (0,0), be non-singular.

Now Vi is always singular along V3 NS,. For V}* on the other hand, it is singular
at a point on t = u = 0 only if dasz/0w; = 0 for each i, i.e. at a singular point of V5.
Thus V{* is non-singular if and only if Vj is.

The singularities of V}* and V3 are related as follows. If we expand ¢ as a
Taylor series, the second order terms in ¢ and u are 2((das/0xo)t* + (Das/dyo)tu +
(Daz/dzy)u?), a form which is non-singular if and only if (i) holds. However, since
the ambient weighted projective space is singular at this point, we cannot say that
one singularity is the suspension of the other.
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Theorem 8.6. If V3 is non-singular, u(V) = 25.2™. Moreover, the singularity of
V' is semi-quasi-homogeneous of degree 6 in variables of weights 1, 1, 3, 3, 3 and 2
(m times).

Proof. Although the first assertion follows from the second, we give an independent
proof.

For the stratification of P(L) we have x(S2) = m, x(S1) = 2 and x(So) = 1,
since S, is a projective space, and forgetting the w; defines a projection of the others
to the projective plane on xg, yo, zo with contractible fibres. Substituting in (4), and
using the notations V; thus gives x(V) = 8 — x(V}) + 2x(13).

Now X(V) = xmsa(3) + (=1)™1u(V) and since V3 is non-singular, x(V3) =
Xm—2(3). Since the natural projection V* — Vj is bijective, x(V1) = x(V}), while
by Corollary 3.7, x(Vi*) = m + 1+ ¢(—1)"™(26.2™ + 4(—1)™).

Putting the above results together, we obtain

(V) = 1(2’”+6 —(=1)") + (=1)"(m +6)
+ 2(26.2™ + 4(=1)") + (=1)"(m + 1)
—%((2)’”—< ™)+ (=1)™'2m 4 8(—=1)"
= 25.2™.

Set w9 = 1/2 and rewrite J as (yo—z1y1)?—(xo—2%)(20—y7). Substitute 2’ := zo—a?,
Y = yo—my and 2’ := 2—1?: then f = (y?—2'2")+as(z'+22, ¢ + 2191, 2+ 92, w).
Now assign weights 1 to z1,41, 2 to the w; and 3 to 2,3/, 2. Then the terms of
weight 6 give g = (y? — 2'2") + az(x3, x1y1, 9%, w). Since V3 is non-singular, so is V7,
so ¢ has an isolated singularity, and the result follows. O

If V¥ is singular, we do not have a formula for its Euler characteristic, so must
proceed differently: in fact, we resolve the singularity of C'. Define P as the subva-
riety of P! x P(L), where P! has co-ordinates (¢, : t1), given by t1z¢ = toyo, t1%0 =
tozo. If Ly := S denotes the subspace zg = yg = zp = 0 of L, then the projec-
tion P — P(L) has image C; it is bijective over C'\ P(Lg), but over P(Ly) is the
projection P! x P(Ly) — P(Ly).

Define V C P to be the subvariety given by as(w, xg, Yo, 2z0) = 0: thus it is
a complete intersection of multi-degree (1,1), (1,1), (0,3). The natural projection
Vo V, is an isomorphism outside V3, but a product P' x V3 over it. In
particular, x(V) = x(V4) + x(V3). By Proposition 8.5(i), Vi \ Vi, hence its pre-
image, is non-singular. Also, any singularity of 1% projects to a singular point P,
of Vs.

Lemma 8.7. Above each singular point P; of V3 there are just two singular points

of 17, and the singularity at each is isomorphic to a suspension of the singularity of
Vs at P,

Proof. To study a neighbourhood of P;, it is convenient to make a linear change of
the co-ordinates (o, yo, 20), preserving the quadratic y3 — xg2¢, so that daz/dzy =
Oaz/0zy = 0, Daz/dyy # 0 at P; (here we use Proposition 8.5(ii)). Then V is non-
singular at all points of 7=!(F;) except those where (ty : ¢1) is (0 : 1) or (1 : 0): it
suffices to consider the first.
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Take affine co-ordinates in V' with ty =1 and wy = 1. Then yy = tp29, T9 =
toyo = tizo. Thus asz lifts to az = az(1,ws, ..., w,, t320,t020, 20). At the point
to = zo = 0, the 2-jet has a non-zero coefficient of ¢yzy. We now apply Lemma 3.4(b):
this we can do since daz/0ty is divisible by z,. It thus follows that we have a
suspension of the restriction to ty = 2y = 0, which is just the intersection with V3. [

We can now show

Theorem 8.8. If V' is quasi-smooth in Case 5, then (V) = 25.2™ + u(V3).

Proof. Since Visa complete intersection with isolated singularities, its Euler char-
acteristic is obtained from that of a smooth complete intersection of the same multi-
degrees by adding (—1)™"! times the sum of the Milnor numbers.

~

While we could calculate the default value of x (V') directly, we can also obtain
it from the above calculations in the case when V3 is non-singular. In the proof of
Theorem 8.6 we calculated values of x(V;) and x(V3): denote them for now by ¢;
and c5. Thus ¢; = m+ 1+ $(=1)"(26.2™ 4+ 4(—1)™) and ¢3 == Xm—2(3). In the
case V3 non-singular, we have X(XA/) = ¢; +c3 and x(V) = 8 — ¢1 + 2¢3, whereas
X(V) = Xmra(3) + (=)™ 1u(V), leading to u(V) = 25.2™.

In the general case, by Lemma 8.7 there are two singular points of Vinn (P,

1

(&
each a suspension of the singularity of V3 at P;; hence u(f/) = 2u(V3). Now x(V3)
c3 + (—=1)™1u(V3). Also, by the remark just made,

X(‘/}) = ¢ + 3 + (—1)™2u(V3).  As before, we have x(V) = 8 — x(V1) +
2x(V3) = 8 — x(V) + 3x(V3), which now equals 8 — [c1 + ¢3 + (—1)™ 12u(V3)] +
3les + (=)™ tu(V3)], ie. 8 — ¢p + 2¢3 + (=1)™ 'u(V3). Substituting this value in
X(V) = Xomnga(3) + (=)™ Lu(V) gives u(V) = 25.2™ + u(V3) as desired. O

),

Observe, however, that unlike the other cases, here there is just one singular point
P, and the values 7 = 25.2™ and p = 25.2™ + p(V3) both hold for the singularity at
this point.

9 2-symmetric cases

Finally we list 2-symmetric hypersurfaces. This is just the subcase d = 3 of the list
of oversymmetric cases: in the semisimple case, the weights are obtained from one of
[—1,0,1], [-2,1,2] and [—2, 1, 4] by adding zeros; in the unipotent case, the subcases
of Case 2 when an additional action exists were analysed in Proposition 5.9: we had
three cases (al), (a2), (b); and Case 21 splits into two subcases: Case 21, and Case
5. Since some cases arise more than once by using different 1-parameter subgroups,
it is better to give the list separately.

Theorem 9.1. If f, of degree > 3, such that f = 0 is quasi-smooth, is 2-symmetric,
then f belongs to one of the following 5 cases (A)—(E).

(A) f = xor122 + as(xs,...,z,) (n > 2), where ag = 0 is non-singular, with the

2-parameter action (A, u1).(xo, 1, T, ..., 2n) = (N txg, p~ oy, Auas, ..., z,), and 3
singular points, mutually isomorphic. We have 1-parameter subgroups with weights
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[—a, —b,a + b] for any a and b. There are 3 singularities, all isomorphic, each with
p = 2"~% and homogeneous of degree 3 with respect to weights 1 (n—1 times) and 2.

(B) f = wox? + zoz9m3 + a3(z3,...,7,) (n > 3), where a3 = 0 is non-singular,
and has non-singular intersection with z3 = 0. This is annihilated by —2z¢dy +
2101 + 2290, with non-zero weights [—2, 1, 2], and by x30/0z1 — 2210/0x4, which is
in case (al) of Proposition 5.9. There are two singularities, with Milnor numbers
5.2"73 and 2"3; both homogeneous of degree 6, the first with respect to weights 1
and 2 (n — 3 times); the second with respect to weights 3 and 2 (n — 3 times).

(C) f = x0(2zowy — %) + az(z3,...,2,) (n > 2), where az = 0 is non-singular.
This is annihilated by —2x¢0y + 210; + 42202 with non-zero weights [—2, 1, 4], and
by x00/0x1 + x10/0x2, which is in case (b) of Proposition 5.9. The singularity
has u = 3.2"2 and is homogeneous of degree 12 with respect to weights 3,6 and 4
(n — 2 times).

(D) f = x3(2zowy — %) + 2023 + az(wo, T3, T5,...,7,) (n > 4), with az non-
singular. We have vector fields z¢0/0x; + x10/0z5 in case (a2) of Proposition 5.9
and 240/0xy — 130/0x4 in Case 21y. The singularity has g = 13.2""*, and is in the
same p—constant stratum as 28 4+ 2%y® + y% + 320w

(E) f = 2x9(y2 — x020) + 2320 — 271y190 + Y2 20 +a3(To, Yo, 20, W1, - - -, Wy) (n > 5),
satisfying the conditions of Proposition 8.5. This is invariant by x¢0/0z1+x10/0z2+
Y00/0y1 and yo0/0x1 + 110/ 02+ a10/Jy;; any non-zero linear combination of these
is in Case 5. If V5 is non-singular, (V) = 25.2"7° and the singularity of V is
semi-quasi-homogeneous of degree 6 in variables of weights 1, 1, 3, 3, 3and 2 (n—5
times). In general, we have u(V) = 25.2"7° + u(V3).
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