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Abstract

In the present paper we study moving average processes X; = [ o(t —
s) — (—s) dWs, where ¢ and 1 are deterministic functions and (Wy)er is
a Wiener process. Necessary and sufficient condition on (¢, ) are provided
for (X¢)¢>0 to be an (.7-"£X’°°)tzo—semimartingale, where .7-"1§X’°° =o0(Xs:s€
(—o0,t]). Our results are constructive - meaning that they provide a simple
method to obtain ¢ and v for which (X3)¢>0 is an (Ff(’oo)tzo—semimartingale
or an (]:tX *?)1>0-Wiener process. Several examples are considered.

In the last part of the paper we study general Gaussian processes with sta-
tionary increments, (X;)er. We provide necessary and sufficient conditions
on spectral measure for (X;);>0 to be an (]:tX’OO)tzo—semimartingale.

Keywords: semimartingales; Gaussian processes; stationary processes; mov-
ing average processes

AMS Subject Classification: 60G15; 60G10; 60G48; 60G57

1 Introduction

In this paper we study moving average processes, that is processes (X;)icr on the
form

Xt—/go(t—s)—w(—s) dW,,  teR, (1.1)

where ¢ and 9 are two deterministic function satisfying that s — p(t —s) — ¥ (—s)
is square integrable and (W;);ecr is a Wiener process. We are concerned with the
semimartingale property of (X;);>o in the filtration (F;°>);50. The class of mov-
ing average processes includes all centered L?(P)-continuous stationary Gaussian
process with absolutely continuous spectral measure (see Doob (1990, Page 533)),
the fractional Brownian motion and many Gaussian processes with stationary in-
crements. It readily seen that all moving average processes are Gaussian processes
with stationary increments.
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In the case where ¢y = 0 and ¢ is 0 on (—o00,0), Knight (1992, Theorem 6.5)
proved that (X;);>o is an (Emoo)tzo—semimartingale if and only if

t
o(t) =« +/ h(s)ds, te Ry,
0

for some o € R and a square integrable function h. This was reproved in Jeulin
and Yor (1993) with a shorter proof. Moreover, their proof extends to processes
where 1) is non-zero. In the case 1 = 0, Jeulin and Yor (1993) provided conditions
on the Fourier transform of ¢ for (X;)i>o to be an (F;">);>0-semimartingale.

Let (X;)i>0 be given by (1.1) and note that it is easier for (X}):>o to be an
(F*°°);s0-semimartingale than an (F;"™),>o-semimartingale and harder than be-
ing an (F/);>o-semimartingale (FX = o(X, : s € [0,t])). Assume 1 equals ¢
or 0 and that (X;);>0 is an (F;¥);>g-semimartingale with canonical decomposition
X, = Xo+ M, + A,. Tt follows from Basse (2007) that (X,);>0 is an (F;*™),¢-semi-
martingale if and only if 4 is absolutely continuous with a bounded density, where
pra denotes the measure induced by the mapping ¢ — E[Varjy4(A)] and Varjg4(A)
denotes the total variation of s — Ay on [0, ¢].

Let S' denote the unit circle in the complex plane C. For each measurable

function f: R — S' satisfying f = f(—-), define f: R — R by

B a jits 1
) = 1 [T ()

a—0o0 —a 18

f(s)ds,

where the limit is in A-measure. We prove that (X;);0 is an (F;*>);>0-semimartin-
gale if and only if ¢ can be decomposed as

p(t) = B+af(t) + /Ot ﬁL(S) ds, Aa.a. t €R, (1.2)

where o, 3 € R, h € L?()\) and f: R — S! is as above, and if o # 0 then h

and f(go/—\w) are 0 on R, . In this case we can chose «, 3, h and f such that the
(F;°°);s0-canonical decomposition of (X;);so is given by X; = Xo+ M, + A,, where

Mt:a/f(t—s)—f(—s)dWS and At:/0t</ﬁz(s—u)qu>ds.

As a special case we have that (X,);>0 is an (F;"*);so-martingale if and only if ¢
can be represented as in (1.2) with h = 0. Thus, to obtain examples of (F)is0-
Wiener processes we have to calculate f for some f: R — S' and examples of

(]—",;X ?)i>0-semimartingales are obtained by also calculating fh and defining ¢
by (1.2). Examples are provided in Example 3.5.

In the last part of the paper we are concerned with the spectral measure of
(X1)ier, where (X;)er is either a stationary Gaussian semimartingales or Gaussian
semimartingales with stationary increments and Xy = 0. In both cases we provide
necessary and sufficient conditions on the spectral measure of (X;)ier, for (Xi)e>o
to be an (F;™);o-semimartingale.



2 Notation and Hardy functions

Let (€2, F, P) be a complete probability space. By a filtration we mean an increasing
family (F;):>o of o-algebras satisfying the usual conditions of right-continuity and
completeness. For a stochastic process (X;)ier let (]:tX *)i>0 denote the least
filtration subject to X, is ;" *-measurable for t > 0 and s € (—o0, 1].

Let (F;)i>0 be a filtration. Recall that an (F;)¢>o-adapted cadlag process (X;)i>o
is said to be an (F:);>o-semimartingale if there exists a decomposition of (X¢)¢>o
such that

Xi = Xo+ M; + Ay,

where (M;);>0 is a cadlag (F;);>o-local martingale which starts at 0 and (A;);>o is
a cadlag (F;)i>o-adapted process of finite variation which starts at 0.
A process (W;)ier is said to be a Wiener processif foralln > land ¢ty < --- < 1,

Wy = Wiy oo o W, =W

are independent, for —oo < s < t < oo W; — W; follows a centered Gaussian
distributed with variance o2(t — s) for some o2 > 0, and Wy = 0. If 02 = 1 we say
that (W;)ier is a standard Wiener process.

Let f: R — R. Then (unless explicitly stated otherwise) all integrability mat-
ters of f are with respect to the Lebesgue measure A on R. For t € R, let 7 f
denote the function s — f(t — s). We have:

Remark 2.1. Let f: R — R be a locally square integrable function satisfying
f —1of € L*(\) for t € R. Then R 3 t — 7.f — 7of € L*(\) is continuous.

This follows by arguments as in Cheridito (2004, Lemma 3.4). Note that if f is
square integrable then the result can be proved by approximation with continuous
functions with compact support.

We now give a short survey of Fourier theory and Hardy functions. For a
comprehensive survey see Dym and McKean (1976). The Hardy functions will
become an important tool in the construction of the canonical decomposition of a
moving average process For square integrable functions f,g: R — C define their
inner product as (f,g) := [ fgd\, where Z denotes the complex conjugate of the
complex number z. For f € L*()\) define the Fourier transform of f as

f(t):= lim /f Ye'! du,

al—o0, bloo

where the limit is in L?()\). The Pancherel identity, shows that for all f,g € L*(\) we

have (f,§) 20 = 27(f, 9)12(n)- Moreover, for f € L2(\) we have that f = 2rf(—-).
Thus, the mapping f — f is (up to the factor v/27) a linear isometry from L?())
onto LQ()\).

Let €, denote the open upper half plane of the complex plane C, i.e. C, :=
{z € C: Sz > 0}. An analytic function H: C; — C is a Hardy function if

sup/\H(a—i— ib)|* da < oo.

b>0



Let H? denote the space of all Hardy functions. It can be shown that a function
H: C, — C is a Hardy function if and only if there exists a function h: R — C
which is 0 at (—o0,0), belongs to L?()\) and satisfies

H(z) = / FUh(E)dt, 2 e Ty (2.1)

In this case limy o H(a + ib) = h(a) for l-a.a. a € R and in L2()).
Let H € H2 with h given by (2.1). Then H is called an outer function if it is
non-trivial and for all a 4+ b € €, we have

log(|H (a + ib)]) = ﬁ/wdu

) (u—a)2+b

An analytic function J: C; — C is called an inner function if |J| < 1 on C;
and with j(a) := limy)o J(a + ) for M-a.a. @ € R we have [j| = 1 Ma.s. For
H € H2 (with h given by (2.1)) it is possible to factor H as a product of an outer
function H° and an inner function J. If h is a real function J can be chosen such

that J(z) = J(—%) for all z € C;.
For measurable functions f and g satisfying [|f(t — s)g(s)|ds < oo for ¢t € R,
we let f x g denote the convolution between f and g, that is f * g is the mapping

t— /f(t — 5)g(s) ds.

A locally square integrable function f is said to have orthogonal increments if
7f —1of € L3(\) for all t € R and for all —oo < ty < t; < ty < oo we have that
i, f — T, [ is orthogonal to 74, f — 7, f in L*(\).

3  Main results

By S' we shall denote the unit circle in the complex field C, ie. S* = {z € C :
2| = 1}. For each measurable function f: R — S* satisfying f = f(—-) we define
f:R—R by

_ a jits 1

(1) = tim [ ()

a—o0 —a 18

f(s)ds,

where the limit is in A-measure. The limit exists since for ¢ > 1 we have

/a eits _ 1.[_171](5)f(8) e /1 eitsis_ 1f(5) ds + /a eitsl[—l,l}c(S)f(s)(is)_l dS,

—a (2] 1 —a

and the last term converges in L?*(\) to the Fourier transform of
S 1[_1’1]c(8)f<8)<2'5)71.

Moreover, f takes real values since f = f (—-). Observe that for u < t, we have

—

fit+) = flut ) =1pgf, A-a.s. (3.1)
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The function f has orthogonal increments. To see this let tqg < t; < ty < t3 be
given. By (3.1) we have

(flts =) = flta— ), f(ts =) = fto — N2y
= 21 (L), Lo ) 1200 = oty Totad 2200 = (Leasal Lol 2209 = 0,
which shows the result.
Let (W})ier be a Wiener process and ¢,1: R — R be measurable functions

satisfying o(t — ) + ¢ (—-) € L*()\) for t € R. In the following we let (X;)icr be
given by

Xt:/go(t—s)—w(—s)dWs, teR.

Now we are ready to characterize the class of (F;*™),>¢-semimartingales.

Theorem 3.1. (X;);>0 is an (ﬂx’m)tzo—semimartmgale if and only if © can be
decomposed as

o(t) =B+af(t) / fh(s)ds, A-a.a. t €R, (3.2)

where o, 3 € R, h € L*(\), f: R — S' is a measurable function such that f =

—

f(=+), and if o # 0 then h and f(cp/—\w) are 0 on R,.
In this case we can chose o, 3, h and f such that the (ﬂx’m)tzo—canomcal de-
composition of (X¢)io is given by Xy = Xo + My + A, where

Mt—a/ft—s —s)dW, and At:/0t</ﬁz(s—u)dwu>ds. (3.3)

The proof is given is Section 5. The last term on the right-hand side of (3.2) is
Lipschitz continuous of order 1/2 by Holder’s inequality.

Corollary 3.2. (X;)s0 is an (F;"™)=o-martingale if and only if ¢ can be decom-
posed as in (3.2) with h = 0.

The corollary shows that the mapping f — f (up to affine transformations)
is onto the space of functions with orthogonal increments (recall the definition on
page 4). Moreover, if f,g: R — S' are measurable functions satisfying f = f(—)
and g = g(—) and f = § A-a.s. then (3.1) shows that for v < ¢ we have

i[%t]f = i[u,t]g, A-a.s.

which implies f = g A-a.s. Thus, we have shown:

Remark 3.3. The mapping f — f is one to one and (up to affine transformations)
onto the space of functions with orthogonal increments.

For each measurable function f: R — S! such that f = f(—-) and for each
h € L*(\) we have

~

| £ ds = Qo Ty = (T, (Y= (3.4)
— (o fs (=) = (o fs hhizey) = / (F(t +5) — F())h(s) ds,



which gives an alternative way of writing the last term in (3.2).

In some cases it is of interest that (X;)¢> is (ftmoo)tzo—adapted. This situation
is studied in the next result. We also study the case where (X});>¢ is a stationary
process, which corresponds to ¢ = 0.

Proposition 3.4. We have

(i) (X)is0 is an (F; °)so-semimartingale which is (F,"*)iso-adapted if and
only if  is represented as (3.2) with f(a) = limyo J(—a+1b) for A\-a.a. a € R,
for some inner function J. In this case (3.2) can be written as

p=Bit+af+fxh,  Aas (3.5)
where fy € R and hy = h(—).

(ii) Assume ¢ = 0. Then (X))o is an (F;2™)iso-semimartingale if and only if

o(t) = B+ af(t) / fh(s)ds, A-a.a. t € R, (3.6)

where a,f € R, h € L*(\), f: R — St is a measurable functzon satisfying
f=f(=), and if a # 0 then h is 0 on Ry and t — a+f0 s)ds is square
integrable on R

According to Dym and McKean (1976, page 53), a function J: C; — C is an
inner function if and only if J can be factorised as:

J(2) = Ce™™ exp (i/ Lt iy F(ds ) H En :j (3.7)

e S —Zz
n>1

where C' € S', @ > 0, (2,)n>1 C C satisfies > o S(2,)/(Jzn|> + 1) < oo and
€n = 2Zn/Zn or 1 according as |z,| < 1 or not, and F is a nondecreasing bounded
singular function. Thus, a measurable function f: R — S with f = f(—-) satisfies
the condition in Proposition 3.4 (i) if and only if

fla) = lglrgl J(—a+0b), Ma.a. a € R, (3.8)

for a function J given by (3.7). If f: R — S' is given by f(t) = isgn(t)
then obviously f = f(—-) (sgn denotes the signum function defined by sgn(t) =
—1(—o0,0)(t) + L(0,00)(t)). Moreover, f does not satisfy the condition in Proposi-
tion 3.4 (i). This seen from Example 3.5 and Lemma 4.3.

The condition in Proposition 3.4 (i) is weaker than (X;);>o being an (F}">);0-
semimartingale. The latter condition is satisfied if and only if ¢ can be represented
as in (3.2) with f constant.

In the next example we illustrate the method to obtaining (¢, ) for which
(X1)s0 is an (F;™),s¢-semimartingale or an (F;* "*)i>0-Wiener process. The idea
is simply to pick a function f: R — S' satisfying f = f(—-) and calculate f.
Moreover, if one wants (X;)i=o to be (F;"™);s¢-adapted one has to make sure that
f is given by (3.8).



Example 3.5. Let (X;)ier be given by
X, = /gp(t —5) — @(—s) dWs, teR.

(i) If ¢ equalst — (e7'—1/2)1g  (t) ort — log(|t]) then (X;)i>o is an (.EX’OO)tZO—
Wiener process.

(i1) If ¢ equals

s—1s2—1
d
s+1 52 D 5

t
t — log(|t]) +/ log (
0

then (X;)iso is an (F;"™)=o-semimartingale.

We use Theorem 3.1 and Corollary 3.4 to show the above stated results. Notice

—

that 1) = ¢ and hence the condition that f (go/—\zlj) =0 on R, is trivially satisfied.
To show the first part let f be the function ¢ — (¢t +4)(t —4)~*. For ¢ > 0,

/a ez’ts _ 1'[71’1}(8).]“(3) s — 4/“ COS(tS) — 1[071}(3) s n 2/a sin(ts) 52 —1 ds
0 0

is 2+ 1 s s2+1
—de 4+ 2(-1+2)=8"-2+71  asa— oo,

—a

and for ¢t € (—o0,0),

aeits_li S
/ 1 Sl )f(s)ds—>2+7r as a — 00,
is

—a

which shows f equals ¢ +— (e=* — 1/2)1g, (t) up to an affine transformation.
Now let f be the function t — isgn(¢). For t > 0 and a > 1

/a eits _ 1.[71’1}(8)]0(5) e — /a Cos(ts) — 1[71’1}(8)]0(8) s

—a 15 —a is

—2 / " cosls) zsl[o’ﬂ(s)f (s/t) ds = 2( / " eosle) ~on(®) log(t)).

S

and since f(—t) = f(t) we conclude f(t) = —2(vy + log(|t])) for t € R, where v
denotes Euler’s constant.

Let additionally h(t) = 1j_1,g(t). Due to the fact that h(t) = I_CZ—ZS(” + % we
obtain

— /0 ' cos(ts)(h(s) — h(—s)) ds — /0 ’ sin(ts)(h(s) + h(—s)) ds
= 2(/: cos(ts)Los(S) ds — /Oa sin(ts) sin(s) ds)

S S
21 t+1
2(1/2108 (| =) ~ 1/2108 (|5=5]))
— 212108 (|52 ) — /2108 (|
1 ()t—1t2—1’)
= —_— —
og 1B as a — 00,



which shows

- t—1¢2 -1
OR T (=

), t€R,

and by Theorem 3.1 completes the proof. O

As a consequence of Example 3.5 (i) we have the following: Let (X;):>o be the
Ornstein-Uhlenbeck process given by

t
Xt:XO—/XSdS+Wt, tZO,
0

where (W}):>0 is a Wiener process and X 2 N(0,1/2) is independent of (W;)¢>o.
Then (Bi)>0, given by

t
Bt::VVt—2/Xsds, t>0,
0

is a Wiener process (in its own filtration). Representations of the Wiener process
have been extensively studied by Lévy (1956), Cramér (1961), Hida (1961) and
many others. One of the most famous examples of such a representation is

t

1
Bt:Wt— —Wsds, tZO

o S

Let X; = [t — s) — ¢(—s)dW; for t € R. Then ¢ has to be continuous on
[0, 00) (in particular bounded on compacts of R) for (X;);>0 to be an (F">);0-
semimartingales. This is not the case for the (FtX ?)¢>o-semimartingale property.
Indeed, Example 3.5 shows that if p(t) = log(]t|) then (X;)io is an (F;%)is0-
martingale, but ¢ is unbounded on [0, 1].

4 Functions with orthogonal increments

In the following we collect some properties of functions with orthogonal increments.
Let f: R — R be a function with orthogonal increments. For ¢ € R we have

|7ef — Tof”%w) = [|7f — Tt/zf”é(x) + 72 f — TofH%m) (4.1)
= 2|2 f — 10720

Moreover, since t — ||7.f — Tof ||%2(/\) is a continuous function by Remark 2.1,
equation (4.1) shows that ||7f — 7of||72(,y = Klt|, where K = [[if — 1o f||2()-
This implies that ||7.f — Tuf||%2m = K|t — ul for u,t € R. For a step function
h = Z§:1 ajly,_, .+, define the mapping

k

/h(u) dr,f = Zaj(thf — 7. f)-

j=1



Then v — ([ h(u)dr,f)(v) is square integrable and

1Al 2oy = \/Eu/h(u) drufll o0

Hence, by standard arguments we can define [ h(u)dr,f through the above isom-
etry for all h € L*()\) such that L*(\) 2 h — [h(u)dr,f € L*(\) is a linear
isometry.

Assume in addition that g: R? — R is a measurable function, and y is a finite
measure such that

//Q(U,v)2 du p(dv) < 0.

Then (v,s) — ([ g(u,v)dr,f)(s) can be chosen measurable and in this case we

have
[ ([ stworansyuan = [ ( [otwoutan)ins. @)

Lemma 4.1. Let g: R — R be given by

t
a+ [ h(v)dv t>0
g(t) = Joh(v)
0 t <0,

where a € R and h € L*(\). Then, g(t —-) — g(—-) € L*()\) for all t € R.
Let f be a function with orthogonal increments.

(i) Let ¢ be a measurable function. Then there exists a constant 3 € R such that

o(t)=pF+af(t)+ /000 (ft—v) = f(—v))h(v)dv, X-a.a t€R,(43)

if and only iof for all t € R we have
Ty — Top = /g(t —u) — g(—u)dr,f, A-a.s. (4.4)

(ii) Let g be a square integrable function. Then there exists a [ € R such that
A-a.s.

/ g(—u)drof = B+ af(—)+ / T (Fu— ) — F(—u))h(u) du. (4.5)

Proof. To prove g(t—-)—g(—-) € L*()\) it is enough to show that s — f:s h(u)du €
L%(\). But this follows since

/</_tssh(U)du>2ds§t//_tssh(u)2dud5:t//Oth(u—s)Qduds
:t/ot/h(“—5)2d8duzt2/h(s)2du<oo.
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(i): We may and do assume that % is 0 on (—o0, O). For ¢,u € R we have that

alg(u +f dv t>0
—al g (u ft v)dv. t <0,

gt —u) — g(—u) = {
which by (4.2) implies that for ¢ € R we have \-a.s.
/g(t —u) — g(—u)dr,f = a(rf —10f) + / (Te—of = T—of)M(v) dv.  (4.6)
First assume (4.4) is satisfied. For ¢t € R it follows from (4.6) that

o — o = o f —of) + /[Ttvf — 7 f]h(v) dv, A-a.s.

Hence, by Tonelli’s Theorem there exists a sequence (s,,),>1 such that s,, — 0 and
such that

p(t = sn) = @(=sn) — af(sn) + f (t = 5n) (4.7)
+ / (ft—v—s,) = f(—v—sn))h(v)dv, VYn>1, laa.teR.

From Remark 2.1 it follows that ¢(- — s,) — ¢(+) and f(- — s,) — f(-) converge to
0 in L*(\) and

/(f(t—v—sn) — f(=v =) h(v) dv — /[f(t—v) — f(=v)]h(v)dv, teR.

Thus we obtain (4.5) by letting n tend to infinity in (4.7).
Assume conversely (4.3) is satisfied. For t € R we have

o — Top = o1 f —Tof) + /[Ttvf — 7 f]h(v)dv, A-as.

and hence we obtain (4.4) from (4.6).
(ii): Assume g € L?()\). By approximation we may assume g has compact
support. Hence assume that ¢ is on the form

(1) = 1o (1) /0 " h(s)ds+ /0 “h(s) ds) = o1 /t s ds

for some T' > 0 and an h € L*()\). From (4.2) it follows that

/ u) dr, f = / / (o) (8) o (—u)(s) ds ) dr, f
- [ (Jrcnorantmncying)as= [ ([ in)as
= /OT —h(s)(rof — T_of) ds = g(0)rof + /OT h(s)r.f ds.
Thus with 3 := [ h(s)f(—s)ds we have that

/ g(—u) draf = B+ g(0)f(—) + / B(s)[f (=5 — ) — F(—s)]ds,

which completes the proof. n
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Lemma 4.2. Let h € L*(\), f: R — R be a function with orthogonal increments,
(Wi)ier be a Wiener process and let (By)ier be given by

Bt:/f(t—s)—f(—s)dWS:/th(s)—Tof(s)dWS, teR.

Then (By)ier s a Wiener process and

/h(s) dB, = / (/h(u) dm‘)(s) AW,

The proof is simple. For details see Basse (2007, Lemma 3.1 (ii)).

Lemma 4.3. Let f: R — S' be a measurable function such that f = f(—-). Then
f is constant on (—00,0) if and only if

fla) = lbiﬂ[)l J(—a +ib), A-a.a. a € R, (4.8)

for an inner function J.

Proof of Lemma 4.3. Assume f is constant on (—00,0) and let ¢ > 0 be given.

We have 1jg,f(—s) = 0 for \-a.a. s € (—00,0) due to the fact that 1jp,f(—s) =
f(s) — f(=t +s) for A-a.a. s € R and hence ljoqf € H2. Moreover, since 1o f
has outer part 19, we conclude that f(a) = limyo J(a + ib) for \-a.a. a € R and
an inner function J: C; — C.

Assume conversely (4.8) is satisfied and fix ¢ > 0. Let G € H? be the Hardy
function induced by 1p 4. Since J is an inner function, we obtain GJ € H3 and
thus

G(2)J(z) = /e”zn(t) dt, z e Cy,
for some x € L?()\) which is 0 on (—o0,0). The remark just below (2.1) shows
Tjog(a)f(a) = limGa+ib)J(a+ib) = (o),  Aaa a€R,

which implies

—

f(s) = (=t +5) = f(s) = f(=t + ) = Lo f(—s) = k(—s) = 2mk(s),

for M-a.a. s € R. Hence, we conclude that f is constant on (—00,0) A-a.s. ]

We note that if f is the constant 1, then a simple calculation shows that f (t) =
msgn(t).

11



5 Proofs of main results

Let (X;)ier be given by X; = [ ¢(t — s) dW; for t € R. Doob (1990, Chapter XII,
Theorem 5.3) showed that if (X;);cr is a regular process then

t
X, = / gt —s)dB,, te R and  (F®)z0 = (F2™)is0,

for some Wiener process (B;)ier and some g € L?()\). However, we need the fol-
lowing explicit construction of (B;)ier.

Lemma 5.1 (Main Lemma). Let ¢ € L*(\) and (Xi)ier be given by X; =
[ ot —s)dW; fort € R, where (Wy)ier is a Wiener process.

(1) If

log|[(u)

then there exist a measurable function f: R — S with f = f(—-), a function
g € L*(\) which is 0 on (—o0,0) such that we have the following: First of all
(Bt)ier defined by

Bt—/f(t—s)—f(—s)dWs, teR,

1s a Wiener process. Moreover,

t
Xt:/ g(t — s) dBs, teR,

—00

and finally (EX’OO)QO = (ﬁB’OO)tzo-

(i1) If @ is 0 on (—00,0), then ¢ satisfies (5.1) and the above f is given by f(a) =
limyo J(—a +b) for A-a.a. a € R, where J is an inner function.

Proof. (i): Due to the fact that |p|? is a positive integrable function which satis-
fies (5.1), Dym and McKean (1976, Chapter 2, Section 8, Exercise 4) shows there

is an outer Hardy function H° € H? such that [¢|* = |h9)2 and he = he(—-), where
h® is given by (2.1). Additionally, H® is given by

H°(z) = exp <l / uz + 1log|¢l(u) du), z € Cy.

i u—z u+1

Define f: R — S' by f = @/ﬁo and note that f = f(—-). According to Lemma 4.2,
(B¢)ier is @ Wiener process due to the fact that f has orthogonal increments.
We claim that

X, = (27)"! / ho(t — ) dB, = (27)"" / nho(s)dB,,  teR.  (5.2)

12



Fix ¢t € R and choose a sequence of step functions (hy,),>1 such that h,, converges
to 7:h® in L2(\). Let n > 1 and assume h, = 3% | ail,_, 1, We have

k k
/hn(s) 4B, = (B, — Bi,,) = /Zai(f(ti C8) = f(t —s)) W,
=1 =1
and
k k eitiu _ eit,-_1u )
ZCL,’ (f(tl — S) — f(ti—l — S)) = /RZ ain(u)e—zsu du

i=1 =1
_ /R oo () ()" dus = o f (— ),

by which we conclude

[aran = [ hus=s)aw. (5.3)

Since h,, converges to 7h® in L2(\), h, f converges to @f in L?(\). Moreover, for
A-a.a. u € R we have

7ho(u) f(u) = €™ he(—u) f(u) = e™G(—u) = 7p(u).

Thus, h, f converges to ﬁ\f\in L2()\) which implies h,, f converges to T;t\g\o = 2mp(t+-)
in L2()\). In conclusion, h, f(—-) converges to 2w7,¢ in L2()\). We obtain (5.2) by
letting n tend to infinity in (5.3). Moreover since H? is an outer function it follows
from (5.2) and page 95 in Dym and McKean (1976) that (F;"™);>0 = (F7™)iso-

(ii): Assume ¢ € L*()\) is 0 on (—o0, 0). Equation (5.1) is satisfied according to
Dym and McKean (1976, Section 2.6) since ¢ induces a Hardy function H € H?%
given by (2.1). Let h°, f and (B;)ier be given as above (recall that f = f(—-)). It
follows by Dym and McKean (1976, page 37) that J := H/H?° is an inner function
and the definition of J shows that f(—a) = limyo J(a +ib) for A-a.a. a € R which
completes the proof. n

Lemma 5.2. Let k be a locally integrable function and let Ak denote the function
st (k(t+ s) — K(s)), t > 0.

Then (Aik)iso is bounded in L*()\) if and only if k is absolutely continuous with
square integrable density.

Proof. Assume (Ak)i~o is bounded in L?()\) and choose a sequence (t,),>1 C
(0, 00) converging to 0 such that A;  converges in the weak L*(\)-topology. Call
the limit x'. For A ® A-a.a. (u,v) with u < v we have

/ K'(s)ds = lim Ay, k(s)ds

vttn Uttn
= lim t;l/ k(s)ds — lim t;l/ k(s)ds = k(v) — k(u),

n—oo n—oo

which shows that « has density &’

13



Assume conversely that r is absolutely continuous with density ' € L*()\). For
0 <t we have

/ (k(t + 5) — r(s)) ds <t / / - K ()% dv ds

¢
= t// K (v+s)dsdv < t2//<a'(s)2 ds,
0

by which we conclude (A;k)~o is bounded in L?(\). O

Lemma 5.3. Let (W;)er be a Wiener process and Z be a random variable such
that {Z, Wi)ier} is a Gaussian system. Define (X;)ier by

t
Xt:/ o(t — s) dWs, t e,

—00

where ¢ € L*(\). Let Fp == FV° Vv a(Z) fort > 0. If (X)i=0 is an (Fi)iso-
semimartingale of unbounded variation then (Wy)i>o is independent of Z.

Proof. Assume (X;):>0 is an (F;)i>o-semimartingale and let X; = X+ M; + A; be
the canonical (F;);>o-decomposition of (X;);>o. By Basse (2007, Lemma 2.1 (iii)
and (v)) there exists a family of square integrable functions s — H,(s) such that
for all ¢ > 0 we have M, = fjoo Hi(s)dW;. The (Fi)i>o-martingale property of
(My)>o shows that

OzEKEMMﬁWﬂf}:EK/ifMQdWQ?::[;Hxﬁwa 0<t,
and

0= E[(E[M, — M,|F¥><))*] = /u (Hy(s) — Hu(s))* ds, 0<u<t.

—00

Thus, H; = {10y A-a.s. for all £ > 0 and some measurable function {. The sta-
tionary increments of (X;);er implies that [M]; = [X]; = kt for t > 0 and some
k € R, and it follows that E[M?] = kt for t > 0. This yields |¢| = vk M-a.s. and
hence

Sp{W;:t€[0,00)} =8p{M,:t€[0,00)}.

We have shown that (W;);>¢ is independent of Fy. In particular (W,);>o is inde-

pendent of Z. O
Remark 5.4. Let H denote a normed space and R 3 ¢ +— z(¢) € H be a continuous
mapping satisfying ||x; — z,|| = || 110 — Tusol| for £, v,u € R. Then

lz(@) —zO)| <a+plt,  teR,

for some a, 5 € R,.
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The next lemma, which is inspired by Masani (1972), shows how one can trans-
form a Gaussian process with stationary increments into a stationary Gaussian
process.

Lemma 5.5. Let (X;)ier be a continuous and centered Gaussian process with sta-
tionary increments. Then there exists a continuous, stationary and centered Gaus-
sian process (Yy)ier, satisfying

t
Xt—XU:Yt—YO—/YSds, teR. (5.4)
0

Furthermore F;°° = o(Xo) V F,"™° fort > 0.
Assume in addition ¢ and ¢ are measurable functions such that

ot — )+ () € L*(A) and X; = /cp(t —8) 4+ ¥(s) dWs, teRR.

Then
£(t) = /_ e (o(t) — p(u+1)) du, teR, (5.5)

is a well-defined square integrable function and Y, = [&(t — s) dW; for t € R.

Before proving the lemma we note that if

t

f@) = / e*(g(t) — gt +s)) ds = g(t) — e_t/ e®g(s)ds, teR,

—00 —0o0

t
o)~ 9(0) = £~ F0) = [ f(s)ds,  teR (5.6
0
These identities are the main ingredients in the proof.

Proof of Lemma 5.5. Since (X;);er is a Gaussian process with continuous sample
paths; it is continuous in L?(P) as well. Due to the stationary increments of (X;)er
it hence follows from Remark 5.4 that there is a P-null set outside which

t

0
Y, = / e'( Xy — Xipo) du = X3 — e_t/ e" X, du, teRR,

—0o0 — 00

is well-defined and continuous. It is readily seen that (Y}),cr is a stationary centered
Gaussian process. Moreover, (5.4) follows by (5.6). By definition of (Y}):er we have
FVo(Xy) C FO® for t > 0 and (5.4) shows that F;°° C F™ V (X,) for
t > 0. Thus, we conclude that F,"* Vv o(X,) = F;>> for t > 0.

Now assume that X; = [ p(t — s) + 1(s) dWj for t € R. From Remark 5.4 we
have [|¢(t + ) — ¢(-)[[z2(n) < a + B|t| for t € R and some «, 3 € R,. This shows
that .

() ::/ ' (o(t) — p(utt)du, teR

—0o0
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is a well-defined function belonging to L*(\). For t € R we have

Yt:/o </e“(<,0(t—s)—go(t—i—u—s))dWs)du

—00

:/(/_0 e“(go(t—s)—go(t—l—u—s))dU)dWsZ/ﬁ(t—s)dWs,

[ee)

where the second equality follows from Protter (2004, Chapter IV, Theorem 65).
]

Proof of Theorem 3.1. If: Assume (3.2) is satisfied. We show that (X;);>o is an
(F¥°°)s0-semimartingale.

(1) : The case a # 0. Define B, := [ f(t —s) — f(—s)dW, for t € R and let
g: R — R be given by

R

Since ¢ satisfies (3.2), Lemma 4.1-4.2 show
X — Xo :/thp(s) — Top(s) dWs = /g(t —5) — g(—s) dB;, teR.

Thus, from Cherny (2001, Theorem 3.1) it follows that (X, —X)ss0 is an (F>)i=0-
semimartingale with martingale component (aB;)i>o. For t > 0 we have

—

0= {f(®— ), Loa) 2y = {(f(@ — D))=, Toa) 2 (5.7)
— (¢ — D) (=), FTpm) 2y = () = (), F(t+-) = F(Dzen.

That is F[B;Xo] = 0 for all t > 0 and by Gaussianity it follows that X is indepen-
dent of (By);o. Hereby we conclude that (X;);>o is an (F;“°);>o-semimartingale
due to F;¥° C FP™V o(X,) for t > 0.

(2) : The case a = 0. Since ¢ is absolutely continuous with square integrable
density, Lemma 5.2 implies

E[(X; — X, = / (ot —s) —p(u— s))2ds < K|t — ul?, t,u >0, (5.8)

for some constant K € R,. The Kolmogorov—éentsov Theorem shows that (X;):>o
has a continuous modification and from (5.8) it follows that this modification is of
integrable variation. Hence (X;)i>o is an (F;™°);>-semimartingale.

Only if: Assume conversely that (X;);>o is an (F;™).>o-semimartingale.

(3) : First assume (in addition) that (X}):>o is of unbounded variation. Let &
and (Y;)ier be given as in Lemma 5.5. Since (X;);>¢ is of unbounded variation
it follows that F; ™ # FX and we conclude that Fy "> # F2. Thus, Szegd’s
Alternative (see Dym and McKean (1976, page 84)) shows that

Loslé
JE P
14 u?
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Now choose f and g according to Lemma 5.1 (with (¢, X) replaced by (£,Y)) and
let (By)ier be given as in the lemma. The process (Y;)is0 is an (F°V o(Xo))i=o-
semimartingale due to the fact that (F; )0 = (F" ™). Lemma 5.3 shows
that (By)eso is independent of X, which implies that 7,f — 7 f is orthogonal to

o(—) + (=) for t > 0. Therefore as in (5.7) it follows that f(go/—\qb) isOon R,.
Since (Y;);o (in particular) is an (F>);>o-semimartingale, it follows from Knight
(1992, Theorem 6.5) that

g(t):a+/OtC(u)du, t>0,

for some a € R and some ¢ € L*()\). Let n := ¢ + g and & be given by

t
K(t) = « +/ n(u) du, t>0,
0

and (t) = 0 for ¢t < 0. For all t € R we have

Xt—oni/;—Yb—/otYudu:Yt—%—/(/Otg(u—s)du>st
= [(stt=9) -9+ [ gan)as. = [ w5~ s-s)am,

—S

where the second equality follows from Protter (2004, Chapter IV, Theorem 65).
By Lemma 4.2 we obtain

TP — Top = /n(t —u) — Kk(—u) dr.f, M-a.s. Vit e R,

by which Lemma 4.1 (i) implies that

p(t) = B+ af(t) + /000 (f(t —v) — f(—v))n(v) dv, Aa.a. t € R,

for some 5 € R. Thus, we obtain (3.2) (with h = n(—-)) from (3.4). Moreover, for
t > 0 we have

X, — Xy = aBt+/</:sﬁ(u) du)dw, :aBt+/()t (/fAiL(s—u) aw, )ds,

which shows that the (]-}X *)¢>0-canonical decomposition of (X;);>o is given by
(3.3) since (By)sso is an (F;V™°);>o-martingale.

(4) : Assume (X;):> is of bounded variation and therefore of integrable variation
(see Stricker (1983)). By Lemma 5.2 we conclude that ¢ is absolutely continuous
with square integrable density and hereby on the form (3.2) with o = 0 and f = 1.

[
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Proof of Proposition 3.4. (1) Only if: We have
ot —s) —(—s) =0, A-a.a. s € (t,00) Vt >0,

since (X;)is0 is (F;V™)iso-adapted. By this it follows that ¢ is constant on (—oo, 0)
A-a.s. Thus, we may and do assume p(s) = 0 for M-a.a. s € (—00,0).

First assume (X;)¢>o is of bounded variation. By arguing as in (4) it follows
that ¢ is on the form (3.2) with f constant equal 1, and therefore f satisfies the
additional condition in (i).

Second assume (X;)¢>g is of unbounded variation. Proceed as in (3) in the proof
of Theorem 3.1. Since ¢ is 0 on (—o0,0) it follows by (5.5) that £ is 0 on (—o0,0)
by which we can choose f such that the condition in (i) is satisfied according to
Lemma 5.1.

If: According to Lemma 4.3, f is constant on

obtain -
[ (=)= (s ds—/ fh(s

which implies that ¢ is constant on (—o0,0) A-a.s. Furthermore f (go/—\w) e H2
which shows H > ?f(go/—\zﬁ) = go/—\t/) and hereby ¢ = ¥ on (—o0,0). Thus, we
conclude that (X;)e=o is (F}")i=o-adapted.

To prove (3.5) we assume that ¢ is represented as in equation (3.2) with f(a) =
limp)g J(—a + b) for M-a.a. @ € R and some inner function J. By Lemma 4.3 it
follows that f is constant on (—oco,0) and hence we deduce (3.5) from (3.2) and
(3.4).

(ii): Assume ¢ = 0. Only if: We may and do assume that (X;);>0 is an
(]—",;X *?)i>0-semimartingale of unbounded variation. We have to show that we can
decompose ¢ as in (3.6) where a-+ [ h(—s) ds is square integrable on R... However,
this follows as in (3) above (without referring to Lemma 5.5).

Assume conversely that (3.2) is satisfied, with «, 3, f and h as stated. Let
g € L*(\) be given by

,0) M\-a.s. From (3.4) we

a—+ v)dv t>0
g(t) = Jont
0 t <0.

From Lemma 4.1 (ii) it follows that there exists a 3 € R such that
/9(—U) drof = B+ af(=) + / (f(—v —) = f(—v))h(—v) dv, A-a.s.
which by (3.2) and (3.4) implies
/9(‘“) dr.f =B — B+ o(—), A-a.s.
The square integrability of ¢ shows 3 =0 and by setting

By ::/f(t—s)—f(—s)dWS, teR,



it follows from Lemma 4.2 that Xy = [ g(—s) dBs. Lemma 4.1 (i) and Lemma 4.2
shows that X; — Xo = [ g(t — s) — g(—s) dB; for t € R. Hence, we conclude that

Xt:/g(t—s)st, teR,

which show that (X;);>0 is an (F>°)i=o-semimartingale and thus an (F;™);0-
semimartingale. This completes the proof. O]

6 The spectral measure of stationary
semimartingales

For t € R, let X; = ['__o(t — s)dW, where ¢ € L2()). In this section we use
Knight (1992, Theorem 6.5) to give a condition on the Fourier transform of ¢ for
(X;)i0 to be an (F}V>°);so-semimartingale. In the case where (X;);s0 is a Markov
process we use this to provide a simple condition for (X;);>¢ to be an (FtW’OO)tZO—
semimartingale. In the last part of this section we study a general stationary
Gaussian process (X;)ier. Similar to Jeulin and Yor (1993), we provide a condition
on the spectral measure of (X;);er for (X¢)i>o to be an (EX’OO)tzo—semimartingale.

Proposition 6.1. Let (X;)ier be given by Xy = [ (t — s) dW, where ¢ € L*(\)
and (Wy)ier is a Wiener process. Then (Xi)i>o is an (]:tW’OO)tZO—semimartingale if
and only if

o a+h(t)
gO(t) = ﬁ, A-a.a. t € R,
for some a € R and some h € L*(\) which is 0 on (—00,0).

The result follows directly from Knight (1992, Theorem 6.5), once we have
shown the following technical result.

Lemma 6.2. Let o € L*(\). Then ¢ is on the form

w(t)2{3+f0h(s)d8 iig (6.1)

for some o € R and some h € L*(\) if and only if

o+ h(t)

oty = 220, (62)

for some a € R and some h € L*(\) which is 0 on (—o0,0).

Proof. Assume ¢ satisfies (6.1). The square integrability of ¢ shows that we can
find a sequence (ay),>1 converging to infinity such that ¢(a,) converges to 0. For
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all n > 1 we have

/an o(s)e ds-/ ce’tsds—i—/ [/ ] s ds
0 0
A [l [ e
_ zant +/ h [ zant i| Y
m"t c+/a h(u du) —c—/ (u)e ZAt“du]
0

[e“‘"tgp(an) —c— /o h(u)e”“du].

[e=]

[e=]

3

|- @IH

~

Hence by letting n tend to infinity, it follows that ¢(t) = —(it)~'(c + h(t)) and we
obtain (6.2).
Assume conversely that (6.2) is satisfied and let e(t) := e "1, (¢) for t € R.

a+h . A
. = ae(t) + h(t)e(t). (6.3)

p(t) =

Note that h x e is an square integrable function and h e = hé. Thus from (6.3) it
follows that ¢ = ae + h * e A-a.s. This shows in particular that ¢ is 0 on (—o0,0).
It also yields that h(t) — h x e(t) = ae(t) + h(t) — ¢(t) =: f(t), which implies that

h(t) — h(0) = £(t) — F(0) — / £(s) ds

and hence

@(0) + [y p(s) —h(s)ds >0
0 t <0.

This completes the proof of (6.1). O

Now we apply Proposition 6.1 to give conditions on ¢ for a Markov process
(Xt)ter = (ffoo o(t —s) dWy)ier to be an (.EW’OO)tzo—semimartingale. This process
is always an (F; ™);s¢-semimartingale, but not always an (F;"™),o-semimartin-
gale. Recall that since (X;);cr is an stationary centered Gaussian Markov process
which is continuous in probability it is actually an Ornstein-Uhlenbeck process, i.e.
it is a centered Gaussian process with covariance function given by

E[X, X, =e 4t ueR,

for some 0 € (0, 00).
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Example 6.3. Let (X;)ier be given by
Xt—/go(t—s)dWs, teR,

where p € L*(\) is 0 on (—00,0). Assume (X;)i>0 18 an Markov process. Then
(Xy)is0 is an (F;"™)so-semimartingale if and only if J — a € H2 for some a €
{=1,1}, where J is the inner part of the Hardy function induced by @. In particular
if J is a singular inner function, that is on the form

J(z):exp(_—,l/sz+1 ! F(ds)), z € Cy,

s—z 1+ 52

where F is a singular measure which integrates s — (1+s%)7Y, and we assume F is
concentrated on 7, (F({k}))rez is bounded and Y, _, F({k})* = oo, then (X;)i>0
is not an (F}"*)iso-semimartingale.

To prove the first part let J be the inner part of the Hardy function induced
by . Since (X;)ier is an Ornstein-Uhlenbeck process we have (up to a scaling
constant) that

lp)> =0 +t)"',  Aaa teR,

for some 6 € (0, c0), which implies

o(t) = . teR,

where j(t) = limpo J(a + ib) for A-a.a. a € R. Moreover, Proposition 6.1 shows
that (X;);0 is an (F;"™);o-semimartingale if and only if

_a+h(t)
@()—ﬁ, )\—a.a.tG]R,

for some a € R and h € L?(\) which is 0 on (—00,0). Thus, we conclude that
J —a = H, where H is the Hardy function induced by h and the proof of the first
statement is complete.

To prove the last part, we note that

J(a -+ ib)] = exp (/ e _;;72 5 F(ds)).

Moreover, as a consequence of the Mean-Value Theorem, it follows that if f: R —
R is a bounded measurable function such that f ¢ L*()\) then exp(f) —1 & L*(\).
We will use this on




The function f is bounded since k +— F({k}) is bounded. Moreover, f ¢ L*()\)

since

/ sl () f @%W
/Z j—a{]}+b2) da— Z/ j_a{J}+b2>2da
ST A s

where the first inequality follows from the fact that the terms in the sum is positive.
Thus,
[J(a+ib) —a| = |[J(a +ib)| — 1| = exp(f(a)) — 1,

which shows .J—a ¢ T2 and hence (X;);>0 is not an (F;">);s¢-semimartingale. ¢

The proof of the next result is quite similar to the proof of Proposition 19 in
Jeulin and Yor (1993).

Proposition 6.4. Let (X;)ier be an L?(P)-continuous stationary centered Gaus-
sian process with spectral measure p = ps + fdX (us is the singular part of ).
Then (X;)io is an (F;-™)s0-semimartingale if and only if [ > ps(dt) < oo and

o + h(t)?

f(t) = T2 A-a.a. t € R,
for some a € R and some h € L*(\) which is 0 on (—00,0) if a # 0. Moreover,

(X¢)i>0 is of bounded variation if and only if o = 0.

Proposition 6.4 extends the well-known fact that an L?(P)-continuous station-
ary Gaussian process is of bounded variation if and only if [¢*u(dt) < oo (u
denotes the spectral measure).

Proof of Proposition 6.4.

Only if: If (X;)i>o is of bounded variation then [ #* ju(dt) < co and therefore
p is on the stated form. Thus, we may and do assume (X;);>o is an (EX’OO)tZO—
semimartingale of unbounded variation. Now it follows that (X;)cr is a regular
process and can therefore be decomposed as (see e.g. Doob (1990))

t
Xt:Vt—i—/ o(t — s)dWs, t €R,

where (W;)ier is a Wiener process which is independent of (V;);er and W, — Wy is
.7-",5X *°-measurable for s < r < t. The process (V;);cr is a stationary Gaussian and
V, is F-measurable for all ¢ € R, where

Froo .= ﬂ Fo.

teR
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Moreover, (V;)wer and (X; — V;)ier have spectral measure respectively s and f dA.
For 0 < u <t we have

E(|V; = Vil = E(|E[V; — Vi|F][] = Bl E[X, — Xu| 7 ~]l]

< E[|E[X; — Xu|F ],

which shows that (V;);>0 is of integrable variation and hence [ ¢? us(dt) < oo. The
fact that (V;):>o is (]—}X’m)tzo—adapted and of bounded variation implies that

(/t ot —s) dWs>t>0

—00

is an (F;“°);>0-semimartingale and therefore also an (F}"™),>(-semimartingale.
Thus, by Proposition 6.1 we conclude that

L(+)]2
ﬂw:mwﬁzﬂﬁgﬁﬂ Maa. t€R,
for some o € R and some h € L?(\) which is 0 on (—o0,0).

If: It [t* p(dt) < oo, then (X;)i>o is of bounded variation and therefore an
(F5%°)iso-semimartingale. Thus, we may and do assume [#>f(t)dt = co. We
will show that (X;);>0 is an (F;™),s¢-semimartingale by constructing a process
(Z¢)ter which equals (X});er in distribution and such that (Z;);>¢ is an (ftZ’oo)tZD-
semimartingale. By Lemma 6.2 there exists a 8 € R and a g € L?()\) such that
with ¢(t) = B+ [, g(s)ds for t > 0 and o(t) = 0 for ¢t < 0, we have |p[?> = f.
Define (Z;)ier by

t
Zt:‘/;f‘{'/ gﬁ(t—S)dWs, tG]R,

where (V});er is a stationary Gaussian process with spectral measure ps and (W;)er
is a Wiener process which is independent of (V;);cg. The processes (X;)ier and
(Zi)ier are identical in distribution due to the fact that they are centered Gaus-
sian processes with the same spectral measure. It readily seen that (Z;);>¢ is an
(}-tZ’OO)tzo—semimartingale and hence it follows that (X;);>0 is an (]—‘t)(’oo)tzo—semi—
martingale. O

7 The spectral measure of semimartingales with
stationary increments
Let (X;)ier be an L?(P)-continuous Gaussian process with stationary increments

such that Xy = 0. Then there exists a unique positive symmetric measure p on R
which integrates t — (1 + ¢*)~! and satisfies

EMJJ:/@M_MGM_DMw% fu€R.
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The measure p is called the spectral measure for (X;);cr. The spectral measure of
the fractional Brownian motion (fBm) with Hurst parameter H € (0, 1) is

p(ds) = cpls|' " ds,

where ¢y € R is a constant (see e.g. Yaglom (1987)). In particular the spectral
measure of the Wiener process (H = 1/2) equals the Lebesgue measure up to
a scaling constant. There should be no confusion with the spectral measure of
stationary processes, since the intersection of the stationary processes and processes
with stationary increments which starts at 0 is the 0 process.

Theorem 7.1. Let (X;)ier be an L?(P)-continuous, centered Gaussian process
with stationary increments such that Xo = 0. Moreover, let p = ps + fdX\ be the
spectral measure of (Xi)ier. Then (Xi)o is an (ﬂx’w)tzg—semimartmgale if and
only if us 1s a finite measure and

f=la+h? A-a.s.
for some a € R and some h € L*(\) which is 0 on (—00,0) if a # 0. Moreover,
(X¢)i>0 is of bounded variation if and only if o = 0.
Proof. Assume (X;);>0 is an (F;"°);=o-semimartingale. Let (Y;)ier be the station-
ary centered Gaussian process given by Lemma 5.5 such that
t
Xt:Yt—YOqL/Y;ds, teRR, (7.1)
0
and let v denote the spectral measure of (Y;);ecr, that is v is a finite measure
satisfying
EY,Y,) = /ei(t_“)“ v(da), t,u € R.

By using Fubini’s Theorem it follows that

eits -1 e—ius -1
E[X,X,] = / ( )(2 )(1 + s%) v(ds), t,ueR. (7.2)
s

Thus, by uniqueness of the spectral measure of (X;);cr we obtain p(ds) = (1 +
s?) v(ds). Since (X;)iso is an (F;V™);so-semimartingale (7.1) implies that (¥;)eo
is an (ﬂy’oo)tzg—semimartingale and hence Proposition 6.4 shows that the singular
part vy of v satisfies [t*v(dt) < oo and the absolute continuous part is on the
form

o+ h(s)]*(1+ %) " ds,

for some o € R and some h € L*(\) which is 0 on (—o0,0) if a # 0. Thus, we
obtain the seeked decomposition of .

Conversely assume that s, is a bounded measure and f = |a+ h|? for an a € R
and an h € L*(\) which is 0 on (—00,0) if  # 0. Let (Y;);er be a centered Gaussian
process such that

i(t—u)a
E[Y;Yu] = / QT({;(a) dCL, t,u € R.
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By Proposition 6.4 it follows that (Y;);s is an (F; *°);so-semimartingale. Thus,
by defining (Z;)er as

t
Zt::}/t—}/()+/1§ds, teR,
0

we obtain that (Z;);>0 is an (F,">);>o-semimartingale and hence also an (F">);o-
semimartingale. Moreover, by calculations as in (7.2) it follows that (Z;)ier is
distributed as (X;)ier, which shows that (X;);>0 is an (.7-"tX’°°)tzo—semimartingale.
This completes the proof. O

Let (X})ier be a fBm with Hurst parameter H € (0,1). Then by use of the
above theorem it is readily seen that (X;);>0 is an (F;"™)s>o-semimartingale if and
only if H = 1/2 (this is already known by Rogers (1997)). As a consequence of the
above theorem we also have:

Corollary 7.2. Let (X;)ier be a Gaussian process with stationary increments.
Then (Xi)t>o is of bounded variation if and only if (X; — Xo)ier has finite spectral
measure.
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