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Abstract

We provide an elementary way to compute continuous solutions of the 2-
cocycle functional equation on solvable locally compact groups. Examples are
given for certain linear groups. By “elementary” we mean that nothing is used
from differential geometry, theory of Lie groups, or group cohomology.

1 Introduction

In an earlier paper [3], the first author introduced an elementary method of finding
the general solution of the 2-cocycle equation on solvable groups. The 2-cocycle
functional equation on a group G with values in an abelian group K (abbreviated
the cocycle equation) is

F(z,y) + F(zy,z) = F(z,y2) + F(y,2), w,y,z €G. (1.1)

A solution of (1.1), i.e. amap F : G x G — K such that (1.1) holds for all z,y,z €
G, is called a 2-cocycle. In this paper we present an elementary way to compute
the continuous solutions of this equation on locally compact solvable groups. The
problem of computing continuous solutions is of particular interest for the linear
groups that play important roles in quantum theory. Our main goal is to give
continuous analogues of the results presented in [3]. Subsequent work will extend
these results to other Lie groups. (In fact, it is on solvable groups where the most
technical difficulties lie.)



Historically, the 2-cocycle functional equation plays a central role in the theory of
projective representations (also known as ray representations) of groups in quantum
mechanics, going back to the seminal paper of Bargmann [2] in 1954. Since all of
our cocycles will be 2-cocycles, we shall omit the prefix 2. Cocycles are known by
various other names in the quantum physics literature. For example, Bargmann [2]
working with a Lie group G terms a continuous solution F' : G x G — R of (1.1)
an exponent if it also satisfies the normalizing condition F(1,1) = 0. Varadarajan
[10] calls such a map a multiplier (or a K-multiplier if F' takes values in an abelian
locally compact group K).

Definition 1.1. Let G be a topological groups and K a topological abelian group.
If F: GxG — K is a continuous solution of (1.1), then we say that F is a
continuous cocycle on G into K. The set of continuous cocycles on G into K is

denoted ZZ(G, K).

There are two existing standard methods of finding continuous (normalized) co-
cycles in the quantum theory context. One method uses the cohomology theory of
Lie groups and Lie algebras (see [2], [9]); the other uses the powerful coordinate-
independent techniques of modern differential geometry (see [7]). Krause [§] in-
troduced a simpler, coordinate-dependent version of the latter method. The new
approach we introduce in this paper is much more elementary than any of those.
Our approach uses only some basic elements from the theory of topological groups,
combined with functional equations techniques. We present the main results in
sections 4 and 5 and some examples in section 6.

To finish setting the stage, we introduce some further terminology and notation.

Definition 1.2. Given a group G, an abelian group K and a map f : G — K, we
shall call the map 6[f] : G x G — K defined by

O[f1(x,y) = f(x) + f(y) — f(xy) (1.2)

the coboundary generated by f. If G and K are topological groups then we define
Bi(G, K) = {o[f] | f € C(G, K)}.

It is easy to see that any coboundary is a cocycle, so that BZ(G, K) is a subset
of Z3(G, K). Note however that a continuous coboundary may be generated by a
discontinuous function. Indeed, if f : R — R is any discontinuous solution of the
Cauchy functional equation f(z +vy) = f(z) + f(y), then §[f] = 0. Using Gajda [5]
we derive in subsection 3.1 a condition under which any continuous coboundary is
known to have a continuous generator.

We are mainly interested in the case of K = X, where X is a complex Banach
space. In that case ZZ(G, X) is a complex vector space and BZ(G, X) is a sub-
space of it. The primary objective of this research is to determine explicit forms
of continuous cocycles. A secondary objective is to find a basis of the vector space
H3 (G, X) = Z3(G, X)/B2(G, X) for given G and X. That motivates the following
definition.

Definition 1.3. Given two continuous cocycles F, F5 on a group GG into a complex
Banach space X, we say that F} is equivalent to F5, denoted F; ~ Fj, if there exists
amap f € C(G, X) such that F} = Fy + 0[f].
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In other words, two continuous cocycles F; and F, are equivalent if and only
if they belong to the same coset determined by B3(G, X). Our goal is to use this
equivalence to exhibit the simplest possible form for a continuous cocycle F' on G
into X.

As mentioned above the first author [3| studied the general solution of the co-
cycle equation on solvable groups. However, that was done without any regularity
assumptions, and it is not obvious how to obtain formulas for the continuous cocy-
cles from the results of [3]. According to the theory of [3] a cocycle F' can be written
in a special form F' = ¥ +--- 4+ W,. But knowing that F' is continuous does not tell
us that the individual terms Wy, ..., ¥, are continuous. To infer continuity of them
requires a separate investigation of the terms that we do in the present paper. We
incorporate continuity in the set up from the beginning, so the present paper does
not presuppose [3].

2 Notation and definitions

R and C denote the real and complex fields, respectively. We let (z,w) — (z,w) or
just z - w denote the canonical bilinear form on C": If z = (z1,...,2,)" € C" and
w = (wy,...,w,)" € C" then (z,w) =z -w = zywy + -+ - + 2, W,.

Group operations will be written multiplicatively, unless the group is abelian,
in which case we often use +. Throughout the paper G will denote a group with
neutral element 1 (in the abelian case 0).

Definition 2.1. Given two groups G, K, with K abelian, a map v : G X G — K is
called a bi-morphism from G into K if ¢(zy, z) = ¥(x, 2) + ¥(y, 2) and P (z,yz) =
Y(z,y) + P(z, 2); it is called skew-symmetric if Y(x,y) = —¢(y, x).

Definition 2.2. Let G be a group. If g,n € G then n? := gng~! is called the
conjugate of n by g.

Throughout this article, such exponent notation will always denote conjugation.

Without explicit mentioning, we will make subgroups of topological groups into
topological groups by equipping them with the inherited topology.

By a locally compact group we mean a locally compact, Hausdorff topological
group.

If A and B are topological spaces we let C'(A, B) denote the set of continuous
functions from A to B, and we let C'(A) := C(A,C). If A is a manifold we let
C>°(A) denote the smooth complex-valued functions on A and C:°(A) the compactly
supported functions in C*°(A).

3 On continuity

3.1 The question of continuous generators

We need conditions under which any continuous coboundary has a continuous gen-
erator. That is, if §[f] is continuous, we wish to know whether there is a continuous



generating function ¢ for this coboundary. An answer can be deduced from the
following theorem of Gajda [5].

Proposition 3.1. Let G be a locally compact group, and let X be a complex Banach
space. If f+ G — X s such that for each y € G the function x — f(xy) — f(x)
is continuous on G and the function x — f(yx) — f(x) is Borel measurable on G,
then f = h+ g, where h : G — X s a group homomorphism and g : G — X s
continuous.

From this we immediately get the following consequence.

Corollary 3.2. Let G be a locally compact group, and let X be a complex Banach
space. If [+ G — X is such that the coboundary §[f] is continuous on G x G, then
there exists a continuous g : G — X such that 0[f] = d]g].

We shall not treat cocycles that take values in a general abelian topological group
K as discussed in the introduction, because that leads to technical complications,
but shall restrict ourselves to the case of K being a complex Banach space. Here
Corollary 3.2 allows us to get by.

If G is a Lie group we even get differentiability. We use Lemma 3.3 in the special
case of Example 6.6.

Lemma 3.3. Let G be a Lie group. If f € C(G) is such that 6[f] € C*(G x G),
then f € C>(G).

Proof. Choose a function ¢ € C2°(G) such that [, ¢(y) dA(y) = 1, where A denotes
a left Haar measure on G. Let F := §[f]. Multiplying the identity F(z,y) =
f(x)+ f(y) — f(zy), =,y € G, by ¢(y) and integrating the result with respect to
dA(y) we get that

f(x) = /G F,y)é(y) dA(y) — /G F(0)é(y) dA(y) + /G o(ay) F(y) dA(y)

from which the differentiability follows, because both F' and (z,y) — ¢(z~'y) are
smooth functions of two variables. O

3.2 On semidirect products of groups

A group G is the semidirect product of a normal subgroup N by another subgroup
if G =NQ and N Q = {1}. In such a situation we use the notation G = NOQ.
Any z € G = N®Q can be written uniquely in the form =z = n(x)q(x), where
n(z) € N and q(z) € Q.

In contrast to [3] we write the normal subgroup on the left because of the sim-
plification this lends our treatment of examples in Section 6.

We shall need the connection between the algebraic structure and the topological
one which is embodied in the next definition:

Definition 3.4. A semidirect product G = N®Q is a topological semidirect product,
if G is a topological group such that the canonical maps x — n(z) and = — ¢(z)
are continuous maps of GG into G.



If G = NOQ is a topological semidirect product, and F' is a continuous function
on N then the function defined by ng — F(n), n € N, ¢ € @Q, is continuous on G.
Indeed, it is the function x — F'(n(z)) which is composed of two continuous maps.
Similarly for a continuous function on () instead of on N. It is indispensable for
us that continuous functions on N or () define continuous functions on G. That
is the reason why we need to work with topological semidirect products instead of
(algebraic) semidirect products.

According to Lemma 3.5 below a semidirect product under certain natural con-
ditions is a topological semidirect product. The semidirect products in our examples
are all of this type, so they are topological semidirect products.

Lemma 3.5. Let G be a o-compact, locally compact group which is the semidirect
product G = N x4 Q of a closed normal subgroup N and a closed subgroup (). Then
G = NOQ is a topological semidirect product.

Lemma 3.5 is the case r = 2 of the following result that we need in the proof of
Theorem 5.2.

Lemma 3.6. Let G be a o-compact, locally compact group. Let (QQ1,Q2,...,Q, be
closed subgroups of G such that the product Q1Q2---Q; is a normal subgroup of G
for 5 =1,2,...r. Assume furthermore that each element x € G can be decomposed
in evactly one way as a product v = q(x)q2(x) - ¢(x), where q;(x) € Q; for
g=12...,r.

Then

(a) The maps x — q;(x), j =1,2,...r, are continuous from G to Q;.
(b) The product Q;,Q;, -+ - Qi, 1s closed in G for any 1 < iy <ig < -+ < iy <.

Proof of Lemma 3.6. The subgroups @1, Q>,...,Q, are closed subgroups of G, so
they, too, are o-compact, locally compact groups. We equip the product Gy :=
Q1 X Q2 X - - - x @, with the product topology so that it becomes a o-compact, locally
compact space. The map i : Gy — G, defined by i(q1,q2,...,¢) = q1q2- - Gy, 18

continuous: If g; is close to q](»o) for each j = 1,2,...r then ¢1qs---q, is close to

q§0) qéo) x -qf«O) because the group operation in G is continuous.

By hypothesis ¢ is a bijection, so we can make G into a group by requiring
i+ Gy — G to be an isomorphism. The essential point for the proof is that Gy
with this group structure is a topological group. The following result [4, Theorem 2]

allows us to make a shortcut in the proof of this point:

Proposition. Let X be a locally compact Hausdorff space with a group structure
such that the maps x — yx and x — xy of X into X are continuous for all y € X.
Then X is a topological group.

So it suffices to prove that the product map Gy x Gy — Gy is continuous. This
means that if we write

(1q2 - ¢)(P1p2 -+ - pr) = S182 -+ Sy



then s; = s;(¢,p) depends continuously on (¢,p) € Gy x G for each j =1,2,...,7.
Now,

(12 Gr—107) (Pap2 - ) = (@2 @r—1) (@12 - - P14y ) (@D

= (g2 1) (P DL - p ) (grpr).

Note that pf" € Q;, so that pi"py" ---pl"; € Q1---Q,—1. In the same way as we
moved ¢, past pips -+ - p,_1 we now move ¢,_1 past p{"’pd ---p , and up to p?” ; and

get

(1q2 -+ @r—1qr) (p1p2 -+ pr)
= (q1q2 - @) ((P1) " (p3 )T - (P )" ) @101 ) (@rr)-

Continuing in this way we get that each s;(q,p) is a product of ¢, qs, . .., ¢, D1, P2,
.., pr and their inverses. Since the group operations in G are continuous we see
that s; : Gop x Gy — G is a continuous map. But s;(Gy x Gy) C @; and @); has the
topology from G, so s; : Gy x Gy — Q) is a continuous map. This proves the claim,
so GGy is a topological group.
It follows from the open mapping theorem for groups (|6, Theorem 5.29|) that
i: Gy — G is an open map, and consequently that ! is continuous.
(a) The projection 7; : Go — Q; on the j™ component is continuous for each
j = 1,2,...r by the definition of the product topology. We see from the formula
qj = (mj0i ") (q1¢2 - - - ¢-) that ¢; depends continuously on ¢1¢2 - - - g,.
(b) follows from i : Q1 X Q2 -+ X @, — G being a homeomorphism. O

4 Continuous cocycles on semidirect products

4.1 Two auxiliary lemmas

In this subsection we prove two auxiliary lemmas that are used in our derivation of
Theorem 4.3. In both lemmas we let G' be a topological group such that G = N®Q
is the topological semidirect product of a normal subgroup N by a subgroup Q.
K is an abelian topological group. F € C(G x G,K) is a cocycle, and we put
k= F(1,1) € K. Then F(1,z) = F(z,1) = & for all z € G, as follows from (1.1)
by simple substitutions.

We define the function f, € C(G, K) by fo(x) =k — F(n(x),q(z)), v € G. So
fo(ng) =k — F(n,q) for alln € N and q € Q.

Lemma 4.1. (a) fo(n) = fo(q) =0 for alln € N and q € Q.
(b) fo(mx) — fo(x) = F(m,n(z)) — F(m,z) for allm € N and x € G.

Proof. (a) follows immediately from the definition of fj.
(b) Applying (1.1) at the fourth equality sign below (with z = m, y = n(z) and
z = q(z)) we get for any m € N and z € G:

fo(z) = fo(mz) = {r — F(n(x), q(x))} = {x — F(n(mz), q(mz))}

= F(n(mz), q(mz)) — F(n(z), q(x)) = F(mn(z), q(x)) = F(n(z), q(z))
= F(m,z) — F(m,n(x)). O



The existence of an f satisfying Lemma 4.1(b) was proved in [3, Lemma 1]|. The
procedure here is much simpler.
We define C' € C(G x G, K) by

C(.T,y) = F(l’,y) - F(n(x)’n(y)q(w)) - (5[](.0](1’,3/), T,y € G. (41>

C' was introduced in the proof of |3, Theorem 2|. Lemma 4.2 notes some of the
properties of C' that follow from F' being a cocycle.

Lemma 4.2. (a) C(x,y) = C(q(x),y) for all z,y € G.
() Ifn€ N and q € Q, then C(q,n) = F(q,n) — F(n?, q).
(¢) Cloxq = Floxq — &
(d) C(x,y) =C(x,n(y)) + C(z,q(y)) for all x,y € G.
(e) If 1,42 € Q and n € N, then
Clq1gz,n) = C(q1,n*) + C(g2,n). (4.2)

(f) If ¢ € Q and ny,ny € N, then
C(q,mng) — Clg,m) — C(q,n2) = F(n{,n3) — F(ny,ny). (4.3)

Proof. (a) We shall prove that C'(ng,y) = C(q,y) forallm € N, ¢ € Q and y € G.
First observe that

C(ng,y) — Clq,y) = F(ng,y) — F(n,n(y)?) — [ fo](ng,y)
- F(g,y) + F(1,n(y)?) + d[fol(g, v)
= F(nq,y) — F(n,n(y)") — F(q,y) + x — fo(nq) + fo(nqy) — folqy),

where fy(¢) = 0 by Lemma 4.1(a). Here we use Lemma 4.1(b) on fo(nqy) — fo(qy)
to continue the computations:

= F(ngq,y) — F(n,n(y)") — F(q,y)
= F(ng,y) — F(n,n(y)*) — F(q,y)
= F(nq,y) — F(q,y) + F(n,q) — F

+ F(n,q) + F(n,n(qy)) — F(n, qy)
+ F(n,q) — F(n,qy) + F(n,n(y)?)
(n, qy),

F
F

which vanishes, F' being a cocycle.
(b) For any ¢ € Q, n € N,

Clg,n) = F(g,n) — F(n(q),n") = 6[fol(g, )
=F(¢,n) — F(1,n?) — 0 -0+ fo(nq)
:F(Q7 )_K’_F[’%_F(nqvq)] :F(Q7n)_F(nan)'

3

(c) If ¢1,q2 € Q then

Clq1,q2) = Fq1, ¢2) — F(n(q1), n(g2)™) — [ fol(q1, ¢2)
=F(q1,¢2) =6 —=0—-0+0= F(q1,q2) —



(d) We first compute C(q,y) for ¢ € Q and y € G:

k+C(g,y) =k + F(g,y) — F(n(q),n(y)?) — [fol(g,v)

= F(q,y) + F(n(y),q(y))
= F(q,y) + F(n(y),q(v)) — [=F(q,q(y)) + F(n(y)% q) + F(n(y)q, q(y))]
= F(q,y) + F(n(y),q(y)) + F(q,q(y)) = F(n(y)?, q) — F(qn(y),a(y))
= F(g,y) + F(n(y),q(y)) + F(g,4(y)) — F(n(y)?,9)
— [=F(g,n(y)) + F(q,y) + F(n(y),a(y))]
= F(q,q(y)) — F(n(y)*, q) + F(g,n(y))

When we replace y first by n(y) and then by ¢(y) in this formula for C(q,y), we

find that C(g, n(y)) = F(g, n(y)) — F(n(y)?, q) and C(q,q(y)) = F(q,q(y)) — &, from
which it follows that C(q,y) — C(q,n(y)) — C(q,q(y)) = 0.

We finally get the desired result from the formula C'(z,y) = C(q(z),y), derived
in (a).

(e) Applying first the formula C(q,n) = F(q,n) — F(n4,q) from (b) and then
(1.1) we find that

C(q1g2,n) — C(q1,n®) — C(gqe,n)
= F(qq2,n) — F(n"*, q1q2) — F(q1,n®) + F(n"®,q1) — F(g2,n) + F(n®, ¢2)
= [-F(q1, ) + F(q1,q2n) + F(qa, n)]
— [=F(q1, q2) + F(n"%,q) + F(n""qy, q)]
— F(q1,n®) + F(n"®,q1) — F(q2,n) + F(n®, ¢2)
= F(q1,q2n) — F(in®, q2) — F(q1,n®) + F(n®, q2),

which vanishes by (1.1), because F'(q1,qn) = F(q1,n%?qs).
(f) We first compute C(gq, ning) = F(q,ning) — F(nini, q) using (1.1):

F(q,ning) — F(ning, q) = —F(n1,n2) + F(q,m) + F(gni,no)
— [=F(n{,n3) + F(n{,n3q) + F(n3, q)]

= — F(n1,n2) + F(g,m) + F(qni, n2) + F(ni, n3) — F(n{,n3q) — F(n3, q)
= = F(nlvnQ) + F(Qvnl) + F(qnlanQ) + F(”%”%) - F(n%an) - F(ng7Q)
= — F(ny,n) + F(q,n1) + Flgny,na) + F(ni, ni)

— [=F(g;n2) + F(ni,q) + F(gni,n2)] — F(n3, q)
- = F(n17n2) + F(q’nl) _’_F(n({?ng) +F(q7n2) - F(?’L({,q) - F(”%aQ)u

from which it follows that

C(q,mng) — [F(n{,n3) — F(n1,n2)]
= F'(q,m1) + F(g,n2) — F(ni,q) — F(n3,q) = C(g,m) + C(g,n2).



4.2 The structure of continuous cocycles on semidirect
products
Theorem 4.3. Let G = N®Q be the topological semidirect product of a mormal

subgroup N by a subgroup Q). Let K be an abelian topological group. Let finally
FeC(GxG,K). Then

(a) F is a cocycle on G if and only if there exist cocycles Fy € C(N x N, K),
Foel@xQ,K), amap f € C(G,K) and a map ® € C(Q x N, K) such that
fO?" all T,y € G} 491,92 € Q? n,ni,ng € N:

F(z,y) = 6[f](z,y) + Fw(n(z),n(y)") + ®(q(z), n(y)) + Fola(x), a(y))-

)

(4.4
(q1g2,n) = P(q1,n") + (g2, 1) (4.5)
®(q,nin2) — D(q,n1) — (g, n9) = Fx(ni, ni) — Fy(ni,na). (4.6

(b) Given a cocycle F' € C(G x G, K) we may choose the functions Fy, Fg, f and
O from (a) as follows:

f(z) == —=F(n(z),q(z)), = € G, (4.7)
Fy = F|N><N, (4 8)
®(q,n) == F(q,n) — F(n,q), ¢€Q, n €N, (4.9)

Proof. (a) and (b) To verify that a function F', defined by (4.4) and satisfying (4.5)
and (4.6), is a cocycle for any cocycles Fiy € C(N x N, K), Fp € C(Q x Q, K) and
maps f € C(G,K), ® € C(Q x N,K), is a simple verification that we skip. We
use the fact that G is a topological semidirect product to deduce that the individual
terms of F' in (4.4), and hence also F, are continuous functions on G x G.

It is left to prove the converse, i.e. that any cocycle F' € C(G x G, K) can be
written in this form. It suffices to prove that the functions defined in (b) work.
Clearly, these functions are continuous, and Fi and Fy are cocycles, being restric-
tions of the cocycle F' to subgroups. In the proof we use the results of Lemma 4.2
without explicit mentioning. In particular note that ® = C|gxn, where C' is defined
by (4.1).

We begin by proving (4.4):

F(z,y) = 0[f](z,y) — Fx(n(z),n(y)*™) = ®(q(x),n(y)) — Fola(z), q(y))
= F(z,y) — 6[fo — kl(z,y) — F(n(z),n(y)"™)
= C(q(z),n(y)) — Flq(x),q(y))
= C(z,y) — Clq(z),n(y)) — Cla(z), q(y ))
= C(z,y) — C(z,n(y)) — Clz,q(y)) =

The formulas (4.5) and (4.6) follow from (4.2) and (4.3). O

The next result specializes the previous theorem to the case where either one or
both of N, () are abelian.



Theorem 4.4. Let G = NOQ be as in Theorem 4.3, let X be a complex Banach
space, and suppose the map F': G x G — X is a continuous cocycle on G into X.

1. If N is abelian, then F' has the form
F(n1q1,n2q2) = 0[f](n1q1, n2g2)
+ Wn(n1,n3") + (g1, n2) + Folq, ¢2), (4.11)

for a continuous map f: G — X, a continuous, skew-symmetric bi-morphism
Wy on N into X such that

Un(nf,nd) =Vxn(ng,ng), q€Q, (4.12)
a continuous function ¢ : Q x N — X satisfying (4.5) and
¢(q7 TL1TL2) = ¢(Q7 nl) + ¢(Q7 n?)v <413)

and a continuous cocycle Fo on () into X.

2. If Q) 1s abelian, then F' has the form

F(niq1,m2q2) = 6[f](n1q1, n2ge)
+ Fn(ny,nd') + ®(q1,n2) + Yolqr, ¢2), (4.14)

for a continuous map f : G — X, a continuous cocycle Fry on N into X, a
continuous function ® : Q@ x N — X satisfying and (4.5) and (4.6), and a
continuous, skew-symmetric bi-morphism Vg on Q) into X.

3. If both N and @ are abelian, then F has the form
F(ni1q1,n2q2) = 0[f](n1q1, n2ge)
+ Wn(n1,n3") + (g1, n2) + Volar, g2), (4.15)
where f, Wy, ¢ are as in part 1 and V¢ is as in part 2.

Proof. Our starting point is the decomposition

F(nﬂh,nzéh) = 5[9](”1%, n2Q2) + FN(nl,ngl) + FQ(Qla C]z) + CD(Ch, n2)7

provided by Theorem 4.3. If N is abelian, then it is by now classical (see, e.g. [1])
that Fy = §[fn] + Uy for some map fy : N — X and a skew-symmetric bi-
morphism Wy on N into X. Moreover, since Fy is continuous, both its symmetric
and skew-symmetric parts are continuous. Hence 0[fy] and ¥y are continuous on
N x N. It follows from Corollary 3.2 that we may take fy continuous. Now inserting
this form of Fly into (4.6) gives

(g, ming) — ®(q,m1) — (g, n2)
= (8[fn] + ¥n)(n],n3) — (O[fn] + ¥n)(n1, n2),

which upon defining ¢ by
¢(g,n) := @(q,n) + fn(n?) — fn(n) (4.16)
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reduces to ¢(q,nin2) — é(q,n1) — (g, n2) = Uy (ni, nd) — Un(ny,ny). Since the left
side of this equation is symmetric in ni, ny while the right side is skew-symmetric,
both sides are zero. Thus we get (4.12) and (4.13). Also (4.16) and (4.5) for ® yield
(4.5) for ¢. Defining f by f(ng) := g(nq) + fn(n), we have the desired result in
part 1.

If @ is abelian, we apply the same procedure to Iy that we just applied to Fy.
If N and @) are both abelian, then we get part 3 by combining the results of parts
1 and 2. O

Remark 4.5. The converse of Theorem 4.4 holds: If F': G x G — X satisfies the
conditions of part 1, then F'is a continuous cocycle. Similarly for the parts 2 and 3.
This can be proved by elementary computations.

Note that we could summarize (4.15) in the form

F(niq1,n2q2) ~ Uy (ny,nd') + (g1, n2) + ¥olq1, ¢2)-

That is the case r = 2 of Theorem 5.2, which is the topological analogue of |3,
Theorem 5|. The case r = 1 of Theorem 5.2 is the classical result that F(z,y) ~
U(z,y) if G is abelian.

5 Continuous cocycles on solvable groups

Assuming that G is solvable, it must have an invariant normal series. That means
each subgroup in the series is not only normal in the preceding subgroup of the
series but also normal in G. The assumptions of the next theorem guarantee that
we can view GG as being built up through a sequence of semidirect products. To
get a result in a convenient form for solvable groups of rank r > 3 we need to
assume a bit more about the subgroup structure. If the factor groups determined
by the invariant series do not satisfy the additional conditions postulated in the next
lemma, then one has to proceed step-by-step using Theorem 4.4 repeatedly and the
job is more difficult and involved. The additional conditions are satisfied by any
semidirect product (which is the case of 7 = 2) and by all our examples in Section 6.

Lemma 5.1. Suppose a group G can be written as G = Q1Q2 - - - Q, where each Q);
s a subgroup of G. Assume that

Q?j“"'QT CQjforalj=1,...,r—1. (5.1)
Then
(a) Q;Qj+1---Qr is a subgroup of G for each j =1,2,...,r.
(b) Q1Q2---Qj is a normal subgroup of G for each j =1,2,...,r.

(¢) If Q; is abelian for each j =1,2,... 1, then G is solvable.
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Proof. (a) Let p;---pr,qj -+ ¢ € Q;Qj41--- Q. for some j. Then

Pj -2 )(g5 - a) = (g™ ) - (pr1071) (P )
shows that @Q;Q;+1--- @, is closed under multiplication. @;Q;+1--- @, is closed
under inversion since each @); is a group and Q,Q,—1---Q; € Q;Q;41--- Q.. To see
this, observe that

ardr—1 - qj+1495 = (( (qgﬁl)qj+2 e )") (67 1) g

(b) is proved by induction on j.
(c) Clearly [G,G] = [Q1- - Qr1Qr, Q1+ -+ Qr1Q,] € Q1 -+ - Q,—1, and the statement

follows by downwards induction on r. Alternatively, if we define G; := Q1Q2--- Q;
forj=1,2,...r, then G=G,>G,_1>---> G > {1} is a normal series for G. [J

Theorem 5.2. Let G be a o-compact, locally compact group, let Q1,Qo, ..., Q, be
closed abelian subgroups of G, and let X be a complex Banach space. Suppose that
any element g € G can be written uniquely as

g=q G, where q; € Q; forj=1,..,r,

and that condition (5.1) is satisfied.

Then a map F : G x G — X is a continuous cocycle on G into X if and
only if there exist continuous skew-symmetric bi-morphisms ¥; on Q); into X and
continuous maps ¢; - (Qj41 -+ Qr) X Q; — X such that

r r—1

F(q - qr,p1--pr) =~ Z U, (qi, pi ) + Z ¢i(qj+1 -~ Gry s, (5.2)
i=1 j=1

Ui(qf, pb) = Vilg, po), (5.3)

oi(k, qipi) = ¢i(k, q;) + ¢i(k, i), (5.4)

¢i(kl, @) = di(k, @) + 0i(l, q),

for all g;,p; € Qi; k1 € Qip1--- Q.

Proof. The case r = 1 is classical (F' ~ ;) and the case r = 2 is covered by
Theorem 4.4. We proceed by induction on r. Assume the statement is true for some
positive integer » > 1, and let G be solvable of rank r + 1. Observe that Qs - Q41
is a group by condition (5.1) and Lemma 5.1. Observe also that it is closed in G by
Lemma 3.6(b) so that it, too, is a o-compact and locally compact group. Each g € G
can be written uniquely as g = ¢; - - - ¢, 1 with ¢; € @Q;, where each @); is abelian and
()1 is normal in G. For any z,y € G, write = ¢1(q2 - ¢r41), Y = p1(P2 -+ Pra1)-
Applying part 1 of Theorem 4.4 we have

F(x,y) =o0[fil(qi(qz - @ry1), pr(p2 -+ Pry1)) + ‘1’1(Q1;p(112mqr+1)
+ ¢I(QQ T QT+l>pl) + FQ(QQ o Qry1,P2 'Pr+1),

12



where Wy, ¢, are as desired and F{ is a continuous cocycle on the subgroup @) :=
Q2 - Qr41 into X. By the induction hypothesis, Iy has the form

FQ(C]2 o Qr41,P2 0 'pr+1> = 5[fQ](Q2 o Qrg1,P2 0 'pr+1>
r+1

T
+ Z Wilgi, pi ) + Z 0j(gj+1 -+ Gri1, 1j)-
i=2 j=2

Inserting this into the equation above and defining f : G — X by

g agr1) = filarge - @r1) + folaz - gri1),

we obtain the desired form for F.
The proof of the converse consists of direct computations to verify that F = ¥,
and F' = ¢; satisfy (1.1). O

Remark 5.3. If G has the discrete topology then the assumption in Theorem 5.2
about GG being o-compact can be deleted. The assumption is only used via Lemma 3.6
to ensure that certain maps are continuous. And any map on a discrete group is
continuous.

6 Some examples

In this section we illustrate Theorem 5.2 with some examples. We give detailed
expositions of them, because our results, which are very explicit, apparently cannot
be found in the literature.

We begin with two very simple, but useful lemmas about continuous skew-
symmetric bi-additive functions.

Lemma 6.1. (a) Let n be a positive integer and suppose ¥ : R x R" — C is a
continuous skew-symmetric bi-additive function. Then there exists a complex
skew-symmetric n x n-matriz A such that V(x,y) = (x, Ay) for all z,y € R".

(b) In particular, if ¥ : R* x R?* — C is a continuous skew-symmetric bi-additive
function, then there exists a constant ¢ € C such that

\P((l’bﬂ?z), (ylay2)) = C(xlyz - yl$2) for all (351,1752)7 (y1,3/2) € R

Proof. Since V is continuous and additive in each component it is a bilinear form, so
there exists a complex n x n-matrix A such that V(z,y) = (z, Ay) for all z,y € R™.
The skew-symmetry of ¥ implies that of A. m

Lemma 6.2. Let X be a Hausdorff topological vector space over R or C.

(a) The only separately continuous, skew-symmetric bi-additive function ¥ : R X
R — X is0.

(b) The only separately continuous, skew-symmetric bi-morphism ¥ : RT xRt — X
15 0.
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Proof. (a) By the additivity we get that W(q,y) = ¢¥(1l,y) for all ¢ € Q and
y € R. By the continuity in the first variable we then get that ¥(z,y) = 2V(1,y)
for all x,y € R. Arguing in the same way on the second variable we get that
U(z,y) = zy¥(1,1) for all ,y € R. This expression shows that ¥ is symmetric.
But it is also by assumption skew-symmetric. Hence ¥ = 0.

(b) follows immediately from (a) when you apply (a) to the map (x,y) — W(e®,eY)
from Rt x R* to X. O

Example 6.3. We consider the (az + b)-group

G::{(S [1)> |a € RY, belR},

and a complex Banach space X. We claim that any continuous cocycle F' : G X G —
X has the form F' = §[f], where f € C(G, X).

To prove this claim we start by noting that G is the semidirect product G =
N®Q, where

N::{((l) ’f) ybeR}, andQ::{<g (1)) |ae]R+}.

Below we identify N with (R, +) and @ with (R*,-) in the obvious way.
From part 3 of Theorem 4.4 we get
F(niqi,n2q2) = 0[f](n1q1, n2q2) + ¥ (n1,n3") + ¢(q1, n2) + Volqr, ¢2),
where f € C(G,X), Uy : Nx N — X and Vg : Q@ X Q@ — X are continuous,

skew-symmetric bi-morphisms, and ¢ : R™ x R — X is a continuous map such that

¢(q,n1 +ng) = ¢(q,n1) + ¢(q,n2), and (6.1)
¢(q1q2,n) = d(qu, @2n) + ¢(q2, 1) (6.2)

for all ¢,q1,q2 € R™ and n,n;,ny € R. According to Lemma 6.2 5 = 0 and
U, =0, so it just remains to produce a function h € C(G, X) such that

0[h](n1g1,n2g2) = ¢(q1,n2) for all ny,ne € N, q1,q2 € Q.

The function h(ng) := —¢(2,n), n € N, g € @, may be used. To see this we observe
that the left hand side of (6.2) is symmetric in ¢; and ¢y so that

?(g2, 1) + ¢(q1,n) = ¢(q1, gan) + ¢(g2, ).

Here we replace ¢o by 2 and n by ns to get

P(2, 1n2) + d(qi, n2) = é(q1, 2n2) + G(2,n2) = 2¢(q1, n2) + H(2, n2),

which means that ¢(2, g1ns) —¢(2,n2) = ¢(q1,n2). Using this to get the last equality
sign below we find

6[h](n1q1,m2g2) = h(n1q1) + h(nagz) — h(niqinage)
= —¢(2,m1) — ¢(2,n2) + (2,1 + q1n2)
= —0(2,m1) — ¢(2,n2) + A(2,n1) + 9(2, q1n2)
= 90(2,q1n2) — 9(2,n2) = d(q1,n2).
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Example 6.4. Let H; be the Heisenberg group (in polarized form) with elements
represented as matrices

o O =
O~y

t
Y
1
or as elements of R? with multiplication

(21, y1,t1) (22, Y2, t2) = (21 + T2, Y1 + Y2, t1 + 2 + 21Y2)
Then the equivalence classes of the two maps By : Hy x H — C and B, :
H, x Hy — C, defined by
Bi((w1,y1,t1), (2,42, t2)) = y1(t2 + 21Y2) — t1ye,
By((w1,y1,t1), (w2, 42, t2)) 1= 21 (t2 + 2192/2),
form a basis for H3(Hy, C).

Proof. Hy is the semidirect product N®Q, where N = {(0,y,t)} and @ = {(x,0,0)}
are closed abelian subgroups of H; with N normal. Observe that conjugation takes
the form

n? = (0,y,8)%) = (0,y,t + zy).

Below we identify N with R? and @ with R whenever convenient.
In the notation of Theorem 4.4, part 3 any continuous cocycle ' : Hy x H; — C
has the form

F(($17y1?t1>7($2792at2))
~ Wy ((y1,t1), (Y2, t2 + 21y2)) + Va(1, 22) + (21,0, 0), (0,92, t2)).

We find the first term on the right by Lemma 6.1(b) and note that the second
term on the right vanishes by Lemma 6.2(a). This gives us that

F((z1,y1,t1), (T2, y2, 2)) = ci[yr(t2 + 11y2) — taya] + d(1, (v2,12)),

where ¢; € C is a constant and where ¢ : R x R? — C is a continuous function
which is additive in its second (vector) component and satisfies

O(x1 + 2, (Y2, t2)) = A1, (Yo, t2 + T2y2)) + O(22, (Y2, 12)).

The continuity and additivity yield the existence of continuous maps ¢1, ¢, such
that

d(x1, (Y2, t2)) = O1(21)y2 + a2(21)t2,

and substituting this into the previous equation we get

O1(z1 + x2)ys + P2(x1 + 2)ts
= ¢1(21)y2 + d2(71)(t2 + 2y2) + G1(72)y2 + Pa(2)t2.

Comparing coefficients of ¢, we see that ¢, is additive, hence linear. With ¢q(z) =
CoT, We now have

O1(x1 + x2) — P1(21) — P1(22) = o129,
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which implies ¢;(z) = bz + cax?/2. In conclusion, we have

F((z1,91,t1), (22,92, t2))
~ c1[yr(ty + 21y2) — tiya] + [br1 + ez /2)y2 + cazits.

Observe also that the map ((x1, y1,t1), (2, y2, t2)) — br1ys is a continuous cobound-
ary with generator g(x,y,t) := —bt, therefore F' has the asserted form.

On the other hand, elementary calculations (or a reference to the general theory)
show B; and B, are cocycles.

We shall finally show that if ¢; By + coBy = d]h|, where ¢;,¢; € € and where
h : H — C, then ¢; = ¢ = 0. To do so we note the general fact that if A is
an abelian group then 0[h|(ai,as) = d[h](ag, ay) for all a;,ay € A. Thus we get
here for any elements a; and ay of an abelian subgroup A of H; that ¢; By (a1, as) +
caBs(ay,as) = ¢1By(ag,a1) + caBa(ag, ay). Taking A = N we get ¢; = 0. Taking
A= {(z,0,t) | z,t € R} we get co = 0. O

The next two examples generalize the previous one in different directions. The
first illustrates the need for Theorem 5.2, because the group in it is not a semidirect
product of two abelian groups. So we cannot refer to the simpler case of Theorem 4.4.

Example 6.5. Let UTy be the group of upper triangular 4 x 4 matrices

1 =z t s
01 y u
001 2|’
00 01

over R with ones on the main diagonal.
The vector space HZ(UT}y, C) is five-dimensional with the set of equivalence
classes of the following five functions 17,15, T3, Ty, T5 as a basis.
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T

15

Proof. Straightforward computations show that 77, ..

SO O OOOH OO0, OO OoOF, OO oK

1
0
0

S1
Uy
<1
1

S1
Uy
21
1

S1
Uy
21
1

S1
Uy
21
1

S1
Uy
<1
1

SO O OO0 OO0 OO+~ OO o -

1
0
0

52
Uz
)
1

52
Uz
)
1

59
U2
22

1

52
U2
)
1

52
Uz
%)
1

= U129 — 21(u2 + 9122)v

= tiys — Y1 (t2 + T1Y2),

= y1(u2 + y122/2),

=11 (ty + 11Y2/2),

= X1Z9.

., Ty are continuous cocycles.

That they are linearly independent modulo B%(UTy,C) can be proved using the
same idea as in Example 6.4. It is left to show that any continuous cocycle F' is
5.

UT, is solvable of rank r = 3, and each element ¢ can be decomposed uniquely
as ¢ = q1q2q3 with ¢; € Q;, where

equivalent to a linear combination of T, ...

Q1

Q2

Q3

.

\

T
OO O+ OO+, OO o

OO, R OO, O OO O

O—R OO0 O & O OO

—_— OO0 HPOOO F N &8 W

z,u,s € R

tbye R},

cxeR

Specifically, we write two arbitrary elements of UT, as ¢ = q1q2q3 and p = p1paps,
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with decompositions (i = 1 corresponding to ¢, i = 2 to p)

01 w wy| |01 0 u 01 vy O 01 00
00 1 z | |[001 z 001 0 00 10
00 0 1 0 001 000 1 00 01

We shall for ¢ = 1,2, 3 identify Q; with (R*~, +) in the obvious way.
It is easy to check that UT}, satisfies the conditions of Lemma 5.1. Applying
Theorem 5.2 we obtain from (5.2) that

3 2
F(q14243, p1paps) =~ Z Wilgi, i) + Z 0 (G143, 1)),

i—1 j=1

where each VU, is a continuous skew-symmetric bi-morphism satisfying additionally
(5.3) and each ¢, fulfills (5.4) and (5.5). In detail, by Lemma 6.1 we have

Uy (g1, p1) = a1[s1ug — Sauq| + as[s122 — sa21] + asuiza — ugz],
Uy(qa, p2) = aqlt1ya — tatn], Vs(gs,p3) =0,

for arbitrary constants aq, ...,ay € C. Moreover, taking into account the additional
condition (5.3) we find after some calculations that a; = as = 0. Thus we have

3
D Wilgi p ) = asTi(q, p) + aaTa(q, p).

i=1

Turning to the ¢ terms, first by (5.4) we see that there exist continuous maps
®11, P12, O13, P21, P22 such that

?1(q293, p1) = $11(q2q3) 52 + d12(G2q3) U2 + P13(G2q3) 22,
$2(q3, p2) = H21(q3)t2 + P22(q3)Y2.

Next, by (5.5) we have also

o1(klp1) = ¢1(k, ph) + &1 (L, 1),
Ga2(mn, p2) = pa(m, py) + ¢2(n, p2),

for all k,1 € Q2Q3 and m,n € Q3. Letting

1 T3 t3 0 1 Ty t4 0
Lo |01 w0 _ |01 w0
00 1 0}" 00 1 0/]"
00 0 1] 00 0 1
1 23 0 0] 1 2z, 0 O
—_— 01 00 n— 01 00
00 10}’ 00 10}’
00 0 1] 00 01
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we calculate that

11 (kl)sg + Pr2(kl)ug + ¢13(kl) 22
= ¢11(k) (82 + Taus + tazz) + G12(k) (uz + ya22) + b13(k) 20
+ ¢11(1)s2 + Pr2(l)uz + ¢13(1) 20,
Ga1(mn )ty + doa(mn)ys
= ¢a1(m)(t2 + zay2) + P22(m)y2 + P21(n)t2 + Pz (n)yo.

Comparing coefficients of sg, ug, 29, to, yo yields respectively

¢11(kl) = ¢11(k) + d11(l),

P12(kl) = pr1(k)xy + d12(k) + d12(1),

P13(kl) = ¢11(k)ta + ¢12(k)ys + ¢13(k) + d13(0),
Pa1(mn) = ga1(m) + ¢a1(n),
Paa(mn) = Ga1(m) x4 + P22(m) + Pa2(n).

The continuous solution of this system of equations is, by a lengthy but elementary
computation, given by

~

Qﬁu(l%) = 0, ¢12(/€) = ngE —+ b4y,
(

-
iy
>
~—~
I
S
ot
8
+
S
[«
<
+
S
w
~
+
S
iy
<
[\
~—
\.l\D

3
¢21(m) = Gz, ¢22(m) = Co¥ + clx2/2,

for arbitrary constants bs, ..., bg, 1, co € C, where

1zt 0 1 2 00
- o1 yo|l . o100
F=loo10l"™ o010

000 1 0001

Thus we have
$1(q2q3, p1) = bs(z1us + t122) + 04T5(q, p) + bsT5(q, p) + beyi 22,
02(qs3, p2) = c1Tu(q, p) + c2x1Yo.

Observe now that the maps (¢, p) — x1us+1t129, Y122, T1Y2 are continuous cobound-
aries with respective generators

1 z t s
01 v u
001 2|7 7% %t
00 01

Therefore we conclude that

2
Z¢j(9j+1 ++q3,p5) = 0aT3(q,p) + 0sT5(q,p) + e1Tu(q, p),

J=1

yielding the required form for F. m
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The next example generalizes Example 6.4 to higher-dimensional Heisenberg
groups.

Example 6.6. Let n > 2 and let H, = R™ x R" x R be the (2n + 1)-dimensional
Heisenberg group with the group composition

(1, Y1, t1) (22, Yo, to) == (1 + T2, Y1 + Y2, t1 + L2 + 1 - Y2),
for (z1,y1,t1), (2,92, t2) € Hy.

(a) For each continuous cocycle F' : H, x H, — C there exist complex skew-
symmetric n X n matrices S7 and Sy and a complex n X n matrix A with tr A =0
such that

F((x1,y1,t), (22, Y2, t2)) = (21, S122) + (Y1, S2y2) + (21, Ayo) (6.3)
fOY all (xla Y1, tl)) (.1'2, Yo, t2> € Hn
(b) Conversely, any function F' of the form (6.3) is a continuous cocycle.

(c) The functions of the form (6.3) form a basis of HZ(H,,, C) : If F' = §[h] for some
h € C(Hn), then Sl = Sg =A= 0.

In particular dim HZ(H,, C) = 2n* —n — 1.

Proof. (a) H, is the semidirect product N®Q, where N = {(0,y,t)} and Q =
{(x,0,0)} are closed abelian subgroups with N normal. Conjugation takes the form

nq — (O’y7t)(:l7,070) — (O,y7 t + €T - y)

Below we will identify N with (R"*!, +), and Q with (R", +), whenever convenient.
Any continuous cocycle F' has according to Theorem 4.4, part 3, the form

F((r1,y1,t), (T2, Y2, t2)) = UN((y1,t1), (Y2, ta + 21 - y2)) + Yo(x1, 72)
+ (1, (y2,12)),

where Uy : R"™! x R™™ — €, Uy : R"xR™ — C are continuous, skew-symmetric,
bi-additive maps, with

Un((y1, e +2-y1), (Y2, ta + 2 - 1)) = Yn((y1, t1), (2, L2)), (6.4)

and where ¢ : R" x R"™! — € is continuous, additive in its second component, and
satisfies

P(x1 + 2, (Y2, t2)) = d(w1, (Y2, t2 + T2 - Y2)) + O(72, (Y2, 12))- (6.5)

By Lemma 6.1 we get

Un((y1,t1), (Y2, t2)) = (y1, Saye) + ¢+ [Liya — o],
Vo (w1, x2) = (21, S122),
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for skew-symmetric matrices 51, Sy and a constant vector ¢ € C™. Now (6.4) requires
that also

¢ [(z-y1)ye — (z - yo)un] = 0.

Since n > 2 this is impossible unless ¢ = 0, hence

Un((y1,t1), (Yo, ta + @1 - y2)) + Yolx1, x2) = (21, S122) + (Y1, S2ya).

Next, the continuity and additivity of ¢ in its second component yield the existence
of continuous maps V : R" — C", d : R® — C such that

¢, (y, 1)) = V() -y + d(2)t,
and substituting this into (6.5) we find that

V(xy 4 22) - y2 + d(x1 + x2)to
=V(x1) - yo + d(x1)(ta + 22 - y2) + V(x2) - yo + d(x2)ts.

Comparing coefficients of t; we see that d is additive, hence d(z) = d - x for some
constant vector d € C™. Now the preceding equation becomes

V(zy 4+ 22) = V(21) = V(22)] - y2 = (d - 21) (72 - y2).

Since the left hand side is symmetric in z; and x5, so is the right hand side. Again,
since n > 2 this cannot happen unless d = 0, and we arrive at the conclusion that V'
is additive. Being continuous it is linear. Hence we have V' (z)-y = (x, Ay) for some
matrix A. Therefore ¢(z, (y,t)) = (x, Ay), giving F the claimed form, except for the
fact that A may be chosen with zero trace. To see this consider a € C and define
h(z,y,t) := —at. We find that §[h|((z1,y1,t1), (T2, y2,t2)) = ax1,y2) = (@1, alys)
which implies that modulo coboundaries we may replace A by A—al for any a € C.
In particular by the traceless matrix A —n=!(tr A)1.

(b) The verification consists of simple computations that we skip.

(c) Assume that F' = 6[h] for some h € C(H,) where F' has the form (6.3).
Proceeding as at the end of Example 6.4 we infer that S; = S, = 0, so what remains
is that

h(x1,y1,t1) + h(2, y2, t2) — h(x1 + 22, 11 + Yo, t1 + o+ 21 - y2) = (1, Ayo)

for all (x1,41,11), (T2, Y2, t2) € R" x R™ X R. (6.6)
Since the right hand side of (6.6) is C*(H,, x H,) we get by Lemma 3.3 that
h e C*(H,).
A differentiation of (6.6) with respect to ¢, yields
@( t1) = @( + + Yo, t1 + 1o + )
ot L1, Y1,01) = ot L1 T X2, Y1 T Y2, 01 T l2 T X1 Y2)
Choosing x,, 12 and t, judiciously we get
oh oh
E(%;Zﬂil) = a(0,0,0)
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which implies that
h(z,y,t) = at + H(x,y) for all (z,y,t) € H,,

where o := 9h/0t(0,0,0) € C is a constant, and H € C*°(R™ x R™). Substituting
this result back into (6.6) gives us that

H(zy,01) + H(z2,y2) — H(x1 + 22,01 +42) = 21 - (A+ ad)ys

for all zy,y1, 9, y2 € R™. Differentiating this with respect to y; and then choosing
xo and ys suitably we get H(z,y) = -y + K(x) for all z,y € R", where § € C" is
a constant and K € C*°(RR™). Substituting this back into the identity for H yields

K(z1) + K(22) — K(x1 4+ 22) = 21 - (A+ al)ys for all x1,xq,y2 € R".
The left hand side is independent of 5, hence so is the right hand side:
r1-(A+al)yg =21 - (A+al)0=0.

This holds for all x1,y, € R",s0 A+al =0,ie. A=—al. ButtrA=0,s0a=0
and hence A = 0. O

The results are quite different in the Examples 6.4 and 6.6. We used in an essen-
tial way during our discussion of Example 6.6 that n > 2. If we nevertheless take n =
1 in the conclusion of Example 6.6 we get from (6.3) that F/((xy,y1,t1), (x2,y2, t2)) =
x1Ays. During our discussion of Example 6.4 we found that this function is a
coboundary on H;. So the solutions we get by taking n = 1 in Example 6.6 are
all ~ 0. That does not fit with Example 6.4 in which the cohomology space has
dimension 2.
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