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Abstract

The question of existence and properties of stationary solutions to Langevin
equations driven by noise processes with stationary increments is discussed,
with particular focus on noise processes of pseudo moving average type. On
account of the Wold-Karhunen decomposition theorem such solutions are in
principle representable as a moving average (plus a drift like term) but the
kernel in the moving average is generally not available in explicit form. A
class of cases is determined where an explicit expression of the kernel can be
given, and this is used to obtain information on the asymptotic behavior of
the associated autocorrelation functions, both for small and large lags. Appli-
cations to Gaussian and Lévy driven fractional Ornstein-Uhlenbeck processes
are presented. As an element in the derivations a Fubini theorem for Lévy
bases is established.
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1 Introduction

This paper studies existence and properties of stationary solutions to Langevin equa-
tions driven by a noise process with, in general, stationary dependent increments.
We shall refer to such solutions as quasi Ornstein-Uhlenbeck (QOU) processes. Of
particular interest are the cases where the noise process is of the pseudo moving
average (PMA) type. In wide generality the stationary solutions can, in principle,
be written in the form of a Wold-Karhunen type representation, but it is relatively
rare that an explicit expression for the kernel of such a representation can be given.
When this is possible it often provides a more direct and simpler access to the
character and properties of the process, for instance concerning the autocovariance
function.

The structure of the paper is as follows. Section 2 defines the concept of quasi
Ornstein-Uhlenbeck processes and provides conditions for existence and uniqueness
of stationary solutions to the Langevin equation. The form of the autocovariance



function of the solutions is given and its asymptotic behavior for ¢ — oo is discussed.
As a next, intermediate, step a Fubini theorem for Lévy bases is established in
Section 3. In Section 4 explicit forms of Wold-Karhunen representations are derived
and used to analyze the asymptotics, under more specialized assumptions, of the
autocovariance functions, both for ¢ — oo and for ¢ — 0. The results are applied in
particular to the case of Gaussian and Lévy driven fractional Ornstein-Uhlenbeck
processes. Section 5 concludes.

2 Langevin equations and QOU processes

Let N = (IV;)ier be a measurable process with stationary increments and let A > 0
be a positive number. By a quasi Ornstein-Uhlenbeck (QOU) process X driven by
N and with parameter \, we mean a stationary solution to the Langevin equation
dX; = —AX; dt + dIV, that is, X = (X;)er is a stationary process which satisfies

t
Xt:XO—/\/ X,ds+ N, teR, (2.1)
0

where the integral is a pathwise Lebesgue integral. For all a < b we use the notation

y = —fab Recall that a process Z = (Z;)ier is measurable if (t,w) — Z;(w)
is (B(R) ® F,B(R))-measurable, and that Z has stationary increments if for all
s € R, (Z; — Zp)ier has the same finite distributions as (Z;1s — Zs)ier. For p > 0
we will say that a process Z has finite p-moments if E[|Z;|P] < oo for all t € R.
Moreover for ¢ — 0 or oo, we will write f(t) ~ g(t), f(t) = o(g(t)) or f(t) = O(g(t))
provided that f(t)/g(t) — 1, f(t)/g(t) — 0 or limsup,|f(t)/g(t)| < oo, respectively.
For each process Z with finite second-moments, let Vz(t) = Var(Z;) denote its
variance function. When Z, in addition, is stationary, let Rz(t) = Cov(Z;, Zp)
denote its autocovariance function, and Rx(t) = Rx(0) — Rx(¢t) = tE[(X; — X)?]
its complementary autocovariance function.

Before discussing the general setting further we recall some well known cases.
The stationary solution X to (2.1) where N; = ut + 0By, and B is a Brownian mo-
tion is of particular interest in finance; here X is the Gaussian Ornstein-Uhlenbeck
process, f1/A is the mean level, A is the speed of reversion and o is the volatil-
ity. When N is a Lévy process the corresponding QOU process, X, exists if and
only if E[log™|N;|] < oo or, equivalently, if f{‘x|>1} log || v(dx) < oo where v is the
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Lévy measure of N; see Rocha-Arteaga and Sato (2003). In this case X is called
an Ornstein-Uhlenbeck type process; for applications of such processes in financial
economics see Barndorff-Nielsen and Shephard (2001, 2010).

2.1 Auxiliary continuity result

Let (E, &, 1) be a o-finite measure space, and ¢: R — R, an even and continuous
function which is non-decreasing on R, with ¢(0) = 0. Assume there exists a
constant C' > 0 such that ¢(2z) < C¢(z) for all x € R (that is, ¢ satisfies the
Ay-condition). Let L° = L%(E, &, u) denote the space of all measurable functions
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from F into R, and let ® denote the modular on L° given by

d(g) = /Ecb(g)du, ge L’

and L? = {g € L°: ®(g) < oo} the corresponding modular space. Furthermore, for
g € L° define

p(g) = inf{c > 0:P(g/c) < c}, and llglle = inf {c > 0: ®(g/c) < 1}.

Then p is an F-norm on L?, and when ¢ is convex, the Luzemburg norm || - ||, is
a norm on L?; see e.g. Khamsi (1996). If not explicitly said otherwise, L? will be
equipped with the metric dy(f,g9) = p(f — 9).

Theorem 2.1. Let f: R x E — R denote a measurable function satisfying that
fe=ft,-) € L? forallt € R, and

d¢(ft+u7 fv+u) = d¢(ft7 fv)> Jor all t,u,v € R. (22)

Then, (t € R) — (f; € L?) is continuous. Moreover, if ¢ is convex, then there exist
a, >0 such that || f;|| < o+ BJt| for allt € R.

To prove Theorem 2.1 we shall need the following lemma.

Lemma 2.2. Let f: R x E — R denote a measurable function, such that f, € L?®
for allt € R. Then, (t € R) — (f; € L?) is Borel measurable and has a separable
range.

Recall that f: E — F has a separable range, if f(F) is a separable subset of F.

Proof. We will use a Monotone Class Lemma argument to prove this result, so let
M, be the set of all functions f for which Lemma 2.2 holds, and M, the set of all
functions f of the form

ft(S):ZOéilAi(t)lBi(S), tER? S€E7
=1

where for n > 1, Ay, ..., A, are measurable subsets of R, By, ..., B, are measurable
subsets of E of finite p-measure, and aq,...,a,, € R. Then, Uy : (t € R) —
(f; € L?) has separable range, and since ¢ — dg(f;, g) is measurable for all g € L?,
Vs is measurable. This shows that M; C Mj,. Note that the set by of bounded
elements from M,y is a vector space with 1 € bMs, and that (f,),>1 € bMy
with 0 < f, T f < K implies that f € bMsy. Moreover, since M is stable
under pointwise multiplication the Monotone Class Lemma, see e.g. Chapter II,
Theorem 3.2 in Rogers and Williams (2000), shows that

bM(B(R) x F) = bM(a(M,)) € bM.

(For a family of functions M, o(M) denotes the least o-algebra for which all the
functions are measurable, and for each o-algebra £, bM(E) denotes the space of all
bounded £-measurable functions). For a general function f define f™ by ft(") =
fil{p<ny. Foralln > 1, £ is a bounded measurable function and hence W £
is a measurable map with a separable range. Moreover, lim, ¥ ;x = W, pointwise
in L?, showing that ¥, is measurable and has a separable range. O]
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Proof of Theorem 2.1. Let ¥, denote the map (t € R) — (f; € L?), and for fixed
e > 0 and arbitrary ¢ € R, consider the ball B, = {s € R : dy(fi, fs) < €}.
By Lemma 2.2, ¥ is measurable, and hence B; is a measurable subset of R for all
t € R. According to Lemma 2.2 U has a separable range, and therefore there exists
a countable set (t,),>1 C R such that the range of ¥ is included in U,>1B(fi,, €),
implying that R = U,>1B;,. (Here, B(g,r) = {h € L? : dy(g,h) < r}). In par-
ticular, there exists an n > 1 such that B, has strictly positive Lebesgue measure.
By the Steinhaus Lemma, see Theorem 1.1.1 in Bingham et al. (1989), there exists
a 0 > 0 such that (—6,0) C B;, — B:,. Note that by (2.2) it is enough to show
continuity of Wy at ¢ = 0. For [t| < J there exists, by definition, s1,s2 € R such
that dy(fi,, fs;) < € for i = 1,2, showing that

d¢(fta fO) S d¢(fta fSl) + d¢(ft7 fsz) < 2€a

which completes the proof of the continuity part.
To show the last part of the theorem assume that ¢ is convex. For each ¢ > 0
choose n =10,1,2,... such that n <t <n+ 1. Then,

1fs = folle < Y Ifi = fimallo + 1fi = fullo

=1

< nllfr = follo + I fen — folls < B +a, (2:3)

where 8 = [[f1 — folls and @ = sup,eo 1yl fs — folls. We have already shown that
t — f; is continuous, and hence a < co. Since || f_y — folls = || fi — folls for all t € R,
(2.3) shows that ||fi — folls < a+ Bt| for all t € R, implying that || fi|l, < o+ B[t
where o = a + || foll- O

For (E, &, p) = (Q,F, P) and ¢(t) = [t|P for p > 0 or ¢(t) = [t| A1 for p =0, we
have the following corollary to Theorem 2.1.

Corollary 2.3. Let p > 0 and X = (X;)ier be a measurable process with stationary
mcrements and finite p-moments. Then, X is continuous in LP. Moreover if p > 1,
then there exist o, 5 > 0 such that || X¢||, < o+ B|t| for all t € R.

Note that in Corollary 2.3 the reversed implication is also true; in fact, all
stochastic processes X = (X;)ier that are continuous in LY have a measurable
modification according to Theorem 2 in Cohn (1972).

The idea by using the Steinhaus Lemma to prove Theorem 2.1 is borrowed from
Surgailis et al. (1998), where Corollary 2.3 is shown for p = 0. Furthermore, when
is a probability measure and ¢(t) = |t| A 1, Lemma 2.2 is known from Cohn (1972).

2.2 Existence and uniqueness of QOU processes

The next result shows existence and uniqueness for the stationary solution X to
the Langevin equation dX; = —AX, dt + dV;, in the case where the the noise N is
integrable. That is, we show existence and uniqueness of QOU processes X, and
moreover provide an explicit form of the solution which is used to calculate the mean
and variance of X.



Theorem 2.4. Let N be a measurable process with stationary increments and finite
first-moments, and let X > 0 be a positive real number. Then, X = (X;)ier given by

t

Xy =N, — e / e*Nyds,  teR, (2.4)
is a QOU process driven by N with parameter A (the integral is a pathwise Lebesque
integral). Furthermore, any other QOU process driven by N and with parameter X\
equals X in law. Finally, if N has finite p-moments, p > 1, then X has also finite
p-moments and s continuous in LP.

Remark 2.5. It is an open problem to relax the integrability of N in Theorem 2.4,
e.g. is it enough that N has finite log-moments? Recall that when N is a Lévy
process, finite log-moments is a necessary and sufficient condition for the existence
of the corresponding QOU process.

Proof. Existence: Let p > 1 and assume that N has finite p-moments. Choose
a, > 0, according to Corollary 2.3, such that || Vi||, < o+ B[t| for all t € R. By
Jensen’s inequality,

E K / ; 5[N] ds> p} < (M /A / ; B[N, ] ds

t
<@t [ oas iy ds <,

which shows that the integral in (2.4) exists almost surely as a Lebesgue integral

and that X;, given by (2.4), is p-integrable. Using substitution we obtain from (2.4),

0
X, =)\ / e (N; — Nigo) du, t € R. (2.5)
By Corollary 2.3 N is LP-continuous and therefore it follows that the right-hand
side of (2.5) exists as a limit of Riemann sums in LP. Hence the stationarity of the
increments of N implies that X is stationary. Moreover, using integration by parts
ont s [T eMNy(w)ds, we get

t t 0
/ X,ds = e_’\t/ N, ds — / e N, ds,
0 oo oo

which shows that X satisfies (2.1), and hence X is a QOU process driven by N with
parameter \.

Since X is a measurable process with stationary increments and finite p-moments,
Proposition 2.3 shows that it is continuous in LP.

To show uniqueness in law, let £(V') denote law of a random vector V, and by
limy £(Vi) = L(V') we mean that, (V})g>1 are random vectors converging in law to V.
Let Y be a QOU process driven by N with parameter A > 0, that is, Y is a stationary
process which satisfies (2.1). For all ¢, € R we have with Z; = N; — Ny, + Y}, that

t
Yt:Zt—)\/ Y,ds, t>t. (2.6)

to



Solving (2.6) pathwise, it follows that for all ¢t > ¢,

t
Y, =27, — e M / M7, ds

to

t

=N; — Ae_’\t/ NN, ds + (Y, — Ny, e Mt
to

Note that lim;_,o(Yy, — Ny, )e 270 =0 as., thus foralln > 1 and tg < t; < --- <

t,, the stationarity of Y implies that

E(}/h? s 7YVin) - klggoﬁ(ytl—i-k? e 7)/tn+k)

t1+k
= lim ,c(NM — e AM0HR) / e N, ds,

k—o0 to

btk
Ny — Ae A TR / e N, ds).
to
This shows that the distribution of Y only depends on N and A, and completes the
proof. n

Proposition 2.1 in Surgailis et al. (1998) and Proposition 2.1 in Maejima and
Yamamoto (2003) provide also existence results for stationary solutions to Langevin
equations. However, these results do not cover Theorem 2.4. The first result con-
siders only Bochner type integrals and the second result requires, in particular, that
the sample paths of N are Riemann integrable.

Let B = (By)ier denote an F-Brownian motion indexed by R and o = (0y)ier
be a predictable process, that is, o is measurable with respect to

P=o((s,t] x A:s,t€R, s<t, AeFy).

Next assume that for all v € R, (04, By)ier has the same finite distributions as
(Gt1u, Biyu — Bu)ier and that oy € L?. Then N given by

t
Nt:/ o,dB,, teR, (2.7)
0

is a well-defined continuous process with stationary increments and finite second-
moments. (Recall that for ¢t < 0, fot =— fto).

Corollary 2.6. Let N be given by (2.7). Then, there exists a unique in law QOU
process X driven by N with parameter A\ > 0, and X s given by

t
X, = / e M=95 dB,, teR. (2.8)

—o0
Proof. Since N is a measurable process with finite second-moments it follows by
Theorem 2.4 that there exists a unique in law QOU process X, and it is given by

t 0
X, =N, — )\e_)‘t/ eMN,ds = )\/ e (N; — Nigs) ds

—0o0 —00

0
= )\/ </ 1(t+s,t] (U)EASO-U dBu) ds. (29)
—00 R



By a minor extension of Theorem 65, Chapter IV in Protter (2004) we may switch
the order of integration in (2.9) and hence we obtain (2.8). O

Let us conclude this section with formulas for the mean and variance of a QOU
process X. In the rest of this section let N be a measurable process with stationary
increments and finite first-moments, and let X be a QOU process driven by N with
parameter A > 0 (which exists by Theorem 2.4). Since X is unique in law it makes
sense to consider the mean and variance function of X. Let us assume for simplicity
that Ny = 0 a.s. The following proposition gives the mean and variance of X.

Proposition 2.7. Let N and X be given as above. Then,

E|N A [
[)\ 1 : and  Var(Xy) = 5/ e Vi (s)ds.
0

E[Xo] =

In the part concerning the variance of Xy, we assume moreover that N has finite
second-moments.

Note that Proposition 2.7 shows that the variance of Xy is A/2 times the Laplace
transform of Vy. In particular, if Ny = ut + o B where B is a fractional Brownian
motion (fBm) of index H € (0,1), then E[N;] = p and Vy(s) = o?|s|?#, and hence
by Proposition 2.7 we have that

o o?T(1 + 2H)

A 2221

For H = 1/2, (2.10) is well-known, and in this case Var(Xy) = o2/(2)).
Before proving Proposition 2.7 let us note that E[V;] = E[N;]t for all t € R.

Indeed, this follows by the continuity of ¢ — E[/N;] (see Corollary 2.3) and the
stationarity of the increments of V.

E[X/] and Var(Xy) = (2.10)

Proof. Recall that by Corollary 2.3, we have that E[|V;|] < a+f]|t| for some «, 5 > 0.
Hence by (2.4) and Fubini’s theorem we have that

E[Xo] =E {—)\/0 e™ N, ds] = —)\/_O e™E[N,] ds

—00 [e.9]

= i) [ eMods = BN/

—0o0

where in the third equality we have used that E[N;] = E[N;]s. This shows the part
concerning the mean of Xj.

To show the last part assume that N has finite second-moments. By using
E[Xo] = E[MV]/A, (2.4) shows that with N; := N; — E[NV;]t, we have

Var(X,) = E[(Xo — E[X(])?] = EKA /O e N, ds) 2} :

—00

Since | N2 < a + B|t| for some a, > 0 by Corollary 2.3, Fubini’s theorem shows

0 0
Var(Xy) = A2 / / (eASeA“E[NsNu]) ds du,



and since E[N,N, ] = [V (s) + Vi (u) — V(s — u)] we have
>\2 )\s )\u —u sdu
Var(Xy) = / / N (s) + Vn(u) = Vy(s —u))) dsd

x2 -
)\/ e*Vy(s)ds — 5 e)‘“ (/ ATV (s) ds) du. (2.11)

o0

Moreover,

22 0 —u
5 e (/ ATV (s) ds> du
2 (—=s)AO
?/ Vy(s)e? / e du | ds
)\ 0 oo —s
= (/ Vi (s)e™ (/ e du) ds +/ Vi (s)e™ </ e du) ds)
2 oo —c0 0 —o0
= % (/ Vy(s)eMds +/ Vi (s)e* (e7*) ds)
00 0
A
2

| e vt as

which by (2.11) gives the expression for the variance of Xj. ]

2.3 Asymptotic behavior of the autocovariance function

The next result shows that the autocovariance function of a QOU process X driven
by N with parameter A has the same asymptotic behavior at infinity as the second
derivative of the variance function of N divided by 2\2.

Proposition 2.8. Let N be a measurable process with stationary increments, Ny = 0
a.s., and finite second-moments, and let X be a QOU process driven by N with
parameter \ > 0.

(i) Assume there exists a 3 > 0 such that Viy € C3((83,0);R), and for t — oo we
have that Vi (t) = O(eM2?) e~ = o(V&(t)) and Vi (t) = o(V(t)). Then,
for t = 0o, we have Rx(t) ~ (53)Vi(1).

(it) Assume fort — 0 that t* = o(Vy(t)), then fort — 0 we have Rx(t) ~ $Vy(t).
More generally, let p > 1 and assume that N has finite p-moments and t =
o(||Nellp) ast — 0. Then, for t — 0, we have | X; — Xol|p ~ || Nel|p-

Note that by Proposition 2.8(ii) the short term asymptotic behavior of Ry is not
influenced by .

Proof. (i): Let tg = 5+ 1, and let us show that ¢ > ¢, and for ¢ — oo,

e—)\t At 00

Rx(t) = Mv (u) du + —

—Aux 7/ —At
"IN 5 e MVy(u)du+ O(e™™). (2.12)
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If we have shown (2.12), then by using that e=* = o(V5(t)), VA (t) = o(V%(t)) and
I'Hopital’s rule, (i) follows.

Similar to the proof of Proposition 2.7 let N, = N, — E[N]t. To show (2.12),
recall that by Corollary 2.3 we have || Ny||s < a 4 S|t| for some a, § > 0. Hence by
(2.4) and Fubini’s theorem, we find that

Rux(t) = E[(X; — E[X,))(Xo — E[X,])] = g(t) — Ae ™ / eMg(s)ds, (2.13)

where
0

g(t)= — A eME[N,Ny] ds, teR.
Since E[N,N;] = [V () + Vn(s) — V(s — t)] we have that
g(t) = —%/ e[V (t) + Vn(s) — Vn(t — s)] ds
= —% <VN(7§) — AeM /OO e Vy(s) ds) - %/ eMVy(s)ds. (2.14)

t —00

From (2.14) it follows that g € C'((3,00); R) and hence, using partial integration
n (2.13), we have for t > o,

t to
Rx(t) = e’\t/ e™g'(s)ds +e M <e’\t°g(t0) - >\/ e™g(s) ds) : (2.15)
to —0o0
Moreover, from (2.14) and for ¢ > ¢, we find
1 oo
g(t)=—3 (Vz’v(t) — %M / e *Viy(s)ds + )\VN(t)> . (2.16)
t

For t — 0o we have, by assumption, that V% (t) = O(e*/??), and hence also Vi (t) =
O(e™2"), Thus, from (2.16) and a double use of partial integration we obtain that

gt) = —/ e MVii(s) ds, t > to. (2.17)
t

Using (2.17), Fubini’s theorem and that V% (t) = O(e*/?*) we have for t > t,,

t t 6)\5 o]
6—/\15/ Asg/( )d — e—/\t/ As (7/ B_AUVK[(U) du) ds
to s
[e%¢) tAu 1
/ efAuV/I (/ _62)\3 dS) du
to 2
*° 1
—u // 2A(tAu) _ 2Xt
/ Vi <4)\(e e )> du

At [e8)
Au l/ € AV
4)\ / Vn du+—4>\ e "V (u)du

2/\t0 [ee} N
— e~ <4)\ /to Vi (u )du)




Combining this with (2.15) we obtain (2.12), and the proof of (i) is complete.
(ii): Using (2.1) we have for all for ¢ > 0 that

t
1Xe = Xollp < [[Nellp + /\/0 [ Xllp ds = [[Nellp + ALl Xollp.
On the other hand,
t
1Xe = Xollp = [[Nell, — A/ [ Xllp ds = [[Nellp — At[| Xollp,
0

which shows that

E_ X Xoll

1= Al Xoll <
gnar [Nl

t
p
A similar inequality is available when ¢ < 0, and hence for ¢ — 0 we have that
1 X — Xollp ~ [[Nellp if Timyo(2/| Nell) = 0. O

When N is a fBm of index H € (0,1) then Vy(¢) = [t|*#, and hence

Vi (t) = 2H(2H — 1)t*7 2, t>0.

The conditions in Proposition 2.8 are clearly fulfilled and thus we have the following
corollary.

Corollary 2.9. Let N be a fBm of index H € (0,1), and let X be a QOU process
driven by N with parameter X\ > 0. For H € (0,1) \ {3} and t — oo, we have
Rx(t) ~ (H(2H —1)/X*)t*=2_ For H € (0,1) and t — 0, we have Rx (t) ~ 3|t[*.

The above result concerning the behavior of Rx for ¢ — oo when N is a {Bm
has been obtained previously, via a different approach, by Cheridito et al. (2003),
see their Theorem 2.3.

A square-integrable stationary process Y = (Y;);cr is said to have long-range
dependence of order a € (0,1) if Ry is regulary varying at oo of index —a. Re-
call that a function f: R — R is regulary varying at co of index § € R, if for
t — oo, f(t) ~ tPI(t) where [ is slowly varying, which means that for all a > 0,
lim; o (at)/l(t) = 1. Many empirical observations have shown evidence for long-
range dependence in various fields, such as finance, telecommunication and hydrol-
ogy; see e.g. Doukhan et al. (2003). Let X be a QOU process driven by N, then
Proposition 2.8(i) shows that X has long-range dependence of order a € (0,1) if
and only if V% is regulary varying at oo of order —a.

3 A Fubini theorem for Lévy bases

Let A = {A(A) : A € S} denote a centered Lévy basis on a non-empty space S
equipped with a d-ring S. (A Lévy basis is an infinitely divisible independently
scattered random measure. Recall also that a d-ring on S is a family of subsets
of S which is closed under union, countable intersection and set difference). As
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usual we assume that S is o-finite, meaning that there exists (S,),>1 C S such that
Un>1S, = S. All integrals [ f(s) A(ds) will be defined in the sense of Rajput and

Rosinski (1989). We can now find a measurable parameterization of Lévy measures

v(du, s) on R, a o-finite measure m on S, and a positive measurable function o2 :

S — R, such that for all A € S,

E[eA)] = exp(/ [—02(s)y2/2 + / (e — 1 — iyu) v(du, s)}m(ds)), y € R,
A R
(3.1)
see Rajput and Rosiniski (1989). Let ¢ : R x S — R be given by

¢@w=f&@+Aywﬁmmu+manmmmw@wx

and for all measurable functions ¢g: S — R define

laglle = inf{c >0: /Sgb(c_lg(s),s)m(ds) < 1} € [0, o0].

Moreover, let L? = L?(S,0(S), m) denote the Musielak-Orlicz space of measurable
functions g with

/5[9(8)202(8) + /R (|ug(s)|2 A \ug(s)|> v(du, s)}m(ds) < 0,

equipped with the Luxemburg norm ||g||,. Note that g € L? if and only if || g, < oo,
since ¢(2x, s) < C¢(z, s) for some C' > 0 and all s € S, x € R. We refer to Musielak
(1983) for the basic properties of Musielak-Orlicz spaces. When 62 = 0 and g € L?,
Theorem 2.1 in Marcus and Rosinski (2001) shows that [, g(s) A(ds) is well-defined,
integrable and centered and

cilallo < B[] [ a6 Aas)[] < allgle

and we may choose ¢; = 1/8 and ¢, = 17/8. Hence for general o2 it is easily seen
that for all g € L?, [ g(s) A(ds) is well-defined, integrable and centered and

B[] [ ot 2] < 2l 32

Let T denote a complete separable metric space, and Y = (Y;);er be given by

Yt:/sf(t,s)A(ds), teT,

for some measurable function f(-,-) for which the integrals are well-defined. Then
we can and will choose a measurable modification of Y. Indeed, the existence
of a measurable modification of Y is equivalent to measurability of (¢t € T) —
(Y; € L% according to Theorem 3 and the Remark in Cohn (1972). Hence, since
f is measurable, the maps (t € T') — (||f(t,-) — g(-)||s € R) for all g € L?, are
measurable. This shows that (¢ € R) — (f(¢,-) € L?) is measurable since L is
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a separable Banach space. Hence by continuity of (f(¢,) € L?) — (Y; € L°), see
Rajput and Rosiniski (1989), it follows that (t € T') + (Y; € L°) is measurable.

Assume that p is a o-finite measure on a complete and separable metric space T,
then we arrive at the following stochastic Fubini result extending Rosiniski (1986,
Lemma 7.1), Pérez-Abreu and Rocha-Arteaga (1997, Lemma 5) and Basse and Ped-
ersen (2009, Lemma 4.9). Stochastic Fubini type results for semimartingales can be
founded in Protter (2004) and Tkeda and Watanabe (1981), however the assumptions
in these results are too strong for our purpose.

Theorem 3.1 (Fubini). Let f : T'x S — R be an B(T) ® o(S)-measurable function
such that

fo=f(e,) €L? foraeT, and /E |folloi(dz) < 0o (3.3)

Then f(-,s) € L*(n) for m-a.a. s € S and s — [, f(x,s) u(dz) belongs to L?, all of
the below integrals exist and

/ /f z,s) ds w(dx) / /f x,s) dx A(ds) a.s. (3.4)

Remark 3.2. If 4 is a finite measure then the last condition in (3.3) is equivalent

/T [/Sf(:c,s)%z(s) + /}R (]uf(ﬁc, s)2 A |uf(:c,s)]> v(du, 3)] m(ds) p(dzr) < oo

Before proving Theorem 3.1 we will need the following observation:

Lemma 3.3. For all measurable functions f: T x S — R we have

/\f )l p(dz)

Moreover, if f: TxS — R is a measurable function such that [, f(z,-)|ls p(dz) < oo,
then for m-a.a. s € S, f(-,s) € L*'(u) and s — [, f(x,s)p(dz) is a well-defined
function which belongs to L?.

= 15w o). (35)

Proof. Let us sketch the proof of (3.5). For f of the form

k
f(z,s) = Zgi(s)lAi(x),
i=1
where k > 1, g1,...,gr € L? and Ay,..., A, are disjoint measurable subsets of
T of finite p-measure, (3.5) easily follows. Hence by a Monotone Class Lemma
argument it is possible to show (3.5) for all measurable f. The second statement is
a consequence of (3.5). O

Recall that if (F,||-||) is a separable Banach space, p is a measure on 7', and
f: T — F is a measurable map such that [ | f(z)|| u(dz) < co, then the Bochner
integral B[, f(x) p(dx) exists in F and [|B [, f(x) p(dz)| < [, Hf )| n(dx). Even
though (L?, |- ||4) is a Banach space, this result does not cover Lemma 3.3.

12



Proof of Theorem 3.1. For f of the form

flz,s) = ZailAi(x)lBi(s), reT, seSs, (3.6)
i=1
where n > 1, Ay,..., A, are measurable subsets of T of finite y-measure, By, ...,

B, € S, and ay,...,a, € R, the theorem is trivially true. Thus for a general f,
as in the theorem, choose f, for n > 1 of the form (3.6) in such a way such that
Jo lful@,-) = f(x, )|l p(dx) — 0. Indeed, the existence of such a sequence follows
by an application of the Monotone Class Lemma. Let

= [ / Fla ) A9 o). X = [ / Fl ) A(ds) ) (),

and let us show that X is well-defined and X,, — X in L'. This follows since

E[ | rtesacs u(dx)] <201 [ (e ontan) <

and
E[|X, — X[] < 202/EHf"<x’ ) = f(@,)]le pu(dz).

Similarly, let

Voo [ ([ ftesinan) s, v = [ ([ s utan) as),

and let us show that Y is well-defined and Y,, — Y in L!. By Remark 3.3, s
[ [z, s) p(dz) is a well-defined function which belongs to L?, which shows that ¥
is well-defined. By (3.2) and (3.5) we have

BlY, Y]] < 202/E||fn($, )= f,)llg p(da),

which shows that ¥, — Y in L'. We have therefore proved (3.4), since Y,, = X,
a.s., X, —»XandV, - Y in L. O

Let Z = (Z;)ier denote an integrable and centered Lévy process with Lévy
measure v and Gaussian component o2, Then Z induces a Lévy basis A on S = R
and S = By(R), the bounded Borel sets, which is uniquely determined by A((a, b)) =
Zy — Z, for all a,b € R with a < b. In this case m is the Lebesgue measure on R
and

o(y,s) = dly) =0 + /}R (|uy*Lijuyi<1y + luy| = 1) 1fjuy=13) v(du).

We will often write [ f(s)dZ, instead of [ f(s) A(ds). Note that, [, f(s)dZ, exists
and is integrable if and only if f € L?, i.e.,

/]R (f<5>2‘72 + /R (Juf (s)* A fuf(s)]) v(da:)> ds < oo, (37)

Moreover, if Z is a symmetric a-stable Lévy process, a € (0,2], then L? = L%(R, \),
where L*(R, \) is the space of a-integrable functions with respect to the Lebesgue
measure \.
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4 Moving average representations

In wide generality, if X is a continuous time stationary processes then it is repre-
sentable, in principle, as a moving average (MA), i.e.

Xt:/_;w—s)clzs

where ¢ is a deterministic function and = has stationary and orthogonal increments,
at least in the second order sense. (For a precise statements, see the beginning of
Subsection 4.1 below). However, an explicit expression for ¢ is seldom available.

We show in Subsection 4.2 below that an expression can be found in cases where
the process X is the stationary solution to a Langevin equation for which the driving
noise process N is a pseudo moving average (PMA), i.e.

N, = /R (f(t—s)— f(~5)) dZ,  t€R, (4.1)

where Z = (Z;)icr is a suitable process specified later on and f: R — R a deter-
ministic function for which the integrals exist.

In Subsection 4.3, continuing the discussion from Subsection 2.3, we use the MA
representation to study the asymptotic behavior of the associated autocovariance
functions. Subsection 4.4 comments on a notable cancellation effect. But first, in
Subsection 4.1 we summarize known results concerning Wold-Karhunen type repre-
sentations of stationary continuous time processes.

4.1 Wold-Karhunen type decompositions

Let X = (X})ier be a second-order stationary process of mean zero and continuous
in quadratic-mean. Let F'x denote the spectral measure of X, i.e., Fx is a finite and
symmetric measure on R satisfying

E[X,X,] = / =W po(de),  tbu€R,
R

and let F% denote the density of the absolutely continuous part of Fx. For each
t € Rlet Xy =span{X; : s < t}, X oo = MerA: and X, = span{X; : s € R}
(span denotes the L2-closure of the linear span). Then X is called deterministic
if X_, = X, and purely non-deterministic if X_,, = {0}. The following result,
which is due to Satz 5-6 in Karhunen (1950) (cf. also Doob (1990)), provides a
decomposition of stationary processes as a sum of a deterministic process and a
purely non-deterministic process.

Theorem 4.1 (Karhunen). Let X and Fx be given as above. If

|log Fy ()]

dr < 4.2

then there exists a unique decomposition of X as

t
X, = / Yt —s)d=s + Vi, teR, (4.3)
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where ¢: R — R is a Lebesque square-integrable deterministic function, and = is
a process with second-order stationary and orthogonal increments, E[|=, — Z,|%] =
|lu —s| and for allt € R X, = Span{Z; — =2, : —o0o < u < s < t}, and V is a
deterministic second-order stationary process.

Moreover, if Fx is absolutely continuous and (4.2) is satisfied then V =0 and
hence X is a backward moving average. Finally, the integral in (4.2) is infinite if

and only if X is deterministic.

The results in Karhunen (1950) are formulated for complex-valued processes,
however if X is real-valued (as it is in our case) then one can show that all the above
processes and functions are real-valued as well. Note also that if X is Gaussian then
the process = in (4.3) is a standard Brownian motion. If ¢ is a stationary process
with E[¢3] = 1 and B is a Brownian motion, then d=; = o,d B is of the above type.

A generalization of the classical Wold-Karhunen result to a broad range of non-
Gaussian infinitely divisible processes was given in Rosinski (2007).

4.2 Explicit MA solutions of Langevin equations

Assume initially that Z is an integrable and centered Lévy process, and recall that L?
is the space of all measurable functions f: R — R satisfying (3.7). Let f: R — R
be a measurable function such that f(t —-) — f(—) € L? for all t € R, and let N
be given by

Nt:/]R(f(t—s)—f(—s))dZs, teR.

Proposition 4.2. Let N be given as above. Then there exists an unique in law
QOU process X driven by N with parameter X > 0, and X is a MA of the form

X, = /wf(t—s)dZs, t € R,
R

where ¢ R — R belongs to L?, and is given by

Ur(t) = (f(t) — e N /t e f(s) ds) : t € R. (4.4)

—0o0

Proof. Since (t,s) — f(t —s) — f(—s) is measurable we may choose a measurable
modification of NV, see Section 3, and hence, by Theorem 2.4, there exists a unique
in law QOU process X driven by N with parameter \. For fixed t € R, we have by
(2.4) and with h,(s) = f(t—s)— f(t+u—s) for all u, s € R and p(du) = 1<ope™ du

that
X, =\ /_ : (N, — Nyy) du = /_ (; ( /R hu(s) dZS) ().

By Theorem 2.1 there exist «, 8 > 0 such that ||h,|ls < a + B|t] for all u € R,
implying that [p||hyll¢ p(du) < oo. By Theorem 3.1, (u — hy(s)) € L'(u) for

Lebesgue almost all s € R, which implies that fjoo| f(u)]eM du < oo for all t > 0,
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and hence 9, defined in (4.4), is a well-defined function. Moreover by Theorem 3.1,
Yy € L?(R, ) and

Xfié(KLMM$MMM)M2:AJW@—@M@ teR,

which completes the proof. O]

Note that for f = 1., we have N; = Z; and ¢(t) = e 1y, (t). Thus, in this
case we recover the well-known result that the QOU process X driven by Z with
parameter A > 0 is a MA of the form X, = ffoo e Mt=9) 47,

Let us use the notation zy := zly,>01, and let cy be given by

\/2H sin(rH)T'(2H)
C =
" T(H+1/2)
A PMA N of the form (4.1), where Z is an a-stable Lévy process with a € (0, 2]

and f is given by t — cHtf_l/a is called a linear fractional a-stable motion of index
H € (0,1); see Samorodnitsky and Taqqu (1994). Moreover, PMAs with f(t) = t“
for a € (0, %) and where 7 is a square-integrable and centered Lévy process is called
fractional Lévy processes in Marquardt (2006).

A QOU process driven by a linear fractional a-stable motion is called a fractional
Ornstein-Uhlenbeck process. For previous work on such processes see Maejima and
Yamamoto (2003), where « € (1,2), and Cheridito et al. (2003), where o = 2.

Corollary 4.3. Let o € (1,2] and N be a linear fractional a-stable motion of index
H € (0,1). Then there ezists a unique in law QOU process X driven by N with
parameter X > 0, and X is a MA of the form

t
<&:/ bar(t — s)dZ,, t € R,

where Yo n : Ry — R s given by

t
Yo u(t) =cu (tH_l/o‘ - )\e_At/ Mg 1/ du) , t>0.
0

For t — 00, we have Yo 1 (t) ~ (cg(H — 1/a) /N tH=Y"1and gy (t) ~ cyt?=1/e,
fort — 0.

Remark 4.4. For H € (0,1/«) the existence of the stationary solution to the
Langevin equation is somewhat unexpected due to the fact that the sample paths
of the linear fractional a-stable motion are unbounded on each compact interval, cf.
page 4 in Maejima and Yamamoto (2003) where nonexistence is surmised.

In the next lemma we will show a special property of ¢, given by (4.4); namely
that fooo Y¢(s)ds = 0 whenever f tends to zero fast enough. This property has a
great impact on the behavior of the autocovariance function of QOU processes. We
will return to this point in Section 4.4.
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Lemma 4.5. Let a € (—00,0), ¢ € R and f: R — R be a locally integrable
function which is zero on (—00,0) and satisfies that f(t) ~ ct® for t — oo. Then,

IS wp(s)ds = 0.
Proof. For t > 0,

/0 t (/\e’\s /0 ) M f(u) du) ds
— /Ot (/ut de™rs ds) e f (u) du = /Otf(u) du — e /Ot e f(u) du,

and hence by I'Hopital’s rule we have that

0 3 3 —At Au f' ) ()

Proposition 4.2 carries over to a much more general setting. E.g. if N is of the
form

Nt:/Rv[f(t—s,:c)—f(—s,x)]A(ds,da:), teR,

where A is a centered Lévy basis on R x V' (V' is a non-empty space) with control
measure m(ds,dr) = dsn(dr) and a(s, ), 0%(s, z) and v(du, (s, z)), from (3.1), do
not depend on s € R, and f(t —-,-) — f(—-,+) € L? for all t € R, then using
Theorem 2.1, 2.4 and 3.1 the arguments from Proposition 4.2 show that there exists
a unique in law QOU process X driven by N with parameter A > 0, and X is given
by

X, = Yyt —s,2) A(ds, dzx), te R,

RxV

where

S

Yi(s,x) = f(s,z) — /\e_’\s/ f(u, x)e du, seR,zeV.

—00

We recover Proposition 4.2 when V' = {0} and n = 0 is the Dirac delta measure
at 0.

4.3 Asymptotic behavior of the autocovariance function

The representation, from the previous section, of QOU processes as moving averages
enables us to calculate the autocovariance function in case it exists. In Section 4.3.1
we calculate the autocovariance function for general MAs. By use of these results
Section 4.3.2 relates the asymptotic behavior of the kernel of the noise N to the
asymptotic behavior of the autocovariance function of the QOU process X driven
by N.
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4.3.1 Autocovariance function of general MAs

Let 9 be a Lebesgue square-integrable function and Z a centered process with sta-
tionary and orthogonal increments, and assume for simplicity that Z; = 0 a.s. and
Vz(t) =t Let X =¢xZ = (ffood}(t — 5)dZs)ier be a backward moving average

and Ry its autocovariance function, i.e.

Rx(t) = BLX X = | Tyt 4 s)i(s)ds,  teR,

and let Rx(t) = Rx(0) — Rx(t) = $E[(X; — X0)?]. The behavior of Ry at 0 or oo
corresponds in large extent to the behavior of the kernel ¢ at 0 or oo, respectively.
Indeed, we have the following result, in which &, and j, are constants given by

ko =T(1+a)l(=1 - 2a)(—a) ™, a€(—1,-1/2),

ja = 2a+1)sin(r(a+1/2))I'(2a + I (a + 1) 72, a € (—1/2,1/2).

Proposition 4.6. Let the setting be as described above.

i) Fort — oo anda € (—1,—1), ¥(t) ~ ct® implies Rx (1) ~ (c?ky)t>*T! provided
(i) 2

[(t)] < ent® for allt > 0 and some ¢; > 0.

(ii) Fort — oo and o E (—o0 —1), P(t) ~ ct® implies Rx 1)/t = ¢ [77¥(s) ds,
and hence Rx (t) ~ (c [~ ¥(s) ds)t™ provided [;°1(s)ds # 0.

(i) Fort — 0 and o € (—3, %), Y(t) ~ ct™ implies Rx(t) ~ (2] /2)|t)? Tt pro-

vided v is absolutely continuous on (0, 00) with density 1" satisfying |¢'(t)| <
cot® L for all t > 0 and some cy > 0.

Recall that a function f: R — R is said to be absolutely continuous on (0, c0)
if there exists a locally integrable function f” such that for all 0 < u <t

_ /ut F(s) ds

Proof. (i): Let o € (—1, —1) and assume that ¢(t) ~ ct* ast — oo and ()| < ¢t
for ¢t > 0, then

/ Y(t+ s)P(s)ds =t Oow(t(s—i-l))@/)(ts)ds

0
« w 1+8 ¢(t8) o
_t2+1/ IRy (ts)a(1+s>5d5

~ t2°‘+lc2/ (14 s)%s*ds  ast — oc. (4.5)
0

Since

> oas  TFA+a)l(-1-2a)
/0 (14 s5)%s*ds = T(—a) = ka,

(4.5) shows that Rx(t) ~ (c?ka)t>*™! for t — oo.
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(ii): Let a € (—o0,—1) and assume that (t) ~ ct* for t — oco. Note that
¢ € LY(R4,\) and for some K > 0 we have for all ¢ > K and s > 0 that
[(t + s)|/t* < 2lc|(t + s)*/t* < 2|c|. Hence by applying Lebesgue’s dominated
convergence theorem we obtain,

RX(t):ta/O (Wt;rs) )SNtO‘/ W(s for t — oo.

(iii): By letting

fi(s) = L 1t>) —US) o seR,

we have
B[(X, — Xo)} =t / ((E(s + 1)) — p(ts)[2ds = 2241 / F(s)Pds.  (46)
Ast — 0, we find

Y(t(s +1)) b(ts) o
(t(s + 1)) (ts)”

Choose § > 0 such that |[¢(z)| < 2z for = € (0,0). By our assumptions we have for
all s > ¢ that

fils) = (s+1)° = 20 of(s 1) — s).

|fe(s)]

t(1+s)
:t“"/ Y'(u)dul <t sup ¢/ (u)]
¢

s u€[st,t(s+1)]

S C2t—a+1 sup |u|a—1 — Czt—a+1‘t8|a—1 — CgSa_
w€[st,t(s+1)]

I

and for s € [—1,6), | fi(s)] < 2¢[(1+s)*+5%]. This shows that there exists a function
g € L*(Ry, \) such that |f;| < g for all t > 0, and thus, by Lebesgue’s dominated
converging theorem, we have

/ | fo(s)” ds v cz/ ((s+1)% — 31)2 ds = *jq. (4.7)
Together with (4.6), (4.7) shows that Rx(t) ~ (c%j,/2)t?**! for t — 0. O

Remark 4.7. It would be of interest to obtain a general result covering Proposi-
tion 4.6(ii) in the case [~ (s)ds = 0. Recall that ¢y, given by (4.4), often satisfies
that fo Y(s)ds = 0, according to Lemma 4.5.

Example 4.8. Consider the case where (t) = t*¢™* for o € (— :,00) and A > 0.
For t — 0, (t) ~ t*, and hence Rx(t) ~ (jo/2)t***! for t — 0 and o€ (—3,3), by
Proposition 4.6(iii) (compare with Barndorff-Nielsen et al. (2009)).

Note that if X = 1 * Z is a moving average, as above, then by Proposition 4.6(i)
and for ¢ — 0o, Ry (t) ~ 1t~ with a € (0, 1), provided that 1 (t) ~ cot~(@*1/2 and
[4(t)] < est=(@F1/2 This shows that X has long-range dependence of order a.

Let us conclude this subsection with a short discussion of when a MA X = ¢ Z
is a semimartingale. It is often very important that the process of interest is a semi-
martingale, especially in finance, where the semimartingale property the asset price
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is equivalent to that the capital process depends continuously on the chosen strategy,
see e.g. Section 8.1.1 in Cont and Tankov (2004). In the case where Z is a Brownian
motion, Theorem 6.5 in Knight (1992) shows that X is an FZ-semimartingale if and
only if ¢ is absolutely continuous on [0, 00) with a square-integrable density. (Here
F? = 0(Zy: s € (—0,t])). For a further study to the semimartingale property
of pseudo moving averages and more general processes see Basse (2008, 2009a,b) in
the Gaussian case, and Basse and Pedersen (2009) for the infinitely divisible case.

4.3.2 QOU processes with PMA noise

Let us return to the case of a QOU process driven by a PMA, so let Z be a centered
Lévy process, f: R — R be a measurable function which is 0 on (—o0,0) and
satisfies that f(t —-) — f(—) € L? for all t € R, and let N be given by

Nt:/]R[f(t—s)—f(—s)]dZs, teR. (4.8)

First we will consider the relationship between the behavior of the kernel of the noise
N and that of the kernel 9 of the corresponding moving average X.

Proposition 4.9. Let N be given by (4.8), and X be a QOU process driven by N
with parameter \ > 0.

(i) Leta € (—1,—3) and assume that for some 8 > 0 andc # 0, f € C*((8,00); R)
with f'(t) ~ ct® for t — oo. Then, for t — oo, we have Rx(t) ~ (%)tmﬂ,
provided |f(t)| < rt* for allt > 0 and some r > 0.

(it) Let o € (—1,1) and f(t) ~ ct® fort — 0. Then, fort — 0, we have Ry (t) ~
(e /2)|t]?* T, provided there exists a B > 0 such that f € C*((3,00); R) with
f"(t) = O(t*=1) fort — oo, and that f is absolutely continuous on (0, 00) with

density f' satisfying supe o) f'(1)[t'~* < 0o for all ty > 0.

Proof. (i): By partial integration, we have for ¢ > 3,

sty = (@ -n [ o) v [reas a)

o0 a

showing that v¢;(t) ~ ($)t* for t — oo. Choose k > 0 such that [¢f(t)] <
(2¢/A)t* for all t > k. By (4.4) we have that sup,cp|r(t)t™¢ < oo since
SUPyejo | f (1)1 < 0o, and hence there exists a constant ¢; > 0 such that [1(t)] <
c1t® for all t > 0. Therefore, (i) follows by Proposition 4.6(i).

(ii): Since f € C?((B,00);R), it follows by (4.9) and partial integration that for
t > and t — oo,

Ye(t) = f(t) — Mby(t) = f'(t) — )\e_”/ﬁ M f(s)ds + O(e™)

=M /t e f"(s)ds + O(e ™) = O(t* ™),
B
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where we in the last equality have used that f”(t) = O(t*!) for t — oo. Using that
[ ()] < |F/ ()] 4+ Aoy (t)] and sup,¢ g )| f/(£)t' | < oo for all tg > 0, it follows that
there exists a ¢; > 0 such that [¢}(t)| < ¢,2*~" for all ¢ > 0. Moreover, for t — 0,
we have that ¢¢(t) ~ ct®. Hence, (ii) follows by Proposition 4.6(iii). O

Now consider the following set-up: Let Z = (Z;)icr be a centered and square-
integrable Lévy process, and for H € (0,1), 79 # 0, 6 > 0, let

fO) =ro(svt) =12 and Nf’éz/ﬂ{[f(t—s)—f(—s)]dZs. (4.10)

Note that when § = 0 and Z is a Brownian motion then N9 is a constant times
the fBm of index H, and when § > 0 then N is a semimartingale. We have the
following corollary to Proposition 4.9:

Corollary 4.10. Let N2 be given by (4.10), and let XH9 be a QOU process driven
by N9 with parameter X\ > 0. Then, for H € (%, 1) and t — oo,

Ryxs(t) ~ (rgkm—sjo(H — 1/2) /X212, d >0,
and for H € (0,1) and t — 0,

(r5a="/2)1tl, 6 >0,

4.11
(212, 5= 0. (4.11)

RXH,(S (t) ~ {

Proof. For H € (1,1), let B = 6. Then, f € CY((B,0);R) and for t > f,

f'it) = ct* Where2a = H —3/2 € (-1,—3) and ¢ = r(H — 1/2). Moreover,
|f(t)] < rét*. Thus, Proposition 4.9(i) shows that Ryms(t) ~ (c2ka/N2)t?0T! =
(r*(H — 1/2)?kpy—3/2/ *)t*~2. To show (4.11) assume that H € (0,1). For ¢ — 0,
we have f(t) ~ ct®, where ¢ = rg and &« = H —1/2 € (—3,3) when § = 0,
and ¢ = 796"7/2 and @ = 0 when § > 0. For 8 = 4, f € C?((8,00);R) with
f"(t) = ro(H —1/2)(H —3/2)t"=5/2 showing that f”(t) = O(t*!) for t — oo (both
for § > 0 and 6 = 0). Moreover, f is absolutely continuous on (0, c0) with density
J(t) = ro(H — 1/2)t" 732115 ) (t). This shows that sup,c | f/(t)t' | < oo for all
to > 0 (both for 6 > 0 and 0 = 0). Hence (4.11) follows by Proposition 4.9(ii). [

4.4 Stability of the autocovariance function

Let N be a PMA of the form (4.1), where Z is a centered square-integrable Lévy

process and f(t) = cHtf_l/2 where H € (0,1). (Recall that if Z is a Brownian

motion, then N is a fBm of index H). Let X be a QOU process driven by N with
parameter A > 0, and recall that by Proposition 4.2, X is a MA of the form

t
X; = / Yt —s)dZs, teR,
where

t
Yy(t) =cy (tH2/2 — )\e”/ Ny f11/2 du) , t>0.
0
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Below we will discus some stability properties for the autocovariance function under
minor modification of the kernel function.

For all bounded measurable functions f: R, — R with compact support let
X/ = fjoo (Yu(t—s) — f(t—s))dZ,. We will think of X/ as a MA where we
have made a minor change of X’s kernel. Note that if we let Y,;f =X, — th =
ffoo f(t — s)dZ,, then the autocovariance function Ry(t), of Y/, is zero whenever
t is large enough, due to the fact that f has compact support.

Corollary 4.11. We have the following two situations, in which ¢y, cy,c3 # 0 are
non-zero constants.

(i) For H € (0,%) and [;° f(s)ds # 0, we have for t — oo,

2

Rys(t) ~ coRx ()t/>7H ~ ey t173/2,

(i) For H € (3,1), we have fort — oo,

Ryxs(t) ~ Rx(t) ~ ezt 72,

Thus for H € (0, %), the above shows that the behavior of the autocovariance
function at infinity is changed dramatically by making a minor change of the kernel.
In particular, if f is a positive function, not the zero function, then Ry (¢) behaves
as t/27HRx(t) at infinity. On the other hand, when H € (3, 1) the behavior of the
autocovariance function at infinity doesn’t change if we make a minor change to the
kernel. That is, in this case the autocovariance functions has a stability property,
contrary to the case where H € (0, %)

Remark 4.12. Note that the dramatic effect appearing from Corollary 4.11(i) is
associated to the fact that fooo Yp(s)ds =0, as shown in Lemma 4.5.

Proof of Corollary 4.11. By Corollary 4.3 we have for ¢ — oo that ¥g(t) ~ ct®
where ¢ = cy(H —1/2)/X and o = H — 3/2. To show (i) assume that H € (0, 3),
and hence o € (—o0, —1). According to Lemma 4.5 we have that [~ ¢p(s)ds =0
and hence [“[¢u(s) — f(s)]ds # 0 since [; f(s)ds # 0 by assumption. From
Proposition 4.6(ii) and for ¢ — oo we have that Rys(t)(t) ~ cit?*' = ¢ tH=3/2,
where ¢; = ¢ [~ [n(s) — f(s)]ds. On the other hand, by Corollary 2.9 we have
that Rx () ~ (H(H —1/2)/2?)t*#72 for t — 0o, and hence we have shown (i) with
co = A?/(H(H —1/2). For H € (3,1) we have that a € (=1, —3), and hence (ii)
follows by Proposition 4.6(i). O

5 Conclusion

In recent applications of stochastics, particularly in finance and in turbulence, mod-
ifications of classic noise processes by time change or by volatility modifications are
of central importance, see for instance Barndorff-Nielsen and Shephard (2010) and
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Barndorff-Nielsen and Shiryaev (2010) and references given there. Prominent ex-
amples of such processes are dN; = 0, dB; where B is Brownian motion and o is
a predictable stationary process (cf. Barndorff-Nielsen and Shephard (2001)), and
N; = Lg,, where L is a Lévy process and 7' is a time change process with sta-
tionary increments (cf. Carr et al. (2003)). The theory discussed in the present
paper applies to processes of this type (cf. Corollary 2.6). In the applications men-
tioned the processes are mostly semimartingales. However there is a growing in-
terest in non-semimartingale processes, see Barndorff-Nielsen and Schmiegel (2009),
Barndorff-Nielsen et al. (2009, 2010) and the results above covers also such cases.
An example in point is N; = f ¥ m(dx) where the processes B@
motions in different filtrations and m is a measure on some space X.

Moreover, extensions of the theory to wider settings would be of interest, for
instance to generalized Langevin equations

are Brownian

¢
Xt:Xo—)\/(X*k)(s)ds—i—Nt
0

where k is a deterministic function and (X  k)( f Xyk(s —u) du denotes the
convolution between k& and X, as occurring in statlstlcal mechanics and biophysics,
see Kou (2008) and references given there. We hope to discuss this in future work.

References

Barndorff-Nielsen, O. E., J. Corcuera, and M. Podolskij (2009). Multipower variation for
Brownian semistationary processes. (Submitted). Preprint availiable from nttp://ssra.
com/abstract=1411030.

Barndorff-Nielsen, O. E., J. M. Corcuera, and M. Podolskij (2010). Limit theorems for
functionals of higher order differences of brownian semistationary processes. (Submit-
ted).

Barndorff-Nielsen, O. E. and J. Schmiegel (2009). Brownian semistationary processes and
volatility /intermittency. In A. H., R. W., and S. W. (Eds.), Advanced financial modelling,
Volume 8 of Radon Series Comp. Appl. Math., pp. 1-26. Berlin: W. de Gruyter.

Barndorff-Nielsen, O. E. and N. Shephard (2001). Non-Gaussian Ornstein-Uhlenbeck-
based models and some of their uses in financial economics. J. R. Stat. Soc. Ser. B Stat.
Methodol. 63(2), 167-241.

Barndorff-Nielsen, O. E. and N. Shephard (2010). Financial volatility in continuous time.
Cambridge: Cambridge University Press. (To appear).

Barndorff-Nielsen, O. E. and A. N. Shiryaev (2010). Change of time and change of measure.
(To appear).

Basse, A. (2008). Gaussian moving averages and semimartingales. Electron. J. Probab. 13,
no. 39, 1140-1165.

Basse, A. (2009a). Representation of Gaussian semimartingales with application to the
covariance function. Stochastics. (In Press). Preprint available from nttp://ww. inf.au.dk/
publs?id=674.

Basse, A. (2009b). Spectral representation of Gaussian semimartingales. J. Theoret.
Probab. 22(4), 811-826.

23



Basse, A. and J. Pedersen (2009). Lévy driven moving averages and semimartingales.
Stochastic process. Appl. 119(9), 2970-2991.

Bingham, N. H., C. M. Goldie, and J. L. Teugels (1989). Regular variation, Volume 27 of
Encyclopedia of Mathematics and its Applications. Cambridge: Cambridge University
Press.

Carr, P., H. Geman, D. B. Madan, and M. Yor (2003). Stochastic volatility for Lévy
processes. Math. Finance 13(3), 345-382.

Cheridito, P., H. Kawaguchi, and M. Maejima (2003). Fractional Ornstein-Uhlenbeck
processes. Electron. J. Probab. 8, no. 3, 14 pp. (electronic).

Cohn, D. L. (1972). Measurable choice of limit points and the existence of separable and
measurable processes. Z. Wahrscheinlichkeitstheorie und Verw. Gebiete 22, 161-165.

Cont, R. and P. Tankov (2004). Financial modelling with jump processes. Chapman &
Hall/CRC Financial Mathematics Series. Chapman & Hall/CRC, Boca Raton, FL.

Doob, J. L. (1990). Stochastic processes. Wiley Classics Library. New York: John Wiley
& Sons Inc. Reprint of the 1953 original, A Wiley-Interscience Publication.

Doukhan, P.; G. Oppenheim, and M. S. Taqqu (Eds.) (2003). Theory and applications of
long-range dependence. Boston, MA: Birkhduser Boston Inc.

Ikeda, N. and S. Watanabe (1981). Stochastic differential equations and diffusion pro-
cesses, Volume 24 of North-Holland Mathematical Library. Amsterdam: North-Holland
Publishing Co.

Karhunen, K. (1950). Uber die Struktur stationirer zufilliger Funktionen. Ark. Mat. 1,
141-160.

Khamsi, M. A. (1996). A convexity property in modular function spaces. Math.
Japon. 44(2), 269-279.

Knight, F. B. (1992). Foundations of the prediction process, Volume 1 of Ozford Studies in
Probability. New York: The Clarendon Press Oxford University Press. Oxford Science
Publications.

Kou, S. C. (2008). Stochastic modeling in nanoscale biophysics: subdiffusion within pro-
teins. Ann. Appl. Stat. 2(2), 501-535.

Maejima, M. and K. Yamamoto (2003). Long-memory stable Ornstein-Uhlenbeck pro-
cesses. Electron. J. Probab. 8, no. 19, 18 pp. (electronic).

Marcus, M. B. and J. Rosiniski (2001). L'-norms of infinitely divisible random vectors and
certain stochastic integrals. Electron. Comm. Probab. 6, 15-29 (electronic).

Marquardt, T. (2006). Fractional Lévy processes with an application to long memory
moving average processes. Bernoulli 12(6), 1099-1126.

Musielak, J. (1983). Orlicz spaces and modular spaces, Volume 1034 of Lecture Notes in
Mathematics. Berlin: Springer-Verlag.

Pérez-Abreu, V. and A. Rocha-Arteaga (1997). On stable processes of bounded variation.
Statist. Probab. Lett. 33(1), 69-77.

Protter, P. E. (2004). Stochastic integration and differential equations (Second ed.), Vol-
ume 21 of Applications of Mathematics (New York). Berlin: Springer-Verlag. Stochastic
Modelling and Applied Probability.

Rajput, B. S. and J. Rosinski (1989). Spectral representations of infinitely divisible pro-
cesses. Probab. Theory Related Fields 82(3), 451-487.

24



Rocha-Arteaga, A. and K. Sato (2003). Topics in infinitely divisible distributions and
Lévy processes, Volume 17 of Aportaciones Matemdticas: Investigacion [Mathematical
Contributions: Research]. México: Sociedad Mateméatica Mexicana.

Rogers, L. C. G. and D. Williams (2000). Diffusions, Markov processes, and martingales.
Vol. 1. Cambridge Mathematical Library. Cambridge: Cambridge University Press.
Foundations, Reprint of the second (1994) edition.

Rosinski, J. (1986). On stochastic integral representation of stable processes with sample
paths in Banach spaces. J. Multivariate Anal. 20(2), 277-302.

Rosinski, J. (2007). Spectral representation of infinitely divisible processes and injectivity
of the YT—transformation. 5th International Conference on Lévy Processes: Theory and
Applications, Copenhagen 2007 .

Samorodnitsky, G. and M. S. Taqqu (1994). Stable non-Gaussian random processes.
Stochastic Modeling. New York: Chapman & Hall. Stochastic models with infinite
variance.

Surgailis, D., J. Rosinski, V. Mandekar, and S. Cambanis (1998). On the mixing structure
of stationary increments and self-similar Sa.S processes. (Preprint).

25



