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Abstract

In this paper we consider a compound Poisson risk model with regularly vary-
ing claim sizes. For this model in [4] an asymptotic formula for the finite time
ruin probability is provided when the time is scaled by the mean excess func-
tion. In this paper we derive the rate of convergence for this finite time ruin
probability when the claims have a finite second moment.
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1 Introduction

In this paper, we consider the classical Cramér Lundberg risk process with (for
convenience) constant premium inflow 1, claims X, X5, ... which are iid random
variables with distribution F' and arrive at the epochs of a Poisson process IN; with
parameter A and independent of the X;. Denote with

the claim surplus process at time ¢ and with
T, = inf{tjlu — S; < 0}

the time of ruin with starting capital u. We are interested in the finite time ruin
probability
U(u,t) =P(r, <1t).

*This work was partially supported by a grant from the Thiele Center at Aarhus University, by
the the MIRACCLE-GICC project and the Chaire d’excellence “Generali — Actuariat responsable:
gestion des risques naturels et changements climatiques.”
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Denote with p = E[X] and

the integrated tail distribution of F. We assume the usual net profit condition
p = At < 1 ensuring that the ruin in infinite time does not occur w.p. 1. See
for example [2].

In [4] (see also [2, Section X.4]) it is shown that if Fy is subexponential and there
exists a non-degenerate random variable W and a function e(u) such that

F
lim ot ze) _poy s 0y (1.1)
U—00 FO(U)
then W
p J—
~ F Pl —< 1.2
bluae() ~ - Folwp (2 <) (12
as u — oo (see also [3], [15] and the discussion in |2, p. 318] for further work in this
direction).

In this paper we want to give asymptotic expressions for the error in the ap-
proximation (1.2). Condition (1.1) (c.f. [12]) and results on second order asymptotic
approximations for compound sums (cf. [1| for a recent survey) imply that we have
to expect three different cases: Fy is regularly varying and has finite mean, Fy is
regularly varying and has infinite mean, Fj is in the maximum domain of attraction
of the Gumbel distribution. In this paper we will only consider the first case, where
W is regularly varying with finite mean (see further Assumption 1.1 below).

It should be noted that the our results also have some relevance for queueing
and inventory theory. This is because of the relation between the Cramér-Lundberg
model and a dual M/G/1 queue defined by the same arrival process and service
times distributed as the X;: ¥(u,t) = P(V; > u) where V, is the workload process in
an initially empty queue (see [2, pp. 45-48]). This process is also frequently used
as a storage process model.

We start the paper in Section 2 with a survey of recent result on second order
subexponentiasl asymptotics. Section 3 then contain the statement of our main
result. In addition we give the outline of the proof, which has many very technical
steps (though often the crux is just careful Taylor expansions). This proof in turn
is modeled after that of [4], where the simple and explicit ladder structure of the
Cramér-Lundberg process plays a key role. We also give some discussion of the
difficulties in extending to more general models such as Lévy processes or renewal
models.

The proofs of the technical estimates omitted in Section 3 then occupy the rest
of the paper. A longer version of the paper with some more detail given is available
upon request from the authors.



2 Subexponential distributions and second order
properties

In this paper we will assume that the distribution function F' of X is regularly
varying with index «, i.e.

. P(X > zu) , F(xu)
lim ——— = lim =——— ==z

—Q

For more information about regularly varying we refer to [9]. Let X, ..., X, be iid

7777

ing distributions are a subclass of the subexponential distributions defined through

. P(S, > u) . P(M, > u)

1 = lim — " " —n. 2.1
whoo P(X) > 1) woee P(X; > 1) (2.1)
A basic result on second order asymptotics for subexponential distributions concerns

the rate of convergence in (2.1).
If E[X] < oo and F has a regularly varying density f, then it is shown in [19]

that

P(S, > u) = nF(u) +n(n — DE[X ] f(u) +o(f(u)). (2.2)

The regularly varying case with E[X]| = oo is treated in [18].

In [5] the result (2.2) is generalized to a wide class of subexponential distributions.
Further it is pointed out in [1], that a Taylor expansion shows that (2.2) is equivalent
to

P(S, > u) =nF (u— (n— DE[X1]) +o(f(u)),

which has the natural interpretation that the sum is large if one component is large
and the others behave in a normal way. One should note that in the cited references n
can be a (light tailed) random variable. Hence by the Pollaczeck-Khinchine formula
these results directly translate to second order results for the infinite time ruin
probability.

Higher order expansions are provided in [6] and [7]; for a recent survey of this
topic, see [1].

Extensions of these results are given in [11]| where second order properties for
the value-at-risk are provided. [10] considered the absolute ruin probability in a
model where the insurance company can borrow money. In [17] dependent but tail
independent regularly varying random variables are studied, and in [8| second or-
der properties for the value-at-risk, when the risks are dependent according to an
Archimedean copula, are provided.

Studies in the subexponential area often use the relation to extreme value theory;,
in our case the fact that condition (1.1) is equivalent to the condition that Fp is in
the maximum domain of attraction of the Fréchet extreme value distribution (see
e.g. [12]). However, we will not use this connection.



3 Preliminaries and main theorem

To fix notation we present the idea of the proof of (1.2) with the notation and the
method given in [2]. Therefore denote with

74(0) =0, 7() =inf{t>7.(i—1): 5 >S5 1)}, 1>1

the time of the ¢-th ladder step.

Further denote with Y; = S. 5y — S+ 1) and Z; = S;, ;1) — Sy, (s)— the over-
shoot, resp. the capital before each ladder step. It is known that the (Y;, Z;) form a
sequence of iid random vectors with joint distribution given by P(Y >y, Z > z) =
Fo(y + 2). Denote with

K(u) =inf{n: 7 (n) <oo, Y1 +---+Y, >u}

the number of ladder steps until the time of ruin and with P®?) = P(-|7(u) < oo,
K(u) =n).

Denote with R; a stochastic process independent of S; and R; 2 —S;. Let w(zx) =
inf{t : R; = x} the first time that the process R; reaches level x. Under the measure
P the distribution of 7(u) is the same as the one of w(Z;) + --- + w(Z,) and
w(Zy+- -+ 2Z,). Hence it follows that for 71, ..., Z,|K(u) = n distributed according
to P the distribution of 7(u) is the same as the distribution of w(Z;+- - +ZKw))-
So the method of proof for (1.2) is first to find the distribution of Z;,..., 7, and
then find the connection between w(A) and A for some random variable A.

We will use the same ideas to prove our main results. We will work under the
following Assumption which will be assumed to hold throughout the paper.

Assumption 3.1. Let X, X1, X5, ... be a sequence of 1id random variables with dis-
tribution function F' having a regularly varying tail with index o, a regularly varying
density f and Laplace transform F fo e %% f(x)dx. Assume that E[X?] < oo

and that there exists an M > 0 with SF( ) < M for Re(s) >0 and |s| < 1.

It follows in particular that, taking e(u) = u, the r.v. W in (1.1) exists and has
tail P(W > y) = (1 +y) >+

Theorem 3.1. Let Assumption 3.1 be fulfilled and define e(u) = u. Then

pFo(u+ (1 — ple(u)) | 3E[X7] PPF(u+ (1 — ple(u))

¥l zefu)) = (1—p) 1 (1—p)?

o) B (=1  ala—1Dx(l-p)
2T -1 (g~ Grsiosed)
+ o0 (F(u)).

Remark 3.1. Using P(W > y) = (1 + y)~*™! and simple calculus, it is easy to
see that the r.h.s. of (1.2) and the first term in the expansion of ¢ (u,ze(u)) in
Theorem 3.1 are both of order ¢y L(u)/u®"!, with L(u) the slowly varying function
common for f, F, Fy and ¢; = p/[(1 — p)u(er — 1)]. The two next terms are, up to
constants, both of order L(u)/u®.



Proof. We give the outline, with some lengthy and technical details being given later
as Lemmas 5.1-5.8 and 6.1-6.3. From [2| we get that for S, =Y, +---+Y,

P(K(u) =n) = ¢p(2>

P(S, > u, Sp—1 < w).

From Lemma 6.1 we get that

PO (Z) 4 -+ Z, > we(u))P(K (u) = n)
_ P Fo(utze(w) | 3B[(n— )XY pF(utve(w) ()
O ow) (wu)) |

Summing over n we get that

PU(Z) + -+ Ziey > we(u))
_ pFo(u+ze(u))  3E[X?] p?F(u+ ze(u)) ,
T Al | u d-pw " <

From Lemmas 6.2 and 6.3 we get that

=

—

£
N———

(u)

fulfills the conditions of Lemma 5.1 and hence

Y(u,we(u)) _ pFo(u+ fv(l —ple(w) | 3p"F(u+z(1 = p)e(u))
P (u) ( ¥ (u) 0 (1= p)2(u)

it G s

+() )

Remark 3.2. The proof of Theorem 3.1 relies on two observations. First, we used
that the distribution of the sum of the surpluses before each ladder step has a known
distribution, which is related to the distribution that a random sum exceeds a given
threshold and hence we can use methods developed for random sums to get second
order properties. The second fact that we used is that we know the connection
between the time of ruin and the sum of the surpluses. This connection allows to
involve the central limit theorem for compound Poisson sums (cf. Section 4) and
hence higher order asymptotics can be found. These two properties of compound
Poisson processes are not straightforward to generalize to more general risk models
like renewal models since they heavily rely on the fact that the considered risk
process is Markovian. Similarly, the extension to general Lévy processes meets the
difficulty that the ladder structure here is more complicated.

Another interesting extension is to consider the case where F' has finite mean
but infinite variance. The difficulty here is that the CLT for Poisson sums has to be
replaced with some sort of stable limit.




4 Some notation

The notation of this section will be used in the rest of the paper without further
mentioning. Recall from Asssumption 3.1 that F'(s) = E[e™**] is the Laplace trans-

A

form of the claim size distribution F' and let k(s) = s + A(F'(s) — 1). Then we
have
E[e—sSt} — em(s)'

We get from [2, Lemma XI.3.1]

For a function g(z) we denote with L,(s) = [

o € *"g(w)dz the Laplace transform.
Note that

Lp(s) = éﬁ(s).

To study the distribution of w(z), note that we can write

N(z)

w(z) =2+ ZE“
i=1

where the F; are iid having the distribution of £ = w(X) (the E; represent the
excursions of R; away from its running maximum). Also, as a sample path inspection
immediately shows, E has the busy period distribution in the usual dual M/G/1
queue (see [2, pp. 45-48|). Since the Laplace transform is Fg(s) = F(k !(s)), it
follows that

E(E] = ELX)/(1 ~ AE[X]) = EIX]/(1 - )
q_ LX) (| OEX]) B
=) = o (4 15)) = e

Write h(z) = w(z) — z(AE[E] + 1) = w(z) — z/(1 — p) and U(z) = h(z)/+/z. By
the central limit theorem, U(z) — N (0, AE[E?]). Essentially, the claim size density
f and the density of E have the same degree of smoothness. Since we don’t want to
postulate smoothness conditions on f, we will use smoothing with a normal random
variable. Therefore denote with N, a normal random variable with mean zero and
variance 02 = e(u)~%.

In the proofs of this paper we will often rely on Taylor approximations with
remainder terms. Therefore we will need to evaluate a function on an interim value
which we will denote with £g where © stands for the parameters on which £ de-
pendens. With a little abuse of notation we will also use this notation when we use
Taylor expansions for a complex function (in this case one would have for the real
and the imaginary part a different £) and when the derivative is not continuous.

5 The connection between w(W) and W

Lemma 5.1. Let W, be a family of random variables with distribution function
Gu(w) with limy, o Gu(w) = Goo(w) = (1 + z(1 — p)w)~**. Further assume that
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W, has a density g,(x) that is continuously differentiable and lim,_, o gu(w) = goo(w)
as well as lim, . ¢, (w) = g, (w). Then

P(w((1 — p)ze(u)W,) > ze(u)) = P(W, > 1)

- 2?%?—] 5 G0+ ) +o ()

Proof. First consider W,, > 1/(1 —€). We get from Lemma A.5 that there exists an
0 > 0 with

P(W, > 1/(1 - ) — P(w((1 - phae(u) W) > ze(u), Wa > 1/(1 - )
= fo? i <555 ) 0o
< P (0 i = 775 6.0
< /1 - e G, (w)

= o(e(u)™h). (5.1)
For W, < 1/(1 + €) we get by [16]
P(w((1 — p)ze(u)W,) > ze(u), W, < 1/(1+¢))

_/WM@P(Mﬂ—pﬂd@w%>Uw—l)d%w)

(1 = p)ae(u)w 1—p

1/(1+e)
NA M1 = p)ze(w)wP (B > (1 — w)re(u)) dGa(w)

c 1/(1+e€)
<A1 = p)ze(u)P (E > 7 n Eﬂlze(u)> /0 wdGy, (w)
=o(e(u)™). (5.2)

Finally we have to consider the case 1/(1+¢) < W, < 1/(1 —¢).

P(w((1 — p)re(u)W,) > xe(u),1/(1+¢€) < W, <1/(1 —¢))
B /1/(1—6)P (h(( p)re(u)w) - 1/w— 1) AG, (w)

1/(1+e€) (1 = p)re(u)w I—p
=P(1<W,<1/(1—-¢)

4 /j(lmp (h((l — pJre(ww) _ 1/w- 1) . s

(1= pze(u)w 1—p
B V=9 /p((1 - plze(u)w)  1/w—1
[ (i S e, 6
We start with (5.3). Denote with
xmu)1+gEXU (5.5)



For N, normally distributed with mean 0 and variance o2 = (ze(u))™* we get from
Lemma A.2

1 (1 = plre(ww) _ Ljw -1
/1/(1+6)P( (1—p)ze(u)w - 1—p )dGu(w)

_1-r Vel h(w(w, we(w)) wy/ (W, u
B \/m 0 P< z(w, u)e(u) ~ (w, )) (56)
X gu(W) dw
(1—1—(1—/))\/%)2
_L—p VO hla(wwe(w) s
B \/m P(Nu+ V(w,u)e(u) ~ (w, ))
9“<1+<1 plw;“(—u)) 1
(1+(1 p)\/%(_u))zd i (e(U))
:\1/;(_/)) me/<1p>P<N +h(m(w,u))e(<u))) >w\/m>gu(1)dw (5.7)
) <1e?u§>2 /OW““ ” wp(N *hi(ffu’,?;(&)f >wm) (5.5)

i (wi) | ,oo(i) !
U\ 1+&€y,w U\ 14+E€u,w
X — +2 : dw+o|—=]|.
((1 o) T ) ()
We have to evaluate the integrals in (5.7) and (5.8) so we split the integrals into fOM
and [,y e(we/t=e) By Lemma 5.2 we get that

1—P M h(z(w,u)e(u)) o)l "
- r IP’(Nu+ o m)gu(l)d

,ue(u

1-— M h(z(0,u)e(u))
N, w+/x(0,u) ) g, (1) dw
\ﬁ ( . fx<o—,u>e<u> > w0 Jou )

Note that

Lim Mw2\/l‘(1 — ) (w2 (1 = p))goo (1) dw = 9o (DAE[E7]

M—soo J, 2z(1 — p)
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M 9goo(1)
lim W[ o0 <w\/:v(1—p Joo (1) dw = —

M—oo [ m
im lim Mw Mz(w, u)e(w)) wy/z(w, u
]\/1[—>oo u1—>oo 0 P(Nu * z(w,u)e(u) g w, ))

g;(l + §U,w) gu(l + éu,w) - AE[Ez] '
: ( (Ut & 2 (14 Eun)? ) = (

For the integral [,y (we/=r) we get from Lemmas 5.3 and 5.4 that there exist a

function R(M,u) < % and Cj);y — 0 as u — oo such that the sum of (5.7) and

(5.8) is the same as

1—p [Ve@e/-p) h (20, w)e(w))
ve(u) Ju V(0,u)e(u)

With Lemmas 5.5, 5.6 and 5.7, we can get analogously the asymptotic of (5.4), so
that we are left with the integrals

h (2(0, u)e(u))
]P’(Nu—l— 0. 0)e(w) >w\/x(0,u))dw

P(Nu—l— > wVa:(O,u))goo(1)dw—|—R(M,u).

/\/ e(u)e/(1-p)

0 x(0,u)e(u

P(Nu + h (:E(O,u)e((u)) < —wa(O,u))dw.

/\/e(u)ﬁ/(l—p)
0

From Lemma 5.8 we get that the last equation is asymptotically negligibility and
hence the Lemma follows.

]

Lemma 5.2. Under Assumption 3.1 we get uniformly for w < M that

where x(w,u) is defined by (5.5) and fu oo is the density of a normal distribution
with mean 0 and variance NE[E?].

Proof. Denote with f,, ,(z) the density of




and with fwu(a:) the density of
> \J h((x((),u) —x(w,u))e(u))
Z, = N, .
V(@(0,u) = z(w, u))e(u)

where N, is an independent copy of N(u). Z, and Z, are independent. Since z(w, u)
is monotonically decreasing in w, we get that

POV+h(mU)(» x@uo)

v/ z(0,u \/ 0,u)
+h(( 0,w) —z(w,w)e(w) _ =~ z(w v )
)6(%) (0, u)

-#(n
—2( Fbw
(Z wm
-

= > Zu fwuw xwu))
L el o 60
:IP’(Z >w\/m>—gﬁE[Zﬂf{uw(wVw(l—p)+0<ﬁ)7

here the last equality follows by bounded convergence. Finally note that

—P0w+h(” k<»>wwaa@>
+ (wx(o’“) - w’u>>fo,u(w\/m+ Euw)
)

+w?y/x(1 — p)\l/e;(_;fom(w\/x(&u)) +o (#) '

Lemma 5.3. Under Assumption 3.1 we get that for every ¢ > 0 uniformly for

M <w < cy/e(u) that

- h(z(0,ue(w) =~ z(wu)
(s e xom)‘
Cl )
= w2 Je(w) + Cowr/e(u)P (E > Ew\/e(u)\/(l — p)x(w7u)> Yo (%>



where x(w,u) is defined by (5.5).

Proof. We use the notation of the proof of Lemma 5.2.
Choose an 0 < € < 1. Since x(w,u) is monotonically decreasing in w, we get
that

h (x(0, u)e ( )) EICRD)
P(N-+ N _677>
—IPZ+ Z>w\/xwu ), 12| < & \/())
+P Zu + u) Zu > wy/z(w, u), | Z,] > e wVe(u)).
Note that
IP’(ZU i (1 ;(pu);UZu > wy/z(w, u), | Z,] < & w\/e(u))
=P <Zu > wy/z(w, u), | Z,| < e/ w e(u)>
(1—pw_ T,

+ 0 E[Zu1{|2u|§€1 r\/e(_u)}]fw,u(w\/a:(w,u))
L d-pup

e(u) [ AZf{u,u(w\/ I(“’:“) +§wm)1{|2u|<qm}]'

Since E[Zu] = (0 we get that

)E[ {|Zu|<e1 wr/e( ”_‘ [ Zu|>e1m}])

1 59
< M—M‘E[Zul{lzulmm}] ‘

€1

By Lemma A.3 22f, ,(z) is bounded and hence for some ¢; > 0

(1-pw 1

o E[Zul{zulgqm}]fw,u(wv z(w, u))) < clE[ZS] w2\ /e(w)
Denote with

:(—Qiﬁﬁj—qv@i?) and b= ((1=p)z+ey/T-p).

l4+c(l—p

We will assume that €; is chosen such that a > 0. From

|22 /o) €l ] SE|Z] s feato

aw<x<bw
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and Lemma A.3 we get that sup,, ., fr,.(2) < c2/w?® and for some ¢z > 0

(L= p)w Tso 59 1
e(/;) E[Zufwm(w\/x(w,u)) +€w’u)1{|ZuISel\/w7\/%}} < cgE[Zu}wQ—e(u)'

Further we have with Lemma A.5 and P(| X +Y| > u) < P(|X| > u/2)+P(|Y]| >
u/2) that for a standard normal distributed random variable A/

Z+/ Z>w\/m\z|>€1 m)
P<|Zu|>61 w e(U))

< Cow(l — p)z(w,u)/e qu<E>—w\/e \/1—,0):r(w,u)>
+ e 0T wVey/ (-pe(wu) 4 p (|N| > 5 w e(u)) . O

Lemma 5.4. Under Assumption 3.1 we get that

/C\/@P(Nu N h(z(0,u)e(u)) > w z(w, u) )dw

M

where

and Cyr — 0 as M — oo.
Proof. By substitution we get that

ey/e(w) u x(w,u
/M ()]P,(N h((%u)()) (OZ)
cv/e(w)

) /() - P(Nu+h($(%,u)e(U))>w\/m)dw (5.9)
o QD) e

cy/e(u)

d1—p [0 w p( N, 4 MEOWe) o) dw

\/_ Y <1—w1_P)2 ( : v 2(0, u)e(u) g o >>

oW Ve(w)
(5.10)
(5.10) can be bounded by
Ll qyea—p2 [ wp (Nu b (2, welu)) w\/a:Ou)dw
e o) /HMMl_p e > w0
e(u)




where ¢p; — 0 as M — oo. For (5.9) we have

A h(z(0,u)e(w) s
? l—l_p]P)(Nu + * ’u b > w x(()?u))dw
" _
——— wm z(0,u)e(u)
Ve(uw)
cy/e(u)
Tre-p) 1 —
= p v ol h(z(0,u)e(w)) _ 2(0,4) | dw
M A /e(u) 1-— w\}i Y O,U)e(u)
1+A{\/ﬁ e(u)
(5.11)
ey/e(u)
o Qe
Ve(u)

Here (5.11) can be bounded similar to (5.10). The integral (5.12) split into

Ve(w
where the last integral can be bounded as in (5.2). Further

/M P(Nu ¢ Ml ) ““/m) w

x(0,u)e(u)

1 M?*(1-)p) h(x(0,u)e(u))  M+/x(0,u)
= \/e(u)l—i—]\/[\}—;(%P(NU—i_ z(0,u)e(u) g 1—|—MLL>

e(u)
M- p) (1 o <ﬂ)> |
e(u) AE[E?]

Hence the Lemma follows. O

We now provide the similar Lemmas for (5.4). We will skip the proofs, since apart
from some obvious modifications they are similar to the proofs of Lemmas 5.5, 5.6
and 5.7.

Lemma 5.5. Under Assumption 3.1 we get that for every ¢ > 0 uniformly for
w < M that




where x(w,u) is defined by (5.5) and f is the density of a normal distribution with
mean 0 and variance NE[E?].

Lemma 5.6. Under Assumption 3.1 we get that for every ¢ > 0 uniformly for

M < w < cy/e(u) that

< —w x(—w,u))

P( h(a <% Z)ee( w) <_w%)‘

+ Coun/e(P (E > Swy/e(v/ 1= palw,u)) +o (Tlu))

<7
w2y /e(u)
where x(w,u) is defined by (5.5).

Lemma 5.7. Under Assumption 3.1 we get that

/C\/@P <Nu | haOwew) _ _ww> dw

M

where

and Cyy — 0 as M — oo.

Lemma 5.8. Under Assumption 3.1 we get that

/OC\/WIP’(NU—i— % < —w> _p<Nu+ Maelw)) w)dw

()
W)

Proof. Denote with x, the characteristic function of N, + h(ze(u))/+/xe(u). From
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the Gil-Pelaez inversion formula we get that (c.f. [14], [20])

—/Flf o ) s+ 1 [ e ) dsdu

= /C\/m % /00 Cosi—ws)lm(f(u(s))dsdw
_2 /E\/m sin(c\/:v(e(u))s)Im@u(s))ds
2 [ sin(cy/x(e(u))s) .
2 / - S () ds

= I (u) + Ir(u),

where € is chosen such that for |s| < e, —Re(x/;(s)) > 01 for some 4; > 0. Since
there exists a § > 0 such that for all |s| > €, Re(1 — xg(s)) > ¢ (F; is non lattice).
We get for s > ey/xe(u)

0252
‘Im(XU(S)H <e "2 ef5z\ze(u).

and hence I»(u) goes to 0 faster than any power of e(u). Denote with

Ay(s,1) = Aze(u) /0 h cos< ;:(u)) — 1 dFg(1),
Aalov) = Aaetw) [ aetuysin J%) ~ st dF(t)

To get a bound for I;(u) we get from Lemma A.1 that we have to study the
derivative of

1 1 $252

?Im(XU(S)> — ?e_ 2” Si]fl (A2(87U))) eAl(Svu)

which is the sum of Dy, Dy and D3 given by

o2 22
Dy = —e™ 2" gin (Ay(s, u))) eM W
s

—t st
Dy = —e "2 sin(As(s,u) Als“( sm< )dFt)
2 o Voetw "\ Vet )
1 520'7% 520'12“
Dy = —e 2 e2{cos (As(s,u) (

<[ (( ) )dFEa)) - Zin (s 0) |

15




Note that

A (o)) - ple) 2oty

Further note that

Ay(s,u) = —s* /00 t*sin (Esur) dFE(L), (5.13)
0

where 0 < &4 < \/% Now for s < (ze(u))*/* we have that

/ t? sin (Esut) dt‘
0

(we(u))1/® o0
/ t2sin (€5 us) dFE(t)‘ + ‘ / t2sin (&) AFR(1)
0 (

ze(u)) /8
(:ce(u)
< /
0

< sin ((xe(u))—l/B) E[EQ} + /(ze(u))l/8 thFE(t) —0 (514)

o0

t?sin ((ve(u)) %) dFp(t) + / t2*dFg(t)

(we(u))!/8

)1/8

as u — oo. Hence for every €; > 0 there exists an ug such that for u > uy (note that
|sin(t)] < t).

’D1’ < {E[EQ]seXp( )\513 ) s> (we(u))1/4
= elseXp(_/\%s ) s < (xe(u))1/4
|Ds| < {S)‘E[EQ]Qexp( A5182) s > (ze(u))/*
= | @sAE[E exp(—2%5) s < (we(u))!

It follows that
e/ ze(u)
/ |D1| + |Do|ds =0 (1).
0

At last we have to bound fol |Dslds + [V me(t) | D3|ds. Since

We get with the same method as above

e/ ze(u)
/‘ | Dslds = o(1).
1

) - 1> dFg(t) = —Xs /00 2 sin (&, 4.0 )ds.
0

16



For 0 < s < 1 we get with (5.13) and (5.14) that for large enough u

D3] < 5 cos (Aa(s.u) (xm
x /Ooot<cos< ;z(u)) - 1) dFE<t)) ~Zsin (fb(s;u))‘
__/ ¢—Sln<m) — st dFu(t)] + o(1).

)n/
<4—— ze(u / tdFE (1)

1

) 1) — 1 sV z(e(w)

N sin(1) 3003( )/ BAFp(1) + o(1).
2/ ze(u) 0

It is left to show that fol ds of the last equation is o(1). From Karamata’s Theorem
it follows that

/ A\/K/ tdFE )dSNC/ Arelw) 5 (1 x(e(u))) ds

T s

= c/\;.; sFg (s)ds = o(1).

If E[E®] < oo then the Lemma follows. If E[E?] = oo and a # 3 then

/01 \/%(u) /Oi\/mt?’dFE(t)ds N C/O1 Ax§§U)FE (% ;p(e(u))> ds = o(1).

If o = 3 and E[E?] = oo then the integral is asymptotically less as when we replace
3 with 3 and the Lemma follows with the same argument. O

17



6 The asymptotics of the Z

A

In what follows we will denote with S, = > 7" | V;, M,, = maxi<;<, Yi, S, = Y1 Z;,
and with Mn = MaXj<;<n Zz

Lemma 6.1. Let (Y1, 21),... (Y1, Z1) be iid vectors with distribution Fy(y+z) where
Fy= ifor F(t)dt and F fulfill Assumption 3.1. Then

P(S, > u,Sp_1 < u, S, > ze(u))
— 1 A —
~ Fo(u+ ze(u)) + ;]E[Sn,l + Spo1 + (n = DY, ] F(u+ ze(u))
3(n — DE[X?]
L

F(u+ ze(u)).

= Fo(u + ze(u)) +

Further for all € > 0 there exists a constant M such that for all n

P(S, > u,Sp1 <u, Z > x(e(u)) — Folu+ ze(u)) < M(14 €)"F(u).

Proof. Note that

Z]P(Sn >, S,—1 < u, S, > ze(u), M, =Y;).

i=1
At first we consider {M,, = X,,}. We have that
P(S, > u, Sp-1 < u, S, > ze(u), M, =Y,)
=P(S, >u,S,1 < u,S’n > xe(u), My, = Yy, Sp—1 > u/2)
+P(S, >u,S, > ze(w), M, =Yy, Sp_y < /2, Sp_1 > u/2)
+P(S, >u,S, > ze(w), M, =Yy, Sp_y <u/2,Sn_1 <u/2).

Since F' is regularly varying case we get

P(S, > u, Sp-1 < u, S, > ze(u), M, =Y, Sn_1 > u/2)
< P(Y, > u/n)P(S,—1 > u/2)
< K (2n)*T(1 + €)"Fo(u)?

and

P(S, > u, Sp—1 < u, S, > ze(u), M, =Y,, S, 4> u/2)
< P(Y, > u/n)P(S,_1 > ze(u))
< K(2n)*T(1 + )" Fo(u) F(ze(u)).

18



We are left with
P(S, > u, S, > ze(u), My, = Yy, Sy < /2, Sn_1 < ze(u)/2)

a:e(u)

/ / (u— Sp—1 +ze(u) — Sn—l)dsn—ldgn—l

ujz  prel)
/ / Folu + ze(u))dS,_1dS,

ze(u)

u/2 N
/ / S + Su ) Flut we(u) — €, g g )dS, A8y,

(u+ze(u))/2 and hence there exists a constant C' such that

where 0< fu Sn—1 Snfl <

Flutze(u) — &, s ¢ ) < CF(u+ ze(u)). It follows by dominated convergence
that
w2 poeu X
T S+ B Pl e — 6,5, )AS,1050
~ ;E[S 1+ S 1} (u+ ze(u)).
Note that

ze(u)

u/2 > N _
1- / dS, 1dS, 1 <P (S, 1 > u/2) + P(S”‘l ~ weéw)
0 0

< K (14 €)"2"Fo(u) Fo(ze(u)).

It follows that

P(S, > u, Sp—1 < u, S > ze(u), M, =Y,)
=P(S, > u, S, > ze(u), M, =Y,) + O(Fo(u)?

— Fo(u + ze(w) + %]E (St + Sot | Flu+ ze(w) + oF(w).  (6.1)

Next consider {M,, = Y;} where w.l.o.g we will assume that i =n — 1.
Then we get with the same method as that leads to (6.1)

P(S, > u, Sp1 < u, S > ze(u), M, =Y, 1)
=P(Y,.1>u—S,2—-Y,, S, > ze(u), M, = Y,_1)
—P(Y,o1 >u— S, o, S, > ze(u), M, =Y,_1)

_ %]E[Yn]ﬁ(u + we(u)) + o(F(u)).
]

We also need some properties of the density of Z. As in Lemma 6.1 we can get
upper bounds such that with dominated convergence we can use a random n.
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Lemma 6.2. Under Assumption 3.1 we get that

dP(S,-1 < u, S, > u, S, < x) 1—
dx

Proof. Note that
]P(Sn > %) = / / P(Yn >Uu— Snfl, Zn <x-— gn71>d5n71d5’n71
0 0

It follows that

AP(S,_1 < u, S, >u, S, < z)

dx
o0 x T—x1 a:—zzlz_ll T;
_.-n
B M / / / / o /
Sp—1<u Ju—S,_1 JO 0 0
n—1

flar+y) - flon1 + yn_l)f<x - @i+ yn) dzy - -+ dwyoady - - - dy,

i=1

= ,u,_lE [F(u +x—5,_1— gn_l),Sn_l <u, gn—l < ZE/?} (62)
+u'E [F(u +x—S,1— S'n—1), Sy <u, /2 < Spoq < x] (6.3)

If we choose x = yu for some y > 0 then we get with dominated convergence that

(6.2) ~ F(u + x) further (6.2) < ¢(y)F(u + z) for some 0 < ¢(y) < co. To find a
bound for (6.3) note that the mean over the region Z; > x/4n and Z; > x/4n can
be bounded by Fo(x/4n)? (and since E[X?] < oo we get that Fo(z)? = o(F(x)).
By using the symmetry of the problem in the Z; we can asymptotically bound the
mean of (6.3) by

E[F(u +x—S,_1 — Sn,l),Sn,g >u/4,S,-1 <u,x/2 < S < :U,S’n,g < x/4}
+ E[F(U +x — Sn—l - Sn_l), Sn_g S u/4,

Sn—l < U,ZL‘/Q < gn—l < x,én_g < I’/4i|

If S,—2 > u/4 then one of the Y; i < n — 2 is bigger then u/(4(n — 2)) and we can
bound the corresponding mean by Fo(z/4)Fo(u/(4(n — 2)).

It is left to bound the mean when S,,_s < u/4. At first we assume that S,,_; < u/2
then we can use the same method to bound the mean by

E[F(u +x—S,_1— Sn_l), Spo1 <uf2,x/2 < S, <28, < x/4
<E[F (u/2),Zy—1 > z/4] = F (u/2) Fo(z/4).
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Finally note that
E[F(U +x— Sn—l - gn—l)a Sn_z S U/4,
u/2 < Spo1 <wu,x/2 < S < x, S, < :U/4]
u—Sp—2 —Sn_2
IulE[/ / flz+y)
/2—Sn—2 Ja/2— Sn 2
><Fu+a:— S =8, 9 —2— )dzdy,5n2<u/45n2<x/4]
u/2
—/flE/ / fluta—Suo—S2—2-1y)

X F (z+y)dedy, Sp_y < u/4, Sp_y < x/4}
u/2
Sul (o)) [ F ety dedy,
0

The integral in the last equation is finite since E[X?] < co. O
Next we consider the derivative of the density of S,,. It follows that

Lemma 6.3. Under Assumption 3.1 we get that

d*P(S,_1 < u, S, > u, S, < )
dz?

L

T=yu
Proof.
d*P(Su1 < 4, Sy > u, Sy < )
dx?

=—pu'E [f(u +x— 5,1 — S‘nfl), Spe1 <u, S <

u—Sn_2 . o .
+w B[ @ Sa ) Fu=Sia - ) s Sia S u S, <
0
- Il + ]2.

We only give a detailed asymptotic analysis for 5 (the asymptotic of I; can be found
analogously). If S,_; < u/2 and S,,_, < /2 then the mean can be asymptotically
bounded by F(z/2)F(u/2) = o(f(z + u)). Next we consider the case where S, ; >
u/2 and only one Y; > u/(4n).

At first we assume that S, o < wu/4 and u/2 < S,_1 < u. Then

u—Sn_2 . o .
H’_lE |:// f(ZU - Sn—? + y)F (U - Sn—2 - y) dy7 Sn—2 S U/4, Sn—2 S Z’:|
u/2—Snp—2

u/2 R o R
= 'E [/ f(x +u— Sy —y— Sn—2)F (y)dy, Sp—2 < u/4,S,—2 < x}
0
~ f(z + u)

21



where the last equation follows with dominated convergence. If Y;,_1 < u/(4n) then
by symmetry it is enough to consider Y,,_5 > u/4. Hence we get

u/4—Sn_3 x—8,_3 u—Sp—3—yY ~
M_QE / / / xn—Q + yn—Q)f<m - Sn—3 — Zp-2 + y)

/ZSnSy

XF(U_ —Yn—2—"UY )dyn QdZn 2dyaSn 3<u/45n 3<$]

u/4—Sp_3 x—Sn_3 u/2
= ,U_2]E [/ / / f(xn—Q +u— Sn—3 — Yn—2 — y)
0 0 0

X f(x - gn—S — Zp—2 + y)F (yn—2) dyn—2dzn—2dy> Sn—3 S U/4, Sn—S S ZL':| .

For S,_, < z/2 the above mean is O(F(z/2)F(u/4)) = o(f(u + z)). If 2/2 <
Sn_o <z and Z; < z/4n for all but one i # n — 2 the mean is O(F(z/4x)F(u/4)).
If more then two Z; > x/4n i # n — 2 the above mean is O(Fo(z/4n)*F (u/4)). If
Zpn_9 > x/4n and another Z; > x/4n then the mean is O(Fo(z/4n)F(3u/4)). Finally
if all Z; < x/4n. then the above integral is asymptotically the same as f(u + x).
Similar we can show that when at least two Y; > u/4n the integral is asymptotically
negligibly and hence Iy ~ p~'(n — 1) f(u + x). With the same method we get that
I ~ —p 'nf(u+ x) and hence the Lemma follows.

Again we get that for S,_; < x/2 that I ~ f(u+ z) when z = yu. ]

A Some auxiliary lemmas

Lemma A.1. Assume that for a function g,(z) such that sup,, |g.(7)| < oo, there
exists a function h(x) with |g, ()| < h(x) for all w > 0. Then for every function
a(u) we have as u — 0o

a(u)
/ sin(ux) g, (x)dz
0

Proof. The Lemma follows by partial integration:

1 ~ cos(ua(u)) 1

a(u) a(u)
/0 sin(ux)g,(x)dr = Egu(O) " gula(u)) + a/o cos(ux)g,(z)dz. O

u

<! /a(u) h(z)dz + o(1).

Lemma A.2. Assume that E is non lattice and that E[E?| < oo and h(z) =
ZlN(l i — )\z]E[ | and N, a normal random variable with mean zero and vam’ance
o2 ~ e(u)™ for some c > 0, k > 0. Then the random variable N, +h(ze(u))/r/ze(u
has a differentiable density f,. Further, if a,b are arbitrary but fized, it holds uni-
formly for w and 0 < a <z < b < oo that

exp (—“’—22) —2w exp (—“’—22>
lim f,(w) = —=e L lim f(w) = s
u—+00 2 AE[E?] u—00 27 (AE[E?])3

If further k > 4 then




Proof. Denote with xg(s) the characteristic function of E and with ¢ = AE[E?].
Note that the Fourier transform of f!(w) — f]’\,(opz)(w) is

is (e u32 e)\:pe u (XE (s/\/ ) ) in/xe(u)\E[E]s G_L;Q)

and hence

| fow) — f]/V(O,JQ) (w)]

o0
< / |s|
—00

Choose an € > 0 such that for || < €, Re(x%(z)) is bounded away from 0. Since
there exists a 0 > 0 such that for all |s| > ¢, Re(1 — xg(s)) > 0 (E is non lattice).

/oo ‘8| o 03232 e)\xe u (XE (s/\/ze(u ) ) ir/Te(W)AE[E]s 6*02282
e/ ze(u)

o0 0’582 oo
< e_‘s’\xe(“)/ se” 2 ds +/ se % ds
ey/ ze(u) e/ ze(u)

1 & 52 o 2
< —2e_5’\:‘e(“)/ se” 2 ds —i—/ se ¥ ds — 0
Oy 0 er/ ze(u)

as u — oo. With the same arguments

/_6 ze(w) o "3252 Aze(u) (XE (s/w /ze(u) ) ) iy/we(u)AE[E]s o ‘72252

o

o 2232 Aze(u) <XE <s/\/ > ) iy/ze(w)AE[E]s o 02252

_Zu

ds.

ds

|s] ds — 0.

Further for a &, s bounded away from 0 and &, s — E[E?] for fixed s as u — 00

/e ze(u) |S| e—U?LQSQ Aze( u)(XE(S/*/ ) ) —iq/ze(u)A\E[E]s . e—#
—eq/ze(u)

e/ ze(u)
-
—eq/ze(u)
By dominated convergence we get that the last integral tends to 0 as u — oo.
Since the estimate of | f,(w) — fn(0,02)(w)| works with exactly the same arguments
we leave it to the reader.

Denote with x,, is characteristic function of h(ze(u))/y/xe(u). Since we can find
an m such that f,(w) < m for all w and u we get by Lemma XVI 4 2 of [13] that

P K, ) _p(et) )

ds

2.2 2.2
s
_ng e—)\gs,u52/2 _ e_o’Qs

e

Vre(u) ze(u)
T 1— —5205
< l/ (1—e2")xuls) ‘ds N 24m
T J_r S 7wl

so? 24m o277 N 24m

ulyq - .
2 | T T o T

1 T
</
TJ-T
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For T = e(u)'* for some 0 < € < 1/2 and 02 < e(u)™* we get that
hae(w) _ Y _p(haew) _
o 2 ) ()

Lemma A.3. Under Assumption 3.1, let h(z) = Zﬁi(f) EZ- — )\zE[EZ] and let N, be
a normal random variable with mean zero cmd Ua'm'ance o2 ~ e(u)™* for some c > 0,
k > 0. Then the random variable N, + h(xe(u))/+/xe(u) has a differentiable density
fu- Further, if a,b are arbitrary but fizved it holds umformly forw and 0 <a <z <

b < 0o that

e(u) 22 24m
< +

w? ! (w) and w? f,(w)

are bounded for w > wy > 0 and all u > uy where ug is choosen such that xe(u) > 1.

Proof. Denote with Fp(s) = E[e~*¥] and with

A(s,u) = M\ ae(u)Fy (s/Vxe(u)) + v rze(u)\E[E]

Note that the (bilateral) Laplace transform of transform of w?f’ (w) is given by

Z\—Jw3f7ll (3) _ ig ( 073252 Aze(u) (FE (8/\/1’e(u) ) 41/ )AE[E]5>

ds

_ e”ﬁ;Q Aze( u)(FE(s/\/ ) > v/ ze(u)AE[E]s

X { (sA(s,u) + 0332)2 (1+ sA(s,u) + 025%)

+ (sA(s,u) + ou5%) (A(s, u) + 2025 + \sF (s/\/:ce(u)))
+ (1 4+ 2sA(s,u) + 20.5%) <A(s, u) + 2025 4+ AsEy, (s/V:ce(u)))

(AF,’LL(S/\/F)JF% +A\/TF§/(S/\/F))}

Note that for every w > wy and 0 < e < 1
— i /OO ew(e/w-ﬂs)z s (E/U) + LS)dS.
21 ) o il

Since

A(s,u) = )\\/a:e(u)]%(s/\/xe(u)) + v/ze(u)\E[E] = /\sﬁg (&)

|EY (s)] < E[E?] and sF}Y (s) is bounded (see Lemma A.4 below) for |s| < 1, we
get that for |s| < 1 the term in the curly brackets can be bounded by a polynomial
in |s|. Hence the Lemma follows analogously to the proof of A.2. O

Lemma A.4. Under Assumption 3.1 sEF}Y/(s) is uniformly bounded for s — 0
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Proof. Note that
N(X)

EZ£X+ Y E
=1
and hence ) ) ) R
Fls) = E|:e—sX+AX(FE(S)—1)] — F(s — M(Eg(s) — 1))

Since for Re(s) > 0, |Fig(s)| < 1 and hence Re(s —A(F(s)—1)) > 0 hence the above
formula is valid for all Re(s) > 0. Hence both sides are infinitely often differentiable
for all Re(s) > 0 and we have

. F'(s = MFg(s) — 1))

Fp(s) = TN (s — A(Fp(s) — 1))

for(sy = Fs = M) = 1) (1= MFg(s))”
; LA AE (s — AFals) 1)

frgsy = P = AFels) = 1) (1 - Mg(s)”

1+ AF/(s — )\(FE( )— 1))
2ME(s)F" (s = M(Fg(s ) -1 — M p(s))
1+ )\F’(s - ( B(s) — 1))
AFE(s)F" (s = A(F(s) = 1)) (1 = AFg(s))
- 1+)\F’(3— ( w(s) — 1)) '

Since AE[X] < 1 we have that

sup
Re(s)>0

A Fg(s) — 1))‘ <1

and hence Fj(s) is bounded for all Re(s) > 0 and since E[X?] < oo also EJ(s) is
bounded. Finally we get that sF7/(s) is bounded Since sF"(s) is bounded and

~ M(F(s) = 1) = s = MFi(s) = 1) = s(1 = \Ep(s)) + 5 FE(E) = O(s)
[l

Lemma A.5. Let E; be iid with E[E] < oo and N(t) a Poisson process with intensity
A independent of the E;. Then there exists constants Cy, Cy and 6 > 0 such that
uniformly for x > et

t
]P’(’Z E - AﬂE[E]( > a:>§ CHP(E > z) + ¢35t
1=1
Proof. In [16] it is proved that
]P’(Z E, — ME[E] > x) < C1B(E > )

25



uniformly for x > et. We can find a 0 > 0 such that for all £ > 0

sfewn(-o(3. 51 ¢ (i1 5)))] < 1.

The Lemma follows by the Chernoff bound. O]

We often used the following Lemma without further mentioning. Since we don’t
have a reference by hand we give for completeness a proof .

Lemma A.6. Let L(x) be slowly varying and

<1
/ —L(z)dz < oo,
0

x
then lim, o L(z) =0

Proof. Assume that the Lemma is not true, i.e. there exists a series of points x,,
with x,, — oo and L(z,) > §. W.lo.g. assume that

L(tz,)
1
1<t<2 L(x,)

Zon 2en log(2
/ —L(z)dx > é/ —dz = 0 log( ),
o T 2 .

n

> 1/2.

Then

which contradicts the conditions of the Lemma.
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