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Abstract

We consider a space-time random field on R? x R given as an integral of a
kernel function with respect to a Lévy basis with a convolution equivalent
Lévy measure. The field obeys causality in time and is thereby not continuous
along the time-axis. For a large class of such random fields we study the
tail behaviour of certain functionals of the field. It turns out that the tail
is asymptotically equivalent to the right tail of the underlying Lévy measure.
Particular examples are the asymptotic probability that there is a time-point
and a rotation of a spatial object with fixed radius, in which the field exceeds
the level z, and that there is a time-interval and a rotation of a spatial object
with fixed radius, in which the average of the field exceeds the level x.

Keywords: Convolution equivalence; infinite divisibility; Lévy-based modelling;
asymptotic equivalence; sample paths for random fields

1 Introduction

In the present paper we investigate the extremal behaviour of a space-time random
field (Xv,t)(v,t)EBX[O,T} defined by

X,, = / F(jv — ul,t — s) M(du, ds), (11)
R X (—c0,t]

where M is an infinitely divisible, independently scattered random measure on R4!,
d € N, f is some kernel function, and B and [0,7] are compact index sets. We
think of v and ¢ as the position in space and time, respectively. Similarly, the first d
coordinates of M refers to the spatial position, while the last coordinate is interpreted
as time. The random field defined in (1.1) is a causal model in the sense that X, ;
only depends on the noise, accounted for by M, up to time ¢, i.e. the restriction of
M to R? x (—o0,t]. We shall make continuity assumptions on f ensuring that X is
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continuous in the space-direction. Discontinuities in the time-direction will however
be possible, and we therefore have to pay particular attention to the assumptions
on f to obtain sample paths that are both continuous in space and cadlag in time;
see Definition 2.2, Assumption 2.3, and Theorem 5.7 below.

Lévy-driven moving average models, where a kernel function is integrated with
respect to a Lévy basis, provide a flexible and tractable modelling framework and
have been used for a variety of modelling purposes. Recent applications that, sim-
ilarly to (1.1), include both time and space are modelling of turbulent flows (|2])
and growth processes ([10]). Spatial models without an additional time axis have
e.g. been applied to define Cox point processes ([8]) and have served as a modelling
framework for brain imaging data (|9, 19]). Lévy-based models for a stochastic pro-
cess in time have gained recent popularity in finance. A simple example is a Lévy-
driven Ornstein-Uhlenbeck process, with f(t) = e~*, that has e.g. been used as a
model for option pricing as illustrated in [3|. In [18] estimators for the mean and
variogram in Lévy-driven moving average models are proposed, and central limit
theorems for these estimators are derived.

In this paper, we will assume that the Lévy measure p of the random measure M
has a convolution equivalent right tail (|5, 6, 13]). Note that convolution equivalent
distributions, as studied in the present paper, have heavier tails than Gaussian
distributions and lighter tails than those of regularly varying distributions. We derive
that certain functionals of the field will have a right tail that is equivalent to the
tail of the underlying Lévy measure. More precisely, we show that for a functional
U satisfying Assumptions 3.1, 3.5 and 3.8 given below, there exist known constants
C and c such that

P(V(X) > z) ~ Cp((z/c,00)) as r — 00.

Measures with a convolution equivalent tail cover the important cases of an inverse
Gaussian and a normal inverse Gaussian (NIG) basis, respectively; see [16] and
references therein.

We give three important examples of the functional ¥ to illustrate the generality
of the setting. The simplest is ¥(X) = sup, ; X, ;, where it is concluded that under
appropriate assumptions on f it holds that sup, , X,; asymptotically has the same
right tail as p. A second example, see Example 3.3, involves the spatial excursion
set at level x and time ¢

A, ={ve B : X, >z}

Under some further regularity conditions we show that the asymptotic probability
that there exists a ¢ for which the excursion set at level x contains some rotation
of an object with a fixed radius has a tail that is equivalent with the tail of p. In
the last example, see Example 3.4, we show a similar result for the probability that
there is a time-interval and a translation and rotation of some fixed spatial object
such that the field in average, over both the time-interval and the resulting spatial
object, exceeds the level x.

In [4] sub-additive functionals of similar random fields, also with convolution
equivalent tails, are studied. Here it is shown that under appropriate regularity



conditions there exists constants C; < Cy and a constant ¢ such that
Cip((z/c,00)) < P(V(X) > z) < Cap((z/c, 00)).

Note that the functional ¥ in the present paper is not necessarily required to be sub—
additive. In particular, the functional corresponding to the excursion set framework
is indeed not sub—additive.

In [16] and [17] the extremal behaviour of spatial random fields on the form

Xo= [ =)@ (weB)

is studied, when M is assumed to have a convolution equivalent Lévy measure.
Here assumptions are imposed on the kernel function f to ensure that v — X,
is continuous. Under some further regularity conditions it is shown in [16] that
sup,cp Xo has a tail that is asymptotically equivalent with the tail of the underlying
Lévy measure. In [17] this result is extended to the asymptotic probability that
there exists a rotation of fixed spatial object that is contained in the excursion set
A, ={veB: X, >z}

In [7], results for a moving average process on R, obtained as an integral with
respect to a Lévy process with convolution equivalent tail, are derived. Here the
process (X):ejo,7] is given by

X, = / £t — 5)M(ds),

where, again, M has a convolution equivalent Lévy measure. In agreement with the
similar but more general result of the present paper for the field defined in (1.1) it
is derived in 7] that sup, X; has a tail that asymptotically is equivalent with this.

The paper is organised as follows. In Section 2 we formally define the random field
(1.1) and introduce some necessary assumptions for the field to be well defined and
to have sample paths that are continuous in space and cadlag in time. In Section 3
we state and prove the main result for a general functional ¥ and introduce two
specific examples of the functional. Some of the proofs in this section will apply
many of the same techniques as in [16] and [17] and are therefore deferred to the
Appendix (page 25). In Section 4 we state conditions for each of the two examples
under which we afterwards show that the main result can be obtained. Section 5 is
devoted to showing that under appropriate regularity conditions, the field defined
in (1.1) is continuous in space and cadlag in time.

2 Preliminaries and initial assumptions

We define a Lévy basis to be an infinitely divisible and independently scattered ran-
dom measure. Then the random measure M on R%*! is independently scattered, such
that for all disjoint Borelsets (A,)neny € R the random variables (M(A,))nen
are independent and furthermore satisfy M (UpenAyn) = Y,y M (Ay). Furthermore,
M (A) is infinitely divisible for all Borelsets A C R4,



Moreover, in this paper we assume M to be a stationary and isotropic Lévy basis
on R With m(-) denoting the Lebesgue measure, and C(A 1Y) = logEe*Y the
cumulant function for a random variable Y, this means that the random variable
M (A) has Lévy-Khintchine representation

C(A T M(A)) = idam(A) — 1\20m(A)

+ / (e™ — 1 —idz 1y y(2)) F(du, dz), (2.1)
AxR
where a € R, 8 > 0 and F' is the product measure m ® p of the Lebesgue measure
and a Lévy measure p. The notion of the so-called spot variable M’ will be useful.
It is a random variable equivalent in distribution to M(A) when m(A) = 1.
We assume that the Lévy basis M has a convolution equivalent Lévy measure p
with index 5 > 0: p has an exponential tail with index £, i.e.

p((z —y,00))

e as r — 00 .
(@) oo 22

for all y € R, and it furthermore satisfies the convolution property

(p1 * p1)(($7 OO)) eBY 00 as T o0
oy 2/]R pi(dy) < = %% (23)

where p; is the normalized restriction of p to (1,00) and * denotes convolution.
For later reference, we list the mentioned properties as part of the following
assumption.

Assumption 2.1. The Lévy basis M on R is stationary and isotropic with a
convolution equivalent Lévy measure p with index B > 0, that is, M satisfies (2.1)
0 (2.3). Moreover, p satisfies

/ y*p(dy) < oo for all k € N. (2.4)
ly[>1

Note that the integrability along the right tail is already given from the exponen-
tial tail property, and since p is a Lévy measure it also satisfies f 1 y2p(dy) < oco.
Also, by |21, Theorem 25.3|, (2.4) is equivalent to finite moments IEHM '|" < oo of
the spot variable. In Sections 2 to 4, it is assumed that Assumption 2.1 is satisfied.

We write the tail of p as p((z,00)) = L(x)exp(—pz), so for all y € R, (2.2)
implies that

L(x —y)
L(x)
Equation (2.5) implies that the mapping = — L(log(x)) is slowly varying. A conse-
quence is (see formula (3.6) in [17]) that for all v > 0 there exist 2o > 0 and Cy > 0
such that
L(ax)

L(x)
Before proceeding to defining the kernel function f and consequently the field X,
we introduce a continuity property called t-cadlag which is essential in this paper.

—1 as r — 00. (2.5)

< Coexp((a — 1)yx) for all z > xp, a > 1. (2.6)
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Definition 2.2 (t-cadlag). A field (yv )y s t-cadlag if it for all (v,t) satisfies

lim  y,s exists in R, and lim  Yus = You- 2.7
(u,8)=(v,t=) " (u,8)=(v,t+) ~ ot ( )

In defining the field X = (X, 1) wen 1 below, we make the following assump-
tion on the integration kernel f. This assumption, together with Assumption 2.1, is
sufficient to ensure the existence of the integral (2.9) defining X, ;; see [15, Theo-
rem 2.7|. Furthermore, as shown in Theorem 5.7, these assumptions guarantee the
existence of a t-cadlag version of X.

Assumption 2.3. The kernel f : [0,00) x R — [0,00) is bounded, it satisfies
f(z,y) =0 for all x € [0,00) and y < 0, it is integrable in the sense that

/R d / F(lul, 5)dsdu < oo,

and it is Lipschitz continuous on [0,00) x [0,00), that is, there is Cp, € (0,00) such
that

|f(z1,91) — f(z2,92)] < CLl(21,y1) — (22,92)] (2.8)
for all (mlayl)’ (37273/2) € [07 OO) X [0,00).

Let B C R? be a compact set with strictly positive Lebesgue measure, and
consider [0, 7] for deterministic 0 < T < oo. For r, ¢ > 0 fixed, define the expanded
sets B = B® C.(0) = {x+vy : z € B,ly|l <r}and T = [0,7 + {]. Here
C,(u) € R? is the d-dimensional closed ball with radius r and center in u € R
Under Assumptions 2.1 and 2.3 we define the random field X = (X, ;)wen 1 by

X,, :/ £l —ul,t — )M (du, ds). (2.9)

Note that alternatively we can write
Xyt = / f(jv —u|,t — s)M(du,ds)
R4 x (—o00,t]

due to the assumptions on f. Thus X has a causal structure in the time direction
in the sense that X, ; only depends on M restricted to the subset R? x (—o0, ].
We are ultimately interested in extremal probabilities of the form

IP)<\I[(()(11,1?)(v,t)eB/xT’) > l')a (210)

where U : RF'*T" — R is a functional satisfying some assumptions that will be given
in Section 3. For notational convenience, we usually write U(y, ), when applying ¥
to a field (Yu¢)(wt)ep <17, however, when it is necessary to clarify the indices of the
field, we write it fully. For the type of functionals ¥ we shall consider, it will be
convenient to make some further assumptions on the kernel. The following Assump-
tion 2.4 clearly implies Assumption 2.3 above. In Sections 2 to 4, Assumption 2.4 is
assumed satisfied.



Assumption 2.4. The kernel f : [0,00) x R — [0,00) satisfies f(0,0) = 1 and
f(z,y) =0 for all x € [0,00) and y < 0. Moreover,

/ /supsupf lv —u|,t — s)dsdu < oo,
Rd JR veB’ teT”’

and f is Lipschitz on [0,00) x [0,00), i.e. it satisfies (2.8). Lastly, there is a constant
Cy such that

<G
~ (Yl +1

It turns out that the infinite divisibility of M is inherited to the field X. We shall
spend the remainder of this section establishing this property and use it to obtain
a useful representation of the field as an independent sum of a compound Poisson
term and a term with a lighter tail than exponentials. The procedure is inspired by
a similar technique used in [16], [17] and [20]|. Here, we present the procedure fully
to introduce all relevant notation.

The cumulant function of X, ; takes the form, cf. [15, Theorem 2.7|,

flz,y) < for all (xz,y) € [0,00) x R. (2.11)

CAT Xuy) :i)\a/Rd/Rfﬂv—uLt—s)dsdu

—%9)\2/ /f(]v—u],t—s)stdu
Rre JR

+ / / /(eim”_“l’t_s)’\z —1—if(Jlv—u|,t— s))\zl[_u}(z))p(dz)dsdu.
Rt JR JR

A similar expression can be obtained for any finite linear combination of X, ;’s by
substitution f with a relevant linear combination of f’s. Thus, all finite-dimensional
distributions of (Xv,t)(v,t)e g« are infinitely divisible, and consequently any count-
ably indexed field (X, ;) is infinitely divisible. Define the countable set K = (B’ x T")
N Q4! and let v = (m ®@ m ® p) o H~! be the measure on (R®, B(R¥)) defined as
the image-measure of H on m @ m ® p, where H : R x R x R — RX is given by

H(u,s,2) = (2f(Jv —ul,t = 5))@w)exk-

Then direct manipulations show that v is the Lévy measure of (Xv’t)(vyt)eK, and
furthermore the Lévy-Khintchine representation is

(6 ]L( vt)(vt €K>

_zZﬁvtavt 9/ / Zﬁvtf v — ul, t—s)) dsdu

(v,t)

. / T @-z Buszul-1e(2) ) w(d2)
Ri (v,)

for suitable (ay¢)@wnex € R*. Here 8 € R* with 8,; # 0 for at most finitely
many (v, t) € K. From the infinite divisibility, (X, ¢) ek can be represented as the

independent sum
Xv,t - Xi,t + Xg,t'
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The field (X, ) (v,)ek 1s a compound Poisson sum

E:vﬁ

where N is Poisson distributed with intensity v(A) < co and

A= {z eR® . sup 2yt > 1}.
(v,t)eK

The finiteness of v(A) follows from arguments similar to those of [16, Lemma A.1].
The fields ((V,%;) (v,t)ek )nen are i.i.d. with common distribution vy = v4/v(A), that is,
the normalization of the restriction of v to A. Also (Xit)(w) k is infinitely divisible
and has Lévy measure vy4e, the restriction of v to A°.

It will be essential that there exist extensions of the fields (X ,) and (X2,) to
B’ x T" with t-cadlag sample paths. In law, each of the fields (V};) can be represented
by (Zf(lv—=U|,t = 95))wnek, where (U, S, Z) € R? x R x R has distribution F}, the
normalized restriction of F' to the set

H A ={(u,s,2) ER*xRxR: sup zf(Jv—ul,t—s)>1}.
(v,t)eK

Hence, clearly a t-cadlag extension (V) ep <1 exists, and it is represented by
(Zf(|v Ul,t—5))wten =1 As X' is a finite sum of such fields it also has an exten-
sion to B x T" Wthh is t-cadlag. As mentioned above and shown in Theorem 5.7,
the entire field (X, +)(wen <1 has a version with t-cadlag sample paths, and hence
also X? has en extension with such paths.

3 Functional assumptions and main theorem

In this section we introduce assumptions on ¥ and related functionals, and we
derive the main theorem on the asymptotic behaviour of the extremal probability
P(¥(X,,) > x) as © — 0o. As the proofs of some of the results follow the same ideas
as in [16] and [17], we refer to the Appendix (page 25) for these.

Throughout this section we shall assume the following.

Assumption 3.1. The functional ¥ : RE>*T" & R satisfies

(1) For all deterministic fields (Yv)w e < and all a > 0 and b € R it holds
that
\IJ(a Yot + b) = aqj(yv,t) + 0.

(ii) W is increasing, i.e.
q’(:yv,t + ZU,If) Z \P(yv,t)
whenever the field (2,1)wnep <1 satisfies that z,, > 0 for all (v,t) € B' x T".
(i) For all x > 0, u € R? and s € R, there is a functional 1., : RE*T" 5 R
such that
\If(a f(v—ul,t—s)+ ym) > if and only if Vpns(Yot) < a
for all a >0 and all fields (yy,+).



Proposition 3.2. The functionals ¥ and 1, s satisfy
(i) Vyus is decreasing, that is, for allz > 0, u € R? and s € R and all fields (y,)

¢x,u,5<yv,t) Z ¢x,u,s(yv,t + zv,t)
if zox >0 for all (v,t) € B' x T".
(ii) For all fields (y,:) and any constant y € R,
¢m,u,s (yv,t + y) = Qﬁm—y,u,s (yv,t>'

(i4i) For allx >0, u € R? and s € R and all fields (y..),

*

*\ T y
Vanalber) 2 Vesl') = QiR =l 1= 5)n)

where y* = Sup(, yep s Yo,t-

Proof. Statement (i) is seen as follows: Let z,u, s be fixed, and assume for contra-
diction the existence of € > 0 such that ¥, s(Yy+) +€ = Yy s (Yot + 201). Now choose
a such that a — e < ¢, 5(ypt) < a, and therefore v, , (Yo + 201) > a. However,
appealing to Assumption 3.1(ii) and Assumption 3.1(iii) we also conclude that

< V(af(Jv—ul,t —s)+yps) < V(af(lv—ul,t — )+ yos + 201,

50 also Yy u.s(Yur + 2v1) < a; a contradiction.
Part (ii) and (iii) are seen using Assumption 3.1(i) and Assumption 3.1(iii). O

Before giving two examples of functionals easily seen to satisfy Assumption 3.1,
we introduce some notation. Let D C C,(0) C R? be a fixed spatial object, and for
all rotations R € SO(d) and translations v € R?, define D¥(v) = RD + v. Similarly,
let D(v) = D + v. Furthermore, let I(t) = [t,t + ¢] for all £ > 0. In Example 3.3
below we assume that the set D in fact has radius /2 > 0, by which we mean there
is & € S™* such that {—ar/2,ar/2} C D C C,2(0).

Example 3.3. Suppose we are interested in the probability that there exist a time-
point t, a translation vy and a rotation R of a given set D such that the field
exceeds the level z on the entire set {t} x D?(vy). More formally, we assume that
D C C,2(0) C R? has radius r/2 and study the probability

P(there exist ¢ € [0,T],v0 € B, R € SO(d) : X, >« for all v € D"(vy)).
To put this within the more general framework introduced in (2.10), we define ¥ by

U(ype) = sup sup sup  inf g,
t€[0,7] voe B ReSO(d) ve DE(vp)

Consequently (obtained by straightforward manipulations),

¢z,u,s (yv,t> = inf inf inf sup T = Yot ‘
t€[0,T] voe B ReSO(d) veDR(vy) f ([V — ul,t — )
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Example 3.4. Suppose we are interested in the probability that there is a time-
interval and a location and rotation of the fixed spatial object D, in which the
average of the field exceeds the level z. For this, let D C C,.(0) C R¢ be given and
consider the probability

P(there exist tp € [0,T],v9 € B, R € SO(d) : %/ / X, pdtdo > a:),
DR(UQ) I(to)

where K = f D f(f 1 dtdv. The set D can both be of full dimension in R? and a subset
of some lower dimensional subspace. In either case, dv refers to the relevant version
of the Lebesgue measure. The special cases of

P(there exist t € [0,T],v9 € B, R € SO(d) : %/ Xy pdv > z),

DE(vy)

with a time-point instead of an interval (and K defined appropriately), and
P(there exist top € [0,T],v € B : %/ Xy pdt > x),
I(to)

with a single spatial point, will be covered by the general formulation of the example,
simply be defining fl(to) X, dt = Xy, , when £ = 0, and fDR(vo) X, dv = X, ,,, when
D = {0} and hence D(vy) = {vp}. In the same spirit, the special case of

]P’(there exist t € [0,T],v € B : X, > x)

corresponds to letting £ = 0 and D = {0}. To put this example in the framework of
functionals, we define

U(yys) = sup sup sup g / / Yoz dtdv,
to€[0,T] vo€B ReSO(d) DR (vo) JI(to)

leading to

1
o . f . f . f r— K fDR(vo) f[(to) yv:t dtdv

Qﬁx,u,S(yv,t) = ml i 111 1 _ _ )

to€]0,T] voEB RESO(d) KfDR(vo) fI(tO)f(\v ul,t — s) dtdv

For the further arguments to hold it will be important that 1, , s converges in
a particular way as x — oo. The following assumption is satisfied under further
case specific assumptions on the kernel f in each of the Examples 3.3 and 3.4 as
illustrated in Section 4.

Assumption 3.5. With the functionals ¥ and 1., s as in Assumption 3.1, there
exists ¢ such that

c=VY((f(lv—ul,t =5))wn) (3.1)

for all (u,s) € B x [0,T], and Y((f(|v—ul,t—=5))ws) < c forall (u,s) & Bx[0,T].
Furthermore, for all (u,s) € B x [0,T)] there is a functional A\, : RE*T" — R, such
that

xr
¢I,U,S(yv,t) - E + /\u,s(yv,t> — 0 (32)

as x — 00, holds for all t-cadlag fields (Yut)(wt)eB =1 -
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The following proposition is easily seen from Assumption 3.1 and Proposition 3.2.

Proposition 3.6. With ¢ and A\, s as in Assumption 3.5 it holds that

(i) If the field (Yo)wpyen < s constantly equal to y € R, then

Yy
/\u,s(yv,t) - )\u,s(y> - -

(i1) For all constants y € R and fields (y,.),

Yy
Au,S(yv,t +y) = )‘u,8<yv,t) + ¢
(111) Ay 1S increasing.

In the remainder of this section, it as assumed that also Assumption 3.5 is sat-
isfied.

The first step in proving the asymptotic behaviour of the extremal probability
P(¥(X,,) > x) is to consider the asymptotic behaviour of extremal sets of a single
jump-field V' = (V,, ;) wyep x with distribution v;.

Theorem 3.7. Let (V,;)wen <1 have distribution vi and let (Yo1)wpep <1 be
t-cadlag. As x — oo, it holds that

P(U(Vye + Yor) > //
T(2/0) (= ﬁx/c exp (BAus(Yvt)) dsdu. (3.3)
Proof. For sufficiently large x > 0 we find
v(A)P(Y (Vi + Yor) > )
F({(u $,2) ERIXRX Ry : U(zf(jo—ul,t —8) + yoy) > 2})
(u,8,2) ERT* X RX Ry ¢ Ypus(yoy) < 2})

F
/ wxus yvt))exp (_ﬁwx,u,s(yv,t)) m(du,ds)

x[0,T)

(3.4)
/(B 0/7])¢ (Q/}w in s(yv t)) exp (_61/190’“’8 (yv,t)) m(du7 dS)

First we show that the latter integral is of order o(L(z/c) exp(—fz/c)) as © — oo.
Let y* = sup(, sy g« Yot~ Using Proposition 3.2(iii) and that x — L(x)exp(—Sx)
is decreasing, we obtain that the second integral in (3.4) is bounded from above by

* *

Fovomy = (o =) o (e ) o

Let h(u, s;z) denote the integrand. For all (u, s) € (B x[0,T])¢ we have W(f(|v — v,
t —s)) < c. In combination with (2.5) and (2.6), this implies the existence of v > 0
and C' > 0 such that

h(u, s; x)
L(z/c) exp(—pz/c)

10
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for sufficiently large x. Thus, h(u, s;z) is of order o(L(x/c) exp(—fz/c)) at infinity.
By dominated convergence, also the integral is of order o(L(x/c) exp(—pfz/c)) if we
can find an integrable function ¢ : RY x R — R such that

h(u, s; x)
L(z/c) exp(—pz/c)

for all (u,s) € R? x R. Returning to (2.6) we see that for all 0 < v < 3/c there is
C > 0 and xg > y* such that

< g(u,s)

h(u,s;x)
L(z/c) exp(—Bx/c) . ) (3.5)
sC%m(—@o—fﬂﬁ_7@<@gqv—uut—$)_5>>

for all x > x. Since B’ x T" is bounded we can choose b € (0, 00) such that B’ x T" C
Cy(0) € R where Cy(0) is the (d + 1)-dimensional ball with radius b and center
0 € R For all (u,s) ¢ Cy(0) we obtain from (2.11) that there is a constant C
such that

q’(f(’U—ULt—S))S sup f<|U—U|,t—S)
(v,t)eB'XT!

< o —ult—s) < ¢
< sup v—ul|,t—s5) < :
(0,£)€C (0) (|(u, 8)] —b+1)

where we in the first inequality used Assumption 3.1(i) and (ii). It follows that (3.5)
is integrable.

It remains to show that the first integral in (3.4) has the desired mode of con-
vergence. For this, we have from (3.2), the representation of L, and the fact that p
has an exponential tail, that for any (u,s) € B x [0, 7],

L (wz,u,s (yut)) €Xp (_6¢x,u,s (yv,t))
L (%) exp (=67)

as r — 00. Since z — L(x) exp(—px) is decreasing, we find using Proposition 3.2(iii)
that for sufficiently large x,

— exp (BAus(Yor))

) < Cexp(By*/c),

£ exp (-7

) exp (=5%)
for any (u, s) € B x [0, T], where, according to (2.5), C'is such that L(x;y)/L(f)
C. As B x [0, T is compact, the upper bound is integrable over B x [0, 7] and (3.
then follows by dominated convergence.

OZIA

The next step is to extend the relation (3.3) to an asymptotic result for P(¥(V,},
+ o+ VY + Yoi) > x), where, fori =1,...,n, V' are independent and identically
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distributed with common distribution v;. Here it will be useful to recall that each
V' can be represented by (Z'f(Jv — U'|,t — 5"))wsen =1, where (U',S*, Z") has
distribution Fj. Before being able to extend (3.3), we need a final assumption on
the existence of a function ¢ ensuring sufficient integrability properties.

For the assumption we need some notation representing a deterministic version
of the sum V,}; +--- 4+ V}",. Thus let for each i = 1,...,7n the field (3} ,) e <1 be
given by

Yo = 2 [(Jo —u',t = "),
where all z' > 0, v' € R? and s’ € R.

Assumption 3.8. There exists a function ¢ : RY x R — [0, 00) such that

¢(u,s){zc for (u,s) e B'xT"

3.6
<c for (u,s)¢ B xT, (3.6)

where ¢ > 0 is the constant defined in (3.1), and there is b > 0 and a constant Cy
such that
&

(u,s)|—b+1

P(u,s) < | (3.7)
for all (u, s) with |(u,s)| > b.
The function ¢ satisfies

U3 i) <3 o), (3.8)
=1 =1
and

U T . . .
L)< — ! ' sY). .
Sup sup Aus <; yv,t> < ; Z'(u’, s') (3.9)

The definition of ¢ along with (3.7) ensures that the tail of Z¢(U, S) is asymp-
totically equivalent to p((z/c,00)) and hence, Z¢(U,S) is convolution equivalent
with index 3/c; see Lemma 3.9 below. Equation (3.8) then provides a convolution
equivalent upper bound of the extremal probability for the functional ¥ of a sum
of jump-fields. Finally, finiteness of relevant exponential moments of A, s applied to
jump-fields is ensured by (3.9). This result is seen in Theorem 3.10 below.

In the remainder of this section it is also assumed that Assumption 3.8 is sat-
isfied. The proof of Lemma 3.9 below follows by similar arguments as the proof
of Theorem 3.7 above, however, for completeness the proof can be found in the
Appendix.

Lemma 3.9. Let (U, S, Z) have distribution Fy. Then, as x — oo,
P(Zo(U,S) > z) R 1
L(z/c)exp(—Bz/c) — v(A)

In particular, the distribution of Z¢(U,S) is convolution equivalent with index (3/c
and

m(B" xT"). (3.10)

E[exp<§Z¢(U, S))} < . (3.11)

12



As mentioned, the convolution equivalence of Z¢(U, S) is translated into a convo-
lution equivalent upper bound for the extremal probability of a sum of jump- ﬁelds
Here (3.8) is applied together with the relation F**(z) ~ nF(z)([e*F(dy))" ",
xr — 00, when F' is a convolution equivalent distribution Wlth index [, F*" is its
n-fold convolution, and F is its tail. For this relation see e.g. |6, Corollary 2.11].

In Theorem 3.10 below, a similar convolution equivalence for the sum of jump-
fields is obtained.

Theorem 3.10. Let V1, V2 ... be i.i.d. fields with common distribution vy, and
assume that (Yv ) wnen xr 15 t-cadlag. For all n € N it holds that

P(U(V), + - +m+yvt)>x)
IP’(\I/(Vl)

B>< [0, 77) // [exp (BAus(Vly + - + VI 4 y,)) ] dsdu

as r — O0.

Recall that the field X! is defined as the compound Poisson sum with i.i.d. jump-
fields V1, V2, ... and an independent Poisson distributed variable N with intensity
v(A) < oo. The following result on the extremal behaviour of X! follows from
Theorem 3.10 by conditioning on the value of N.

Theorem 3.11. For each (u,s) € Bx[0,T], E [exp (5)\u78(X7}7t))] < 0o. For a field
(Yot) wyem <1 Satisfying (2.7),

P(\P(Xl +yvt
L(z/c) exp( ﬁx/c // exp ﬁ/\us( +yv,t))}dsdu

as r — OQ.

Now recall that we write the field X = (X, )wnep <7 defined in (2.9) as the
independent sum X = X! 4+ X2, where X! is the compound Poisson sum of fields
with distribution ;. Also, the fields in the decomposition can be assumed to be
t-cadlag. One can show that the tail of sup, ;) X7, is lighter than that of W(X] ),
which is equivalent to the tail of p by Theorem 3.11. Combining this fact with [13,
Lemma 2.1|, an argument based on independence and dominated convergence can
be used to conclude Theorem 3.13 below from Theorem 3.11.

Lemma 3.12. For all (u,s) € B x [0,T] it holds that E [exp (BAus(Xu1t))] < 00.

Theorem 3.13. Let the field X be given by (2.9), where the Lévy basis M sat-
1sfies Assumption 2.1 and the kernel function f satisfies Assumption 2.4. Let the
functionals ¥ and X\, s satisfy Assumptions 3.1 and 3.5, respectively. Then

fig D / / exp (Bhus (Xo.1))] dsdu

z—o0  p(( x/c 00)
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4 Example results

In this section we return to Examples 3.3 and 3.4 to show versions of Theorem 3.13
when W is specifically given as in the examples. We make further assumptions on
the kernel f that guarantee Assumptions 3.5 and 3.8.

In the setting of Example 3.3 we assume the following.

Assumption 4.1. The kernel f : [0,00) x R — [0,00) is decreasing in both coor-
dinates on [0,00) X [0,00), and it is strictly decreasing in the point (r/2,0) in the
sense that

flz,y) < f(r/2,0) for all (x,y) € ([r/2,oo) X [0,00)) \ {(r/Q,O)}. (4.1)

Moreover, the derivative fi(x) = %(:c, 0) exists for all x > 0, and there is a function
g such that
g9(x) = filr/2)(x —r/2) + f(r/2,0) (4.2)

for all x € [0,7], where also f(x,0) < g(x) for all x € [0,r].

Such a g exists in particular when f is concave on [0,r]|. The following lemma
shows that Assumption 3.5 is satisfied when the kernel satisfies Assumption 4.1.

Lemma 4.2. If U and v, , s are given as in Example 3.3 and f satisfies Assump-
tion 4.1, then Assumption 3.5 is satisfied with ¢ = f(r/2,0). Furthermore, for a
t-cadlag field y = (Yor)wt)eB'x[o,1], the functional A\, s takes the form

)\u,s((yv,t)(v,t)eB’X[O,T]) = >\u ((yv,s)UEB’)
for a functional \, : RF" — R.

Proof. From [17, Lemma 3.1] we have, for fixed s € [0,7] and for all v € B, a
functional A, such that

inf  inf sup T Yo - + Au((Yo,s)ven) = 0 (4.3)

vo€B ReSO(d) ve DE(vp) f(’?) - U|, O) f(?”/2, 0)

as x — 00. with A, s defined by Ay s((Yut) w)eB x[0,11) = Mu((Yo,s)ven), We claim that
Assumption 3.5 is satisfied. For notational convenience, we write C' = —\,(yy.s)-

For all sufficiently large =, we can choose t, € [s,T], v, € B and R, € SO(d)
such that

sup L7 Yot = inf inf inf sup T~ Yot

veDRz (vy) f(|1} - u|7 by — S) t€[0,7) vo€B ReSO(d) ve DE(vy) f(|1) - u|7t - S>.

With y* = sup(, yeprxjor) Yot and Y. = inf(, nepxo,1] Yo,r, We then find

*

r—y sup T — Yo,
infvEDRz(fugc) f(|v - u|7tx - S) N veEDEz (vy) f(|1) - u'v te — 3)
S sup T — yv,s T — Yx

vepre(u) f(lv—ul,0) = f(r/2,0)’
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Going to the limit # — oo and using that inf,cpr() f(Jv —ul,t —s) < f(r/2,0),
shows inf,e pra () f(|[v—ul,tz—5) — f(r/2,0) as x — oo. Since in fact the inequality
infy,e pr () f(lv — u| t—s) < f(r/2,0) is true for all (vg,t) # (u,s) and R € SO(d),
the convergence implies that also v, — w and ¢, — s. We will show the desired
convergence

T Yots SN (z — 00)
sup — T — 00
veDERz (vy) f<|U - u|>t96 - S) f(?“/2, O)
by contradiction. Since
sup L7 Yot < inf inf sup _ T T Yos ,
vephe(vy) J([V —ul,te —8) 7 eB Reso() veDR(wy) f ([ — ul, 0)

we assume the existence of € > 0 and a sequence (z,,), x,, — oo, such that

sup — Yotn __In <C—ce¢ (4.4)

veDEn (vy,) f(’ U|,tn - 8) f(’l"/2, O)

for all n, where ¢, = t,,, v, = v, and R, = R, . By t-cadlag properties of the
y-field, we can find ngy such that

yv,tn - yv,s

o =alo)] < 3

sup 5

veEB’

for all n > ng. Consequently and using that f is decreasing and (4.4)

— Yu,s T,
sup -
veDEn (vy,) f(”U - U|, O) f(T/27 0)
< Tp — yv,tn Ty + €
< sup — z
veDEn (vy,) f(‘v - u‘» O) f(?“/2, O) 2
Tp — Yot T € €
< sup = — +5<C—,
vEDRR (uy) f(v—ul|,t, —s) f(r/2,0) 2 2
which contradicts the limit relation (4.3). O

Theorem 4.3. Let the field X be given by (2.9), where the Lévy basis M satisfies
Assumption 2.1 and the kernel function f satisfies Assumptions 2.4 and 4.1. Let
D C C,/2(0) have radius v/2 > 0 and let ¥ be defined by

U(y,t) = sup sup sup inf  y,.
t€[0,T) vo€B ReSO(d) ve DE(vy)

Furthermore, let A, s be the functional given in Lemma 4.2 and write ¢ = f(r/2,0).

Then
lim P (X // lexp (BAus(Xpt))] dsdu.

e p((x/c )
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Proof. The result follows from Theorem 3.13 and Lemma 4.2 once we show the
existence of a function ¢ satisfying Assumption 3.1. Now define ¢ as

gb(“? S) - f(?“/2, 0) 1B’><[O,T] (U, S)
+ sup  sup  f(|lv —ul,t —5) Lo (u,s).
te[0,T] vEBBC, /o

By (4.1), ¢ satisfies (3.6). Choosing b > 0 such that B’ x [0,T] C Cy(0), we use
(2.11) to find a constant C' such that

C
(u,8)|—b+1

d(u,s) < sup  f(lv—ul,t—s) <
(v,6)€CyL(0) |

whenever |(u, s)| > b. Hence (3.7) is also satisfied.
Appealing to Lemma 4.2 and [17, Lemma 3.2],

1
Aus(Yot) = 55— utar/2,s u—ar/2,s 4.5
sWet) = 350720y S Whkarys & thumaryas) (4.5)
for all (u,s) € B x [0,T], if D = {—ar/2,ar/2} for some a € S*!. Adapting the
proof of [17, Lemma 3.3] to this time-dependant setting, it is seen using (4.5) that
(3.8) and (3.9) follow when it is shown that

%(yiit-l-ar/&s + y;i—ar/2,s> S Ziqb(ui’ Si)

4.6
for all (u,s) € B x [0,T], a € S*, (4.6)

with yqit defined as just before Assumption 3.8. Since f is decreasing in both coor-
dinates,

. . zi . .
(yqlﬁ—oar/ls + yz—ar/Q,s)S E(f(lu + CW“/2 - ul‘7 O) + f(’u - OKT/Q - uZ|7 O))

DO | —

Using the upper bound ¢ assumed by (4.2), arguments as in [17, Lemma 3.3] show
that (4.6) is satisfied when (u’,s') € B’ x [0,T]. When (u’,s') € (B’ x [0,T])¢ it is
immediately seen that

%(yz—i—ar/Q,s + y;—ar/273>§ Zi sup sSup f(|’U - ul|7t - Si) = ZZ¢(ulv Si)'
te[0,T]vEBBC, /o

This concludes the proof. O
In the setting of Example 3.4 the following is assumed.

Assumption 4.4. For the set D C C,(0) C R? the kernel function f satisfies

¢
/D(vo) o) f(v—u|,t —s)dtdv < /D/O f(Jv|, t)dtdw (4.7)

for all (vo,ty) # (u,s) € R x R,
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Lemma 4.5. Let y = (Yut)@wpen 1 be a t-cadlag field. For all (u,s) € B x [0,T]
it holds that

1
inf inf inf K fDR(vo f] (to) Yt dtdv
to€[0,T] vo€B ReSO(d) = K fDR (vo) f[ (to) (|U u| t — dth

——+ sup ——/ / Yy dtdv — 0
C  ReSO(d) DE(y

as x — 0o, where ¢ = % [ fogf(|v|,t)dtdv. That is, with ¥ and 1y s as in Exam-
ple 3.4, and with A, s(y,t) = supg %% fDR(u) f[(s) Yy pdtdv, Assumption 3.5 is satis-
fied.

Proof. For all sufficiently large x > 0, choose t, € [s,T], v, € B and R, € SO(d)
with

(4.8)

nf - % Jor(uy) f](to) Yyt dtdv
fo,v0, KfDR (vo) f[(to v —u|,t —s)dtdv
_ r— % Jpna (v2) f](tz) Yy ¢ dtdv
N % fDRZ(vZ) f[(tz) f(Jv—ul,t — s)dtdv’
By definition of ¢, and v, we find that
r—y"
% DRz (v,) f[(tz) f(Jv —ul, t —s)dtdv
< * =% fpn. (va) f[(tm) Yot dtdv
T X fDRx(vz) f[(tz) f(lv—u|,t —s)dtdv
- % fDR f[(s) Yot dtdv

< inf
~ ResOW KfD(u fl |v —ul,t — s) dtdv
T — SUPReso() fDR(u) i) Yo dtdv

Y

c
where y* = supy, . Since %IDR(vO) Sty F(lv — ul,t = s) dtdv < ¢ for all (vo,to) #
(u, s) and any R € SO(d), we conclude that + fDRZ(vx) fl(tx) f(lv —ul,t—s)dtdv — ¢

and consequently v, — uw and t, — s as * — o0o. Since the field (y, ) is t-cadlag, we
furthermore find that, as * — oo,

sup / / Yy dtdv —  sup / / Yy ¢ dtdv.
ReSO(d) J DR (v,) JI(ts) ReSO(d) J DR(u) JI(s)

Recalling that % fDRm(UI) f[(tz) |v — ul,t —s)dtdv < ¢ for all z, and turning to the
inequalities above, we conclude (4.8) by
T = SWPR % Jpr(w Jigs) Yor dtdv T =% Jpre () Jie,) Yor dtdv
¢ - %fDRac(vz) f[(tz)f(w_ulat_s) dtdv
% fDRz (vz) f[(tz) Yo dtdv — supp % fDR(u) f](s) Yy ¢ dtdv
c
SUPR % Jpru) Jie) Yot Ad0 = Subg ¢ [ i Yo dtdv L
c

0<

IA
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as r — 00. L]

Theorem 4.6. Let the field X be given by (2.9), where the Lévy basis M satisfies
Assumption 2.1 and the kernel function f satisfies Assumptions 2.4 and 4.4. Let
D C C.(0) CR? forr >0 be given, and let ¥ be defined by

U(y,t) = sup sup sup / / Yt dtdv,
DR ’Uo) (to

to€[0,T] vo€B ReSO(d
where K = [, f(fldtdv. Furthermore, let ¢ = + [, fo f(|v|,t)dtdv. Then
lim ]P)(\I’(Xv,t) > .%’)

=00 p((2/c, 00))

=m(B X [O,T])E[exp sup ——/ / thdtdv
ReSO(d) DE(u

where (u,s) € B x [0,T] is chosen arbitrarily.

Proof of Theorem /4.6. The result follows from Theorem 3.13 and Lemma 4.5 once
we show the existence of a function ¢ satisfying Assumption 3.1. Note that the
integrand in the limit in Theorem 3.13 is constant due to the stationarity of X and
Au,s- Define

d(u,s) = ¢ Lpxr(u,s)

+ sup sup —/ f(lv —ul,t = s)dtdv 1(pryrrye(u, s).
to€[0,T] voEB D(vo) /1I(to)

By (4.7), ¢ satisfies (3.6). Choosing b > 0 such that B’ x 7" C C}(0), we use (2.11)
to find a constant C' such that

C
o(u,s) < sup  f(lv—ul,t—s) <
(1 9) (v,£)€C3(0) ( | ) |(u,s)] —b+1

whenever |(u, s)| > b. Hence (3.7) is also satisfied. Now let n € N be fixed, and let
(Y1) e = for i =1,...,n be t-cadlag fields. Then

<Z yvt) = Ssup sup sup —/ / Zyvtdtdv
B(vo) JI(to) ;

to€[0,T] vo€EB ReSO(d)

n

gz sup sup sup % / y!  dtdv
=7 t0€[0,T]vwEB ReSO(d) ~ JDR(vo) JI(ty)

= Z \Ij(yzi;,t)'

Furthermore, if 3 , = 2° f(Jv — u'|,t — 5°), it is easily seen that U(y;,) < 2’¢(u’, s"),
and hence, (3.8) is satisfied. Since

1 ,
sup sup A, S(yv t) = _\Ij(yz,t>7
s€[0,T] uEB c

(3.9) is also satisfied, which concludes the proof. O

18



As mentioned in Example 3.4, the case of P(sup;c(o 1) Sup,ep Xos > ) follows
from Theorem 4.6 by letting ¢ = 0 and D = {0}. In this case, the constant ¢ =
f(0,0) =1 and (4.7) translates into f(|vg—ul,to—s) < f(0,0) for all (vo, to) # (u, s),
or equivalently f(z,y) < f(0,0) for all (z,y) # (0,0).

Theorem 4.7. Let the field X be given by (2.9), where the Lévy basis M satisfies
Assumption 2.1 and the kernel function f satisfies Assumption 2.4 and f(z,y) <
f£(0,0) for all (z,y) # (0,0). Then

: P(Supte[O,T} SUPyep Xot > )
lim

3 o((,0))

= m(B X [0, T])E [eXp (ﬁXu,s)] )

where (u,s) € B x [0,T] is chosen arbitrarily.

5 Continuity properties

The main purpose of this section is to show that the field defined in (2.9) has a
version with t-cadlag sample paths. This result will be obtained in Theorem 5.7 be-
low. However, the proof involves showing two other results on continuity properties
of related random fields of independent value. Therefore these results are formu-
lated as separate theorems; see Theorems 5.2 and 5.4 below. Only the main results,
Theorems 5.2, 5.4 and 5.7, are stated fully with all assumptions included in the
statement. The rest are to be understood in relation to the context. As stated in
Section 2, Assumption 2.1 on the Lévy basis is partly used to guarantee that the
field is t-cadlag. However, if the aim is solely to obtain the t-cadlag property, we can
relax the assumption. In this section we therefore consider Assumption 5.1 below.
It will both be referred to with the dimension of the Lévy basis being d and d + 1.
Thus, both the assumption and the subsequent Theorem 5.2 will be formulated with
m € N indicating the dimension.

Assumption 5.1. The Lévy basis M on R™ is stationary and isotropic satisfying
(2.1). Moreover, the Lévy measure, denoted p, satisfies

/ y"p(dy) < oo for all k € N. (5.1)
ly[>1

For the first result in this section, consider a compact set K C R™ and define
the random field Y = (Y, )yex by

Vo= [ b uh(du), (5.2)

where M is a Lévy basis on R™ satisfying Assumption 5.1. It is shown in [16,
Theorem A.1| that such a field has a continuous version when h : [0,00) — R
satisfies certain properties including being differentiable. Under much less restrictive
assumptions on the kernel function h, we show that this is still the case. We only
assume that h is bounded and integrable

/m h(Jul)du < oo, (5.3)
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and that h is Lipschitz continuous. That is, there exist C'y, > 0 such that
[h(z) = h(y)| < CLlz —y| (5.4)

for all x,y > 0. Having Assumption 5.1 satisfied for the basis M and (5.3) and (5.4)
satisfied for the bounded kernel function ensures in particular that the integral (5.2)
exists; see [15, Theorem 2.7].

To show continuity, we appeal to a result in [1|, in which finite moments and
cumulants of the spot variable M’ of the basis M are needed. As already mentioned,
(5.1) is equivalent to saying that M’ has finite moments and thus cumulants of any
order; see [14, Corollary 3.2.2| for the relation between moments and cumulants.

Theorem 5.2. If the fieldY is given by (5.2) with the Lévy basis M on R™ satisfying
Assumption 5.1, and if the kernel is bounded and satisfies (5.3) and (5.4), then the
field has a continuous version.

Proof. For r € R and n € N we shall consider moments of the form E[(Y,, —Y,)"].
Note that only indices in K are relevant, so in particular, 0 < |r| < diam(K). By
(5.4) and the triangle inequality, there is a finite C' such that

}h(|v +7r—u|)—h(jv— u|)| < C|r|.

Now let ,[ -] denote the nth cumulant of a random variable; for a brief overview
of the relation between cumulants and moments we refer to [14, Chapter 3| and in
particular [14, Corollary 3.2.2]. The cumulants «,, of the difference Y, ., — Y, satisfy
K1Yy — Y] =0 and, for n > 1,

o =Y < ] [ (o4 7 = ul) = Ao = u)|"du
< |/<;n[M’HC"1\7"\”1/R |h(]v +r—ul)—h(jv— u])‘du < Cplr™ 1,
where (), > 0 is a finite constant, chosen independently of r and v € K by
= }ﬁn[M'Hc”lz/R h(Jul)du < oo,

see e.g. |18, Appendix A] for the cumulant formulas. Consequently, for all n € N,
there exist finite constants C, and natural numbers n’ > n/2 such that

E[(Yorr — Yo)"] < Cplr|™

with the equality n’ = n/2 whenever n is even; see |14, Corollary 3.2.2]. Using the
fact that |r| < diam(K), we find finite C" > 0 and > 4(m + 1) such that

4(m+1) ’ 2m|,.|2 Cl|r|2m
E|Yyir — Y| < Ol P " < llog|r||""

for all v € K. From a corollary to [1, Theorem 3.2.5] we conclude that (Y,),cx has
a continuous version on K. [l
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Next, we consider a field indexed by R? x R allowing for discontinuities in time,
and we show that it has a t-cadlag version. For compact sets K C R? and [0, 5],
S >0, we let the random field Z = (Z,1)(w1)erx[o,5] be given by

2oy = /R d /{O ol =) Mas,dw), (5.5)

where M is a Lévy basis satisfying Assumption 5.1 with m = d + 1, and the inte-
gration kernel g : [0,00) — R is assumed to be bounded, integrable and Lipschitz
continuous, i.e. it satisfies (5.3) and (5.4); again with m = d + 1.

Choose 0 =ty < --- < t, in [0,5] and v € K. Arguing as in Section 2, the
cumulant function for (Zy,4,, Zyt, — Zotys-- - Zot, — Zut, ,) can be found to be

C(A T (Zv t1 Z”U Jto T Zv RARIIRE] Zv,tn - Z’U,tn,1>>

—Z (m a/R (|v—u|)du—10)\2/d (Jo — u|)?du

// A= 1 ig(Jo — ul) A1 (2)p(d2)du)

where A = (A1,...,\,;) € R". By a change of measure, we see for fixed v € K that
(Zut)iep,s) is a one-dimensional Lévy process in law. In the following we shall extend
this to a result concerning the process of random fields indexed by time.

In this section we will often consider the field as being a collection of real-valued
functions defined on space K or K = K NQ?, with the functions indexed by time in
[0, 5] or S = [0, S]N Q. As such we introduce the notation Z; = (Z,+)vex, with the
entire field denoted by Z = (Z;);c0,5) when considered as a collection of random
functions. We use the same notation when space and time are indexed by K and
S, respectively, although when it is unclear which is meant and it is necessary to
distinguish the cases, we explicitly state it.

Let ¢t € [0,S5] be fixed and choose vy,...,v, € K. Then (Z,,+,...,%Z,,+) has
cumulant function given by

OOt G ) =t [ 5" Ny =)
—t%Q/Rd (ixquvj —u|)>2du (5.6)

+t/ / ZZJ 1 gg |Uj*u| 1 _ ZZ)\J‘Q ”U] ,2,’1[ 11( )p(dZ)du
R4

Replacing (a, 8, p) by (ta,t0,tp), we see from (5.6) that Z; is the type of field defined
n (5.2). Thus, by Theorem 5.2, (Z, ), is almost surely uniformly continuous. This
holds jointly for all rational time points ¢ € S, and therefore a version of (Z1) e
can be chosen with Z; being continuous for all ¢ € S, i.e. it has values in the space
of real-valued functions on the compact set K. It will be useful in the following
that this space equipped with the uniform norm, here denoted (C(K,R), |||ls), is &
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separable Banach space; see [11, Theorem 4.19]. The following lemma concerns this
specific version of (Z), 5 taking its values in (C(K,R), ||-||)-

Lemma 5.3. The process (Z;),cg is a Lévy process in law, i.e. each Z; has an in-
finitely divisible distribution, the process has stationary and independent increments,
and 1t 1s stochastically continuous with respect to the uniform norm.

Proof. As Z, is a version of the field studied in (5.6) for each ¢t € S, also the cumulant
function for (Z,,4,...,Zy, ) will be as in (5.6). With similar considerations, but
heavier notation, it can be realised that for vq,...,v, € K and 0 =1y <13 <--- <
tm € 5, and defining Z! = (Zoitys- s Zoyy,) for j=1,...,m, it holds that

CAt (22,2, — 2}

t1r

2t = Zip 1))

tm—1

=Y C\tzr -2z )=Y CcntZr, ),
j=1 j=1

where A = (A\1,...,\,) and each A\; € R", and the natural convention Z§ = (0,...,0)
is applied. This shows that (Z;), g has stationary and independent increments.
To show stochastic continuity it suffices to show that

lim P(|| Z,, [loc =€) =0
n—oo

for any rational sequence (t,) satisfying ¢, | 0. As (C(K,R),||-||») is a separable
Banach space, this is equivalent to showing that Z; converges to do in law in the
uniform norm, where dg is the degenerate probability measure concentrated at 0. For
tesS , let v; denote the distribution of Z; and let 74, be its characteristic function
defined on the dual space of C(K,R), see [12, Section 1.7|. Since (C(K,R),||/c)
is separable, v, is a Radon measure [12, Proposition 1.1.3] and the results in [12,
Chapters 2 & 5| apply. Due to the infinite divisibility, v; = v, * v, for any
n € N (assuming ¢, < 1), and we conclude that {14, } is relatively shift compact [12,
Theorem 2.3.1]. Following the proofs of [12, Propositions 5.1.4 & 5.1.5] we obtain
that lim, . 2, — 1 uniformly on bounded sets of the dual space. Combining [12,
Propositions 2.3.9 & 1.8.2| shows that Z;, converges in law to dg as claimed. m

The next theorem states that the field Z defined in (5.5) indeed has a t-cadlag
verslion.

Theorem 5.4. Let the field Z be given by (5.5) such that the Lévy basis M on R4+
satisfies Assumption 5.1 with m = d + 1, and the bounded kernel g satisfies (5.3)
and (5.4), with m = d. There is a field Z' = (Z, ;) w ek x(0,5) that is a version of Z,
i.e. P(Z,, = Zyy) =1 for all (v,t) € K x [0,5], and such that lim,; Z(w) = Z{(w)
and limyy Z7(w) exists with respect to ||| for all w. Furthermore, the map v = Z, ,
from K into R is continuous for all t € [0,S]. In particular, Z' has t-cadlag sample

paths.

The desired t-cadlag version will be an extension of the field (Z;),.5 studied
in Lemma 5.3. Thus, (Z;),.g will still be a version chosen such that each Z, is a
continuous random field. The result relies on a sequence of lemmas that are shown
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using an adaption of the ideas of [21, Theorems 11.1 & 11.5] and [21, Lemmas
11.2-11.4] for Lévy processes on R. Lemmas 5.5 and 5.6 are shown using similar
techniques for the Lévy process (Z;),.5, and therefore we omit the proofs here, and
refer to the Appendix (page 25) for completeness.

For the statement and proof of these lemmas, the following notation will be
useful. We say that Z(w) has e-oscillation n times in a set M C QN [0, 00) if there
exist tg < t; < --- <t, € M such that

Hth (w) - thfl(w)Hoo = Su}? ‘Zv,t]‘ (w) - Z’U»tjfl(w)l > €
ve

forall j =1,...,n. We say that Z(w) has e-oscillation infinitely often in M if it has
e-oscillation n times in M for any n € N. Consider €2; given by

O ={weQ| lim Z(w) exists with respect to ||| for all ¢ € [0,S] and
s€Q,slt

l(i@mTt Z(w) exists with respect to ||-||« for all t € [0, S]}.
se),s

Furthermore define the sets

A = {w € Q| Z(w) does not have +-oscillation infinitely often in S}

and from these define Q] = NkenAx. Each Ay, is measurable as each Z; is continuous
on K for t € S, such that ||-||cc = sup,ex | - | =sup,ei |- |-

Lemma 5.5. Q] C Q.
Lemma 5.6. P(Q2}) = 1.

Having established that the limseqg s+ Z5 and limgeq o1t Z5 exist almost surely, we
now prove the main result Theorem 5.4 on the existence of a t-cadlag version of Z.

Proof of Theorem 5.4. we have P(Q]) = 1 by Lemma 5.6. For all ¢ € [0, S], define
Z{(w) = 1o (w)(limseq sy Zs(w)), where the limit is with respect to ||||o, and exists
according to Lemma 5.5. The cadlag-assertion is trivially true for w ¢ ). Now
consider w € )] but suppress w in ease of notation. By definition of ZJ,

Ve>03INVse (t,t+)NQ: [|Z] — Z||w < (5.7)

Let (t,) be any sequence satisfying ¢, | t. Fix € > 0, and let N € N satisfy (5.7)
with the bound §. There is ny € N such that [¢, —t| < % for all n > ngy. Now fix
such n. By another application of (5.7) there exist N,, such that ¢, + Nin <t+ % and
1Z] — Z||oc < 5 forall s € (t,,t, + Nin) N Q. For any of those s we in particular
find that

12, — Zllw < |2}, — Zllno + 2] — Ziln < c.

As this is true for all n > ng we conclude that Z’ = (Z;),co,g) is right-continuous
with respect to [|-||oo. Similar arguments show that Z’ has limits from the left and
that the limits are unique. The mapping v + Z , is continuous because the space
(C(K,R), ||]|s) is complete, and Zj is defined as the limit of such functions.
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We now argue that Z' is indeed a version Z. If (¢,) C S with ¢, | t then
Lyt = Zyy forallv € K as (Zy4)icp,s) is @ Lévy process in law and thus especially
stochastically continuous. Since P(2}) = 1 we have Z,,, — Z, , almost surely, and
by uniqueness of limits we conclude that P(Z; , = Z,,) = 1 for all (v,t) € K x [0, 5].

It remains to show that Z’ is t-cadlag. Since we for given (v,t) € K x [0, S] can

write
Zoy = Zosl <120y — Zyal + 12y — Zi|| o

for any choice of (u, s) € K x [0, 5], we conclude that limy g +) 2y, = Z,,;, from
the continuity of Z; and the uniform cadlag property of (Z}).c(o,51. Similar arguments
give that the limit lim,, ) (v-) £, ¢ exists in R and that it is unique. n

Theorem 5.7 below is stated under Assumption 2.1. However, in order to establish
t-cadlag sample paths, the milder Assumption 5.1 would have been sufficient.

Theorem 5.7. Let the field X = (X, ) wen <1 be given by (2.9), where the Lévy
basis M satisfies Assumption 2.1 and the kernel function f satisfies Assumption 2.3.
Then X has a version with t-cadlag sample paths.

Proof. We decompose the field (X, ;) as

X, = / F(lo—ulot — ) — F(lv — ul,0)M(ds, du)
R4 x[0,t]

+/ f(|v—u|,t—s)M(ds,du)—l—/ f(Jv —wul,0)M(ds, du).
R4 x (—00,0) R4 x[0,t]

By Theorem 5.4, choosing ¢g(-) = f(-,0), the third term has a t-cadlag version.
Due to continuity of the integrands, the first and second terms have continuous
versions by arguments similar to those in the proof of Theorem 5.2: Defining the
continuous function ¢ : [0,00) x R — R by

gb(x,y) = 1[0,00)(y) (f($7y) - f(ZL‘,O)),

the first term above reads
Vo= [ o=l t - 9M(duds) = Vi +
R4 x[0,00)

where y,; = EY), and Y, ; = Y., — 4, ;. The field (Y, ) is continuous by previous
arguments replacing the assumptions (5.3) and (5.4) by the conditions

/ / |p(|ul, T + ¢ — s)|dsdu < oo (5.8)
R J0
and the Lipschitz continuity of ¢

|O(lua],ts = 5) — B(Jual, t2 — 5)| < C| (w1 — ug, t1 — 1)

for all u;,us € R? and t1,t, € T". These conditions are easily seen to be satisfied
under Assumption 2.3. As

Yot = Yo = E[M/]/ / o(lul,t — s)dsdu < oo
Rrd Jo

the deterministic field (y,:) is continuous by a dominated convergence argument
using (5.8). The continuity of the second term follows similarly. O
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Appendix: Supplement
A Proofs of Section 3

Proof of Lemma 3.9. For sufficiently large x we find that

P(Zp(U,S) > z) = ﬁF({(u,s,z) cRYx R xRy : z¢(u,s) > az})

= ﬁ /B’><T’ L(%) exp(—ﬁ%)m(du, ds)
1 x x
T8 Dy M) 0 (g it

where the first term equals L(x/c)exp(—pfz/c) times the desired limit. The result
follows when the latter integral is shown to be of order o( L(z/c) exp(—px/c)), as x —
oo. Let h(u, s;z) denote the integrand. For all (u,s) € B’ x T" we have ¢(u, s) < c.
Combined with (2.5), this implies the existence of v > 0 and C' > 0 such that

h(u, s; x)
L(z]c) exp(—Bz]o)
for sufficiently large x. Thus, the integrand h(u,s;z) is o(L(z/c) exp(—pfz/c)) at

infinity. By dominated convergence, the integral is of order o(L(x/c) exp(—pfz/c)) if
we can find an integrable function g : R? x R — R such that

< Cexp(—7z)

h(u, s; x)
L(z/c) exp(—pz/c)

for all (u,s) € R? x R. Returning to (2.6) we see that for all 0 < v < 3/c there is
C > 0 and z( such that

< g(u,s)

L(x/f)(;;;’(i)ﬁx/c) < Cexp(—xo(ﬁ - ’yc)(@ — %)) (A1)

for all z > zy. Since B’ x T" is bounded, we can choose b € (0,00) such that
B xT" C Cy(0), where Cy(0) is the (d + 1)-dimensional ball with radius b and
center 0 € R? x R. Turning to (3.7) and choosing b sufficiently large, we conclude
that the right hand side of (A.1) is integrable over the complement of Cy(0). This
shows the desired order of convergence.

From [13, Lemma 2.4(i)] the distribution of Z¢(U, S) is convolution equivalent
with index (§/c. The integrability result follows from [13, Corollary 2.1(ii)]. O

Corollary A.1. If VY, V2 ... arei.i.d. fields with distribution vy, then
E[exp(fsup sup Auo((Vl+-+ + Vi) ) | < o0

u€B s€[0,T

for alln € N,
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Proof. Because each V' can be represented by (Z'f(|v — U'|,t — S")wep =1, the
result follows from (3.9) and (3.11). O

Proof of Theorem 3.10. We will show the claim by induction over n: We note that
the case n = 1 follows easily from Theorem 3.7. Now assume that the result holds
true for some n € N and let for convenience V** = V! 4+ ... 4 V" Also, let y* =
SUD(, e prx7r Yot Using (3.8) and the representation V' = Z° f(|v — U'[,t — 57), we
find

I (\I/(Lv*,? Lvr,Lt ! yv,t) > x)
- 7 ) 7 x y* n+1 n+1 n+1 T y*
< - [——
]P’(E Z'(U*, SY) > 5 L2 o(U ;ST > 5

WK?+V“*+%0>x)
(Z Zig(U", S
+(

Zn+1¢ Un+1 Sn-‘rl) <

(A.2)

WV VI 4 ) > @)

Y

Z,MWwamwﬂ.

The first term in (A.2) is bounded from above by

P(izw(w,si) >z
=1

In Lemma 3.9 we showed that the distribution of Z'¢(U?, S?) is convolution equiv-
alent with index f3/¢, and hence, from [6, Corollary 2.11] and (3.10), both factors
are asymptotically equivalent to p;((z/(2¢),00)) as x — oo. Following the proof
of |5, Lemma 2| we see that the product is o((p1 * p1)((x/c,00))), and as such the
first term in (A.2) is o(p1((z/c,00))) due to the convolution equivalence of p;. By
Theorem 3.7 it is of order o(P(¥(V,},) > z)) as z — oo.

By independence, the two remaining terms in (A.2) divided by P(¥(V,},) > z)

*

S Je(z s > £

are

/ P(W(3S, 2 f(lv — 'l t =) + VI +ye) > 2)
Ca P(U(V,,) > z)

X B (d(ut, st 2 et s ) (A.3)
POV + 2 f(Jo — ], t — sb) + yos) > )
v, ? ’ F d 1 1 1
- POV > 2) (dlw’, 8%, 27),

where F°" is the n-fold product measure of Fy and




Above we used the representation V' = Z° f(Jv — U’|,t — S?) again. By Theorem 3.7
and the induction assumption, the integrands of (A.3) have the following limits as
T — 00,

fi(ut, st 2t u s™ 2
— fB foT exXp (5/\%5(2?:1 Zf(jv—u'|,t —s") + Yu,i)) dsdu
m(B x [0,T)) ’

f2(u1’81’21)
B n [y, fOTIE [exp (ﬁ)\w(VU{t o VT 2 (o =t t = st + yey)) ] dsdu
B m(B x [0,T]) ’

respectively. When integrated with respect to the relevant measures we find

n+1 n
B <0.7]) / / eXp ﬁ)\us( e+ VL ym))} dsdu,

which is the desired expression. To show convergence of the integrals in (A.3), using
Fatou’s lemma, it suffices to find integrable functions g;(u', s, 2%; ... ;u", s, 2"; x)
and go(u', s, z';z) that are upper bounds of the integrands such that their limits
exist when x — oo and such that

/gl(ul, sttt s 2 ) R (d(ut, st 2t u s 2))
+/gg(ul,sl,zl;x)Fl(d(ul,Sl,zl))
%/xlilglogl ut, st 2t s 2 ) FEM(d(ut st 2Lt s 2)
+/xli_)rrologg(ul,sl,zl;x)Fl(d(ul,sl,zl))
as x — 00. Using (3.8) and properties of ¥, we can choose the functions

P(Z'o(UN, ZY) > x —y" — 37, 2'o(u, 8'))
P(U(V,,) > )

1 .1 1. LMo n, _
gi(u, s,z u st 2N ) = 16,

and . S
P, Zo(U ZY) > o — y* — 2to(ut, sY))
P(¥(V,},) > =) '

go(ut, st 2t r) = 1a,

From Theorem 3.7 and (3.10) we find that

m(B' x T")

P2 W50 > o) ~ e 0. a])

B(U(V},) > ) (A4)
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as ¥ — oo. The fact that the distribution of Z'¢(U?, S1) is convolution equivalent
and in particular has an exponential tail implies

1,1 1. ..on oo m(B’ x T") B, ~ i
gl(U,S 1R e U, S, 2 Jx)%m(BX[(),T])eXp(C(y +;Z¢(U,S)>>

as x — oo. Similarly, (A.4) and an application of [6, Corollary 2.11] gives

gQ(ul, st 2t x)
m(B' x T")

B
~ (B % [0,T))

nexp(%(y* + 2'o(u', 31))> (E exp(EZlgb(Ul, Sl)>)n_1

as x — 00, and we conclude that

/JE& gr(ut, st 2t ST 2 ) FEM(d(ut, st 2L, s 2))

" / lim go(ul, s, 21 2) Fy (d(u!, 8", 1))
r—r00

_ m(B' xT") 521(25([]1’51)))”_ (A.5)

—m(n + 1) exp(By*/c) (IE exp(g

For notational convenience, we let u denote the distribution of Z¢(U?, S*). Then,
again by [6, Corollary 2.11] and (A.4), (A.5) equals

L m(B X T) (- yto0) D (a — yo0))
Sem(Bx [0.7])  pl(e,00)) e PE(V) > @)

(A.6)

Furthermore, we see
P(U(V;,) > o) ( / QA 2m) / 9oz 2)pu(d))
(x—y*)/2 (x—y*)/2
— [ ey s+ [ (g - 2 o))
0 0

Since, in particular, the tails of p and p* are exponential with index /¢, we see from
[5, Lemma 2| that the sum of integrals is asymptotically equivalent to p*™+1) ((z—y*,
00)). Returning to (A.6) concludes the proof. O

Before proving the theorem on the extremal behaviour of X!, we need the fol-
lowing lemma for a dominated convergence argument.

Lemma A.2. Let V1, V2 ... be i.i.d. fields with distribution vy, and let (U, S, Z)
be distributed according to Fy. There exist a constant K such that

PV, +---+ V) >a) < K"P(Zo(U,S) > x)

for alln € N and all x > 0.

28



Proof. By Lemma 3.9 the distribution of Z¢(U, S) is convolution equivalent, and it
follows from [6, Lemma 2.8 that there is a constant K such that

IP’(Z Zig(U, S1) > x) < K"P(Z(U, S) > ),
i=1
for i.i.d. variables (U', S, Z1), (U?, 8%, Z?), ... with distribution Fj. The result fol-

lows directly from (3.8). O

Proof of Theorem 3.11. From (3.9) and the representation V' = (Z'f(jv — U],
t —5"))(w.t), we see that

E [exp(BAus(X,,))] < exp (v(A) (Elexp(3Zo(U, 8)] - 1))

The first claim now follows from (3.11).
For the limit result, we find by independence and Lemma A.2,

P(@(X;t + Yot) > )

o0 A n
ey —”<n!> POU(V,+ o+ Vit y00) > 2)
TLKTL
<P(Z$(U,S) >z — “(4) Z

where y* = sup, yv: and e~ v(A) S~ T;Kn < oo. With the convention that
Vi 4+ 4+ V2t =0for n =1, by dominated convergence, Theorems 3.7 and 3.10
and Lemma 3.9 yield

- P(U(X,, + Yot) > T)
o500 (:z:/c)exp( 51:/0

n 1 n—1
- ~v(4) BAU,S(VU eV +yv,t)] dsdu
(A) ¢ Z ! / /

=1

_ o) i” )n/

— / / 5)\us vt+yv,t)] dsdu

This concludes the proof. O

T
/ ﬁAu S(VU e +V, t“l’yv t ] dsdu
0

oy

Proof of Lemma 3.12. First we show that
Eexp(y sup X],) <oo (A.7)

(v,t)eB' xXT"

for all v > 0. Applying arguments as in Section 2, we write X? as the independent
sum X7, =Y} 4+ Y2, Here Y is a compound Poisson sum

M
1 _ k
Yo=Y J
k=1
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with finite intensity v(A°N D) < oo and jump distribution vy = vaenp/v(A° N D),
where D = {z € R¥ : inf(, yex 20y < —1}. Furthermore, Y? is infinitely divisible
with Lévy measure vacnpe, the restriction of v to the set AN D¢ = {z € R¥ :
SUP( )ex |2v¢| < 1}. By arguments as before, both fields have t-cadlag extensions
to B’ x T". For each k, nyt < 0 for all (v,t) € B' x T" almost surely, and in partic-
ular E exp(y sup(, neprxr Yyy) < 00 for all 4 > 0. As (th)(v nep <7 is t-cadlag on
the compact set B’ x T”, we find that P(sup, syepr | Yiel < 00) = 1. Since also
Vaerpe({z € RX - sup(v nek |2ot] > 1}) = 0, we obtain from [4, Lemma 2.1] that
E exp(y sup, peprxr [Yoil) < 0o for all 4 > 0, which yields the claim (A.7).
Appealing to properties of A\, s we find that

Ssu v / /X,g
NealXo) S MKl + sup X2,) = A (XL,) 4 oeEBod! Tor
T (wp)eB'xT! ’ c

The assertion now follows from (A.7) and the first claim of Theorem 3.11. [

Proof of Theorem 3.15. Let m be the distribution of (X? ) (w)eB'x7- Conditioning
on (X2,)ws) = (Yust)we we find by independence that

P(U(X,;) >x) P(\P(th + Yo t)
POU(X],) > ) / P(U(X],) > / fly;2)m(dy)

with f(y;2) = P(U(X;, + yor) > x)/P(\I/(let) > z), which, according to Theo-
rem 3.11, satisfies
S S E [exp (Bus(XL, + yur))] dsdu

fB foT [exp (5>\u (X} ))] dsdu

as x — 0o. By another application of Theorem 3.11 and since

fly;x) = fly) =

Lo fy Elexp (B (X)) dsdu
T d
/ fom Ly JTE [exp (BAus(XL,))] dsdu’

the proof is completed if we can find non-negative and integrable functions g(y; x)
and ¢(y) = lim,_, g(y; x) such that f(y;z) < g(y;x) and such that

[ sworan - [ sy

as x — oo. With y* = sup, ;e pr«7 Yo,t We use the function
9(yiv) = P(U(X,,) +y" > 2) /P(P(X,,) > )
which, according to properties of A, s and Theorem 3.11, satisfies
9(y;x) = g(y) = exp(By*/c)

as  — co. From [13, Lemma 2.4(i)] and Theorem 3.11 the distribution of ¥ (X} ,)
is convolution equivalent with index 3/c. Now let G and H denote the distributions
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of W(X,,) and sup(, yeprr Xo, respectively. If H(z) = o(G(x)), © — oo, it follows
from the integrability statement (A.7) and [13, Lemma 2.1] that

] du) — P(\I/(Xg,t) + SUpP(, )ep T Xv2,t > 1)
g(y,x)ﬂ( y) - P(‘P<X1t) > x)
p
— Eexp(— sup Xi,f) = [ g(y)m(dy)
C (vt)eB'xT’

as x — oo. From (A.7) we find that lim,_, €*P(sup(, yepixg Xoy > ) = 0 for all
v > 0. Combined with the convolution equivalence of the distribution of W(X},),

this yields H(x) = o(G(x)) and the claim follows. O

B Proofs of Section 5

Proof of Lemma 5.5. Let w € Q) and (s,) C S such that s, | t € [0,5]. For all
k € N there exists IV € N such that

| Zs, (W) — Zs,y (W)]|oo < % for alln > N. (B.1)

This is seen by contradiction as follows: Assume that for any N € N there exists
n > N such that

12, () = Zsy (W)l > 3-

Now fix p € N. By this there exist ng < n; < ng <--- < n, such that
1Z;,,(w) = Z,, (W)l >3  forj=1,....p

and we conclude that Z(w) has %—oscillation p times in S for any p. Hence w € AS,

which is a contradiction. From (B.1) and the fact that the metric space (C(K,R), |||/s0)
is complete, we know that lim,, ., Z;, (w) exists with respect to ||-||« as a continuous
function on K. To show uniqueness of the limit, let (¢,) C S be another sequence
such that ¢, | t. Then lim,,_,o Z,, (w) = lim, o Z;, (w): Let (r,) be the union of
(sn) and (t,) ordered such that r,, | t. Then similarly for any € > 0 there is N’ such
that

1Z,,(w) = Z,,, ()|l <5  forn>N.

Also there is N € N such that (s,)n>n, (tn)n>n C (7n)n>n7, and hence
125, (w) = Z1,(W)]loo <1125, (@) = Zr (W) [oo + (|21, (W) = Z1y, (W)l < €

for all n > N. Thus, the limit limycq sy Zs(w) exists uniquely with respect to ||| -
Similarly for limseq st Zs(w). O

We let
B(p,e,D) ={w € Q : Z(w) has e-oscillation p times in D},
with D C QN [0,00), and
ae(r) = sup{P([| Z]|l« = €) |t €[0,7]NQ}.

Note that a direct consequence of the stochastic continuity from Lemma 5.3 is that
ae(r) — 0asr — 0 for all e > 0.

31



Lemma B.1. Let p be a positive integer, D = {t1,...,t,} € QN[0,00) and u,r € Q
such that 0 < u <ty < --- <t, <r. Then P(B(p,4e, D)) < (2a.(r —u))".

Proof. We will show the statement by induction in p. For this, define

Cy = {Hth —Zulloo <2 j=1,...,k—1, ”Ztk — Zu|loo > 2¢},
Dy, :{HZtk _ZTHOO >€}

and note that C1, ..., C, are disjoint and

B(1,4¢,D) C

=

1 =

112, ~ Z.)l > 20 = | G
k=1

i

I
=

(Crx N DY) U (Cp, N Dy)

>
Il
—_

n

- {HZT - ZUHOO > 6} U U(Ck N Dk)

k=1

By the Lévy properties in Lemma 5.3 we have P(||Z, — Z,[| > €) < ac(r — u)
and furthermore that P(Cy N Dy) = P(Cy)P(Dy) < P(Cr)ae(r — u). The fact that
C4,...,C, are disjoint then implies

P(B(1,4¢,D)) < P(|Z, — Zulloe > €) + Y _P(Ci N D) < 2a(r —u),
k=1

which is the desired expression for p = 1. We now assume the result to be true for
arbitrary p € N. We define the sets

F, = {w: Z(w) has 4e-oscillation p times in {t1,..., %},
but does not have 4e-oscillation p times in {¢1,...,tx_1}} ,
Gi = {w: Z(w) has 4e-oscillation one time in {tx,...,t,}}.
Then Fi, ..., F, are disjoint, and P(F}, N Gy) = P(Fy)P(Gy) for all k =1,...,n due
to the Lévy properties. Also B(p, 4¢, D) = Up_, F},, and furthermore

B(p—|— 1,46, D) = U(Fk ﬂGk)
k=1
with the inclusion C seen as follows: If w € B(p + 1,4¢, D) then Z(w) has 4e-
oscillation p + 1 times in some {t,,,...,tn,.,} © D with ng < ny < -+ < nyyy.
Hence there is k < n;, such that w € Fi. Also || Z;, (w) — Zi,, (w)[|o > 4€ and as
such also w € G. From the induction assumption, the case p = 1 and the fact that
Fi, ..., F, are disjoint we find that

P(B(p+1,4¢,D)) = Y P(GL)P(F}) < 2a.(r — U)P<U Fk>

= 20, (r — w)P(B(p, 4e, M)) < (200 (r — u))".
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Proof of Lemma 5.6. To show that P(2}) = 1 it suffices to prove P(A{) = 0 for any
fixed k € N. Since a(r) — 0 as r | 0 for any € > 0, we can choose ¢ € N such that
2001 /() (S/¢) < 1. Then by continuity of P we get

P(A;) < P(Z has ;-oscillation infinitely often in S)

MN

P(Z has 1-oscillation infinitely often in 275,151 N Q)

1

<.
I

MN

lim P(B(p ,—,[JT % SINQ)).

p—+00
1

J

Now fix j = 1, ..., 4, and enumerate the elements of [37 % ]NQ by (t,)men. From
Lemma B.1 we know that

P(B(p, . {t1, - ta})) < 0nyan) (7))

for any n € N. By continuity of P we see that
P(B(p. L. 175,450 Q) = lim B(B(p, 2. {t1.....tu})) < (2ar/an(5))?

which tends to 0 as p — oo since £ is chosen such that 2aq ur)(S/€) < 1. As this
holds for all j =1,...,¢ we conclude that P(Af) = 0. O
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