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Preface

This dissertation is a product of my PhD studies at the Department of Mathematics,
Aarhus Univeristy, from August 2015 to December 2019. The studies where done
under the supervision of Andreas Basse-O’Connor (main supervisor) and Jan Pedersen
(co-supervisor), and fully funded by Andreas’ grant (DFF-4002-00003) from the
Danish Council for Independent Research.

This dissertation is based around the following nine self-contained papers:

Paper A On infinite divisibility of a class of two-dimensional vectors in the second
Wiener chaos. Submitted.

Paper B The polylogarithmic distribution. Working paper.

Paper C Stochastic delay differential equations and related autoregressive models.
Stochastics (forthcoming), 24 pages.

Paper D Multivariate stochastic delay differential equations and CAR representa-
tions of CARMA processes. Stochastic Processes and their Applications 129.10,
4119-4143.

Paper E Stochastic differential equations with a fractionally filtered delay: a semi-
martingale model for long-range dependent processes. Bernoulli (forthcom-
ing), 30 pages.

Paper F Recovering the background noise of a Lévy-driven CARMA process using
an SDDE approach. Proceedings ITISE 2017 2, 707-718.

Paper G On non-negative modeling with CARMA processes. Journal of Mathematical
Analysis and Applications 476.1, 196-214.

Paper H Multivariate continuous-time modeling of wind indexes and hedging of
wind risk. Submitted.

Paper I A statistical view on a surrogate model for estimating extreme events with
an application to wind turbines. Working paper.

Besides layout, all published or submitted papers correspond to their published
or submitted versions. Each paper introduces notational conventions that may not
be consistent with the remaining papers, and the notation is therefore only to be
understood in the context of the corresponding paper.

I have made major contributions to the research and writing of Papers A-E and
G-H. Paper F and I are written jointly with Mikkel Slot Nielsen, and we have made
equal contribution to these. Papers A, C, and F where largely written during the first
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half of my PhD studies and are therefore included to a varying extent in my progress
report written as part of the qualifying examination after which I obtained a master’s
degree in Mathematics-Economics.

The first chapter is an introduction to the studied topics. A small introduction
to each paper is also included. The introduction is meant to tie the papers together
under three main themes: infinitely divisible distributions, stochastic delay differ-
ential equations, and wind power production. While these themes cover a variety
of very different topics, it is an aim of the introduction to unveil some common
ground among them. The papers appear ordered in the continuum introduced by
the three main themes, ranging from infinitely divisible distributions over stochastic
delay differential equations to wind power production. In this way, Paper A is the
paper most concerned with infinitely divisible distributions and Paper I deals most
exclusively with wind power production. This progression of the papers through the
main themes is not chronological.

Together with the conclusion of my PhD studies belongs a sincere thanks to a lot
of people. I wish to express my gratitude to my supervisor Andreas Basse-O’Connor
for many insightful comments, considerate attitude, and cheerful mood. My other
supervisor Jan Pedersen also deserve a big praise for always having an open door,
asking the good question, and having an abundance of helpful comments both in and
outside the academic setup. I am truly grateful to both my supervisors for showing
patience with me, for the guidance through the years, and the many meetings with
advise and laughter.

I would like to thank Fred Espen Benth for being the central figure in a very
pleasant visit to the University of Oslo. I enjoyed my time there immensely, and the
conversations in Oslo and the following correspondence via email have always been
insightful and enjoyable. Our collaborations have inspired me to pursue different
areas of mathematics, and have therefore sparked a lot of passion in me. I would
also like to express my gratitude to Mikkel Slot Nielsen for the many interesting
collaborations and discussions. Furthermore, a warm thank you goes out to Troels
Senderby Christensen for a very pleasant collaboration and visits, both the visit to
Aarhus and when I went to Aalborg, and for the good times in the office and on the
skis in Oslo. James Nichols and Vestas Wind Systems also deserve a big thank you for
a great collaboration and interesting meetings.

Many fellow PhD student at Aarhus University also deserve a big praise for the
many joyful experiences over the years, in particular, Julie, Thorbjern, Mikkel, Jeanett,
Patrick, Mads, Claudio, and Mathias.

Finally, my most heartfelt thanks goes to my family. I am deeply grateful to my
significant other, Line, who is always loving, considerate, takes an interest in me, and
forgives my flaws. My greatest affection goes to my kids Theodor and Albert; your
laughter and cheer are the best part of any day. Spending time with you and seeing
your development gives a profound meaning to it all. To my whole family, I look
forward to our future together, and I am truly grateful that you have been with me
during my PhD studies.

Victor Rohde
Aarhus, December 2019
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Summary

Infinitely divisible distributions play a pivotal role in an abundance of statistical
models. From models of the movement of stock prices to models of wind speed, very
often, an infinitely divisible distribution is used to capture the noisy behavior. This
dissertation consider infinitely divisible distributions and models based on them.
A particular focus is on applications to wind power production. The dissertation is
divided into three smaller parts: infinitely divisible distributions, stochastic delay
differential equations (SDDEs), and wind power production.

The topic of the first paper is the infinte divisibility of two-dimensional sums
of Gaussian squares. This is related to the infinite divisibility of a two-dimensional
Wiener chaos. The second paper introduces the polylogarithmic distribution which is
a class of infinitely divisible distributions that has applications to models based on
non-negative Ornstein-Uhlenbeck (OU) processes and continuous-time autoregres-
sive moving average (CARMA) processes. These two papers make up the first part of
the dissertation.

The next part consists of four papers devoted to SDDEs. These equations will
be connected to the popular CARMA processes. Exploring this connection leads to
a new understanding of and to theoretical results concerning CARMA processes.
Both univariate and multivariate settings are considered, and a model that builds
on SDDEs to introduce a semi-martingale process with a long memory property is
examined. Finally, a simulation study of SDDEs ability to recover the driving Lévy
process is presented.

Statistical models with application to wind power production are studied in
the last three papers. Here, both theoretical and applied considerations are done.
First, a class of processes with a potential application to short-term wind forecasting
is introduced. This class of processes combines ideas from two popular processes:
the CARMA process and the Cox-Ingersoll-Ross process. Next, two multivariate
continuous-time models for the wind power utilization in Germany based on OU
processes are proposed. The models are applied in a minimum variance hedging
setup and the risk premiums are investigated. Finally, a non-parametric regression
technique is examined for use as a surrogate model for the distribution of extreme
loads on wind turbines. Using the surrogate model has the potential to relieve a heavy
computational burden when analyzing extreme loads on wind turbines.

vii






Resumeé

Uendeligt delelige fordelinger spiller en central rolle i mange statistiske modeller.
Fra modeller for udviklingen af aktiekurser til modeller for vindhastigheder geelder
at der ofte bruges en uendeligt delelig fordeling til at fange stojens opfersel. Denne
afhandling betragter uendeligt delelige fordelinger og modeller baseret pa dem. Et
seerligt fokus er pa anvendelser indenfor produktionen af vindkraft. Afhandlingen
er opdelt i tre mindre dele: uendeligt delelige fordelinger, stokastiske forsinket
differential ligninger (SDDE’er) og produktion af vindkraft.

Emnet for den forste artikel er uendelig deleligheden af to-dimensionelle sum-
mer af Gaussiske kvadrater. Dette er relateret til den uendelige delelighed af et
to-dimensionelt Wiener-kaos. Den anden artikel introducerer den polylogaritmiske
fordeling, som er en klasse af uendeligt delelige fordelinger, der har anvendelse i
modeller baseret pé ikke-negative Ornstein-Uhlenbeck (OU) processer og kontinuert-
tids autoregressive glidende gennemsnit (CARMA) processer. Disse to artikler udger
den forste del af afhandlingen.

Den naeste del bestdr af fire artikler, der beskaeftiger sig med SDDE’er. Disse lig-
ninger bliver forbundet til de populeere CARMA processer. Undersegelsen af denne
forbindelse forer til en ny forstaelse af og til teoretiske resultater vedrorende CAR-
MA processer. Bade endimensionelle og flerdimensionelle udgaver bliver udforsket,
og brugen af SDDF’er til at introducere en semi-martingale proces med en lang
hukommelsesegenskab underseges. Endelig praesenteres en simuleringsundersogelse
af SDDE’ers evne til at gendanne den drivende Lévy proces.

Statistiske modeller med anvendelse indenfor produktion af vindkraft studeres
i de sidste tre artikler. Her gores bdde teoretiske og anvendte overvejelser. Forst
introduceres en klasse af processer med en potentiel anvendelse indenfor kortvarig
vind forudsigelse. Denne klasse af processer kombinerer ideer fra de to populeere
processer: CARMA processen og Cox-Ingersoll-Ross processen. Derneest foreslas
to flerdimensionelle kontinuerttidsmodeller til udnyttelsen af vindkraft i Tyskland
baseret pa OU processer. Modellerne anvendes til at danne et minimumsvarians
hedge, og risikopraeemierne undersoges. Endelig undersoges en ikke-parametrisk
regressionsteknik med henblik pé at konstruere en surrogat-model for fordelingen
af ekstreme belastninger pa vindmeller. Brugen af surrogat-modellen har potentiale
til at aflaste en tung beregningsbyrde, nar man analyserer ekstreme belastninger pa
vindmeller.

ix






Introduction

1 Infinitely divisible distributions

A random variable U is said to be infinitely divisible if, for any n € IN, there exist
independent random variables Uy, ..., U, such that U; +--- + U,, has the same distri-
bution as U. Infinitely divisible distributions can also be characterized through the
so-called Lévy-Khinchin representation of the characteristic function. In particular, a
random variable U is infinitely divisible if and only if

log ElexplixU}] = ibx~ 3ax” + fm\{ (7= 1-imlypa@))vidy) ()
0

for b€ R, a> 0, and a Borel measure v on R\ {0} such that LR\[O}(H;UH2 AT)v(dy) < oo
(see [17]). It is a desirable property of the infinitely divisible random variables to
have the expression in (1.1) for the characteristic function, especially if the integral
with respect to the measure v can be calculated analytically. Characteristic functions
play a crucial role in many applications, for example when calculating the moments
(which can be found by differentiation of the characteristic function) or in Fourier
pricing of financial derivatives (see [9]). Often, it may also be reasonable to consider
an infinitely divisible distribution from an applied perspective, where the behaviour
of many phenomena can be seen as the accumulation of many independent small
effects. For example a pollen subdued in water which famously led Robert Brown to
describe the Brownian motion or the noisy, short term behaviour of the return of a
financial asset.

Every infinitely divisible distribution can be associated with a Lévy process. Lévy
processes are continuous-time versions of random walks, and they are a very valuable
modeling tool; offering a rich class of distributions and tractability. Lévy processes
play an important part in a variety of models, for example, models of financial assets
(see [1, 8]) and, more recently, in models related to wind energy, temperature, and
electricity prices (see [3, 4, 5, 11]). Lévy processes are also at the core of most of the
models considered in this dissertation. In particular, Paper B-H will to a varying
extend consider Lévy driven models.

The class of infinitely divisible distributions covers many popular distributions,
including the Gaussian, lognormal, gamma, Weibull, Gumbel and Pareto distribu-
tion (see [14] and references therein). These distributions will play a role in this
dissertation. For example, in Paper H where we consider models where the stationary
distributions are described by the gamma and lognormal distribution. While the
Weibull, Gumbel and Pareto distribution are not central to the models considered
in Paper I, application of the models would often rely on these distributions to es-
timate so-called 50-year return loads as in [16]. The distribution of the solutions
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to the stochastic delay differential equations considered in Paper C, D, E, and F are
also infinitely divisible when the noise is a Lévy process. This is a consequence of
the solutions being moving averages with respect to the noise process. The Lévy
process constitute the primary example of a noise process and is the most frequently
considered example in practise.

In the following, Paper A and B are introduced which studies infinitely divisible
distributions. An introduction of the remaining papers is deferred to the next sections.

Paper A

For a four-dimensional mean zero multivariate Gaussian vector (X1, X,, X3, Xy), Paper
A investigates under which conditions

(X?+X3,X3+X3) (1.2)

is infinitely divisible. This problem is motivated by an interest in understanding the
infinite divisibility of the two-dimensional Wiener chaos which consists of limits of a
two-dimensional sum of Gaussian squares multiplied by either 1 or —1.

We give sufficient conditions for (1.2) being infinitely divisible that goes beyond
the results in the literature. It is still an open question whether (1.2) is always
infinitely divisible.

Paper B

In Paper B the polylogarithmic distribution, a family of infinitely divisible distribu-
tions, is introduced. A random variable is said to have a polylogarithmic distribution
of order n € Ny with parameter a > 0 and $ > 0 if the cumulant-generating function
of U, ¢y, is given by

Yy(z) =logE[e*] = aLi,(z/B), ze€C\([B, o0)xiR).

where Li, is the polylogarithm of order n (see Paper B for a definition of the polylog-
arithm). The polylogarithm has a long history in mathematics dating back to 1696
and has been studied by some of the great mathematicians of the past such as Euler,
Abel, and Ramanujan.

The distribution of a compound Poisson process with exponential jumps is a poly-
logarithmic distribution of order 0 and the gamma distribution is a polylogarithmic
distribution of order 1.

If consider a Lévy process (L(t));cgr where L(1) has a polylogarithmic distribution
of order n € Ny and with parameter @ > 0 and 8 > 0, then the Ornstein-Uhlenbeck
process with mean reversion A > 0 driven by (L(#));cr has a polylogarithmic distri-
bution of order n + 1 with parameter a/A and f as its stationary distribution. This
makes it possible to do fast calculation of the cumulant-generating function, and
therefore also the characteristic function and moment-generating function, for a poly-
logarithmic driven Ornstein-Uhlenbeck process. We also investigate the stationary
distribution of certain CARMA processes driven by a polylogarithmic Lévy process.
The results obtained have been used in Paper H to improve the computation time of
one of the employed models.
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2 Stochastic delay differential equations

This section explores a connection between stochastic delay differential equations
(SDDEs) and CARMA processes. This connection has motivated the introduction
of a class of stationary processes that have a long-memory property and are semi-
martingales. Also, writing a CARMA process as an SDDE gives a straightforward way
to recover the driving noise process which we also investigate.

2.1 Ornstein-Uhlenbeck processes

Continuous-time stationary processes are a key ingredient in a vast amount of proba-
bilistic models. The class of all continuous-time stationary processes is enormous, and
subclasses need to be considered in applications. Such a subclass is for example the
class of Ornstein-Uhlenbeck processes, which are stationary processes that are widely
applicable. Ornstein-Uhlenbeck processes are analytically tractable and giving rise
to a good description of a diverse range of data (such as in [1, 4]). They also serve as a
powerful building block for more complicated models.

An example of an Ornstein-Uhlenbeck process severing as a building block for
a more complicated probabilistic model is the CARMA process, which is a linear
transformation of a multivariate Ornstein-Uhlenbeck process. CARMA processes are
extensively studied and have found numerous applications, for example in modelling
wind speed, electricity prices, stochastic volatility, and temperature (see [3, 5,7, 11,
18)).

Another stationary process that can be formed by considering Ornstein-Uhlenbeck
processes is the Cox-Ingersoll-Ross (CIR) process (see [10]). The sum of squared
independent and identically distributed zero mean, Gaussian Ornstein-Uhlenbeck
processes gives a CIR process. Not all CIR processes can be obtained this way, and a
slight generalization is needed to extend to the full class of CIR processes (see Paper
G). The CIR process is, amongst other things, well-known as a model for interest rate
(see [10]) and for its role in the Heston model (see [13]) where it models the evolution
of the volatility of a financial asset. More recently, the CIR process has also been
proposed as a model for wind speed with a particular focus on short term forecasting
in [2].

2.2 Continuous-time autoregressive moving average processes

While the Ornstein-Uhlenbeck process is widely applicable it lacks flexibility in the
auto-covariance function (since it is just an exponential function). Many applications
call for models with a more rich auto-correlation structure. CARMA processes are
an example of a class of stationary processes that have a more rich auto-correlation
structure and can be seen as a natural generalization of Ornstein-Uhlenbeck processes
(see [6] for a thorough treatment of CARMA processes). Intuitively, an Ornstein-
Uhlenbeck process, (X(t))cr, solves

DX(t) = -AX(t)+ DL(t), A>0. (2.1)

Here, D denotes the differential operator with respect to t, and (L(t));cR is a Lévy
process. Of course, the differential operator is not defined for (L(t));cg, and (2.1) is
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therefore only understood heuristically. The CARMA process generalizes this by
instead considering the solution to

P(D)X(t) = Q(D)DL(t) (2.2)

where P(z) =2zP +ayzP 1+ + ap and Q(z) = bg +byz+---+b,z%, p > g. Again, (2.2) is
only understood heuristically. The auto-correlation function of a CARMA process is
for example given in Proposition 4.1, Paper G, and it offers a significant increase in
the flexibility of the auto-correlation function compared to the Ornstein-Uhlenbeck
process as shown in Figure 2, Paper G (the Ornstein-Uhlenbeck and CIR process have
the same auto-correlation function).

2.3 Stochastic delay differential equations

A stochastic delay differential equation (SDDE) is an equation where the increments
of a solution depend on the past of the solution (and in some case also the future)
and some noise. In particular, we say (X(t));cr solves an SDDE if

t
X, — X, = J- J[o )Xu_vq(dv) du+7Z,-7Z;,, s<t, (2.3)
S ,00

where the noise process (Z(t))cR is an integrable stationary increment process and
the delay measure 7 is a finite signed measure. This type of equation is the primary
object of study in Paper C-F. In [12, 15] SDDEs are also studied but we consider the
general setup where 11 may have unbounded support which allows us to connect
SDDEs and CARMA processes. This connection has not been explored before.

Paper C

This paper suggest two continuous-time models which exhibits an auto-regressive
structure. The first model is the SDDE given in (2.3). The second model, the so-called
level model, is given by

(] t
X(t)= J X(t— u)¢(du)+f O(t—u)dL(u), teR

0 —00
for a suitably integrable function 6 : R — IR. Most effort is dedicated to SDDEs
where existence and uniqueness results are developed. Furthermore, the connection
to CARMA processes is indicated and the possibility of introducing long memory
through the noise is explored. For the level model, existence and uniqueness of a
solution are considered and it is shown that the level model can be chosen to be a
discrete-time ARMA model when observed discretely.

Paper D

With the results developed in Paper C, a very natural next step is to consider the
connection between SDDEs and CARMA processes. This led to Paper D where SDDEs
are treated in a multivariate setting and where the connection between SDDEs and
CARMA processes is explored in detail. The multivariate version of SDDEs (MSDDEs)
is considered both to make the model more general and as a key ingredient in the
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connection to CARMA processes. A CARMA process can be associated with a higher
order SDDE (that is, where differentials of X also appear in (2.3)) and this setup falls
naturally into the multivariate setting. Multivariate CARMA processes (MCARMA)
are also connected to MSDDEs. The SDDE setup allows for a very general noise
process, and we therefore also obtain connections between SDDEs and fractional
integrated CARMA (FICARMA) processes and between MSDDEs and multivariate
FICARMA processes. Besides the connection between SDDEs and CARMA processes,
a prediction formula is also presented.

Paper E

A way to introduce long-memory (that is, a non integrable auto-correlation function)
to the solution of an SDDE is through the noise process. In particular, if the process Z
in (2.3) is a fractional Lévy process on the form IfL with > 0 (see Section 1, Paper E,
for notation) then the solution to the associated SDDE will have long-memory. While
this can be a very convenient way to introduce long-memory, it also forces other,
possibly undesirable, properties on to the model. For example, the behaviour of the
auto-correlation function changes around zero and the solution process is not a semi-
martingale. This motivates introducing long-memory through the delay measure
1. By doing so, we obtain a model for stationary processes with long-memory, but
without changes to the auto-correlation function around zero and where the solution
is still a semi-martingale.

Paper F

As opposed to the previous papers where focus was on theoretical properties of
SDDEs and their solutions, Paper F studies numerical aspects of SDDEs. In particular,
the SDDE gives a straight-forward inversion formula. That is, from observation of
the solution process, the increments of the noise process can be computed directly
by exploiting the SDDE relation. This inversion is explored numerically where a
simulated CARMA process is written as an SDDE and the driving noise is recovered.
Inversion of CARMA processes is also studied in [7] using a different approach that
is not based on SDDEs.

3 Wind power production

Following a demand for more renewable energy generation, wind power production
has seen a rapid growth in the last decades. As of 2018, the world’s wind power
capacity was the world’s second largest among the renewable energy sources, sur-
passed only by hydropower. The installed world capacity of wind energy in 2018
has increased 9.44% from the year before to 591 GW and thereby accounting for
24.85% of the worlds renewable energy capacity. Wind energy accounted for 28.18%
of the world’s increase of renewable energy capacity from 2017 to 2018. The other
major source of increase in the world’s capacity of renewable energy comes from
solar photovoltaic which accounted for 55.25% of the increase in renewable energy
capacity from 2017 to 2018.!

lsee ren21.net
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Introduction

The increasing reliance on wind for energy generation puts emphasis on a better
understanding of statistical properties of wind speed and wind energy generation. In
this section focus will be on statistical models that are applicable in wind power pro-
duction setting. We consider a model which we argue is likely to have an application
to short-term wind forecasting (Paper G). Next, two multivariate continuous-time
models for wind utilization in Germany are proposed where the application is aimed
at hedging volumetric risk for wind power producers and on quantifying the risk
premium (Paper H). Finally, we consider a surrogate model for extreme loads on wind
turbines (Paper I). The models considered in Paper G and H are based on stationary
processes with particular attention towards Ornstein-Uhlenbeck, CIR, and CARMA
processes. As the aim of Paper I is to create a surrogate model, a different approach
has been taken. In particular, the model is based on a non-parametric regression
technique (k-nearest neighbours). This model is still an area of active research and cur-
rently, another non-parametric regression technique (random forest) is investigated
with a promising performance.

The models considered in this section are not limited to applications to wind data.
Most notably, the CIR-CARMA and CARMA process in Paper G are also considered
in the context of pricing zero-coupon bonds.

Paper G

Modeling the short-term statistical behaviour of wind speed is of high relevance
to several aspects of managing wind turbines. For example, a short term power
production forecast and wind turbine control both benefit from a good short-term
wind speed forecast. In [2] the CIR process is successfully applied to provide a short-
term wind forecast. As we argue in Paper G, more flexibility in the auto-correlation
function than the CIR process have a potential for further improving the forecast.

The fundamental idea of the CIR-CARMA process, introduced in Paper G, is
to generalize the CIR process with inspiration from the way CARMA processes
generalize Ornstein-Uhlenbeck processes. In this way, we obtain a process that closely
resembles the CIR process but has a more flexible auto-covariance structure. It
therefore seems that the CIR-CARMA process has a potential for improving the
short-term wind forecast.

There are still open questions regarding the CIR-CARMA process, and more
research into this class of processes would support many applications. In particular,
a filtering technique for estimating the hidden Wishart process based on observation
of the CIR-CARMA process is needed to calculate the zero-coupon bond price, and it
would also be relevant in other applications (see the discussion after Theorem 3.5,
Paper G).

We also consider a CARMA process driven by a compound Poisson process with
exponential jumps, and show that this process also captures the auto-correlation
structure induced by the wind speed data. The stationary distribution of certain
CARMA processes driven by a compound Poisson process with exponential jumps
is also investigated, where we show that it can be written as an infinite sum of
independent gamma distributions.



3 - Wind power production

Paper H

A wind power producer faces several risk factors in term of future revenue streams.
Two major risks are the price of electricity (market risk) and utilization of the installed
capacity which is uncertain due to the dependence on weather (volumetric risk).
Market risk is addressed by so-called power purchase agreements and government
subsidies. More recently, volumetric risk has been addressed in Germany with the
introduction of exchange-traded wind power futures contracts. The futures contracts
are written on an index (which we call the German wind index) that measure the
overall utilization on a daily basis of the installed wind energy capacity in Germany.
These contracts can be used to form a hedge against low utilization of the installed
capacity at given wind site in Germany. Alternatively, the futures contracts can be
used as the basis for wind site specific over-the-counter contract that can be sold to a
wind power producer in order to completely alleviate the volumetric risk. The seller
of the over-the-counter contract can hold several such instruments in a portfolio and
use the exchange-traded wind power futures contracts to minimize the risk exposure.

The German wind index has been analysed in an one-dimensional model in
[4] where focus is on pricing of derivatives and risk premiums. In Paper H two
multivariate continuous-time models for three wind site utilization indexes and
the German wind index are employed. The first model is based on a multivariate
Ornstein-Uhlenbeck process driven by a multivariate compound Poisson process
with exponential jumps. The second model is based on a multivariate Gaussian
Ornstein-Uhlenbeck process. We show how both models capture several key statistical
properties of the data, but also that there are some aspect of the data that the non-
Gaussian model is better able to capture (see Table 3, Paper H). We argue that the
models can be applied to determine a minimum variance hedge. Both an in-sample
and out-of-sample context is considered, and a significant variance reduction is
obtained thereby relieving a large part of the volumetric risk. We also analyse a
portfolio consisting of all the three wind site indexes, and show how a further variance
reduction can be obtained by combining indexes. This motivates the possibility of
third party selling over-the-counter futures contracts for site specific wind utilization
to wind power producers, and thereby obtaining a large portfolio of wind site indexes
that can then be more effectively hedged against the German wind index.

Lastly, the models are applied to calculate risk premiums of futures contracts.
Both the yearly and quarterly risk premiums are accessed, with the quarterly futures
contract showing a seasonal pattern in the risk premium.

Paper I

A reliable estimate of the probabilistic properties of the extreme loads on a wind
turbine is of importance to the design, control, and lifetime assessment of the turbine.
The 10-minute maximum loads on a wind turbine in a certain environment can be
found through a simulation tool but this is computationally heavy. The basic idea
proposed in Paper I is to circumvent this computational burden by introducing a
so-called surrogate model. The simulation tool generates the 10-minute maximum
loads at different places on the wind turbine in a wide variety of environments. The
simulation also generates associated covariates such as the 10-minute maximum,
minimum, mean, and standard deviation of the generator speed, electrical power,
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and blade angle (see Paper I for a full list of covariates). The surrogate model learns
the relation between the covariates and the distribution of the 10-minute maximum
loads. The extreme loads at a given location can then quickly be evaluated based on
observation of covariates on a site and the surrogate model.

In the paper, we consider two models that can be used as a surrogate model
for the distribution of the 10-minute extreme loads. We evaluate the performance
of the models on a physical wind turbine that, as a part of a measuring campaign,
is equipped with extra loads measurement equipment. We argue that it is indeed
possible for the surrogate model to capture the distribution of the extreme loads.
With the distribution of the 10-minute maximum loads, the extreme loads can then be
estimated by extrapolation (using extreme value distributions or a Pareto distribution
with a peak-over-threshold method, see [16]).
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PAPER

On Infinite Divisibility Of A Class Of
Two-Dimensional Vectors In The Second
Wiener Chaos

Andreas Basse-O’Connor, Jan Pedersen, and Victor Rohde

Abstract

Infinite divisibility of a class of two-dimensional vectors with components in
the second Wiener chaos is studied. Necessary and sufficient conditions for infinite
divisibility is presented as well as more easily verifiable sufficient conditions. The
case where both components consist of a sum of two Gaussian squares is treated
in more depth, and it is conjectured that such vectors are infinitely divisible.

MSC 2010: 60E07; 60G15; 62H05; 62H10

Keywords: sums of Gaussian squares; infinite divisibility; second Wiener chaos

1 Introduction

Paul Lévy [11] raised the question of infinite divisibility of Gaussian squares, that
is, for a centered Gaussian vector (Xj,...,X,) when can (Xlz, . .,X,%) be written as a
sum of m independent identical distributed random vectors for any m € IN? Several
authors have studied this problem. We refer to [4, 5, 6, 7, 8, 13] and reference therein.
These works include several novel approaches and gives a great understanding of
when Gaussian squares are infinitely divisible. In this paper we will provide a char-
acterization of infinite divisibility of sums of Gaussian squares which to the best of
our knowledge has not been studied in the literature except in special cases. This
problem is highly motivated by the fact that sums of Gaussian squares are the usual
limits in many limit theorems in the presence of either long range dependence, see [2]
or [16], or degenerate U-statistics, see [9]. In the following we will go in more details.
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Let Y be random variable in the second (Gaussian) Wiener chaos, that is, the
closed linear span in L? of {W(h)? -1 : h € H,||h|| = 1} for a real separable Hilbert
space H and an isonormal Gaussian process W. For convenience, we assume H is
infinite-dimensional. Then there exists a sequence of independent standard Gaussian
variables (;) and a sequence of real numbers («;) such that

LY ae-1),

i=1

where the sum converges in L? (see for example [9, Theorem 6.1]). Since the &;’s
are independent, (512,...,55) is infinitely divisible for any d > 1 and therefore, Y is
infinitely divisible. Such a sum of Gaussian squares appears as the limit of U-statistics
in the degenerate case (see [9, Corollary 11.5]). In this case the a; are certain binomial
coefficients times the eigenvalues of operators associated to the U-statistics. We note
that the sequence (&;) depends heavily on Y, so one can not deduce joint infinite
divisibility of random vectors with components in the second Wiener chaos. In
particular, for a vector with dimension greater than or equal to three and components
in the second Wiener chaos it is well known (cf. Theorem 1.1 below) that it need not
be infinite divisibility. In between these two cases is the open question of infinite
divisibility of a two-dimensional vector with components in the second Wiener chaos.
Let (Xy,..., Xy, 4n,) be a mean zero Gaussian vector for ny,n, € IN. That any two-
dimensional vector in the second Wiener chaos is infinitely divisible is equivalent
to

(A XT + 4 dy, Xo dy X7+ 4 gy, X ) (1.1)

ny’ n np+np

being infinitely divisible for any dl,...,dnl+,12 = #1, any covariance structure of
(X1,--+» Xy, +n,), and any ny, 1, € N (something that follows by the definition of the
second Wiener chaos).

The following theorem, which is due to Griffiths [8] and Bapat [1], is an important
first result related to infinite divisibility in the second Wiener chaos. We refer to
Marcus and Rosen [12, Theorem 13.2.1 and Lemma 14.9.4] for a proof.

Theorem 1.1 (Griffiths and Bapat). Let (X1,...,X,,) be a mean zero Gaussian vector
with positive definite covariance matrix . Then (X?,..., X?) is infinitely divisible if and
only if there exists an n x n matrix U on the form diag(+1,...,+1) such that U'X" U has
non-positive off-diagonal elements.

This theorem resolved the question of infinite divisibility of Gaussian squares. For
n > 3 there is an n x n positive definite matrix ¥ where there does not exist an nxn
matrix U on the form diag(+1,...,£1) such that UtY~1U has non-positive off-diagonal
elements. Consequently, there are mean zero Gaussian vectors (Xj,...,X,,) such that
(Xlz,. ..,X?2) is not infinite divisible whenever n > 3.

Eisenbaum [3] and Eisenbaum and Kapsi [5] found a connection between the
condition of Griffiths and Bapat and the Green function of a Markov process. In
particular, a Gaussian process has infinite divisible squares if and only if its covariance
function (up to a constant function) can be associated with the Green function of a
strongly symmetric transient Borel right Markov process.
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2 - Main Results

When discussing the infinite divisibility of the Wishart distribution Shanbhag [15]
showed that for any covariance structure of a mean zero Gaussian vector (Xy,...,X,,),

(X2, X3+ +X2)

is infinitely divisible. Furthermore, it was found that infinite divisibility of any
bivariate marginals of a centered Wishart distribution can be reduced to infinite
divisibility of (X; X,, X3X4). By the polarization identity,

(X1 X2, X5X4) = (X1 + X2)% = (X1 = X2)%, (X3 + X4)* = (X3 - X4)?).

Consequently, infinite divisibility of any bivariate marginals of a centered Wishart dis-
tribution is again related to the question of infinite divisibility of a two-dimensional
vector from the second Wiener chaos.

We will be interested in the infinite divisibility of

2 2 2 2
(XT 4+ X0, X o+ Xy )

i.e. thecased) =---=d, ,,, =1in (1.1). The general case, where d; = —1 for at least
one i, seems to require new ideas going beyond the present paper. We will have a
special interest in the case n; =n, = 2.

Despite the simplicity of the question, it has proven rather subtle, and a definite
answer is not presented. Instead, we give easily verifiable conditions for infinite
divisible in the case n; = n, = 2 as well as more complicated necessary and sufficient
conditions in the general case that may or may not always hold. We will, in addition,
investigate the infinite divisibility of (X12 + X%,X32 + Xi) numerically which, together
with Theorem 2.4 (ii), leads us to conjecture that infinite divisibility of this vector
always holds.

The main results without proofs are presented in Section 2. Section 3 contains
two examples and a small numerical discussion. We end with Section 4 where the
proofs of the results stated in Section 2 are given.

2 Main Results

We begin with a definition which is a natural extension to the present setup (see the
proof of Corollary 2.7) of the terminology used by Bapat [1].

Definition 2.1. Let ny,n, € N. An (ny + ny) x (ny + ny) orthogonal matrix U is said to
be an (ny, n,)-signature matrix if

U 0
U=
o o)

where Uy is an ny x ny matrix and U, is an ny x ny matrix, both orthogonal, and for 0’s of
suitable dimensions.

Let ny,1n, € IN and consider a mean zero Gaussian vector (X, ..., X, 4,,) with
positive definite covariance matrix X. Now we present a necessary and sufficient
condition for infinite divisibility of

X2+ + X2

ny’

(2.1)

2 2
Xn1+1 e +Xn1+n2)~
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Fora>0,let Q=1-(I +aX)"! and write

_(Qu1 Q12
Q_(Q21 sz)

. . . . _ t t .
where Qq is an n; x n; matrix, Qy; is an 1, X n, matrix, and Q;, = Qy; (where Q5 is
the transpose of Q1) is an 1y x n, matrix. Note that if A is an eigenvalue of ¥, % is
an eigenvalue of Q. Since Q is symmetric and has positive eigenvalues, it is positive
definite.

Theorem 2.2. The vector in (2.1) is infinitely divisible if and only if for all k, m € N and
for all a> 0 sufficiently large,

k m k ky my ka
) trace Q11 Q1,057 Q1 Q)3 -+ Q14 Q12055 Qo1 Q14!

my ky my mg_1 kq Mgyl (2.2)
+) trace Q53 Q101 Q12Q5% -+ Q55 021 QY1 Q1,Q5% >0,

where the first sum is over all ky,..., k.1 and my,...,my such that
ki+-+kjoi+d=k and mi+---+myg+d=m,

and the second sum is over all my,...,mg,q and ky,..., kg such that
my+-+mg+d=m and ki+---+kg;+d=k.

Remark 2.3. By applying Theorem 2.2 we can give a new and simple proof of
Shanbhag’s [15] result that (Xlz,Xg 4+t X12+n2) is infinite divisible. To see this,
consider the case #; = 1 and 1, € IN. Then Q;; is a positive number and Q;,Q%,Q5;

is a non-negative number for any m € IN. In particular, we have

k m my ka
trace Qlll lesz1 Qop - Q12Q22 Q21 Q11+1
k kd m my
=Qp1 Q19" Q120Q5, Q21 --Q12Q55Q21 20

for any ky,..., kg 1, my,...,my € Ny. Consequently, the first sum in (2.2) is a sum of
non-negative numbers. A similar argument gives that the other sum is non-negative

too. We conclude that (Xlz,Xz2 +ot X12+n2) is infinite divisible.

In order to get a concise formulation of the following results we will need some
terminology and conventions. To this end, consider a 2 x 2 symmetric matrix A. Let v;
and v, be the eigenvectors of A, and A; and A, be the corresponding eigenvalues. We
say that v; is associated with the largest eigenvalue if A; > A; for j = 1, 2. Furthermore,
whenever A is a multiple of the identity matrix, we fix (1,0) to be the eigenvector
associated with the largest eigenvalue.

Now consider the special case n; = n, = 2, i.e., the vector

(X?+X3,X3+X3) (2.3)

where (X1, X5, X3,X4) is a mean zero Gaussian vector with a 4 x 4 positive definite
covariance matrix . We still let Q =T — (I + aX)~! and write

_(Qun Q12
Q_(Q21 sz)
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where Qij is a 2 x 2 matrix for i,j = 1,2. Let W be a (2, 2)-signature matrix such that

g1 0 Q13 4qua
WiQW; WIQuWo\ | 0 g2 g3 4goa
W30 Wi WiQuWy| |q13 4q23 4q33 0
g14 924 0 4qu

WIQW =

where q11 > g2 > 0 and ¢33 > g44 > 0 which exists by Lemma 4.1. Note that g;; is
not the (i,j)-th entry of Q but of W/QW. Let v; = (vq1,7v5;) be the eigenvector of
WlezQﬂ W, associated with the largest eigenvalue. If q;; = g5, or q33 = 44, any
orthogonal W or W, gives the desired form. In this case, we may always choose W,
or W, such that v11413(v11913 + v21923) = 0 (see the proof of Lemma 4.2, (ii) = (iii)),
and it is such a choice we fix. The following theorem addresses the non-negativity of
the sums in (2.2) when ny = n, = 2,.

Theorem 2.4. Let ny = n, = 2. Then, in the notation above, we have the following.

(1) Forall d ENO and kl,...,kd+1,m1,...,md EN(),

k m k k m k,
trace Q17 Q12Q5, Q21 Q;] - Q17 Q12Q55 Q21 Q17 >0

if and only if v11913(v11913 + v21923) = 0. In particular, (2.3) is infinitely divisible
if the latter inequality is satisfied for all sufficiently large a.

(ii) For any k,m € INg such that at least one of the following inequalities is satisfied: (i)
k<2, (ii)) m <2, or (iii) k + m < 7, the sum in (2.2) is non-negative.

Remark 2.5. When v;1413(v11913+721923) < 0, we know that there are k, m € INj such
that (2.2) with n; = n, = 2 contains negative terms cf. Theorem 2.4 (i). If k = 0 or
m = 0 then Theorem 2.4 (ii) gives that the sum in (2.2) is non-negative. If k,m > 1, the
sum in (2.2) always contains terms on the form

k
trace Q1 Q12Q55 Q1. (2.4)

Since Qg is positive definite and trace AB = trace BA for any matrices A and B such
that both sides make sense,

trace QY] Q15037 Qa1 = trace Q1}* Q12035 01 QY
Using Qq, = Q); we conclude that (2.4) is equal to the trace of a positive semi-definite
matrix and therefore non-negative. Consequently, there are always non-negative
terms in (2.2).

It is an open problem if there exists a positive definite matrix Q with eigenvalues
less than 1 and k,m € INj such that (2.2) is negative, which would be an example of
(2.3) not being infinite divisible, or if the non-negative terms always compensate for
possible negative terms, which is equivalent to (2.3) always being infinitely divisible.

Continue to consider the case n; = n, = 2 and write

4 211 212
r = y21  y22
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where Y/ is a 2 x 2 matrix for i,j=1,2. Let W be a (2,2)-signature matrix such that

oip 0 o013 o014
WiZHw, WiZPEW,\ | 0 oy o023 o024
WisHw, WiZ22wW,| " |oy3 op3 o033 0
o014 04 0 oy

Wiy lw =

where 011 > 03, > 0 and 033 > 044 > 0 which exists by Lemma 4.1. Note that o;; is
not the (i, j)-th entry of X~! but of WX "!W. Let v; = (v, v,1) be the eigenvector of
WfElz)Zlel associated with the largest eigenvalue. If 07; = 0, or 033 = 044, any
orthogonal W; or W, gives the desired form. In this case, we may chose W; or W,
such that vy1094(v91 024 +v11014) = 0, and it is such a choice we fix. Then we have the
following theorem.

Theorem 2.6. The vector (X12 + X%,X32 + Xi) is infinitely divisible if one of the following
equivalent conditions is satisfied.

(i) There exists a (2,2)-signature matrix U such that U'X~'U has non-positive off-
diagonal elements.

(ii) The inequality vy 024(vo1024 +v11014) = 0 holds.

Example 3.2 builds intuition about condition (ii) above, in particular that the
condition holds in cases where (X7, X3, X7, XZ) is not infinitely divisible, but also that
it is not always satisfied.

Theorem 2.6 (i) holds for general 1y, 1, > 1 as the following result shows. We give
the proof below since it is short and makes the need for signature matrices clear. The
proof of the more applicable condition (ii) in Theorem 2.6 is postponed to Section 4
since it relies on results that will be establish in that section.

Corollary 2.7 (to Theorem 1.1). Let (Xy,..., X, +n,) be a mean zero Gaussian vector
with positive definite covariance matrix ¥. Then

(X12+---+X2 X131+1+"'+X131+nz) (2.5)

ny’

is infinitely divisible if there exists an (ny,n,)-signature matrix U such that U'X"'U has
non-positive off-diagonal elements.

Proof. Write X = (Xy,...,X,,)and Y =(X,, ;1,..., X, 14,), and note that

) = (IXI211Y11%)
= (1UL XI5 11U, Y1)

2 2 2 2
(Xi +~~~+X,11,an+1+---+an+n2

(2.6)

for any ny x n; orthogonal matrix U; and n, x 1, orthogonal matrix U,. Consequently,
any property of the distribution of (2.5) is invariant under transformations of the

form
ul o s(U 0
0 Uy \0 U
of the covariance matrix X. Therefore, when there exists an (ny, 11;)-signature matrix

U such that U*X~! U has non-positive off-diagonal elements, Theorem 1.1 ensures
infinite divisibility of (2.6). O
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3 - Examples and numerics

3 Examples and numerics

We begin this section by presenting two examples treating the inequalities in Theorem
2.2 (ii) and Theorem 2.6 (ii) in special cases. Then we calculate the sums in Theorem
2.2 numerically with n; = n, = 2 for a specific value of Q for k and m less than 60.

Example 3.1. Fix a > 0 and assume that Q is on the form

q O € £
Q11 le)_ 0 g ¢ -0
Q1 Q2 e ¢ q3 0
e -0 0 g4

0= ( _
where 9,6 >0, q; > g, >0, and g3 > q4 > 0. Let v = (v11,v,;) be the eigenvector of

2¢? 5(5—6))
e(e=0) €2+06°

Q12021 =(

associated with the largest eigenvalue A,. We will argue that the inequality in Theo-
rem 2.4 (i), which reads

v11(v11 +v21) 20 (3.1)
in this case, holds if and only if 6 < €. Then the same theorem will imply that
k k k ks
trace Q|1 Q12055 Q1 Q% - Q110Q1,Q55 Q1 Q4" >0

forall d € Ny and ky,...,kz,1my,...,my € Ny if and only if 6 < ¢, and therefore also
that the sum in (2.2) is non-negative whenever this is the case.

Since —v; also is an eigenvector of Q;,Q,; associated with the largest eigenvalue,
we assume v1; > 0 without loss of generality. Assume 6 <e. If 6 =¢,v; =(1,0) and
the inequality in (3.1) holds. Assume 6 < €. Since A, is the largest eigenvalue,

A =sup thleﬂv > 2¢?
lv|=1

which implies that
2e2 -1, <0<e(e-9).
Since v, is an eigenvector, (Q — A1)v; = 0 and we therefore have that
0= (22 =X )vy; +e(e—0)vyy < e(e—08)(v1q + 7).

We conclude that (3.1) holds.
On the other hand, assume 0 > € and vy; > 0. Since A, is the largest eigenvalue,
AL > 52+ €2 > d¢ + €2 and therefore,

(A —2e%) > e(6—¢).

Note that v1; can not be zero since the off-diagonal element in Q1,Q;; is non-zero.
We conclude that

0= (/\1 - 252)1/11 +€(5— E)V21 > 5(6—5)(1/11 +V21).

This implies that (3.1) does not hold.
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Example 3.2. Assume X! is on the form

01 0 ) &

2_1:(211 212): 0 o, ¢ ¢
¥2x2]71-5 e o3 O

e € 0 o4

(3.2)

where 07 > 0, > 0, 03 > 04 > 0, and 6, > 0. Let v; = (vq1,v,1) be the eigenvector
of $12¥2! associated with the largest eigenvalue. We will argue that the inequality
in Theorem 2.6 (ii) holds if and only if 6 < . Then the same theorem implies that
(X12 + X22,X32 + XZ) is infinitely divisible whenever 6 < €. On the other hand, Theorem
1.1 implies that (Xf,X%,Xg,Xi) is never infinite divisible under (3.2) since there
does not exists a matrix D on the form diag(+1,+1,+1,+1) such that DX~!D has non-
positive off-diagonal elements. Indeed, for any two matrices D; and D, on the form
diag(+1,+1), D;X!2D, has either three negative and one positive or one negative and
three positive entrances.
To see that vy (vy; +v51) > 0if and only if 0 < ¢, let

p- (O 1)
1 0
and Q;, be given as in Example 3.1. Then PX!?P = Q,, implying that (v,,vq;) is
the eigenvector associated with the largest eigenvalue of Q1,Q;;. We have argued

in Example 3.1 that v, (v{1 + v51) > 0 holds if and only if 6 < € which is the desired
conclusion.

Now we investigate infinite divisibility of (X{ + X3, X3 + X7) numerically. More
specifically, we consider the sums in (2.2) with n; = n, = 2 for a specific choice of
positive definite matrix and different values of k and m. We will scale Q to have its
largest eigenvalue equal to one to avoid getting too close to zero. Due to Theorem 2.4
the case where v11413(v11413 + v21423) < 0 (in the notation from Theorem 2.4) is the
only case where the infinite divisibility of (X} + X3, X2 + Xi) is open.

Let

08 0 0.01 0.01

1/ 0 03 001 -02

“1l0.01 001 08 0
001 -02 0 03

Q

where A > 0 is chosen such that Q has its largest eigenvalue equal to 1. Note that by
Example 3.1, v11413(v11913 +v21923) < 0. In Figure 1 the logarithm of the sums in (2.2)
for k and m between 0 and 60 is plotted. It is seen that the logarithm seems stable
and therefore, that the sums in (2.2) remain positive in this case. A similar analysis
have been done for other positive definite matrices, and we have not encountered any
k,m € N such that (2.2) is negative. This, together with Theorem 2.4 (ii), leads us to
conjecture that (X12 + X22,X32 + XZ) is infinite divisible for any covariance structure of
(le X2, X3, X4)'
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Figure 1: The logarithm of the sums in (2.2) for k and m between 0 and 60.

4 Proofs

We start this section with two lemmas on linear algebra. Lemma 4.2 will be very
useful in the proofs that make up the rest of this section.

Lemma 4.1. Let A be a nxn positive definite matrix. Let ny,n, € IN be such that ny+n, =
n and write

Aqy A12)
A=
(A21 Apy

where A1y is an ny X n; matrix, A,y is an ny X ny matrix, and Ay, = At21 isan ny X np
matrix. Then there exists an (ny,n,)-signature matrix W such that W' AW has the form
(1‘}11 1‘}12)
Ay Ap
where Ayy = diag(ay,...,an,) and Ay, = diag(a, 41, Ay 4n,) Witha; > 0fori=1,...,n1+

n,, and where Ay, = A|. Furthermore, we may choose W such that a; > ay > -+ > ap,
and @y, 11 = Ay 19 200 2 Ay p,-

Proof. Since A is positive definite, A;; and A,; are positive definite. Consequently,
by the spectral theorem (see for example [10, Corollary 6.4.7]), there exists an 1 x
n1 matrix Wy and an n, x n, matrix W, both orthogonal, such that WltAnWl and
W{Azz W, are diagonal with positive diagonal entries. Since permutation matrices are
orthogonal matrices, we may assume the diagonal is ordered by size in both W/A;; W,
and WztAzz W,. Consequently, letting

W, 0
W= ,
5w

implies that W/ AW has the right form. o
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For a fixed eigenvector v; we call the system Av; = A;v;, the system of eigenequa-
tions. The k’th equation in this system will be called the k’th eigenequation associated
with v;.

Let A be a 4 x 4 positive definite matrix, and let W be a (2, 2)-signature such that

ajr 0 a3 aig
WIALW, WIARW,\ | 0 axp ax; ap
Wi An Wi WiAnRW,) a3 aps azs 0

aig Az 0 ag

WIAW =

s

where a;1 > ay; >0 and a33 > ag4 > 0 which exists by Lemma 4.1. Note that 4;; is not
the (i,j)-th entry of A but of W!AW. Let v; = (v1,7,;) be the eigenvector associated
with the largest eigenvalue of WfAleZl Wi. If ay1 = ay; or azz = ayy, any orthogonal
W; or W, give the desired form. In this case, we may chose W; or W, such that
v11413(v11413 +V21423) > 0, and it is such a choice we fix. Then the lemma below will
play a central role in the proofs of the previously stated results.

Lemma 4.2. In the notation above, the following are equivalent.
(i) There exists a (2,2)-signature matrix U such that U' AU has all entries non-negative.

(ii) Forany d e Nand kq,...,k;,1,my,...myz € Ny,
k k k ki.
trace AL A1y ALy Ay A - AT AL AYS Ay AYET > 0.
(iii) The inequality vi1a13(vi1a13 +vp1a23) 2 0 holds.

Proof. (i) = (ii). Let

U, 0
U=
( 0 U2)

be such that B,']» = UitA,'j Uj has non-negative entries for 7,j = 1,2. Then
k k ka_ k,
trace A{) Ay AN A AL AT AL ALY Ay ATY
k k ka_ k
= trace B||B1,B5, By B} ---B|7' B1,B55 Byy B
This trace is non-negative since all matrices in the product only contain non-negative
entries.
(ii) = (iii). By the spectral theorem, we may write WfAleZI W, = VAV! where
V is a 2 x 2 orthogonal matrix and A = diag(A;, ;) with A; > A, > 0. Note that
vy, the eigenvector associated with largest eigenvalue of W{Alem Wy, is the first
column of V. If Ay = A, v; =(1,0) and the inequality holds. If a1; = ay; or az3 = a4,
WfAHWl =Aq; or WztAzsz = Aj;, and choosing W; or W, such that a;3 = 0 then
ensures the inequality in (iii) holds.
Assume now that Ay > A, a1 > ay,, and a3z > ayy. It follows by assumption that

1 1 1
0< TT_ktraceAlf1A12AI§zA21(Alezl)k
11 933 M
trace(l 0 )wa W(1 0 )WfA Wv[1 0 ]vf
= ax\k | W1A12W2 ag \k | WoA21 Wy ALk
0 (22 0 (i) 0 (4
1 0 1 0 1 0
—>trace(0 O)WltAlzwz(O O)W{A21W1V(O O)vt

20



4 . Proofs

as k — oo. This gives the inequality in (iii) since

1 0

0 0

1
trace(0 g)WfAqu(

1 0
WEA, WV V!
=v11413(V11813 + V21423).

(iii) = (i). To ease the notation and without loss of generality assume that W = 1.
We are then pursuing two 2x2 orthogonal matrices Uy and U, such that UltAH Ui, UltAl 2 U,,
and U}A,, U, all have non-negative entrances. Initially consider D; and D, on the
form diag(+1,+1). Then clearly, D;A;1D; = A;; and D,A,,D, = A,; since A;; and
Ay, are diagonal matrices. Next, note that either it is possible to find D; and D, such
that D1 A1,D; has all entrances non-negative or such that

a a
P (i ) wn

where a;3,4a;53,a14,a24 > 0. Consequently, we will assume A, is on the form in (4.1)
since otherwise choosing U; = D; and U, = D, would be sufficient.
As one of two cases, assume aj3ad,3 — d144,4 > 0, and define

14924
Uz: a 423 ﬁa23
aayy  —Pan

where a, > 0 are chosen such that each column in U, has norm one. Then U, is

orthogonal,
2
AUy = (0‘(”14 + AR B(ag3a3 —ﬂ14024))
= 2 2
0 Blass +asy)

and

2 a14ap4 ) 2

Ul AUy = | @ “33( s ) +aggay,) aBaisans(as; —as)
22 2.2 2.2 '
afaysana(aszs — asg) Bass +pas,

Since as3 > ayy, all entries in Aj,U, and U5A,, U, are non-negative. Choosing U; = I
then gives a pair of orthogonal matrices with the desired property.

Now assume a;3d,3 — a14d24 < 0. Note that A;, on the form (4.1) can not be
singular and consequently, there exists A; > A, > 0 and an orthogonal matrix V
such that A1,A,; = VAV!, where A = diag(A, A,). Furthermore, since V contains the
eigenvectors of Aj;A>; we may assume vy and v, have the same sign where v;; is
the (i, j)-th component of V. Define

W = A, V(AY?), (4.2)

and note that this is an orthogonal matrix which, together with V, decomposes A1,
into its singular value decomposition, that is, V!A;,W = A2, Then

2 2
aj1vyy +4axvy; v11v12(a11 —az2)

VIALY = 2 2
v11v12(a11 —a22) a11vip +axvy,
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All entries in V'A{V are non-negative since we chose v; and vy, to have the same
sign, and since ay; > a5, > 0.

To see that W!A,, W also have all entries non-negative, consider the first line in the
eigenequations for A;,A,; associated with the eigenvector (v;,,v,;), the eigenvector
associated with the smallest eigenvalue A,,

(af3 +aty — A2)vio + (a13823 — A14424)v2) = 0. (4.3)
Since A, is the smallest eigenvalue of A;,A5,

/\2 = inf VtA12A217/,
lv|=1
and since the off-diagonal elements in A;,A;; are non-zero, (1,0) and (0,1) cannot
be eigenvectors. Consequently, A, is strictly smaller than any diagonal element of
Ai1A51, and in particular af3 + af4 — A, > 0. Since we also have ay3a53 —aj4a,4 <0,
(4.3) gives that v, and v,, need to have the same sign for the sum to equal zero. Let
w;; be the (i, j)-th component of W and note that by (4.2),

V11413 t V21423 V12413 + V22423
172 172
A Ay

wWi1Wi2 =

The assumption vy1a13(v11413 + v21423) > 0 implies that vy4,3 + v51453 and vy have
the same sign. Since v; and v, were chosen to have the same sign, and vy, and v;,
have the same sign, we conclude that (vi;a;3+v;1423)(v12413 +V224,3) is non-negative
and therefore, wy;w;; is non-negative too. Then writing

2 2
azzwi; +agwy,  wiiwio(azz —ass)

WAL W =
2 2
Wi1Wio(A33 —aAg4)  A33W7T, +A44WS,

makes it clear that W!A,, W has non-negative elements. Thus, letting U; = V and
U, = W completes the proof. O

Corollary 4.3. Let A and vy be given as in Lemma 4.2. Then there exists a (2, 2)-signature
matrix U such that U'AU has non-positive off-diagonal elements if and only if

V21a24(V21a24 +V11a14) 2 0. (4.4)

Proof. Let W be defined as in Lemma 4.2. Define

0 1 P 0
1 (1 o) and (0 Pl)

Then Piv; = (vy1,v11) is the eigenvector of Py W[A1,A,; Wi Py associated with the
largest eigenvalue. Let

air 0 apy ap;
[ WiALW PLW{A;, W, Py 0 axp ays a3
Py W2tA21W1P1 W2tA22W2 ’

drs ays aszz3 0
a3 a3 0 agy
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By Lemma 4.2, there exists a (2,2)-signature matrix

g=(Y 0
0 U,
such that U'AU has non-negative entries if and only if v5;a24(vs1 24 +vi1a14) > 0.
Define now the (2, 2)-signature matrix U as

u-(U 0)_ -W, P, U, 0
o U] 0 w,P, U,/

Let i;; be the (i, j)-th component of Uj. Since Uy is orthogonal, 1,15, = —il111ly
implying that

AL U, :(fllzlflzﬁﬁ%lﬂu ﬁ};ﬂlz(@%z—an))
dyiyp(agy —ayy) 4z + a1
and
- ~ ( iy ayy + iy ay  iyyin(ar —ﬂzz))
UWiALW U = ) 72 ‘
i ta(an —ax) a1 +iy,ax

Consequently U/W{A;;W;U; has non-negative elements if and only if UfA;;U;
has non-positive off-diagonal elements. Similarly, U)W} A,, W, U, has non-negative
elements if and only if U}A,,U, has non-positive off-diagonal elements by a similar
argument. Finally we note that

U{Alz U2 = —Ultpl W{A12W2P1 Uz,
and it follows that U'AU has non-positive off-diagonal elements if and only if
Ultpl WltA12W2P1 Uz, Ult WltAll Wl Ul and, Uzt W2A22 W2 U2

have all entries non-negative. We conclude that we can find a (2, 2)-signature matrix
U such that U'AU has non-positive off-diagonal element if and only if (4.4) holds. O

The following lemma will be useful in the proof of Theorem 2.2. A proof can be
found in [12, Lemma 13.2.2].

Lemma 4.4. Let 1 : R} — (0,00) be a continuous function. Suppose that, for all a >
0 sufficiently large, logp(a(l — s1),...,a(1 —s,,)) has a power series expansion for s =
(51,---,84) € [0,1]" around s = 0 with all its coefficients non-negative, except for the
constant term. Then 1 is the Laplace transform of an infinitely divisible random variable
in RY.

We now give the proof of Theorem 2.2, where all the main steps follow similar as
in [12, Proof of Theorem 13.2.1], but with several modifications to adjust to a different
setting. E.g. there is a difference in the S matrix appearing in the proof.

Proof (Proof of Theorem 2.2). By [12, Lemma 5.2.1],

P(s1,57) = Bexp{=ga((1 =s1)(X] -+ X5 ) + (1 =s2)(X3 .+ + X3,))
~ 1
I +3Xa(l -S|
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where S is the (1] + ny) x (11 + n,) diagonal matrix with s; on the first n; diagonal
entries and s, on the remaining 7, diagonal entries. Recall that Q = I — (I +aX)!.
Then

P(s1,55)* = [ +a¥—aXS[™!
=l(I-Q ' —(I-Q ' -Ds[
=I-QlI-Qs™,

from which it follows that

2log P(s1,s,) =log|l — Q| —log|l — QS|

n 4.5
:logll—Q|+Ztrace{(QS) }’ (4.5)

n
n=1
where the last equality follows from [12, p. 562]. Now assume that the vector (X12 +
et X,%l ’X131+1 +t X%MZ) is infinitely divisible, and write

(XF 4ot X2 X2 b+ X ) S Y 4t Y

ny’ ni+np

where Y/,... Y,/ are 2-dimensional independent identically distributed stochastic
vectors. Let Yl’; be the j-th component of Y;" and note that Yl’; >0 a.s. forall i,j,n.
Then

P(s1,5)"" = Eexp{-Ja((1 —s1) Y]} + (1 —5)Y{5)}

That P'/"(s;,s,) has a power series expansion with all coefficient non-negative follows
from writing
® (s;aY!)k
1 ANV _1 _yn Y|
exp{-$a((1-5))¥})} = exp{-La¥]})}) kZ o
-0

We have that

log P(s1,5,) = lim (n(PY"(s,5,) — 1)). (4.6)
n—o0

Note that (s1,5,) — n(PY"(s1,s,) — 1) and all its derivatives converge uniformly on

[0,1) x [0,1) by a Weierstrass M-test (see for example [14, Theorem 7.10]). Conse-

quently, we may use [14, Theorem 7.17] to conclude that

ox+B o0ath

lim (n(P""(sy,s,) — 1)) = lim (n(PY"(s1,55) — 1))

(a4 n—00 n—oo o
ds{ ds, ds{ ds,

for any a, € IN. Thus, that all the terms in the power series expansion of P1/"(s;,s,)
are non-negative implies that all the terms in the power series representation of
log P(s1,5,) except the constant term are non-negative by (4.6). By (4.5) we conclude
that any coefficient in front of s’fsg” in trace{(QS)**™} has to be non-negative for all
k,m € N and a > 0. Expanding out the trace then gives that this is equivalent to
non-negativity of the sum in (2.2) for all k,m € INy,.
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On the other hand, if the sum in (2.2) is non-negative for all k,m € Ny and a > 0
sufficiently large, (4.5) and Lemma 4.4 imply that

2 2 2 2
(XT 4+ X0 X g o+ X0 y)

is infinitely divisible. O

Proof (Proof of Theorem 2.4). Lemma 4.2 implies the equivalence in (i). Now we
set out to show (ii), i.e., to show that the sum in Theorem 2.2 is non-negative for
k,m € Ny such that k <2, m <2, or k+m <7 in the special case n; = n, = 2. To this
end, consider a 4 x 4 positive definite matrix Q and write

Q11 Q12
Q_(Q21 sz)

where Q;; is a 2 x 2 matrix for i,j = 1,2. Let W; and W, be two 2 x 2 orthogonal
matrices and define P;; = W;Q;; W;. Then

k m m k,
trace Q11 Q12Q,, Qo1 -+ Q12Q55 Q21 Q1"

kq my my ki1 (4.7)
:traCeP11P12P22 P21 "'P12P22 P21P11 .

Consequently (see Lemma 4.1), we may assume, without loss of generality, that Qq;
and Q;, are diagonal with the first diagonal element greater than or equal the other
and all entries non-negative.

Either there exists D; and D, on the form diag(+1,+1) such that D; Q;,D, has all
entries non-negative or such that

913 4923
a3
el q14  —924

where q13,423,914,924 > 0. If D1 Q1,D, has all entries non-negative, writing as in (4.7)
with W; replaced by D; implies non-negativity of each individual trace. We conclude
that we may assume

i3 93 Az 0/
qia —q24 0 A4

where A; > A; > 0and A3 > A4 > 0 and 413,423, 914,924 > 0, without loss of generality.
We now write out the traces in (2.2) for specific values of k and m and show
non-negativity in each case.

k=0orm=0

Assume k = 0 and fix some m € IN. Then the terms in the sum in Theorem 2.2 reduce
to trace Q5. Since Q,, is positive definite, Q7 is positive definite. Consequently,
trace Q’z’“2 > 0. Similarly, when m = 0 and k € N, the terms in the sum in Theorem 2.2
reduce to trace Qlfp which again is positive since Qp; is positive definite.
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k=lorm=1
Assume k = 1 and fix some m € IN. Then (2.2) reduces to

m—1

m—1-m
trace Q1,Q5,Q71 + Z trace Qyy Q21 Q12Q5, L,

mp=

which equals

(Wl + l)trace leQSIZQZl'

Since Qq, = le and Q,, is positive definite, Q;,Q%,Q5; is positive semi-definite. We
conclude that trace Q1,Q%,Q5; > 0.
Assume m = 1 and fix some k € IN. Similar to above, (2.2) reduces to

k-1-k
traceQle11Q12+ZtraceQquzQle g

ky=0

That this trace is non-negative follows by arguments similar to those above.

k=2orm=2

Assume that k = 2 and let m € IN. The case m =1 is discussed above. Assume m > 2.
Then (2.2) reduces to

-1
trace Q110Q12Q%, Q2
m m
+ E trace Qy, Q210Q11Q12Q,5

my+my+l=m

m m
4 Z trace Q1,0Q5, Q21Q12Q,5 Q21

my+my+2=m

m m m
+ Z trace Qy, Q21Q12Q55 Q21Q12Q55.

my+my+mz+2=m

All the traces above are non-negative. To see this, consider for example

m m m
trace Q,, Q21Q12Q,5 Q21Q12Q,5

for some my,my, m3 € INy. Since Q,, is positive definite it has a unique positive
definite square root Q%z- We conclude that
m m m
trace Q,, Q21Q12Q,5 Q21Q12Q,5

)/2
= trace QU201 Q1,Q2 Q01 Q1 QY ™Y (4.8)

Note that

(mq+ms3 /2)

Qs (o tms)f Q21Q12 =(Q21Q12Q5,

’

which implies that (4.8) is the trace of positive semi-definite matrix and therefore
non-negative.
Non-negativity of the traces when m = 2 and k € IN follows by symmetry.
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k=3andm=3
In the following we will need to expand traces, and we therefore note that
k m k k k k
trace Q7,0Q1205,Q21 = A /\3 q13 + A )\4 q14 +A /\3 q23 +A /\4 q24 (4.9)

for any k,m € IN, and
trace QY Q12Q53 Q21 Q1 Q12Q55 Qa1

ky+k ki+k
— /\ 1+ 2/\m1+m2q4 +A 1+ 2/\"11+m2q4

13 14
ki+k ki +k
+ A 1+ 2/\ﬂl|+7ﬂ2q4213 + /\ 1+ 2/\m1+mzq4214

+ Akl +k2(/\g”l /\le + /\ml /\mz)ﬂhﬂﬂ
+’\k1+k2(/\?1/\:1n2 +/\3 Ay 455954
+/\;"1+m2(/\11<1/\ +/\ )‘113‘123
+Arl+m2(Alfl Az +/\I1<2/\2 34454
— (A AR+ AP AT AL + A5 A1) 13425014424

(4.10)

for any ky, k,, my,m, € N.
Assume now k = 3 and m = 3 and consider the sum in Theorem 2.2. The sum
contains all terms on the form

trace Qllql Q12Q3,Q21 Qlﬁ
where k; + k, =2 and
trace Q;nzl Q1 Q%l leQ;nz2
where m; + m, = 2. All these traces equal
trace Qf; Q1,Q3,Q21,

and there are all together 6 of these terms. Next, the sum in Theorem 2.2 also contains
all terms on the form

traceQ11Q12Q22 Q21Q11Q12Q Q21Q
where ki +ky + k3 =1 and m; + m, =1, and
trace Q) Q21Q11Q12Q Q21Q11Q12Q 5

where my + my + m3 = 1 and k; + k, = 1. Using both that trace AB = trace BA and
trace A" = trace A for any two square matrices A and B of the same dimensions we get
that all these traces share the common trace

trace Q11012021 Q12Q22Q21-

All together there are 12 of these terms. Finally, the sum in Theorem 2.2 contains the
two terms

trace(Q1,Q21)° and  trace(Q,Q1,)°
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which share a common trace. We conclude that the sum in Theorem 2.2 reads

trace {6Q%,Q1,Q3,Q21 +12Q11Q12Q51Q12Q2:Q01 +2(Q12Q01)%)- (4.11)

Since Q15 = Qb,, Q12Qy; is positive semi-definite and consequently, trace(Q1,Q5;)° > 0.
Furthermore, we have

2 2 2
trace Q7;0Q12Q5,Q21 =trace Q110Q120Q5,Q21Q11 = 0.

Contrarily, there exists a positive definite matrix Q such that

trace Q11 Q12Q21 Q12022021 <0.

(To see this, consider Q on the form in Example 3.1 with ¢ small and 0 large relative
to €.) We will now argue that despite this,(4.11) remains non-negative. Initially we
note that

ki ym; i ki i i
m; AY (/\31 qis +/\Zl q14) AV (A3 913005 — Ay q14924)
Q11Q12Q Qo1 = ki qmi 2 m 2
/\ (A3 q13923 — A 4 GI146]24) Ay (A3 GI23+/\4 q24)
and
mi ki 2\
Q Q21Q11Q12 [ Az k( 1%3 26123) ( 141k36114 /‘2‘123‘124)]
Ay (A Q31— Az 923924) /\m (AY'ai4 +/\2 134

Since A1 > A, and A3 > Ay, we see that if 13914 > 23924 OF 413923 = 914924, then
one of two matrices above have only non-negative entrances for any k;,m; € IN.
Consequently,

trace Q11 lele Q21 Q11 Q12Q22 Qy =trace sz Q21 Q11 Q12Q22 Q21 Q11 Q12

would be non-negative if this was the case. Especially, we would have

trace Q110Q12Q21Q12Q220Q21 2 0.

Assume now that 413914 < 423924 and 413423 < g14924. By (4.9) and (4.10),

trace {3Q7;Q12Q3,Q21 + Q11Q12Q2Q21Q12Qx1}
1/\2/\3‘113+ A2/14414+ /\2/\3‘123+ A3A145,
+ A Asqis + A dagiy + A Asq5; + Ao dagy
+ 41 (A3 + 14)qT3d1 4 + A2(As3 + A4)433034
+ A3(A1 + A2)q7 3053 + Aa(A1 + A2)q7 4954
— (A1 + 22)(A3 + A4)913923914924

(4.12)

We are going to bound the term (A; +A,)(A3+ A4)q13923914924 by the positive terms to
show non-negative of this trace. We recall that A; > A, >0 and A3 > A4 > 0. Initially,
note that

A2A3913025014924 < AaA3q35455
A2A4013923914024 < A1 Aaq15974
M A1413923014924 < A1 A3q7547,

28



4 . Proofs

This leaves only Ay A3413923914924 to be bounded. If A1 A3413923914924 < %/\%/\gq%y
we have a bounding term in (4.12). Therefore, assume 2453914924 > A1 A3413. Since Q
was assumed positive definite, 1,14 > g3,. Consequently,

A1 3013923014924 < 2953914954
<24,M4053415
< A A4(q53 +475)
< AaAs3q5s + A Asqis

We conclude that (4.12) and hence (4.11) is non-negative.

k+m=7

Now consider k,m € IN such that k + m = 7. Whenever k,m = 1,2, we already know
that the sum in Theorem 2.2 is non-negative. Let k = 3 and m = 4. Then the sum in
Theorem 2.2 reads

trace {14Q;;Q1,Q71Q12Q%,Q21 +7Q% Q1,03,Q0

. ; (4.13)
7Q11(Q12Q22Q21)" +7Q12Q22Q21(Q12Q21)}-

Initially we note that

trace Q11(Q12Q22Q21)* >0 and  traceQ1,Q2,Q,1(Q12Q,1)* >0

since they both can be written as the trace of positive semi-definite matrices (see
above for more details). Next, by (4.9) and (4.10),

trace {307, Q12Q3,Q21 +Q11Q12Q5,Q21Q12Q21}
= 3ATA3q1s + 3ATAGaT, + 3A3A 343, + 3A3A0403,
+ (A3 + A9)a1341s + A2(A3 + 1945345,
+ A3(A1 + A2)a13035 + AG (A1 + A2)41 4934 .
+ M A3qts + A ALgty + Ao 05455 + Ao A5g5,
= (A1 +A2)(A] + A0)q13923914924-
Again we bound the negative term by positive terms. Recall that A1 > A, and A3 > A4,

and that we may assume q;3924 > 413914 and q14924 > 413923 without loss of generality.
Consequently,

M AL913923014924 < M AJGT 4054
A2A3913023014924 < A2A395505,
A2A5913923014024 < A2A3q3495,

leaving A4 A§q13q23q14qz4 to be bounded. First note that

FATA3075 - M AS913923014024 = M A3q13(3 A1 A3915 — 923914924),
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so that non-negativity holds if 31113413 > 423q14924- Assume A1 A3q13 < 2423914924
and recall that A, 1,4 > q§4 since Q is positive definite. Then

A1 A3913023914924 < 213953014954
< 2A5 43405341,
< ApA3035 + Ao Aidty
< ApA3035 + A ALdly
so we have found bounding terms for the last expression. We conclude that (4.14)
is non-negative and therefore, (4.13) is non-negative too. The case k =4 and m =3

follows by symmetry. It follows that the sum in Theorem 2.2 is non-negative for
k+m=7. o

Proof (Proof of Theorem 2.6). Corollary 4.3 gives that (i) and (ii) are equivalent and
Corollary 2.7 gives that (i) implies infinite divisibility. m]
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The Polylogarithmic Distribution

Victor Rohde

Abstract

This study introduces a family of infinitely divisible distributions: the poly-
logarithmic distribution. The polylogarithmic distribution is closely connected to
the stationary and conditional distribution of Ornstein-Uhlenbeck processes, and
we explore this connection. We show that the characteristic function and moment-
generating function of an Ornstein-Uhlenbeck process driven by a polylogarithmic
Lévy process can be calculated analytically. Furthermore, the stationary and condi-
tional distribution of a CARMA process driven by a polylogarithmic Lévy process
is examined, and, under certain conditions, algorithms for fast calculation of the
characteristic and moment-generating function are proposed. Algorithms for fast
computation of the polylogarithm of order 2 and 3 are suggested.

Keywords: polylogarithm; Ornstein-Uhlenbeck processes; CARMA processes; infinitely
divisible distributions

1 Introduction

Continuous-time Lévy driven moving averages are a valuable tool for modeling many
types of phenomena. They introduce a wide range of auto-correlation structures and,
for certain classes of kernels, they offer a lot tractability. If the kernel of the moving
average is non-negative and the Lévy process has non-negative increments, then the
moving average will too be non-negative. This is an attractive property when, for
example, modeling wind power, stochastic volatility of a financial asset, temperature,
or the price of electricity.

When the Lévy process is not a Brownian motion, the stationary distribution of the
moving average can be difficult to characterize. This can be a hurdle for employing a

33



Paper B - The polylogarithmic distribution

moving average model. For example, if we consider the moving average,

X(t) = Lg(t—u)dL(u)

then the characteristic function of X is given by

$x(5) = ElexplisX(0)] = exp{fm ¢L<isg<u>>du} (1.1)

where 1y (z) = logE[exp{zL(1)}] is the cumulant-generating function of L(1), see [11].
(Here, we are ignoring technical assumption about g and L.) To do, for example,
Fourier pricing (see [8]) using this model, it is crucial to calculate the Fourier trans-
form fast, and the integral in (1.1) may prohibit this. It would therefore be of large
benefit to have an analytical expression or a fast approximation scheme. We will
consider a class of Lévy processes with non-negative increments where the integral in
(1.1) can be calculated analytically for an Ornstein-Uhlenbeck (OU) kernel and where
a fast approximation scheme can be formulated for a continuous-time autoregressive
moving average (CARMA) kernel under some conditions. This class of Lévy processes
include the compound Poisson process with exponential jumps and the gamma Lévy
process. An OU or CARMA porcess driven by a compound Poisson process with
exponential jumps or a gamma Lévy process have, for example, been used to model
stochastic volatility of financial assets and wind power utilization, see [1, 3, 4, 7].

2 Motivation

Let (L(t));cr be a Lévy process with log moments (that is, E[log(1 V|L(1)|)]) < o). Then
we define a Lévy driven OU process (X(t));cr by

X(t):J:t M AL() teR, (2.1)

for A > 0. The class of possible distributions for (2.1) is exactly the self-decomposable
distributions, see [12]. For fixed s € IR, we also consider the process (X;(t));»s defined

by
t
xs(t):f e M dL(y), t>s. (2.2)
S

This process is important to consider when considering the distribution of X(t)
conditional on o{X(u): u < s} since

t
X(t) = J-_ e M AL () = X, () + e M X(s).

We will also consider a subclass of CARMA processes. We will not go into a
detailed introduction of CARMA processes but refer to [6] for a thorough treatment.
In [5, Remark 4.9] it is argued that the subclass considered covers a large class of the
CARMA processes employed in the literature. We will consider a CARMA(p,p—1)
process, p € IN, (Y(t));er given by

p
Y(t):f Zaie_bf(t_”)dL(u), teR, (2.3)

=1
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and, again for fixed s € IR, the process (Y,(t));»s defined by

a;e i dL(w), t>s, (2.4)

oS

v
—
=

i=1

where a;,b; >0,i=1,...,p and Zle a; = 1. We have

Y(t) = r iaie_b"(t_")dL(u) =Y (f)+ JS iaie_b"(t_”)dL(u).

0 i=1 %=1

If we impose the additional assumption that (Y (#));c is invertible (see [2, Remark 4.9]),
then L(v)—L(u), s > v > u, is measurable with respect to o{Y(u) : u < s}, and there-
fore so is st Zle a;ebi"=") dL(u). We therefore see that Y,(t) is the critical part for
assessing the conditional distribution of Y(t).

3 The Polylogarithmic distribution

In this section we introduce a family of infinitely divisible distributions. This family of
distributions, as we will explore later, is closely connected to the Ornstein-Uhlenbeck
process. Two special cases include the distribution of a compound Poisson process
with exponential jumps and the gamma distribution.

3.1 The polylogarithm

The polylogarithm (see [10] for a review on the polylogarithm) of order s € R, Liy, is
defined as the power series

Xk
Liy(z) = Zi—s (3.1)
k=1

for z € C with |z| < 1. It is possible to analytically extend the polylogarithm to |z| > 1
except the line [1, 00). The polylogarithm can be shown to satisfy the integral relation

Z7:
LiHl(z):f LIST(t) dt, zeC\[l,00) (3.2)
0
or equivalently,
d . Lis(z
i@ =2, zec\(opufne, (33)
Special cases include
. . 4 . z
Lij(z) =-log(l —z), Lig(z)= -7 and Li_(z)= m (3.4)

Using (3.3) and (3.4), closed expression for Li; when s = -2,-3,... is readily attainable.
On the other hand, there are no closed form expressions for Li; when s > 1 or s ¢ Z.

The polylogarithm has a long history in the field of mathematics, first appearing
in one of the letters from Leibniz to Johann Bernoulli in 1696. It has later been
studied by some of the great mathematicians of the past such as Euler, Abel, and
Ramanujan (cf. [10]). The polylogarithm is also related to the Riemann zeta function
C. In particular, C(s) = Lig(1).
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3.2 Connection to Ornstein-Uhlenbeck processes

For a random variable U, the cumulant-generating function, ¢ is defined by

Pu(2) = log Elexp(zU}],

for z € C such that the expectation is well-defined and finite. We will say that U has a
polylogarithmic distribution of order n € Ny and with parameters a >0 and > 0 if

Yy(z) = aliy(z/B), zeC\([1,00)xiR) (3.5)

and, with a slight abuse of notation, write U ~ Li,(a, ). In Theorem 3.3 below we
will argue that there exists random variables with a polylogarithmic distribution of
order n for any n € INy. Assuming it exists, we note that it is an infinitely divisible
distribution. To see this, consider U; ~ Li, (a4, ) and U, ~ Li,(a,, ) independent.
Then Uy + U, ~ Lij(a + ay, B) by the definition of the cumulant-generating function.
Since the polylogarithmic distribution is infinitely divisible, we can associate a Lévy
process to it (for more on Lévy processes see for example [13]).

Definition 3.1. A Lévy process (L(t))cRr is said to be a polylogarithmic Lévy process of
order n € Ny and with parameters a > 0 and p > 0 if L(1) ~ Li,(a, B).

Remark 3.2. Let (L(t));cr be a compound Poisson process with intensity & > 0 and
exponential distributed jumps with parameter g > 0. Then it is not too difficult to
show that the cumulant-generating function of L(1), 1), is

Pr1)(2) = log E[eH )] = aﬁ = aLig(z/p), z€C\([B,c0)xiR)

by (3.4). We therefore see that (L(t));cR is a polylogarithmic Lévy process of order 0
with parameters « and f.

Additionally, we recognize a Li; (z/f) = —alog(1 —z/B) as the cumulant-generating
function for the gamma distribution with shape a and rate 8, and therefore conclude
that the polylogarithmic distribution of order 1 is the gamma distribution.

The following result is a central reason for studying polylogarithmic distributions.
One of the implications is that an OU process driven by a polylogarithmic Lévy
process of order n has a polylogarithmic distribution of order n + 1.

Theorem 3.3. Let (X(t))icr be the OU process in (2.1) and (X(t))s>s be given by (2.2)
where (L(t))scr is a polylogarithmic Lévy process of order n € Ny and with parameters
a>0and >0. Then

¥x(0)(2) = log E[exp(zX(0)}] = T Liy1 (/) (3.6)
and
¥x0(2) = 10§ Elexp(zX, ()] = T (Lins1 (@/B) ~Linys (e747/B))  (3.7)
forze C\ ([, o) xiR).
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Proof. Initially, using (3.3), we find

d Lin+1 (Ze_/\“//j) T -Au
d—uT —Lln(ze /ﬁ)
Now we have

t

e dL(u)}]

=a f Lin(ze_’\“/ﬂ) du
0

_[Linai(ze /B ™
[
_ Li,.1(2/B)
=~ HP)

log E[exp{zX(t)}] =logE [exp {zf

—00

and

log E[exp{zX;(t)}] = logE [exp {zjt e A=) dL(u)}]

t—s
= af Li,(ze~""/B) du
0

[Linu(ze_A”/ﬁ)}t_s

R

-2 0

(Liys1 (2/B) = Liygr (ze7 /). O

>R

Remark 3.4. From Theorem 3.3 we conclude that the polylogarithmic distribution
has support on [0, ) by an induction argument: the polylogarithm of order 0 has
support on [0, c0) because it is the distribution of a compound Poisson process with
exponential jumps. An OU process driven by a non-negative Lévy process is again
non-negative, and it therefore follows from Theorem 3.3 that the polylogarithmic
distribution of order 1 has support on [0, o) (this also follows since it is a gamma
distribution). This argument can now be continued.

Remark 3.5. Since the polylogarithmic distribution of order # € IN can be realized as
the stationary distribution of an OU process, it follows that it is a self-decomposable
distribution.

Example 3.6. Let (L(#));cr be a gamma Lévy process with shape a > 0 and rate >0,
that is,

Pr)(2) = —alog(l-z/p) = aLiy(z/f), zeC\([p,o0)xiR).

Then the cumulant-generating function of the OU process with mean reversion A > 0
and driven by (L(t));eR is

21> SLiz(/p), z€C\([Bo0) xiR).
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The function Li, is known as the Dilogarithm or Spence’s function. It does not have a
closed form but the integral representation

Lis(z) = —LZ@@, , z€C\([1,00) xiR).

An efficient algorithm for computing Li,(z) is presented in Section 5.

3.3 Properties of the polylogarithmic distribution

We now turn to proving some useful properties of the polylogarithmic distribution.
We start by giving the first moment, and the second and third centralized moments.
In principle, any centralized moment could be calculated using the approach of the
proof, but the calculations quickly become rather cumbersome and we therefore
restrain ourselves.

Proposition 3.7. Let U be a random variable with a polylogarithmic distribution of order
n € INg and with parameters a > 0 and > 0. Then

a
BlU]= 5
a
E[(U -E[U])*] = g
2
BV -EUD] = 555

Proof. Since U has a polylogarithmic distribution of order n and with parameters «
and B,

Yy (ix) = exp(a Li,(ix/p)).

We find that
S9ylix) _ali, (ix/p)
Yulix) ix
& pylin) (Liyo(ix/B)~Li,1(ix/B)\ (aLi,_1(ix/p)\’
Puin) ‘“( (i) )+( ix )
L pylin) _a(Lin3(ix//5)—3Lin2(ix//3)+2Lin1(ix/ﬁ)) (3.8)
pulix) (ix)3

+3a2 Li,_1(ix/p) (Lin—z(iX/ﬁ) - Lin—l(iX/ﬁ))

ix (ix)?

X

N ( aLiyy(ix/p) )3.

It follows from (3.1) that

2
. . X
Lig—2(%) = Liy1 () = 2o + O(x?)
. . . 2x3 4
Li,_3(x) = 3Li,_o(x) + 2Li, 1 (x) = -1 O(x%) O
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for x — 0. The result now follow from letting x — 0 in (3.8).

The next result is a direct consequence of the definition of the polylogarithmic
distribution.

Proposition 3.8. For ay,a;, > 0 and n € Ny, let Uy ~ Li,(ay, ) and U, ~ Li,(ay, p)
be independent. Consider ¢ > 0. Then

cUy ~Liy(ay,B/c) and Uy + U, ~Liy(a; +as, ).
Furthermore, Uy has exponential moment of any order below f. That is,
E[exp{xU;}] < oo

for any x < p.

Proof. This is a consequence of (3.5). O

Finally, using Fourier inversion, we plot some densities of the polylogarithmic
distribution in Figure 1. The polylogarithmic distribution of order 0 is not included
since it is not absolutely continuous with respect to the Lebesgue measure. All
densities correspond to a polylogarithmic distribution with mean and variance equal
to 1.

TITT
LA

>
5555

Figure 1: The densities of a polylogarithmic distribution of order n = 1,2, 3,4 with mean and variance
equal to 1.

4 CARMA processes

This section develops a theory for fast approximation of the cumulant-generating
function of a CARMA process driven by a polylogarithmic Lévy process under some
conditions. This can then, in turn, be used to do fast approximation of the corre-
sponding characteristic function and moment-generating function. In [5] the question
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of the stationary distribution of a CARMA process driven by a compound Poisson
process with exponential jumps is also treated, and the result we present here can be
seen as an extension to [5, Section 4]. Furthermore, the relation in (4.1) plays a role
in the calculation of covariances in [3] where it helps speed up the computation time.

4.1 Distribution of CARMA processes driven by polylogarithmic Lévy
processes

The following theorem gives an expression for the cumulant-generating function of a
subclass of CARMA processes driven by a polylogarithmic Lévy process.

Theorem 4.1. Let (Y(t));cr be the CARMA process in (2.3) and (Y(t));»s be given by
(2.4) where (L(t))ser is a polylogarithmic Lévy process of order n € INg and with parameters
a>0and >0. Let g(t) = Zle a;e b be the kernel function in (2.3) and (2.4). Then

Py (0)(2) = logE[exp{zY (0)}]

o2y (286)\(89) Y
“L‘"“(ﬂ)g'«» ], Ll””( ; )( '(s))ds

1y (4.1)
(
o (28(s) g(s)(g(S) ))
*“L Ll"”( s )(g'(s) el
and

Py, (1)(2) = log E[exp{zY;(#)}]
=aLin+1(zg(t_S)) glt—s)
g(t=s

(g(u) ) max; ;(b; - bj)? (43)
g'(u) 2min, b? '
and
: 4 max; s (b-—b-)z(b —%)
( g(”) ( g(u) ) ) < max,-’j(bi — b]) Ji>jk |\YVi ] k by (4 4)
g \gw)) )|~  4min; b} 2min, |b;[3 :
forall u e R.
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Proof. We start by proving (4.2). First, note that

d . zg(u)\ . (zg(u)\ g (u)
a“ﬂ“(T)—“n( § )gm

for any n € INy, where we have used (3.3). Note g(0) = 1 since ):le a; = 1. Then, using
integration by parts twice,

log E[exp{zY,(t)}] = Lt_s Li, (Zg;u) )du

(T d L (z8(w)) gu)
_C(L ELln-H( /5 )g/(u)dl/l

zg(t—s)\ g(t—s 1
=atiya (¥ )g'(t—s) ““””(ﬁ)g’(())
o zg(u))(g(u))’
o], v (50 £ ) o
. zg(t—s)\ g(t—s) . z\ 1
‘“Ll"“( B )g'(t—s) “Ll”“(ﬁ)g'w)
. (zg(t=s)\ g(t—s) (g(t-5)\ (5) 1 ( 1 )
“Ll””( e e e RS e
zg(u))( g(u) (g(u) )) 4
va . Ll””( 5 \gw\g) )
(4.5)
We now prove (4.3). Initially, we have
g(u) ) _(g/(w)* —g(u)g” (u)
(g’(u) T @y (46
We find
d 2 4 d
(g/(u))z [Z o bi u] [Zaie—biu][z p2eb u]
=1 i=1 i=1 (4.7)
-1 d
Z aia;(b 2 o (bitbj)u
j=li=j+1

and therefore,

’ —(bj+b;)t
’(g(u))‘<maxlf( b;)? Z pua J+1““J'e( *)
~ min; b2 (xd 1a.e—b,-t)2
bi bt
max; j(b; — bj)? Z Py ]+1 e bithi)
mini bzz Zd 14 e_bt+22 Zz =j+1 aa je_(bi+bj)t
2
< maxi,j(bi—b]-)

2min; bi2
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Next we consider (4.4). Let f(u) = g(u)/¢’(1). Then

(£ (F@)) | <1 @)1+ 1f ()f ")
- max; j(b; — bj)* 1

4min; b? min; |b;]

f7 ()l

where we have used (4.3). Next, note

g (u)((g'(u))? — g(u)g” (u)) — g(u) (8" (1))? — g'(u)g"” (u))
(g'(u))3 '

fr(u)=
From (4.7) it follows that

18" (u)((g'(w))? ~ g(u)g” () ~ g(u)(g" (1)) ~ g (u)g""(w))]

d— d d
— Z Z b+b uza hku (b2 blb])
j=1li=j+ k=1
b;b d
< max |(b; - (bk— ‘ ]) Z Z ajaje ~(bitbj) Zakbke_bk“
ji>]k b
jri>j, k T
j=li=j+1 k=1
The bound now follows since
d d-1 d d
g’ (1)3] = Za,?b,?e*bf“ +2Z Z aza;bibjebithin Zakbke’b"“
i=1 j=li=j+1 k=1
-1 d d
> 2m1nb Z Z ~(bi*bj) Zukbke_bk” .
=1i=j+ k=1

Finally, to prove (4.1) we initially note that

log E[exp{zY (0)}] = aLwLin(Zg(u))du = lim aLt_sLin(Zg(u))du (4.8)

ﬁ 5——00 ﬁ
Now (4.3) and (4.4), and that Li,(z) = O(z) as |z| — 0, which follows from (3.1), justifies
letting s — —oo in (4.5) to conclude (4.1). O

4.2 Comments on approximation

Considering Theorem 4.1 and the proof there are three approaches to calculate ¥y
or Py (y)- We focus on ¢y ). We have

Py(o)(2) = Lm Li, (Zg;”) )du (4.9)
R o A Jou o
=t (/3 ) g’io) " aLi””(;)g’zO) (g’io))

e J o (50 (S5 (56 ))d -
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From (4.3) and (4.4) we conclude the integrals in (4.10) and (4.11) are small when the
b;’s are close to each other. When the integrals are small, a more coarse approximation
of them is possible for the same level of accuracy. Thus, the integrals in (4.10) and
(4.11) can be approximated fast when the b;’s are close. On the other hand, the
polylogarithm in the kernels of (4.9), (4.10), and (4.11) have different order. This
makes a direct comparison more difficult but we have Li,(z) = z+ O(|z|?) as |z| — 0 for
any n € INj (by (3.1)), so the polylogarithms are close, at least for small arguments.
We can also argue that (4.9) is larger than the integral in (4.10) for any real and

positive z, that is,
® xg(u))( g(u) ) f"" . (xg(u))
Li du Li du
J; ”“( B N\g'w) o "\ B
for x € (0, B). To see this, first note that g’(0) < 0. By (4.6) and (4.7), we also have

( g(u)
g'(u)
positive input, and since g(u) > 0 we therefore have that both terms in (4.10) are

positive from which the claim follows.

With the parameters estimated in [3] (where b; should be considered as the i’th
mean reversion A;) the bound in (4.3) is 0.0695 and the bound in (4.4) is 0.0307 which
makes the integrals in (4.1) close to negligible. Theorem 4.1 is therefore suitable for
decreasing the compute time in the situation considered in [3].

<

), < 0. Finally, from (3.1), it is apparent that the polylogarithm is positive for

5 Algorithms for fast calculation of the polylogarithm

To apply the results of this paper it is crucial to be able to calculate the polylogarithm
fast. We will only consider the polylogarithm of order 2 and 3 here. Polylogarithms
of order 1 or a smaller integer can be found analytically as argued in Section 3.1.
Polylogarithms of order larger than 3 are increasingly difficult to study, and the
literature becomes more sparse on this topic.

The polylogarithm of order 2 satisfies the relations (see [10]):

Liy(2) :—Liz(%)—%logz(l _2) (5.1)

Liy(z) = Li, (%)— 112 _Jog(~z)log(1 - z) + L log?(1 - 2). (5.2)
for z € C with Re(z) < 0 and z # 0. These two equations together with (3.1) makes it
possible to make fast numerical calculations of the function (—co,0] x iR 3 z > Li,(2)
which is useful for calculating the characteristic function and the moment-generating
function for non-positive argument of the polylogarithmic distribution of second
order. In particular, note that the convergence of (3.1) is fastest for |z| small. Thus,
when |z| < 1 we use (5.1) to calculate Li,(z) and when |z| > 1 we use (5.2). Furthermore,
Li,(z) may also be calculated for z € [0, 1) using (3.1) directly however, as z approaches
1, an increasing number of terms in the sum in (3.1) is required to reach a reasonable
level of accuracy. This can hurt the computational speed.

As an example we consider 10,000 evaluations of x — Li,(ix) (x = 1,...,1000),
which takes approximately 0.03 seconds using (5.1) and (5.2) where the sum in (3.1)
is cut at k = 30 giving a maximal error of 3-1078.!

limplemented in MATLAB R2018b on a standard laptop.
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The polylogarithm of order 3 satisfies (see [9, Section 5.2])

, . n? 1, ;4
Liz(z) = Liz(1/2) - 3 log(—z) - 3 log”(-2)

for z € C with Re(z) < 0 and z # 0. Again, the same 10,000 evaluations as above have
a computational time of approximately 0.03 seconds.
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Stochastic Delay Differential Equations And
Related Autoregressive Models

Andreas Basse-O’Connor, Mikkel Slot Nielsen, Jan Pedersen, and Victor Rohde

Abstract

In this paper we suggest two continuous-time models which exhibit an au-
toregressive structure. We obtain existence and uniqueness results and study
the structure of the solution processes. One of the models, which corresponds to
general stochastic delay differential equations, will be given particular attention.
We use the obtained results to link the introduced processes to both discrete-time
and continuous-time ARMA processes.
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Keywords: autoregressive structures, stochastic delay differential equations, processes of Ornstein-
Uhlenbeck type, long-range dependence, CARMA processes, moving averages.

1 Introduction

Let (L;);cr be a two-sided Lévy process and ¢ : R — R some measurable function
which is integrable with respect to (L;);eR (in the sense of [23]). Processes of the form

xt:JIRw(t—u)dLu, teR, (1.1)

are known as (stationary) continuous-time moving averages and have been studied
extensively. Their popularity may be explained by the Wold-Karhunen decomposition:
up to a drift term, essentially any stationary and square integrable process admits a
representation of the form (1.1) with (L;);c replaced by a process with second order
stationary and orthogonal increments. For details on this type of representations, see
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[28, Section 26.2] and [2, Theorem 4.1]. Note that the model (1.1) nests the discrete-
time moving average with filter (i;);cz (at least when it is driven by an infinitely
divisible noise), since one can choose §(t) = }:]-GZ P;1(;_1,j)(t). Another example of
(1.1) is the Ornstein-Uhlenbeck process corresponding to ¢ (t) = e’/\t]l[oyoo)(t) for A > 0.
Ornstein-Uhlenbeck processes often serve as building blocks in stochastic modeling,
e.g. in stochastic volatility models for option pricing as illustrated in [4] or in models
for (log) spot price of many different commodities, e.g., as in [26]. A generalization
of the Ornstein-Uhlenbeck process, which is also of the form (1.1), is the CARMA
process. To be concrete, for two real polynomials P and Q, of degree p and g (p > q)
respectively, with no zeroes on {z € C : Re(z) = 0}, choosing ¢ : R — R to be the
function characterized by

i Q(iy)
lty =
.[Re p(t)dt Pliy)’ yEeR,

results in a CARMA process. CARMA processes have found many applications, and
extensions to account for long memory and to a multivariate setting have been made.
For more on CARMA processes and their extensions, see [9, 10, 14, 19, 27]. Many
general properties of continuous-time moving averages are well understood. This
includes when they have long memory and have sample paths of finite variation (or,
more generally, are semimartingales). For an extensive treatment of these processes
and further examples we refer to [5, 6] and [3], respectively.

Instead of specifying the kernel ¢ in (1.1) directly it is often preferred to view
(X{)rer as a solution to a certain equation. For instance, as an alternative to (1.1),
the Ornstein-Uhlenbeck process with parameter A > 0, respectively the discrete-
time moving average with filter ¢; = ajlljzl for some a € R with || < 1, may be
characterized as the unique stationary process that satisfies

dXt:—AXtdt‘f'st, tEIR, (12)

respectively,
Xt :aXt_1+Lt—Lt_1, tGIR (13)

The representations (1.2)-(1.3) are useful in many aspects, e.g., in the understanding
of the evolution of the process over time, to study properties of (L;);cg through
observations of (X;);cg or to compute prediction formulas (which, enventually, may
be used to estimate the models). Therefore, we aim at generalizing equations (1.2)-
(1.3) in a suitable way and studying the corresponding solutions. Through this study
we will argue that these generalizations lead to a wide class of stationary processes,
which enjoy many of the same properties as the solutions to (1.2)-(1.3).

The two models of interest: Let 77 and ¢ be finite signed measures concentrated
on [0,00) and (0, ), respectively, and let 6 : R — R be some measurable function
(typically chosen to have a particularly simple structure) which is integrable with
respect to (L;);eg. Moreover, suppose that (Z;);cg is a measurable and integrable
process with stationary increments. The equations of interest are

dXF(J Xt_uq(du))dt+dZt, teR, (1.4)
[0,00)
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and

=) t
thf0 Xt_u¢(du)+J: O(t—u)dL,, teR. (1.5)

We see that (1.2) is a special case of (1.4) with # = -10¢ and Z; = L;, and (1.3) is a
special case of (1.5) with ¢ = a6, and 6 = 1o 1}. Here 6, refers to the Dirac measure
at c € R. Equation (1.4) is known in the literature as a stochastic delay differential
equation (SDDE), and existence and (distributional) uniqueness results have been
obtained when 7 is compactly supported and (Z;),cR is a Lévy process (see [13, 16]).
As indicated above, models of the type (1.4) are useful for recovering the increments
of (Z;);er as well as prediction and estimation. We refer to [7, 17, 21] for details.

Another generalization of the noise term is given in [24]. Other parametrizations
of ¢ in (1.5) that we will study in Examples 3.4 and 3.6 are

P(du) = ae_ﬁ”]l[o,m)(u)du

for @« €e Rand >0 and
P
b= Z¢j5j
j=1

for ¢; € R. As far as we know, equations of the type (1.5) have not been studied
before. We will refer to (1.5) as a level model, since it specifies X; directly (rather
than its increments, X; — X;). Although the level model may seem odd at first glance
as the noise term is forced to be stationary, one of its strengths is that it can be used
as a model for the increments of a stationary increment process. We present this
idea in Example 3.5 where a stationary increment solution to (1.4) is found when no
stationary solution exists.

Our main results: In Section 2 we prove existence and uniqueness in the model (1.4)
under the assumptions that

f u?yl(du) <o and iy—J e " y(du) =0
[0,00) [0,00)

for all y € R (|5 being the variation of 7). In relation to this result we provide several
examples of choices of # and (Z;);cg. Among other things, we show that long memory
in the sense of a hyperbolically decaying autocovariance function can be incorporated
through the noise process (Z;);cr, and we indicate how invertible CARMA processes
can be viewed as solutions to SDDEs. Moreover, in Corollary 2.6 it is observed that as
long as (Z;)ser is of the form

Z, = L[e(t —u) - 90(—u)]dLu, teR,

for suitable kernels 8,60, : R — R, the solution to (1.4) is a moving average of the
type (1.1). On the other hand, Example 2.14 provides an example of (Z;);cg where
the solution is not of the form (1.1). Next, in Section 3, we briefly discuss existence
and uniqueness of solutions to (1.5) and provide a few examples. Section 4 contains
some technical results together with proofs of all the presented results.

Our proofs rely heavily on the theory of Fourier (and, more generally, bilateral
Laplace) transforms, in particular it concerns functions belonging to certain Hardy
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spaces (or to slight modifications of such). Specific types of Musielak-Orlicz spaces
will also play an important role in order to show our results.

Definitions and conventions: For p € (0,00] and a (non-negative) measure p on the
Borel o-field Z(RR) on R we denote by LP(y) the usual LP space relative to p. If p is
the Lebesgue measure, we will suppress the dependence on the measure and write
f € LP. By a finite signed measure we refer to a set function y : (IR) — R of the form
p=pu*—p , where y* and y~ are two finite measures which are mutually singular.
Integration of a function f : R — R is defined in an obvious way whenever f € L(|u|),
where |y| := y* + p~. For any given finite signed measure y set and z € C such that

'[ eRe(@)u |pl(du) < oo,
R

we define the bilateral Laplace transform L[u](z) of y at z by

L{pl(z) = Lez" u(du).

In particular, the Fourier transform F[u](v) := L[p](iy) is well-defined for all y € IR.

(Note that the Laplace and Fourier transforms are often defined with a minus in

the exponent; we have chosen this alternative definition so that F[p] coincides

with the traditional definition of the characteristic function.) If f € L! we define

L[f] := L[f(u)du]. We note that F[f] € L? when f € L N L? and that F can be

extended to an isometric isomorphism from L? onto L? by Plancherel’s Theorem.
For two finite signed measures p and v we define the convolution y* v as

por®)= || taus vy vian

for any Borel set B. Moreover, if f : R :— IR is a measurable function such that
f(t—-) € LY(|pu|) we define the convolution f * u(t) at t € R by

feuty= [ fe-wptan
Recall also that a process (L;);cr, Lo = 0, is called a (two-sided) Lévy process if it
has stationary and independent increments and cadlag sample paths (for details, see

[25]). Let (L;);er be a centered Lévy process with Gaussian component o2 and Lévy
measure v. Then, for any measurable function f : R — R satisfying

J (f(u)zgz + f (Ixf )I* A |xf(u)|)v(dx))du < oo, (1.6)
R R

the integral of f with respect to (L;),cR is well-defined and belongs to L!(IP) (see [23,
Theorem 3.3]).

2 The SDDE setup

Recall that, for a given finite signed measure # on [0, c0) and a measurable process
(Z;)ier With stationary increments and E[|Z;|] < oo for all t, we are interested in
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the existence and uniqueness of a measurable and stationary process (X;);cg with
[E[|X(|] < oo which satisfies

t
Xt_Xs:J‘ J;() )Xu_,,q(dv)du +Z—Z (2.1)
S ,00

almost surely for each s < t.

Remark 2.1. In the literature, (2.1) is often solved on [0, c0) given an initial condition
(Xu)u<o- However, since we will be interested in (possibly) non-causal solutions, it
turns out to be convenient to solve (2.1) on R with no initial condition (see [12, p. 46
and Section 3.2] for details).

In line with [13], we will construct a solution as a convolution of (Z;);cg and a
deterministic kernel xy : R — IR characterized through 7. This kernel is known as
the differential resolvent (of #) in the literature. Although many (if not all) of the
statements of Lemma 2.2 concerning x, should be well-known, we have not been
able to find a precise reference, and hence we have chosen to include a proof here.
The core of Lemma 2.2 as well as further properties of differential resolvents can be
found in [12, Section 3.3].

In the formulation we will say that # has n-th moment, n € N, if v > v" € L1(|17|)
and that 7 has an exponential moment of order 6 > 0 if v - ¢°” € L!(|5|). Finally, we
will make use of the function

h(z) =~z L[)(2), (2.2)

which is always well-defined for z € C with Re(z) < ¢ if 11 admits an exponential
moment of order 6 > 0.

Lemma 2.2. Suppose that h(iy) # 0 for all y € R. Then there exists a unique function
xo : R — R, which meets u > xo(u)e" € L? for all c € [a,0] and a suitably chosen a < 0,
and satisfies

t
xo(t):]l[o,oo)(t)+J: \J; )xo(u—v)n(dv)du (2.3)

for all t € R. Furthermore, xq is characterized by L[xy](z) = 1/h(z) for z € C with Re(z) €
(a,0), and the following statements hold:

(i) If n has n-th moment for some n € IN, then (u +— xo(u)u") € L%. In particular,
xg € L1 for all g € [1/n, 0].

(i) If n has an exponential moment of order 6 > 0, then there exists € € (0,9] such that
u > xo(u)e™ € L? for all c € [a, €] and, in particular, xy € L1 for all q € (0, co].

(iii) If h(z) # O for all z € C with Re(z) < 0, then xy(t) = 0 for all t < 0.

By (2.3) it follows that x induces a Lebesgue-Stieltjes measure p, . From Lemma 2.2
we deduce immediately the following properties of p,

Corollary 2.3. Suppose that h(iy) = 0 for all y € R. Then x defines a Lebesgue-Stieltjes
measure, and it is given by

() = 50(du)+(J.

xo(u —v)q(dv))du.
[0.0)
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A function 6 : R — R is integrable with respect to p,  if and only if
f j |61+ v)xo(u)|du|nl(dv) < oo. (2.4)
[0,00) JR

Example 2.4. Let the setup be as in Corollary 2.3. We will here discuss a few impli-
cations of this result.

(i) Suppose that # has n-th moment for some n € IN. By using the inequality
lu + vt < 2" 1(ju|""! + [v|"~!) we establish that

3 | J sy attuian

(2.5)
S|77|([0:°<’)).£R|xo(u)u"1|du+.r[0 s |U|(dv)L|xo(u)|du-

The last term on the right-hand side of (2.5) is finite, since xy € L' by Lemma 2.2((i)).
The Cauchy-Schwarz inequality and the same lemma once again imply

2
(J- |x0(u)u”_1|du) SJ (xo(u)u")zdu J. u2du < co.
[u[>1 lul>1 lu|>1

Consequently, since u + xo(u)u""! is locally bounded, we deduce that (u

xo(u)u""') € L! and that the first term on the right-hand side of (2.5) is also
finite. It follows that (2.4) is satisfied for 8(u) = |u|"!, so Jx, has moments up
to order n— 1.

(ii) Suppose that 71 has an exponential moment of order 6 > 0. Let y be any number
in (0, ¢), where ¢ € (0,9) is chosen as in Lemma 2.2((ii)). With this choice it is
straightforward to check that (u + xq(u)e?*) € L!, and hence

j f eV o (w) du |n)(dv) = J e |7I|(d7/)J lxo(u)le”" du < co.
[0,00) JR [0,00) R

This shows that (2.4) holds with 6(u) = e?", so p, has as an exponential moment
of order y > 0.

(iii) Whenever 7 has first moment, x; is bounded (cf. Lemma 2.2((i))). Thus, under
this assumption, a sufficient condition for (2.4) to hold is that 6 € L.

With the differential resolvent in hand we present our main result of this section:

Theorem 2.5. Let (Z;);cr be a measurable process which has stationary increments and
satisfies IE[|Z;|] < oo for all t. Suppose that 1 is a finite signed measure with second moment
and h(iy) = 0 for all y € R. Then the process

Xt:Zt+j Zt_MJ xo(u—v)n(dv)du, telR, (2.6)
R [0,00)

is well-defined and the unique integrable stationary solution (up to modification) of
equation (2.1). If h(z) # 0 for all z € C with Re(z) < 0, (X});er admits the following causal
representation:

X; = J- [Zi_y — Z¢] xo(u—v)n(dv)du, telR (2.7)
0 [0,00)
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Often, (Z;)scr is given by

Z, :L[e(t—u)—a(—u)]de teR, (2.8)

for some integrable Lévy process (L;);cg with IE[L;] = 0 and measurable function
0 : R — R such that u +— O0(t + u) — 6(u) satisfies (1.6) for t > 0. The next result shows
that the (unique) solution to (2.1) is a Lévy-driven moving average in this particular
setup.

Corollary 2.6. Let the setup be as in Theorem 2.5 and suppose that (Z;),cR is of the form
(2.8). Then the unique integrable and stationary solution to (2.1) is given by

Xt:f 0y (t—u)dL,, teR. (2.9)
R

In particular if Z; = L, for t € R, we have that

X, = f xo(t—u)dL,, telkR
R

Remark 2.7. Let the situation be as in Corollary 2.6 with h(z) = 0 whenever Re(z) < 0.
In this case we know from Theorem 2.5 that (X;);cg has the causal representation
(2.7) with respect to (Z;);cr- Now, if (Z;);cR is causal with respect to (L; )R in the
sense that 6(t) = 0 for t <0, (X;);cr admits the following causal representation with
respect to (L;)ser:
t
X = j Oxpy (t-u)dL,, teRR.

(o]

This follows from (2.9) and the fact that 6+ p, (t) = 0 for t <0 (using Lemma 2.2((iii))).

Remark 2.8. The assumption h(0) = —#([0, c0)) = 0 is rather crucial in order to find
stationary solutions. It may be seen as the analogue of assuming that the AR coeffi-
cients in a discrete-time ARMA setting do not sum to zero. For instance, the setup
where 1 = 0 will satisfy h(iy) = 0 for all y € R\ {0}, but if (Z;),cR is a Lévy process,
the SDDE (2.1) cannot have stationary solutions. In Example 3.5, we show how one
can find solutions with stationary increments for a reasonably large class of delay
measures 1 with #([0,0)) = 0.

Remark 2.9. It should be stressed that for more restrictive choices of #, and in case
(Z1)ter is @ Lévy process, solutions sometimes exist even when [E[|Z;]] = co. Indeed,
if  is compactly supported and Re(z) < 0 implies h(z) # 0, one only needs that
E[log" |Z|] < oo to ensure that a stationary solution exists. We refer to [13, 24] for
more details.

We now present some concrete examples of SDDEs. The first three examples con-
cern the specification of the delay measure and the last two concern the specification
of the noise.

Example 2.10. Let A # 0 and consider the equation
t
Xt—st-/\J X, du+Z,-Z, s<t (2.10)
s
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In the setup of (2.1) this corresponds to 1§ = —A19y. With h given by (2.2), we have
h(z) = A —z # 0 for every z € C with Re(z) # A, and hence Theorem 2.5 implies that
there exists a stationary process (X;);er with E[|X(|] < oo satisfying (2.10). According
to Lemma 2.2 the differential resolvent x, can be determined through its Laplace
transform on {z € C : a <Re(z) < 0} for a suitable a < 0 as

1 L[lgee™]z)  if A>0
A-z

L[xo](z) = = 11[—]1(_00,0)6%](2) if A<o.

Consequently, by Theorem 2.5,

Z,~deM(" Z eMdu if A>0
Xt:{ = det L Zuetdu i (2.11)

Zy+ e M [P ZeMdu if 1<,

Ornstein-Uhlenbeck processes satisfying (2.10) have already been studied in the
literature, and representations of the stationary solution have been given, see e.g. [2,
Theorem 2.1, Proposition 4.2].

Example 2.11. Let (L;);cg be a Lévy process with [E[|L;|] < co. Recall that (X;)scR is
said to be a CARMA(2,1) process if

t
Xy :J g(t-u)dL,, telR,

(%Y

where the kernel g is characterized by

Flaly) = — 20"

- T 5 . IR;
2 —aiy-a, 7 C

for suitable by, a;,a, € R, such that z — z? +a;z+a, has no roots on {z € C : Re(z) > 0}.
To relate the CARMA(2, 1) process to a solution to an SDDE we will suppose that the
invertibility assumption by > 0 is satisfied. In particular, by —iy = 0 for all y € R and,
thus, we may write

1

Flgly) = yeR

ay—bg(a;—bg)’

—iy+ay —bg+ Bo-iy

By choosing #(dv) = (bg —a1)0g(dv) — (az — bo(a; — bo))e‘b(]”]l[o,oo](v)dv (a finite signed
measure with exponential moment of any order o < by) it is seen that the function h
given in (2.2) satisfies 1/h(iy) = F[g](y) for v € R. Consequently, we conclude from
Theorem 2.5 that the CARMA(2, 1) process with parameter vector (by,a;,4,) is the
unique solution to the SDDE (2.1) with delay measure #. In fact, any CARMA(p, q)
process (p,q € INy and p > q) satisfying a suitable invertibility condition can be
represented as the solution to an equation of the SDDE type. See [7, Theorem 4.8] for
a precise statement.

Example 2.12. In this example we consider a delay measure # where the correspond-
ing solution to the SDDE in (2.1) may be regarded as a CARMA process with fractional
polynomials. Specifically, consider

aj

n(dv) = ayoo(dv) + T(B)

Il[o’oo)(v)vﬁ_l e 7dv,

54



2 - The SDDE setup

where 8,7 > 0and I is the gamma function. In this case, h(z) = —z—a; —a,(y-z)~?,and
hence h is of the form P;(y—-)/P>(y—-), where P,(z) = z% + b;z% +d; for suitable a;,c; > 0
and b;,d; € R. In this way, one may think of & as a ratio of fractional polynomials
(recall from Example 2.11 that the solution to (2.1) will sometimes be a regular
CARMA process when € IN). By Lemma 2.2 and Theorem 2.5 the associated SDDE
has a unique solution with differential resolvent x, satisfying x(t) = 0 for ¢ <0, if

Re(z2) <0 = —z—al—az(y—z)_ﬁ:«to. (2.12)
Each of the following two cases is sufficient for (2.12) to be satisfied:

(i) @) +|as|y P <0: In this case we have in particular that a; <0, so
|—z-a1—ax(y ~2) P12~y ~leall(y —2)F| = ~a1 ~lazly ™ > 0
whenever Re(z) < 0.

(ii) a;,@, <0and B < 1: In this case Re((y —z)#) > 0 and, thus, Re(~z—a; — a,(y —
z)"P) >0 as long as Re(z) < 0

Example 2.13. Let 7 be any finite signed measure with second moment, which satis-
fies h(iy) = 0 for all y € R. Consider the case where (Z;);cR is a fractional Lévy process,
that is,

__ 1 d d
Zt—mL[(t—M)+—(—u)+]dLu, te]R,
where d € (0,1/2) and (L;)cR is a centered and square integrable Lévy process. Let

IR S
o(t) = r(Hd)tJr, teR.

Then it follows by Corollary 2.6 that the solution to (2.1) takes the form

Xt:—f 0+ iy, (t—u)dL,, teR.
R

It is not too difficult to show that 6 * p, coincides with the left-sided Riemann-
Liouville fractional integral of xj, and hence X; = LR xo(t—u)dZ,, where the integral
with respect to (Z;);cr is defined as in [18]. Consequently, we can use the proof
of [18, Theorem 6.3] to deduce that (X;);cg has long memory in the sense that its
autocovariance function is hyperbolically decaying at co:

I(1-2d) IE[Lf]tZd_1
T(d)T(1-d) h(0)2 ’

yx(t) == E[X; Xo] ~ t — oo. (2.13)

In particular, (2.13) shows that yyx ¢ L!.

Our last example, presented below, deals with a situation where Theorem 2.5 is
applicable, but (Z;);cR is not of the form (2.8). It is closely related to [2, Corollary 2.3].

Example 2.14. Consider a filtration & = (F;)cr and let (B;);cg be an & -Brownian
motion. Moreover, let (o;),cr be a predictable process with oy € L?(IP). Finally, assume
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that (o7, Bt)ser and (0444, Biyyy — By)ier have the same finite-dimensional marginal
distributions for all u € RR. In this case

t
Z[ = \J‘ GSdBS’ t € IR,
0

is well-defined, continuous and square integrable, and it has stationary increments.
Here we use the convention fot = —LO when t < 0. Under the assumptions that h(z) = 0
for all z € C with Re(z) < 0 and # has second moment, Theorem 2.5 implies that there
exists a unique stationary solution (X;);cr to (2.1) and, since xy(¢) = 0 for t <0, it is
given by

X :Zt+j Zt_sj xo(s—v)n(dv)ds
0 [0,00)

=) t
:—j J oy dBuJ xo(s —v)n(dv)ds
0 Jt-s [0,c0)

t =)
=- qu f xo(s —v)y(dv)dsdB,
—00 t—u J[0,00)
t
:J xo(t—u)o,dB,

for t € R, where we have used Corollary 2.3, (4.10) and an extension of the stochastic
Fubini given in [22, Chapter IV, Theorem 65] to integrals over unbounded intervals.

3 The level model

In this section we consider the equation

o t
Xt:J Xt_u(f)(du)+j O(t—u)dL,, (3.1)

0 —00
where ¢ is a finite signed measure on (0,), (L;);cr is an integrable Lévy process
with [E[L;] = 0 and 6 : R — R is a measurable function, which vanishes on (—c0,0)
and satisfies (1.6).

Remark 3.1. Due to the extreme flexibility of the model (3.1), one should require
that ¢ and 6 take a particular simple form. To elaborate, under the assumptions
of Theorem 3.2 or Remark 3.3, a solution to (3.1) associated to the pair (¢,0) is a
causal moving average with kernel 1. On the other hand, this solution could also
have been obtained using the pair (0, ). However, it might be that ¢ and 6 have a
simple form while ) has not, and hence (3.1) should be used to obtain parsimonious
representations of a wide range of processes. This idea is similar to that of the
discrete-time ARMA processes, which could as well have been represented as an
MA(c0) process or (under an invertibility assumption) an AR(co) process.

Equation (3.1) can be solved using the backward recursion method under the
contraction assumption |¢|((0, o)) < 1, and this is how we obtain Theorem 3.2. For the
noise term we will put the additional assumption that IE[L%] < 00, and hence (in view
of (1.6)) that 6 € L?. In the formulation we will denote by ¢" the n-fold convolution
of ¢, that is, ¢ := p*---+ ¢ for n € N and ¢** = .
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Theorem 3.2. Let (L;)cR be a Lévy process with E[L;] = 0 and E[L?] < co, and suppose
that 6 € L?, and |pl((0,00)) < 1. Then there exists a unique square integrable solution to
(3.1). It is given by

t
X; = J- P(t-u)dL,, teR,
where 1 := Y %> 0 0+ p*" exists as a limit in L? and vanishes on (—co,0).

Remark 3.3. One can ask for the existence of solutions to (3.1) under weaker condi-
tions on ¢ than [¢|((0,0)) < 1 (as imposed in Theorem 3.2). In particular, suppose
still that E[L;] = 0, [E[L?] < co and 0 € L?, but instead of |¢|((0,c0)) < 1 suppose for
some a < 0 that £[¢](z) # 1 whenever Re(z) € (a,0) and

L[o)(x +iy) |’

s J T ol

Under these assumptions one can find a function i € L?, such that (u +> e 1p(u)) € L!
for all c € (4,0) and

dy < co. (3.2)

L[0]
1-L[¢]
This is shown in Lemma 4.1. With this choice of i it follows that L[](z) = L[ ](z)L[¢P](z)+
L[60](z), and hence

L[] = on {ze€C:a<Re(z) <0} (3.3)

Clp(t=))(-2) = eZf(ﬁ[v,b](z)z:w](z)+z:[61<z>)

=£Um ¢<t—u—-)¢<du>+9<t—->]<—z)
0

for each fixed t € R and all z € C with Re(z) € (4,0). By uniqueness of Laplace
transforms, this establishes that

Ip(t—r):J:oyb(t—u—r)qﬁ(du)+6(t—r) (3.4)

for Lebesgue almost all r € R and each fixed ¢ € R. By integrating both sides of (3.4)
with respect to dL, and using a stochastic Fubini result (e.g., [2, Theorem 3.1]) it
follows that the moving average X; = JIR P(t—r)dL,, t € R, is a solution to (3.1).

To see that the conditions on ¢ imposed here are weaker than |¢|((0,00)) < 1
as imposed in Theorem 3.2, observe that £[¢](z) # 1 whenever Re(z) € (a,0) by the

inequality |[£[¢](2) <[]((0,00)), and
L[O](x+1iy) 27 J‘x’ )
su —_— <— O(u) du. (3.5)
u<x50—[l? 1= L[g1+ip)| P = (T=1pl((0.00)2 Jy
In (3.5) we have made use of Plancherel’s Theorem. Suppose that |¢[((0,00)) < 1 so
that Theorem 3.2 is applicable, let i be defined through (3.3) and set ) = Y 0>, 0% ¢p*".

Then it follows by uniqueness of solutions to (3.1) and the isometry property of the
integral map that

2

2
_ B (o o .
O_E[(Lz‘b(t u)dL, LRW ”)dLu)] IE[Ll]_ﬁR(l,b(u) B(u))? du.
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This shows that ¢ = i) almost everywhere and that } {20 = ¢*" is an alternative
characterization of ) when |$[((0,00)) < 1. Another argument, which would not rely
on the uniqueness of solutions to (3.1), would be to show that ¢ and ) have the same
Fourier transform.

Example 3.4. Suppose that (L;),cR is a Lévy process with [E[L;] = 0 and IE[L%] < oo,
and let 0 € L2. For a € R and B >0, consider

P(du) = ae‘ﬂ”]l[o,oo)(u)du
and define the measure
E(du) = e P(du) = ae” P Lo o (u)du.

We will argue that a solution to (3.1) exists as long as a/f < 1 by considering the two
cases (i) -1 < a/f <1 and (ii) a/B < -1 separately.

(i) -1 < a/B < 1:In this case |[$|((0, o)) = |al/B < 1, and the existence of a solution
is ensured by Theorem 3.2. To determine the solution kernel i, note that
¢ (du) = “—”u”’le’ﬁ”]l[o,oo)(u)du for n € N and, thus,

(n-1)!
N t N-1 (au)”
) 047 (H)=06(t)+ af Ot —ue P ) o du = 0(1) + 0+ £(1)
n=0 0 - :

as N — oo by Lebesgue’s Theorem on Dominated Convergence. This shows that
P=0+0+C&.

(ii) a/p <-1:1In this case |¢[((0,0)) > 1, so Theorem 3.2 does not apply. However,
observe that L[¢](z) = a/(f—2z)# 1 and

L[0)(z) _ L[O](z) _ a *
1-L[$]z) T—azl = 5[9](Z)+£[9](2)—ﬁ_a_z =L[0+0+&](2)

when Re(z) < 0. The latter observation shows that
LIO)(x+iy) |

i‘i%’fm 1—L[¢](x +1p)

by Plancherel’s Theorem. Now Remark 3.3 implies that a solution to (3.1) also
exists in this case and ¢ = 6 + 6 + £ is the solution kernel.

dy < 271[ (O(u)+ 0+ &(u)) du < co
R

The next example relates (3.1) to (2.1) in a certain setup.

Example 3.5. We will give an example of an SDDE where Theorem 2.5 does not pro-
vide a solution, but where a solution can be found by considering an associated level
model. Consider the SDDE model (2.1) in the case where 7 is absolutely continuous
and its cumulative distribution function F, (t) := ([0, t]), t > 0, satisfies

fw Fy(0ldt < 1. (3.6)
0
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This means in particular that 7([0,0)) = lim;_,, F,(f) = 0, and hence h defined in
(2.2) satisfies h(0) = 0 and Theorem 2.5 does not apply (cf. Remark 2.8). In fact, using
a stochastic Fubini theorem (such as [2, Theorem 3.1]) and integration by parts on
the delay term, the equation may be written as

Xt—x5=f0 [Xt_u—Xs_u]FU(u)du+Zt—Zs, s<t. (3.7)

This shows that uniqueness does not hold, since if (X;);cR is a solution then so is
(X; + &)ser for any & € L(IP). Moreover, as noted in Remark 2.8, we cannot expect to
find stationary solutions in this setup. In the following let us restrict the attention to
the case where

zt=L[f<t—u>—fo<—u>JdLu, [eR

for a given Lévy process (L;);cg with E[L;] = 0 and [E[L?] < co, and for some functions
f.fo : R - R, vanishing on (-c0,0), such that u + f(t+ u)— fo(u) belongs to L?.
Using Theorem 3.2 we will now argue that there always exists a centered and square
integrable solution with stationary increments in this setup and that the increments
of any two such solutions are identical.

To show the uniqueness part, suppose that (X;)cR is a centered and square inte-
grable stationary increment process which satisfies (3.7). Then, for any given s > 0,
we have that the increment process X(s); = X; — X;_, t € R, is a stationary, centered
and square integrable solution to the level equation (3.1) with ¢(du) = F, (u)du and
0 = f — f (- —s). By the uniqueness part of Theorem 3.2 and (3.6) it follows that

X(s); = L¢S(t_ u)dL,, teR,

where () =) ;- 0]0 [f(t—u)-f(t—s—u)]¢p*"(du) (the sum being convergent in L?).
Consequently, by a stochastic Fubini result, (X;);cg must take the form

X =&+ zfom[ztu ~Z.)¢"(du), teR, (3.8)
n=0

for a suitable & € L?(IP) with E[&] = 0. Conversely, if one defines (X;);cr by (3.8) we
can use the same reasoning as above to conclude that (X;),cR is a stationary increment
solution to (2.1). It should be stressed that one can find other representations of
the solution than (3.8) (e.g., in a similar manner as in Example 3.4). For more on
non-stationary solutions to (2.1), see [20].

A nice property of the model (3.1) is that it can recover the discrete-time ARMA(p, q)
process. Example 3.6 gives (well-known) results for ARMA processes by using Re-
mark 3.3. For an extensive treatment of ARMA processes, see e.g. [8].

Example 3.6. Let p,q € N and define the polynomials ®,® : C — C by
P(z)=1-P1z—-—Pp2’ and O(z)=1+01z+--+0,2%,

where the coefficients are assumed to be real. Let (L;);cg be a Lévy process with
[E[L;] =0 and lE[L%] < oo, and consider choosing ¢(du) = Z;}:l ¢joj(du) and O(u) =
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Ljo,1)(u) + Z]q':l 0i1(j,j+1)(u). In this case (3.1) reads

p 9
Xp=) ¢iXpi+Zi+) 02y teR, (3.9)
i=1 i=1

with Z, = L; — L; 1. In particular, if (X;),cR is a solution to (3.9), (X;);cz is a usual
ARMA process. Suppose that ®(z) = 0 for all z € C with |z| = 1. Then, by continuity
of @, there exists a < 0 such that 1 — L[$](z) = D(e?) is strictly separated from 0 for
z € C with Re(z) € (4,0). Thus, since 8 € L?, Remark 3.3 implies that there exists a
stationary solution to (3.1), and it is given by X; = LR P(t—u)dL,, t € R, where ¢ is
characterized by (3.3). Choose a small ¢ > 0 and (1);)jcz so that the relation

5= L v

]7—00

holds true for all ze C with 1 —¢ <|z| <1 +¢. Then

Z #}]ﬁ[]l ]]+1 [ Z Eb] [j,j+1) ]

j=—co j=—co

L[P](z) = L[Tjo,1)]

for all z € C with a negative real part sufficiently close to zero. Thus, we have the
well-known representation X; = Z]f";oo Y;Zs jforteR.

4 Proofs and technical results

The first result is closely related to the characterization of the so-called Hardy spaces
and some of the Paley-Wiener theorems. For more on these topics, see e.g. [11, Section
2.3] and [15, Chapter VI (Section 7)]. We will use the notation S,;, ={z€ C : a<
Re(z) < b} throughout this section.

Lemma 4.1. Let —oco <a < b < oo. Suppose that F : C — C is a function which is analytic
on the strip S, , and satisfies

sup J |F(x +iy)[>dy < co. (4.1)
a<x<b JR

Then there exists a function f : R - C such that (u + f(u)e") € Lt for c € (a,b),
(u > f(u)e™) e L? for c € [a,b), and L[f](z) = forzeSa,b.

Remark 4.2. If a = —co, the property u > f(u)e® € L? is understood as f(u) = 0 for
almost all u < 0 and similarly, f(u) = 0 for almost all u > 0 if u > f(u)e?™ € L? for

b = co.

Proof (Proof of Lemma 4.1). Fix c¢y,¢; € (a,b) with ¢; <c¢,. For any y > 0 and u € R,
consider (anti-clockwise) integration of z — e¢”*"F(z) along a rectangular contour R,
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with vertices ¢; — 1y, c; — 1y, ¢ +iy, and ¢; +1y:

0= 95 e *F(z)dz
R

Y

€2 . y .
:J e_(x_’y)“F(x—iy)dx+ie_czuJ e F(cy +ix)dx (4.2)
€1 -y

c2 . vy,
_ f eI (x 1 ip)dx —ie1" j e F(c; +ix)dx.
4] -y

Since

2
dy

(%) .
f e VU (x +iy)dx

1

J

< e 2amneau)(c, )2 sup J. |F(x +ip)dy < oo,

a<x<b
we deduce the existence of a sequence (v,,),en € (0, 00), such that y,, — oo and
(%] .
f e EIIUE (x + iy, )dx — 0.
€1

Furthermore, for k = 1, 2 it holds that
Y
(u — J e MMF(cp + ix)dx) —>(u > 2t F U F(cg +i-)](u)
-y

in L? as y — oo by Plancherel’s Theorem. In particular, this convergence holds along
the sequence (v,),cn and, eventually by only considering a subsequence of (v,,) e,
we may assume that

Yn .
lim e NUE (e +ix)dx = 2 F U F(cp +i)|(u), k=1,2,

~Yn

for almost all u € R. Combining this with (4.2) yields e 1* F~'[F(c; + i-)|(u) =
e~2* F~1[F(c, +i-)](u) for almost all u € IR. Consequently, there exists a function
f : R — C with the property that f(u) = e~ F~'[F(c +i-)](u) for almost all u € R for
any given c € (a,b). For such ¢ we compute

J\kmf |du_lf|f-qpc+1 |du< um~f|Fx+ledy<a)

x€(a,b)

Consequently, (u — f(u)e") € L? for any c € (a,b) and by Fatou’s Lemma, this holds
as well for ¢ = a and ¢ = b. Furthermore, if ¢ € (a,b), we can choose ¢ > 0 such that
c+e € (a,b) as well, from which we get that

(L{|f<u)|ef“du)2

00 0 00
s(J- If(u)e(”")“lzdquJ |f(u)e(c_$)”|2du)j e 2" duy < 0o
0 —00 0
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by Holder’s inequality. This shows that (u + f(u)e*) € L!. Finally, we find for z =
x+iy € S, (by definition of f) that

£ = [ e fludu = FLF FG 1) = Fio)
and this completes the proof. O

Proof (Proof of Lemma 2.2). Observe that, generally, h(z) = 0 if Re(z) < 0 and |z| >
|71([0, 0)), and thus, under the assumption that h(iy) = 0 for all p € IR and by continuity
of h there must be an a < 0 such that h(z) = 0 for all z€ S, (. The fact that |h(z)| ~ |z|
as |z| = co when Re(z) < 0 and, once again, the continuity of h imply that (4.1) is
satisfied for 1/h, and thus we get the existence of a function % : R — R such that
L[%y)] = 1/hon S, and t > e’ %,(t) € L? for all ¢ € [a,0]. Observe that this gives in
particular that %y1(_s, 0 € L' and thus, since %, € L?, we also get that Fol(—eo) € L!
for all + € R. This ensures that xy : R — R given by

xo(t) ]l[Ooo j J (u—v)n(dv)du, telR,
0,00)

is a well-defined function. To establish the first part of the statement (in particular
(2.3)) it suffices to argue that L[xy] = 1/h on S, ;. However, this follows from the
following calculation, which holds for an arbitrary z € S, o:

‘C|:]l[0,oo) + '['oo .f[o - Fo(u—v)n(dv) du](z)

_ ~ ) . )
=z 1[1 +£[x0](z)£[;7](z)] - 1m _ =

Suppose now that # has n-th moment for some # € N and note that

ID*h(iy)| <1 +J vKyl(dv) < oo
[0,00)
for k € {1,...,n} (D* denoting the k-th order derivative with respect to p). Since
D*[1/h(iy)] will be a sum of terms of the form D'h(iy)/h(iy)™, I,m = 1,...,k, and
(v > 1/h(iy)) € L?, this means in turn that D¥[1/h(i-)] € L? for k = 1,...,n. Since F !
maps L? functions to L? functions, 7~ ![D"[1/h(i-)]] € L?>. Moreover, it is well-known
that if f,Df € L', we have the formula F~'[Df](u) = iuF'[f](u) for u € R, and
by an approximation argument it holds when f,Df € L? as well (although only for
almost all u), cf. [1, Corollary 3.23]. Hence, by induction we establish that

F‘l[D”ﬁ}(u) = (iu)"f_l[%](u) = (iu)"xo(u).

This shows the first part of ((i)). For any given q € [1/n,2) it follows by Holder’s
inequality that

f eo()l? du
R

q/2 1-q/2
S(J- (xo(u)(1+|u|”))2du) (f (1+|u|”)_2q/(2_’1)du) < oo,
R R
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which shows x( € L1. By using the relation (2.3), which was verified just above, we
obtain

t
(B < 1 +f_ f[o ol =oldv)du < |n|<[o,oo>>L|xo<u>|du.

Since x, € L', the inequalities above imply x; € L®, and thus we get x, € L7 for
q € [1/n,00], which shows the second part of ((i)). If # has an exponential moment of
order 6 then we can find a < 0 < b < 6 such that 1/h satisfies (4.1) and therefore, we
have that u > xo(u)e* € L? for c € [a, b]. If h(z) # 0 for all z € C with Re(z) < 0 we can
argue that (4.1) holds with a = —co (and b = 0) in the same way as above and, thus,
Lemma 4.1 implies xq(u) = 0 for u < 0. O

The following lemma is used to ensure uniqueness of solutions to (2.1):

Lemma 4.3. Fix s € IR. Suppose that h(iy) # 0 for all y € R and that, given (Y;);<s, a
process (X;)ier satisfies

{X +IJ[0 Xypn(dv)du, t=s (4.3)

Y;, t<s

almost surely for each t € R (the IP-null sets are allowed to depend on t) and sup, . E[|X;|] <
oco. Then

Xt:szO(t—s)+f f Y,y n(dv)xo(t—u)du (4.4)
s (1—s,00)

for Lebesgue almost all t > s outside a IP-null set.

Proof. Observe that, by Fubini’s Theorem, we can remove a [P-null set and have that
(4.3) is satisfied for Lebesgue almost all ¢ € R. Let a < 0 be such that h(z) = 0 for all
z €S, (this is possible due to the assumption h(iy) # 0 for all y € R). Note that

IEU e X, |dt
S

for any given n € IN by Tonelli’s Theorem. This means that Loo e‘”71t|Xt|dt < oo for
all n almost surely and, hence, L[X1[; )] is well-defined on S, outside a P-null set.
For ze S5,y we compute

L[XT[500)l(2) =L []l[s,oo) {XS +J J;O )Xu,,, r](dv)du}] (z)
s ,00
zS o t

o Xse +J eZtJ. f Xy_pn(dv)dudt

z s s J[0,00)
ZS [>Y (o]
_ste +J1) J XM_VJ et dtdun(dv)
X.e® + J. f X, ety duq(dv))
0,00)

[Xsezs + L[n](2) LIX1[5,00)(2)

Tise0 Y_yn(d )]( ))-
o Yot

<nsupE[|X;]] < oo
telR

NI»—l

NI»—t

+L
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In the calculations above we have used Fubini’s Theorem several times; specifically,
in the third and fifth equality. These calculations are valid (at least after removing yet
another IP-null set) by the same type of argument as used to establish that L[X 1[5 ]
is well-defined on S, g almost surely. For instance, Fubini’s Theorem is applicable in
the third equality above for any z € S, ; almost surely, since

00 t
1EU JJ e”_lt|Xu_v||17|(dv)dudt]
s s J[0,00)

_ |n|<[o,oo>>j (1396 di sup E[X ) <0

for an arbitrary n € IN. Returning to the computations, we find by rearranging terms
that

I TY S AT ) (B

LIX 1[5 00)](2) = h) + e (4.5)
By applying the expectation operator, we note that
[ ettt - widu <o (4.6
s (1—s,00)

almost surely for each t € R if Loo [71((1 =5, 00))|xg (¢ — )| du < o0. Since |1]([0, o0)) < oo,
it is sufficient that xo1(_co,1—s] € L', but this is indeed the case (see the beginning of
the proof of Lemma 2.2). Consequently, Tonelli’s Theorem implies that (4.6) holds
for Lebesgue almost all t € R outside a [P-null set. Furthermore, again by Lemma 2.2,
there exists ¢ > 0 such that

j e—etj |xo(t_u)|dudt:j e_gt|x0(t)|dtJ- e du < oo
R s R s

From this it follows that, almost surely, me( )Yu_,,q(dv)xo(t —u)du is well-

U—Ss,00

defined and that its Laplace transform exists on S_; o. We conclude that

- 2] 1509 fi oy Yoo 1(d0)| 2)
E[J J Yuvq(dv)xo(-—u)du](z):
s (u—s,00)

h(z)

for z € S_; o, and the result follows since we also have L[x((- —s)](z) = ¢**/h(z) for
A 876,0' O

When proving Theorem 2.5, [2, Corollary A.3] will play a crucial role, and for
reference we have chosen to include (a suitable version of) it here:

Corollary 4.4 ([2, Corollary A.3]). Let p > 1 and (X;);cr be a measurable process with
stationary increments and E[|X,[P] < oo for all t € R. Then (X;);eR is continuous in LP(IP),
and there exist a, p > 0 such that E[|X,[P]'/P < a + B|t| for all t € R.

Proof (Proof of Theorem 2.5). We start by noting that if (X;);eg and (Y;);cR are two
measurable, stationary and integrable (IE[|Xo]|], IE[|Yp|] < oo) solutions to (2.1) then, for
fixed s € R,

t
Ut:U5+fJ. Uy_y (dv)du (4.7)
s Jjo,m)
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almost surely for each t € R, when we set U; := X; - Y;. In particular, for a given t € R,
we get by Lemma 4.3,

U, = Usxg(r —s) +f f U,y n(dv) xo(r —u)du (4.8)
s (u—s,00)

for Lebesgue almost all 7 > ¢ -1 and all s € Q with s < - 1. For any such r we observe
that the right-hand side of (4.8) tends to zero in L!(IP) as Q 3 s — —oo, from which we
deduce U, = 0 or, equivalently, X, = Y, almost surely. By Corollary 4.4 it follows that
(U,),er is continuous in L!(IP), and hence we get that X; = Y; almost surely as well.
This shows that a solution to (2.1) is unique up to modification.

We have E[|Z,|] < a+ blu| for any u,v € R with suitably chosen a,b > 0 (see
Corollary 4.4), and this implies that

1EU|zu| |x0(f—u—v)||’7|(dv)du]
R [0,00)
Sﬂ|ﬂ|([01m))L|xo(”)|du +bLz'”'J[o,oo> ot — 14— )l lyl(dv) du
s(a|r;|([o,oo)>+bj[olw)vlnudv))ﬁlz|xo<u>|du
. bml([o,oo))f (1] + ) o ()| .
R

This is finite by Lemma 2.2 and Example 2.4, and JIR Z, (0,00 xo(t—u—v)n(dv)du is

)
therefore almost surely well-defined.

To argue that X; = Z; + JIRZ” I[o o) xo(t —u—v)n(dv)du, t € R, satisfies (2.1), let
s <t and note that by Lemma 2.2 we have

t t
J J Xu_vn(dv)du—f f Zy_yn(dv)du
s J[0,00) s J[0,00)
t
:f J j Z,f xo(u—v—r—w)n(dw)dry(dv)du
s J[0,00) JR [0,00)
t-r—w
:J Z,j f J. xo(u —v)n(dv)dun(dw)dr
R [0,00) Is—r—w J[0,00)

:f ZrJ- [xo(t—1—w)—xo(s —r—w)|n(dw)dr

R [0,00)

] 2ot pals = r=wlytdu)dr
R J[0,00)

:J er [xg(t —7—w)—xo(s —r—w)]y(dw)dr
R [0,00)

t
—f J Zy_yn(dw)dr.
s J[0,00)

Next, we write



Paper C - Stochastic delay differential equations and related autoregressive models

using that
J f xo(u—v)q(dv)du:f xo(u)dun([0,00)) = h(0)5([0,00)) = -1 (4.10)
0,00 R
Since (Z;);cr is continuous in L!(IP), one shows that the process

X/ ::J‘ (Zt—Zt_u)J‘ xo(u—v)y(dv)du, telR,
[0,00)

—n

is stationary by approximating it by Riemann sums in L!(IP). Subsequently, due to
the fact that X' — X; almost surely as n — oo for any ¢ € R, we conclude that (X;)er
is stationary. This type of approximation arguments are carried out in detail in [7,
p. 20]. In case h(z) = 0 for all z € C with Re(z) < 0, the causal representation (2.7) of
(X¢)ter follows from (4.9) and the fact that x((¢) = 0 for < 0 by Lemma 2.2((iii)). This
completes the proof. O

Proof (Proof of Corollary 2.6). It follows from (4.10) and Corollary 2.3 that

Zt+f Zt_uj xo(u —v)n(dv)du
R [0,00)

)
~ [ (zea-z] | o= vimands
R [0,00)

- ( f[e<t—u—r>—6<t—r>1[yxo<du)—ao<du>1du
JR IR

= J- O(t—u—71)py, (du)dL,
R

JR
(
= Q*XO(t—T)dLr,
JR
where we have used that p, (IR) = 0 since x((f) — 0 for t — oo by (2.3). O

Proof (Proof of Theorem 3.2). First, observe that there exists 1 : R — R such that
Yi_o0+¢™* — in L? as n — co. To see this, set ¢, = Y ! _ 0+ ¢, let m < n and note

that
[ wnto=pto Hf[ Z 0+ cp*"] ] (411)

for m < n by Plancherel’s Theorem. For any y € R we have that

< 100
)| <1710l |X'¢| ooy 412

H 0+ |(y

k= m+1 k=m+1

The first inequality in (4.12) shows that [F[) }_, ., 0+ $*1(v)] = 0 as n,m — oo, and
hence we can use the second inequality of (4.12) and dominated convergence together
with the relation (4.11) to deduce that (1,,),en is @ Cauchy sequence in L?. This
establishes the existence of ¢. Due to the fact that 1, is real-valued and vanishes on
(—00,0) for all n € N, the same holds for ¢ almost everywhere.
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Suppose now that we have a square integrable stationary solution (X;);cg. Then,
using a stochastic Fubini (e.g., [2, Theorem 3.1]), it follows that for each t € R and
almost surely,

X, = X * ™ +Z(J —u dL) ()
= X*™( j¢n1t—

for an arbitrary n € IN. By Jensen’s inequality and stationarity of (X,,),cRr,

(4.13)

00 2
E[X+ ¢*(1)?] < IE[(L |Xtu||¢*”|<du>) ] < 1¢"1((0, c0) E[XZ].

Since IE[X&] < oo and [p*™((0,00)) = |$|((0,00))" — 0 as n — oo, it follows that X *
¢*"(t) — 0 in L*(IP) as n — co. Consequently, (4.13) shows that LR P, (t—u)dL, - X;
in L?(IP) as n — co. On the other hand, by the isometry property of the stochastic
integral we also have that

IE[(L!/)(I&—L{)dLu—Lwn(t—u)dLu) ] ]E[Lz]f Y du — 0

as n — oo, and hence X; = I]R (t —u)dL, almost surely by uniqueness of limits in
L*(PP).
Conversely, define a square integrable stationary process (X;);cr by X; = LR (t-
u)dL, for t € R. After noting that ¢, + ¢ = Z”“ 0+ ¢t =, — 6 for all n, we find

0=hmsupf [¢n+1 e ()] d

n—o00

J[w g ()] du

2
= m[(xt —X=¢(t) —J]Re;(t— u)dLu) ]E[L%]—l.

Thus, (X;):eRr satisfies (3.1). O
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PAPER

Multivariate Stochastic Delay Differential
Equations And Their Relation To CARMA
Processes

Andreas Basse-O’Connor, Mikkel Slot Nielsen, Jan Pedersen, and Victor Rohde
Abstract

In this study we show how to represent a continuous time autoregressive
moving average (CARMA) as a higher order stochastic delay differential equation,
which can be thought of as an AR(c0) process. Furthermore, we show how the
AR(o0) representation gives rise to a prediction formula for CARMA processes. To
be used in the above mentioned results we develop a general theory for multivari-
ate stochastic delay differential equations, which will be of independent interest,
and where we focus on existence, uniqueness and representations.

MSC 2010: 60G10, 60G22, 60H10, 60H20

Keywords: multivariate stochastic delay differential equations; multivariate Ornstein-Uhlenbeck
processes; CARMA processes; FICARMA processes; MCARMA processes; noise recovery; predic-
tion; long memory; continuous time

1 Introduction and main ideas

The class of autoregressive moving averages (ARMA) is one of the most popular
classes of stochastic processes for modeling time series in discrete time. This class
goes back to the thesis of Whittle in 1951 and was popularized in [5]. The continuous
time analogue of an ARMA process is called a CARMA process, and it is the formal
solution (X;);cR to the equation

P(D)X, =Q(D)DZ, te€R, (1.1)
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where P and Q are polynomials of degree p and g, respectively. Furthermore, D
denotes differentiation with respect to t, and (Z;);cR is a Lévy process, the continuous
time analogue of a random walk. In the following we will assume that p > g and
P(z), Q(z) # 0 whenever Re(z) > 0. In this case one can give precise meaning to (X;);er
as a causal stochastic process through a state-space representation as long as (Z;);cr
has log moments. Lévy-driven CARMA processes have found many applications, for
example, in modeling temperature, electricity, and stochastic volatility, cf. [4, 14, 26].
Moreover, there exists a vast amount of literature on theoretical results for CARMA
processes (and variations of these), and a few references are [7, 10, 6, 8, 18, 19, 25].

It is well-known that any causal CARMA process has a moving average represen-
tation of MA(c0) type

t
Xt:f g(t-u)dz,, teRR,

(s¢]

cf. Section 4.3. This representation may be very convenient for studying many of
their properties. A main contribution of our work is that we obtain an autoregressive
representation of CARMA processes of AR(c0) type

R(D)Xt:J X, uf(u)du+DZ, teR, (1.2)
0

where R is a polynomial of order p —g and f : R — R is a deterministic function,
both defined through P and Q. Since (X;);cr is p — g — 1 times differentiable, see
[19, Proposition 3.32], the relation (1.2) is well-defined if we integrate both sides.
A heuristic argument why (1.2) is a reasonable continuous time equivalent of the
discrete time AR(oo0) representation is as follows. If g = 0, Q is constant and we get
the (finite order) AR representation immediately:

P(D)Xt = DZt.

If g > 1, let (¢))jen, be the coefficients in the power series expansion of P/Q on
{z € C : Re(z) > -0} for a sufficiently small 6 > 0 and write (1.1) as

) ¢;D/X, =Dz, (1.3)
=0

Except in trivial cases, (X;);ecR is no more than p — g —1 times differentiable, and thus
we still need to make sense of the left-hand side of (1.3). By polynomial long division
we may choose a polynomial R of order p — g such that

is a polynomial of at most order ¢ — 1. Now observe that

f[ Z@DfX](y) =( Y i) )F[X](y)
j=0 j=0

:(R<—iy> - %)ﬂxuw

= FIR(D)X](y) - FIf 1@ F[X](®),
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where f : R — Ris the L? function characterized by F[f](y) = S(-iy)/Q(~iy) for y € R.
(In fact, we even know that f is vanishing on (—o0,0) and decays exponentially fast at
o0, cf. Remark 4.10.) Combining this identity with (1.3) results in the representation
(1.2).

We show in Theorem 4.8 that (1.2) does indeed hold true for any invertible
(Lévy-driven) CARMA process. Similar relations are shown to hold for invertible
fractionally integrated CARMA (FICARMA) processes, where (Z;);cR is a fractional
Lévy process, and also for their multi-dimensional counterparts, which we will refer
to as MCARMA and MFICARMA processes, respectively. We use these representations
to obtain a prediction formula for general CARMA type processes (see Corollary 4.11).
A prediction formula for invertible one-dimensional Lévy-driven CARMA processes
is given in [9, Theorem 2.7], but prediction of MCARMA processes has, to the best of
our knowledge, not been studied in the literature.

AR representations such as (1.2) are useful for several reasons. To give a few
examples, they separate the noise (Z;);cg from (X;);cr and hence provide a recipe
for recovering increments of the noise from the observed process, they ease the
task of prediction (and thus estimation), and they clarify the dynamic behavior of
the process. These facts motivate the idea of defining a broad class of processes,
including the CARMA type processes above, which all admit an AR representation,
and it turns out that a well-suited class to study is the one formed by solutions to
multi-dimensional stochastic delay differential equations (MSDDEs). To be precise,
for an integrable n-dimensional (measurable) process Z; = (Ztl,. . .,Z[‘)T, t € R, with
stationary increments and a finite signed #n x n matrix-valued measure 7, concentrated
on [0, ), a stationary process X; = (X},...,X")T, t € R, is a solution to the associated
MSDDE if it satisfies

dX, =+ X(t)dt+dZ,. (1.4)

By equation (1.4) we mean that

. . n t . .
x{-xl=3)" Xk ldv)du+z] 2L, j=1,...m, (1.5)
k=1 N [0,00)

almost surely for each s < t. This system of equations is an extension of the stochastic
delay differential equation (SDDE) in [3, Section 3.3] to the multivariate case. The
overall structure of (1.4) is also in line with earlier literature such as [16, 20] on uni-
variate SDDEs, but here we allow for infinite delay (7 is allowed to have unbounded
support) which is a key property in order to include the CARMA type processes in
the framework.

The structure of the paper is as follows: In Section 2 we introduce the notation
used throughout this paper. Next, in Section 3, we develop the general theory for
MSDDESs with particular focus on existence, uniqueness and prediction. The general
results of Section 3 are then specialized in Section 4 to various settings. Specifically,
in Section 4.1 we consider the case where the noise process gives rise to a reasonable
integral, and in Section 4.2 we demonstrate how to derive results for higher order
SDDEs by nesting them into MSDDEs. Finally, in Section 4.3 we use the above
mentioned findings to represent CARMA processes and generalizations thereof as
solutions to higher order SDDEs and to obtain the corresponding prediction formulas.
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2 Notation

Let f : R — €™ be a measurable function and p a k x n (non-negative) matrix
measure, that is,

Hi1 o P
=1
P10 Pk
where each p;; is a measure on R. Then, we will write f € LF(p) if

L|ﬁz<u>|Pyzj<du><w
forl=1,...,k,i=1,...,mand j=1,...,n. Provided that f € Ll(y), we set

Jg frru ﬂudu - fpfulu Mlndu)

[ o=y | e

=1 lefml )pin(du) - IIRlel ) Hin(du)

If p is the Lebesgue measure, we will suppress the dependence on the measure and
write f € LP, and in case f is measurable and bounded Lebesgue almost everywhere,
f € L*. For two (matrix) measures y* and y~ on R, where at least one of them are
finite, we call the set function u(B) := y*(B) — p~(B), defined for any Borel set B, a
signed measure (and, from this point, simply referred to as a measure). We may and
do assume that the two measures y™ and p~ are singular. To the measure y we will
associate its variation measure |y|:= p* + y~, and when [y|(RR) < co, we will say that p
is finite. Integrals with respect to p are defined in a natural way from (2.1) whenever
f e LY(p):= LY(|ul). If f is one-dimensional, respectively if y is one-dimensional, we
will write f € L' (p) if f € L1(|;4i]-|) foralli=1,...,k and j = 1,...,n, respectively if
fij € L1(|y|) foralli=1,...,mand j=1,...,k. The associated integral is defined in an
obvious manner.
We define the convolution at a given point t € R by

= [ ste-wpptan)
R

provided that f(t—-) € L'(y). In case that y is the Lebesgue-Stieltjes measure of a
function g: R — RF" we will also write f =g(t) instead of f * pu(t) (not to be confused
with the standard convolution between functions). For a given measure y we set

D(p) :{ze([j : J- eRe(@)u luijl(du) <oco  fori=1,...,kand j= 1,...,n}
R

and define its Laplace transform L[u] as

L[y],] -[Re yl](du) for i=1,...k j=1,...,n

for every z € D(p). If u is a finite measure, we will also refer to the Fourier transform
F[u] of u, which is given as F[ul](y) = L[p](iy) for vy € R. If y(du) = f(u)du for some
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measurable function f, we write £[f] and F[f] instead. We will also use that the
Fourier transform F extends from L! to L' UL?, and it maps L? onto L. We will say
that y has a moment of order p € Ny if

J jul? () < oo
R

for all j,k =1,...,n. Finally, for two functions f,g: R — R and a € [—o0, 00|, we write

f(t)=o0(g(t)), f(t) ~ g(t) and f(t) = O(g(t)) as t — a if
f(®) . f(t)

lim=~——= —0, lim=——=1 and limsu
t—a g(t) t—a g(t) oa b

f()

g(t)

< 0,

respectively.

3 Stochastic delay differential equations

Consider the general MSDDE in (1.4). The first main result provides sufficient con-
ditions to ensure existence and uniqueness of a solution. To obtain such results we
need to put assumptions on the delay measure #. In order to do so, we associate to
the function h : D(y) — C™" given by

h(z) = —zI, - L[n](2). (3.1)
where I, is the n x n identity matrix.

Theorem 3.1. Let h be given in (3.1) and suppose that det(h(iy)) = 0 for all y € R.
Suppose further that 1 has second moment. Then there exists a function g : IR — IR in
L? characterized by

Flgly) = h(iy)™", (3.2)

the convolution
g*Z(t)::Zt+Jg*17(t—u)Zudu (3.3)
R

is well-defined for each t € R almost surely, and X; = g+ Z(t), t € R, is the unique (up to
modification) stationary and integrable solution to (1.4). If, in addition to the above stated
assumptions, det(h(z)) = 0 for all z € C with Re(z) < 0 then the solution in (3.3) is casual
in the sense that (X;):eR is adapted to the filtration

{0(Zi = Zs : s <t)}ter-

The solution (X;)cR to (1.4) will very often take form as a (Z;);cg-driven moving
average, that is,

Xt:Lg(t—u)dZu (3.4)

for each t € IR (cf. Section 4.1). This fact justifies the notation g * Z introduced in
(3.3). In case n = 1, equation (1.4) reduces to the usual first order SDDE, and then
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the existence condition becomes h(iy) = —iy — F[5](y) = 0 for all y € R, and the kernel
driving the solution is characterized by F[g](y) = 1/h(iy). This is consistent with
earlier literature (cf. [3, 16, 20]).

The second main result concerns prediction of MSDDEs. In particular, the content
of the result is that we can compute a prediction of future values of the observed
process if we are able to compute the same type of prediction of the noise.

Theorem 3.2. Suppose that det(h(z)) = 0 for all z € C with Re(z) < 0 and that n has
second moment. Furthermore, let (X;);cr be the stationary and integrable solution to (1.4)
and let g be given by (3.2). Fix s < t. Then, if we set

2,=FE[Z,-Z | Z~Z,, r<5], u>s, (3.5)
it holds that

E[X; | Xy, u < 5]

= glt=5)X, +fg(t—u)r;*{m_m,s]X}(u)du + g+ {15002} (8),

using the notation

n

(1 1maXien) =) [ Xty and

] =1 [t—s,00)
n
(e tem2ion), =) [ 2b,gutn)
] =1 [0,u—s)

foru>sandj=1,...,n.

Remark 3.3. In case (Z;),cR is a Lévy process, the prediction formula in Theorem 3.2
simplifies, since Z,, = (1 —s)[E[Z;] and thus

E[X; | X,, u<s]

t t
:g(t—s)Xs+J g(t—u)y *{]l(,oo,S]X}(u)du+j g(t—u)dulE[Z],

using integration by parts. Obviously, the formula takes an even simpler form if
[E[Z;] = 0. If instead we are in a long memory setting and (Z;),cR is a fractional
Brownian motion, we can rely on [15] to obtain (Z,);c,<; and then use the formula
given in Theorem 3.2 to compute the prediction E[X; | X,,, u <s].

In Section 4.3 we use this prediction formula combined with the relation between
MSDDEs and MCARMA processes to obtain a prediction formula for any invertible
MCARMA process.

4 Examples and further results

In this section we will consider several examples of MSDDEs and give some additional
results. We begin by defining what we mean by a regular integrator, since this makes it
possible to have the compact form (3.4) of the solution to (1.4) in most cases. Next, we
show how one can nest higher order MSDDEs in the (first order) MSDDE framework.
Finally, we show that invertible MCARMA processes (and some generalizations) form
a particular subclass of solutions to higher order MSDDE:s.
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4.1 Regular integrators and moving average representations

When considering the form of the solution in Theorem 3.1 it is natural to ask if this
can be seen as a moving average of the kernel g with respect to the noise (Z;),cR, that
is, if

X{:('[Rg(t—u)dzu)j:;ngk(t—u)dzﬁ, teR, (4.1)

for j =1,...,n. The next result shows that the answer is positive if (Zf)tem is a "reason-
able" integrator for a suitable class of deterministic integrands for each k=1,...,n.

Proposition 4.1. Let h be the function given in (3.1) and suppose that, for all y € R,
det(h(iy)) = 0. Suppose further that 1 has second moment and let (X;);cr be the solution
to (1.4) given by (3.3). Finally assume that, for each k = 1,...,n, there exists a linear map
I : LY N L% — LY(IP) which has the following properties:

(i) Foralls<t, Li(1s) = Zf - Zk.

(ii) If p is a finite Borel measure on R having first moment then

QLMFwMﬂ=LMMF»wm (4.2)

almost surely for all t € R, where f, = 1 c0)(- = 1) = L[0,o0) for r € R.

Then it holds that
. n
XI =) I(g(t =) j=1m, (4.3)
k=1

almost surely for each t € R. In this case, (Z;);er will be called a regular integrator and we
will write I-de = I.

The typical example of a regular integrator is a multi-dimensional Lévy process:

Example 4.2. Suppose that (Z;),cR is an n-dimensional integrable Lévy process. Then,
in particular, each (Zl{)te]R is an integrable (one-dimensional) Lévy process, and in
[3, Lemma 5.3] it is shown that the integral JlRf(u) dZl, is well-defined in the sense
of [21] and belongs to L!(IP) if f € L' N L?. Moreover, the stochastic Fubini result
given in [2, Theorem 3.1] implies in particular that condition (ii) of Proposition 4.1 is
satisfied, which shows that (Z;);cR is a regular integrator and that (4.1) holds.

We will now show that a class of multi-dimensional fractional Lévy processes can
serve as regular integrators as well (cf. Example 4.4 below). Fractional noise processes
are often used as a tool to incorporate (some variant of) long memory in the corre-
sponding solution process. As will appear, the integration theory for fractional Lévy
processes we will use below relies on the ideas of [17], but is extended to allow for
symmetric stable Lévy processes as well. For more on fractional stable Lévy processes,
the so-called linear fractional stable motions, we refer to [22, p. 343]. First, however,
we will need the following observation:
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Proposition 4.3. Let f : R — R be a function in L' N L for some a € (1,2]. Then the
right-sided Riemann-Liouville fractional integral

pe.py L (7 YR
IPf ot r(lg)J-t fu)u—-t)P~"du (4.4)

is well-defined and belongs to L for any p € (0,1 -1/a).

Example 4.4. Let a = (ay,...,a,) with a; € (1,2] and f = (fjx) : R —» R™" be a func-
tion such that fj € L'NL% for j,k =1,...,n. Consider an n-dimensional Lévy process
(Lt)ter where its j-th coordinate is symmetric aj-stable if a; € (1,2) and mean zero and
square integrable if a; = 2. Then, for a given vector g = (B1,..., ) with B; € (0,1-1/a;)
for j =1,...,n the corresponding fractional Lévy process (Z;);cg with parameter  is
defined as

zl = fm( fj[]l(—oo,t] —1(_m,o]])(u)dL£

1 Bj Bj '
= l"(l—-i—[a’j)_fm[(t_uﬁ —(—u); ]dLit

forte Rand j =1,...,n, and where x, = max{x, 0}. In light of Proposition 4.3, this
definition makes it natural to define the integral of a function f : R — Rin L' N L%
(particularly in L! N L?) with respect to (Zg)telR as

j_ Bj j
[ swazi= [ (1 ywar]

for j = 1,...,n. Note that the integral belongs to L?(IP) for a;j = 2 and to LY(IP) for
any y < a; if a; € (1,2). Using Proposition 4.3 and the stochastic Fubini result given

in [2, Theorem 3.1] for (L});cp it is straightforward to verify that assumption (ii) of
Proposition 4.1 is satisfied as well, and thus (Z;),c is a regular integrator and the
solution (X;);cR to (1.4) takes the moving average form (4.1).

At this point it should be clear that the conditions for being a regular integrator
are mild, hence they will, besides the examples mentioned above, also be satisfied for
a wide class of semimartingales with stationary increments.

4.2 Higher order (multivariate) SDDEs

An advantage of introducing the multivariate setting (1.4) is that we can nest higher
order MSDDE:s in this framework. Effectively, as usual and as will be demonstrated
below, it is done by increasing the dimension accordingly.

Let @y, @1,...,@,_1 be (entrywise) finite n x n measures concentrated on [0, co)
which all admit second moment, and let (Z;);cg be an n-dimensional integrable
stochastic process with stationary increments. For convenience we will assume that
(Z¢)teRr is a regular integrator in the sense of Proposition 4.1. We will say that an
n-dimensional stationary, integrable and measurable process (X;);cr satisfies the
corresponding m-th order MSDDE if it is m — 1 times differentiable and

m-1
ax\" Y = Y @+ x(t)dt+dz, (4.5)
j=0
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where (Xij))teIR denotes the entrywise j-th derivative of (X;);cg with respect to t. By
(4.5) we mean that

m-1 n

t .
L I R B

j=0 1=1

for k =1,...,n and each s < t almost surely. Equation (4.5) corresponds to the mn-
dimensional MSDDE in (1.4) with noise (0,...,0,Z[)T € R"™" and

0 I,0p 0 .- 0
0 0 L6 - 0
n=1: : T B (4.6)
0 0 0 - I
@y @ @y Oy

(If n =1 then 5 = @(.) With 5 given by (4.6) it follows that

m—1
D(p) = (") Di@;)
j=0
and
L,z I, 0 0
0 I,z I, 0
h(z) = - : .. . .
0 0 I,z I,
Llogl(z) Ll@1](z) -+ Ll@m2l(z) I[hz+L[@py-1](2)

for z € D(#). In general, we know from Theorem 3.1 that a solution to (4.5) exists if
det(h(iy)) = 0 for all y € R, and in this case the unique solution is given by

X :j Qum(t—-u)dzZ,, telk, (4.7)
R

where F[gy,,] is characterized as entrance (1,m) in the n x n block representation of
h(i-)~!. In other words, if ej denotes the j-th canonical basisvector of R" and ® the
Kronecker product,

f[glm](y) = (61 ®In)Th(iy)_l (em ®In)

for y € R. However, due to the particular structure of # in (4.6) we can simplify these
expressions:

Theorem 4.5. Let the setup be as above. Then it holds that

m—1
det(h(z)) = det(In(—z)m - Zz[@j ](z)(—z)f) (4.8)
j=0

79



Paper D - Multivariate stochastic delay differential equations and their relation to CARMA
processes

for all ze D(n), and if det(h(iy)) = O for all y € R, there exists a unique solution to (4.5)
and it is given as (4.7) where g : R — R™" is characterized by

m—1 -1
Flgiml®) =(In(—iy)’” - Zf[@j](y)(—iy)j) (4.9)
j=0

for y € R. The solution is causal if det(h(z)) = 0 whenever Re(z) < 0.

Observe that, as should be the case, we are back to the first order MSDDE when
m =1 and (4.8)-(4.9) agree with Theorem 3.1. As we will see in Section 4.3 below,
one motivation for introducing higher order MSDDEs of the form (4.5) and to study
the structure of the associated solutions, is their relation to MCARMA processes.
However, we start with the multivariate CAR(p) process, where no delay term will be
present, as an example:

Example 4.6. Let P(z) = [,z2° + A;zP~! +--+A,, z€C, for suitable Ay,..., A, € R™".
The associated CAR(p) process (X;);er With noise (Z;),cgr can be thought of as formally
satisfying P(D)X; = DZ;, t € R, where D denotes differentiation with respect to t.
Integrating both sides and rearranging terms gives

p-1 ]
axP - ZAP_]-XP dt+dZ, teR, (4.10)
j=0
which is of the form (4.5) with m =p and @; =-A, ;oo for j=0,1,...,p — 1. Proposi-
tion 4.5 shows that a unique solution exists if

p-1
det(In(iy)p + ZAp_j(iy)j) =det(P(iy)) =0

=0
for all y € R, and in this case F[g,,](v) = P(—iy)~! for y € R. This agrees with the
rigorous definition of the CAR(p) process, see e.g. [19]. In case p =1, (4.10) collapses
to the multivariate Ornstein-Uhlenbeck equation

dXt :—Alxtdt+dZt, l’E]R,

and if the eigenvalues of A; are all positive, it is easy to check that gy, (t) = e~ t]l[o’oo)(t)
so that the unique solution (X;);cR is causal and takes the well-known form

t
X, = J- et gz, (4.11)
for t € R. Lévy-driven multivariate Ornstein-Uhlenbeck processes have been studied
extensively in the literature, and the moving average structure (4.11) of the solution
is well-known when (Z;);cR is a Lévy process. We refer to [1, 23, 24] for further
details. The one-dimensional case where (Z;);c is allowed to be a general stationary
increment process has been studied in [2].
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4.3 Relations to MCARMA processes
Let p € N and define the polynomials P,Q : C — C*" by
P(z)=1,2 +A; 2" ' +--.+ A, and
( ) n 1 p1 (4'12)
Q(Z) = BO +B12+"'+Bp_12p_

for z € C and suitable Al,...,Ap,BO,...,Bp,l e R™". We will also fix g € Ny, g < p, and
set By = I, and B; = 0 for all g < j <p. It will always be assumed that det(P(iy)) # 0
for all y € R. Under this assumption there exists a function § : R — R™" which is in
L'NnL? and

F[g)w) = P(-iy) ' Q(-iy) (4.13)

for every y € R. Consequently, for any regular integrator (Z;);cr in the sense of
Proposition 4.1, the n-dimensional stationary and integrable process (X;);cr given by

thfg(t—u)dzu, teR, (4.14)
R

is well-defined. If it is additionally assumed that det(P(z)) # 0 for z € C with Re(z) > 0
then it is argued in [19] that

g(t) = ]l[O,w)(t)(e,f ®In)TeAtE (415)
where
0 I, 0 0
0 0 I, 0 E,
A= and E = ,
0 0 . 0 I, E,
“Ap A, e Ay A

with E(z) = EyzP '+ + E, chosen such that
z+ P(z)E(z) - Q(z)Z*

is at most of degree p — 1. (Above, and henceforth, we use the notation e;( for the j-th

canonical basis vector of IR¥.) We will refer to the process (X;);cr as a (Z;)seg-driven
MCARMA(p, q) process. For instance, when (Z;);cR is an n-dimensional Lévy process,
(Xt)ter is a (Lévy-driven) MCARMA(p, q) process as introduced in [19]. If (L;)scR is
an n-dimensional second order Lévy process with mean zero, and

j—; _ ﬁj__ Bj j
Zt_r(1+ﬁj)L[(t )y (“)+]dLu, teR,

for B; € (0,1/2) and j = 1,...,n, then (X;);cr is an MFICARMA(p, 8, q) process, =
(B1,---»Bn), as studied in [18]. For the univariate case (n = 1), the processes above
correspond to the CARMA (p, q) and FICARMA(p, 81, 9) process, respectively. The class
of CARMA processes has been studied extensively, and we refer to the references in
the introduction for details.
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Remark 4.7. Observe that, generally, Lévy-driven MCARMA (hence CARMA) pro-
cesses are defined even when (Z;);cg has no more than log moments. However, it
relies heavily on the fact that ¢ and (Z;);cg are well-behaved enough to ensure that
the process in (4.14) remains well-defined. At this point, a setup where the noise does
not admit a first moment has not been integrated in a framework as general as that of
(1.4).

In the following our aim is to show that, under a suitable invertibility assumption,
the (Z;);er-driven MCARMA (p, q) process given in (4.14) is the unique solution to
a certain (possibly higher order) MSDDE of the form (4.5). Before formulating the
main result of this section we introduce some notation. To P and Q defined in (4.12)
we will associate the unique polynomial R(z) = I,zP~1 + Cp,q,lzp_q_1 +--+Cp,zeC
and Cy,Cy,..., Cp_q_l € R™", having the property that

z+> Q(z)R(z) - P(z) (4.16)

is a polynomial of at most order g—1 (see the introduction for an intuition about why
this property is desirable).

Theorem 4.8. Let P and Q be given as in (4.12), and let (Xt)telR be the associated (Zt)te]R
driven MCARMA(p, q) process. Suppose that det(Q(z)) = 0 for all z € C with Re(z) >
Then (X;)ser is the unique solution to (4.5) with

m=p—q, @o(du)=-Codo(du)+ f(u)du, and @;=-C;d,

for 1 <j<m-—1 or, written out,

m—1

T
CiX, dt+(f XtT_uf(u)Tdu) dt+dZz,, (4.17)
j=0

where Cy,...,C,,_1 € R"™" are defined as in (4.16) above, (Xij))telR is the j-th derivative of
(X¢)ter, and where f : R — R™" is characterized by

FIf1®) = R(-iy) - Q(-iy) ' P(-iy). (4.18)

It follows from Theorem 4.8 that p—q is the order of the (possibly multivariate) SDDE
we can associate with a (possibly multivariate) CARMA process. Thus, this seems as a
natural extension of [3], where the univariate first order SDDE is studied and related
to the univariate CARMA(p,p — 1) process.

Remark 4.9. An immediate consequence of Theorem 4.8 is that we obtain an inver-
sion formula for (Z;),cg-driven MCARMA processes. In other words, it shows how to
recover the increments of (Z;);cg from observing (X;);cgr. For this reason it seems nat-
ural to impose the invertibility assumption det(Q(z)) = 0 for all z € C with Re(z) >0,
which is the direct analogue of the one for discrete time ARMA processes (or, more
generally, moving averages). It is usually referred to as the minimum phase property
in signal processing. The inversion problem for (Lévy-driven) CARMA processes has
been studied in [3, 7, 8, 9] and for (Lévy-driven) MCARMA processes in [11]. In both
cases a different approach, which does not rely on MSDDEg, is used.
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Remark 4.10. Since the Fourier transform F|[f] of the function f defined in Theo-
rem 4.8 is rational, one can determine f explicitly (e.g., by using the partial fraction
expansion of F[f]). Indeed, since the Fourier transform of f is of the same form
as the Fourier transform of the solution kernel § of the MCARMA process we can
deduce that

fty=(elL,)TeP'F, >0, (4.19)
with
o I, 0 0
0 0 I, 0 F;
B=1: : . ) : and F=|:]|,
0 0 - 0 I, F,
-By -By -+ -By» By

where F(z) = F1z97 1 +--- + F, is chosen such that

2+ Q(2)F(2) - [Q(z)R(z) - P(2)]2
is at most of degree g —1 (see (4.13) and (4.15)).

In Corollary 4.11 we formulate the prediction formula in Theorem 3.2 in the
special case where (X;);cR is a (Z;);eg-driven MCARMA process. In the formulation
we use the definition

2y=FE[Z,~Z | Zs—2Z,,r<5], u>s,
in line with (3.5).
Corollary 4.11. Let (X;)er be a (Z;)ier-driven MCARMA process and set
P—q
gi(t) = (e ®1,) e ZAk’jECk, t>0,
k=j

forj=1,...,p—q, where Cy,..., Cp,q,l are given in (4.16) and Cp,q = I,,. Suppose that
det(P(z)) = 0 and det(Q(z)) # 0 for all z € C with Re(z) > 0. Fix s < t. Then the following
prediction formula holds
S (-1)
E[X; | X,, u<s]=) g(t—s)X/

)

1l
—_

]
S t
*J_mﬁ gt —u)f (u=v)duX,dv+g+{Z1 ()1,

where § and f are given in (4.15) and (4.19), respectively, and

t
{2 (5000 (1) = Lypeysn) Zy + (f ®In)TAeAtJ e AEZ, dv.

s
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Example 4.12. To illustrate the results above we will consider an n-dimensional
(Z)ter-driven MCARMA(3,1) process (X;);er with P and Q polynomials given by

P(z) =1,2° + A12° + Ayz + As,
Q(z) = Bg + 1,z

for matrices By, A1, Ay, A3 € R such that det(P(z)) # 0 and det(Q(z)) # 0 forallze C

with Re(z) > 0. According to (4.15), (X;);cgr may be written as

t
X, = J (e el,) M MEdZ,

(59

where E; =0, E, =1, and E5 = By — Ay. With
Ci=A1-Bo, Co=Ar+By(Bo-4Ay)
and
F = By(Ay = Bo(A1 = By)) — A3,

Theorem 4.8 and Remark 4.10 imply that

0 T
ax{) Z—C1X¢(1)dt—coxtdt+(L (FX;—y) e B0 ”du) dt+dZz,.

Moreover, by Corollary 4.11, we have the prediction formula

E[X, | X,, u <s]=(e} (»3)1,1)Tef“[(5c1 + AE)X, + EX\V

t s
+f e_A”E(eBO”J e BovEX, dv+2u)du].
S —00

5 Proofs and auxiliary results

We will start this section by discussing some technical results. These results will then

be used in the proofs of all the results stated above.

Recall the function h : D(7) — C™" defined in (3.1). Note that we always have
{z € C : Re(z) < 0} € D(#) and h(iy) = —iyl,, — F[y]() for y € R. Provided that # is
sufficiently nice, Proposition 5.1 below ensures the existence of a kernel g : R — R"™"

which will drive the solution to (1.4).

Proposition 5.1. Let h be given as in (3.1) and suppose that det(h(iy)) = 0 for all y € R.

Then there exists a function g = (gjx) : R - R™" in L? characterized by

FI8lw) = hiip)™!
for y € R. Moreover, the following statements hold:

(i) The function g satisfies

t
gt =)= g(s=1) =1 sq(r), +j onlu—r)du
S

for almost all r € R and each fixed s < t.
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(ii) If n has moment of order p € IN, then g € L1 for all g € [1/p, o], and

t
0= Loty + [ o) 52)
or almost all t € R. In particular,
fe p
J gxn(u)du =-I,. (5.3)
R
(iii) Iff[O ) et [njkl(du) < oo forall jk=1,...,n and some 6 > 0, then there exists € > 0
such that
sup max |gjk(t)|e€|t| <C
teR Jok=1,...n

for a suitable constant C > 0.

(iv) If det(h(z)) = O for all z € C with Re(z) < 0 then g is vanishing on (—oco,0) almost
everywhere.

Proof. In order to show the existence of g it suffices to argue that

v (h(iy)™! )],k isin L? for j,k=1,...,n, (5.4)

since the Fourier transform F maps L? onto L?. (Here (h(i;u)’l)jk refers to the (j, k)-th
entry in the matrix h(iy)~'.) Indeed, in this case we just set gk = Fl [(h(i-)‘l)]-k].

Let @ denote the n x n matrix which has the same rows as h(iy), but where the
j-th column is replaced by the k-th canonical basis vector (that is, the vector with all
entries equal to zero except of the k-th entry which equals one). Then it follows by
Cramer’s rule that

—

.1\ _ det(h(iy))
(™) = Serhiiy)

Recalling that h(iy) = —iyl — F[n](y) and that F[#](y) is bounded in y we get by the
Leibniz formula that |det(h(iy))| ~ [y|" and |det(h(iv))| = O(|jy|"!) as |y| — co. This
shows in particular that

[(r(ip) "), | = Ow1™") (5.5)

as |y| — co. Since j and k were arbitrarily chosen we get by continuity of (all the
entries of) y - h(iy)~! that (5.4) holds, which ensures the existence part. The fact

that F[g](-y) = Flgl(v), v € R, implies that g takes values in R"™".
To show ((i)), we fix s < t and apply the Fourier transform to obtain

t
f[g(t—-)—g(s—-)—f g*n(u—-)du](y)

= ('Y =) F[g)(-y) - F[L(s,9]®) Fgl(-9) Fn1(-)
= F L )@)h(=iy) iyl - Fn](-))
= ]:[]l(s,t]](y)lnl
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which verifies the result.

We will now show ((ii)) and for this we suppose that 1 has a moment of order
p € N. Then it follows that /1 : v — h(iy) is (entry-wise) p times differentiable with the
m-th derivative given by

—(iéo({m—l})+imj ei”yumry]-k(du) , m=1,...,p,
[0,00)

and in particular all the the entries of (D" /1)(y) are bounded in y. Observe that, clearly,
if a function A : R — C™" takes the form

A(t)=B(t)C(t)D(t), teR, (5.6)

where all the entries of B,D : R — C™" decay at least as [y|™! as [y| — co and all the
entries of C : R — C™" are bounded, then all the entries of A decay at least as |y|’1 as
|y| = oo. Using the product rule for differentiation and the fact that

(DE")) =-h(y)  (DR)AE)", yeR,

it follows recursively that D" k™! is a sum of functions of the form (5.6), thus all its
entries decay at least as [y|™! as [y| — oo, for m = 1,..., p. Since the entries of D"h~! are
continuous as well, they belong to L2, and we can use the inverse Fourier transform
F~! to conclude that

FUDPh)(t) = (it F'[h)(1) = (it)Pg(t), teR,

is an L? function. This implies in turn that ¢ > gik(H)(1 +[t))P € L? and, thus,

q q
2 \2 2 \1=3
L{|gjk<t>|ths(L(gjk<t)(1+|t|)P) dt) (L{(mﬂ) ) <o

for any g € [1/p,2) and j,k = 1,...,n. By using the particular observation that g € L
and ((i)) we obtain that

t

g<t>=ﬂ[o,oo>(t)1+f gxn(u)du (5.7)

—00

for (almost) all t € R. This shows that

g0 <1+ [ g ontmpldu <1+ )" [ Igutuldube(o, o)
I=1

for all t € R and for every j,k = 1,...,n which implies g € L* and, thus, g € L1 for all
q € [1/p,]. Since g(t) — 0 entrywise as t — oo, we get by (5.7) that

J gxn(u)du =-I,,
R

which concludes the proof of ((ii)).
Now suppose that I[o o) o |17]-k|(du) <ooforall j,k=1,...,nand some 6 > 0. In
this case, Ss := {z€ C : Re(z) € [-96,06]} € D(17) and

z — det(h(z)) :det(—zl—f et q(du))
[0,00)
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is strictly separated from 0 when |z, z € S, is sufficiently large. Indeed, the dominat-
ing term in det(h(z)) is (—1)"z" when |z| is large, since

[Jo o),

for j,k = 1,...,n. Using this together with the continuity of z — det(h(z)) implies
that there exists & € (0,0] so that z > det(h(z)) is strictly separated from 0 on Sy :=
{z€ C : Re(z) € [-4,6]). In particular, z — (h(z)_l)]-k is bounded on any compact set
of &3, and by using Cramer’s rule and the Leibniz formula as in (5.5) we get that
I(h(z)‘l)]-kl = O(|z]™!) as |z] — oo provided that z € S5. Consequently,

S
[0,00)

I,m=1,..,n

. y—1 2
xes[l_lgajm‘(h(“w) Jal 4y <oo

and this implies by [3, Lemma 5.1] that t > gjx(t)e! € L' for all ¢ € (=§,9). Fix any
e€(0,0)and j,k €{1,...,n}, and observe from (5.7) that gjk is absolutely continuous on
both [0, o) and (—c0, 0) with density (g*1);x. Consequently, for fixed t > 0, integration
by parts yields

|gjk<t>|e“s|g]-k<0>|+Lugw(u))mef”du+ef]R|g,-k(u>|ef“du. (5.8)

Since

n
[ g nlest < Y [ igaletdu [ e iian)
R = Jr [0,

o)

it follows from (5.8) that

for all t > 0 with

C:=1

n
+ max g (u)le"™ du J et | lkl(du)+eJ- | -k(u)|ef|“|du).
],k—l,...,n( ;’J;R g] [0,00) T R g]

By considering —¢ rather than ¢ in the above calculations one reaches the conclusion
that

and this verifies ((iii)).

Finally, suppose that det(h(z)) = O for all z € C with Re(z) < 0. Then it holds that
h, and thus z + h(z)~!, is continuous on {z € C : Re(z) < 0} and analytic on {z €
C : Re(z) < 0}. Moreover, arguments similar to those in (5.5) show that |(h(z)™! )ikl =
O(|z|™!) as |z| — oo, and thus we may deduce that

sup L (R (x + i}))71 )jkl dy < oco.

x<0

87



Paper D - Multivariate stochastic delay differential equations and their relation to CARMA
processes

From the theory on Hardy spaces, see [3, Lemma 5.1], [12, Section 2.3] or [13], this
implies that g is vanishing on (—o0, 0) almost everywhere, which verifies ((iv)) and
ends the proof. O

From Proposition 5.1 it becomes evident that we may and, thus, do choose the ker-
nel g to satisfy (5.2) pointwise, so that the function induces a finite Lebesgue-Stieltjes
measure g(du). We summarize a few properties of this measure in the corollary below.

Corollary 5.2. Let h be the function introduced in (3.1) and suppose that det(h(iy)) = 0
for all y € R. Suppose further that 1 has first moment. Then the kernel g : R — R™"
characterized in (5.1) induces an n x n finite Lebesgue-Stieltjes measure, which is given by

gldu) =1,00(du)+ g+n(u)du. (5.9)

A function f = (fi) : R — C"™" is in L'(g(du)) if

L|ﬁl(u)(g*ﬂ)lk(u)|du<m, =1,

forj=1,...,mand k = 1,...,n. Moreover, the measure g(du) has (p — 1)-th moment
whenever 11 has p-th moment for any p € N.

Proof. The fact that ¢ induces a Lebesgue-Stieltjes measure of the form (5.9) is an
immediate consequence of (5.2). For a measurable function f = (fj) : R > C"™*"
to be integrable with respect to g(du) = (gjx(du)) we require that f;; € LY (g (du)l),
I=1,...,n, for each choiceof j=1,...,mand k =1,...,n. Since the variation measure
|gixl(du) of gix(du) is given by

Ig1kl(du) = 60 ({1 = k})oo(du) +1(g = 1(u))ikl du,

we see that this condition is equivalent to the statement in the result. Finally, suppose
that 7 has p-th moment for some p € N. Then, for any j, k € {1,...,n}, we get that

n

fmw-l lgl(du) < Zl(mzu([o,oo))L|up-1gﬂ(u>|du

1=
+f P Iniel(do) J |gjz(u)|du)~
[O’OO) R

From the assumptions on # and Proposition 5.1((ii)) we get immediately that [#;;|([0, o0)),
.[[O,oo) [P~ |1kl (dv) and IIR |gji(u)ldu are finite for all I = 1,...,n. Moreover, for any
such I we compute that

f P g3y ()]
R

2
SJ Iuplgjl(u)ldu+(J uzdu) (I (upg]-l(u))zdu
{lul<1} {lul>1) {lul>1)

which is finite since u > uP gj;(u) € L?, according to the proof of Proposition 5.1((ii)),
and hence we have shown the last part of the result. O

H
=
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We now give a result that both will be used to prove the uniqueness part of
Theorem 3.1 and Theorem 3.2.

Lemma 5.3. Suppose that det(h(iy)) # 0 for all y € R and that 1 is a finite measure with
second moment, and let g be given by (3.2). Furthermore, let (X;);cr be a measurable
process, which is bounded in L' (IP) and satisfies (1.5) almost surely for all s < t. Then, for
each s € R and almost surely,

X; =g(t—s)X; +J g(t—u)n *{]l(,oo'S]X}(u)du

+ g+ {100 (Z = ZIJ(1)

for Lebesgue almost all t > s, using the notation

(5.10)

(17 {14 X));( ZJ w)XE , njx(du)  and

(g (L2 ZJ oot~ 0)(ZE ~ 2E) gieldn)

forj=1,...,nandt e R.

Proof. By arguments similar to those in the proof of Proposition 5.1((iii)) we get that
the assumption det(h(ip)) # 0 for all y € R implies that we can choose 6 € (0, ¢), such
that det(h(z)) = 0 for all z € C with -0 < Re(z) < 0 and

sup J| (x+1iy)” | dy < co.

for all j,k =1,...,n. Thus, [3, Lemma 5.1] ensures that £[g](z) = h(z)~' when Re(z) €
(=9, 0). From this point we will fix such z and let s € R be given. Since (X;);cr satisfies
(1.4),

t

IL(s,oo)(t)Xt = IL(s,oo)(t)Xs + J‘ Il(s,oo)(u) n *X(”) du + Il(s,oo)(t)(zt - Zs)

—00

for Lebesgue almost all ¢ € IR outside a IP-null set (which is a consequence of Tonelli’s
theorem). In particular, this shows that

= zL[1 (5 00)X](2)

:_z{xsz:[ms,m)](z)w

f n(s,m(um*X(u)du](z)

+ L1 (5,00)(Z = Z;) (2 )}
=L[X80(- = 9)](2) + L[ (5,00) 7 * X](2) = 2L [ L (5,00 (Z = Z5)](2)-
By noticing that
L[N (500 7# X](2) = L] 15000 1+ {10051 X}](2) + £[11 {15,000 X }](2)
= ﬁ[lumm*{ (coost X} ](@) + LI L1 o0 X} ](2)
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it thus follows that

h(z)L[1(5,00)X](2)
=L[Xe80(- =) + Ds.00 1 #{L(cco5 X ] (2) = 2L (5,00)(Z = Z)](2).
(The reader should observe that since both (X;);cg and (Z;);cg are bounded in L(IP),
the Laplace transforms above are all well-defined almost surely. We refer to the

beginning of the proof of Theorem 3.1 where details for a similar argument are
given.) Now, using that £[g](z) = h(z)~!, we notice

_Zh(z)_ll:[]l(s,oo)(z - Zs)](z) = ﬁ[g(du)](z)ﬁ[]l(s,oo)(z - Zs)](z)
= L]g* {15002 - Z)}](2),

and thus
X, =g(t-5)X,+ f gt = 1)1+ {1 oo g X} () du + g {1 (5.00)(Z = Z,)} o
S
for Lebesgue almost all t > s with probability one.

With Lemma 5.3 in hand we are now ready to prove the general result, Theorem 3.1,
for existence and uniqueness of solutions to the MSDDE (1.4).

Proof (Proof of Theorem 3.1). Fix t € R. The convolution in (3.3) is well-defined if
urs 2! is gT-integrable (by Corollary 5.2) which means that u — ZF  belongs to
L1(|gjk|(du)) for all j,k =1,...,n. Observe that, since (ZK),er is integrable and has
stationary increments, [2, Corollary A.3] implies that there exists «, 8 > 0 such that
E[|ZK] < a+ Blu| for all u € R. Consequently,

E[lef_ulﬂ(du)] < (a+plthuR) +ﬁfmlu|ﬂ(du) <o

for any (non-negative) measure y which has first moment. This shows that u > ZF ,
will be integrable with respect to such measure almost surely, in particular with
respect to |gjk|(du), j=1,...,n, according to Corollary 5.2 as 7 has second moment.

We will now argue that (X;);cg defined by (3.3) does indeed satisfy (1.4), and thus
we fix s < t. Due to the fact that

T
JtXT*ﬂT(u)du = J\tZT *qT(u)du +—[t(f g*rl(r)Z,_rdu) *17T(u)du
R

S S S

it is clear by the definition of (X;);cg that it suffices to argue that

t T
f (Lg*q(r)z.,du) >er]T(u)du

=J Z?[gw(t—r)—gw(s—r)]Tdr—sz*nder.
R

N

90



5 - Proofs and auxiliary results

We do this componentwise, so we fix i € {1,...,n} and compute that

-ZZZJ 7|

j=1 k=1 I=1 0,

:ZZLva[[O )J-t(g*q)”(”_r‘w)d”mk(dw)dr
k=1 1=1 ,00) J's

- (fof (git(t =7 —w) — ga(s — —w)] p(dw) dr
R 0,00)

f f ofli -1t st]<r+w>mk(dw>dr)
t
Z(f Z g+ mixlt = 1) = (gm)z-k(s—rndr—f zk*m(r)dr)

S

:(I ZrT[g*q(t—r)—g*q(s—r)]Tdr—JtZT*qT(r)dr)
R i

N

t
)jf[ =y W) du ) dr
00 s 0,00

where we have used ((i)) in Proposition 5.1 and the fact that g and # commute in a
convolution sense, g*1 = (g7 *17)T (compare the associated Fourier transforms).

Next, we need to argue that (X;),cR is stationary. Here we will use (5.3) to write
the solution as

X = Lg*ﬂ(”) (Zi—y—Z¢]du

foreacht e R. Fix me R. Let —-m = t’é < t]f <-ee < t’k‘ = m be a partition of [-m, m] with
max;_p, k(t}‘ - t;‘_l) — 0, k > o0, and define the Riemann sum

Wlk Zg '7 ] 1 [Zt tk Zt] tk )

Observe that (X;" 'k)teIR is stationary. Moreover, the i-th component of X;" & converges
to the i-th component of

m
X{”=j gn(u)[Zi—y = Z;]du

in L!(IP) as k — co. To see this, we start by noting that

n k ) ]
E|(x), - ()] SZJIR > A | (gt 2] - 1]
j=1 I1=1
L _zg]|]du.
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Then, for each j e{1,...,n},

ziﬂ‘i?fk“<tf_w:‘1(”’m[|<g emi[2L, = 2]~ gl )2 'Zg“]

N o _ g
< max 1 i)yl E[|ZE, - 20 |

+]E[|Zf_t£1 —ZZ” (g% 1)ij(u) - (g*q)i]'(tlk—l)” —0

as k — oo for almost all u € R using that (Zf)telR is continuous in L!(IP) (cf. [2,
Corollary A.3]) and that (g = 7);; is cadlag. Consequently, Lebesgue’s theorem on

dominated convergence implies that Xtm’k — X" entrywise in L(IP) as k — co, thus
(X/")ter inherits the stationarity property from (Xtm’k)tem. Finally, since X;" — X;
(entrywise) almost surely as m — oo, we obtain that (X;)cR is stationary as well.

To show the uniqueness part, we let (U;);cg and (V;);cr be two stationary, inte-
grable and measurable solutions to (1.4). Then X; := U; - V;, t € R, is bounded in

L'(IP) and satisfies an MSDDE without noise. Consequently, Lemma 5.3 implies that

X, =g<t—s>xs+f gt = )y (1 ooy X) (1) i

holds for each s € R and Lebesgue almost all ¢ > s. For a given j we thus find that

el <€) (gt -91+ Y [ gt con
k=1 =1 Y%

where C := max; IE[IU(’)‘l + IV(;(I]. It follows by Proposition 5.1(ii) that g(¢) converges
as t — oo, and since g € L! it must be towards zero. Using this fact together with
Lebesgue’s theorem on dominated convergence it follows that the right-hand side of
the expression above converges to zero as s tends to —co, from which we conclude
that U; = V; almost surely for Lebesgue almost all t. By continuity of both processes
in L!(IP) (cf. [2, Corollary A.3]), we get the same conclusion for all ¢.

Finally, under the assumption that det(h(z)) # 0 for z € C with Re(z) < 0 it follows
from Proposition 5.1((iv)) that g = # is vanishing on (—co,0), and hence we get that the
solution (X;);cg defined by (3.3) is causal since

Xi=Zi+ J:og*ﬂ(”)zt—u du = _J:og*’?(“)[zt —Zsy]du
for t e R by (5.3). O
Proof (Proof of Theorem 3.2). Since (X;);cR is a solution to an MSDDE,
oX,:u<s)=o0(Zs-Z,:u<s)

and the theorem therefore follows by Lemma 5.3. O

Proof (Proof of Proposition 4.1). We start by arguing why (4.2) is well-defined. To
see that this is the case, note initially that I;(f,(t —-)) = Zf - Zf,, and thus, since
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(ZF);er is integrable and has stationary increments, there exists a, § > 0 such that
E[|It(f,(t— )] < a + Blr| for all r € R (see, e.g., [2, Corollary A.3]). In particular

IEUR T (f (£ =) I#I(dr)] < alp|(R) + B _[R Irl|ul(dr) < eo,

which shows that I (f,( —-)) is integrable with respect to p, thus the right-hand side
of (4.2) is well-defined, almost surely for each t € IR. To show that the left-hand side
is well-defined, it suffices to note that u — fmfr(u)y(dr) belongs to L! N L? by an
application of Jensen’s inequality and Tonelli’s theorem.

To show (4.3) we start by fixing t € R and j,k € {1,...,n}, and by noting that
u(dr) = (g *1)jx(r)dr is a finite measure with having first moment according to
Corollary 5.2. Consequently, we can use assumptions (i)-(ii) on I to get

| tgempn[zt - 28ar = [ ntnigsmptndr
R R
Ik(Ln(t,t_rngw)jk(r)dr)

f—e
=Ik(éo({j—k}>n[o,m><t—->+f_ <gw>]~k(u>du)

(o]

= Ik (gjk(t =)

using (5.2) and the convention that 1,4 = —1(;,4 when a > b. By combining this
relation with (5.3) and (3.3) we obtain

x| = k;fm(g*n)jk(r)[zl‘_r -Zf]dr = ,;Ik(gjk(t_ ) D

Proof (Proof of Proposition 4.3). Let o € (1,2] and B € (0,1 — 1/a), and consider a
function f : R — Rin L' N L*. We start by noticing that

[Se] 1 o
f |f<u>l<u—t>ﬁ‘1du=f |f(t+u)|uﬁ-1du+f [f ()l du
t 0 .

For the left term we find that

L(Ll |f(t+u)ub? du)a dt
s( Ll ub1 du)al Jm Ll If(t+u)®uP~t dudt
:( Ll ub1 du)a Jm If (£)|* dt < oo.

For the right term we find

L(Lm |f(t+u)ub? du)a dt
S(J;Rf(u)du)a_l LJ:O |f (t+ u)|u®B~Y du dt
:( J;Rf(u)du)a fo u®FV dy < co.
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We conclude that (I—ﬁf)(u) eLe. O

Proof (Proof of Theorem 4.5). The identity (4.8) is just a matter of applying stan-
dard computation rules for determinants. For instance, one may prove the result
when z # 0 by induction using the block representation

st

with A=1,z, B=(e;®I,)T e R™*"Dn C=¢, | ®L[0g](z) € R"™ D" and

(5.11)

I,z I, 0 0

0 Lz I, 0

p=| S . :

0 0 I,z I,
Llo)(z) L]@z)(z) - Ll@ow-(z) Liz+ L@y 1](2)

Here e; and e,,_; refer to the firs and last canonical basis vector of R”~!, respectively.
The case where z = 0 follows directly from the Leibniz formula. In case det(h(iy)) = 0
for all p € R, we may write h(iy)~! as an m x m matrix, where each element (h‘l(iy))jk
is an n x n matrix. We then know from Theorem 3.1 that the unique solution to (4.5)
is a (Z;);er-driven moving average of the form (4.7) with F[g1,,](») = (h™1(iv))1 -
Similar to the computation of det(h(z)), when h(z) is invertible, block (1,m) of h(z)~!
can inductively be shown to coincide with

using the representation (5.11) and standard rules for inverting block matrices. This
means in particular that (4.9) is true. O

Proof (Proof of Theorem 4.8). We start by arguing that that there exists a function
f with the Fourier transform in (4.18). Note that, since z > det(Q(z)) is just a polyno-
mial (of order ng), the assumption that det(Q(z)) # 0 whenever Re(z) > 0 implies in
fact that

H(z):= R(-2) - Q(-2)"' P(~2) = Q(-2) ' [Q(-2)R(~2) - P(~2)]

is well-defined for all z € S5 := {x + iy : x < 0,y € R} and a suitably chosen 6 > 0.
According to [3, Lemma 5.1] it suffices to argue that there exists € € (0, 6] such that

supf |H(x +iy) > dy < oo (5.12)
x<e JR

for all j,k =1,...,n. Let ||| denote any sub-multiplicative norm on C™" and note
that [H(z) ] < 1Q(~2) ' [l1Q(~2)R(~z) = P(=2)||. Thus, since [|Q(2)R(z) - P(2)|| ~ ¢ |2|"~!
and [|Q(2)7|| ~ c,|z|™7 as |z| — oo for some c1,c; > 1 (the former by the choice of R
and the latter by Cramer’s rule), |H(z) x| = O(|z|™!). Consequently, the continuity of
H ensures that (5.12) is satisfied for a suitable € € (0, 0], and we have established the
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existence of f with the desired Fourier transform. This also establishes that the n x n
measures @q, @1, ..., @p_g-1 defined as in the statement of the theorem are finite and
have moments of any order. Associate to these measures the n(p—q) xn(p —q) measure
1 given in (4.6). Then it follows from (4.8) that

_ det(P(-iy))

p—g-1
det(h(iv)) = det|I,(—iy)P™ (—iy) - = — =
et(ip) = eI, (-isP 1+ 2 Rt A= Seiiy

and hence is non-zero for all y € R. In light of Proposition 4.5, in particular (4.9), we
may therefore conclude that the unique solution to (4.5) is a (Z;);cg-driven moving
average, where the driving kernel has Fourier transform

p—q-1 -1
(In(—iy)+ Z R;(-iyy —f[f](y)) = P(-iy) "' Q(-iy)
7=0

for y € R. In other words, the unique solution is the (Z;);cg-driven MCARMA(p, q)
process associated to the polynomials P and Q. O

Before giving the proof of Corollary 4.11 we will need the following lemma:
Lemma 5.4. Let Cy,...,Cp_, 1 be given in (4.16) and C,_, = I,,. Define
P-4 )
Rj(z) = ZCkzk_], j=1,...,p—g-1

k=j

Then § is p —q — 2 times differentiable and DP~972§ has a density with respect to the
Lebesgue measure which we denote DP~171§. Furthermore, we have that

(e} ®1,) ¢ = (gRy(D),...,gRy_41(D),g) (5.13)
where
P
gRi(D)(1) =) Dg(Cy
-
! ) (5.14)
P9 )
= Tjo.0)(t)(ef ®1,)Te ) AFTEC
k=j

forj=1,...,p—q-1and g : R — R™" is characterized by F|[g|(y) = h(iy)~! with
h:C — C"P=2>n(P=4) giyen by

I,z -1, O 0
0 L,z -I, 0
h(-z) = : : . . :
0 0o - I,z -1,
Q7 (2)P(z)-zR;(z) C; - Cpg2 Liz+Cp g

95



Paper D - Multivariate stochastic delay differential equations and their relation to CARMA
processes

Proof. That § is p —q — 2 times differentiable and DP~9-2§ has a density with respect
to the Lebesgue measure follows form the relation in (5.2). Furthermore, by Theorem
4.8 we know that F[§](y) = P! (-iy)Q(~iy). Consequently, (5.13) follows since

(P! (-ip)Q(~iy)R; (—iy),
- PN (=iy)Q(=ip)R g1 (—ip), P~ (=ip)Q(=iy))h(z) = (& T®1I,) .

The relation in (5.14) follows by the representation of § given in (4.15). O

Proof (Proof of Corollary 4.11). The prediction formula is a consequence of Lemma
5.4 combined with Theorem 3.2 and Theorem 4.8. Furthermore, to get the expression
for g+ {ZA]I(S’OO)}, note that

§(dv) = Lp_gs1)00(dv) + (e} ®1,) e AEdv,

which follows from the representation of § in (4.15) O
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PAPER

Stochastic Differential Equations With A
Fractionally Filtered Delay: A Semimartingale
Model For Long-Range Dependent Processes

Richard A. Davis, Mikkel Slot Nielsen, and Victor Rohde

Abstract

In this paper we introduce a model, the stochastic fractional delay differen-
tial equation (SFDDE), which is based on the linear stochastic delay differential
equation and produces stationary processes with hyperbolically decaying autoco-
variance functions. The model departs from the usual way of incorporating this
type of long-range dependence into a short-memory model as it is obtained by
applying a fractional filter to the drift term rather than to the noise term. The
advantages of this approach are that the corresponding long-range dependent
solutions are semimartingales and the local behavior of the sample paths is un-
affected by the degree of long memory. We prove existence and uniqueness of
solutions to the SFDDEs and study their spectral densities and autocovariance
functions. Moreover, we define a suitable subclass of SFDDEs which we study
in detail and relate to the well-known fractionally integrated CARMA processes.
Finally, we consider the task of simulating from the defining SFDDEs.

Keywords: long-range dependence; stochastic delay differential equations; moving
average processes; semimartingales

1 Introduction

Models for time series producing slowly decaying autocorrelation functions (ACFs)
have been of interest for more than 50 years. Such models were motivated by the
empirical findings of Hurst in the 1950s that were related to the levels of the Nile
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River. Later, in the 1960s, Benoit Mandelbrot referred to a slowly decaying ACF as
the Joseph effect or long-range dependence. Since then, a vast amount of literature
on theoretical results and applications have been developed. We refer to [6, 12, 24,
27, 28] and references therein for further background.

A very popular discrete-time model for long-range dependence is the autoregres-
sive fractionally integrated moving average (ARFIMA) process, introduced by [14] and
[18], which extends the ARMA process to allow for a hyperbolically decaying ACE.
Let B be the backward shift operator and for y > -1, define (1 — B)” by means of the
binomial expansion,

(1-B) = Zrc]-Bj
j=0

where 7t; = ]_[0<ij HT_y An ARFIMA process (X;);cz is characterized as the unique
purely non-deterministic process (as defined in [8, p. 189]) satisfying

P(B)(1-B)X, = Q(B)e;, teZ, (1.1)

where P and Q are real polynomials with no zeroes on {z € C : |z| < 1}, (&)cz is an
i.i.d. sequence with E[¢y] = 0, E[e3] < 00, and f € (0,1/2). The ARFIMA equation (1.1)
is sometimes represented as an ARMA equation with a fractionally integrated noise,
that is,

P(B)X; =Q(B)(1-B)Pe, teZ (1.2)

In (1.1) one applies a fractional filter to (X;);cz, while in (1.2) one applies a fractional
filter to (&;);cz. One main feature of the solution to (1.1), equivalently (1.2), is that
the autocovariance function yx(t) := [E[X(X;] satisfies

yx(t)~ct?, - o, (1.3)

for some constant ¢ > 0.

A simple example of a continuous-time stationary process which exhibits long-
memory in the sense of (1.3) is an Ornstein-Uhlenbeck process (X;);cg driven by a
fractional Lévy process, that is, (X;),cR is the unique stationary solution to

dX; =—«xX,dt+dIPL,, teR, (1.4)

where k¥ > 0 and
1 t
Br,.— - —\B ()P
IPL,: r(1+ﬁ)J:oo[(t u) (u)+]dLu, teR, (1.5)

with (L;);cr being a Lévy process which satisfies [E[L{] = 0 and IE[L%] < oo.In (1.5),
I' denotes the gamma function and we have used the notation x, = max{x, 0} for
x € R. The way to obtain long memory in (1.4) is by applying a fractional filter to
the noise, which is in line with (1.2). To demonstrate the idea of this paper, consider
the equation obtained from (1.4) but by applying a fractional filter to the drift term
instead, i.e.,

K t _
X.=__ —uy P (s—u)P _
X, - X, = r(l_ﬁ)f_m[(t WP —(s—u).f|Xydu+L,-L, s<t (1.6)
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One can write (1.6) compactly as
dX,=-kDPX,dt+dL, teR, (1.7)

with (DPX,),cr being a suitable fractional derivative process of (X;);cg defined in
Proposition 3.6. The equations (1.6)-(1.7) may be seen as akin to (1.1). It turns out
that a unique purely non-deterministic process (as defined in (3.10)) satisfying (1.7)
exists and has the following properties:

(i) The memory is long and controlled by $ in the sense that yy(t) ~ ct?/~! as
t — oo for some ¢ > 0.

(ii) The L?(IP)-Holder continuity of the sample paths is not affected by f in the sense
that yx(0)— yx(t) ~ ct as t | 0 for some ¢ > 0 (the notion of Holder continuity in
L?(P) is indeed closely related to the behavior of the ACF at zero; see Remark
3.9 for a precise relation).

(iii) (X})ser is a semimartingale.

While both processes in (1.4) and (1.7) exhibit long memory in the sense of ((i)), one
should keep in mind that models for long-memory processes obtained by applying
a fractional filter to the noise will generally not meet ((ii))-((iii)), since they inherit
various properties from the fractional Lévy process (I#L;);cg rather than from the un-
derlying Lévy process (L;);cg. In particular, this observation applies to the fractional
Ornstein-Uhlenbeck process (1.4) which is known not to possess the semimartingale
property for many choices of (L;);er, and for which it holds that yx(0)—yx(t) ~ ct?*1
as t | 0 for some ¢ > 0 (see [20, Theorem 4.7] and [1, Proposition 2.5]). The latter
property, the behavior of yx near 0, implies an increased L?(IP)-Holder continuity
relative to (1.7). See Example 4.4 for details about the models (1.4) and (1.7).

The properties ((ii))-((iii)) may be desirable to retain in many modeling scenarios.
For instance, if a stochastic process (X;);cR is used to model a financial asset, the semi-
martingale property is necessary to accommodate the No Free Lunch with Vanishing
Risk condition according to the (First) Fundamental Theorem of Asset Pricing, see
[10, Theorem 7.2]. Moreover, if (X;);cR is supposed to serve as a "good" integrator, it
follows by the Bichteler-Dellacherie Theorem ([7, Theorem 7.6]) that (X;);cg must
be a semimartingale. Also, the papers [4, 5] find evidence that the sample paths of
electricity spot prices and intraday volatility of the E-mini S&P500 futures contract
are rough, suggesting less smooth sample paths than what is induced by models such
as the fractional Ornstein-Uhlenbeck process (1.4). In particular, the local smoothness
of the sample paths should not be connected to the strength of long memory.

Several extensions to the fractional Ornstein-Uhlenbeck process (1.4) exist. For
example, it is worth mentioning that the class of fractionally integrated continuous-time
autoregressive moving average (FICARMA) processes were introduced in [9], where it
is assumed that P and Q are real polynomials with deg(P) > deg(Q) which have no
zeroes on {z € C : Re(z) > 0}. The FICARMA process associated to P and Q is then
defined as the moving average process

t
xt:J. g(t—u)dIPL,, teR, (1.8)

(%Y

101



Paper E - Stochastic differential equations with a fractionally filtered delay: a semimartingale
model for long-range dependent processes

with g : R — R being the L? function characterized by

: Q(=y)

F = | eg(u)du = ,

81 = | egtundu= 50

In line with (1.2) for the ARFIMA process, a common way of viewing a FICARMA
process is that it is obtained by applying a CARMA filter to fractional noise, that is,

(Xt)ter given by (1.8) is the solution to the formal equation

, veER

P(D)X, = Q(D)DIPL,, telR.

(See, e.g., [20].) Another class, related to the FICARMA process, consists of solutions
(X;)ter to fractional stochastic delay differential equations (SDDEs), that is, (X;)ser is
the unique stationary solution to

dXt:J Xt_uﬂ(du)dt+dIﬁLt, tE]R, (19)
[0,00)

for a suitable finite signed measure #. See [3, 21] for details about fractional SDDEs.
Note that the fractional Ornstein-Uhlenbeck process (1.4) is a FICARMA process
with polynomials P(z) = z+ x and Q(z) = 1 and a fractional SDDE with # = —x 9, 0
being the Dirac measure at zero.

The model we present includes (1.6) and extends this process in the same way as
the fractional SDDE (1.9) extends the fractional Ornstein-Uhlenbeck (1.4). Specifi-
cally, we will be interested in a stationary process (X;);cR satisfying

X, - X, = r(%ﬁ) J_; [(t=u)F —(s- u);ﬁ] J{O,OO) Xy_pn(dv)du+L,—L;  (1.10)

almost surely for each s < t, where 7 is a given finite signed measure. We will refer to
(1.10) as a stochastic fractional delay differential equation (SFDDE). Equation (1.10) can
be compactly written as

dXt:J DFX,_,n(du)dt+dL, teR, (1.11)
[0’00)

with (DfX,);cgr defined in Proposition 3.6. Representation (1.11) is, for instance,
convenient in order to argue that solutions are semimartingales.

In Section 3 we show that, for a wide range of measures #, there exists a unique
purely non-deterministic process (X; )R satisfying the SFDDE (1.10). In addition, we
study the behavior of the autocovariance function and the spectral density of (X;);er
and verify that ((i))-((ii)) hold. We end Section 3 by providing an explicit (prediction)
formula for computing E[X; | X,,, u < s]. In Section 4 we focus on delay measures # of
exponential type, that is,

n(du) = —cSo(du) + f(u)du, (1.12)

where f(t) = ﬂ[orm)(t)bTeA’el with e; =(1,0,...,0)T e R”, b € R", and A an nx n matrix
with a spectrum contained in {z € C : Re(z) < 0}. Besides relating this subclass to
the FICARMA processes, we study two special cases of (1.12) in detail, namely the
Ornstein-Uhlenbeck type presented in (1.7) and

dxt:J- DFX,_,f(u)dudt+dL, teR (1.13)
0
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Equation (1.13) is interesting to study as it collapses to an ordinary SDDE (cf. Pro-
postion 4.2), and hence constitutes an example of a long-range dependent solution
to equation (1.9) with IPL, — IPL, replaced by L, — L,. While (1.13) falls into the over-
all setup of [2], the results obtained in that paper do, however, not apply. Finally,
based on the two examples (1.6) and (1.13), we investigate some numerical aspects in
Section 5, including the task of simulating (X;);cr from the defining equation. The
proofs of all the results presented in Section 3 and 4 are given in Section 6.2. We start
with a preliminary section which recalls a few definitions and results that will be
used repeatedly.

2 Preliminaries

For a measure y on the Borel o-field Z(R) on R, let LP(u1) denote the LP space relative
to p. If p is the Lebesgue measure we suppress the dependence on y and write L?
instead of LP(y). By a finite signed measure we refer to a set function y : %(R) — R of
the form y = p* — y~, where p* and y~ are two finite singular measures. Integration
of a function f with respect to y is defined (in an obvious way) whenever f € L'(|u))
where |y| := p* + p~. The convolution of two measurable functions f,¢: R — C is
defined as

£eg(t) =jmf<t—u>g(u>du

whenever f(t—-)g € L!. Similarly, if y is a finite signed measure, we set

foutt) = Lf(t—u)u(du)

if f(t—-) € L'(|ul). For such yu set

D(p) :{z eC : J[ReRe(Z)“ lul(du) < oo}.

Then we define the bilateral Laplace transform L[u] : D(u) — C of u by

i) = fme%(du), zeD(p)

and the Fourier transform by F[u](y) = L[f](iy) for y € R. If f € L! we will write
L[f] = L[f(u)du] and F[f] = F[f(u)du]. We also note that F[f] € L? when f €
L' N L? and that F can be extended to an isometric isomorphism from L? onto L? by
Plancherel’s theorem.

Recall that a Lévy process is the continuous-time analogue to the (discrete time)
random walk. More precisely, a one-sided Lévy process (L;);>0, Lo = 0, is a stochastic
process having stationary independent increments and cadlag sample paths. From
these properties it follows that the distribution of L, is infinitely divisible, and the dis-
tribution of (L;);s¢ is determined from L, via the relation E[e’Y!t] = exp{tlog[E[¢'¥L1]}
for y € Rand ¢ > 0. The definition is extended to a two-sided Lévy process (L;);cr by
taking a one-sided Lévy process (L} ) together with an independent copy (L?),so
and setting L, = L} if t >0 and L, = —Lf_t)_ if t <0.If E[L?] < 00, E[L;] = 0 and f € L?,
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the integral LR u)dL, is well-defined as an L? limit of integrals of step functions,
and the following isometry property holds:

IE[(V[Rf(u)dLu)z] = IE[Lf]Lf(u)Zdu

For more on Lévy processes and integrals with respect to these, see [25, 30]. Finally,
for two functions f,g: R — R and a € [-o0, 0] we write f(t) = 0(g(t)), f(t) = O(g(t))
and f(t) ~g(t)as t > aif

respectively.

3 The stochastic fractional delay differential equation

Let (L;);cr be a Lévy process with E[L?] < co and E[L;] = 0, and let g € (0,1/2).
Without loss of generality we will assume that IE[L%] = 1. Denote by # a finite (possibly
signed) measure on [0, c0) with

J ulnl(du) < co. (3.1)
[0,00)

Then we will say that a process (X;);egr With E[|X(|] < oo is a solution to the corre-
sponding SFDDE if it is stationary and satisfies

X=X = 5 J- [(t- (s—u ﬁ]J- Xypn(dv)du+L,—L,  (3.2)

almost surely for each s < t. Note that equation (3.2) is indeed well-defined, since 7 is
finite, (X;);cg is bounded in L' (IP) and

(DP 1) () 1= [(t-uyf —s-uyf] ueRr, (3.3)

1
I(1-p)
belongs to L!. In line with [12] we write DE]l(s’t] rather than Dﬁ]l(slt] in (3.3) to
emphasize that it is the right-sided version of the (Riemann-Liouville) fractional
derivative of 1(; ;). As noted in the introduction, we will often write (3.2) shortly as

dxt:J. DFX,_,n(du)dt+dL, teR, (3.4)
[0,00)

where (DFX,);cr is a suitable fractional derivative of (X;);cg (defined in Proposi-
tion 3.6).

In order to study which choices of # that lead to a stationary solution to (3.2) we
introduce the function h = hy ,; : {z € C : Re(z) < 0} — C given by

h(z) = (-z)'7P —J e n(du). (3.5)
[0,00)
Here, and in the following, we define z7 = r7¢?? using the polar representation
z=re!? forr>0and 6 ¢ (-7, 1t]. This definition corresponds to z¥ = eVlogz using
the principal branch of the complex logarithm, and hence z + z7 is analytic on
C\{ze€R: z < 0}. In particular, this means that / is analytic on {z € C : Re(z) < 0}.
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Proposition 3.1. Suppose that h(z) defined in (3.5) is non-zero for every z € C with
Re(z) < 0. Then there exists a unique g : R — IR, which belongs to LY for (1-p)"' <y <2
and is vanishing on (—oo,0), such that

(3.6)

for v € R. Moreover, the following statements hold:

For t > 0 the Marchaud fractional derivative Dﬁ Yatto iven b
g(t 88 Y

B P [T 8(t)—gt—u)
DFg(t) = F(l—ﬁ)lblﬁ)lj pEY: du (3.7)

exists, DPg € L' N L? and F[DFg](y) = 1/h(iy) for y € R.

(ii) The function g is the Riemann-Liouville fractional integral of DPg, that is,
1 t
(t) = —f DPg(u)(t—u)f'du
STTE o 8
fort>0.

(iii) The function g satisfies
t
g =1 +J (DPg)+n(uydu, t>0, (3.8)
0

and, for v € R and with DE]l(S,t] given in (3.3),

t

g(t—v)—g(s—w:f_ (DELo ) () g*n(u—v)du+ T @) (3.9)

(¢

Before formulating our main result, Theorem 3.2, recall that a stationary process
(Xt)ter With IE[Xg] < oo and [E[X] = 0 is said to be purely non-deterministic if

ﬂ@{xs s<t) =10}, (3.10)
telR
see [1, Section 4]. Here sp denotes the L?(IP)-closure of the linear span.

Theorem 3.2. Suppose that h(z) defined in (3.5) is non-zero for every z € C with Re(z) < 0
and let g be the function introduced in Proposition 3.1. Then the process

t
Xt:J. g(t—u)dL,, telR, (3.11)

(Y

is well-defined, centered and square integrable, and it is the unique purely non-deterministic
solution to the SFDDE (3.2).

Remark 3.3. Note that we cannot hope to get a uniqueness result without imposing
a condition such as (3.10). For instance, the fact that

j [t— —(s—u);ﬁ]duzo,

shows together with (3.2) that (X; + U),cR is a solution for any U € L' (IP) as long as
(X#)teRr is a solution. Moreover, uniqueness relative to condition (3.10) is similar to
that of discrete-time ARFIMA processes, see [8, Theorem 13.2.1].
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Remark 3.4. It is possible to generalize (3.2) and Theorem 3.2 to allow for a heavy-
tailed distribution of the noise. Specifically, suppose that (L;);cg is a symmetric
a-stable Lévy process for some a € (1,2), that is, (L;);cR is a Lévy process and

IE[eiyLl] =W yeR,

for some o > 0. To define the process (X;);eR in (3.11) it is necessary and sufficient
that g € L%, which is indeed the case if € (1,1 — 1/a) by Proposition 3.1. From this
point, using (3.9), we only need a stochastic Fubini result (which can be found in
[1, Theorem 3.1]) to verify that (3.2) is satisfied. One will need another notion (and
proof) of uniqueness, however, as our approach relies on L? theory. For more on stable
distributions and corresponding definitions and results, we refer to [29].

Remark 3.5. The process (3.11) and other well-known long-memory processes do
naturally share parts of their construction. For instance, they are typically viewed
as "borderline" stationary solutions to certain equations. To be more concrete, the
ARFIMA process can be viewed as an ARMA process, but where the autoregressive
polynomial P is replaced by P : z — P(z)(1-z)P. Although an ordinary ARMA process
exists if and only if P is non-zero on the unit circle (and, in the positive case, will be
a short memory process), the autoregressive function P of the ARFIMA model will
always have a root at z = 1. The analogue to the autoregressive polynomial in the
non-fractional SDDE model (that is, (3.2) with DE]I(SJ] replaced by 1, ) is

z —z-L[n](2), (3.12)

where the critical region is on the imaginary axis {iy : y € R} rather than on the
unit circle {z € C : |z| = 1} (see [3]). The SFDDE corresponds to replacing (3.12) by
z + —z—(-2)PL[1](z), which will always have a root at z = 0. However, to ensure
existence both in the ARFIMA model and in the SFDDE model, assumptions are
made such that these roots will be the only ones in the critical region and their order
will be B. For a treatment of ARFIMA processes, we refer to [8, Section 13.2].

The solution (X;);cg of Theorem 3.2 is causal in the sense that X; only depends on
past increments of the noise L; — L;, s < t. An inspection of the proof of Theorem 3.2
reveals that one only needs to require that h(iy) = 0 for all y € R for a (possibly
non-causal) stationary solution to exist. The difference between the condition that
h(z) is non-zero when Re(z) = 0 rather than when Re(z) < 0 in terms of causality is
similar to that of non-fractional SDDEs (see, e.g., [3]).

The next result shows why one may view (3.2) as (3.4). In particular, it reveals
that the corresponding solution (X;);cr is a semimartingale with respect to (the
completion of) its own filtration or equivalently, in light of (3.2) and (3.11), the one
generated from the increments of (L;);cg.

Proposition 3.6. Suppose that h(z) is non-zero for every z € C with Re(z) < 0 and let
(Xt)ier e the solution to (3.2) given in Theorem 3.2. Then, for t € R, the limit

X, -X
DX ::Ll' St Atu 1
=g, S 343
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exists in L?(IP), DPX, = f_too DPg(t—u)dL,, and it holds that

1 t _ _
vl B ﬁ—(5—”)+ﬁ]j{0m)xu—vﬂ(dv)du

t
:j f DFX,_,n(dv)du
s J[0,00)

almost surely for each s < t.

(3.14)

We will now provide some properties of the solution (X;);cg to (3.2) given in
(3.11). Since the autocovariance function yx takes the form

yX(t):J;Rg(t+u)g(u)du, telR, (3.15)

it follows by Plancherel’s theorem that (X;);cg admits a spectral density fx which is
given by

1
" Iy
(See the appendix for a brief recap of the spectral theory.) The following result

concerning yx and fx shows that solutions to (3.2) exhibit a long-memory behavior
and that the degree of memory can be controlled by 8.

fx(v) =1F[glp)I? wlI*f, yeR (3.16)

Proposition 3.7. Suppose that h(z) is non-zero for every z € C with Re(z) < 0 and let yx
and fx be the functions introduced in (3.15)-(3.16). Then it holds that

T(1-2p)
T(B)T(1 - p)n([0,00))

as t — oo and y — 0, respectively. In particular, LR lyx(t)|dt = oco.

P and  fx(y) ~ Sl

1
rxlt)~ 7(10,00))

While the behavior of yx(t) as t — co is controlled by g, the content of Proposi-
tion 3.8 is that the behavior of yx(t) as t — 0, and thus the L?(IP)-Hélder continuity
of the sample paths of (X;);cr (cf. Remark 3.9), is unaffected by .

Proposition 3.8. Suppose that h(z) is non-zero for every z € C with Re(z) <0, let (X;)er
be the solution to (3.2) and denote by px its ACFE. Then it holds that 1 —px(t) ~tast ] 0.

Remark 3.9. Recall that for a given y > 0, a centered and square integrable process
(X;);er With stationary increments is said to be locally y-Holder continuous in L?(IP)
if there exists a constant C > 0 such that

E[(X; - Xo)?]

<C
2y -

for all sufficiently small t > 0. By defining the semi-variogram
()= SEI(X, X)) teR,

we see that (X;)cR is locally y-Holder continuous if and only if yy(t) = O(t%7) as
t — 0. When (X})scR is stationary we have the relation yy = yx(0)(1 —px), from which
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it follows that the L?(IP) notion of Holder continuity can be characterized in terms of
the behavior of the ACF at zero. In particular, Proposition 3.8 shows that the solution
(Xt)ier to (3.2) is locally y-Holder continuous if and only if < 1/2. The behavior of
the ACF at zero has been used as a measure of roughness of the sample paths in for
example [4, 5].

Remark 3.10. As a final comment on the path properties of the solution (X;);cR to
(3.2), observe that

t
Xt—XS:J _[[ )DﬁXu_,,ﬂ(dv)du+Lt—L5
S 0,00

for each s < t almost surely by Proposition 3.6. This shows that (X;);cr can be chosen
so that it has jumps at the same time (and of the same size) as (L;);cg. This is in
contrast to models driven by a fractional Lévy process, such as (1.9), since (I’L;);cr
is continuous in ¢ (see [20, Theorem 3.4]).

We end this section by providing a formula for computing E[X; | X,,, u < s] for any
s < t. One should compare its form to those obtained for other fractional models (such
as the one in [2, Theorem 3.2] where, as opposed to Proposition 3.11, the prediction
is expressed not only in terms of its own past, but also the past noise).

Proposition 3.11. Suppose that h(z) is non-zero for every z € C with Re(z) < 0 and let
(X¢)ter denote the solution to (3.2). Then, for any s < t, it holds that

E[X; | X, u <s]
S
=g(t—s)Xs + J;o )J X J;() )(Dﬁﬂ(slt_u])(v +w)y(dv)dwg(du)
,t—S$ —00 ,00

where g(du) = 8g(du)+ (DPg)+n(u)du is the Lebesgue-Stieltjes measure induced by g.

4 Delays of exponential type

Let A be an n x n matrix where all its eigenvalues belong to {z € C : Re(z) < 0}, and let
b eR" and x € R. In this section we restrict our attention to measures # of the form

n(du) = —kdo(du)+ f(u)du, with f(u)=bTete, (4.1)

where e := (1,0,...,0)T € IR". Note that e; is used as a normalization; the effect of
replacing e; by any c € R" can be incorporated in the choice of A and b. It is well-
known that the assumption on the eigenvalues of A imply that all the entries of
e decay exponentially fast as u — oo, so that 7 is a finite measure on [0, co) with
moments of any order. Since the Fourier transform F[f] of f is given by

Flflw)=-bT(A+iyL,)"e;, peR,

it admits a fraction decomposition; that is, there exist real polynomials Q,R: C — C,
Q being monic with the eigenvalues of A as its roots and being of larger degree than
R, such that

Flfly) =~

(4.2)
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for y € R. (This is a direct consequence of the inversion formula B~! = adj(B)/det(B).)
By assuming that Q and R have no common roots, the pair (Q,R) is unique. The
following existence and uniqueness result is simply an application of Theorem 3.2 to
the particular setup in question:

Corollary 4.1. Let Q and R be given as in (4.2). Suppose that k + bT A~ e; # 0 and
Q(z)[z + Kzﬁ] +R(z)zP 20 (4.3)

for all z € C\ {0} with Re(z) > 0. Then there exists a unique purely non-deterministic
solution (X;)ser to (3.2) with n given by (4.1) and it is given by (3.11) with g: R — R
characterized through the relation

Q(=iy)

Flglw) = , veR (4.4)
Q(-iy)| - iy + x(=ip)P |+ R(=ip)(~ip)P

Before giving examples we state Proposition 4.2, which shows that the general
SFDDE (3.2) can be written as

dX, :—KDﬁXtdt+f X, uDPf(u)dudt +dL, teR, (4.5)
0

when 7 is of the form (4.1). In case k = 0, (4.5) is a (non-fractional) SDDE. However,

the usual existence results obtained in this setting (for instance, those in [3] and [17])

are not applicable, since the delay measure D f (u)du has unbounded support and
zero total mass f;o DPf(u)du = 0.

Proposition 4.2. Let f be of the form (4.1). Then DPf : R — R defined by DP f(t) = 0
fort <0and

t
DFf(t) = r(ll_ﬁ)bT(AeAtJ; ey Pdu+t7PI, e

for t > 0 belongs to L' NL2. If in addition, (4.3) holds, x +bT A~ e; # 0, and (X;)ser is the
solution given in Corollary 4.1, then

ro DX, , f(u)du = met_u DF f(u)du
0

0

almost surely for any t € R.

Remark 4.3. Due to the structure of the function g in (4.4) one may, in line with the
interpretation of CARMA processes, think of the corresponding solution (X;):cR as a
stationary process that satisfies the formal equation

(Q(D)[D +xDF|+ R(D)DF)X, = Q(D)DL,, teR, (4.6)

where D denotes differentiation with respect to t and D is a suitable fractional deriva-
tive. Indeed, by heuristically applying the Fourier transform F to (4.6) and using
computation rules such as F[DX](y) = (-iy)F[X](y) and F[DEX](y) = (-iy)P F[X](v),
one ends up concluding that (X;);cR is of the form (3.11) with g characterized by (4.4).
For two monic polynomials P and Q with g := deg(Q) = deg(P) — 1 and all their roots
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contained in {z € C : Re(z) < 0}, consider the FICARMA(q + 1, 8, q) process (X;):cR-
Heuristically, by applying F as above, (X;);cg may be thought of as the solution to
P(D)DFX, = Q(D)DL,, t € R. By choosing the polynomial R and the constant x such
that P(z) = Q(z)[z + k] + R(z) we can think of (X;);cr as the solution to the formal
equation

(Q(D)[D'*# +xDF|+ R(D)DF)X, = Q(D)DL,, teR. (4.7)

It follows that (4.6) and (4.7) are closely related, the only difference being that D +
xDP is replaced by D'*F + xDP. In particular, one may view solutions to SFDDEs
corresponding to measures of the form (4.1) as being of the same type as FICARMA
processes. While the considerations above apply only to the case where deg(P) =g +1,
it should be possible to extend the SFDDE framework so that solutions are comparable
to the FICARMA processes in the general case deg(P) > g by following the lines of [2],
where similar theory is developed for the SDDE setting.

We will now give two examples of (4.5).

Example 4.4. Consider choosing 1 = —x 6, for some x > 0 so that (3.2) becomes

t
K _ —
Xt—XS:—r(l—_ﬁ)f_w[(t—u) ﬁ—(s—u)f]xudmLt—Ls (4.8)
for s < t or, in short,
dX,=-xDPX,dt+dL, teR. (4.9)

To argue that a unique purely non-deterministic solution exists, we observe that
Q(z) =1 and R(z) = 0 for all z € C. Thus, in light of Corollary 4.1 and (4.3), it suffices

to argue that z+ xzP = 0 for all z € C \ {0} with Re(z) > 0. By writing such z as z = re’?
for a suitable r > 0 and 0 € [-7t/2, 7t/2], the condition may be written as
(rcos(@) +xrP cos(ﬁ@)) + i(rsin(@) +xrP sin(ﬁ@)) = 0. (4.10)

If the imaginary part of the left-hand side of (4.10) is zero it must be the case that
6 =0, since k¥ > 0 while sin(0) and sin(B6) are of the same sign. However, if 6 = 0,
the real part of the left-hand side of (4.10) is r + xrf > 0. Consequently, Corollary 4.1
implies that a solution to (4.9) is characterized by (3.11) and F[g](v) = ((~iy)Px —iy)~!
for y € R. In particular, yx takes the form

eity

d
J;R y2+ 21<sin(ﬁ7n)|y|1+/5 +x2[y| %P

yx(t) = (4.11)
In Figure 1 we have plotted the ACF of (X;);cg using (4.11) with x =1 and B €
{0.1,0.2,0.3,0.4}. We compare it to the ACF of the corresponding fractional Ornstein-
Uhlenbeck process (equivalently, the FICARMA(1, ,0) process) which was presented
in (1.4). To do so, we use that its autocovariance function y; is given by

eity
t)= dy.
7//5( ) J].R|y|2(l+[5)+1<2|y|2[5 y

(4.12)
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From these plots it becomes evident that, although the ACFs share the same behavior
at infinity, they behave differently near zero. In particular, we see that the ACF of
(X¢)ter decays more rapidly around zero, which is in line with Proposition 3.8 and the
fact that the L?(IP)-Holder continuity of the fractional Ornstein-Uhlenbeck process
increases as f8 increases (cf. the introduction).

Figure 1: The left plot is the ACF based on (4.11) with g = 0.1 (yellow), f = 0.2 (green), p = 0.3 (black) and
B = 0.4 (blue). With g = 0.4 fixed, the plot on the right compares the ACF based on (4.11) with x =1 (blue)
to the ACF based on (4.12) for x = 0.125,0.25,0.5,1, 2 (red) where the ACF decreases in «, in particular, the
top curve corresponds to x = 0.125 and the bottom to x = 2.

Example 4.5. Suppose that # is is given by (4.1) with x =0, A = -k, and b = —«; for
some k1, k, > 0. In this case, f(t) = —x,e ¥’ and (4.5) becomes

o] u
dxt:LJ Xt_u(Kle’q”J Vv Pdv—uPldudt+dL,, (4.13)
I'(1-p)Jo 0

and since Q(z) = z+ x; and R(z) = k, we have that
2Q(z2) + R(2)2P = 22 + 12+ 1,2P.
To verify (4.3), set z=x + iy for x> 0 and y € R and note that

22+ K12+ k2P :(x2 - yz + KX+ Ky cos(/ﬂ@z)lzlﬂ) (4.14)
+i(1<1y+2xy+1czsin(/362)|z|5) '

for a suitable 0, € (—7t/2,7/2). For the imaginary part of (4.14) to be zero it must be
the case that

(k1 +2x)y = —k; sin(ﬁ@z)lzlﬂ,

and this can only happen if y = 0, since x, k1, x, > 0 and the sign of y is the same as
that of sin(f0,). However, if y = 0 it is easy to see that the real part of (4.14) cannot
be zero for any x > 0, so we conclude that (4.3) holds and that there exists a stationary
solution (X;);cR given through the kernel (4.4). The autocovariance function yy is
given by

2

=] e — dy  (419)
7/X = e y :
R y4+21<2(7<1)/2|}1|”ﬁ—71|}’|2+ﬁ)+7<%}’2+7<§|}f|2ﬁ

111



Paper E - Stochastic differential equations with a fractionally filtered delay: a semimartingale
model for long-range dependent processes

where y; = cos(pn/2) and y, = sin(fn/2). The polynomials to the associated FICARMA(2, 5,1)
process are given by P(z) = z? + k;z+ k5 and Q(z) = z + k| (see Remark 4.3) and the
autocovariance function y; takes the form

2 2

: y2+ K2
)= | % dvy.
7s() J];z D12 + (2 — 2, )y P 2P + 2

(4.16)

In Figure 2 we have plotted the ACF based on (4.15) for x; = 1 and various values of
k5 and . For comparison we have also plotted the ACF based on (4.16) for the same
choices of xy, k, and f.

Figure 2: First row is ACF based on (4.15), second row is ACF based on (4.16), and the columns correspond
to k3 = 0.5, k2 = 1 and xy = 2, respectively. Within each plot, the lines correspond to g = 0.1 (yellow),
B =0.2 (green), p = 0.3 (black) and p = 0.4 (blue). In all plots, k1 = 1.

5 Simulation from the SFDDE

In the following we will focus on simulating from (3.2). We begin this simulation
study by considering the Ornstein-Uhlenbeck type equation discussed in Example 4.4
with ¥ =1 and under the assumption that (L;);cR is a standard Brownian motion. Let
c1 = 100/A and ¢, = 2000/A. We generate a simulation of the solution process (X;)cr
on a grid of size A = 0.01 and with 3700/A steps of size A starting from —c¢; — ¢, and
ending at 1600/A. Initially, we set X; equal to zero for the first c; points in the grid
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and then discretize (4.8) using the approximation

j [(n2 =) — (- 1)A - u)P] X, du
R

1 _
2——A"PX( 1)a

-B
n—-1 1 kA i iy
+ Z E(Xkﬂx(k,lm)f [(nA =) = ((n=1)A =) ] du
k=n—c (k-1)A
1
1 1 n-1
=— AP X(ja+ $(Xea + X(e-1)a)
1-— Ig (n-1) 1 _ﬁ k;_q 2 ( )

(2 =k =1)A)F —((=K)A) P~ ((n~k~2)8)!F)

for n = —c; +1,...,3700/A — c; — c;. Next, we disregard the first ¢; + ¢, values of
the simulated sample path to obtain an approximate sample from the stationary
distribution. We assume that the process is observed on a unit grid resulting in
simulated values Xj,..., Xj¢00. This is repeated 200 times, and in every repetition the
sample ACF based on Xj,..., X is computed for t = 1,...,25 and L = 100,400, 1600.
In long-memory models, the sample mean X; can be a poor approximation to the
true mean [E[X(] even for large L, and this may result in considerable negative (finite
sample) bias in the sample ACF (see, e.g., [22]). Due to this bias, it may be difficult to
see if we succeed in simulating from (3.2), and hence we will assume that [E[Xg] is
known to be zero when computing the sample ACE. We calculate the 95% confidence
interval

- k) - (k)
p(k)—1.96m,p(k)+1.96m ,

for the mean of the sample ACF based on L observations at lag k. Here p(k) is the
sample mean and & (k) is the sample standard deviations of the ACF at lag k based on
the 200 replications. In Figure 3, the theoretical ACFs and the corresponding 95%
confidence intervals for the mean of the sample ACFs are plotted for = 0.1,0.2 and
L =100,400,1600. We see that, when correcting for the bias induced by an unknown
mean [E[X], simulation from equation (4.8) results in a fairly unbiased estimator of
the ACF for small values of 8. When > 0.25, in the case where the ACF of (X);cp is
not even in L?, the results are more unstable as it requires large values of ¢; and ¢, to
ensure that the simulation gives a good approximation to the stationary distribution
of (X;);er- Moreover, even after correcting for the bias induced by an unknown mean
of the observed process, the sample ACF for the ARFIMA process shows considerable
finite sample bias when g > 0.25, see [22], and hence we may expect this to apply to
solutions to (3.2) as well.

In Figure 4 we have plotted box plots for the 200 replications of the sample ACF
for $=0.1,0.2 and L = 100,400,1600. We see that the sample ACFs have the expected
convergence when L grows and that the distribution is more concentrated in the case
where less memory is present.

Following the same approach as above, we simulate the solution to the equation
discussed in Example 4.5. Specifically, the simulation is based on equation (3.2),
restricted to the case where #(dv) = —e7”dv and (L) is a standard Brownian
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Figure 3: Theoretical ACF and 95% confidence intervals of the mean of the sample ACF based on 200
replications of X1q,...,X]. Columns correspond to L =100, L = 400 and L = 1600, respectively, and rows
correspond to f = 0.1 and $ = 0.2, respectively. The model is (4.8).
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Figure 4: Box plots for the sample ACF based on 200 replications of Xy,..., X together with the theoretical
ACEF. Columns correspond to L =100, L =400 and L = 1600, respectively, and rows correspond to = 0.1
and p = 0.2, respectively. The model is (4.8).

motion. In this case, we use the approximation
— 7ﬁ — _ _ 7# ® v
[(nA u) —(n-1)A-u), ] Xype 'dvdu
R 0

ey v
:J XnA—vJ [(u—A):ﬁ—u;ﬂ]e“_Vdudv
0 0

1
ZEAX(;H)AJ[(A)

+ ) A min + Xk (@(kA) + (k1))
k=2
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where ¢ : R — R is given by

pv)= fv [(u - A);ﬁ - u*ﬁ]e””’ dv.
0

We approximate ¢ recursively by noting that

kA
p(kA) = L [(u —A);ﬁ - u_ﬁ]e”_kA dv
1

kA
~ (1 +eA)f [ AP - u;ﬁ]dv +eBp((k-1)A)
2 (k=1)A

_ -A _ 1-§ _ 1-8 -A _

= _ﬁ)(1 +eM)((k=1)A)F = (kA )| + e (k- 1)A)

for k > 1. The theoretical ACFs and corresponding 95% confidence intervals are
plotted in Figure 5 and the box plots in Figure 6. The findings are consistent with

first example that we considered.

Figure 5: Theoretical ACF and 95% confidence intervals of the mean of the sample ACF sample based on
200 replications of Xy,..., Xy . Columns correspond to L = 100, L = 400 and L = 1600, respectively, and
rows correspond to f = 0.1 and g = 0.2, respectively. The model is (4.13).

115



Paper E - Stochastic differential equations with a fractionally filtered delay: a semimartingale
model for long-range dependent processes

Figure 6: Box plots for the sample ACF based on 200 replications of X1,..., X[ together with the theoretical
ACEF. Columns correspond to L =100, L =400 and L = 1600, respectively, and rows correspond to = 0.1
and B = 0.2, respectively. The model is (4.13).

6 Supplement

6.1 Spectral representations of continuous-time stationary processes

This appendix provides an exposition of the spectral representation for continuous-
time stationary, centered and square integrable processes with a continuous autoco-
variance function. The proofs are found in Appendix 4 For an extensive treatment we
refer to [15, Section 9.4] and [19, Appendix A2.1].

Recall that if S ={S(t) : t e R} is a (complex-valued) process such that

(i) E[|S(t)]*] < oo forall t e R,
(i) E[|S(t+s)—S(t)]’)] = 0ass | 0forall t € R, and
(iii) E[(S(v)—=S(u))(S(t)=S(s))]=0forallu <v <s<t,

we may (and do) define integration of f with respect to S in the sense of [15, pp
388-390] for any f € L?(G), where G is the control measure characterized by

Gl(s,t]) = E[IS (1) = 5 (s)I’]
for s < t. We have the following stochastic Fubini result for this type of integral:

Proposition 6.1. Let S ={S(t) : t € R} be a process given as above. Let u be a finite Borel
measure on R, and let f : R> — C be a measurable function in L>(u x G). Then all the
integrals below are well-defined and

J(ff"’ dx) (dy) = J(fo, dy)) (dx) (6.1)

almost surely.
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Suppose that (X;);cR is a stationary process with IE[X%] < oo and E[X(] =0, and
denote by yy its autocovariance function. Assuming that yx is continuous, it follows
by Bochner’s theorem that there exists a finite Borel measure Fx on R having yx as
its Fourier transform, that is,

yal)= [ VExldy), teR
R

The measure Fy is referred to as the spectral distribution of (X;)cR.

Theorem 6.2. Let (X;),cR be given as above and let Fy be the associated spectral distribu-
tion. Then there exists a (complex-valued) process Ax = {Ax(y) : v € R} satisfying (i)-(iii)
above with control measure Fy, such that

X,= | e axtdy) (6.2)

almost surely for each t € R. The process Ay is called the spectral process of (X;)ier and
(6.2) is referred to as its spectral representation.

Remark 6.3. Let the situation be as in Theorem 6.2 and note that if there exists
another process Ay = {Ax(y) : y € R} such that

Xi = f e’ Ax(dy)
R

for all t € R, then its control measure is necessarily given by Fx and

[ rwasian= | rwaxay)
R R
almost surely for all f € L?(Fy).

6.2 Proofs

Proof (Proof of Proposition 3.1). For a given y > 0 define h, (z) = (~z)”/h(z) for z €
C\ {0} with Re(z) < 0. By continuity of h and the asymptotics |k, (z) ~ [11([0, 00))| |27,
|zl > 0, and |hy,(z)| ~ |2[” 7, |2] — o, it follows that

supf Ihy(x+iy)|2dy<oo (6.3)
x<0 JR

for y € (-1/2,1/2). In other words, h,, is a certain Hardy function, and thus there exists
a function f, : R — Rin L? which is vanishing on (—co,0) and has L[f,1(z) = hy(2)
when Re(z) <0, see [3, 11, 13]. Note that fy is indeed real-valued, since hy(x —iy) =
h, (x+iy) for y € Rand a fixed x < 0. We can apply [23, Proposition 2.3] to deduce
that there exists a function g € L? satisfying (3.6) and that it can be represented as
the (left-sided) Riemann-Liouville fractional integral of f;, that is,

t
glh) = %/3).[(‘) folu)(t - ) du
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for t > 0. Conversely, [23, Theorem 2.1] ensures that Dfg given by (3.7) is a well-
defined limit and that Dfg = f;. In particular, we have shown ((ii)) and if we can
argue that f, € L', we have shown ((i)) as well. This follows from the assumption in
(3.1), since then we have that y — L[ fy](x +iy) is differentiable for any x < 0 (except
at 0 when x = 0) and

Clu o ufy(u)](x +iy) = —i%ll[fo](x +iy)

_ Llun(du))(x+iy) - (1= p)(x +iy) P
- h(x +iy)? '

(6.4)

The function L[u — ufy(u)] is analytic on {z € C : Re(z) < 0} and from the identity
(6.4) it is not too difficult to see that it also satisfies the Hardy condition (6.3). This
means u > u fo(u) belongs to L?, and hence we have that f belongs to L. Since g is
the Riemann-Liouville integral of f; of order g and f; € L! N L?, [2, Proposition 4.3]
implies that g € L for (1-p8)"' <y <2.

It is straightforward to verify (3.9) and to obtain the identity

t
[ 08g)entu= = [ (DP1 g entn =

almost everywhere by comparing their Fourier transforms. This establishes the rela-
tion

t
g(t—v)—g(s—w:f (DPg) s 1(u —v)du + 1,y (v)

By letting s — —co, and using that DPg and g are both vanishing on (~c0,0), we
deduce that

t
¢t = n[o,OO)(t)(l +L <Dﬁg>w<u)du),

for almost all ¢ € IR which shows (3.8) and, thus, finishes the proof. O

Proof (Proof of Theorem 3.2). Since g € L?,according to Proposition 3.1,and [E[L?] <
oo and E[L] =0,

t
X; :J. g(t—u)dL,, telR,

(9

is a well-defined process (e.g., in the sense of [25]) which is stationary with mean zero
and finite second moments. By integrating both sides of (3.9) with respect to (L;);cr
we obtain

X, - X, = J (J- (DB (g 1) (1) g #17 (0 = r)du)dLr +L;— L.
R R

By a stochastic Fubini result (such as [1, Theorem 3.1]) we can change the order of
integration (twice) and obtain

L(L(DEH(S,t])(u)g*q(u - r)du)dLr = JI‘R(DE]I(SJ])(M)XH](u)du.
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This shows that (X;);cg is a solution to (3.2). To show uniqueness, note that the
spectral process Ax of any purely non-deterministic solution (X;);cg satisfies

jmf[ms,t]](y)(iy)ﬁh(—iy)Ax<dy> L1, (6.5)

almost surely for any choice of s < t by Theorem 6.2 and Proposition 6.1. Using
the fact that (X;);cg is purely non-deterministic, Fy is absolutely continuous with
respect to the Lebesgue measure, and hence we can extend (6.5) from 1, to any
function f € L? using an approximation of f with simple functions of the form
s= Z}Ll ajll(tj_l,tj] for aj € Cand ty <t; <--- <t,. Specifically, we establish that

f FUF @) i) h(=iy) Ax(dy) =f f(u)dL, (6.6)
R R

almost surely for any f € L2, In particular we may take f = g(t—-), g being the solution
kernel characterized in (3.6), so that F[g(t —-)](y) = eity(iy)‘ﬁ/h(—iy) and (6.6) thus
implies that

t
thj g(t—u)dL,, O

which ends the proof.

Proof (Proof of Proposition 3.6). We start by arguing that the limit in (3.13) exists
and is equal to J_too DPg(t—u)dL,. For a given & > 0 it follows by a stochastic Fubini
result that

B (X=X, [
F(l_ﬂ)J;‘ tu1+ﬁt du —JI‘RDbg(t—r)dL,, (6.7)
where
Bon_ B ® g(t)-g(t—u)
Dsg(t) = F(l—ﬁ)J; e du

for t > 0 and ng(t) =0 for t < 0. Suppose for the moment that (L;);c is a Brownian
motion, so that (X;);cr is y-Holder continuous for all y € (0,1/2) by (3.2). Then,
almost surely, u > (X, — X,_,)/u'*F is in L' and the relation (6.7) thus shows that

L[ng(t—r)—Df,g(t—r)]dLr Lo as 66 >0,

which in turn implies that (ng)5>0 has a limit in L?. We also know that this limit

must be DPg, since ng — DFg pointwise as 6 | 0 by (3.7). Having established this
convergence, which does not rely on (L;);,cg being a Brownian motion, it follows
immediately from (6.7) and the isometry property of the integral map f]R -dL that the

limit in (3.13) exists and that DfX, = f_too DPg(t—u)dL,. To show (3.14) we start by
recalling the definition of DE]I(S,t] in (3.3) and that f[DE]l(s,t]](y) = (iy)ﬁ]-"[]l(slt]](y).
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+iv

This identity can be shown by using that the improper integral fooo e*Pv?~1 dv is equal

to T()e*™/2 for any y € (0,1). Now observe that

].'

L(Dﬁlus,t])(u)g*ﬂ(u - -)du}(y) = (ip) F 1)) F[8)(=9) F[1](-)

- f[n(s,t]](y)}"[(Dﬁg) * 17](—3/)
t
= ]-‘[J (Dﬁg)*n(u - -)du](y),

S

and hence J]R (D—ﬁ]l(srt])(u)g sn(u—-)du = Lt(Dﬂg) +1(u —-)du almost everywhere.

Consequently, using that DFX, = J_too DPBg(t —u)dL, and applying a stochastic Fubini
result twice,

Lt(DﬁX)*n(u)du - Lﬁt(Dﬁg)*n(u—r)dudL,
-1,

(DE1 o)) g+ (u —r)dudL,

R
1 - —
“T(1-p) L[(t—”)f ~(s—u)P|X e n(u)du

The semimartingale property of (X;);cR is now an immediate consequence of (3.2). O

Proof (Proof of Proposition 3.7). Using (3.16) and that 1(0) = —#([0, 00)), it follows
that fx(v) ~ [v|72#/1([0, 00))? as y — 0. To show the asymptotic behavior of yy at co
we start by recalling that, for u,v € R,

o rgra-2

J- (s—u)PYs—v)flds= M|u_v|2ﬁ—l
uvv F(l _ﬁ)

by [16, p. 404]. Having this relation in mind we use Proposition 3.1((ii)) and (3.15) to

do the computations

Dﬁg )DPg(v)(s+t—u)  (s—v) " dvduds

(u)DP g( )j (s—(u—t))PYs—v)ftdsdvdu
(u—t)vv

(1-2
——ﬁJJDﬁg )DPg(w)|u—v—t*PVdvdu

T(B)L(
I'(1-2p) J 26-1
=——""" u)lu—t du, 6.8
()T - ) ¥ ()l — t] (6.8)
where y(u flR DPg(u +v)DPg(v)dv. Note that y € L' since Dfg € L' by Proposi-

tion 3.1 and using Plancherel’s theorem,
; 2 -
y(= | (DRl ay = £

In particular JIR u)du = |h(0)|72 = 5([0,00))72, and hence it follows from (6.8) that
we have shown the result if we can argue that

I]R u)|u —t1*P~1du
251 —J;R| T 2ﬁdu—>f u)du, t— oo. (6.9)
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It is clear by Lebesgue’s theorem on dominated convergence that

0 0
J. %du—)f y(u)du, t— oo.

o 7
Moreover, since |h(i-)| 72 is continuous at 0 and differentiable on (—co,0) and (0, c0)
with integrable derivatives, it is absolutely continuous on R with a density ¢ in L!.

As a consequence, y(u) = F[¢](y)/(—iy) and, thus,

f ) du:f _tyltn) du:ij ol (6.10)
o % =177 172 lu =172 172 ulu = 1|12
By the Riemann-Lebesgue lemma and Lebesgue’s theorem on dominated convergence

it follows that the right-hand side of expression in (6.10) tends to zero as t tends to
infinity. Finally, integration by parts and the symmetry of y yields

t/2 1
J; V(M)(l - —l%—lllzﬁ)du

1/2 1
= J; ty(tu)(l - —(1 T )du

~ —t/2 1/2 1 —tu
~ (2! zﬁ_l)Lo y(u)du—(l—Zﬁ)J; m[ () dvdu,

-0

where both terms on the right-hand side converge to zero as t tends to infinity. Thus,
we have shown (6.9), and this completes the proof. O

Proof (Proof of Proposition 3.8). Observe that it is sufficient to argue E[(X,—X()?] ~
tas t ] 0. By using the spectral representation X; = JIR 'y Ax(dy) and the isometry
property of the integral map [, -dAx : L*(Fx) — L*(IP), see [15, p. 389], we have that

E|(X; - Xo)? .
[+O] = t_sz|l —e’ylzfx(y/t)dy

‘1 —eiy|2
:J. : dy. (6.11)

R [p[2P|(=iy)!F — 11 F[n](y/t)

Consider now a y € R satisfying |y| > C;t with C; := (2|11|([0,oo)))1/(1‘ﬁ). In this case
[|1=F/2 —|t1=P F[n](v/t)] > 0, and we thus get by the reversed triangle inequality that

’1—6"3’|2 <2|1—e"3’|2
|y|2ﬁ|(_iy)1fﬁ_tlfﬁ]:[q](y/t)|2 B }’2

If [y| < C;t, we note that the assumption on the function in (3.5) implies that

Cy:= inf |(-ix)!"F = F[n](x)| >0,

[x]<Cy
which shows that
.- _ _ C _
|(=ip)!=F — 1P F )/t = 1P Cy > leﬁ P,
1
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This establishes that
|1_eiy‘2 C12(1—ﬁ) |1_€iy|2
< )
PP|—ip) - FFle)| G Y

Consequently, it follows from (6.11) and Lebesgue’s theorem on dominated conver-
gence that

E[(X, - Xo)? 1-el|’
[ tt 0 ]_>J;R) ;2 | dy:Llf[ﬂ(o,l]](P)|2dy:1

as h | 0, which was to be shown. O

Proof (Proof of Proposition 3.11). We start by arguing that the first term on the
right-hand side of the formula is well-defined. In order to do so it suffices to argue
that

t—s s
IE[L »Jioo el J[o,oo) KDEH(S”‘”])(V * w)| nl(dv)dw |g|(du)]

t—s S
snanxonfo j[o )f_ (D1 ) v + )| dw () gl

is finite. This is implied by the facts that

(6.12)

I(1- ﬁ)J [(DE1 g ) (v + )] dw

—00

0 1
sj (t—s—u+w)_ﬁdw+f whP—(t—s—u+w)Pdw
u

+s—t 0

+(1+[j’)J1mw_1_ﬁ(t—s—u)dw
1

:ﬂ(Z(t—s—u)l_ﬁ+1—(t—s—u+1)1_ﬁ)+ (1;ﬁ)(t—s—u)
Sﬂ(t—s)l_ﬁ+(1;—ﬁ)(t—s)

for u € [0,t —s] and g(du) is a finite measure (since DPg € L! by Proposition 3.1). Now
fix an arbitrary z € C with Re(z) < 0. It follows from (3.2) that

L:[X]l(s,oo)](z> :Xsﬁ[]l(s,oo](z) + ﬁ[]l(s,oo)(L- - Ls)](z)

(6.13)
L5,00) J;RXu J-[O’OO) (DEIL(S,.] )(u +v)n(dv) du](z).

+L

By noting that (DE]l(s't])(u) = 0 when t < s < u we obtain

,c[]l(m) L X, J-[ . (DET g )(u +v)y(dv) du](z)

__ 1! - -$
T —ﬁ)£[£ Xy ‘J;O'm)('—u—v)Jr r](dv)du}(z)
= L1500 X](2)L[1](2)(-2)P "
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Combining this observation with (6.13) we get the relation

(-z=(-2)PL[n)( z))z:[n (5,00 X](2)
=X ( )‘C[]l + ‘C[]l (s,00) Ls)](z>

[ mf ufw )(Dﬁms,.])(u+v>n<dv>du]<z>,

which implies

L1 (5,00 X](2)
=L[g](2)L[Xs00(s —)1(2) + LIg)(2)(=2) L1 (5,00)(L — Ly)](2)

+L[g](2) [ mf JO (DP1s, u+v)17(dv)du]()
=L[g(-—35)X](2) [J g(-—u)dL, ]( )
+L[j j JOOO D I (v+w)17(dv)dwg(du)](z).

This establishes the identity

t
X, =g(t - )X, +f g(t—u)dL,
S

t—s s
+j J ij (DE1 g -y )(v + w) y(dv) dw g(du)
0 —00 [0,00)

almost surely for Lebesgue almost all t > s. Since both sides of (6.14) are continuous
in L!(IP), the identity holds for each fixed pair s < t almost surely as well. By applying
the conditional mean E[- | X, u < s] on both sides of (6.14) we obtain the result. O

(6.14)

Proof (Proof of Corollary 4.1). In this setup it follows that the function % in (3.5) is
given by

R(-z)

Q(-2)’

where Q(z) # 0 whenever Re(z) > 0 by the assumption on A. This shows that h is
non-zero (on {z € C : Re(z) < 0}) if and only if

h(z) = (-2)' P+« +

z)[zl_ﬂ + K] +R(z) 0 for all ze C with Re(z) > 0. (6.15)

Condition (6.15) may equivalently be formulated as Q(z)[z + xzP] + R(z)zf = 0 for all
z e C\ {0} with Re(z) > 0 and h(0) = k + bT A~e; = 0, which by Theorem 3.2 shows
that a unique solution to (4.5) exists. It also provides the form of the solution, namely
(3.11) with

—ip)~P Q(-i
Fldpy = — o 9t
(—iy)' P +x+ Q(_l?;) Q(—zy)[ —iy+ K(—zy)/”] + R(=iy)(~iy)P
for y € R. This finishes the proof. o
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Proof (Proof of Proposition 4.2). We will first show that Df f € L!. By using that
|37 et du = —A~1 we can rewrite DPf as

0
DFf(t) = F(ll—ﬁ)bTA( Jot eA"[(t— u) P - t_ﬁ]du - LOO AP du)el

for t > 0, from which we see that it suffices to argue that (each entry of)
t
t— f eA”[(t— u) P - t‘ﬁ]du
0

belongs to L!. Since u > e!" is continuous and with all entries decaying exponentially
fast as u — oo, this follows from the fact that, for a given y > 0,

=S} t
J- j eVt —u) P —t7P|dudt
0 0
<

< JO e—w(Lwl ((t—w)yP+eF)at +ﬁu£m A1 dt)du < oo

Here we have used the mean value theorem to establish the inequality

A

|(t=u) P —tP| < Bu(t—u) P!

for 0 < u < t. To show that D fe L2, note that it is the left-sided Riemann-Liouville
fractional derivative of f, that is,

t
DFf(t) = ﬁ%ﬁ) f(t—u)yuPdu

for t > 0. Consequently, it follows by [26, Theorem 7.1] that the Fourier transform
F[DPf]of f is given by

FDPf|w) = (-ip)f FIFI) = ~(-ip)fbT(A+ip) ler, peR,

in particular it belongs to L? (e.g., by Cramer’s rule), and thus D f € L?. By comparing
Fourier transforms we establish that (Dfg)+ f = g (DF f), and hence it holds that

| pPx s [ (DPg)e(e-ndL, = | X,y DP flu)dn
0 R 0
using Proposition 3.6 and a stochastic Fubini result. This finishes the proof. O

Proof (Proof of Proposition 6.1). First, note that (6.1) is trivially true when f is of
the form

flop) =) ajla (01 () (6.16)
j=1

for ay,...,a, € C and Borel sets Ay, By,...,A,, B, C R. Now consider a general f €
L?(u x G) and choose a sequence of functions (f;),en of the form (6.16) such that
fu— fin L2 (ux G) as n — co. Set

X, = jm( Lfn(x,ym(dx))suw, X-= L(Lf(x,y)ﬂ(dx))s(dy)
and v = [ ([ st
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Observe that X and Y are indeed well-defined, since x — f(x,y) is in L!(u) for G-
almost all y, y - f(x,y) is in L?(G) for y-almost all x,

2
) _[Rf(x,y)ﬂ(dx)

(x,9)S(dy)

Gldy) < R [ 1F (590 (Gl dy) <o

and E

2
M(dx)] = [ 1P x G dy) <o
]RZ

Next, we find that

2
E[X - X, ] = LR\ L(f(x,y) - fulop) pld)

<R [ 1709~ fule )P (ux G, dy)

G(dy)

which tends to zero by the choice of (f,,),en. Similarly, using that X,, = LR ( JIR fulx,9)S (dy)) pldx),
one shows that X,, — Y in L?(IP), and hence we conclude that X = Y almost surely. O

Proof (Proof of Theorem 6.2). For any given t € R set f;(y) = ey, y € R, and let Hp
and Hy be the set of all (complex) linear combinations of {f; : t € R} and {X; : t e R},
respectively. By equipping Hr and Hx with the usual inner products on L%*(Fyx) and
L%(IP), their closures Hy and Hy are Hilbert spaces. Due to the fact that

<XyX0Umn=EPQXJ=J; P (dy) = (fo fdraey)y  SEER,

we can define a linear isometric isomorphism y : Hr — Hy as the one satisfying

n n
(Son) S
j=1 j=1

for any givenn €N, ay,...,a, € Cand t; <--- <t,. Since L(_,y € Hp for each y € R,
cf. [31, p. 150], we can associate a (complex-valued) process Ax = {Ax(y) : vy € R} to
(Xt)ter through the relation

Ax(y) = (Lo p))-

It is straight-forward to check from the isometry property that Ay is right-continuous
in L?(IP), has orthogonal increments and satisfies

E[|Ax(2) - Ax 01| = Fx((91,2))

for y; < y,. Consequently, integration with respect to Ay of any function f € L?(Fy)
can be defined in the sense of [15, pp 388-390]. For any n € N, «;,...,a, € C and
tg <t <---<t,, we have

n
J;{(Za]]l(tll’tf](y )AX dy Za]’/l t] lt] (Za] ] 1t )
j=1

j=
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Since f — Jmf(y)AX(dy) is a continuous map (from L?(Fx) into L?(IP)), it follows by
approximation with simple functions and from the relation above that

.[Rf(lf)/\x(d?) = u(f)

almost surely for any f € Hg. In particular, it shows that

Xi=plf) = Leity Ax(dy), teR,

which is the spectral representation of (X;);cg. O
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PAPER

Recovering The Background Noise Of A
Leévy-Driven CARMA Process Using An SDDE
Approach

Mikkel Slot Nielsen and Victor Rohde
Abstract

Based on a vast amount of literature on continuous-time ARMA processes,
the so-called CARMA processes, we exploit their relation to stochastic delay
differential equations (SDDEs) and provide a simple and transparent way of
estimating the background driving noise. An estimation technique for CARMA
processes, which is particularly tailored for the SDDE specification, is given along
with an alternative and (for the purpose) suitable state-space representation.
Through a simulation study of the celebrated CARMA(2, 1) process we check the
ability of the approach to recover the distribution.

Keywords: continuous-time ARMA process; Lévy processes; noise estimation; stochastic
volatility

1 Introduction

Continuous-time ARMA processes, specifically the class of CARMA processes, have
been studied extensively and found several applications. The most basic CARMA
process is the CAR(1) process, which corresponds to the Ornstein-Uhlenbeck process.
This process serves as the building block in stochastic modeling, e.g., [1] use it as
the stochastic volatility component in option pricing modeling and [13] models (log)
spot price of many different commodities through an Ornstein-Uhlenbeck specifica-
tion. More recently, several researchers have paid attention to higher order CARMA
processes. To give a few examples, [8] model turbulent wind speed data as a CAR(2)
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process, [11] and [3] fit a CARMA(2, 1) process to electricity spot prices, and [4] find
a good fit of the CAR(3) to daily temperature observations (and thus, suggests a
suitable model for the OTC market for temperature derivatives). In addition, as for
the CAR(1) process, several studies have concerned the use of CARMA processes in
the modeling of stochastic volatility (see, e.g., [7, 14, 16]).

From a statistical point of view, as noted in the above references, the ability to
recover the underlying noise of the CARMA process is important. However, while it is
possible to recover the driving noise process, it is a subtle task. Due to the non-trivial
nature of the typical algorithm, see [7], implementation is not straightforward and
approximation errors may be difficult to locate. The recent study of [2] on processes
of ARMA structure relates CARMA processes to certain stochastic (delay) differential
equations, and this leads to an alternative way of backing out the noise from the
observed process which is transparent and easy to implement. The contribution of
this paper is exploiting this result to get a simple way to recover the driving noise.
The study both relies and supports the related work of [7].

Section 2 recalls a few central definitions and gives a dynamic interpretation of
CARMA processes by relating them to solutions of stochastic differential equations.
Section 3 briefly discusses how to do (consistent) estimation and inference in the
dynamic model and, finally, in Section 4 we investigate through a simulation study
the ability of the approach to recover the distribution of the underlying noise for two
sample frequencies.

2 CARMA processes and their dynamic SDDE representation

Recall that a Lévy process is interpreted as the continuous-time analogue to the
(discrete-time) random walk. More precisely, a (one-sided) Lévy process (L;);>q,
Ly =0, is a stochastic process having stationary independent increments and cadlag
sample paths. From these properties it follows that the distribution of L; is infinitely
divisible, and the distribution of (L;);» is determined by the one of L according to
the relation

lE[eith] — ]E[eiyLl]t

for y € R and t > 0. The definition is extended to a two-sided Lévy process (L;)scR,
Ly = 0, which can be constructed from a one-sided Lévy process (L});so by taking
an independent copy (L?)tzo and setting L; = L} if t>0and L; = —L(Z_t)_ if t <0.
Throughout, (L;);cr denotes a two-sided Lévy process, which is assumed to be square
integrable.

Next, we will give a brief recap of Lévy-driven CARMA processes. (For an extensive
treatment, see [5, 7, 9].) Let p € N and set

P(z)=z+a;2" ' +---+a, and Q(z)=b, +blz+~~~+bp,1zp_1 (2.1)

P
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for ze C and ul,...,ap,bo,...,bp_l € R. Define

0 1 0 0
0 0 1 0
AP = E 2
0 0 0 1
—{lp _ap—l —ﬂp_z e —adp
ep = [0 0 - 0 1] e IRP, and b = [bo by -+ by bp,l],. In order to ensure

the existence of a casual CARMA process we will assume that the eigenvalues of Ap
or, equivalently, the zeroes of P all have negative real parts. Then there is a unique
(strictly) stationary RP-valued process (X;);cR satisfying

dX,=A X, dt+e,dL,, (2.2)

and it is explicitly given by X; = Ltoo A (t_”)ep dL, for t e R. For a given g € Ny with
q<p,wesetb,=1and b; =0 for q<j<p. ACARMA(p,q) process (Y;)cr is then the
strictly stationary process defined by

Y, =b'X, (2.3)

for t € R. This is the state-space representation of the formal stochastic differential
equation

P(D)Y; = Q(D)DL,, (2.4)

where D denotes differentiation with respect to time. One says that (Y;),cR is causal,
since Y; is independent of (L;—L;)s; for all t € IR. We will say that (Y;);cR is invertible
if all the zeroes of Q have negative real parts. The word "invertible" is justified by
Theorem 2.1 below and the fact that this is the assumption imposed in [7] in order
to make the recovery of the increments of the Lévy process possible. In Figure 1 we
have simulated a CARMA(2, 1) process driven by a gamma (Lévy) process and by a
Brownian motion, respectively.

Figure 1: A simulation of a CARMA(2, 1) process with parameters a; = 1.3619, ap = 0.0443,and by = 0.2061.
It is driven by a gamma (Lévy) process with parameters A = 0.2488 and & = 0.5792 on the left and a
Brownian motion with mean y = 0.1441 and standard deviation o = 0.2889 on the right.

For a given finite (signed) measure # concentrated on [0,c0) we will adopt a
definition from [2] and say that an integrable measurable process (Y;);cR is a solution
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to the associated Lévy-driven stochastic delay differential equation (SDDE) if it is
stationary and satisfies

dY[ = \J‘ Yt—v T](dv)dt+st (25)
[0,00)

In the formulation of the next result we denote by ¢, the Dirac measure at 0 and use
the convention []p = 1 and ) 3 = 0. Furthermore, we introduce the finite measure
ng = 1{0,c0)(v)eP?” dv for B € C with Re(B) < 0, and let 179 = 6y and 1j = 1j-1 *1]p; for
j=1,...,p—1.Byrelying on [2, Theorem 3.12] we get the following dynamic SDDE
representation of an invertible CARMA(p, p — 1) process:

Theorem 2.1. Let (Y;)ser be an invertible CARMA(p,p — 1) process and let By, ..., B 1
be the roots of Q. Then (Y;);er is the (up to modification) unique stationary solution to
(2.5) with the real-valued measure 1 given by

p-1
1’]=ZO(]'I’]]', (26)
j=0

where ay,...,ap_1 € Care chosen such that the relation

p-1 p-1 p—l
= zl_l(z @ B (2.7)
k=1 j=0 k:j+1

holds for all z € C. In particular, ifﬁl,...,ﬁp_l are distinct,

7(dv) = yodo(dv)+ ( Zr e ) (2.8)

where

p-1
7/0:—(111+;/5]«) and yi:_g’((ﬁﬁzi)) for i=1,...,p-1

Proof. It follows immediately from [2, Theorem 3.12] that (Y;);cg is the unique
stationary solution to (2.5) with # given by (2.6). Assume now that the roots of Q

o . . o . -1
are distinct. Then relation (2.7) implies in particular that yy = ag = —(a; + Z;’:l Bj)-
Moreover, an induction argument shows that

1;(dv) = 1[g,00) (v Zeﬁ’ ]_I v,

k=1,k=i

from which it follows that

p-1 j ]
n(dv)—aoéomv):Zaj(ﬂ[o,m><v>2eﬁf” [T 6i-p" dv)

j=1 i=1 k=1,k=i
p-1 p-1 j
-1
=Toe)®) Y P a; [] (Bi-pu " dv
i=1 j=i k=1,k=i
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Finally, observe that the definition of ag, ay,..., ap_1 implies that

p-1 1
Zf]z ]l_[k ]+1 =

j
Yi= aj I_[ ,i=1,...,p-1,

]_[k 1k¢z(ﬁ1 ﬁk j=i  k=1k=i

which concludes the proof. O

Remark 2.2. In [7] they assume that the roots of P are distinct. This makes it possible
to write (Y;);cr as a sum of dependent Ornstein-Uhlenbeck processes, which they
in turn use to recover the driving Lévy process. In Theorem 2.1 above we invert the
CARMA process by using that it is a solution to an SDDE and thereby circumvent
the assumption of distinct roots. On the other hand, when g > 2, the roots of Q may
complex-valued and this would make an estimation procedure that is parametrized
by these roots (such as the one given in Section 3) more complicated in practice.

Theorem 2.1 gives an insightful intuition about inverting CARMA processes as
well. Let F be the Fourier transform where F[f|(y IIR e'¥* f(x)dx for f € L1. If we
then heuristically take this Fourier transform on both sides of (2.4) we get

P(=ip)F[Y](y) = Q(=iy)F[DL](y)-
For yj € IR, this can be rewritten as

_ (P(—iy) +(iy +70)Q(=iy)

FIDL(y) = o] = 70| F (Y1) + FIDYI()

If we let o = —(al + ):?;11 ﬁj) then

. P(=iy) + (iy + y0)Q(-i
Y Q(=iy)

v) c1?,

and consequently, there exists f € L? such that

(P(—iy) + (1Y + 70)Q(
Q(-iy)
We conclude that (Y;),cg satisfy the formal equation DY; = f =Y, + yoY; + DL;. By

integrating this equation we get an equation of the form (2.5), and in the case where
Q has distinct roots, contour integration and Cauchy’s residue theorem imply that

) —yo)fm(y) = Flf+Y - pY])

-1

p
f@)=To@) ) -
i=1

in line with Theorem 2.1.

The simplest example beyond the (Lévy-driven) Ornstein-Uhlenbeck process is

the invertible CARMA(2, 1) process:
Example 2.3. Suppose that ay,a; € R are chosen such that the zeroes of P(z) = z% +

a1z + ap have negative real parts and let by > 0 so that the same holds for Q(z) =
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bo + z. Then there exists an associated invertible CARMA(2,1) process (Y;):er, and
Theorem 2.1 implies that

dYt:a()Ytdt‘i’al\J- eﬁlet,,,dvdt+st,
0

where 1 = -by, ag = by —ay, and a; = (a; — by)bg — a,. Note that, in this particular
case, we have yy = @g and y; = a;.

We end this section by giving the mean and the autocovariance function of the
invertible CARMA (p, p — 1) process. To formulate the result we introduce the p x p-
matrix

By 0 0 - 0 1]
1 B 0 0 0
0 1 B3 =« 0 0
Ap = : Do - : Y (2.9)
0 0 - 1 oy 0
jap ap - ap_z ap_l ap |

where ao,al,ﬁl,...,ap_pﬁp—l € C are given as in Theorem 2.1. In case p = 1, respec-
tively p = 2, the matrix in (2.9) reduces to A; = ay, respectively

el 1]

ap Qo

Proposition 2.4. Let (Y;)icr be an invertible CARMA(p,p — 1) process and let 1 be the
associated measure introduced in Theorem 2.1. Then

_ H — — 2, Apltl
E[Y;] = —11([0’00)) and y(t):=Cov(Y;, Yo) = 0”e,e”?"'Ye,, teER,

where
u=RE[L,], o?=Var(L;), and X= Jo eAPyepe;,eA;y dy.

In particular, (Y;)eR is centered if and only if (L; )R is centered.
Proof. The mean of Y; is obtained from (2.5) using the stationarity of (Y;);cg. The

autocovariance of (Y;);cgr function is given in [2, p. 14]. O

3 Estimation of the SDDE parameters

Fix A > 0 and n € IN, and suppose that we have n + 1 equidistant observations
Yo, Yo, Yop,..., Yya of an invertible CARMA(p, p — 1) process (Y;);cg. Our interest will
be on estimating the vector of parameters

0o = (aOralflglrIXZl/jZ--wap—l'ﬁp—l)/

of 17 in (2.6). We will restrict our attention to the case where 6, € R*~!. For sim-
plicity, we will also assume that (Y;);cr or, equivalently, (L;);cR is centered. For any
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given 0 let P_;(Yxa | 0) be the L?(IPg)-projection of Yy onto the linear span of
Yo, Yo, Yop,- -+, Yik—1)a and set €x(0) = Yip — P_1(Ya | 0). Then the least squares esti-
mator 6, of 6, is the point that minimizes

n
0 > Zek(e)z.
k=1

In practice, the projections B_1(Yxa | ), k = 1,...,n, can be computed using the
Kalman recursions (see, e.g., [6, Proposition 12.2.2]) together with the state-space
representation given in Proposition 3.1 below. We stress that one can compute the
projections without a state-space representation, e.g., using the Durbin-Levinson
algorithm (see [6, p. 169]), but this approach will be very time-consuming for large
n and a cut-off is necessary in practice. (This technique is used by [12] in the SDDE
framework (2.5) when 7 is compactly supported and (L;);cR is a Brownian motion.)
Under weak regularity assumptions, following the arguments in [7, Proposition 4-5]
that rely on [10], one can show that the estimator 0, of 0y is (strongly) consistent and
asymptotically normal.

Proposition 3.1 provides a convenient state-space representation of (Y )ren, in
terms of ag, a1, By,...,@p_1, fp-1 (rather than the one from the definition of (V)R in
terms of the coefficients of P and Q).

Proposition 3.1. Let the setup be as above and let Ap be the matrix given in (2.9). Then
(Yia)kew, has the state-space representation Yy = el’,Zk, k € Ny, with (Zi)ken, satisfying
the state-equation

Zy =27+ U, keN,
where (U )ren 1S a sequence of i.i.d. random vectors with mean 0 and covariance matrix
A Aju ;) Alu
p P
Io e"rleyeqe du.

Proof. It follows by [2, Proposition 3.13] that Y; = ¢,Z;, t € R, where (Z;);cR is the
RP-valued Ornstein-Uhlenbeck process given by

t
Z, = J eAP(t_“)ep dL,

(o]

for t € R. Thus, by defining Z; = Zis so that Y = eéZk, k € N, and observing that

(k=1)A kA
Z :J kA, ar, +J(k | L A
_ DA

o0

with Uy := f(lzélm eAP(kA_”)ep dL, for k € N, the result is immediate. O

4 A simulation study, p =2

The simulation of the invertible CARMA(2,1) is done in a straightforward manner
by the (defining) state-space representation of (Y;);cg and an Euler discretization
of (2.2). In order to ensure that X is a realization of the stationary distribution we
take 20,000 steps of size 0.01 before time 0. Given X, the simulation is based on
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200,000 steps each of size 0.01, and then it is assumed that we have n+1 = 2,000,
respectively n+1 = 20,000, observations of the process Yy, Ya, Yp,..., Y(,-1)a on @
grid with distance A =1, respectively A = 0.1, between adjacent points. We will be
considering the case where the background noise (L;);cR is @ gamma (Lévy) process
with shape parameter A > 0 and scale parameter £ > 0. Recall that the gamma process
with parameters A and ¢ is a pure jump process with infinite activity, and the density
f (at time 1) is given by

1 _x
flx)=——x"1e ¢, x>0,

where I' is the gamma function. In line with [7] we will choose the parameters to be A =
0.2488 and & = 0.5792. For comparison we will also study the situation where (L;);cR
is Brownian motion with mean p = A = 0.1441 and standard deviation o = E\/_ =
0.2889 (these parameters are chosen so that the Brownian motion matches the mean
and standard deviation of the gamma process). After subtracting the sample mean
Y, =n"! ZZ;(I) Yy from the observations, the vector of true parameters 6y = (ag, a1, f1)
is estimated as outlined in Section 3. We will choose 0, = (—-1.1558,0.1939,-0.2061)
as in [7] (this choice corresponds to a; = 1.3619, a, = 0.0443, and by = 0.2061, which
are certain estimated values of a stochastic volatility model by [15]). We repeat the
experiment 100 times and the estimated parameters are given in Table 1.

Sample Sample

Noise Spacing Parameter mean Bias std deviation
ag -1.2075 - 0.0517 0.1155

A=1 ay 0.2157  0.0218 0.0501

Gamma B1 -0.2190  -0.0129 0.0366
Qg -1.1688  -0.0130 0.0466

A=0.1 ay 0.1934 -0.0005 0.0315

B1 -0.2053  0.0008 0.0296

ag -1.1967 - 0.0409 0.1147

A=1 aq 0.2117  0.0178 0.0524

Gaussian B1 -0.2201  -0.0140 0.0358
ag -1.1653  -0.0095 0.0469

A=0.1 aq 0.2002  0.0062 0.0353

p1 -0.2121  -0.0060 0.0324

Table 1: Estimated SDDE parameters based on 100 simulations of the CARMA(2, 1) process on [0,2000]
with true parameters ag = —1.1558, @1 = 0.1939, and 1 =-0.2061.

It appears that the (absolute value of the) bias of (ag, a1, 81) is very small when
A =0.1. The general picture is that the bias is largest for «, and it is also consistently
negative. This observations should, however, be seen in light of the relative size of «
compared to a; and ;.

Once we have estimated 6 we can estimate the driving Lévy process by exploiting
the relation presented in Theorem 2.1 and using the trapezoidal rule. Note that, as in
the estimation, we use the relation in Theorem 2.1 on the demeaned data so that we
in turn recover the centered version of the Lévy process. Finally, to obtain an estimate
of the true Lévy process we estimate y = IE[L;] using Proposition 2.4. In order to
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get a proper approximation of the integral fooo ePro(y,_, - Eg,[Yo])dv we will only be
estimating Lya — L(x_1)a for m:= 50A~! <k < n. If one is interested in estimating the
entire path L. 1)A —Lma, Lins2)A =Lmas---» Lua —Lima, one will need data observed at a
high frequency, that is, small A, since the approximation errors accumulate over time.
Typically, one is more interested in estimating the distribution of L, which is less
sensitive to these approximation errors, and this is our focus in the following. For this
reason, we have in Figure 2 plotted five estimations of the distribution function of L;
in dashed lines against the true distribution function (represented by a solid line) in
the low frequency case (A = 1). The left, respectively right, figure corresponds to the
gamma, respectively Gaussian, case. Due to the above conventions, each estimated
distribution function is based on 1,950 estimated realizations of L;. Generally, the
estimated distribution functions in the figures seem to capture the true structure
and give a fairly precise estimate, however, there is a slight tendency to over-estimate
small values and under-estimate large values.

Due to the high degree of precision of the estimated distribution functions, we
plot an associated histogram, based on 1,950 realizations of L; and a sampling
frequency of A = 1, against the theoretical probability density function in order
to detect potential (smaller) biases. We compare this to a histogram of the actual
increments. For simplicity, we have restricted ourselves to the Gaussian case as the
gamma case is difficult to analyze close to zero (specifically, this will require more
observations). The plots are found in Figure 3. We see that the two histograms have
very similar appearances, but the histogram based on estimated parameters has a
slightly smaller mean.

5 Conclusion and further research

In this paper we have studied the ability to recover the underlying Lévy process
from an observed invertible CARMA process using the SDDE relation presented in
Theorem 2.1. In particular, after discussing the theoretical foundations, we did a
simulation study similar to the one in the classical approach presented in [7] and
estimated the underlying Lévy noise. Our findings supported the theory and it seemed
possible to (visually) detect the distribution of the underlying Lévy process.

Future research could include a further study of the performance of the presented
SDDE inversion technique compared to the classical approach in [7]. Specifically, in
light of Remark 2.2, a suggestion could be to consider a situation where P has a root
of multiplicity strictly greater than one or where g > 2 and some of the roots of Q
are not real numbers. Such situations may complicate the analysis in one approach
relative to the other. Furthermore, it may be interesting to study inversion formulas
for invertible CARMA(p, q) processes when p > g+ 1. In particular, a manipulation of
the equation (2.4) yields

dL, :(%Yt)dt. (5.1)
The content of Theorem 2.1 is that the right-hand side of (5.1) is meaningful when
p =g+ 1 and it should be interpreted as dY; — Io o) Y, n(dv)dt. It seems that this

[0,
statement continues to hold when p > g + 1 as well when dY; is replaced by a suitable

linear combination of dYt,dYt(l),...,dYt(p_q_l).
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Figure 2: Five estimations of the distribution function of L}, based on estimates of ag, a1, and f;, plotted
against the true distribution function for a sampling frequency of A = 1. The left corresponds to gamma
noise and the right to Gaussian noise.

Figure 3: Histograms of the true increments on the left and estimated increments, based on estimates of
ag, a1, and p for a sampling frequency of A =1, on the right plotted against the theoretical (Gaussian)
probability density function.
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PAPER

On non-negative modeling with CARMA
processes

Fred Espen Benth and Victor Rohde

Abstract

Two stationary and non-negative processes that are based on continuous-
time autoregressive moving average (CARMA) processes are discussed. First, we
consider a generalization of Cox-Ingersoll-Ross (CIR) processes. Next, we consider
CARMA processes driven by compound Poisson processes with exponential jumps
which are generalizations of Ornstein-Uhlenbeck (OU) processes driven by the
same noise. The way in which the two processes generalize CIR and OU processes
and the relation between them will be discussed. Furthermore, the stationary
distribution, the autocorrelation function, and pricing of zero-coupon bonds are
considered.

MSC 2010: 60G10, 91G30

Keywords: continuous-time ARMA processes; Lévy processes; Ornstein-Uhlenbeck processes;
stationary processes; square-root process

1 Introduction

The CIR process has been studied extensively and found many applications, in partic-
ular, as a model for the volatility of a financial asset (known as the Heston volatility
model [24]) and as a model for spot interest rates (see [19]). More recently, a CIR
process has been proposed to model wind speeds in [5] where a significant reduc-
tion in the mean-square prediction error is obtained compared with more classical
static models. The OU process is another extensively studied process that is popular
in modeling volatility (see [35]), interest rates (known as the Vasicek model [38]),
and wind (see [7]). Both the CIR and OU processes have the desirable trait of being
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continuous-time processes that are relatively simple, analytically tractable, stationary
and, when the OU process is driven by a subordinator, non-negative. On the other
hand, a drawback of CIR and OU processes is that the correlation structure is not
very flexible; the autocorrelation function (ACF) is simply an exponential function.
This often results in models that do not capture some of the correlation structure. For
example, in their application of a CIR process to wind, we see in [5, Figure 1] (see also
Figures 1 and 2 in this paper) that the model ACF overshoots the population ACF for
small lags and undershoots it for large lags. This motivates studying non-negative
and stationary processes that generalize CIR and OU processes but with a correlation
structure that is more flexible.

A natural generalization of OU processes is CARMA processes. CARMA processes
are stationary, there are conditions for non-negativity (see [13, 37]), and they have a
more flexible correlation structure (cf. Proposition 4.1). Many results about CARMA
processes are given in the literature, for example, a prediction formula, a multivariate
extension, noise recovery, an extension to Hilbert space valued processes, an extension
to incorporate long memory, and a CAR(c0) representation (see [4, 9, 13, 15, 16,
30]). Moreover, there exists a large body of literature on the application of CARMA
processes. For example, CARMA processes have been used to model realized volatility,
interest rates, electricity prices, and temperature (see [1, 6, 8,13, 17, 22, 36]).

CIR and OU processes are closely related in two ways. First, sums of independent
copies of squared Gaussian OU processes constitute special cases of CIR processes.
Second, both a CIR process and an OU process driven by a compound Poisson process
with exponentially distributed jumps have a gamma distribution as their stationary
distribution and an exponential function as their ACF. In this paper we discuss two
stationary and non-negative models based on CARMA processes that build on these
two connections between CIR and OU processes.

Firstly, we consider a sum of independent copies of squared Gaussian CARMA
processes which, motivated by the discussion above, we will call a CIR-CARMA
process. Using a connection between the sum of independent copies of squared
CARMA processes and Wishart processes, we are able to extend this class of non-
negative stationary processes that naturally generalizes CIR processes.

Secondly, we will discuss a CARMA process driven by a compound Poisson process
with exponential jumps. This model is very tractable but its stationary distribution is
not well understood. We show that, under assumptions frequently satisfied in practice,
the stationary distribution is an infinite sum of independent gamma distributed
random variables.

In both models we also discuss the ACF, which we will compare with the ACF of a
CIR process (or, equivalently, an OU process), and we price zero-coupon bonds when
the spot interest rate is governed by the models to show their analytical tractability.

We start with Section 2 where we briefly introduce the setup. Section 3 introduces
the CIR-CARMA model and Section 4 discusses CARMA processes with a focus on
when the Lévy process is a compound Poisson process with exponential jumps.
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2 Preliminaries

Let (QQ,F,IP) be a complete probability space, equipped with a filtration (F;);>q
satisfying the usual hypotheses (complete and right-continuous).

We now introduce CARMA processes. We will only consider causal CARMA
processes that is, where the auto-regressive polynomial P has roots with negative real
part, and we therefore limit our discussion to those. For a more thorough discussion
see for example [12]. For p € N,q € INU {0}, consider two polynomials P and Q given

by
P(z) = 2P +a, 2P} +--+a, and
Qz)=bo+bjz+---+b, 127" +21,

where p > g, and assume that the roots of P have negative real part. Then a causal
CARMA(p, q) process (Y (t));cr satisfies the formal differential equation

P(D)Y(t) = Q(D)DL(t) (2.1)

where (L(t));cr is a two-sided square integrable Lévy process. In the case (L(t))scr
is a standard Brownian motion, we denote it by (B(t));cg. CARMA processes may
be defined for Lévy processes possessing only finite log-moments (see [14]) but, for
convenience, we restrict ourselves to the square integrable case. The representation
(2.1) can be made rigorous by considering the state-space representation. In particular,
let (X(t));er be a p-dimensional Ornstein-Uhlenbeck process that satisfies

dX(t) = AX(t)dt + e,dL(1),

where e, is the p-th standard basis vector in R and

0 1 0
0 0 1 0
A= : (2.2)
0 0 0 1
—a, —ap,| - —ay —a;

Then (Y(t))scR is defined by Y (#) = b7 X(¢) where
b=(bo,...,bq_l,l,O,...,O)TelRp, (2.3)

and xT denotes the transpose of x. We call (X(t));cR the state-space process associated
to the CARMA process (Y(t))ser-
CARMA processes have a moving average representation, that is,

Y(t):J;Rg(t—u)dL(u), teR, (2.4)

where g : R — Ris characterized by

Flely) = fmef”gu)dx -
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If (Y(t))ser is causal then g(x) = bTeAxep for x > 0 and zero otherwise.
If the polynomial P has distinct roots with negative real part then the spectral
decomposition of g takes the simple form

p .
g(x) = Z 1?((2’)) e®¥, x>0, (2.5)
i=1 !

where ay,..., a, are the roots of P and P’ denotes the differential of P. In general, if P
does not have distinct roots, g still has a spectral decomposition but, to remain brief,
we will not give the details here (see [12] for more on this case).

We will say a random variable has an exponential distribution with parameter
x > 0 if it has density

x> ke ™, x>0,

and say it has a gamma distribution with shape a > 0 and rate g > 0 if it has density
ﬂa a—le—ﬁx

X —/—X

I(a)

Here, I denotes the gamma function.

, x>0.

3 The CIR-CARMA process

A sum of independent copies of squared OU processes constitutes a special case of a
CIR process. In this section we will investigate what happens if the OU processes are
replaced by CARMA processes. In particular, we will connect a sum of independent
copies of squared CARMA processes to the Wishart process, which is an extension of
CIR processes to the matrix valued case. As we will see, the Wishart process will play
a similar role to a sum of independent copies of squared CARMA processes as the
state-space process does for CARMA processes.

We start by introducing CIR processes. A process (r(t));>o is said to be a CIR
process if it has dynamics given by

dr(t)=a(b—r(t))dt+ o+Jr(t)dB(t),  r(0)=ry>0, (3.1)

where a,b,0 > 0 are constants and (B(t));cR is a standard Brownian motion. The
process (r(t));>o is mean-reverting and non-negative (even positive under the Feller
condition 2ab > ¢?).

Another extensively studied mean-reverting stochastic process is the OU process
(see, for example, [2, 34]). We say (X(t));»o is a Gaussian OU process with mean-
reversion A > 0 and volatility G(%U > 0if

AX(t) = -AX(t)dt+ ooy dB(t),  X(0)= X, € R.

The stationary distribution of (X(t));>o is @ mean zero Gaussian distribution with
variance aéU/ 2. The following connection between CIR and Gaussian OU processes
is well-known (see, for example, [23, Proposition 4] or [26, Chapter 6]).
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3 - The CIR-CARMA process

Proposition 3.1. Let (X;(t))ier, i = 1,...,n, be OU processes driven by independent stan-
dard Brownian motions (B(t))er, i = 1,..., n, all with mean-reversion A > 0 and volatility
oéU >0. Then r(t)=) 1, Xi2(t) is a CIR process of the form in (3.1) with

2
no
=21, b=-—2Y
a 21

and o =200y-

Remark 3.2. From Proposition 3.1 we see that not all CIR processes are squared OU
processes. In particular, for 4 and o fixed, A and opy are determined. Then b needs

2
to be an integer times 020—/\” for the CIR process to be a squared OU process. A CIR
process makes sense for general b, and, in this way, CIR processes generalize sums of
squared OU processes.

Instead of summing independent copies of squared Gaussian OU processes as in
Proposition 3.1 we will now consider a sum of independent copies of squared causal
Gaussian CARMA processes. Let n € IN and (Y;(t))ter, i = 1,...,1, be independent
copies of a causal CARMA(p, q) process driven by (0 B;(t));er, i = 1,...,n, for 0 > 0,
where (B;(f));er, i = 1,...,n are independent standard Brownian motions, and let
(X;(t))ter, i = 1,...,n be the associated state-space processes. Finally, we define the
process (C(t));cx by

C(t) = ZYiz(t) =bTZ(t)b (3.2)
i=1
where (Z(t));er is given by
Z(t) = Zx,-(t)xj(t). (3.3)

i=1

We will say that (C(t));cR is a CIR-CARMA(p, q) process.
The following proposition is a direct consequence of the definition of (C(t));cr
but we still highlight the result since it is an important point for the model.

Proposition 3.3. Let (C(t));cr be given by (3.2). Then C(t) is gamma distributed with
scale n/2 and rate (202||g||§)‘1, where g : R — R is given by

g(x) = bTeAxep, x>0,
and zero otherwise, and || - ||, is the L*>(R)-norm.

Proof. It follows by the moving average representation of a CARMA process in (2.4)
that Y;(t)/(ollgl]») has a standard Gaussian distribution. Since

" 2
C(t) = o?ligll3 Z( aﬁl)z)

i=1

we therefore have that C(t) is the product of azllgllg and a chi-square distributed
variable with 1 degrees of freedom, or, equivalently, C(t) is gamma distributed with
scale n/2 and rate (2(72||g||§)‘1. O
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We now state the ACF of a CIR-CARMA process.

Proposition 3.4. Let (C(t));cr be given by (3.2). Then, for s <t,

bTeA(t—s) ‘X’eAue eTeATu dub 2
corr(C(t), C(s)) = J" - LAt . (3.4)
Jo (bTeAte,)2du

Proof. Initially, we note that for any mean zero two-dimensional Gaussian variable
(G1, Gy) it follows from Isserlis’ Theorem (cf. [25]) that

E[G]G3] = B[G{]E[G3] + 2(E[G, G,))?,
and therefore

cov(Gi,G3) = E[G{ G} ] - E[G} |E[G)]
= 2(E[G,G,))*.

Next note that we may assume n =1 in (3.2) since C(t) is a sum of independent copies.
Then, since (Y;(t));er is @ mean zero Gaussian process and

t s

E[Y, ()Y,()] = IEU

—00

g(t—u)dB(u)f g(s—u)dB(u)]

= J g(t—u)g(s—u)du
R

(o)
_ T
= bTJ- eAlt s+”)epe;,reA “dub,
0

the result follows. O

If the roots of P are distinct, then it is argued in [12, section 3] that

o0
_ T
bTeA(t S)I eAuepe;eA “dub
0

(3.5)

where ay,...,a, are the roots of P, which simplifies calculating the correlation given
in Proposition 3.4.

In Figure 1 the population ACF for the wind speeds at the turbine rotor height
every 10 minutes over 365 days in 2005 (ID 24500 located 43.48N and 107.29W in
Wyoming, USA) is plotted.! We also plot the ACFs of the CIR and CIR-CARMA(2, 1)
that minimize the squared distance between the 10 minutes lags for a total of 4 days.
A similar plot can be found in [5, Figure 1] where the population ACF is compared
with the CIR ACF calibrated using maximum likelihood estimation on the same data.
The CIR process given by (3.1) has ACF

t>e ¥ >0,

I These data have been made available to us by Alexandre Brouste and corresponds to the same data
used in [5]. Unfortunately, these data are not anymore available on wind.nrel.gov as referred to in [5].
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3 - The CIR-CARMA process

(see, for example, [5]). Here,  is measured in units of ten minutes. For the CIR process
we find a4 = 0.0069 as the calibrated parameter and for the CIR-CARMA(2, 1) process
we find the calibrated parameters

a; =-0.0024, a,=-0.0296, and f; =-0.0165,

where @] and a; are the roots of P and f; is the root of Q. The CIR-CARMA process
is seen to capture the correlation structure very well and, in particular, overcome the
difficulties of the CIR process in both capturing the rapid decay for small lags and
slow decay for large lags of the population ACF.

\ Population

IR
CIR-CARMA |

correlation
o ° o ° ° ° °
w S~ (S o ~ © ©
—
—
-
v

I
»
2

o
/
/

o

25 3 3.5 4

o

0.5 1 15 2
lag (days)

Figure 1: Population ACF in gray, CIR ACF (dotted line), and CIR-CARMA(2,1) ACF (solid line).

Next, to show the analytical tractability of the CIR-CARMA process, we apply it to
zero-coupon bond pricing. We assume that the short rate is given by the CIR-CARMA
process in (3.2), that is, r(t) = C(t), and where we use IP as the pricing measure.
Following the standard theory for pricing based on short rate processes, see e.g. [21],
we define the zero-coupon bond price P(t,T) at time ¢ > 0 for a contract maturing at

time T > t by
T
exp {—f r(s)ds}
t

Theorem 3.5. Let (C(t))ier and (Z(t))ser be given by (3.2) and (3.3), respectively. Then,
for0<t<T <oo,

P(t,T)=FE

J—;] (3.6)

We find the following result:

P(t,T) =exp{nd(T —t) + tr(D(T - 1) Z(t))}, (3.7)
where tr is the trace operator,

D(t) = O (1) Py(1)”! (3.8)
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with @y : R — RP*P, @, : R - RP*P, and ¢ : R — IR given by

@, (1)) AT —pbT\ \(0
(%(t))‘e"p(( 20%c,e] A )t)(fﬁ) (3.9)

and

Here, 1, is the p X p identity matrix and 0, is the matrix in RF*P of zeros.

Proof. Initially, we note that, by independence, we may assume n =1 in (3.2). For
1 :[0,00) xIRP — R, consider the parabolic partial differential equation
dyu(t,x) = $0°d5u(t, )+ Vou(t, x)Ax — (b7 x) u(t, x)

u(0,x) = 1. (3.10)

Here, x € R, t > 0, and d,, denotes the differentiation with respect to the p’th entry
of x. Assume that the solution u is given by

u(t,x) = exp{¢p(t) + x "D (t)x}. (3.11)
Then

dpu(t,x) = (@’ (t) + x @' (t)x)u(t, x)
Vau(t,x) = xT(D(t) + DT ())u(t,x)
(

azu( x) = (2e, D(t)e, +x T (D(t) + DT (t))epe, (D(1) + DT (t))x)u(t, x),

€p€p

and it therefore follows that u solves (3.10) if ®@ is symmetric, and ¢ and @ solves

)=07¢
$(0)=0, , (3.12)
(1) = 207D (t)epe, D(t) + D(H)A+ATD(t) - bb T,
®(0)=0, t=0

Here, we have used that xT20TAx = xTATOx+xTDT Ax. Given @, ¢ is readily found
by integration. To find ® we recognize the equation as a matrix Riccati equation (see
for example [28] where a simple change of variable is necessary since the Riccati
equation is considered backward). It follows from [28, Theorem 8] that (3.12) has a
unique solution on [0, c0). Since the transpose of a solution again is a solution, it is
symmetric. By [28, Theorem 9] we have that the solution is negative semi-definite
and therefore that u of the form in (3.11) is bounded and, in particular, of at most
polynomial growth. Furthermore, by [29], the solution is given by (3.8) and (3.9).

By the Feynman-Kac formula (see for example [27, Theorem 7.6, Chapter 5]), the
solution u is unique with representation

T
E exp{—f (bTX(s))zds}
t

X(t) = x] =u(T —t,x).
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3 - The CIR-CARMA process

T
exp {—ft (bTX(s))zds} ]-}]

= E[exp{¢(t) + X (1) TP (1) X(1)}| 7]
= exp{p(t) + tr(P(£) Z(1))}, O

Since

E =E

T
exp {—J; r(s)ds}

Fi

the result now follows.

Some comments are in place. Firstly, by considering the case p = 1 where we are
back to the classical CIR process, it is simple to see that Theorem 3.5 reduces to
the known zero-coupon bond price for CIR short rate models (see [19]). Next, in
mathematical finance, one usually differentiates between the market probability
and pricing measures, sometimes called equivalent martingale measures, denoted
Q ~ P. In the theorem above, we simply used Q = IP. We may, however, assume that
the CIR-CARMA model is formulated under some Q ~ IP directly, and obtain the
price for P(t,T) under a conditional expectation with respect to Q. We obtain, of
course, the price as in Theorem 3.5. The market prices of P(t,T) is, on the other
hand, observed under the market probability IP, and to have its dynamics under IP we
must specify the IP-dynamics of (Z(t));cr. As we have a Brownian-based model for
(Z(t));er, this can be done by referring to Girsanov’s Theorem. Further, we note that
the zero-coupon bond price is represented in terms of the process (Z(t));cgr, which is
not directly observable. This is contrary to the CIR model, where the price is explicit
in terms of the current state of the interest rate r(t). To make inference, say filtering
techniques are called for in the general CIR-CARMA case.

We now connect the CIR-CARMA model to Wishart processes. This will allow us
do define more general processes that still are generalizations of CIR processes. The
main idea of the proof is to connect multivariate Gaussian OU processes to a Wishart
process. This is also discussed in [18].

Theorem 3.6. Let (C(t));er be defined as in (3.2) and assume n > p. Then
C(t)=b"Z(t)b, (3.13)
where (Z(t));eR is an p x p dimensional process with dynamics

dZ(t) = (no’epey + AZ(t)+ Z(t)AT)dt

3.14
+Z(1)2dW (t)aeyey +ae,ep dW()TZ(1)2, (3.14)

and (W(t))ser is a p X p dimensional standard matrix Brownian motion, that is, the entries
consist of independent standard Brownian motions.

Proof. We have
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By the multivariate version of Ito’s lemma (see for example [32, Theorem 4.2.1])

d(X;()X;i(H)7) = Xi()dX; (1) T+ (dX;(£) X; (1) " +dX;(t)dX;(1)"
=(X;(O)X;()TAT + AX;(H)X; (1) + 0 epe;)dt

+(X;(t) ;+er( )T)odB;(t).

Since n>p, Y ' | X;(s)X;(s)T is positive definite almost surely. Let

:J-t ixi(s)xi(s)T ZX ey dB;(s
0 \i=1

where we have used the notation A™1/? = (A/2)7! for a positive definite matrix A.
Denote by [-,-] the quadratic covariation and by B; ; the (i, j)’th entry of a p x p matrix
B. Consider 1 <1iy,15,1,j, < p. Then

[W11 17 ~12]2 ZJ ZX
i&-(s)xl(sf
i=1

If either j; or j, is not equal to p then (3.15) is zero. Furthermore,

-1/2
Xi(s)e;,r]
iLj1

ds.

i2,]2

n n 71/2
YD XX Xils)e,
i=1 \\i=1 i1p
; -1/2
ZXi(S) Xi(s)e,
i=1 ir,p
-1/2 " -1/2
= Zx Xi($)Xi(5)T| ) Xi(s)Xi(s)T ]
=1 i=1 in,ip
:(Ip)ll,lz

It follows that (W(t)),cR is a p x p dimensional Brownian motion by Lévy’s charac-
terization of Brownian motion (see for example [32, Theorem 8.6.1]) of the form
W(t)epe;, where (W(t));cr is a p x p standard matrix Brownian motion, that is, the
entries of (W(t));cr are independent standard Brownian motions. Let Z(t) be given
by (3.3). We then conclude that

dZ(t) = (no%eye] +AZ(1) + Z(HAT)dt

+Z(t)2dW (t)oeyey +oe,ey dW(1)TZ(1)?

and the proof is complete. O

It is natural to generalize the level nazep e; in the dynamics of (Z(t));>o given in

(3.14) to a general level as a direct parallel to the way sums of squared OU processes
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4 - CARMA processes driven by a subordinator

can be generalized by a CIR process to accommodate a general level. Thus, we are
interested in finding a solution to
dZ(t) = (kepe, + AZ(t)+ Z(t)AT)dt

+Z()'2dW (t)oe e, +oepey dW(H)TZ(H)?, Z(0) = Z,

(3.16)

for some general x and positive semi-definite p x p matrix Z,. Such processes are
Wishart processes and have been studied in [18, 20, 31]. In particular, in [20], it is
argued that whenever « > (p — 1)o? then there exists an affine Markov process on
the space of positive semi-definite matrices with the dynamics in (3.16). We are led
to extending the class of CIR-CARMA(p, q) processes to be a process (C(t));cr of the
form

C(t)=bTZ(t)b (3.17)

where b is given in (2.3), A is given in (2.2), and where (Z;);5 is the affine Markov
process given in [20] with dynamics given by (3.16).

The definition of a CIR-CARMA process has a similar structure to that of a CARMA
process. In particular, it is defined as a linear transformation of a higher dimensional
process. It therefore seems natural to consider the process (Z(t));o as a state-space
process associated to the CIR-CARMA process (C(t))s>o-

It follows immediately from the definition of b and the CIR-CARMA(p, q) process
that its paths are p — g — 1 times continuously differentiable. This is a direct parallel
to CARMA processes where a similar statement holds.

If we have k¥ > (p + 1)o? in (3.16) then [31] shows that there is a strong unique
solution, and it is argued that if, additionally, Z, is positive definite then Z(t) remains
positive definite for all ¢ > 0. This result may be regarded as a version of the Feller
condition for Wishart processes. We summarize in the following Proposition:

Proposition 3.7 ([31]). Let (C(t));»0 be a CIR-CARMA(p, q) process and assume that
Z, is positive definite and x > (p + 1)o%. Then C(t) > 0 for all t > 0.

4 CARMA processes driven by a subordinator

In this section we will consider causal CARMA processes as an alternative to CIR-
CARMA. We are mainly interested in the case where the background driving Lévy
process is a compound Poisson process with exponentially distributed jumps and
specifications of the CARMA parameters such that the kernel function is non-negative.
In this case, the CARMA process will itself become non-negative.

Modeling with a non-negative CARMA process as opposed to the CIR-CARMA
discussed above has the advantage of, in many respects, being a simpler non-negative
model that still maintains a large class of possible correlation structures. A downside
is, however, that the stationary distribution is more complicated. We address the
question of characterizing the stationary distribution under some specific assump-
tions, but start by considering the ACF and pricing of zero-coupon bonds when the
spot interest is modeled by the CARMA process.

The following proposition is well-known (see for example [12, Section 3]).
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Proposition 4.1. Let (Y(t));cr be a causal CARMA(p,q) process driven by a square
integrable Lévy process. Then

bTAtsJ' eTAudub

j (bTerte,)2 du

corr(Y(t),Y(s)) = s<t.

Remark 4.2. The above result should be compared with Proposition 3.4. Further-
more, (3.5) may be applied to easily calculate the ACF if the roots of P are distinct.

We again compare the correlation structure of a CARMA(2,1) with that of a
CIR process when calibrated to the wind data described in Section 3. The resulting
correlations are given in Figure 2. The calibrated CARMA parameters are

=-0.0049, a,=-0.0339, and f; =-0.0179, (4.1)

where a; and «; are the roots of P and f; is the root of Q. Appealing to [37], these
parameters corresponds to a non-negative CARMA kernel.
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Figure 2: Population acf in gray, CIR ACF (dotted line), and CARMA(2,1) ACF (solid line).

For comparison with the CIR-CARMA case, we give the zero-coupon bond price
when the short rate is modeled as a CARMA(p, q) process.

Proposition 4.3. Let (Y(t))icr be a causal CARMA(p, q) process driven by a compound
Poisson process with intensity u> 0 and exponentially distributed jumps with parameter
K > 0. Assume that the kernel of the CARMA process is non-negative. Then

T
=E|exp {— J Y(s) ds}
t

=exp {bTA—l (1,, - eA<T—f>)X(t)

T-t pTA (I, —eAt)e
+yf (p ) P du}
0

P(t,T): L(t)-L(u), u <t

K+bTA (e —T))e,
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where (X(t))ser is the associated state-space process.

Before proving Proposition 4.3 we first give the following expression for the
moment generating function of a moving average process, which also will be useful
in the proof of Theorem 4.8:

Lemma 4.4. Let f € L'(R) be a right-continuous and non-negative bounded function
with support on [0,00) and define d = sup,5o |f (u)|. Let (L(t));er be a compound Poisson
process with intensity u > 0 and exponentially distributed jumps with parameter x > 0.

Then
t o)
logIE[exp{xL f(t—u)dL(u)}]:yJO %du
for x € (—o0,x/d), and
< xf(u) 3 o (x\1 [ "
J; K—xf(u)du_;(E)L flu)" du
for x € (—x/d, x/d).

Proof. Initially we note that for s <t and any x € (-0, ),

log E[exp{x(L(t) - L(s))}] = (t = s)p (4.2)

K—x

Since f is right-continuous and non-negative there exists an increasing sequence of
piece-wise constant functions (f,,),en of the form

(o]

fu(t) = Zam,n]l[m/Z",(erl)/2”)(t) (4.3)

m=0

with f,, — f which implies that IIR fu(t—u)dL(u) — flRf(t —u)dL(u) in probability as
n — oo (cf. [33]). Since (L(t));cRr is non-decreasing and f, is given by (4.3), I]R fu(t—
u)dL(u) is non-decreasing in n. We therefore also have almost sure convergence. Let
X € (—o0,k/d), and note that

|k —xf(u)| >« —|x|d > 0.

Now it follows from (4.2) and (4.3) that

t
logE [exp {XJ f(t- M)dL(”)}]

t
= Jlngologm[exp {xf fult— u)dL(u)}]

= 4 lim _xuw) O
n—eo Jo K= xfy(u)

o xf)
"‘L xfw)

where we have used both monotone and dominated convergence. The last statement
of the lemma is straightforward.
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Proof (Proof of Proposition 4.3). Since (X(t));cRr is @ multivariate OU process,

T

| X =471 00 = X(0) - (LT~ L0,
t
and therefore
T T
J Y(s)ds = J bTX(s)ds=bTATH(X(T) — X(t) = e,(L(T) = L(t))).
t t
Note that
T
X(T) = J eMTWe, dL(u) +eMTDX(1)

t

and, since the kernel is non-negative,
t
bTAT (eAt —Ip)ep = j b et e, du > 0.
0

Consequently, by Lemma 4.4, with f(t) = bTA™!(eAf - I,)ep and x = -1, we conclude

that
T
E exp{—f Y(s)ds} L(t)-L(u), u < t}
t
=exp{bTATH (I, — T )X (1))
T
xE [exp {—bTA_1 (J eA(T_“)ep dL(u)—e,(L(T)~ L(t)))}]
t
T-t  pTAYI, —eAt)e
= exp bTA](Ip—eA(Tt))X(t)+;/tj U )% du
0o K+bTAN (A" ~T)e,
The proof is complete. |

The following Corollary follows from Lemma 4.4, and gives a series representation
of the cumulant function of Y.

Corollary 4.5. Let (Y(t));er be a causal CARMA(p, q) process driven by a compound
Poisson process with intensity p> 0 and exponentially distributed jumps with parameter
k> 0. Let d = sup,,5(|g(u)]. Then

S n
log B[e"Y(1)] = “—”(f) —i/d, x/d), 4
ogE[e*Y )] y;n =) xe(w/dx/d) (4.5)
where
an:nf (bTeA”ep)ndu. (4.6)
0

Let us consider the case of an OU process:
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Example 4.6. Let (Y(t));cg be an OU process (corresponding to the CARMA(1,0)
case). Then A is a negative scalar and therefore

1
nAu

= d R
ay I’IJ; e u

Consequently, the expression in (4.5) reduces to

) LY L Mgy 2)
log E[e*"'"] A;n - Alog 1 =)

which we recognize as the cumulant of the gamma distribution with shape —u/A
and rate k. In particular, by Corollary 4.5, we recover the well-known result that an
OU process driven by a compound Poisson process with exponential jumps has the
gamma distribution as its stationary distribution (see for example [3]).

We now constrain our analysis to the case of CARMA(p, p — 1) processes.

Lemma 4.7. Let (Y(t))ser be a causal CARMA(p,p — 1) process driven by a compound
Poisson process with intensity u > 0 and exponentially distributed jumps with parameter
x> 0. Let (a,),eN be given by (4.6) and assume

d

d—bTeA”ep = bTAeA”ep <0, u>0.
u

Then (a,),enN is a convergent sequence with

1
_ T a1 — 1 -
ay=-b'A"e, and ay:= ;111—>1an” = —m.
Proof. Using integration by parts we find that
a, = njo (bTeA”ep)”du
(e d _— bTeAuep
:L T ((07e uep)n)—bTAeA“ep du
0 4.7
_ (bTeAuep)nH _Jm(bTeA”e )"i bTeAuep (4.7)
bTAetve, | Jo PT du bTAete,

0o A 2,A
L -J- retne 1 L A
bTAe, Jy p (bT AeAe,)2

Since the function u > bTeA ep is continuous, converges to zero when u — oo, is

1 at u = 0, and is strictly decreasing on (0,c0) by assumption, we conclude that

0< bTeA”ep <1 for all u > 0. Thus, by monotone convergence, (a,),cN is convergent

with limit —ﬁ. The statement about a; is a simple calculation. O
P

Let I'(#,0) denote the gamma distribution with rate 5 and scale 6. The following
is the main result of this section.
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Theorem 4.8. For p > 2, let (Y (t))ter be a causal CARMA(p,p — 1) process driven by a
compound Poisson process with intensity y> 0 and exponentially distributed jumps with
parameter k¥ > 0. Let ay,..., ap be the roots of P and assume that they are distinct and real.
Furthermore, assume

") >0, i=1,...,p. (4.8)

Then G+ )", G; , converges to Y(t) in distribution as m — co where

G~T(un,x) and  Gip ~T(pnim k6 m)

are independent. Here 1 = —1/(bTAep), and 1, >0and 0, , > 1, fori =1,...,m, are such
that
[} d bTeAue

m

Ni,m T ,Au, \n p

— - (b'e™e,)' — ———du (4.9)
; . 0 PTdu bT Aette,

as m — oQ.

Proof. By the spectral decomposition,

2

T AL, _ a;t

ble ep—g cie
i=1

Qla;)
P(aj)
conclude that the derivative of t — bTeAtep is negative. It follows that the assumptions
of Lemma 4.7 are satisfied. Furthermore,

where ¢; =

;<0,i=1,...,p,and we

Z(br AA(i+1/2)ep)n

oA
[T T
dubTAeA“ep

0 [ bTeAAiep bTeAA(i+1)ep

bTAeAAiep N bTAeAA(i+1)ep w10
.10

as A — 0. From the assumption in (4.8) we have 0 < bTeAA(”l/z)ep <1, and we find
that

P
(bTAeA“ep)2 Zcfalzezal” + ZZCJC,Za]a elajraiu

i=1 i=1 j>i

<Zc2a262“1”+ Z a +a ( jrai)u

1 j>i

<

= bTeA”eprAzeA”ep,

bT Al
which implies -4 ¥m W <0. Let

1

Oim = bTeAR+172)g,

(4.11)
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and

bTeAAmiep bTeAAm(i+1)ep

), (4.12)

Mi,m = Am( b7 AeAbuie, - BT AeAAnli e,

fori=1,...,m and a sequence (A,,),en such that A,, —» 0 and mA,, — oo as m — oo.
Then we conclude that (4.9) is satisfied. Now, since convergence of the moment gen-
erating function implies convergence in distribution (see, for example, [10, Example
5.5]), the result follows from Corollary 4.5 and (4.7). O

Remark 4.9. The condition in (4.8) ensures that the kernel function of the CARMA
process is a sum of positive scalars times exponential function by the spectral decom-
position in (2.5). This is often the case when CARMA(p, p— 1) processes are calibrated
to data, for example, it holds for all the applications of CARMA(p,p — 1) processes
discussed in the introduction in which the calibrated parameters are reported, that is,
for [13, 17, 22, 36]. Additionally, it also holds for the parameters in (4.1).

Remark 4.10. The distributional result in Theorem 4.8 is closely related to gener-
alized gamma convolutions albeit slightly different since the gamma distributed
variables are dependent on m. A distribution y is a generalized gamma convolution if
there exists a sequence of independent gamma distributed random variables (G;);en
such that ) ", G; converges to y in distribution as m — co. For more on gamma
convolutions see for example [11].

Remark 4.11. From (4.11) and (4.12) in the proof of Theorem 4.8 we have available
an explicit expression of shapes and rates of gamma distributions where the sum
approximates the stationary distribution of the CARMA(p, p —1). In practice however,
it may be more natural to find coefficients that minimize

M m "

z z i,m 2
|17 + en _a11| .

n=1 i=1 bLm

for some M € IN, where (a,),cN is given by (4.7). This works well for small m, but
we quickly face an identification problem for large m. In such cases, the explicit
expression of the approximating coefficients have been found to work well.

We now investigate numerically the approximating sequence of the gamma distri-
bution given in Theorem 4.8. We will consider two CARMA(2, 1) processes, the first
with

ay=-0.5 a,=-1, and pB;=-0.75,
and the second with
a) = —0.5, Oy = —2, and /31 = —0.75,

where a; and «; are the roots of P and f3; is the root of Q. We will also consider a
CARMA(3, 2) process with

aq :—0.5, 0(2:—1, as :—1.2, ﬁl :—0.75, and /32 :—1.1,
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where a1, a,, and a3 are the roots of P, and f; and f, are the roots of Q. The com-
pound Poisson process has intensity p = 1 and the exponential jumps have parameter
k =1 in all three CARMA models. A simulation of the stationary distributions to-
gether with the approximating sum of gamma distributions are given in Figure 3,
4, and 5. We have also plotted the gamma distribution with a probability density
function (pdf) that minimizes the squared error to the empirical pdf for comparison.
The shape and rate in the approximating gamma distribution are calculated using
the approximation in (4.11) and (4.12) with A = 1 and where we truncate the sum
at i = 3, resulting in a sum of 4 gamma distributed variables that approximate the
distribution of the CARMA process. The stationary distribution of the CARMA pro-
cesses is simulated by discretizing the state-space equation over an interval of length
1,000,050. We simulate on a grid with grid-size 1/10 but only consider every tenth
simulated value, and we disregard the first 50 observations to approximately be in
the stationary distribution. The simulation of the stationary distribution is therefore
based on 1,000,000 observations.

Figure 3: Histogram for simulated stationary distribution of a CARMA(2, 1) process in grey, pdf of sum of
4 independent gamma distributed variables (solid line), and pdf of the gamma distribution minimizing
the squared error to the histogram (dotted line). Here, ap = -1.

We see that the sum of independent gamma distributed variables approximates
the stationary distribution of the CARMA process well and that there is a significantly
better fit than the gamma distribution.
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Figure 4: Histogram for simulated stationary distribution of a CARMA(2, 1) process in grey, pdf of sum of
4 independent gamma distributed variables (solid line), and pdf of the gamma distribution minimizing
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Figure 5: Histogram for simulated stationary distribution of a CARMA(3, 2) process in grey, pdf of sum of
4 independent gamma distributed variables (solid line), and pdf of the gamma distribution minimizing
the squared error to the histogram (dotted line).
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PAPER

Multivariate Continuous-Time Modeling Of
Wind Indexes And Hedging Of Wind Risk

Fred E. Benth, Troels S. Christensen, and Victor Rohde
Abstract

With the introduction of the exchange-traded German wind power futures,
opportunities for German wind power producers to hedge their volumetric risk
are present. We propose two continuous-time multivariate models for the wind
power utilization at different wind sites, and discuss the properties and estimation
procedures for the models. Employing the models to wind index data for wind
sites in Germany and the underlying wind index of exchange-traded wind power
futures contracts, the estimation results of both models suggest that they capture
key statistical features of the data. We argue how these models can be used to
find optimal hedging strategies using exchange-traded wind power futures for the
owner of a portfolio of so-called tailor-made wind power futures. Both in-sample
and out-of-sample hedging scenarios are considered, and, in both cases, significant
variance reductions are achieved. Additionally, the risk premium of the German
wind power futures is analysed, leading to an indication of the risk premium of
tailor-made wind power futures.

MSC 2010: 60G10, 60G22, 60H10, 60H20

Keywords: multivariate Ornstein-Uhlenbeck process; wind power futures; hedg- ing; risk premium

1 Introduction

In the power market, producers in general face market risk in the sense of uncertainty
of the prices at which they can sell their generated power. The intermittent nature of
renewable energy sources such as wind and photo voltaic power production adds yet
another layer of risk, known as volumetric risk in the sense that the produced amount
of electricity is uncertain due to the dependence on weather. Globally, so-called
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power purchase agreements and subsidies from governments have minimized the
market risk for renewable power producers. In contrast, the volumetric risk has only
recently been addressed in Germany—and only for wind power producers (WPPs)—
by the introduction of the exchange-traded wind power futures (WPF) contracts.
The underlying of a WPF contract is an index between zero and one representing
the overall utilization of the installed German wind power production. By taking
an appropriate position in WPF contracts, the lost income of the WPPs implied
by low wind scenarios is (partially) offset by the position in WPF contracts, hence
minimizing the volumetric risk. Due to the prioritization of the cheapest power
producers in Germany, the opposite part of the WPF market is typically conventional
power producers (CPPs) such as gas-fired power plants. By taking an appropriate
position in exchange-traded WPF contracts, CPPs can hedge their exposure to the
cheap electricity generated by WPPs.

The WPF market is considered in detail in [10], where the authors propose an
equilibrium pricing model. They find that the willingness to engage in the WPF
market is greater for the WPPs compared to CPPs. In other words, the hedging
benefits of the WPF contracts are greater for WPPs than CPPs. This is supported
by the results in [8] who employ an ARMA-GARCH copula framework to the joint
modelling of one site-specific wind index and the underlying WPF index. In [5]
modeling of the underlying WPF index is considered and closed-form formulas for
the WPF price and the price of European options written on the WPF index are
derived.

Continuous-time modeling using univariate Ornstein-Uhlenbeck (OU) processes
driven by non-decreasing Lévy processes, like the compound Poisson process with
exponential jumps, have been studied extensively, and used to model, for example,
stochastic volatility of financial assets, wind, electicity prices, and temperature (see
[3,7, 4, 5]). A detailed treatment of Lévy processes can be found in [15]. The mul-
tivariate modeling of more than two stochastic processes using multidimensional
non-Gaussian Lévy processes is, however, more limited. Here we mention the work
of [12] and [16] that introduce the multivariate construction by subordination of
Brownian motions, and the work of [2] using linear transformations of Lévy processes.

Our contribution to the literature is twofold. Firstly, we propose a joint model
for the simultaneous behaviour of wind indexes that allows for a parsimonious
representation of the correlation structure. This model can be seen as the multivariate
version of the model presented in [5]. As a consequence of the scarce literature on
such multivariate models, we propose an alternative model for comparison reasons.
Secondly, we suggest the idea of so-called tailor-made WPF contracts to eliminate the
volumetric risk of WPPs completely. Employing our proposed joint model of wind
indexes, we investigate the hedging benefits of exchange-traded WPF contracts for a
owner of a portfolio of tailor-made WPF contracts, and comment on the risk premium
of tailor-made WPF contracts. We show that this construction is beneficial for both
parties of the tailor-made WPF contracts.

The rest of the paper is organized as follows. Sec. 2 presents the data of wind
indexes we later analyze in greater detail and also serves as motivation for the pro-
posed model. In Sec. 3 we present models for the joint behaviour of wind indexes and
corresponding estimation procedures. In Sec. 4 we present the estimation results of
the two models. Sec. 5 discusses the hedging of wind power production using WPF
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2 - Data presentation
contracts implied by the proposed models. Lastly, Sec. 6 concludes.

2 Data presentation

The empirical observation period spans from 1 July 2016 to 30 June 2019, which
corresponds to 1095 daily observations for each considered wind index. The data set
consists of

1. A daily wind index at three wind sites provided by Centrica Energy Trading.
The wind index at wind site i is calculated by

where h(t) is the number of hours in day ¢, Q;(t) is the power production at day ¢
at site 7, and C; is the installed capacity at site i. Figure 1 shows the approximate
geographical locations for the three wind sites.!

2. A daily German wind index provided by Nasdaq, representing the German
utilization of wind power plants. The acronym used for it is NAREX WIDE
(NAsdaq REnewable indeX WInd DE (Germany)) and is used as the underlying
for WPF contracts traded on Nasdaq. We will simply denote it as the German
wind index in the remaining part of the paper.

Figure 1: Locations of wind sites with site ID in Germany.

The wind indexes are bounded between zero and one. Fig. 2 shows all four wind
indexes, and the corresponding autocorrelation function for each wind index. In all
four cases, the wind index displays a pronounced yearly cycle consistent with the

1 The locations are approximate due to confidentially issues.
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observations made in [5] and [8]. Since the German wind index is by construction
made up of all wind power production in Germany, the behaviour of the German
wind index is less extreme compared to the individual wind indexes. To concretize, a
value of zero for the German wind index is not observed in our observation period,
whereas it is for all three wind sites. Also the maximum attained value for each site
wind index is higher than the maximum value of the German index; however, it does
not reach one in any of the cases.

3 Model description

3.1 General model considerations

Let n denote the number of wind sites and P;(¢) the ith wind index. We assume that
the ith wind index can be described by

P(t)=1—¢ 50Xt =1 p, (3.1)

where S;(t) : R — RR" is a deterministic function intended to filter out potential
seasonal effects, and X;(t) is a mean-reverting stochastic process satisfying X;(t) >
0 for all ¢. The intention of X(t) = (X{(¢),...,X,,(t))T is to capture the short-term
uncertainty and the dependence between the n wind indexes. By this specification
we are ensured that P;(¢) € [0,1).

The proposed model in Eq. (3.1) distinguishes itself from the specification in [5],
where the natural extension of their univariate setup to the present multivariate setup
would be

Pi(t) = Si(t)e X0, (3.2)

with appropriate choices of X;(t) and S;(t). We do, however, prefer Eq. (3.1) over
Eq. (3.2). Due to our specification with regard to the deterministic part S;(t) of the
model, we do not face any potential model inconsistencies as is the case of Eq. (3.2).
We refer the interested reader to [5] more information and discussion. Additionally,
as discussed in Sec. 2, the wind index at a given site can attain a value of zero,
whereas, on the other hand, we have not observed full utilization of the capacity
at a single wind site. Since [5] consider the German wind index separately, which
is never zero or one due to the construction of it, Eq. (3.2) is applicable without
any modifications. Lastly, Eq. (3.1) implies that increased values of S;(t) and X;(t)
translate to an increased value of P,(t), which is more intuitively appealing.

Moving on to the seasonal components of the model, we include the following
yearly seasonality motivated by the observations made in Fig. 2,

Si(t) = a; + b; sin(271t/365) + ¢; cos(2mt/365), i=1,...,n,

where a;,b;,c; € R. With N being the number of observations, the coefficients are
determined by

N
min Z[—log(l ~P(1) -S>, i=1,...,n

ai,bisCi 4=
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Figure 2: All four wind indexes with corresponding empirical auto-correlation function.
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Having obtained the estimated seasonal functions, the observed values of X;(t) im-
plied by the estimated seasonal function $;(t) can then be calculated as
_ —log(1~B(1)

X;(t) — (3.3)

We will in the following discuss two approaches for modeling X;(t).

3.2 A gamma model

In this section a multivariate model for n— 1 wind indexes and the German wind
index is discussed, which we refer to as the gamma model in the sequel. In Sec. 4 we
will consider the case n = 4. We start by introducing the noise process. In particular,
we say a Lévy process L is a compound Poisson process with exponential jumps and
parameters @ > 0 and > 0 if

N(t)
LH=) I
i=1

where (N(t));cR is a Poisson process with intensity a and J;, i € N, are independent
exponentially distributed random variables with parameter . We say a random
variable has an exponential distribution with parameter g if it has density x
1{0,00)(x)Be P~

The gamma model assumes X is a multidimensional Lévy-driven Ornstein-Uhlenbeck
(OU) process,

dX(t) = ~AX(t)dt + S dL(t). (3.4)

Here, L is an n-dimensional Lévy process where the i’th entry is an independent
compound Poisson process with exponential jumps, variance equal to one, and param-
eters a; and f; for i = 1,...,n. Furthermore, A is a diagonal matrix, diag(1;,...,A,)
with A; >0fori=1,...,n. We assume ¥ is given by

0'1’1 0 0 Gl,n
0 0'272 0 02,71
D s (35)
0 0 0 Opn-1,n-1 On-1,n
0 0 0 0 O

and that all entries of ¥ are non-negative. Due to the form of ¥}, each individual
wind index has an idiosyncratic risk associated to it through one of the first n -1
compound Poisson process Ly,...,L, ;. Furthermore, all sites and the German index
share a systematic risk through the n’th compound Poisson process L,. A similar
construction is also considered in [2] where a multivariate model is proposed for
modeling financial products written on more than one underlying asset.

Distribution of P,(¢) in the gamma model

Since X,,, the process associated with the German wind index, is an OU process
driven by one compound Poisson process with exponential jumps, it has a gamma
distribution as its stationary distribution. Thus, we conclude the following:
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Proposition 3.1. The stationary distribution of P,(t) in the gamma model has density

(—log(1 —x))*1(1 - x)Bn/Su(t)-1
Sn(t)a”

fr,n(x) = xe(0,1) (3.6)
Proof. This is a direct consequence of X,,(t) being gamma distributed with shape «,,
and rate f8,, (see for example [3]). O

In Figure 3 the density of P, is depicted for different @, and f,, (with S,(¢) = 1).
We see that the densities implied by the gamma model are rather flexible and able to
cover both low and high utilization scenarios.

5 —
—alpha = 0.5, beta =3
—alpha = 1.5, beta =3
4k —-—-alpha = 3, beta=2.5

— — alpha=1.5,beta=5

Figure 3: Different variations of the density in (3.6)

The processes Xj,...,X,,_1 are sums of two independent gamma distributions,
and thus, there does not, in general, exist simple expressions for the densities of the
individual site index similar to the one for the German index stated in Prop. 3.1.

Covariance between wind indexes in the gamma model

We now give (semi-)analytical expressions of the covariances implied by the gamma
model, which will be useful for fast calculation of the minimum variance hedges
discussed in Section 5. The integral in Eq. (3.7) is the only non-analytical part of the
expression, but we argue in Remark 7.3 that this integral is small and can be coarsely
approximated without significant effect. We thereby maintain fast computation time.

Before we state the result, let us introduce some notation to help making a concise
statement. To this end define the n x (1 + 1) matrix ¥; by

0'1,1 0 0 0 G],n
0 02’2 0 0 (72,71
D R O R
0 0 0 O-n—l,n—l 0 On-1,n
0 0 0 0 0 Oun
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where o; ; is the (i,j)’th entry of ¥;. Let 6; ; denote the (i, j)’th entry of ¥ ;. Further-
more, define &, f € R"*! by

@=(a,...,a,_1,0,a,)" and B=Br,-, B, LBn)",

and denote the i’th entry of & and f by &; and ;. We now give the expressions of the
covariances of the gamma model. The proof is relegated to Section 7.

Proposition 3.2. Consider s <t and define

fi( t)Gi ni1€ “Ailt=stu) 4 Sj(s)ci]-,nﬂe_’\f”, i,j=1,...,n
Then
COV(Pi(t)er(
(t—, Uy /Ai
_( ) (ﬁn+1+azn+15() —Ailt S))a !
ﬁz+(711 1 ﬁn+1+aln+ls()
Ut]//\ an+1f1,] /fl’](o)
X
[ﬁ]+(7]] ﬁnﬂ (3.7)

i,j(1) fi,j(#)
xexp{anHJ-O d”(ﬂfi,]‘ ” ]log(1+ Bt )du}

ﬁN " Api1/ A B’ o d:Hl//\j
n n
(/;n+1 +Gin+1 Sy(t)eilt=s) ) [/;n+1 +Gjn+1 S]'(S) ]

fori,j=1,...,n,i=j,and
cov(Pi(t), Pi(s))

. ( B+ G1iSi(t)e N1~ ) i (m + Gyt Si(1)e A0 )d”“““
Bi+6:Si(t) Bus1 + G i1 Si(t)

. a/A
Bi
Bi+(Si()e4it=9 1 5i(s)) 5,

~ A1/ A
o Br+1 (3.8)
Buet +(Si()e ) + 5;(5)) 6 e

X

_ &/
B?
(Bi +61,iSi(t)e i) (Bi + 6,:Si(s))
~ Ay1/A
% ﬁ13+1
(Bust + i1 Si(De 4 0)) (Bust + Gine1 Si(5))
fori=1,...,n

Identification of parameters in the gamma model

Let A,,, be the nx n matrix given by

1

/\i+/\]’.

(Avar)i,j =
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Furthermore, denote by o the Hadamard product. Then the following result will be
used to estimate the parameters of the gamma model. Again, we relegate the proof of
Proposition 3.3 to Section 7.

Proposition 3.3. The mean of X is
E[X(0)] = A'x,p/2 (3.9)
and the auto-covariance of X is
cov(X(0), X(t)) = (Ayar o (ZL 5] )) e (3.10)
fort>0.

The parameters of the gamma model will be estimated in three steps. First, the
mean-reversion matrix A will be fitted to the empirical auto-correlation function
based on the first 25 lags. From (3.10), it follows that the model auto-correlation
function of X; is t > e~ Ai’. To find A;, the estimate of A;, we therefore minimize

25

5 (pstn-e )

t=1

such that A; >0 fori=1,...,n, where pi(t) is the empirical auto-correlation function
of X;.

Next, ﬁL is chosen such that the model matches the empirical covariances. In
particular, we choose )iL to minimize

£~ Ao (8037

where 3y is the sample covariance of X, |- || is the Frobenius norm and the minimiza-
tion is done over matrices 3; with non-negative entries of the form in (3.5).

Finally, we discuss how the parameters a and f are estimated. First, we choose
B =(p1,..., pn) to minimize

fix —/\71>A3L3/2”2

such that f; > 0, where jix is the empirical mean of X.
It is not too difficult to show that var(L;(1)) = Zai/ﬁf and, since the compound
Poisson processes are assumed to have unit variance, it therefore follows that

20(1'
1 =var(L;(1)) = /3—12

Consequently, we take &; = ﬁf/ 2.

3.3 A lognormal model

In this section we present a lognormal model relying on different assumptions than
the gamma model. We assume that G(f) := log X(t) can be modelled as a multidimen-
sional Gaussian Ornstein-Uhlenbeck process,

dG(t) = —Y(G(t)- ©)dt + ZdB(t), (3.11)
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where (B(t))cRr is an n-dimensional Brownian motion, Y € R"*" is a diagonal matrix,
¥ € R™" is a lower triangular matrix, and © € R".

It is well-known (see e.g. [13]) that the stationary distribution of G(t), when the
diagonal elements of Y all are positive, is normal with mean ©. The autocovariance
of G(t)is given in, for example, [13], and it is the same as for the gamma model found
in Prop. 3.3. In particular, we find

T6(t) :=cov (G(0), G(t)) = (Vour o (EXT))e ™™, 20, (3.12)
Here, Y,,, is the n x n matrix given by
1
(Tvar)i,j = v+ vj,

where v; is the i’th entryof Y, i=1,...,n.
Consequently, the stationary distribution of X(t) is multivariate lognormal with
expected value of X;(0) being

L (0)] = exp ; + L),
while the autocovariance is
cov(X;(0), X;(#)) = B[X; (0)JE[X;(0)] (™6 — 1) (3.13)

fori,j=1,...,n (see e.g. [11] for more information on the multivariate lognormal
distribution). This implies that the autocorrelation of X(t) is
exp(2g(0);je ") -1
\/(eZc(Om —1)(e>c%si — 1)

fori,j=1,...,n.

Distribution of P;(¢) in the lognormal model

Having the results for X(¢) from the previous section in mind, the stationary distribu-
tion of P;(t) follows and is given in Prop. 3.4.

Proposition 3.4. The stationary distribution of P;(t) is characterized by the density

_ 1 log (") - ©:
) = (1-x)log(1 -x) ):G(O)i,i¢ 26(0);,i ’ (319)

where ¥5(0); ; is the i’th element of the diagonal of £5(0), ©; is the i’th element of ©, and
() is the density of the standard normal distribution.

To investigate the density of P;(¢) in more detail, consider for a moment a more generic
version of Eq. (3.15), given by

f(xlu, 0) =

-1 log(_log(l_x))_}'{ i (316)
o

(1 -x)log(1 —x)a¢
As can be seen in Fig. 4, showing examples of the density given different values of y

and o in Eq. (3.16), the distribution is rather flexible and capable of attaining quite
different forms.
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Figure 4: Different variations of the density in Eq. (3.16).

Covariance between wind indexes in the lognormal model

Deriving the covariances between wind indexes in the lognormal model is closely
related to the derivation of the Laplace transform of the lognormal distribution. To
the best of our knowledge, no closed-form has been derived for the Laplace transform
of the lognormal distribution, but there exist approximations, see e.g. [1]. With regard
to this paper, we refer the interested reader to [1] and the references herein for further
information, and employ numerical integration by exploiting our knowledge of the
distribution of G(t) to determine the covariances between the wind indexes.

Identification of parameters in the lognormal model

To identify the parameters of the model, we employ the method of moments as in the
gamma model case. We first identify ¥;(0) by exploiting Eq. (3.13),

x,ij
Y6(0)j =log s +1], (3.17)
try

with fI; being the empirical mean of X;(t), and XA’,X,U is the (i, j)th entry of the empirical
covariance between X;(0) and X;(0).

Having obtained an estimate of ¥;(0) and remembering the model implied auto-
correlation in Eq. (3.14), we identify v; by minimizing

. 2
2 eXP(EG(O)iieiw“)_l

Y |oit-— : ,
=1 \/(ezc(o)ii - 1)(e):G(0)ii -1)

where p;(t) is the empirical autocorrelation function of X;(0) and X;(t). Here, as in
the gamma model, we use the first 25 lags of the empirical auto-covariance function
to estimate A;. With Y, consisting of the estimated v; for i = 1,...,n in the diagonal,
at hand, we identify X7 by

A

T = iG(O) @ Tvar:
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where @ is the Hadamard division defined for two matrices A and Bby A®@B = A;;/B;;.
Lastly, we determine © by

@izlog(yi)—%, i=1,...,n (3.18)

3.4 Comparison of the gamma and lognormal model

The covariances between indexes in the gamma model can be calculated fast using
Proposition 3.2 to find the optimal hedging strategy (see Sec. 5). The noise in the
gamma model also has a compelling interpretation, where an idiosyncratic risk is
associated to each site index and a systematic risk is associated to all site indexes and
the German index. On the other hand, the lognormal model gives rise to closed-form
expressions of the densities of all indexes as opposed to only the German index in
the gamma model. The lognormal model is simple in the sense that the underlying
process is a Gaussian driven OU process. This makes it possible to do numerical
analysis based on Gaussian theory.

Both the gamma and lognormal model have straightforward and fast estimation
procedures, making them easy to implement. Furthermore, as we will see in Sec. 4,
both models capture the autocorrelation of X;, the cross-autocorrelations between X;
and Xj, and the stationary distribution of X; well.

4 Estimation results

In this section we summarize and discuss the estimation results. As a starting point,
we consider the fitted seasonal functions. In Table 1 we report the fitted parameters
for all four wind indexes.

dj bi ¢i

Site 1 0.1721  -0.0491 -0.0804
Site 2 0.2848  -0.0405 -0.0956
Site 3 0.2294 -0.0322 -0.1226
German  0.2732  -0.0298 -0.1285

Table 1: Fitted seasonal parameters for the four wind indexes.

4.1 Gamma model

Fig. 5 shows the theoretical autocorrelation implied by the estimated gamma model
compared to the empirical autocorrelation. The fit to the empirical autocorrelation is
convincing, and it is worth noticing that the cross-autocorrelations match well even
though the model has only been estimated to the marginal autocorrelation functions.

In Fig. 6 the histogram of X; and the model density based on a simulation are
shown. We see that the distribution of the data is captured well by the model.

We report the estimated parameters in Table 2. The parameters a4 and f, are
considerably larger than a; and g; for i = 1,2, 3. This implies that the systematic risk
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Figure 5: Empirical autocorrelation and theoretical autocorrelation implied by the fitted gamma model.
The (i, j)’th panel shows cor(Xi(O),Xj(t)) fort=0,1,...,25.
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Figure 6: Histograms of X;(t) with the fitted densities of the gamma model.

factor Ly jumps much more frequently than L;, i = 1,2, 3, but that the jumps of L,
are relatively small compared to the jumps of L;, i = 1,2, 3. This aligns well with the
intuition that the systematic risk is associated to the wind utilization of the whole of
Germany.

a; Bi A 0i,i Gi4
Site 1 0.0271 0.2328 0.8977 1.0305 1.1593
Site 2 0.0538 0.3282 0.7589 0.6101 0.9792
Site 3 0.1383  0.5260 0.8513 1.1674 0.8247

German  0.8960 1.3387  0.6539 (-) 0.9781

Table 2: Estimated parameters in the gamma model.

To further assess the model, we report in Table 3 the mean, variance, skewness,
and kurtosis of the gamma model along with the empirical and lognormal equivalents
for the German wind index?. The gamma model captures the first two moments very
well as expected from the estimation procedure, where we match the gamma model
to the empirical mean and variance. Further, the empirical skewness and kurtosis are
also captured very well by the gamma model.

2Since the same quantities for the site wind indexes are not relevant in the remaining part of the paper,
we have chosen to omit them.
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Mean  Variance Skewness Kurtosis

Gamma 1.00 0.73 1.71 7.38
Lognormal 1.00 0.73 3.17 24.98
Empiricial 1.00 0.73 1.67 6.27

Table 3: Mean, variance, skewness, and kurtosis of the German wind index in the gamma and lognormal
model together with the empirical values for the German wind index.

4.2 Lognormal model

Fig. 7 shows the theoretical autocorrelation implied by the estimated lognormal
model compared to the empirical autocorrelation. As in the gamma model case, the
lognormal model captures the autocorrelation and cross-autocorrelation well, in
particular taking into account that only the autocorrelation is used to estimate the
parameters affecting both the autocorrelations and the cross-autocorrelations.

Fig. 8 shows histograms of the marginal distributions and the fitted lognormal
densities. The lognormal model provides overall a decent fit, but seems to capture the
distribution of the German wind index better than the site indexes. The estimated ©
and Y for the lognormal model is reported in Table 4 and the estimated ¥ is

1.0987 0 0 0
0.6763 0.5886 0 0
0.4902 0.3505 0.8376 0
0.6381 0.2539 0.2162 0.3035

3=

Although the speed of mean reversion parameters ; differ in the lognormal model
compared to the gamma model, the same pattern is observed, with the German wind
index being the most persistent.

0; 0j
Site 1 -0.4282 0.7080
Site 2 -0.3215 0.6341
Site 3 -0.3803  0.6837

German -0.2711  0.5607

Table 4: Estimated parameters in the lognormal model.

Returning to Table 3, the lognormal model matches the empirical mean and
variance as a results of the estimation procedure, but it does not capture the higher
order standardized moments. This indicates that the lognormal model does not
capture the whole distribution of the data as well as the gamma model.

5 Hedging wind power production

In the following we denote the German wind index at day t by P,(t). An exchange-
traded WPF contract is written on the underlying daily wind index, P,(t). The payoff
of a long position in such a contract is

H(B,(S,T) - P,(to, S, T))X, (5.1)

177



Paper H - Multivariate continuous-time modeling of wind indexes and hedging of wind risk

German Site 3 Site 2 Site 1
Autcorrelation Autcorrelation Autcorrelation Autcorrelation
o o
o o A(n - o o (&, -
(6] (6]
= = (7]
— - — - =3
o © © © ®
« « « « -
o o
N N
o o
N N
(6] (¢
Autcorrelation Autcorrelation
o
or>—_8&8 = =
(6]
— =
- — [ — @
Q jo Q QO 6
o|«Q Q Q Q
— N
(6]
m
3 N
© S
o)
c
15
N
(9]
el (6]
=
Autcorrelation Autcorrelation Autcorrelation
o o o
o o (&} - o o R - o o f\m -
_|
3
p (6] (4] (6]
Qo
C
=1 - - -
8 o o S [72]
o - [ - [ -
Sl o © © @
= | a Q «Q Q
[ - - - w
o (9] [9)]
N N N
o o o
N N N
(6] (4] (¢
Autcorrelation Autcorrelation Autcorrelation
o o
o2 2 3 ora— 9o = or2 I o7 o =
(¢, (6] [$;] (4]
=) = =) =)
I - I - g)
) ) [\ ) =
« « « « 3
(4] (6] (¢, o Q
=]
N N N N
o o o o
N N N N
(¢ (6] (¢ (¢

Figure 7: Empirical autocorrelation and theoretical autocorrelation implied by the fitted lognormal model.
The (i, j)’th panel shows cor(Xi(O),Xj(t)) fort=0,1,...,25.
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Figure 8: Histograms of X;(t) with fitted lognormal densities.

where H is the number of hours during the delivery period [S, T], P,(t(,S, T) is the
WPF price agreed on at time t5 < S < T, X is a specified tick size, and

T

- 1
Py(S,T)= T-S+1 an(t)-
=S

From Eq. (5.1) it is apparent that a short position results in a positive payoff in low
wind scenarios according to the short position equivalent to Eq. (5.1),

H(P,(ty,S,T)—P,(S, T))X.

That is, if the realization of P,(S, T) is lower than P,(to,S, T). This is favourable for a
WPP, since this payoff will offset the loss in income from the long position in wind
power production.

To be more specific, let C; denote the capacity of WPP i, and let P;(t) denote the
daily wind index/utilization of WPP i such that C;P;(¢) is the actual production of
power. Further assume that the WPP receives a fixed price Q; per produced MWh.
The long position in wind power production for WPP i doing the period [S, T] is
therefore

P(S,T)C;HQ;, (5.2)
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where
. T
B(S,T)= T——M;H(t)' (5.3)

Assume that the WPP takes a position y; € Z in WPF contracts with delivery period
being S, T]. The payoff from taking this position and the long position in wind power
production results in a portfolio with payoff

HP;(S, T)C;Q; +yiH(P,(S, T) - Py(to, S, T))X. (5.4)

From Eq. (5.4) it is clear that perfectly hedging the volumetric risk would mean to
choose y; such that HP.(S,T)C;Q; = —y;HP,(S, T)X, resulting in the deterministic
payoff y;HP,(ty,S,T)X. However, the problem for the WPP is that the stochastic
terms P.(S,T) and P,(S,T) are not perfectly dependent, and hence obtaining the
deterministic payoff y;HP, (o, S, T)X is not possible. In fact, as shown in [8], it is far
from optimal using the exchange-traded WPF contracts for hedging purposes for a
single WPP, depending on the dependence structure between the site-specific wind
index and the underlying index of the WPF contract.

5.1 Perfect hedging of volumetric risk using tailor-made wind power
futures

Tailor-made over-the-counter WPF contracts is a way of perfectly hedging the vol-
umetric risk. Instead of going short the exchange-traded WPF contract, the WPP
could instead go short an over-the-counter WPF contract with the underlying being
P;(t) instead of P,(t). In the following we therefore consider the situation of an en-
ergy management company (EMC) acting as counterparty of these tailor-made WPF
contracts from n — 1 different WPPs in Germany. Let H(P;(S, T) - P:(ty,S, T))C; Q; be
the payoff of a long position in a tailor-made WPF contract for WPP i. Thus, from
the point of view of the EMC, the payoff of acting as counterparty for n— 1 different
WPPs and taking a position y € Z in the exchange-traded WPF contract is

n—1
RC(?) = ZH(E(Sw T) - Pi(tOr S, T))CIQI + VH(pn(Sw T) - Pn(tOI S, T))X’ (55)
i=1

1=

while the payoff from the point of view of the ith WPP is

Rypp,i =HPB(S,T)C;Q; + H(P;(t,,S,T) - P,(S, T))C; Q;
= HP(t,,S,T)C;Q;.

We argue that this construction can be beneficial for both the individual WPPs and
the EMC: Firstly, the individual WPPs obtain a perfect hedge of their volumetric risk,
and secondly, with an appropriate number of WPPs and distribution of the WPPs
geographically, the portfolio of tailor-made WPF contracts approximately replicates
the exchange-traded WPF contract.
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5.2 Minimum variance hedge of a tailor-made WPF contracts portfolio

In this section we discuss a minimum variance hedge of a portfolio consisting of
tailor-made WPF contracts for the EMC. Le., from Eq. (5.5) we define the objective to

myinvar(RC(y)).

The variance is

n—1 T
var(Re(y)) =var | H[T% ZSH(w—Pi(to,s,T)]ciQi

= S+1 P
T
+)/H(T_;+1 Y Bu(t)=Py(to, S, T) | X
n—1 n-1 H t:j T T
=Y ) (7=g1) GG YD covlRn.Bi(s)
i=1 j=1 =S s=5
T T
c(rx) )Y covip, ), B(9)
n—1 H t;S = T T
+2) (r=g1) PXCQ Y ) coviBLEE) (56
i=1 t=S s=S§

It follows from Eq. (5.6) that the optimal position of WPF contracts is

. XIS GiQi L s Y ios cov(Pu(t) Pi(s) (5.7)

XY (=5 Lizs COV(Py(t), Py(s))
Besides the fact that the dependencies between the stochastic variables impact the
size of y, the size of each wind site measured by C; and the price paid for each MWh
to each wind site measured by Q; both translate linearly to the size of y. Therefore,
the larger the wind site or the higher the price paid for each MWh, the larger y will
be in absolute terms (all other things being equal).

In-sample hedging effectiveness

In the following we consider the case of an EMC that needs to hedge its portfolio
of tailor-made WPF from one year ahead to two years ahead. The considered wind
sites are the ones depicted in Fig. 2. We assume that the contract specifications for
each site is as shown in Table 5. Further, we assume that X = 100 EUR. The estimated
parameters of the gamma and lognormal model are the ones reported in Sec. 4.

SiteID  Capacity in MW, C;  Price in EUR/MWh, Q;

1 100 30
2 100 30
3 100 30

Table 5: Fictional contract specifications for the sites in Fig. 2.

In Table 6 we present the hedging results for the gamma and lognormal model.
We include the case with all three sites and the German WPF in the portfolio, and
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then three cases where we only include one of the wind sites and the German WPE.
In each case, we report the model-implied optimal position of exchange-traded
WPF contracts, 7, and the variance reduction (in percentage) implied by the model
calculated by [var(Rc(0)) —var(Rc(9))]/ var(Rc(0)). It is apparent that the portfolio
with all three sites outperforms the three other cases, confirming the diversification
approach of the EMC discussed in Sec. 5.1.

The fact that the difference regarding 7 is small indicate that both models could
be used interchangeably to determine an appropriate hedge, though the difference
in variance reduction will mislead in a risk management context. In other words,
if the wind indexes are driven by the gamma (lognormal) model, and one uses the
lognormal (gamma) model to determine hedges, the variance reduction implied by
the used model is wrong, while the hedging quantity is relatively close to the optimal
hedge.

Case  Sites in portfolio V4 var(Rc(0))  var(Rc(p))  Variance reduction (%)
Gamma
1 1,2,3 -63.60 8.12-1011  1.31-1011 83.83
2 1 -18.87  855-1010  2.56.1010 70.12
3 2 -26.79  1.55-1011  3.41.1010 77.96
4 3 -17.94 1.25-1011  7.07-1010 43.42
Lognormal
1 1,2,3 -64.00 7.06-1011  1.21-1011 82.89
2 1 -18.97  8.12-1010  2.98.1010 63.33
3 2 -25.10 1.34-1011  4.42.1010 67.04
4 3 -19.92  1.13-10'!  5.66-1010 50.05

Table 6: Optimal hedging quantity y implied by the gamma and lognormal model for different portfolios
consisting of different wind sites, and the corresponding variance of the portfolio excluding the exchange-
traded WPF contract, and the variance of the portfolio when the optimal hedge is employed. Additionally,
we show in all cases the associated variance reduction in percentage.

Comparing Eq. (5.4) to Eq. (5.5), the cases 2, 3, and 4 represent the variance
reduction implied by the model if the individual wind sites were to hedge their
power production themselves by using the exchange-traded WPF contract. From a
social welfare point of view, the sum of variances of case 2, 3, and 4 is approximately
8% larger for both models. So not only does the model suggest that tailor-made
WPF contracts constitute an obvious way of mitigating uncertainty for wind power
producers, but also as a way of optimizing the integration of wind power penetration
in the electricity grid.

Out-of-sample hedging effectiveness

In this section we consider the same portfolio of wind sites as in the previous case
study, and the specifications of the sites are therefore specified in Table 5. However,
here we assess the model on out-of-sample observations. We assume that an EMC
has bought tailor-made WPF contracts at the three sites for the period from 2 July
2018 to 30 June 2019, corresponding to 364 days or 52 weeks. We employ a weekly
minimum variance hedging strategy, meaning that the EMC has a naked position
in a portfolio of tailor-made WPF contracts for the entire period with the exception
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5 - Hedging wind power production

of the front week. To concretize, the first position taken in exchange-traded WPF
contracts is the contract with a weekly delivery period from 2 July 2018 to 8 July
2018. The position is taken based on a model that is estimated by using two years
of observations ending the last trading day before the delivery period of the weekly
exchange-traded WPF contract. With the delivery period starting the 2 July 2018,
the last trading day turns out to be 29 June 2018. Then we step one week ahead and
determine the appropriate hedge for the week starting 9 July 2018 and ending 15 July
2018, but again only by employing two years of in-sample observations to estimate
the model (the estimation period again ends on the last day where one can trade
the weekly exchange-traded WPF contract). In this way we end up with 52 hedging
quantities, where each quantity is calculated using different estimated parameters of
the model due to the moving two-year observation period.

A comment on the model specifications is in place. The stationarity of the models
in Sec. 3 might seem unreasonable in the present context, given the short period of
time between an estimation date and the corresponding start date of delivery of the
exchange-traded WPF contract. However, we also implemented the models that take
the conditional distribution into account, resulting in similar results. For the sake
of keeping the presentation as clear as possible, we have therefore only chosen to
present the stationary versions of the models.

The resulting optimal hedge quantities are depicted in Fig. 9, indicating a seasonal
pattern with more exchange-traded WPF contracts needed during spring compared
to autumn. Considering Eq. (5.7), this is the result of the fact that the difference
between the sum of the autocovariances of the German wind index and the sum of
the autocovariances between the German wind index and the site indexes increases.
To assess the hedging effectiveness, we calculate the corresponding implied weekly
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(a) Gamma model (b) Lognormal model

Figure 9: Variance minimizing hedge quantitiy, y, implied by (a) the gamma model and (b) the lognormal
model for the 52 weeks covering the period from 2 July 2018 to 30 June 2019.

payoff, R (y), for each weekly hedge quantity, . Since we have a variance minimizing
perspective, we force a simplistic view on P,(t(,S, T) for all wind indexes. Specifically,
we assume that for each i, P;(¢y, S, T) for all weeks during the out-of-sample period
from 2 July 2018 to 30 June 2019 is the mean of P;(t) over the first estimation period
spanning 1 July 2016 to 29 June 2018,

Fig. 10 shows a histogram of the payoffs of the portfolio of tailor-made WPF
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contracts and the exchange-traded WPF contract acting as hedging instrument. Com-
pared to Fig. 10(a), the variances in Fig. 10(b) and Fig. 10(c) are clearly reduced. In
fact, the variance reduction in percentage of using the exchange-traded WPF contracts
as hedging instrument is 93.64% for the gamma model and 93.62% for the lognormal
model.

15 15 15
10 10 10
5 5 5
0 0 0

-6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6
x10° x10° «10°

(a) No hedge (b) With hedge (gamma) (c) With hedge (lognormal)

Figure 10: Histograms of (a) the payoff for EMC by not hedging the portfolio of tailor-made WPF contracts
with exchange-traded WPF contracts, and (b)-(c) using the gamma and lognormal model to find the
position in exchange-traded WPF contracts used as a hedging instrument for the portfolio of tailor-made
WPF contracts.

Risk premium of wind power futures

Since tailor-made WPF contracts are, by construction, traded over-the-counter, it is
worth to discuss the risk premium of such contracts. As a reference point, we consider
the risk premium of the exchange-traded WPF contracts. We define the risk premium
as the model implied WPF contract price under the physical measure subtracted
from the observed exchange-traded WPF contract price. The model implied price is
defined by [E[P,(S, T)], meaning that the risk premium RP(t,,S, T) is

RP(t,,S,T) = B,(ty, S, T) - E[B,(S, T)] (5.8)

on day tg for the delivery period [S, T]. The observed quoted exchange-traded WPF
prices are obtained from NASDAQ OMX. As concluded in Sec. 5.2, the stationarity of
the models does not imply different results compared to the conditional versions of
the models for such long time periods, so to ease the presentation, we only consider
the unconditional expected value here?.

We limit ourselves to yearly and quarterly exchange-traded WPF contracts for
two reasons. First, it is unlikely that the tailor-made WPF contracts in general will
be specified for a short delivery such as a week as a result of such non-standardized
instrument. Secondly, as concluded in [5], fundamentals impact the information
premium of exchange-traded WPF contracts with a short delivery period (e.g. a week)
and a short period of time to delivery, which we would like to avoid. Thirdly, to assess
the seasonal differences we also consider quarterly contracts.

For the period from 1 July 2016 to 30 June 2019, we show E[P,(S, T)] and P,(t,, S, T)
in Fig. 11 for the front year (that is, for a given date, the front year denotes the next

3Despite the fact that RP(to, S, T) still depends on ty thorugh P,(tg, S, T), the assumption of stationarity
is to some degree confirmed by the constant pattern of P, (to, S, T) observed in Figs. 11 and 12(a).

184



5 - Hedging wind power production

year). The quoted prices are fairly constant throughout the entire period, which could
be a consequence of illiquidity of exchange-traded WPF contracts. The risk premium
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Figure 11: The model implied and quoted price for the front year for the period from 1 July 2016 to 30
June 2019. Notice that the date refers to the observation date; i.e., the date where the contract is quoted.

is -0.011 for the gamma model and -0.013 for the lognormal model on average. Since
we are considering a yearly WPF contract we can ignore the seasonality and use the
empirical mean to assess the risk premium. The empirical risk premium is -0.011,
agreeing with the gamma model. This is likely a consequence of the gamma model
having a better fit to the distribution of the German wind index as discussed in Sec. 4
(see also Table 3).

Fig. 12(a) shows the model implied and quoted prices for the front quarter, and
Fig. 12(b) shows the corresponding risk premium. The mean of the risk premium in
this case is -0.014 for the gamma model and -0.016 for the lognormal model. The
seasonal variation in the prices peaks for contracts with delivery during Q4 and Ql,
simply since more wind is present during these quarters. This is also reflected in the
model-implied prices. The peaks in the risk premium are observed for contracts with
delivery during Q1 and Q2. One explanation of this could be non-aligned incentives
to engage in the WPF market throughout the year for the buying and selling side. [9]
shows that the hedging benefits are greater for CPPs during Q3 and Q4 compared to
Q1 and Q2; hence, during Q3 and Q4, CPPs are more interested in WPF contracts
and thus willing to pay more.

A negative risk premium is in line with the findings in [5] and [10]. One might
argue that this is expected from a hedging benefit perspective, since the hedging
benefits in general are greater for the selling side than the buying side (see [8], [9],
and [10]). Continuing this argument, the risk premium is likely to be even more
negative in the tailor-made WPF contracts market as a result of the perfect hedge
implied by the tailor-made WPF contracts for WPPs. However, from the perspective
of the individual WPP, this extra risk premium associated with the tailor-made WPF
contract compared to the exchange-traded WPF contract has to be weighted against
the deterministic payoff implied by the tailor-made WPF contract.
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Figure 12: (a) the model implied and quoted price for the front quarter, and (b) and the risk premium for
the front quarter. The observations period is from 1 July 2016 to 30 June 2019. Notice that the date refers
to the observation date; i.e., the date where the contract is quoted.

6 Conclusion

In this paper, we propose and compare two multivariate continuous-time models, the
gamma and lognormal model, for the joint behaviour of wind indexes. We discuss
the properties of the models, and propose estimation procedures. Empirically, we
employ the models to a joint model for the wind indexes at three different wind sites
in Germany, and the German wind index that represents the overall utilization of
wind power production in Germany. We find that both models are able to capture the
autocorrelation structure well. However, the gamma model captures the skewness
and kurtosis of the German wind index better than the lognormal model.

The models are applied to a variance-minimizing hedging strategy of a portfolio
consisting of long positions in so-called tailor-made wind power futures contracts at
the three wind sites, and a short position in the exchange-traded wind power futures
contract. The hedging effectiveness is assessed in an in-sample and out-of-sample
context. Both models indicate that a significant variance reduction can be obtained
by hedging the portfolio with the exchange-traded wind power futures contracts
in-sample as well as out-of-sample. Further, the hedging benefits are greater for the
portfolio of tailor-made wind power futures compared to hedging each individual
wind site with exchange-traded wind power futures contracts.

The risk premium of the exchange-traded wind power futures contracts is exam-
ined, where we find that the gamma model implies a more reliable estimate of the
risk premium. A negative risk premium is observed in line with other findings in the
literature for both yearly and quarterly contracts. Even though the tailor-made wind
power futures contracts give each wind power producer a perfect volumetric hedge
of her wind power production, we argue that it is likely that the risk premium for
a tailor-made wind power futures contract is even more negative compared to the
exchange-traded contract.
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7 Theoretical results for the gamma model

This section is dedicated to proving Prop. 3.2 and Proposition 3.3. We start by proving
Prop. 3.3, which the lemma below is a first step towards. We will use some standard
results about continuous-time moving averages, all of which can be found in [14].

The following Lemma is well-known, but we give a proof for the sake of complete-
ness.

Lemma 7.1. Let t > 0 and consider the two one-dimensional processes

t t
t):J: fit-u)dZ(u) and Yz(t):f_ Fo(t —u)dZ(u) (7.1)

for functions fy and f, in L'(R) N L?(R), and where Z is a one-dimensional Lévy process
with second moment. Then

E[Y; (0)] = fmfl(mdum[zu)]
0
and
E[(Y; (0) — E[Y; (0)])(Ya(t) - E[Ya(£)])] = L A0t + w)duvar(Z(1),

Proof. Let ¥y, (0),v,(1) be the cumulant generating function of (Y;(0), Y»(¢)) and ¢ be
the cumulant generating function of Z. Then

Vy,(0),v,(r) () = log E[exp{x; Y1 (0) + x, Y5(¢)}]
t [eS)
= | wrtafatindus [ pztr i e xafott+
0 0
It follows that for ny,n, € Ny with ny + 1, <2,

dnitha le)
)= [ B s

+f0 A £ @) ey f () + x o)) d
where ¢(2711+”z) denotes the 1y + n, times derivative of 1. We conclude that

d (o)
ELY(0)]= 50000 = [ AG0duELZ(0)]
Assume now, without loss of generality, IE[Z(1)] = 0. Then
E[(Y1(0) = E[Y1(0)])(Y2(t) = B[ Ya(£)])]

d2
= m#’mm,n

:J:Ofl(u)fz(t+u)duvar[Z(l)] o

1(0)
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Proof (Proof of Prop. 3.3). Let 0; denote the (i, k)’th entry of X;. Then, using Lemma
7.1,

t
=1
= Zfai,kﬁk/z
1
k=1

=(A"'518/2)

E[X;(t)] = ZIE[J e MW G d L (u)
k=1 -

i .

This gives (3.9). Assume now, without loss of generality, [E[L(1)] = 0. Then, using
Lemma 7.1 again,

n 0 n t
- E ZJ- el “)a,dek(u)][ZJ. e—Mf-”)aj,dek(u)ﬂ
k=17~ k=1~
n oo
_ Zo_l kaj,kJ\ oAt = Aiv gy,
k=1 0

from which (3.10) follows. O

We now turn to proving Prop. 3.2. Initially, we give the next result which is a spe-
cial case of [6, Theorem 4.8], but again, we give a proof for the sake of completeness.

Proposition 7.2. Let L be a compound Poisson process with intensity a > 0 and exponen-
tial jumps with parameter > 0. Consider t € R, A, yu > 0 and x,x, € Rwith x1 +x, < p.
Furthermore, assume x,x, > 0 and x; # 0, and let f(t) = x;e* + x,e™ . Then

logIE [exp {jt flt- M)dL(”)H

, (7.2)
o 0 g 0 [0 1 £0)
af,(o)logl 5 +af0 ) log|1 g du,
where
fa)\|_ (A=-p?
’(f’(u)) = 2 73
forall u > 0.
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Proof. Initially, note that f/f” is bounded and

‘( f(u) ) 7 f () f 7 (u)]
f(u) fr(u)?
_ xlxz(/\ p)?eArmn
XZA2em2M0 4 x2 42072000 4 Dy xp Ape (MR
LA-w?

2Ap

This gives the bound on (f/f’)’. Additionally, we find that

(f(i/l) )’ _ X1X2(/\ ’,4)2 —(A+p)u
f(u) x%/\2e—2/\u +x2y e~ 2Hu +2x1x2/\ye‘(’\+f‘)”
X1X2(/\ ’,1)2
XZA2e= A=t g x2y2e= (= 4 2 3y Ap

We conclude that (f(u)/f’(u)) = O(e™H") as 1y — co. Thus, all integrals below are
convergent and the integration by parts is justified. Next let

u

P(u) = log Elexp(uL(1))] = a

p—u

be the cumulant-generating function of L(1) and let ¢(u) = —alog(1 — u/p) be the
cumulant-generating funciton of a gamma distribution with shape a and rate § (see
for example [5]). Note that ¢(u) = u¢’(u). Then, using integration by parts,

-
SR
g

__JO AL PO,
- LU L ( L) o -

Remark 7.3. Considering the proof of Prop. 7.2 there are two approaches to calculate

t
logIE[exp{J. f(t—u)dL(u)}]. (7.4)
Either by calculating
| s (7.5
or
RO °°(f<u>)’
Larouron=| (£ ) o 7.6
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Here, ¢ and ¢ are the cumulant-generating function of L(1) and of a gamma distribu-
tion with shape a and rate 8 as defined in the proof of Prop. 7.2. By (7.3), the integral
in (7.6) will be small whenever (A — p)?/(2Ap) is small. In the application we consider
we are cpncerned with the case where A = A; and y = ij for some i,j =1,2,3,4, where
Aj and A; are given in Table 2. We have

P

(A =42
max ————

— =0.0695,
) 2/\i/\j

and therefore, indeed, that (A — y)?/(2Ap) is small in the case relevant to us. The
integral in (7.6) has ¢ in the kernel whereas (7.5) has i, making a direct comparison
more difficult. We do, however, have

¢(u)=au+ O(u?) and P(u)=au+ O(u?)asu —0

(by a Taylor approximation argument), indicating that ¢ and ¢ are of comparable size,
at least for small values. Furthermore, by numerical comparison, we have found them
to be of similar size. We conclude that the kernel of (7.6) is expected to be considerably
smaller than the kernel of (7.5). We therefore prefer to do the calculation in (7.6)
instead of (7.5) since we can do a much more coarse approximation for a desired
precision of a approximation of (7.4).

Proposition 7.4. Let L be a compound Poisson process with intensity a > 0 and exponen-
tial jumps with parameter f > 0. Consider s <t, A > 0 and x < p. Then

ol a5
al/A
]E[eXP {XJ-t e_/\(t—u)dL(U)}] = (ﬁf_ﬂx) (7.7)

a/A

and

Proof. Let

be the cumulant-generating function of L. Then

logE [exp {J flt= u)dL(u)}]

= - (e M)du
0

a At
=5 (log(/j —xe M)y —log(B —x)).
A similar calculation gives (7.7). O

Proof (Proof of Theorem 3.2). For notional convenience, let

L(t) = (Ly (b)) Lya (£),0, Ly (£) T € R"
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First consider (3.7) and assume i # j. We have

Xi(t)

and

N

Xj(s) =

J

I
gl

(9

t
e/\i(tu)f}i,idLi(”)""J e NG, dL e (u)
S

S

e il M)Ul n+1dLn+1( )

(o)

S
NG dL (1),

e MG dLi(u) + J

—00

Next, note that cov(UV, W) = cov(V,UW) = E[U]cov(V, W) for a random variable
U independent of the random variables V and W. Applying this, and the above, we

conclude that

cov(P(t)

»Pi(s)

cov( Si(hXi(t), e_Sj(S)Xj(S))

=E exp{ Si(t Ailt-u UHdL( )}]
xE exp{ S;i(t —Ailt= ”)ﬁi,n+1din+1(”)}]
(7.8)
xIE exp{ =Si( e_’\( dL j(u )}]
xcov( { S;(t Ailt= M)Ul n+ldL( )}

exp{ ](S)J A )O'j,n+ld[~1n+l(”)})

Expressions of the three expectations in Eq. (7.8) are given in Prop. 7.4. Furthermore,

cov(exp{—Si(t)_[

=E
-IE

xIE

S

e_/\i(t_u)di,n+ldii(“)}’

exp{ (S)JS e)\j(su)éj,nﬂdinﬂ(”)})
oo~ [ gt miLw}
exp{ 1(t)f e il u)az n+1dLn+1( )}]

S
e*f“”cfj,nﬂdiwl(u)}}

ol o0

o0

(o)

for which expressions are given in Prop. 7.2 and Prop. 7.4.

Next, consider (3.8).

Xi(t)

We write

t
J’e—m(t—u)(@,idzi(u)+5i,n+1din+1(u))
S
S

)

e M7 (6; L (u) + G i1 AL (u))

(%)
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and

S
X9 = [ M (330 Li 00+ G L1 0).
Consequently,

cov(Pi(t), Pi(s))

—cov (e_si(t)Xi(t)’ e_Si(S)Xi(S))
t ~ ~
=1E[exp{—si<t)j e*f‘f-””(@-,iduu)+5i,n+1dLn+1<u>)}]
S

S
xcov(exp{—siu)f e-*f“-”(@,idu(u)+o-i,n+1dLn+1(u>)},

—00

—00

exp{—sxs)f e-*f“—”)(@-,Ai]-(u)+oa-,n+1din+1<u))})

Again, expressions for the expectation in (7.8) can be found using Prop. 7.4. Finally,

S
cov(exp{—siu)f e*l‘“”)(6i,,-sz-(u>+o=i,n+1dLn+1(u>)},

—00

S
exp {_Si(s) J e M (6, L (u) + 61 ALy (M))})
— | Gui(Si(pe =)+ Si(S))e_Ai(s_l’)dii(“)}]
— | G (Sil)e i) 4 s,-<s>)e*f<5“>din+1<u)}]

{— 51',1'51(f)e_A"(t_”)dii(u)H
J -0
- s ) .
x[E|exp {_ 5i,n+1Si(t)e_/\i(t_u)dLnH(”)}
L J—o0 |
- ;) )
xE |exp {— 51-7,-81-(5)6"”(5”)dLi(u)}]
I J-c0
rs B ]
{— @,Msi<s>e‘*f<5‘“>dLn+1<u)}

J—0o0

xE|exp

where expressions are given in Prop. 7.4. O
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PAPER

A Statistical View On A Surrogate Model For
Estimating Extreme Events With An
Application To Wind Turbines

Mikkel Slot Nielsen and Victor Rohde
Abstract

In the present paper we propose a surrogate model, which particularly aims
at estimating extreme events from a vector of covariates and a suitable simulation
environment. The first part introduces the model rigorously and discusses the
flexibility of each of its components by drawing relations to literature within fields
such as incomplete data, statistical matching, outlier detection and conditional
probability estimation. In the second part of the paper we study the performance
of the model in the estimation of extreme loads on an operating wind turbine
from its operational statistics.

AMS 2010 subject classifications: 62P30; 65C20; 91B68

Keywords: extreme event estimation; wind turbines; surrogate model

1 Introduction

Suppose that we want to assess the distributional properties of a certain one-dimensional
random variable Y. For instance, one could be interested in knowing the probability
of the occurrence of large values of Y as they may be associated with a large risk
such as system failure or a company default. One way to evaluate such risks would
be to collect observations yy,...,7, of Y and then fit a suitable distribution (e.g., the
generalized Pareto distribution) to the largest of them. Extreme event estimation is
a huge area and there exists a vast amount on literature of both methodology and
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applications; a few references are [4, 5, 12, 17]. This is one example where knowledge
of the empirical distribution of Y,

. 1y,
Py (Syyrer8y,) = — ) Sy (1.1)
i=1

is valuable. (Here 6, denotes the Dirac measure at the point y.) If one is interested in
the entire distribution of Y, one may use the estimator (1.1) directly or a smoothed
version, e.g., replacing 6,, by the Gaussian distribution with mean y; and variance
o2 > 0 (the latter usually referred to as the bandwidth). The problem in determining
(1.1) arises if Y is not observable. Such a situation can happen for several reasons,
e.g., it may be that Y is difficult or expensive to measure or that its importance has
just recently been recognized, and hence one have not collected the historic data that
is needed. Sometimes, a solution to the problem of having a latent variable could be
to set up a suitable simulation environment and, by varying the conditions of the
system, obtain various realizations of Y. Since we cannot be sure that the variations in
the simulation environment correspond to the variations in the physical environment,
the realizations of Y are not necessarily drawn from the true distribution. This is
essentially similar to any experimental study and one will have to rely on the existence
of control variables.

By assuming the existence of an observable d-dimensional vector X of covariates
carrying information about the environment, a typical way to proceed would be
regression/matching which in turn would form a surrogate model. To be concrete,
given a realization x of X, a surrogate model is expected to output (approximately)
f(x) = E[Y | X = x], the conditional mean of Y given X = x. Consequently, given
inputs x1,...,x,, the model would produce f(x;),..., f(x,) as stand-ins for the missing
values vy,...,v, of Y. Building a surrogate for the distribution of Y on top of this could
now be done by replacing y; by f(x;) in (1.1) to obtain an estimate lf);(éf(xl), s Of(xy)
of the distribution of Y. This surrogate model for the distribution of Y can thus be
seen as a composition of two maps:

(xl,...,xn) —> (6f(x1)""’6f(xn)) —> Hj;(éf(xl):“'!éf(xn))' (1.2)

In the context of an incomplete data problem, the strategy of replacing unobserved
quantities by the corresponding conditional means is called regression imputation
and will generally not provide a good estimate of the distribution of Y. For instance,
while the (unobtainable) estimate in (1.1) converges weakly to the distribution of
Y as the sample size n increases, the one provided by (1.2) converges weakly to the
distribution of the conditional expectation [E[Y | X] of Y given X. In fact, any of the so-
called single imputation approaches, including regression imputation, usually results
in proxies ¥y,...,9, which exhibit less variance than the original values y,...,y,, and
in this case 11/31\/(6?1,..., 94,) will provide a poor estimate of the distribution of Y (see
[15] for details).

The reason that the approach (1.2) works unsatisfactory is that 6¢(x) is an (unbi-
ased) estimator for the distribution of [E[Y | X] rather than of Y. For this reason we
will replace 0¢(y) by an estimator for the conditional distribution p, of Y given X = x
and maintain the overall structure of (1.2):

(¥10 00 Xn) = (ayreeos ) — Py (s ) (1.3)
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In Section 2 we introduce the model (1.3) rigorously and relate the assumptions on
the simulation environment needed to estimate ji, to the classical strong ignorability
(or unconfoundedness) assumption within a matching framework. Given a simulation
environment that satisfies this assumption, an important step in order to apply the
surrogate model (1.3) is of course to decide how to estimate y,, and hence we discuss
in Section 2.1 some methods that are suitable for conditional probability estimation.
In Section 2.2 we address the issue of checking if the simulation environment meets
the imposed assumptions. Finally, in Section 3 we apply the surrogate model to real-
world data as we estimate extreme tower loads on a wind turbine from its operational
statistics.

2 The model

Let IP be the physical probability measure. Recall that Y is the one-dimensional
random variable of interest, X is a d-dimensional vector of covariates and x1,...,x,
are realizations of X under IP. We are interested in a surrogate model that delivers an
estimate of IP(Y € B) for every measurable set B. The model is given by

JER RN
Py=- ;ﬂxi, (2.1)
1=

where 7, is an estimator for the conditional distribution p, of Y given X = x. Since
each x; is drawn independently of y, under IP, each 7. provides an estimator of Py,
and the averaging in (2.1) may be expected to force the variance of the estimator Py
to zero as n tends to infinity. In order to obtain %, we need to assume the existence of
a valid simulation tool:

Condition 2.1. Realizations of (X,Y) can be obtained under an artificial probability
measure Q which satisfies

(i) The support of IP(X € -) is contained in the support of Q(X € ).

(ii) The conditional distribution of Y given X = x is the same under both IP and Q, that
is,
QY €| X =x)=py
for all x in the support of P(X € ).

In words, Condition 2.1 says that any outcome of X that can happen in the real
world can also happen in the simulation environment and, given an outcome of X, the
probabilistic structure of Y in the real world is perfectly mimicked by the simulation
tool. Note that, while this is a rather strict assumption, it may of course be relaxed to
Q(Y € B| X = x) = py(B) for all x in the support of IP(X € -) and any set B of interest.
For instance, in Section 3 we will primarily be interested in B = (7, 00) for a large
threshold 7.

Remark 2.2. We can assume, possibly by modifying the sample space, the existence
of a random variable Z € {0, 1} and a probability measure IP such that

P=P(-|Z=0) and Q=P(-|Z=1).
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Effectively, Z indicates whether we are using the simulation tool or not, and lf’(Z =1)e
(0,1) defines the probability of drawing (X, Y) from the simulation environment (as
opposed to drawing X from the measurement environment). In this case, according
to Bayes’ rule, Condition 2.1 is equivalent to

P(Z=1|X,Y)=P(Z=1]X). (2.2)

In words, (2.2) means that Y and Z are conditionally independent under IP given X.
The assumption (2.2) was introduced in [13] as the strong ignorability assumption in
relation to estimating heterogeneous treatment effects. In the literature on incomplete
data, where Z indicates whether Y is observed or not, (2.2) is usually known as the
Missing at Random (in short, MAR) mechanism, referring to the pattern of which Y
is missing. This assumption is often imposed and viewed as necessary in order to do
inference. See [9, 14, 15] for details about the incomplete data problem and the MAR
mechanism.

Remark 2.3. Usually, to meet Condition 2.1((ii)), one will search for a high-dimensional
X (large d) to control for as many factors as possible. However, as this complicates
the estimation of y,, one may be interested in finding a function b: R — R", m < d,
maintaining the property

P(Y €| b(X) = b(x)) = Q(Y € - | b(X) = b(x)) (2.3)

for all x in the support of IP(X € -). This is a well-studied problem in statistical
matching with the main reference being [13], who referred to any such b as a balancing
function. They characterized the class of balancing functions by first showing that
(2.3) holds if b is chosen to be the propensity score under P (cf. Remark 2.2), 7t(x) =
P(Z = 1| X = x), and next arguing that a general function b is a balancing function if
and only if

f(b(x))=m(x) for some function f. (2.4)

2.1 Estimation of the conditional probability

The ultimate goal is to estimate p, = Q(Y € - | X = x), e.g., in terms of the cumulative
distribution function (CDF) or density function, from a sample (xi,yi Do r (X5 Vi)
of (X,Y) under the artificial measure Q. (We use the notation x; rather than x; to
emphasize that the quantities are simulated values and should not be confused with
x; in (2.1).) The literature on conditional probability estimation is fairly large and in-
cludes both parametric and non-parametric approaches varying from simple nearest
neighbors matching to sophisticated deep learning techniques. A few references are
[7, 8,10, 18]. In Section 3 we have chosen to use two simple but robust techniques in
order to estimate p,:

(i) Smoothed k-nearest neighbors: for a given k € IN, k < m, let I (x) C{1,..., m} denote
the k indices corresponding to the k points in {x{,...,x;,} which are closest to x
with respect to some distance measure. Then p, is estimated by

1 .
Px = E Z)N(}},‘:G),

iEIk(X
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where N (&,0) denotes the Gaussian distribution with mean & and standard
deviation o > 0 (using the convention N (&,0) = d¢).

(ii) Smoothed random forest classification: suppose that one is interested in the CDF
of p, at certain points ay < @, <:-- < ay and consider the random variable C €
{0,1,...,k} defined by C = Z;f:l ]l{y>a].}. From vj,...,v;, one obtains realizations
c1,...,¢y of C under Q and, next, random forest classification (as described in
[2]) can be used to obtain estimates of the functions

pix)=Q(C=j[X=x), j=01,., k-1
Given these estimates, say pg, p1,..., px_1, the CDF of p, is estimated by

0(1‘—0(]‘

-

Al =) prae(=—) =1k

o
j=1

where @ is the CDF of a standard Gaussian distribution (using the convention

CD(/O) = ]1[0,00))

Both techniques are easily implemented in Python using modules from the scikit-
learn library (see [11]). The distance measure d, referred to in ((i)), would usually be

of the form
d(x,y) = (x-9)TM(x~p), xyeR’

for some positive definite d x d matrix M. If M is the identity matrix, d is the Eu-
clidean distance, and if M is the inverse sample covariance matrix of the covariates,
d is the Mahalanobis distance. Note that, since the k-nearest neighbors (kNN) ap-
proach suffers from the curse of dimensionality, one would either require that X
is low-dimensional, reduce the dimension by applying dimensionality reduction
techniques or use another balancing function than the identity function (i.e., finding
an alternative function b satisfying (2.4)).

2.2 Validation of the simulation environment

The validation of the simulation environment concerns how to evaluate whether
or not Condition 2.1 is satisfied. Part ((i)) of the condition boils down to checking
whether it is plausible that a realization x of X under the physical measure IP could
also happen under the artificial measure Q or, by negation, whether x is an outlier
relative to the simulations of X. Outlier detection methods have received a lot of at-
tention over decades and, according to [6], they generally fall into one of three classes:
unsupervised clustering (pinpoints most remote points to be considered as potential
outliers), supervised classification (based on both normal and abnormal training data,
an observation is classified either as an outlier or not) and semi-supervised detection
(based on normal training data, a boundary defining the set of normal observations is
formed). We will be using a kNN outlier detection method, which belongs to the first
class, and which bases the conclusion of whether x is an outlier or not on the average
distance from x to its k nearest neighbors. The motivation for applying this method
is two-fold: (i) an extensive empirical study [3] of the unsupervised outlier detection
methods concluded that the kNN method, despite its simplicity, is a robust method
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that remains the state of the art when compared across various datasets, and (ii) given
that we already compute the distances to the k nearest neighbors to estimate y,, the
additional computational burden induced by using the kNN outlier detection method
is minimal. For more on outlier detection methods, see [1, 3, 6, 19] and references
therein.

Following the setup of Section 2.1, let xi, ...,x;, be realizations of X under Q and
denote by I;(x) the set of indices corresponding to the k realizations closest to x with
respect to some metric d (e.g., the Euclidean or Mahalanobis distance). Then, for
observations x1,...,x, under IP, the algorithm goes as follows:

(1) Fori=1,...,n compute the average distance from x; to its k-nearest neighbors

-1
di=7 Z d(x;, x).

JELk(x;)

(2) Obtain a sorted list d_(l) <... < d_(n) of dy,...,d, and detect, e.g., by visual in-
spection, a point j at which the structure of the function i — d_(i) changes
significantly.

(3) Regard any x; with d; > d_(j) as an outlier.

Part ((ii)) of Condition 2.1 can usually not be checked, since we do not have any
realizations of Y under PP; this is similar to the issue of verifying the MAR assumption
in an incomplete data problem. Of course, if such realizations are available we can
estimate the conditional distribution of Y given X = x under both P and Q and
compare the results.

3 Application to extreme event estimation for wind turbines

In this section we will consider the possibility of estimating the distribution of the
10-minute maximum down-wind bending moment (load) on the tower top, middle
and base on an operating wind turbine from its 10-minute operational statistics. The
data consists of 19,976 10-minute statistics from the turbine under normal operation
over a period from February 17 to September 30, 2017. Since this particular turbine is
part of a measurement campaign, load measurements are available, and these will be
used to assess the performance of the surrogate model (see Figure 1 for the histogram
and CDF of measured loads).

To complement the measurements, a simulation tool is used to obtain 50,606
simulations of both the operational statistics and the corresponding tower loads. We
choose to use the following eight operational statistics as covariates:

> Electrical power (maximum and standard deviation)

> Generator speed (maximum)

v

Tower top down-wind acceleration (standard deviation)

v

Blade flap bending moment (maximum, standard deviation and mean)

v

Blade pitch angle (minimum)
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Figure 1: Measured load distributions. Left and right plots correspond to histograms and CDFs, respec-
tively, based on 19,976 observations of the tower top (first row), middle (second row) and base (third row)
down-wind bending moments.

The selection of covariates is based on a physical interpretation of the problem
and by leaving out covariates which from a visual inspection (i.e., plots of the two-
dimensional coordinate projections) seem to violate the support assumption imposed
in Condition 2.1((i)). The loads and each of the covariates are standardized by sub-
tracting the sample mean and dividing by the sample standard deviation (both of
these statistics are computed from the simulated values). In the setup of Section 2,
this means that we have realizations of X € R® and Y € R under both P and Q
(although the typical case would be that Y is not realized under IP). This gives us
the opportunity to compare the results of our surrogate model with the, otherwise
unobtainable, estimate (1.1) of P(Y € -).

In order to sharpen the estimate of p, for covariates x close to the measured ones,
we discard simulations which are far from the domain of the measured covariates.
Effectively, this is done by reversing the kNN approach explained in Section 2.2 as
we compute average distances from simulated covariates to the k nearest measured
covariates, sort them and, eventually, choosing a threshold that defines the relevant
simulations. We will use k = 1 and compute the sorted average distances in terms
of the Mahalanobis distance. The selection of threshold is not a trivial task and,
as suggested in Section 2.2, the best strategy may be to inspect visually if there
is a certain point, at which the structure of the sorted average distances changes
significantly. To obtain a slightly less subjective selection rule, we use the following
ad hoc rule: the threshold is defined to be d(r), the t-th smallest average distance,
where 7 is the point that minimizes the L! distance

m

dl<f,ff>:=j1 £ ()~ fow)ldx (3.1)

between the function f that linearly interpolates (1,d(1)),...,(m, d(m)) and f; that
linearly interpolates (1,d(1)), (T, d(¢)), (m,d()) over the interval [1,m] (see the left plot
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of Figure 2). This selection rule implies a threshold of 6.62 with T = 46,100, which in
turn implies that 4,506 (8.90 %) of the simulations are discarded before estimating the
conditional load distributions. See the right plot of Figure 2 for a visual illustration
of the threshold selection. Of course, a more (or less) conservative selection rule can
be obtained by using another distance measure than (3.1).

PRV

R

0 10000 20000 30000 40000 50000 0 10000 20000 30000 40000 50000

0 — 0

Figure 2: Blue curve: sorted distance from simulated covariates to nearest measured covariates. Left: linear
interpolation of (1,d(1)), (T, d(r)), (m,d;;)) with shaded region representing the corresponding L! error for
T = 48,500. Right: the orange curve is the normalised L! error as a function of 7 and the dashed black lines
indicate the corresponding minimum and selected threshold.

The same procedure is repeated, now precisely as described in Section 2.2, to
detect potential outliers in the measurements. In this case, k = 10 is used since this
will be the same number of neighbors used to estimate ji,.. The threshold is 2.45 with
T =18,400, and hence 1,577 (8.57 %) of the measurements are found to be potential
outliers (see also Figure 3).

To assess which points that have been labeled as potential outliers, two-dimensional
projections of the outliers, inliers and simulations are plotted in Figure 4 (if a point
seems to be an outlier in the projection plot the original eight-dimensional vector
should also be labeled an outlier). To restrict the number of plots we only provide 18
(out of 28) of the projection plots corresponding to plotting electrical power (max-
imum), blade flap bending moment (maximum) and generator speed (maximum)
against each other and all the remaining five covariates. The overall picture of Figure 4
is that a significant part of the observations that seem to be outliers is indeed labeled
as such. Moreover, some of the labeled outliers seem to form a horizontal or vertical
line, which could indicate a period of time where one of the inputs was measured
to be constant. Since this is probably caused by a logging error, such measurements
should indeed be declared invalid (outliers).

Next, we would need to check if the distributional properties of the load can be
expected to change by removing outliers. In an incomplete data setup, the outliers
may be treated as the missing observations, and hence we want to assess whether
the Missing (Completely) at Random mechanism is in force (recall the discussion in
Remark 2.2). If the operation of removing outliers causes a significant change in the
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Figure 3: The blue curve is the sorted distance from measured covariates to the 10 nearest simulated
covariates, the orange curve is the L! error as a function of 7, and the dashed black lines indicate the
corresponding minimum and selected threshold. All points with average distance larger than the threshold
are labeled possible outliers.

|

Figure 4: Some of the two-dimensional projections of the covariates. Blue dots are simulations, orange
dots are inliers and green dots are potential outliers.
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load distribution, then the outliers cannot be ignored and would need to be handled
separately. In Figure 5 the histograms of tower top, middle and base load obtained
from all measurements (the same as those in the three rows of Figure 1) are compared
to those where the outliers have been removed. It becomes immediately clear that
the distributions are not unchanged, since most of the outliers correspond to the
smallest loads of all measurements. However, it seems reasonable to believe that the
conditional distribution of the load given that it exceeds a certain (even fairly small)
threshold is not seriously affected by the exclusion of outliers. Since the interest is on
the estimation of extreme events, i.e., one often focuses only on large loads, it may
be sufficient to match these conditional excess distributions. Hence, we choose to
exclude the outliers without paying further attention to them. It should be noted
that, since the outlier detection method only focuses on covariates, it does not take
into account their explanatory power on the loads. For instance, it might be that a
declared outlier only differs from the simulations with respect to covariates that do
not significantly help explaining the load level. While this could suggest using other
distance measures, this is not a direction that we will pursue here.
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Figure 5: Histograms of measurements on tower top (left), middle (mid) and base (right) down-wind
bending moments. Measurements including and excluding outliers are represented in blue and orange,
respectively.

We will rely on (2.1) together with the two methods presented in Section 2.1 to
estimate the load distributions. The unsmoothed version of both methods (i.e., o = 0)
will be used, and for the kNN method we will choose k = 10. There are at least two
reasons for initially choosing the bandwidth o to be zero: (i) it can be a subtle task to
select the optimal bandwidth as there is no universally accepted approach, and (ii)
given that we have a fairly large dataset, most of the estimated values of the CDFs
should be fairly insensitive to the choice of bandwidth. In Figure 6 we have plotted the
empirical CDF of the loads (i.e., the CDF of (1.1) based on measured loads) together
with the estimates provided by the kNN and random forest approach. Since the loads
are 10-minute maxima, it is natural to compare the CDFs to those of GEV type (cf.
the Fisher-Tippett-Gnedenko theorem). For this reason, and in order to put attention
on the estimation of the tail, we have also plotted the —log(—log(-)) transform of the
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CDFs. Recall that, when applying such a transformation to the CDF, the Gumbel,
Weibull and Fréchet distributions would produce straight lines, convex curves and
concave curves, respectively. From the plots it follows that, generally, the estimated
CDFs are closest to the empirical CDF for small and large quantiles. Estimated a-
quantiles tend to be smaller than the true ones for moderate values of . One would
expect that, given only the eight covariates as considered here, a significant part
of errors would be due to differences between the simulation environment and the
real-world environment. From an extreme event estimation perspective, the most
important part of the curve would be the last 10-20 % corresponding to quantiles
above 0.8 or 0.9. On this matter, the —log(—log(:)) transform of the CDFs reveals that
the estimated CDFs have some difficulties in replicating the tail of the distribution
for middle and base load. However, since there are few extreme observations, this is
also the part where a potential smoothing (positive bandwidth) would have an effect.
To test the smoothing effect, we choose o according to Silverman’s rule of thumb, that
is, 0 = 1.06(kn)"'/56,, where n = 18,399 is the number of measurements (without
outliers) and &; is the sample standard deviation of the kn load simulations (top,
middle or base) used for obtaining the kNN estimate of the given load distribution.
For details about this choice of bandwidth, and bandwidth selection in general, see
[16]. In Figure 7 we have compared the —log(—log(-)) transforms of the smoothed
estimates of the CDFs and the empirical CDE.

-3 -2 -1 0 1 2 -3 -2 -1 0 1 2

Figure 6: Plots of CDFs (first column) and the corresponding —log(—log(:)) transforms (second column) of
tower top (first row), middle (second row) and base (third row) down-wind bending moments. The blue
curve is the empirical distribution of the measurements, and the orange and green curves are the kNN and
random forest predictions, respectively.

It seems that the smoothed versions of the estimated curves generally fit the
tail better for the tower top and middle loads, but tend overestimate the larger
quantiles for the tower base load. This emphasizes that the smoothing should be
used with caution; when smoothing the curve, one would need to decide from which
point the estimate of the CDF is not reliable (as the Gaussian smoothing always
will dominate the picture sufficiently far out in the tail). When no smoothing was
used, the uncertainty of the estimates was somewhat reflected in the roughness of
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Figure 7: Plots of —log(—1log(-)) transforms of CDFs of tower top (left), middle (center) and base (right)
down-wind bending moments. The blue curve is the empirical distribution of the measurements, and
the orange and green curves are the smoothed kNN and random forest predictions, respectively, using

Silverman’s rule of thumb.

the curves. We end this study with Table 1 which compares some of the estimated
quantiles with the true (empirical) ones. From this table we see that the errors tend
to be largest for the 25 %, 50 % and 75 % quantiles and fairly small for the 95 %,
99 % and 99.5 % quantiles, which is in line with the conclusion based on Figure 6.
Moreover, it also appears that no consistent improvements of the tail estimates are
obtained by using the smoothed CDF estimates.

Quantile (%) kNN kNN Random forest ~Random forest —Empirical
? (smoothed) (smoothed)

Top -1.7349 -1.7344 -1.7941 -1.7315 -1.5528

25 Mid -1.4252 —-1.4434 -1.3607 -1.2773 -1.1427
Base -1.4689 -1.4794 -1.4474 -1.3653 -1.3576

-0.7111 -0.7106 -0.9544 -0.8928 -0.3204

50 — 0.2181 0.2114 0.1587 0.2147 0.5002
0.1018 0.1152 0.0047 0.0547 0.2087

0.1643 0.1626 -0.0501 -0.0055 0.1991

75 — 1.1114 1.1076 1.1819 1.2192 1.5460
0.9407 0.9366 0.9978 1.0247 1.2192

0.6936 0.7122 0.6951 0.7414 0.7161

95 — 1.6855 1.7090 1.7283 1.7913 1.8670
1.6782 1.4653 1.4651 1.5184 1.4957

0.9611 0.9815 1.0068 1.0631 1.0271

99 — 1.8583 1.9383 1.9386 2.0385 1.9917
1.5877 1.6676 1.6245 1.7240 1.6179

1.0313 1.0687 1.0944 1.1522 1.1155

99.5 — 1.9180 2.0113 2.0195 21213 2.0418
1.6341 1.7337 1.6716 1.7910 1.6594

Table 1: Some quantiles of the empirical load distributions and of the corresponding kNN and random

forest estimates.

4 Conclusion

In this paper we presented a surrogate model for the purpose of estimating extreme
events. The key assumption was the existence of a simulation environment which
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produces realizations of the vector (X,Y) in such a way that the conditional dis-
tribution of the variable of interest Y equals the true one given a suitable set of
observable covariates X. It was noted that this corresponds to the Missing at Random
assumption in an incomplete data problem. Next, we briefly reviewed the literature
on conditional probability estimation as this is the critical step in order to translate
valid simulations into an estimate of the true unconditional distribution of Y. Fi-
nally, we checked the performance of the surrogate model on real data as we used
an appropriate simulation environment to estimate the distribution of the tower top,
middle and base down-wind loads on an operating wind turbine from its operational
statistics. The surrogate model seemed to succeed in estimating the tail of the load
distributions, but it tended to underestimate loads of normal size.
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