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ASYMPTOTIC DENSITIES OF NEWFORMS
MORTEN SKARSHOLM RISAGER

ABSTRACT. We define the counting function for non-analytic (Maass)
newforms of Hecke congruence groups (). We then calculate
the three main terms of this counting function and give necessary
and sufficient conditions on M for this counting function to have
the same shape as if it were counting eigenvalues related to a co-
compact group.

1. INTRODUCTION

Let I be a congruence subgroup of the full modular group. It is well
known that the selfadjoint automorphic Laplacian, Ar, has infinitely
many eigenvalues,

0=X <A <...<A <.,

listed with their multiplicities which are finite. Selberg has proved that
the counting function

Ne(A) = #{ilN <A}

satisfies a Weyl law namely

K
(1) Nr()\) = %A—FO(\/Xlog)\),
where |Fr| is the area of a fundamental domain of I'. There are various
refinements of this result (see e.g. theorem 4.3).
In this paper we investigate what happens if we only count the eigen-

values corresponding to newforms.
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2. NEWFORMS AND OLDFORMS

The theory of newforms was originally developed by Atkin & Lehner
[1970] for holomorphic forms. Their theory can be translated into a
similar theory of Maass forms which are the ones we are studying.
This has been done independently by various people and details may
be found in e.g. [Strombergsson 2001]. We shall only need one result
(Lemma 3.1 below) and shall hence only sketch enough of the theory
for this result to make sense.

For any A > 0, M € N we denote by A(\, M) the \-eigenspace for
Ary(n), where [o(M) is the Hecke congruence group of level M i.e.

7:<a b)cz() modM}.
c d

(2) Npan(\) =1+ Y dim A(X, M),

0<A<A

Then it is obvious that

where the sum is certainly finite.
We define the A-oldspace to be

Aqa(A\, M) :=span{f(dz)|f € A(\,K) KdM K # M}.

This is contained in A(\, M) by the SLy(R)-invariance of Ar, and the
fact that f(dz) is [H(M)-invariant when f(z) is [(K)-invariant and
Kd|M. We then define the A\-newspace to be the orthogonal comple-
ment in A(A, M) with respect to the inner product

f,9) = f(2)g(2)du(z),
(f,9) /FFO(M) (2)9(@)du(2)
Apew(\, M) := A\, M) © Aga(\, M).

We then define new spectral counting functions

Ntn() = 1 3T dimAaa(3, M) M >0
0<A<A
pon () = Y dim Ay (L M) M >0,
0<A<A

For M = 1 we of course define Nf’;‘(il)(/\) = 0 and N7y (A) = Nryr) ().
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3. CALCULATION OF ASYMPTOTIC DENSITIES

In order to calculate the main terms of Nf‘oe("}’w) we remind about some
well known structure theory of arithmetical functions. When f, g :
N — C are arithmetical functions we define the Dirichlet convolution,
f*g:N— C to be the arithmetical function

(f+9)m) =" F(d)g (5)-
din

We say that f is multiplicative if f(mn) = f(m)f(n) whenever (m,n) =
1. The structure theory we shall use is the following:

Theorem 3.1. The arithmetical functions form a commutative group
under Dirichlet convolution. The identity element is the function

I: N — C
. [%}:{1 ifn=1

0 otherwise.
The multiplicative arithmetical functions form a subgroup.

Proof. This follows from [Apostol 1976, Theorems 2.6,2.8,2.14, 2.16]
U

Ezample 3.1. (See [Apostol 1976, §2.13] for details.) Consider the arith-
metical function

oa(n) = Z d-.
dln

Then this in a multiplicative arithmetical function whose inverse may
be calculated to be

(3) oxt(n) = Y d*u(d)u (%),

dn

where p is the Mobius function, i.e.

1 ifn=1
pn) =49 (=D* ifn=p---p
0 otherwise.

The Mangoldt A-function

A(n) logp if n = p™where p is a prime and m > 1
n) =
0 otherwise.
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is an example of a non-multiplicative function. Another multiplicative

arithmetical function we will use is Eulers totient function
Sd(n)=#{deN1<d<nA(d,n)=1}

We can now begin to calculate asymptotic densities of newforms. We
cite a result from [Strombergsson 2001].
Lemma 3.1.
dim A(A,-) = g x dim Ay (A, -).

Proof. This is Theorem 4.6.c) in Chapter III of [Strombergsson 2001].
O

Let now f;, ¢ = 1...n be real positive functions of decreasing order
ie
fi+1 = O(f,) fori=1...n—1.

Proposition 3.1. Assume that for any M € N

—

n—

Man) = (DA +OU ()
Then 7
R () = AVODH) + OV
where 2 = ¢; x 0y ' _

Proof. The M = 1 case is clear by the definitions of Np7\(A) and

ci®¥(1). We observe that by lemma 3.1 we have

Myan(d) = 1+ 0 <%> D dim Apey (A, K)

KM 0<A<A

= Z o0 (%) Niio (A).

K|M
By the definition of ¢;*V we have

a(M) =Y o (%) v (i)

K|M
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and therefore

n—1 n—1
Nigtny(A) = G (M) (V)| < [N (V) = ) ci(M) fi(A)
i=1 i=1
M n—1
+ 3 o0 (56 [Vt - X000
K|M 1=1
K#M
Induction in M now gives that this is < C'f,,(A) which is the desired
result. 0

The above proposition together with Theorem 3.1 shows that ¢V (V)
is multiplicative if and only if ¢;(V) is multiplicative. It also shows that
if we know the expansion of the counting function for eigenvalues of
Aryary for any M € N and if these expansions are of the same type then
it is easy to find the expansion of the corresponding counting function
for newforms. Finding the expansion of Np,(ap) is the objective of the
next section.

4. THE REFINED WEYL LAW

We start by citing a result by Venkov [1982](Theorem 5.2.1) which
is the basis of our calculations. We have adjusted the theorem to our
situation, and corrected the obvious misprint in the O-term.

Theorem 4.1. The following asymptotic formula holds:

LTy (1.
NFO(M)(A)_E/T¢—M (5"‘17")617“

uly By B o )

where ¢y is the determinant of the scattering matriz, N = 1/4+T2, ky
is the number of cusps of To(M) and |Fy| is the area of the fundamental
domain of To(M).

For definitions of cusps and the scattering matrix we refer to [Iwaniec
1995] or [Kubota 1973].

In order to apply Proposition 3.1 to the estimate obtained in The-
orem 4.1 we need to estimate the integral and therefore also the log-
arithmic derivative of the scattering matrix. We can do this by using
the following theorem which was proved by Huxley [1984].

Theorem 4.2. Let ¢ps(s) be the determinant of the scattering matriz
for the Hecke congruence group of level M, Iy(M), and let A, be the



6 MORTEN SKARSHOLM RISAGER

completed L-function of an Dirichlet character mod K )x , i.e

s\ N~ (1)
=T (§> 2 s when R(s) > 1

Then

Br(s) = (1) (A(M))l‘%'ﬁ A2~ 25,%)

where | € N, the x;’s are some Dirichlet characters mod K where K| M,

and Y
q
am- ] M
X primitive mod ¢ (m’ M/m)
q|m, mq|M
The set {x;|i =1,...,kn} is closed under complex conjugation.

We now use this to evaluate the integral in theorem 4.1. We let
B(M) = %. From the above we conclude that

zﬁ < +ZT‘> = -2 (lnB )+ Z Xl — 24t) + i;l(l + 2“)) :

Xi

An easy consideration then shows that

knr T A
ng' T 1 AL, .
—l—zr dr = ;lnB(M)—i— E - _TA—(1+27,7')d7".

471— =T ¢M i=1 Xi
We must therefore evaluate
T A
—X (1 4 2ir)dr,
/;T AXi

and we observe that

TAI, 1 TFI 1 TL/
i1—|—2i7‘d=—/ —<—+ir>dr+/ —X (1 +42r) dr.
/—T Axi( ) 2/ p I \2 -T Lx( )

We shall address each term separately. To evaluate the first term we
use Stirling’s approximation formula i.e.

I’ 1 o
T (8) = log(s) — 5+ O(s| ™),

valid for | arg(s) — 7| > €. We see that for |r| > ¢ we have

rem oo . 1 g\ —1
T <§+zr> — (log|7'| +iarg (5 —Hr) — (14 142r) >
< ‘E <l+iT) - (log 1
T \2 2

1+.
—+ar
2

+r

+ |log —log|r||.

. 1. o 1
+zarg(§+zr)—(1—|—22r) )
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It is easy to see check that the last summand is O((|r|log|r|) ') while
the first is O(|r| ) by Stirling’s approximation formula. Hence

IR AA T
§/TF(§+ZT>CIT‘
=1/T log|r\+iarg(1+ir>—(1+i27")1dr+ O(/T ! >
2 ) -r 2 . rlogr

Ir|>e€

The integral over (14i2r) ! is bounded and the integral over i arg(1/2+
ir) vanishes. We conclude that

L[
= — | =+ir|dr=TlogT —T + O(log(log T))
2 ) T \2

To evaluate the integral over the logarithmic derivative of L, (1+2ir)
we note that

T
/ L—X(l + 2ir)dr = —i(log Ly (1 + 2¢T)) + C
€ X

where C' is a constant and that the first term is O(log7T) by [Apostol
1976, Theorem 12.24]. We conclude that

L0 (L = Tiog BOUY LY (T1og T—T) 04 (log(T))
1 | o \2 r r—ﬁog - og Mm{log

We have hence proven the following

Theorem 4.3. The counting function Nr,(ar)()) satisfies the following
asymptotic formula

Nryan (V) =%)\ —~ %TM\/Xlong
+ % (2 —log 2 + log m)kas) — log(A(M))] VA + O(VA/log VA

This theorem puts us in a situation where proposition 3.1 can be
applied with

(A) = A
(A) = VlogVx
A = VA
(A) = VM logVA

.y

1

= S
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From [Shimura 1971, Theorem 1.43] we conclude that

(4) kv =y ®((d, M/d))

d|M

_T -1
(5) Ful =30 IT 007,

This means that we have explicit expressions for all the terms in the-
orem 4.3 except A(M). We need to know the number of primitive
Dirichlet characters mod K. We hence define

D(K) = #{x primitive Dirichlet character mod K}.

Then we have
Lemma 4.1. The arithmetical function D(K) is multiplicative and
satisfies

D(K) = (® * p)(K)
Proof. From [Apostol 1976] theorem 6.15 and theorem 8.18 we conclude
that ®(K) = 3", x D(d) = (ux D)(K) where u(n) = 1 forn € N. Since

® and u are multiplicative we use theorem 3.1 to conclude that D is

multiplicative. Theorem 2.1 in [Apostol 1976| proves that u™! = p so

Oxpu=usDxpu=uxu +D=D

which concludes the proof ]

5. COEFFICIENTS RELATED TO NEWFORMS

In this section we calculate c{°¥,c5®" and c3*". The calculations
are basically corollaries of proposition 3.1 and theorem 4.3. We are
particularly interested in the case when c3*V(M) = V(M) = 0. If
this is the case we say that NII%‘*(V}’VI) 18 of cocompact type. To see why
this is sensible we remind of the following

Theorem 5.1. Assume " is a cocompact Fuchsian group and let Np()\)
be the counting function for the eigenvalues of Ar. Then

F
Ne()) = %/\ +O0(VA/logVA),
where | Fy| is the area of an fundamental domain of T.

Proof. This is a special case of [Venkov 1982|(Theorem 5.2.1). Notice
again that we have corrected the obvious misprint. (]
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Hence Nf‘oe("jv[) is of cocompact type if and only if it ’has the same
shape’ as if it where the counting function of the eigenvalues related to
a cocompact group.

5.1. The first coefficient. We start by calculating iV (M). This is
the simplest of the three coefficients.

Proposition 5.1. The arithmetical function v(M) = 12c1*V(M) is
multiplicative and satisfies

1 ifn=0
) p—1 ifn=1
(6 o= o,

P —p*—p+1)p" 3 fn>3

when p is a prime. We furthermore have

~v(n)  ((s-1)
Lv(s) T Z ns - C(QS)C(S)’

where ((s) is Riemann’s zeta function.

n=1

Proof. By using proposition 3.1, theorem 4.3 and 5 we conclude that
M T @+p™) = (o0 + 0)(80).

p|M
p prime

Since the left hand side and o are multiplicative theorem 3.1 says that
v is multiplicative. By considering the case where M = p™ we see that

n

et = S ol (5) = o+ 0

d|p™ =0
By applying the theory of generating functions to this relation we find
that if

fo0) =Y v(@E"a" then fy(z) =

n=0

(1—2?)(1 —x).
1—pzx

By making formal expansion we get (6). Since v is multiplicative the
claim about L, follows. O

5.2. The second coefficient. We now calculate c3*V(M). We remind
that by proposition 3.1 and theorem 4.3 we have

new 2 -

™ (M) = == (k) * 0 1) (M)

We hence need to have more information about the number of cusps of
Lo(M)
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Lemma 5.1. The number of cusps, ky, of To(M) is a multiplicative
arithmetical function and satisfies

1 ifm=20
2 ifm=1
GRS S /
2p ifm=2n+1 wheren > 1

(p+ 1)p"_1 if m = 2n where n > 1

Proof. We noted earlier in (4) that

k= 3 ®((d, M/d).

d|M

Let My, My € N and assume (M;, My) = 1. Then

kanar, = Y @((d, (M M)/ d))

:d% dZM O((didy, (M1 M,)/(d1d2)))
:d% dZM ®((dy, My /dy)(da, Ma/dy))
=Y 0((di, Mi/dr)) > O((da, Ma/d5))
ko

Hence kjs is multiplicative. The claim about kym is clear for m = 0
and m = 1. Assume m > 2. We then have

=924+ Z(p _ 1)pmin(i,m—i)—1

=1



ASYMPTOTIC DENSITIES OF NEWFORMS 11
We now assume m = 2n + 1.

=2+(p-1) (Zpi_l + Z pQ”_i)

i=n-+1

n—1
=2+2p-1)) p'
i—0

1_
=2+2(p—1) 1_1‘; = 2",

The even case is similar. O

From the above we can now prove the following

Proposition 5.2. The second coefficients ,c5*™ (M), is a multiplicative
arithmetical function and satisfies

1 ifm=20
7r 0 ifm=2n+1
8 _ = pnew( my _
(8) 5 (") b2 ifm =2

(p+1)%p" 1 if m =2n wheren > 1

Proof. From lemma 5.1 and theorem 3.1 follows that ¢5*V (M) is mul-

tiplicative. From (3) it is easy to see that

1 ifm=20
“1,.m -2 ifm=1
OGS A TP

0 otherwise.

Hence

2
B™ (p™) = —;(/ﬂpm — 2kym-1 + kpm), when m > 2.

Using lemma 5.1 it is now easy to check the claim. We omit the details.
d

As an easy corollary we get the following

Corollary 5.1. The second coefficient, c5*¥ (M), is non-zero if and
only if M =t where t € N is not of the form t = 2t' with (2,t') = 1.

5.3. The third coefficient. We finally calculate ¢§*¥(M). This is the
most difficult of the three coefficients.
We start by observing that by proposition 3.1 and theorem 4.3

e (M) = ((2 —log2 + log ) (—gcgeW(M)) - L(M))

3| =
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where

L(M) = (log A(-) x o3’ ") (M).
We hence direct our attention to L(M).
Lemma 5.2. Assume (My, Ms) = 1. Then

L(MyMy) = U(My)L(My) + U(My) L(M;)

where

-SY X e ().

d[M mld g|(m, 1)

Proof. We have

M, M.
L(M M) = Y logA(d ( 1d 2)
d| My M
_ qd _1 (MM,
= Z ZD log((m’i))ao ( ¥
d|M1M2 q|m m

mgqld

= > > > Dl 1°g(<qui>)“°l )

d|M1Ms m|d g|(m,d/m) > m

1¢2dd 1 M1 M,
= Z Z Z Z Z Z (q192) log <(mqq—dld2)> 09 (E)

m
d1|M1 d2|M2 m1|d1 M2|d2 q1\(m1 dy )q2|(m2’m22) 17762, mima

The summand is clearly

D(q1)D(g2)5 " (f—f) o (%) <1°g (mqfidr%_)) *los (%)) |

We have

SYYY Y Yoo () (5) o 2% )

| My da| My m|di m2lds gy [y, 21) g5 (s, 22 M g
= U(Ms)L(M,),
from which the identity easily follows. 0

It turns out that U is a very nice arithmetical function. In fact we
have the following.
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Lemma 5.3. The function U(M), is a multiplicative arithmetical func-
tion and satisfies

1 ifm=0
my ) 0 ifm=2n+1
© vem=9{ ), A

(P> —2p+ 1)p"2  if m =2n wheren > 1
Proof. Let My, My € N be coprime. Then

v = 523 3 vt (V)

d|M1M2 m|d q|(m

-YYYY Y Y o ()

dy| M1 d2| M3 ma|dy ma|ds qlel’m )Q2‘(m2’m2)

= U(M)U(M).

Hence U is multiplicative.
Let p be a prime and m € N. We assume m > 2 Then

i min(j,i—j)

ZZZD ")

=0 7=0 =

m_2m1n(],m—2—j) m—1 min(j,m—1—j)

M,
dy

=> > —QZ Z D)+ D(p)

j=0 =0

Assume j <n—2—7j. Then j <n—1—3j <n—j and we have that all
minimum values are j. Hence these terms cancels out. We now assume
m = 2n + 1. Hence we may sum from j > (2n+1)/2—-1=n—1/2.

m—2 min(j,m—2— ]) m—1 min(j,m—1—j) m min(j,m—j)
=2 —2 Z 2, DOHr2, 3 D

j=n =0 =n =n

m—2m—2—j m—1m—1—j m m—j m

j=n =0 j=n [=0 j=n+1 =0 =0
m—2—n m—1—n n
= D) -2 > D@E)+ > D)
=0 =0 =0
m—2 m—2—j m—1—j m—j
- 5 (5 pw-2'S o+ o0
j=n+1 =0 =0 =0
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m—2

=-D{") + Z (—=2D(p™~'77) + D(p™ ™) + D(p™)) + D(p)

j=n+1

n

=~ D) = 3 D) + Y D) + D) =0

Jj=2

The even case is similar but slightly easier. The m = 1 case is also
similar. O

Remark 5.1. By successive use of the two lemmas above we find that

k
L(pi...pp) =) I vey) | Lo,
i=1 \je{l,.k}\{i}

L

when py, ..., pg are different primes. Notice that L(p;?) is of the form

m; log p; where m; € Z. We also note that U(M) € Z. Hence L is on
the form

my logpy + ..., my logpy where m; € Z.

By unique factorization in N this is zero if and only if m; = 0 for all
i’s. We would therefore like to know when L(p™) is zero.

Lemma 5.4. The function L(p™) satisfies

2 (Z?:()D(pj)) logp if m=2n+1

O HEDZ (20 b + D) 10 i =20

In particular L(p™) is never zero.

Proof. This follows by a lengthy but elementary calculation similar to
that in the proof of lemma 5.3. O

From the above lemma and the preceding remark we conclude that
L(pt...p*) =0

if and only if U(p;") = 0 for at least two different primes. Since

s (M) = V(M) = 0 if and only if ¢§*V(M) = L(M) = 0 we have

proved the following which settles the question of when Nfle("}v[)(/\) is of

0
cocompact type.
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Theorem 5.2. Let M € N and let n,t € N be the integers defined
uniquely by the requirements that n should be squarefree and M = t*n.
Then Nﬁe&)()‘) 15 of cocompact type if and only if n,t satisfies one of
the following:

(1) n contains more than one prime.
(2) n>1 and 4|M and (2, M/4) = 1.

6. CONCLUDING REMARKS

Remark 6.1. From proposition 5.1 we conclude that
1
Nigtin (V) = A + O(VAlog VA)

if and only if M € {1,2,4}. This shows that theorem 2 of [Balslev &
Venkov 1998| cannot be generalized to more general Hecke congruence
groups by simply choosing another character.

Remark 6.2. We wish to draw attention to a particular case of theorem
5.2 namely the case when M > 1 is squarefree with an even number
of primes. Hence, by Theorem 5.2 (1) Npy(A) has the same form
as if it were the counting function for the eigenvalues related to a
co-compact group with invariant area 4mwcj®V(M). We can give an
alternative and much more sophisticated proof of this by referring to
the Jacquet-Langlands correspondence. A part of this correspondence
is described classically in [Strombergsson 2001] where the following is
proven:

Let O be a maximal order in an indefinite rational quater-
nion division algebra over Q, and let d = d(O) be its
(reduced) discriminant. This is always a squarefree in-
teger with an even number of prime factors. The norm
one unit group O! can be viewed as a Fuchsian group
which s cocompact. Then:

The eigenvalues of the Laplacian on O\ ‘H are exactly
the same (with multiplicities) as the eigenvalues corre-
sponding to the newspace on Iy(d) \ H.

Hence Npi'yy(A) is the counting function for the eigenvalues related
to a cocompact group, and hence obviously has the corresponding type
as predicted by Theorem 5.1. This has our theorem 5.2 as an easy
corollary (compare with theorem 5.1). We note that any squarefree d

with an even number of primes may be constructed in this way.
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Our calculation indicates that there might be a similar correspon-
dence in a lot of other cases. We hope to address this on a later
occasion.
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